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Ðîçäië 1 ïðèñâÿ÷åíèé îãëÿäó ëiòåðàòóðè, ùî ñòîñó¹òüñÿ òåìè äèñåðòàöi¨. Ó

ïiäðîçäiëi 1.1 ðîçãëÿíóòî ïóáëiêàöi¨, ùî ñòîñóþòüñÿ çàäà÷ äëÿ ïàðàáîëi÷íèõ

ðiâíÿíü òà ðiçíîêîìïîíåíòíèõ ñèñòåì iç çàïiçíåííÿì ó êëàñè÷íîìó ôîðìó-

ëþâàííÿ. Ó ïiäðîçäiëi 1.2 íàâåäåíî ðåçóëüòàòè, ùîäî çàäà÷ äëÿ ñëàáêî íåëi-

íiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü iç çàïiçíåííÿì ó âàðiàöiéíîìó ôîðìóëþâàííÿ.
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çíà÷íîþ ìiðîþ âèâ÷åíî çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi ñòàëèì çàïiçíå-

ííÿì. Êëàñè÷íi ðîçâ'ÿçêè çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü iç çàëåæíèì âiä
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÷àñó ëîêàëüíèì çàïiçíåííÿì ðàíiøå íå âèâ÷àëèñü. Ó ïiäðîçäiëi 2.1 çíàéäå-
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ðîçâ'ÿçêiâ çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü,

ùî ñèëüíî âèðîäæóþòüñÿ ó ïî÷àòêîâèé ìîìåíò ÷àñó. Ïiäðîçäië 2.4 ïðèñâÿ-
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âèõiäíèõ äàíèõ êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ðiçíî-

êîìïîíåíòíèõ ñèñòåì ðiâíÿíü iç çàïiçíåííÿì, ùî ñèëüíî âèðîäæóþòüñÿ ó ïî-

÷àòêîâèé ìîìåíò ÷àñó. Ó ïiäðîçäiëi 2.5 îòðèìàíî óìîâè iñíóâàííÿ, ¹äèíîñòi

òà íåïåðåðâíî¨ çàëåæíîñòi âiä âèõiäíèõ äàíèõ êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷i

Ôóð'¹ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü iç çàïiçíåííÿì.
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âåäiíêîþ íà íåñêií÷åííîñòi.
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â'ÿçêiâ çàäà÷i äëÿ ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèì çàïi-

çíåííÿì. Ðîçãëÿíóòî âèïàäîê çàëåæíîãî âiä ÷àñó iíòåãðàëüíîãî çàïiçíåííÿ.

Çàäà÷i, ðîçãëÿíóòi ó ðîçäiëi 4, äîñëiäæåíî âïåðøå. Ó ïiäðîçäiëi 4.1 âñòàíîâ-

ëåíî óìîâè êîðåêòíîñòi ìiøàíèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè

ïîêàçíèêàìè íåëiíiéíîñòi. Ó ïiäðîçäiëi 4.2 âèâ÷åíî êîðåêòíiñòü çàäà÷i Ôóð'¹

äëÿ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi ó êëà-

ñàõ ôóíêöié ç ïåâíîþ ïîâåäiíêîþ íà íåñêií÷åííîñòi. Ó ïiäðîçäiëi 4.3 äîâåäå-

íî êîðåêòíiñòü çàäà÷i Ôóð'¹ äëÿ íåëiíiéíèõ åâîëþöiéíèõ âêëþ÷åíü ó êëàñàõ

ôóíêöié ç ïåâíîþ ïîâåäiíêîþ íà íåñêií÷åííîñòi.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåðòàöi¨
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Abstract

Ilnytska O.V. Problems without initial conditions for evolution systems with

dealy. � Qualifying scienti�c work on the rights of the manuscript.

The thesis is presented for the degree of Candidate of Sciences in Physics and

Mathematics (Doctor of Philosophy) in speciality 01.01.02 "Di�erential equati-

ons". � The Ivan Franko National University of Lviv, Lviv, 2017.

The thesis consists of an introduction, �ve chapters, conclusions, appendix

and the references. The introduction consists of the relevance of research topic,

purpose, objectives, subject, object and research methods, The introduction

substantiates the relevance of research topic. The goal, subject, object and

methods of the research are listed there. Scienti�c novelty, the practical signi-

�cance of the results, the relation to scienti�c topic and applicant's contribution

are also indicated in the introduction.

Chapter 1 provides an literature review concerning on the topic of the thesis. In

Section 1.1 we consider the results related to the classical solutions of problems for

parabolic equations and coupled systems with delay. In Section 1.2 we consider the

results related to the weak solutions of problems for weakly nonlinear parabolic

equations with delay. Section 1.3 contains an overview of the results that were

previously obtained for problems for strongly nonlinear equations with delay. In

Section 1.4 we consider the results related to the solutions of evolution inclusions

with delay.

In Chapter 2 problems for parabolic equations and coupled systems with vari-

able local delay are considered. Nowadays problems for parabolic equations with

constant delay are quite good investigated but problems for parabolic equations

with variable delay are barely studied. Classical solutions for semilinear parabolic

equations with time-depended delay haven't been studied before. In Section 2.1

the conditions of existence and uniqueness of classical solutions of initial-boundary

6
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problems for semilinear parabolic equations are investigated. In Section 2.2 the

conditions of existence and uniqueness of classical solutions of initial-boundary

problems for couples systems are obtained. In Section 2.3 the conditions of exi-

stence and uniqueness of classical solutions of problems without initial conditions

for semilinear parabolic equations strongly degenerated at the initial time are

investigated. In Section 2.4 the conditions of existence and uniqueness of classical

solutions of problems without initial conditions for coupled systems of equations

strongly degenerated at the initial time are obtained. In Section 2.5 the conditi-

ons of existence and uniqueness of classical solutions of problems without initial

conditions for semilinear parabolic equations in unbounded on time domains are

investigated.

In Chapter 3 we studied the existence and uniqueness of weak solutions of

problems for weakly nonlinear parabolic equations with variable delay. The time-

dependent integral delay is considered. In Section 3.1 the conditions of well-

posedness of initial-boundary problems for such equations are obtained. In Secti-

on 3.2 the well-posedness of the problem without initial conditions for such equati-

ons in unbounded on time domains in classes of functions with certain behavior

on in�nity are established. The problems, studied in Chapter 3, haven't been

investigated before.

In Chapter 4 we studied the existence and uniqueness of weak solutions of

problems for strongly nonlinear parabolic equations with variable delay. In Secti-

on 4.1 the conditions of well-posedness of initial-boundary problems for parabolic

equations with variable exponents of nonlinearity are obtained. In Section 4.2 the

well-posedness of the problem without initial conditions for parabolic equations

with variable exponents of nonlinearity in unbounded on time domains in classes

of functions with certain behavior on in�nity are established. In Section 4.3 the

well-posedness of the problem without initial conditions for strongly nonlinear

evolutional inclusions in unbounded on time domains is investigated in classes of

functions with certain behavior on in�nity are established. The problems, studied

in Chapter 4, haven't been investigated before.

The practical signi�cance of the results. The results of the thesis have

theoretical signi�cance and can be used for the development of the theory of partial

di�erential equations and applied in problems of �ltration, plasma physics, image
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reconstruction process, the theory of biological populations, the human body's

response to the HIV, di�usion and others.

Key words: initial-boundary problem, problem without initial condition, time

delay, parabolic equation, coupled system, evolution equation, evolutional variati-

on inequality, evolution subdi�erential inclusion, strongly degenerated equation.
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Ïåðåëiê óìîâíèõ ïîçíà÷åíü

n − äîâiëüíå ôiêñîâàíå íàòóðàëüíå ÷èñëî;

Rn − ëiíiéíèé ïðîñòið âïîðÿäêîâàíèõ íàáîðiâx = (x1, ..., xn)

äiéñíèõ ÷èñåë ç íîðìîþ |x| := (|x1|2 + . . .+ |xn|2)1/2;

Ω − îáìåæåíà îáëàñòü â Rn;

∂Ω − ìåæà Ω, ÿêà ââàæà¹òüñÿ êóñêîâî-ãëàäêîþ ïîâåðõíåþ;
Γ0,Γ1 − ÷àñòèíè ∂Ω òàêi, ùî ∂Ω = Γ0 ∪ Γ1,Γ0 − çàìèêàííÿ

âiäêðèòî¨ ìíîæèíè ∂Ω (çîêðåìà, àáî Γ0 = ∅ àáîΓ0 = ∂Ω),
Γ1 := ∂Ω \ Γ0;

ν=(ν1, ..., νn) − îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî ∂Ω;

T > 0 − äîâiëüíå ôiêñîâàíå ÷èñëî;

C(Ω) − ïðîñòið ôóíêöié, íåïåðåðâíèõ íà ìíîæèíi Ω;

Cα(Ω) − ïðîñòið Ãåëüäåðà (äèâ. ñò. 26);

H1(Ω) − ïðîñòið Ñîáîë¹âà (äèâ. ñò. 66);

C∞c (Ω) − ïðîñòið íåïåðåðâíî äèôåðåíöiéîâíèõ íà Ω ôóíêöié
ç êîìïàêòíèì íîñi¹ì;

H1
0(Ω) − çàìèêàííÿ ïðîñòîðó C∞c (Ω) â H1(Ω);

Lp(·)(Ω) − óçàãàëüíåíèé ïðîñòið Ëåáåãà (äèâ. ñò. 97);

W 1
p(·)(Ω) − óçàãàëüíåíèé ïðîñòið Ñîáîë¹âà (äèâ. ñò. ??).
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Âñòóï

Àêòóàëüíiñòü òåìè. Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ çà-

äà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü, ðiçíîêîìïîíåíòíèõ ñè-

ñòåì òà åâîëþöiéíèõ âêëþ÷åíü çi çìiííèì çàïiçíåííÿì.

Çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè iç çàïiçíåí-

íÿì ¹ íàäçâè÷àéíî ïëiäíèì ïîëåì äëÿ äîñëiäæåíü òà äæåðåëîì äëÿ áàãàòüîõ

ñêëàäíèõ ìàòåìàòè÷íèõ ïðîáëåì òà öiêàâèõ çàñòîñóâàíü. Ïîïóëÿðíiñòü òàêî-

ãî ðîäó äîñëiäæåíü ïîâ'ÿçàíà ç ¨õ àêòèâíèì âèêîðèñòàííÿì ïðè âèðiøåííi

çàäà÷ òåïëîïðîâiäíîñòi, ôiëüòðàöi¨, äèôóçi¨, ôiçèêè ïëàçìè, ðåêîíñòðóêöi¨

çîáðàæåíü, òåîði¨ áiîëîãi÷íèõ ïîïóëÿöié, ðåàêöi¨ îðãàíiçìó ëþäèíè íà âiðóñ

iìóíîäåôiöèòó òà iíøèõ.

Ïàðàáîëi÷íi ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè òà ðiçíîêîìïîíåíòíi ñè-

ñòåìè ðiâíÿíü iç çàïiçíåííÿì çà íàÿâíîñòi ïî÷àòêîâèõ óìîâ àêòèâíî äîñëi-

äæóâàëèñü áàãàòüìà ìàòåìàòèêàìè, ñåðåä ÿêèõ Ï. Ï. Áàáàê, ß. É. Áiãóí,

Ì. Ì. Áîêàëî, ß. Ì. Äðiíü, Â. Ì. Äìèòðiâ, Ë. Ý. Ýëüñãîëüö, À. Ä. Ìèøêiñ,

Ñ. Á. Íîðêií, Ñ. Â. Ïàî (Ñ. V. Pao), À. Ì. Ñàìîéëåíêî, Â. Þ. Ñëþñàð÷óê,

I. Ì. ×åðåâêî, I. Ä. ×ó¹øîâ, Ä. ß. Õóñà¨íîâ, À. Áàòêàé (A. B�atkai), À. Áåëüìi-

ëîóäi (A. Belmiloudi), Æ. Äi Áëàñiî (G. Di Blasio), ×. Äæiíü (Ch. Jin), Äæ. �íü

(J. Yin), Ð. Ëåñòåð (R. Laister), À. Ìàðöiíÿê-Æîõðà (A. Marciniak-Czochra).

Çàäà÷i äëÿ åâîëþöiéíèõ âêëþ÷åíü (âàðiàöiéíèõ íåðiâíîñòåé) iç çàïiçíåííÿì

âèâ÷àëè Õ. Õ. Ðî (H. H. Rho), Äæ. Ì. Äæåîíã (J. M. Jeong), I. I. Âðàái¹

(I. I. Vrabie), Ð. Í. Âàíã (R. N. Wang), Ê. Ì. Õiàíã (Q. M. Xiang), Ï. Õ. Öó

(P. X. Zhu) òà iíøi.

Âàãîìèé âêëàä â äîñëiäæåííÿ çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ

ðiâíÿíü òà âàðiàöiéíèõ íåðiâíîñòåé áåç çàïiçíåííÿ çðîáèëè Ò. Ì. Áàëàáóøåí-

êî, Ì. Ì. Áîêàëî, Ë. Ô. Áîéêî, Î. Ì. Áóãðié, Þ. Á. Äìèòðèøèí, Ñ. Ä. Åé-

äåëüìàí, Ñ. Ä. Iâàñèøåí, Â. Ï. Ëàâðåí÷óê, Ñ. Ï. Ëàâðåíþê, Ì. Ä. Ìàðòèíåí-
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êî, Ì. I. Ìàòié÷óê, �. I. Ìîiñ¹¹â Î. À. Îëiéíèê, Î. À. Ïàíêîâ, Í. Ï. Ïðîöàõ,

Ï. ß. Ïóêà÷ òà iíøi.

Çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü çi ñòàëèì çàïiçíåí-

íÿì äîñëiäæóâàëè Ì. Ì. Áîêàëî òà Â. Ì. Äìèòðiâ.

Íà äàíèé ÷àñ äîñòàòíüî ïîâíî äîñëiäæåíi ìiøàíi çàäà÷i äëÿ ïàðàáîëi÷íèõ

ðiâíÿíü òà ñèñòåì çi ñòàëèì çàïiçíåííÿì. Ìiøàíi çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâ-

íÿíü çi çìiííèì çàïiçíåííÿì äîñëiäæóâàëèñü ëèøå ó ðîáîòàõ I. Ä. ×ó¹øîâà òà

Î. Â. Ðåçóíåíêà, ïðîòå ó öèõ ðîáîòàõ çàïiçíåííÿ çàëåæèòü âiä ñòàíó ñèñòåìè.

Çàäà÷i äëÿ åâîëþöiéíèõ ðiâíÿíü òà ñèñòåì iç çàëåæíèì âiä ÷àñó çàïiçíåííÿì

ðàíiøå íå äîñëiäæóâàëèñü. Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ òà-

êîãî ðîäó çàäà÷.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Ðå-

çóëüòàòè äèñåðòàöi¨ îòðèìàíî â ðàìêàõ âèêîíàííÿ íàóêîâî¨ òåìè êàôåäðè

äèôåðåíöiàëüíèõ ðiâíÿíü Ëüâiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Iâà-

íà Ôðàíêà �Äîñëiäæåííÿ íåëiíiéíèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ�,

íîìåð äåðæðå¹ñòðàöi¨ 0114U004540.

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Ìåòîþ ðîáîòè ¹ âiäøóêàííÿ óìîâ iñíó-

âàííÿ òà ¹äèíîñòi êëàñè÷íèõ òà óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷ áåç ïî÷àòêîâèõ

óìîâ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü, ðiçíîêîìïîíåíòíèõ ñèñòåì òà åâîëþöiéíèõ

âêëþ÷åíü çi çìiííèì çàïiçíåííÿì.

Çàâäàííÿìè äèñåðòàöiéíîãî äîñëiäæåííÿ ¹:

� âñòàíîâèòè óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷ áåç

ïî÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü òà ðiçíîêîìïîíåíòíèõ

ñèñòåì ðiâíÿíü çi çìiííèì çàïiçíåííÿì, ùî ñèëüíî âèðîäæóþòüñÿ ó ïî÷àòêî-

âèé ìîìåíò ÷àñó;

� äîñëiäèòè óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷i Ôóð'¹

äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèì çàïiçíåííÿì;

� âiäøóêàòè óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷i

Ôóð'¹ äëÿ ñëàáêî i ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü;

� âèâ÷èòè êîðåêòíiñòü çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ñèëüíî íåëiíiéíèõ

åâîëþöiéíèõ âêëþ÷åíü.

Îá'¹êòîì äîñëiäæåííÿ ¹ çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ ïàðàáîëi÷íèõ

ðiâíÿíü, ðiçíîêîìïîíåíòíèõ ñèñòåì òà åâîëþöiéíèõ âêëþ÷åíü çi çìiííèì çà-
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ïiçíåííÿì.

Ïðåäìåòîì äîñëiäæåíü ¹ óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ çàäà÷

áåç ïî÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ, ñëàáêî i ñèëüíî íåëiíiéíèõ ïàðàáîëi-

÷íèõ ðiâíÿíü, ðiçíîêîìïîíåíòíèõ ñèñòåì ðiâíÿíü òà íåëiíiéíèõ åâîëþöiéíèõ

âêëþ÷åíü çi çìiííèì çàïiçíåííÿì.

Ìåòîäè äîñëiäæåíü. Ó ðîáîòi âèêîðèñòîâóþòüñÿ ìåòîäè òà iäå¨ òåîði¨

ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè i ôóíêöiîíàëüíîãî àíàëiçó, çîêðåìà, ìåòî-

äè ïîñëiäîâíèõ íàáëèæåíü, ìîíîòîííîñòi i Ãàëüîðêiíà, ïðèíöèï ñòèñêóþ÷èõ

âiäîáðàæåíü òà iíøi.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Ó äèñåðòàöiéíié ðîáîòi

âïåðøå:

• çíàéäåíî óìîâè iñíóâàííÿ, ¹äèíîñòi òà íåïåðåðâíî¨ çàëåæíîñòi âiä âèõi-

äíèõ äàíèõ êëàñè÷íèõ ðîçâ'ÿçêiâ ìiøàíî¨ çàäà÷i i êðàéîâèõ çàäà÷ áåç

ïî÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü òà ðiçíîêîìïî-

íåíòíèõ ñèñòåì çi çìiííèì ëîêàëüíèì çàïiçíåííÿì;

• äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíèõ ðîçâ'ÿçêiâ ìiøàíèõ çàäà÷

òà çàäà÷i Ôóð'¹ äëÿ ñëàáêî òà ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü

çi çìiííèì íåëîêàëüíèì çàïiçíåííÿì;

• âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ çàäà÷i áåç ïî÷àòêî-

âèõ óìîâ äëÿ åâîëþöiéíèõ ñóáäèôåðåíöiàëüíèõ âêëþ÷åíü çi çìiííèì íå-

ëîêàëüíèì çàïiçíåííÿì.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåðòàöi¨

ìàþòü òåîðåòè÷íå çíà÷åííÿ i ìîæóòü áóòè âèêîðèñòàíi äëÿ ðîçâèòêó òåîði¨

ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè iç çàïiçíåííÿì òà çàñòîñîâàíi ïðè äîñëiäæåíi

çàäà÷ òåïëîïðîâiäíîñòi, äèôóçi¨, ôiëüòðàöi¨, ôiçèêè ïëàçìè, ðåêîíñòðóêöi¨

çîáðàæåíü, òåîði¨ áiîëîãi÷íèõ ïîïóëÿöié, ðåàêöi¨ îðãàíiçìó ëþäèíè íà âiðóñ

iìóíîäèôiöèòó, òîùî.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Óñi ðåçóëüòàòè äèñåðòàöi¨ îòðèìàíi àâòî-

ðîì ñàìîñòiéíî. Ó ïðàöÿõ íàïèñàíèõ ó ñïiâàâòîðñòâi ç íàóêîâèì êåðiâíèêîì,

Ì. Ì. Áîêàëó íàëåæàòü ïîñòàíîâêà çàäà÷, âèáið ìåòîäiâ äîñëiäæåíü òà àíàëiç

îäåðæàíèõ ðåçóëüòàòiâ.
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Àïðîáàöiÿ ðåçóëüòàòiâ ðîáîòè. Ðåçóëüòàòè äîñëiäæåíü äîïîâiäàëèñü

òà îáãîâîðþâàëèñü íà Ëüâiâñüêîìó ìiñüêîìó ñåìiíàði ç äèôåðåíöiàëüíèõ ðiâ-

íÿíü (êåðiâíèêè: ÷ëåí-êîð. ÍÀÍ Óêðà¨íè, ïðîô. Ïòàøíèê Á. É., ïðîô. Iâàí-

÷îâ Ì. I., ïðîô. Êàëåíþê Ï. I.), à òàêîæ íà êîíôåðåíöiÿõ: International

conference dedicated to the 120th anniversary of Stefan Banach (Ëüâiâ, 2012);

International Conference of Young Mathematicians (Êè¨â, 2015); International

V. Skorobohatko mathematical conference (Äðîãîáè÷, 2015); Ìiæíàðîäíà íà-

óêîâà êîíôåðåíöiÿ �Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ� (Óæãî-

ðîä, 2016); Êîíôåðåíöiÿ ìîëîäèõ ó÷åíèõ �Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2016�

(Ëüâiâ, 2016); International Conference on Di�erential Equations dedicated to

the 110th anniversary of Ya. B. Lopatynsky (Ëüâiâ, 2016); International Scienti-

�c Conference �Di�erential-Functional Equations and their Application� dedicated

to the 80th anniversary of Professor V. I. Fodchuk (×åðíiâöi, 2016); 5th Internati-

onal Conference for Young Scientists on Di�erential Equations and Applications

dedicated to Ya. B. Lopatynsky (Êè¨â, 2016).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî â 6-òè íàóêîâèõ

ïðàöÿõ ó ôàõîâèõ ïåðiîäè÷íèõ âèäàííÿõ ç ïåðåëiêó, çàòâåðäæåíîãî ÌÎÍ

Óêðà¨íè, ç ÿêèõ 4 � â æóðíàëàõ, ùî âõîäÿòü äî ìiæíàðîäíèõ íàóêîìåòðè÷íèõ

áàç, òà äîäàòêîâî âèñâiòëåíî â 8-ìè òåçàõ íàóêîâèõ ìàòåìàòè÷íèõ êîíôåðåí-

öié.

Ñòðóêòóðà òà îáñÿã ðîáîòè. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó, ÷îòè-

ðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó ëiòåðàòóðè, à òàêîæ äîäàòêó. Ñïèñîê ëiòåðà-

òóðè íàëi÷ó¹ 105 íàéìåíóâàíü i âèêëàäåíèé íà 10 ñòîðiíêàõ. Çàãàëüíèé îáñÿã

ðîáîòè � 185 ñ.



Ðîçäië 1

Îãëÿä ëiòåðàòóðè òà îïèñ ðåçóëüòàòiâ

äèñåðòàöi¨

Ó äàíîìó ðîçäiëi íàâåäåíî îãëÿä ëiòåðàòóðè çà òåìàòèêîþ äèñåðòàöi¨ òà îïèñ

ðåçóëüòàòiâ, îòðèìàíèõ â äèñåðòàöiéíié ðîáîòi.

1.1 Êëàñè÷íi ðîçâ'ÿçêè çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü

òà ñèñòåì iç çàïiçíåííÿì

1.1.1 Êëàñè÷íi ðîçâ'ÿçêè çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü iç çà-

ïiçíåííÿì

Íàÿâíiñòü çàïiçíåííÿ â äèôåðåíöiàëüíèõ ðiâíÿííÿõ, ùî îïèñóþòü ïåâíi

äèíàìi÷íi ïðîöåñè, ¹ âðàõóâàííÿì òîãî, ùî ñòàí åâîëþöiéíî¨ ñèñòåìè â àêòó-

àëüíèé ìîìåíò ÷àñó çàëåæèòü âiä ñòàíiâ â ïîïåðåäíi ìîìåíòè ÷àñó. Ðiâíÿííÿ

iç çàïiçíåííÿì âèêîðèñòîâóþòü, çîêðåìà, äëÿ ìîäåëþâàííÿ õàð÷îâèõ ëàíöþ-

ãiâ òà ðåàêöi¨ iìóííî¨ ñèñòåìè ëþäñüêîãî îðãàíiçìó íà âiðóñ iìóíîäåôiöèòó

([50], [54], [59]). Â îñòàííi ðîêè iíòåíñèâíî ðîçâèâà¹òüñÿ ìàòåìàòè÷íèé àïàðàò

äëÿ äîñëiäæåííÿ ðiâíÿíü òà ñèñòåì iç çàïiçíåííÿì (äèâ., íàïðèêëàä, [4], [5],

[13], [18], [22], [46], [53], [69], [88], [85], [86], [87]). Íà äàíèé ÷àñ äîñèòü ïîâíî

ðîçðîáëåíî òåîðiþ äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòàëèì çàïiçíåííÿì. Ñòàëiñòü

çàïiçíåííÿ, ÿê ïðàâèëî, ¹ äîäàòêîâèì ïðèïóùåííÿì äëÿ ñïðîùåííÿ äîñëi-

äæåííÿ, ùî íå ìîòèâîâàíî ðåàëüíèìè ïðîöåñàìè. Áiëüø ïðèðîäíèìè ¹ ðiâ-

íÿííÿ çi çìiííèì çàïiçíåííÿì. Çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ çi çìiííèì

çàïiçíåííÿì äîñëiäæóþòüñÿ äîñèòü àêòèâíî ([9], [11], [59]), àëå ðiâíÿííÿ ç ÷à-

ñòèííèìè ïîõiäíèìè çi çìiííèì çàïiçíåííÿì íå ¹ äîñòàòíüî âèâ÷åíèìè ([5]).

Ìiøàíà çàäà÷à äëÿ òàêèõ ðiâíÿíü äîñëiäæåíà ó ï.2.1.

17
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Íåëiíiéíi âèðîäæóâàíi äèôåðåíöiàëüíi ðiâíÿííÿ âèêîðèñòîâóþòü ïðè ìî-

äåëþâàííi ðiçíèõ ïðîöåñiâ, çîêðåìà, îïðiñíåííÿ ìîðñüêî¨ âîäè, ðóõó ðiäèí òà

ãàçiâ ó ïîðèñòèõ ñåðåäîâèùàõ. Òàêi ðiâíÿííÿ âèíèêàþòü i â òåîðiÿõ åëàñòè-

÷íîñòi, âiäíîñíîñòi òà îïòèìiçàöi¨ ([47]). Ïàðàáîëi÷íi ðiâíÿííÿ iç âèðîäæåííÿì

òà çàäà÷i äëÿ íèõ äîñëiäæóâàëèñü ó áàãàòüîõ ðîáîòàõ, ñåðåä ÿêèõ [1], [7], [12],

[45], [47], [66].

Íàñêiëüêè íàì âiäîìî, çàäà÷i äëÿ ïàðàáîëi÷íèõ âèðîäæóâàíèõ (çà ðàõóíîê

êîåôiöi¹íòiâ) ðiâíÿíü iç çàïiçíåííÿì ðàíiøå íå äîñëiäæóâàëèñü. Òàêi çàäà÷i

ðîçãëÿíóòi ó ï.2.3.

Çàäà÷à Ôóð'¹ äëÿ åâîëþöiéíèõ ðiâíÿíü âèíèêà¹ ïðè ìîäåëþâàííi íåñòà-

öiîíàðíèõ ïðîöåñiâ ó ïðèðîäi, ùî ïî÷àëèñü äóæå äàâíî i ïî÷àòêîâi óìîâè íå

âïëèâàþòü íà ñòàí ñèñòåìè ó äàíèé ìîìåíò. Ó öüîìó âèïàäêó ìîæíà ââà-

æàòè, ùî ïî÷àòêîâèì ìîìåíòîì ¹ −∞ , à 0 � êiíöåâèì ìîìåíòîì ÷àñó, à

çàìiñòü ñòàíäàðòíî¨ ïî÷àòêîâî¨ óìîâè ñòàâèòè óìîâó íà ïîâåäiíêó ðîçâ'ÿç-

êó ïðè ïðÿìóâàííi ÷àñîâî¨ çìiííî¨ äî −∞ . Çàäà÷i Ôóð'¹ äëÿ åâîëþöiéíèõ

ðiâíÿíü âèíèêàþòü ïðè ìîäåëþâàííi ðiçíèõ ïðîöåñiâ ó ó åêîíîìiöi, ôiçèöi,

åêîëîãi¨, êiáåðíåòèöi, òîùî, i äîñèòü äîáðå äîñëiäæåíi ( äèâ, íàïðèêëàä, [53],

[32], [31], [29], [39], [40], [41], [72], [79], [97], [95], [96]).

Çàäà÷i Ôóð'¹ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü iç çàïiçíåííÿì äîñëiäæåíi ó ðîáî-

òàõ [53], [4] àëå ëèøå ó âèïàäêó, êîëè çàïiçíåííÿ ¹ ñòàëèì. Çàäà÷à Ôóð'¹ äëÿ

íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèì çàïiçíåííÿì ðàíiøå íå ðîçãëÿäà-

ëàñü. Òàêà çàäà÷à äîñëiäæåíà ó ï.2.5.

1.1.2 Êëàñè÷íi ðîçâ'ÿçêè çàäà÷ äëÿ ðiçíîêîìïîíåíòíèõ ñèñòåì

ðiâíÿíü iç çàïiçíåííÿì

Ñåðåä ìàòåìàòè÷íèõ ìîäåëåé ïðîöåñiâ, äî ïðèêëàäó, ðîñòó áàêòåðié òà

êëiòèí, ðîñòó ïóõëèí òà ðîçâèòêó òêàíèí, ïåâíi ïðîöåñè îïèñóþòüñÿ ðiçíî-

êîìïîíåíòíèìè ñèñòåìàìè. Ïiä ðiçíîêîìïîíåíòíîþ ñèñòåìîþ ìè ðîçóìi¹ìî

ñèñòåìó, ùî ñêëàäà¹òüñÿ ç ðiâíÿíü ðiçíèõ òèïiâ, à ñàìå, ñèñòåì ïàðàáîëi÷íèõ

òà çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (äèâ., [21], [34], [38], [53], [62], [74],

[104] òà ¨õíi ïîñèëàííÿ). Çíà÷íèé âíåñîê ó äîñëiäæåííÿ òàêèõ ñèñòåì çðîáèâ

C.V. Pao (äèâ, [88], [82], [83] òà iíøi). Çîêðåìà, ó ðîáîòi [88] âèêîðèñòîâóþ-

÷è ìåòîä âåðõíüîãî-íèæíüîãî ðîçâ'ÿçêó òà âiäïîâiäíèõ ìîíîòîííèõ iòåðàöié
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äîñëiäæåíî ðiçíîêîìïîíåíòíó ñèñòåìó çi ñòàëèì çàïiçíåííÿì. Öåé ìåòîä äî-

çâîëÿ¹ îòðèìàòè òåîðåìè iñíóâàííÿ-ïîðiâíÿííÿ. Ñõîæi ðåçóëüòàòè îòðèìàíi

ó ðîáîòàõ [4], [53] òà iíøèõ. Âàðòî çàóâàæèòè, ùî áàãàòî ðåçóëüòàòiâ äëÿ

ïàðàáîëi÷íèõ ðiâíÿíü çi ñòàëèì çàïiçíåííÿì îòðèìàíi çà äîïîìîãîþ òåîði¨

ïiâãðóï. Çàäà÷i äëÿ ðiçíîêîìïîíåíòíèõ ñèñòåì çi çìiííèì çàïiçíåííÿì ðàíi-

øå íå äîñëiäæóâàëèñü. Ìiøàíà çàäà÷à òà çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ

òàêèõ ñèñòåì ðîçãëÿíóòi ó ï.2.2 òà ï.2.4 âiäïîâiäíî.

1.2 Óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷ äëÿ ñëàáêî íåëiíiéíèõ

ïàðàáîëi÷íèõ ðiâíÿíü iç çàïiçíåííÿì

Ó ðîçäiëi 3 ðîçãëÿäàþòüñÿ ìiøàíi çàäà÷i äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü

ç çàïiçíåííÿì. Ïðèêëàäîì ðiâíÿíü, ùî òàì âèâ÷àþòüñÿ, ¹ ðiâíÿííÿ

ut−
n∑
i=1

(
âi(x, t)uxi

)
xi

+ â0(x, t)u+

t∫
t−τ(t)

c0(x, t, s)u(x, s)ds =f(x, t), (1.1)

(x, t) ∈ Q := Ω×(0, T ) àáî (x, t) ∈ Q := Ω×(−∞, 0) , äå n ∈ N, Ω � îáëàñòü

â Rn, T > 0, â0, . . . , ân � âèìiðíi íà Q ôóíêöi¨, τ � íåâiä'¹ìíà íåïåðåðâ-

íà ôóíêöiÿ, c0 � âèìiðíà îáìåæåíà ôóíêöiÿ, f � iíòåãðîâíà ôóíêöiÿ, u �

øóêàíèé ðîçâ'ÿçîê.

