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ÇÀÃÀËÜÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÎÁÎÒÈ

Àêòóàëüíiñòü òåìè. Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ çà-
äà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü, ðiçíîêîìïîíåíòíèõ ñè-
ñòåì òà åâîëþöiéíèõ âêëþ÷åíü çi çìiííèì çàïiçíåííÿì.

Çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè iç çàïiçíåí-
íÿì ¹ íàäçâè÷àéíî ïëiäíèì ïîëåì äëÿ äîñëiäæåíü òà äæåðåëîì äëÿ áàãàòüîõ
ñêëàäíèõ ìàòåìàòè÷íèõ ïðîáëåì òà öiêàâèõ çàñòîñóâàíü. Ïîïóëÿðíiñòü òà-
êîãî ðîäó äîñëiäæåíü ïîâ'ÿçàíà ç ¨õ àêòèâíèì âèêîðèñòàííÿì ïðè âèðiøåííi
çàäà÷ òåïëîïðîâiäíîñòi, ôiëüòðàöi¨, äèôóçi¨, ôiçèêè ïëàçìè, ðåêîíñòðóêöi¨ çî-
áðàæåíü, ðîçâèòêó áiîëîãi÷íèõ ïîïóëÿöié, ðåàêöi¨ îðãàíiçìó ëþäèíè íà âiðóñ
iìóíîäåôiöèòó òà iíøèõ.

Ïàðàáîëi÷íi ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè òà ðiçíîêîìïîíåíòíi ñè-
ñòåìè ðiâíÿíü iç çàïiçíåííÿì çà íàÿâíîñòi ïî÷àòêîâèõ óìîâ àêòèâíî äîñëi-
äæóâàëèñü áàãàòüìà ìàòåìàòèêàìè, ñåðåä ÿêèõ Ï. Ï. Áàáàê, ß. É. Áiãóí,
Ì. Ì. Áîêàëî, ß. Ì. Äðiíü, Â. Ì. Äìèòðiâ, Ë. Ý. Ýëüñãîëüö, À. Ä. Ìèøêiñ,
Ñ. Á. Íîðêií, Ñ. Â. Ïàî (Ñ. V. Pao), À. Ì. Ñàìîéëåíêî, Â. Þ. Ñëþñàð÷óê,
I. Ì. ×åðåâêî, I. Ä. ×ó¹øîâ, Ä. ß. Õóñà¨íîâ, À. Áàòêàé (A. B�atkai), À. Áåëüìi-
ëîóäi (A. Belmiloudi), Æ. Äi Áëàñiî (G. Di Blasio), ×. Äæiíü (Ch. Jin), Äæ. �íü
(J. Yin), Ð. Ëåñòåð (R. Laister), À. Ìàðöiíÿê-Æîõðà (A. Marciniak-Czochra).
Çàäà÷i äëÿ åâîëþöiéíèõ âêëþ÷åíü (âàðiàöiéíèõ íåðiâíîñòåé) iç çàïiçíåííÿì
âèâ÷àëè Õ. Õ. Ðî (H. H. Rho), Äæ. Ì. Äæåîíã (J. M. Jeong), I. I. Âðàái¹
(I. I. Vrabie), Ð. Í. Âàíã (R. N. Wang), Ê. Ì. Õiàíã (Q. M. Xiang), Ï. Õ. Öó
(P. X. Zhu) òà iíøi.

Çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü òà âàðiàöiéíèõ íåðiâ-
íîñòåé áåç çàïiçíåííÿ òàêîæ äîñèòü äîáðå âèâ÷åíi. Âàãîìèé âêëàä â ¨õ äîñëi-
äæåííÿ çðîáèëè Ò. Ì. Áàëàáóøåíêî, Ì. Ì. Áîêàëî, Ë. Ô. Áîéêî, Î. Ì. Áó-
ãðié, Þ. Á. Äìèòðèøèí, Ñ. Ä. Åéäåëüìàí, Ñ. Ä. Iâàñèøåí, Â. Ï. Ëàâðåí÷óê,
Ñ. Ï. Ëàâðåíþê, Ì. Ä. Ìàðòèíåíêî, Ì. I. Ìàòié÷óê, �. I. Ìîiñ¹¹â, Î. À. Îëié-
íèê, Î. À. Ïàíêîâ, Í. Ï. Ïðîöàõ, Ï. ß. Ïóêà÷ òà iíøi.

Çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü çi ñòàëèì çàïiçíåí-
íÿì äîñëiäæóâàëè Ì. Ì. Áîêàëî òà Â. Ì. Äìèòðiâ.

Íà äàíèé ÷àñ äîñòàòíüî ïîâíî äîñëiäæåíi ìiøàíi çàäà÷i äëÿ ïàðàáîëi÷íèõ
ðiâíÿíü òà ñèñòåì çi ñòàëèì çàïiçíåííÿì. Ó âèïàäêó ðiâíÿíü ó ÷àñòèííèõ ïî-
õiäíèõ çi çìiííèì çàïiçíåííÿì ìiøàíi çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü äîñëi-
äæåíi ëèøå ó ðîáîòàõ I. Ä. ×ó¹øîâà òà Î. Â. Ðåçóíåíêà, ïðîòå ó öèõ ðîáîòàõ
çàïiçíåííÿ çàëåæèòü âiä ñòàíó ñèñòåìè. Çàäà÷i äëÿ åâîëþöiéíèõ ðiâíÿíü òà
ñèñòåì iç çàëåæíèì âiä ÷àñó çàïiçíåííÿì ðàíiøå íå äîñëiäæóâàëèñü. Äèñåð-
òàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ òàêîãî ðîäó çàäà÷.
Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Ìåòîþ ðîáîòè ¹ âiäøóêàííÿ óìîâ iñíó-

âàííÿ òà ¹äèíîñòi êëàñè÷íèõ òà óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷ áåç ïî÷àòêîâèõ
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óìîâ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü, ðiçíîêîìïîíåíòíèõ ñèñòåì òà åâîëþöiéíèõ
âêëþ÷åíü çi çìiííèì çàïiçíåííÿì.

Çàâäàííÿìè äèñåðòàöiéíîãî äîñëiäæåííÿ ¹:
� âñòàíîâèòè óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íèõ ðîçâ'ÿçêiâ ìiøàíèõ

çàäà÷ òà çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü òà
ðiçíîêîìïîíåíòíèõ ñèñòåì ðiâíÿíü çi çìiííèì çàïiçíåííÿì;

� âiäøóêàòè óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ ìiøàíèõ
çàäà÷ òà çàäà÷i Ôóð'¹ äëÿ ñëàáêî i ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü;

� âèâ÷èòè êîðåêòíiñòü çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ñèëüíî íåëiíiéíèõ
åâîëþöiéíèõ ñóáäèôåðåíöiàëüíèõ âêëþ÷åíü.

Îá'¹êòîì äîñëiäæåííÿ ¹ çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ ïàðàáîëi÷íèõ
ðiâíÿíü, ðiçíîêîìïîíåíòíèõ ñèñòåì òà åâîëþöiéíèõ âêëþ÷åíü çi çìiííèì çà-
ïiçíåííÿì.

Ïðåäìåòîì äîñëiäæåíü ¹ óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ çàäà÷
áåç ïî÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ, ñëàáêî i ñèëüíî íåëiíiéíèõ ïàðàáîëi-
÷íèõ ðiâíÿíü, ðiçíîêîìïîíåíòíèõ ñèñòåì ðiâíÿíü òà íåëiíiéíèõ åâîëþöiéíèõ
âàðiàöiéíèõ íåðiâíîñòåé (ñóáäèôåðåíöiàëüíèõ âêëþ÷åíü) çi çìiííèì çàïiçíå-
ííÿì.
Ìåòîäè äîñëiäæåíü. Ó ðîáîòi âèêîðèñòîâóþòüñÿ ìåòîäè òà iäå¨ òåîði¨

ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè i ôóíêöiîíàëüíîãî àíàëiçó, çîêðåìà, ìåòî-
äè ïîñëiäîâíèõ íàáëèæåíü, ìîíîòîííîñòi i Ãàëüîðêiíà, ïðèíöèï ñòèñêóþ÷èõ
âiäîáðàæåíü òà iíøi.
Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Ó äèñåðòàöiéíié ðîáîòi

âïåðøå:

• çíàéäåíî óìîâè iñíóâàííÿ, ¹äèíîñòi òà íåïåðåðâíî¨ çàëåæíîñòi âiä âèõi-
äíèõ äàíèõ êëàñè÷íèõ ðîçâ'ÿçêiâ ìiøàíî¨ çàäà÷i i êðàéîâèõ çàäà÷ áåç
ïî÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü òà ðiçíîêîìïî-
íåíòíèõ ñèñòåì ç ëîêàëüíèì çìiííèì çàïiçíåííÿì;

• äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíèõ ðîçâ'ÿçêiâ ìiøàíèõ çàäà÷
òà çàäà÷i Ôóð'¹ äëÿ ñëàáêî òà ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç
íåëîêàëüíèì çìiííèì çàïiçíåííÿì;

• âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ çàäà÷i áåç ïî÷àòêî-
âèõ óìîâ äëÿ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé (ñóáäèôåðåíöiàëüíèõ
âêëþ÷åíü) ç íåëîêàëüíèì çìiííèì çàïiçíåííÿì.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåðòàöi¨
ìàþòü òåîðåòè÷íå çíà÷åííÿ i ìîæóòü áóòè âèêîðèñòàíi äëÿ ðîçâèòêó òåîði¨
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè iç çàïiçíåííÿì òà çàñòîñîâàíi ïðè äîñëiäæå-
íi çàäà÷ òåïëîïðîâiäíîñòi, äèôóçi¨, ôiëüòðàöi¨, ôiçèêè ïëàçìè, ðåêîíñòðóêöi¨
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çîáðàæåíü, ðîçâèòêó áiîëîãi÷íèõ ïîïóëÿöié, ðåàêöi¨ îðãàíiçìó ëþäèíè íà âi-
ðóñ iìóíîäèôiöèòó, òîùî.
Îñîáèñòèé âíåñîê çäîáóâà÷à. Óñi ðåçóëüòàòè äèñåðòàöi¨ îòðèìàíi àâòî-

