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ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ

N � ìíîæèíà íàòóðàëüíèõ ÷èñåë;

Z � ìíîæèíà öiëèõ ÷èñåë;

R � ìíîæèíà äiéñíèõ ÷èñåë;

Z+ � ìíîæèíà öiëèõ íåâiä'¹ìíèõ ÷èñåë;

R+ � ìíîæèíà äiéñíèõ íåâiä'¹ìíèõ ÷èñåë;

C � ìíîæèíà êîìïëåêñíèõ ÷èñåë;

Rp, p > 1, � p-âèìiðíèé äiéñíèé åâêëiäiâ ïðîñòið;

Zp+ � ìíîæèíà òî÷îê Rp ç öiëèìè íåâiä'¹ìíèìè êîîðäèíàòàìè;

x = (x1, . . . , xp) ∈ Rp; dx = dx1 · · · dxp; ∂x =
(

∂

∂x1
, . . . ,

∂

∂xp

)
; ∂t =

∂

∂t
;

s = (s1, . . . , sp) ∈ Zp+, |s| = s1 + · · ·+ sp, xs = xs11 · · · xspp ;
ŝ = (s0, s1, . . . , sp) ∈ Zp+1

+ , |ŝ| = s0 + s1 + · · ·+ sp; |ŝ|∗ = 2s0 + s1 + · · ·+ sp;

k = (k1, . . . , kp) ∈ Zp, |k| = |k1|+ · · ·+ |kp|, ||k|| =
√
k21 + · · ·+ k2p;

µk = (µk1, . . . , µkp) ∈ Rp; |µk| = |µk1|+ · · ·+ |µkp|; ∥µk∥ =
√
µ2k1 + · · ·+ µ2kp;

(µk, x) = µk1x1 + · · ·+ µkpxp;

Dp =
{
(t, x) ∈ Rp+1 : t ∈ (0, T ) , x ∈ Rp

}
= (0, T )×Rp; ΠH = [0, H]p, H > 0;

mesRmA � ìiðà Ëåáåãà â Rm âèìiðíî¨ ìíîæèíè A ⊂ Rm, m ∈ N;

i � óÿâíà îäèíèöÿ; i2 = −1, arg i = π/2; [a] � öiëà ÷àñòèíà ÷èñëà a ∈ R;

Im,Om � îäèíè÷íà òà íóëüîâà ìàòðèöi ðîçìiðó m;

Sq � ñèìåòðè÷íà ãðóïà âñiõ ïåðåñòàíîâîê ïåðøèõ q íàòóðàëüíèõ ÷èñåë,

ρω � ÷èñëî iíâåðñié ó ïåðåñòàíîâöi ω = (i1, . . . , iq) ∈ Sq;

Jn, n ∈ N, � ìíîæèíà âñåìîæëèâèõ íàáîðiâ âèãëÿäó J = (j1, . . . , jn),

jl ∈ {0, 1}, l ∈ {1, . . . , n};
Cn
m � êiëüêiñòü óñiõ êîìáiíàöié ç m åëåìåíòiâ ïî n;

Cj, j ∈ {0, 1, 2, . . .}, � äîäàòíi âåëè÷èíè, ÿêi íå çàëåæàòü âiä k òà µk;

:= � äîðiâíþ¹ çà îçíà÷åííÿì;

� � êiíåöü äîâåäåííÿ òåîðåìè (ëåìè);



5

ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Äîñëiäæåííÿ çàäà÷ ç iíòåãðàëüíèìè óìîâàìè çà

âèäiëåíîþ çìiííîþ, ÿêi ¹ óçàãàëüíåííÿì äèñêðåòíèõ íåëîêàëüíèõ óìîâ, äëÿ

ðiâíÿíü òà ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ðîçïî÷àëîñü ó äðóãié

ïîëîâèíi ÕÕ ñòîëiòòÿ. �õ âèâ÷åííÿ çóìîâëåíå ÿê ïîòðåáîþ ïîáóäîâè çà-

ãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, òàê

i òèì, ùî çàäà÷i ç iíòåãðàëüíèìè óìîâàìè âèíèêàþòü ïðè ìàòåìàòè÷íî-

ìó ìîäåëþâàííi áàãàòüîõ ôiçè÷íèõ ïðîöåñiâ ó âèïàäêàõ, êîëè íåìîæëèâî

âèìiðÿòè ïåâíi ôiçè÷íi âåëè÷èíè, àëå âiäîìi ¨õíi ñåðåäíi çíà÷åííÿ.

Çàäà÷i ç òàêèìè óìîâàìè äëÿ ðiâíÿíü i ñèñòåì ðiâíÿíü iç ÷àñòèííèìè

ïîõiäíèìè âèâ÷àëèñÿ â ðîáîòàõ Ã. À. Àâàëiøâiëi [115], Ä. Ã. Ãîðäåçiàíi [19],

Â. C. Iëüêiâà [30], Í. I. Iîíêiíà [31], Ï. I. Êàëåíþêà [34, 35], Ë. I. Êàìèíiíà

[36], À. Ì. Íàõóøåâà [74], Ç. Ì. Íèòðåáè÷à [34, 35], Î. Ì. Ìåäâiäü [66�68],

Ç. Î. Ìåëüíèêà [70], I. Ä. Ïóêàëüñüêîãî [81�83], Ë. Ñ. Ïóëüêiíî¨ [84�87],

Ì. Ì. Ñèìîòþêà [96], Ë. Â. Ôàðäèãîëè [104�107], Ï. I. Øòàáàëþêà [111],

A. Bouziani [119], J. R. Cannon [123], N. Merazga [120], A. Marhoune [128],

S. Mesloub [129] òà iíøèõ àâòîðiâ, äå ðîçãëÿäàëèñÿ ïåðåâàæíî êîðåêòíî

ïîñòàâëåíi çàäà÷i.

Çàäà÷i ç iíòåãðàëüíèìè óìîâàìè çà ÷àñîâîþ çìiííîþ äëÿ åâîëþöiéíèõ

ðiâíÿíü ïî÷àëè âèâ÷àòè ó 80-õ ðîêàõ ÕÕ-ãî ñòîëiòòÿ. Öå îáóìîâëåíî, î÷å-

âèäíî, òèì, ùî òàêi çàäà÷i, íàçàãàë, ¹ íåêîðåêòíèìè, à ¨õ ðîçâ'ÿçíiñòü ó

áàãàòüîõ âèïàäêàõ ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ i íå ¹ ñòié-

êîþ ùîäî ìàëèõ çìií êîåôiöi¹íòiâ çàäà÷i òà ïàðàìåòðiâ îáëàñòi.

Â îñòàííi äåñÿòèëiòòÿ áóëî äîñëiäæåíî êîðåêòíiñòü çàäà÷ ç iíòåãðàëü-

íèìè óìîâàìè ó âèãëÿäi ïîñëiäîâíèõ ìîìåíòiâ âiä øóêàíî¨ ôóíêöi¨ çà ÷àñî-

âîþ çìiííîþ äëÿ îêðåìèõ êëàñiâ ëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü, à òàêîæ
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áåçòèïíèõ i ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, íà

îñíîâi ìåòðè÷íîãî ïiäõîäó äî îöiíîê çíèçó ìàëèõ çíàìåííèêiâ.

Íà ñüîãîäíiøíié äåíü àêòóàëüíèìè ¹ ïèòàííÿ êîðåêòíîñòi çàäà÷ ç ií-

òåãðàëüíèìè óìîâàìè ó âèãëÿäi ìîìåíòiâ çà ÷àñîâîþ çìiííîþ (àáî áiëüø

çàãàëüíèìè óìîâàìè, ùî ìiñòÿòü iíòåãðàëè âiä øóêàíî¨ ôóíêöi¨ òà ¨¨ ïî-

õiäíèõ) äëÿ øèðîêèõ êëàñiâ åâîëþöiéíèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü (ãi-

ïåðáîëi÷íèõ, ïàðàáîëi÷íèõ òà ðiâíÿíü ìiøàíîãî òèïó, à òàêîæ ðiâíÿíü, íå

ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøî¨ ïîõiäíî¨ çà ÷àñîì � ðiâíÿííÿ òèïó Ñ. Ë. Ñî-

áîë¹âà). Öi çàäà÷i ¹ ïðåäìåòîì äîñëiäæåííÿ äèñåðòàöiéíî¨ ðîáîòè. Âîíè

òàêîæ ñòàëè äæåðåëîì íîâèõ çàäà÷ ìåòðè÷íî¨ òåîði¨ äiîôàíòîâèõ íàáëè-

æåíü, îñêiëüêè ïðè ïîáóäîâi ¨õ ðîçâ'ÿçêiâ âèíèêëè íîâi ìàëi çíàìåííèêè

ñêëàäíî¨ íåëiíiéíî¨ ñòðóêòóðè, îöiíêè çíèçó ÿêèõ ðàíiøå íå ðîçãëÿäàëèñÿ

ó ìåòðè÷íié òåîði¨ ÷èñåë.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Ðåçóëüòàòè äèñåðòàöi¨ îòðèìàíi â ðàìêàõ âèêîíàííÿ äåðæáþäæåòíî¨ òåìè

"Äîñëiäæåííÿ êîðåêòíîñòi, ïîáóäîâà òà âèâ÷åííÿ âëàñòèâîñòåé ðîçâ'ÿçêiâ

ëiíiéíèõ i íåëiíiéíèõ êðàéîâèõ çàäà÷ äëÿ íåêëàñè÷íèõ åâîëþöiéíèõ ðiâ-

íÿíü" (íîìåð äåðæðå¹ñòðàöi¨ � 0110U004817) âiääiëó ìàòåìàòè÷íî¨ ôiçèêè

Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß. Ñ. Ïiäñòðèãà-

÷à ÍÀÍ Óêðà¨íè òà ïðîåêòó � 41.1/004 "Ðîçïîäiëè íóëiâ ïîëiíîìiâ i ãëàä-

êèõ ôóíêöié òà ¨õ çàñòîñóâàííÿ ïðè äîñëiäæåííi óìîâíî êîðåêòíèõ êðà-

éîâèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè" (íîìåð äåðæðå¹ñòðàöi¨ � 0111U006625)

Äåðæàâíîãî Ôîíäó ôóíäàìåíòàëüíèõ äîñëiäæåíü Ìiíiñòåðñòâà îñâiòè i íà-

óêè Óêðà¨íè.

Ìåòà i çàäà÷i äîñëiäæåííÿ. Ìåòîþ ðîáîòè ¹ äîñëiäæåííÿ êîðå-

êòíîñòi çàäà÷ ç iíòåãðàëüíèìè óìîâàìè çà ÷àñîâîþ çìiííîþ òà óìîâàìè

ìàéæå ïåðiîäè÷íîñòi çà ïðîñòîðîâèìè çìiííèìè äëÿ ëiíiéíèõ åâîëþöiéíèõ

ðiâíÿíü i ñèñòåì ðiâíÿíü çi ñòàëèìè òà çìiííèìè êîåôiöi¹íòàìè.

Äàíå äîñëiäæåííÿ âêëþ÷à¹ òàêi çàâäàííÿ:
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� âñòàíîâëåííÿ êîðåêòíîñòi çàäà÷ ç óìîâàìè çà ÷àñîâîþ çìiííîþ, ùî

ìiñòÿòü iíòåãðàëüíi äîäàíêè ó âèãëÿäi ìîìåíòiâ äîâiëüíîãî ïîðÿäêó âiä øó-

êàíî¨ ôóíêöi¨, äëÿ ãiïåðáîëi÷íèõ i ïàðàáîëi÷íèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü,

äëÿ ðiâíÿíü ìiøàíîãî òèïó òà ðiâíÿíü, íå ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøî¨ ïî-

õiäíî¨ çà ÷àñîâîþ çìiííîþ;

� êîíñòðóêòèâíó ïîáóäîâó ðîçâ'ÿçêiâ ðîçãëÿäóâàíèõ çàäà÷ ó âèãëÿäi

ðÿäiâ i äîñëiäæåííÿ ¨õ çáiæíîñòi ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ;

� âñòàíîâëåííÿ ìåòðè÷íèõ îöiíîê çíèçó ìàëèõ çíàìåííèêiâ, ùî âèíè-

êàþòü ïðè ïîáóäîâi ðîçâ'ÿçêiâ ðîçãëÿäóâàíèõ çàäà÷.

Îá'¹êò äîñëiäæåííÿ: çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ ãiïåðáîëi-

÷íèõ i ïàðàáîëi÷íèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü, äëÿ ðiâíÿíü ìiøàíîãî òèïó

òà ðiâíÿíü, íå ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøî¨ ïîõiäíî¨ çà ÷àñîâîþ çìiííîþ.

Ïðåäìåò äîñëiäæåííÿ: óìîâè êîðåêòíîñòi ðîçãëÿäóâàíèõ çàäà÷ òà êîí-

ñòðóêòèâíà ïîáóäîâà ¨õ ðîçâ'ÿçêiâ, ìåòðè÷íèé àíàëiç îöiíîê çíèçó ìàëèõ

çíàìåííèêiâ, ïîâ'ÿçàíèõ iç öèìè çàäà÷àìè.

Ìåòîäè äîñëiäæåííÿ: ìåòîäè ôóíêöiîíàëüíîãî àíàëiçó, òåîði¨ äèôåðåí-

öiàëüíèõ ðiâíÿíü, àëãåáðè òà ìåòðè÷íî¨ òåîði¨ ÷èñåë.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Ó äèñåðòàöiéíié ðîáîòi

îòðèìàíî òàêi íîâi ðåçóëüòàòè:

1) â îáëàñòi, ùî ¹ äåêàðòîâèì äîáóòêîì ÷àñîâîãî iíòåðâàëó (0, T ) òà

ïðîñòîðó Rp, p > 1, âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü ó êëàñi ìàéæå ïå-

ðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè ôóíêöié iç çàäàíèì ñïåêòðîì çàäà÷

ç óìîâàìè çà ÷àñîâîþ çìiííîþ, ùî ìiñòÿòü iíòåãðàëüíi äîäàíêè ó âèãëÿäi

ìîìåíòiâ äîâiëüíîãî ïîðÿäêó âiä øóêàíî¨ ôóíêöi¨ òà:

à) çíà÷åííÿ øóêàíî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ ïàðíîãî ïîðÿäêó â òî÷êàõ

t = 0 òà t = T � äëÿ ðiâíÿíü òèïó Êëåéíà-Ãîðäîíà òà ãiïåðáîëi÷íèõ çà Ãîð-

äiíãîì ðiâíÿíü, à òàêîæ äëÿ ãiïåðáîëi÷íèõ çà Ïåòðîâñüêèì ñèñòåì ðiâíÿíü

çi ñòàëèìè êîåôiöi¹íòàìè;

á) çíà÷åííÿ øóêàíî¨ ôóíêöi¨ ó äîâiëüíèõ òî÷êàõ t1, . . . , tn âiäðiçêà [0, T ]
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� äëÿ ïàðàáîëi÷íîãî çà Ïåòðîâñüêèì ðiâíÿííÿ çi çìiííèìè çà ÷àñîì êîå-

ôiöi¹íòàìè;

â) çíà÷åííÿ øóêàíî¨ ôóíêöi¨ òà ¨¨ ïîñëiäîâíèõ ïîõiäíèõ â òî÷öi t = 0 �

äëÿ ñèñòåì ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè, ïàðàáîëi÷íèõ çà Øèëîâèì;

ã) çíà÷åííÿ øóêàíî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ äîâiëüíèõ ïîðÿäêiâ â òî÷êàõ

t = 0 òà t = T � äëÿ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè, íå ðîçâ'ÿçàíèõ

âiäíîñíî ñòàðøî¨ ïîõiäíî¨ çà ÷àñîì;

2) âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i ç iíòåãðàëü-

íîþ óìîâîþ çà ÷àñîâîþ çìiííîþ äëÿ ïàðàáîëî-ãiïåðáîëi÷íîãî ðiâíÿííÿ ó

êëàñi ôóíêöié, ìàéæå ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè;

3) ïîáóäîâàíî ÿâíi ôîðìóëè äëÿ ðîçâ'ÿçêiâ çàäà÷ ó âèãëÿäi ðÿäiâ;

4) äîâåäåíî ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ÿêi

âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿçêiâ ðîçãëÿíóòèõ ó äèñåðòàöi¨ çàäà÷.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåðòà-

öi¨ ìàþòü òåîðåòè÷íèé õàðàêòåð. �õ ìîæíà çàñòîñîâóâàòè ïðè ïîäàëüøîìó

âèâ÷åíi çàäà÷ ç iíòåãðàëüíèìè óìîâàìè äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíè-

ìè, à òàêîæ ïðè äîñëiäæåííi êîíêðåòíèõ çàäà÷ ïðàêòèêè, ùî ìîäåëþþòüñÿ

ðîçãëÿíóòèìè çàäà÷àìè (ãiäðîäèíàìiêà, äèíàìiêà ïîïóëÿöié, äîâãîñòðîêî-

âå ïðîãíîçóâàííÿ ïîãîäè, òåîðiÿ äèôóçi¨, òåïëîïðîâiäíîñòi, âîëîãîïåðåíî-

ñó).

Îñîáèñòèé âíåñîê çäîáóâà÷à. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îòðè-

ìàíi àâòîðîì ñàìîñòiéíî. Ó ñïiëüíèõ iç íàóêîâèì êåðiâíèêîì ðîáîòàõ

Á. É. Ïòàøíèêó íàëåæèòü ïîñòàíîâêà çàäà÷ òà àíàëiç îòðèìàíèõ ðåçóëü-

òàòiâ.

Àïðîáàöiÿ ðîáîòè. Ðåçóëüòàòè äîñëiäæåíü äîïîâiäàëèñü òà îáãîâîðþ-

âàëèñü íà òàêèõ íàóêîâèõ êîíôåðåíöiÿõ i ñåìiíàðàõ: Ìiæíàðîäíié íàóêî-

âié êîíôåðåíöi¨ iìåíi àêàäåìiêà Ì. Êðàâ÷óêà (Êè¨â, 2010, 2012 ðð.); Ìiæ-

íàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ iì. Â. ß. Ñêîðîáîãàòüêà (Äðîãîáè÷,

2011 ð.); Êîíôåðåíöi¨ "Äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ"
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ÑàìÄèô-2011 (Ñàìàðà, Ðîñiéñüêà Ôåäåðàöiÿ, 2011 ð.); Âñåóêðà¨íñüêié íà-

óêîâié êîíôåðåíöi¨ "Íåëiíiéíi ïðîáëåìè àíàëiçó"(Iâàíî-Ôðàíêiâñüê, 2013

ð.); Êîíôåðåíöi¨ ìîëîäèõ â÷åíèõ iç ñó÷àñíèõ ïðîáëåì ìåõàíiêè i ìàòåìà-

òèêè iì. ß. Ñ. Ïiäñòðèãà÷à (Ëüâiâ, 2009 p.); Âiäêðèòié íàóêîâié êîíôåðåíöi¨

Iíñòèòóòó ïðèêëàäíî¨ ìàòåìàòèêè òà ôóíäàìåíòàëüíèõ íàóê ÍÓ "Ëüâiâ-

ñüêà ïîëiòåõíiêà" (Ëüâiâ, 2012, 2013 ðð.); Ìiæíàðîäíié íàóêîâié êîíôåðåí-

öi¨ "Ñó÷àñíi ïðîáëåìè ìåõàíiêè òà ìàòåìàòèêè"(Ëüâiâ, 2013 ð.); Êîíôåðåí-

öi¨ ìîëîäèõ ó÷åíèõ "Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2014, 2015" (Ëüâiâ, 2014,

2015 ðð.); çàñiäàííÿõ íàóêîâîãî ñåìiíàðó iì. Â. ß. Ñêîðîáîãàòüêà Iíñòèòó-

òó ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ

Óêðà¨íè (êåðiâíèêè: ÷ëåí-êîð. ÍÀÍ Óêðà¨íè, ä.ô.-ì.í., ïðîô. Á. É. Ïòà-

øíèê, ä.ô.-ì.í., Â. Î. Ïåëèõ; Ëüâiâ, 2010-2015 ðð.); çàñiäàííÿõ Ëüâiâñüêîãî

ìiñüêîãî ñåìiíàðó ç äèôåðåíöiàëüíèõ ðiâíÿíü (êåðiâíèêè: ä.ô.-ì.í., ïðîô.

Ì. I. Iâàí÷îâ, ä.ô.-ì.í., ïðîô. Ï. I. Êàëåíþê, ÷ëåí-êîð. ÍÀÍ Óêðà¨íè,

ä.ô.-ì.í., ïðîô. Á. É. Ïòàøíèê; Ëüâiâ, 2013-2015 ðð.); çàñiäàííi íàóêîâîãî

ñåìiíàðó êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü ×åðíiâåöüêîãî íàöiîíàëüíîãî

óíiâåðñèòåòó iìåíi Þðiÿ Ôåäüêîâè÷à (êåðiâíèêè: ä.ô.-ì.í., ïðîô. Ì. I. Ìà-

òié÷óê, ä.ô.-ì.í., ïðîô. I. Ä. Ïóêàëüñüêèé; ×åðíiâöi, 2015 ð.);

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî â 7 ñòàòòÿõ

[45, 50, 52, 53, 56, 57, 127], ç ÿêèõ � 2 áåç ñïiâàâòîðiâ, ó íàóêîâèõ ïåðiîäè-

÷íèõ ôàõîâèõ âèäàííÿõ Óêðà¨íè ç ìàòåìàòèêè; ç íèõ 3 ñòàòòi [52, 53, 57]

ó âèäàííÿõ Óêðà¨íè, ÿêi âêëþ÷åíi äî ìiæíàðîäíèõ íàóêîìåòðè÷íèõ áàç, à

òàêîæ äîäàòêîâî âèñâiòëåíî â 10 òåçàõ äîïîâiäåé òà ìàòåðiàëàõ íàóêîâèõ

êîíôåðåíöié [43,44,46�49,51,54,55,58].

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó,

ï'ÿòè ðîçäiëiâ òà ñïèñêó âèêîðèñòàíèõ äæåðåë. Çàãàëüíèé îáñÿã äèñåðòàöi¨

ñêëàäà¹ 154 ñòîðiíêè, îñíîâíîãî òåêñòó � 138 ñòîðiíîê. Ñïèñîê âèêîðèñòà-

íèõ äæåðåë ñêëàäà¹ 132 íàéìåíóâàííÿ.
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ÐÎÇÄIË 1

ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ

Â îñòàííi äåñÿòèëiòòÿ çíà÷íà óâàãà ìàòåìàòèêiâ ñïðÿìîâàíà íà äîñëi-

äæåííÿ çàäà÷ ç iíòåãðàëüíèìè óìîâàìè äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõi-

äíèìè. Çàäà÷i ç iíòåãðàëüíèìè óìîâàìè (àáî áiëüø çàãàëüíèìè óìîâàìè,

ùî ìiñòÿòü iíòåãðàëè âiä øóêàíî¨ ôóíêöi¨) âèíèêàþòü ïðè ìàòåìàòè÷íîìó

ìîäåëþâàííi ðiçíîìàíiòíèõ ôiçè÷íèõ òà áiîëîãi÷íèõ ïðîöåñiâ. Òàêi óìîâè

âèêîðèñòîâóþòü ó âèïàäêàõ, êîëè íåìîæëèâî áåçïîñåðåäíüî çíàéòè ïåâíi

ôiçè÷íi âåëè÷èíè, îäíàê âiäîìi ¨õíi ñåðåäíi çíà÷åííÿ. ßê ïðèêëàä, ìîæíà

íàâåñòè çàäà÷i ïîâ'ÿçàíi ç äîñëiäæåííÿì äèôóçi¨ ÷àñòèíîê ó òóðáóëåíòíié

ïëàçìi [92], äåÿêèõ ïðîöåñiâ òåïëîïðîâiäíîñòi [36, 123], âîëîãîïåðåíîñó â

êàïiëÿðíî-ïîðèñòèõ ñåðåäîâèùàõ [72], ïðîáëåì ìàòåìàòè÷íî¨ áiîëîãi¨ [74];

ïðè ìîäåëþâàííi ïðîöåñó çîâíiøíüîãî ãåòåðóâàííÿ, ÿêèé âèêîðèñòîâó¹òüñÿ

ïðè î÷èùåííi êðåìíi¹âèõ ïëàò âiä äîìiøîê [71]. Òàêîæ ¨õ âèêîðèñòîâóþòü

ÿê óìîâè ïåðåâèçíà÷åííÿ ïðè äîñëiäæåííi äåÿêèõ îáåðíåíèõ çàäà÷ ìàòå-

ìàòè÷íî¨ ôiçèêè [28] òà ií.

Îäíi¹þ ç ïåðøèõ ðîáiò, ïðèñâÿ÷åíèõ çàäà÷àì ç iíòåãðàëüíèìè óìîâàìè,

áóëà ïðàöÿ Äæ. Êåíîíà (J. Cannon) [123], äå ðîçãëÿäàëàñÿ çàäà÷à

∂u(t, x)

∂t
=
∂2u(t, x)

∂x2
, t > 0, x > 0,

u(x, 0) = u0(x),

X(t)∫
0

u(t, x)dx = E(t), X(t) > 0.

Ó [123] áóëî âñòàíîâëåíî iñíóâàííÿ i ¹äèíiñòü êëàñè÷íîãî ðîç'ÿçêó âêàçàíî¨

çàäà÷i, ÿêùî E(t), X(t) ∈ C[0, T ].
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Ðåçóëüòàò Äæ. Êåíîíà áóâ óçàãàëüíåíèé â ðîáîòi Ë. I. Êàìèíiíà [36],

äå â îáëàñòi ST = {(x, t) : X1(t) < x < X2(t), 0 < t < T}, ùî ìiñòèòü

êðèâó x = X3(t), 0 < t < T , ïðè÷îìó X1(t) < X3(t) < X2(t), 0 6 t 6 T ,

äîñëiäæåíî íàñòóïíó ìiøàíó çàäà÷ó ç iíòåãðàëüíîþ óìîâîþ

a(t, x)
∂2u

∂x2
+ b(t, x)

∂u

∂x
+ c(t, x)u− ∂u

∂t
= f(t, x), (t, x) ∈ ST ,

u(0, x) = h(x), X1(0) 6 x 6 X2(0),

u(t,X2(t)) = φ(t),

X3(t)∫
X1(t)

g(t, x)u(t, x)dx = E(t), 0 6 t 6 T,

òà âñòàíîâëåíî iñíóâàííÿ ¹äèíîãî, íåïåðåðâíîãî â ST ðîçâ'ÿçêó çàäà÷i,

ÿêùî êîåôiöi¹íòè ðiâíÿííÿ òà ôóíêöi¨ E(t), Xj(t), j = 1, 2, 3, ñïðàâäæóþòü

óìîâè Ãåëüäåðà.

Äîñëiäæåííÿ çàäà÷ ç iíòåãðàëüíèìè óìîâàìè äëÿ ïàðàáîëi÷íèõ ðiâíÿíü

áóëè ïðîäîâæåíi ó ðîáîòàõ Í. I. Iîíêiíà [31], Ì. É.Þð÷óêà [6,113], Á. Ï. Ïà-

íåÿõ [76], À. Ì. Íàõóøåâà [72], Ç. À. Íàõóøåâî¨ [75] òà áàãàòî iíøèõ.

Çîêðåìà, ó ðîáîòi À. Áóçiàíi (A. Bouziani) [119] ó ïðÿìîêóòíèêó (0, b)×
(0, T ) äîñëiäæåíî íàñòóïíó çàäà÷ó

∂u

∂t
+ (−1)ma(t)

∂2mu

∂x2m
= f(x, t),

u(x, 0) = φ(x),

b∫
0

xku(x, t)dx = 0, k = 0, 1, . . . , 2m− 1,

äå a(t) � çàäàíà îáìåæåíà ôóíêöiÿ; çà äîïîìîãîþ ìåòîäó äâîñòîðîííiõ íå-

ðiâíîñòåé âñòàíîâëåíî óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi ðîçãëÿäóâàíî¨ çàäà÷i.

Ó ïðàöi Ë. Ñ. Ïóëüêiíî¨ [85] â öèëiíäðiQT = Ω×(0, T ), äå Ω� îáìåæåíà

îáëàñòü â Rn ç ãëàäêîþ ìåæåþ ∂Ω, âèâ÷àëàñü çàäà÷à

∂u

∂t
= ∆u+ f(t, x),
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u(0, x) = φ(x),
∂u

∂n

∣∣∣∣
ST

+

∫
Ω

K(t, x, ξ, u(t, ξ))dξ = 0, ST = ∂Ω× (0, T ).

Çà äîïîìîãîþ ìåòîäó Ãàëüîðêiíà áóëî âñòàíîâëåíî ¹äèíiñòü òà iñíóâàííÿ

óçàãàëüíåíîãî ðîçâ'ÿçêó ðîçãëÿäóâàíî¨ çàäà÷i.

Ó ðîáîòi Î. Þ. Äàíiëêiíî¨ [23] â àíàëîãi÷íîìó öèëiíäði QT ðîãëÿäàëàñü

çàäà÷à äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ çi çìiííèì çà x êîåôiöi¹íòîì

∂u

∂t
= ∆u+ c(x)u+ f(t, x),

ç óìîâàìè

u(0, x) = φ(x),

∫
Ω

K(t, x)u(t, x)dξ = 0.

Äîâåäåíî ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i.

Ìiøàíi çàäà÷i ç iíòåãðàëüíèìè óìîâàìè çà ïðîñòîðîâèìè çìiííèìè ó

ðiçíèõ àñïåêòàõ âèâ÷àëèñü ó [2,24,40,92,121,128] òà ií.

Ó ðîáîòi [61] ó ïðÿìîêóòíèêó (0, 1)×(0, T ) âñòàíîâëåíî óìîâè êîðåêòíî¨

ðîçâ'ÿçíîñòi ó ïðîñòîðàõ Ñîáîë¹âà òàêî¨ çàäà÷i:

∂u(t, x)

∂t
+
∂3u(t, x)

∂x3
− µ(t, x)u(t, x) = f(t, x), (t, x) ∈ (0, 1)× (0, T ),

u(x, 0) = 0, x ∈ (0, 1),

u(t, 0) =

1∫
0

K1(t, x)u(t, x)dx, u(t, 1) =

1∫
0

K2(t, x)u(t, x)dx, t ∈ (0, T ).

Çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü âèíèêàþòü,

çîêðåìà, ó ìàòåìàòè÷íié áiîëîãi¨. Òàê ó [73] â îáëàñòi Ω = [0, T ] × [0, l]

ðîçãëÿäàëàñÿ íàñòóïíà çàäà÷à ç äèíàìiêè ïîïóëÿöié

∂u(t, x)

∂t
+
∂u(t, x)

∂x
+ (α(t) + β(t, x) + γ(t, x))u(t, x) = 0, (t, x) ∈ Ω,

u(x, 0) = τ(x), 0 6 x 6 l,

u(0, t) = ε

l∫
0

γ(t, ξ)u(t, ξ)dξ, 0 6 t 6 T,
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äå u(t, x) � êiëüêiñòü êëiòèí âiêó x â îäèíèöi îá'¹ìó â ìîìåíò ÷àñó t,

α � øâèäêiñòü ïðèòîêó êëiòèí, β, γ � ïèòîìi øâèäêîñòi ñìåðòi òà äiëåííÿ

êëiòèí. Àíàëîãi÷íi ìîäåëi ïîïóëÿöiéíî¨ äèíàìiêè ç iíòåãðàëüíèìè óìîâà-

ìè çà ïðîñòîðîâîþ çìiííîþ òà ñèíãóëÿðíèìè êîåôiöi¹íòàìè âèâ÷àëèñü ó

ðîáîòàõ I. ß. Êìiòü [125,126] ó ÿêèõ âèâ÷åíî ïèòàííÿ ëîêàëüíî¨ òà ãëîáàëü-

íî¨ ðîçâ'ÿçíîñòi ðîçãëÿäóâàíèõ çàäà÷ ó ïðîñòîðàõ ãëàäêèõ òà óçàãàëüíåíèõ

ôóíêöié.

Ìiøàíi çàäà÷i ç iíòåãðàëüíèìè óìîâàìè çà ïðîñòîðîâîþ çìiííîþ äëÿ

ãiïåðáîëi÷íèõ ðiâíÿíü äîñëiäæóâàëè Ã. À. Àâàëiøâiëi òà Ä. Ã. Ãîðäåçiàíi

[19, 115], Ç. Î. Ìåëüíèê òà Â. Ì. Êèðèëè÷ [70], Ë. Ñ. Ïóëüêiíà [84, 86, 87],

Ñ. Î. Áåéëií [117], Â. Á. Äìiòði¹â [25], S. Mesloub [129] òà ií.

Ó ðîáîòàõ [86,87] â îáëàñòi Q = (0, l)× (0, T ), äëÿ îäíîâèìiðíîãî ãiïåð-

áîëi÷íîãî ðiâíÿííÿ

∂2u

∂t2
− ∂2u

∂x2
+ c(t, x)u = f(t, x), (t, x) ∈ (0, l)× (0, T ),

ç ïî÷àòêîâèìè óìîâàìè

u(0, x) = φ(x),
∂u(0, x)

∂t
= ψ(x), x ∈ [0, l],

òà íåëîêàëüíèìè óìîâàìè

l∫
0

Kj(x)u(t, x)dx = 0, j = 1, 2,

à òàêîæ ç óìîâàìè

∂xu(t, 0)−
l∫

0

K1(t, x)u(t, x)dx = 0, ∂xu(t, l)−
l∫

0

K1(t, x)u(t, x)dx = 0,

äå Kj(x), Kj(t, x), j = 1, 2, çàäàíi â Q òà äîñòàòíüî ãëàäêi ôóíêöi¨. Çà äî-

ïîìîãîþ ìåòîäó Ãàëüîðêiíà òà àïðiîðíèõ îöiíîê áóëî âñòàíîâëåíî ¹äèíiñòü

òà iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó ðîçãëÿäóâàíî¨ çàäà÷i.
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Îáåðíåíi çàäà÷i ç iíòåãðàëüíèìè óìîâàìè ïåðåâèçíà÷åííÿ çà ïðîñòîðî-

âèìè çìiííèìè äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ðîçãëÿäàëèñÿ ó ðîáîòàõ

Ì. I. Iâàí÷îâà òà éîãî ó÷íiâ [27, 28], Ã. À. Ñíiòêî [93], Í. Ì. Ãðèíöiâ [20],

à òàêîæ À. I. Êîæàíîâà [41] òà áàãàòî iíøèõ. Ó ðîáîòi Í. Â. Áåéëiíî¨ [4]

äîñëiäæåíî îáåðíåíó çàäà÷ó ïðî çíàõîäæåííÿ â öèëiíäði Q = Ω×(0, T ), äå

Ω � îáìåæåíà îáëàñòü, ðîçâ'ÿçêó õâèëüîâîãî ðiâíÿííÿ ç íåâiäîìîþ ôóí-

êöi¹þ ó ïðàâié ÷àñòèíi ðiâíÿííÿ.

Çàäà÷i ç iíòåãðàëüíèìè óìîâàìè çà ÷àñîâîþ çìiííîþ äëÿ ãiïåðáîëi-

÷íèõ, ïàðàáîëi÷íèõ òà áåçòèïíèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü äîñëiäæóâàëè

Ï. I. Øòàáàëþê [111], Â. M. Áîðîê òà Å. Êåííå [11, 12], Ë. Â. Ôàðäèãî-

ëà [104, 105], Ï. I. Êàëåíþê òà Ç. Ì. Íèòðåáè÷ [34, 35], Â. Ñ. Iëüêiâ òà

Ò. Ìàãåðîâñüêà [29,30], Ì. Ì. Ñèìîòþê, Î. Ì. Ìåäâiäü [64�69,96] òà ií.

Çîêðåìà, ó [110] ðîçãëÿäàþòüñÿ çàäà÷i ç áàãàòîòî÷êîâîþ òà iíòåãðàëü-

íîþ óìîâàìè çà ÷àñîì äëÿ ëiíåàðèçîâàíî¨ ñèñòåìè Íàâ'¹ � Ñòîêñà, ÿêi

âèíèêàþòü ïðè âèâ÷åííi ïðîáëåì äîâãîñòîðîêîâèõ ïðîãíîçiâ ïîãîäè.

Ó ðîáîòàõ Â. M. Áîðîê òà ¨¨ ó÷íiâ [11,12] âñòàíîâëåíî êðèòåðié êîðåêòíî-

ñòi êðàéîâî¨ çàäà÷i ó ñìóçi [0, T ]× R äëÿ çàãàëüíîãî ëiíiéíîãî ðiâíÿííÿ çi

ñòàëèìè êîåôiöi¹íòàìè. Öi äîñëiäæåííÿ óçàãàëüíåíi â ïðàöÿõ Ë. Â. Ôàðäi-

ãîëè [104�107], äå ó øàði Π(T ) = [0, T ]×Rp, T > 0, äîñëiäæåíî iíòåãðàëüíó

çàäà÷ó
∂v⃗(t, x)

∂t
= P (Dx)v⃗(t, x) + f⃗(t, x), (t, x) ∈ Π(T ),

T∫
0

Q(Dx)v⃗(t, x)dt = v⃗0(x), x ∈ Rp,

äå P (ξ), Q(ξ) � ìàòðèöi ðîçìiðó n × n, åëåìåíòàìè ÿêèõ ¹ äîâiëüíi ìíî-

ãî÷ëåíè ç êîìïëåêñíèìè êîåôiöi¹íòàìè, ξ ∈ Rp; f⃗ , v⃗0 � çàäàíi âåêòîð-

ôóíêöi¨.

Ó ïðàöÿõ À. Þ. Ïîïîâà òà I. Â. Òiõîíîâà [79,80] äëÿ çàäà÷i

∂u

∂t
=
∂2u

∂x21
+ . . .+

∂2u

∂x2p
, t ∈ (0, T ], x ∈ Rp,
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1

T

T∫
0

u(t, x)dt = φ(x), x ∈ Rp,

âñòàíîâëåíî ¹äèíiñòü òà iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó ó êëàñi ôóíêöié

åêñïîíåíöiéíîãî çðîñòàííÿ çà ïðîñòîðîâèìè çìiííèìè.

Ó ðîáîòàõ [34,35] ó íåñêií÷åííîìó øàði äîñëiäæóâàëèñü çàäà÷i[
∂

∂t
− a

(
∂

∂x

)]
U(t, x) = 0, t ∈ (0, T ), x ∈ Rs,

T∫
0

U(t, x)dt = 0, x ∈ Rs,

òà [
∂

∂t
− a

(
∂

∂x

)]2
U(t, x) = 0, t ∈ (0, T ), x ∈ Rs,

T∫
0

U(t, x)dt = 0,

T∫
0

tU(t, x)dt = 0, x ∈ Rs,

äå a
(
∂
∂x

)
� äèôåðåíöiàëüíèé âèðàç íåñêií÷åííîãî ïîðÿäêó ç öiëèì àíà-

ëiòè÷íèì ñèìâîëîì a(ν) ̸= const. Íà îñíîâi äèôåðåíöiàëüíî-ñèìâîëüíîãî

ìåòîäó [33] âèäiëåíî êëàñè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ ðîçãëÿäóâàíèõ

çàäà÷ òà ïîáóäîâàíî ¨õ ó ÿâíîìó âèãëÿäi.

Ó ïðàöÿõ I. Ä. Ïóêàëüñüêîãî òà éîãî ó÷íiâ [32, 81�83] ó öèëiíäðè÷íèõ

îáëàñòÿõ äîñëiäæåíî çàäà÷i ç íåëîêàëüíèìè óìîâàìè çà ÷àñîì, ùî ìiñòÿòü

iíòåãðàëè âiä íåâiäîìî¨ ôóíêöi¨, äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿì,

à òàêîæ ðîçãëÿíóòî çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ. Çà äîïîìîãîþ àïðiîð-

íèõ îöiíîê òà ïðèíöèïó ìàêñèìóìó âñòàíîâëåíî êîðåêòíiñòü ðîçãëÿíóòèõ

çàäà÷ ó ãåëüäåðîâèõ ïðîñòîðàõ çi ñòåïåíåâîþ âàãîþ.

Ó ðîáîòi [111] â îáëàñòi Dp ðîçãëÿäàëàñÿ çàäà÷à ç iíòåãðàëüíèìè óìî-

âàìè äëÿ ñòðîãî ãiïåðáîëi÷íîãî ðiâíÿííÿ

n∑
α=0

∑
|s|=α

aα,s
∂nu

∂tn−α∂xs11 · · · ∂xspp
= 0, aα,s ∈ R,
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T∫
0

tju(t, x)dt = φj(x), j ∈ {0, 1, . . . , n− 1}.

Áóëî âñòàíîâëåíî iñíóâàííÿ ¹äèíîãî êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i äëÿ ìàé-

æå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) ÷èñåë T > 0 òà äëÿ ìàéæå âñiõ âåêòîðiâ A⃗

ñêëàäåíèõ ç êîåôiöi¹íòiâ ðiâíÿííÿ ó êëàñi ôóíêöié, ìàéæå ïåðiîäè÷íèõ çà

ïðîñòîðîâèìè çìiííèìè.

Î. Ì. Ìåäâiäü òà Ì. Ì. Ñèìîòþê ó [66, 67] ðîçãëÿäàëè â îáëàñòi QT
p =

(0, T ) × Ωp, äå Ωp = (R \ 2πZ)p, çàäà÷ó äëÿ áåçòèïíîãî ðiâíÿííÿ (ñèñòåìè

ðiâíÿíü)

∂n

∂tn
u(t, x) +

n−1∑
j=0

Aj(∂x)
∂j

∂tj
u(t, x) = 0, (t, x) ∈ QT

p

t1∫
0

tju(t, x)dt = φj(x), j ∈ {0, 1, . . . , n− 1}, x ∈ Ωp, t1 ∈ (0, T ],

äåAj(ξ), ξ ∈ R, j ∈ {1, . . . , n}, � ìíîãî÷ëåíè ç êîìïëåêñíèìè êîåôiöi¹íòàìè
ñòåïåíiâ Nj, Nj ∈ N. Áóëî âñòàíîâëåíî iñíóâàííÿ ¹äèíîãî 2π-ïåðiîäè÷íîãî

ðîçâ'ÿçêó çàäà÷i äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ãàóñäîôà) ÷èñåë t1 ∈ (0, T ).

Òàêîæ àâòîðàìè äîñëiäæåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i ç àíàëîãi÷íèìè

iíòåãðàëüíèìè óìîâàìè äëÿ íàâàíòàæåíèõ ðiâíÿíü [68] iç ÷àñòèííèìè ïî-

õiäíèìè òà ñèñòåì ðiâíÿíü ç âiäõèëåííÿì àðãóìåíòó [69].

Ó [29] ðîçãëÿíóòî çàäà÷ó ïðî çíàõîäæåííÿ ðîçâ'ÿçêó ñèñòåìè äèôåðåí-

öiàëüíèõ ðiâíÿíü çi çìiííèìè êîåôiöi¹íòàìè∑
s0+s1+...+sp6n

As(t)∂
s1
x1
. . . ∂spxp∂

s0
t U⃗(t, x) = 0, t ∈ (0, T ), x ∈ Ωp,

T∫
0

(µ(t) + ν)∂j−1
t U⃗(t, x)dt = Φ⃗j(x), j = {1, . . . , n}, x ∈ Ωp,

äå U⃗(t, x) = col(U 1(t, x), . . . , Um(t, x)), As(t) � êâàäðàòíi ìàòðèöi ðîçìiðó

m×m, åëåìåíòàìè ÿêèõ ¹ íåïåðåðâíi ôóíêöi¨ çà çìiííîþ t íà âiäðiçêó [0, T ],
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An,0,...,0 � îäèíè÷íà ìàòðèöÿ. Âñòàíîâëåíî êîðåêòíiñòü öi¹¨ çàäà÷i ó øêàëi

ïðîñòîðiâ Ñîáîë¹âà äëÿ âñiõ ïàðàìåòðiâ ν ∈ C (çà âèíÿòêîì ìíîæèíè ÿê

çàâãîäíî ìàëî¨ ìiðè Ëåáåãà â C).

Âàæëèâèì íàïðÿìêîì ñó÷àñíî¨ òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷à-

ñòèííèìè ïîõiäíèìè ¹ âèâ÷åííÿ çàäà÷ ç íåëîêàëüíèìè óìîâàìè (â òîìó ÷è-

ñëi iíòåãðàëüíèìè) äëÿ íåêëàñè÷íèõ ðiâíÿíü ìàòåìàòè÷íî¨ ôiçèêè, çîêðå-

ìà, äëÿ ðiâíÿíü íå ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøî¨ ïîõiäíî¨ çà ÷àñîì.

Âïåðøå ðiâíÿííÿ, ùî çâîäÿòüñÿ äî ðiâíÿíü òèïó Ñîáîëåâà ïîÿâèëèñü

ó ðîáîòi À. Ïóàíêàðå [130], îäíàê ¨õ ñèñòåìàòè÷íå âèâ÷åííÿ ïî÷àëîñü ïi-

ñëÿ ïóáëiêàöi¨ ðîáiò Ñ. Ë. Ñîáîë¹âà [94, 95], äå âèâ÷àëèñü ìàëi êîëèâàííÿ

iäåàëüíî¨ ðiäèíè â ïîñóäèíi, ùî îáåðòà¹òüñÿ òà ðîçãëÿäàëîñü íàñòóïíå ðiâ-

íÿííÿ (
∂2t∆+ ω2∂2x3

)
u(t, x1, x2, x3) = f(t, x1, x2, x3).

Ðiâíÿííÿ òàêîãî òèïó ÷àñòî âèíèêàþòü ïðè äîñëiäæåííi ðiçíîìàíiòíèõ

çàäà÷ ãiäðîäèíàìiêè: ïîøèðåííÿ õâèëü [131], ôiëüòðàöiÿ ðiäèí â ïîðèñòèõ

ñåðåäîâèùàõ [3], äèíàìiêà ñòðàòèôiêîâàíèõ ðiäèí [15] òîùî.

Ìiøàíi çàäà÷i òà çàäà÷à Êîøi äëÿ ðiâíÿíü òèïó Ñîáîë¹âà äîñëiäæó-

âàëè áàãàòî àâòîðiâ, çîêðåìà, C. G. Rossby [131], Ñ. Ë. Ñîáîë¹â [94, 95],

Ã. I. Áàðåíáëàòò [3] òà ií. Â øêîëi Á. É. Ïòàøíèêà ó ðîáîòàõ Ë. I. Êîìàð-

íèöüêî¨ [42], I. Ñ. Êëþñ [39], Î. Ä. Âëàñiÿ [13], I. Î. Áîáèêà òà Ì. Ì. Ñèìî-

òþêà [10] âèâ÷àëèñü çàäà÷i ç áàãàòîòî÷êîâèìè, íåëîêàëüíèìè óìîâàìè òà

óìîâàìè òèïó Äiðiõëå çà ÷àñîâîþ çìiííîþ äëÿ ðiâíÿíü, íå ðîçâ'ÿçàíèõ âiä-

íîñíî ñòàðøî¨ ïîõiäíî¨ çà ÷àñîì âèñîêîãî ïîðÿäêó çi ñòàëèìè òà çìiííèìè

êîåôiöi¹íòàìè i óìîâàìè ïåðiîäè÷íîñòi çà ïðîñòîðîâèìè çìiííèìè.

Çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ ðiâíÿíü òèïó Ñ. Ë. Ñîáîë¹âà ïðà-

êòè÷íî íå ðîçãëÿäàëèñÿ. Ïðÿìi òà îáåðíåíi çàäà÷i ç iíòåãðàëüíèìè óìîâàìè

çà ïðîñòîðîâîþ çìiííîþ äëÿ ðiâíÿíü, íå ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøî¨ ïîõi-

äíî¨ çà ÷àñîì âèâ÷àëè ß. Ò. Ìåãðàëi¹â òà Å. I. Àçiçáåêîâ [62,63], À. Bouziani
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òà N. Merazga [120]. Çîêðåìà, ó [120] ðîçãëÿäàëàñÿ òàêà çàäà÷à:

∂u(t, x)

∂t
− ∂2u(t, x)

∂x2
− η

∂3u(t, x)

∂t∂x2
= F (t, x, u), (x, t) ∈ (0, 1)× [0, T ]

u(x, 0) = u0(x),

1∫
0

u(t, x)dx = E(t),

1∫
0

xu(t, x)dx = G(t).