Ðiâíÿííÿ ç ÷àñîâèì çàïiçíåííÿì âèíèêàþòü ïðè ìîäåëþâàííi äèíàìiêè

ïîïóëÿöi¨, íåíüþòîíiâñüêî¨ ôiëüòðàöi¨, òåïëîâîãî ïîòîêó i ò.ï. ([65]). Ðiâíÿííÿ

òèïó (1.1) çi ñòàëèì çàïiçíåííÿì áóëè äîñëiäæåííi â [24], [23], [70], [57], [51] òà

iíøèõ. Îãëÿä öèõ ïðàöü ìîæíà çíàéòè â [70]. Çàóâàæèìî, ùî â öèõ ðîáîòàõ

âèêîðèñòîâó¹òüñÿ òåîðiÿ ïiâãðóï.

Ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè çi çìiííèì çàïiçíåííÿì âèâ÷àëèñÿ ìàëî,

íàì âiäîìi òiëüêè ïðàöi Î.Â. Ðåçóíåíêà òà I.Ä. ×ó¹øîâà (çîêðåìà, [49], [90]),

äå ðîçãëÿíóòi ðiâíÿííÿ âèãëÿäó (1.1) ïðè τ = τ(u) . Â [49] ðîçãëÿíóòî àá-

ñòðàêòíå ïàðàáîëi÷íå ðiâíÿííÿ iç çàïiçíåííÿì çàëåæíèì âiä ñòàíó ñèñòåìè.

Ó [90] ðîçãëÿíåíî íåëiíiéíå ôóíêöiéíî-äèôåðåíöiàëüíå ðiâíÿííÿ ó ÷àñòèí-

íèõ ïîõiäíèõ ç ãîëîâíèì ëiíiéíèì åëåïòè÷íèì îïåðàòîðîì òà íåëîêàëüíèì

íåëiíiéíèì äîäàíêîì iç çàïiçíåííÿì. Äëÿ äîâåäåííÿ iñíóâàííÿ òà ¹äèíîñòi
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ðîçâ'ÿçêó çàäà÷i ó ðîáîòàõ [49] òà [90] âèêîðèñòàíî ìåòîä àïðîìàêñèçàöi¨ Ãà-

ëüîðêiíà.

Íàñêiëüêè íàì âiäîìî, çàäà÷i äëÿ ñëàáêî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü

iç ÷àñîâèì çàïiçíåííÿì ðàíiøå íå äîñëiäæóâàëàñü. Òàêi çàäà÷i ðîçãëÿäàþòüñÿ

ó ðîçäiëi 3. Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó.

1.3 Óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷ äëÿ ñèëüíî íåëiíiéíèõ

ïàðàáîëi÷íèõ ðiâíÿíü iç çàïiçíåííÿì

Ó ðîçäiëi 4 ðîçãëÿíóòî çàäà÷i äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìií-

íèìè ïîêàçíèêàìè íåëiíiéíîñòi òà çàïiçíåííÿì çàëåæíèì âiä ÷àñó. Òèïîâèì

ïðèêëàäîì ðiâíÿííÿ, ùî ðîçãëÿäà¹òüñÿ ¹

ut−
n∑
i=1

(
âi(x, t)|uxi|pi(x)−2uxi

)
xi
+â0(x, t)|u|p0(x)−2u+

t∫
t−τ(t)̂

c(x, t, s)u(x, s)ds=f(x, t),

(1.2)

(x, t) ∈ Q := Ω × (0, T ) àáî (x, t) ∈ Q := Ω × (−∞, 0) äå n ∈ N, Ω �

îáìåæåíà îáëàñòü â Rn, T > 0, â0, . . . , ân � âèìiðíi äîäàòíi ôóíêöi¨ íà

Q , p0 , . . . , pn (ïîêàçíèêè íåëiíiéíîñòi) � âèìiðíi îáìåæåíi ôóíêöi¨ òàêi, ùî

p0(x) > 1 , . . . , pn(x) > 1 ì.â. x ∈ Ω , τ � íåâiä'¹ìíà íåïåðåðâíà ôóíêöiÿ,

ĉ � âèìiðíà îáìåæåíà ôóíêöiÿ, f � âèìiðíà iíòåãðîâíà ôóíêöiÿ, u � íåâiäîìà

ôóíêöiÿ.

Ðiâíÿííÿ (1.2), ç ĉ = 0 , ¹ ïðèêëàäîì íåëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ

çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi. Òàêi ðiâíÿííÿ îïèñóþòü áàãàòî ôiçè-

÷íèõ ïðîöåñiâ òàêèõ, ÿê åëåêòðîìàãíiòíi ïîëÿ, åëåêòðîëåîãi÷íi ðiäèíè, ïðîöåñ

ðåêîíñòðóêöi¨ çîáðàæåíü, ïîòiê â ïîëi çìiííî¨ òåìïåðàòóðè (äèâ. [76], [93]).

Äëÿ äîñëiäæåíü öèõ ðiâíÿíü âèêîðèñòîâóþòü óçàãàëüíåíi ïðîñòîðè Ëåáåãà òà

Ñîáîë¹âà. Çãàäàíi ïðîñòîðè áóëè âïåðøå ââåäåíi Îðëi÷åì ó [80]. Âëàñòèâîñòi

öèõ ïðîñòîðiâ äîñëiäæåíi òàêîæ ó [80], [58], [68], [78], [52]. Çàäà÷i äëÿ íåëiíié-

íèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi àêòèâíî

äîñëiäæóþòüñÿ (äèâ. äî ïðèêëàäó, [76], [15], [16], [32], [33], [61], [77], [17] òà

ïîñèëàííÿ â íèõ).

Íàñêiëüêè íàì âiäîìî, ìiøàíi çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè
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ïîêàçíèêàìè íåëiíiéíîñòi òà çàïiçíåííÿì çàëåæíèì âiä ÷àñó ùå íå äîñëiäæó-

âàëèñü.

1.4 Ðîçâ'ÿçêè çàäà÷ äëÿ åâîëþöiéíèõ âêëþ÷åíü iç çàïi-

çíåííÿì

Ó ïiäðîçäiëi 4.3 ðîçãëÿíóòî çàäà÷ó áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ

âêëþ÷åíü çi çìiííèì ÷àñîâèì çàïiçíåííÿì. Ìîäåëüíèì ïðèêëàäîì äîñëiäæó-

âàíèõ çàäà÷ ¹ òàêà çàäà÷à.

Íåõàé p > 2 , Ω � îáìåæåíà îáëàñòü â Rn (n ∈ N) ç êóñêîâî-ãëàäêîþ

ìåæåþ ∂Ω . Ïîçíà÷èìî Q := Ω× (−∞, 0] , Σ := ∂Ω× (−∞, 0] , Ωt := Ω×{t}
∀ t ∈ R . Ïiä Lq(F ) , äå q ∈ [1,∞) , F � âèìiðíà ìíîæèíà â Rk (k = n àáî

k = n + 1 ), ðîçóìi¹ìî ñòàíäàðòíèé ïðîñòið Ëåáåãà, à ïiä W 1,q(Ω) := {v ∈
Lq(Ω) | vxi ∈ Lq(Ω) (i = 1, n)} � ñòàíäàðòíèé ïðîñòið Ñîáîë¹âà ç íîðìîþ

||v||W 1,q(Ω) :=
( ∫

Ω

[|∇v|q + |v|q]
)1/q

.

Íåõàé K � îïóêëà çàìêíåíà ìíîæèíà â W 1,p(Ω) , ùî ìiñòèòü 0 . Ðîçãëÿíå-

ìî çàäà÷ó íà çíàõîäæåííÿ ôóíêöi¨ u ç ïðîñòîðó Lp(Q) òàêî¨, ùî uxi ∈ Lp(Q)

(i = 1, n) , ut ∈ L2(Q) i äëÿ ìàéæå âñiõ t ∈ (−∞, 0] : u(·, t) ∈ K i∫
Ωt

{ut(v − u) + |∇u|p−2∇u∇(v − u) + |u|p−2u(v − u) +

+ (v − u)

t∫
t−τ(t)

u(x, s) ds} dx ≥
∫
Ωt

f(v − u) dx ∀ v ∈ K, (1.3)

äå f ∈ L2(Q) , τ ∈ C((−∞, 0]) , τ(t) ≥ 0 ∀t ∈ (−∞, 0] , sup
t∈(−∞,0]

τ(t) < ∞ ,

∇u := (ux1, . . . , uxn) .

ßê ïîêàçàíî äàëi, öÿ çàäà÷à ìà¹ ðîçâ'ÿçîê.

Âiäìiòèìî, ùî âêàçàíó çàäà÷ó íàçèâàþòü âàðiàöiéíîþ íåðiâíiñòþ. �¨ ìîæíà

çàïèñàòè â áiëüø àáñòðàêòíié, àëå çðó÷íiøié äëÿ äîñëiäæåííÿ, ôîðìi. Äëÿ

öüîãî ïðîâåäåìî îòîòîæíåííÿ ôóíêöié i ôóíêöiîíàëiâ òàê, ùîá ó ðåçóëüòàòi

îòðèìàòè íåïåðåðâíi òà ùiëüíi âêëàäåííÿ

W 1,p(Ω) ⊂ L2(Ω) ⊂ (W 1,p(Ω))′,



22

äå (W 1,p(Ω))′ � ñïðÿæåíèé äî W 1,p(Ω) ïðîñòið. Ëåãêî áà÷èòè, ùî äëÿ áóäü-

ÿêèõ h ∈ L2(Ω) i v ∈ W 1,p(Ω) ìà¹ìî 〈h, v〉 = (h, v) , äå 〈·, ·〉 � ïîçíà÷åííÿ
äi¨ åëåìåíòà ç (W 1,p(Ω))′ íà åëåìåíò ç W 1,p(Ω) , à (·, ·) � ñêàëÿðíèé äîáóòîê

â L2(Ω) . Îòæå, ìîæåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ (·, ·) çàìiñòü 〈·, ·〉 .
Ââåäåìî ïîçíà÷åííÿ S := (−∞, 0] , V := W 1,p(Ω) , H := L2(Ω) i âèçíà÷è-

ìî îïåðàòîð A : V → V ′ çà ïðàâèëîì

(A(v), w) =

∫
Ω

[
|∇v|p−2∇v∇w + |v|p−2vw

]
dx, v, w ∈ V.

Òîäi ñôîðìóëüîâàíà âèùå çàäà÷à ïîëÿãà¹ ó çíàõîäæåííi ôóíêöi¨ u ∈
Lp(S;V ) òàêî¨, ùî u′ ∈ L2(S;H) òà äëÿ ìàéæå âñiõ t ∈ S : u(t) ∈ K i

(u′(t) + A(u(t)) +

t∫
t−τ(t)

u(s) ds, v − u(t)) ≥

≥ (f(t), v − u(t)) ∀ v ∈ K, (1.4)

äå f ∈ L2(S;H) , τ ∈ C(S), τ(t) ≥ 0 ∀t ∈ S , sup
t∈S

τ(t) <∞ .

Çàóâàæèìî, ùî âàðiàöiéíó íåðiâíiñòü (1.4) ìîæíà çàïèñàòè ó âèãëÿäi ñóá-

äèôåðåíöiàëüíîãî âêëþ÷åííÿ. Äëÿ öüîãî ïîêëàäåìî IK(v) := 0 , ÿêùî v ∈
K , i IK(v) := +∞ , ÿêùî v ∈ V \K , à òàêîæ âèçíà÷èìî

Φ(v) :=
1

p

∫
Ω

|∇v|p dx+ IK(v), v ∈ V.

Ëåãêî ïåðåêîíàòèñü, ùî ôóíêöiîíàë Φ : V → R∞ := R ∪ {+∞} ¹ îïóêëèì

i íàïiâíåïåðåðâíèì çíèçó. Òîäi ç âiäîìèõ ðåçóëüòàòiâ (äèâ., íàïðèêëàä, [96,

ñ. 83]) âèïëèâà¹, ùî çàäà÷ó íà çíàõîäæåííÿ ðîçâ'ÿçêiâ âàðiàöiéíî¨ íåðiâíî-

ñòi (1.4) ìîæíà çàïèñàòè ó âèãëÿäi çàäà÷i äëÿ ñóáäèôåðåíöiàëüíîãî âêëþ÷å-

ííÿ: çíàéòè ôóíêöiþ u ∈ Lp(S;V ) òàêó, ùî u′ ∈ L2(S;H) i äëÿ ìàéæå âñiõ

t ∈ S :

u′(t) + ∂Φ(u(t)) +

t∫
t−τ(t)

u(s) ds 3 f(t) â H. (1.5)

Ñàìå çàäà÷àì äëÿ âêëþ÷åíü òèïó (1.5) i ïðèñâÿ÷åíèé ïiäðîçäië 4.3. Ïðè-

íàãiäíî âiäçíà÷èìî, ùî ó âiäîìèõ ìîíîãðàôiÿõ ([96]) òà áàãàòüîõ ñòàòòÿõ, ùî
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ñòîñóþòüñÿ çãàäàíî¨ òåìàòèêè, ñóáäèôåðåíöiàëüíi âêëþ÷åííÿ ÷àñòî íàçèâà-

þòü âàðiàöiéíèìè íåðiâíîñòÿìè. Ó íàøié ðîáîòi áóäåìî äîòðèìóâàòèñÿ öi¹¨

òðàäèöi¨.

Çàäà÷i äëÿ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé ó âèïàäêó ñòàëîãî çà-

ïiçíåííÿ äîñëiäæåíi ó [91], [100], [102] òà iíøèõ. Áiëüøiñòü ç âiäîìèõ íàì

ðåçóëüòàòiâ îäåðæàíî ç âèêîðèñòàííÿì òåîði¨ ïiâãðóï. Äîñèòü ïîâíèé îãëÿä

ëiòåðàòóðè, äå âèêîðèñòàíî öåé ïiäõiä, ìîæíà çíàéòè ó [100]. Ó ïðàöÿõ [91],

[102] âèêîðèñòàíî ïðèíöèï íåðóõîìî¨ òî÷êè.

Ïiäðîçäië 4.3 ïðèñâÿ÷åíèé çàäà÷àì áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ

âàðiàöiéíèõ íåðiâíîñòåé çi çìiííèì çàïiçíåííÿì. ×àñòêîâèì âèïàäêîì çàäà÷i

áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé ¹ çàäà÷à áåç

ïî÷àòêîâèõ óìîâ àáî, iíøèìè ñëîâàìè, çàäà÷à Ôóð'¹ äëÿ åâîëþöiéíèõ ðiâ-

íÿíü. Äîñëiäæåííÿ çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü òà

âàðiàöiéíèõ íåðiâíîñòåé (áåç çàïiçíåííÿ) ïðîâîäèëèñü ó ïðàöÿõ [30], [39], [29],

[6], [64], [71], [72], [79], [81], [89], [98] òà ií. Çîêðåìà, Ð. Å. Øîâàëüòåð ó ðîáî-

òi [95] äîâiâ iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó u ∈ e2ω·W 1,2(−∞, 0;H) çàäà÷i áåç

ïî÷àòêîâèõ óìîâ

u′(t) + µu(t) + A
(
u(t)

)
3 f(t), t ∈ (−∞, 0],

äå H � ãiëüáåðòiâ ïðîñòið, ω, µ � ñòàëi òàêi, ùî ω + µ > 0 ,

f ∈ e2ω·W 1,2(−∞, 0;H) , A : H → 2H � ìàêñèìàëüíèé ìîíîòîííèé îïåðà-

òîð òàêèé, ùî 0 ∈ A(0) . Êðiì òîãî, ÿêùî A = ∂ϕ , äå ϕ : H → (−∞,+∞]

� âëàñíèé îïóêëèé íàïiâíåïåðåðâíèé çíèçó ôóíêöiîíàë òàêèé, ùî ϕ(0) =

0 = inf {ϕ(v) | v ∈ H} , òî öÿ çàäà÷à ¹ îäíîçíà÷íî ðîçâ'ÿçíîþ i äëÿ µ > 0 ,

f ∈ L2(−∞, 0;H) òà ω = 0 .

Âiäçíà÷èìî, ùî ¹äèíiñòü ðîçâ'ÿçêiâ çàäà÷i Ôóð'¹ äëÿ ëiíiéíèõ ïàðàáîëi-

÷íèõ ðiâíÿíü òà âàðiàöiéíèõ íåðiâíîñòåé ìîæëèâà ëèøå ïðè ïåâíèõ îáìåæå-

ííÿõ íà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè t → −∞ . Âïåðøå öå ó âèïàäêó ðiâíÿííÿ

òåïëîïðîâiäíîñòi ñòðîãî îá ðóíòóâàâ À. Ì. Òiõîíîâ [99]. Íàòîìiñòü, ÿê ïî-

êàçàâ Ì. Ì. Áîêàëî [29], çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ äåÿêèõ íåëiíiéíèõ

ïàðàáîëi÷íèõ ðiâíÿíü ìà¹ ¹äèíèé ðîçâ'ÿçîê â êëàñàõ ôóíêöié ç äîâiëüíîþ ïî-

âåäiíêîþ ïðè t → −∞ . Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíî i äëÿ åâîëþöiéíèõ

âàðiàöiéíèõ íåðiâíîñòåé â [30].
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Çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü çi ñòàëèì çàïiçíåí-

íÿì äîñëiäæåíi, çîêðåìà, ó [4], [53], à çi çìiííèì çàïiçíåííÿì � ëèøå ó ðîáîòi

Î. Â. Iëüíèöüêî¨ [63]. Ïðîòå, íàñêiëüêè íàì âiäîìî, çàäà÷i áåç ïî÷àòêîâèõ

óìîâ äëÿ âàðiàöiéíèõ íåðiâíîñòåé iç çàïiçíåííÿì ðàíiøå çîâñiì íå ðîçãëÿäà-

ëèñÿ, ùî i ñëóãó¹ îñíîâíîþ ìîòèâàöi¹þ äëÿ äîñëiäæåííÿ òàêèõ çàäà÷.



Ðîçäië 2

Êëàñè÷íi ðîçâ'ÿçêè çàäà÷ äëÿ

ïàðàáîëi÷íèõ ðiâíÿíü òà

ðiçíîêîìïîíåíòíèõ ñèñòåì ç ëîêàëüíèì

çìiííèì çàïiçíåííÿì

Ó öüîìó ðîçäiëi äîñëiäæåíî êîðåêòíiñòü ìiøàíèõ çàäà÷ òà çàäà÷ áåç ïî-

÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü òà ðiçíîêîìïîíåíòíèõ

ñèñòåì ðiâíÿíü ç ëîêàëüíèì çìiííèì çàïiçíåííÿì â êëàñè÷íié ïîñòàíîâöi. Òà-

êîæ îòðèìàíî àïðiîðíi îöiíêè ðîçâ'ÿçêiâ öèõ çàäà÷.

Îñíîâíi ðåçóëüòàòè ðîçäiëó îïóáëiêîâàíî â ïðàöÿõ [5], [36], [38].

2.1 Ìiøàíà çàäà÷à äëÿ ïàðàáîëi÷íèõ ðiâíÿíü iç ëîêàëü-

íèì çìiííèì çàïiçíåííÿì

2.1.1 Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè

Ââåäåìî äåÿêi ïîçíà÷åííÿ i ïîíÿòòÿ, ÿêi áóäåìî âèêîðèñòîâóâàòè. Ïiä

Rk (k ≥ 1) ðîçóìiòèìåìî ëiíiéíèé ïðîñòið, ñêëàäåíèé ç âïîðÿäêîâàíèõ íà-

áîðiâ z = (z1, . . . , zk) äiéñíèõ ÷èñåë, ç íîðìîþ |z| = (|z1|2 + . . . + |zn|2)1/2.

×åðåç C(H) , äå H � ìíîæèíà â Rk , ïîçíà÷àòèìåìî ëiíiéíèé ïðîñòið íå-

ïåðåðâíèõ íà H ôóíêöié. ßêùî H � êîìïàêò â Rk , òî íà C(H) çàäà¹ìî

íîðìó ‖v‖C(H) := max
z∈H
|v(z)| , ç ÿêîþ öåé ïðîñòið ¹ áàíàõîâèì. Êîëè H �

äîâiëüíà íåêîìïàêòíà ìíîæèíà â Rk , òî ïîñëiäîâíiñòü {vm}∞m=1 çáiãà¹òüñÿ

äî v â C(H) , ÿêùî ||vm − v||C(K) →
m→∞

0 äëÿ áóäü-ÿêîãî êîìïàêòó K ⊂ H .

×åðåç Lip(H) , äå H � ìíîæèíà â Rk , ïîçíà÷à¹ìî ëiíiéíèé ïðîñòið äiéñíèõ

ôóíêöié, âèçíà÷åíèõ íà H , ÿêi çàäîâîëüíÿþòü óìîâó Ëiïøiöà íà H , à ÷åðåç

25
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Liploc(H) , ÿêùî H � íå êîìïàêòíà ìíîæèíà â Rk , � ëiíiéíèé ïðîñòið ôóíêöié

âèìiðíèõ íà H , ÿêi çàäîâîëüíÿþòü óìîâó Ëiïøiöà íà áóäü-ÿêîìó êîìïàêòi

â H .

Íåõàé α ∈ (0, 1] , K � êîìïàêò â Rn+1 := {(x, t) | x ∈ Rn, t ∈ R} , n ∈
N . Ïiä Cα,α/2(K) ðîçóìiòèìåìî áàíàõiâ ïðîñòið, ùî ¹ ïiäïðîñòîðîì C(K) i

ñêëàäà¹òüñÿ ç ôóíêöié v(x, t), (x, t) ∈ K, çi ñêií÷åíîþ íîðìîþ

‖v‖Kα,α/2 := ‖v‖C(K)+ sup
(x,t),(x′,t)∈K

x 6=x′

|v(x, t)− v(x′, t)|
|x− x′|α

+ sup
(x,t),(x,t′)∈K

t 6=t′

|v(x, t)− v(x, t′)|
|t− t′|α/2

(äèâ., íàïðèêëàä, [10, ñò. 16, 17]).

×åðåç C
α,α/2
loc

(G) , äå G � äîâiëüíà íåêîìïàêòíà ìíîæèíà â Rn+1 , ïî-

çíà÷àòèìåìî ïðîñòið ôóíêöié v òàêèõ, ùî v ∈ Cα,α/2(K) äëÿ äîâiëüíî-

ãî êîìïàêòó K ⊂ G . Ïiä C2,1(D)
(
âiäïîâiäíî, C2,1(D)

)
, äå D � îáëàñòü

â Rn+1 , ðîçóìiòèìåìî ëiíiéíèé ïðîñòið ôóíêöié v(x, t), (x, t) ∈ D (âiäïî-

âiäíî, (x, t) ∈ D ), ÿêi ðàçîì çi ñâî¨ìè ïîõiäíèìè vxk, vxkxl (k, l = 1, n),

vt âèçíà÷åíi i íåïåðåðâíi íà D (âiäïîâiäíî, íà D ). ßêùî D � îáìåæåíà

îáëàñòü, òî ââàæà¹ìî, ùî íà ïðîñòîði C2,1(D) çàäàíî íîðìó ||v||C2,1(D) :=

||v||C(D) +
n∑
k=1

||vxk||C(D) +
n∑

k,l=1

||vxkxl||C(D) + ||vt||C(D) , ç ÿêîþ âií ¹ áàíàõîâèì.

×åðåç C2+α,1+α/2(D) , ÿêùî D � îáìåæåíà îáëàñòü â Rn+1 , ïîçíà÷àòèìåìî

áàíàõiâ ïðîñòið ôóíêöié v ç ïðîñòîðó C2,1(D) çi ñêií÷åíîþ íîðìîþ

||v||D2+α,1+α/2 = ‖v‖C(D) +
n∑
k=1

‖vxk‖Dα,α/2 +
n∑

k,l=1

‖vxkxl‖Dα,α/2 + ‖vt‖Dα,α/2.

Ïiä C2+α,1+α/2
loc

(G) , äå G � îáëàñòü â Rn+1 àáî îá'¹äíàííÿ îáëàñòi ç ÷àñòèíîþ

ñâî¹¨ ìåæi, ðîçóìiòèìåìî ïðîñòið ôóíêöié v òàêèõ, ùî v ∈ C2+α,1+α/2(D) äëÿ

äîâiëüíî¨ îáìåæåíî¨ îáëàñòi D òàêî¨, ùî D ⊂ G .

Òâåðäæåííÿ 2.1. Íåõàé ïîñëiäîâíiñòü ôóíêöié {um}∞m=1 ¹ îáìåæåíîþ â

Cα,α/2(K) , äå K � êîìïàêò â Rn+1 , òîáòî

||um||Kα,α/2 ≤ C1, m ∈ N,

äå C1 > 0 � ñòàëà, ùî íå çàëåæèòü âiä m . Òîäi iñíóþòü ïiäïîñëiäîâ-

íiñòü {umj
}∞j=1 ïîñëiäîâíîñòi {um}∞m=1 òà ôóíêöiÿ u ∈ Cα,α/2(K) òàêi,

ùî umj
→
j→∞

u â C(K) .
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Äîâåäåííÿ. Äàíå òâåðäæåííÿ âèïëèâà¹ ç òåîðåìè Àðöåëà-Àñêîëi.

Òâåðäæåííÿ 2.2. Íåõàé G � íåêîìïàêòíà ìíîæèíà â Rn+1 i G =
∞⋃
i=1

Ki ,

äå {Ki}∞i=1 � ñiì'ÿ êîìïàêòiâ, ïðè÷îìó Ki ⊂ Ki+1 äëÿ êîæíîãî i ∈ N . Ïðè-

ïóñòèìî, ùî {um}∞m=1 � ïîñëiäîâíiñòü ôóíêöié ç C
α,α/2
loc

(G) òàêà, ùî äëÿ

áóäü-ÿêîãî i ∈ N ïîñëiäîâíiñòü çâóæåíü ÷ëåíiâ äàíî¨ ïîñëiäîâíîñòi íà Ki

¹ îáìåæåíîþ â Cα,α/2(Ki) , òîáòî

||um||Ki

α,α/2 ≤ C2, m ∈ N,

äå C2 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä m , àëå ìîæå çàëåæàòè âiä i .

Òîäi iñíóþòü ïiäïîñëiäîâíiñòü {umj
}∞j=1 ïîñëiäîâíîñòi {um}∞m=1 òà ôóíêöiÿ

u ∈ Cα,α/2
loc

(G) òàêi, ùî

umj
→
j→∞

u â C(G). (2.1)

Äîâåäåííÿ. Äëÿ äîâåäåííÿ äàíîãî òâåðäæåííÿ âèêîðèñòà¹ìî äiàãîíàëüíèé

ïðîöåñ. Çãiäíî ç òâåðäæåííÿì 2.1 ç ïîñëiäîâíîñòi {um}∞m=1 ìîæíà âèáðàòè

ïiäïîñëiäîâíiñòü, çâóæåííÿ ÷ëåíiâ ÿêî¨ íà K1 çáiæíi â C(K1) äî ôóíêöi¨

u1 ∈ Cα,α/2(K1) . Ç öi¹¨ ïiäïîñëiäîâíîñòi âèáèðà¹ìî ïiäïîñëiäîâíiñòü, çâó-

æåííÿ ÷ëåíiâ ÿêî¨ íà K2 çáiæíi â C(K2) äî ôóíêöi¨ u2 ∈ Cα,α/2(K2) .

Î÷åâèäíî, ùîu2 = u1 íà K1 . Ïðîäîâæóþ÷è öåé ïðîöåñ äàëi, îòðèìà¹ìî

ïîñëiäîâíiñòü ïiäïîñëiäîâíîñòåé ïîñëiäîâíîñòi {um}∞m=1 , êîæíà ç ÿêèõ, ïî-

÷èíàþ÷è ç äðóãî¨, ¹ ïiäïîñëiäîâíiñòþ ïîïåðåäíüî¨ i ðiâíîìiðíî çáiãà¹òüñÿ

íà âiäïîâiäíîìó êîìïàêòi iç ñiì'¨ {Ki}∞i=1 ; òàêîæ îòðèìà¹ìî ñiì'þ ôóíêöié

{ui ∈ Cα,α/2(Ki)
∣∣ i ∈ N} , ÿêi ¹ ãðàíèöÿìè âiäïîâiäíèõ ïiäïîñëiäîâíîñòåé.

Âiäìiòèìî, ùî ui+1 = ui íà Ki äëÿ êîæíîãî i ∈ N . Ñêëàäåìî ç îòðèìàíèõ

ïiäïîñëiäîâíîñòåé íåñêií÷åííó ìàòðèöþ òàê, ùî ó i -ìó ðÿäêó áóäå çíàõîäè-

òèñü ïiäïîñëiäîâíiñòü, çáiæíà äî ui â C(Ki) . Î÷åâèäíî, ùî åëåìåíòè ãîëîâ-

íî¨ äiàãîíàëi öi¹¨ ìàòðèöi óòâîðþþòü ïîñëiäîâíiñòü {umj
}∞j=1 , çáiæíó äî u

i â

C(Ki) äëÿ êîæíîãî i ∈ N. Áóäó¹ìî ôóíêöiþ u ∈ Cα,α/2
loc

(G) çà ïðàâèëîì: äëÿ

êîæíîãî x ∈ G áåðåìî i ∈ N òàêå, ùî x ∈ Ki , i âèçíà÷à¹ìî u(x) := ui(x) .

Ëåãêî ïåðåêîíàòèñü, ùî äëÿ ôóíêöi¨ u âèêîíó¹òüñÿ (2.1).



28

2.1.2 Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Íåõàé Ω � îáìåæåíà îáëàñòü â Rn ç ìåæåþ ∂ Ω, T > 0 . Ïîçíà÷èìî

Q := Ω×(0, T ], Σ := ∂ Ω×(0, T ], òîäi Q := Ω×[0, T ], Σ := ∂ Ω×[0, T ]. Íåõàé

τ : [0, T ] → [0,+∞) � çàäàíà íåïåðåðâíà ôóíêöiÿ. Ïiä E0 ðîçóìiòèìåìî

ìíîæèíó, ÿêà ñêëàäà¹òüñÿ ç ÷èñåë t− τ(t) òàêèõ, ùî t− τ(t) ≤ 0 i t ∈ [0, T ] ,

òà ÷èñëà 0 .

Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u ∈ C
(
Ω × (E0 ∪ (0, T ])

)
∩ C2,1(Q),

ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ

Pu(x, t) := ut(x, t)−
n∑

k,l=1

akl(x, t)uxkxl(x, t) +
n∑
k=1

ak(x, t)uxk(x, t)+

+a0(x, t)u(x, t)− g
(
x, t, u(x, t), u(x, t− τ(t))

)
= f(x, t), (x, t) ∈ Q, (2.2)

êðàéîâó óìîâó

Ru(x, t) := u(x, t) = h(x, t), (x, t) ∈ Σ, (2.3)

òà ïî÷àòêîâó óìîâó

Gu(x, t) := u(x, t) = u0(x, t), (x, t) ∈ Ω× E0. (2.4)

Äàëi öþ çàäà÷ó êîðîòêî íàçèâàòèìåìî çàäà÷åþ (2.2)�(2.4), à ôóíêöiþ u �

¨¨ ðîçâ'ÿçêîì.

Ïðèïóñòèìî, ùî

(A1) akl, ak, a0 ∈ C(Q) , akl = alk (k, l = 1, n) òà inf
(x,t)∈Q

a0(x, t) > 0,

n∑
k,l=1

akl(x, t)ξkξl ≥ µ(t)
n∑
i=1

ξ2
i , ∀(x, t) ∈ Q, ∀ξ1, ..., ξn ∈ R , äå µ(t) ≥ 0

∀t ∈ (0, T ] ;

(A2) g(x, t, ξ, η), (x, t, ξ, η) ∈ Ω× (0, T ]×R×R, � íåïåðåðâíà çà óñiìà çìiííè-
ìè i íåïåðåðâíî äèôåðåíöiéîâíà çà çìiííèìè ξ òà η ôóíêöiÿ, ïðè÷îìó

iñíóþòü ôóíêöi¨ g1, g2 òàêi, ùî

0 ≤ ∂g(x, t, ξ, η)/∂ξ ≤ g1(x, t), (x, t) ∈ Q, ξ, η ∈ R,

0 ≤ ∂g(x, t, ξ, η)/∂η ≤ g2(x, t), (x, t) ∈ Q, ξ, η ∈ R,

inf
(x,t)∈Q

(a0(x, t)− g1(x, t)) =: a−0 > 0, sup
(x,t)∈Q

g2(x, t) =: g+
2 <∞,

êðiì òîãî, g(x, t, 0, 0) = 0 , (x, t) ∈ Q ;
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(A3) f ∈ C(Q), h ∈ C(Σ), u0 ∈ C(Ω×E0) , ïðè÷îìó ôóíêöiÿ f ¹ îáìåæåíîþ

òà âèêîíó¹òüñÿ óìîâà óçãîäæåííÿ íóëüîâîãî ïîðÿäêó:

h(x, 0) = u0(x, 0) ∀x ∈ ∂ Ω.