ðîì ñàìîñòiéíî. Ó ïðàöÿõ, íàïèñàíèõ ó ñïiâàâòîðñòâi ç íàóêîâèì êåðiâíèêîì,
Ì. Ì. Áîêàëó íàëåæàòü ïîñòàíîâêà çàäà÷, âèáið ìåòîäiâ äîñëiäæåíü òà àíàëiç
îäåðæàíèõ ðåçóëüòàòiâ.
Àïðîáàöiÿ ðåçóëüòàòiâ ðîáîòè. Ðåçóëüòàòè äîñëiäæåíü äîïîâiäàëèñü

òà îáãîâîðþâàëèñü íà Ëüâiâñüêîìó ìiñüêîìó ñåìiíàði ç äèôåðåíöiàëüíèõ ðiâ-
íÿíü (êåðiâíèêè: ÷ëåí-êîð. ÍÀÍ Óêðà¨íè, ïðîô. Ïòàøíèê Á. É., ïðîô. Iâàí-
÷îâ Ì. I., ïðîô. Êàëåíþê Ï. I.), à òàêîæ íà êîíôåðåíöiÿõ: International
conference dedicated to the 120th anniversary of Stefan Banach (Ëüâiâ, 2012);
International Conference of Young Mathematicians (Êè¨â, 2015); International
V. Skorobohatko mathematical conference (Äðîãîáè÷, 2015); Ìiæíàðîäíà íà-
óêîâà êîíôåðåíöiÿ �Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ� (Óæãî-
ðîä, 2016); Êîíôåðåíöiÿ ìîëîäèõ ó÷åíèõ �Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2016�
(Ëüâiâ, 2016); International Conference on Di�erential Equations dedicated to
the 110th anniversary of Ya. B. Lopatynsky (Ëüâiâ, 2016); International Scienti-
�c Conference �Di�erential-Functional Equations and their Application� dedicated
to the 80th anniversary of Professor V. I. Fodchuk (×åðíiâöi, 2016); 5th Internati-
onal Conference for Young Scientists on Di�erential Equations and Applications
dedicated to Ya. B. Lopatynsky (Êè¨â, 2016).
Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî â 6-òè íàóêîâèõ

ïðàöÿõ ó ôàõîâèõ ïåðiîäè÷íèõ âèäàííÿõ ç ïåðåëiêó, çàòâåðäæåíîãî ÌÎÍ
Óêðà¨íè, ç ÿêèõ 4 � â æóðíàëàõ, ùî âõîäÿòü äî ìiæíàðîäíèõ íàóêîìåòðè÷íèõ
áàç, òà äîäàòêîâî âèñâiòëåíî â 8-ìè òåçàõ íàóêîâèõ ìàòåìàòè÷íèõ êîíôåðåí-
öié.
Ñòðóêòóðà òà îáñÿã ðîáîòè. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó, ÷îòè-

ðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó ëiòåðàòóðè, i äîäàòêó. Ñïèñîê ëiòåðàòóðè
íàëi÷ó¹ 105 íàéìåíóâàíü i âèêëàäåíèé íà 10 ñòîðiíêàõ. Çàãàëüíèé îáñÿã ðî-
áîòè � 185 ñ.

ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó ðîáîòi âñþäè: n � äîâiëüíå ôiêñîâàíå íàòóðàëüíå ÷èñëî; Rn � ëiíiéíèé
ïðîñòið âïîðÿäêîâàíèõ íàáîðiâ x = (x1, ..., xn) äiéñíèõ ÷èñåë ç íîðìîþ |x| :=
(|x1|2 + . . . + |xn|2)1/2 ; Ω � îáìåæåíà îáëàñòü â Rn ; ∂Ω � ìåæà Ω , ÿêó
ââàæà¹ìî êóñêîâî-ãëàäêîþ ïîâåðõíåþ, ∂Ω = Γ0 ∪ Γ1 , äå Γ0 � çàìèêàííÿ
âiäêðèòî¨ ìíîæèíè ∂Ω (çîêðåìà, àáî Γ0 = ∅ àáî Γ0 = ∂Ω ), Γ1 := ∂Ω \ Γ0 ;
ν = (ν1, . . . , νn) � îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî ∂Ω ; T > 0 �
äîâiëüíå ôiêñîâàíå ÷èñëî; S := (−∞, 0] .

Ó âñòóïi îá ðóíòîâó¹ìî àêòóàëüíiñòü òåìè, ôîðìóëþ¹ìî ìåòó i çàâäàííÿ
äîñëiäæåííÿ, íàóêîâó íîâèçíó, äà¹ìî iíôîðìàöiþ ïðî àïðîáàöiþ îäåðæàíèõ
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ðåçóëüòàòiâ òà ¨õí¹ ïðàêòè÷íå i òåîðåòè÷íå çíà÷åííÿ.
Ó ðîçäiëi 1 íàâîäèìî îãëÿä ïðàöü, ÿêi ñòîñóþòüñÿ òåìàòèêè äèñåðòàöi¨.
Ó ðîçäiëi 2 äîñëiäæó¹ìî ïèòàííÿ iñíóâàííÿ, ¹äèíîñòi òà íåïåðåðâíî¨ çà-

ëåæíîñòi âiä âèõiäíèõ äàíèõ êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷ äëÿ ïàðàáîëi÷íèõ
ðiâíÿíü òà ðiçíîêîìïîíåíòíèõ ñèñòåì iç ëîêàëüíèì çìiííèì çàïiçíåííÿì.

Ó ïiäðîçäiëi 2.1 âèâ÷à¹ìî ìiøàíó çàäà÷ó äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ
ðiâíÿíü ç ëîêàëüíèì çìiííèì çàïiçíåííÿì.

Íåõàé Q := Ω×(0, T ], Σ := ∂ Ω×(0, T ]; τ ∈ C([0, T ]) � çàäàíà íåâiä'¹ìíà
ôóíêöiÿ; E0 � ìíîæèíà, ñêëàäåíà ç ÷èñåë t − τ(t) òàêèõ, ùî t − τ(t) ≤ 0 i
t ∈ [0, T ] , i òàêîæ ÷èñëà 0 .

Ðîçãëÿäà¹ìî çàäà÷ó: çíàéòè ôóíêöiþ u ∈ C
(
Ω × (E0 ∪ (0, T ])

)
∩ C2,1(Q)

òàêó, ùî

ut(x, t)−
n∑

k,l=1

akl(x, t)uxkxl(x, t) +
n∑
k=1

ak(x, t)uxk(x, t)+

+a0(x, t)u(x, t)− g(x, t, u(x, t), u(x, t− τ(t))) = f(x, t), (x, t) ∈ Q, (1)

u(x, t) = h(x, t), (x, t) ∈ Σ, (2)

u(x, t) = u0(x, t), (x, t) ∈ Ω× E0. (3)

Ïðèïóñêà¹ìî, ùî

(A1) akl, ak, a0 ∈ C(Q) , akl = alk (k, l = 1, n) , ïðè÷îìó inf
(x,t)∈Q

a0(x, t) > 0,

n∑
k,l=1

akl(x, t)ξkξl ≥ µ
n∑
i=1

|ξi|2 ∀(x, t) ∈ Q, ∀ξ1, ..., ξn ∈ R, äå µ ≥ 0 ;

(A2) g(x, t, ξ, η), (x, t, ξ, η) ∈ Ω× (0, T ]×R×R, � íåïåðåðâíà çà óñiìà çìiííè-
ìè i íåïåðåðâíî äèôåðåíöiéîâíà çà çìiííèìè ξ òà η ôóíêöiÿ, ïðè÷îìó
iñíóþòü ôóíêöi¨ g1, g2 òàêi, ùî

0≤gξ(x, t, ξ, η)≤g1(x, t), 0≤gη(x, t, ξ, η)≤g2(x, t), (x, t)∈Q, (ξ, η)∈R2,

inf
(x,t)∈Q

(a0(x, t)− g1(x, t)) =: a−0 > 0, sup
(x,t)∈Q

g2(x, t) =: g+
2 <∞;

êðiì òîãî, g(x, t, 0, 0) = 0, (x, t) ∈ Q;

(A3) f ∈ C(Q), h ∈ C(Σ), u0 ∈ C(Ω×E0) , ïðè÷îìó ôóíêöiÿ f ¹ îáìåæåíîþ
òà âèêîíó¹òüñÿ óìîâà h(x, 0) = u0(x, 0) ∀x ∈ ∂ Ω.

Òåîðåìà 2.1. Íåõàé âèêîíóþòüñÿ óìîâè (A1) , (A2) i a−0 − g+
2 > 0 . Ïðèïó-

ñòèìî, ùî u1, u2 � ðîçâ'ÿçêè çàäà÷, ùî âiäðiçíÿþòüñÿ âiä çàäà÷i (1)�(3) òiëüêè
òèì, ùî çàìiñòü f, h, u0 ñòîÿòü f1, h1, u0,1 òà f2, h2, u0,2 âiäïîâiäíî, ç òàêèìè
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æ âëàñòèâîñòÿìè, ÿêi âêàçàíi äëÿ f, h, u0 â óìîâi (A3) âiäïîâiäíî. Òîäi äëÿ
âñiõ (x, t) ∈ Q âèêîíóþòüñÿ íåðiâíîñòi

min
{ 1

a−0 − g+
2

inf
(y,s)∈Q

(
f1(y, s)− f2(y, s)

)
, min

(y,s)∈Σ

(
h1(y, s)− h2(y, s)

)
,

min
(y,s)∈Ω×E0

(
u0,1(y, s)− u0,2(y, s)

)
, 0
}
≤

≤ u1(x, t)− u2(x, t) ≤

≤ max
{ 1

a−0 − g+
2

sup
(y,s)∈Q

(
f1(y, s)− f2(y, s)

)
,

max
(y,s)∈Σ

(
h1(y, s)− h2(y, s)

)
, max

(y,s)∈Ω×E0

(
u0,1(y, s)− u0,2(y, s)

)
, 0
}
. (4)

Ç öi¹¨ òåîðåìè ëåãêî âèïëèâà¹ ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)�(3), éîãî íå-
ïåðåðâíà çàëåæíiñòü âiä âèõiäíèõ äàíèõ, à òàêîæ îöiíêà, îòðèìàíà ç (4) ïðè
u1 = u, u2 = 0 , f1 = f, f2 = 0 , h1 = h, h2 = 0 , u0,1 = u0, u0,2 = 0 .