Áóëî âñòàíîâëåíî ¹äèíiñòü òà iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿêó çàäà÷i òà

ïîáóäîâàíî íàáëèæåíèé ðîçâ'ÿçîê ìåòîäîì ÷àñîâî¨ äèñêðåòèçàöi¨.

Ó ïðàöi [63] â îáëàñòi D = {(t, x) | 0 6 t 6 T, 0 6 x 6 1} ðîçãëÿäàëàñÿ
çàäà÷à

∂2t (1− α∂2x)u(t, x) + ∂4xu(t, x) = a(t)u(t, x) + f(t, x),

u(t, 0)− βu(t, 1) = µ1(t), ∂xu(t, 0)− β∂xu(t, 1) = µ2(t)

∂2t u(t, 0)− β∂2t u(t, 1) = µ3(t),

1∫
0

u(t, x)dx = µ4(t),

u(0, x)− δu(T, x) = µ1(t), ∂tu(0, x)− δ∂tu(T, x) = µ2(t).

Âñòàíîâëåíî óìîâè ¹äèíîñòi òà iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó íàâåäåíî¨

çàäà÷i.

Iíøèì âàæëèâèì íàïðÿìêîì ñó÷àñíî¨ òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü

ç ÷àñòèííèìè ïîõiäíèìè ¹ òåîðiÿ êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü ìiøàíîãî

òèïó, ÿêi ìàþòü âàæëèâå çàñòîñóâàííÿ â ãàçîâié äèíàìiöi, â ìàãíiòíié ãi-

äðîäèíàìiöi, â òåîði¨ åëåêòðè÷íèõ êië, â òåîði¨ íåñêií÷åííî ìàëèõ çãèíiâ

ïîâåðõîíü, à òàêîæ áåçìîìåíòíié òåîði¨ îáîëîíîê ç êðèâèçíîþ çìiííîãî

çíàêó òà ií. Ïî÷àòîê äîñëiäæåíü êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü ìiøàíîãî òè-

ïó áóëî ïîêëàäåíî ó ðîáîòàõ Ô. Òðiêîìi (1928 ð.) [101] òà Ñ. Ãåëëåðñòåäòà

(1935 ð.) [124], äå áóëî âïåðøå ïîñòàâëåíî òà äîñëiäæåíî êðàéîâi çàäà÷i äëÿ

ìîäåëüíèõ ðiâíÿíü ìiøàíîãî òèïó, ÿêi òåïåð âiäîìi ÿê "çàäà÷à Òðiêîìi" i

"çàäà÷à Ãåëëåðñòåäòà".
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Âïåðøå íà íåîáõiäíiñòü ðîçãëÿäó êðàéîâèõ çàäà÷ äëÿ ìiøàíèõ ðiâíÿíü

ïàðàáîëî-ãiïåðáîëi÷íîãî òèïó, äå íà îäíié ÷àñòèíi îáëàñòi çàäàíî ïàðàáîëi-

÷íå ðiâíÿííÿ, à íà iíøié � ãiïåðáîëi÷íå, áóëî âêàçàíî â 1959 ð.

I. Ì. Ãåëüôàíäîì [17]. Çîêðåìà, âií íàâiâ ïðèêëàä çàäà÷i ïðî ðóõ ãàçó

ïî êàíàëó ç ïîðèñòèì íàâêîëèøíiì ñåðåäîâèùåì: ðóõ ãàçó â êàíàëi îïèñó-

âàâñÿ õâèëüîâèì ðiâíÿííÿì, à ççîâíi � ðiâíÿííÿì äèôóçi¨. Òàêîæ êðàéîâi

çàäà÷i äëÿ òàêèõ ðiâíÿíü âèíèêàþòü â òåîði¨ åëåêòðè÷íèõ êië òà ìàãíi-

òíié ãiäðîäèíàìiöi. Âîíè äîñëiäæóâàëèñü ó ðîáîòàõ Ã. Ì. Ñòðó÷iíî¨ [98],

ß. Ñ. Óôëÿíäà [102], Ë. À. Çîëiíî¨ [26].

Â ïîäàëüøîìó çàäà÷i ñïðÿæåííÿ äëÿ ìiøàíèõ ïàðàáîëî-ãiïåðáîëi÷íèõ

ðiâíÿíü äðóãîãî ïîðÿäêó, ùî ìiñòÿòü ëîêàëüíi i íåëîêàëüíi óìîâè (â òîìó

÷èñëi iíòåãðàëüíi), ðîçãëÿäàëèñÿ ó ðîáîòàõ À. Ì. Íàõóøåâà òà Õ. Ã. Áæèõà-

òëîâà [7], Â. Í. Âðàãîâà [14], Í. Þ. Êàïóñòiíà [37], Ê. Á. Càáiòîâà [90,132],

Ã. Ð. Þíóñîâî¨ [114], Â. Î. Êàïóñòÿíà òà I. Î. Ïèøíîãðà¹âà [38], I. ß. Ñàâ-

êè [91] òà ií. Ó áàãàòüîõ âèïàäêàõ êîðåêòíà ðîçâ'ÿçíiñòü òàêèõ êðàéîâèõ

çàäà÷ äëÿ îáìåæåíèõ îáëàñòåé ïîâ'ÿçàíà ç òàê çâàíîþ ïðîáëåìîþ ìàëèõ

çíàìåííèêiâ, ÿêà ðîçâ'ÿçóâàëàñü àâòîðàìè òiëüêè äëÿ îêðåìèõ ÷àñòêîâèõ

âèïàäêiâ çàäà÷. Òîìó êðàéîâi çàäà÷i äëÿ ïàðàáîëî-ãiïåðáîëi÷íèõ ðiâíÿíü,

ðîçâ'ÿçíiñòü ÿêèõ çàëåæèòü âiä äiîôàíòîâèõ âëàñòèâîñòåé ìàëèõ çíàìåí-

íèêiâ, çàëèøàþòüñÿ ìàëî äîñëiäæåíèìè.

Ïîðÿä iç îòðèìàíèìè ðåçóëüòàòàìè, íåäîñòàòíüî âèâ÷åíèìè ¹ çàäà÷i ç

iíòåãðàëüíèìè óìîâàìè çà ÷àñîâîþ çìiííîþ äëÿ çàãàëüíèõ ãiïåðáîëi÷íèõ,

ïàðàáîëi÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü i ñèñòåì ðiâíÿíü çi ñòàëèìè òà çìií-

íèìè êîåôiöi¹íòàìè, à òàêîæ äëÿ ðiâíÿíü ìiøàíîãî òèïó òà äëÿ ðiâíÿíü íå

ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøî¨ ïîõiäíî¨ çà ÷àñîì. Çàïîâíèòè âêàçàíi ïðîãà-

ëèíè ïîêëèêàíà äàíà äèñåðòàöiéíà ðîáîòà.
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ÂÈÑÍÎÂÊÈ ÄÎ ÐÎÇÄIËÓ 1

Ó ïåðøîìó ðîçäiëi äèñåðòàöi¨ íàâåäåíî êîðîòêèé îãëÿä ðîáiò ïðèñâÿ-

÷åíèõ äîñëiäæåííþ çàäà÷ ç iíòåãðàëüíèìè óìîâàìè äëÿ ðiâíÿíü òà ñèñòåì

ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Ïîêàçàíî àêòóàëüíiñòü òà âàæëèâiñòü

âèâ÷åííÿ òàêèõ çàäà÷. Âêàçàíî íà çàäà÷i, ÿêi çàëèøàþòüñÿ íåäîñòàòíüî

âèâ÷åíèìè.
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ÐÎÇÄIË 2

ÇÀÃÀËÜÍÀ ÌÅÒÎÄÈÊÀ ÄÎÑËIÄÆÅÍÍß ÒÀ ÄÎÏÎÌIÆÍI

ÒÂÅÐÄÆÅÍÍß

2.1. Ìàéæå ïåðiîäè÷íi ôóíêöi¨ òà ¨õ ïðîñòîðè

Ìàéæå ïåðiîäè÷íi ôóíêöi¨ ¹ óçàãàëüíåííÿì ïåðiîäè÷íèõ ôóíêöié. Òåî-

ðiÿ ìàéæå ïåðiîäè÷íèõ ôóíêöié áóëà ñòâîðåíà, â îñíîâíîìó, i îïóáëiêîâàíà

ó 1924�1926 ðð. Ã. Áîðîì [118]. Â ïîäàëüøîìó òåîðiÿ ìàéæå ïåðiîäè÷íèõ

ôóíêöié Áîðà áóëà ðîçâèâèíåíà À. Áåçiêîâè÷åì [116] òà iíøèìè â÷åíèìè.

Ïîçíà÷èìî:

V := {νn ∈ R : ν−n = −νn, d1|n|θ1 6 |νn| 6 d2|n|θ2, n ∈ Z}, (2.1)

äå 0 < d1 6 d2, 0 < θ1 6 θ2;

M := {µk ∈ Rp : µkj = νkj , νkj ∈ V , j ∈ {1, . . . , p}, k ∈ Zp}.

Ç (2.1) òà íåðiâíîñòåé �íñåíà [108, còîð. 301] âèïëèâà¹, ùî äëÿ âñiõ µk ∈ M
âèêîíóþòüñÿ îöiíêè

D1|k|θ1 6 |µk| 6 D2|k|θ2, (2.2)

äå D1 = d1min{1, p1−θ1}, D2 = d2max{1, p1−θ2}. Òàêîæ âèêîðèñòîâóâàòè-

ìåìî òàêó íåðiâíiñòü:

∀µk ∈ M ∥µk∥ 6 |µk| 6
√
p ∥µk∥. (2.3)

Ââåäåìî ïðîñòîðè ìàéæå ïåðiîäè÷íèõ çà x ôóíêöié çi ñïåêòðîì M, ÿêi

âèêîðèñòîâóþòüñÿ ó äèñåðòàöiéíié ðîáîòi.

TM � ïðîñòið ïîëiíîìiâ v(x) =
∑

k vk exp(iµk, x), µk ∈ M, ç êîìïëå-

êñíèìè êîåôiöi¹íòàìè. Çáiæíiñòü ïîñëiäîâíîñòi {vn}∞n=1 â TM äî åëåìåíòà

v ∈ TM âèçíà÷à¹òüñÿ òàê:
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1) ∃n0, N ∈ N, ∀n > n0, vn(x) =
∑

|k|6N v
n
k exp(iµk, x),

2) ∀k ∈ Zp, |k| 6 N, vnk →
n→∞

vk;

T ′
M � ïðîñòið ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿäiâ f(x) =

∑
k∈Zp fk×

× exp(iµk, x) ÿêèé ñïiâïàäà¹ ç ïðîñòîðîì óñiõ àíòèëiíiéíèõ ôóíêöiîíàëiâ

íàä TM. Äiÿ ôóíêöiîíàëó f ∈ T ′
M íà åëåìåíò v ïðîñòîðó TM çàäà¹òüñÿ

ôîðìóëîþ

(f, v) = lim
H→∞

1

Hp

∫
Πp

H

f(x)v(x)dx =
∑
k

fkv̄k.

Ïîñëiäîâíiñòü {f q}∞q=1 ⊂ T ′
M çáiãà¹òüñÿ äî f ∈ T ′

M, ÿêùî (f q, v) −−−→
q→∞

(f, v)

äëÿ äîâiëüíîãî v ∈ TM.

Åëåìåíòè ïðîñòîðó T ′
M áóäåìî íàçèâàòè óçàãàëüíåíèìè ìàéæå ïåðiî-

äè÷íèìè ôóíêöiÿìè. Ðÿä
∑

k∈Zp fk exp(iµk, x), ÿêèé âiäïîâiäà¹ åëåìåíòó

f ∈ T ′
M, íàçèâà¹òüñÿ ðÿäîì Ôóð'¹ óçàãàëüíåíî¨ ìàéæå ïåðiîäè÷íî¨ ôóíêöi¨

f , ÷èñëà fk � êîåôiöi¹íòàìè Ôóð'¹. Ëåãêî áà÷èòè, ùî fk = (f, exp(iµk, x)).

Ch ([c, d] ; TM)
(
Ch ([c, d] ; T ′

M)
)
, h ∈ Z+, c, d ∈ R, c < d, � ïðîñòið

òàêèõ ôóíêöié v (t, x) =
∑

k∈Zp vk(t) exp (iµk, x), vk ∈ Ch [c, d], k ∈ Zp, ùî

ïðè êîæíîìó ôiêñîâàíîìó t ∈ [c, d] ïîõiäíi ∂jt v =
∑

k∈Zp v
(j)
k (t) exp (iµk, x),

j ∈ {0, 1, . . . , h}, íàëåæàòü ïðîñòîðó TM (T ′
M);

W α,β,γ
M , α,∈ R, β > 0, γ > 0, � ïðîñòið, îòðèìàíèé øëÿõîì ïîïîâíåííÿ

ïðîñòîðó TM çà íîðìîþ

∥∥∥v;W α,β,γ
M

∥∥∥ =

(∑
k∈Zp

|vk|2 (1 + |µk|)2α exp(2β|µk|γ)

)1/2

;

H α
M ≡ W α,0,0

M ; W α,β
M ≡ W α,β,1

M ;

Çàóâàæèìî, ùî W α2,β2,γ
M ⊂ W α1,β1,γ

M , α2 > α1, β2 > β1, ïðè÷îìó∥∥∥v;W α1,β1,γ
M

∥∥∥ < ∥∥∥v;W α2,β2,γ
M

∥∥∥ . (2.4)

Ch([c, d],W α,β,γ
M ), h ∈ Z+, c, d ∈ R, c < d, � ïðîñòið ôóíêöié

u(t, x) =
∑

k∈Zp uk(t) exp(iµk, x), uk(t) ∈ Cn[c, d], µk ∈ M, òàêèõ, ùî äëÿ

êîæíîãî ôiêñîâàíîãî t ∈ [c, d] ïîõiäíi ∂jtu(t, x) =
∑

k∈Zp u
(j)
k (t) exp(iµk, x),
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j ∈ {0, 1, . . . , h}, íàëåæàòü ïðîñòîðó W α,β,γ
M i ¹ íåïåðåðâíèìè çà t íà [c, d]

â íîðìi öüîãî ïðîñòîðó,∥∥∥u;Cn([c, d],W α,β,γ
M )

∥∥∥ =
n∑
j=0

max
t∈[c,d]

∥∥∥∂jtu(t, x);W α,β,γ
M

∥∥∥ ;
W

α,β,γ
M,m , m ∈ N, � ïðîñòið âåêòîð-ôóíêöié v⃗(x) = col

(
v1(x), . . . , vm(x)

)
òàêèõ, ùî vq(x) ∈ W α,β,γ

M , q ∈ {1, . . . ,m}, iç íîðìîþ∥∥∥v⃗;W α,β,γ
M,m

∥∥∥ =
m∑
q=1

∥∥∥vq;W α,β,γ
M

∥∥∥ ;
C h([c, d],W

α,β,γ
M,m ), h ∈ Z+, � ïðîñòið âåêòîð-ôóíêöié u⃗(t, x) =

col
(
u1(t, x), . . . , um(t, x)

)
òàêèõ, ùî uq(t, x) ∈ C h([c, d],W α,β,γ

M ),

q ∈ {1, . . . ,m}, iç íîðìîþ∥∥∥u⃗;C h([c, d],W
α,β,γ
M,m )

∥∥∥ =
m∑
q=1

∥∥∥uq;C h([c, d],W α,β,γ
M )

∥∥∥ ;
C
h
M,m(D

p
) � ïðîñòið âåêòîð-ôóíêöié u⃗(t, x) = col(u1(t, x), . . . , um(t, x)),

ÿêi ¹ h ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèìè â îáëàñòiD
p
çà âñiìà çìiííèìè i

ìàéæå ïåðiîäè÷íèìè çà x çi ñïåêòðîìM ðiâíîìiðíî ïî t ∈ [0, T ], iç íîðìîþ∥∥∥u⃗;C h
M,m(D

p
)
∥∥∥ =

m∑
q=1

∑
06|ŝ|6h

max
t∈[0,T ]

sup
x∈Rp

∣∣∣∣ ∂|ŝ|uq(t, x)

∂ts0∂xs11 · · · ∂xspp

∣∣∣∣ ;
C
h
M,m (Rp) � ïiäïðîñòið âåêòîð-ôóíêöié iç C

h
M,m(D

p
), ÿêi íå çàëåæàòü

âiä t.

C h
M(D

p
) ≡ C

h
M,1(D

p
); C h

M (Rp) ≡ C̄ h
M,1 (Rp).

C
(l,h)
M (D

p
) � ïðîñòið ôóíêöié u(t, x), ÿêi ¹ l ðàçiâ íåïåðåðâíî äèôåðåí-

öiéîâíèìè çà çìiííîþ t òà h ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèìè i ìàéæå

ïåðiîäè÷íèìè çà x çi ñïåêòðîì M iç íîðìîþ∥∥∥u;C(l,h)
M (D

p
)
∥∥∥ =

∑
06|ŝ|6h
s06l

max
t∈[0,T ]

sup
x∈Rp

∣∣∣∣ ∂|ŝ|u(t, x)

∂ts0∂xs11 · · · ∂xspp

∣∣∣∣ ;
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Òâåðäæåííÿ 2.1. Äëÿ äîâiëüíî¨ óçàãàëüíåíî¨ ìàéæå ïåðiîäè÷íî¨ ôóí-

êöi¨ f ¨¨ ðÿä Ôóð'¹ çáiãà¹òüñÿ äî f ó ïðîñòîði T ′
M. Íàâïàêè, ïîñëiäîâíiñòü

÷àñòèííèõ ñóì áóäü-ÿêîãî òðèãîíîìåòðè÷íîãî ðÿäó
∑

k∈Zp ak exp(iµk, x),

ak ∈ C, µk ∈ M, çáiãà¹òüñÿ ó T ′
M äî äåÿêîãî åëåìåíòà f ∈ T ′

M i öåé ðÿä

ñïiâïàäà¹ ç ðÿäîì Ôóð'¹ äëÿ f .

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 6.2 ó [21, �6].

Òâåðäæåííÿ 2.2. ßêùî α > p/(2θ1), òî ñïðàâåäëèâi òàêi âêëàäåííÿ

H
q+α
M,m ⊂ C

q
M,m (Rp) , C q([0, T ], H

q+α
M,m) ⊂ C

q
M,m(D̄

p), q ∈ N ∪ {0}. (2.5)

Äîâåäåííÿ. Äîâåäåííÿ âèïëèâà¹ ç ðóçóëüòàòiâ ðîáîòè [122] ç óðàõóâàí-

íÿì îöiíîê (2.2).

Ñïðàâåäëèâi íàñòóïíi òâåðäæåííÿ ïðî îöiíêó êîåôiöi¹íòiâ Ôóð'¹ ìàéæå

ïåðiîäè÷íèõ ôóíêöié.

Ëåìà 2.1. ßêùî ôóíêöiÿ v ∈ Ch
M(Rp), òî äëÿ ¨¨ êîåôiöi¹íòiâ Ôóð'¹

ñïðàâäæóþòüñÿ îöiíêè

|vk| 6 (2p)h(h+ 1)
∥v;Ch

M(Rp)∥
(1 + |µk|)h

, µk ∈ M. (2.6)

Äîâåäåííÿ. Êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ v(x) âèçíà÷àþòüñÿ ôîðìóëàìè

[112]

vk = lim
H→∞

1

Hp

∫
Πp

H

v(x) exp(−iµk, x)dx, µk ∈ M. (2.7)

ßêùî k = 0⃗ (µ0⃗ = 0⃗), òî

|v0⃗| =

∣∣∣∣∣∣∣ limH→∞

1

Hp

∫
Πp

H

v(x)dx

∣∣∣∣∣∣∣ 6 lim
H→∞

1

Hp

∫
Πp

H

|v(x)|dx 6

6 sup
x∈Rp

|v(x)| 6 ∥v;Ch
M(Rp)∥.

(2.8)

Íåõàé k ̸= 0⃗. Ïðèïóñòèìî ñïî÷àòêó, ùî h � ïàðíå ÷èñëî, òîáòî h = 2m.

Iíòåãðóþ÷è äâi÷i ÷àñòèíàìè ó âèðàçi (2.7) ïî êîæíié çìiííié x1, . . . , xp òà
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ïiäñóìîâóþ÷è ðåçóëüòàòè, îòðèìó¹ìî

∥µk∥2vk = − lim
H→∞

1

Hp

∫
Πp

H

p∑
j=1

∂2v

∂x2j
exp(−iµk, x)dx. (2.9)

Çàñòîñîâóþ÷è àíàëîãi÷íó ïðîöåäóðó äî âèðàçó (2.9) i ò.ä., ïiñëÿm-ãî êðîêó

çíàõîäèìî, ùî

∥µk∥2mvk = (−1)m lim
H→∞

1

Hp

∫
Πp

H

V (x) exp(−iµk, x)dx, (2.10)

äå V (x) =
∑

|s|=m
m!

s1!···sp!
∂2mv(x)

∂x
2s1
1 ···∂x2spp

.

Âðàõóâàâøè, ùî
∑

|s|=m
m!

s1!···sp! = pm [1, ñòîð. 626], íà ïiäñòàâi (2.10), çíàõî-

äèìî

∥µk∥2m|vk| 6 lim
H→∞

1

Hp

∫
Πp

H

|V (x) exp(−iµk, x)| dx 6 sup
x∈Rp

|V (x)| 6

6 pm sup
|s|=m

sup
x∈Rp

∣∣∣∣∣ ∂2mv(x)

∂x2s11 · · · ∂x2spp

∣∣∣∣∣ 6 pm∥v;C2m
M (Rp)∥. (2.11)

Iç (2.11), âðàõóâàâøè (2.3), îòðèìó¹ìî

|vk| 6 p2m
∥v;C2m

M (Rp)∥
|µk|2m

, µk ∈ M \ {⃗0}. (2.12)

Íåõàé òåïåð h = 2m+1. Ïðîâåäåìî ó âèðàçi (2.10) iíòåãðóâàííÿ ÷àñòè-

íàìè îäèí ðàç ïî êîæíié çìiííié. Îòðèìó¹ìî ðiâíîñòi

∥µk∥2mµkjvk = (−1)mi lim
H→∞

1

Hp

∫
Πp

T

∂V (x)

∂xj
exp(−iµk, x)dx, j = 1, . . . , p.

(2.13)

Iç (2.13) âèïëèâàþòü îöiíêè

∥µk∥2m|µk||vk| 6
p∑
j=0

sup
x∈Rp

∣∣∣∣∂V (x)

∂xj

∣∣∣∣ 6
6 pm+1∥v;C2m+1

M (Rp)∥, µk ∈ M \ {⃗0}. (2.14)
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Íà ïiäñòàâi (2.14) i (2.3), îòðèìó¹ìî

|vk| 6 pm+1∥v;C2m+1
M (Rp)∥

∥µk∥2m|µk|
< p2m+1∥v;C2m+1

M (Rp)∥
|µk|2m+1

, µk ∈ M\ {⃗0}. (2.15)

Íà ïiäñòàâi íåðiâíîñòåé (2.12) òà (2.15) îòðèìà¹ìó¹ìî, ùî äëÿ äîâiëüíîãî

n ∈ N ñïðàâäæóþòüñÿ íåðiâíîñòi

|vk| 6 ph
∥v;Ch

M(Rp)∥
|µk|h

, µk ∈ M \ {0}. (2.16)

Âðàõîâóþ÷è, ùî |µk|−h < 2h(h + 1)(1 + |µk|)−h, h ∈ N, iç (2.8) òà (2.16)

âèïëèâà¹ òàêà îöiíêà:

∀µk ∈ M |vk| 6 (2p)h(h+ 1)
∥v;Ch

M(Rp)∥
(1 + |µk|)n

.

Ëåìó äîâåäåíî.

Ëåìà 2.2. ßêùî y(t, x) ∈ C
(l,h)
M (D

p
), òî äëÿ ¨¨ êîåôiöi¹íòiâ Ôóð'¹

ñïðàâäæóþòüñÿ îöiíêè

max
t∈[0,T ]

|yk(t)| 6 (2p)h(h+ 1)
∥y;C(l,h)

M (D
p
)∥

(1 + |µk|)h
, µk ∈ M.

Äîâåäåííÿ. Àíàëîãi÷íå äîâåäåííþ ëåìè 2.1.

Äåòàëüíiøå ç òåîði¹þ ìàéæå ïåðiîäè÷íèõ ôóíêöié òà ïðîñòîðàìè òàêèõ

ôóíêöié ìîæíà îçíàéîìèòèñÿ ó [22,112,116].

2.2. Çàãàëüíà ìåòîäèêà äîñëiäæåíü

Âñi çàäà÷i, ðîçãëÿíóòi â äèñåðòàöiéíié ðîáîòi îá'¹äíàíi òàêîþ çàãàëüíîþ

ïîñòàíîâêîþ: ó îáëàñòi Dp äëÿ åâîëþöiéíîãî ðiâíÿííÿ (ñèñòåìè ðiâíÿíü)

N [u](∂t, ∂x) :=

(
An(∂x)

∂n

∂tn
+

n−1∑
j=0

Aj(t, ∂x)
∂j

∂tj

)
u(t, x) = f(t, x), (2.17)

ïîòðiáíî çíàéòè ðîçâ'ÿçîê, ÿêèé ¹ ìàéæå ïåðiîäè÷íèì çà çìiííèìè x1, . . . , xp,

à çà çìiííîþ t çàäîâîëüíÿ¹ óìîâè

Uj[u] := αjLj[u] + βj

T∫
0

trju(t, x)dt = φj(x), j ∈ {1, . . . , n}, (2.18)
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äå Aq(η), η ∈ Rp, � ìíîãî÷ëåíè çà ñóêóïíiñòþ çìiííèõ η1, . . . , ηp ç êîìïëå-

êñíèìè êîåôiöi¹íòàìè ñòåïåíÿ Nq, q ∈ {0, 1, . . . , n}; αj, βj ∈ R, α2
j +β

2
j ̸= 0,

rj ∈ Z+, j ∈ {1, . . . , n}, Lj � ëiíiéíi ôóíêöiîíàëè çà çìiííîþ t, ÿêi ìîæóòü

ìiñòèòè çíà÷åííÿ øóêàíî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ çà çìiííîþ t ó òî÷êàõ

t = 0 òà t = T àáî ó äåÿêèõ òî÷êàõ t1, . . . , tn âiäðiçêà [0, T ], j ∈ {1, . . . , n};
r1 < . . . < rn; f(t, x), φj(x), j ∈ {1, . . . , n}, � ìàéæå ïåðiîäè÷íi çà x ôóíêöi¨

çi çàäàíèì ñïåêòðîì M,

f(t, x) =
∑
k∈Zp

fk(t) exp(iµk, x), φj(x) =
∑
k∈Zp

φjk exp(iµk, x). (2.19)

Îçíà÷åííÿ 2.1. Ðîçâ'ÿçêîì çàäà÷i (2.17), (2.18) iç ïðîñòîðó

Cn([0, T ], T ′
M) íàçèâà¹ìî ðÿä

u(t, x) =
∑
k∈Zp

uk(t) exp(iµk, x), µk ∈ M, (2.20)

äå êîæåí ç êîåôiöi¹íòiâ uk(t) ∈ Cn([0, T ]), k ∈ Zp, çàäîâîëüíÿ¹ ðiâíîñòi(
An(µk)

dn

dtn
+

n−1∑
j=0

Aj(t, µk)
dj

dtj

)
uk(t) = fk(t), (2.21)

Uj[uk] := αjLj[uk] + βj

T∫
0

trjuk(t)dt = φjk, j ∈ {1, . . . , n}. (2.22)

Íåõàé ôóíêöi¨ uqk := uqk(t), q ∈ {1, . . . , n}, óòâîðþþòü ôóíäàìåíòàëüíó
ñèñòåìó ðîçâ'ÿçêiâ îäíîðiäíîãî ðiâíÿííÿ, ùî âiäïîâiäà¹ ðiâíÿííþ (2.21), à

∆(µk, T ) = det ∥Uj[uqk]∥nj,q=1 (2.23)

¹ õàðàêòåðèñòè÷íèì âèçíà÷íèêîì çàäà÷i (2.21), (2.22).

Òâåðäæåííÿ 2.3. Äëÿ òîãî, ùîá çàäà÷à (2.17), (2.18) ìàëà íå áiëü-

øå îäíîãî ìàéæå ïåðiîäè÷íîãî çà x iç ñïåêòðîì M ðîçâ'ÿçêó ó ïðîñòîði

Cn([0, T ], T ′
M), íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà

∀µk ∈ M ∆(µk, T ) ̸= 0. (2.24)
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Äîâåäåííÿ. Í å î á õ i ä í i ñ ò ü. Ïðèïóñòèìî ïðîòèëåæíå: óìîâà

(2.24) íå âèêîíó¹òüñÿ, òîáòî äëÿ äåÿêîãî µ̄k ∈ M ∆(µ̄k, T ) = 0. Òîäi iñíó-

þòü íåòðèâiàëüíi ðîçâ'ÿçêè uk̄(t) =
∑n

q=1Cqk̄uqk̄(t) îäíîðiäíî¨ çàäà÷i (2.21),

(2.22), äå ñòàëi Cqk̄, q ∈ {1, . . . , n}, âèçíà÷àþòüñÿ ç ñèñòåìè àëãåáðè÷íèõ

ðiâíÿíü
∑n

q=1Cqk̄Uj[uqk̄] = 0, j ∈ {1, . . . , n}, âèçíà÷íèê ÿêî¨ çáiãà¹òüñÿ ç

∆(µ̄k, T ). Òîìó îäíîðiäíà çàäà÷à (2.17), (2.18) ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè

u(t, x) = uk̄(t) exp(iµ̄k, x), à ðîçâ'ÿçîê çàäà÷i (2.17), (2.18), ÿêùî âií iñíó¹,

íå áóäå ¹äèíèì.

Ä î ñ ò à ò í i ñ ò ü. Íåõàé âèêîíó¹òüñÿ óìîâà (2.24). Ïðèïóñòèìî, ùî

iñíóþòü äâà ðîçâ'ÿçêè ðîçâ'ÿçêè u1(t, x), u2(t, x) çàäà÷i (2.17), (2.18) ç ïðî-

ñòîðó Cn([0, T ], T ′
M). Òîäi ôóíêöiÿ ũ(t, x) = u2(t, x)− u1(t, x) ¹ ðîçâ'ÿçêîì

îäíîðiäíî¨ çàäà÷i (2.17), (2.18) ç ïðîñòîðó Cn([0, T ], T ′
M). Êîæíèé iç êîå-

ôiöi¹íòiâ Ôóð'¹ ũk(t) ôóíêöi¨ ũ(t, x) ¹ ðîçâ'ÿçêîì çàäà÷i îäíîðiäíî¨ çàäà÷i

(2.21), (2.22). Îñêiëüêè ∆(µk, T ) ̸= 0 äëÿ âñiõ µk ∈ M, òî îäíîðiäíà çà-

äà÷à (2.21), (2.22) ìà¹ ëèøå òðèâiàëüíi ðîçâ'ÿçêè äëÿ âñiõ µk ∈ M [99],

à îòæå ũk(t) ≡ 0, k ∈ Zp. Çâiäñè îòðèìó¹ìî, ùî ũ(t, x) ≡ 0 ó ïðîñòîði

Cn([0, T ], T ′
M), òîáòî u1(t, x) ≡ u2(t, x).

ßêùî óìîâà (2.24) âèêîíó¹òüñÿ, òî ðîçâ'ÿçîê çàäà÷i (2.17), (2.18) çîáðà-

æó¹òüñÿ ó âèãëÿäi ôîðìàëüíîãî ðÿäó

u(t, x) =
∑
k∈Zp

 T∫
0

Gk(t, τ)fk(τ)dτ +
n∑

q,j=1

∆jq(µk, T )

∆(µk, T )
φjkuqk(t)

 exp(iµk, x),

(2.25)

äå Gk(t, τ) � ôóíêöiÿ Ãðiíà çàäà÷i (2.21), (2.22), ∆jq(µk, T ) � àëãåáðè÷íå

äîïîâíåííÿ ó âèçíà÷íèêó ∆(µk, T ) åëåìåíòà j-ãî ðÿäêà è q-ãî ñòîâöÿ.

Iç òâåðäæåíü 2.1 òà 2.3 âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 2.4. Íåõàé ñïðàâäæó¹òüñÿ óìîâà (2.24). ßêùî

φj ∈ TM (T ′
M), j ∈ {1, . . . , n}, òà f ∈ C([0, T ], TM) (C([0, T ], T ′

M)), òî

iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2.17), (2.18) iç ïðîñòîðó Cn([0, T ], TM)

(Cn([0, T ], T ′
M)). Öåé ðîçâ'ÿçîê çîáðàæó¹òüñÿ ôîðìóëîþ (2.25).



29

Çàóâàæèìî, ùî òâåðäæåííÿ 2.3 òà 2.4 ñïðàâåäëèâi äëÿ âñiõ çàäà÷, ÿêi

ðîçãëÿäàþòüñÿ ó äèñåðòàöi¨.

Ïèòàííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (2.17), (2.18) â iíøèõ ïðîñòîðàõ

ìàéæå ïåðiîäè÷íèõ çà x ôóíêöié ó áàãàòüîõ âèïàäêàõ ïîâ'ÿçàíå ç ïðîáëå-

ìîþ ìàëèõ çíàìåííèêiâ, áî âèðàçè |∆(µk, T )|, µk ∈ M, áóäó÷è âiäìiííèìè

âiä íóëÿ, ìîæóòü íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿ íåñêií÷åííî¨

êiëüêîñòi âåêòîðiâ µk ∈ M.

Äëÿ ðîçâ'ÿçàííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ, ÿêi ìàþòü ñêëàäíó íåëi-

íiéíó ñòðóêòóðó âèêîðèñòàíî ìåòðè÷íèé ïiäõiä. Äëÿ ìàéæå âñiõ (ñòîñîâíî

ìiðè Ëåáåãà) ïàðàìåòðiâ óìîâ (2.18) âñòàíîâëþ¹òüñÿ îöiíêà âèãëÿäó

|∆(µk, T )| > (1 + |µk|)−η exp(σ|µk|ν).

Íà îñíîâi äîâåäåíèõ ìåòðè÷íèõ òåîðåì ïðî îöiíêè çíèçó ìàëèõ çíàìåí-

íèêiâ (çà ïåâíèé óìîâ íà âèõiäíi äàíi çàäà÷) âèïëèâà¹ iñíóâàííÿ ¹äèíîãî

ðîçâ'ÿçêó (ó âiäïîâiäíèõ ïðîñòîðàõ) äîñëiäæóâàíèõ çàäà÷ äëÿ ìàéæå âñiõ

(ñòîñîâíî ìiðè Ëåáåãà) ïàðàìåòðiâ óìîâ (2.18).

2.3. Äîïîìiæíi òâåðäæåííÿ

Íàâåäåìî ðÿä ðåçóëüòàòiâ ç ìåòðè÷íî¨ òåîði¨ äiîôàíòîâèõ íàáëèæåíü,

ÿêi âèêîðèñòîâóþòüñÿ ïðè äîñëiäæåííi îöiíîê çíèçó ìàëèõ çíàìåííèêiâ,

ùî âèíèêàþòü ó ðîçãëÿäóâàíèõ çàäà÷àõ òà iíøi äîïîìiæíi ñïiââiäíîøåííÿ.

Ëåìà 2.3 ( [97]). Íåõàé Aq, q = 1, 2, . . . , � ïîñëiäîâíiñòü âèìiðíèõ çà

Ëåáåãîì ìíîæèí iç Rn, ïðè÷îìó

∞∑
q=1

mesRAq <∞.

Òîäi ìiðà Ëåáåãà ìíîæèíè òèõ òî÷îê iç Rn, ùî ïîòðàïëÿþòü ó íåñêií-

÷åííó êiëüêiñòü ìíîæèí Aq, äîðiâíþ¹ íóëåâi.
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Ëåìà 2.4 ( [5]). Íåõàé ôóíêöiÿ f(x) ¹ (n+1) ðàç íåïåðåðâíî äèôåðåíöi-

éîâíîþ íà âiäðiçêó [a, b] i íåõàé äëÿ âñiõ x ∈ [a, b] âèêîíó¹òüñÿ íåðiâíiñòü

|f (n)(x)| > C1 > 0.

Òîäi ìiðà Ëåáåãà ìíîæèíè òèõ x ∈ [a, b], äëÿ ÿêèõ

|f(x)| < ε < C1

íå ïåðåâèùó¹ C2
n
√
ε/δ, C2 = C2(n).

Ëåìà 2.5 ( [29]). Íåõàé f(y) = f(y1, . . . , yp) � äiéñíîçíà÷íà ôóíêöiÿ,

ÿêà ¹ äîñèòü ãëàäêîþ â îáìåæåíié îäíîçâ'ÿçíié îáëàñòi G ⊂ Rp, i íåõàé

ïîõiäíi
∂|s|f(y)

∂ys11 . . . ∂y
sp
p
, |s| < q,

ÿê ôóíêöi¨ îäíi¹¨ çìiííî¨ ym (ïðè ðåøòi ôiêñîâàíèõ çìiííèõ), 1 < m < p,

ìàþòü â îáëàñòi G ñêií÷åííó êiëüêiñòü íóëiâ. ßêùî â G∣∣∣∣ ∂|q|f(y)

∂yq11 . . . ∂y
qp
p

∣∣∣∣ > δ > 0, q =

p∑
j=1

qj, q > 1, qj ∈ Z+, j = 1, . . . , p,

òî ìiðà Ëåáåãà â Rp ìíîæèíè òèõ y ∈ G, äëÿ ÿêèõ |f(y)| < ε, íå ïåðå-

âèùó¹ âåëè÷èíè C3
q
√
ε/δ, C3 = C3(G, q).

Ðîçãëÿíåìî êâàçiìíîãî÷ëåí âèãëÿäó

Q(t) =
m∑
j=1

Pj(t) exp(λjt), t ∈ [0, T0], T0 > 0. (2.26)

äå Pj(t) � ìíîãî÷ëåíè ç êîìïëåêñíèìè êîåôiöi¹íòàìè ñòåïåíÿ íå âèùå

(Nj − 1) çà çìiííîþ t, λj ∈ C. Äëÿ êâàçiìíîãî÷ëåíà Q(t) ïîçíà÷èìî

N = N1 + · · ·+Nm, B = 1 + max
16j6m

|λj|, M = min
16j6m

Reλj,

Ψ = max
t∈[0,T0]

exp(−Mt), G = max
16j6N

{
B−j

∣∣∣Q(j−1)(t)|t=0

∣∣∣} .
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Ëåìà 2.6 ( [65]). Iñíóþòü òàêi ñòàëi C4, C5 (ÿêi çàëåæàòü òiëüêè

âiä n òà T ), ùî äëÿ äîâiëüíîãî êâàçiìíîãî÷ëåíà âèãëÿäó (2.26) òà äëÿ

äîâiëüíîãî ε ∈ (0, ε0), ε0 = C4G/(4ΨB
N−1), âèêîíó¹òüñÿ íåðiâíiñòü

mesR{t ∈ [0, T0] : |Q(t)| < ε} 6 C5B

(
4εΨ

C4G

) 1
N−1

.

Ëåìà 2.7. Äëÿ äîâiëüíèõ xq, yq ∈ C, q ∈ {1, . . . , n}, ñïðàâåäëèâà ðiâ-

íiñòü
n∏
q=1

(xq + yq) =
1∑

j1=0

. . .

1∑
jn=0

n∏
q=1

xjqq

n∏
s=1

y1−jss .

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨. Ïðè

n = 1 òâåðäæåííÿ î÷åâèäíå. Äiéñíî

x1 + y1 = x11y
0
1 + x01y

1
1 =

1∑
j1=0

xj11 y
1−j1
1 .

Ïðèïóñòèìî, ùî òâåðäæåííÿ âiðíå äëÿ n− 1, òîáòî

n−1∏
q=1

(xq + yq) =
1∑

j1=0

. . .
1∑

jn−1=0

n−1∏
q=1

xjqq

n−1∏
s=1

y1−jss .

Òîäi äëÿ n ìà¹ìî

n∏
q=1

(xq+yq) = (xn+yn)
n−1∏
q=1

(xq+yq) = (xn+yn)
1∑

j1=0

. . .
1∑

jn−1=0

n−1∏
q=1

xjqq

n−1∏
s=1

y1−jss =

=
1∑

jn=0

xjnn y
1−jn
n

 1∑
j1=0

. . .

1∑
jn−1=0

n−1∏
q=1

xjqq

n−1∏
s=1

y1−jss

 =
1∑

j1=0

. . .

1∑
jn=0

n∏
q=1

xjqq

n∏
s=1

y1−jss .

Ç îñòàííüî¨ ðiâíîñòi âèïëèâà¹ òâåðäæåííÿ ëåìè.



32

ÂÈÑÍÎÂÊÈ ÄÎ ÐÎÇÄIËÓ 2

Ó äðóãîìó ðîçäiëi äèñåðòàöi¨ ââåäåíî ïðîñòîðè ìàéæå ïåðiîäè÷íèõ ôóí-

êöié ñïåêòð ÿêèõ âîëîäi¹ ïåâíèìè àñèìïòîòè÷íèìè âëàñòèâîñòÿìè. Âñòà-

íîâëåíî äåÿêi âëàñòèâîñòi íàâåäåíèõ ïðîñòîðiâ òà ôóíêöié.

Ðîçãëÿíóòî çàãàëüíó ñõåìó äîñëiäæåííÿ ðîçãëÿäóâàíèõ çàäà÷. Ïðîâåäå-

íî àíàëiç ñòðóêòóðè ðîçâ'ÿçêiâ öèõ çàäà÷. Äëÿ çàãàëüíî¨ ïîñòàíîâêè âñòà-

íîâëåíî ¹äèíiñòü òà iñíóâàííÿ ðîçâ'ÿçêiâ ðîçãëÿäóâàíèõ çàäà÷ ó ïðîñòî-

ðàõ ñêií÷åííèõ óçàãàëüíåíèõ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ òà óçàãàëüíåíèõ

ìàéæå ïåðiîäè÷íèõ ôóíêöié iç çàäàíèì ñïåêòðîì. Ïîêàçàíî, ùî ó öüîìó

âèïàäêó ó çàäà÷àõ âiäñóòíÿ ïðîáëåìà ìàëèõ çíàìåííèêiâ.

Íàâåäåíî äåÿêi äîïîìiæíi âiäîìîñòi ç ìåòðè÷íî¨ òåîði¨ ÷èñåë, ÿêi âèêî-

ðèñòîâóþòüñÿ â íàñòóïíèõ ðîçäiëàõ äèñåðòàöi¨.

Âñòàíîâëåíi ðåçóëüòàòè îïóáëiêîâàíi ó [45,50,52].
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ÐÎÇÄIË 3

ÇÀÄÀ×I Ç IÍÒÅÃÐÀËÜÍÈÌÈ ÓÌÎÂÀÌÈ ÄËß

ÃIÏÅÐÁÎËI×ÍÈÕ ÐIÂÍßÍÜ ÒÀ ÑÈÑÒÅÌ ÐIÂÍßÍÜ ÇI

ÑÒÀËÈÌÈ ÊÎÅÔIÖI�ÍÒÀÌÈ

3.1. Çàäà÷à äëÿ ðiâíÿííÿ òèïó Êëåéíà-Ãîðäîíà

Ó (p + 1)-âèìiðíîìó øàði ó êëàñi ìàéæå ïåðiîäè÷íèõ çà ïðîñòîðîâèìè

çìiííèìè ôóíêöié âèâ÷à¹òüñÿ çàäà÷à ç óìîâàìè çà ÷àñîâîþ çìiííîþ, ÷à-

ñòèííèì âèïàäêîì ÿêèõ ¹ iíòåãðàëüíi óìîâè ó âèãëÿäi ìîìåíòiâ äîâiëüíîãî

ïîðÿäêó âiä øóêàíî¨ ôóíêöi¨ àáî óìîâè Äiðiõëå, äëÿ ðiâíÿííÿ òèïó Êëåéíà-

Ãîðäîíà. Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i. Äîâåäåíî ìå-

òðè÷íi òâåðäæåííÿ ïðî îöiíêó çíèçó ìàëèõ çíàìåííèêiâ, ùî âèíèêàþòü

ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i.

3.1.1. Â îáëàñòi Dp ðîçãëÿäà¹ìî çàäà÷ó

N [u] :=
∂2u(t, x)

∂t2
− a2∆u(t, x) + c2u(t, x) = f(t, x), (t, x) ∈ Dp, (3.1)

Uj[u] := αj u|t=tj + βj

T∫
0

trju(t, x)dt = φj(x), j = 1, 2, x ∈ Rp, (3.2)

â ÿêié a > 0, c > 0; t1 = 0, t2 = T , αj, βj ∈ R, α2
j + β2

j ̸= 0, j = 1, 2;

r1, r2 ∈ Z+, r2 > r1; ôóíêöi¨ f(t, x) òà φj(x), j = 1, 2, ¹ ìàéæå ïåðiîäè÷íèìè

çà x çi çàäàíèì ñïåêòðîìM, ÿêi ðîçâèâàþòüñÿ â ðÿäè Ôóð'¹ âèãëÿäó (2.19).

3.1.2. Ìàéæå ïåðiîäè÷íèé çà x çi ñïåêòðîì M ðîçâ'ÿçîê çàäà÷i (3.1),

(3.2) øóêà¹ìî ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈Zp

uk(t) exp(iµk, x). (3.3)

Ïiäñòàâèâøè ðÿäè (2.19), (3.3) ó ðiâíÿííÿ (3.1) òà óìîâè (3.2), îòðèìó¹ìî

äëÿ çíàõîäæåííÿ êîæíîãî ç êîåôiöi¹íòiâ uk(t), âiäïîâiäíî, òàêó çàäà÷ó:
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l[uk] :=
d2uk(t)

dt2
+
(
a2 ∥µk∥2 + c2

)
uk(t) = fk(t), (3.4)

Uj[uk] := αju(tj) + βj

T∫
0

trjuk(t)dt = φjk, j = 1, 2. (3.5)

Ðiâíÿííÿ (3.4) ìà¹ òàêó ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ:

u1k(t) = exp(iγkt), u2k(t) = exp(−iγkt),

äå

γk =

√
a2 ∥µk∥2 + c2. (3.6)

Õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷i (3.4), (3.5) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

∆(µk, T ) = (α1 + β1I12)(α2 exp(−iγkT ) + β2I21)−

− (α1 + β1I11)(α2 exp(iγkT ) + β2I22),
(3.7)

äå

Iqj := Iqj(µk, T ) =
(−1)rq(j+1)rq!

(iγk)rq+1
−

−
rq+1∑
l=1

(−1)(l+1)rq!

(rq − l + 1)!

T rq−l+1

(iγk)l
exp((−1)jiγkT ), q, j = 1, 2.

(3.8)

Çàäà÷à (3.4), (3.5) íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ òîäi i ëèøå òîäi,

êîëè ∆(µk, T ) ̸= 0 [99].

Òåîðåìà 3.1. Äëÿ òîãî, ùîá çàäà÷à (3.1), (3.2) ìàëà íå áiëüøå îäíîãî

ìàéæå ïåðiîäè÷íîãî çà x çi ñïåêòðîì M ðîçâ'ÿçêó ó ïðîñòîði C 2
M(D

p
),

íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà (2.24) ó ÿêié ∆(µk, T )

çîáðàæó¹òüñÿ ôîðìóëîþ (3.7).