Òåïåð ñôîðìóëþ¹ìî îñíîâíi ðåçóëüòàòè ïiäðîçäiëó.

Òåîðåìà 2.1. Íåõàé âèêîíóþòüñÿ óìîâè (A1) , (A2) i

a−0 − g+
2 > 0. (2.5)

Ïðèïóñòèìî, ùî u1, u2 � ðîçâ'ÿçêè çàäà÷, ùî âiäðiçíÿþòüñÿ âiä çàäà÷i (2.2)�

(2.4) òiëüêè òèì, ùî çàìiñòü f, h, u0 ñòîÿòü f1, h1, u0,1 òà f2, h2, u0,2 âiä-

ïîâiäíî ç òàêèìè æ âëàñòèâîñòÿìè, ÿêi âêàçàíi äëÿ f, h, u0 âiäïîâiäíî â

óìîâi (A3) . Òîäi âèêîíóþòüñÿ íåðiâíîñòi

min
{ 1

a−0 − g+
2

inf
(y,s)∈Q

(f1(y, s)− f2(y, s)) ,

min
(y,s)∈Σ

(h1(y, s)− h2(y, s)) , min
(y,s)∈Ω×E0

(u0,1(y, s)− u0,2(y, s)) , 0
}
≤

≤ u1(x, t)− u2(x, t) ≤

≤ max
{ 1

a−0 − g+
2

sup
(y,s)∈Q

(f1(y, s)− f2(y, s)) , max
(y,s)∈Σ

(h1(y, s)− h2(y, s)) ,

max
(y,s)∈Ω×E0

(u0,1(y, s)− u0,2(y, s)) , 0
}
, (x, t) ∈ Q. (2.6)

Çàóâàæèìî, ùî ç öi¹¨ òåîðåìè âèïëèâà¹ íåïåðåðâíà çàëåæíiñòü ðîçâ'ÿçêó

çàäà÷i (2.2)�(2.4) âiä âèõiäíèõ äàíèõ.

Íàñëiäîê 2.1. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.1 i, êðiì òîãî,

f1(x, t)≤f2(x, t) ∀(x, t)∈Q, h1(x, t)≤h2(x, t) ∀(x, t)∈Σ, u0,1(x, t)≤u0,2(x, t)

∀(x, t)∈Ω× E0 . Òîäi ïðàâèëüíà íåðiâíiñòü u1(x, t)≤u2(x, t) ∀(x, t)∈Q.

Íàñëiäîê 2.2. Íåõàé âèêîíóþòüñÿ óìîâè (A1) � (A3) i (2.5). Òîäi äëÿ

ðîçâ'ÿçêó çàäà÷i (2.2)�(2.4) ïðàâèëüíà îöiíêà

min{ 1

a−0 − g+
2

inf
(y,s)∈Q

f(y, s), min
(y,s)∈Σ

h(y, s),

min
(y,s)∈Ω×E0

u0(y, s), 0} ≤ u(x, t) ≤
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≤ max{ 1

a−0 − g+
2

sup
(y,s)∈Q

f(y, s), max
(y,s)∈Σ

h(y, s),

max
(y,s)∈Ω×E0

u0(y, s), 0}, (x, t) ∈ Ω× (E0 ∪ (0, T ]). (2.7)

Íàñëiäîê 2.3. Íåõàé âèêîíóþòüñÿ óìîâè (A1) � (A3) i (2.5). Òîäi çàäà÷à

(2.2)�(2.4) ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó.

Ââåäåìî ïîòðiáíi íàì äàëi ùå äåÿêi ôóíêöiéíi ïðîñòîðè. Ïiä C2+γ,1+γ/2
loc

(Q)

ðîçóìiòèìåìî ïðîñòið ôóíêöié v ∈ C2,1(Q) òàêèõ, ùî äëÿ áóäü-ÿêèõ ñòðîãî

âíóòðiøíüî¨ ïiäîáëàñòi Ω′ îáëàñòi Ω (òîáòî, Ω′ ⊂ Ω ) òà ÷èñëà δ ∈ (0, T )

çâóæåííÿ v íà Ω′ × [δ, T ] íàëåæèòü ïðîñòîðó C2+γ,1+γ/2(Ω′ × [δ, T ]) .

×åðåç Cγ,γ/2,1,1(Ω × [0, T ] × R × R) ïîçíà÷àòèìåìî ïðîñòið íåïåðåðâíèõ

ôóíêöié g̃(x, t, ξ, η), (x, t, ξ, η) ∈ Ω×[0, T ]×R×R, êîæíà ç ÿêèõ ¹ íåïåðåðâíî
äèôåðåíöiéîâíîþ çà çìiííèìè ξ, η òà äëÿ äîâiëüíèõ (x, t, ξ, η), (y, s, ξ, η) ∈
Ω× [0, T ]× R× R çàäîâîëüíÿ¹ íåðiâíiñòü∣∣g̃(x, t, ξ, η)− g̃(y, s, ξ, η)

∣∣ ≤
≤ L(|x− y|γ + |t− s|γ/2 + |ξ − ξ|+ |η − η|),

äå L > 0 � äåÿêà ñòàëà, ÿêà ìîæå çàëåæàòè âiä g̃ .

Òåîðåìà 2.2 (iñíóâàííÿ ðîçâ'ÿçêó). Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A3)

i (2.5). Ïðèïóñòèìî, ùî äëÿ äåÿêîãî α ∈ (0, 1] ìà¹ìî

(B1) ∂Ω ∈ C2+α,

(B2) akl, ak, a0 ∈ Cα,α/2(Q) (k, l = 1, n), g ∈ Cα,α/2,1,1(Ω × [0, T ] × R × R),

f ∈ Cα,α/2(Q), u0 ∈ Cα,α/2(Ω× E0), h ∈ Cα,α/2(Σ).

Êðiì òîãî, íåõàé

(B3) ∂akl/∂xs ∈ C(Q) (k, l, s = 1, n),

(B4) τ ∈ Lip([0, T ]) , µ(t) ≥ µ0 = const > 0 ∀t ∈ (0, T ] .

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2.2)�(2.4), âií íàëåæèòü ïðîñòîðó

Cα,α/2
(
Ω× (E0 ∪ (0, T ])

)
∩ C2+α,1+α/2

loc
(Q) i çàäîâîëüíÿ¹ îöiíêè (2.7).
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2.1.3 Äîïîìiæíi òâåðäæåííÿ

Ðîçãëÿíåìî ìiøàíó çàäà÷ó äëÿ ëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ çi çìií-

íèì çàïiçíåííÿì: çíàéòè ôóíêöiþ u ∈ C
(
Ω × (E0 ∪ (0, T ])

)
∩ C2,1(Q), ÿêà

çàäîâîëüíÿ¹ ðiâíÿííÿ

P̂ u(x, t) := ut(x, t)−
n∑

k,l=1

akl(x, t)uxkxl(x, t) +
n∑
k=1

ak(x, t)uxk(x, t)+

+â0(x, t)u(x, t)− ĝ(x, t)u
(
x, t− τ(t)

)
= f(x, t), (x, t) ∈ Q, (2.8)

êðàéîâó óìîâó (2.3) i ïî÷àòêîâó óìîâó (2.4).

Ôóíêöi¨ akl, ak (k, l = 1, n), f, h, u0 òàêi æ, ÿê â óìîâàõ (A1) , (A3) , à

ôóíêöi¨ â, ĝ çàäîâîëüíÿþòü óìîâó

(A∗2) â0, ĝ ∈ C(Q), inf
(x,t)∈Q

â0(x, t) =: â−0 > −∞, sup
(x,t)∈Q

ĝ(x, t) =: ĝ+ < +∞.

Ëåìà 2.1. Íåõàé ĝ ≥ 0 íà Q . Òîäi äëÿ ôóíêöié u, v ∈ C
(
Ω×(E0∪(0, T ])

)
∩

C2,1(Q) òàêèõ, ùî P̂ u(x, t) < P̂v(x, t) ∀(x, t) ∈ Q, Ru(x, t) < Rv(x, t)

∀(x, t) ∈ Σ, Gu(x, t) < Gv(x, t) ∀(x, t) ∈ Ω × E0, ïðàâèëüíà íåðiâíiñòü

u(x, t) < v(x, t) ∀(x, t) ∈ Q.

Äîâåäåííÿ. Ïîçíà÷èìî w(x, t) := u(x, t)− v(x, t) ∀(x, t) ∈ Ω× (E0 ∪ (0, T ]),

f̃(x, t) := P̂w(x, t) ≡ P̂ u(x, t) − P̂ v(x, t) ∀(x, t) ∈ Q, h̃(x, t) := Rw(x, t) ≡
Ru(x, t) − Rv(x, t) ∀(x, t) ∈ Σ, ũ0(x, t) := Gw(x, t) ≡ Gu(x, t) − Gv(x, t)

∀(x, t) ∈ Ω× E0. Ëåãêî ïåðåêîíàòèñÿ, ùî ïðàâèëüíi òàêi ðiâíîñòi

wt(x, t)−
n∑

k,l=1

akl(x, t)wxkxl(x, t) +
n∑
k=1

ak(x, t)wxk(x, t)+

+â0(x, t)w(x, t)− ĝ(x, t)w(x, t− τ(t)) = f̃(x, t), (x, t) ∈ Q, (2.9)

w(x, t) = h̃(x, t), (x, t) ∈ Σ, (2.10)

w(x, t) = ũ0(x, t), (x, t) ∈ Ω× E0, (2.11)

äå f̃ , h̃, ũ0 � âiä'¹ìíi ôóíêöi¨.

Òðåáà ïîêàçàòè, ùî w(x, t) < 0 ∀(x, t) ∈ Q. Ïðèïóñòèìî, ùî öå íå òàê.

Ç íàøîãî ïðèïóùåííÿ i òîãî, ùî íà ïiäñòàâi ðiâíîñòåé (2.10) i (2.11) ìà¹ìî
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w(x, t) < 0 ïðè (x, t) ∈ (Ω×E0) ∪Σ , âèïëèâà¹ iñíóâàííÿ òî÷êè (x0, t0) ∈ Q
òàêî¨, ùî w(x, t) < 0 , êîëè (x, t) ∈ Ω × (0, t0) , i w(x, t0) ≤ 0 , êîëè x ∈ Ω ,

òà w(x0, t0) = 0. Î÷åâèäíî, ùî wt(x0, t0) ≥ 0. Âðàõóâàâøè, ùî x0 ¹ òî÷êîþ

ëîêàëüíîãî ìàêñèìóìó ôóíêöi¨ x 7→ w(x, t0) : Ω→ R , ìà¹ìî: wxk(x
0, t0) = 0,

n∑
k,l=1

akl(x
0, t0)wxkxl(x

0, t0) ≤ 0 . Çâiäñè òà ç ðiâíîñòi (2.9) îäåðæó¹ìî

0 ≤ wt(x
0, t0)−

n∑
k,l=1

akl(x
0, t0)wxkxl(x

0, t0) +
n∑
k=1

ak(x
0, t0)wxk(x

0, t0)+

+â0(x
0, t0)w(x0, t0)− ĝ(x0, t0)w(x0, t0 − τ(t0)) = f̃(x0, t0) < 0.

Îòðèìàëè ïðîòèði÷÷ÿ, ùî äîâîäèòü íàøå òâåðäæåííÿ.

Íàñëiäîê 2.4. Íåõàé ĝ ≥ 0 íà Q i ôóíêöiÿ u ∈ C
(
Ω×(E0∪(0, T ])

)
∩C2,1(Q)

òàêà, ùî P̂ u(x, t) < 0 ∀(x, t) ∈ Q, Ru(x, t) < 0 ∀(x, t) ∈ Σ, Gu(x, t) < 0

∀(x, t) ∈ Ω× E0. Òîäi u(x, t) < 0 ∀(x, t) ∈ Q.

Äîâåäåííÿ. Äàíå òâåðäæåííÿ áåçïîñåðåäíüî âèïëèâà¹ ç ëåìè 2.1, ïîêëàâøè

ôóíêöiþ v òîòîæíî ðiâíó íóëåâi.

Ëåìà 2.2. Íåõàé ĝ ≥ 0 íà Q i â−0 − ĝ+ > −1 . Òîäi äëÿ ôóíêöié u, v ∈
C
(
Ω × (E0 ∪ (0, T ])

)
∩ C2,1(Q) òàêèõ, ùî P̂ u(x, t) ≤ P̂ v(x, t) ∀(x, t) ∈ Q,

Ru(x, t) ≤ Rv(x, t) ∀(x, t) ∈ Σ, Gu(x, t) ≤ Gv(x, t) ∀(x, t) ∈ Ω × E0,

ïðàâèëüíà íåðiâíiñòü u(x, t) ≤ v(x, t) ∀(x, t) ∈ Q.

Äîâåäåííÿ. Ïîçíà÷èìî w(x, t) := u(x, t) − v(x, t) ∀(x, t) ∈ Ω × (E0 ∪ (0, T ]).

Ç íàøèõ ïðèïóùåíü âèïëèâà¹, ùî P̂w(x, t) ≤ 0 ∀(x, t) ∈ Q, Rw(x, t) ≤ 0

∀(x, t) ∈ Σ, Gw(x, t) ≤ 0 ∀(x, t) ∈ Ω× E0. Ââåäåìî â ðîçãëÿä ôóíêöiþ

wλ(x, t) := w(x, t)− λ et, (x, t) ∈ Ω× (E0 ∪ (0, T ]),

äå λ > 0 � äîâiëüíå ôiêñîâàíå ÷èñëî.

Ìàþ÷è íà óâàçi, ùî w(x, t) = wλ(x, t) + λ et, îòðèìà¹ìî

P̂w(x, t) := wλ
t (x, t)−

n∑
k,l=1

akl(x, t)w
λ
xkxl

(x, t) +
n∑
k=1

ak(x, t)w
λ
xk

(x, t)+

+â0(x, t)w
λ(x, t)− ĝ(x, t)wλ(x, t− τ(t)) + λ et

(
â0(x, t)−
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−ĝ(x, t)e−τ(t) + 1
)

= P̂wλ(x, t) + λ et
(
â0(x, t)− ĝ(x, t)e−τ(t) + 1

)
.

Çâiäñè ìà¹ìî

P̂wλ(x, t) = P̂w(x, t)− λ et
(
â0(x, t)− ĝ(x, t)e−τ(t) + 1

)
. (2.12)

Â ñèëó óìîâ íàøîãî òâåðäæåííÿ äëÿ áóäü-ÿêî¨ òî÷êè (x, t) ∈ Q ïðàâèëüíà

íåðiâíiñòü

â0(x, t)− ĝ(x, t)e−τ(t) + 1 > 0. (2.13)

Ñïðàâäi, ìà¹ìî

inf
(x,t)∈Q

(â0(x, t)− ĝ(x, t)e−τ(t)) ≥ inf
(x,t)∈Q

â0(x, t)− sup
(x,t)∈Q

ĝ(x, t)e−τ(t) ≥ â−0 − ĝ+,

îñêiëüêè e−τ(t) ≤ 1 i ĝ(x, t) ≥ 0 ïðè (x, t) ∈ Q. Çâiäñè íà ïiäñòàâi âiäïîâiäíî¨
óìîâè ëåìè âèïëèâà¹ (2.13). Â ñèëó íåðiâíîñòåé P̂w(x, t) ≤ 0 i (2.13) ïðè-

õîäèìî äî âèñíîâêó, ùî ïðàâà ÷àñòèíà ðiâíîñòi (2.12) âiä'¹ìíà íà Q , òîáòî

P̂wλ(x, t) < 0 ∀(x, t) ∈ Q. Ëåãêî áà÷èòè, ùî Rwλ(x, t) = Rw(x, t) − λet < 0

∀(x, t) ∈ Σ, Gwλ(x, t) = Gw(x, t) − λet < 0 ∀(x, t) ∈ Ω × E0. Çâiä-

ñè íà ïiäñòàâi íàñëiäêó 2.4 îòðèìà¹ìî íåðiâíiñòü wλ(x, t) < 0 ∀(x, t) ∈ Q,

òîáòî w(x, t) < λet ∀(x, t) ∈ Q. Çàôiêñóâàâøè â öié íåðiâíîñòi (x, t) òà

ñïðÿìóâàâøè λ äî 0, îòðèìà¹ìî íåðiâíiñòü w(x, t) ≤ 0 ∀(x, t) ∈ Q, òîáòî

u(x, t) ≤ v(x, t) ∀(x, t) ∈ Q.

Òâåðäæåííÿ 2.3. Íåõàé ĝ ≥ 0 íà Q i â−0 − ĝ+ > 0. Òîäi äëÿ äîâiëüíîãî

ðîçâ'ÿçêó u çàäà÷i (2.8),(2.3),(2.4) âèêîíó¹òüñÿ îöiíêà

min
{ 1

â−0 − ĝ+
inf

(y,s)∈Q
f(y, s), min

(y,s)∈Σ
h(y, s), min

(y,s)∈Ω×E0

u0(y, s), 0
}
≤ u(x, t) ≤

≤ max
{ 1

â−0 − ĝ+
sup

(y,s)∈Q
f(y, s), max

(y,s)∈Σ
h(y, s), max

(x,s)∈Ω×E0

u0(y, s), 0
}
, (x, t) ∈ Q.

(2.14)

Äîâåäåííÿ. Íåõàé u � ðîçâ'ÿçîê çàäà÷i (2.8),(2.3),(2.4). Ïðèéìåìî

C1 := max
{ 1

â−0 − ĝ+
sup

(y,s)∈Q
f(y, s), max

(y,s)∈Σ
h(y, s), max

(y,s)∈Ω×E0

u0(y, s), 0
}
≥ 0.
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Òîäi äëÿ ôóíêöi¨ v(x, t) = C1, (x, t) ∈ Ω× (E0 ∪ (0, T ]), ìà¹ìî

P̂ v(x, t) =
(
â(x, t)− ĝ(x, t)

)
C1 ≥ (â−0 − ĝ+)C1 ≥

≥ (â−0 − ĝ+)
1

â−0 − ĝ+
sup

(y,s)∈Q
f(y, s) ≥

≥ f(x, t) = P̂ u(x, t), (x, t) ∈ Q,

Rv(x, t) = C1 ≥ max
(y,s)∈Σ

h(y, s) ≥ h(x, t) = Ru(x, t), (x, t) ∈ Σ,

Gv(x, t) = C1 ≥ max
(y,s)∈Ω×E0

u0(y, s) ≥ u0(x, t) = Gu(x, t), (x, t) ∈ Ω× E0.

Çâiäñè íà ïiäñòàâi ëåìè 2.2 ìà¹ìî u(x, t) ≤ C1 ∀(x, t) ∈ Ω× (E0 ∪ (0, T ]).

Òåïåð ïîêëàäåìî

C2 := min
{ 1

â−0 − ĝ+
inf

(y,s)∈Q
f(y, s), min

(y,s)∈Σ
h(y, s), min

(y,s)∈Ω×E0

u0(y, s), 0
}
≤ 0.

Òîäi

P̂ v(x, t) =
(
â(x, t)− ĝ(x, t)

)
C2 ≤ (â−0 − ĝ+)C2 ≤

≤ (â−0 − ĝ+)
1

â−0 − ĝ+
inf

(y,s)∈Q
f(y, s) =

= inf
(y,s)∈Q

f(y, s) ≤ f(x, t) = P̂ u(x, t), (x, t) ∈ Q,

Rv(x, t) = C2 ≤ min
(y,s)∈Σ

h(y, s) ≤ Ru(x, t), (x, t) ∈ Σ,

Gv(x, t) = C2 ≤ min
(y,s)∈Ω×E0

u0(y, s) ≤ Gu(x, t), (x, t) ∈ Ω× E0.

Çâiäñè íà ïiäñòàâi ëåìè 2.2 ìà¹ìî u(x, t) ≥ C2 ∀(x, t) ∈ Ω× (E0 ∪ (0, T ]).

Ëåìà 2.3. Äëÿ äîâiëüíèõ (x, t) ∈ Q, ξ1, ξ2, η1, η2 ∈ R ïðàâèëüíà ðiâíiñòü

g(x, t, ξ1, η1)− g(x, t, ξ2, η2) = (ξ1 − ξ2)G1(x, t, ξ1, ξ2, η1, η2)+

+(η1 − η2)G2(x, t, ξ1, ξ2, η1, η2),

äå

G1(x, t, ξ1, ξ2, η1, η2) :=

1∫
0

gξ

(
x, t, z(ξ1 − ξ2) + ξ2, z(η1 − η2) + η2

)
dz, (2.15)
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G2(x, t, ξ1, ξ2, η1, η2) :=

1∫
0

gη

(
x, t, z(ξ1 − ξ2) + ξ2, z(η1 − η2) + η2

)
dz, (2.16)

ïðè÷îìó

0 ≤ Gi(x, t, ξ1, ξ2, η1, η2) ≤ gi(x, t) (i = 1, 2). (2.17)

Äîâåäåííÿ. Íà ïiäñòàâi ëåìè Àäàìàðà äëÿ áóäü-ÿêèõ (x, t) ∈ Q, ξ1, ξ2, η1, η2 ∈
R ìà¹ìî

g(x, t, ξ1, η1)−g(x, t, ξ2, η2) =
(
ξ1−ξ2

) 1∫
0

gξ

(
x, t, z(ξ1−ξ2)+ξ2, z(η1−η2)+η2

)
dz+

+
(
η1 − η2

) 1∫
0

gη

(
x, t, z(ξ1 − ξ2) + ξ2, z(η1 − η2) + η2

)
dz =

= (ξ1 − ξ2)G1(x, t, ξ1, ξ2, η1, η2) + (η1 − η2)G2(x, t, ξ1, ξ2, η1, η2).

Ç óìîâè (A2) âèïëèâà¹ (2.17).

2.1.4 Îá ðóíòóâàííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Äîâåäåííÿ òåîðåìè 2.1. Ïîçíà÷èìî w(x, t) := u1(x, t) − u2(x, t), (x, t) ∈
Ω × (E0 ∪ (0, T ]). Ðîçãëÿäàþ÷è ðiçíèöþ âèðàçiâ Pu1(x, t) i Pu2(x, t) òà âè-

êîðèñòîâóþ÷è ëåìó 2.3, îòðèìà¹ìî ðiâíiñòü

P̂w(x, t) := wt(x, t)−
n∑

k,l=1

akl(x, t)wxkxl(x, t) +
n∑
k=1

akwxk(x, t)+

+â0(x, t)w(x, t)− ĝ(x, t)w(x, t− τ(t)) = f̃(x, t), (x, t) ∈ Q, (2.18)

äå

â0(x, t) := a0(x, t)−G1

(
x, t, u1(x, t), u2(x, t),

u1(x, t− τ(t)), u2(x, t− τ(t))
)
, (x, t) ∈ Q,

ĝ(x, t) := G2

(
x, t, u1(x, t), u2(x, t), u1(x, t− τ(t)), u2(x, t− τ(t))

)
, (x, t) ∈ Q,

f̃(x, t) := Pu1(x, t)− Pu2(x, t), (x, t) ∈ Q,

à G1 i G2 âèçíà÷åíi, âiäïîâiäíî, â (2.15) i (2.16). Ëåãêî áà÷èòè, ùî

Rw(x, t) = h̃(x, t), (x, t) ∈ Σ, (2.19)
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Gw(x, t)) = ũ0(x, t), (x, t) ∈ Ω× E0, (2.20)

äå

h̃(x, t) := Ru1(x, t)−Ru2(x, t), (x, t) ∈ Σ,

ũ0(x, t) := Gu1(x, t)−Gu2(x, t), (x, t) ∈ Ω× E0.

Ïåðåâiðèìî âèêîíàííÿ óìîâ òâåðäæåííÿ 2.3, à òî÷íiøå, ïåðåêîíà¹ìîñÿ, ùî

ĝ ≥ 0 íà Q i â−0 −ĝ+ > 0. Ç ëåìè 2.3 (äèâ. (2.17)) âèïëèâà¹, ùî ĝ(x, t) ≥ 0 äëÿ

áóäü-ÿêèõ (x, t) ∈ Q . Âèêîðèñòîâóþ÷è óìîâó (A2) òà ëåìó 2.3, îòðèìà¹ìî

â−0 := inf
(x,t)∈Q

â0(x, t) = inf
(x,t)∈Q

[
a0(x, t)−

−G1

(
x, t, u1(x, t), u2(x, t), u1(x, t− τ(t)), u2(x, t− τ(t))

)]
≥

≥ inf
(x,t)∈Q

(a0(x, t)− g1(x, t)) = a−0 ,

ĝ+ := sup
(x,t)∈Q

ĝ(x, t) = sup
(x,t)∈Q

G2

(
x, t, u1(x, t), u2(x, t),

u1(x, t− τ(t)), u2(x, t− τ(t))
)
≤ sup

(x,t)∈Q
g2(x, t) = g+

2 .

Òàê ÿê â−0 −ĝ+ ≥ a−0 −g+
2 , à ç óìîâè íàøîãî òâåðäæåííÿ ìà¹ìî a

−
0 −g+

2 > 0, òî

óìîâè òâåðäæåííÿ 2.3 âèêîíóþòüñÿ. Îòîæ, äëÿ ôóíêöi¨ w, ÿêà çàäîâîëüíÿ¹

ðiâíîñòi (2.18) � (2.20), ïðàâèëüíà íåðiâíiñòü òèïó (2.14). Çâiäñè âèïëèâà¹

îöiíêà (2.6).

Äîâåäåííÿ íàñëiäêó 2.1. Ç óìîâè íàñëiäêó ìà¹ìî, ùî a−0 − g+
2 > 0 i

f̃(x, t) ≤ 0, (x, t) ∈ Q, h̃(x, t) ≤ 0, (x, t) ∈ Σ. Ç (2.6) îòðèìà¹ìî

u1(x, t)− u2(x, t) ≤ 0, (x, t) ∈ Q, òîáòî u1(x, t) ≤ u2(x, t), (x, t) ∈ Q.

Äîâåäåííÿ íàñëiäêó 2.2. Äàíå òâåðäæåííÿ áåçïîñåðåäíüî âèïëèâà¹ ç òåîðå-

ìè 2.1, ïîêëàâøè u1 = u, u2 = 0 .

Äîâåäåííÿ íàñëiäêó 2.3. Ïðèïóñòèìî ïðîòèëåæíå. Íåõàé u1, u2 � äâà ðiçíi

ðîçâ'ÿçêè çàäà÷i (2.2)�(2.4). Òîäi ç òåîðåìè 2.1 ìà¹ìî, ùî 0 ≤ u1(x, t) −
u2(x, t) ≤ 0, (x, t) ∈ Q, òîáòî u1 = u2 íà Q , à öå ïðîòèði÷èòü íàøîìó

ïðèïóùåííþ. Îòæå, íàøå òâåðäæåííÿ ¹ ïðàâèëüíèì.
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Çàóâàæåííÿ 2.1. Ïðè âèêîíàííi óìîâ (A1) � (A3) , íàñëiäîê 2.1 ¹ ïðàâèëü-

íèì i ó âèïàäêó g ≡ 0. Ñïðàâäi, ç óìîâè (A1) òà òîãî, ùî g ≡ 0 , âèïëèâà¹

âèêîíàííÿ óìîâ íàñëiäêó 2.1, à îòæå, ïðàâèëüíiñòü äàíîãî òâåðäæåííÿ.

Äîâåäåííÿ òåîðåìè 2.2. Ïîêëàäåìî

C1 := max{ 1

a−0 − g+
2

sup
(y,s)∈Q

f(y, s), max
(y,s)∈Σ

h(y, s), max
(y,s)∈Ω×E0

u0(y, s), 0}, (2.21)

C2 := min{ 1

a−0 − g+
2

inf
(y,s)∈Q

f(y, s), min
(y,s)∈Σ

h(y, s), min
(y,s)∈Ω×E0

u0(y, s), 0}. (2.22)

Âèçíà÷èìî ïîñëiäîâíiñòü ôóíêöié {vp}∞p=0 ⊂ Cα,α/2
(
Ω × (E0 ∪ (0, T ])

)
∩

C
2+α,1+α/2
loc (Q) òàêèì ÷èíîì. Ñïî÷àòêó ïðèéìåìî v0(x, t) = C1, (x, t) ∈

Ω × (E0 ∪ (0, T ]) . Íàñòóïíi ÷ëåíè öi¹¨ ïîñëiäîâíîñòi âèçíà÷èìî òàê: ÿêùî

âiäîìà ôóíêöiÿ vp−1 , òî ôóíêöiþ vp çíàõîäèìî ÿê ðîçâ'ÿçîê çàäà÷i

P̃ vp(x, t) ≡ vp,t(x, t)−
n∑

k,l=1

akl(x, t)vp,xkxl(x, t) +
n∑
k=1

ak(x, t)vp,xk(x, t) +

+ a0(x, t)vp(x, t) = g
(
x, t, vp−1(x, t), vp−1(x, t− τ(t))

)
+ f(x, t), (x, t) ∈ Q,

(2.23)

vp(x, t) = h(x, t), (x, t) ∈ Σ, (2.24)

vp(x, t) = u0(x, t), x ∈ Ω× E0. (2.25)

Ïîêàæåìî, ùî òàê âèçíà÷èòè ïîñëiäîâíiñòü {vp} ìîæíà. Íåõàé p � äîâiëüíå

ôiêñîâàíå íàòóðàëüíå ÷èñëî. Ïîçíà÷èìî

f̃p(x, t) := g
(
x, t, vp−1(x, t), vp−1(x, t− τ(t))

)
+ f(x, t), (x, t) ∈ Q. (2.26)

Îñêiëüêè vp−1 ∈ Cα,α/2
(
Ω × (E0 ∪ (0, T ])

)
, òî ç óìîâ (B2) , (B4) âèïëèâà¹,

ùî fp ∈ Cα,α/2(Q) . Çâiäñè òà óìîâ (A1) � (A3) òà (B1) � (B3) , íà ïiäñòàâi

òåîðåìè 9 ìîíîãðàôi¨ [6, ñò. 93] ôóíêöiÿ vp ∈ Cα,α/2
(
Q
)
∩ C2+α,1+α/2

loc (Q) çíà-

õîäèòüñÿ îäíîçíà÷íî äëÿ êîæíîãî p ∈ N . Âèêîðèñòîâóþ÷è óìîâó (2.25) òà

òå, ùî u0 ∈ Cα,α/2(Ω×E0), ëåãêî ïåðåêîíàòèñÿ, ùî ôóíêöiÿ vp íàëåæèòü äî

ïðîñòîðó Cα,α/2
(
Ω× (E0 ∪ (0, T ])

)
∩ C2+α,1+α/2

loc (Q).

Òåïåð ïåðåêîíàéìîñÿ â ïðàâèëüíîñòi íåðiâíîñòåé

C2 6 vp+1(x, t) 6 vp(x, t) 6 C1, (x, t) ∈ Q, (2.27)
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äëÿ äîâiëüíîãî p ∈ N, äå C1, C2 âèçíà÷åíi, âiäïîâiäíî, â (2.21), (2.22).

Äëÿ öüîãî âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Äîâåäåìî ñïî÷àòêó,

ùî v1(x, t) 6 v0(x, t), (x, t) ∈ Q . Ç îçíà÷åííÿ v1 ìà¹ìî

v1(x, t) ≤ C1 = v0(x, t), (x, t) ∈ Σ,

v1(x, t) ≤ C1 = v0(x, t), x ∈ Ω× E0.

Âèêîðèñòîâóþ÷è ëåìó 2.3 òà óìîâó (A2) , à òî÷íiøå òå, ùî gξ ≥ 0, gη ≥ 0,

g(x, t, 0, 0) = 0, ìàòèìåìî

P̃ v1(x, t)− P̃ v0(x, t) = g(x, t, C1, C1) + f(x, t)− a0(x, t)C1 =

= f(x, t)− C1

(
a0(x, t)−G1(x, t, C1, 0, C1, 0)−G2(x, t, C1, 0, C1, 0)

)
≤

≤ f(x, t)− C1

(
a0(x, t)− g1(x, t)− g2(x, t)

)
≤

≤ f(x, t)− (a−0 − g+
2 )C1 ≤ f(x, t)− sup

(x,t)∈Q
f(y, s) ≤ 0, (x, t) ∈ Q.