Òåîðåìà 2.2. Íåõàé âèêîíóþòüñÿ óìîâè (A1) � (A3) , a
−
0 − g+

2 > 0 òà äëÿ
äåÿêîãî α ∈ (0, 1] ìà¹ìî

(B1) ∂Ω ∈ C2+α,

(B2) akl, ak, a0 ∈ Cα,α/2(Q) (k, l = 1, n), g ∈ Cα,α/2,1,1(Ω × [0, T ] × R × R),
f ∈ Cα,α/2(Q), u0 ∈ Cα,α/2(Ω× E0), h ∈ Cα,α/2(Σ).

Êðiì òîãî, ïðèïóñòèìî, ùî

(B3) ∂akl/∂xs ∈ C(Q) (k, l, s = 1, n),

(B4) τ çàäîâîëüíÿ¹ óìîâó Ëiïøiöà, µ > 0 .

Òîäi iñíó¹ (¹äèíèé) ðîçâ'ÿçîê çàäà÷i (1)�(3) i âií íàëåæèòü ïðîñòîðó

Cα,α/2(Q) ∩ C2+α,1+α/2
loc

(Q).

Ó ïiäðîçäiëi 2.2 äîñëiäæó¹ìî ìiøàíó çàäà÷ó äëÿ ðiçíîêîìïîíåíòíèõ
ñèñòåì ðiâíÿíü çi çìiííèì ëîêàëüíèì çàïiçíåííÿì. Ïiä ðiçíîêîìïîíåíòíîþ
ñèñòåìîþ ðiâíÿíü ðîçóìi¹ìî ñèñòåìó, ùî ñêëàäà¹òüñÿ ç ðiâíÿíü ðiçíèõ òèïiâ,
à ñàìå, ðiâíÿíü ïàðàáîëi÷íîãî òèïó i çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Íåõàé M,L � íàòóðàëüíi ÷èñëà; Q := Ω× (0, T ], Σ := ∂ Ω× (0, T ].
Ðîçãëÿäà¹ìî ðiçíîêîìïîíåíòíó ñèñòåìó

ui,t(x, t)−
n∑

k,l=1

ai,kl(x, t)ui,xkxl(x, t) +
n∑
k=1

ai,k(x, t)ui,xk(x, t) + ai(x, t)ui(x, t)−

−gi
(
x, t, w(x, t), wτ(x, t)

)
= fi(x, t), (x, t) ∈ Q, i = 1, ...,M, (5)
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vj,t(x, t) + bj(x, t)vj(x, t)− gM+j

(
x, t, w(x, t), wτ(x, t)

)
=

= fM+j(x, t), (x, t) ∈ Q, j = 1, ..., L, (6)

äå w=(u1, . . . , uM ; v1, . . . , vL), wτ(x, t)=(u1,τ1, . . . , uM,τM ; v1,τM+1
, . . . , vL,τM+L

) :=(
u1(x, t− τ1(t)), . . . , uM(x, t− τM(t)); v1(x, t− τM+1(t)), . . . , vL(x, t− τM+L(t))

)
,

à τ1, . . . , τM+L � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨ íà [0, T ] .
Äëÿ êîæíîãî s ∈ {1, . . . ,M +L} ïiä Es,0 ðîçóìi¹ìî ìíîæèíó, ñêëàäåíó ç

÷èñåë t− τs(t) òàêèõ, ùî t− τs(t) ≤ 0 ïðè t ∈ [0, T ] , òà ÷èñëà 0 .
Ïîçíà÷à¹ìî ÷åðåç W ìíîæèíó âåêòîð-ôóíêöié w = (u1, . . . , uM ; v1, . . . , vL)

òàêèõ, ùî ui ∈ C
(
Ω × (Ei,0 ∪ (0, T ])

)
∩ C2,1(Q) (i = 1, ...,M) , vj ∈

C
(
Ω× (EM+j,0 ∪ (0, T ])

)
∩ C0,1(Q) (j = 1, ..., L) .

Ðîçãëÿäà¹ìî çàäà÷ó : çíàéòè âåêòîð-ôóíêöiþ w ∈ W , ÿêà çàäîâîëüíÿ¹
ñèñòåìó (5)-(6), êðàéîâi óìîâè

ui(x, t) = hi(x, t), (x, t) ∈ Σ, i = 1, ...,M, (7)

òà ïî÷àòêîâi óìîâè

ws(x, t) = ws,0(x, t), (x, t) ∈ Ω× Es,0, s = 1, . . . ,M + L. (8)

Ïðèêëàäîì ñèñòåìè, ðîçãëÿíóòî¨ ó öüîìó ïiäðîçäiëi, ¹ òàêà

ut(x, t)−∆u(x, t) + a(x, t)u(x, t)−

−g1

(
x, t, u(x, t), v(x, t), u(x, t− τ1(t)), v(x, t− τ2(t))

)
= f1(x, t), (x, t) ∈ Q,

vt(x, t) + b(x, t)v(x, t)−
−g2

(
x, t, u(x, t), v(x, t), u(x, t− τ1(t)), v(x, t− τ2(t))

)
= f2(x, t), (x, t) ∈ Q,

äå τ1, τ2 � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨ íà [0, T ] .
Ïðè óìîâàõ ïîäiáíèõ äî óìîâ ïiäðîçäiëó 2.1 òóò îòðèìó¹ìî ðåçóëüòàòè

ïîäiáíi äî ðåçóëüòàòiâ ïiäðîçäiëó 2.1.

Ó ïiäðîçäiëi 2.3 äîñëiäæó¹ìî êðàéîâó çàäà÷ó áåç ïî÷àòêîâèõ óìîâ äëÿ
ïàðàáîëi÷íèõ ðiâíÿíü iç ñèëüíèì âèðîäæåííÿì ó ïî÷àòêîâèé ìîìåíò ÷àñó.

Íåõàé Q := Ω× (0, T ], Q̃ := Ω× (0, T ], Σ := ∂Ω× (0, T ] i τ ∈ C((0, T ]) ,
0 ≤ τ(t) < t äëÿ âñiõ t ∈ (0, T ] .

Ðîçãëÿäà¹ìî çàäà÷ó : çíàéòè ôóíêöiþ u ∈ C(Q̃) ∩ C2,1(Q) òàêó, ùî

p(x, t)ut(x, t)−
n∑

k,l=1

akl(x, t)uxkxl(x, t) +
n∑
k=1

ak(x, t)uxk(x, t)+

+a0(x, t)u(x, t)− g
(
x, t, u(x, t), u(x, t− τ(t))

)
= f(x, t), (x, t) ∈ Q, (9)

u(x, t) = h(x, t), (x, t) ∈ Σ, (10)

lim
t→0+
||u(·, t)||C(Ω) <∞. (11)

Ïðèïóñêà¹ìî, ùî



7

(A) akl, ak, a0 ∈ C(Q) , akl = alk (k, l = 1, n), inf
(x,t)∈Q

a0(x, t) > 0 i

n∑
k,l=1

akl(x, t)ξkξl ≥ µ(t)
n∑
k=1

|ξk|2 ∀(x, t) ∈ Q, ∀ξ1, ..., ξn ∈ R,

äå µ ∈ C((0, T ]) , µ(t) > 0 äëÿ êîæíîãî t ∈ (0, T ];

(P) p ∈ C(Q) , p(x, t) > 0 ∀(x, t) ∈ Q , lim
t→0+

p(x, t) = 0 ∀x ∈ Ω òà

iñíó¹ ϕ ∈ C((0, T ]) òàêà, ùî ϕ(t) > 0 ∀t ∈ (0, T ],
∫ T

0 ϕ(s)ds = +∞,
supt∈(0,T ]

∫ t
t−τ(t) ϕ(s)ds <∞, sup

(x,t)∈Q
p(x, t)ϕ(x) <∞;

(G) g(x, t, ξ, η), (x, t, ξ, η) ∈ Ω× (0, T ]×R×R, � íåïåðåðâíà çà óñiìà çìiííè-
ìè i íåïåðåðâíî äèôåðåíöiéîâíà çà çìiííèìè ξ òà η ôóíêöiÿ, ïðè÷îìó
iñíóþòü âèçíà÷åíi íà Q íåâiä'¹ìíi ôóíêöi¨ g1, g2 òàêi, ùî

0≤gξ(x, t, ξ, η)≤g1(x, t), 0≤gη(x, t, ξ, η)≤g2(x, t), (x, t)∈Q, (ξ, η)∈R2,

inf
(x,t)∈Q

(a0(x, t)− g1(x, t)) =: a−0 > 0, sup
(x,t)∈Q

g2(x, t) =: g+
2 <∞;

êðiì òîãî, g(x, t, 0, 0) = 0 äëÿ áóäü-ÿêèõ (x, t) ∈ Q;

(F) f ∈ C(Q), h ∈ C(Σ) � îáìåæåíi ôóíêöi¨.

Òåîðåìà 2.5. Íåõàé âèêîíóþòüñÿ óìîâè (A) , (P), (G) i a−0 − g+
2 > 0. Ïðè-

ïóñòèìî, ùî u1, u2 � ðîçâ'ÿçêè çàäà÷, ÿêi âiäðiçíÿþòüñÿ âiä çàäà÷i (9)�(11)
ëèøå òèì, ùî çàìiñòü f, h ñòîÿòü f1, h1 òà f2, h2 âiäïîâiäíî, ç òàêèìè æ
âëàñòèâîñòÿìè, ÿêi âêàçàíi äëÿ f, h â óìîâi (F) âiäïîâiäíî. Òîäi äëÿ âñiõ
(x, t) ∈ Q âèêîíóþòüñÿ íåðiâíîñòi

min

{
1

a−0 − g+
2

inf
(y,s)∈Q

(f1(y, s)− f2(y, s)), inf
(y,s)∈Σ

(h1(y, s)− h2(y, s)), 0

}
≤

≤ u1(x, t)− u2(x, t) ≤

≤ max

{
1

a−0 − g+
2

sup
(y,s)∈Q

(f1(y, s)− f2(y, s)), sup
(y,s)∈Σ

(h1(y, s)− h2(y, s)), 0

}
.