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òâåðäæåííÿ 2.3.

Çàóâàæåííÿ 3.1. ßêùî â óìîâàõ (3.2) β1 = β2 = 0, òî

∆(µk, T ) = α1α2(exp(iγkT )− exp(−iγkT )),
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i óìîâà (2.24) íàáóâà¹ âèãëÿäó

∀µk ∈ M ∀m ∈ N a2 ∥µk∥2 + c2 ̸= m2 (π/T )2 .

3.1.3. Íàäàëi áóäåìî ââàæàòè, ùî âèêîíó¹òüñÿ óìîâà (2.24). Òîäi äëÿ

êîæíîãî µk ∈ M iñíó¹ ¹äèíèé ðîçâ'ÿçîê uk(t) çàäà÷i (3.4), (3.5), ÿêèé çî-

áðàæó¹òüñÿ ó âèãëÿäi ñóìè

uk(t) = Vk(t) +Wk(t), (3.9)

äå Vk(t) � ðîçâ'ÿçîê îäíîðiäíîãî ðiâíÿííÿ (3.4) ç óìîâàìè (3.5), à Wk(t) �

ðîçâ'ÿçîê ðiâíÿííÿ (3.4) ç îäíîðiäíèìè óìîâàìè (3.5).

Äëÿ êîæíîãî µk ∈ M ðîçâ'ÿçîê îäíîðiäíîãî ðiâíÿííÿ (3.4) ç óìîâàìè

(3.5) çîáðàæà¹òüñÿ ôîðìóëîþ

Vk(t) = C1ku1k(t) + C2ku2k(t), (3.10)

äå êîåôiöi¹íòè C1k, C2k âèçíà÷àþòüñÿ iç ñèñòåìè àëãåáðè÷íèõ ðiâíÿíü C1k(α1 + β1I12) + C2k(α1 + β1I21) = φ1k,

C1k(α2 exp(iγkT ) + β2I11) + C2k(α2 exp(−iγkT ) + β2I22) = φ2k,
(3.11)

âèçíà÷íèê ÿêî¨ çáiãà¹òüñÿ ç ∆(µk, T ). Çíàéøîâøè ðîçâ'ÿçîê ñèñòåìè (3.11)

çà ôîðìóëàìè Êðàìåðà i ïiäñòàâèâøè éîãî â (3.10), îòðèìó¹ìî

Vk(t) =
2∑

j,q=1

∆qj(µk, T )

∆(µk, T )
φjk exp((−1)q+1iγkt), (3.12)

äå

∆1j(µk, T ) = α2 exp((−1)jγkT ) + β2I2j, j = 1, 2, (3.13)

∆2j(µk, T ) = α1 + β1I1j, j = 1, 2. (3.14)

Çà óìîâè (2.24) äëÿ êîæíîãî µk ∈ M iñíó¹ ¹äèíà ôóíêöiÿ Ãðiíà

Gk(t, τ) := G(µk; t, τ) ðiâíÿííÿ (3.4) ç îäíîðiäíèìè óìîâàìè (3.5), çà äî-

ïîìîãîþ ÿêî¨ ðîçâ'ÿçîê ðiâíÿííÿ (3.4) ç îäíîðiäíèìè óìîâàìè (3.5) çîáðà-

æó¹òüñÿ ôîðìóëîþ

Wk(t) =

T∫
0

Gk(t, τ)fk(τ)dτ, k ∈ Zp. (3.15)
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Ó êâàäðàòi KT (êðiì ñòîðií τ = 0 i τ = T ) ôóíêöiÿ Gk(t, τ) âèçíà÷à¹òüñÿ

ôîðìóëîþ

Gk(t, τ) =
sgn(t− τ)

2γk
sin(γk(t−τ))+

1

∆(µk, T )

2∑
j=1

Fj(τ, µk)∆j(t, µk), (3.16)

äå

Fj(τ, µk) =
1

2γk

[
αj sin(γk((j − 1)T + (−1)j+1τ))−

− βjrj!

γ
rj+1
k

sin

(
rj + 1

2
π − γkτ

)
−

− βj

rj∑
m=0

rj!(T
rj−m sin(γk(T − τ) + (m+ 1)π2 )

(rj −m)!γm+2
k

+

+2βj

rj∑
m=0

τ rj−m sin((m+ 1)π2 )

(rj −m)!γm+2
k

,

]
, j = 1, 2,

(3.17)

∆1(t, µk) = exp(iγkt)(α2 exp(−iγkT ) + β2I21)−

− exp(−iγkt)(α2 exp(iγkT ) + β2I22),
(3.18)

∆2(t, µk) = exp(iγkt)(α1 + β1I11)− exp(−iγkt)(α1 + β1I12). (3.19)

Íà ñòîðîíi τ = 0 (τ = T ) êâàäðàòàKT ôóíêöiÿ Gk(t, τ) äîâèçíà÷à¹òüñÿ

çà íåïåðåðâíiñòþ ñïðàâà (çëiâà).

Íà ïiäñòàâi ôîðìóë (3.3), (3.9), (3.12), (3.15) îòðèìó¹ìî ôîðìàëüíèé

ðîçâ'ÿçîê u(t, x) çàäà÷i (3.1), (3.2) ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈Zp

( T∫
0

Gk(t, τ)fk(τ)dτ+

+
2∑

j,l=1

∆lj(µk, T )

∆(µk, T )
φjk exp((−1)l+1iγkt)

)
exp(iµk, x).

(3.20)

Ðÿä (3.20), âçàãàëi, ¹ ðîçáiæíèì, áî âèðàç |∆(µk, T )|, áóäó÷è âiäìiííèì
âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿ íåñêií÷åííî¨ êiëü-

êîñòi âåêòîðiâ µk ∈ M.
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Òåîðåìà 3.2. Íåõàé ñïðàâäæó¹òüñÿ óìîâà (2.24) òà iñíó¹ ñòàëà

η > 0 òàêà, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) µk ∈ M âèêîíó¹-

òüñÿ íåðiâíiñòü

|∆(µk, T )| > (1 + |µk|)−η. (3.21)

ßêùî f ∈ C
(0,[η+p/θ1]+2)
M (D

p
), φj ∈ C

[η+p/θ1]+3
M (Rp), j = 1, 2, äå θ1 � ñòàëà

ç îöiíîê (2.2), òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.1), (3.2) iç ïðîñòîðó

C2
M(D

p
). Öåé ðîçâ'ÿçîê çîáðàæó¹òüñÿ ôîðìóëîþ (3.20), ïðè÷îìó

∥∥u;C2
M(D

p
)
∥∥ 6 C1

∥∥∥f ;C(0,[η+p/θ1]+2)
M (D

p
)
∥∥∥+ C2

2∑
j=1

∥∥∥φ;C [η+p/θ1]+3
M (Rp)

∥∥∥ .
Äîâåäåííÿ. Íà ïiäñòàâi ôîðìóëè (3.20) îòðèìó¹ìî

∥∥u;C2
M(D̄p)

∥∥ 6 C3

∑
|k|>0

(
2∑

s0=0

max
t∈[0,T ]

∣∣∣∣∣∣ d
s0

dts0

T∫
0

Gk(t, τ)fk(τ)dτ

∣∣∣∣∣∣ |µk|2−s0+
+

2∑
j,q=1

|∆qj(µk, T )|
|∆(µk, T )|

|φjk| |µk|2
)
,

(3.22)

äå C3 := C3(a, c). Iç ôîðìóë (2.3), (3.12), (3.13), (3.17)-(3.19) âèïëèâà¹, ùî

|Fj(τ, µk)| 6
√
p/4a2 (|α1|+ |β1| (rj + 1)!(1 + 3T rj)) |µk|−1 =

= C4 |µk|−1 , j = 1, 2,
(3.23)

|∆j(t, µk)| 6 2
√
p (|α1|+ |β1| (rj + 2)!(1 + T rj)) |µk|−1 =

= C5 |µk|−1 , j = 1, 2,
(3.24)

|∆lj(µk, T )| 6 C6, l, j = 1, 2, (3.25)

äå C6 = max {|α1| , |α2|}+max {|β1| , |β2|} r2!T r2.
Íà ïiäñòàâi (3.16), (3.23) òà (3.24), îòðèìó¹ìî òàêi îöiíêè:

max
t∈[0,T ]

∣∣∣∣∣∣ d
s0

dts0

T∫
0

Gk(t, τ)fk(τ)dτ

∣∣∣∣∣∣ 6 C7 max
t∈[0,T ]

|fk(t)| |µk|s0+η−1 , (3.26)



38

äå s0 = 0, 1, 2. Iç îöiíîê (3.21), (3.22), (3.25) òà (3.26) âèïëèâà¹, ùî

∥∥u;C2
M(D̄p)

∥∥ 6 C1

∑
|k|>0

(
3C7 |µk|η+1 max

t∈[0,T ]
|fk(t)|+

+ 2C5 |µk|η+2 (|φ1k|+ |φ2k|)

)
.

(3.27)

Çà óìîâ òåîðåìè, íà ïiäñòàâi ëåì 2.1, 2.2 äëÿ êîæíîãî µk ∈ M\ {⃗0} ñïðàâ-
äæóþòüñÿ îöiíêè

max
t∈[0,T ]

|fk(t)| 6 p[η+p/θ1]+2
∥∥∥f ;C(0,[η+p/θ1]+2)

M (D̄p)
∥∥∥ |µk|−([η+p/θ1]+2) , (3.28)

|φjk| 6 p[η+p/θ1]+3
∥∥∥φj;C [η+p/θ1]+3

M (Rp)
∥∥∥ |µk|−([η+p/θ1]+3) , j = 1, 2, (3.29)

Íà ïiäñòàâi îöiíîê (3.27)-(3.29) îäåðæó¹ìî

∥∥u;C2
M(D̄p)

∥∥ 6
∑
|k|>0

|k|−z
(
C8

∥∥∥f ;C(0,[η+p/θ1]+2)
M (D̄p)

∥∥∥+
+ C9

2∑
j=1

∥∥∥φj;C [η+p/θ1]+3
M (Rp)

∥∥∥), (3.30)

äå z = p + (1 − {η + p/θ1})θ1, C8 = 2C1C7p
[η+p/θ1]+2, C9 = 2C1C5p

[η+p/θ1]+3.

Îñêiëüêè z > p, òî ðÿä
∑

k∈Zp |k|−z çáiæíèé. Ïîçíà÷èìî éîãî ñóìó ÷åðåç

Sz. Òîäi îöiíêà (3.30) íàáóäå âèãëÿäó∥∥u;C2
M(D̄p)

∥∥ 6C10

∥∥∥f ;C(0,[η+p/θ1]+2)
M (D̄p)

∥∥∥+
+ C11

2∑
j=1

∥∥∥φj;C [η+p/θ1]+3
M (Rp)

∥∥∥ , (3.31)

äå C10 = SzC8, C11 = SzC9. Iç (3.31) âèïëèâà¹ äîâåäåííÿ òåîðåìè.

3.1.4. Ç'ÿñó¹ìî, êîëè âèêîíó¹òüñÿ îöiíêà (3.21). Âèêîðèñòà¹ìî ìåòîäèêó

ðîáîòè [111] (äèâ. òàêîæ [89, �7.4]).

Ïðèïóñòèìî, ùî â óìîâàõ (3.2) α1 ̸= 0 òà β2 ̸= 0. Ïîçíà÷èìî

∆1(µk, T ) = ∆(µk, T )(iγk)
r2+r1+2. (3.32)
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Âðàõîâóþ÷è (3.7), (3.8) òà (3.32), îòðèìó¹ìî

∆1(µk, T ) = Q1(µk, T )e
−iγkT +Q2(µk, T )e

iγkT +Q3(µk, T ),

äå Q1(µk, T ), Q2(µk, T ) � ïîëiíîìè ñòåïåíÿ r2 âiäíîñíî T , Q3(µk, T ) � ïî-

ëiíîì ñòåïåíÿ r2 + r1 âiäíîñíî T .

Ïîáóäó¹ìî ôóíêöi¨ gkj := gj(µk;T ), j = 0, 1, 2, òàêèì ÷èíîì:

gk0 =
dr2+r1+1

dT r2+r1+1
∆1(µk, T ) = Q4(µk, T )e

−iγkT +Q5(µk, T )e
iγkT , (3.33)

äå Q4(µk, T ), Q5(µk, T ) � ïîëiíîìè ñòåïåíÿ r2 çà çìiííîþ T ;

gk1 =
dr2+1

dT r2+1

(
eiγkTgk0

)
=

dr2+1

dT r2+1

(
Q4(µk, T ) +Q5(µk, T )e

2iγkT
)
=

=
(
2r2+1(α1(iγk)

r1+1 + β1r1!)β2(iγk)
3r2+r1+2T r2 +Q6(µk, T )

)
e2iγkT , (3.34)

äå Q6(µk, T ) � ïîëiíîì çà çìiííîþ T , ñòåïiíü ÿêîãî ìåíøèé, íiæ r2;

gk2 =
dr2

dT r2

(
e−2iγkTgk1

)
= 2r2+1r2!(α1(iγk)

r1+1 + β1r1!)β2(iγk)
3r2+r1+2. (3.35)

Îöiíèìî çíèçó âåëè÷èíó |gk2| = 2r2+1r2! | β2| γ3r2+r1+2
k

∣∣α1(iγk)
r1+1 + β1r1!

∣∣ .
Íåõàé R(µk) =

{
µk ∈ M : |µk| > 1

a

√
(2 |β1/α1| r1!)2/(r1+1) − c2

}
. ßêùî r1 �

íåïàðíå ÷èñëî, òî äëÿ âñiõ µk ∈ R(µk) âèêîíó¹òüñÿ îöiíêà∣∣α1(iγk)
r1+1 + β1r1!

∣∣ > ∣∣|α1| γr1+1
k + |β1| r1!

∣∣ > |α1/2| γr1+1
k >

> |α1/2| (a/
√
p)r1+1 |µk|r1+1 .

ßêùî r1 � ïàðíå, òî äëÿ âñiõ µk ∈ M ñïðàâåäëèâà íåðiâíiñòü∣∣α1(iγk)
r1+1 + β1r1!

∣∣ > ∣∣β1r1!± iα1γ
r1+1
k

∣∣ >
> |α1| γr1+1

k > |α1| (a/
√
p)r1+1 |µk|r1+1 .

Îòæå, äëÿ âñiõ µk ∈ R(µk), ñïðàâäæó¹òüñÿ îöiíêà

|gk2| > C12 |µk|3r2+2r1+3 , C12 = 2r2+1r2! |α1β2| (a/
√
p)3r2+2r1+3. (3.36)

Çàôiêñó¹ìî âåêòîð µk = µ̄k ∈ R(µk). Iç íåðiâíîñòi (3.36) âèïëèâà¹, ùî

âèêîíó¹òüñÿ õî÷à á îäíà ç íåðiâíîñòåé |Regk2| > C12√
2
|µ̄k|3r2+2r1+3,



40

|Imgk2| > C12√
2
|µ̄k|3r2+2r1+3. Íå îáìåæóþ÷è çàãàëüíîñòi, áóäåìî ââàæàòè, ùî

ñïðàâäæó¹òüñÿ íåðiâíiñòü

|Regk2| >
C12√
2
|µ̄k|3r2+2r1+3 . (3.37)

Íåõàé [t1, t2] ∈ R+ � äîâiëüíèé iíòåðâàë. Òîäi, íà ïiäñòàâi (3.34)-(3.37),

çãiäíî ç ëåìîþ 2.4, îòðèìó¹ìî, ùî ïðè µk = µ̄k

mesR

{
T ∈ [t1, t2] :

∣∣Re(e−2iγkTgk1)
∣∣ < |µ̄k|−λ1

}
6 C13 |µ̄k|−(p+ε1/r2)/θ1 ,

äå λ1 = −3r2−2r1−3+pr2/θ1+ε1/θ1, ε1 ∈ (0, θ1/3). Òîáòî iñíó¹ ïiäìíîæèíà

D0 ⊂ [t1, t2], mesRD0 > t2−t1−C13 |µ̄k|−(p+ε1/r2)/θ1, òàêà, ùî äëÿ âñiõ T ∈ D0

âèêîíó¹òüñÿ íåðiâíiñòü
∣∣Re(e−2iγkTgk1)

∣∣ > |µ̄k|−λ1. Âðàõîâóþ÷è, ùî |gk1| =∣∣e−2iγkTgk1
∣∣ > ∣∣Re(e−2iγkTgk1)

∣∣, îòðèìó¹ìî, ùî äëÿ âñiõ T ∈ D0 âèêîíó¹òüñÿ

íåðiâíiñòü

|gk1| > |µ̄k|−λ1 . (3.38)

Çãiäíî ç íåðiâíiñòþ (3.38) ìíîæèíà D0 ⊂ [t1, t2] ðîçáèâà¹òüñÿ íà òàêi ïiä-

ìíîæèíè A0 i B0 (D0 = A0 ∪B0):

∀T ∈ A0 |Regk1| >
1√
2
|µ̄k|−λ1 , (3.39)

∀T ∈ B0 |Imgk1| >
1√
2
|µ̄k|−λ1 . (3.40)

Çàóâàæèìî, ùî ìíîæèíè A0 i B0 ñêëàäàþòüñÿ, âiäïîâiäíî, ç iíòåðâàëiâ A
j
0

i Bm
0 , êiëüêiñòü ÿêèõ îöiíèìî íèæ÷å.

Âðàõîâóþ÷è, ùî Regk1 =
dr2+1

dT r2+1Re(eiγkTgk0), çãiäíî ç ëåìîþ 2.4, îòðèìó-

¹ìî òàêi îöiíêè:

mesR

{
T ∈ Aj

0 :
∣∣Re(eiγkTgk0)∣∣ < |µ̄k|−λ2

}
6 C14 |µ̄k|−

(p+1+ε2/(r2+1))
θ1 , (3.41)

äå λ2 = (r2 + 1)(p/θ1 + 1) + λ1 + ε2/θ1, ε2 ∈ (0, θ1/3).

Îöiíèìî çâåðõó êiëüêiñòü iíòåðâàëiâ Aj
0. Ç íåðiâíîñòi (3.39) âèïëèâà¹,

ùî íà êîæíîìó ç öèõ iíòåðâàëiâ (êðiì, ìîæëèâî, äâîõ êðàéíiõ), ôóíêöiÿ
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y(T ) := Re∂gk1∂T =Q7(µ̄k, T ) cos(2γ̄kT ) + Q8(µ̄k, T ) sin(2γ̄kT ), äå Qj(µ̄k, T ),

j = 7, 8, � ïîëiíîìè ñòåïåíÿ r2 çà çìiííîþ T , γ̄k âèçíà÷à¹òüñÿ çà ôîðìóëîþ

(3.6) ïðè µk = µ̄k, çãiäíî ç òåîðåìîþ Ðîëëÿ, ìà¹ õî÷à á îäèí íóëü. Îòæå äëÿ

îöiíêè êiëüêîñòi iíòåðâàëiâ Aj
0 äîñòàòíüî îöiíèòè êiëüêiñòü íóëiâ ôóíêöi¨

y(T ) íà âiäðiçêó [t1, t2]. Ôóíêöiÿ y(T ) ìà¹ íà âiäðiçêó [t1, t2] ñòiëüêè íóëiâ,

ñêiëüêè íóëiâ ìà¹ ôóíêöiÿ

ȳ(z) = Q7(µ̄k, z/γ̄k) cos(2z) +Q8(µ̄k, z/γ̄k) sin(2z)

íà âiäðiçêó [γ̄kt1, γ̄kt2]. Çàóâàæèìî, ùî ôóíêöiÿ ȳ(z) ¹ ðîçâ'ÿçêîì äèôåðåí-

öiàëüíîãî ðiâíÿííÿ (d2/dz2+4)r2+1ȳ(z) = 0. Ç òåîðåìè Âàëëå-Ïóññåíà (äèâ.

òåîðåìó 2.5 iç [89]) âèïëèâà¹, ùî iñíó¹ äîäàòíà ñòàëà h0 òàêà, ùî iíòåðïî-

ëÿöiéíà 2r2 + 2-òî÷êîâà çàäà÷à äëÿ öüîãî ðiâíÿííÿ íà iíòåðâàëi äîâæèíè

h0 ìà¹ ¹äèíèé ðîçâ'ÿçîê. Îòæå ôóíêöiÿ ȳ(z), ÿêà íå ¹ òîòîæíiì íóëåì, íà

iíòåðâàëi äîâæèíè h0 íå ìîæå ìàòè áiëüøå íiæ 2r2+1 íóëiâ. Òîäi íà iíòåð-

âàëi äîâæèíè |γ̄k(t2 − t1)| êiëüêiñòü íóëiâ ôóíêöi¨ ȳ(z) íå ïåðåâèùó¹ ÷èñëà
|γ̄k(t2 − t1)| (2r2 + 1)/h0. Çi ñêàçàíîãî âèùå òà (3.6) âèïëèâà¹, ùî êiëüêiñòü

iíòåðâàëiâ Aj
0 ìíîæèíè A0 íå ïåðåâèùó¹ âåëè÷èíè C15 |µ̄k|.

Íà ïiäñòàâi (3.41), îòðèìó¹ìî òàêó îöiíêó:

mesR

{
T ∈ A0 :

∣∣Re(eiγkTgk0)∣∣ < |µ̄k|−λ2
}
6 C16 |µ̄k|−(p+ε2/(r2+1))/θ1 , (3.42)

äå C16 = C14C15. Àíàëîãi÷íî îòðèìó¹ìî, ùî

mesR

{
T ∈ B0 :

∣∣Im(eiγkTgk0)
∣∣ < |µ̄k|−λ2

}
6 C17 |µ̄k|−(p+ε2/(r2+1))/θ1 . (3.43)

Íà îñíîâi íåðiâíîñòåé (3.42), (3.43) îòðèìó¹ìî îöiíêó

mesR

{
T ∈ D0 :

∣∣eiγkTgk0∣∣ < |µ̄k|−λ2
}
6 C18 |µ̄k|−(p+ε2/(r2+1))/θ1 ,

äå C18 = C16 + C17. Îòæå iñíó¹ òàêà ïiäìíîæèíà D1 ⊂ D0, mesRD1 >

t2 − t1 − C13 |µ̄k|−(p+ε1/r2)/θ1 − C18 |µ̄k|−(p+ε2/(r2+1))/θ1, ùî äëÿ âñiõ T ∈ D1

âèêîíó¹òüñÿ íåðiâíiñòü

|gk0| =
∣∣eiγkTgk0∣∣ > |µ̄k|−λ2 . (3.44)
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Âðàõîâóþ÷è (3.33) i (3.44), àíàëîãi÷íèì øëÿõîì îòðèìó¹ìî, ùî äëÿ âñiõ

T ∈ D2 ⊂ D1,mesRD2 > t2−t1−C13 |µ̄k|−(p+ε1/r2)/θ1−C18 |µ̄k|−(p+ε2/(r2+1))/θ1 −
−C19 |µ̄k|−(p+ε3/(r2+r1+1))/θ1, ñïðàâäæó¹òüñÿ îöiíêà

|∆1(µ̄k, T )| > |µ̄k|−λ2−(r2+r1+1)(p/θ1+1)−ε3 , ε3 ∈ (0, θ1/3),

ÿêà ïiñëÿ ïiäñòàíîâêè çíà÷åíü λ2, λ1 çàïèøåòüñÿ òàê:

|∆1(µ̄k, T )| > |µ̄k|r2+r1+1−(3r2+r1+2)p/θ1−ε , ε =
3∑
j=1

εj, ε ∈ (0, 1). (3.45)

Ç îñòàííüîãî òâåðäæåííÿ âèïëèâà¹, ùî äëÿ âñiõ T ∈ F (µ̄k) := [t1, t2]\D2

âèêîíó¹òüñÿ íåðiâíiñòü |∆1(µ̄k, T )| < |µ̄k|r2+r1+1−(3r2+r1+2)p/θ1−ε, ïðè÷îìó

mesRF (µ̄k) 6 C13 |µ̄k|−(p+ε1/r2)/θ1 + C18 |µ̄k|−(p+ε2/(r2+1))/θ1 +

+C19 |µ̄k|−(p+ε3/(r2+r1+1))/θ1 6 C20 |µ̄k|−
p
θ1
− δ

θ1 ,

äå δ = min{ε1/(r2θ1), ε2/((r2 + 1)θ1), ε3/((r2 + r1 + 1)θ1)}. Îñêiëüêè ðÿä∑
|k|>0 |µ̄k|

−p/θ1−δ/θ1 ¹ çáiæíèì, òî çà ëåìîþ 2.3, ìiðà òèõ T ∈ [t1, t2], äëÿ

ÿêèõ íåðiâíiñòü |∆1(µ̄k, T )| < |µ̄k|r2+r1+1−(3r2+r1+2)p/θ1−ε ñïðàâäæó¹òüñÿ äëÿ

íåñêií÷åííî¨ êiëüêîñòi âåêòîðiâ µk ∈ R(µk), ðiâíà íóëåâi. Îòæå, äëÿ ìàéæå

âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T ∈ [t1, t2] íåðiâíiñòü (3.45) ñïðàâ-

äæó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M. Îñêiëüêè

ïðÿìó R ìîæíà ïîêðèòè çëi÷åííîþ êiëüêiñòþ iíòåðâàëiâ [t1, t2], òî íåðiâ-

íiñòü (3.45) âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë

T > 0 òà âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M.

Íà ïiäñòàâi (2.3), (3.6), (3.32) òà (3.45) îòðèìó¹ìî, ùî äëÿ ìàéæå âñiõ

(ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 íåðiâíiñòü

|∆(µk, T )| =
|∆1(µk, T )|
γr2+r1+2
k

> C21 |µk|−
p(3r2+r1+2)

θ1
−1−ε , ε ∈ (0, 1),

äå C21 =
(
p/(2a2)

)(r2+r1+2)/2
, ñïðàâäæó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëü-

êîñòi) âåêòîðiâ µk ∈ M.
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ßêùî α1 = 0, òî äëÿ âñiõ µk ∈ M îöiíêà (3.36) íàáóâà¹ âèãëÿäó

|gk2| > C22 |µk|3r2+r1+2 , C22 = 2r2+1r2!r1! |β1β2| (a/
√
p)3r2+r1+2. (3.46)

Íà ïiäñòàâi (3.46), àíàëîãi÷íèìè ìiðêóâàííÿìè îòðèìó¹ìî, ùî äëÿ ìàéæå

âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 íåðiâíiñòü

|∆(µk, T )| > C21 |µk|−
p(3r2+r1+2)/θ1

θ1
−r1−2−ε , ε ∈ (0, 1),

ñïðàâäæó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M.

Iç âèùå ñêàçàíîãî âèïëèâà¹ òàêå òâåðäæåííÿ.

Òåîðåìà 3.3. Íåõàé β2 ̸= 0. Òîäi äëÿ äîâiëüíèõ ôiêñîâàíèõ α2, β1, a, c

i äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 îöiíêà (3.21)

ñïðàâäæó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M ïðè

η >

 1 + p(3r2 + r1 + 2)/θ1, ÿêùî α1 ̸= 0,

r1 + 2 + p(3r2 + r1 + 2)/θ1, ÿêùî α1 = 0.
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3.2. Çàäà÷à äëÿ ðiâíÿíü, ãiïåðáîëi÷íèõ çà Ãîðäiíãîì

Ó öüîìó ïiäðîçäiëi ó êëàñi ìàéæå ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííè-

ìè ôóíêöié âèâ÷à¹òüñÿ çàäà÷à ç óìîâàìè çà ÷àñîâîþ çìiííîþ, ÷àñòèííèì

âèïàäêîì ÿêèõ ¹ iíòåãðàëüíi óìîâè ó âèãëÿäi ìîìåíòiâ äîâiëüíîãî ïîðÿäêó

âiä øóêàíî¨ ôóíêöi¨ àáî óìîâè òèïó Äiðiõëå, äëÿ ãiïåðáîëi÷íèõ çà Ãîðäií-

ãîì ðiâíÿíü.

3.2.1. Â îáëàñòi Dp ðîçãëÿäà¹ìî çàäà÷ó

L[u] :=
∑
|ŝ|62n

Aŝ
∂|ŝ|u(t, x)

∂ts0∂xs11 · · · ∂xspp
= 0, n > 1, (3.47)


Uj[u] := αj

∂2(j−1)u

∂t2(j−1)

∣∣∣∣
t=0

+ βj

T∫
0

trju(t, x)dt = φj(x),

Un+j[u] := αn+j
∂2(j−1)u

∂t2(j−1)

∣∣∣∣
t=T

+ βn+j

T∫
0

trn+ju(t, x)dt = φn+j(x),

(3.48)

äå j ∈ {1, . . . , n}, Aŝ ∈ C, A(2n,0,...,0) = 1; αl, βl ∈ R, α2
l +β

2
l ̸= 0, rl ∈ Z+, l ∈

{1, . . . , 2n}, rq > rs, q > s, r = r1 + · · ·+ r2n; ôóíêöi¨ φl(x), l ∈ {1, . . . , 2n},
¹ ìàéæå ïåðiîäè÷íèìè çi çàäàíèì ñïåêòðîì M,

φl(x) =
∑
k∈Zp

φlk exp(iµk, x). (3.49)

Ââàæà¹ìî, ùî îïåðàòîð L ¹ ãiïåðáîëi÷íèì çà Ãîðäiíãîì [18, còîð. 148],

òîáòî äëÿ âñiõ ξ = (ξ1, . . . , ξp) ∈ Rp

Reλj(ξ) 6 C0, j ∈ {1, . . . , 2n}, (3.50)

äå λj(ξ) � êîðåíi ðiâíÿííÿ∑
|ŝ|62n

Aŝ(iξ1)
s1 · · · (iξp)spλs0 = 0, (3.51)

C0 ∈ R � äåÿêà ñòàëà.
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3.2.2. Ìàéæå ïåðiîäè÷íèé çà x çi ñïåêòðîì M ðîçâ'ÿçîê çàäà÷i (3.47),

(3.48) øóêà¹ìî ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈Zp

uk(t) exp(iµk, x). (3.52)

Ïiäñòàâèâøè ðÿäè (3.49), (3.52) ó ðiâíÿííÿ (3.47) òà óìîâè (3.48), îòðèìó¹-

ìî äëÿ çíàõîäæåííÿ êîæíîãî ç êîåôiöi¹íòiâ uk(t), âiäïîâiäíî, òàêó çàäà÷ó:

l[uk] :=
∑
|ŝ|62n

Aŝ(iµk1)
s1 · · · (iµkp)spu

(s0)
k (t) = 0, (3.53)


Uj[uk] := αj

d2(j−1)uk(0)

dt2(j−1)
+ βj

T∫
0

trjuk(t)dt = φjk,

Un+j[uk] := αn+j
d2(j−1)uk(T )

dt2(j−1)
+ βn+j

T∫
0

trn+juk(t)dt = φn+j,k,

(3.54)

äå j ∈ {1, . . . , n}.
Íåõàé λ lk := λ l(µk), l ∈ {1, . . . ,m}, � ðiçíi êîðåíi ðiâíÿííÿ (3.51) ïðè

ξ = µk, µk ∈ M, iç êðàòíîñòÿìè nl âiäïîâiäíî, n1 + · · · + nm = 2n. Äëÿ

ñïðîùåííÿ âèêëàäîê ââàæà¹ìî, ùî ÷èñëà m i nl íå çàëåæàòü âiä µk i ùî

λ l(µk) ̸= 0, µk ∈ M, l ∈ {1, . . . ,m}. Äëÿ êîðåíiâ λlk ñïðàâäæóþòüñÿ òàêi

îöiíêè [103]:

|λlk| 6 C1(1 + |µk|), C1 = (2n)p max
|ŝ|62n

{Aŝ}, l ∈ {1, . . . ,m}, µk ∈ M. (3.55)

Íåõàé {fqk := fq(µk, t), q ∈ {1, . . . , 2n}}, µk ∈ M, � íîðìàëüíà ôóíäàìåí-

òàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (3.53). Äëÿ êîæíîãî µk ∈ M õàðàêòå-

ðèñòè÷íèé âèçíà÷íèê çàäà÷i (3.53), (3.54) ¹ òàêèì:

∆(µk, T ) := det ∥Uj[fqk]∥2nq,j=1 =
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=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α1f1k(0) + β1I11 . . . α1f2n,k(0) + β1I2n,1
... . . .

...

αnf
(2(n−1))
1k (0) + βnI1n . . . αnf

(2(n−1))
2n,k (0) + βnI2n,n

αn+1f1k(T ) + βn+1I1,n+1 . . . αn+1f2n,k(T ) + βn+1I2n,n+1

... . . .
...

α2nf
(2(n−1))
1k (T ) + β2nI1,2n . . . α2nf

(2(n−1))
2n,k (T ) + β2nI2n,2n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (3.56)

äå

Iqj := Iqj(µk, T ) =

T∫
0

trjfqk(t)dt, q, j ∈ {1, . . . , 2n}. (3.57)

Òåîðåìà 3.4. Äëÿ òîãî, ùîá çàäà÷à (3.47), (3.48) ìàëà íå áiëüøå îäíî-

ãî ìàéæå ïåðiîäè÷íîãî çà x iç ñïåêòðîì M ðîçâ'ÿçêó ó øêàëi ïðîñòîðiâ

C2n([0, T ],W α, β
M ), íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà (2.24) ó

ÿêié ∆(µk, T ) âèçíà÷åíèé ôîðìóëîþ (3.56).

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òâåðäæåííÿ 2.3.

3.2.3. Íàäàëi ââàæàòèìåìî, ùî âèêîíó¹òüñÿ óìîâà (2.24). Òîäi äëÿ êî-

æíîãî µk ∈ M iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.53), (3.54), ÿêèé çîáðàæó-

¹òüñÿ ôîðìóëîþ

uk(t) =
2n∑

q,j=1

∆jq(µk, T )

∆(µk, T )
φjkfqk(t), (3.58)

äå ∆jq(µk, T ) � àëãåáðè÷íå äîïîâíåííÿ ó âèçíà÷íèêó ∆(µk, T ) åëåìåíòà

j-ãî ðÿäêà òà q-ãî ñòîâïöÿ. Íà ïiäñòàâi ôîðìóë (3.52) i (3.58) ôîðìàëüíèé

ðîçâ'ÿçîê çàäà÷i (3.47), (3.48) çîáðàæó¹òüñÿ ðÿäîì

u(t, x) =
∑
k∈Zp

(
2n∑

q,j=1

∆jq(µk, T )

∆(µk, T )
φjkfqk(t)

)
exp(iµk, x). (3.59)

Óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (3.47), (3.48) ó ïðîñòîði C2n([0, T ], T ′
M)

òàêi æ ÿê i ó òâåðäæåííi 2.4. Îäíàê, â øêàëi ïðîñòîðiâ C2n([0, T ],W α, β
M )

iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (3.47), (3.48) ïîâ'ÿçàíå ç ïðîáëåìîþ ìàëèõ çíà-
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ìåííèêiâ, áî âèðàç |∆(µk, T )|, áóäó÷è âiäìiííèì âiä íóëÿ, ìîæå íàáóâàòè

ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿ íåñêií÷åííî¨ êiëüêîñòi âåêòîðiâ µk ∈ M.

Ïîçíà÷èìî ñòàëi:

C3 = 4nC1max{1, exp(C0T )}, C4 = max
16j62n

{
max

{
C3|αj|,

|βj|C3T
rj+1

rj + 1

}}
.

Ëåìà 3.1. Äëÿ àëãåáðè÷íèõ äîïîâíåíü åëåìåíòiâ âèçíà÷íèêà∆(µk, T ),

ñïðàâåäëèâi îöiíêè

|∆jl(µk, T )| 6 C5(1 + |µk|)4n
2−n+l, j, l ∈ {1, . . . , 2n}, µk ∈ M, (3.60)

äå C5 = (2n− 1)!(C4)
2n−1.

Äîâåäåííÿ. Äëÿ êîæíî¨ ç ôóíêöié fqk(t), âðàõîâóþ÷è (3.50), (3.55) òà

ëåìó 12.7.7 ó [109], îòðèìó¹ìî òàêi îöiíêè:

max
t∈[0,T ]

∣∣∣∣ dj−1

dtj−1
fqk(t)

∣∣∣∣ 6 C3(1 + |µk|)2n+j−q, (3.61)

äå j ∈ {1, . . . , 2n+ 1}, q ∈ {1, . . . , 2n}, µk ∈ M.

Äëÿ åëåìåíòiâ

Uj[fqk] =

 αjf
(2(j−1))
qk (0) + βjIqj, j ∈ {1, . . . , n},

αjf
(2(j−n−1))
qk (T ) + βjIqj, j ∈ {n+ 1, . . . , 2n},

äå q ∈ {1, . . . , 2n}, âèçíà÷íèêà ∆(µk, T ), íà ïiäñòàâi (3.57) òà (3.61), îòðè-

ìó¹ìî

|Uj[fqk]| 6 |αj||f (2(j−1))
q (µk, 0)|+|βj||Iqj| 6 |αj|+

|βj|C3T
rj+1

rj + 1
(1+|µk|)2n+1−q 6

6 C4(1 + |µk|)2n+1−q, j ∈ {1, . . . , n}, q ∈ {1, . . . , 2n}; (3.62)

|Uj[fqk]| 6 |αj||f (2(j−n−1))
q (µk, T )|+ |βj||Iqj| 6

6 C4(1 + |µk|)4n−1−q, j ∈ {n+ 1, . . . , 2n}, q ∈ {1, . . . , 2n}. (3.63)

Íà ïiäñòàâi ôîðìóë (3.62), (3.63) òà âðàõîâóþ÷è ñòðóêòóðó àëãåáðè÷íèõ

äîïîâíåíü ∆jl(µk, T ), îòðèìó¹ìî

|∆jl(µk, T )| 6 (2n− 1)!
2n∏
q=1
q ̸=l

|Uq[fqk]| 6
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6 (2n− 1)!(C4)
2n−1(1 + |µk|)4n

2−n+l = C5(1 + |µk|)4n
2−n+l, j, l ∈ {1, . . . , 2n}.

Ç îòðèìàíèõ íåðiâíîñòåé âèïëèâà¹ äîâåäåííÿ ëåìè.

Òåîðåìà 3.5. Íåõàé ñïðàâäæó¹òüñÿ óìîâà (2.24) òà iñíóþòü ñòàëi

η > 0 i σ > 0 òàêi, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ

µk ∈ M âèêîíó¹òüñÿ íåðiâíiñòü

|∆(µk, T )| > (1 + |µk|)−η exp(−σ|µk|). (3.64)

ßêùî φj ∈ W 4n2+n+η+α+1, β+σ
M , j ∈ {1, . . . , 2n}, òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê

çàäà÷i (3.47), (3.48) iç ïðîñòîðó C2n([0, T ],W α, β
M ). Öåé ðîçâ'ÿçîê çîáðàæà-

¹òüñÿ ôîðìóëîþ (3.59), ïðè÷îìó

∥u;C2n([0, T ],W α, β
M )∥ 6 C6

2n∑
j=1

∥φ;W 4n2+n+η+α+1, β+θ
M ∥.

Äîâåäåííÿ. Íà ïiäñòàâi ôîðìóëè (3.52) îòðèìó¹ìî

∥u;C2n([0, T ],W α, β
M )∥ =

=
2n∑
l=0

max
t∈[0,T ]

(∑
k∈Z

|u(l)k (t)|2(1 + |µk|)2α exp (2β|µk|)

)1/2

,
(3.65)

äå uk(t), k ∈ Zp, âèçíà÷åíi ôîðìóëàìè (3.58). Âðàõîâóþ÷è (3.58), (3.61),

(3.64) i ëåìó 3.1, îòðèìó¹ìî òàêi îöiíêè:

max
t∈[0,T ]

|u(l)k (t)| 6 C3

2n∑
q,j=1

|∆jq(µk, T )|
|∆(µk, T )|

|φjk|(1 + |µk|)2n+l+1−q 6

6 C7

2n∑
j=1

|φjk|(1 + |µk|)4n
2−n+l+η+1 exp(σ|µk|),

l ∈ {0, 1, . . . , 2n}, µk ∈ M,

(3.66)

äå C7 = 2nC3C6. Íà ïiäñòàâi (3.65) òà îöiíîê (3.66) äiñòà¹ìî îöiíêó

∥u;C2n([0, T ],W α, β
M )∥ 6

6 (2n+1)C7

2n∑
j=1

(∑
k∈Zp

|φjk|2(1 + |µk|)2(4n
2+n+η+α+1) exp (2(β + θ)|µk|)

)1/2

=
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= (2n+ 1)C7

2n∑
j=1

∥φj;W 4n2+n+α+η+1, β+θ
M ∥.

Ç îòðèìàíî¨ íåðiâíîñòi âèïëèâà¹ äîâåäåííÿ òåîðåìè.

3.2.4. Âèÿñíèìî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòi (3.64), ñêîðèñòàâ-

øèñü ìåòîäèêîþ ðîáîòè [65]. Ïîçíà÷èìî:

n̄j = n1 + . . .+ nj−1, j ∈ {2, . . . ,m+ 1};

ζq = q − 1− n̄l, θq = l, q ∈ {1, . . . , 2n}, (3.67)

äå l := l(q) îäíîçíà÷íî âèçíà÷à¹òüñÿ ç íåðiâíîñòi n̄l < q 6 n̄l+1.

Ôóíêöi¨

uqk := uqk(t) = tζq exp(λθq,kt), q ∈ {1, . . . , 2n}, (3.68)

äå ζq, θq âèçíà÷åíi ôîðìóëàìè (3.67), óòâîðþþòü ôóíäàìåíòàëüíó ñèñòåìó

ðîçâ'ÿçêiâ ðiâíÿííÿ (3.53).

Äëÿ ôóíäàìåíòàëüíî¨ ñèñòåìè (3.68) õàðàêòåðèñòè÷íèé âèçíà÷íèê

∆̃(µk, T ) := det ∥Uj[uqk]∥2nq,j=1, µk ∈ M, çàäà÷i (3.53), (3.54) ìà¹ âèãëÿä

∆̃(µk, T ) =

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α1P
0
1 (0) + β1Ĩ11 . . . α1P

0
2n(0) + β1Ĩ2n,1

... . . .
...

αnP
2(n−1)
1 (0) + βnĨ1n . . . αnP

2(n−1)
2n (0) + βnĨ2n,n

αn+1P
0
1 (T ) + βn+1Ĩ1,n+1 . . . αn+1P

0
2n(T ) + βn+1Ĩ2n,n+1

... . . .
...

α2nP
2(n−1)
1 (T ) + β2nĨ1,2n . . . α2nP

2(n−1)
2n (T ) + β2nĨ2n,2n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
(3.69)

äå

P h
q (t) :=

dh

dth
uqk(t) = exp(λθq,kt)

min{h,ζq}∑
j=0

Cj
h

ζq!

(ζq − j)!
λh−jθq,k

tζq−j,

h ∈ {0, 2, . . . , 2(n− 1)}, q ∈ {1, . . . , 2n};

(3.70)
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Ĩqj :=Ĩqj(λθq,k, T ) =

T∫
0

trj+ζq exp(λθq,kt)dt =

=Qqj(λθq,k, T ) exp(λθq,kT )−Qqj(λθq,k, 0), q, j ∈ {1, . . . , 2n},

(3.71)

Qqj(λθq,k, t) =

rj+ζq+1∑
h=1

(−1)h+1(rj + ζq)!

(rj + ζq − h+ 1)!

trj+ζq−h+1

(λθq,k)
h
, q, j ∈ {1, . . . , 2n}. (3.72)

Âèçíà÷íèêè ∆̃(µk, T ) i ∆(µk, T ) ïîâ'ÿçàíi ñïiââiäíîøåííÿì

∆̃(µk, T ) = W (µk)∆(µk, T ), (3.73)

äå

W (µk) =
m∏
j=1

nj−1∏
q=1

q!
∏

m>j>l>1

(λj(µk)− λl(µk))
njnl (3.74)

¹ çíà÷åííÿì âðîíñêiàíà ñèñòåìè ôóíêöié (3.68) ïðè t = 0. Ïîçíà÷èìî:

Λ = (λ1k, . . . , λ1k︸ ︷︷ ︸
n1

, . . . , λmk, . . . , λmk︸ ︷︷ ︸
nm

) = (λθ1,k, . . . , λθ2n,k),

Λω = (λθi1 ,k, . . . , λθi2n ,k), (J,Λω) = j1λθi1 ,k + · · ·+ j2nλθi2n ,k,

ω ∈ S2n, J ∈ J2n.
(3.75)

Äëÿ êîæíîãî µk ∈ M âèçíà÷íèê (3.69) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ [60]

∆̃(µk, T ) =
∑
ω∈S2n

(−1)ρω
2n∏
q=1

(
αqviq + βqĨiq,q

)
, (3.76)

äå

viq =

P
2(q−1)
iq

(0), q ∈ {1, . . . , n},
P

2(q−n−1)
iq

(T ), q ∈ {n+ 1, . . . , 2n}.
(3.77)

Âðàõîâóþ÷è (3.71) òà ëåìó 2.7, çàïèøåìî ðiâíiñòü (3.76) òàêèì ÷èíîì:

∆̃(µk, T ) =
∑
ω∈S2n

(−1)ρω
2n∏
q=1

(
βqQiq,q(λθiq ,k, T ) exp(λθiq ,kT ) +

+ (αqviq − βqQiq,q(λθiq ,k, 0))
)
=

=
∑
ω∈S2n

(−1)ρω

[
1∑

j1=0

. . .

1∑
j2n=0

∆1(ω, J, T )∆2(ω, J, T )

]
,

(3.78)
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äå

∆1(ω, J, T ) = β(J)QJ(Λω, T ) exp(J,Λω), (3.79)

β(J) =
2n∏
q=1

βjqq , QJ(Λω, T ) =
2n∏
q=1

Q
jq
iq,q

(λθiq ,k, T ), (3.80)

∆2(ω, J, T ) =
2n∏
s=1

(
αsvis − βsQis,s(λθis ,k, 0)

)1−js . (3.81)

Íà ïiäñòàâi ôîðìóë (3.70), (3.72), (3.76) i (3.81) çîáðàçèìî ∆2(ω, J, T ) ó

òàêîìó âèãëÿäi:

∆2(ω, J, T ) = P1(ω, J, T ) exp

(
2n∑

s=n+1

(1− js)λθis ,kT

)
+ P2(ω, J), (3.82)

äå P1(ω, J, T ) � ìíîãî÷ëåí çà çìiííîþ T ç êîìïëåêñíèìè êîåôiöi¹íòàìè,

à äîäàíîê P2(ω, J) íå çàëåæèòü âiä T . Ç (3.70) òà (3.77) âèïëèâà¹, ùî

degP1(ω, J, T ) 6 1
2

∑m
q=1 nq(nq − 1).