Çâiäñè òà iç çàóâàæåííÿ 2.1 âèïëèâà¹, ùî v1(x, t) ≤ v0(x, t), (x, t) ∈ Q.
Òåïåð ïîêàæåìî, ùî äëÿ áóäü-ÿêîãî p ∈ N ç íåðiâíîñòi vp(x, t) ≤ vp−1(x, t),

(x, t) ∈ Q, âèïëèâà¹ íåðiâíiñòü vp+1(x, t) ≤ vp(x, t), (x, t) ∈ Q.
Çãiäíî ç (2.24), (2.25) ìà¹ìî

vp+1(x, t) = h(x, t) = vp(x, t), (x, t) ∈ Σ,

vp+1(x, t) = u0(x, t) = vp(x, t), x ∈ Ω× E0.

Íà ïiäñòàâi ëåìè 2.3 ëåãêî áà÷èòè, ùî

P̃ vp+1(x, t)− P̃ vp(x, t) = g
(
x, t, vp(x, t), vp(x, t− τ(t))

)
−

−g(x, t, vp−1(x, t), vp−1(x, t− τ(t))
)

= G1

(
x, t, vp(x, t), vp−1(x, t), vp(x, t− τ(t)),

vp−1(x, t− τ(t))
)
× (vp(x, t)− vp−1(x, t))+

+G2

(
x, t, vp(x, t), vp−1(x, t), vp(x, t− τ(t)), vp−1(x, t− τ(t))

)
×

×
(
vp(x, t− τ(t))− vp−1(x, t− τ(t))

)
6 0, (x, t) ∈ Q.

Çâiäñè òà iç çàóâàæåííÿ 2.1 îòðèìà¹ìî ïîòðiáíå òâåðäæåííÿ. Îòæå, íà ïiäñòà-

âi ïðèíöèïó ìàòåìàòè÷íî¨ iíäóêöi¨ äëÿ äîâiëüíîãî p ∈ N ìà¹ìî vp+1(x, t) 6

vp(x, t) 6 C1, (x, t) ∈ Q .
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Çàëèøèëîñü ïîêàçàòè, ùî C2 6 vp(x, t), (x, t) ∈ Q , äëÿ êîæíîãî p ∈ N .

Çíîâó âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Î÷åâèäíî, ùî C2 6 v0(x, t),

(x, t) ∈ Q. Íåõàé C2 6 vp−1(x, t), (x, t) ∈ Q, äëÿ äåÿêîãî p ∈ N .

Äîâåäåìî, ùî òîäi C2 6 vp(x, t), (x, t) ∈ Q. Ïîêëàäåìî v∗(x, t) = C2,

(x, t) ∈ Ω× (E0 ∪ (0, T ]) . Âðàõîâóþ÷è îçíà÷åííÿ C2 , îòðèìà¹ìî

v∗(x, t) = C2 ≤ vp(x, t), (x, t) ∈ Ω× E0,

v∗(x, t) = C2 ≤ vp(x, t), (x, t) ∈ Σ,

P̃ v∗(x, t)− P̃ vp(x, t) = a0(x, t)C2 − g
(
x, t, vp−1(x, t), vp−1(x, t− τ(t))

)
−

−f(x, t) ≤ C2

(
a0(x, t)− g1(x, t)− g2(x, t)

)
− f(x, t) ≤

≤ (a−0 − g+
2 )C2 − f(x, t) ≤ inf

(x,t)∈Q
f(y, s)− f(x, t) ≤ 0, (x, t) ∈ Q.

Çâiäñè íà ïiäñòàâi çàóâàæåííÿ 2.1 îòðèìó¹ìî

v∗(x, t) 6 vp(x, t), (x, t) ∈ Q,

ùî i ïîòðiáíî áóëî äîâåñòè.

Îòæå, ìè ïîêàçàëè ùî ïîñëiäîâíiñòü {vp} � ìîíîòîííà i îáìåæåíà. Çâiäñè
âèïëèâà¹, ùî iñíó¹ âèçíà÷åíà íà Ω × (E0 ∪ (0, T ]) ôóíêöiÿ u òàêà, ùî äëÿ

êîæíî¨ òî÷êè (x, t) ∈ Ω× (E0 ∪ (0, T ]) ìà¹ìî vp(x, t)→ u(x, t) ïðè p→∞ i

u çàäîâîëüíÿ¹ óìîâè (2.3), (2.4). Ïîêàæåìî, ùî u � øóêàíèé ðîçâ'ÿçîê.

Ç (2.23)�(2.25) òà (2.27) â ñèëó òåîðåìè 10.1 ìîíîãðàôi¨ [10, ñò.238,239]

îòðèìà¹ìî

||vp||Qα,α/2 ≤ C3, p ∈ N, (2.28)

äå C3 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä p . Çâiäñè òà òâåðäæåííÿ 2.1 âèïëèâà¹,

ùî iñíó¹ ïiäïîñëiäîâíiñòü ïîñëiäîâíîñòi {vp}∞p=1 (öþ ïiäïîñëiäîâíiñòü ïîçíà-

÷èìî òàê ñàìî, ÿê i âñþ ïîñëiäîâíiñòü, ÷åðåç {vp}∞p=1 ) òàêà, ùî

vp −→
p→∞

u â C(Q). (2.29)

Iç âëàñòèâîñòåé ïðîñòîðiâ Ãåëüäåðà îòðèìà¹ìî, ùî u ∈ Cα,α/2(Q). Çâiäñè òà

óìîâ (2.4), (B2 ) i óìîâè (2.25) âèïëèâà¹, ùî u ∈ Cα,α/2(Ω× (E0 ∪ (0, T ]).

Òåïåð âiäìiòèìî, ùî ç óìîâ (A1) � (A3) , (B2) � (B4) òà îöiíêè (2.28)

ìà¹ìî

||f̃p||Qα,α/2 6 C4 ∀p ∈ N, (2.30)



40

äå C4 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä p .

Äëÿ äîâiëüíîãî δ > 0 ïîçíà÷èìî Ωδ := {x ∈ Ω : dist{x, ∂Ω} > δ}. Íåõàé
{δk}∞k=1 � ìîíîòîííà ïîñëiäîâíiñòü ÷èñåë òàêà, ùî 0 < δk < T, δk ↓

k→∞
0 i Ωδk

� îáëàñòü â Rn . Î÷åâèäíî, ùî
∞
∪
k=1

Ωδk = Ω. Ïîçíà÷èìî Qk := Ωδk × (δk, T ].

Âðàõîâóþ÷è (2.30) i óìîâè íàøî¨ òåîðåìè, ç òåîðåìè 5 ìîíîãðàôi¨ [6, ñò. 86,87]

äëÿ êîæíîãî k ∈ N ìàòèìåìî

||vp||Qk2+α,1+α/2 6 C5, p ∈ N, (2.31)

äå C5 > 0 � ñòàëà, ÿêà âiä p íå çàëåæèòü, àëå çàëåæèòü âiä C3, C4, i ìîæå

çàëåæàòè âiä k .

Iç (2.29), (2.31) òà òâåðäæåííÿ 2.2 âèïëèâà¹, ùî u ∈ C2+α,1+α/2
loc

(Q) iç ïîñëi-

äîâíîñòi {vp} ìîæíà âèáðàòè òàêó ïiäïîñëiäîâíiñòü {vpj}∞j=1, ùî vpj → u â

C2,1(Q) . Ïîêëàâøè â (2.23) p = pj òà ñïðÿìóâàâøè j äî íåñêií÷åííîñòi,

ïðèõîäèìî äî âèñíîâêó, ùî u çàäîâîëüíÿ¹ ðiâíÿííÿ (2.2). ßê óæå çàçíà÷à-

ëîñü, u òàêîæ çàäîâîëüíÿ¹ óìîâè (2.3), (2.4), à îòæå, öÿ ôóíêöiÿ ¹ ðîçâ'ÿçêîì

çàäà÷i (2.2)-(2.4).

2.2 Ìiøàíà çàäà÷à äëÿ ðiçíîêîìïîíåíòíèõ ñèñòåì ç ëî-

êàëüíèì çìiííèì çàïiçíåííÿì

2.2.1 Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Íåõàé n,M,L � íàòóðàëüíi ÷èñëà; Q := Ω× (0, T ], Σ := ∂ Ω× (0, T ].

Ðîçãëÿíåìî ðiçíîêîìïîíåíòíó ñèñòåìó

Piw(x, t) := ui,t(x, t)−
n∑

k,l=1

ai,kl(x, t)ui,xkxl(x, t) +
n∑
k=1

ai,k(x, t)ui,xk(x, t)

+ai(x, t)ui(x, t)−gi
(
x, t, w(x, t), wτ(x, t)

)
= fi(x, t), (x, t) ∈ Q, i = 1, ...,M,

(2.32)

PM+jw(x, t) := vj,t(x, t) + bj(x, t)vj(x, t)− gM+j

(
x, t, w(x, t), wτ(x, t)

)
=

= fM+j(x, t), (x, t) ∈ Q, j = 1, ..., L, (2.33)

äå w=(u1, . . . , uM ; v1, . . . , vL), wτ(x, t)=(u1,τ1, . . . , uM,τM ; v1,τM+1
, . . . , vL,τM+L

):=
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(
u1(x, t− τ1(t)), . . . , uM(x, t− τM(t)); v1(x, t− τM+1(t)), . . . , vL(x, t− τM+L(t))

)
,

i τs ( s = 1, ...,M + L ) � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨ íà [0, T ] .

Äëÿ êîæíîãî s ∈ {1, . . . ,M + L} ïîçíà÷èìî ÷åðåç Es,0 ìíîæèíó, ÿêà

ñêëàäà¹òüñÿ ç ÷èñåë t− τs(t) òàêèõ, ùî t− τs(t) ≤ 0 i t ∈ [0, T ] , òà ÷èñëà 0 .

Ïîçíà÷èìî ÷åðåç W ìíîæèíó âåêòîð-ôóíêöié w = (u1, . . . , uM ; v1, . . . , vL)

òàêèõ, ùî ui ∈ C
(
Ω × (Ei,0 ∪ (0, T ])

)
∩ C2,1(Q) (i = 1, ...,M) , vj ∈

C
(
Ω× (EM+j,0 ∪ (0, T ])

)
∩ C0,1(Q) (j = 1, ..., L) .

Ðîçãëÿíåìî çàäà÷ó : çíàéòè âåêòîð-ôóíêöi¨ w ∈ W , ÿêà çàäîâîëüíÿ¹ ñè-

ñòåìó (2.32), (2.33), êðàéîâi óìîâè

Riw(x, t) := ui(x, t) = hi(x, t), (x, t) ∈ Σ, i = 1, ...,M, (2.34)

òà ïî÷àòêîâi óìîâè

Gsw(x, t) := ws(x, t) = ws,0(x, t), (x, t) ∈ Ω× Es,0, s = 1, . . . ,M + L.

(2.35)

Íà âèõiäíi äàíi íàêëàäà¹ìî òàêi îáìåæåííÿ:

(A1) ai,kl = ai,lk, ai,k, ai ∈ C(Q) (i = 1, ...,M ; k, l = 1, ..., n) ; äëÿ êîæíîãî

i ∈ {1, . . . ,M}
n∑

k,l=1

ai,kl(x, t)ξkξl ≥ µi(t)
n∑
k=1

ξ2
k ∀(x, t) ∈ Q, ∀ξ1, ..., ξn ∈ R,

äå µi(t) ≥ 0 ∀t ∈ (0, T ]; bj (j = 1, ..., L) ∈ C(Q) ;

(A2) gi(x, t, ξ, η), (x, t, ξ, η) ∈ Ω × (0, T ] × RM+L × RM+L (i = 1, . . . ,M),

gj(x, t, ξ, η), (x, t, ξ, η) ∈ Ω × [0, T ] × RM+L × RM+L (j = 1, . . . , L), �

íåïåðåðâíi çà óñiìà çìiííèìè i íåïåðåðâíî äèôåðåíöiéîâíi çà çìiííèìè

ξ òà η, ïðè÷îìó iñíóþòü ôóíêöi¨ g1
r,s, g

2
r,s (r, s = 1, . . . ,M +L) òàêi, ùî

0 ≤ gr,ξs(x, t, ξ, η) ≤ g1
r,s(x, t) ∀(x, t) ∈ Q, ∀ ξ, η ∈ RM+L,

0 ≤ gr,ηs(x, t, ξ, η) ≤ g2
r,s(x, t) ∀(x, t) ∈ Q, ∀ ξ, η ∈ RM+L,

inf
(x,t)∈Q

[ai(x, t)−
M+L∑
s=1

g1
i,s(x, t)] =: a−i > 0, i = 1, . . . ,M, (2.36)
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inf
(x,t)∈Q

[bj(x, t)−
M+L∑
s=1

g1
M+j,s(x, t)] =: b−j > 0, j = 1, . . . , L, (2.37)

sup
(x,t)∈Q

M+L∑
s=1

g2
r,s(x, t) =: g2,+

r <∞, r = 1, . . . ,M + L;

gr(x, t, 0, 0) = 0 ∀(x, t) ∈ Q, r = 1, . . . ,M + L;

(A3) fi ∈ C(Q) (i = 1, . . . ,M) , sup
(x,t)∈Q

|fi(x, t)| < ∞ , fM+j ∈ C(Q) (j =

1, . . . , L), hi ∈ C(Σ) (i = 1, ...,M), wr,0 ∈ C(Ω×Er,0) (r = 1, ...,M+L) ;

âèêîíó¹òüñÿ óìîâà óçãîäæåííÿ íóëüîâîãî ïîðÿäêó:

hi(x, 0) = wi,0(x, 0) ∀x ∈ ∂ Ω, i = 1, . . . ,M.

Ââåäåìî ïîçíà÷åííÿ

Pw := (P1w, . . . , PM+Lw), Rw := (R1w, . . . , RMw), Gw := (G1w, . . . , GM+Lw),

f := (f1, . . . , fM+L), h := (h1, . . . , hM), w0 := (w1,0, ..., wM+L,0).

Òåîðåìà 2.3. Íåõàé âèêîíóþòüñÿ óìîâè (A1) , (A2) i

a−i − g
2,+
i > 0, b−j − g

2,+
M+j > 0, i = 1, . . . ,M ; j = 1, . . . , L. (2.38)

Ïðèïóñòèìî, ùî w1, w2 � ðîçâ'ÿçêè çàäà÷, ùî âiäðiçíÿþòüñÿ âiä çàäà-

÷i (2.32) � (2.35) òiëüêè òèì, ùî çàìiñòü f, h, w0 ñòîÿòü f 1, h1, w1
0 i

f 2, h2, w2
0 âiäïîâiäíî ç òàêèìè æ âëàñòèâîñòÿìè, ÿêi âêàçàíi äëÿ f, h, w0

âiäïîâiäíî â óìîâi (A3) . Òîäi ïðàâèëüíi íåðiâíîñòi

min
{ 1

a−i − g
2,+
i

inf
(y,s)∈Q

(
f 1
i (y, s)− f 2

i (y, s)
)
, min

(y,s)∈Σ

(
h1
i (y, s)− h2

i (y, s)
)
,

min
(y,s)∈Ω×Ei,0

(
w1
i,0(y, s)− w2

i,0(y, s)
)
, 0
}
≤ u1

i (x, t)− u2
i (x, t) ≤

≤ max
{ 1

a−i − g
2,+
i

sup
(y,s)∈Q

(
f 1
i (y, s)− f 2

i (y, s)
)
, max

(y,s)∈Σ

(
h1
i (y, s)− h2

i (y, s)
)
,

max
(y,s)∈Ω×Ei,0

(
w1
i,0(y, s)− w2

i,0(y, s)
)
, 0
}
, (x, t) ∈ Q, i = 1, . . . ,M, (2.39)

min
{ 1

b−j − g
2,+
M+j

min
(y,s)∈Q

(
f 1
M+j(y, s)− f 2

M+j(y, s)
)
,
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min
(y,s)∈Ω×EM+j,0

(
w1
M+j,0(y, s)− w2

M+j,0(y, s)
)
, 0
}
≤

≤ v1
j (x, t)− v2

j (x, t) ≤

≤ max
{ 1

b−j − g
2,+
M+j

max
(y,s)∈Q

(
f 1
M+j(y, s)− f 2

M+j(y, s)
)
,

max
(y,s)∈Ω×EM+j,0

(
w1
M+j,0(y, s)− w2

M+j,0(y, s)
)
, 0
}
, (x, t) ∈ Q, j = 1, . . . , L.

(2.40)

Íàñëiäîê 2.5. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.3 i, êðiì òîãî,

f 1
r (x, t) ≤ f 2

r (x, t) ∀(x, t) ∈ Q,

w1
r,0(x, t) ≤ w2

r,0(x, t) ∀(x, t) ∈ Ω× Er,0 (r = 1, . . . ,M + L),

h1
i (x, t) ≤ h2

i (x, t) ∀(x, t) ∈ Σ (i = 1, . . . ,M).

Òîäi ïðàâèëüíà íåðiâíiñòü w1
r(x, t) ≤ w2

r(x, t) ∀(x, t) ∈ Q (r = 1, . . . ,M+L) .

Íàñëiäîê 2.6. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A3) i (2.38). Òîäi ðîçâ'ÿ-

çîê w = (u1, ..., uM ; v1, ..., vL) çàäà÷i (2.32)�(2.35) çàäîâîëüíÿ¹ îöiíêó

∀i ∈ {1, . . . ,M} : min
{ 1

a−i − g
2,+
i

inf
(y,s)∈Q

fi(y, s), min
(y,s)∈Σ

hi(y, s),

min
(y,s)∈Ω×Ei,0

wi,0(y, s), 0
}
≤ ui(x, t) ≤ max

{ 1

a−i − g
2,+
i

sup
(y,s)∈Q

fi(y, s),

max
(y,s)∈Σ

hi(y, s), max
(y,s)∈Ω×Ei,0

wi,0(y, s), 0
}
, (x, t) ∈ Q, (2.41)

∀j ∈ {1, . . . , L} : min
{ 1

b−j − g
2,+
M+j

min
(y,s)∈Q

fM+j(y, s),

min
(y,s)∈Ω×EM+j,0

wM+j,0(y, s), 0
}
≤ vj(x, t) ≤ max

{ 1

b−j − g
2,+
M+j

max
(y,s)∈Q

fM+j(y, s),

max
(y,s)∈Ω×EM+j,0

wM+j,0(y, s), 0
}
, (x, t) ∈ Q. (2.42)

Íàñëiäîê 2.7. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A3) i (2.38). Òîäi çàäà-

÷à (2.32)�(2.35) ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó.

Òåîðåìà 2.4. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A3) i (2.38). Ïðèïóñòèìî,

ùî äëÿ äåÿêîãî α ∈ (0, 1] ìà¹ìî
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(B1) ∂Ω ∈ C2+α,

(B2) ai,kl, ai,k, ai, bj ∈ Cα,α/2(Q), gr ∈ Cα,α/2,1,1(Ω × [0, T ] × R × R), fr ∈
Cα,α/2(Q), hi ∈ Cα,α/2(Σ), wr,0 ∈ Cα(Ω × Er,0) ( r = 1, . . . ,M + L;

i = 1, . . . ,M ; j = 1, . . . , L; k, l = 1, . . . , n ).

Êðiì òîãî, íåõàé

(B3) ∂ai,kl/∂xs ∈ C(Q) (i = 1, . . . ,M ; k, l, s = 1, . . . , n) ,

(B4) µi(t) ≥ µ0 = const > 0 ∀t ∈ [0, T ] (i = 1, ...,M) ,

(B5) τs ∈ Lip((0, T ]) (s = 1, . . . ,M + L) .

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê w = (u1, . . . , uM ; v1, . . . , vL) çàäà÷i (2.32)�(2.35),

äëÿ íüîãî ïðàâèëüíi âêëþ÷åííÿ ui ∈ Cα,α/2
(
Ω×(Ei,0∪(0, T ])

)
∩C2+α,1+α/2

loc
(Q),

vj ∈ Cα,α/2
(
Ω × EM+j,0

)
∩ Cα,1+α/2(Q) ( i = 1, . . . ,M ; j = 1, . . . , L ), òà

îöiíêè (2.41), (2.42).

Îá ðóíòóâàííÿ ðåçóëüòàòiâ öüîãî ïiäðîçäiëó ïðîâîäèòüñÿ ïîäiáíèì ÷èíîì,

ÿê öå çðîáëåíî â ïiäðîçäiëi 2.1. Ïîâíå äîâåäåííÿ öèõ ðåçóëüòàòiâ íàâåäåíî â

äîäàòêó À.

2.3 Êðàéîâà çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ ïàðàáî-

ëi÷íèõ ðiâíÿíü iç ëîêàëüíèì çìiííèì çàïiçíåíÿì i

âèðîäæåííÿì ó ïî÷àòêîâèé ìîìåíò ÷àñó

2.3.1 Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Íåõàé Q := Ω× (0, T ], Q̃ := Ω× (0, T ], Σ := ∂Ω× (0, T ], à τ : (0, T ]→ R
� íåïåðåðâíà ôóíêöiÿ òàêà, ùî 0 ≤ τ(t) < t äëÿ âñiõ t ∈ (0, T ] .

Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u ∈ C(Q̃)∩C2,1(Q), ÿêà çàäîâîëüíÿ¹

ðiâíÿííÿ

Pu(x, t) := p(x, t)ut(x, t)−
n∑

k,l=1

akl(x, t)uxkxl(x, t) +
n∑
k=1

ak(x, t)uxk(x, t)+

+a0(x, t)u(x, t)− g
(
x, t, u(x, t), u(x, t− τ(t))

)
= f(x, t), (x, t) ∈ Q, (2.43)
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êðàéîâó óìîâó

Ru(x, t) := u(x, t) = h(x, t), (x, t) ∈ Σ, (2.44)

òà àíàëîã ïî÷àòêîâî¨ óìîâè

lim
t→0+
||u(·, t)||C(Ω) <∞ (2.45)

(çàóâàæèìî, ùî óìîâà (2.45) ðiâíîñèëüíà óìîâi sup
(x,t)∈Q̃

|u(x, t)| <∞ ).

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

(A) akl, ak, a0 ∈ C(Q) , akl = alk (k, l = 1, n), inf
(x,t)∈Q

a0(x, t) > 0 i

n∑
k,l=1

akl(x, t)ξkξl ≥ µ(t)
n∑
k=1

|ξk|2 ∀(x, t) ∈ Q, ∀ξ1, ..., ξn ∈ R,

äå µ ∈ C((0, T ]) , µ(t) > 0 ∀t ∈ (0, T ];

(P) p ∈ C(Q) , p(x, t) > 0 ∀(x, t) ∈ Q , lim
t→0

p(x, t) = 0 ∀x ∈ Ω òà, êðiì òîãî,

iñíó¹ ôóíêöiÿ ϕ ∈ C((0, T ]) òàêà, ùî

ϕ(t) > 0 ∀t ∈ (0, T ], sup
(x,t)∈Q

(
p(x, t)ϕ(t)

)
<∞,

∫ T

0

ϕ(s)ds = +∞, sup
t∈(0,T ]

∫ t

t−τ(t)

ϕ(s)ds <∞; (2.46)

(G) g(x, t, ξ, η), (x, t, ξ, η) ∈ Ω× (0, T ]×R×R, � íåïåðåðâíà çà óñiìà çìiííè-
ìè i íåïåðåðâíî äèôåðåíöiéîâíà çà çìiííèìè ξ òà η ôóíêöiÿ, ïðè÷îìó

iñíóþòü âèçíà÷åíi íà Q íåâiä'¹ìíi ôóíêöi¨ g1, g2 òàêi, ùî

0 ≤ gξ(x, t, ξ, η) ≤ g1(x, t) ∀(x, t) ∈ Q, ∀ (ξ, η) ∈ R2,

0 ≤ gη(x, t, ξ, η) ≤ g2(x, t) ∀(x, t) ∈ Q, ∀ (ξ, η) ∈ R2,

inf
(x,t)∈Q

(a0(x, t)− g1(x, t)) =: a−0 > 0, (2.47)

sup
(x,t)∈Q

g2(x, t) =: g+
2 <∞;

êðiì òîãî, g(x, t, 0, 0) = 0 äëÿ áóäü-ÿêèõ (x, t) ∈ Q;

(F) f ∈ C(Q), h ∈ C(Σ) � îáìåæåíi ôóíêöi¨.



46

Çàóâàæåííÿ 2.2. Óìîâó (P) çàäîâîëüíÿþòü, çîêðåìà, ôóíêöi¨ p i ϕ òàêi,

ùî p ∈ C(Q), p(x, t) > 0 äëÿ êîæíîãî (x, t) ∈ Q, p(x, t) ∼ tα ïðè t → 0+

ðiâíîìiðíî ïî x ∈ Ω , ϕ(t) = t−α, t ∈ (0, T ] , τ(t) ∼ tγ ïðè t → 0+ , äå

γ > α > 1 � äåÿêi ÷èñëà.

Çàóâàæåííÿ 2.3. Óìîâó (G ) çàäîâîëüíÿ¹, çîêðåìà, ôóíêöiÿ g(x, t, ξ, η) =

g1(x, t)ξ+g2(x, t)η , äå ôóíêöi¨ g1, g2 òàêi, ÿê â óìîâi (G) , i, ÿê íàñëiäîê, öþ

óìîâó çàäîâîëüíÿ¹ ôóíêöiÿ g = 0.

Òåïåð ñôîðìóëþ¹ìî îñíîâíi ðåçóëüòàòè ïiäðîçäiëó.

Òåîðåìà 2.5. Íåõàé âèêîíóþòüñÿ óìîâè (A) , (P), (G) i

a−0 − g+
2 > 0. (2.48)

Ïðèïóñòèìî, ùî u1, u2 � ðîçâ'ÿçêè çàäà÷, ÿêi âiäðiçíÿþòüñÿ âiä çàäà-

÷i (2.43)�(2.45) ëèøå òèì, ùî çàìiñòü f, h ñòîÿòü f1, h1 òà f2, h2 âiäïî-

âiäíî ç òàêèìè æ âëàñòèâîñòÿìè, ÿêi âêàçàíi äëÿ f, h âiäïîâiäíî â óìîâi

(F) . Òîäi âèêîíóþòüñÿ íåðiâíîñòi

min

{
1

a−0 − g+
2

inf
(y,s)∈Q

(f1(y, s)− f2(y, s)) , inf
(y,s)∈Σ

(h1(y, s)− h2(y, s)) , 0

}
≤

≤ u1(x, t)− u2(x, t) ≤

≤ max

{
1

a−0 − g+
2

sup
(y,s)∈Q

(f1(y, s)− f2(y, s)) , sup
(y,s)∈Σ

(h1(y, s)− h2(y, s)) , 0

}
,

(x, t) ∈ Q. (2.49)

Çàóâàæèìî, ùî ç öi¹¨ òåîðåìè áåçïîñåðåäíüî âèïëèâà¹ íåïåðåðâíà çàëå-

æíiñòü ðîçâ'ÿçêó çàäà÷i (2.43)�(2.45) âiä ïî÷àòêîâèõ äàíèõ.

Íàñëiäîê 2.8. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.5 i, êðiì òîãî,

f1(x, t) ≤ f2(x, t) ∀(x, t) ∈ Q, h1(x, t) ≤ h2(x, t) ∀(x, t) ∈ Σ.

Òîäi ïðàâèëüíà íåðiâíiñòü

u1(x, t) ≤ u2(x, t) ∀(x, t) ∈ Q.
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Íàñëiäîê 2.9. Íåõàé âèêîíóþòüñÿ óìîâè (A) , (P), (G), (F) i (2.48). Òîäi

äëÿ ðîçâ'ÿçêó çàäà÷i (2.43)�(2.45) ïðàâèëüíèìè ¹ îöiíêè

min
{ 1

a−0 − g+
2

inf
(y,s)∈Q

f(y, s), inf
(y,s)∈Σ

h(y, s), 0
}
≤ u(x, t) ≤

≤ max
{ 1

a−0 − g+
2

sup
(y,s)∈Q

f(y, s), sup
(y,s)∈Σ

h(y, s), 0
}
, (x, t) ∈ Q. (2.50)

Íàñëiäîê 2.10. Íåõàé âèêîíóþòüñÿ óìîâè (A) , (P), (G), (F) i (2.48).

Òîäi çàäà÷à (2.43)�(2.45) ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó.

Çãiäíî ç îçíà÷åííÿìè ïóíêòó 2.1.1 ïiä C
α,α/2
loc

(Q) ðîçóìiòèìåìî ïðîñòið

ôóíêöié v ∈ C(Q) òàêèõ, ùî äëÿ ñòðîãî âíóòðiøíüî¨ ïiäîáëàñòi Ω′ îáëàñòi

Ω (òîáòî, Ω′ ⊂ Ω ) òà áóäü-ÿêîãî ÷èñëà δ ∈ (0, T ) çâóæåííÿ v íà Ω′ × [δ, T ]

íàëåæèòü äî ïðîñòîðó C2+α,1+α/2(Ω′ × [δ, T ]) , à ïiä C
α,α/2
loc

(Q̃) (âiäïîâiäíî,

C
α,α/2
loc

(Σ) ) � ïðîñòið ôóíêöié v ∈ C(Q̃) (âiäïîâiäíî, v ∈ C(Σ) ) òàêèõ, ùî

äëÿ áóäü-ÿêîãî ÷èñëà δ ∈ (0, T ) çâóæåííÿ v íà Ω × [δ, T ] (âiäïîâiäíî, íà

∂Ω× [δ, T ] ) íàëåæèòü äî ïðîñòîðó Cα,α/2(Ω× [δ, T ]) (âiäïîâiäíî, Cα,α/2(∂Ω×
[δ, T ]) ).

Ïiä C
2+α,1+α/2
loc

(Q) ðîçóìiòèìåìî ïðîñòið òàêèõ ôóíêöié v ∈ C2,1(Q) , ùî

¨õ ïîõiäíi vxk, vxkxl (k, l = 1, n), vt íàëåæàòü ïðîñòîðó C
α,α/2
loc

(Q).

×åðåç C
α,α/2,1,1
loc

(Ω × (0, T ] × R × R) ïîçíà÷àòèìåìî ïðîñòið íåïåðåðâíèõ

ôóíêöié g̃(x, t, ξ, η), (x, t, ξ, η) ∈ Ω×(0, T ]×R×R, êîæíà ç ÿêèõ ¹ íåïåðåðâíî
äèôåðåíöiéîâíîþ çà çìiííèìè ξ, η òà äëÿ áóäü-ÿêîãî δ ∈ (0, T ) iñíó¹ äîäàòíà

ñòàëà L = L(g̃, δ) > 0 òàêà, ùî∣∣g̃(x, t, ξ, η)− g̃(y, s, ξ, η)
∣∣ ≤ L(|x− y|α + |t− s|α/2 + |ξ − ξ|+ |η − η|)

äëÿ äîâiëüíèõ (x, t, ξ, η), (y, s, ξ, η) ç Ω× [δ, T ]× R× R.

Òåîðåìà 2.6. Íåõàé âèêîíóþòüñÿ óìîâè (A) , (P), (G), (F) i (2.48). Ïðè-

ïóñòèìî, ùî äëÿ äåÿêîãî α ∈ (0, 1] ìà¹ìî

(B1) ∂Ω ∈ C2+α,

(B2) p, akl, ak, a0 ∈ Cα,α/2
loc

(Q̃) (k, l = 1, n), g ∈ Cα,α/2,1,1
loc

(Ω× (0, T ]× R× R),

f ∈ Cα,α/2
loc

(Q̃), h ∈ Cα,α/2
loc

(Σ).
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Êðiì òîãî, íåõàé

(B3) ∂akl/∂xs ∈ C(Q̃) (k, l, s = 1, n),

(B4) τ ∈ Liploc((0, T ]) .

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2.43)�(2.45), âií íàëåæèòü ïðîñòîðó

C
α,α/2
loc

(Q̃) ∩ C2+α,1+α/2
loc

(Q) i çàäîâîëüíÿ¹ îöiíêè (2.50).

2.3.2 Äîïîìiæíi òâåðäæåííÿ

Ðîçãëÿíåìî äîïîìiæíó çàäà÷ó: çíàéòè ôóíêöiþ w ∈ C(Q̃) ∩ C2,1(Q), ÿêà

çàäîâîëüíÿ¹ ðiâíÿííÿ

p(x, t)wt(x, t)−
n∑

k,l=1

akl(x, t)wxkxl(x, t) +
n∑
k=1

ak(x, t)wxk(x, t)+

+â0(x, t)w(x, t)− ĝ(x, t)w(x, t− τ(t)) = f̂(x, t), (x, t) ∈ Q, (2.51)

òà óìîâè

w(x, t) = ĥ(x, t), (x, t) ∈ Σ, (2.52)

lim
t→0+
||w(·, t)||C(Ω) <∞. (2.53)

Ïðèïóñòèìî, ùî ôóíêöi¨ ak,l, ak (k, l = 1, n), p òàêi æ, ÿê â óìîâàõ (A ) i
(P) âiäïîâiäíî, ôóíêöi¨ f̂ , ĥ ç ìàþòü òàêi æ âëàñòèâîñòi, ÿê f, h (äèâ. (F) )

âiäïîâiäíî, à ôóíêöi¨ â0, ĝ çàäîâîëüíÿþòü óìîâè:

â0, ĝ ∈ C(Q), â−0 := inf
(x,t)∈Q

â0(x, t) > −∞, ĝ+ := sup
(x,t)∈Q

ĝ(x, t) < +∞.