(12)

Çàóâàæèìî, ùî ç öi¹¨ òåîðåìè âèïëèâà¹ ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (9)�(11),
éîãî íåïåðåðâíà çàëåæíiñòü âiä âèõiäíèõ äàíèõ, à òàêîæ îöiíêà , îòðèìàíà ç
(12) ïðè u1 = u, u2 = 0 , f1 = f, f2 = 0 , h1 = h, h2 = 0 .

Òåîðåìà 2.6. Íåõàé âèêîíóþòüñÿ óìîâè (A) , (P), (G), (F) , a−0 − g+
2 > 0

òà äëÿ äåÿêîãî α ∈ (0, 1] ìà¹ìî



8

(B1) ∂Ω ∈ C2+α,

(B2) p, akl, ak, a0 ∈ Cα,α/2
loc

(Q̃) (k, l = 1, n), g ∈ Cα,α/2,1,1
loc

(Ω× (0, T ]× R× R),

f ∈ Cα,α/2
loc

(Q̃), h ∈ Cα,α/2
loc

(Σ).

Êðiì òîãî, ïðèïóñòèìî, ùî

(B3) ∂akl/∂xs ∈ C(Q̃) (k, l, s = 1, n),

(B4) τ çàäîâîëüíÿ¹ óìîâó Ëiïøiöà íà (0, T ] ëîêàëüíî.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (9)�(11) i âií íàëåæèòü ïðîñòîðó C
α,α/2
loc

(Q̃)∩
C

2+α,1+α/2
loc

(Q) .

Ó ïiäðîçäiëi 2.4 ðîçãëÿäà¹ìî êðàéîâó çàäà÷ó áåç ïî÷àòêîâèõ óìîâ äëÿ
ðiçíîêîìïîíåíòíèõ ñèñòåì ðiâíÿíü iç ñèëüíèì âèðîäæåííÿì ó ïî÷àòêîâèé
ìîìåíò ÷àñó i ïðè îáìåæåííÿõ ïîäiáíèõ äî óìîâ, âêàçàíèõ ó ïiäðîçäiëi 2.3,
îòðèìó¹ìî ðåçóëüòàòè, ÿêi ïîäiáíi äî ðåçóëüòàòiâ ïiäðîçäiëó 2.3.

Ó ïiäðîçäiëi 2.5 äîñëiäæó¹ìî çàäà÷ó Ôóð'¹ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ
ðiâíÿíü ç ëîêàëüíèì çìiííèì çàïiçíåííÿì.

Íåõàé Q := Ω× S, Q := Ω× S, Σ := ∂ Ω× S.
Ðîçãëÿäà¹ìî çàäà÷ó : çíàéòè ôóíêöiþ u ∈ C

(
Q
)
∩ C2,1(Q) òàêó, ùî

ut(x, t)−
n∑

k,l=1

akl(x, t)uxkxl(x, t) +
n∑
k=1

ak(x, t)uxk(x, t)+

+a0(x, t)u(x, t)− g
(
x, t, u(x, t), u(x, t− τ(t))

)
= f(x, t), (x, t) ∈ Q, (13)

u(x, t) = h(x, t), (x, t) ∈ Σ, (14)

lim
t→−∞

||u(·, t)||C(Ω) <∞, (15)

äå τ ∈ C(S) , τ(t) ≥ 0 ∀t ∈ S, sup
t∈S

τ(t) <∞ .

Ïðè îáìåæåííÿõ, ïîäiáíèõ äî âêàçàíèõ ó ïiäðîçäiëi 2.1, îòðèìó¹ìî ðåçóëü-
òàòè, ÿêi ïîäiáíi äî ðåçóëüòàòiâ ïiäðîçäiëó 2.1.

Ó ðîçäiëi 3 âèâ÷à¹ìî ïèòàííÿ iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿç-
êiâ çàäà÷ äëÿ ñëàáêî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç íåëîêàëüíèì çìiííèì
çàïiçíåííÿì.

Ó ïiäðîçäiëi 3.1 äîñëiäæó¹ìî óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ
ðîçâ'ÿçêiâ ìiøàíî¨ çàäà÷i äëÿ ñëàáêî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç ií-
òåãðàëüíèì çàïiçíåííÿì:
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çíàéòè ôóíêöiþ u : Ω × [−τ0, T ] → R , ùî çàäîâîëüíÿ¹ (â ïåâíîìó ñåíñi)
ðiâíÿííÿ

ut −
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds =

= −
n∑
i=1

(fi(x, t))xi + f0(x, t), (x, t) ∈ Ω× (0, T ], (16)

êðàéîâi óìîâè

u
∣∣∣
Σ0

= 0,
n∑
i=1

ai(x, t, u,∇u) νi

∣∣∣
Σ1

= 0 (17)

òà ïî÷àòêîâó óìîâó

u(x, t) = u0(x, t), (x, t) ∈ Ω× [−τ0, 0], (18)

äå τ : [0, T ]→ R � íåïåðåðâíà ôóíêöiÿ òàêà, ùî τ(t) ≥ 0 äëÿ âñiõ t ∈ [0, T ] ,
τ0 := − min

t∈[0,T ]
(t − τ(t)) , τ+ := max

t∈[0,T ]
τ(t) , à ai : Ω× (0, T ]×R1+n → R,

c : Ω × (0, T ) × (−τ0, T ) × R → R, fi : Ω × (0, T ] → R ( i = 0, n ),
u0 : Ω × [−τ0, 0] → R � çàäàíi äiéñíîçíà÷íi ôóíêöi¨ ç âiäïîâiäíèõ êëàñiâ
âèõiäíèõ äàíèõ.

Ïðèêëàäîì ðiâíÿíü, ÿêi ðîçãëÿäà¹ìî â öüîìó ïiäðîçäiëi, ¹ òàêå

ut −
n∑

i,j=1

(
âij(x, t)uxj

)
xi

+ â0(x, t)u+

t∫
t−τ(t)

ĉ(x, t, s)u(x, s)ds = f(x, t), (19)

äå âij, â0∈L∞(Ω×(0, T )) , aij =aji (i, j=1, n) , ïðè÷îìó ess inf
(x,t)∈Ω×(0,T )

â0(x, t)>0,

n∑
i,j=1

aij(x, t)ξiξj ≥ µ
n∑
i=1

|ξi|2 äëÿ ìàéæå âñiõ (x, t) ∈ Q i âñiõ ξ1, ..., ξn ∈ R,

äå µ = const > 0 ; ĉ : Ω× (0, T )× (−τ0, T )→ R � âèìiðíà îáìåæåíà ôóíêöiÿ;
f ∈ L2(Ω× (0, T )) .

Ó ïiäðîçäiëi 3.2 âèâ÷åíî çàäà÷ó Ôóð'¹ äëÿ ñëàáêî íåëiíiéíèõ ïàðàáîëi-
÷íèõ ðiâíÿíü ç íåëîêàëüíèì çìiííèì çàïiçíåííÿì.

Íåõàé Q := Ω× S , Q := Ω× S , Σ := ∂Ω× S .
×åðåç C∞c (Ω) ïîçíà÷à¹ìî ïðîñòið íåñêií÷åííî äèôåðåíöiéîâíèõ íà Ω

ôóíêöié ç êîìïàêòíèì íîñi¹ì. Íåõàé H1(Ω) := {v ∈ L2(Ω) | vxi ∈ L2(Ω) (i =
1, n)} � ïðîñòið Ñîáîë¹âà, ÿêèé ¹ ãiëüáåðòîâèì çi ñêàëÿðíèì äîáóòêîì
(v, w)H1(Ω) :=

∫
Ω

{
∇v∇w+vw

}
dx, äå ∇v :=(vx1, . . . , vxn) , ∇w :=(wx1, . . . , wxn) ,
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i âiäïîâiäíîþ íîðìîþ ‖v‖H1(Ω) :=
( ∫

Ω

{
|∇v|2 + |v|2

}
dx
)1/2

. Ïiä H1
0(Ω) ðîçó-

ìi¹ìî çàìèêàííÿ ïðîñòîðó C∞c (Ω) â H1(Ω) .
Äëÿ äîâiëüíîãî áàíàõîâîãî ïðîñòîðó X ÷åðåç L2(a, b;X) , äå −∞ ≤ a <

b ≤ +∞ , ïîçíà÷à¹ìî ïðîñòið (êëàñiâ) âèìiðíèõ ôóíêöié w : [a, b] → X
òàêèõ, ùî ||w(·)||X ∈ L2(a, b) . Ïiä L2

loc
(S;X) ðîçóìi¹ìî ëiíiéíèé ïðîñòið

(êëàñiâ) âèçíà÷åíèõ i âèìiðíèõ íà S ôóíêöié çi çíà÷åííÿìè â X òàêèõ,
ùî ¨õí¹ çâóæåííÿ íà áóäü-ÿêèé âiäðiçîê [a, b] ⊂ S íàëåæèòü äî L2(a, b;X).
Ïîçíà÷à¹ìî ÷åðåç Lp

loc
(Q) (1 ≤ p ≤ ∞) ëiíiéíèé ïðîñòið (êëàñiâ) âèçíà÷åíèõ

i âèìiðíèõ íàQ ôóíêöié òàêèõ, ùî ¨õí¹ çâóæåííÿ íà áóäü-ÿêó îáìåæåíó
âèìiðíó ìíîæèíó Q′ ⊂ Q íàëåæèòü äî Lp(Q′).

Ïiä C1
c (I), äå I � ÷èñëîâèé iíòåðâàë, ðîçóìi¹ìî ëiíiéíèé ïðîñòið âèçíà-

÷åíèõ íà I íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié ç êîìïàêòíèìè íîñiÿìè.
Ïîçíà÷à¹ìî ÷åðåç F2,loc(Q) ïðîñòið âåêòîð-ôóíêöié (f0, f1, . . . , fn) òàêèõ,

ùî fi ∈ L2
loc

(Q) äëÿ êîæíîãî i ∈ {0, 1, ..., n}.
Äëÿ äîâiëüíèõ ω ∈ R i ãiëüáåðòîâîãî ïðîñòîðó X çi ñêàëÿðíèì äîáóòêîì

(·, ·)X i âiäïîâiäíîþ íîðìîþ ‖ · ‖X ïîçíà÷à¹ìî

L2
ω(S;X) :=

{
f ∈ L2

loc
(S;X)

∣∣∣ ∫
S

e2ωt‖f(t)‖2
X dt <∞

}
.