Íà ïiäñòàâi ôîðìóë (3.78), (3.79), (3.80) i (3.82) îòðèìó¹ìî

∆̃(µk, T ) =
∑
ω∈S2n

(−1)ρω

(
1∑

j1=0

. . .
1∑

j2n=0

QJ(Λω, T ) exp
(
(J,Λω)T

))
, (3.83)

äå QJ(Λω, T ), J ∈ J2n, ω ∈ S2n, � ìíîãî÷ëåíè çà çìiííîþ T ç êîìïëåêñíèìè

êîåôiöi¹íòàìè, ïðè÷îìó

deg QJ(Λω, T ) 6 deg QJ(Λω, T ) + deg P1(J, T ). (3.84)

Ç (3.72) âèïëèâà¹, ùî degQiq,q(λlk, T ) = rq + ζiq , q ∈ {1, . . . , 2n}, çâiäêè,
âðàõîâóþ÷è (3.80), îòðèìó¹ìî, ùî

degQJ(Λω, T ) =
2n∑
q=1

jqdegQiq,q(λlk, T ) =
2n∑
q=1

jq(rq + ζiq) 6

6
2n∑
q=1

(rq + ζiq) =
2n∑
q=1

rq +
m∑
l=1

nl−1∑
q=1

q =

= r +
1

2

m∑
l=1

nl(nl − 1), J ∈ J2n, ω ∈ S2n,

(3.85)
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äå r = r1 + · · ·+ r2n. Ç íåðiâíîñòåé (3.84), (3.85) âèïëèâà¹, ùî

deg QJ(Λω, T ) 6 r +
m∑
l=1

nl(nl − 1), J ∈ J2n, ω ∈ S2n. (3.86)

Ç ôîðìóë (3.73), (3.83) òà íåðiâíîñòåé (3.86) âèïëèâà¹, ùî ∆(µk, T ), ÿê

ôóíêöiÿ çìiííî¨ T ¹ êâàçiìíîãî÷ëåíîì âiäíîñíî T i çîáðàæó¹òüñÿ ôîðìó-

ëîþ

∆(µk, T ) =
1

W (µk)

∑
J∈J2n

exp((J,Λ)T )FJ(T ), (3.87)

â ÿêîìó FJ(T ) � ìíîãî÷ëåíè ç êîìïëåêñíèìè êîåôiöi¹íòàìè ñòåïåíÿ

(NJ − 1), äå NJ 6 1 + r +
∑m

l=1 nl(nl − 1), à êiëüêiñòü äîäàíêiâ iç ðiçíèìè

åêñïîíåíòàìè íå ïåðåâèùó¹ 4n. Äëÿ êîæíîãî µk ∈ M ðîçãëÿíåìî ôóíêöiþ

Dk := D(µk, τ), ÿêà âèçíà÷åíà ôîðìóëîþ (3.87) ó ÿêié T òðåáà çàìiíèòè íà

τ . ×åðåç E(Dk, ε, [0, T0]) ïîçíà÷èìî ìíîæèíó òèõ τ ∈ [0, T0], T0 > 0, äëÿ

ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü |D(µk, τ)| 6 ε. Äëÿ êâàçiìíîãî÷ëåíà D(µk, τ)

ïîçíà÷èìî

N :=
∑
J∈J2n

NJ 6 4n

(
1 + r +

m∑
l=1

nl(nl − 1)

)
, (3.88)

B(µk) := 1 + max
J∈J2n

|(J,Λ)|, µk ∈ M, (3.89)

Ψ(µk) := max
τ∈[0,T0]

exp

(
−
(
min
J∈J2n

Re(J,Λ)

)
τ

)
, µk ∈ M, (3.90)

G(µk) := max
16j6N

{∣∣(∂/∂τ)j−1D(µk, 0)
∣∣

B(µk)j

}
, µk ∈ M. (3.91)

Âðàõîâóþ÷è (3.55), (3.75) i (3.89) îòðèìy¹ìî

B(µk) 6 1 +
m∑
l=1

nl|λlk| 6 C8(1 + |µk|), (3.92)

äå C8 = 2nC1 + 1. Íà ïiäñòàâi (3.55), (3.75) i (3.90) îòðèìó¹ìî, ùî

Ψ(µk) 6 exp(2nC1T0(|µk|+ 1)). (3.93)

Ùîá îöiíèòè çíèçó G(µk) íàì çíàäîáèòüñÿ íàñòóïíà ëåìà.
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Ëåìà 3.2. Iñíó¹ òàêå ÷èñëî η0(α⃗) ∈ Z+, α⃗ = (α1, . . . , α2n), ùî âèêîíó-

þòüñÿ ðiâíîñòi

∀µk ∈ M ∂qD(µk, τ)

∂τ q

∣∣∣∣
τ=0

=

 0, q < η0(α⃗),

C9η0(α⃗)!, q = η0(α⃗),
(3.94)

äå C9 � äåÿêà ñòàëà, ÿêà çàëåæèòü âiä αj, βj, rj, j ∈ {1, . . . , 2n}.

Äîâåäåííÿ. Ïîçíà÷èìî

gjq(µk, τ) =

 αjf
(2(j−1))
qk (0) + βjIqj, j ∈ {1, . . . , n},

αjf
(2(j−n−1))
qk (τ) + βjIqj, j ∈ {n+ 1, . . . , 2n},

(3.95)

äå q ∈ {1, . . . , 2n}, à Iqj, q, j ∈ {1, . . . , 2n}, âèçíà÷åíi ôîðìóëàìè (3.57) ó

ÿêèõ T òðåáà çàìiíèòè íà τ . Äëÿ ôóíêöié fqk(t), ñïðàâåäëèâi ðîçâèíåííÿ

fqk(t) =
tq−1

(q − 1)!
+ vqk(t)t

2n, q ∈ {1, . . . , 2n}, (3.96)

äå vqk(t) � äåÿêi àíàëiòè÷íi â îêîëi òî÷êè t = 0 ôóíêöi¨. Ç (3.96) îòðèìó¹ìî

äëÿ êîæíîãî q ∈ {1, . . . , 2n} íàñòóïíi ðîçâèíåííÿ

f
2(j−1)
qk (τ) =

τ q−2j+1

(q − 2j + 1)!
+ ṽqk(τ)τ

2n−2j+2, (3.97)

Iqj =

τ∫
0

trjfqk(t)dt =

=
τ rj+q

(q − 1)!(rj + q)
+ v̄jqk(τ)τ

2n+rj+1, j ∈ {1, . . . 2n},

(3.98)

äå ṽqk(τ), v̄jqk(τ) � äåÿêi àíàëiòè÷íi â îêîëi òî÷êè t = 0 ôóíêöi¨. Íà ïiäñòàâi

(3.95), (3.97), (3.98), îòðèìó¹ìî ðîçâèíåííÿ

gjq(µk, τ) = g̃jq(αj, βj, τ) + Ṽjqk(τ). (3.99)

g̃jq(αj, βj, τ) =


βj

τ rj+q

(q − 1)!(rj + q)
, q ̸= 2j − 1,

αj + βj
τ rj+q

(q − 1)!(rj + q)
, q = 2j − 1,

(3.100)
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ÿêùî j ∈ {1, . . . , n} i

g̃jq(αj, βj, τ) =



βj
τ rj+q

(q − 1)!(rj + q)
, q 6 2(j − n)− 2,

αj
τ q−2(j−n)+1)

(q − 2(j − n) + 1))!
+

+βl
τ rj+q

(q − 1)!(rj + q)
, 2(j − n)− 1 6 q 6 2n,

(3.101)

ÿêùî j ∈ {n+ 1, . . . , 2n},

Ṽjqk(τ) =

 βjτ
rj+2n+1v̄jqk(τ), 1 6 j 6 n,

αj ṽqk(τ)τ
2n−2j+2 + βj v̄jqk(τ)τ

2n+rj+1, n+ 1 6 l 6 2n.

(3.102)

Çà ïîáóäîâîþ ôóíêöiþ D(µk, τ) ìîæíà çîáðàçèòè ôîðìóëîþ

D(µk, τ) = det ∥gjq(µk, τ)∥2nj,q=1. (3.103)

Ïiäñòàâèìî â (3.103) îòðèìàíi ðîçâèíåííÿ (3.99) i, âèêîðèñòàâøè åëåìåí-

òàðíi âëàñòèâîñòi âèçíà÷íèêiâ, îòðèìà¹ìî

D(µk, τ) = det ∥g̃jq(αj, βj, τ) + Ṽjqk(τ)∥2nj,q=1 =

= det ∥g̃jq(αj, βj, τ)∥2nj,q=1 + D̃k(α⃗, β⃗, τ),
(3.104)

äå D̃k(α⃗, β⃗, τ) := D̃(µk, α⃗, β⃗, τ) � äåÿêà àíàëiòè÷íà â òî÷öi τ = 0 ôóíêöiÿ,

ÿêà ìà¹ â öié òî÷öi íóëü âèùîãî ïîðÿäêó, íiæ ôóíêöiÿ

det ∥g̃jq(αj, βj, τ)∥2nj,q=1. Öå âèïëèâà¹ ç ôîðìóë (3.100) � (3.102). Ïîçíà÷è-

ìî íàéìåíøèé ñòåïiíü τ , ùî âõîäèòü ó âèðàç äëÿ det ∥g̃jq(αj, βj, τ)∥2nj,q=1

÷åðåç η0(α⃗), à êîåôiöi¹íò ïðè íüîìó � ÷åðåç C9. Ç îòðèìàíîãî ðîçâèíåííÿ

(3.104) âèïëèâà¹, ùî âèêîíóþòüñÿ ðiâíîñòi (3.94). Ëåìó äîâåäåíî.

Ñòàëà η0(α⃗) ó äåÿêèõ âèïàäêàõ çàäà÷i (3.47), (3.48) ìîæå áóòè ëåãêî

îá÷èñëåíà.

Ïðèêëàä 3.1. Íåõàé â óìîâàõ (3.48) αl = 0, j ∈ {1, . . . , 2n}. Òîäi ç
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(3.100), (3.101) îòðèìó¹ìî

g̃jq(0, βj, τ) = βj
τ rj+q

(q − 1)!(rj + q)
, q, j ∈ {1, . . . , 2n},

det ∥g̃jq(0, βj, τ)∥2nj,q=1 = det

∥∥∥∥βj τ rj+q

(q − 1)!(rj + q)

∥∥∥∥2n
l,q=1

=
2n∏
j=1

βj
(j − 1)!

det

∥∥∥∥ 1

rj + q

∥∥∥∥2n
j,q=1

τ r+n(2n+1),

(3.105)

äå r = r1 + · · ·+ r2n. Çãiäíî [77, c.110]

det

∥∥∥∥ 1

rj + q

∥∥∥∥2n
j,q=1

=
∏

2n>j>l>1

(rj − rl)(j − l)
2n∏

j, l=1

(rj + l)−1. (3.106)

Íà ïiäñòàâi (3.105), (3.106) îòðèìó¹ìî, ùî

η0(⃗0) = r + n(2n+ 1),

C9 =

 2n∏
j=1

βj
(j − 1)!

∏
2n>j>l>1

(rj − rl)(j − l)
2n∏

j, l=1

(rj + l)−1

 .

Ïðèêëàä 3.1 óçàãàëüíþ¹ òâåðäæåííÿ ëåìè 3.1 iç [65] ó ÿêié ðîçãëÿäàâñÿ

âèïàäîê óìîâ (3.48) ïðè αl = 0, rl = l − 1, j ∈ {1, . . . , 2n}.
Âðàõîâóþ÷è (3.91), (3.92) òà (3.94), îòðèìó¹ìî

G(µk) =
∣∣∣(∂/∂τ)η0(α⃗)D(µk, τ)|τ=0

∣∣∣ (B(µk))
−η0(α⃗)−1 >

> C10(1 + |µk|)−η0(α⃗)−1,
(3.107)

äå C10 = C9(C8)
−η0(α⃗)−1.

Òåîðåìà 3.6. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T ∈
(0, T0], T0 > 0, íåðiâíiñòü (3.64) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨

êiëüêîñòi) âåêòîðiâ µk ∈ M, êîëè σ = 2nC1T0, à η > η0(α⃗)+1+(p/θ1+1)

(4n(1 + r +
∑m

l=1 nl(nl − 1))− 1).

Äîâåäåííÿ. Çàôiêñó¹ìî âåêòîð µk = µ̄k ∈ M (k = k̄). Íåõàé εη,σ(µ̄k) =

(1+ |µ̄k|)−η exp(−σ|µ̄k|), Çãiäíî ç ëåìîþ 2.6 âðàõîâóþ÷è (2.2), (3.88), (3.92),
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(3.93) òà (3.107), îòðèìà¹ìî îöiíêó

mesRE(Dk̄, εη,σ(µk), [0, T0]) 6

6 C11(1 + |µ̄k|)
(
4(1 + |µ̄k|)−η exp(2nC1T0|µ̄k|)
(1 + |µ̄k|)−η0(α⃗)−1 exp(σ|µ̄k|)

) 1
N−1

=

= 41/(N−1)C11(1 + |µ̄k|)
η0(α⃗)+1−η

N−1 +1 6 41/(N−1)C11D1|k̄|(
η0(α⃗)+1−η

N−1 +1)θ1 =

= C12|k̄|−(
η−η0(α⃗)−1

N−1 −1)θ1. (3.108)

Ïîçíà÷èìî z =
(
η−η0(α⃗)−1

N−1 − 1
)
θ1. Ïiäñóìîâóþ÷è (3.108) ïî âñiõ µk ∈ M

îòðèìó¹ìî ∑
k∈Zp

mesRE(Dk, εη,σ(µk), [0, T0]) 6
∑
k∈Zp

C12|k|−z. (3.109)

Îñêiëüêè z > ((p/θ1 + 1) − 1)θ1 > p, òî ðÿä
∑

k∈Zp |k|−z çáiæíèé, à îò-

æå çáiæíèì ¹ i ðÿä
∑

k∈Zp mesRE(Dk, εη,σ(µk), [0, T0]). Òîäi, çà ëåìîþ 2.3,

ìiðà òèõ τ ∈ (0, T0], ÿêi ïîòðàïëÿþòü ó íåñêií÷åííó êiëüêiñòü ìíîæèí

E(Dk, εη,σ(µk), [0, T0]) ðiâíà íóëþ. Òîáòî íåðiâíiñòü |D(µk, τ)| > εη,σ(µk) âè-

êîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë τ ∈ (0, T0] òà

äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M. Îñêiëüêè

ïðè τ = T D(µk, T ) = ∆(µk, T ), òî íåðiâíiñòü |∆(µk, T )| > (1 + |µk|)−η×
× exp(−σ|µk|) âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷è-

ñåë T ∈ (0, T0] òà äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ

µk ∈ M, çâiäêè âèïëèâà¹ äîâåäåííÿ òåîðåìè.

Íàñëiäîê 3.1. Íåõàé äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi)

âåêòîðiâ µk ∈ M âèêîíóþòüñÿ íåðiâíîñòi

Reλl(µk) > −κ ln |µk|, l ∈ {1, . . . ,m}, (3.110)

äå κ > 0 � äåÿêà ñòàëà, ùî íå çàëåæèòü âiä µk. Òîäi íåðiâíiñòü (3.64)

âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 òà äëÿ

âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M, ïðè σ = 0 i

η > η0(α⃗) + 1 + 2nκT + (p/θ1 + 1)(4n(1 + r +
m∑
l=1

nl(nl − 1))− 1), (3.111)
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äå η0(α⃗) � ñòàëà, âèçíà÷åíà óìîâàìè (3.94).

Äîâåäåííÿ. Íà ïiäñòàâi (3.90), (3.110), îòðèìó¹ìî, ùî

Ψ(µk) 6 (1 + |µk|)2nκT0. (3.112)

Ïîêëàäåìî εη(µk) = (1 + |µk|)−η. Òîäi, âðàõîâóþ÷è (3.88), (3.92), (3.107) òà
(3.112) äëÿ êîæíîãî ôiêñîâàíîãî µk ∈ M îòðèìà¹ìî îöiíêó

mesRE(Dk(τ), εη(µk), [0, T0]) 6 C13(1 + |µk|)
(
4(1 + |µk|)−η+η0(α⃗)+1

) 1
N−1

=

= 41/(N−1)C13(1 + |µk|)
η0(α⃗)+1−η

N−1 +1 6 41/(N−1)C13D1|k|(
η0(α⃗)+1−η

N−1 +1)θ1 =

= C14|k|−(
η−η0(α⃗)−1

N−1 −1)θ1,

äå η � ñïðàâäæó¹ íåðiâíiñòü (3.111). Îñêiëüêè
(
η−η0(α⃗)−1

N−1 − 1
)
θ1 > p, òî ðÿä∑

k∈Zp mesRE(Dk(τ), εη(µk), [0, T0]) çáiæíèé. Çi çáiæíîñòi ðÿäó∑
k∈Zp mesRE(Dk(τ), εη(µk), [0, T0]) âèïëèâà¹, ùî íåðiâíiñòü |D(µk, τ)| >

> εη(µk) âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë

τ ∈ (0, T0] òà äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈
M. Îñêiëüêè äiéñíó ïðÿìó ìîæíà ïîêðèòè çëi÷åííîþ êiëüêiñòþ iíòåðâàëiâ

(0, T0], òî íåðiâíiñòü |D(µk, τ)| > εη(µk) âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòî-

ñîâíî ìiðè Ëåáåãà â R) ÷èñåë τ > 0 òà äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨

êiëüêîñòi) âåêòîðiâ µk ∈ M, çâiäêè i âèïëèâà¹ òâåðäæåííÿ íàñëiäêó.

Òåîðåìà 3.7. Íåõàé âèêîíóþòüñÿ óìîâè (2.24) i (3.110). ßêùî

φj ∈ C
[η+p/θ1]+4n2+3n+2
M (Rp), j ∈ {1, . . . , 2n}, äå η ñïðàâäæó¹ íåðiâíiñòü

(3.111), òî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 iñíó¹

¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.47), (3.48) iç ïðîñòîðó C2n
M(D

p
). Öåé ðîçâ'ÿçîê

çîáðàæà¹òüñÿ ôîðìóëîþ (3.59) i íåïåðåðâíî çàëåæèòü âiä ôóíêöié φj(x),

j ∈ {1, . . . , 2n}.

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 3.2 ç óðàõóâàí-

íÿì íàñëiäêó 3.1.
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3.3. Çàäà÷à äëÿ ñèñòåìè ðiâíÿíü âèñîêîãî ïîðÿäêó,

ãiïåðáîëi÷íî¨ çà Ïåòðîâñüêèì ó âóçüêîìó ñåíñi

Ó öüîìó ïiäðîçäiëi äîñëiäæåíî êîðåêòíiñòü çàäà÷i ç óìîâàìè çà ÷àñîâîþ

çìiííîþ, ÷àñòèííèì âèïàäêîì ÿêèõ ¹ iíòåãðàëüíi óìîâè ó âèãëÿäi ìîìåíòiâ

äîâiëüíîãî ïîðÿäêó âiä øóêàíî¨ ôóíêöi¨ òà óìîâè òèïó Äiðiõëå, äëÿ ñèñòåìè

ðiâíÿíü âèñîêîãî ïîðÿäêó, ãiïåðáîëi÷íî¨ çà Ïåòðîâñüêèì ó âóçüêîìó ñåíñi

ó êëàñi ìàéæå ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè ôóíêöié.

3.3.1. Â îáëàñòi Dp ðîçãëÿíåìî çàäà÷ó ïðî çíàõîäæåííÿ ìàéæå ïåðiî-

äè÷íîãî çà x ðîçâ'ÿçêó çàäà÷i

L

(
∂2

∂t2
,
∂

∂x

)
[u⃗] :=

∑
|ŝ|∗=2n

Aŝ
∂2nu⃗(t, x)

∂t2s0∂xs11 · · · ∂xspp
= 0⃗, (t, x) ∈ Dp, (3.113)


Uj[u⃗] := αj

∂2(j−1)u⃗

∂t2(j−1)

∣∣∣∣
t=0

+ βj

T∫
0

trj u⃗(t, x)dt = φ⃗j(x),

Un+j[u⃗] := αn+j
∂2(j−1)u⃗

∂t2(j−1)

∣∣∣∣
t=T

+ βn+j

T∫
0

trn+j u⃗(t, x)dt = φ⃗n+j(x),

(3.114)

â ÿêié j ∈ {1, . . . , n}; Aŝ =
∥∥aŝq,l∥∥ml,q=1

, aŝq,l ∈ R, A(n,0,...,0) = Im; αl, βl ∈ R,

α2
l + β2

l ̸= 0, rl ∈ Z+, l ∈ {1, . . . , 2n}, 0 6 r1 < r2 < . . . < r2n; u⃗(t, x) =

= col
(
u1(t, x), . . . , um(t, x)

)
, âåêòîð-ôóíêöi¨ φ⃗l(x) = col

(
φ1
l (x), . . . , φ

m
l (x)

)
,

l ∈ {1, . . . , 2n}, ¹ ìàéæå ïåðiîäè÷íèìè çi çàäàíèì ñïåêòðîì M, ÿêi ðîçâè-

âàþòüñÿ ó âåêòîðíi ðÿäè Ôóð'¹

φ⃗l(x) =
∑
k∈Zp

φ⃗lk exp (iµk, x) , φ⃗lk = col
(
φ1
lk, . . . , φ

m
lk

)
. (3.115)

Ââàæà¹ìî, ùî ñèñòåìà (3.113) � ãiïåðáîëi÷íà çà Ïåòðîâñüêèì ó âóçüêîìó

ñåíñi, òîáòî äëÿ êîæíîãî âåêòîðà η = (η1, . . . , ηp) ∈ Rp \ {⃗0} êîðåíi γj(η),

j ∈ {1, . . . , 2nm}, õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

detL
(
γ2, η

)
:= det

∥∥∥∥∥∥
∑

|ŝ|∗=2n

Aŝγ
2s0ηs11 · · · ηspp

∥∥∥∥∥∥ = 0, (3.116)
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ÿêå âiäïîâiäà¹ ñèñòåìi (3.113) ¹ äiéñíèìè òà ðiçíèìè, à îòæå (âðàõîâóþ÷è

âèãëÿä ñèñòåìè (3.113)) i âiäìiííèìè âiä íóëÿ.

3.3.2. Ìàéæå ïåðiîäè÷íèé çà x çi ñïåêòðîì M ðîçâ'ÿçîê çàäà÷i (3.113),

(3.114) øóêà¹ìî ó âèãëÿäi âåêòîðíîãî ðÿäó

u⃗(t, x) =
∑
k∈Zp

u⃗k(t) exp(iµk, x), µk ∈ M. (3.117)

äå u⃗k(t) = col
(
u1k(t), . . . , u

m
k (t)

)
. Ïiäñòàâèâøè ðÿäè (3.115), (3.117) ó ñèñòå-

ìó (3.113) òà óìîâè (3.114), îòðèìó¹ìî äëÿ çíàõîäæåííÿ êîæíî¨ ç âåêòîð-

ôóíêöié u⃗k(t), k ∈ Zp, âiäïîâiäíî, òàêó çàäà÷ó:

L

(
d 2

dt2
, iµk

)
u⃗k(t) :=

∑
|ŝ|∗=2n

i|s|Aŝµ
s1
k1
· · ·µspkp

d 2s0

dt2s0
u⃗k(t) = 0⃗, (3.118)


Uj[u⃗k] := αj

d 2(j−1)u⃗k(0)

dt2(j−1)
+ βj

T∫
0

trj u⃗k(t)dt = φ⃗jk,

Un+j[u⃗] := αn+j
d 2(j−1)u⃗k(T )

dt2(j−1)
+ βn+j

T∫
0

trn+j u⃗k(t)dt = φ⃗n+j,k.

(3.119)

äå j ∈ {1, . . . , n}.
Ïðè k = 0⃗ (µ0⃗ = 0⃗) ñèñòåìà (3.118) ¹ òàêîþ:

L

(
d 2

dt2
, 0⃗

)
u⃗0⃗(t) := Im

d 2n

dt2n
u⃗0⃗(t) = 0⃗,

òîáòî êîæíà êîìïîíåíòà uq
0⃗
(t), q ∈ {1, . . . ,m}, ðîçâ'ÿçêó u⃗0⃗(t) =

= col
(
u1
0⃗
(t), . . . , um

0⃗
(t)
)
çàäà÷i (3.118), (3.119) ¹ ðîçâ'ÿçêîì, âiäïîâiäíî, òà-

êî¨ çàäà÷i äëÿ ñêàëÿðíîãî ðiâíÿííÿ:

d 2n

dt2n
uq
0⃗
(t) = 0, (3.120)

Uj[u
q

0⃗
] := αj

d 2(j−1)uq
0⃗
(0)

dt2(j−1)
+ βj

T∫
0

trjuq
0⃗
(t)dt = φq

j,⃗0
,

Un+j[u
q

0⃗
] := αn+j

d 2(j−1)uq
0⃗
(T )

dt2(j−1)
+ βn+j

T∫
0

trn+juq
0⃗
(t)dt = φq

n+j,⃗0
,

(3.121)
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Õàðàêòåðèñòè÷íèé âèçíà÷íèê ∆(⃗0, T ) çàäà÷i (3.120), (3.121) äëÿ êîæíîãî

q, q ∈ {1, . . . ,m}, ¹ òàêèì:
∆(⃗0, T ) =

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α1S
0
1 (0) + β1

T r1+1

r1 + 1
. . . α1S

0
2n(0) + β1

T r1+2n

r1 + 2n
... · · · ...

αnS
2(n−1)
1 (0) + βn

T rn+1

rn + 1
. . . αnS

2(n−1)
2n (0) + βn

T rn+2n

rn + 2n

αn+1S
0
1 (T ) + βn+1

T rn+1+1

rn+1 + 1
. . . αn+1S

0
n+1(T ) + βn+1

T rn+1+2n

rn+1 + 2n
... · · · ...

α2nS
2(n−1)
1 (T ) + β2n

T r2n+2

r2n + 2
. . . α2nS

2(n−1)
2n (T ) + β2n

T r2n+2n

r2n + 2n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

äå

S
2(l−1)
j (z) =


0, j < 2l − 1,

(j − 1)!

(j − 2l + 1)!
zj−2l+1, j > 2l − 1,

j ∈ {1, . . . , 2n}, l ∈ {1, . . . , n}.

Çà óìîâè ∆(⃗0, T ) ̸= 0 çàâæäè iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.120),

(3.121), äëÿ êîæíîãî q ∈ {1, . . . ,m}; öi ðîçâ'ÿçêè çîáðàæóþòüñÿ ôîðìóëàìè

uq
0⃗
(t) =

2n∑
l,j=1

∆lj (⃗0, T )

∆(⃗0, T )
φq
l,⃗0
tj−1, q ∈ {1, . . . ,m}, (3.122)

äå ∆lj (⃗0, T ) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà l-ãî ðÿäêà òà j-ãî ñòîâïöÿ

ó âèçíà÷íèêó ∆(⃗0, T ).

Çàóâàæåííÿ 3.2. ßêùî ∆(⃗0, T ) = 0, òî îäíîðiäíà çàäà÷à, ùî âiäïîâiäà¹

çàäà÷i (3.120), (3.121) ìà¹ íåòðèâiàëüíèé ðîçâ'ÿçîê

u∗
0⃗
(t) = col

(
ũ1
0⃗
(t), . . . , ũm

0⃗
(t)
)
, äå ũq

0⃗
(t), q ∈ {1, . . . ,m}, � ìíîãî÷ëåíè ñòåïå-

íÿ 2n − 1 âèãëÿäó ũq
0⃗
(t) =

∑2n
j=1Cj,0t

j−1, êîåôiöi¹íòè ÿêèõ ¹ ðîçâ'ÿçêàìè
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ñèñòåìè ðiâíÿíü

2n∑
j=1

Cj,0

(
αlS

2(l−1)
j (0) + βl

T rl+j

rl + j

)
= φq

l,⃗0
,

2n∑
j=1

Cj,0

(
αn+lS

2(l−1)
j (T ) + βn+l

T rn+l+j

rn+l + j

)
= φq

n+l,⃗0
,

l ∈ {1, . . . , n}.

Òåïåð ðîçãëÿíåìî çàäà÷ó (3.118), (3.119) äëÿ âñiõ µk ∈ M \ {⃗0}. Çàïè-
øåìî õàðàêòåðèñòè÷íå ðiâíÿííÿ, ÿêå âiäïîâiäà¹ ñèñòåìi (3.118)

detL
(
γ2, iµk

)
:= det

∥∥∥∥∥∥
∑

|ŝ|∗=2n

i|s|Aŝγ
2s0µs1k1 · · ·µ

sp
kp

∥∥∥∥∥∥ = 0,

àáî ó ðîçãîðíóòié ôîðìi

detL
(
γ2, iµk

)
= γ2mn +

mn∑
j=1

B2j
j (µk) γ

2(mn−j) = 0, (3.123)

äå B2j
j (µk), j ∈ 1, . . . ,mn, � ìíîãî÷ëåíè ñòåïåíÿ íå âèùå 2j çà ñóêóïíiñòþ

çìiííèõ µk1, . . . , µkp ç êîìïëåêñíèìè êîåôiöi¹íàìè. Î÷åâèäíî, ùî êîðåíi γjk

ðiâíÿííÿ (3.123) âèçíà÷àþòüñÿ ôîðìóëàìè

γjk = iγj(µk), j ∈ {1, . . . , 2nm}, (3.124)

äå γj(µk), j ∈ {1, . . . , 2nm}, êîðåíi ðiâíÿííÿ (3.116) ïðè η = µk. Ïðè öüîìó

γnm+q,k = −γqk, q ∈ {1, . . . , nm}, òà ñïðàâäæóþòüñÿ òàêi îöiíêè [103]:

|γjk| 6 C1(1 + |µk|), j ∈ {1, . . . , 2nm}, µk ∈ M \ {⃗0}, (3.125)

äå C1 = (2nm)pmax|ŝ|∗=2nmax |ŝ|∗=2n
16r,q6m

{aŝq,r}. Ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿç-

êiâ ñèñòåìè ðiâíÿíü (3.118) ìà¹ òàêèé âèãëÿä (äèâ. [88, ñòîð. 116]):{
u⃗jk(t) = h⃗jk exp(γjkt), j ∈ {1, . . . , 2nm}

}
, k ∈ Zp \ {⃗0}, (3.126)

äå h⃗jk � äåÿêèé íåíóëüîâèé ñòîâïåöü ìàòðèöi L∗(γ2jk, iµk), ÿêà ¹ ïðè¹äíà-

íîþ äî ìàòðèöi L(γ2jk, iµk). Î÷åâèäíî, ùî h⃗nm+j,k = h⃗jk, j ∈ {1, . . . , nm}.
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Ðîçâ'ÿçîê çàäà÷i (3.118), (3.119) çîáðàæó¹òüñÿ ôîðìóëîþ

u⃗k(t) =
2nm∑
j=1

Cjkh⃗jk exp(γjkt), k ∈ Zp \ {⃗0},

äå còàëi Cjk, j ∈ {1, . . . , 2nm}, âèçíà÷àþòüñÿ çi ñèñòåìè àëãåáðè÷íèõ ðiâ-

íÿíü

2nm∑
j=1

Cjk
(
αlP

l
j + βlIl(γjk)

)
h⃗jk = φ⃗lk, l ∈ {1, . . . , 2n}, (3.127)

y ÿêié

P l
j =

 γ
2(l−1)
jk , 1 6 l 6 n,

γ
2(l−n−1)
jk exp(γjkT ), n < l 6 2n,

j ∈ {1, . . . , 2nm}, (3.128)

Il(z) =

T∫
0

trl exp(zt)dt =
(−1)rl rl!

zrl+1
+

+

rl+1∑
q=1

(−1)q+1rl!

(rl − q + 1)!

T rl−q+1

zq
exp (zT ) .

(3.129)

Âèçíà÷íèê ñèñòåìè (3.127) çáiãà¹òüñÿ ç õàðàêòåðèñòè÷íèì âèçíà÷íèêîì

∆(µk, T ), µk ∈ M \ {⃗0}, çàäà÷i (3.118), (3.119), ùî ìà¹ âèãëÿä

∆(µk, T ) := det
∥∥∥Uq [⃗hjk exp(γjkt)]∥∥∥q=1,...,2n

j=1,...,2nm
=

= det
∥∥∥h⃗jk (αqP q

j + βqIq(γjk)
)∥∥∥q=1,...,2n

j=1,...,2nm
.

(3.130)

Òåîðåìà 3.8. Äëÿ òîãî, ùîá çàäà÷à (3.113), (3.114) ìàëà íå áiëüøå

îäíîãî ðîçâ'ÿçêó ó øêàëi ïðîñòîðiâ C2n([0, T ], H
α
M,m), íåîáõiäíî i äîñòà-

òíüî, ùîá âèêîíóâàëàñü óìîâà (2.24) ó ÿêié ∆(µk, T ) âèçíà÷åíèé ôîðìó-

ëîþ (3.130).

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òâåðäæåííÿ 2.3.
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3.3.3. Íàäàëi áóäåìî ââàæàòè, ùî âèêîíó¹òüñÿ óìîâà (2.24). Òîäi äëÿ

êîæíîãî µk ∈ M iñíó¹ ¹äèíèé ðîçâ'ÿçîê u⃗k(t) çàäà÷i (3.118), (3.119), à

ôîðìàëüíèé ðîçâ'ÿçîê u⃗(t, x) çàäà÷i (3.113), (3.114) çîáðàæó¹òüñÿ ðÿäîì

u⃗(t, x) = u0⃗(t) +
∑

k∈Zp\{⃗0}

(
2nm∑
j=1

Cjkh⃗jk exp(γjkt)

)
exp(iµk, x), (3.131)

ó ÿêîìó

Cjk =
m∑
q̃=1

2n∑
l=1

∆m(l−1)+q̃,j(µk, T )

∆(µk, T )
φ q̃
lk, j ∈ {1, . . . , 2nm}, (3.132)

äå ∆rq(µk, T ) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà r-ãî ðÿäêà òà q-ãî ñòîâïöÿ

ó âèçíà÷íèêó ∆(µk, T ), à êîìïîíåíòè âåêòîðà u0⃗(t) âèçíà÷åíi ôîðìóëàìè

(3.122).

Ïðè äîâåäåííi iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (3.113), (3.114) ó ïðîñòîðàõ

C2n([0, T ], H
α
M) íàì çíàäîáëÿòüñÿ íàñòóïíi òâåðäæåííÿ.

Ïîçíà÷èìî

C2 := C2n
2n+p+1C1 max

|ŝ|∗=2n
16r,q6m

{aŝq,r}.

Ëåìà 3.3. Äëÿ êîìïîíåíò âåêòîðiâ h⃗jk = col(h1jk, . . . , h
m
jk), j ∈ {1, . . . ,

. . . , nm}, ñïðàâäæóþòüñÿ îöiíêè

|hqjk| 6 C3(1 + |µk|)2n(m−1), q ∈ {1, . . . ,m}, C3 = (m− 1)! (C2)
m−1 .

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç lq,r(γjk), q, r ∈ {1, . . . ,m}, åëåìåíò ìàòðè-
öi L(γ2jk, iµk), j ∈ {1, . . . , nm}, ÿêèé ñòî¨òü íà ïåðåòèíi q-ãî ðÿäêà òà r-ãî

ñòîâïöÿ

lq,r(γjk) =
∑

|ŝ|∗=2n

i|s|aŝq,rγ
2s0
jk µ

s1
k1
· · ·µspkp.

Äëÿ êîæíîãî lq,r(γjk), q, r ∈ {1, . . . ,m}, j ∈ {1, . . . , nm}, ñïðàâåäëèâi îöií-
êè

|lq,r(γjk)| 6 C2n
2n+p+1C1 max

|ŝ|∗=2n
16r,q6m

{aŝq,r}(1 + |µk|)2n = C2(1 + |µk|)2n. (3.133)
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Çàôiêñó¹ìî äåÿêèé ñòîâïåöü ç íîìåðîì r = r∗ ìàòðèöi L(γ2jk, iµk). Òîäi

êîìïîíåíòè hqjk âåêòîðà h⃗jk ¹ àëãåáðè÷íèìè äîïîâíåííÿìè, âiäïîâiäíî, åëå-

ìåíòiâ lq,r∗(γjk) ìàòðèöi L(γ2jk, iµk). Íà ïiäñòàâi (3.133), âðàõîâóþ÷è ñòðó-

êòóðó àëãåáðè÷íèõ äîïîâíåíü, îòðèìó¹ìî

|hqjk| 6 (m− 1)!
m∏
r=1
r ̸=r∗

max
κ∈{1,...,m}

κ̸=q

|lκ,r(γjk)| 6 (m− 1)!(C2)
m−1 (1 + |µk|)2n(m−1) =

= C3(1 + |µk|)2n(m−1), j ∈ {1, . . . , nm}, q ∈ {1, . . . ,m}.

Ç îñòàííiõ íåðiâíîñòåé âèïëèâà¹ äîâåäåííÿ ëåìè.

Ïîçíà÷èìî

ψl(αl) := 0, αl = 0, 1 6 l 6 2n,

ψl(αl) :=

 2(l − 1), αl ̸= 0, 1 6 l 6 n,

2(l − n− 1), αl ̸= 0, n+ 1 6 l 6 2n,

ψ = ψ1(α1) + · · ·+ ψ2n(α2n), ϑl = mψ − ψl(αl), l ∈ {1, . . . , 2n};

C4 := (2nm− 1)!

(
C2 max

16l62n

{
max

{
|αl|(C1)

2(n−1), |βl|
T rl+1

rl + 1

}})2nm−1

.

Ëåìà 3.4. Äëÿ àëãåáðè÷íèõ äîïîâíåíü∆m(l−1)+q̃,j(µk, T ), q̃ = {1, . . . , 2n},
l ∈ {1, . . . ,m}, j ∈ {1, . . . , 2nm}, åëåìåíòiâ âèçíà÷íèêà ∆(µk, T ), µk ∈
M \ {⃗0}, ñïðàâåäëèâi îöiíêè

|∆m(l−1)+q̃,j(µk, T )| 6 C4(1 + |µk|)2n(m−1)(2nm−1)+ϑl.

Äîâåäåííÿ. Ñïî÷àòêó ïðîâåäåìî äîïîìiæíi îöiíêè. Ç ôîðìóëè (3.128),

âðàõîâóþ÷è (3.125), äëÿ êîæíîãî j ∈ {1, . . . , 2nm} òà äëÿ äîâiëüíîãî t ∈
[0, T ] îòðèìó¹ìî îöiíêó

∣∣P l
j

∣∣ 6
 (C1)

2(l−1)(1 + |µk|)2(l−1), 1 6 l 6 n,

(C1)
2(l−n−1)(1 + |µk|)2(l−n−1), n < l 6 2n.

(3.134)
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Íà ïiäñòàâi (3.129) âèïëèâàþòü òàêi îöiíêè:

|Il(γjk)| 6
T∫

0

max
t∈[0,T ]

|trl exp (γjkt)| dt 6
T∫

0

T rldt =
T rl+1

rl + 1
, (3.135)

äå l ∈ {1, . . . , 2n}, j ∈ {1, . . . , nm}.
Ïîçíà÷èìî ÷åðåç δrj(µk), r, j ∈ {1, . . . , 2nm}, åëåìåíò âèçíà÷íèêà

∆(µk, T ), ÿêèé ñòî¨òü íà ïåðåòèíi r-ãî ðÿäêà òà j-ãî ñòîâïöÿ. Ç (3.130)

âèïëèâà¹, ùî δrj(µk) çîáðàæó¹òüñÿ ôîðìóëîþ

δrj(µk) = (αlP
l
j + βlIl(γjk))h

q
jk, (3.136)

äå r, q òà l ïîâ'ÿçàíi ñïiââiäíîøåííÿì r = m(l − 1) + q, l ∈ {1, . . . , 2n},
q ∈ {1, . . . ,m}. Íà ïiäñòàâi (3.134), (3.135), (3.136) òà ëåìè 1 îòðèìó¹ìî

|δrj(µk)| < (|αl|
∣∣P l

j

∣∣+ |βl| |Il(γjk)|)|hqjk| < C5(1 + |µk|)2n(m−1)+ψ(αl), (3.137)

äå C5 = C3max16l62nmax{|αl|(C1)
2(n−1), |βl|T rl+1/(rl + 1)}.

Íà ïiäñòàâi (3.137) îòðèìó¹ìî,ùî

|∆m(l−1)+q̃,j(µk, T )| 6 (2nm− 1)!
2nm∏
r=1

r ̸=m(l−1)+q̃

|δr,r(µk)| 6

6 C4(1 + |µk|)2n(m−1)(2nm−1)+θl,

äå l = {1, . . . , 2n}, q̃ ∈ {1, . . . ,m}, j ∈ {1, . . . , 2nm}. Ç îòðèìàíî¨ íåðiâíîñòi
âèïëèâà¹ òâåðäæåííÿ ëåìè.

Ðÿä (3.131), âçàãàëi, ¹ ðîçáiæíèì, áî âèðàç |∆(µk, T )|, áóäó÷è âiäìií-

íèì âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿ íåñêií÷åííî¨

êiëüêîñòi âåêòîðiâ µk ∈ M.

Òåîðåìà 3.9. Íåõàé âèêîíó¹òüñÿ óìîâà (2.24) òà iñíó¹ ñòàëà η > 0

òàêà, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M âèêîíó¹-

òüñÿ íåðiâíiñòü

|∆(µk, T )| > (1 + |µk|)−η. (3.138)
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ßêùî φ⃗l ∈ H
ξl
M,m, ξ l = α+2n(2nm(m− 1)+1)+ η+ϑl, l ∈ {1, . . . , 2n}, òî

iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.113), (3.114) iç ïðîñòîðó C2n
(
[0, T ], H

α
M,m

)
.

Öåé ðîçâ'ÿçîê çîáðàæó¹òüñÿ ôîðìóëîþ (3.131), ïðè÷îìó âèêîíó¹òüñÿ íå-

ðiâíiñòü

∥u;C2n
(
[0, T ], H

α
M,m

)
∥ 6 C6

2n∑
l=1

∥φ;Hξl
M∥.

Äîâåäåííÿ. Íà ïiäñòàâi ôîðìóëè (3.131) îòðèìó¹ìî îöiíêó

∥∥u⃗;C2n([0, T ] , H
α
M,m)

∥∥ =
m∑
q=1

2n∑
r=0

max
t∈[0,T ]

(∣∣∣∣ drdtruq0⃗(t)
∣∣∣∣2+

+
∑

k∈Zp\{⃗0}

∣∣∣∣ drdtruqk(t)
∣∣∣∣2 (1 + |µk|)2α

)1/2

6

6
m∑
q=1

2n∑
r=0

(
max
t∈[0,T ]

∣∣∣∣ drdtruq0⃗(t)
∣∣∣∣2+

+
∑

k∈Zp\{⃗0}

max
t∈[0,T ]

∣∣∣∣ drdtruqk(t)
∣∣∣∣2 (1 + |µk|)2α

)1/2

,

(3.139)

â ÿêié uq
0⃗
(t) âèçíà÷åíi ôîðìóëàìè (3.122), à

uqk(t) =
2nm∑
j=1

Cjkh
q
jk exp(γjkt), k ∈ Zp \ {⃗0}, (3.140)

äå hqjk, q ∈ {1, . . . ,m}, � êîìïîíåíòè âåêòîðà h⃗jk, Cjk � âèçíà÷åíi ôîðìó-

ëàìè (3.132).

Ç ôîðìóëè (3.122) âèïëèâà¹, ùî

max
t∈[0,T ]

∣∣∣∣ drdtruq0⃗(t)
∣∣∣∣2 6 C7

2n∑
j=1

∣∣∣φq
j,⃗0

∣∣∣2 , q ∈ {1, . . . ,m}, (3.141)

äå ñòàëà C7 çàëåæèòü âiä T òà αl, βl, rl, l ∈ {1, . . . , 2n}.
Iç (3.125), (3.132), (3.140) òà ëåìè 1 îòðèìó¹ìî, ùî

max
t∈[0,T ]

∣∣∣∣ drdtruqk(t)
∣∣∣∣ 6 C8

2nm∑
j=1

m∑
q̃=1

2n∑
l=1

∣∣∆m(l−1)+q̃,j(µk, T )
∣∣

|∆(µk, T )|

∣∣∣φ q̃
lk

∣∣∣ (1 + |µk|)2n(m−1)+r ,

(3.142)
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äå l ∈ {0, 1, . . . , 2n}, j ∈ {1, . . . ,m}.
Âðàõîâóþ÷è (3.138), (3.142) òà ëåìó 2, îòðèìó¹ìî òàêi îöiíêè:

max
t∈[0,T ]

∣∣∣∣ drdtruqk(t)
∣∣∣∣ 6 2nmC8

m∑
q̃=1

2n∑
l=1

∣∣∣φ q̃
lk

∣∣∣ (1 + |µk|)4mn
2(m−1)+ϑl+η+r. (3.143)

Ç îöiíîê (3.139), (3.141) òà (3.143) âèïëèâà¹ òàêà îöiíêà:

∥∥u⃗;C2n([0, T ], H
α
M,m)

∥∥ 6 C9

2n∑
l=1

m∑
q̃=1

(∑
k∈Zp

∣∣∣φ q̃
lk

∣∣∣2 (1 + |µk|)2ξl
)1/2

=

= C9

2n∑
l=1

∥∥∥φ⃗l;Hξl
M,m

∥∥∥ .
äå C9 = 2nmmax{C7, 2nmC8}. Ç îòðèìàíî¨ íåðiâíîñòi âèïëèâà¹ äîâåäåííÿ

òåîðåìè.

Çàóâàæåííÿ 3.3. ßêùî â òåîðåìi 3.9 α > 2n+p/(2θ1), òî, çãiäíî ç (2.5),

ñïðàâåäëèâå âêëàäåííÿ C 2n
(
[0, T ], H

α
M,m

)
⊂ C

2n
M,m

(
D
p)

i ðîçâ'ÿçîê çàäà÷i

(3.113), (3.114) áóäå êëàñè÷íèì.

3.3.4. Âèÿñíèìî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòi (3.138). Äëÿ öüîãî

ïîêàæåìî, ùî ∆(µk, T ), ÿê ôóíêöiÿ çìiííî¨ T , ¹ êâàçiìíîãî÷ëåíîì. Ïîçíà-

÷èìî:

A = (α1, . . . , α1︸ ︷︷ ︸
m

, . . . , α2n, . . . , α2n︸ ︷︷ ︸
m

), B = (β1, . . . , β1︸ ︷︷ ︸
m

, . . . , β2n, . . . , β2n︸ ︷︷ ︸
m

),

R = (r1, . . . , r1︸ ︷︷ ︸
m

, . . . , r2n, . . . , r2n︸ ︷︷ ︸
m

), Γk = (γ1k, . . . , γnm,k,−γ1k, . . . ,−γnm,k),

Aq, Bq, Rq,Γqk, q ∈ {1, . . . , 2nm}, � êîîðäèíàòè âåêòîðiâ A,B,R òà Γk âiä-

ïîâiäíî; Γω,k = (Γi1,k, . . . ,Γi2nm,k), ω = (i1, . . . , i2nm) ∈ S2nm,

Vj = (P 1
j , . . . , P

1
j︸ ︷︷ ︸

m

, . . . , P 2n
j , . . . , P 2n

j︸ ︷︷ ︸
m

), j ∈ {1, . . . , 2nm},
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H(k) � êâàäðàòíà ìàòðèöÿ ðîçìiðó 2nm, ïîáóäîâàíà íàñòóïíèì ÷èíîì:

H(k) = ∥Hqj∥2nmq,j=1 =


h⃗1k . . . h⃗nm,k h⃗1k . . . h⃗nm,k
... ... ... ...

h⃗1k . . . h⃗nm,k h⃗1k . . . h⃗nm,k

 .

Äëÿ êîæíîãî µk ∈ M \ {⃗0} âèçíà÷íèê ∆(µk, T ) ìîæíà çîáðàçèòè ôîð-

ìóëîþ [60]

∆(µk, T ) =
∑

ω∈S2nm

(−1)ρω
2nm∏
q=1

Hiq,q

(
AqViq,q +BqI

(
Rq,Γiq,k

))
, (3.144)

äå Viq,q � åëåìåíò ïiä íîìåðîì q âåêòîðà Viq , à

I(Rq,Γiq,k) =

T∫
0

tRq exp
(
Γiq,kt

)
dt =

= QRq
(Γiq,k, T ) exp

(
Γiq,kT

)
−QRq

(Γiq,k, 0),

(3.145)

QRq
(Γiq,k, t) =

Rq+1∑
l=1

(−1)l+1Rq!

(Rq − l + 1)!

tRq−l+1

(Γiq,k)
n
, q ∈ {1, . . . , 2nm} . (3.146)

Íà ïiäñòàâi (3.144), (3.145) îòðèìó¹ìî

∆(µk, T ) =
∑

ω∈S2nm

(−1)ρω
2nm∏
q=1

Hiq,q

(
[AqViq,q −BqQRq

(Γiq,k, 0)]+

+ BqQRq
(Γiq,k, T ) exp(Γiq,kT )

)
.