Çàóâàæåííÿ 2.4. ßêùî p(x, t) ≥ p0 = const > 0 äëÿ âñiõ (x, t) ∈ Ω× (0, T ] ,

òî ìîæíà íå íàêëàäàòè óìîâó τ(t) < t i òîäi çàìiñòü (2.53) ñòàâèòè

ïî÷àòêîâó óìîâó

u(x, t) = u0(x, t), (x, t) ∈ Ω× E0. (2.54)

äå E0 � ìíîæèíà, ÿêà ñêëàäà¹òüñÿ ç ÷èñåë t− τ(t) òàêèõ, ùî t− τ(t) ≤ 0

i t ∈ (0, T ] , òà ÷èñëà 0 . Òàêà çàäà÷à äîñëiäæåíà ó ïiäðîçäiëi 2.1

Òâåðäæåííÿ 2.4. Íåõàé ĝ ≥ 0 íà Q i â−0 − ĝ+ > 0 . Òîäi äëÿ ðîçâ'ÿçêó

çàäà÷i (2.51)�(2.53) ïðàâèëüíà îöiíêà

min

{
1

â−0 − ĝ+
inf

(y,s)∈Q
f̂(y, s), inf

(y,s)∈Σ
ĥ(y, s), 0

}
≤ w(x, t) ≤
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≤ max

{
1

â−0 − ĝ+
sup

(y,s)∈Q
f̂(y, s), sup

(y,s)∈Σ

ĥ(y, s), 0

}
, (x, t) ∈ Q. (2.55)

Äîâåäåííÿ. Ââåäåìî òàêi ïîçíà÷åííÿ:

θ(t) :=

t∫
T

ϕ(s)ds, κ(t) :=

t∫
t−τ(t)

ϕ(s)ds, t ∈ (0, T ]. (2.56)

Íà ïiäñòàâi óìîâè (P ) ìà¹ìî, ùî θ(t) ≤ 0 ïðè t ∈ (0, T ] , θ ìîíîòîííî

çðîñòà¹ íà (0, T ] , θ(T ) = 0 , θ(t)→ −∞ ïðè t→ 0 , κ(t) ≥ 0 ïðè t ∈ (0, T ]

òà κ � îáìåæåíà.

Íåõàé w � ðîçâ'ÿçîê çàäà÷i (2.51)�(2.53) i M > 0 � ñòàëà òàêà, ùî

|w(x, t)| ≤M, (x, t) ∈ Q̃. (2.57)

Ïîçíà÷èìî

wµ(x, t) := w(x, t)eµ θ(t), (x, t) ∈ Q̃,

äå µ > 0 � ïîêè ùî äîâiëüíå ÷èñëî. Òîäi

w(x, t) = wµ(x, t)e−µ θ(t), (x, t) ∈ Q̃. (2.58)

Ïiäñòàâèâøè ó ðiâíiñòü (2.51) âèðàç w , çàäàíèé ôîðìóëîþ (2.58), òà âðàõó-

âàâøè ðiâíîñòi

wt(x, t) = wµ
t (x, t)e−µ θ(t) − µϕ(t)wµ(x, t)e−µ θ(t),

wxk(x, t) = wµ
xk

(x, t)e−µ θ(t) (k = 1, n),

w(x, t− τ(t))=wµ(x, t− τ(t))e−µ
∫ t−τ(t)
T

ϕ(s)ds≡eµκ(t)wµ(x, t− τ(t))e−µ θ(t),

ìàòèìåìî

p(x, t)wµ
t (x, t)e−µ θ(t) −

n∑
k,l=1

akl(x, t)w
µ
xkxl

(x, t)e−µ θ(t) +

+
n∑
k=1

ak(x, t)w
µ
xk

(x, t)e−µ θ(t) +
(
â0(x, t)− µp(x, t)ϕ(t)

)
wµ(x, t)e−µ θ(t)−

−ĝ(x, t)eµκ(t)wµ(t− τ(t))e−µ θ(t) = f̂(x, t), (x, t) ∈ Q.
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Äîìíîæèâøè öþ ðiâíiñòü íà eµ θ(t) i ââiâøè ïîçíà÷åííÿ

âµ0(x, t) := â0(x, t)− µp(x, t)ϕ(t), ĝµ(x, t) := ĝ(x, t)eµκ(t),

fµ(x, t) := f̂(x, t)eµ θ(t) ∀(x, t) ∈ Q, (2.59)

îòðèìà¹ìî

p(x, t)wµ
t (x, t)−

n∑
k,l=1

akl(x, t)w
µ
xkxl

(x, t) +
n∑
k=1

ak(x, t)w
µ
xk

(x, t)+

+âµ0(x, t)wµ(x, t)− ĝµ(x, t)wµ(t− τ(t)) = fµ(x, t), (x, t) ∈ Q. (2.60)

Ç óìîâè (2.52) òà ñïiââiäíîøåííÿ (2.58) ìà¹ìî

wµ(x, t) = hµ(x, t), (x, t) ∈ Σ, (2.61)

äå hµ(x, t) := ĥ(x, t)eµ θ(t), (x, t) ∈ Σ.

Íåõàé ε ∈ (0, T ) � äîâiëüíå ÷èñëî. Ïîçíà÷èìî ÷åðåç Eε ìíîæèíó, ùî

ñêëàäà¹òüñÿ ç ÷èñåë t − τ(t) òàêèõ, ùî t − τ(t) < ε i t ≥ ε , òà ÷èñëà ε.

Ïðèéìåìî

Qε := Ω× (ε, T ]
(
òîäi Qε := Ω× [ε, T ]

)
, Σε := ∂Ω× (ε, T ].

Ðîçãëÿíåìî çàäà÷ó: çíàéòè ôóíêöiþ w ∈ C
(
Ω× (Eε ∪ (ε, T ])

)
∩ C2,1(Qε),

ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ

p(x, t)wt(x, t)−
n∑

k,l=1

akl(x, t)wxkxl(x, t) +
n∑
k=1

akwxk(x, t)+

+âµ0(x, t)w(x, t)− ĝµ(x, t)w(t− τ(t)) = fµ(x, t), (x, t) ∈ Qε, (2.62)

êðàéîâó óìîâó

w(x, t) = hµ(x, t), (x, t) ∈ Σε, (2.63)

i ïî÷àòêîâó óìîâó

w(x, t) = wµ(x, t), (x, t) ∈ Ω× Eε. (2.64)

Öÿ çàäà÷à âæå áåç âèðîäæåííÿ, à òîìó ìîæíà çàñòîñóâàòè ðåçóëüòàòè ïiä-

ðîçäiëó 2.1. Ïåðåêîíà¹ìîñÿ, ùî äëÿ ðîçâ'ÿçêiâ çàäà÷i (2.62)�(2.64) ïðè äîñèòü

ìàëèõ çíà÷åííÿõ µ âèêîíó¹òüñÿ óìîâè òâåðäæåííÿ 2.3. Ñïðàâäi, ç óìîâè
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ĝ ≥ 0 íà Q áåçïîñåðåäíüî âèïëèâà¹ íåðiâíiñòü ĝµ ≥ 0 íà Q . Ïîêàæåìî,

ùî iñíó¹ µ∗ > 0 òàêå, ùî âµ,−0 − ĝµ,+ > 0 äëÿ áóäü-ÿêîãî µ ∈ [0, µ∗] , äå

âµ,−0 := inf
(x,t)∈Q

âµ0(x, t), ĝµ,+ := sup
(x,t)∈Q

ĝµ(x, t). Äëÿ öüîãî ââåäåìî ïîçíà÷åííÿ:

(pϕ)+ := sup
(x,t)∈Q

(
p(x, t)ϕ(t)

)
, κ+ := sup

t∈(0,T ]

κ(t). Ëåãêî áà÷èòè, ùî äëÿ µ > 0

âµ,−0 = inf
(x,t)∈Q

(
â0(x, t)− µp(x, t)ϕ(t)

)
≥ â−0 − µ(pϕ)+, (2.65)

à òàêîæ

ĝµ,+ = sup
(x,t)∈Q

(
ĝ(x, t)eµκ(t)

)
≤ ĝ+eµκ

+

. (2.66)

Ç (2.65) i (2.66) îòðèìà¹ìî âµ,−0 − ĝµ,+ ≥ â−0 −µ(pϕ)+− ĝ+eµκ
+

=: l(µ) ïðè µ >

0 . Ðîçãëÿíåìî ôóíêöiþ l(µ), µ ∈ [0,+∞). Î÷åâèäíî, ùî âîíà ¹ íåïåðåðâíîþ

i l(0) = â−0 − ĝ+ > 0 . Çâiäñè âèïëèâà¹ iñíóâàííÿ òàêîãî µ∗ > 0 , ùî l(µ) > 0

ïðè µ ∈ [0, µ∗] . Îòæå,

âµ,−0 − ĝµ,+ ≥ l(µ) > 0 ïðè µ ∈ [0, µ∗]. (2.67)

Îòæå, ïðè µ ∈ [0, µ∗] óìîâè òâåðäæåííÿ 2.3 äëÿ çàäà÷i (2.62) � (2.64) âè-

êîíóþòüñÿ. Çâiäñè òà òîãî, ùî íà ïiäñòàâi ðiâíîñòåé (2.60) i (2.61) çâóæåííÿ

wµ íà Ω× (Eε ∪ (ε, T ]) ¹ ðîçâ'ÿçêîì çàäà÷i (2.62)�(2.64), äëÿ âñiõ µ ∈ (0, µ∗]

âèïëèâàþòü îöiíêè

min

{
1

âµ,−0 − ĝµ,+
inf

(y,s)∈Qε
fµ(y, s), inf

(y,s)∈Σε
hµ(y, s), inf

(y,s)∈Ω×Eε
wµ(y, s), 0

}
≤ wµ(x, t) ≤

≤max

{
1

âµ,−0 − ĝµ,+
sup

(y,s)∈Qε
fµ(y, s), sup

(y,s)∈Σε

hµ(y, s), sup
(y,s)∈Ω×Eε

wµ(y, s), 0

}
, (x, t)∈Qε.

(2.68)

Çðîçóìiëî, ùî äëÿ áóäü-ÿêîãî ε ∈ (0, T ) ìà¹ìî

inf
(y,s)∈Qε

fµ(y, s) ≥ inf
(y,s)∈Q

fµ(y, s), inf
(y,s)∈Σε

hµ(y, s) ≥ inf
(y,s)∈Σ

hµ(y, s),

sup
(y,s)∈Qε

fµ(y, s) ≤ sup
(y,s)∈Q

fµ(y, s), sup
(y,s)∈Σε

hµ(y, s) ≤ sup
(y,s)∈Σ

hµ(y, s). (2.69)

Òàêîæ ëåãêî ïåðåêîíàòèñÿ, âðàõóâàâøè îöiíêó (2.57) i ìîíîòîííiñòü θ, ùî

sup
(y,s)∈Ω×Eε

|wµ(y, s)| ≤ sup
(y,s)∈Ω×(0,ε]

|w(y, s)eµθ(s)| ≤Meµθ(ε) −→
ε→+0

0. (2.70)
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Íà ïiäñòàâi (2.69) i (2.70) ç (2.68), ñïðÿìóâàâøè ε äî 0, îòðèìà¹ìî

min

{
1

âµ,−0 − ĝµ,+
inf

(y,s)∈Q
fµ(y, s), inf

(y,s)∈Σ
hµ(y, s), 0

}
≤ wµ(x, t) ≤

≤ max

{
1

âµ,−0 − ĝµ,+
sup

(y,s)∈Q
fµ(y, s), sup

(y,s)∈Σ

hµ(y, s), 0

}
, (x, t) ∈ Q, µ ∈ (0, µ∗].

(2.71)

Íåõàé

Q− := {(x, t) ∈ Q | f(x, t) < 0}, Q+ := {(x, t) ∈ Q | f(x, t) > 0},

Σ− := {(x, t) ∈ Q |h(x, t) < 0}, Σ+ := {(x, t) ∈ Q |h(x, t) > 0}.

Ó âèïàäêó Q− 6= ∅, âðàõóâàâøè, ùî 0 < eµθ(s) ≤ 1 ∀s ∈ (0, T ], ìà¹ìî

inf
(y,s)∈Q

fµ(y, s) = inf
(y,s)∈Q−

f(y, s)eµθ(s) ≥ inf
(y,s)∈Q−

f(y, s) = inf
(y,s)∈Q

f(y, s),

à òîìó (äèâ.(2.67))

1

âµ,−0 − ĝµ,+
inf

(y,s)∈Q
fµ(y, s) ≥ 1

âµ,−0 − ĝµ,+
inf

(y,s)∈Q
f(y, s) ≥ 1

l(µ)
inf

(y,s)∈Q
f(y, s).

(2.72)

Îòæå, â öüîìó âèïàäêó â ëiâié ÷àñòèíi ïåðøî¨ ç íåðiâíîñòåé (2.71) ïåðøèé

÷ëåí ìîæíà çàìiíèòè íà 1
l(µ) inf

(y,s)∈Q
f(y, s). Î÷åâèäíî, ùî òåæ ñàìå ìîæíà

çðîáèòè i òîäi, êîëè Q− = ∅, îñêiëüêè â öüîìó âèïàäêó ïåðøèé ÷ëåí ëi-

âî¨ ÷àñòèíè ïåðøî¨ ç íåðiâíîñòåé (2.71) ¹ íåâiä'¹ìíèé, à îòæå, íå âèçíà÷à¹

çíà÷åííÿ ëiâî¨ ÷àñòèíè ïåðøî¨ ç íåðiâíîñòåé (2.71).

Ïðîâiâøè àíàëîãi÷íi ìiðêóâàííÿ ñòîñîâíî äðóãîãî ÷ëåíà ëiâî¨ ÷àñòèíè ïåð-

øî¨ ç íåðiâíîñòåé (2.71), à òàêîæ ïåðøîãî òà äðóãîãî ÷ëåíiâ ïðàâî¨ ÷àñòèíè

äðóãî¨ ç íåðiâíîñòåé (2.71), îòðèìà¹ìî

min
{ 1

l(µ)
inf

(y,s)∈Q
f(y, s), inf

(y,s)∈Σ
h(y, s), 0

}
≤ w(x, t)eµ θ(t) ≤

≤ max
{ 1

l(µ)
sup

(y,s)∈Q
f(y, s), sup

(y,s)∈Σ

h(y, s), 0
}
, (x, t) ∈ Q, µ ∈ (0, µ∗]. (2.73)

Çàôiêñóâàâøè äîâiëüíèì ÷èíîì âèáðàíó òî÷êó (x, t) ∈ Q, ïåðåéäåìî â (2.73)
äî ãðàíèöi ïðè µ→ +0. Ó ðåçóëüòàòi, âçÿâøè äî óâàãè, ùî l(µ) −→

µ→+0
â−0 − ĝ+,

îòðèìà¹ìî îöiíêè (2.55).
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2.3.3 Îá ðóíòóâàííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Äîâåäåííÿ òåîðåìè 2.5. Ïîçíà÷èìî w(x, t) := u1(x, t)−u2(x, t), (x, t) ∈ Q̃ .

Ðîçãëÿäàþ÷è ðiçíèöþ âèðàçiâ Pu1 i Pu2 , íà ïiäñòàâi ëåìè 2.3 îòðèìà¹ìî

ðiâíiñòü

p(x, t)wt(x, t)−
n∑

k,l=1

akl(x, t)wxkxl(x, t) +
n∑
k=1

ak(x, t)wxk(x, t)+

+â0(x, t)w(x, t)− ĝ(x, t)w(x, t− τ(t)) = f̂(x, t), (x, t) ∈ Q, (2.74)

äå

â0(x, t) := a0(x, t)−G1

(
x, t, u1(x, t), u2(x, t), u1(x, t− τ(t)), u2(x, t− τ(t))

)
,

ĝ(x, t) := G2

(
x, t, u1(x, t), u2(x, t), u1(x, t− τ(t)), u2(x, t− τ(t))

)
,

f̂(x, t) = f1(x, t)− f2(x, t), (x, t) ∈ Q,

à G1 i G2 âèçíà÷åíi, âiäïîâiäíî, â (2.15) i (2.16). Ëåãêî áà÷èòè, ùî

w(x, t) = ĥ(x, t) := h1(x, t)− h2(x, t), (x, t) ∈ Σ, (2.75)

lim
t→0+
‖w(·, t)‖C(Ω) <∞. (2.76)

Ç (2.74)�(2.76) âèïëèâà¹, ùî ôóíêöiÿ w ¹ ðîçâ'ÿçêîì çàäà÷i (2.51)�(2.53). Ïå-

ðåâiðèìî âèêîíàííÿ óìîâ òâåðäæåííÿ 2.4, à ñàìå, ÷è ĝ ≥ 0 íà Q

i â−0 − ĝ+ > 0. Ç ëåìè 2.3 âèïëèâà¹, ùî ĝ(x, t) ≥ 0 äëÿ áóäü-ÿêèõ (x, t) ∈ Q .

Âèêîðèñòîâóþ÷è óìîâó (G) òà ëåìó 2.3, îòðèìó¹ìî

â−0 := inf
(x,t)∈Q

â0(x, t) = inf
(x,t)∈Q

[
a0(x, t)−G1

(
x, t, u1(x, t), u2(x, t), u1(x, t− τ(t)),

u2(x, t− τ(t))
)]
≥ inf

(x,t)∈Q
(a0(x, t)− g1(x, t)) = a−0 ,

ĝ+ := sup
(x,t)∈Q

ĝ(x, t) = sup
(x,t)∈Q

G2

(
x, t, u1(x, t), u2(x, t), u1(x, t− τ(t)),

u2(x, t− τ(t))
)
≤ sup

(x,t)∈Q
g2(x, t) = g+

2 .

Îñêiëüêè â−0 − ĝ+ ≥ a−0 − g+
2 , à çà óìîâîþ íàøîãî òâåðäæåííÿ ìà¹-

ìî a−0 − g+
2 > 0, òî óìîâè òâåðäæåííÿ 2.4 âèêîíóþòüñÿ. Îòîæ, äëÿ ôóíêöi¨

w ïðàâèëüíi íåðiâíîñòi (2.55), ç ÿêèõ âèïëèâàþòü íåðiâíîñòi (2.49).
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Äîâåäåííÿ íàñëiäêó 2.8. Çà óìîâîþ íàñëiäêó ìà¹ìî, ùî f1(x, t)− f2(x, t) ≤ 0

∀(x, t) ∈ Q, h1(x, t) − h2(x, t) ≤ 0 ∀(x, t) ∈ Σ. Òîäi ç (2.49) îòðèìà¹ìî

u1(x, t) − u2(x, t) ≤ 0 ∀(x, t) ∈ Q, òîáòî u1(x, t) ≤ u2(x, t) ∀(x, t) ∈ Q.

Äîâåäåííÿ íàñëiäêó 2.9. Äàíå òâåðäæåííÿ áåçïîñåðåäíüî îòðèìó¹ìî ç òåîðå-

ìè 2.5, ïîêëàâøè u1 := u, u2 := 0 .

Äîâåäåííÿ íàñëiäêó 2.10. Ïðèïóñòèìî ïðîòèëåæíå. Íåõàé u1, u2 � äâà ðiçíi

ðîçâ'ÿçêè çàäà÷i (2.43)�(2.45). Òîäi ç òåîðåìè 2.5 ìà¹ìî, ùî 0 ≤ u1(x, t) −
u2(x, t) ≤ 0, (x, t) ∈ Q, òîáòî u1 = u2 íà Q , à öå ïðîòèði÷èòü íàøîìó

ïðèïóùåííþ. Îòîæ, òâåðäæåííÿ íàñëiäêó 2.10 ¹ ïðàâèëüíèì.

Äîâåäåííÿ òåîðåìè 2.6. Íåõàé ε � äîâiëüíå ÷èñëî ç ïðîìiæêó (0, T/3) , à

ïîçíà÷åííÿ Qε, Σε, Eε òàêi æ, ÿê ïðè äîâåäåííi òâåðäæåííÿ 2.4.

Íåõàé ôóíêöiÿ θε ∈ C∞((0, T ]) òàêà, ùî 0 ≤ θε(t) ≤ 1 ïðè t ∈ (0, T ] ,

θε(t) = 0 ïðè t ∈ (0, 2ε] i θε(t) = 1 ïðè t ∈ (3ε, T ] . Ïîêëàäåìî

hε(x, t) := θε(t)h(x, t), (x, t) ∈ Σ, fε(x, t) := θε(t)f(x, t), (x, t) ∈ Q.

Çàóâàæèìî, ùî

|hε(x, t)| ≤ |h(x, t)| ∀(x, t) ∈ Σ, |fε(x, t)| ≤ |f(x, t)| ∀(x, t) ∈ Q. (2.77)

Ðîçãëÿíåìî çàäà÷ó: çíàéòè ôóíêöiþ uε ∈ C
(
Ω× (Eε ∪ (ε, T ])

)
∩ C2,1(Qε),

ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ

Puε(x, t) = fε(x, t), (x, t) ∈ Qε, (2.78)

òà óìîâè

uε(x, t) = hε(x, t), (x, t) ∈ Σε, (2.79)

uε(x, t) = 0, (x, t) ∈ Ω× Eε, (2.80)

äå P � äèôåðåíöiàëüíèé îïåðàòîð, ÿêèé âèçíà÷åíèé ó (2.43).

Ç òåîðåìè 2.2 âèïëèâà¹ iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó uε∈ C2+α,1+α/2(Qε)∩
Cα,α/2(Ω × (Eε ∪ (ε, T ])) çàäà÷i (2.78)�(2.80). Íà ïiäñòàâi íàñëiäêó 2.2 äëÿ

çâóæåííÿ uε íà Ω× (Eε ∪ (ε, 2ε]) äëÿ âñiõ (x, t) ∈ Qε/Q2ε ìà¹ìî îöiíêó

|uε(x, t)| ≤ max
{ 1

a−0 − g+
2

sup
(y,s)∈Qε/Q2ε

|fε(y, s)|, sup
(y,s)∈Σε/Σ2ε

|hε(y, s)|
}
. (2.81)
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Ç îçíà÷åíü fε òà hε âèïëèâà¹, ùî ïðàâà ÷àñòèíà (2.81) äîðiâíþ¹ íóëþ, à

òîìó uε(x, t) = 0 äëÿ êîæíîãî (x, t) ∈ Ω × (Eε ∪ (ε, 2ε]). Äîâèçíà÷èìî uε

íóëåì íà âñþ ìíîæèíó Q̃ i çàëèøèìî çà öèì ïðîäîâæåííÿì ïîçíà÷åííÿ uε.

Ëåãêî ïåðåêîíàòèñÿ, ùî uε ¹ ðîçâ'ÿçêîì çàäà÷i, ÿêà âiäðiçíÿ¹òüñÿ âiä çàäà÷i

(2.43) − (2.45) òiëüêè òèì, ùî f i h çàìiíåíî íà fε i hε âiäïîâiäíî. Çâiäñè

íà ïiäñòàâi íàñëiäêó 2.9 òà (2.77) âèïëèâà¹, ùî

|uε(x, t)| ≤ max
{ 1

a−0 − g+
2

sup
(y,s)∈Q

|f(y, s)|, sup
(y,s)∈Σ

|h(y, s)|
}
, (x, t) ∈ Q. (2.82)

Íåõàé {εj}∞j=1 � ïîñëiäîâíiñòü ÷èñåë ç iíòåðâàëó (0, T/3) òàêà, ùî εj ↓ 0

ïðè j → ∞ . Çðîáèìî ïåðåïîçíà÷åííÿ uj := uεj , fj := fεj , hj := hεj äëÿ

êîæíîãî j ∈ N. Ç (2.82) âèïëèâà¹, ùî ïîñëiäîâíiñòü {uj} ¹ îáìåæåíîþ íà

Q̃ , òîáòî

sup
(x,t)∈Q̃

|uj(x, t)| ≤ C3, j ∈ N, (2.83)

äå C3 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä j .

Íåõàé {δk}∞k=1 � ìîíîòîííà ïîñëiäîâíiñòü ÷èñåë òàêà, ùî δk ↓
k→∞

0 , 0 <

δk < T i Ωk := {x ∈ Ω : dist{x, ∂Ω} > δk} � îáëàñòü â Rn äëÿ êîæíîãî

k ∈ N . Ïîçíà÷èìî Ik := (δk, T ] , Qk := Ωk × Ik, Qk := Ω × Ik . Âiäìiòèìî,
ùî Qk ⊂ Qk , Qk ⊂ Qk+1 , Qk ⊂ Qk+1 äëÿ êîæíîãî k ∈ N ;

∞
∪
k=1

Ωk = Ω ,
∞
∪
k=1

Qk = Q ,
∞
∪
k=1

Qk = Q̃ .

Íåõàé gj(x, t) := fj(x, t) + g(x, t, uj(x, t), uj(x, t − τ(t))) , (x, t) ∈ Q̃ , äëÿ

êîæíîãî j ∈ N. Ç íåïåðåðâíîñòi ôóíêöié g íà Q̃× R2 , fj, uj (j ∈ N) íà Q̃

òà îöiíîê (2.77), (2.83) âèïëèâà¹, ùî ôóíêöi¨ gj (j ∈ N) ¹ íåïåðåðâíèìè íà

Q̃ i äëÿ äîâiëüíîãî k ∈ N ñïðàâäæó¹òüñÿ îöiíêà

||gj||C(Qk) 6 C4, j ∈ N, (2.84)

äå C4 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä j , àëå ìîæå çàëåæàòè âiä k .

Ç (2.78) âèïëèâà¹, ùî äëÿ êîæíîãî j ∈ N

p(x, t)uj,t(x, t)−
n∑

k,l=1

akl(x, t)uj,xkxl(x, t)+

+
n∑
k=1

ak(x, t)uj,xk(x, t) + a0(x, t)uj(x, t) = gj(x, t), (x, t) ∈ Q, (2.85)
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à ç (2.79) �

uj(x, t) = hj(x, t), (x, t) ∈ Σ. (2.86)

Âiäìiòèìî, ùî íà ïiäñòàâi óìîâ (B1)� (B4) ðiâíÿííÿ (2.85) ¹ ÷àñòêîâèì âèïàä-

êîì ðiâíÿííÿ (1.1), äîñëiäæåíîãî ó ãëàâi 3 ìîíîãðàôi¨ [10]. Çîêðåìà, òåîðåìà

10.1 (ñò. 238-239) öi¹¨ ìîíîãðàôi¨ âñòàíîâëþ¹ îöiíêè ñòàëî¨ Ãåëüäåðà ðîçâ'ÿçêó

ðiâíÿííÿ (1.1) ç öi¹¨ ìîíîãðàôi¨ ó ïiäîáëàñòi îáëàñòi éîãî çàäàííÿ. Íà ïiäñòà-

âi öi¹¨ òåîðåìè äëÿ ðîçâ'ÿçêó ðiâíÿííÿ (2.85), ùî çàäîâîëüíÿ¹ óìîâó (2.86),

îòðèìó¹ìî îöiíêó

||uj||Q
k

α,α/2 ≤ C5, j ∈ N, (2.87)

äå C5 > 0 � ñòàëà, ÿêà çàëåæèòü âiä êîåôiöi¹íòiâ ðiâíÿííÿ, ñòàëèõ C3, C4 ç

îöiíîê (2.83), (2.84) òà δk , àëå íå çàëåæèòü âiä j .

Îòæå, çãiäíî ç òâåðäæåííÿì 2.2 iñíóþòü ôóíêöiÿ u ∈ Cα,α/2
loc

(Q̃) i ïiäïî-

ñëiäîâíiñòü ïîñëiäîâíîñòi {uj}∞j=1 (öþ ïiäïîñëiäîâíiñòü ïîçíà÷èìî òàê ñàìî,

ÿê i âñþ ïîñëiäîâíiñòü, ÷åðåç {uj}∞j=1 ) òàêi, ùî

uj −→
j→∞

u â C( Q̃ ). (2.88)

Ïîêàæåìî, ùî u � ðîçâ'ÿçîê çàäà÷i (2.43)�(2.45). Äëÿ öüîãî ñïî÷àòêó çàóâà-

æèìî, ùî ç óìîâ (G) , (F ), (B2) , (B4) òà îöiíêè (2.87) ìà¹ìî

||gj||Q
k

α,α/2 6 C6, j ∈ N, (2.89)

äå C6 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä j , àëå ìîæå çàëåæàòè âiä k .

Îñêiëüêè íà ïiäñòàâi óìîâ (B1) , (B2) , (B3) ðiâíÿííÿ (2.85) ¹ ÷àñòêîâèì

âèïàäêîì ðiâíÿííÿ (10.1), äîñëiäæåíîãî ó ãëàâi 4 ìîíîãðàôi¨ [10], òî çãiäíî

ç òåîðåìîþ 10.1 (ñò. 400) öi¹¨ ìîíîãðàôi¨, ÿêà âñòàíîâëþ¹ ëîêàëüíi îöiíêè

ðîçâ'ÿçêó ðiâíÿííÿ (10.1) öi¹¨ ìîíîãðàôi¨ òà éîãî ïîõiäíèõ ó êëàñàõ Ãåëüäåðà,

äëÿ ðîçâ'ÿçêó ðiâíÿííÿ (2.85) îòðèìó¹ìî îöiíêó

||uj||Qk2+α,1+α/2 6 C7, j ∈ N, (2.90)

äå C7 > 0 � ñòàëà, ÿêà çàëåæèòü âiä êîåôiöi¹íòiâ ðiâíÿííÿ, ñòàëèõ C3, C6 ç

îöiíîê (2.83), (2.89), àëå íå çàëåæèòü âiä j .

Iç (2.88), (2.90), òâåðäæåííÿ 2.2 òà òåîðåìè ïðî äèôåðåíöiþâàííÿ ãðàíè-

öi çáiæíî¨ ïîñëiäîâíîñòi ôóíêöié âèïëèâà¹, ùî ôóíêöiÿ u (äèâ. (2.88)) íà-

ëåæèòü ïðîñòîðó C
2+α,1+α/2
loc

(Q) òà ç ïîñëiäîâíîñòi {uj}∞j=1 ìîæíà âèáðàòè
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ïiäïîñëiäîâíiñòü {ujm}∞m=1 , ÿêà çáiãà¹òüñÿ äî u ó ïðîñòîði C2,1(Q) . Òåïåð

âiäìiòèìî, ùî hj → h ïðè j →∞ ðiâíîìiðíî íà êîæíîìó êîìïàêòi ïîâåðõíi

Σ. Êðiì òîãî, ç (2.88) òà íåïåðåðâíîñòi ôóíêöié g, fj (i ∈ N) ìà¹ìî

gj(x, t)−→
j→∞

f(x, t) + g(x, t, u(x, t), u(x, t− τ(t))), (x, t) ∈ Q.

Âðàõîâóþ÷è âèêëàäåíå, ïîêëàäåìî j = jm ó (2.85) i (2.86) òà ïåðåéäåìî òàì

äî ãðàíèöi ïðè m → ∞ . Ó ðåçóëüòàòi îòðèìà¹ìî ðiâíîñòi, ç ÿêèõ âèïëè-

âà¹, ùî ôóíêöiÿ u ¹ êëàñè÷íèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.43) òà çàäîâîëüíÿ¹

êðàéîâó óìîâó (2.44). Âèêîíàííÿ óìîâè (2.45) âèïëèâà¹ iç (2.83) òà (2.88).

2.4 Êðàéîâà çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ ðiçíîêîì-

ïîíåíòíèõ ñèñòåì ðiâíÿíü iç ëîêàëüíèì çìiííèì çà-

ïiçíåííÿì i âèðîäæåííÿì ó ïî÷àòêîâèé ìîìåíò ÷àñó

2.4.1 Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Íåõàé n,M,L � íàòóðàëüíi ÷èñëà; Q := Ω × (0, T ], Q̃ := Ω × (0, T ],

Σ := ∂ Ω× (0, T ].