Ïðîñòið L2
ω(S;X) ¹ ãiëüáåðòîâèì ïðîñòîðîì çi ñêàëÿðíèì äîáóòêîì i íîðìîþ

(f, g)L2
ω(S;X) =

∫
S

e2ωt(f(t), g(t))X dt, ‖f‖L2
ω(S;X) :=

(∫
S

e2ωt‖f(t)‖2
X dt

)1/2

.

Ðîçãëÿäà¹ìî çàäà÷ó: çíàéòè ôóíêöiþ u : Q → R , ÿêà çàäîâîëüíÿ¹ (â
ïåâíîìó ñåíñi) ðiâíÿííÿ

ut −
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds =

= −
n∑
i=1

(
fi(x, t)

)
xi

+ f0(x, t), (x, t) ∈ Q, (20)

êðàéîâó óìîâó

u
∣∣∣
Σ

= 0 (21)

òà àíàëîã ïî÷àòêîâî¨ óìîâè

lim
t→−∞

e2ωt||u(·, t)||L2(Ω) = 0, (22)

äå ω ∈ R � çàäàíå ÷èñëî.
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Òóò τ : S → R � íåïåðåðâíà îáìåæåíà ôóíêöiÿ òàêà, ùî τ(t) ≥ 0 äëÿ
âñiõ t ∈ S , à ai : Q×R1+n → R , c : Q× S ×R→ R, fi : Q→ R ( i = 0, n ) �
çàäàíi äiéñíîçíà÷íi ôóíêöi¨ ç âiäïîâiäíèõ êëàñiâ âèõiäíèõ äàíèõ.

Ïîçíà÷à¹ìî ÷åðåç A ìíîæèíó íàáîðiâ (a0, a1, . . . , an) ôóíêöié
ai : Q× R1+n → R ( i = 0, n ), ÿêi çàäîâîëüíÿþòü óìîâè:

(A1) äëÿ êîæíîãî i∈{0, 1, ..., n} ôóíêöiÿ ai(x, t, ρ, ξ), (x, t, ρ, ξ) ∈ Q × R1+n ,
¹ êàðàòåîäîðiâñüêîþ òà ai(x, t, 0, 0)=0 äëÿ ìàéæå âñiõ (x, t)∈Q ;

(A2) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} , ìàéæå âñiõ (x, t) ∈ Q i âñiõ (ρ, ξ) ∈ R1+n

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|+

n∑
j=1

|ξj|
)

+ hi(x, t),

äå C1 > 0 � ñòàëà, hi ∈ L2
loc

(Q) ;

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q i âñiõ (ρ1, ξ
1) , (ρ2, ξ

2) ∈ R1+n

n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i )+

+
(
a0(x, t, ρ1, ξ

1)−a0(x, t, ρ2, ξ
2)
)
(ρ1−ρ2) ≥ K1

n∑
i=1

|ξ1
i −ξ2

i |2 +K2|ρ1−ρ2|2,

(23)
äå K1 > 0, K2 ∈ R � ñòàëi.

×åðåç C ïîçíà÷à¹ìî ìíîæèíó äiéñíîçíà÷íèõ ôóíêöié c : Q× S × R→ R
òàêèõ, ùî

(C1) c � êàðàòåîäîðiâñüêà ôóíêöiÿ, c(x, t, s, 0) = 0 äëÿ ìàéæå âñiõ (x, t, s) ∈
Q× S ;

(C2) iñíó¹ ñòàëà L > 0 òàêà, ùî äëÿ ìàéæå âñiõ (x, t, s) ∈ Q × S i âñiõ ρ1 ,
ρ2 ∈ R âèêîíó¹òüñÿ íåðiâíiñòü∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)

∣∣ ≤ L|ρ1 − ρ2|. (24)

Çàóâàæèìî, ùî ïðèêëàäîì ðiâíÿííÿ, ÿêå çàäîâîëüíÿ¹ íàâåäåíi âèùå óìîâè
¹ ðiâíÿííÿ (19).

Îçíà÷åííÿ 3.2. Íåõàé (a0, a1, . . . , an) ∈ A , c ∈ C , (f0, f1, . . . , fn) ∈
F2,loc(Q) . Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (20)�(22) íàçèâà¹ìî ôóíêöiþ u ∈
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L2
loc(S;H1

0(Ω))∩C
(
S;L2(Ω)

)
òàêó, ùî âèêîíó¹òüñÿ óìîâà (22) i ïðàâèëüíà

iíòåãðàëüíà òîòîæíiñòü∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxiϕ+ a0(x, t, u,∇u)vϕ+ vϕ

t∫
t−τ(t)

c(x, t, s, u(x, s)) ds−

−uvϕ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxiϕ+ f0vϕ
}
dxdt (25)

äëÿ êîæíèõ v ∈ H1
0(Ω) i ϕ ∈ C1

c (−∞, 0) .
Ïîçíà÷à¹ìî

τ+ := sup
t∈S

τ(t), χ(ω) :=

{
τ+, ÿêùî ω = 0,
1

2ω(e2ωτ+ − 1), ÿêùî ω 6= 0,
(26)

i ðîçãëÿäà¹ìî íåðiâíiñòü

ω + 2L
√
τ+χ(ω) < K1/K0 +K2, (27)

äå K1, K2 � ñòàëi ç (23), K0 � ñòàëà ç íåðiâíîñòi Ôðiäðiõñà

||v||L2(Ω) ≤ K0||v||H1
0 (Ω) ∀v ∈ H1

0(Ω).

Î÷åâèäíî, ùî ω + 2L
√
τ+χ(ω)→ −∞ ïðè ω → −∞ , îñêiëüêè χ(ω)→ 0

ïðè ω → −∞ , à îòæå, íåðiâíiñòü (27) ìà¹ ðîçâ'ÿçîê.

Òåîðåìà 3.2. Íåõàé (a0, a1, . . . , an) ∈ A , c ∈ C , (f0, f1, . . . , fn) ∈ F2,loc(Q)
i ω � ÿêèé-íåáóäü ôiêñîâàíèé ðîçâ'ÿçîê íåðiâíîñòi (27). Òîäi óçàãàëüíåíèé
ðîçâ'ÿçîê çàäà÷i (20)�(22) ¹äèíèé.

Òåîðåìà 3.3. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ òåîðåìè 3.2 i fi∈L2
ω(S;L2(Ω))

( i = 0, n ). Òîäi iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (20)�(22) i äëÿ
íüîãî ¹ ïðàâèëüíi îöiíêè

e2ωσ

∫
Ω

|u(x, σ)|2 dx ≤ C2

σ∫
−∞

e2ωt||f(·, t)||2L2(Ω) dt, σ ∈ S, (28)

||u||L2
ω(S;H1

0 (Ω)) ≤ C3 ||f ||L2
ω(S;L2(Ω)), (29)

äå C2, C3 � äîäàòíi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä τ+, ω, L,K0, K1, K2 .

Ó ðîçäiëi 4 âèâ÷à¹ìî ïèòàííÿ iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿç-
êiâ çàäà÷ äëÿ ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü i åâîëþöiéíèõ âêëþ-
÷åíü ç íåëîêàëüíèì çìiííèì çàïiçíåííÿì.



13

Ó ïiäðîçäiëi 4.1 äîñëiäæó¹ìî ìiøàíó çàäà÷ó äëÿ ïàðàáîëi÷íèõ ðiâíÿíü
çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi i íåëîêàëüíèì çàïiçíåííÿì.

Íåõàé Q := Ω× (0, T ] , Σ0 := Γ0 × (0, T ] , Σ1 := Γ1 × (0, T ] .
Ïiä Lr(·)(G) , äå r ∈ L∞(Ω) , r(x) ≥ 1 äëÿ ìàéæå âñiõ x ∈ Ω , G = Ω àáî

G = Q , ðîçóìi¹ìî ëiíiéíèé ïðîñòið, ñêëàäåíèé ç êëàñiâ âèìiðíèõ ôóíêöié
v : G → R òàêèõ, ùî ρG,r(v) < ∞ , äå ρG,r(v) :=

∫
Ω |v(x)|r(x) dx , ÿêùî

G = Ω, i ρG,r(v) :=
∫∫

Q |v(x, t)|r(x) dxdt , ÿêùî G = Q. Âií ¹ áàíàõîâèì
ïðîñòîðîì ç íîðìîþ ||v||Lr(·)(G) := inf{λ > 0 | ρG,r(v/λ) ≤ 1} .

Ðîçãëÿäà¹ìî âåêòîð-ôóíêöiþ p = (p0, . . . , pn) : Ω → Rn+1 , ÿêà çàäîâîëü-
íÿ¹ óìîâó:

(P ) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} pi : Ω→ R � âèìiðíà ôóíêöiÿ òàêà, ùî
p−i := ess inf

x∈Ω
pi(x) > 1 , p+

i := ess sup
x∈Ω

pi(x) < +∞ .

Ïîçíà÷à¹ìî ÷åðåç p′ = (p′0, . . . , p
′
n) : Ω → Rn+1 âåêòîð-ôóíêöiþ òàêó, ùî

1
pi(x) + 1

p′i(x) = 1 äëÿ ìàéæå âñiõ x ∈ Ω ( i = 0, n ).

Íåõàé W 1
p(·)(Ω) :=

{
v ∈ Lp0(·)(Ω) | vxi ∈ Lpi(·)(Ω) (i = 1, n)

}
� óçàãàëüíå-

íèé ïðîñòið Ñîáîë¹âà ç íîðìîþ ||v||W 1
p(·)(Ω) := ||v||Lp0(·)(Ω) +

∑n
i=1 ||vxi||Lpi(·)(Ω).