(3.147)

Âèêîðèñòàâøè ëåìó 2.7 iç (3.147) îòðèìó¹ìî

∆(µk, T ) =
∑

ω∈S2nm

(−1)ρω
∑

J∈J2nm

∆1k(ω, J, T )∆2k(ω, J, T ), (3.148)

äå

∆1k(ω, J, T ) =
2nm∏
q=1

(
Hiq,qBqQRq

(Γiq,k, T ) exp(Γiq,kT )
)jq =

= B(J)QJ(Γω,k, T ) exp((J,Γω,k)T ),

(3.149)
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B(J) =
2nm∏
q=1

(Bq)
jq , QJ(Γω,k, T ) =

2nm∏
q=1

(
Hiq,qQRq

(Γiq,k, T )
)jq , (3.150)

(J,Γω,k) =
2nm∑
q=1

jqΓiq,k, J ∈ J2nm, ω ∈ S2nm; (3.151)

∆2k(ω, J, T ) =
2nm∏
l=1

(Hil,l(AlVil,l −BlQRl
(Γil,k, 0)))

1−jl . (3.152)

Ôîðìóëó (3.152) ìîæíà ïîäàòè ó òàêîìó âèãëÿäi:

∆2k(ω, J, T ) = P1k(ω, J) exp

(
2nm∑

l=nm+1

(1− jl)Γil,kT

)
+ P2k(ω, J), (3.153)

äå âåëè÷èíè P1k(ω, J), P2k(ω, J) íå çàëåæàòü âiä T .

Iç (3.147), âðàõîâóþ÷è (3.149), (3.153), îòðèìó¹ìî

∆(µk, T ) =
∑

ω∈S2nm

(−1)ρω
∑

J∈J2nm

Q̄J(Γω,k, T ) exp((J,Γω,k)T ), (3.154)

äå Q̄J(Γω,k, T ), J ∈ J2nm, � ìíîãî÷ëåí çà çìiííîþ T iç êîìïëåêñíèìè êîå-

ôiöi¹íòàìè; ïðè öüîìó âèêîðèñòàâøè (3.146) òà (3.150) îòðèìà¹ìî

deg Q̄J(Γω,k, T ) 6 max
J∈J2nm

{degQJ(Γω,k, T )} =

=
2nm∑
q=1

degQRq
(Γiq,k, T ) =

2nm∑
q=1

Rq = m(r1 + · · ·+ r2n), (3.155)

ω ∈ S2nm, J ∈ J2nm.

Ç (3.154) âèïëèâà¹, ùî ∆(µk, T ) ¹ êâàçiìíîãî÷ëåíîì çà çìiííîþ T .

Äëÿ êîæíîãî µk ∈ M\{⃗0} ðîçãëÿíåìî ôóíêöiþ D(µk, τ), ÿêà âèçíà÷åíà

íà iíòåðâàëi (0,∞) ôîðìóëîþ (3.154), â ÿêié T çàìiíåíî íà τ . Íà ïiäñòàâi

ôîðìóëè (3.154) òà íåðiâíîñòåé (3.155) D(µk, τ) ìîæíà çîáðàçèòè ó âèãëÿäi

D(µk, τ) =
∑

J∈J2nm

FJ(τ) exp((J,Γk)τ), (3.156)

äå FJ(τ) � ìíîãî÷ëåí ç êîìïëåêñíèìè êîåôiöi¹íòàìè ñòåïiíü ÿêîãî

NJ 6 m(r1 + · · · + r2n), à êiëüêiñòü äîäàíêiâ iç ðiçíèìè åêñïîíåíòàìè íå
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ïåðåâèùó¹ 1+2nm+1. ×åðåç E(D, ε, [0, b]) ïîçíà÷èìî ìíîæèíó òèõ τ ∈ [0, b],

b ∈ R+, äëÿ ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü |D(µk, τ)| 6 ε. Äëÿ êâàiçiìíîãî-

÷ëåíà D(µk, τ) ïîçíà÷èìî

N :=
∑

J∈J2nm

(1 +NJ) 6
(
1 + 2nm+1

)
(1 +m(r1 + · · ·+ r2)) , (3.157)

B(µk) := 1 + max
J∈J2nm

|(J,Γk)| , µk ∈ M \ {⃗0}, (3.158)

G(µk) = max
16j6N

{
|(∂/∂τ)j−1D(µk, τ)|τ=0(B(µk))

−j} , µk ∈ M\{⃗0}. (3.159)

Âðàõîâóþ÷è (3.125), (3.151) i (3.158) îòðèìó¹ìî

B(µk) 6 C10 (1 + |µk|) , C10 = 2nmC1. (3.160)

Ëåìà 3.5. Icíó¹ ÷èñëî δ(α⃗) ∈ N òàêå, ùî

d qD(µk, τ)

dτ q

∣∣∣∣
τ=0

=

 0, q < δ(α⃗),

δ(α⃗)!C11W (µk), q = δ(α⃗),
(3.161)

äå C11 � äåÿêà ñòàëà, ÿêà çàëåæèòü âiä αj, βj, rj, j ∈ {1, . . . , 2n}, à
W (µk) = det ∥h⃗jkγl−1

jk ∥j=1,...,2nm
l=1,...,2n � çíà÷åííÿ âðîíñêiàíà ñèñòåìè ôóíêöié

(3.126) â òî÷öi t = 0.

Äîâåäåííÿ. Ïîçíà÷èìî glj(µk, τ) := αlP
l
j + βlIl(γjk), l, j ∈ {1, . . . , 2n},

äå P l
j , Il(γjk) âèçíà÷åíi ôîðìóëàìè (3.128), (3.129) âiäïîâiäíî. Ñïðàâåäëèâi

òàêi ðîçâèíåííÿ:

exp(γjkτ) =
2n−1∑
q=0

γqjk
q!
τ q + τ 2nνjk(τ), j ∈ {1, . . . , 2nm}, (3.162)

Il(γjk) =

τ∫
0

trl exp(γjkt)dt =
2n−1∑
q=0

γqjk
q!(rl + q + 1)

τ rl+q+1+

+ τ rl+2n+1Vjlk(τ),

(3.163)

äå l ∈ {1, . . . , 2n}, j ∈ {1, . . . , 2nm};

P l
j =


γ
2(l−1)
jk , 1 6 l 6 n,

2n−1∑
q=0

γ
q+2(l−n−1)
jk

q!
τ q + τ 2nνjk(τ), n+ 1 6 l 6 2n,

(3.164)
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äå j ∈ {1, . . . , 2nm}, νjk(τ), Vjlk(τ) = (rl + 2n + 2)−1
∫ τ
0 νjk(t)dt � äåÿêi

àíàëiòè÷íi â îêîëi òî÷êè τ = 0 ôóíêöi¨. Ðîçâèíåííÿ (3.164) ïåðåïèøåìî ó

òàêié ôîðìi:

P l
j =


γ
2(l−1)
jk , 1 6 l 6 n,
2n−1∑

q=2(l−n−1)

τ q−2(l−n−1)

(q − 2(l − n− 1))!
γqjk+

+τ 4n−2l+2ν̄jlk(τ), n+ 1 6 l 6 2n,

(3.165)

äå

ν̄jlk(τ) =


νjk(τ), l = n+ 1,
2l−3∑
q=2n

γqjkτ
q−2n

(q − 2(l − n− 1))!
+

+τ 2(l−n−1)νjk(τ), n+ 2 6 l 6 2n,

j ∈ {1, . . . , 2nm}.

Ïiäñòàâèâøè ðîçâèíåííÿ (3.163) i (3.165) ó âèðàç äëÿ glj(µk, τ), äëÿ êîæíîãî

j ∈ {1, . . . , 2nm}, îòðèìà¹ìî íàñòóïíi ðîçâèíåííÿ:

glj(µk, τ) = αlγ
2(l−1)
jk + βl

2n−1∑
q=0

γqjk
q!(rl + q + 1)

τ rl+q+1+

+ βlτ
rl+2n+1Vjlk(τ), 1 6 l 6 n,

glj(µk, τ) = αl

2n−1∑
q=2(l−n−1)

τ q−2(l−n−1)

(q − 2(l − n− 1))!
γqjk+

+ βl

2n−1∑
q=0

γqjkτ
rl+q+1

q!(rl + q + 1)
+

+ αlτ
4n−2l+2ν̄jk(τ) + βlτ

rl+2n+1Vjlk(τ), n+ 1 6 l 6 2n.

(3.166)

Ó ôîðìóëàõ (3.166) çãðóïó¹ìî äîäàíêè çà ñòåïåíÿìè γjk. Äëÿ êîæíîãî

l ∈ {1, . . . , 2n}, j ∈ {1, . . . , 2nm} oòðèìà¹ìî

glj(µk, τ) =
2n−1∑
q=0

γqjk g̃l,q+1(αl, βl, τ) + Ṽjlk(τ). (3.167)
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äå ôóíêöi¨ g̃lq(αl, βl, τ) âèçíà÷åíi ôîðìóëàìè (3.100), (3.101) ó ÿêèõ ñëiä

ïîñòàâèòè j = l,

Ṽjlk(τ) =

 βlτ
rl+2n+1Vjlk(τ), 1 6 l 6 n,

τ 4n−2l+2
(
αlν̄jk(τ) + βlτ

rl−2n+2l−1Vjlk(τ)
)
, n+ 1 6 l 6 2n.

(3.168)

Çà ïîáóäîâîþ ôóíêöiþ D(µk, τ) ìîæíà çîáðàçèòè ôîðìóëîþ

D(µk, τ) = det ∥h⃗jkglj(µk, τ)∥j=1,...,2nm
l=1,...,2n , (3.169)

äå iíäåêñ j âiäïîâiäà¹ çà ñòîâïöi, à l � çà ðÿäêè. Ïiäñòàâèìî â (3.169)

îòðèìàíi ðîçâèíåííÿ (3.167) i, âèêîðèñòàâøè åëåìåíòàðíi âëàñòèâîñòi âè-

çíà÷íèêiâ, îòðèìà¹ìî

D(µk, τ) = det

∥∥∥∥∥h⃗jk
(

2n−1∑
q=0

γqjk g̃l,q+1(αl, βl, τ) + Ṽljk(τ)

)∥∥∥∥∥
j=1,...,2nm

l=1,...,2n

= det

∥∥∥∥∥h⃗jk
(

2n−1∑
q=0

γqjk g̃l,q+1(αl, βl, τ)

)∥∥∥∥∥
j=1,...,2nm

l=1,...,2n

+ D̃k(α⃗, β⃗, τ)

(3.170)

äå D̃k(α⃗, β⃗, τ) := D̃(µk, α⃗, β⃗, τ) � äåÿêà àíàëiòè÷íà â òî÷öi τ = 0 ôóíêöiÿ,

ÿêà ìà¹ â öié òî÷öi íóëü âèùîãî ïîðÿäêó íiæ ôóíêöiÿ

det ∥h⃗jk(
∑2n−1

q=0 γqjk g̃l,q+1(αl, βl, τ))∥j=1,...,2nm
l=1,...,2n . Öå âèïëèâà¹ ç ôîðìóë (3.100),

(3.101), (3.168). Ðîçãëÿíåìî ìàòðèöþ

F =

∥∥∥∥∥h⃗jk
(

2n−1∑
q=0

γqjk g̃l,q+1(αl, βl, τ)

)∥∥∥∥∥
j=1,...,2nm

l=1,...,2n

i ðîçiá'¹ìî ¨¨ íà m áëîêiâ ðîçìiðîì 2n× 2nm êîæíèé:

F = col ∥F1, . . . ,Fm∥ , Fs =

∥∥∥∥∥hsjk
(

2n−1∑
q=0

γqjk g̃l,q+1(αl, βl, τ)

)∥∥∥∥∥
j=1,...,2nm

l=1,...,2n

,

äå hsjk, s ∈ {1, . . . ,m}, � êîìïîíåíòè âåêòîðiâ h⃗jk. Ëåãêî áà÷èòè, ùî êîæåí

ç áëîêiâ Fs, s ∈ {1, . . . ,m}, ¹ äîáóòêîì äâîõ ìàòðèöü:

Fs = G ·Ws, G = ∥g̃lq(αl, βl, τ)∥l,q=1,...,2n , Ws =
∥∥∥hsjkγq−1

jk

∥∥∥q=1,...,2n

j=1,...,2nm
.
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Ðîçìið ìàòðèöi G ñêëàäà¹ 2n× 2n, à ìàòðèöi Ws � 2n× 2nm. Îòæå

F = col ∥G ·W1, . . . ,G ·Wm∥ .

Çàóâàæèìî, ùî âèçíà÷íèê ìàòðèöi col∥W1,W2, . . . ,Wm∥ ç òî÷íiñòþ äî

çíàêó ñïiâïàäà¹ ç W (µk). Íåõàé detG ̸= 0. Ðîçãëÿíåìî áëî÷íó ìàòðèöþ

ðîçìiðó 2nm× 2nm âèãëÿäó

Gm =

∥∥∥∥∥∥∥∥∥∥∥

G−1 O2n · · · O2n

O2n G−1 · · · O2n

... ... . . . ...

O2n O2n · · · G−1

∥∥∥∥∥∥∥∥∥∥∥
,

äå O2n � íóëüîâà ìàòðèöÿ ðîçìiðó 2n× 2n, à G−1 � ìàòðèöÿ îáåðíåíà äî

G. Î÷åâèäíî, ùî detGm = (detG)−m. Òîäi, çãiäíî ç ïðàâèëîì ìíîæåííÿ

áëî÷íèõ ìàòðèöü

Gm · F =

∥∥∥∥∥∥∥∥∥∥∥

G−1 O2n · · · O2n

O2n G−1 · · · O2n

... ... . . . ...

O2n O2n · · · G−1

∥∥∥∥∥∥∥∥∥∥∥
·

∥∥∥∥∥∥∥∥∥∥∥

G ·W1

G ·W2

...

G ·Wm

∥∥∥∥∥∥∥∥∥∥∥
=

∥∥∥∥∥∥∥∥∥∥∥

W1

W2

...

Wm

∥∥∥∥∥∥∥∥∥∥∥
.

Çâiäêè

det(Gm · F) = detGm · detF = detF(detG)−m = ±W (µk). (3.171)

Íà ïiäñòàâi (3.171) îòðèìó¹ìî òàêó ðiâíiñòü:

detF = ±W (µk)(detG)m =

= ±W (µk)
(
det ∥g̃lq(αl, βl, τ)∥l,q=1,...,2n

)m
.

(3.172)

Âðàõîâóþ÷è (3.172), ðiâíiñòü (3.170) ìîæíà çàïèñàòè òàê:

D(µk, τ) = ±W (µk)(det ∥g̃lq(αl, βl, τ)∥l,q=1,...,2n)
m + D̃k(α⃗, β⃗, τ). (3.173)

Ç (3.100), (3.101) âèïëèâà¹, ùî âåëè÷èíà det ∥g̃lq(αl, βl, τ)∥l,q=1,...,2n ¹ ìíîãî-

÷ëåíîì çà çìiííîþ τ (à òîìó ¹ âiäìiííèì âiä íóëÿ äëÿ âñiõ, êðiì ñêií÷åííî¨
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êiëüêîñòi, òî÷îê τ ) i íå çàëåæèòü âiä µk. Ïîçíà÷èìî íàéìåíøèé ñòåïiíü

τ , ùî âõîäèòü ó âèðàç äëÿ (det ∥g̃lq(αl, βl, τ)∥l,q=1,...,2n)
m ÷åðåç δ(α⃗), à êî-

åôiöi¹íò ïðè íüîìó � ñòàëîþ C11. Òîäi ç îòðèìàíîãî ðîçâèíåííÿ (3.173)

âèïëèâà¹, ùî âèêîíóþòüñÿ ðiâíîñòi (3.161). Ëåìó äîâåäåíî.

Îöiíèìî òåïåð çíèçó âåëè÷èíóG(µk), âèçíà÷åíó ôîðìóëîþ (3.159). Âðà-

õîâóþ÷è (3.159)�(3.161) îòðèìó¹ìî

G(µk) =
∣∣∣(∂/∂τ)δ(α⃗)D(µk, τ)

∣∣∣
τ=0

(B(µk))
−δ(α⃗,)−1 >

> C12|W (µk)| (1 + |µk|)−δ(α⃗)−1 ,
(3.174)

äå C12 = δ(α⃗)!C11(C10)
−δ(α⃗)−1.

Òåîðåìà 3.10. Íåõàé iñíó¹ ñòàëà η0 > 0 òàêà, ùî äëÿ âñiõ (êðiì

ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M âèêîíó¹òüñÿ íåðiâíiñòü

|W (µk)| > C13(1 + |µk|)η0. (3.175)

Òîäi äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 íåðiâ-

íiñòü (3.138) ñïðàâäæó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åíî¨ êiëüêîñòi) âåêòîðiâ

µk ∈ M, ïðè

η > δ(α⃗)− η0 + 1 +
(
1 + 2nm+1

)( p
θ1

+ 1

)
(1 +m(r1 + · · ·+ r2n)) .

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 3.6, âðàõîâóþ÷è,

ùî Re(J,Γω,k) = 0 òà îöiíêè (3.160) (3.174), (3.175).

Òâåðäæåííÿ 3.1. ßêùî p = 1, òîáòî îáëàñòü Dp ¹ îäíîâèìiðíîþ çà

ïðîñòîðîâèìè çìiííèìè, òî íåðiâíiñòü (3.175) âèêîíó¹òüñÿ ïðè

η0 > 4n2m(m− 1) + nm(2n− 1).

Äîâåäåííÿ. Çà óìîâè òâåðäæåííÿ êîðåíi ðiâíÿííÿ (3.123) ïðè p = 1

ìàþòü âèãëÿä γjk = γjµk, j ∈ {1, . . . , 2nm}, äå γj � êîðåíi ðiâíÿííÿ

det

∥∥∥∥∥∥
∑

|ŝ|∗=2n

i|s|Aŝγ
2s0

∥∥∥∥∥∥ = 0.
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Âåêòîðè h⃗jk ïðè p = 1 çîáðàæàþòüñÿ, âiäïîâiäíî, ó âèãëÿäi h⃗jk = h⃗jµ
2n(m−1)
k ,

j ∈ {1, . . . , 2nm}, äå âåêòîð h⃗j � äåÿêèé íåíóëüîâèé ñòîâïåöü ìàòðèöi

L∗(γ2j , i), ÿêà ¹ ïðè¹äíàíîþ äî ìàòðèöi L(γ2j , i), j ∈ {1, . . . , 2nm}. Çâiäñè

W (µk) = det ∥h⃗jkγl−1
jk ∥j=1,...,2nm

l=1,...,2n = det ∥h⃗jγl−1
j µ

2n(m−1)+l−1
k ∥j=1,...,2nm

l=1,...,2n

= µ
4n2m(m−1)+nm(2n−1)
k det ∥h⃗jγl−1

j ∥j=1,...,2nm
l=1,...,2n .

Ç íàâåäåíî¨ ðiâíîñòi âèïëèâà¹ âêàçàíå òâåðäæåííÿ.

Òâåðäæåííÿ 3.2. ßêùî m = 1, òîáòî ñèñòåìà (3.113) ñêëàäà¹òüñÿ

ç îäíîãî ðiâíÿííÿ, òî íåðiâíiñòü (3.175) âèêîíó¹òüñÿ ïðè η0 = 0.

Äîâåäåííÿ. Çà óìîâè òâåðäæåííÿ W (µk) =
∏

16l<j62n(γjk − γlk), äå γjk,

j ∈ {1, . . . , 2n}, � êîðåíi ðiâíÿííÿ (3.123) ïðè m = 1. Îñêiëüêè ïðè m = 1

ðiâíÿííÿ (3.113) ñòðîãî ãiïåðáîëi÷íå, òî ç íåðiâíîñòåé 2.21 ó [88, ñ. 100],

âèïëèâà¹, ùî |γjk−γlk| > C15 > 0, 1 6 l < j 6 2n. Ç íàâåäåíèõ íåðiâíîñòåé

âèïëèâà¹, ùî |W (µk)| > (C15)
n(2n+1).
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3.4. Çàäà÷à äëÿ ñèñòåìè ðiâíÿíü äðóãîãî ïîðÿäêó,

ãiïåðáîëi÷íî¨ çà Ïåòðîâñüêèì ó øèðîêîìó ñåíci.

Ó öüîìó ïiäðîçäiëi ðåçóëüòàòè ïiäðîçäiëó 3.3 ïîøèðåíî íà âèïàäîê ñè-

ñòåìè ðiâíÿíü äðóãîãî ïîðÿäêó, ãiïåðáîëi÷íî¨ çà Ïåòðîâñüêèì ó øèðîêîìó

ñåíñi.

3.4.1. Â îáëàñòi D3 ðîçãëÿäà¹ìî çàäà÷ó ïðî çíàõîäæåííÿ ìàéæå ïåðiî-

äè÷íîãî çà çìiííèìè x1, x2, x3 ðîçâ'ÿçêó ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü,

ÿêà îïèñó¹ íàïðóæåíèé ñòàí içîòðîïíîãî òà îäíîðiäíîãî ïðóæíîãî òiëà ó

ïåðåìiùåííÿõ (ñèñòåìà Ëàìå) òà ìà¹ âèãëÿä

L
(
∂2t , ∂x

)
u⃗(t, x) :=

σ∂2t u⃗(t, x) = µ∗∆u⃗(t, x) + (λ∗ + µ∗)∂′x∂xu⃗(t, x), (t, x) ∈ D3,
(3.176)

ç òàêèìè óìîâàìè çà ÷àñîâîþ êîîðäèíàòîþ:

Uj[u] := αju⃗(tj, x) + βj

T∫
0

trj u⃗(t, x)dt = φ⃗j(x), j ∈ {1, 2}, x ∈ R3, (3.177)

äå u⃗ := u⃗(t, x) = col(u1(t, x), u2(t, x), u3(t, x)) � âåêòîð ïåðåìiùåíü; t � ÷àñ;

λ∗ > 0, µ∗ > 0 � êîåôiöi¹íòè Ëàìå, σ > 0 � ãóñòèíà ñåðåäîâèùà;

∂x = (∂/∂x1, ∂/∂x2, ∂/∂x3), ∂ ′
x = col(∂/∂x1, ∂/∂x2, ∂/∂x3);

t1 = 0, t2 = T ; αj, βj ∈ R, α2
j + β2

j ̸= 0, j ∈ {1, 2}; r1, r2 ∈ Z+, r1 < r2;

âåêòîð-ôóíêöi¨ φ⃗j(x) = col(φ⃗1
j(x), φ⃗

2
j(x), φ⃗

3
j(x)), j ∈ {1, 2}, ¹ ìàéæå ïåðiî-

äè÷íèìè çà x çi çàäàíèì ñïåêòðîì M.

Õàðàêòåðèñòè÷íå ðiâíÿííÿ, ÿêå âiäïîâiäà¹ ñèñòåìi (3.176)

det
∥∥∥(σγ2 − µ∗ ∥η∥2

)
I3 − (λ∗ + µ∗) ∥ηjηl∥3j,l=1

∥∥∥ = 0,

äå η = (η1, η2, η3) ∈ R3 \ {⃗0}, ìîæå áóòè çàïèñàíå ó òàêié ôîðìi:

σ3γ6 − σ2(λ∗ + 4µ∗) ∥η∥2 γ4+

+ σµ∗(2λ∗ + 5µ∗) ∥η∥4 γ2 − (λ∗ + 2µ∗)(µ∗)2 ∥η∥6 = 0.
(3.178)
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Ïðè öüîìó γ-êîðåíi ðiâíÿííÿ (3.178) âèçíà÷àþòüñÿ ôîðìóëàìè

γ1(η) = γ2(η) = ∥η∥
√
µ∗

σ
, γ3(η) = ∥η∥

√
λ∗ + 2µ∗

σ
,

γ4(η) = γ5(η) = −∥η∥
√
µ∗

σ
, γ6(η) = −∥η∥

√
λ∗ + 2µ∗

σ
.

(3.179)

Iç (3.179) âèäíî, ùî ñèñòåìà (3.176) ¹ ãiïåðáîëi÷íîþ çà Ïåòðîâñüêèì ó øè-

ðîêîìó ñåíñi.

3.4.2. Ìàéæå ïåðiîäè÷íèé çà x çi ñïåêòðîì M ðîçâ'ÿçîê çàäà÷i (3.176),

(3.177) øóêà¹ìî ó âèãëÿäi âåêòîðíîãî ðÿäó

u⃗(t, x) =
∑
k∈Z3

u⃗k(t) exp(iµk, x), µk ∈ M, (3.180)

äå êîæíà ç âåêòîð-ôóíêöié u⃗k(t), k ∈ Z3, ¹ ðîçâ'ÿçêîì, âiäïîâiäíî, òàêî¨

çàäà÷i:

L

(
d2

dt2
, iµk

)
u⃗k(t) :=((

σ
d2

dt2
+ µ∗ ∥µk∥2

)
I3 + (λ∗ + µ∗)

∥∥µkjµkl∥∥3j,l=1

)
u⃗k(t) = 0⃗,

(3.181)

Uj[u⃗k] := αju⃗k(tj) + βj

T∫
0

trj u⃗k(t)dt = φ⃗jk, j ∈ {1, 2}. (3.182)

Ïðè k = 0⃗ (µ0⃗ = 0⃗) ñèñòåìà (3.181) ìà¹ âèãëÿä

L

(
d2

dt2
, 0⃗

)
u⃗0⃗(t) := σ

d2

dt2
I3u⃗0⃗(t) = 0⃗,

à êîæíà êîìïîíåíòà uq
0⃗
(t), q ∈ {1, 2, 3} , ðîçâ'ÿçêó u⃗0⃗(t) = col

(
u1
0⃗
(t),

u2
0⃗
(t), u3

0⃗
(t)
)
çàäà÷i (3.181), (3.182) ¹ ðîçâ'ÿçêîì, âiäïîâiäíî, òàêî¨ çàäà÷i

äëÿ ñêàëÿðíîãî ðiâíÿííÿ:
d2

dt2
uq
0⃗
(t) = 0, (3.183)

Uj[uq,⃗0] := αju
q

0⃗
(tj) + βj

T∫
0

trjuq
0⃗
(t)dt = φq

j,⃗0
, j ∈ {1, 2}. (3.184)
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Õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷i (3.183), (3.184) ìà¹ âèãëÿä

∆(⃗0, T ) :=

∣∣∣∣∣∣∣∣
α1 + β1

T r1+1

r1 + 1
β1
T r1+2

r1 + 2

α2 + β2
T r2+1

r2 + 1
α2T + β2

T r2+2

r2 + 2

∣∣∣∣∣∣∣∣ =

= α1α2T + α1β2
T r2+2

r2 + 2
+

α2β1T
r1+1

(r1 + 1)(r1 + 2)
+

β1β2(r2 − r1)T
r2+r1+3

(r1 + 1)(r1 + 2)(r2 + 1)(r2 + 2)
.

Çà óìîâè ∆(⃗0, T ) ̸= 0 çàâæäè iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.183), (3.184),

äëÿ êîæíîãî q ∈ {1, 2, 3}; öi ðîçâ'ÿçêè çîáðàæóþòüñÿ ôîðìóëàìè

uq
0⃗
(t) =

2∑
l,j=1

∆lj (⃗0, T )

∆(⃗0, T )
φq
l,⃗0
tj−1, q ∈ {1, 2, 3} . (3.185)

äå∆lj (⃗0, T )� àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà l-îãî ðÿäêà òà j-îãî ñòîâïöÿ

ó âèçíà÷íèêó ∆(⃗0, T ).

Òåïåð ðîçãëÿíåìî çàäà÷ó (3.181), (3.182) äëÿ âñiõ µk ∈ M \ {⃗0}. Õàðà-
êòåðèñòè÷íå ðiâíÿííÿ, ÿêå âiäïîâiäà¹ ñèñòåìi (3.181), ìà¹ âèãëÿä

σ3γ6+σ2(λ∗ + 4µ∗) ∥µk∥2 γ4+

+ σµ∗(2λ∗ + 5µ∗) ∥µk∥4 γ2 + (λ∗ + 2µ∗)(µ∗)2 ∥µk∥6 = 0,

à éîãî γ-êîðåíi çîáðàæàþòüñÿ ôîðìóëàìè

γjk = iγj(µk), µk ∈ M, (3.186)

äå γj(µk) � âèçíà÷åíi ôîðìóëàìè (3.179) ïðè η = µk.

Äëÿ êîðåíiâ (3.186) ñïðàâåäëèâi òàêi îöiíêè:

|γjk| 6 C1 (1 + |µk|) , C1 =
√
(λ∗ + 2µ∗) /σ, j ∈ {1, . . . , 6} . (3.187)

Ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ñèñòåìè (3.181) ìà¹ òàêèé âèãëÿä

(äèâ. [88]):{
u⃗jk(t) = h⃗jk exp(γjkt), u⃗3+j,k(t) = h⃗jk exp(−iγjkt), j ∈ {1, 2, 3}

}
,
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äå k ∈ Z3 \ {⃗0}, âåêòîð h⃗jk, j ∈ {1, 2, 3}, � äåÿêèé íåíóëüîâèé ðîçâ'ÿçîê

ñèñòåìè àëãåáðè÷íèõ ðiâíÿíü

L(γ2jk, iµk)⃗h = 0, h⃗ = col(h1, h2, h3).

Ïðèïóñòèìî, ùî ìíîæèíà M\{⃗0} ¹ òàêîþ, ùî äëÿ äåÿêîãî j ∈ {1, 2, 3}
µkj ̸= 0, kj ∈ Z\{0}. Íå îáìåæóþ÷è çàãàëüíîñòi ââàæàòèìåìî, ùî µk3 ̸= 0,

k3 ∈ Z\{0}. Òîäi âåêòîðè h⃗jk, j ∈ {1, 2, 3} , ìîæíà âèáðàòè òàêèìè:

h⃗1k = col

(
µk3
∥µk∥

, 0,− µk1
∥µk∥

)
, h⃗2k = col

(
0,

µk3
∥µk∥

,− µk2
∥µk∥

)
,

h⃗3k = col

(
µk1
∥µk∥

,
µk2
∥µk∥

,
µk3
∥µk∥

)
.

(3.188)

Çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (3.181) ìà¹ âèãëÿä

u⃗k(t) =
3∑
j=1

(
Cjkh⃗jk exp(γjkt) + C3+j,kh⃗jk exp(−γjkt)

)
, k ∈ Z3\{⃗0}.

Íåâiäîìi còàëi Cjk, j ∈ {1, . . . , 6}, âèçíà÷àþòüñÿ çi ñèñòåìè àëãåáðè÷íèõ

ðiâíÿíü
∑3

j=1

(
Cjkh⃗jkg

1
1 j(0;µk) + C3+j,kh⃗jkg

2
1 j(0;µk)

)
= φ⃗1k,∑3

j=1

(
Cjkh⃗jkg

1
2 j(T ;µk) +C3+j,kh⃗jkg

2
2 j(−T ;µk)

)
= φ⃗2k,

(3.189)

y ÿêié

glq j(t;µk) = αq exp(γjkt) + βqIql(γjk), j = {1, 2, 3} , q, l = {1, 2} ;

Iql(z) =

T∫
0

trq exp
(
(−1)l+1zt

)
dt =

= Qql(z, T ) exp
(
(−1)l+1zT

)
−Qql(z, 0),

(3.190)

Qql(z, t) =

rq+1∑
n=1

(−1)l(n+1)rq!

(rq − n+ 1)!

trq−n+1

zn
, q, l = 1, 2. (3.191)

Âèçíà÷íèê ∆(µk, T ), µk ∈ M\{⃗0}, ñèñòåìè (3.189) çáiãà¹òüñÿ ç õàðàêòåðè-
ñòè÷íèì âèçíà÷íèêîì çàäà÷i (3.181), (3.182) i ìà¹ âèãëÿä

∆(µk, T ) := det ∥M1 M2∥, (3.192)



80

äå

M1 =

 h⃗1kg
1
1 1(0;µk) h⃗2kg

1
1 2(0;µk) h⃗3kg

1
1 3(0;µk)

h⃗1kg
1
2 1(T ;µk) h⃗2kg

1
2 2(T ;µk) h⃗3kg

1
2 3(T ;µk)

 ,

M2 =

 h⃗1kg
1
2 1(0;µk) h⃗2kg

1
2 2(0;µk) h⃗3kg

1
2 3(0;µk)

h⃗1kg
2
2 1(−T ;µk) h⃗2kg

2
2 2(−T ;µk) h⃗3kg

2
2 3(−T ;µk)

 .

Òåîðåìà 3.11. Äëÿ òîãî, ùîá çàäà÷à (3.176), (3.177) ìàëà íå áiëüøå

îäíîãî ìàéæå ïåðiîäè÷íîãî çà x çi ñïåêòðîì M ðîçâ'ÿçêó ó øêàëi ïðî-

ñòîðiâ C2([0, T ], H
α
M,3), íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà

(2.24) ó ÿêié ∆(µk, T ) çîáðàæó¹òüñÿ ôîðìóëîþ (3.192).

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òâåðäæåííÿ 2.3.

Çàóâàæåííÿ 3.4. ßêùî â óìîâàõ (3.177) β1 = β2 = 0, òî

∆(⃗0, T ) = α1α2T,

∆(µk, T ) = α1α2

µ2k3
∥µk∥2

(exp(−γ1kT )− exp(γ1kT ))
2×

×(exp(−γ3kT )− exp(γ3kT )), µk ∈ M \ {⃗0}.

Òîäi óìîâà (2.24) ñïðàâäæó¹òüñÿ, ÿêùî äëÿ äîâiëüíîãî µk ∈ M \ {⃗0} ðiâ-

íÿííÿ

µ∗

σ
T 2 ∥µk∥2 − (πm1)

2 ̸= 0,
λ∗ + 2µ∗

σ
T 2 ∥µk∥2 − (πm2)

2 ̸= 0

íå ìàþòü ðîçâ'ÿçêiâ ó öiëèõ ÷èñëàõ m1,m2.

3.4.3. Íàäàëi áóäåìî ââàæàòè, ùî âèêîíó¹òüñÿ óìîâà (2.24). Òîäi äëÿ

êîæíîãî µk ∈ M iñíó¹ ¹äèíèé ðîçâ'ÿçîê u⃗k(t) çàäà÷i (3.181), (3.182), à

ôîðìàëüíèé ðîçâ'ÿçîê u⃗(t, x) çàäà÷i (3.176), (3.177) çîáðàæó¹òüñÿ ðÿäîì

u⃗(t, x) = u0⃗(t) +
∑

k∈Z3\{⃗0}

(
3∑
j=1

(
Cjkh⃗jk exp(γjkt)+

+ C3+j,kh⃗jk exp(−γjkt)
))

exp(iµk, x),

(3.193)
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ó ÿêîìó âåêòîðè h⃗jk, j ∈ {1, 2, 3} , âèçíà÷åíi ôîðìóëàìè (3.188), à

Cqk =
3∑
l=1

φl1,k∆lq(µk, T ) + φl2,k∆3+l,q(µk, T )

∆(µk, T )
, q ∈ {1, . . . , 6} , (3.194)

äå ∆rq(µk, T ) � àëãåáðè÷íå äîïîâíåííÿ r-îãî ðÿäêà òà q-îãî ñòîâïöÿ ó âè-

çíà÷íèêó ∆(µk, T ).

Ðÿä (3.193), âçàãàëi, ¹ ðîçáiæíèì, áî âèðàç |∆(µk, T )|, áóäó÷è âiäìií-

íèì âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿ íåñêií÷åííî¨

êiëüêîñòi âåêòîðiâ µk ∈ M.

Òåîðåìà 3.12. Íåõàé ñïðàâäæó¹òüñÿ óìîâà (2.24) òà iñíó¹ ñòàëà

η > 0 òàêà, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M
âèêîíó¹òüñÿ íåðiâíiñòü

|∆(µk, T )| > (1 + |µk|)−η . (3.195)

ßêùî φ⃗j ∈ H
η+α+2
M,3 , j = 1, 2, òî iñíó¹ ðîçâ'ÿçîê çàäà÷i (3.176), (3.177) iç

ïðîñòîðó C2([0, T ], H
α
M,3), ÿêèé çîáðàæà¹òüñÿ ôîðìóëîþ (3.193), ïðè÷îìó

∥u;C2([0, T ], H
α
M,3)∥ 6 C2∥φ⃗j;H

η+α+2
M,3 ∥

Äîâåäåííÿ. ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 3.10.

Çàóâàæåííÿ 3.5. ßêùî â òåîðåìi 3.12 α > 2 + 3/(2θ1), òî ñïðàâåäëèâå

âêëàäåííÿ C2([0, T ], H
α
M) ⊂ C

2
M,3(D

3
) i ðîçâ'ÿçîê çàäà÷i (3.176), (3.177)

áóäå êëàñè÷íèì.

3.4.4. Âèÿñíèìî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòi (3.195). ßê i â ï.

3.3.4. ïîêàçó¹ìî, ùî âèçíà÷íèê ∆(µk, T ) ¹ êâàçiìíîãî÷ëåíîì âiäíîñíî çìií-

íî¨ T i çîáðàæà¹òüñÿ ôîðìóëîþ

∆(µk, T ) =
∑
J∈J6

FJ(T ) exp((J,Γk)T ), (3.196)

â ÿêîìó FJ(T ) � ìíîãî÷ëåí ç êîìïëåêñíèìè êîåôiöi¹íòàìè ñòåïåíÿ (NJ −
1), NJ 6 1 + 3(r1 + r2), Γk = (−γ1k,−γ2k,−γ3k, γ1k, γ2k, γ3k), à êiëüêiñòü
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äîäàíêiâ iç ðiçíèìè åêñïîíåíòàìè íå ïåðåâèùó¹ 17. Íåõàé D := D(µk, τ)

êâàçiìíîãî÷ëåí âèçíà÷åíèé ôîðìóëîþ (3.196) ó ÿêié T ïîòðiáíî çàìiíè-

òè íà τ . ×åðåç E(D, ε, [0, b]) ïîçíà÷èìî ìíîæèíó òèõ τ ∈ [0, b] äëÿ ÿêèõ

âèêîíó¹òüñÿ íåðiâíiñòü |D(µk, τ)| 6 ε,

N :=
∑
J∈J6

NJ 6 17(1 + 3(r1 + r2)), (3.197)

B(µk) := 1 + max
J∈J6

|(J,Γk)| , µk ∈ M \ {⃗0}, (3.198)

G(µk) = max
16j6N

{
|(∂/∂τ)j−1D(µk, τ)|τ=0(B(µk))

−j} , µk ∈ M\{⃗0}. (3.199)

Âðàõîâóþ÷è (3.187), (3.198) îòðèìó¹ìî

B(µk) 6 C3 (1 + |µk|) , C3 = 6C1. (3.200)

Îöiíèìî òåïåð çíèçó G(µk). Íåõàé δ := δ(α1, α2) ∈ N òàêå, ùî

dqD(µk, τ)

dτ q

∣∣∣∣
τ=0

=

 0, q < δ,

W (µk), q = δ.
(3.201)

Âèêîðèñòîâóþ÷è î÷åâèäíi ðîçâèíåííÿ â îêîëi òî÷êè τ = 0

exp(Γskτ) = 1 + Γskτ + τ 2νsk(τ), s ∈ {1, . . . , 6} ,
τ∫

0

tRq exp (Γskt) dt =
1

Rq + 1
τRq+1 +

Γsk
Rq + 1

τRq+2 + τRq+3νsqk(τ),

äå νsk(τ), νsqk(τ), s, q ∈ {1, . . . , 6} ,� äåÿêi àíàëiòè÷íi â îêîëi τ = 0 ôóíêöi¨,

áåçïîñåðåäíüî âñòàíîâëþ¹ìî, ùî äëÿ D(µk, τ) ñïðàâåäëèâå ðîçâèíåííÿ

D(µk, τ) = C4µ
3
k3
∥µk∥ τ 3

(
β1β2(r2 − r1)τ

r2+r1+2+

+α2β1(r2 + 1)(r2 + 2)τ r1+1+

+α1β2(r1 + 1)(r1 + 2)(r2 + 1)τ r2+1+

+α1α2(r1 + 1)(r1 + 2)(r2 + 1)(r2 + 2))3+

+τ 3(r2+r1+4)ν3k(τ), (3.202)
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äå C4 = 8µ∗
√

(λ∗ + µ∗)/σ3
∏2

s=1 ((rs + 1)(rs + 2))−3 , ν3k(τ) � àíàëiòè÷íà â

îêîëi τ = 0 ôóíêöiÿ.

Iç (3.202) âèïëèâà¹, ùî âåëè÷èíè δ òà W (µk) ç (3.201) ïðèéìàþòü, âiä-

ïîâiäíî, òàêi çíà÷åííÿ:

δ =


3, α1 ̸= 0, α2 ̸= 0,

3(r1 + 2), α1 = 0, α2 ̸= 0,

3(r2 + 2), α2 = 0, α1 ̸= 0,

3(r2 + r1 + 3), α1 = 0, α2 = 0,

(3.203)

W (µk) = C4C5µ
3
k3
∥µk∥ , (3.204)

äå

C5 =


(α1α2(r1 + 1)(r1 + 2)(r2 + 1)(r2 + 2))3 , α1 ̸= 0, α2 ̸= 0,

(α2β1(r2 + 1)(r2 + 2))3 , α1 = 0, α2 ̸= 0,

(α1β2(r1 + 1)(r1 + 2)(r2 + 1))3 , α1 ̸= 0, α2 = 0,

(β1β2(r2 − r1))
3 , α1 ̸= 0, α2 ̸= 0.

Âðàõîâóþ÷è (3.199)�(3.201), (3.203), (3.204) òà íåðiâíiñòü (2.3), îòðèìó-

¹ìî

G(µk) =
∣∣(∂/∂τ)δD(µk, τ)

∣∣
τ=0

(B(µk))
−δ−1 > C6 (1 + |µk|)−δ , (3.205)

äå C6 = p−1/2C4C5(C3)
−δ−1.

Òåîðåìà 3.13. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë

T > 0 íåðiâíiñòü (3.195) ñïðàâäæó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åíî¨ êiëüêî-

ñòi) âåêòîðiâ µk ∈ M, êîëè η > δ+17

(
3

θ1
+ 1

)
(1 + 3(r1 + r2)), äå ñòàëà

δ âèçíà÷åíà ðiâíiñòþ (3.203).

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 3.10.
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ÂÈÑÍÎÂÊÈ ÄÎ ÐÎÇÄIËÓ 3

Ó òðåòüîìó ðîçäiëi âñòàíîâëåíî óìîâè êîðåêòíîñòi ó êëàñi ìàéæå ïåði-

îäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè ôóíêöié çàäà÷ ç óìîâàìè çà ÷àñîâîþ

çìiííîþ, ÷àñòèííèìè âèïàäêàìè ÿêèõ ¹ iíòåãðàëüíi óìîâè ó âèãëÿäi ìîìåí-

òiâ äîâiëüíîãî ïîðÿäêó âiä øóêàíî¨ ôóíêöi¨ òà óìîâè òèïó Äiðiõëå, äëÿ ðiâ-

íÿíü òèïó Êëåéíà-Ãîðäîíà òà ãiïåðáîëi÷íèõ çà Ãîðäiíãîì ðiâíÿíü, à òàêîæ

ñèñòåì ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè, ãiïåðáîëi÷íèõ çà Ïåòðîâñüêèì.

Ó çàãàëüíîìó âèïàäêó ðîçâ'ÿçíiñòü òàêèõ çàäà÷ ïîâ'ÿçàíà iç ïðîáëåìîþ

ìàëèõ çíàìåííèêiâ. Çàñòîñóâàâøè ìåòðè÷íèé ïiäõiä äî îöiíîê ìàëèõ çíà-

ìåííèêiâ îòðèìàíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi ðîçãëÿäóâàíèõ çàäà÷

äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) çíà÷åíü âåðõíüî¨ ìåæi iíòåãðóâàí-

íÿ.

Îñíîâíi ðåçóëüòàòè îïóáëiêîâàíî ó ðîáîòàõ [45,52,53,127].
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ÐÎÇÄIË 4

ÇÀÄÀ×I Ç IÍÒÅÃÐÀËÜÍÈÌÈ ÓÌÎÂÀÌÈ ÄËß

ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ ÒÀ ÑÈÑÒÅÌ ÐIÂÍßÍÜ

4.1. Çàäà÷à äëÿ ïàðàáîëi÷íîãî çà Ïåòðîâñüêèì ðiâíÿííÿ çi

çìiííèìè çà ÷àñîì êîåôiöi¹íòàìè

Â îáëàñòi, ÿêà ¹ äåêàðòîâèì äîáóòêîì âiäðiçêà íà p-âèìiðíèé äiéñíèé

ïðîñòið, äîñëiäæåíî êîðåêòíiñòü çàäà÷i ç óìîâàìè, ÷àñòèííèì âèïàäêîì

ÿêèé ¹ áàãàòîòî÷êîâi óìîâè àáî iíòåãðàëüíi óìîâè ó âèãëÿäi ìîìåíòiâ äî-

âiëüíîãî ïîðÿäêó âiä øóêàíî¨ ôóíêöi¨, äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ çi çìií-

íèìè çà ÷àñîì êîåôiöi¹íòàìè ó êëàñi ôóíêöié, ìàéæå ïåðiîäè÷íèõ çà ïðî-

ñòîðîâèìè çìiííèìè. Âñòàíîâëåíî óìîâè êîðåêòíîñòi çàäà÷i. Äîâåäåíî ìå-

òðè÷íi òåîðåìè ïðî îöiíêó çíèçó ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè

ïîáóäîâi ðîçâ'ÿçêó. Âèäiëåíî ÷àñòêîâi âèïàäêè çàäà÷i ó ÿêèõ âiäñóòíÿ ïðî-

áëåìà ìàëèõ çíàìåííèêiâ. Ðîçãëÿíóòî âèïàäîê ñòàëèõ êîåôiöi¹íòiâ ðiâíÿ-

ííÿ.

4.1.1. Â îáëàñòi Dp ðîçãëÿäà¹ìî çàäà÷ó

L (∂t,∆)u(t, x) :=
n∏
j=1

(∂t − aj(t)∆)u(t, x) = 0, (4.1)

Uj[u] := αju(tj, x) + βj

T∫
0

trju(t, x)dt = φj(x), j ∈ {1, . . . , n}, (4.2)

äå aj ∈ Cn−j([0, T ]), aj(t) > 0, aq(t) ̸= as(t), q ̸= s, t ∈ [0, T ];

αj, βj ∈ R, α2
j + β2

j > 0; 0 6 t1 < . . . < tn 6 T ; rj ∈ Z+, j ∈ {1, . . . , n},
r1 < . . . < rn; îïåðàòîðè (∂t − aj(t)∆), j ∈ {1, . . . , n}, ó ðiâíÿííi (4.1)

äiþòü íà ôóíêöiþ u(t, x) ó ïîðÿäêó çðîñòàííÿ iíäåêñó j; ôóíêöi¨ φj(x),
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j ∈ {1, . . . , n}, ¹ ìàéæå ïåðiîäè÷íèìè çà x çi çàäàíèì ñïåêòðîì M,

φj(x) =
∑
k∈Zp

φjk exp(iµk, x). (4.3)

4.2.2. Ìàéæå ïåðiîäè÷íèé çà x çi ñïåêòðîì M ðîçâ'ÿçîê çàäà÷i (4.1),

(4.2) øóêà¹ìî ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈Zp

uk(t) exp(iµk, x). (4.4)

Ïiäñòàâèâøè ðÿäè (4.3), (4.4) ó ðiâíÿííÿ (4.1) òà óìîâè (4.2), îòðèìó¹ìî

äëÿ çíàõîäæåííÿ êîæíîãî ç êîåôiöi¹íòiâ uk(t), âiäïîâiäíî, òàêó çàäà÷ó:

L

(
d

dt
,−∥µk∥2

)
uk(t) :=

n∏
j=1

(
d

dt
+ aj(t)∥µk∥2

)
uk(t) = 0, (4.5)

Uj[uk] := αjuk(tj) + βj

T∫
0

trjuk(t)dt = φjk, j ∈ {1, . . . , n}. (4.6)

Ïîçíà÷èìî:

I0(t) ≡ 0, Ij(t) = −
t∫

0

aj(τ)dτ, j ∈ {1, . . . , n},

Θq(t) = Iq(t)− Iq−1(t), Eqk(τ) = exp
(
Θq(τ)∥µk∥2

)
, q ∈ {1, . . . , n}.