Ðîçãëÿíåìî ðiçíîêîìïîíåíòíó ñèñòåìó

Piw(x, t) := pi(x, t)ui,t(x, t)−
n∑

k,l=1

ai,lk(x, t)ui,xkxl(x, t) +
n∑
k=1

ai,k(x, t)ui,xk(x, t)+

+ai(x, t)ui(x, t)− gi
(
x, t, w(x, t), wτ(x, t)

)
= fi(x, t), (x, t) ∈ Q, i = 1, ...,M,

(2.91)

PM+jw(x, t) := qj(x, t)vj,t(x, t) + bj(x, t)vj(x, t)− gM+j

(
x, t, w(x, t), wτ(x, t)

)
=

= fM+j(x, t), (x, t) ∈ Q̃, j = 1, ..., L, (2.92)

äå w(x, t) :=
(
u1(x, t), . . . , uM(x, t); v1(x, t), . . . , vL(x, t)

)
, wτ(x, t) :=

(
u1(x, t−

τ1(t)), . . . , uM(x, t − τM(t)); v1(x, t − τM+1(t)), . . . , vL(x, t − τM+L(t))
)
, à τs �

íåïåðåðâíà íåâiä'¹ìíà ôóíêöiÿ íà (0, T ] òàêà, ùî τs(t) < t ∀t ∈ (0, T ] äëÿ

êîæíîãî s ∈ {1, . . . ,M + L} .
Ïiä W ðîçóìi¹ìî ìíîæèíó âåêòîð-ôóíêöié w = (u1, . . . , uM ; v1, . . . , vL)

òàêèõ, ùî ui ∈ C(Q̃) ∩ C2,1(Q) (i = 1, ...,M) , vj ∈ C0,1(Q̃) (j = 1, ..., L) .
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Ðîçãëÿíåìî çàäà÷ó: çíàéòè âåêòîð-ôóíêöiþ w ∈ W, ÿêà çàäîâîëüíÿ¹ ñè-
ñòåìó (2.91), (2.92), êðàéîâó óìîâó

wi(x, t) = hi(x, t), (x, t) ∈ Σ, i = 1, ...,M, (2.93)

òà àíàëîã ïî÷àòêîâî¨ óìîâè

lim
t→0+
||wr(·, t)||C(Ω) <∞, r = 1, . . . ,M + L (2.94)

(çàóâàæèìî, ùî óìîâà (2.94) ðiâíîñèëüíà óìîâi max
r∈{1,...,M+L}

sup
(x,t)∈Q̃

|wr(x, t)| <

∞ ).

Íà âèõiäíi äàíi çàäà÷i (2.91)�(2.94) íàêëàäà¹ìî òàêi îáìåæåííÿ:

(A1) ai,kl = ai,lk, ai,k, ai (i= 1, ...,M ; k, l= 1, ..., n) � íåïåðåðâíi ôóíêöi¨ íà Q

i äëÿ êîæíîãî i ∈ {1, . . . ,M}
n∑

k,l=1

ai,kl(x, t)ξkξl ≥ µi(t)
n∑
k=1

ξ2
k ∀(x, t) ∈ Q, ∀ξ1, ..., ξn∈R,

äå µi(t) ≥ 0 ∀t ∈ (0, T ] ;

bj (j = 1, ..., L) � íåïåðåðâíi ôóíêöi¨ íà Q̃ ;

(A2) pi : Q → R, qj : Q̃ → R � íåïåðåðâíi äîäàòíi ôóíêöi¨ òàêi, ùî

lim
t→0+

pi(x, t) = 0, x ∈ Ω, lim
t→0+

qj(x, t) = 0, x ∈ Ω, òà iñíó¹ ôóíêöiÿ

ϕ ∈ C((0, T ]) , äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè: ϕ(t) > 0 ïðè t ∈ (0, T ] ,∫ T

0

ϕ(s)ds = +∞, sup
t∈(0,T ]

∫ t

t−τk(t)

ϕ(s)ds <∞ (k = 1, ...,M + L) (2.95)

i sup
(x,t)∈Q

(
pi(x, t)ϕ(t)

)
< ∞, sup

(x,t)∈Q̃

(
qj(x, t)ϕ(t)

)
< ∞ ( i = 1, ..,M, j =

1, ..., L ).

(A3) gi(x, t, ξ, η), (x, t, ξ, η) ∈ Ω × (0, T ] × RM+L × RM+L , (i = 1, . . . ,M),

gM+j(x, t, ξ, η), (x, t, ξ, η) ∈ Ω× (0, T ]× RM+L × RM+L , (j = 1, . . . , L) �

íåïåðåðâíi çà óñiìà çìiííèìè i íåïåðåðâíî äèôåðåíöiéîâíi çà çìiííèìè

ξ òà η ôóíêöi¨, ïðè÷îìó iñíóþòü ôóíêöi¨ g1
r,s, g

2
r,s (r, s = 1, . . . ,M + L)

òàêi, ùî

0 ≤ gr,ξs(x, t, ξ, η) ≤ g1
r,s(x, t) ∀(x, t) ∈ Q, ∀ ξ, η ∈ RM+L,
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0 ≤ gr,ηs(x, t, ξ, η) ≤ g2
r,s(x, t) ∀(x, t) ∈ Q, ∀ ξ, η ∈ RM+L,

inf
(x,t)∈Q

[ai(x, t)−
M+L∑
s=1

g1
i,s(x, t)] =: a−i > 0, i = 1, . . . ,M, (2.96)

inf
(x,t)∈Q̃

[bj(x, t)−
M+L∑
s=1

g1
M+j,s(x, t)] =: b−j > 0, j = 1, . . . , L, (2.97)

sup
(x,t)∈Q

M+L∑
s=1

g2
r,s(x, t) =: g2,+

r <∞, r = 1, . . . ,M + L;

êðiì òîãî, gr(x, t, 0, 0) = 0, (x, t) ∈ Q (r = 1, . . . ,M + L);

(A4) fi ∈ C(Q) (i = 1, . . . ,M), fM+j ∈ C(Q̃) (j = 1, . . . , L), hi ∈ C(Σ) (i =

1, . . . ,M), ïðè÷îìó ôóíêöi¨ fr, hi ¹ îáìåæåíèìè (r = 1, . . . ,M + L,

i = 1, . . . ,M) .

Íàäàëi âèêîðèñòîâóâàòèìåìî ïîçíà÷åííÿ

f := (f1, . . . , fM , . . . , fM+L), h := (h1, . . . , hM).

Òåîðåìà 2.7. Íåõàé âèêîíóþòüñÿ óìîâè (A1) � (A3) i

a−i − g
2,+
i > 0, b−j − g

2,+
M+j > 0 (i = 1, . . . ,M ; j = 1, . . . , L). (2.98)

Ïðèïóñòèìî, ùî w1, w2 � ðîçâ'ÿçêè çàäà÷, ùî âiäðiçíÿþòüñÿ âiä çàäà÷i

(2.91)�(2.94) òiëüêè òèì, ùî çàìiñòü f, h ñòîÿòü f 1, h1 òà f 2, h2 âiäïî-

âiäíî ç òàêèìè æ âëàñòèâîñòÿìè, ÿêi âêàçàíi äëÿ f, h âiäïîâiäíî â óìîâi

(A4) . Òîäi âèêîíóþòüñÿ íåðiâíîñòi

min
{ 1

a−i − g
2,+
i

inf
(y,s)∈Q

(
f 1
i (y, s)− f 2

i (y, s)
)
, inf

(y,s)∈Σ

(
h1
i (y, s)− h2

i (y, s)
)
, 0
}
≤

≤ u1
i (x, t)− u2

i (x, t) ≤

≤ max
{ 1

a−i − g
2,+
i

sup
(y,s)∈Q

(
f 1
i (y, s)− f 2

i (y, s)
)
, sup

(y,s)∈Σ

(
h1
i (y, s)− h2

i (y, s)
)
, 0
}
,

(x, t) ∈ Q, i ∈ {1, . . . ,M}, (2.99)
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min
{ 1

b−j − g
2,+
M+j

inf
(y,s)∈Q̃

(
f 1
M+j(y, s)− f 2

M+j(y, s)
)
, 0
}
≤ v1

j (x, t)− v2
j (x, t) ≤

≤ max
{ 1

b−j − g
2,+
M+j

sup
(y,s)∈Q̃

(
f 1
M+j(y, s)− f 2

M+j(y, s)
)
, 0
}
,

(x, t) ∈ Q̃, j ∈ {1, . . . , L}. (2.100)

Íàñëiäîê 2.11. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.7 i, êðiì òîãî,

f 1
r (x, t) ≤ f 2

r (x, t) ∀(x, t) ∈ Q (r = 1, . . . ,M + L),

h1
i (x, t) ≤ h2

i (x, t) ∀(x, t) ∈ Σ (i = 1, . . . ,M).

Òîäi ïðàâèëüíà íåðiâíiñòüw1
r(x, t) ≤ w2

r(x, t) ∀(x, t) ∈ Q (r = 1, . . . ,M+L) .

Íàñëiäîê 2.12. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A4) i (2.98). Òîäi äëÿ

ðîçâ'ÿçêó w = (u1, ..., uM ; v1, ..., vL) çàäà÷i (2.91)�(2.94) ïðàâèëüíà îöiíêà

∀i ∈ {1, . . . ,M} : min
{ 1

a−i − g
2,+
i

inf
(y,s)∈Q

fi(y, s), inf
(y,s)∈Σ

hi(y, s), 0
}
≤

≤ ui(x, t) ≤ max
{ 1

a−i − g
2,+
i

sup
(y,s)∈Q

fi(y, s), sup
(y,s)∈Σ

hi(y, s), 0
}
, (x, t) ∈ Q,

(2.101)

∀j ∈ {1, . . . , L} : min
{ 1

b−j − g
2,+
M+j

inf
(y,s)∈Q̃

fM+j(y, s), 0
}

≤ vj(x, t) ≤ max
{ 1

b−j − g
2,+
M+j

sup
(y,s)∈Q̃

fM+j(y, s), 0
}
, (x, t) ∈ Q̃. (2.102)

Íàñëiäîê 2.13. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A4) i (2.98). Òîäi çàäà-

÷à (2.91)�(2.94) ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó.

Äàëi âèêîðèñòîâóâàòèìåìî ïðîñòîðè C
α,α/2
loc

(Q) , C
α,α/2
loc

(Q̃) , C
α,α/2
loc

(Σ) ,

C
2+α,1+α/2
loc

(Q) , ÿêi ââåäåíi â ï.2.3.1.

Ïiä C
α,1+α/2
loc

(Q̃) ðîçóìiòèìåìî ïðîñòið ôóíêöié v ∈ C0,1(Q̃) òàêèõ, ùî

v, vt íàëåæàòü ïðîñòîðó C
α,α/2
loc

(Q̃) .

×åðåç Cα,α/2,1,1
loc

(Ω× (0, T ]× RM+L × RM+L) ïîçíà÷àòèìåìî ïðîñòið íåïå-

ðåðâíèõ ôóíêöié g̃(x, t, ξ, η), (x, t, ξ, η) ∈ Ω× (0, T ]×RM+L ×RM+L, êîæíà

ç ÿêèõ ¹ íåïåðåðâíî äèôåðåíöiéîâíîþ çà çìiííèìè ξ, η òà äëÿ áóäü-ÿêîãî

δ ∈ (0, T ) iñíó¹ ñòàëà L > 0 òàêà, ùî äëÿ âñiõ (x, t), (x′, t′) ∈ Ω × [δ, T ],

(ξ, η) ∈ RM+L × RM+L âèêîíó¹òüñÿ íåðiâíiñòü

|g̃(x, t, ξ, η)− g̃(x′, t′, ξ, η)| ≤ L(|x− y|α + |t− s|α/2).
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Òåîðåìà 2.8. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A4) i (2.98). Ïðèïóñòèìî,

ùî äëÿ äåÿêîãî α ∈ (0, 1] ìà¹ìî

(B1) ∂Ω ∈ C2+α,

(B2) pi, ai,kl, ai,k, ai, qj, bj ∈ C
α,α/2
loc

(Q̃), gr ∈ C
α,α/2,1,1
loc

(Ω × (0, T ] × RM+L ×
RM+L), fr ∈ C

α,α/2
loc

(Q̃), hi ∈ C
2+α,1+α/2
loc

(Σ) ( r = 1, . . . ,M + L; i =

1, . . . ,M ; j = 1, . . . , L ).

Êðiì òîãî, íåõàé

(B3) ∂ai,kl/∂xr ∈ C(Q) (k, l, r = 1, . . . , n; i = 1, . . . ,M) ,

(B4) τs ∈ Liploc((0, T ]) (s = 1, . . . ,M + L) , inf
t∈(0,T ]

µi(t) > 0 (i = 1, . . . ,M) .

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê w = (u1, . . . , uM ; v1, . . . , vL) çàäà÷i (2.91)�(2.94),

äëÿ íüîãî ïðàâèëüíi âêëþ÷åííÿ ui∈Cα,α/2
loc

(
Q̃
)
∩C2+α,1+α/2

loc
(Q), vj∈Cα,α/2

(
Q̃
)
∩

C
α,1+α/2
loc

(Q̃) ( i = 1, . . . ,M ; j = 1, . . . , L ) òà îöiíêè (2.101), (2.102).

Îá ðóíòóâàííÿ ðåçóëüòàòiâ öüîãî ïiäðîçäiëó ïðîâîäèòüñÿ ïîäiáíèì ÷èíîì,

ÿê öå çðîáëåíî â ïiäðîçäiëi 2.3. Ïîâíå äîâåäåííÿ öèõ ðåçóëüòàòiâ íàâåäåíî â

äîäàòêó À.

2.5 Çàäà÷à Ôóð'¹ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü iç ëîêàëü-

íèì çìiííèì çàïiçíåííÿì

2.5.1 Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Íåõàé S := (−∞, 0] , Q := Ω× S, Q := Ω× S, Σ := ∂ Ω× S.
Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u ∈ C

(
Q
)
∩C2,1(Q), ÿêà çàäîâîëüíÿ¹

ðiâíÿííÿ

Pu(x, t) := ut(x, t)−
n∑

k,l=1

akl(x, t)uxkxl(x, t) +
n∑
k=1

ak(x, t)uxk(x, t)+

+a0(x, t)u(x, t)− g
(
x, t, u(x, t), u(x, t− τ(t))

)
= f(x, t), (x, t) ∈ Q, (2.103)

êðàéîâó óìîâó

u(x, t) = h(x, t), (x, t) ∈ Σ, (2.104)
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i àíàëîã ïî÷àòêîâî¨ óìîâè

lim
t→−∞

||u(·, t)||C(Ω) <∞, (2.105)

äå τ ∈ C(S) , τ(t) ≥ 0 ∀t ∈ S, sup
t∈S

τ(t) <∞ .

Äàëi öþ çàäà÷ó êîðîòêî íàçèâàòèìåìî çàäà÷åþ (2.103)�(2.105).

Íà âèõiäíi äàíi çàäà÷i (2.103)�(2.105) íàêëàäà¹ìî òàêi îáìåæåííÿ:

(A1) akl, ak, a0 ∈ C(Q) , akl = alk (k, l = 1, n), iñíó¹ ñòàëà ν ≥ 0 òàêà, ùî
n∑

k,l=1

akl(x, t)ξkξl ≥ µ(t)
n∑
i=1

ξ2
i ∀(x, t) ∈ Q, ∀ξ1, ..., ξn ∈ R,

äå µ(t) ≥ 0 ∀t ∈ S ;

(A2) g(x, t, ξ, η), (x, t, ξ, η) ∈ Ω × S × R × R, � íåïåðåðâíà çà óñiìà çìiííè-

ìè i íåïåðåðâíî äèôåðåíöiéîâíà çà çìiííèìè ξ òà η ôóíêöiÿ, ïðè÷îìó

iñíóþòü ôóíêöi¨ g1, g2 : Q→ R òàêi, ùî

0≤gξ(x, t, ξ, η)≤g1(x, t), 0≤gη(x, t, ξ, η)≤g2(x, t) ∀(x, t)∈Q, ∀ξ, η∈R,

inf
(x,t)∈Q

(a0(x, t)− g1(x, t)) =: a−0 > 0, sup
(x,t)∈Q

g2(x, t) =: g+
2 <∞,

êðiì òîãî, g(x, t, 0, 0) = 0, (x, t) ∈ Q;

(A3) f ∈ C(Q), h ∈ C(Σ) � îáìåæåíi ôóíêöi¨.

Òåîðåìà 2.9. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A2) i

a−0 − g+
2 > 0. (2.106)

Ïðèïóñòèìî, ùî u1, u2 � ðîçâ'ÿçêè çàäà÷, ùî âiäðiçíÿþòüñÿ âiä çàäà-

÷i (2.103)�(2.105) òiëüêè òèì, ùî çàìiñòü f, h ñòîÿòü f1, h1 òà f2, h2

âiäïîâiäíî ç òàêèìè æ âëàñòèâîñòÿìè, ÿêi âêàçàíi äëÿ f, h âiäïîâiäíî â

óìîâi (A3) . Òîäi âèêîíóþòüñÿ íåðiâíîñòi

min

{
1

a−0 − g+
2

inf
(y,s)∈Q

(f1(y, s)− f2(y, s)) , inf
(y,s)∈Σ

(h1(y, s)− h2(y, s)) , 0

}
≤

≤ u1(x, t)− u2(x, t) ≤

≤ max

{
1

a−0 − g+
2

sup
(y,s)∈Q

(f1(y, s)− f2(y, s)) , sup
(y,s)∈Σ

(h1(y, s)− h2(y, s)) , 0

}
,

(x, t) ∈ Q. (2.107)
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Çàóâàæèìî, ùî ç öi¹¨ òåîðåìè áåçïîñåðåäíüî âèïëèâà¹ íåïåðåðâíà çàëå-

æíiñòü ðîçâ'ÿçêó çàäà÷i (2.103)�(2.105) âiä âèõiäíèõ äàíèõ.

Íàñëiäîê 2.14. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.9 i, êðiì òîãî,

f1(x, t) ≤ f2(x, t) ∀(x, t) ∈ Q, h1(x, t) ≤ h2(x, t) ∀(x, t) ∈ Σ . Òîäi ïðàâèëüíà

íåðiâíiñòü u1(x, t) ≤ u2(x, t) ∀(x, t) ∈ Q.

Íàñëiäîê 2.15. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A3) i (2.106) Òîäi, äëÿ

ðîçâ'ÿçêó çàäà÷i (2.103)�(2.105) ïðàâèëüíà îöiíêà

min{ 1

a−0 − g+
2

inf
(y,s)∈Q

f(y, s), inf
(y,s)∈Σ

h(y, s), 0} ≤ u(x, t) ≤

≤ max{ 1

a−0 − g+
2

sup
(y,s)∈Q

f(y, s), sup
(y,s)∈Σ

h(y, s), 0}, (x, t) ∈ Q. (2.108)

Íàñëiäîê 2.16. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A3) i (2.106). Òîäi çàäà÷à

(2.103)�(2.105) ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó.

Çãiäíî ç îçíà÷åííÿìè ïóíêòó 2.1.1, ïiä C
α,α/2
loc

(Q) ðîçóìiòèìåìî ïðîñòið

ôóíêöié v ∈ C(Q) òàêèõ, ùî äëÿ ñòðîãî âíóòðiøíüî¨ ïiäîáëàñòi Ω′ îáëà-

ñòi Ω (òîáòî, Ω′ ⊂ Ω ) òà áóäü-ÿêîãî ÷èñëà t∗ ∈ (−∞, 0) çâóæåííÿ v íà

Ω′× [t∗, 0] íàëåæèòü äî ïðîñòîðó C2+α,1+α/2(Ω′× [t∗, 0]) , à ïiä Cα,α/2
loc

(Q) (âiä-

ïîâiäíî, Cα,α/2
loc

(Σ) ) � ïðîñòið ôóíêöié v ∈ C(Q) (âiäïîâiäíî, v ∈ C(Σ) )

òàêèõ, ùî áóäü-ÿêîãî ÷èñëà t∗ ∈ (−∞, 0) çâóæåííÿ v íà Ω × [t∗, 0] (âiä-

ïîâiäíî, çâóæåííÿ v íà ∂Ω × [t∗, 0] ) íàëåæèòü ïðîñòîðó Cα,α/2(Ω × [t∗, 0])

(âiäïîâiäíî, Cα,α/2(∂Ω× [t∗, 0]) ).

Ïiä C
2+α,1+α/2
loc

(Q) ðîçóìiòèìåìî ïðîñòið ôóíêöié v ∈ C2,1(Q) òàêèõ, ùî

¨õ ïîõiäíi vxk, vxkxl (k, l = 1, n), vt íàëåæàòü ïðîñòîðó C
α,α/2
loc

(Q).

×åðåç Cα,α/2,1,1
loc

(Ω× S ×R×R) ïîçíà÷àòèìåìî ïðîñòið íåïåðåðâíèõ ôóí-

êöié g̃(x, t, ξ, η), (x, t, ξ, η) ∈ Ω × S × R × R, êîæíà ç ÿêèõ ¹ íåïåðåðâíî

äèôåðåíöiéîâíîþ çà çìiííèìè ξ, η òà äëÿ áóäü-ÿêèõ ÷èñåë t∗ ∈ (−∞, 0) ,

q1, q2 > 0 iñíóþòü ñòàëi Lk = Lk(g̃, t
∗, q1, q2) > 0 (k = 1, 3) òàêi, ùî âèêîíó-

þòüñÿ íåðiâíîñòi

|g̃(x, t, ξ, η)− g̃(y, s, ξ, η)| ≤ L1(|x− y|α + |t− s|α/2),

|g̃ξ(x, t, ξ, η)| ≤ L2, |g̃η(x, t, ξ, η)| ≤ L3
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äëÿ äîâiëüíèõ (x, t, ξ, η), (y, s, ξ, η) ç Ω× [t∗, 0]× [−q1, q1]× [−q2, q2].

Ïîçíà÷èìî ÷åðåç Cα/2
loc

(S) ïðîñòið ôóíêöié v(t) , t∈S , òàêèõ, ùî äëÿ áóäü-
ÿêîãî ÷èñëà t∗∈(−∞,0) çâóæåííÿ v íà [t∗,0] íàëåæèòü ïðîñòîðó Cα/2([t∗, 0]).

Òåîðåìà 2.10. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A3) i (2.106). Ïðèïóñòè-

ìî, ùî äëÿ äåÿêîãî α ∈ (0, 1] ìà¹ìî

(B1) ∂Ω ∈ C2+α,

(B2) akl, ak, a0 ∈ C
α,α/2
loc

(Q) (k, l = 1, n), g ∈ C
α,α/2,1,1
loc

(Ω × S × R × R),

f ∈ Cα,α/2
loc

(Q), h ∈ Cα,α/2
loc

(Σ).

Êðiì òîãî, íåõàé

(B3) ∂akl/∂xs ∈ C(Q) (k, l, s = 1, n) ,

(B4) τ ∈ Liploc(S), inf
t∈[t∗,0]

µ(t) > 0 ∀t∗ ∈ S .

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2.103)�(2.105), âií íàëåæèòü ïðîñòî-

ðó C
α,α/2
loc

(Q) ∩ C2+α,1+α/2
loc

(Q) i çàäîâîëüíÿ¹ îöiíêè (2.15).

2.5.2 Îá ðóíòóâàííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Çðîáèìî â çàäà÷i (2.103)�(2.105) çàìiíó çìiííèõ:

t = ln z, z ∈ (0, 1], t ∈ S. (2.109)

Íåõàé

ũ(x, z) = u(x, t)|t=ln z, (x, z) ∈ Q̂ := Ω× (0, 1], (x, t) ∈ Q.

Òîäi ut = ũzz , uxk = ũxk , uxkxl = ũxkxl (k, l = 1, n) ,

u(x, t− τ(t)) = u(x, ln z − τ(ln z)) = u
(
x, ln ze−τ(ln z)

)
=

= ũ
(
x, ze−τ(ln z)

)
= ũ(x, z − τ̃(z)), (x, t) ∈ Q, (x, z) ∈ Q̂,

äå τ̃(z) := z(1− e−τ(ln z)) ∀z ∈ (0, 1] . Î÷åâèäíî, ùî τ̃ ¹ íåïåðåðâíîþ íåâiä'-

¹ìíîþ ôóíêöi¹þ íà (0, 1] i
z∫

z−τ̃(z)

ds
s = ln s|zz−τ̃(z) = ln z

z−τ̃(z) = τ(ln z), à îòæå,

îñêiëüêè ôóíêöiÿ τ � îáìåæåíà, òî ìà¹ìî

sup
z∈(0,1]

z∫
z−τ̃(z)

ds

s
<∞. (2.110)
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Îòîæ, â ðåçóëüòàòi çàìiíè çìiííèõ (2.109) ïðèõîäèìî äî çàäà÷i

p̃(x, z)ũz(x, z)−
n∑

k,l=1

ãkl(x, z)ũxkxl(x, z) +
n∑
k=1

ãk(x, z)ũxk(x, z)+

+ã0(x, z)ũ(x, z)−g̃
(
x, z, ũ(x, z), ũ(x, z−τ̃(z))

)
= f̃(x, z), (x, z) ∈ Q̂, (2.111)

ũ(x, z) = h̃(x, z), (x, z) ∈ Σ̂, (2.112)

lim
z→+0

||ũ(·, z)||C(Ω) <∞, (2.113)

äå p̃(x, z) := z ∀(x, z) ∈ Q̂ , à ãkl, ãk, ã0, g̃, f̃ , h̃ � ôóíêöi¨, îòðèìàíi ç ôóíêöié

akl, ak, a0, g, f, h âiäïîâiäíî ïðè çàìiíi çìiííèõ (2.109).

Ëåãêî ïåðåêîíàòèñÿ, ùî çàäà÷à (2.111)�(2.113) ¹ àíàëîãi÷íà äî çàäà÷i

(2.43)�(2.45). Ñïðàâäi, ÿêùî ó ôîðìóëþâàííi çàäà÷i (2.111)�(2.113) çàáðàòè

ñèìâîë �∼ � i ïîìiíÿòè z íà t , òî îòðèìà¹ìî â òî÷íîñòi çàäà÷ó (2.43)�(2.45).

Ëåãêî ïåðåêîíàòèñÿ, âðàõîâóþ÷è (2.110), ùî âèõiäíi äàíi çàäà÷i (2.111)�

(2.113) çàäîâîëüíÿþòü óìîâè, ÿêi ñïiâïàäàþòü ç óìîâàìè (A) , (P), (G), (F)

ïiäðîçäiëó 2.3 ïðè âiäïîâiäíié çàìiíi ñèìâîëiâ, çîêðåìà, ϕ(t) òðåáà çàìiíèòè

íà 1/z (t ∈ S, z ∈ (0, 1]) . Çâiäñè i ðåçóëüòàòiâ ïiäðîçäiëó 2.3 âèïëèâàþòü âñi

íàøi òâåðäæåííÿ.

Âèñíîâêè äî ðîçäiëó 2

Ó ðîçäiëi 2 äîñëiäæåíî ìiøàíi çàäà÷i äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâ-

íÿíü òà ðiçíîêîìïîíåíòíèõ ñèñòåì ðiâíÿíü ç ëîêàëüíèì çìiííèì çàïiçíåí-

íÿì, çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü òà

ðiçíîêîìïîíåíòíèõ ñèñòåì ðiâíÿíü iç âèðîäæåííÿì â ïî÷àòêîâèé ìîìåíò ÷à-

ñó òà ç ëîêàëüíèì çìiííèì çàïiçíåííÿì, à òàêîæ çàäà÷i Ôóð'¹ äëÿ ïiâëiíiéíèõ

ïàðàáîëi÷íèõ ðiâíÿíü ç ëîêàëüíèì çìiííèì çàïiçíåííÿì. Òàêîæ îòðèìàíî

àïðiîðíi îöiíêè ðîçâ'ÿçêiâ öèõ çàäà÷.



Ðîçäië 3

Óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷ äëÿ ñëàáêî

íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü iç

íåëîêàëüíèì çìiííèì çàïiçíåííÿì

Ó öüîìó ðîçäiëi âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü ìiøàíî¨ çàäà÷i òà çàäà-

÷i Ôóð'¹ äëÿ ñëàáêî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèì iíòåãðàëüíèì

çàïiçíåííÿì. Òàêîæ îòðèìàíî àïðiîðíi îöiíêè ðîçâ'ÿçêiâ öèõ çàäà÷.

Íà âiäìiíó âiä ïîïåðåäíüîãî ðîçäiëó, äå äîñëiäæóâàëèñü êëàñè÷íi ðîç'ÿç-

êè çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç ëîêàëüíèì çìiííèì çàïiçíåííÿì, òóò

äîñëiäæóþòüñÿ óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç íå-

ëîêàëüíèì çìiííèì çàïiçíåííÿì.

Ìàòåðiàëè ðîçäiëó âèêëàäåíî â ïðàöÿõ [37], [63].

3.1 Ìiøàíà çàäà÷à äëÿ ïàðàáîëi÷íèõ ðiâíÿíü iç íåëî-

êàëüíèì çìiííèì çàïiçíåííÿì

3.1.1 Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè

Íåõàé Q := Ω× (0, T ) , Σ0 := Γ0 × (0, T ) , Σ1 := Γ1 × (0, T ) .

Ââåäåìî ïîòðiáíi íàì ôóíêöiéíi ïðîñòîðè. Ïîçíà÷èìî ÷åðåç H1(Ω) ïðî-

ñòið ôóíêöié v ∈ L2(Ω) òàêèõ ùî vxi ∈ L2(Ω) (i = 1, n) , çi ñêàëÿð-

íèì äîáóòêîì (v, w)H1(Ω) =
∫
Ω

(
v w +

n∑
i=1

vxiwxi
)
dx i íîðìîþ ||v||H1(Ω) :=(

||v||2L2(Ω) +
∑n

i=1 ||vxi||2L2(Ω)

)1/2

. Íåõàé H̃1(Ω) çàìèêàííÿ ïðîñòîðó C̃1(Ω) :=

{v ∈ C1(Ω) | v|Γ0
= 0

}
â H1(Ω) . Çîêðåìà, êîëè Γ1 = ∅ , òî ïèñàòèìåìî

H1
0(Ω) çàìiñòü H̃1(Ω) . Âiäîìî, ùî H1

0(Ω) ñïiâïàäà¹ iç çàìèêàííÿì ïðîñòî-

ðó íåñêií÷åííî äèôåðåíöiéîâíèõ íà Ω ôóíêöié ç êîìïàêòíèì íîñi¹ì C∞c (Ω)
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â H1(Ω) .

Ââåäåìî ïðîñòið L2(0, T ; H̃1(Ω)) âèìiðíèõ ôóíêöié w : (0, T ) → H̃1(Ω)

òàêèõ, ùî t 7→ ||w(t)||H̃1(Ω) ∈ L
2(0, T ) .

Ïîçíà÷èìî ÷åðåç F2(Q) ïðîñòið âåêòîð-ôóíêöié (f0, f1, ..., fn)∈ [L2(Q)]1+n

òàêèõ, ùî fi ∈ L2(Q) i fi = 0 ìàéæå ñêðiçü ó äåÿêîìó îêîëi ïîâåðõíi Σ1 äëÿ

êîæíîãî i ∈ {1, ..., n}, .
×åðåç C1

c (0, T ) ïîçíà÷èìî ïiäïðîñòið ïðîñòîðó C1(0, T ) , åëåìåíòè ÿêîãî

ìàþòü êîìïàêòíèé íîñié. Òàêîæ ââåäåìî ïðîñòið C([t1, t2];L
2(Ω)) íåïåðåðâ-

íèõ ôóíêöié w : [t1, t2]→ L2(Ω) ( t1, t2 ∈ R , t1 < t2 ).

3.1.2 Ôîðìóëþâàííÿ çàäà÷i òà ðåçóëüòàòiâ ïiäðîçäiëó

Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u : Ω×[−τ0, T ]→ R , ùî çàäîâîëüíÿ¹

(â ïåâíîìó ñåíñi) ðiâíÿííÿ

ut −
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds =

= −
n∑
i=1

(
fi(x, t)

)
xi

+ f0(x, t), (x, t) ∈ Q, (3.1)

êðàéîâi óìîâè

u
∣∣∣
Σ0

= 0,
n∑
i=1

ai(x, t, u,∇u) νi

∣∣∣
Σ1

= 0, (3.2)

òà ïî÷àòêîâó óìîâó

u(x, t) = u0(x, t), (x, t) ∈ Ω× [−τ0, 0], (3.3)

äå τ : [0, T ]→ R � íåïåðåðâíà ôóíêöiÿ òàêà, ùî τ(t) ≥ 0 äëÿ âñiõ t ∈ [0, T ] ,

τ0 := − min
t∈[0,T ]

(t − τ(t)) (ââàæà¹ìî, ùî [−0, 0] = {0} ), τ+ := max
t∈[0,T ]

τ(t) , à

ai : Q × R1+n → R , c : Q × (−τ0, T ) × R → R, fi : Q → R ( i = 0, n ),

u0 : Ω × [−τ0, 0] → R � çàäàíi äiéñíîçíà÷íi ôóíêöi¨ ç âiäïîâiäíèõ êëàñiâ

âèõiäíèõ äàíèõ.

Ââåäåìî êëàñè âèõiäíèõ äàíèõ.