Íåõàé W̃ 1
p(·)(Ω) � çàìèêàííÿ ïðîñòîðó C̃1(Ω) := {v ∈ C1(Ω) | v|Γ0

= 0
}
â ïðî-

ñòîði W 1
p(·)(Ω) , à Vp(Ω) := W̃ 1

p(·)(Ω)∩L2(Ω) . Î÷åâèäíî, ùî Vp(Ω) ¹ áàíàõîâèì
ïðîñòîðîì ç íîðìîþ ||v||Vp(Ω) := ||v||W 1

p(·)(Ω) + ||v||L2(Ω).

×åðåç W 1,0
p(·)(Q) ïîçíà÷à¹ìî áàíàõiâ ïðîñòið ôóíêöié w ∈ Lp0(·)(Q) òà-

êèõ, ùî wxi ∈ Lpi(·)(Q) (i = 1, n) , ç íîðìîþ ||w||W 1,0
p(·)(Q) := ||w||Lp0(·)(Q) +∑n

i=1 ||wxi||Lpi(·)(Q) . Ïiä W̃ 1,0
p(·)(Q) ðîçóìi¹ìî çàìèêàííÿ ïðîñòîðó C̃1,0(Q) :={

w ∈ C(Q)
∣∣ wxi ∈ C(Q) (i = 1, n), w|Σ0

= 0
}
â ïðîñòîði W 1,0

p(·)(Q) . Ëåã-

êî ïåðåêîíàòèñü, ùî w(·, t) ∈ W̃ 1
p(·)(Ω) äëÿ ìàéæå âñiõ t ∈ (0, T ) , ÿêùî

w ∈ W̃ 1,0
p(·)(Q) .

Ïîçíà÷à¹ìî ÷åðåç Fp′(Q) ïðîñòið âåêòîð-ôóíêöié (f0, f1, . . . , fn) òàêèõ,
ùî fi ∈ Lp′i(·)(Q) i fi = 0 ìàéæå ñêðiçü ó äåÿêîìó îêîëi ïîâåðõíi Σ1 äëÿ
êîæíîãî i ∈ {1, ..., n} .

Ïiä C1
c (0, T ) ðîçóìi¹ìî ïiäìíîæèíó ìíîæèíè C1(0, T ) , ñêëàäåíó ç ôóí-

êöié, ÿêi ìàþòü êîìïàêòíèé íîñié.
Ðîçãëÿäà¹ìî çàäà÷ó: çíàéòè ôóíêöiþ u : Ω× [−τ0, T ]→ R , ÿêà çàäîâîëü-

íÿ¹ (ó ïåâíîìó ñåíñi) ðiâíÿííÿ

ut −
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds =
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= −
n∑
i=1

(
fi(x, t)

)
xi

+ f0(x, t), (x, t) ∈ Q, (30)

êðàéîâi óìîâè

u
∣∣∣
Σ0

= 0,
n∑
i=1

ai(x, t, u,∇u) νi

∣∣∣
Σ1

= 0 (31)

òà ïî÷àòêîâó óìîâó

u(x, t) = u0(x, t), (x, t) ∈ Ω× [−τ0, 0]. (32)

Òóò τ : [0, T ] → R � íåïåðåðâíà ôóíêöiÿ òàêà, ùî τ(t) ≥ 0 äëÿ âñiõ t ∈
[0, T ] , τ0 := − min

t∈[0,T ]
(t − τ(t)) , τ+ := max

t∈[0,T ]
τ(t) , à ai : Q × R1+n → R , c :

Q× (−τ0, T )× R→ R, fi : Q→ R ( i = 0, n ), u0 : Ω× [−τ0, 0]→ R � çàäàíi
äiéñíîçíà÷íi ôóíêöi¨.

Ïîçíà÷à¹ìî ÷åðåç Ap , äå p � âåêòîð-ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó (P) ,
ìíîæèíó íàáîðiâ (a0, a1, . . . , an) ôóíêöié, ùî çàäîâîëüíÿþòü òàêi óìîâè:

(A1) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} ôóíêöiÿ ai(x, t, ρ, ξ) , (x, t, ρ, ξ) ∈ Q ×
R1+n , ¹ êàðàòåîäîðiâñüêîþ;

(A2) äëÿ âñiõ i ∈ {0, 1, . . . , n} , ìàéæå âñiõ (x, t) ∈ Q i âñiõ (ρ, ξ) ∈ R1+n

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|p0(x)/p′i(x) +

n∑
j=1

|ξj|pj(x)/p′i(x)
)

+ hi(x, t),

äå C1 = const > 0 , hi ∈ Lp′i(·)(Q) ;

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q i âñiõ (ρ1, ξ
1) , (ρ2, ξ

2) ∈ R1+n

n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i )+

+
(
a0(x, t, ρ1, ξ

1)− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2) ≥ 0; (33)

(A4) äëÿ ìàéæå âñiõ (x, t) ∈ Q i âñiõ (ρ, ξ) ∈ R1+n

n∑
i=1

ai(x, t, ρ, ξ)ξi + a0(x, t, ρ, ξ)ρ ≥ K
( n∑

i=1

|ξi|pi(x) + |ρ|p0(x)
)
− g(x, t),

äå K = const > 0 , g ∈ L1(Q) (g ≥ 0) .

×åðåç C ïîçíà÷à¹ìî ìíîæèíó ôóíêöié c(x, t, s, ρ), (x, t, s, ρ) ∈ Q×(−τ0, T )×
R, òàêèõ, ùî
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(C1) c � êàðàòåîäîðiâñüêà, c(x, t, s, 0) = 0 äëÿ ìàéæå âñiõ (x, t, s) ∈ Q ×
(−τ0, T ) ;

(C2) äëÿ ìàéæå âñiõ (x, t, s) ∈ Q× (−τ0, T ) i âñiõ ρ1 , ρ2 ∈ R∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)
∣∣ ≤ L|ρ1 − ρ2|, (34)

äå L = const > 0 .

Ïðèêëàäîì äîñëiäæóâàíèõ ó öüîìó ïiäðîçäiëi ðiâíÿíü ¹ òàêå

ut −
n∑
i=1

(
âi(x, t)|uxi|pi(x)−2uxi

)
xi

+ â0(x, t)|u|p0(x)−2u+

+

t∫
t−τ(t)

ĉ(x, t, s)u(x, s) ds = f(x, t), (35)

äå â0, ..., ân � âèìiðíi îáìåæåíi äîäàòíi ôóíêöi¨ íà Q , ôóíêöiÿ p=(p0, ..., pn)
çàäîâîëüíÿ¹ óìîâó (P) , ĉ � âèìiðíà îáìåæåíà ôóíêöiÿ, f ∈ Lp′0(·)(Q) .

Îçíà÷åííÿ 4.1. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P ), (a0, a1, . . . , an)∈Ap , c∈
C , (f0, f1, . . . , fn)∈Fp′(Q) , u0∈C([−τ0, 0];L2(Ω)) . Óçàãàëüíåíèì ðîçâ'ÿçêîì

çàäà÷i (30)�(32) íàçèâà¹ìî ôóíêöiþ u ∈ W̃ 1,0
p(·)(Q) ∩ C ([−τ0, T ];L2(Ω)) , ÿêà

çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

||u(·, t)− u0(·, t)||L2(Ω) = 0 ∀t ∈ [−τ0, 0] (36)

òà iíòåãðàëüíó òîòîæíiñòü âèãëÿäó (25) äëÿ êîæíèõ v ∈ Vp(Ω) , ϕ ∈ C1
c (0, T ) .

Òåîðåìà 4.1. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P ), (a0, a1, . . . , an) ∈ Ap , c ∈ C ,
(f0, f1, . . . , fn) ∈ Fp′(Q) , u0 ∈ C([−τ0, 0];L2(Ω)) . Òîäi çàäà÷à (30)�(32) ìà¹
¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê u i âií çàäîâîëüíÿ¹ îöiíêó

max
t∈[0,T ]

∫
Ω

|u(x, t)|2 dx+

∫∫
Q

{ n∑
i=1

∣∣uxi(x, t)∣∣pi(x)
+|u(x, t)|p0(x)

}
dxdt ≤

≤ C2

(∫∫
Q

{ n∑
i=1

∣∣fi(x, t)∣∣p′i(x)
+g(x, t)

}
dxdt+ max

t∈[−τ0,0]

∫
Ω

|u0(x, t)|2 dx
)
, (37)

äå C2 > 0 � ñòàëà, ùî çàëåæèòü ëèøå âiä K, L, τ0, τ
+, T òà p−i (i = 0, n) .

Ó ïiäðîçäiëi 4.2 äîñëiäæó¹ìî çàäà÷ó Ôóð'¹ äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ
ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi i íåëîêàëüíèì çàïiçíåííÿì.
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Íåõàé Q := Ω× S , Σ0 := Γ0 × S , Σ1 := Γ1 × S, Qt1,t2 := Ω× (t1, t2) äëÿ
äîâiëüíèõ äiéñíèõ t1 i t2 , t1 < t2 .

×åðåç Lr(·),loc(Q) , äå r ∈ L∞(Ω) , r(x) ≥ 1 äëÿ ìàéæå âñiõ x ∈ Ω ,
ïîçíà÷à¹ìî ïðîñòið âèìiðíèõ ôóíêöié g : Q → R òàêèõ, ùî çâóæåííÿ g
íà Qt1,t2 íàëåæèòü äî Lr(·)(Qt1,t2) äëÿ âñiõ t1, t2 ∈ S (t1 < t2) . Öåé ïðî-
ñòið ¹ ïîâíèì ëîêàëüíî îïóêëèì ëiíiéíèì ïðîñòîðîì ùîäî ñiì'¨ ïiâíîðì{
‖·‖Lr(·)(Qt1,t2

)

∣∣ t1, t2 ∈ S} . Àíàëîãi÷íèì ÷èíîì âèçíà÷à¹ìî ïðîñòið L∞,loc(Q) .
Ðîçãëÿäà¹ìî âåêòîð-ôóíêöiþ p = (p0, p1, . . . , pn) : Ω → Rn+1 , ÿêà çàäî-

âîëüíÿ¹ óìîâó:
(P∗ ) âèêîíó¹òüñÿ óìîâà (P) (ç ïiäðîçäiëó 4.1) i p−i ≥ 2 (i = 0, n) .