Âiäîìî [88, ñòîð. 77], ùî ðiâíÿííÿ (4.5), êîëè µk ̸= 0⃗, ìà¹ òàêó ôóíäàìåí-

òàëüíó ñèñòåìó ðîçâ'ÿçêiâ:

f1k(t) = E1k(t),

f2k(t) = E1k(t)
t∫

0

E2k(τ1)dτ1,

f3k(t) = E1k(t)
t∫

0

E2k(τ1)
τ1∫
0

E3k(τ2)dτ2

 dτ1,

...

fnk(t) = E1k(t)
t∫

0

E2k(τ1)× . . .

 τn−2∫
0

Enk(τn−1)dτn−1

 . . . dτ1.

(4.7)



87

ßêùî µk ∈ M \ {⃗0}, òî õàðàêòåðèñòè÷íèé âèçíà÷íèê ∆(µk, t⃗, T ), t⃗ =

(t1, . . . , tn), çàäà÷i (4.5), (4.6) ¹ òàêèì:

∆(µk, t⃗, T ) := det ∥αjfqk(tj) + βjIjq∥nj,q=1 , (4.8)

äå

Ijq := Ijq(µk, T ) =

T∫
0

trjfqk(t)dt, j, q ∈ {1, . . . , n}. (4.9)

ßêùî µk = 0⃗, òî ðiâíÿííÿ (4.5) ìà¹ òàêó ôóíäàìåíòàëüíó ñèñòåìó

ðîçâ'ÿçêiâ: fj,⃗0(t) = tj−1, j ∈ {1, . . . , n}, à õàðàêòåðèñòè÷íèé âèçíà÷íèê

∆(⃗0, t⃗, T ) âiäïîâiäíî¨ çàäà÷i (4.5), (4.6) ìà¹ âèãëÿä

∆(⃗0, t⃗, T ) := det

∥∥∥∥αjtq−1
j + βj

T rj+q

rj + q

∥∥∥∥n
j,q=1

. (4.10)

Çàäà÷à (4.5), (4.6) íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ òîäi i ëèøå òîäi,

êîëè ∆(µk, t⃗, T ) ̸= 0 [99].

Òåîðåìà 4.1. Äëÿ òîãî, ùîá çàäà÷à (4.1), (4.2) ìàëà íå áiëüøå îäíîãî

ìàéæå ïåðiîäè÷íîãî çà x iç ñïåêòðîì M ðîçâ'ÿçêó ó øêàëi ïðîñòîðiâ

C n([0, T ],W α, β,2
M ), íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà

∀µk ∈ M ∆(µk, t⃗, T ) ̸= 0. (4.11)

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òâåðäæåííÿ 2.3.

Çàóâàæåííÿ 4.1. ßêùî ïàðàìåòðè çàäà÷i (4.1), (4.2) äëÿ êîæíîãî

j ∈ {1, . . . , n} ñïðàâäæóþòü ðiâíîñòi

αj
βj

=
T rj+1

rj + 1
,

òî óìîâà (4.11) íå âèêîíó¹òüñÿ.

Çàóâàæåííÿ 4.2. ßêùî â óìîâàõ (4.2) αj = 0, j ∈ {1, . . . , n}, òî âèçíà-
÷íèê ∆(µk, T ) := ∆(µk, t⃗, T ) ìîæíà çîáðàçèòè ó âèãëÿäi [77, çàäà÷à 68]:

∆(µk, T ) =
β̄

n!

∫
Πn

T

∆̃(τ)∆̄(µk, τ)dτ, (4.12)
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äå τ = (τ1, . . . , τn) ∈ Rn, β̄ =
∏n

j=1 βj,

∆̃(τ) = det ∥τ rlj ∥
n
j,l=1, (4.13)

∆̄(µk, τ) = det ∥flk(τj)∥nl,j=1 . (4.14)

Ïîêàæåìî, ùî ó òàêîìó âèïàäêó, âèçíà÷íèê ∆(µk, T ) ̸= 0. Íåõàé Sn �

ñèìåòðè÷íà ãðóïà ïåðåñòàíîâîê åëåìåíòiâ ìíîæèíè {1, . . . , n}. Ïîçíà÷èìî
÷åðåç Snω , ω = (i1, . . . , in) ∈ Sn, ñèìïëåêñ

{(τ1, . . . , τn) ∈ Πn
T : τi1 6 . . . 6 τin}.

Âiäîìî [16, 77], ùî ó ñèìïëåêñi Snω0
, äå ω0 = (1, . . . , n), ∆̃(τ) > 0. Íà ñèì-

ïëåêñi Snω0
âèçíà÷íèê ∆̄(µk, τ) ñïiâïàäà¹ ç õàðàêòåðèñòè÷íèì âèçíà÷íèêîì

çàäà÷i ç óìîâàìè

U j[uk] := uk(τj) = 0, j ∈ {1, . . . , n},

äëÿ ðiâíÿííÿ (4.5). Ç òåîðåìè Ñêîðîáîãàòüêà [9, ñòîð. 31] ïðî ¹äèíiñòü

ðîçâ'ÿçêó áàãàòîòî÷êîâî¨ çàäà÷i äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿ-

ííÿ n-îãî ïîðÿäêó, ùî ðîçïàäà¹òüñÿ íà äiéñíi ëiíiéíi ìíîæíèêè ïåðøîãî

ïîðÿäêó, âèïëèâà¹, ùî ∆̄(µk, τ) ̸= 0 i íå çìiíþ¹ ñâîãî çíàêó ó ñèìïëåêñi

Snω0
. Ëåãêî ïîìiòèòè, ùî äëÿ äîâiëüíî¨ ïåðåñòàíîâêè ω ∈ Sn ñïðàâäæóþ-

òüñÿ òàêi òîòîæíîñòi:

∆̃(τi1, . . . , τin) = (−1)ρω∆̃(τ1, . . . , τn),

∆̄(µk, τi1, . . . , τin) = (−1)ρω∆̄(µk, τ1, . . . , τn),

äå ρω � êiëüêiñòü iíâåðñié ó ïåðåñòàíîâöi ω ∈ Sn. Ðîçiá'¹ìî êóá Πn
T íà n!

ñèìïëåêñiâ Snω . Òîäi

∆(µk, T ) =
β̄

n!

∫
Πn

T

∆̃(τ)∆̄(µk, τ)dτ =
β̄

n!

∑
ω∈Sn

∫
Sn
ω

∆̃(τ)∆̄(µk, τ)dτ =

= β̄

∫
Sn
ω0

∆̃(τ)∆̄(µk, τ)dτ.

(4.15)
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Ç ðiâíîñòi (4.15), âðàõîâóþ÷è âèùå ñêàçàíå, âèïëèâà¹, ùî ∆(µk, T ) ̸= 0

äëÿ âñiõ µk ∈ M. Îòæå, ÿêùî αj = 0, j ∈ {1, . . . , n}, òî óìîâà (4.11)

âèêîíó¹òüñÿ äëÿ äîâiëüíîãî T òà äîâiëüíèõ ôóíêöié aj(t), j ∈ {1, . . . , n},
ÿêi çàäîâîëüíÿþòü óìîâè, ñôîðìóëüîâàíi ó ïîñòàíîâöi çàäà÷i (4.1), (4.2).

4.2.3. Íàäàëi áóäåìî ââàæàòè, ùî âèêîíó¹òüñÿ óìîâà (4.11). Òîäi äëÿ

êîæíîãî µk ∈ M iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (4.4), (4.5), à ôîðìàëüíèé

ðîçâ'ÿçîê çàäà÷i (4.1), (4.2) çîáðàæó¹òüñÿ ó âèãëÿäi ðÿäó

u(t, x) = u0⃗(t) +
∑

k∈Zp\{⃗0}

 n∑
l,j=1

∆ lj(µk, t⃗, T )

∆(µk, t⃗, T )
φlkfjk(t)

 exp(iµk, x), (4.16)

äå

u0⃗(t) =
n∑

l,j=1

∆ lj (⃗0, t⃗, T )

∆(⃗0, t⃗, T )
φl,⃗0 t

j−1, (4.17)

à ∆ lj(µk, t⃗, T ) � àëãåáðè÷íå äîïîâíåííÿ ó âèçíà÷íèêó ∆(µk, t⃗, T ) åëåìåíòà

l-ãî ðÿäêà òà j-ãî ñòîâïöÿ.

Ïèòàííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (4.1), (4.2) â øêàëi ïðîñòîðiâ

C n([0, T ],W α, β,2
M ) ïîâ'ÿçàíå ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, áî âèðàç

|∆(µk, t⃗, T )|, áóäó÷è âiäìiííèì âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìà-

ëèõ çíà÷åíü äëÿ íåñêií÷åííî¨ êiëüêîñòi âåêòîðiâ µk ∈ M.

Ïîçíà÷èìî:

A1 := max
16j6n

max
t∈[0,T ]

t∫
0

(aj(τ)− aj+1(τ)) dτ

 , A2 := max
16j6n

∥aj;C[0, T ]∥.

Òåîðåìà 4.2. Íåõàé âèêîíó¹òüñÿ óìîâà (4.11) òà iñíóþòü äîäàòíi

ñòàëi η, ν òàêi, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M
âèêîíó¹òüñÿ íåðiâíiñòü

|∆(µk, t⃗, T )| > (1 + |µk|)−η exp(−ν|µk|2). (4.18)

ßêùî φj ∈W q1, q2,2
M , q1 = η+2n+α, q2 = ν+β+n(n−1)A1/2, j ∈ {1, . . . , n},

òî iñíó¹ ðîçâ'ÿçîê çàäà÷i (4.1), (4.2) iç ïðîñòîðó C n([0, T ],W α, β,2
M ). Öåé
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ðîçâ'ÿçîê çîáðàæó¹òüñÿ ðÿäîì (4.16), ïðè÷îìó

∥u;Cn([0, T ],W α, β,2
M )∥ 6 C1

n∑
j=1

∥φj;W q1, q2,2
M )∥.

Äîâåäåííÿ. Íà ïiäñòàâi ôîðìóëè (4.16) îòðèìó¹ìî

∥u;Cn([0, T ],W α, β,2
M )∥ =

=
n∑
q=0

max
t∈[0,T ]

(∑
k∈Zp

|u(q)k (t)|2(1 + |µk|)2α exp
(
2β|µk|2

))1/2

, (4.19)

äå

u
(q)
k (t) =

n∑
l,j=1

∆ lj(µk, t⃗, T )

∆(µk, t⃗, T )
φlkf

(q)
jk (t), q ∈ {0, 1, . . . , n}, (4.20)

u
(q)

0⃗
=

n∑
l,j=1

∆ lj (⃗0, t⃗, T )

∆(⃗0, t⃗, T )

(j − 1)!

(j − q − 1)!
φl,⃗0 t

j−q−1, q ∈ {0, 1, . . . , n}. (4.21)

Íà ïiäñòàâi ôîðìóë (4.7), äëÿ êîæíî¨ ç ôóíêöié fjk(t), µk ∈ M \ {⃗0},
îòðèìó¹ìî òàêi îöiíêè:

max
t∈[0,T ]

|f (q)jk (t)| 6 C2(1 + |µk|)2q exp
(
((j − 1)A1)|µk|2

)
, (4.22)

äå j ∈ {1, . . . , n}, q ∈ {0, 1, . . . , n};∣∣∣∣∣∣
T∫

0

trlfjk(t)dt

∣∣∣∣∣∣ 6 C3 exp
(
(j − 1)A1|µk|2

)
, j ∈ {1, . . . , n}, (4.23)

äå C2 := C2(n, T ), C3 = max16l6n{T rl+1/(rl + 1)}. Âðàõîâóþ÷è (4.8), (4.10),
(4.22), (4.23), äëÿ àëãåáðè÷íèõ äîïîâíåíü ∆ lj(µk, t⃗, T ), j, l ∈ {1, . . . , n},
âèçíà÷íèêà ∆(µk, t⃗, T ) îòðèìó¹ìî òàêi îöiíêè:

|∆ lj(µk, t⃗, T )| 6 (n− 1)!(C4)
n−1 exp

(
A3j|µk|2

)
, µk ∈ M, (4.24)

äå

C4 = max

{
max
16j6n

{|αj|C2}, max
16j6n

{|βj|C3}
}
,
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A3j = (n(n− 1)/2− j + 1)A1, j ∈ {1, . . . , n}.

Íà ïiäñòàâi ôîðìóë (4.20)�(4.24), îòðèìó¹ìî òàêi îöiíêè:

max
t∈[0,T ]

|u(q)k (t)| 6 C5

n∑
j=1

|φjk|(1 + |µk|)2n exp(ν + n(n− 1)A1/2), (4.25)

max
t∈[0,T ]

|u(q)
0⃗
(t)| 6 C6

n∑
j=1

|φj,⃗0|, (4.26)

äå q ∈ {1, . . . , n}, C5 = n (n − 1)!C2(C4)
n−1, C6 := C6(n, t⃗, T ). Íà ïiäñòàâi

(4.25) i (4.26) îòðèìó¹ìî òàêó îöiíêó:

∥u;Cn([0, T ],W α, β,2
M )∥ 6 C7

n∑
j=1

∑
µk∈M

|φjk|2(1 + |µk|)2q1 exp
(
2q2|µk|2

)1/2

=

= C7

n∑
j=1

∥φj;W q1, q2,2
M )∥,

äå C7 = (n + 1)max{C5, C6}. Ç îòðèìàíî¨ íåðiâíîñòi âèïëèâà¹ äîâåäåííÿ

òåîðåìè.

4.2.4. Ðîçãëÿíåìî ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ îöiíêè (4.18) äëÿ

çàäà÷i (4.1), (4.2).

Òåîðåìà 4.3. ßêùî â óìîâàõ (4.2) αj = 0, j ∈ {1, . . . , n}, òî äëÿ

äîâiëüíèõ ôiêñîâàíèõ ðåøòè ïàðàìåòðiâ çàäà÷i (4.1), (4.2) îöiíêà (4.18)

âèêîíó¹òüñÿ ïðè η > n(n − 1)p/(2θ1), ν > n(n + 1)A2T/2, äëÿ âñiõ (êðiì

ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M.

Äîâåäåííÿ. Çà óìîâ òåîðåìè, âðàõîâóþ÷è (4.15), âèçíà÷íèê ∆(µk, T )

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

∆(µk, T ) = β̄

∫
Sn
ω0

∆̃1(τ)∆̄2(µk, τ)dτ,

äå ∆̃1(τ), ∆̄2(µk, τ) âèçíà÷åíi ôîðìóëàìè (4.13), (4.14) âiäïîâiäíî. Îñêiëü-

êè, ÿê áóëî ïîêàçàíî ó çàóâàæåííi 4.2, ∆̃1(τ) > 0, τ ∈ Snω0
, à ∆̄2(µk, τ) íå
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çìiíþ¹ ñâîãî çíàêó íà Snω0
, òî

|∆(µk, T )| = |β̄|
∫
Sn
ω0

∆̃1(τ) |∆̄2(µk, τ)|dτ. (4.27)

Ââåäåìî òàêi ìíîæèíè:

Ω(ξ) = {τ ∈ Snω0
: ∆̃(τ) > ξ, ξ > 0}.

E(µk) = {τ ∈ Ω(ξ) : |∆̄(µk, τ)| < εk}, µk ∈ M,

äå εk := (1 + |µk|)−η exp(−ν|µk|2); Òîäi ç (4.27) âèïëèâà¹, ùî

|∆(µk, T )| > |β̄|
∫

Ω(ξ)

∆̃(τ) ∆̄(µk, τ)dτ = |β̄|
∫

E(µk)

∆̃(τ) ∆̄(µk, τ)dτ+

+ |β̄|
∫

Ω(ξ)\E(µk)

∆̃(τ) ∆̄(µk, τ)dτ > |β̄|
∫

Ω(ξ)\E(µk)

∆̃(τ) ∆̄(µk, τ)dτ.
(4.28)

Âiäìiòèìî, ùî

mesRnE(µk) < (1 + |k|)−p+θ, θ > 0, µk ∈ M. (4.29)

Öåé ôàêò âñòàíîâëþ¹òüñÿ àíàëîãi÷íî äîâåäåííþ òåîðåìè 5 ó [100]. Äëÿ

mesRnΩ(ξ), âðàõîâóþ÷è, ùî ∆̃(τ) ¹ ìíîãî÷ëåíîì âiäíîñíî çìiííèõ τ1, . . . , τn,

çà ëåìîþ 2.5 îòðèìó¹ìî òàêó îöiíêó:

mesRnΩ(ξ) > T n

n!
−

(
ξ/

n∏
j=1

rj!

)1/r

:= χ(ξ), (4.30)

äå r = r1 + · · · + rn. Íà îñíîâi îöiíîê (4.28)�(4.30) äëÿ êîæíîãî µk ∈ M
îòðèìó¹ìî

|∆(µk, T )| > |β̄|ξ εkmesRn(Ω(ξ) \ E(µk)) =

= |β̄| ξ εk (mesRnΩ(ξ)−mesRnE(µk)) >

> |β̄| ξ εk
(
χ(ξ)− (1 + |k|)−p+θ

)
. (4.31)
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Ç íåðiâíîñòi (4.31) âèïëèâà¹, ùî äëÿ äîñòàòíüî âåëèêèõ |k| âèêîíó¹òüñÿ
îöiíêà

|∆(µk, T )| > |β̄|ξ εk χ(ξ) > C8(1 + |µk|)−η exp(−ν|µk|2),

äå C8 = |β̄| ξ χ(ξ). Ç îòðèìàíî¨ íåðiâíîñòi âèïëèâà¹ äîâåäåííÿ òåîðåìè.

Òåîðåìà 4.4. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ

β⃗ = (β1, . . . , βn) äëÿ äîâiëüíèõ ôiêñîâàíèõ ðåøòè ïàðàìåòðiâ çàäà÷i (4.1),

(4.2) îöiíêà (4.18) âèêîíó¹òüñÿ ïðè η > n(n + 1)p/(2θ1) òà

ν > n(n+ 1)A2T/2.

Äîâåäåííÿ. Ïîçíà÷èìî: η1 = n(n − 1)p/(2θ1), εk = (1 + |µk|)−η−w×
× exp(−ν|µk|2), w > 0, A(εk, B) = {(β1, . . . , βn) ∈ [−B,B]n : |∆(µk, t⃗, T )| <
εk}, B > 0. Çàôiêñó¹ìî âåêòîð µk = µ̄k ∈ M\ {⃗0}. Íà ïiäñòàâi (4.8), (4.15)
òà çàóâàæåííÿ 4.2 îòðèìó¹ìî

∂n∆(µ̄k, t⃗, T )

∂β1 · · · ∂βn
=

∫
Sn
ω0

∆1(τ)∆2(µ̄k, τ)dτ. (4.32)

Ç (4.32) òà òåîðåìè 4.3 âèïëèâà¹, ùî∣∣∣∣∂n∆(µ̄k, t⃗, T )

∂β1 · · · ∂βn

∣∣∣∣ > C9(1 + |µ̄k|)−η1 exp(−ν|µ̄k|2). (4.33)

Òîäi ç (2.2), (4.33) òà ëåìè 2.5 îäåðæó¹ìî

mesRnA(εk̄, B) 6 (C8)
−n(1 + |µ̄k|)

−η+η1−w
n 6

6 (C8)
−n(1 + |µ̄k|)−p/θ1−w/n 6 C9|k̄|−p−w/n. (4.34)

Ç (4.34) âèïëèâà¹, ùî ðÿä
∑

k∈Zp mesRnA(εk, B) çáiæíèé, à îòæå çà ëå-

ìîþ 2.3 ìiðà òèõ (β1, . . . , βn) ∈ [−B,B]n äëÿ ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü

|∆(µk, t⃗, T )| < εk äîðiâíþ¹ íóëåâi. Òîáòî, äëÿ ìàéæå âñiõ (ñòîñîâíî ìi-

ðè Ëåáåãà â Rn) âåêòîðiâ (β1, . . . , βn) ∈ [−B,B]n âèêîíó¹òüñÿ íåðiâíiñòü

|∆(µk, t⃗, T )| > εk. Âðàõóâàâøè, ùî ïðîñòið Rn ìîæíà ïîêðèòè çëi÷åííîþ

êiëüêiñòþ êóáiâ [−B,B]n, îòðèìó¹ìî òâåðäæåííÿ òåîðåìè.
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4.2.5. Ðîçãëÿíåìî çàäà÷ó ç óìîâàìè (4.2) äëÿ ðiâíÿííÿ (4.1) ó âèïàä-

êó, êîëè aj(t) ≡ a2j , aj ∈ R+. Òîäi, âiäïîâiäíî, ôóíäàìåíòàëüíà ñèñòåìà

ðîçâ'ÿçêiâ ðiâíÿííÿ (4.5) ìà¹ âèãëÿä

fqk(t) =

 tq−1, µk = 0⃗,

exp(−a2q∥µk∥2t), µk ∈ M \ {⃗0},
q ∈ {1, . . . , n}. (4.35)

ßêùî µk ∈ M \ {⃗0}, òî âèçíà÷íèê ∆(µk, t⃗, T ) ìà¹ âèãëÿä

∆(µk, t⃗, T ) = det
∥∥αj exp(−a2q∥µk∥2tj) + βjIjq

∥∥n
j,q=1

, (4.36)

äå

Ilj := Ilj(µk) =

T∫
0

trj exp(−a2l ∥µk∥2t)dt =

= Qlj(µk, T ) exp(−a2l ∥µk∥2T )−Qlj(µk, 0),

(4.37)

Qlj(µk, t) = −
rj+1∑
q=1

rj!

(rj − q + 1)!

trj−q+1

(al∥µk∥)2q
, l, j ∈ {1, . . . , n}. (4.38)

Ó äàíîìó âèïàäêó ñïðàâåäëèâèìè çàëèøàþòüñÿ òåîðåìà 4.1 òà çàóâàæåííÿ

äî íå¨.

Ìàéæå ïåðiîäè÷íèé çà x iç ñïåêòðîì M ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i

(4.1), (4.2) çîáðàæó¹òüñÿ ó âèãëÿäi ðÿäó

u(t, x) = u0⃗(t)+

+
∑

k∈Zp\{⃗0}

 n∑
l,j=1

∆jl(µk, t⃗, T )

∆(µk, t⃗, T )
φjk exp(−a2l ∥µk∥2t)

 exp(iµk, x),
(4.39)

äå

u0⃗(t) =
n∑

l,j=1

∆jl(⃗0, t⃗, T )

∆(⃗0, t⃗, T )
φj,⃗0 t

l−1, (4.40)

à ∆jl(µk, t⃗, T ) � àëãåáðè÷íå äîïîâíåííÿ ó âèçíà÷íèêó ∆(µk, t⃗, T ) åëåìåíòà

j-ãî ðÿäêà òà l-ãî ñòîâï÷èêà.
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Ëåìà 4.1. Äëÿ êîæíîãî ç àëãåáðè÷íèõ äîïîâíåíü ∆jl(µk, t⃗, T ), j, l ∈
{1, . . . , n}, ñïðàâåäëèâi îöiíêè

|∆jl(µk, t⃗, T )| 6 C10(1 + |µk|)−2r̄j , r̄j = r − rj, r = r1 + · · ·+ rn. (4.41)

Äîâåäåííÿ. Äëÿ âåëè÷èí |Ijl|, j, l ∈ {1, . . . , n}, ñïðàâäæóþòüñÿ òàêi

îöiíêè:

|Ijl| =

∣∣∣∣∣∣
T∫

0

trj exp(−a2l ∥µk∥2t)dt

∣∣∣∣∣∣ 6 max
t∈[0,T ]

{trj exp(−a2l ∥µk∥2t)}T <

<
(4prj)

rjT

a
2rj
l 2rj

(1 + |µk|)−2rj = C11(1 + |µk|)−2rj .

(4.42)

Äëÿ åëåìåíòiâ Uj[ulk] = αj exp(−a2l ∥µk∥2tj) + βjIjl, j, l ∈ {1, . . . , n},
âèçíà÷íèêà ∆(µk, t⃗, T ), âðàõîâóþ÷è (4.42), îòðèìó¹ìî òàêi îöiíêè:

|Uj[flk]| 6 |αj|| exp(−a2l ∥µk∥2tj)|+ |βj||Ilj| 6

6 max{|αj|, |βj|C11}(1 + |µk|)−2rj = C12(1 + |µk|)−2rj .
(4.43)

Íà ïiäñòàâi (4.43) îäåðæó¹ìî íàñòóïíi îöiíêè:

|∆jl(µk, t⃗, T )| 6 (n− 1)!
n∏
q=1
q ̸=j

|Uq[uqk]| 6 (n− 1)!(C12)
n−1

n∏
q=1
q ̸=j

(1 + |µk|)−2rq =

= (n− 1)!(C12)
n−1(1 + |µk|)−2r̄j , l, j ∈ {1, . . . , n}.

Ç îòðèìàíèõ íåðiâíîñòåé âèïëèâà¹ äîâåäåííÿ ëåìè.

Òåîðåìà 4.5. Íåõàé â óìîâàõ (4.2) β1 · · · βn ̸= 0. Òîäi äëÿ äîâiëüíèõ

ïàðàìåòðiâ T , aj, tj, αj, j ∈ {1, . . . , n}, íåðiâíiñòü (4.18) cïðàâäæó¹òüñÿ

ïðè η > 2r + n(n + 1) òà ν = 0 äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi)

âåêòîðiâ µk ∈ M.

Äîâåäåííÿ. Êîæåí ç åëåìåíòiâ Uj[flk], j, l ∈ {1, . . . , n}, âèçíà÷íèêà
∆(µk, t⃗, T ) íà ïiäñòàâi (4.37) ïîäàìî ó âèãëÿäi

Uj[flk] = αj exp(−a2l ∥µk∥2tj)+βjQlj(µk, T ) exp(−a2l ∥µk∥2T )−βjQlj(µk, 0) =



96

=
(
αj + βjQlj(µk, T ) exp(−a2l ∥µk∥2(T − tj))

)
×

× exp(−a2l ∥µk∥2tj)− βjQlj(µk, 0). (4.44)

Ç (4.37), (4.38) òà (4.44) âèïëèâà¹, ùî äëÿ äîñòàòíüî âåëèêèõ |k| ñïðàâäæó-
¹òüñÿ îöiíêà

|∆(µk, t⃗, T )| =
∣∣det ∥Uj[ulk]∥nl,j=1

∣∣ =
=
∣∣det ∥ (αj + βjQlj(µk, T ) exp(−a2l ∥µk∥2(T − tj))

)
×

× exp(−a2l ∥µk∥2tj)− βjQlj(µk, 0)∥nj,l=1

∣∣ >
> 1

2

∣∣det ∥βjQlj(µk, 0)∥nj,l=1

∣∣ = 1

2

n∏
j=1

|βj|

∣∣∣∣∣det
∥∥∥∥ rj!

(al∥µk∥)2(rj+1)

∥∥∥∥n
l,j=1

∣∣∣∣∣ >
> C13(1 + |µk|)−2r−n(n+1), (4.45)

äå C13 =
∏n

j=1(|βj|rj!) | det ∥a
−2(rj+1)
l ∥nl,j=1|. Ç íåðiâíîñòi (4.45) âèïëèâà¹ äî-

âåäåííÿ òåîðåìè.

Òåîðåìà 4.6. Íåõàé âèêîíó¹òüñÿ óìîâà (4.11). ßêùî φj ∈
C

[η+p/θ1]−2(r̄j−n)+1
M (Rp), j ∈ {1, . . . , n}, äå ñòàëà η âèçíà÷åíà ó òåîðåìi 4.4,

òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (4.1), (4.2) iç ïðîñòîðó C(n,2n)
M (D

p
). Öåé

ðîçâ'ÿçîê çîáðàæà¹òüñÿ ôîðìóëîþ (4.39) i íåïåðåðâíî çàëåæèòü âiä ôóí-

êöié φj(x), j ∈ {1, . . . , n}.

Äîâåäåííÿ. Íà ïiäñòàâi ôîðìóëè (4.39) îòðèìó¹ìî

∥u;C(n,2n)
M (D

p
)∥ 6

∑
|k|>0

C14

n∑
l,j=1

|∆jl(µk, t⃗, T )|
|∆(µk, t⃗, T )|

|φjk|(1 + |µk|)2n
 . (4.46)

Çà óìîâ òåîðåìè, íà ïiäñòàâi ëåìè 2.1, îòðèìó¹ìî

|φjk| 6 C15
∥φj;C

[η+p/θ1]−2(r̄j−n)+1
M ∥

(1 + |µk|)[η+p/θ1]−2(r̄j−n)+1
, (4.47)

äå C15 = (2p)[η+p/θ1]−2(r̄j−n)+1([η + p/θ1] − 2(r̄j − n) + 1). Íà ïiäñòàâi ëåìè

4.1, òåîðåìè 4.5 òà îöiíîê (4.46), (4.47) îäåðæó¹ìî òàêó íåðiâíiñòü

∥u;C(n,2n)
M (D

p
)∥ 6 C16

∑
|k|>0

(1 + |µk|)η−1−[η+p/θ1]
n∑
j=1

∥φj;C
[η+p/θ1]+2(r̄j−n)+1
M ∥
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6 C17

∑
|k|>0

|k|−z
n∑
j=1

∥φj;C
[η+p/θ1]+2(r̄j−n)+1
M ∥, (4.48)

äå z = p+(1−{η+p/θ1})θ1. Îñêiëüêè z > p, òî ðÿä
∑

|k|>0 |k|−z ¹ çáiæíèì.
Ïîçíà÷èìî éîãî ñóìó ÷åðåç Sz. Òîäi ç îöiíêè (4.48) îòðèìó¹ìî

∥u;C(n,2n)
M (D

p
)∥ 6 C17Sz

n∑
j=1

∥φj;C
[η+p/θ1]+2(r̄j−n)+1
M ∥. (4.49)

Ç îöiíêè (4.49) âèïëèâà¹ äîâåäåííÿ òåîðåìè.
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4.2. Çàäà÷à äëÿ ïàðàáîëi÷íèõ çà Øèëîâèì ñèñòåì ðiâíÿíü çi

ñòàëèìè êîåôiöi¹íòàìè

Ó öüîìó ïiäðîçäiëi äîñëiäæåíî êîðåêòíiñòü çàäà÷i ç óìîâàìè çà ÷àñîâîþ

çìiííîþ, ÷àñòèííèì âèïàäêîì ÿêèõ ¹ iíòåãðàëüíi óìîâè ó âèãëÿäi ìîìåíòiâ

äîâiëüíîãî ïîðÿäêó âiä øóêàíî¨ ôóíêöi¨ òà ïî÷àòêîâi óìîâè, äëÿ ñèñòåìè

ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè, ïàðàáîëi÷íî¨ çàØèëîâèì, ó êëàñi ìàéæå

ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè ôóíêöié.

4.2.1. Â îáëàñòi Dp ðîçãëÿäà¹ìî çàäà÷ó

L (∂t, ∂x) [u] := ∂nt u⃗(t, x) +
n−1∑
j=0

Aj (∂x) ∂
j
t u⃗(t, x) = 0⃗, (t, x) ∈ Dp, (4.50)

Uj[u] := αj ∂
j−1
t u⃗(t, x)

∣∣∣
t=0

+ βj

T∫
0

trj u⃗(t, x)dt = φ⃗j(x), x ∈ Rp, (4.51)

â ÿêié Aj(η) =
∥∥∥∑|s|6N a

j
ql,sη

s
∥∥∥m
q,l=1

, ajql,s ∈ C, η ∈ Cp, N > n; αj, βj ∈ R,

α2
j + β2

j ̸= 0, rj ∈ Z+, j = {1, . . . , n} ; r1 < r2 < · · · < rn; u⃗(t, x) =

col
(
u1(t, x), . . . , um(t, x)

)
, âåêòîð-ôóíêöi¨ φ⃗j(x) = col

(
φ1
j(x), . . . , φ

m
j (x)

)
,

j = {1, . . . , n}, ¹ ìàéæå ïåðiîäè÷íèìè çi çàäàíèì ñïåêòðîì M òà ðîçâèâà-

þòüñÿ ó âåêòîðíi ðÿäè Ôóð'¹ âèãëÿäó

φ⃗j(x) =
∑
k∈Zp

φ⃗jk exp(iµk, x), φ⃗jk = col
(
φ1
jk, . . . , φ

m
jk

)
. (4.52)

Ââàæà¹ìî, ùî ñèñòåìà (4.50) ¹ ïàðàáîëi÷íîþ çà Øèëîâèì [18], òîáòî äëÿ

êîæíîãî âåêòîðà η ∈ Rp\{0} êîðåíi γj(η), j ∈ {1, . . . , nm}, õàðàêòåðèñòè-
÷íîãî ðiâíÿííÿ

detL(γ, iη) = det

∥∥∥∥∥γnIm +
n−1∑
j=0

γjAj(iη)

∥∥∥∥∥ = 0, (4.53)

ÿêå âiäïîâiäà¹ ñèñòåìi (4.50), ñïðàâäæóþòü îöiíêè

max
16j6nm

Reγj(η) 6 −CH |η|h + C0, CH > 0, h > 0, C0 ∈ R. (4.54)
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4.2.2. Ïîçíà÷èìî: Φ⃗(x) := col (φ⃗1(x), . . . , φ⃗n(x)),

e⃗q := col(0, . . . , 0,︸ ︷︷ ︸
q−1

1, 0, . . . , 0) ∈ Rmn, q ∈ {1, . . . , nm} ,

V⃗ (t, x) := col
(
V 1(t, x), . . . , V mn(t, x)

)
=

= col
(
u⃗(t, x), ∂tu⃗(t, x), . . . , ∂

n−1
t u⃗(t, x)

)
,

(4.55)

L
(
∂

∂x

)
=

 Om(n−1),m Im(n−1)

−A0(∂x) −A1(∂x) · · · −An−1(∂x)

 , (4.56)

A = diag{α1, . . . , αn} ⊗ Im, B = diag{β1, . . . , βn} ⊗ Im,

R(t) =


tr1 0 . . . 0
... ... . . . ...

trn 0 . . . 0

⊗ Im,

äåOm(n−1),m � íóëüîâà ìàòðèöÿ ðîçìiðóm(n−1)×m, ⊗ � çíàê òåíçîðíîãî

äîáóòêó [60] ìàòðèöü.

Î÷åâèäíî, ùî çàäà÷à (4.50), (4.51) åêâiâàëåíòíà òàêié çàäà÷i äëÿ ñèñòå-

ìè ðiâíÿíü ïåðøîãî ïîðÿäêó:

∂V⃗ (t, x)

∂t
= L

(
∂

∂x

)
V⃗ (t, x), (4.57)

A V⃗ (0, x) +B

T∫
0

R(t)V⃗ (t, x)dt = Φ⃗(x). (4.58)

Ìàéæå ïåðiîäè÷íèé çà x çi ñïåêòðîì M ðîçâ'ÿçîê çàäà÷i (4.57), (4.58)

øóêà¹ìî ó âèãëÿäi âåêòîðíîãî ðÿäó

V⃗ (t, x) =
∑
k∈Zp

V⃗k(t) exp(iµk, x). (4.59)

Ïiäñòàâèâøè ðÿäè (4.52), (4.59) ó ðiâíÿííÿ (4.57) òà óìîâè (4.58), îòðèìó¹-

ìî äëÿ çíàõîäæåííÿ êîæíîãî ç êîåôiöi¹íòiâ Vk(t), k ∈ Zp, âiäïîâiäíî, òàêó

çàäà÷ó:
dV⃗k(t)

dt
= L (iµk) V⃗k(t), (4.60)
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AV⃗k(0) +B

T∫
0

R(t)V⃗k(t)dt = Φ⃗k, Φ⃗k = col (φ⃗1k, . . . , φ⃗nk) . (4.61)

Âiäîìî [78], ùî çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (4.60) ìà¹ âèãëÿä

V⃗k(t) = exp (L(iµk)t) C⃗, (4.62)

äå C⃗ = col (C1, . . . , Cmn) � äîâiëüíèé ñòàëèé âåêòîð. Çàïðîâàäèìî âåêòîð-

ôóíêöi¨ F⃗qk(t) òà f⃗qk(t), q ∈ {1, . . . ,mn} , âèçíà÷åíi ôîðìóëàìè

F⃗qk(t) = exp (L(iµk)t) e⃗q, f⃗qk(t) = col
(
F 1
qk(t), . . . , F

m
qk(t)

)
. (4.63)

Ç ôîðìóëè (4.55) âèïëèâà¹, ùî

Fqk(t) = col
(
fqk(t), f

(1)
qk (t), . . . , f

(n−1)
qk (t)

)
. (4.64)

Íà ïiäñòàâi (4.62), (4.63) ðîçâ'ÿçîê çàäà÷i (4.60), (4.61) çîáðàæó¹òüñÿ ôîð-

ìóëîþ

Vk(t) =
mn∑
q=1

CqkFqk(t),

äå êîåôiöi¹íòè Cqk, q ∈ {1, . . . , nm} , âèçíà÷àþòüñÿ iç ñèñòåìè àëãåáðè÷íèõ
ðiâíÿíü A+B

T∫
0

R(t) exp (L(iµk)t) dt

 C⃗k = Φ⃗k, (4.65)

äå C⃗k = col (C1k, . . . , Cmn,k), âèçíà÷íèê ∆(µk, T ) ÿêî¨ çáiãà¹òüñÿ ç õàðàêòå-

ðèñòè÷íèì âèçíà÷íèêîì çàäà÷i (4.60), (4.61) i ìà¹ âèãëÿä

∆(µk, T ) = det

∥∥∥∥∥∥A+B

T∫
0

R(t) exp (L(iµk)t) dt

∥∥∥∥∥∥ , µk ∈ M. (4.66)

Çàäà÷à (4.60), (4.61) íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ äëÿ òèõ i ëèøå

äëÿ òèõ k ∈ Zp, äëÿ ÿêèõ ∆(µk, T ) ̸= 0 [14].

Òåîðåìà 4.7. Äëÿ òîãî, ùîá çàäà÷à (4.50), (4.51) ìàëà íå áiëüøå îäíî-

ãî ìàéæå ïåðiîäè÷íîãî çà x çi ñïåêòðîì M ðîçâ'ÿçêó ó ïðîñòîði

Cn
(
[0, T ] ,W

α,β,γ
M,m

)
, íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà (2.24)

â ÿêié ∆(µk, T ) âèçíà÷åíèé ôîðìóëîþ (4.66).
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Äîâåäåííÿ. Çà óìîâè (2.24) ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (4.57), (4.58) äî-

âîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òâåðäæåííÿ 2.3. Iç (4.55) òà åêâiâàëåíòíîñòi

çàäà÷ (4.50), (4.51) òà (4.57), (4.58) âèïëèâà¹ òâåðäæåííÿ òåîðåìè.

4.2.3. Íàäàëi ââàæàòèìåìî, ùî âèêîíó¹òüñÿ óìîâà (2.24). Òîäi äëÿ êî-

æíîãî µk ∈ M iñíó¹ ¹äèíèé ðîçâ'ÿçîê Vk(t) çàäà÷i (4.60), (4.61), ÿêèé çî-

áðàæó¹ ôîðìóëà

Vk(t) =
mn∑
q=1

(
n∑
j=1

m∑
l=1

∆m(j−1)+l,q(µk, T )

∆(µk, T )
φljk

)
Fqk(t), (4.67)

äå ∆m(j−1)+l,q(µk, T ) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà (m(j − 1) + l)-ãî

ðÿäêà òà q-ãî ñòîâïöÿ ó âèçíà÷íèêó ∆(µk, T ).

Íà ïiäñòàâi (4.55), (4.59), (4.63) òà (4.67) îòðèìó¹ìî ôîðìàëüíèé ðîçâ'ÿ-

çîê çàäà÷i (4.50), (4.51), ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈Zp

(
mn∑
q=1

(
n∑
j=1

m∑
l=1

∆m(j−1)+l,q(µk, T )

∆(µk, T )
φljk

)
fqk(t)

)
×

× exp(iµk, x).

(4.68)

Ðÿä (4.68), âçàãàëi, ¹ ðîçáiæíèì, áî âèðàç |∆(µk, T )|, áóäó÷è âiäìiííèì
âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿ íåñêií÷åííî¨ êiëü-

êîñòi âåêòîðiâ µk ∈ M.

Äëÿ äîñëiäæåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (4.50), (4.51) ó øêàëi ïðî-

ñòîðiâ Cn
(
[0, T ] ,W

α,β,γ
M,m

)
íàì çíàäîáëÿòüñÿ äåÿêi äîïîìiæíi òâåðäæåííÿ

òà ñòàëi

C1 = (nm)pmax
|s|6N

max
16q,l6m
06j6n−1

{∣∣∣ajql,s∣∣∣} ,
C2 = (mn)−p(2mn − 1)Tmn−1C1max {1, exp(C0T )} ,

C3 = (rn/(2CH))
rn TC2, C4 = max

16l6n
{|αl| , |βl|C3} , C5 = (mn− 1)!(C4)

mn−1.

Âèÿñíèìî ïîâåäiíêó êîðåíiâ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ, ÿêå âiäïîâiä-

à¹ ñèñòåìi (4.57). Öå ðiâíÿííÿ çáiãà¹òüñÿ ç ðiâíÿííÿì (4.53) ïðè η = µk i
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ìîæå áóòè çàïèñàíå ó òàêîìó âèãëÿäi:

γmn +
m−1∑
j=1

BjN
j (µk) γ

mn−j +
mn∑
j=m

BmN
j (µk) γ

mn−j = 0, (4.69)

äå BqN
j (µk), q ∈ {1, 2, . . . ,m} , j ∈ {1, . . . ,mn}, � ìíîãî÷ëåíè ñòåïåíÿ íå

âèùå qN çà ñóêóïíiñòþ çìiííèõ µk1, . . . , µkp ç êîìïëåêñíèìè êîåôiöi¹íòàìè.

Êîðåíi ðiâíÿííÿ (4.69) ¹ òàêèìè:

γjk = γj(µk), j ∈ {1, . . . ,mn} , (4.70)

äå γj(µk), j ∈ {1, . . . ,mn} , � êîðåíi ðiâíÿííÿ (4.53) ïðè η = µk. Íàäàëi

áóäåìî ââàæàòè, ùî öi êîðåíi ïðîñòi òà âiäìiííi âiä íóëÿ äëÿ âñiõ µk ∈ M.

Äëÿ îöiíêè êîðåíiâ (4.70) âèêîðèñòîâó¹ìî îöiíêó (4.54) äiéñíèõ ÷àñòèí

ïðè η = µk i îöiíêà ìîäóëiâ [103, ñ. 101]:

|γjk| 6 C1 (1 + |µk|)N , j ∈ {1, . . . ,mn} , µk ∈ M. (4.71)

Ëåìà 4.2. Äëÿ êîìïîíåíò f lqk(t), l ∈ {1, . . . , n}, âåêòîð-ôóíêöié fqk(t),
q ∈ {1, . . . ,mn} , äëÿ âñiõ t ∈ [0, T ] âèêîíóþòüñÿ îöiíêè∣∣∣∣ djdtj f lqk(t)

∣∣∣∣ 6
 C2 (1 + |µk|)(mn−1)N exp

(
−CH |µk|h t

)
, 0 6 j 6 n− 1,

C2 (1 + |µk|)mnN exp
(
−CH |µk|h t

)
, j = n.

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 1 ó [67] ç óðàõóâà-

ííÿì îöiíîê (4.54).

Ðîçãëÿíåìî âåëè÷èíè ψj(βj), j ∈ {1, . . . , n}, âèçíà÷åíi íàñòóïíèì ÷è-

íîì:

ψj(βj) :=

 max {0, (mn− 1)N − hrj} , ÿêùî βj ̸= 0,

0, ÿêùî βj = 0,
j ∈ {1, . . . , n} .

Ëåìà 4.3. Äëÿ âñiõ (êðiì ñêií÷åíî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M àë-

ãåáðè÷íi äîïîâíåííÿ ∆m(j−1)+l,q(µk, T ), l ∈ {1, . . . ,m}, j ∈ {1, . . . , n} , q ∈
{1, . . . ,mn} , åëåìåíòiâ âèçíà÷íèêà ∆(µk, T ), ñïðàâäæóþòü îöiíêè∣∣∆m(j−1)+l,q(µk, T )

∣∣ 6 C5 (1 + |µk|)(mn−1)N−ψj(βj)+m
∑n

g=1 ψg(βg) .
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Äîâåäåííÿ. Ïðîâåäåìî ñïî÷àòêó äîïîìiæíi îöiíêè. Íà ïiäñòàâi ëåìè

4.2 îòðèìó¹ìî, ùî äëÿ âñiõ k ∈ Zp òàêèõ, ùî |k| > max{D−1/θ1
1 , K1}, K1 =

(rn/(CHTD1))
1/(θ1h), âèêîíóþòüñÿ îöiíêè∣∣∣∣∣∣

T∫
0

trjf lqk(t)dt

∣∣∣∣∣∣ 6
T∫

0

max
t∈[0,T ]

{∣∣trjf lqk(t)∣∣} dt 6
6 C2 (1 + |µk|)(mn−1)N max

t∈[0,T ]

{
trj exp

(
−CH |µk|h t

)}
6

6 C3 (1 + |µk|)(mn−1)N−hrj , j ∈ {1, . . . , n} , l ∈ {1, . . . ,m} .

(4.72)

Ïîçíà÷èìî ÷åðåç drq(µk) := αjδrq + βj
∫ T
0 trjf lqk(t) dt åëåìåíò âèçíà÷íèêà

∆(µk, T ), ÿêèé ñòî¨òü íà ïåðåòèíi r-ãî ðÿäêà, r = m(j−1)+l, j ∈ {1, . . . , n} ,
l ∈ {1, . . . ,m}, òà q-ãî ñòîâïöÿ, q ∈ {1, . . . ,mn}, δrq � ñèìâîë Êðîíåêåðà.

Ç (4.72) âèïëèâà¹, ùî äëÿ âñiõ k ∈ Zp òàêèõ, ùî |k| > max{D−1/θ1
1 , K1},,

âèêîíóþòüñÿ îöiíêè

|drq(µk)| 6

 C4 (1 + |µk|)ψj(βj) , r = q,

C4 (1 + |µk|)(mn−1)N−hrj , r ̸= q,
r, q ∈ {1, . . . ,mn} . (4.73)

Íà ïiäñòàâi (4.73) òà ñòðóêòóðè àëãåáðè÷íèõ äîïîâíåíü ∆m(j−1)+l,q(µk, T )

îòðèìó¹ìî, ùî äëÿ âñiõ k ∈ Zp òàêèõ, ùî |k| > max{D−1/θ1
1 , K1}, âèêîíóþ-

òüñÿ íåðiâíîñòi∣∣∆m(j−1)+l,q(µk, T )
∣∣ 6 C5 (1 + |µk|)(mn−1)N−ψj(βj)+m

∑n
g=1 ψg(βg) .

äå l ∈ {1, . . . ,m}, j ∈ {1, . . . , n} , q ∈ {1, . . . ,mn}. Ëåìó äîâåäåíî.