Íåõàé A � ìíîæèíà íàáîðiâ (a0, a1, ..., an) ôóíêöié ai(x, t, ρ, ξ),

(x, t, ρ, ξ)∈Q× R1+n (i = 0, 1, ..., n) , ÿêi çàäîâîëüíÿþòü òàêi óìîâè:
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(A1) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} ôóíêöiÿ ai � êàðàòåîäîðiâñüêà, òîáòî,

ai(x, t, ·, ·) : R1+n → R � íåïåðåðâíà ôóíêöiÿ äëÿ ìàéæå âñiõ (x, t) ∈ Q ,

ai(·, ·, ρ, ξ) : Q→ R � âèìiðíà ôóíêöiÿ äëÿ âñiõ (ρ, ξ) ∈ R1+n ;

(A2) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} , ìàéæå âñiõ (x, t) ∈ Q òà âñiõ (ρ, ξ) ∈ R1+n

âèêîíó¹òüñÿ íåðiâíiñòü

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|+

n∑
j=1

|ξj|
)

+ hi(x, t),

äå C1 = const > 0 , hi ∈ L2(Q) ;

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà âñiõ (ρ1, ξ
1) , (ρ2, ξ

2) ∈ R1+n âèêîíó¹òüñÿ

íåðiâíiñòü
n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i )+

+
(
a0(x, t, ρ1, ξ

1)− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2) ≥ −K0|ρ1 − ρ2|2, (3.4)

äå K0 = const ≥ 0 ;

(A4) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà âñiõ (ρ, ξ) ∈ R1+n ìà¹ìî

n∑
i=1

ai(x, t, ρ, ξ)ξi + a0(x, t, ρ, ξ)ρ ≥ K1

n∑
i=1

|ξi|2 −K2|ρ|2 − g(x, t),

äå K1 = const > 0, K2 = const ≥ 0 , 0 ≤ g ∈ L1(Q) .

×åðåç C ïîçíà÷èìî ìíîæèíó ôóíêöié c(x, t, s, ρ), (x, t, s, ρ)∈Q×(−τ0, T )×
R , òàêèõ, ùî

(C1) c ¹ êàðàòåîäîðiâñüêîþ ôóíêöi¹þ, òîáòî c(x, t, s, ·) : R → R � íåïå-

ðåðâíà ôóíêöiÿ äëÿ ìàéæå âñiõ (x, t, s) ∈ Q × (−τ0, T ) , à c(·, ·, ·, ρ) :

Q× (−τ0, T )→ R � âèìiðíà äëÿ âñiõ ρ ∈ R ; c(x, t, s, 0) = 0 äëÿ ìàéæå

âñiõ (x, t, s) ∈ Q× (−τ0, T ) ;

(C2) ëÿ ìàéæå âñiõ (x, t, s) ∈ Q × (−τ0, T ) òà âñiõ ρ1 , ρ2 ∈ R ïðàâèëüíà

íåðiâíiñòü ∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)
∣∣ ≤ L|ρ1 − ρ2|, (3.5)

äå L = const > 0 .
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Çàóâàæåííÿ 3.1. Ç óìîâè c(x, t, s, 0) = 0 òà (C2) âèïëèâà¹, ùî äëÿ ìàéæå

âñiõ (x, t, s) ∈ Q× (−τ0, T ) òà âñiõ ρ ∈ R ñïðàâåäëèâà îöiíêà

|c(x, t, s, ρ)| ≤ L|ρ|. (3.6)

Òåïåð ìîæåìî äàòè îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (3.1)�(3.3).

Îçíà÷åííÿ 3.1. Íåõàé (a0, a1, . . . , an) ∈ A , c ∈ C , (f0, f1, . . . , fn) ∈F2(Q) ,

u0 ∈C([−τ0, 0];L2(Ω)). Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (3.1)�(3.3) íàçèâà¹-

ìî ôóíêöiþ u ∈ L2(0, T ; H̃1(Ω)) ∩ C
(
[−τ0, T ];L2(Ω)

)
òàêó, ùî çàäîâîëüíÿ¹

ïî÷àòêîâó óìîâó

||u(·, t)− u0(·, t)||L2(Ω) = 0 ∀t ∈ [−τ0, 0], (3.7)

òà iíòåãðàëüíó òîòîæíiñòü∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxiϕ+ a0(x, t, u,∇u)vϕ+ vϕ

t∫
t−τ(t)

c(x, t, s, u(x, s)) ds−

−uvϕ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxiϕ+ f0vϕ
}
dxdt (3.8)

äëÿ êîæíèõ v ∈ H̃1(Ω) òà ϕ ∈ C1
c (0, T ) .

Òåîðåìà 3.1. Íåõàé (a0, a1, . . . , an) ∈ A , c ∈ C , (f0, f1, . . . , fn) ∈ F2(Q) ,

u0 ∈ C([−τ0, 0];L2(Ω)) . Òîäi çàäà÷à (3.1)�(3.3) ìà¹ ¹äèíèé óçàãàëüíåíèé

ðîçâ'ÿçîê i âií çàäîâîëüíÿ¹ îöiíêó

max
t∈[0,T ]

∫
Ω

|u(x, t)|2 dx+

∫∫
Q

{ n∑
i=1

∣∣uxi∣∣2+|u|2
}
dxdt ≤

≤ C2

(∫∫
Q

{ n∑
i=1

∣∣fi∣∣2+g
}
dxdt+ max

t∈[−τ0,0]

∫
Ω

|u0(x, t)|2 dxdt

)
, (3.9)

äå C2 � äîäàòíà ñòàëà, ùî çàëåæèòü òiëüêè âiä K1, K2, L, τ0, T .

3.1.3 Äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Äàëi âèêîðèñòîâóâàòèìåìî òàêå äîïîìiæíå òâåðäæåííÿ, ùî äîâåäåíå â [33].
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Ëåìà 3.1. Íåõàé w ∈ L2(0, T ; H̃1(Ω)) çàäîâîëüíÿ¹ òîòîæíiñòü∫∫
Q

{ n∑
i=1

givxiϕ+ g0vϕ−wvϕ′
}
dxdt = 0, v ∈ H̃1(Ω), ϕ ∈ C1

0(0, T ), (3.10)

äëÿ äåÿêèõ gj ∈ L2(Q) ( j = 0, n ). Òîäi w ∈ C([0, T ];L2(Ω)) i äëÿ áóäü-ÿêèõ

θ ∈ C1([0, T ]) , v ∈ H̃1(Ω) òà t1, t2 ∈ [0, T ] (t1 < t2) ìà¹ìî

θ(t2)

∫
Ω

w(x, t2)v(x) dx− θ(t1)
∫
Ω

w(x, t1)v(x) dx+

+

t2∫
t1

∫
Ω

{ n∑
i=1

givxiθ + g0vθ − wvθ′
}
dxdt = 0, (3.11)

1

2
θ(t2)

∫
Ω

|w(x, t2)|2 dx−
1

2
θ(t1)

∫
Ω

|w(x, t1)|2 dx−

−1

2

t2∫
t1

∫
Ω

|w|2θ′ dxdt+

t2∫
t1

∫
Ω

{ n∑
i=1

giwxi + g0w

}
θ dxdt = 0. (3.12)

Äîâåäåííÿ òåîðåìè 3.1. Äëÿ ôóíêöi¨ w : Q→ R ïîçíà÷èìî

aj(w)(x, t) := aj(x, t, w(x, t),∇w(x, t)), (x, t) ∈ Q, j = 0, n,

c(w)(x, t, s) := c(x, t, s, w(x, s)), (x, t, s) ∈ Q× (−τ0, T ).

Ðîçiá'¹ìî äîâåäåííÿ òåîðåìè 3.1 íà òðè åòàïè: ñïåðøó äîâåäåìî ¹äèíiñòü óçà-

ãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (3.1)�(3.3), ïîòiì éîãî iñíóâàííÿ òà îöiíêó (3.9).

Ïåðøèé êðîê (¹äèíiñòü ðîçâ'ÿçêó). Ïðèïóñòèìî ñóïðîòèâíå. Íåõàé u1 òà

u2 � äâà ðiçíi óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (3.1)�(3.3). Ðîçãëÿíåìî ðiçíèöþ

(3.8) ç u = u2 òà (3.8) ç u = u1 . Ç îòðèìàíî¨ iíòåãðàëüíî¨ òîòîæíîñòi, âèêî-

ðèñòîâóþ÷è ëåìó 3.1 ç w = u1−u2 , θ = e−λt (λ � ïîêè ùî äîâiëüíà äîäàòíà

ñòàëà), t1 = 0 , t2 = T , çäîáóâà¹ìî (äèâ. (3.12))

1

2
e−λT

∫
Ω

|w(x, T )|2dx+
λ

2

∫∫
Q

|w|2e−λtdxdt+
∫∫
Q

{ n∑
i=1

(ai(u1)−ai(u2))(u1,xi−u2,xi)+

+(a0(u1)−a0(u2))(u1−u2)+w(x, t)

t∫
t−τ(t)

[c(u1)(x, t, s)−c(u2)(x, t, s)]ds

}
e−λtdxdt=0.

(3.13)
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Ç óìîâè (A3) ìà¹ìî
n∑
i=1

(ai(u1)− ai(u2))(u1,xi − u2,xi) + (a0(u1)− a0(u2))(u1 − u2)≥−K0|u1 − u2|2.

(3.14)

Ïðîäîâæèìî w(x, t) íóëåì äëÿ ìàéæå âñiõ (x, t) ∈ Ω×[−τ0, 0] . Âèêîðèñòî-

âóþ÷è óìîâó (C2) , òåîðåìó Ôóáiíi (äèâ., íàïðèêëàä, [43, ñ.91]) òà íåðiâíiñòü

Ãåëüäåðà (äèâ., íàïðèêëàä, [43, ñ.92]) îäåðæó¹ìî∣∣∣∣ ∫∫
Q

w(x, t)
( t∫
t−τ(t)

[c(u1)(x, t, s)− c(u2)(x, t, s)] ds
)
e−λtdxdt

∣∣∣∣ ≤
≤
∫∫
Q

|w(x, t)|
( t∫
t−τ(t)

|c(u1)(x, t, s)− c(u2)(x, t, s)| ds
)
e−λtdxdt ≤

≤ L

∫
Ω

dx

T∫
0

|w(x, t)|
( t∫
t−τ(t)

|w(x, s)|ds
)
e−λtdt ≤

≤ L

∫
Ω

dx

T∫
0

|w(x, t)|e−
λt
2

(
e−

λt
2

t∫
t−τ+

|w(x, s)| ds
)
dt ≤

≤ L
√
τ+

∫
Ω

[( T∫
0

|w(x, t)|2e−λtdt
)1/2( T∫

0

e−λtdt

t∫
t−τ+

|w(x, s)|2ds
)1/2

]
dx. (3.15)

Òåïåð ðîçãëÿíåìî äðóãèé iíòåãðàë ïðàâî¨ ÷àñòèíè íåðiâíîñòi (3.15). Çìiíþþ-

÷è ïîðÿäîê iíòåãðóâàííÿ, äëÿ ìàéæå âñiõ x ∈ Ω ìà¹ìî
T∫

0

e−λtdt

t∫
t−τ+

|w(x, s)|2ds ≤
T∫

−τ+

|w(x, s)|2ds
s+τ+∫
s

e−λtdt =

= λ−1(1− e−λτ+)

T∫
0

|w(x, s)|2e−λsds.

Ïiäñòàâèâøè â (3.15) îñòàííié ÷ëåí ç îòðèìàíîãî âèùå ñïiââiäíîøåííÿ çà-

ìiñòü ïåðøîãî, îòðèìà¹ìî∣∣∣ ∫∫
Q

w(x, t)
( t∫
t−τ(t)

[
c(u1)(x, t, s)− c(u2)(x, t, s)

]
ds
)
e−λtdxdt

∣∣∣ ≤
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≤ L
√
τ+λ−1(1− e−λτ+)

∫∫
Q

|w(x, t)|2e−λtdxdt. (3.16)

Âèêîðèñòîâóþ÷è (3.14), (3.16), ç (3.13) îòðèìó¹ìî(
λ/2−K0 − L

√
τ+λ−1(1− e−λτ+)

)∫∫
Q

|w(x, t)|2e−λtdtdx ≤ 0. (3.17)

Âèáðàâøè λ òàêå, ùî λ/2 − K0 − L
√
λ−1τ+(1− e−λτ+) > 0, ç (3.17) îäåð-

æó¹ìî ðiâíiñòü u1 = u2 äëÿ ìàéæå âñiõ (x, t) ∈ Q , ùî ñóïåðå÷èòü íàøîìó

ïðèïóùåííþ. Îòîæ, óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3.1)�(3.3) ¹äèíèé.

Äðóãèé êðîê (iñíóâàííÿ ðîçâ'ÿçêó). Äëÿ äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó

çàäà÷i (3.1)-(3.3) âèêîðèñòà¹ìî ìåòîä Ãàëüîðêiíà. Íåõàé {wj | j ∈ N}� ïîâíà
ëiíiéíî íåçàëåæíà ñèñòåìà ôóíêöié ç H̃1(Ω) , ùî ¹ îðòîíîðìîâàíîþ áàçîþ â

L2(Ω) . Äëÿ êîæíîãî k ∈ N , ïîêëàäåìî

αk(t) :=

∫
Ω

u0(x, t)wk(x)dx, t ∈ [−τ0, 0]. (3.18)

Î÷åâèäíî, ùî αk ∈ C([−τ0, 0]) (k ∈ N) .

Äëÿ âñiõ m ∈ N ïîçíà÷èìî

u0,m(x, t) :=
m∑
k=1

αk(t)wk(x), (x, t) ∈ Ω× [−τ0, 0]. (3.19)

Î÷åâèäíî, ùî

max
t∈[−τ0,0]

||u0(·, t)− u0,m(·, t)||L2(Ω) −→
m→∞

0. (3.20)

Çãiäíî ç ìåòîäîì Ãàëüîðêiíà äëÿ êîæíîãî m ∈ N ïîêëàäåìî

um(x, t) :=
m∑
k=1

cm,k(t)wk(x), (x, t) ∈ Ω× [−τ0, T ], (3.21)

äå cm,1, . . . , cm,m � íåïåðåðâíi íà [−τ0, T ] òà àáñîëþòíî íåïåðåðâíi íà [0, T ]

ôóíêöi¨, ÿêi ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëü-

íèõ ðiâíÿíü iç çàïiçíåííÿì∫
Ω

um,twj dx+

∫
Ω

{ n∑
i=1

(ai(um)− fi)wj,xi + (a0(um)− f0)wj+
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+wj(x)

t∫
t−τ(t)

c(um)(x, t, s)ds
}
dx = 0, t ∈ [0, T ], j = 1,m, (3.22)

cm,k(t) = αk(t), t ∈ [−τ0, 0], k = 1,m. (3.23)

Çàóâàæèìî, ùî ç (3.19), (3.21) òà (3.23) âèïëèâà¹, ùî

um(x, t) = u0,m(x, t) äëÿ ìàéæå âñiõ (x, t) ∈ Ω× [−τ0, 0]. (3.24)

Ç ëiíiéíî¨ íåçàëåæíîñòi ôóíêöié w1, . . . , wm âèïëèâà¹, ùî ìàòðèöÿ(∫
Ω

wkwjdx
)m
k,j=1

� îáîðîòíà. Îòîæ, ñèñòåìà çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-

íÿíü iç çàïiçíåííÿì (3.22) ìîæå áóòè çàïèñàíà â íîðìàëüíié ôîðìi. Çãiäíî

ç òåîðåìîþ iñíóâàííÿ i ïðîäîâæåííÿ ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ íîðìàëüíî¨

ñèñòåìè çâè÷àéíèõ äèâåðåíöiàëüíèõ ðiâíÿíü (äèâ. [9, ñ. 31], [48, ñ. 54]) îòðèìó-

¹ìî ãëîáàëüíèé ðîçâ'ÿçîê c1,m, . . . .., cm,m çàäà÷i (3.22), (3.23). Öåé ðîçâ'ÿêîê

âèçíà÷åíèé íà iíòåðâàëi [−τ0, Tm〉 , äå 0 < Tm ≤ T . Òóò � 〉 � îçíà÷à¹ àáî �)� ,
àáî �]�. Äàëi çäîáóäåìî îöiíêó, ç ÿêî¨ âèïëèâà¹ ðiâíiñòü [−τ0, Tm〉 = [−τ0, T ] .

Òåïåð îòðèìà¹ìî îöiíêè um äëÿ êîæíîãî m ∈ N . Äîìíîæèìî ðiâíÿííÿ ç

íîìåðîì j ∈ {1, . . . ,m} ñèñòåìè (3.22) íà cm,je−λt , äå λ > 0 � äîäàòíå ÷èñëî,

òà ïiäñóìó¹ìî ïî j ∈ {1, . . . ,m} . Ïðîiíòåãðóâàâøè îòðèìàíó ðiâíiñòü ïî

t ∈ [0, σ] , äå σ ∈ [0, Tm〉 , òà âèêîðèñòàâøè ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè
i ðiâíiñòü (3.24), îòðèìà¹ìî

1

2
e−λσ

∫
Ω

|um(x, σ)|2 dx− 1

2

∫
Ω

|u0,m(x, 0)|2 dx+
λ

2

σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt+

+

σ∫
0

∫
Ω

{ n∑
i=1

ai(um)um,xi + a0(um)um + um(x, t)

t∫
t−τ(t)

c(um)(x, t, s)ds
}
e−λtdxdt =

=

σ∫
0

∫
Ω

{ n∑
i=1

fium,xi + f0um

}
e−λtdxdt. (3.25)

Äàëi íàì áóäå ïîòðiáíà íåðiâíiñòü Êîøi ó âèãëÿäi

2ab ≤ ε|a|2 + (4ε)−1|b|2, a, b ∈ R, ε > 0. (3.26)
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Ïîêëàâøè um(x, t) = 0 äëÿ âñiõ (x, t) ∈ Ω × ((−∞,−τ0) ∪ (Tm,+∞)) . i

âèêîðèñòîâóþ÷è (3.6) òà íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, îäåðæó¹ìî

∣∣∣ σ∫
0

∫
Ω

um(x, t)
( t∫
t−τ(t)

c(um)(x, t, s) ds
)
e−λtdxdt

∣∣∣ ≤

≤
σ∫

0

∫
Ω

|um(x, t)|
( t∫
t−τ(t)

|c(um)(x, t, s)| ds
)
e−λtdxdt ≤

≤ L

∫
Ω

dx

σ∫
0

|um(x, t)|e−λt
( t∫
t−τ(t)

|um(x, s)|ds
)
dt ≤

≤ L

∫
Ω

dx

σ∫
0

|um(x, t)|e−
λt
2

(
e−

λt
2

t∫
t−τ+

|um(x, s)| ds
)
dt ≤

≤ L
√
τ+

∫
Ω

[( σ∫
0

|um(x, t)|2e−λtdt
)1/2( σ∫

0

e−λtdt

t∫
t−τ+

|um(x, s)|2ds
)1/2

]
dx.

(3.27)

Îöiíèìî äðóãèé iíòåãðàë ïðàâî¨ ÷àñòèíè íåðiâíîñòi (3.27). Äëÿ ìàéæå

âñiõ x ∈ Ω ìà¹ìî

σ∫
0

e−λtdt

t∫
t−τ+

|um(x, s)|2ds≤
σ∫

−τ+

|um(x, s)|2ds
s+τ+∫
s

e−λtdt =

= λ−1(1− e−λτ+)

σ∫
−τ0

|um(x, s)|2e−λsds =

= λ−1(1− e−λτ+)
( σ∫

0

|um(x, t)|2e−λtdt+

0∫
−τ0

|u0,m(x, t)|2e−λtdt
)
.

Òóò ìè çìiíèëè ïîðÿäîê iíòåãðóâàííÿ òà âèêîðèñòàëè (3.24).

Ïiäñòàâëÿþ÷è ó ïðàâó ÷àñòèíó (3.27) îñòàííié åëåìåíò ç îòðèìàíîãî âèùå

ëàíöþæêà ïåðåòâîðåíü çàìiñòü ïåðøîãî, òà âèêîðèñòîâóþ÷è íåðiâíiñòü Êîøi-
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Áóíÿêîâñüêîãî, îòðèìà¹ìî∣∣∣ σ∫
0

∫
Ω

um(x, t)
( t∫
t−τ(t)

c(um)(x, t, s)ds
)
e−λtdxdt

∣∣∣ ≤
≤ L

√
τ+λ−1(1− e−λτ+)

(
2

σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt+
0∫

−τ0

∫
Ω

|u0,m(x, t)|2e−λtdxdt
)
.

(3.28)

Ç óìîâè (A4) ìà¹ìî
σ∫

0

∫
Ω

{ n∑
i=1

ai(um)um,xi + a0(um)um

}
dxdt ≥

σ∫
0

∫
Ω

{
K1

n∑
i=1

|um,xi|2−

−K2|um|2 − g(x, t)
}
dxdt. (3.29)

Çàñòîñóâàâøè íåðiâíiñòü (3.26), îäåðæèìî
σ∫

0

∫
Ω

{ n∑
i=1

fium,xi + f0um

}
e−λt dxdt ≤ ε

σ∫
0

∫
Ω

{ n∑
i=1

|um,xi(x, t)|2+

+|um(x, t)|2
}
e−λtdxdt+

1

4ε

σ∫
0

∫
Ω

n∑
i=0

|fi(x, t)|2e−λtdxdt, (3.30)

äå ε > 0 � äîâiëüíå ÷èñëî.

Ç (3.25), âèêîðèñòîâóþ÷è (3.28) � (3.30), äëÿ äîâiëüíîãî σ ∈ (0, Tm〉 îäåð-
æó¹ìî

e−λσ
∫
Ω

|um(x, σ)|2 dx+ 2(K1 − ε)
σ∫

0

∫
Ω

n∑
i=1

|um,xi(x, t)|2e−λtdxdt+

+

(
λ− 2K2 − 2ε− 4L

√
τ+λ−1(1− e−λτ+)

) σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt ≤

≤ (2ε)−1

σ∫
0

∫
Ω

n∑
i=0

|fi(x, t)|2e−λtdxdt+ 2

σ∫
0

∫
Ω

g(x, t)e−λtdxdt+

+2Lτ0

√
τ+λ−1(1− e−λτ+) max

t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx. (3.31)
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Áåðó÷è ε = K1/2, λ = λ0, äå λ0 ðîçâ'ÿçîê íåðiâíîñòi

λ− 2K2 −K1 − 4L
√
τ+λ−1(1− e−λτ+) > 0, (3.32)

ç (3.31) îòðèìó¹ìî

max
t∈[0,T ]

∫
Ω

|um(x, t)|2 dx+ C3

∫∫
Q

{ n∑
i=1

|um,xi(x, t)|2 + |um(x, t)|2
}
dxdt ≤

≤ C4

∫∫
Q

( n∑
i=0

|fi(x, t)|2 + g(x, t)
)
dxdt+C5 max

t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx, (3.33)

äå C3, C4, C5 � äîäàòíi ñòàëi, ùî çàëåæàòü òiëüêè âiä K,L, τ0, τ
+, T .

Ç (3.20) âèïëèâà¹, ùî ïîñëiäîâíiñòü { max
t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx}∞m=1 îáìåæå-

íà. Îòæå, ç (3.33) äëÿ âñiõ σ ∈ (0, Tm〉 îòðèìó¹ìî îöiíêè∫
Ω

|um(x, σ)|2 dx ≤ C6, (3.34)

σ∫
0

∫
Ω

{ n∑
i=1

|um,xi(x, t)|2 + |um(x, t)|2
}
dxdt ≤ C7, (3.35)

äå C6, C7 > 0 � ñòàëi, ùî íå çàëåæàòü âiä m,Tm, σ .

Ç îöiíêè (3.34) âèïëèâà¹, ùî iñíó¹ íåçàëåæíà âiä Tm ñòàëà, ùî îáìåæó¹

ôóíêöi¨ cm,1 , . . . , cm,m íà [−τ0, Tm〉 . Îòæå, ìà¹ìî [−τ0, Tm〉 = [−τ0, T ] .

Ç óìîâè (A2) òà ç (3.35) âèïëèâà¹∫∫
Q

|ai(um)(x, t)|2 dxdt ≤ C8, i = 0, n, (3.36)

äå C8 > 0 � ñòàëà, ùî íå çàëåæèòü âiä m .

Âèêîðèñòîâóþ÷è (3.6) , íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, (3.20) òà (3.34)

îòðèìó¹ìî∫∫
Q

∣∣∣ t∫
t−τ(t)

c(um)(x, t, s) ds
∣∣∣2dxdt ≤ L2(T + τ0)

∫∫
Q

( T∫
−τ0

|um(x, s)|2 ds
)
dxdt ≤

≤ L2T (T +τ0)
(∫∫

Q

|um(x, t)|2 dxdt+τ0 max
t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx
)
≤ C9, (3.37)
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äå C9 > 0 � ñòàëà, ùî íå çàëåæèòü âiä m .

Ç ðåôëåêñèâíîñòi ïðîñòîðó L2(Q) òà îöiíîê (3.34)�(3.37), âèïëèâà¹ iñíó-

âàííÿ ïiäïîñëiäîâíîñòi ïîñëiäîâíîñòi {um}m∈N (ïîçíà÷àòèìåìî ¨¨ òàêîæ

{um}m∈N ), ôóíêöié v∗ ∈ L2(Ω) , u ∈ L2(0, T ; H̃1(Ω)) ∩ L∞(0, T ;L2(Ω)) ,

χi ∈ L2(Q) ( i = 0, n ) òà ζ ∈ L2(Q) òàêèõ, ùî

um(·, T ) −→
m→∞

v∗(·) ñëàáêî â L2(Ω), (3.38)

um −→
m→∞

u ∗ −ñëàáêî â L∞(0, T ;L2(Ω)), (3.39)

um −→
m→∞

u ñëàáêî â L2(0, T ; H̃1(Ω)), (3.40)

ai(um) −→
m→∞

χi ñëàáêî â L2(Q) (i = 0, n), (3.41)

t∫
t−τ(t)

c(um)ds −→
m→∞

ζ ñëàáêî â L2(Q). (3.42)

Äîâåäåìî, ùî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3.1)�(3.3). Äëÿ öüîãî

çàôiêñó¹ìî ÷èñëà j,m ∈ N òàêi, ùî m ≥ j . Äîìíîæèâøè ðiâíiñòü ç íîìåðîì

j ñèñòåìè (3.22) íà ôóíêöiþ θ ∈ C1([0, T ]) , ïðîiíòåãðó¹ìî îòðèìàíó ðiâíiñòü

ïî t ∈ [0, T ] . Ñïðÿìóâàâøè m → ∞ , òà âðàõîâóþ÷è (3.20), (3.24), (3.38)�

(3.42), îäåðæó¹ìî

θ(T )

∫
Ω

v∗(x)wj(x) dx− θ(0)

∫
Ω

u0(x, 0)wj(x) dx−

−
∫∫
Q

uwjθ
′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)wj,xi+(χ0+ ζ −f0)wj

}
θ dxdt=0. (3.43)

Ç öi¹¨ ðiâíîñòi ìà¹ìî, ùî äëÿ êîæíîãî v ∈ H̃1(Ω) i θ ∈ C1([0, T ]) âèêîíó-

¹òüñÿ ðiâíiñòü

θ(T )

∫
Ω

v∗(x)v(x) dx− θ(0)

∫
Ω

u0(x, 0)v(x) dx−

−
∫∫
Q

uvθ′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)vxi + (χ0 − f0 + ζ)v
}
θ dxdt = 0. (3.44)
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Çàóâàæèìî, ùî ÿêùî â (3.44) âçÿòè θ = ϕ ∈ C1
0(0, T ) , òî îòðèìà¹ìî òîòî-

æíiñòü∫∫
Q

{ n∑
i=1

(χi − fi)vxiϕ+ (χ0 − f0 + ζ)vϕ− uvϕ′
}
dxdt = 0 (3.45)

äëÿ êîæíèõ v ∈ H̃1(Ω), ϕ ∈ C1
c (0, T ).

Çãiäíî ç ëåìîþ 3.1 (äèâ., (3.11)), ç (3.45) âèïëèâà¹

u ∈ C([0, T ];L2(Ω)) (3.46)

òà äëÿ êîæíîãî v ∈ H̃1(Ω) i θ ∈ C1([0, T ]) âèêîíó¹òüñÿ ðiâíiñòü

θ(T )

∫
Ω

u(x, T )v(x) dx− θ(0)

∫
Ω

u(x, 0)v(x) dx−

−
∫∫
Q

uvθ′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)vxi + (χ0 + ζ − f0)v
}
θ dxdt = 0. (3.47)

Ç (3.44) òà (3.47) ìà¹ìî

u(x, 0) = u0(x, 0), u(x, T ) = v∗(x) äëÿ ìàéæå âñiõ x ∈ Ω. (3.48)

Ïðîäîâæèìî u íóëåì íà Ω×[−τ0, 0) . Ïîêàæåìî, ùî òàê ïðîäîâæåíà ôóí-

êöiÿ íàëåæèòü ïðîñòîðó C([−τ0, T ];L2(Ω)) . Äiéñíî, â ñèëó (3.46), ìà¹ìî, ùî

çâóæåííÿ u íà Ω× [0, T ] íàëåæèòü äî C([0, T ];L2(Ω)) . Ç óìîâ òåîðåìè ìà-

¹ìî u0 ∈ C([−τ0, 0];L2(Ω)) . Òàêîæ, u(x, 0) = u0(x, 0) (äèâ. (3.48)). Çâiäñè

âèïëèâà¹ (3.7). Îòæå, u ∈ C([−τ0, T ];L2(Ω)) .

Çãiäíî ç (3.45) äëÿ äîâåäåííÿ (3.8) äîñòàòíüî ïîêàçàòè, ùî ïðàâèëüíà ðiâ-

íiñòü∫
Ω

{ n∑
i=1

χivxi+(χ0+ζ)v
}
dx=

∫
Ω

{ n∑
i=1

ai(u)vxi+
(
a0(u)+

t∫
t−τ(t)

c(u) ds
)
v
}
dx (3.49)

äëÿ âñiõ v ∈ H̃1(Ω) òà ìàéæå âñiõ t ∈ (0, T ) . Âèêîðèñòà¹ìî äëÿ öüîãî ìåòîä

ìîíîòîííîñòi (äèâ. [72]).

Íåõàé ôóíêöiÿ wm ∈ L2(0, T ; H̃1(Ω)) ∩ L2(−τ0, T ;L2(Ω)) òàêà,

ùî wm(x, t) = u0,m(x, t) äëÿ ìàéæå âñiõ (x, t) ∈ Ω × (−τ0, 0) òà w(x, t) =
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w̃(x, t) äëÿ ìàéæå âñiõ (x, t) ∈ Q , äå w̃ ∈ L2(0, T ; H̃1(Ω)) � äîâiëüíà ôóí-

êöiÿ. Äëÿ êîæíîãî m ∈ N ïîçíà÷èìî

Wm :=

∫∫
Q

{ n∑
i=1

(ai(um)−ai(wm))(um,xi−wm,xi)+(a0(um)−a0(wm))(um−wm)+

+
λ

2
|um − wm|2 + (um − wm)

t∫
t−τ(t)

[c(um)− c(wm)] ds
}
e−λt dxdt,

äå λ > 0 � ÷èñëî òàêå, ùî âèêîíó¹òüñÿ íåðiâíiñòü

λ/2−K0 − L
√
τ+λ−1(1− e−λτ+) > 0. (3.50)

Âèêîðèñòîâóþ÷è óìîâó (A3) , äëÿ êîæíîãî m ∈ N ìà¹ìî

Wm ≥
∫∫
Q

{
(
λ

2
−K0)|um−wm|2 + (um−wm)

t∫
t−τ(t)

(c(um)− c(wm)) ds
}
e−λt dxdt.

Ç íåðiâíîñòi

∣∣∣ ∫∫
Q

(um − wm)
( t∫
t−τ(t)

[c(um)− c(wm)] ds
)
e−λtdxdt

∣∣∣ ≤
≤ L

√
τ+λ−1(1− e−λτ+)

∫∫
Q

|um − wm|2e−λtdxdt

(äèâ. (3.16)), òà ç óìîâè (3.50) îòðèìó¹ìî Wm ≥ 0 .

Ìà¹ìî

Wm =

∫∫
Q

{ n∑
i=1

ai(um)um,xi +a0(um)um+
λ

2
|um|2 +um

t∫
t−τ(t)

c(um) ds
}
e−λt dxdt−

−
∫∫
Q

{ n∑
i=1

[
ai(um)wm,xi+ai(wm)(um,xi−wm,xi)

]
+a0(um)wm+a0(wm)(um−wm)+

+λumwm−
λ

2
|wm|2+wm

t∫
t−τ(t)

c(um) ds+(um−wm)

t∫
t−τ(t)

c(wm)ds
}
e−λtdxdt≥0, m∈N.