Íåõàé W̃ 1,0
p(·),loc(Q) :=

{
w ∈ Lp0(·),loc(Q) | wxi ∈ Lpi(·),loc(Q) (i = 1, n), w(·, t) ∈

W̃ 1
p(·)(Ω) äëÿ ìàéæå âñiõ t ∈ S

}
.

×åðåç Fp′,loc(Q) ïîçíà÷à¹ìî ïðîñòið âåêòîð-ôóíêöié (f0, f1, . . . , fn) òàêèõ,
ùî fi ∈ Lp′i(·),loc(Q) i fi = 0 ìàéæå ñêðiçü â äåÿêîìó îêîëi ïîâåðõíi Σ1 äëÿ
êîæíîãî i ∈ {0, ..., n} .

Ðîçãëÿäà¹ìî çàäà÷ó: çíàéòè ôóíêöiþ u : Q → R , ÿêà (â ïåâíîìó ñåíñi)
çàäîâîëüíÿ¹ ðiâíÿííÿ

ut −
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds =

= −
n∑
i=1

(
fi(x, t)

)
xi

+ f0(x, t), (x, t) ∈ Q, (38)

i êðàéîâi óìîâè

u
∣∣∣
Σ0

= 0,
n∑
i=1

ai(x, t, u,∇u) νi

∣∣∣
Σ1

= 0. (39)

Òóò τ : S → R � íåïåðåðâíà îáìåæåíà ôóíêöiÿ òàêà, ùî τ(t) ≥ 0 äëÿ âñiõ
t ∈ S , τ+ := sup

t∈S
τ(t) , à ai : Q× R1+n → R , c : Q× S × R→ R, fi : Q→ R

( i = 0, n ) � çàäàíi äiéñíîçíà÷íi ôóíêöi¨.
Íåõàé p çàäîâîëüíÿ¹ óìîâó (P∗). ×åðåç Ap ïîçíà÷èìî ìíîæèíó íàáîðiâ

(a0, a1, . . . , an) äiéñíîçíà÷íèõ ôóíêöié ai : Q × R1+n → R ( i = 0, n ), ÿêi
çàäîâîëüíÿþòü óìîâè:

(A1) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} ôóíêöiÿ ai ¹ êàðàòåîäîðiâñüêîþ i
ai(x, t, 0, 0) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q ;
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(A2) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} , ìàéæå âñiõ (x, t) ∈ Q i âñiõ (ρ, ξ) ∈ R1+n

|ai(x, t, ρ, ξ)| ≤ C1

( n∑
j=1

|ξj|pj(x)/p′i(x) + |ρ|p0(x)/p′i(x)
)

+ hi(x, t),

äå C1 = const > 0 , hi ∈ Lp′i(·)(Q) ;

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q i âñiõ (ρ1, ξ
1) , (ρ2, ξ

2) ∈ R1+n

n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i )+

+
(
a0(x, t, ρ1, ξ

1)− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2) ≥

≥ K1

( n∑
i=1

|ξ1
i − ξ2

i |pi(x) + |ρ1 − ρ2|p0(x)
)

+K2|ρ1 − ρ2|2, (40)

äå K1, K2 = const > 0 .

×åðåç C ïîçíà÷èìî ìíîæèíó ôóíêöié c(x, t, s, ρ), (x, t, s, ρ) ∈ Q× S × R,
ÿêi çàäîâîëüíÿþòü óìîâè:

(C1) ôóíêöiÿ c ¹ êàðàòåîäîðiâñüêîþ i c(x, t, s, 0) = 0 äëÿ ìàéæå âñiõ (x, t, s) ∈
Q× S ;

(C2) iñíó¹ ñòàëà L > 0 (çàëåæíà âiä c ) òàêà, ùî äëÿ ìàéæå âñiõ (x, t, s) ∈
Q× S i âñiõ ρ1 , ρ2 ∈ R âèêîíó¹òüñÿ íåðiâíiñòü∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)

∣∣ ≤ L|ρ1 − ρ2|. (41)

Çàóâàæèìî, ùî ïðèêëàäîì äîñëiäæóâàíèõ ó öüîìó ïiäðîçäiëi ðiâíÿíü ¹
ðiâíÿííÿ (35).

Îçíà÷åííÿ 4.2. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P∗ ), (a0, a1, . . . , an) ∈ Ap ,
c ∈ C , (f0, f1, . . . , fn) ∈ Fp′,loc(Q) . Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (38), (39)

íàçèâà¹ìî ôóíêöiþ u ∈ W̃ 1,0
p(·),loc(Q) ∩ L2(Q) ∩ C (S;L2(Ω)) òàêó, ùî âè-

êîíó¹òüñÿ iíòåãðàëüíà òîòîæíiñòü âèãëÿäó (25) äëÿ êîæíîãî v ∈ Vp(Ω) i
ϕ ∈ C1

c (−∞, 0) .

Òåîðåìà 4.2. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P∗ ), (a0, a1, . . . , an) ∈ Ap , c ∈ C ,
(f0, f1, . . . , fn) ∈Fp′,loc(Q) i, êðiì òîãî, fi ∈ Lp′i(·)(Q) (i = 0, n) ,

K2 − Lτ+ > 0. (42)
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Òîäi çàäà÷à (38), (39) ìà¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê, âií íàëåæèòü ïðî-

ñòîðó W̃ 1,0
p(·)(Q) i äëÿ íüîãî ïðàâèëüíà îöiíêà

sup
t∈S

∫
Ω

|u(x, t)|2 dx+

∫∫
Q

{ n∑
i=1

∣∣uxi(x, t)∣∣pi(x)
+|u(x, t)|p0(x) + |u(x, t)|2

}
dxdt ≤

≤ C2

∫∫
Q

{ n∑
i=0

∣∣fi(x, t)∣∣p′i(x)
}
dxdt, (43)

äå C2 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, L, τ
+ i p−i (i = 0, n) .

Ó ïiäðîçäiëi 4.3 ðîçãëÿäà¹ìî çàäà÷ó áåç ïî÷àòêîâèõ óìîâ äëÿ ñèëüíî
íåëiíiéíèõ åâîëþöiéíèõ âêëþ÷åíü.

Íåõàé V � ñåïàðàáåëüíèé ðåôëåêñèâíèé áàíàõiâ ïðîñòið íàä ïîëåì äié-
ñíèõ ÷èñåë ç íîðìîþ ‖·‖ , à H � ãiëüáåðòiâ ïðîñòið íàä ïîëåì äiéñíèõ ÷èñåë çi
ñêàëÿðíèì äîáóòêîì (·, ·) òà íîðìîþ | · | . Ïðèïóñêà¹ìî, ùî ïðîñòið V âêëà-
äà¹òüñÿ ùiëüíî, íåïåðåðâíî i êîìïàêòíî â H . Ââàæà¹ìî (ïðîâiâøè âiäïîâiäíå
îòîòîæíåííÿ ôóíêöiîíàëiâ), ùî ïðîñòið H ′ ¹ ïiäïðîñòîðîì ñïðÿæåíîãî äî V
ïðîñòîðó V ′ . Îòîòîæíèâøè (íà ïiäñòàâi òåîðåìè Ðiññà) ïðîñòîðè H òà H ′ ,
îòðèìó¹ìî íåïåðåðâíi òà ùiëüíi âêëàäåííÿ

V ⊂ H ⊂ V ′ . (44)

Çàóâàæèìî, ùî â äàíîìó âèïàäêó 〈g, v〉 = (g, v) äëÿ áóäü-ÿêèõ v ∈ V, g ∈ H,
äå 〈·, ·〉 îçíà÷à¹ äiþ åëåìåíòà ç V ′ íà åëåìåíò ç V . Òîìó äàëi âæèâà¹ìî
ïîçíà÷åííÿ (·, ·) çàìiñòü 〈·, ·〉.

Íåõàé q ∈ [1,∞] , q′ � ñïðÿæåíå äî q , òîáòî, 1/q+1/q′ = 1 . Ïiä Lqloc(S;X)
ðîçóìi¹ìî ëiíiéíèé ïðîñòið âèçíà÷åíèõ i âèìiðíèõ íà S çi çíà÷åííÿìè â áà-
íàõîâîìó ïðîñòîði X ôóíêöié òàêèõ, ùî äëÿ áóäü-ÿêèõ t1, t2 ∈ S (t1 < t2)
¨õ çâóæåííÿ íà âiäðiçîê [t1, t2] íàëåæàòü ïðîñòîðó Lq(t1, t2;X).

Ðîçãëÿäà¹ìî ïðîñòîðè

H1(S;H) :=
{
w ∈ L2(S;H) | w′ ∈ L2(S;H)

}
,

Wq,loc(S;V ) := {w ∈ Lqloc(S;V )
∣∣w′ ∈ Lq′loc(S;V ′)}.

Íåõàé Φ : V → (−∞,+∞] � âëàñíèé ôóíêöiîíàë, òîáòî dom(Φ) := {v ∈
V : Φ(v) < +∞} 6= ∅ , ÿêèé çàäîâîëüíÿ¹ óìîâè:

(A1) Φ
(
αv + (1− α)w

)
6 αΦ(v) + (1− α)Φ(w) ∀ v, w ∈ V, ∀α ∈ [0, 1],

òîáòî Φ ¹ îïóêëèì,

(A2) vk −→
k→∞

v â V =⇒ inf
k→∞

Φ(vk) ≥ Φ(v),

òîáòî Φ ¹ íàïiâíåïåðåðâíèì çíèçó.



19

Íàãàäà¹ìî, ùî ñóáäèôåðåíöiàëîì ôóíêöiîíàëó Φ íàçèâàþòü âiäîáðàæåí-
íÿ ∂Φ : V → 2V

′
, âèçíà÷åíå çà ïðàâèëîì

∂Φ(v) := {v∗ ∈ V ′ | Φ(w) > Φ(v) + (v∗, w − v) ∀ w ∈ V }

äëÿ äîâiëüíîãî v ∈ V, à îáëàñòþ âèçíà÷åííÿ ñóáäèôåðåíöiàëó ∂Φ � ìíîæè-
íó D(∂Φ) := {v ∈ V | ∂Φ(v) 6= ∅} . Ìè îòîòîæíþ¹ìî ñóáäèôåðåíöiàë ∂Φ ç
éîãî ãðàôiêîì, ââàæàþ÷è, ùî [v, v∗] ∈ ∂Φ òîäi i ëèøå òîäi, êîëè v∗ ∈ ∂Φ(v) ,
òîáòî ∂Φ = {[v, v∗] | v ∈ D(∂Φ), v∗ ∈ ∂Φ(v)} .