Òåîðåìà 4.8. Íåõàé ñïðàâäæó¹òüñÿ óìîâà (2.24) òà iñíóþòü ñòàëi

η > 0, σ > 0 òàêi, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) µk ∈ M
âèêîíó¹òüñÿ íåðiâíiñòü

|∆(µk, T )| > (1 + |µk|)−η exp
(
−σ |µk|h

)
. (4.74)

ßêùî φj ∈ W
ξj ,σ+β,h
M,m , j ∈ {1, . . . , n} , äå ξj = α+ η+(2mn+1)N −ψj(βj)+

m
∑n

g=1 ψg(βg), òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i(4.50), (4.50) iç ïðîñòîðó
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Cn
(
[0, T ] ,W

α,β,h
M,m

)
. Öåé ðîçâ'ÿçîê çîáðàæà¹òüñÿ ôîðìóëîþ (4.68) i ñïðàâ-

äæó¹ îöiíêó∥∥∥u;Cn
(
[0, T ] ,W

α,β,h
M,m

)∥∥∥ 6 C6

n∑
j=1

∥∥∥φj;W ξj ,σ,h
M,m

∥∥∥ , C6 = C6(n,m,C2, C5).

Äîâåäåííÿ. Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè (3.9)

ç óðàõóâàííÿì ëåì 4.2 òà 4.3.

4.2.4. Ç'ÿñó¹ìî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòi (4.74). Ïîçíà÷èìî:

α = (α1, . . . , αn), r = r1 + · · · + rn, Γk = (γ1k, . . . , γmn,k), (J,Γk) = j1γ1 +

· · · + jmnγmn,k, J ∈ Jmn, Eq � ìàòðèöÿ ðîçìiðó q × q âñi åëåìåíòè ÿêî¨ ¹

îäèíèöÿìè.

Ïîçíà÷èìî òàêîæ ÷åðåç h⃗jk, j ∈ {1, . . . ,mn} , äåÿêèé íåíóëüîâèé ñòîâ-

ïåöü ìàòðèöi L∗(γjk, iµk), ÿêà ¹ ïðè¹äíàíîþ äî ìàòðèöi L(γjk, iµk);H(µk) =

det
∥∥∥γq−1

jk h⃗jk

∥∥∥j=1,...,mn

q=1,...,n
, äå iíäåêñ j íóìåðó¹ ñòîâïöi, à q � ðÿäêè,

∆1(µk, T ) = det
∥∥∥ h⃗jk (αqγq−1

jk + βqIq(γjk)
)∥∥∥j=1,...,mn

q=1,...,n
, (4.75)

Iq(z) =

T∫
0

trq exp(zt)dt = Qq(z, T ) exp(zT )−Qq(z, 0), q ∈ {1, . . . , n} , (4.76)

Qq(z, T ) =

rq+1∑
l=1

(−1)l+1rq!

(rq − l + 1)!

T rq−l+1

zl
. (4.77)

Âèçíà÷íèêè ∆(µk, T ) i ∆1(µk, T ) ïîâ'ÿçàíi ìiæ ñîáîþ ñïiââiäíîøåííÿì

∆1(µk, T ) = H(µk)∆(µk, T ). (4.78)

ßê i â ï. 3.3.4, íà ïiäñòàâi (4.75)-(4.78), ïîêàçó¹ìî, ùî ∆(µk, T ), ÿê ôóíêöiÿ

çìiííî¨ T , ¹ êâàçiìíîãî÷ëåíîì âiäíîñíî T i çîáðàæó¹òüñÿ ôîðìóëîþ

∆(µk, T ) =
1

H(µk)

∑
J∈Jnm

FJ(T ) exp((J,Γk)T ), (4.79)

äå FJ(T ) � ìíîãî÷ëåíè ç êîìïëåêñíèìè êîåôiöi¹íòàìè ñòåïåíÿ NJ , NJ 6
mr, J ∈ Jmn, à êiëüêiñòü äîäàíêiâ iç ðiçíèìè åêñïîíåíòàìè íå ïåðåâèùó¹
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2mn. Äëÿ êîæíîãî µk ∈ M\{⃗0} ðîçãëÿíåìî ôóíêöiþDk := D(µk, τ) ÿêà âè-

çíà÷åíà ôîðìóëîþ (4.79) â ÿêié T òðåáà çàìiíèòè íà τ . ×åðåçE(Dk, ε, [0, T0]),

T0 > 0, ïîçíà÷èìî ìíîæèíó òèõ τ ∈ [0, T0], T0 > 0, äëÿ ÿêèõ âèêîíó¹òüñÿ

íåðiâíiñòü |D(µk, τ)| 6 ε. Äëÿ êâàçiìíîãî÷ëåíà D(µk, τ) ïîçíà÷èìî

R :=
∑

J∈Immn

(1 +NJ) 6 2mn(1 +mr), r = r1 + · · ·+ rn, (4.80)

B(µk) := 1 + max
J∈Jmn

|(J,Γk)| , µk ∈ M \ {⃗0}, (4.81)

Ψ(µk) := max
τ∈[0,T0]

exp

(
−
(

min
J∈Jmn

Re(J,Γk)

)
τ

)
, µk ∈ M \ {⃗0}, (4.82)

G(µk) := max
16j6R

{
|(∂/∂τ)j−1D(µk, τ)|τ=0(B(µk))

−j} , µk ∈ M\ {⃗0}. (4.83)

Âðàõîâóþ÷è (4.71), (4.81), îòðèìó¹ìî

B(µk) 6 1+
mn∑
j=1

|γjk| 6 C8 (1 + |µk|)N , C8 = mnC1, µk ∈ M\{⃗0}. (4.84)

Iç (4.82) âèïëèâà¹, ùî

Ψ(µk) = C9 exp
(
2N−1mnC1T0 |µk|N

)
, C9 = exp

(
2N−1mnC1T0

)
, (4.85)

ÿêà âèêîíó¹òüñÿ äëÿ âñiõ µk ∈ M.

Îöiíèìî òåïåð âåëè÷èíóG(µk) iç (4.83). Â îêîëi òî÷êè t = 0 ñïðàâåäëèâi

ðîçâèíåííÿ

exp (L(iµk)t) = Imn + L(iµk)t+ · · ·+ (L(iµk))n−1 tn−1

(n− 1)!
+ o(tn−1)Emn,

R(t) exp (L(iµk)t) = R(t) +R(t)L(iµk)t+R(t) (L(iµk))2
t2

2
+ · · ·

+R(t) (L(iµk))n−1 tn−1

(n− 1)!
+ o(tn−1)R(τ)Emn,

(4.86)

äå êîæåí ñòîâïåöü ìàòðèöi o(tn−1)R(t)Emn ìà¹ âèãëÿä

col( o(tr1+n−1), . . . , o(tr1+n−1)︸ ︷︷ ︸
m

, . . . , o(trn+n−1), . . . , o(trn+n−1)︸ ︷︷ ︸
m

). (4.87)
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Áåçïîñåðåäíiìè îá÷èñëåííÿìè çíàõîäèìî, ùî

R(t) (L(iµk))q =


Om · · · Om

... . . . ...

Om · · · Om︸ ︷︷ ︸
q

tr1Im
...

trnIm

Om · · · Om

... . . . ...

Om · · · Om


, (4.88)

äå q ∈ {0, 1, . . . , n− 1},

n−1∑
q=0

R(t) (L(iµk))q
tq

q!
=


tr1Im

tr1+1

1! Im . . . tr1+n−1

(n−1)! Im
... ... . . . ...

trnIm
trn+1

1! Im . . . trn+n−1

(n−1)! Im

 . (4.89)

Íà ïiäñòàâi ôîðìóë (4.66), (4.86)-(4.89) îòðèìó¹ìî, ùî

D(µk, τ) = det

∥∥∥∥∥∥A+B

τ∫
0

R(t) exp (L(iµk)t) dt

∥∥∥∥∥∥ =

= det

(∥∥∥∥(αjδjq + βj
τ rj+q

(rj + q)(q − 1)!

)
Im + o(τ rj+n)Em

∥∥∥∥n
j,q=1

)
.

(4.90)

Íåõàé â óìîâàõ (4.51) αj ̸= 0, j ∈ {j1, . . . , jl} , 1 6 l 6 n; {q1, . . . , qn−l} =

= {1, . . . , n} \ {j1, . . . , jl} . Òîäi êîæåí qs-òèé ðÿäîê, 1 6 s 6 n− l, áëî÷íî¨

ìàòðèöi ç (4.90) ìà¹ âèãëÿä(
βqs

τ rqs+1

(rqs + 1)
Im +o(τ rqs+n)Em, . . . ,

βqs
τ rqs+n

(rqs + n)(n− 1)!
Im + o(τ rqs+n)Em

)
,

(4.91)

à êîæåí js-òèé ðÿäîê, 1 6 s 6 l, ïîäàìî ó âèãëÿäi(
o(τ rjs+1)Em, . . . , o(τ

rjs+js−1)Em, αjsIm + o(τ rjs+js)Em,

o(τ rjs+js+1)Em, . . . , o(τ
rjs+n)Em

)
.
(4.92)

Íà ïiäñòàâi (4.90), âðàõîâóþ÷è (4.91), (4.92) òà åëåìåíòàðíi âëàñòèâîñòi

âèçíà÷íèêiâ, îòðèìó¹ìî òàêå ðîçâèíåííÿ â îêîëi òî÷êè τ = 0 äëÿ ôóíêöi¨
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D(µk, τ):

D(µk, τ) =
l∏

s=1

(αjs)
m det

∥∥∥∥ τ ry+z

(ry + z)(z − 1)!
Im

∥∥∥∥
y,z∈{q1,...,qn−l}

+

+ o
(
τm

∑n−l
s=1(rqs+qs)

)
.

(4.93)

Ôóíêöiþ D(µk, τ), âèðàæåíó ôîðìóëîþ (4.93), ìîæíà çîáðàçèòè ó âèãëÿäi

D(µk, τ) =
l∏

s=1

(αjs)
m det (D(τ)⊗ Im) + o(τmη0(α⃗)), (4.94)

äå

D(τ) :=

∥∥∥∥ τ ry+z

(ry + z)(z − 1)!

∥∥∥∥
y,z∈{q1,...,qn−l}

, (4.95)

η0(α) = rq1 + · · ·+ rqn−l
+ q1 + · · ·+ qn−l, (4.96)

à D(τ)⊗ Im � òåíçîðíèé äîáóòîê [60] ìàòðèöü D(τ) òà Im. Ç âëàñòèâîñòåé

òåíçîðíîãî äîáóòêó âèïëèâà¹, ùî

D(µk, τ) =
l∏

s=1

(αjs)
m (detD(τ))m + o(τmη0(α)). (4.97)

Âèçíà÷íèê ìàòðèöi (4.95) çîáðàæó¹òüñÿ ôîðìóëîþ (äèâ. [77, ñ. 110])

detD(τ) = τ η0(α) det

∥∥∥∥ βy
(ry + z)(z − 1)!

∥∥∥∥
y,z∈{q1,...,qn−l}

= C10τ
η0(α). (4.98)

äå

C10 = τ η0(α)
n−l∏
s=1

βqs
(qs − 1)!

∏
y,z∈{q1,...,qn−l}

z<y

((ry − rz)(y − z))
∏

y,z∈{q1,...,qn−l}

(ry + z)−1.

Íà ïiäñòàâi (4.97), (4.98) îòðèìó¹ìî

D(µk, τ) = C11τ
mη0(α) + o(τmη0(α)), C11 = (C10)

m
l∏

s=1

(αjs)
m . (4.99)

Ç (4.99) âèïëèâà¹, ùî âèêîíóþòüñÿ òàêi ðiâíîñòi:

dqD(µk, τ)

dτ q

∣∣∣∣
τ=0

=

 0, q < mη0(α),

(mη0(α))!C11, q = mη0(α).
(4.100)
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Ç (4.81), (4.83) òà (4.100) îäåðæó¹ìî äëÿ êîæíîãî µk ∈ M \ {⃗0} îöiíêó

G(µk) > C11(mη0(α))! (B(µk))
−mη(α)−1 > C12 (1 + |µk|)−(mη(α)+1)N , (4.101)

äå C12 = C11(mη0(α))!(C8)
−mNη(α).

Òåîðåìà 4.9. ßêùî â óìîâàõ (4.51) αj ̸= 0, j ∈ {j1, . . . , jl} , òî äëÿ

ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T ∈ [0, T0], T0 > 0, íåðiâ-

íiñòü (4.74) ñïðàâäæó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åíî¨ êiëüêîñòi) âåêòîðiâ

µk ∈ M, êîëè σ = 2N−1mnC1T0, à

η > (mη0(α) + 1)N + 2mn
(
p

θ1
+ 1

)
(1 +mr) ,

äå η0(α) � âèçíà÷åíà ôîðìóëîþ (4.96), à θ1 � ñòàëà ç ôîðìóëè (2.2).

Äîâåäåííÿ. Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 3.10

ç óðàõóâàííÿì îöiíîê (4.84), (4.85) òà (4.101).

ßêùî n = 1, òîáòî ñèñòåìà (4.50) ¹ ñèñòåìîþ ïåðøîãî ïîðÿäêó çà çìií-

íîþ t, òî ç ôîðìóë (4.75) i (4.78) âèïëèâà¹, ùî

∆(µk, T ) =
m∏
j=1

(α1 + β1I1(γjk)) (4.102)

i, ó öüîìó âèïàäêó, ó çàäà÷i (4.50), (4.51) âiäñóòíÿ ïðîáëåìà ìàëèõ çíàìåí-

íèêiâ. Öå ïîêàçó¹ íàñòóïíà òåîðåìà.

Òåîðåìà 4.10. ßêùî n = 1, òî îöiíêà

|∆(µk, T )| >

 1
2m |α1|m , ÿêùî α1 ̸= 0,

1
2m |β1|m

(
r1!(C1)

−r1−1
)m

(1 + |µk|)−(r1+1)mN , ÿêùî α1 = 0,

ñïðàâäæó¹òüñÿ äëÿ äîâiëüíèõ ôiêñîâàíèõ ïàðàìåòðiâ çàäà÷i (4.50), (4.51)

i äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M.

Äîâåäåííÿ. Íåõàé α1 ̸= 0. ßêùî β1 = 0, òî îöiíêà î÷åâèäíà. ßêùî æ

β1 ̸= 0, òî íà ïiäñòàâi (4.54), (4.76) òà (4.77) îòðèìó¹ìî îöiíêè

|I1(γjk)| 6 C13 (1 + |µk|)−hr1 , j ∈ {1, . . . ,m} , |k| > K1, (4.103)
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äå C13 = (r1/(2CH))
r1T i ÿêi âñòàíîâëþþòüñÿ àíàëîãi÷íî äî îöiíîê (4.71).

Ç (4.103) âèïëèâà¹, ùî äëÿ âñiõ k ∈ Zp òàêèõ, ùî |k| > K3, äå K3 =

max
{
K1, d

−θ1
1

(
|α1| / (2 |β1|C13)

1/(hθ1r1)
)}

, âèêîíó¹òüñÿ íåðiâíiñòü

|β1| |I1(γjk)| 6
1

2
|α1| . (4.104)

Òîäi íà ïiäñòàâi (4.102), âðàõîâóþ÷è (4.104), îòðèìó¹ìî, ùî îöiíêà

|∆(µk, T )| =
m∏
j=1

|α1 + β1I1(γjk)| >
1

2m
|α1|m (4.105)

âèêîíó¹òüñÿ äëÿ âñiõ k ∈ Zp òàêèõ, ùî |k| > K3.

Íåõàé òåïåð α1 = 0. Ïîçíà÷èìî ÷åðåç Y ðîçâ'ÿçîê ôóíêöiîíàëüíîãî

ðiâíÿííÿ C13 exp(−CHTy) = y−(r1+1)(N−h). Ç ôîðìóë (4.71), (4.76) òà (4.77)

âèïëèâà¹, ùî äëÿ âñiõ k ∈ Zp òàêèõ, ùî |k| > K4, äå K4 = (Y/d1)
1/(hθ1),

âèêîíóþòüñÿ òàêi îöiíêè:

|I1(γjk)| >
1

2
|Q1(γjk, 0)| > C14 (1 + |µk|)−(r1+1)N , (4.106)

äå C14 = r1!(C1)
−r1−1/2, j ∈ {1, . . . ,m}. Ç (4.102), âðàõîâóþ÷è (4.106), îòðè-

ìó¹ìî, ùî äëÿ âñiõ k ∈ Zp òàêèõ, ùî |k| > K4

|∆(µk, T )| =
m∏
j=1

|β1I1(γjk)| > |β1|m (C14)
m (1 + |µk|)−(r1+1)mN . (4.107)

Ç íåðiâíîñòåé (4.105) òà (4.107) âèïëèâà¹ äîâåäåííÿ òåîðåìè.
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ÂÈÑÍÎÂÊÈ ÄÎ ÐÎÇÄIËÓ 4

×åòâåðòèé ðîçäië äèñåðòàöi¨ ïðèñâÿ÷åíèé äîñëiäæåííþ ó êëàñi ìàéæå

ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè ôóíêöié ç çàäàíèì ñïåêòðîì êî-

ðåêòíîñòi çàäà÷ ç óìîâàìè çà ÷àñîâîþ çìiííîþ, ÷àñòèííèì âèïàäêîì ÿêèõ

¹ iíòåãðàëüíi óìîâè ó âèãëÿäi ìîìåíòiâ äîâiëüíîãî ïîðÿäêó âiä øóêàíî¨

ôóíêöi¨ òà:

1) áàãàòîòî÷êîâi óìîâè äëÿ ïàðàáîëi÷íîãî çà Ïåòðîâñüêèì ðiâíÿííÿ çi

çìiííèìè çà ÷àñîì êîåôiöi¹íòàìè;

2) ïî÷àòêîâi óìîâè äëÿ ñèñòåìè ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè, ïà-

ðàáîëi÷íî¨ çà Øèëîâèì.

Âñòàíîâëåíî óìîâè êîðåêòíîñòi ðîçãëÿíóòèõ çàäà÷ ó âiäïîâiäíèõ ôóí-

êöiîíàëüíèõ ïðîñòîðàõ. Ïîáóäîâàíî ÿâíi ôîðìóëè äëÿ ¨õ ðîçâ'ÿçêiâ. Äîâå-

äåíî ìåòðè÷íi òåîðåìè ïðî îöiíêó çíèçó ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü

ïðè ïîáóäîâi ðîçâ'ÿçêó. Âèäiëåíî âèïàäêè êîëè ó çàäà÷i âiäñóòíÿ ïðîáëåìà

ìàëèõ çíàìåííèêiâ.

Îñíîâíi ðåçóëüòàòè ðîçäiëó îïóáëiêîâàíî ó [50,57].
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ÐÎÇÄIË 5

ÇÀÄÀ×I Ç IÍÒÅÃÐÀËÜÍÈÌÈ ÓÌÎÂÀÌÈ ÄËß

ÍÅÊËÀÑÈ×ÍÈÕ ÐIÂÍßÍÜ ÌÀÒÅÌÀÒÈ×ÍÎ� ÔIÇÈÊÈ

5.1. Çàäà÷à äëÿ ìiøàíîãî ïàðàáîëî-ãiïåðáîëi÷íîãî ðiâíÿííÿ

Ó öüîìó ïiäðîçäiëi ðîçãëÿäà¹òüñÿ çàäà÷à ç íåëîêàëüíîþ óìîâîþ çà ÷à-

ñîì, ùî ìiñòèòü iíòåãðàë âiä øóêàíî¨ ôóíêöi¨, äëÿ ïàðàáîëî-ãiïåðáîëi÷íîãî

ðiâíÿííÿ äðóãîãî ïîðÿäêó çi ñòàëèìè êîåôiöi¹íòàìè ó êëàñi ìàéæå ïåðiî-

äè÷íèõ çà ïðîñòîðîâèìè çìiííèìè ôóíêöié. Ðåçóëüòàòè öüîãî ïiäðîçäiëó

îïóáëiêîâàíi ó [59].

5.1.1. Â îáëàñòi Dp ðîçãëÿäà¹ìî çàäà÷ó ïðî çíàõîäæåííÿ ôóíêöi¨ u :=

u(t, x), ÿêà ¹ ìàéæå ïåðiîäè÷íîþ çà x çi ñïåêòðîì M i ñïðàâäæó¹ íàñòóïíi

óìîâè:  ∂tu− a∆u = 0, (t, x) ∈ Dp
+,

∂2t u− b2∆u = 0, (t, x) ∈ Dp
−,

(5.1)

αu(−T1, x) + βu(T2, x) + γ

T2∫
−T1

u(t, x)dt = φ(x), x ∈ Rp, (5.2)

u ∈ C1([−T1, T2];W q,s,2
M ) ∩ C2([−T1, 0],W q,s,2

M ), q ∈ R, s > 0, (5.3)

äå a > 0, b > 0, α, β, γ ∈ R, α2+β2+γ2 ̸= 0, α+β+γ(T1+T2) ̸= 0, ôóíêöiÿ

φ(x) ¹ ìàéæå ïåðiîäè÷íîþ çi ñïåêòðîì M,

φ(x) =
∑
k∈Zp

φjk exp(iµk, x), (5.4)

5.1.2. Ðîçâ'ÿçîê çàäà÷i (5.1)-(5.3) øóêàòèìåìî ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈Zp

uk(t) exp(iµk, x), µk ∈ M. (5.5)
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Iç îçíà÷åííÿ ïðîñòîðó C1([−T1, T2],W q,s,2
M ) âèïëèâà¹, ùî êîæíà ç ôóí-

êöié uk(t), k ∈ Zp, iç (5.5) íàëåæèòü ïðîñòîðó C1[−T1, T2], òîáòî çàäîâîëü-
íÿ¹ óìîâè ñïðÿæåííÿ

uk(0− 0) = uk(0 + 0), u′k(0− 0) = u′k(0 + 0). (5.6)

Ïiäñòàâèâøè ðÿäè (5.4), (5.5) ó ðiâíÿííÿ (5.1) òà óìîâó (5.2), îòðèìó¹ìî,

ùî êîåôiöi¹íòè uk(t), k ∈ Zp, êðiì óìîâ (5.6), ïîâèííi çàäîâîëüíÿòè ùå òàêi

óìîâè:  u′k(t)− a∥µk∥2uk(t) = 0, 0 < t < T2,

u′′k(t)− b2∥µk∥2uk(t) = 0, −T1 < t < 0,
(5.7)

αuk(−T1) + βuk(T2) + γ

T2∫
−T1

uk(t)dt = φk. (5.8)

ßêùî k = 0⃗ (µ 0⃗ = 0⃗), òî çàäà÷à (5.6)-(5.8) ìà¹ ¹äèíèé ðîçâ'ÿçîê

u0⃗ =
φ 0⃗

α + β + γ(T1 + T2)
. (5.9)

ßêùî k ̸= 0⃗ (µk ∈ M\{⃗0}), òî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (5.7) ¹ òàêèì:

uk(t) =

 C1k exp(−a∥µk∥2t), 0 < t 6 T2,

C2k cos(b∥µk∥t) + C3k sin(b∥µk∥t), −T1 6 t < 0.
(5.10)

Ïiäñòàâëÿþ÷è (5.10) â óìîâè (5.6), (5.8), îòðèìó¹ìî äëÿ çíàõîäæåííÿ êîå-

ôiöi¹íòiâ C1k, C2k, C3k ñèñòåìó ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü



C1k − C2k = 0,

a
b∥µk∥C1k + C3k = 0,(
γ+(βa∥µk∥2−γ) exp(−a∥µk∥2T2)

a∥µk∥2

)
C1k+

+
(
α cos(b∥µk∥T1) + γ sin(b∥µk∥T1)

b∥µk∥

)
C2k+

+
(
γ(cos(b∥µk∥T1)−1)

b∥µk∥ − α sin(b∥µk∥T1)
)
C3k = φk,

(5.11)
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âèçíà÷íèê ÿêî¨ çîáðàæó¹òüñÿ ôîðìóëîþ

∆(µk, T1, T2) =
1

ab2∥µk∥2
(
a2γ∥µk∥2+

+ b2
(
γ + (aβ∥µk∥2 − γ) exp(−a∥µk∥2T2)

)
+

+ a
(
αb2 − aγ

)
∥µk∥2 cos(b∥µk∥T1)+

+ ab(aα∥µk∥2 + γ)∥µk∥ sin(b∥µk∥T1)
)
,

(5.12)

äå µk ∈ M \ {⃗0}.
Cèñòåìà (5.11) ìà¹ ¹äèíèé ðîçâ'ÿçîê òîäi i ëèøå òîäi, êîëè

∆(µk, T1, T2) ̸= 0, µk ∈ M \ {⃗0}. Ëåãêî ïîêàçàòè (ìåòîäîì âiä ñóïðîòèâ-

íîãî), ùî çàäà÷à (5.6)-(5.8) íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ äëÿ òèõ i

ëèøå äëÿ òèõ µk ∈ M \ {⃗0}, äëÿ ÿêèõ ∆(µk, T1, T2) ̸= 0.

Òåîðåìà 5.1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (5.1)�(5.2) ó øêàëi ïðî-

ñòîðiâ C1([−T1, T2];W q,s,2
M ) ∩ C2([−T1, 0],W q,s,2

M ) íåîáõiäíî i äîñèòü, ùîá

âèêîíóâàëàñÿ óìîâà

∀µk ∈ M \ {⃗0} ∆(µk, T1, T2) ̸= 0. (5.13)

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òâåðäæåííÿ 2.3.

5.1.3. Çà óìîâè (5.13) äëÿ êîæíîãî µk ∈ M\{⃗0} ðîçâ'ÿçîê çàäà÷i (5.6)-
(5.8) âèçíà÷à¹òüñÿ ôîðìóëîþ

uk(t) =


φk exp(−a∥µk∥2t)

∆(µk, T1, T2)
, 0 6 t 6 T2,

φk
(
cos(b∥µk∥t)− a

b∥µk∥ sin(b∥µk∥t)
)

∆(µk, T1, T2)
, −T1 6 t 6 0.

(5.14)

Âðàõîâóþ÷è (5.9), îòðèìó¹ìî, ùî ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (5.1)-(5.3)

çîáðàæó¹òüñÿ ðÿäîì

u(t, x) =
φ0⃗

α+ β + γ(T1 + T2)
+

∑
k∈Zp\{⃗0}

uk(t) exp(iµk, x), (5.15)

äå uk(t), k ∈ Zp \ {⃗0}, âèçíà÷åíi ôîðìóëàìè (5.14).
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Ðÿä (5.15), âçàãàëi, ¹ ðîçáiæíèì, áî âèðàç |∆(µk, T1, T2)|, áóäó÷è âiäìií-
íèì âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿ íåñêií÷åííî¨

êiëüêîñòi âåêòîðiâ µk ∈ M.

Òåîðåìà 5.2. Íåõàé âèêîíó¹òüñÿ óìîâà (5.13) òà iñíóþòü ñòàëi η, ν ∈
R òàêi, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M âèêî-

íó¹òüñÿ îöiíêà

|∆(µk, T1, T2)| > (1 + ∥µk∥)−η exp(−ν∥µk∥2). (5.16)

ßêùî φ ∈ W q+η+3,s+ν,2
M , òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (5.1)�(5.3). Öåé

ðîçâ'ÿçîê çîáðàæó¹òüñÿ ðÿäîì (5.15), ïðè÷îìó

max{∥u;C1([−T1, T2];W q,s,2
M )∥, ∥u;C2([−T1, 0];W q,s,2

M )∥} 6

6 3C1∥φ;W q+η+3,s+ν,2
M ∥,

äå C1 = max{1, b, b2, a, ab, a/b, |α+ β + γ(T1 + T2)|−1}.

Äîâåäåííÿ. Ç (2.3), (5.9), (5.14) òà (5.16) âèïëèâàþòü òàêi îöiíêè:

max
t∈[−T1,T2]

∣∣∣u(j)k (t)
∣∣∣ 6 C1(1 + |µk|)η+2j exp(ν|µk|2)|φk|, j ∈ {0, 1}, (5.17)

max
t∈[−T1,0]

∣∣∣u(j)k (t)
∣∣∣ 6 C1(1 + |µk|)η+j+1 exp(ν|µk|2)|φk|, j ∈ {0, 1, 2}. (5.18)

Íà ïiäñòàâi (5.15), (5.17) îòðèìó¹ìî

∥u;C1([−T1, T2];W q,s,2
M )∥ 6

6 C1

1∑
j=0

(∑
k∈Zp

max
t∈[−T1,T2]

|u(j)k (t)|2(1 + |µk|)2q exp(2s|µk|2)

)1/2

6

6 2C1

(∑
k∈Zp

|φk|2(1 + |µk|)2q+2η+4 exp(2(s+ ν)|µk|2)

)1/2

=

= 2C1∥φ;W q+η+2,s+ν,2
M ∥.

(5.19)

Àíàëîãi÷íî, íà ïiäñòàâi (5.15) òà (5.18), îäåðæó¹ìî òàêó îöiíêó:

∥u;C2([−T1, 0];W q,s,2
M )∥ 6 3C1∥φ;W q+η+3,s+ν,2

M ∥. (5.20)
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Ç îöiíîê (2.4), (5.19) òà (5.20) âèïëèâà¹ îöiíêà

max{∥u;C1([−T1, T2];W q,s,2
M )∥, ∥u;C2([−T1, 0];W q,s,2

M )∥} 6

6 3C1∥φ;W q+η+3,s+ν,2
M ∥.

Ç îòðèìàíî¨ íåðiâíîñòi âèïëèâà¹ äîâåäåííÿ òåîðåìè.

5.1.4. Ç'ÿñó¹ìî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòi (5.16).

Òåîðåìà 5.3. Íåõàé â óìîâi (5.2) α = 0 i γ ̸= 0. Òîäi äëÿ äîâiëüíèõ

ôiêñîâàíèõ a, b, T1, T2, β òà äëÿ äîâiëüíîãî m ∈ R, m > 2, íåðiâíiñòü

|∆(µk, T1, T2)| >
|γ|(m− 2)

2ma
(1 + ∥µk∥)−2

âèêîíó¹òüñÿ äëÿ âñiõ âåêòîðiâ µk ∈ M òàêèõ, ùî ∥µk∥2 > K(m), äå

K(m) = max

{
1,

2m (1 + |aβ/γ|)
a2T 2

2

}
.

Äîâåäåííÿ. Ôîðìóëà (5.12) ïðè α = 0 íàáóâà¹ âèãëÿäó

∆(µk, T1, T2) =
γ

ab2∥µk∥2
(
∆1(µk, T1) + ∆2(µk, T2)

)
, µk ∈ M \ {⃗0}, (5.21)

äå

∆1(µk, T1) = a2∥µk∥2 (1− cos(b∥µk∥T1)) + ab∥µk∥ sin(b∥µk∥T1), (5.22)

∆2(µk, T2) = b2
(
1 +

aβγ−1∥µk∥2 − 1

exp(a∥µk∥2T2)

)
. (5.23)

Çäiéñíèâøè åëåìåíòàðíi ïåðåòâîðåííÿ, âèðàç (5.22) ïåðåïèøåìî ó òàêié

ôîðìi:

∆1(µk, T1) = a2∥µk∥2 + a∥µk∥
√
b2 + a2∥µk∥2 sin(b∥µk∥T1 − ψk), (5.24)

äå ψk = arctan
(
ab−1∥µk∥

)
, µk ∈ M \ {⃗0}. Î÷åâèäíî, ùî

∆1(µk, T1) > a2∥µk∥2 − a∥µk∥
√
b2 + a2∥µk∥2 =

= a2∥µk∥2
(
1−

√
1 +

b2

a2∥µk∥2

)
=

=− b2

(
1 +

√
1 +

b2

a2∥µk∥2

)−1

> −b
2

2
.

(5.25)
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Îöiíèìî òåïåð ∆2(µk, T2). Íà ïiäñòàâi î÷åâèäíî¨ íåðiâíîñòi

exp(a∥µk∥2T2) >
(a∥µk∥2T2)2

2
,

ÿêà âèêîíó¹òüñÿ äëÿ äîâiëüíèõ a > 0, T2 > 0, µk ∈ M\{⃗0}, îòðèìó¹ìî, ùî
äëÿ âñiõ ∥µk∥2 > K(m) âèêîíó¹òüñÿ îöiíêà∣∣∣∣aβγ−1∥µk∥2 − 1

exp(a∥µk∥2T2)

∣∣∣∣ 6 2

∣∣∣∣aβγ−1∥µk∥2 − 1

a2T 2
2 ∥µk∥4

∣∣∣∣ 6
6 2

a2T 2
2 ∥µk∥2

∣∣∣∣∣∣aβγ−1
∣∣+ 1

∥µk∥2

∣∣∣∣ 6
6 2(1 + |aβ/γ|)

a2T 2
2 ∥µk∥2

6 2(1 + |aβ/γ|)
a2T 2

2K(m)
6 1

m
.

(5.26)

Ç (5.23) òà (5.26) âèïëèâà¹, ùî äëÿ âñiõ µk ∈ M òàêèõ, ùî ∥µk∥2 > K(m)

ñïðàâäæó¹òüñÿ íåðiâíiñòü

∆2(µk, T2) = b2
(
1 +

aβγ−1∥µk∥2 − 1

exp(a∥µk∥2T2)

)
> b2

(
1− 1

m

)
=
m− 1

m
b2. (5.27)

Íà ïiäñòàâi (5.25) i (5.27), îòðèìó¹ìî, ùî äëÿ âñiõ µk ∈ M òàêèõ, ùî

∥µk∥2 > K(m), m > 2, ñïðàâåäëèâà íåðiâíiñòü ∆1(µk, T1)+

+∆2(µk, T2) >
m−2
2m b2 i, âðàõîâóþ÷è (5.21),

|∆(µk, T1, T2)| >
m− 2

2ma

|γ|
∥µk∥2

>
|γ|(m− 2)

2ma
(1 + ∥µk∥)−2.

Òåîðåìó äîâåäåíî.

Çàóâàæåííÿ 5.1. ßêùî â (5.2) α = γ = 0, òî âèçíà÷íèê ∆(µk, T1, T2) :=

∆̃(µk, T2) çîáðàæó¹òüñÿ ôîðìóëîþ

∆̃(µk, T2) = β exp(−a∥µk∥2T2),

ç ÿêî¨ âèïëèâà¹, ùî äëÿ äîâiëüíèõ ôiêñîâàíèõ a, b, T2 òà β ̸= 0 îöiíêà (5.16)

ñïðàâäæó¹òüñÿ äëÿ âñiõ µk ∈ M \ {⃗0} ïðè η = 0 i ν = aT2 .

Çàóâàæåííÿ 5.2. Ç òåîðåìè 5.3 òà çàóâàæåííÿ 5.1 âèïëèâà¹, ùî ïðè

α = 0 ðîçâ'ÿçíiñòü çàäà÷i (5.1)-(5.3) íå ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíà-

ìåííèêiâ.
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Òåîðåìà 5.4. Íåõàé α ̸= 0. Òîäi äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáå-

ãà â R) ÷èñåë T1 > 0 òà äëÿ äîâiëüíèõ ôiêñîâàíèõ a, b, β, γ, T2 îöiíêà (5.16)

ñïðàâäæó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ M,

ÿêùî ν = 0 òà η > p/θ1 − 1.

Äîâåäåííÿ. Ôîðìóëó (5.12) ìîæíà ïîäàòè ó òàêîìó âèãëÿäi:

∆(µk, T1, T2) =
A(µk) sin(b∥µk∥T1 + ψk) +B(µk, T2)

ab2∥µk∥2
, (5.28)

äå

A(µk) = a∥µk∥
√
a2b2α2∥µk∥4 + (b4α2 + a2γ2) ∥µk∥2 + b2γ2, (5.29)

B(µk, T2) = a2γ∥µk∥2 + b2
(
γ + (aβ∥µk∥2 − γ) exp(−a∥µk∥2T2)

)
, (5.30)

ψk = arctan
(αb2 − aγ)∥µk∥
abα∥µk∥2 + γb

.

Çàôiêñó¹ìî a, b, β, γ, T2 òà α ̸= 0. Ïîçíà÷èìî ÷åðåç E ìíîæèíó òèõ

÷èñåë T1 ç äåÿêîãî iíòåðâàëó (0, T0], T0 > 0, äëÿ ÿêèõ íåðiâíiñòü

|∆(µk, T1, T2)| 6 ∥µk∥1−p/θ1−ε, ε > 0, (5.31)

âèêîíó¹òüñÿ äëÿ íåñêií÷åííî¨ êiëüêîñòi âåêòîðiâ µk ∈ M \ {⃗0}. ×åðåç
M1 ïîçíà÷èìî ìíîæèíó âåêòîðiâ µk ∈ M òàêèõ, ùî ∥µk∥ 6 K1, K1 =

max{1, K2, K
θ1/p
2 }, äå

K2 =
2(ab2(|β|+ 1) + |γ|(a2 + 2b2))

a2b|α|
.

Ç (2.2) âèïëèâà¹, ùî äî ìíîæèíè M1 íàëåæàòü óñi âåêòîðè µk, k ∈ Zp,

äëÿ ÿêèõ |k| < (K1/D2)
1/θ2. Î÷åâèäíî, ùî ìíîæèíà M1 ñêëàäà¹òüñÿ çi

ñêií÷åííî¨ êiëüêîñòi åëåìåíòiâ.

Íåõàé E(µ̃k) � ìíîæèíà òèõ T1 ∈ (0, T0] äëÿ ÿêèõ âèêîíó¹òüñÿ îöiíêà

(5.31) ïðè ôiêñîâàíîìó µk = µ̃k ∈ M \M1 (k = k̃). Ç (5.28) âèïëèâà¹, ùî

íåðiâíiñòü (5.31) åêâiâàëåíòíà òàêié ñèñòåìi íåðiâíîñòåé:

F1(µ̃k) 6 sin(b∥µ̃k∥T1 + ψk̃) 6 F2(µ̃k), (5.32)
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äå

F1(µ̃k) =
−ab2∥µ̃k∥3−p/θ1−ε −B(µ̃k, T2)

A(µ̃k)
, (5.33)

F2(µ̃k) =
ab2∥µ̃k∥3−p/θ1−ε −B(µ̃k, T2)

A(µ̃k)
. (5.34)

Ç (5.29), (5.30) âèïëèâàþòü îöiíêè

A(µ̃k) > C2∥µ̃k∥3, |B(µ̃k, T2)| < C3∥µ̃k∥2, (5.35)

äå C2 = a2b|α|, C3 = (a2 +2b2)|γ|+ b2a|β|. Íà ïiäñòàâi (5.33)-(5.35) îòðèìó-
¹ìî, ùî ñïðàâäæóþòüñÿ íåðiâíîñòi F1(µ̃k) < F2(µ̃k) òà

|Fj(µ̃k)| 6
ab2∥µ̃k∥3−p/θ1−ε + c3∥µ̃k∥2

C2∥µ̃k∥3
<

<
ab2 + C3

C2
max{∥µ̃k∥−p/θ1−ε, ∥µ̃k∥−1} 6

6 ab2 + C3

C2
max{K−p/θ1−ε

1 , K−1
1 } =

=
K2

2
max{K−p/θ1−ε

1 , K−1
1 }, j = 1, 2.

(5.36)

ßêùî K2 6 1, òî K1 = 1 i, âiäïîâiäíî, K2max{K−p/θ1−ε
1 , K−1

1 } 6 1. ßêùî

K2 > 1, òî ç îäíîãî áîêó K1 > K2, à òîìó K−1
1 6 K−1

2 ; ç äðóãîãî áîêó

K1 > K
θ1/p
2 , à òîìó K

−p/θ1−ε
1 6 K

1+εθ1/p
2 6 K−1

2 . Îòæå, ïðè K2 > 1

K2max{K−p/θ1−ε
1 , K−1

1 } 6 1. Ç âèùå ñêàçàíîãî òà (5.36) âèïëèâàþòü îöiíêè

|Fj(µ̃k)| 6
1

2
, j = 1, 2. (5.37)

Ðîçâ'ÿçîê ñèñòåìè íåðiâíîñòåé (5.32) âiäíîñíî T1 ¹ îá'¹äíàííÿì iíòåðâàëiâ[
arcsinF1(µ̃k)− ψk̃ + 2πn

b∥µk∥
,
arcsinF2(µ̃k)− ψk̃ + 2πn

b∥µ̃k∥

]
,[

π − arcsinF2(µ̃k)− ψk̃ + 2πn

b∥µ̃k∥
,
π − arcsinF1(µ̃k)− ψk̃ + 2πn

b∥µ̃k∥

]
,

(5.38)

äå n ∈ Z. Îñêiëüêè ôóíêöiÿ sin(b∥µ̃k∥T1 + ψk̃) ¹ ïåðiîäè÷íîþ çà T1 ç ïå-

ðiîäîì 2π/(b∥µ̃k∥), òî êiëüêiñòü óñiõ iíòåðâàëiâ (5.38), ùî ïîòðàïëÿþòü â
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iíòåðâàë (0, T0], íå ïåðåâèùó¹ (2 + bT0/π)∥µ̃k∥. Äîâæèíà êîæíîãî ç iíòåð-
âàëiâ (5.38) äîðiâíþ¹

Lk̃ =
arcsinF2(µ̃k)− arcsinF1(µ̃k)

b∥µ̃k∥
. (5.39)

Íà ïiäñòàâi (5.39) i òåîðåìè Ëàãðàíæà ïðî ñêií÷åííi ïðèðîñòè îòðèìó¹ìî

Lk̃ =
F2(µ̃k)− F1(µ̃k)

b∥µ̃k∥
√
1− (ξ(µ̃k))2

, ξ(µ̃k) ∈ [F1(µ̃k), F2(µ̃k)]. (5.40)

Ç (5.37) âèïëèâà¹, ùî |ξ(µ̃k)| 6 1/2 i, âiäïîâiäíî, ñïðàâäæó¹òüñÿ òàêà îöií-

êà: √
1− (ξ(µ̃k))2 >

√
3

2
. (5.41)

Íà ïiäñòàâi (5.33), (5.35), (5.40) òà (5.41) îòðèìó¹ìî

Lk̃ 6
2√
3

F2(µ̃k)− F1(µ̃k)

b∥µ̃k∥
6 4ab√

3

∥µ̃k∥3−p/θ1−ε

∥µ̃k∥A(µ̃k)
6 4ab√

3C2

∥µ̃k∥−1−p/θ1−ε. (5.42)

Ç (2.2) òà (5.42) âèïëèâà¹, ùî äëÿ ìiðè ìíîæèíè E(µ̃k) âèêîíó¹òüñÿ îöiíêà

mesRE(µ̃k) 6
(
bT0
π

+ 2

)
∥µ̃k∥Lk̃ 6

6 4ab√
3C2

(
bT0
π

+ 2

)
∥µ̃k∥−p/θ1−ε 6 C4|k̃|−p−θ1ε,

(5.43)

äå C4 = 4ab(bT0 + 2π)/(
√
3πC2D

p/θ1+ε
1 ). Ïiäñóìîâóþ÷è (5.43) ïî âñiõ µk ∈

M \M1 îòðèìó¹ìî∑
∥µk∥>K1

mesRE(µk) 6
∑

|k|>(K1/D1)1/θ1

c4|k|−p−θ1ε. (5.44)

Îñêiëüêè ðÿä
∑

|k|>(K1/D1)1/θ1
C4|k|−p−θ1ε ¹ çáiæíèì, òî ç (5.44) i ëåìè 2.3

âèïëèâà¹, ùî ìiðà òèõ T1 ∈ (0, T0], ÿêi ïîòðàïëÿþòü ó íåñêi÷åííó êiëüêiñòü

ìíîæèí E(µk), µk ∈ M\M1, äîðiâíþ¹ íóëåâi, òîáòîmesRE = 0. Îòæå, äëÿ

ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) òî÷îê T1 ∈ (0, T0] íåðiâíiñòü, ïðî-

òèëåæíà äî íåðiâíîñòi (5.31), âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëü-

êîñòi) âåêòîðiâ µk ∈ M. Âðàõîâóþ÷è, ùî iíòåðâàë (0,∞) ìîæíà ïîêðèòè

çëi÷åííîþ êiëüêiñòþ ïðîìiæêiâ âèãëÿäó [0, T0], îòðèìó¹ìî äîâåäåííÿ òåî-

ðåìè.
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5.2. Çàäà÷à äëÿ ðiâíÿíü, íå ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøî¨

ïîõiäíî¨ çà ÷àñîì

5.2.1. Â îáëàñòi Dp äëÿ ðiâíÿííÿ

N(∂t, ∂x)[u] := L(∂x)∂
n
t u(t, x) +

n−1∑
j=0

Aj(∂x)∂
j
tu(t, x) = 0, (t, x) ∈ Dp, (5.45)

äå

L(∂x) =
∑
|s|=2d

as∂
s1
x1
· · · ∂spxp, as ∈ R, d ∈ N, (5.46)

¹ åëiïòè÷íèì äèôåðåíöiàëüíèì âèðàçîì, Aj(∂x) =
∑

|s|6dj bj,s∂
s1
x1
· · · ∂spxp,

bj,s ∈ R, dj ∈ Z+, j ∈ {0, 1, . . . , n− 1}, äîñëiäæó¹ìî ó êëàñi ôóíêöié ìàéæå
ïåðiîäè÷íèõ çà x çi ñïåêòðîì M, çàäà÷ó ç óìîâàìè

Uj[u] := αj∂
ϑj
t u(0, x) + βjIrj [u] = φj(x), j ∈ {1, . . . , ñ1},

Uj[u] := αj∂
ϑj
t u(T, x) + βjIrj [u] = φj(x), j ∈ {ñ1 + 1, . . . , n},

(5.47)

äå 0 6 ñ1 6 n− 1,

Irj [u] :=
T∫

0

trju(t, x)dt, rj ∈ Z+, j ∈ {1, . . . , n}, r1 < . . . < rn;

αj, βj ∈ R, α2
j + β2

j ̸= 0; ϑj ∈ Z+, j ∈ {1, . . . , n}, 0 6 ϑ1 < . . . < ϑñ1 6 n− 1,

0 6 ϑñ1+1 < . . . < ϑn 6 n− 1; êîæíà ç ôóíêöié φj(x) ¹ ìàéæå ïåðiîäè÷íîþ

iç çàäàíèì ñïåêòðîì M òà ðîçâèâà¹òüñÿ â ðÿä Ôóð'¹ âèãëÿäó

φj(x) =
∑
k∈Zp

φjk exp(iµk, x), (5.48)

Çàäà÷à (5.45), (5.47) ó âèïàäêó êîëè βj = 0, j ∈ {1, . . . , n}, äîñëiäæóâà-
ëàñü ó ðîáîòi [10] ó êëàñi 2π-ïåðiîäè÷íèõ çà x ôóíêöié.

5.2.2. Ðîçâ'ÿçîê çàäà÷i (5.45), (5.47) øóêà¹ìî â êëàñi ìàéæå ïåðiîäè÷íèõ

çà x çi ñïåêòðîì M ôóíêöié ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈Zp

uk(t) exp(iµk, x). (5.49)
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Ïiäñòàâèâøè ðÿäè (5.48), (5.49) ó ðiâíÿííÿ (5.45) òà óìîâè (5.47), îòðèìó¹-

ìî äëÿ çíàõîäæåííÿ êîæíîãî ç êîåôiöi¹íòiâ uk(t), k ∈ Zp, âiäïîâiäíî, òàêó

çàäà÷ó:

N

(
d

dt
, µk

)
[uk] := L(µk)u

(n)
k (t) +

n−1∑
j=0

Aj(µk)u
(j)
k (t) = 0, (5.50)


Uj[uk] := αju

(ϑj)
k (0) + βjIrj [uk] = φjk, j ∈ {1, . . . , ñ1},

Uj[uk] := αju
(ϑj)
k (T ) + βjIrj [uk] = φjk, j ∈ {ñ1 + 1, . . . , n}.