Òàêîæ ïðèïóñêà¹ìî, ùî âèêîíóþòüñÿ óìîâè:

(A3) iñíóþòü ñòàëi p > 2, K1 > 0 òàêi, ùî

Φ(v) > K1‖v‖p ∀ v ∈ dom(Φ);

êðiì òîãî, Φ(0) = 0;

(A4) iñíó¹ ñòàëà K2 > 0 òàêà, ùî äëÿ äîâiëüíèõ [v1, v
∗
1], [v2, v

∗
2]∈∂Φ :

(v∗1 − v∗2, v1 − v2) >K2|v1 − v2|2.

Íåõàé c : S × S ×H → H � ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó:

(C) äëÿ áóäü-ÿêîãî v ∈ H âiäîáðàæåííÿ c(·, ·, v) : S × S → H ¹ âèìiðíèì,
òà iñíó¹ ñòàëà L > 0 òàêà, ùî ïðàâèëüíà íåðiâíiñòü

|c(t, s, v1)− c(t, s, v2)| ≤ L|v1 − v2|

äëÿ ìàéæå âñiõ (t, s) ∈ S × S i âñiõ v1, v2 ∈ H ; êðiì òîãî, c(t, s, 0) = 0
äëÿ ìàéæå âñiõ (t, s) ∈ S × S .

Ðîçãëÿíåìî åâîëþöiéíó âàðiàöiéíó íåðiâíiñòü (ñóáäèôåðåíöiàëüíå âêëþ÷å-
ííÿ)

u′(t) + ∂Φ
(
u(t)

)
+

t∫
t−τ(t)

c(t, s, u(s)) ds 3 f(t), t ∈ S, (45)

äå f : S → V ′ � çàäàíà ôóíêöiÿ, τ : S → R � çàäàíà íåïåðåðâíà ôóíêöiÿ
òàêà, ùî τ(t) ≥ 0 äëÿ âñiõ t ∈ S , τ+ := sup

t∈S
τ(t) <∞ , u : S → V � øóêàíà

ôóíêöiÿ.

Îçíà÷åííÿ 4.3.Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A3) , (C) i f ∈ Lp
′

loc(S;V ′) .
Ôóíêöiþ u íàçèâà¹ìî ðîçâ'ÿçêîì âàðiàöiéíî¨ íåðiâíîñòi (45), ÿêùî âîíà çà-
äîâîëüíÿ¹ òàêi óìîâè:

1) u ∈ Wp,loc(S;V ) ∩ L2(S;H) ;
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2) u(t) ∈ D(∂Φ) äëÿ ìàéæå âñiõ t ∈ S ;

3) iñíó¹ ôóíêöiÿ g ∈ Lp
′

loc(S;V ′) òàêà, ùî äëÿ ìàéæå âñiõ t ∈ S ìà¹ìî
g(t) ∈ ∂Φ

(
u(t)

)
i

u′(t) + g(t) +

t∫
t−τ(t)

c(t, s, u(s)) ds = f(t) â V ′.

Çàäà÷ó íà çíàõîäæåííÿ ðîçâ'ÿçêó âàðiàöiéíî¨ íåðiâíîñòi (45) ïðè çàäàíèõ
Φ , c , τ i f íàçèâà¹ìî çàäà÷åþ áåç ïî÷àòêîâèõ óìîâ äëÿ eâîëþöiéíî¨ âàði-
àöiéíî¨ íåðiâíîñòi (45) àáî, êîðîòêî, çàäà÷åþ P(Φ, c, τ, f) , à ôóíêöiþ u � ¨¨
ðîçâ'ÿçêîì.

Òåîðåìà 4.3. Íåõàé âèêîíóþòüñÿ óìîâè (A1) � (A4) , (C) . Ïðèïóñòèìî, ùî
f ∈ L2(S;H) i

K2 − Lτ+ > 0.

Òîäi çàäà÷à P(Φ, c, τ, f) ìà¹ ¹äèíèé ðîçâ'ÿçîê i âií íàëåæèòü ïðîñòîðó
L∞(S;V ) ∩ Lp(S;V ) ∩H1(S;H) òà çàäîâîëüíÿ¹ îöiíêè:

ess sup
t∈S

‖u(t))‖ 6 C1

(∫
S

|f(t)|2 dt
)1/p

,∫
S

(
‖u(t)‖p + |u(t)|2 + |u′(t)|2

)
dt 6 C2

∫
S

|f(t)|2 dt,

äå C1, C2 > 0 � ñòàëi, ùî çàëåæàòü ëèøå âiä K1, K2, L òà τ+ .

ÂÈÑÍÎÂÊÈ

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà âèâ÷åííþ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâ-
íÿíü òà ðiçíîêîìïîíåíòíèõ ñèñòåì ðiâíÿíü çi çìiííèì çàïiçíåííÿì. Òàêi çàäà-
÷i âèíèêàþòü ïðè ìàòåìàòè÷íîìó ìîäåëþâàííi ïðîöåñiâ ó ïðèðîäîçíàâñòâi,
òåõíiöi, åêîíîìiöi, òåîði¨ ïîïóëÿöié òîùî. Íà äàíèé ÷àñ äîñèòü äîáðå âèâ÷åíî
çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü òà ¨õ ñèñòåì ó âèïàäêó ñòàëîãî çàïiçíåííÿ.
Ïðîòå çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü òà ¨õ ñèñòåì iç çàëåæíèì âiä ÷àñó ÿê
ëîêàëüíèì, òàê i íåëîêàëüíèì çàïiçíåííÿì ðàíiøå íå âèâ÷àëèñü.

Ó ðîáîòi çíàéäåíî óìîâè iñíóâàííÿ, ¹äèíîñòi òà íåïåðåðâíî¨ çàëåæíîñòi âiä
âèõiäíèõ äàíèõ, à òàêîæ àïðiîðíi îöiíêè êëàñè÷íèõ ðîçâ'ÿçêiâ ìiøàíèõ çàäà÷
òà êðàéîâèõ çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü
òà ðiçíîêîìïîíåíòíèõ ñèñòåì ðiâíÿíü ç ëîêàëüíèì çìiííèì çàïiçíåííÿì. Òà-
êîæ âñòàíîâëåíî óìîâè iñíóâàííÿ, ¹äèíîñòi òà àïðiîðíi îöiíêè óçàãàëüíåíèõ
ðîçâ'ÿçêiâ ìiøàíèõ çàäà÷ òà çàäà÷i Ôóð'¹ äëÿ ñëàáêî íåëiíiéíèõ ïàðàáîëi-
÷íèõ ðiâíÿíü ç íåëîêàëüíèì çìiííèì çàïiçíåííÿì. Äëÿ ñèëüíî íåëiíiéíèõ
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ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi òà íåëîêàëüíèì
çàïiçíåííÿì îòðèìàíî óìîâè iñíóâàííÿ òà ¹äèíîñòi, à òàêîæ àïðiîðíi îöiíêè
óçàãàëüíåíèõ ðîçâ'ÿçêiâ ìiøàíèõ çàäà÷ òà çàäà÷i Ôóð'¹. Êðiì òîãî, çíàéäåíî
óìîâè iñíóâàííÿ òà ¹äèíîñòi, à òàêîæ àïðiîðíi îöiíêè ðîçâ'ÿçêó çàäà÷i Ôóð'¹
äëÿ ñèëüíî íåëiíiéíèõ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé (ñóáäèôåðåíöi-
àëüíèõ âêëþ÷åíü) ç íåëîêàëüíèì çìiííèì çàïiçíåííÿì.

Öi ðåçóëüòàòè ìàþòü òåîðåòè÷íèé õàðàêòåð i ¨õ ìîæíà âèêîðèñòàòè äëÿ
äîñëiäæåííÿ åâîëþöiéíèõ ðiâíÿíü òà âàðiàöiéíèõ íåðiâíîñòåé iç çàïiçíåííÿì,
à òàêîæ ïðè ðîçâ'ÿçóâàííi ïðàêòè÷íèõ çàäà÷, ÿêi ìîäåëþþòüñÿ òàêèìè ðiâ-
íÿííÿìè.
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Abstract

Ilnytska O.V. Problems without initial conditions for evolution systems
with dealy. � Manuscript.

The thesis is presented for the degree of Candidate of Sciences in Physics and
Mathematics (Doctor of Philosophy) in speciality 01.01.02 � Di�erential equati-
ons. � Ivan Franko National University of Lviv, Lviv, 2017.

The thesis is dedicated to investigation of the well-posedness of problems for
parabolic equations and coupled systems of equations with time-dependent delay.

The conditions of existence and uniqueness of classical solutions of initial-
boundary problems for semilinear parabolic equations and coupled systems with
local variable delay, of problems without initial conditions for semilinear parabolic
equations and coupled systems with local variable delay are investigated.

The existence and uniqueness of weak solutions of problems for weakly nonli-
near parabolic equations with time-dependent integral delay are studied. The
conditions of well-posedness of initial-boundary problems and the problem wi-
thout initial conditions for such equations are obtained.

The conditions of existence and uniqueness of weak solutions of initial-boundary
problems for parabolic equations with variable exponents of nonlinearity and with
time-dependent integral delay are obtained. The conditions of existence and uni-
queness of weak solutions of the problem without initial conditions for parabolic
equations with variable exponents of nonlinearity and time-dependent integral
delay in unbounded on time domains in classes of functions with certain behavi-
or on in�nity are established. The well-posedness of the problem without initial
conditions for strongly nonlinear evolutional variation inequalities (subdi�erential
inclusions) with time-dependent integral delay in unbounded on time domains is
investigated in classes of functions with certain behavior on in�nity is established.
Key words: initial-boundary problem, problem without initial condition, time

delay, parabolic equation, coupled system, evolution equation, evolutional variati-
on inequality, evolution subdi�erential inclusion, strongly degenerated equation.