(5.51)

Ðîçãëÿíåìî çàäà÷ó (5.50), (5.51) ïðè k = 0⃗ (µ0⃗ = 0⃗ ). Ó öüîìó âèïàäêó

ðiâíÿííÿ (5.50) ìà¹ âèãëÿä

N

(
d

dt
, 0⃗

)
[u0⃗] :=

n−1∑
j=0

bj,⃗0 u
(j)

0⃗
(t) = 0, (5.52)

îñêiëüêè L(⃗0) = 0, à Aj (⃗0) = bj,⃗0, j ∈ {0, 1, . . . , n − 1}. Íåõàé n0 ∈ N,

n0 6 n − 1, òàêå ùî bn0 ,⃗0 ̸= 0, à ïðè j > n0 bj,⃗0 = 0. Òîäi ðiâíÿííÿ (5.52)

ìà¹ ïîðÿäîê n0. Ðîçâ'ÿçîê çàäà÷i (5.50), (5.51) ïðè k = 0⃗ çîáðàæó¹òüñÿ

ôîðìóëîþ

u0⃗(t) =

m0∑
l=1

κl−1∑
q=0

Clqt
q exp(λl,⃗0 t), (5.53)

äå λl,⃗0, l ∈ {1, . . . ,m0}, � ðiçíi êîðåíi ðiâíÿííÿ
∑n−1

j=0 bj,⃗0 u
(j)

0⃗
(t) = 0 ç

êðàòíîñòÿìè κl âiäïîâiäíî,
∑m0

l=1 κl = n0, à ñòàëi Clq, l ∈ {1, . . . ,m0},
q ∈ {0, 1, . . . , κl − 1}, âèçíà÷àþòüñÿ iç ñèñòåìè n ëiíiéíèõ àëãåáðè÷íèõ ðiâ-

íÿíü {
m0∑
l=1

κl−1∑
q=0

ClqBjq(λl,⃗0, T ) = φjk, j ∈ {1, . . . , n}, (5.54)

ó ÿêié

Bjq(λ, T ) =

 αjP
ϑj
q (λl,⃗0, 0) + βjI q

rj
(λl,⃗0, T ), 1 6 j 6 ñ1,

αjP
ϑj
q (λl,⃗0, T ) + βjI q

rj
(λl,⃗0, T ), ñ1 + 1 6 j 6 n,

(5.55)
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P ϑj
q (λl,⃗0, t) = exp(λl,⃗0 t)

min{ϑj ,q}∑
h=0

Ch
ϑj

q!

(q − h)!
λϑj−htq−h, (5.56)

I q
rj
(λl,⃗0, T ) = Irj [tq exp(λl,⃗0 t)] =

= Qrj+q(λl,⃗0, T ) exp(λl,⃗0 T )−Qrj+q(λl,⃗0, 0),
(5.57)

Qrj+q(λl,⃗0, t) =

rj+q+1∑
h=1

(−1)h+1(rj + q)!

(rj + q − h+ 1)!

trj+q−h+1

λh
l,⃗0

. (5.58)

Ïîçíà÷èìî ÷åðåç A ìàòðèöþ ñèñòåìè (5.54), à ÷åðåç A � ðîçøèðåíó

ìàòðèöþ öi¹¨ ñèñòåìè:

A =
∥∥∥Bjq(λl,⃗0, T )

∥∥∥j=1,...,n

q=0,...,κl−1, l=1,...,m0

,

A =
∥∥∥Bjq(λl,⃗0, T )

∣∣∣φjk∥∥∥j=1,...,n

q=0,...,κl−1, l=1,...,m0

.

Ïðè k = 0⃗ çàäà÷à (5.50), (5.51) ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó òîäi é òiëüêè

òîäi, êîëè âèêîíó¹òüñÿ óìîâà

rangA = n0; (5.59)

äëÿ iñíóâàííÿ ðîçâ'ÿçêó öi¹¨ çàäà÷i íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü

óìîâà

rangA = rangA. (5.60)

Ðîçãëÿíåìî òåïåð çàäà÷ó (5.50), (5.51), êîëè µk ∈ M\{⃗0}. Ç åëiïòè÷íî-

ñòi äèôåðåíöiàëüíîãî âèðàçó (5.46) âèïëèâà¹, ùî

∀µk ∈ M \ {⃗0} L(µk) ≡
∑
|s|=2d

as(µk1)
s1 · · · (µkp)sp ̸= 0.

Õàðàêòåðèñòè÷íå ðiâíÿííÿ, ÿêå âiäïîâiäà¹ ðiâíÿííþ (5.50) ïðè µk ̸= 0⃗,

ìà¹ âèãëÿä

N(λ, µk) := λn + L−1(µk)
(
An−1(µk)λ

n−1 + · · ·+ A0(µk)
)
= 0. (5.61)

Íåõàé λlk := λl(µk), l ∈ {1, . . . ,m}, � ðiçíi êîðåíi ðiâíÿííÿ (5.61) iç êðàòíî-

ñòÿìè nl âiäïîâiäíî, n1+ · · ·+nm = n (äëÿ ñïðîùåííÿ âèêëàäîê ââàæà¹ìî,
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ùî ÷èñëà m òà nl, l ∈ {1, . . . ,m}, íå çàëåæàòü âiä µk, à òàêîæ, ùî λlk ̸= 0,

l ∈ {1, . . . ,m}, µk ∈ M \ {⃗0}).
Íåõàé

fqk(t) := fq(t, µk), q ∈ {1, . . . , n}, (5.62)

íîðìàëüíà (â òî÷öi t = 0) ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ

(5.50). Ïîçíà÷èìî ÷åðåç

∆(µk, T ) = det ∥Uj[fqk(t)]∥nj,q=1 (5.63)

õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷i (5.50), (5.51) ïðè µk ∈ M \ {⃗0}.
Çàäà÷à (5.50), (5.51) íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ òîäi i ëèøå

òîäi, êîëè ∆(µk, T ) ̸= 0 [99].

Òåîðåìà 5.5. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (5.45), (5.47) ó ïðîñòîði

Cn([0, T ],W α,β,γ
M ), íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà (5.59)

òà óìîâà

∀µk ∈ M \ {⃗0} ∆(µk, T ) ̸= 0. (5.64)

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òâåðäæåííÿ 2.3.

5.2.3.Íàäàëi ââàæàòèìåìî, ùî âèêîíóþòüñÿ óìîâè (5.59), (5.60) i (5.64).

Òîäi äëÿ êîæíîãî µk ∈ M iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (5.50), (5.51), à

ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (5.45), (5.47) çîáðàæó¹òüñÿ ðÿäîì

u(t, x) = u0⃗(t) +
∑

k∈Zp\{⃗0}

(
n∑

q,j=1

∆jq(µk, T )

∆(µk, T )
φjkfqk(t)

)
exp(iµk, x), (5.65)

äå ∆jq(µk, T ) � àëãåáðè÷íå äîïîâíåííÿ ó âèçíà÷íèêó ∆(µk, T ) åëåìåíòà

j-ãî ðÿäêà òà q-ãî ñòîâïöÿ, à u0⃗(t) � çîáðàæó¹òüñÿ ôîðìóëîþ (5.53).

Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (5.45), (5.47) ó øêàëi ïðîñòîðiâ

Cn
(
[0, T ],W α, β,γ

M

)
÷è Cn ([0, T ], Hα

M) ïîâ'ÿçàíå ç ïðîáëåìîþ ìàëèõ çíàìåí-

íèêiâ [89], áî âèðàç |∆(µk, T )|, áóäó÷è âiäìiííèì âiä íóëÿ, ìîæå íàáóâàòè

ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿ íåñêií÷åííî¨ êiëüêîñòi âåêòîðiâ µk ∈ M.
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Ïðè äîñëiäæåííi ðîçâ'ÿçíîñòi çàäà÷i (5.45), (5.47) â öèõ ïðîñòîðàõ áó-

äåìî ðîçðiçíÿòè äâà âèïàäêè:

A) max
06j6n−1

{dj} > 2d, B) max
06j6n−1

{dj} < 2d.

Âèïàäîê À. Îñêiëüêè L(µk) � îäíîðiäíèé ìíîãî÷ëåí ñòåïåíÿ 2d âiä-

íîñíî çìiííèõ µk1, . . . , µkp, òî äëÿ íüîãî ñïðàâåäëèâà òàêà îöiíêà [42]:

|L(µk)| > CL|µk|2d, CL := p−d inf
∥ξ∥=1

L(ξ), ξ ∈ Rp. (5.66)

Äëÿ êîðåíiâ ðiâíÿííÿ (5.61), íà ïiäñòàâi (5.66) òà [103, ñòîð. 101], ñïðàâå-

äëèâi òàêi îöiíêè:

|λlk| 6 C1|µk|χ1, l ∈ {1, . . . ,m}, (5.67)

äå

χ1 = max
06j6n−1

{
dj − 2d

n− j

}
, C1 = 2 max

06j6n−1

{(
max|s|6dj{|bj,s|}

CL

) 1
n−j

}
.

Ïîçíà÷èìî:

γj = 0, j ∈ {1, . . . , ñ1}; γj =

 0, αj = 0,

ϑj, αj ̸= 0,
j ∈ {ñ1 + 1, . . . , n};

γ = γ1 + · · ·+ γn; η1(j, q) := χ1

(
n(n− 1)

2
+ q + γ − γj + 1

)
.

Ëåìà 5.1. Äëÿ àëãåáðè÷íèõ äîïîâíåíü ∆jq(µk, T ), µk ∈ M \ {⃗0}, åëå-
ìåíòiâ âèçíà÷íèêà (5.63) ñïðàâåäëèâi îöiíêè

|∆jq(µk, T )| 6 C2(1 + |µk|)η1(j,q) exp((n− 1)C1|µk|N−2dT ),

äå C2 = (n− 1)!2nC1 max
16j6n

{
|αj|, |βj|T rj+1(rj + 1)−1

}
.

Äîâåäåííÿ. Åëåìåíò âèçíà÷íèêà (5.63), ÿêèé ñòî¨òü íà ïåðåòèíi j-ãî

ðÿäêà òà q-ãî ñòîâïöÿ ìà¹ âèãëÿä

δjq(µk, T ) =

 αjf
(ϑj)
qk (0) + βjIrj [fqk], 1 6 j 6 ñ1,

αjf
(ϑj)
qk (T ) + βjIrj [fqk], ñ1 + 1 6 j 6 n.

(5.68)



125

Äëÿ ôóíêöié (5.62), íà ïiäñòàâi (5.67) òà ëåìè 12.7.7 ç [109], îòðèìó¹ìî

max
t∈[0,T ]

∣∣∣∣dj−1fqk(t)

dtj−1

∣∣∣∣ 6 2nC1(1 + |µk|)(n+j−q)χ1 exp(C1|µk|χ1T ), (5.69)

äå q, j ∈ {1, . . . , n}. Íà ïiäñòàâi (5.69) îòðèìó¹ìî òàêi îöiíêè:
T∫

0

trjfqk(t)dt 6 max
t∈[0,T ]

|fqk(t)|
T∫

0

trjdt =
T rj+1

rj + 1
max
t∈[0,T ]

|fqk(t)| 6

6 2nC1T
rj+1(rj + 1)−1(1 + |µk|)(n−q+1)χ1 exp(C1|µk|χ1T )

(5.70)

äëÿ âñiõ j, q ∈ {1, . . . , n}.
Îñêiëüêè fqk(t), q ∈ {1, . . . , n}, � íîðìàëüíà (â òî÷öi t = 0) ôóíäàìåí-

òàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (5.50), òî∣∣∣f (ϑj)qk (0)
∣∣∣ = δϑj−1,q j ∈ {1, . . . , n1}, (5.71)

äå δϑj−1,q � ñèìâîë Êðîíåêåðà.

Íà ïiäñòàâi (5.68) òà (5.70)�(5.71) îòðèìó¹ìî òàêi îöiíêè:

|δjq(µk, T )| 6 C3(1 + |µk|)(n+γj−q+1)χ1 exp(C1|µk|χ1T ), (5.72)

äå j, q ∈ {1, . . . , n}, à C3 = 2nC1max16j6n
{
|αj|, |βj|T rj+1(rj + 1)−1

}
.

Íà ïiäñòàâi îöiíîê (5.72) îòðèìó¹ìî

|∆jq(µk, T )| 6 C2(1 + |µk|)χ1(q+γ−γj+
∑n

l=1(n+1−l)) exp((n− 1)C1|µk|χ1T ) =

= C2(1 + |µk|)η1(j,q) exp((n− 1)C1|µk|χ1T ).

Ç îòðèìàíî¨ íåðiâíîñòi i âèïëèâà¹ äîâåäåííÿ ëåìè.

Òåîðåìà 5.6. Íåõàé ñïðàâäæóþòüñÿ óìîâè (5.60), (5.64) òà iñíóþòü

ñòàëi η > 0 i σ > 0 òàêi, ùî äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêî-

ñòi) âåêòîðiâ µk ∈ M âèêîíó¹òüñÿ íåðiâíiñòü

|∆(µk, T )| > (1 + |µk|)−η exp(−σ|µk|χ1). (5.73)

ßêùî φj ∈ W q1+α, q2+β,χ1

M , q1 = η + χ1 ((n+ 1)(n+ 2)/2 + γ − γj), q2 =

θ + nC1T , j ∈ {1, . . . , n}, òî iñíó¹ ðîçâ'ÿçîê çàäà÷i (5.45), (5.47) iç ïðî-

ñòîðó Cn
(
[0, T ],W α, β,χ1

M

)
. Öåé ðîçâ'ÿçîê çîáðàæà¹òüñÿ ôîðìóëîþ (5.65)

i íåïåðåðâíî çàëåæèòü âiä ôóíêöié φj(x), j ∈ {1, . . . , n}.
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Äîâåäåííÿ. Áåçïîñåðåäíüîþ ïåðåâiðêîþ âñòàíîâëþ¹ìî íàëåæíiñòü ôóí-

êöi¨, ùî çîáðàæåíà ðÿäîì (5.65) äî ïðîñòîðó Cn
(
[0, T ],W α, β,χ1

M

)
. Íà ïiä-

ñòàâi ëåìè 5.1 òà îöiíîê (5.69), (5.73) îòðèìó¹ìî∥∥∥u;Cn
(
[0, T ],W α, β,χ1

M

)∥∥∥ 6 C4

n∑
j=0

∥∥∥φj;W q1+α, q2+β,χ1

M

∥∥∥ ,
äå C4 = 2nn2C1C2. Ç îòðèìàíî¨ íåðiâíîñòi âèïëèâà¹ äîâåäåííÿ òåîðåìè.

Ç'ÿñó¹ìî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòåé (5.73). Äëÿ ñïðîùåííÿ âè-

êëàäîê ïðèïóñòèìî, ùî âñi êîðåíi õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà (5.61) ¹

ïðîñòèìè, òîáòîm = n, nl = 1, l ∈ {1, . . . ,m}. Ïîçíà÷èìî: Λ = (λ1k, . . . , λnk),

(J,Λ) = j1λ1k + · · ·+ jnλnk, J ∈ Jn; r = r1 + · · ·+ rn.

Ôóíêöi¨

ulk := ulk(t) = exp(λlkt), l ∈ {1, . . . , n}, (5.74)

óòâîðþþòü ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ (5.50) ïðè µk ∈
M \ {⃗0}. Íåõàé

∆̃(µk, T ) := det ∥Uj[ulk]∥nq,l=1,

äå µk ∈ M \ {⃗0}, � õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷i (5.50), (5.51)

îòðèìàíèé ïðè âèêîðèñòàííi ôóíäàìåíòàëüíî¨ ñèñòåìè (5.74). Åëåìåíòè

gjl(µk, T ) âèçíà÷íèêà ∆̃(µk, T ) ìàþòü âèãëÿä

gjl(µk, T ) = αjP
ϑj
l + βjI 0

rj
(λlk, T ), j, l ∈ {1, . . . , n}, (5.75)

äå

P
ϑj
l =

 λ
ϑj
lk , 1 6 j 6 ñ1,

λ
ϑj
lk exp(λlkT ), ñ1 + 1 < j 6 n,

l ∈ {1, . . . , n}, (5.76)

à I 0
r1
(λlk, T ), äå j ∈ {1, . . . , n}, âèçíà÷à¹ìî íà îñíîâi ôîðìóë (5.57).
Âèçíà÷íèêè ∆̃(µk, T ) i ∆(µk, T ) ïîâ'ÿçàíi ñïiââiäíîøåííÿì

∆̃(µk, T ) = W (µk)∆(µk, T ), (5.77)
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äå W (µk) = det ∥λq−1
lk ∥nq,l=1 =

∏
n>j>l>1(λjk − λlk) ¹ çíà÷åííÿ âðîíñêiàíà

ñèñòåìè ôóíêöié (5.74) â òî÷öi t = 0.

ßê i â ï. 3.3.4 ïîêàçó¹ìî, ùî âèçíà÷íèê ∆(µk, T ) ¹ êâàçiìíîãî÷ëåíîì

âiäíîñíî çìiííî¨ T i çîáðàæà¹òüñÿ ôîðìóëîþ

∆(µk, T ) =
1

W (µk)

∑
J∈Jn

exp((J,Λ)T )FJ(T ), (5.78)

äå FJ(T ), J ∈ Jn, � ìíîãî÷ëåíè ç êîìïëåêñíèìè êîåôiöi¹íòàìè ñòåïåíÿ

NJ , NJ 6 r1 + · · · + rn, à êiëüêiñòü äîäàíêiâ iç ðiçíèìè åêñïîíåíòàìè íå

ïåðåâèùó¹ 2n. Äëÿ êîæíîãî µk ∈ M \ {⃗0} ðîçãëÿíåìî ôóíêöiþ D(µk, τ),

ùî âèçíà÷åíà íà iíòåðâàëi (0,∞) ôîðìóëîþ (5.78), â ÿêié T òðåáà çàìiíèòè

íà τ . ×åðåç E(D, ε, [0, T0]), äå T0 > 0, ïîçíà÷èìî ìíîæèíó òèõ τ ∈ [0, T0],

äëÿ ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü |D(µk, τ)| 6 ε,

N :=
∑
J∈Jn

NJ 6 2n (1 + r1 + · · ·+ rn) , (5.79)

B(µk) := 1 + max
J∈Jn

|(J,Λ)|, (5.80)

Ψ(µk) := max
τ∈[0,T0]

exp

(
−
(
min
J∈Jn

Re(J,Λ)

)
τ

)
, (5.81)

G(µk) := max
16j6N

{∣∣∣∣∂j−1D(µk, τ)

∂τ j−1

∣∣∣∣
τ=0

·B−j(µk)

}
(5.82)

çà óìîâè µk ∈ M \ {⃗0}.
Ç (5.80), âðàõîâóþ÷è (5.67), îòðèìy¹ìî, ùî

B(µk) 6 1 +
n∑
l=1

|λlk| 6 C6(1 + |µk|)χ1, (5.83)

çà óìîâè µk ∈ M\{⃗0}, äå C6 = nC1. Âèçíà÷èìî ñòàëó Cλ íàñòóïíèì ÷èíîì:

Cλ = −min

{
0, inf

µk∈M\{⃗0}
min

l∈{1,...,n}

{
Reλlk
|µk|χ1

}}
,

ÿêà, íà ïiäñòàâi (5.67), iñíó¹ i ¹ ñêií÷åííîþ. Òîäi ç (5.81) âèïëèâà¹ îöiíêà

Ψ(µk) 6 exp(nCλT0|µk|χ1), µk ∈ M \ {⃗0}. (5.84)

Äëÿ òîãî, ùîá îöiíèòè çíèçó G(µk) âèêîðèñòà¹ìî íàñòóïíå òâåðäæåííÿ.
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Ëåìà 5.2. Iñíó¹ ÷èñëî η0(α⃗) òàêå, ùî

∂qD(µk, τ)

∂τ q

∣∣∣∣
τ=0

=

 0, q < η0(α⃗),

η0(α⃗)!Cη0, q = η0(α⃗),
(5.85)

äå Cη0 � äåÿêà ñòàëà, ÿêà çàëåæèòü âiä αj, βj, rj, j ∈ {1, . . . , n}.

Äîâåäåííÿ. Ç ôîðìóë (5.75) òà (5.77) âèïëèâà¹, ùî

D(µk, τ) = W−1(µk)D̃(µk, τ) = W−1(µk) det ∥gjl(µk, τ)∥nj,l=1. (5.86)

Äëÿ êîæíîãî j, l ∈ {1, . . . , n}, ñïðàâåäëèâi òàêi ðîçâèíåííÿ:

exp(λlkτ) =
n−1∑
q=0

λqlk
q!
τ q + τn+1ν̃lk(τ), (5.87)

τ∫
0

trj exp(λlkt)dt =
n−1∑
q=0

λqlk
q!(rj + q + 1)

τ rj+q+1 + τ rj+n+1Vjlk(τ), (5.88)

äå ν̃lk(τ), Vjlk(τ) = (rj+n+1)−1
∫ τ
0 ν̃lk(t)dt ¹ àíàëiòè÷íi â îêîëi òî÷êè τ = 0

ôóíêöi¨.

Ïiäñòàâèâøè ðîçâèíåííÿ (5.87), (5.88) ó ôîðìóëè (5.75), â ÿêèõ T ñëiä

çàìiíèòè íà τ , îòðèìà¹ìî

gjl(µk, τ) =



αjλ
ϑj
lk + βj

n−1∑
q=0

λqlkτ
rj+q+1

q!(rj + q + 1)
+

+βjτ
rj+n+1Vjlk(τ), 1 6 j 6 ñ1,

αl

n−1∑
q=ϑj

λqlkτ
q−ϑj

(q − ϑj)!
+ βj

n−1∑
q=0

λqlkτ
rj+q+1

q!(rj + q + 1)
+

+αjτ
nνlk(τ) + βjτ

rj+n+1Vlk(τ), ñ1 + 1 6 j 6 n,

(5.89)

äå l ∈ {1, . . . , n}.
Çãðóïóâàâøè ó ôîðìóëàõ (5.89) äîäàíêè çà ñòåïåíÿìè λlk, ïåðåïèøåìî

(5.89) ó âèãëÿäi

gjl(µk, τ) =
n−1∑
q=0

λqlk g̃jq(αj, βj, τ) + Ṽjlk(τ), j, l ∈ {1, . . . , n}, (5.90)
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äå

Ṽjlk(τ) =

 βjτ
rj+n+1Vjlk(τ), 1 6 j 6 ñ1,

αjτ
nνlk(τ) + βjτ

rj+n+1Vjlk(τ), ñ1 + 1 6 j 6 n,
(5.91)

Ïðè öüîìó äëÿ êîæíîãî q ∈ {0, 1, . . . , n− 1}

g̃jq(αj, βj, τ) =


αj + βj

τ rj+q+1

q!(rj + q + 1)
, q = ϑj,

βj
τ rj+q+1

q!(rj + q + 1)
, q ̸= ϑj,

(5.92)

ÿêùî j ∈ {1, . . . , ñ1} i

g̃jq(αj, βj, τ) =



βj
τ rj+q+1

q!(rj + q + 1)
, 0 6 q < ϑj,

αj
τ q−ϑj

(q − ϑj)!
+

+βj
τ rj+q+1

q!(rj + q + 1)
, ϑj 6 q 6 n− 1,

(5.93)

ÿêùî j ∈ {ñ1 + 1, . . . , n}.
Ç (5.91)�(5.93) âèïëèâà¹, ùî ôóíêöi¨ Ṽjlk(τ), j, l ∈ {1, . . . , n}, ìàþòü â

òî÷öi τ = 0 íóëü âèùîãî ïîðÿäêó íiæ

n−1∑
q=0

λqlk g̃jq(αj, βj, τ),

äå j, l ∈ {1, . . . , n}, âiäïîâiäíî. Ç ôîðìóëè (5.86), âðàõîâóþ÷è (5.90), îòðè-

ìó¹ìî

D(µk, τ) = W−1(µk) det

∥∥∥∥∥
n−1∑
q=0

λqlkg̃jq(αj, βj, τ) + Ṽjlk(τ)

∥∥∥∥∥
n

j,l=1

. (5.94)

Âèêîðèñòîâóþ÷è åëåìåíòàðíi âëàñòèâîñòi âèçíà÷íèêiâ, ðîçêðè¹ìî ó âè-

çíà÷íèêó â ôîðìóëi (5.94) ñóìè ïî ðÿäêàõ i îäåðæèìî òàêå ðîçâèíåííÿ:

D(µk, τ) = W−1(µk)

det

∥∥∥∥∥
n−1∑
q=0

λqlkg̃jq(αj, βj, τ)

∥∥∥∥∥
n

j,l=1

+D(µk, τ)

 , (5.95)
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äå D(µk, τ) � äåÿêà àíàëiòè÷íà â îêîëi òî÷êè τ = 0 ôóíêöiÿ, ÿêà ìà¹ â öié

òî÷öi íóëü âèùîãî ïîðÿäêó íiæ

det

∥∥∥∥∥
n−1∑
q=0

λqlkg̃jq(αj, βj, τ)

∥∥∥∥∥
n

j,l=1

.

Ëåãêî áà÷èòè, ùî ìàòðèöÿ∥∥∥∥∥
n−1∑
q=0

λqlkg̃jq(αj, βj, τ)

∥∥∥∥∥
n

j,l=1

¹ äîáóòêîì ìàòðèöü
∥∥∥λq−1

lk

∥∥∥n
q,l=1

òà ∥g̃j,q−1(αj, βj, τ)∥nj,q=1 , çâiäêè âèïëèâà¹,

ùî

det

∥∥∥∥∥
n−1∑
q=0

λqlkg̃jq(αj, βj, τ)

∥∥∥∥∥
n

j,l=1

= det
∥∥∥λq−1

lk

∥∥∥n
q,l=1

×

× det ∥g̃j,q−1(αj, βj, τ)∥nj,q=1 .

(5.96)

Ïîçíà÷èìî

∆0(α⃗, β⃗, τ) := det ∥g̃j,q−1(αj, βj, τ)∥nj,q=1, (5.97)

Âðàõîâóþ÷è (5.95)�(5.97), îòðèìó¹ìî òàêå ðîçâèíåííÿ:

D(µk, τ) = ∆0(α⃗, β⃗, τ) +W−1(µk)D(µk, τ). (5.98)

Çàóâàæèìî, ùî âèçíà÷íèê (5.97) ¹ ïîëiíîìîì âiäíîñíî çìiííî¨ τ ñòåïåíÿ íå

âèùå n(n+ 1)/2 + r (öå âèïëèâà¹ ç (5.92) òà (5.93)), i ¹ âiäìiííèì âiä íóëÿ

äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) òî÷îê τ . Ïîçíà÷èìî ÷åðåç η0(α⃗) íàé-

ìåíøèé ñòåïiíü τ , ùî âõîäèòü ó âèðàç äëÿ (5.97), à ÷åðåç Cη0 := Cη0(α⃗, β⃗, r⃗)

êîåôiöi¹íò ïðè íüîìó. Òîäi ç (5.98) âèïëèâà¹ äîâåäåííÿ ëåìè.

Ïðèêëàä 5.1. Íåõàé ó ðiâíÿííi (5.45) n = 4, à óìîâè (5.47) ìàþòü

âèãëÿä

T∫
0

tr1u(t, x)dt = φ1,

T∫
0

tr2u(t, x)dt = φ2,
∂u(T, x)

∂t
= φ3,

∂3u(T, x)

∂t3
= φ4.
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Â öüîìó âèïàäêó (α⃗ = (0, 0, 1, 1), β⃗ = (1, 1, 0, 0)) ôóíêöi¨ (5.92) òà (5.93)

çîáðàæóþòüñÿ ôîðìóëàìè

g̃jq(0, 1, τ) =
τ rj+q+1

q!(rj + q + 1)
, j ∈ {1, 2}, q ∈ {0, 1, 2, 3},

g̃3q(1, 0, τ) =


0, q = 0,

τ q−1

(q − 1)!
, q = 1, 2, 3,

g̃4q(1, 0, τ) =

 0, q = 0, 1, 2,

1, q = 3,

a âèçíà÷íèê (5.97), âiäïîâiäíî, ôîðìóëîþ

∆0(α⃗, β⃗, τ) =
τ r1+r2+4(r2 − r1)(r1 + r2 + 5)

(r1 + 1)(r1 + 2)(r1 + 3)(r2 + 1)(r2 + 2)(r2 + 3)
.

Îòæå, ó öüîìó âèïàäêó çàäà÷i (5.45), (5.45) âåëè÷èíà η0(α⃗) = r1 + r2 + 4.

Òåïåð îöiíèìî çíèçó âåëè÷èíó G(µk). Ç (5.85), íà ïiäñòàâi (5.82), (5.83),

âèïëèâà¹

G(µk) =
∂η0(α⃗)D(µk, τ)

∂τ η0(α⃗)

∣∣∣∣
τ=0

(B(µk))
−η0(α⃗) > C7(1 + |µk|)−η0(α⃗)χ1, (5.99)

äå C7 = η0(α⃗)!Cη0(C6)
−η0(α⃗).

Òåîðåìà 5.7. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T ∈
(0, T0], T0 > 0, íåðiâíiñòü (5.73) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨

êiëüêîñòi) âåêòîðiâ µk ∈ M, êîëè θ = nCλT0, à

η > χ1η0(α⃗) + (p/θ1 + χ1)(2
n(1 + r)− 1).

Äîâåäåííÿ. ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 3.6 ç óðàõóâàí-

íÿì îöiíîê (5.83), (5.84) òà (5.99).

Âèïàäîê B. Ó öüîìó âèïàäêó âäà¹òüñÿ ïîêàçàòè iñíóâàííÿ ðîçâ'ÿçêó

ó øêàëi ïðîñòîðiâ Cn([0, T ], H α
M). Äëÿ êîðåíiâ ðiâíÿííÿ (5.61) íà ïiäñòàâi

(5.66) òà [103, ñòîð. 101], ñïðàâåäëèâi òàêi îöiíêè :

|λlk| 6 C1|µk|−χ2, χ2 = min
06j6n−1

{
2d− dj
n− j

}
, l ∈ {1, . . . ,m}. (5.100)

Ïîçíà÷èìî

CA = max
06j6n−1

{
max
|s|6dj

{|bj,s|
}
.
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Òåîðåìà 5.8. Íåõàé ñïðàâäæóþòüñÿ óìîâè (5.60), (5.64) òà iñíó¹

ñòàëà η̃ > 0 òàêà, ùî äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi)

âåêòîðiâ µk ∈ M âèêîíó¹òüñÿ íåðiâíiñòü

|∆(µk, T )| > (1 + |µk|)−η̃. (5.101)

ßêùî φj ∈ H η̃+α
M , j ∈ {1, . . . , n}, òî iñíó¹ ðîçâ'ÿçîê çàäà÷i (5.45), (5.47) iç

ïðîñòîðó Cn([0, T ], Hα
M). Öåé ðîçâ'ÿçîê çîáðàæà¹òüñÿ ôîðìóëîþ (5.65) i

íåïåðåðâíî çàëåæèòü âiä ôóíêöié φj(x), j ∈ {1, . . . , n}.

Äîâåäåííÿ. Íà ïiäñòàâi (5.65) îòðèìó¹ìî îöiíêó

∥u;Cn([0, T ], Hα
M)∥ =

=
n∑
l=0

max
t∈[0,T ]

(∣∣∣u(l)
0⃗
(t)
∣∣∣2 + ∑

k∈Zp\{⃗0}

∣∣∣u(l)k (t)
∣∣∣2 (1 + |µk|)2α

1/2

6

6
n∑
l=0

(
max
t∈[0,T ]

∣∣∣u(l)
0⃗
(t)
∣∣∣2 + ∑

k∈Zp\{⃗0}

max
t∈[0,T ]

∣∣∣u(l)k (t)
∣∣∣2 (1 + |µk|)2α

1/2

, (5.102)

â ÿêié

uk(t) =
n∑

q,j=1

∆jq(µk, T )

∆(µk, T )
φjkfqk(t), k ∈ Zp \ {⃗0}. (5.103)

Ç ôîðìóëè (5.53) íà ïiäñòàâi (5.55)�(5.58) âèïëèâàþòü îöiíêè

max
t∈[0,T ]

∣∣∣u(l)
0⃗
(t)
∣∣∣2 6 C8

n∑
j=1

∣∣∣φj,⃗0∣∣∣2 (5.104)

äëÿ êîæíîãî l ∈ {0, 1, . . . , n}. Òóò ñòàëà C8 çàëåæèòü âiä T òà αj, βj i rj,

äå j ∈ {1, . . . , n}.
Iç (5.103) îòðèìó¹ìî íåðiâíiñòü

max
t∈[0,T ]

∣∣∣u(l)k (t)
∣∣∣ 6 n∑

j,q=1

|∆jq(µk, T )|
|∆(µk, T )|

|φjk| max
t∈[0,T ]

|f (l)qk (t)|. (5.105)

Íà ïiäñòàâi íåðiâíîñòi (5.100) òà òåîðåìè 2 ó [10] îòðèìó¹ìî îöiíêó

max
t∈[0,T ]

|f (l)qk (t)| 6 C9, C9 = (1 + nCA/CL)(1 +C1)
2n exp((1 +C1)T ). (5.106)
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Äëÿ àëãåáðè÷íèõ äîïîâíåíü ∆jq(µk, T ), j, q ∈ {1, . . . , n}, âèçíà÷íèêà
(3.56), âðàõîâóþ÷è (5.106), ìîæåìî çàïèñàòè íåðiâíiñòü

|∆jq(µk, T )| 6 C10, (5.107)

äå C10 := C10(α⃗, β⃗, r⃗, T, C9).

Âðàõîâóþ÷è (5.101), (5.105)�(5.107), äëÿ êîæíîãî k ∈ Zp\{⃗0} îòðèìó¹ìî
òàêi îöiíêè:

max
t∈[0,T ]

∣∣∣u(l)k (t)
∣∣∣ 6 nC9C10

n∑
j=1

|φjk| (1 + |µk|)η̃, l ∈ {0, 1, . . . , n}. (5.108)

Ç (5.102), (5.104) òà (5.108) âèïëèâà¹ îöiíêà

∥u;Cn([0, T ], Hα
M)∥ 6 C11

n∑
j=1

(∑
k∈Zp

|φjk|2(1 + |µk|)2(η̃+α)
)1/2

=

= C11

n∑
l=1

∥∥∥φj;H η̃+α
M

∥∥∥ .
äå C11 = (n + 1)max{C8, nC9C10}. Ç îòðèìàíî¨ íåðiâíîñòi âèïëèâà¹ òâåð-

äæåííÿ òåîðåìè.

Çàóâàæåííÿ 5.3. ßêùî â òåîðåìi 4 α > n + p/(2θ1), òî, çãiäíî ç (2.5),

ñïðàâåäëèâå âêëàäåííÿ Cn ([0, T ], Hα
M) ⊂ C n

M
(
D
p)
, à ðîçâ'ÿçîê çàäà÷i

(5.45), (5.47) ¹ êëàñè÷íèì.

Ç'ÿñó¹ìî ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòi (5.101). Äëÿ

öüîãî ñêîðèñòà¹ìîñÿ ìåòîäèêîþ ðîáîòè [10] òà íàñòóïíèìè ëåìàìè, äîâå-

äåíèìè â [10].

Ëåìà 5.3. Äëÿ äîâiëüíèõ êîìïëåêñíèõ êâàäðàòíèõ ìàòðèöü

A = ∥aij∥ni,j=1 i B = ∥bij∥ni,j=1 âèêîíó¹òüñÿ íåðiâíiñòü

| detA− detB| 6 n · n! max
16i,j6n

|aij − bij|
(

max
16i,j6n

{|aij|, |bij|}
)n−1

.

Ëåìà 5.4. Äëÿ äîâiëüíîãî t > 0 âèêîíóþòüñÿ òàêi íåðiâíîñòi:

max
t∈[0,T ]

|f (j−1)
qk (t)− g(j−1)

q (t)| < C12|µk|−nχ2,
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äå j, q ∈ {1, . . . , n} äîâiëüíi. Òóò gq(t) = tq−1/((q − 1)!) i

C12 = nCLCA(1 + C1)
2n−1 exp((C1 + 1)T ).

Ðîçãëÿíåìî ìíîæèíó

E := {T > 0 | ∆0(α⃗, β⃗, T ) = 0},

äå âèðàç ∆0(α⃗, β⃗, T ) âèçíà÷åíèé ôîðìóëîþ (5.97) ïðè τ = T . Ëåãêî áà÷èòè,

ùî

∆0(α⃗, β⃗, T ) = det ∥Uj[gq]∥nj,q=1, (5.109)

äå gq := gq(t) ¹ òi æ ôóíêöi¨, ùî i â ëåìi 5.3. Âèçíà÷íèê ∆0(α⃗, β⃗, T ) ¹

ìíîãî÷ëåíîì çà çìiííîþ T ñòåïåíÿ íå âèùå íiæ n(n+1)/2+r, à íàéìåíøèé

ñòåïiíü T , ùî âõîäèòü ó âèðàç äëÿ ∆0(α⃗, β⃗, T ) ìè ïîçíà÷àëè ÷åðåç η0(α⃗).

Òåîðåìà 5.9. Iñíó¹ ÷èñëî K := K(α⃗, β⃗, T ) > 0 òàêå, ùî äëÿ âñiõ

âåêòîðiâ µk ∈ M òàêèõ, ùî |µk| > K, òà äëÿ äîâiëüíîãî T /∈ E âèêîíó¹-

òüñÿ íåðiâíiñòü

|∆(µk, T )| >

 B1T
n(n+1)

2 +r, T > 1,

B2T
η0(α⃗), T < 1,

(5.110)

äå B1, B2 � äåÿêi äîäàòíi ñòàëi, ÿêi çàëåæàòü âiä αj, βj, rj, äå

j ∈ {1, . . . , n}, òà T .

Äîâåäåííÿ. Íà ïiäñòàâi (5.109) òà ëåìè 5.2 çàïèøåìî

|∆(µk, T )−∆(α⃗, β⃗, T )| 6 n · n! max
16j,q6n

|Uj[fqk]− Uj[gq]|×

×
(

max
16j,q6n

{|Uj[fqk]|, |Uj[gq]|}
)n−1

.

(5.111)

Äëÿ äîâiëüíîãî T > 0 âèêîíóþòüñÿ íåðiâíîñòi

|Uj[gq]| 6 max
16j6n

{|αj|T n, |βj|T rj+1}, (5.112)

äå j, q ∈ {1, . . . , n}. Âðàõîâóþ÷è (5.106), îòðèìó¹ìî òàêi îöiíêè:

|Uj[fqk]| 6 C9 max
16j6n

{|αj|, |βj|T rj+1}, (5.113)
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äå j, q ∈ {1, . . . , n}. Íà ïiäñòàâi îöiíîê (5.112), (5.113) îòðèìó¹ìî íåðiâíiñòü

max
16j,q6n

{|Uj[fqk]|, |Uj[gq]|} 6 C9 max
16j6n

{|αj|, |αj|T n, |βj|T rj+1}. (5.114)

Ç ëåìè 3 âèïëèâà¹ îöiíêà

|Uj[fqk]− Uj[gq]| 6 C13|µk|−nχ2, j, q ∈ {1, . . . , n}, (5.115)

äå C13 = C9max16j6n{|αj|, |βj|T rj+1}.
Ç ôîðìóëè (5.111) íà ïiäñòàâi (5.114) i (5.115) îòðèìó¹ìî

|∆(µk, T )−∆0(α⃗, β⃗, T )| 6 n · n!(C14)
n−1C13|µk|−nχ2; (5.116)

òóò C14 = C9max16j6n{|αj|, |αj|T n, |βj|T rj+1}.
Âèçíà÷íèê (5.109) ¹ ìíîãî÷ëåíîì çà çìiííîþ T ñòåïåíÿ íå âèùå íiæ

n(n+1)/2+ r, à íàéìåíøèé ñòåïiíü T ó âèðàçi äëÿ (5.109) äîðiâíþ¹ η0(α⃗).

Çâiäñè âèïëèâàþòü òàêi îöiíêè

|∆(α⃗, β⃗, T )| 6

 C15T
n(n+1)/2+r, T > 1, C15 := C15(α⃗, β⃗, r⃗),

C16T
η0(α⃗), T < 1, C16 := C16(α⃗, β⃗, r⃗).

(5.117)

Ïîçíà÷èìî

K(α⃗, β⃗, T ) := max

{
2n · n!(C14)

n−1C13

C15
,
2n · n!(C14)

n−1C13

C16

}−nχ2

.

Ç íåðiâíîñòåé (5.116), (5.117) âèïëèâà¹, ùî äëÿ âñiõ µk ∈ M òàêèõ, ùî

|µk| > K(α⃗, β⃗, T ), òà äëÿ âñiõ T /∈ E âèêîíó¹òüñÿ íåðiâíiñòü

|∆(µk, T )−∆(α⃗, β⃗, T )| 6 1

2
|∆(α⃗, β⃗, T )| 6

 2−1C15T
n(n+1)

2 +r, T > 1,

2−1C16T
η0(α⃗,β⃗), T < 1,

à, îòæå é íåðiâíiñòü (5.110) ïðè B1 = C15/2, B2 = C16/2.
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ÂÈÑÍÎÂÊÈ ÄÎ ÐÎÇÄIËÓ 5

Ó ï'ÿòîìó ðîçäiëi äèñåðòàöi¨ ðîçãëÿíóòî çàäà÷i ç iíòåãðàëüíèìè óìîâà-

ìè çà ÷àñîì äëÿ íåêëàñè÷íèõ ðiâíÿíü ìàòåìàòè÷íî¨ ôiçèêè ó êëàñi ìàéæå

ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè ôóíêöié. Öi çàäà÷i ¹ óìîâíî êîðå-

êòíèìè, à ¨õ ðîçâ'ÿçíiñòü ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ.

Âïåðøå äëÿ ðiâíÿíü, íå ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøî¨ ïîõiäíî¨ çà ÷à-

ñîì âñòàíîâëåíî óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i ç óìîâàìè çà ÷àñîâîþ

çìiííîþ, ÷àñòèííèì âèïàäêîì ÿêèõ ¹ iíòåãðàëüíi óìîâè ó âèãëÿäi ìîìåíòiâ

äîâiëüíîãî ïîðÿäêó âiä øóêàíî¨ ôóíêöi¨ òà äâîòî÷êîâi óìîâè. Ðîçãëÿíóòî

ðiçíi âèïàäêè ñïiââiäíîøåííÿ ìiæ ñòåïåíÿìè äèôåðåíöiàëüíèõ îïåðàòîðiâ,

ùî âõîäÿòü ó ðiâíÿííÿ. Ïîêàçàíî, ùî êîëè ñòåïiíü äèôåðåíöiàëüíîãî îïåðà-

òîðà çà ïðîñòîðîâèìè çìiííèìè ïðè ñòàðøié ïîõiäíié ïî ÷àñó ¹ íàéâèùèì,

òî ó çàäà÷i âiäñóòíÿ ïðîáëåìà ìàëèõ çíàìåííèêiâ.

Âïåðøå äîñëiäæåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i ç íåëîêàëüíîþ óìîâîþ

çà ÷àñîì, ùî ìiñòèòü iíòåãðàë âiä øóêàíî¨ ôóíêöi¨, äëÿ ìiøàíîãî ïàðàáîëî-

ãiïåðáîëi÷íîãî ðiâíÿííÿ. Âèäiëåíî âèïàäêè çàäà÷i ó ÿêèõ âiäñóòíÿ ïðîáëå-

ìà ìàëèõ çíàìåííèêiâ.

Îñíîâíi ðåçóëüòàòè ðîçäiëó 5 îïóáëiêîâàíi â [56].



137

ÇÀÃÀËÜÍI ÂÈÑÍÎÂÊÈ

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ â (p+1)-âèìiðíîìó øàði

çàäà÷ ç iíòåãðàëüíèìè óìîâàìè çà ÷àñîâîþ çìiííîþ òà óìîâàìè ìàéæå ïå-

ðiîäè÷íîñòi çà ïðîñòîðîâèìè çìiííèìè äëÿ ëiíiéíèõ åâîëþöiéíèõ ðiâíÿíü

òà ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Òàêi çàäà÷i, íàçàãàë, ¹ óìîâíî

êîðåêòíèìè, à ¨õ ðîçâ'ÿçíiñòü ÷àñòî ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåí-

íèêiâ. Îäåðæàíî òàêi íîâi ðåçóëüòàòè:

1) â îáëàñòi, ùî ¹ äåêàðòîâèì äîáóòêîì ÷àñîâîãî iíòåðâàëó (0, T ) òà

ïðîñòîðó Rp, p > 1, âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷ ç óìîâàìè

çà ÷àñîâîþ çìiííîþ, ùî ìiñòÿòü iíòåãðàëüíi äîäàíêè ó âèãëÿäi ìîìåíòiâ

äîâiëüíîãî ïîðÿäêó âiä øóêàíî¨ ôóíêöi¨ òà:

à) çíà÷åííÿ øóêàíî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ ïàðíîãî ïîðÿäêó â òî÷êàõ

t = 0 òà t = T � äëÿ ðiâíÿíü òèïó Êëåéíà-Ãîðäîíà òà ãiïåðáîëi÷íèõ çà Ãîð-

äiíãîì ðiâíÿíü, à òàêîæ äëÿ ãiïåðáîëi÷íèõ çà Ïåòðîâñüêèì ñèñòåì ðiâíÿíü

çi ñòàëèìè êîåôiöi¹íòàìè;

á) çíà÷åííÿ øóêàíî¨ ôóíêöi¨ ó äîâiëüíèõ òî÷êàõ t1, . . . , tn âiäðiçêà [0, T ]

� äëÿ ïàðàáîëi÷íîãî çà Ïåòðîâñüêèì ðiâíÿííÿ çi çìiííèìè çà ÷àñîì êîå-

ôiöi¹íòàìè;

â) çíà÷åííÿ øóêàíî¨ ôóíêöi¨ òà ¨¨ ïîñëiäîâíèõ ïîõiäíèõ â òî÷öi t = 0 �

äëÿ ñèñòåì ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè, ïàðàáîëi÷íèõ çà Øèëîâèì;

ã) çíà÷åííÿ øóêàíî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ äîâiëüíèõ ïîðÿäêiâ â òî÷êàõ

t = 0 òà t = T � äëÿ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè, íå ðîçâ'ÿçàíèõ

âiäíîñíî ñòàðøî¨ ïîõiäíî¨ çà ÷àñîì;

2) âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i ç iíòå-

ãðàëüíîþ óìîâîþ çà ÷àñîâîþ çìiííîþ äëÿ ïàðàáîëî-ãiïåðáîëi÷íîãî ðiâíÿ-

ííÿ äðóãîãî ïîðÿäêó çi ñòàëèìè êîåôiöi¹íòàìè;



138

3) ïîáóäîâàíî ÿâíi ôîðìóëè äëÿ ðîçâ'ÿçêiâ çàäà÷ ó âèãëÿäi ðÿäiâ;

4) äîâåäåíî ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ÿêi

âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿçêiâ ðîçãëÿíóòèõ ó äèñåðòàöi¨ çàäà÷ íà îñíîâi

ÿêèõ (çà âñòàíîâëåíèõ óìîâ íà âèõiäíi äàíi çàäà÷) âèïëèâà¹ iñíóâàííÿ ¹äè-

íîãî ðîçâ'ÿçêó (ó âiäïîâiäíèõ ïðîñòîðàõ) äîñëiäæóâàíèõ çàäà÷ äëÿ ìàéæå

âñiõ (ñòîñîâíî ìiðè Ëåáåãà) ïàðàìåòðiâ óìîâ. Âèäiëåíî âèïàäêè çàäà÷ ó

ÿêèõ âiäñóòíÿ ïðîáëåìà ìàëèõ çíàìåííèêiâ.

Ðåçóëüòàòè äèñåðòàöi¨ ìàþòü òåîðåòè÷íèé õàðàêòåð. �õ ìîæíà çàñòîñî-

âóâàòè ó ïîäàëüøèõ äîñëiäæåííÿõ çàäà÷ ç iíòåãðàëüíèìè óìîâàìè äëÿ ðiâ-

íÿíü òà ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, à òàêîæ ïðè äîñëiäæåííi

êîíêðåòíèõ çàäà÷ ïðàêòèêè, ÿêi ìîäåëþþòüñÿ ðîçãëÿíóòèìè çàäà÷àìè.
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