(3.51)



80

Ç (3.51), âèêîðèñòîâóþ÷è (3.25) ç σ = T , îòðèìó¹ìî

Wm =

∫∫
Q

{ n∑
i=1

fium,xi + f0um

}
e−λt dxdt− 1

2
e−λT

∫
Ω

|um(x, T )|2 dx+

+
1

2

∫
Ω

|u0,m(x, 0)|2 dx−
∫∫
Q

{ n∑
i=1

[
ai(um)wm,xi + ai(wm)(um,xi − wm,xi)

]
+

+a0(um)wm + a0(w)(um − wm) + λumw −
λ

2
|wm|2+

+wm

t∫
t−τ(t)

c(um) ds+ (um − wm)

t∫
t−τ(t)

c(wm) ds
}
e−λt dxdt ≥ 0 (3.52)

äëÿ âñiõ m ∈ N .

Áåðó÷è äî óâàãè (3.38) òà äðóãó ðiâíiñòü ç (3.48), ìà¹ìî

lim
m→∞

||um(·, T )||L2(Ω) ≥ ||u(·, T )||L2(Ω). (3.53)

Âèçíà÷èìî w(x, t) := u0(x, t) äëÿ (x, t) ∈ Ω × (−τ0, 0), i w(x, t) := w̃(x, t)

äëÿ (x, t) ∈ Ω× (0, T ) . Òîäi,

wm → w ñèëüíî â L2(Ω× (−τ0, T )). (3.54)

Ïîêàæåìî, ùî

∣∣∣ t∫
t−τ(t)

c(wm)ds−
t∫

t−τ(t)

c(w)ds
∣∣∣→ 0 â L2(Q). (3.55)

Ïðîäîâæèìî ôóíêöi¨ w,wm íóëåì íà Ω× {(−∞,−τ0) ∪ (T,+∞)} . Âèêîðè-
ñòîâóþ÷è óìîâó (C2) , íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî òà çìiíþþ÷è ïîðÿäîê

iíòåãðóâàííÿ, îäåðæó¹ìî∫∫
Q

∣∣∣ t∫
t−τ(t)

c(wm)ds−
t∫

t−τ(t)

c(w)ds
∣∣∣2dxdt≤τ+

∫∫
Q

( t∫
t−τ+

|c(wm)−c(w)|2ds
)
dxdt ≤

≤ L2τ+

∫∫
Q

( t∫
t−τ+

|wm(x, s)− w(x, s)|2ds
)
dxdt ≤
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≤ L2τ+

∫
Ω

dx

T∫
−τ+

|wm(x, s)− w(x, s)|2ds
s+τ+∫
s

dt =

= L2(τ+)2

∫
Ω

0∫
−τ+

|u0,m(x, t)− u0(x, t)|2dxdt −→
m→∞

0.

Ç (3.20), (3.40), (3.41), (3.42), (3.53), (3.54) âðàõóâàâøè (3.52), îäåðæèìî

0 ≤ lim
m→∞

Wm ≤
∫∫
Q

{ n∑
i=1

fiuxi + f0u
}
e−λt dxdt− 1

2
e−λT

∫
Ω

|u(x, T )|2dx+

+
1

2

∫
Ω

|u0(x, 0)|2dx−
∫∫
Q

{ n∑
i=1

[
χiwxi + ai(w)(uxi − wxi)

]
+

+χ0w+a0(w)(u−w)+λuw−λ
2
|w|2 +wζ+(u−w)

t∫
t−τ(t)

c(w) ds
}
e−λtdxdt. (3.56)

Âèêîðèñòîâóþ÷è ëåìó 3.1 ç θ ≡ e−λt òà ïåðøó ðiâíiñòü (3.48), ç (3.45)

îäåðæó¹ìî∫∫
Q

{ n∑
i=1

χiuxi + (χ0 + ζ)u+
λ

2
|u|2
}
e−λtdxdt =

∫∫
Q

{ n∑
i=1

fiuxi +f0u
}
e−λtdxdt−

−1

2
e−λT

∫
Ω

|u(x, T )|2 dx+
1

2

∫
Ω

|u0(x, 0)|2 dx. (3.57)

Îòæå, ç (3.56) òà (3.57) âèïëèâà¹, ùî∫∫
Q

{ n∑
i=1

(χi − ai(w))(uxi − wxi) + (χ0 − a0(w))(u− w)+

+
λ

2
|u− w|2 + (u− w)

(
ζ −

t∫
t−τ(t)

c(w) ds
)}
e−λt dxdt ≥ 0. (3.58)

Âèáèðàþ÷è â íåðiâíîñòi âèùå w = u − µvϕ , äå v ∈ H̃1(Ω), µ > 0 , ϕ ∈
C1
c (−τ0, T ) òàêà, ùî suppϕ ⊂ (0, T ) , òà ïîäiëèâøè îòðèìàíó íåðiâíiñòü íà

µ , îòðèìó¹ìî∫∫
Q

{ n∑
i=1

(χi − ai(u− µvϕ))vxiϕ+ (χ0 − a0(u− µvϕ))vϕ+
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+
λ

2
µ|vϕ|2 +

(
ζ −

t∫
t−τ(t)

c(u− µvϕ) ds
)
vϕ
}
e−λt dxdt ≥ 0. (3.59)

Ñïðÿìóâàâøè µ→ 0+ â (3.59) i âèêîðèñòàâøè óìîâó (A3) òà òåîðåìó Ëåáåãà

ïðî ìàæîðîâàíó çáiæíiñòü (äèâ. [56, ñ. 648]), îòðèìà¹ìî

∫∫
Q

{ n∑
i=1

(χi−ai(u))vxiϕ+(χ0−a0(u))vϕ+vϕ
(
ζ−

t∫
t−τ(t)

c(u) ds
)}
e−λt dxdt = 0,

äå v ∈ H̃1(Ω), ϕ ∈ C1
c (0, T ) � äîâiëüíi ôóíêöi¨, çâiäñè ëåãêî âèïëèâà¹ (3.49).

Îòæå, ìè ïîêàçàëè, ùî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3.1)�(3.3).

Òðåòié êðîê. Çãiäíî ç ëåìîþ 3.1 ïðè w = u , t1 = 0 , t2 = σ , θ = e−λt ,

λ = λ0, äå λ0 ðîçâ'ÿçîê íåðiâíîñòi (3.32), îäåðæó¹ìî

1

2
e−λσ

∫
Ω

|u(x, σ)|2 dx− 1

2

∫
Ω

|u0(x, 0)|2 dx+
λ

2

σ∫
0

∫
Ω

|u(x, t)|2e−λtdxdt+

+

σ∫
0

∫
Ω

{ n∑
i=1

ai(u)uxi + a0(u)u+ u(x, t)

t∫
t−τ(t)

c(u)(x, t, s)ds
}
e−λtdxdt =

=

σ∫
0

∫
Ω

{ n∑
i=1

fiuxi + f0u
}
e−λtdxdt. (3.60)

Ìiðêóþ÷è àíàëîãi÷íî, ÿê ïðè îòðèìàíi (3.33) ç íåðiâíîñòi (3.25) çàìiíèâøè

ïðè öüîìó um íà u , çäîáóäåìî íåðiâíiñòü

max
t∈[0,T ]

∫
Ω

|u(x, t)|2 dx+ C3

∫∫
Q

{ n∑
i=1

|uxi(x, t)|2 + |u(x, t)|2
}
dxdt ≤

≤ C4

∫∫
Q

( n∑
i=0

|fi(x, t)|2 + g(x, t)
)
dxdt+ C5 max

t∈[−τ0,0]

∫
Ω

|u0(x, t)|2dx, (3.61)

ç ÿêî¨ ëåãêî âèïëèâà¹ íåðiâíiñòü (3.9).
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3.2 Çàäà÷à Ôóð'¹ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü iç íåëîêàëü-

íèì çìiííèì çàïiçíåííÿì

3.2.1 Ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè

Íåõàé S := (−∞, 0] , Q := Ω× S , Q := Ω× S , Σ := ∂Ω× S .
Íàãàäà¹ìî íåðiâíiñòü Ôðiäðiõñà∫

Ω

|v|2 dx ≤ K0

∫
Ω

|∇v|2 dx ∀ v ∈ H1
0(Ω), (3.62)

äå K0 � äîäàòíà ñòàëà, ùî âiä v íå çàëåæèòü. Âiäîìî, ùî 1/K0 � ïåðøå

âëàñíå çíà÷åííÿ çàäà÷i: −∆v = λv, v|∂Ω = 0.

Ç íåðiâíîñòi Ôðiäðiõñà âèïëèâà¹, ùî íîðìà â ïðîñòîði H1
0(Ω) ìîæå áóòè

âèçíà÷åíà ôóíêöiîíàëîì ||v||H1
0 (Ω) :=

( ∫
Ω

|∇v|2dx
)1/2

, ùî ìè äàëi i áóäåìî

ââàæàòè.

Äëÿ äîâiëüíîãî áàíàõîâîãî ïðîñòîðó X ÷åðåç L2(a, b;X) , äå −∞ ≤ a <

b ≤ +∞ , ïîçíà÷à¹ìî ïðîñòið (êëàñiâ) âèìiðíèõ ôóíêöié w : [a, b] → X

òàêèõ, ùî ||w(·)||X ∈ L2(a, b) . Ïiä L2
loc

(S;X) ðîçóìi¹ìî ëiíiéíèé ïðîñòið

(êëàñiâ) âèìiðíèõ ôóíêöié, âèçíà÷åíèõ íà S çi çíà÷åííÿìè â X , òàêèõ, ùî

¨õí¹ çâóæåííÿ íà áóäü-ÿêèé âiäðiçîê [a, b] ⊂ S íàëåæèòü äî L2(a, b;X). Ïî-

çíà÷èìî ÷åðåç Lp
loc

(Q) (1 ≤ p ≤ ∞) ëiíiéíèé ïðîñòið (êëàñiâ) âèçíà÷åíèõ íà

Q âèìiðíèõ ôóíêöié òàêèõ, ùî ¨õí¹ çâóæåííÿ íà áóäü-ÿêó îáìåæåíó âèìiðíó

ìíîæèíó Q′ ⊂ Q íàëåæèòü äî Lp(Q′).

Ïiä C1
c (I), äå I � ÷èñëîâèé iíòåðâàë, ðîçóìi¹ìî ëiíiéíèé ïðîñòið âèçíà-

÷åíèõ íà I íåïåðåðâíî äèôåðåíöiéîâíèõ ôiíiòíèõ ôóíêöié, ïðè÷îìó, ÿêùî

I = (t1, t2) , òî ïèñàòèìåìî C1
c (t1, t2) çàìiñòü C1

c ((t1, t2)) .

Ïîçíà÷èìî ÷åðåç F2,loc(Q) ïðîñòið âåêòîð-ôóíêöié (f0, f1, . . . , fn) òàêèõ,

ùî fi ∈ L2
loc

(Q) äëÿ êîæíîãî i ∈ {0, 1, ..., n}.
Íåõàé ω ∈ R , X � ãiëüáåðòiâ ïðîñòið çi ñêàëÿðíèì äîáóòêîì (·, ·)X i

âiäïîâiäíîþ íîðìîþ ‖ · ‖X . Ïîçíà÷èìî

L2
ω(S;X) :=

{
f ∈ L2

loc
(S;X)

∣∣∣ ∫
S

e2ωt‖f(t)‖2
Xdt <∞

}
.

L2
ω(S;X) ¹ ãiëüáåðòîâèì ïðîñòîðîì çi ñêàëÿðíèì äîáóòêîì i íîðìîþ

(f, g)L2
ω(S;X) =

∫
S

e2ωt(f(t), g(t))X dt, ‖f‖L2
ω(S;X) :=

(∫
S

e2ωt‖f(t)‖2
X dt

)1/2

.
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3.2.2 Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíîãî ðåçóëüòàòó ïiäðîçäiëó

Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u : Q → R , ÿêà çàäîâîëüíÿ¹ (ó

ïåâíîìó ñåíñi) ðiâíÿííÿ

ut −
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds =

= −
n∑
i=1

(
fi(x, t)

)
xi

+ f0(x, t), (x, t) ∈ Q, (3.63)

êðàéîâó óìîâó

u
∣∣∣
Σ

= 0, (3.64)

òà àíàëîã ïî÷àòêîâî¨ óìîâè

lim
t→−∞

e2ωt

∫
Ω

|u(x, t)|2 dx = 0, (3.65)

äå ω ∈ R � çàäàíå ÷èñëî.

Òóò τ : S → R � íåïåðåðâíà îáìåæåíà ôóíêöiÿ òàêà, ùî τ(t) ≥ 0 äëÿ

âñiõ t ∈ S , à ai : Q×R1+n → R , c : Q× S ×R→ R, fi : Q→ R ( i = 0, n ) �

çàäàíi äiéñíîçíà÷íi ôóíêöi¨ ç âiäïîâiäíèõ êëàñiâ âèõiäíèõ äàíèõ.

Ââåäåìî êëàñè âèõiäíèõ äàíèõ.

Ïîçíà÷èìî ÷åðåç A ìíîæèíó íàáîðiâ (a0, a1, . . . , an) ôóíêöié ai : Q ×
R1+n → R ( i = 0, n ), ÿêi çàäîâîëüíÿþòü òàêi óìîâè:

(A1) äëÿ êîæíîãî i∈{0, 1, . . . , n} ôóíêöiÿ ai � êàðàòåîäîðiâñüêà, òîáòî ôóí-

êöiÿ ai(x, t, ·, ·) : R1+n → R ¹ íåïåðåðâíîþ äëÿ ìàéæå âñiõ (x, t) ∈ Q ,

à ôóíêöiÿ ai(·, ·, ρ, ξ) : Q → R � âèìiðíà äëÿ âñiõ (ρ, ξ) ∈ R1+n ); êðiì

òîãî, ai(x, t, 0, 0) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q ;

(A2) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} , ìàéæå âñiõ (x, t) ∈ Q i âñiõ (ρ, ξ) ∈ R1+n

ïðàâèëüíîþ ¹ îöiíêà

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|+

n∑
j=1

|ξj|
)

+ hi(x, t),

äå C1 > 0 � ñòàëà i hi ∈ L2
loc

(Q) ;
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(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q i âñiõ (ρ1, ξ
1) , (ρ2, ξ

2) ∈ R1+n âèêîíó¹òüñÿ

íåðiâíiñòü

n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i )+

+
(
a0(x, t, ρ1, ξ

1)−a0(x, t, ρ2, ξ
2)
)
(ρ1−ρ2) ≥ K1

n∑
i=1

|ξ1
i −ξ2

i |2 +K2|ρ1−ρ2|2,

(3.66)

äå K1 > 0, K2 ∈ R � ñòàëi.

×åðåç C ïîçíà÷èìî ìíîæèíó äiéñíîçíà÷íèõ ôóíêöié c : Q × S × R → R
òàêèõ, ùî çàäîâîëüíÿþòü óìîâè:

(C1) c � êàðàòåîäîðiâñüêà ôóíêöiÿ, òîáòî ôóíêöiÿ c(x, t, s, ·) : R → R ¹

íåïåðåðâíîþ äëÿ ìàéæå âñiõ (x, t, s) ∈ Q × S , à ôóíêöiÿ c(·, ·, ·, ρ) :

Q × S → R � âèìiðíà äëÿ âñiõ ρ ∈ R ); êðiì òîãî, c(x, t, s, 0) = 0 äëÿ

ìàéæå âñiõ (x, t, s) ∈ Q× S ;

(C2) iñíó¹ ñòàëà L > 0 òàêà, ùî äëÿ ìàéæå âñiõ (x, t, s) ∈ Q × S i äëÿ âñiõ

ρ1 , ρ2 ∈ R âèêîíó¹òüñÿ íåðiâíiñòü∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)
∣∣ ≤ L|ρ1 − ρ2|. (3.67)

Çàóâàæåííÿ 3.2. Ç óìîâè (C1 ) òà óìîâè (C2) âèïëèâà¹, ùî äëÿ ìàéæå

âñiõ (x, t, s) ∈ Q× S i âñiõ ρ ∈ R âèêîíó¹òüñÿ òàêà îöiíêà:

|c(x, t, s, ρ)| ≤ L|ρ|. (3.68)

Òåïåð äàìî îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (3.63)�(3.65).

Îçíà÷åííÿ 3.2. Íåõàé (a0, a1, . . . , an) ∈ A , c ∈ C , (f0, f1, . . . , fn) ∈
F2,loc(Q) . Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (3.63)�(3.65) íàçèâà¹ìî ôóíêöiþ

u ∈ L2
loc(S;H1

0(Ω)) ∩C
(
S;L2(Ω)

)
òàêó, ùî âèêîíó¹òüñÿ óìîâà (3.65) i ïðà-

âèëüíà iíòåãðàëüíà òîòîæíiñòü∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxiϕ+ a0(x, t, u,∇u)vϕ+ vϕ

t∫
t−τ(t)

c(x, t, s, u(x, s)) ds−



86

−uvϕ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxiϕ+ f0vϕ
}
dxdt (3.69)

äëÿ êîæíèõ v ∈ H1
0(Ω) i ϕ ∈ C1

c (−∞, 0) .

Ïîçíà÷èìî

τ+ := sup
t∈S

τ(t), χ(ω) :=

{
τ+, ÿêùî ω = 0,
1

2ω(e2ωτ+ − 1), ÿêùî ω 6= 0.
(3.70)

Ðîçãëÿíåìî íåðiâíiñòü

ω + L
√
τ+χ(ω) < K1/K0 +K2, (3.71)

äå K0 � ñòàëà ç (3.62), K1, K2 � ñòàëi ç (3.66).

Î÷åâèäíî, ùî ω + 2L
√
τ+χ(ω)→ −∞ ïðè ω → −∞ , îñêiëüêè χ(ω)→ 0

ïðè ω → −∞ , à öå îçíà÷à¹, ùî íåðiâíiñòü (3.71) ìà¹ ðîçâ'ÿçîê.

Òåîðåìà 3.2. Íåõàé (a0, a1, . . . , an) ∈ A , c ∈ C , (f0, f1, . . . , fn) ∈ F2,loc(Q)

i ω � ðîçâ'ÿçîê íåðiâíîñòi (3.71). Òîäi óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3.63)�

(3.65) ¹äèíèé.

Òåîðåìà 3.3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3.2 òà fi∈L2
ω(S;L2(Ω))

( i = 0, n ). Òîäi iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3.63)�(3.65) i

äëÿ íüîãî ¹ ïðàâèëüíi îöiíêè

e2ωσ

∫
Ω

|u(x, σ)|2 dx ≤ C2

σ∫
−∞

e2ωt||f(·, t)||2L2(Ω) dt, σ ∈ S, (3.72)

||u||L2
ω(S;H1

0 (Ω)) ≤ C3 ||f ||L2
ω(S;L2(Ω)), (3.73)

äå C2, C3 � äîäàòíi ñòàëi, ÿêi çàëåæàòü ëèøå âiä τ+, ω, L,K0, K1, K2 .

3.2.3 Äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Äëÿ ôóíêöi¨ w : Q→ R ââåäåìî ïîçíà÷åííÿ:

aj(w)(x, t) := aj(x, t, w(x, t),∇w(x, t)), (x, t) ∈ Q, j = 0, n,

c(w)(x, t, s) := c(x, t, s, w(x, s)), (x, t, s) ∈ Q× S. (3.74)
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Äîâåäåííÿ òåîðåìè 3.2. Ïðèïóñòèìî ïðîòèëåæíå. Íåõàé u1 i u2 � äâà ðiçíi

óçàãàëüíåíi ðîçâ'ÿçêè íàøî¨ çàäà÷i. Ïîçíà÷èìî w := u1 − u2 i ðîçãëÿíåìî

ðiçíèöþ ðiâíîñòi (3.69) ïðè u = u2 òà öi¹¨ æ ðiâíîñòi ïðè u = u1 . Ó

ðåçóëüòàòi îòðèìà¹ìî

−
∫∫
Q

wvϕ′ dxdt+

∫∫
Q

[ n∑
i=1

(ai(u1)− ai(u2))vxi+
(
a0(u1)− a0(u2)

)
v+

+v

t∫
t−τ(t)

(
c(u1)− c(u2)

)
ds
]
ϕdxdt = 0 ∀v ∈ H1

0(Ω), ∀ϕ ∈ C1
c (−∞, 0). (3.75)

Î÷åâèäíî, ùî ç (3.65) âèïëèâà¹

e2ωt

∫
Ω

|w(x, t)|2 dx −→
t→−∞

0. (3.76)

Íà ïiäñòàâi ëåìè 3.1, âçÿâøè θ(t) = e2ωt, t ∈ R , ç ðiâíîñòi (3.75) äëÿ

äîâiëüíèõ σ1, σ2 ∈ S (σ1 < σ2) îòðèìà¹ìî

1

2
e2ωσ2

∫
Ω

|w(x, σ2)|2 dx−
1

2
e2ωσ1

∫
Ω

|w(x, σ1)|2 dx− ω
σ2∫
σ1

∫
Ω

e2ωt|w(x, t)|2 dxdt+

+

σ2∫
σ1

∫
Ω

e2ωt
[ n∑
i=1

(ai(u1)− ai(u2))(u1,xi − u2,xi) + (a0(u1)− a0(u2))(u1 − u2)+

+w

t∫
t−τ(t)

(c(u1)− c(u2)
)
ds
]
dxdt = 0. (3.77)

Ç óìîâè (A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q ìà¹ìî

σ2∫
σ1

∫
Ω

e2ωt
[ n∑
i=1

(ai(u1)− ai(u2))(u1,xi − u2,xi) + (a0(u1)− a0(u2))(u1− u2)
]
dxdt ≥

≥
σ2∫
σ1

∫
Ω

e2ωt
[
K1|∇w|2 +K2|w|2

]
dxdt. (3.78)
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Òåïåð ðîçãëÿíåìî îñòàííié ÷ëåí ç íåðiâíîñòi (3.77). Âèêîðèñòîâóþ÷è óìîâó

(C2) , òåîðåìó Ôóáiíi òà íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, äëÿ ìàéæå âñiõ x ∈ Ω

îòðèìà¹ìî

∣∣∣ σ2∫
σ1

e2ωtw(x, t)
( t∫
t−τ(t)

(
c(u1)(x, t, s)− c(u2)(x, t, s)

)
ds
)
dt
∣∣∣ ≤

≤ L

σ2∫
σ1

e2ωt|w(x, t)|
( t∫
t−τ+

|w(x, s)|ds
)
dt ≤

≤ L
√
τ+

 σ2∫
σ1

e2ωt|w(x, t)|2dt

1/2 σ2∫
σ1

e2ωt
( t∫
t−τ+

|w(x, s)|2ds
)
dt

1/2

. (3.79)

Çìiíèâøè ïîðÿäîê iíòåãðóâàííÿ òà ïðèïóñòèâøè, ùî w(x, t) = 0 äëÿ x ∈
Ω, t > 0 , äëÿ ìàéæå âñiõ x ∈ Ω îòðèìà¹ìî

σ2∫
σ1

e2ωt
( t∫
t−τ+

|w(x, s)|2ds
)
dt ≤

σ2∫
σ1−τ+

|w(x, s)|2ds
s+τ+∫
s

e2ωtdt =

= χ(ω)
( σ2∫
σ1

e2ωs|w(x, s)|2ds+

σ1∫
σ1−τ+

e2ωs|w(x, s)|2ds
)
, (3.80)

äå χ(ω) � âèçíà÷åíà â (3.70).

Ïiäñòàâëÿþ÷è â (3.79) îñòàííié ÷ëåí ëàíöþæêà íåðiâíîñòåé (3.80) çàìiñòü

ïåðøîãî i âèêîðèñòîâóþ÷è íåðiâíîñòi:
√
ab ≤ εa+(4ε)−1b,

√
a+ b ≤

√
a+
√
b

(a ≥ 0, b ≥ 0, ε > 0 ), çäîáóäåìî

∣∣∣ σ2∫
σ1

e2ωtw(x, t)

( t∫
t−τ(t)

(
c(u1)(x, t, s)− c(u2)(x, t, s)

)
ds

)
dt
∣∣∣ ≤

≤ L
√
τ+χ(ω)

(
(1 + ε)

σ2∫
σ1

e2ωt|w(x, t)|2dt+ (4ε)−1

σ1∫
σ1−τ+

e2ωt|w(x, t)|2dt
)
.

(3.81)
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Âèêîðèñòîâóþ÷è (3.78), (3.81), ç (3.77) ìè îòðèìó¹ìî

1

2
e2ωσ2

∫
Ω

|w(x, σ2)|2 dx −
1

2
e2ωσ1

∫
Ω

|w(x, σ1)|2 dx+

+K1

σ2∫
σ1

∫
Ω

e2ωt|∇w(x, t)|2 dxdt+(K2 − (1 + ε)L
√
τ+χ(ω)−

−ω)

σ2∫
σ1

∫
Ω

e2ωt|w(x, t)|2 dxdt− (4ε)−1L
√
τ+χ(ω)

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt ≤ 0.

Çâiäñè, âèêîðèñòîâóþ÷è (3.62), îòðèìà¹ìî

1

2
e2ωσ2

∫
Ω

|w(x, σ2)|2 dx −
1

2
e2ωσ1

∫
Ω

|w(x, σ1)|2 dx+

+
(
K1/K0 +K2 − (1 + ε)L

√
τ+χ(ω)− ω

) σ2∫
σ1

∫
Ω

e2ωt|w(x, t)|2 dxdt+

−(4ε)−1L
√
τ+χ(ω)

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt ≤ 0.

Îñêiëüêè, ω � ðîçâ'ÿçîê íåðiâíîñòi (3.71), òî ìîæíà âèáðàòè ε òàêèì, ùîá

âèêîíóâàëàñü íåðiâíiñòü K1/K0 + K2 − (1 + ε)L
√
τ+χ(ω) > 0 . Ó ðåçóëüòàòi

îòðèìà¹ìî

e2ωσ2

∫
Ω

|w(x, σ2)|2dx ≤ e2ωσ1

∫
Ω

|w(x, σ1)|2dx+ C4

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2dxdt,

(3.82)

äå C4 > 0 � ñòàëà, ÿêà âiä σ1 íåçàëåæèòü.

Çàôiêñó¹ìî äîâiëüíèì ÷èíîì âèáðàíå σ2 â (3.82) i ñïðÿìó¹ìî σ1 äî −∞ .

Çãiäíî ç óìîâîþ (3.76), ïåðøèé ÷ëåí ïðàâî¨ ÷àñòèíè íåðiâíîñòi (3.82) ïðÿ-

ìó¹ äî 0. Î÷åâèäíî, ùî äðóãèé ÷ëåí ïðàâî¨ ÷àñòèíè öi¹¨ æ íåðiâíîñòi òàêîæ

ïðÿìó¹ äî 0. Ñïðàâäi,

0 ≤
σ1∫

σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt ≤ τ+ max
t∈[σ1,σ1−τ+]

(
e2ωt

∫
Ω

|w(x, t)|2 dx
)
−→

σ1→−∞
0.
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Îòîæ, îòðèìó¹ìî ðiâíiñòü e2ωσ2
∫
Ω

|w(x, σ2)|2 dx = 0 . Ç òîãî, ùî σ2 ∈ S �

äîâiëüíå, îòðèìó¹ìî, ùî w(x, t) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q , à öå ñóïåðå-

÷èòü íàøîìó ïðèïóùåííþ. Îòîæ, óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3.63)�(3.65)

¹äèíèé.

Äîâåäåííÿ òåîðåìè 3.3. Äëÿ êîæíîãî m ∈ N ïîçíà÷èìî Qm := Ω×(−m, 0],

τm := min
−m≤t≤0

(t− τ(t)) , fi,m(·, t) := fi(·, t) , ÿêùî −m < t ≤ 0, i fi,m(·, t) := 0 ,

ÿêùî t ≤ −m . Ðîçãëÿíåìî çàäà÷ó: çíàéòè ôóíêöiþ um ∈ L2(−m, 0;H1
0(Ω))∩

C([−τm, 0];L2(Ω)) , ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

um(x, t) = 0, (x, t) ∈ Ω× [−τm,−m], (3.83)

òà ðiâíÿííÿ (3.63) â Qm â ñåíñi iíòåãðàëüíî¨ òîòîæíîñòi, òîáòî

∫∫
Qm

{ n∑
i=1

ai(x, t, um,∇um)vxiϕ+a0(x, t, um,∇um)vϕ+vϕ

t∫
t−τ(t)

c(um)(x, t, s)ds−

−umvϕ′
}
dxdt=

∫∫
Qm

{ n∑
i=1

fi,mvxiϕ+ f0,mvϕ
}
dxdt, v ∈ H1

0(Ω), ϕ ∈ C1
c (−m, 0).

(3.84)

Iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó òàêî¨ çàäà÷i âèïëèâà¹ ç ïiä-

ðîçäiëó 3.1. Äëÿ êîæíîãî m ∈ N ôóíêöiþ um ïðîäîâæèìî íóëåì íà Q i

çàëèøèìî çà öèì ïðîäîâæåííÿì ïîçíà÷åííÿ um .

Òåïåð îòðèìà¹ìî îöiíêè um (m ∈ N) . Çàóâàæèìî, ùî äëÿ êîæíîãî m ∈ N
ôóíêöiÿ um íàëåæèòü äî L2(S;H1

0(Ω))∩C(S;L2(Ω)) i çàäîâîëüíÿ¹ iíòåãðàëü-

íó ðiâíiñòü (3.69) ç fi,m çàìiñòü fi ( i = 1, n ), òîáòî âèêîíó¹òüñÿ ðiâíiñòü

∫∫
Q

{ n∑
i=1

ai(x, t, um,∇um)vxiϕ+a0(x, t, um,∇um)vϕ+vϕ

t∫
t−τ(t)

c(um)(x, t, s)ds−

−umvϕ′
}
dxdt=

∫∫
Q

{ n∑
i=1

fi,mvxiϕ+ f0,mvϕ
}
dxdt, v ∈ H1

0(Ω), ϕ ∈ C1
c (−∞, 0).

(3.85)
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Çàñòîñóâàâøè ëåìó 3.1 ç θ(t) = 2e2ωt , t ∈ S , äî ðiâíîñòi (3.85), îòðèìà¹ìî

e2ωσ2

∫
Ω

|um(x, σ2)|2 dx− e2ωσ1

∫
Ω

|um(x, σ1)|2 dx−

−2ω

σ2∫
σ1

∫
Ω

e2ωt|um(x, t)|2 dxdt+ 2

σ2∫
σ1

∫
Ω

e2ωt
[ n∑
i=1

ai(um)um,xi + a0(um)um+

+um

t∫
t−τ(t)

c(um)(x, t, s)ds
]
dxdt = 2

σ2∫
σ1

∫
Ω

e2ωt
{ n∑

i=1

fi,mum,xi + f0,mum

}
dxdt.

(3.86)

Çãiäíî ç íåðiâíiñòþ Êîøi äëÿ ìàéæå âñiõ t ∈ S ìà¹ìî

σ2∫
σ1

∫
Ω

e2ωt
{ n∑

i=1

fi,mum,xi + f0,mum

}
dxdt ≤

≤ ε1

σ2∫
σ1

∫
Ω

e2ωt
{
|∇um|2 + |um|2

}
dxdt+

1

4ε1

σ2∫
σ1

∫
Ω

e2ωt
n∑
i=0

|fi,m|2dxdt (3.87)

äëÿ äîâiëüíîãî ε1 > 0 .

Ïîäiáíî äî (3.81) ç (3.68) äëÿ ìàéæå âñiõ x ∈ Ω îòðèìó¹ìî

∣∣∣ σ2∫
σ1

e2ωtum(x, t)

( t∫
t−τ(t)

c(um)(x, t, s)ds

)
dt
∣∣∣ ≤

≤ L
√
τ+χ(ω)

(
(1 + ε2)

σ2∫
σ1

e2ωt|um(x, t)|2dt+

σ1∫
σ1−τ+

e2ωt|um(x, t)|2dt
)
, (3.88)

äå ε2 > 0 � äîâiëüíå ÷èñëî.

Ç (A1) , (A3) òà (3.62) ìè îòðèìó¹ìî, ùî

σ2∫
σ1

∫
Ω

e2ωt
{ n∑
i=1

ai(um)um,xi+a0(um)um

}
dxdt≥

σ2∫
σ1

∫
Ω

e2ωt
{
K1|∇um|2+K2|um|2

}
dxdt=

=

σ2∫
σ1

∫
Ω

e2ωt
{

(δ + 1− δ)K1|∇um|2 +K2|um|2
}
dxdt ≥
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≥
σ2∫
σ1

∫
Ω

e2ωt
{

(1− δ)K1|∇um|2 + (δK1/K0 +K2) |um|2
}
dxdt, (3.89)

äå δ ∈ (0, 1) � äîâiëüíà ñòàëà.

Ç (3.86) âèêîðèñòîâóþ÷è îöiíêè (3.87), (3.88) i (3.89), òà óìîâó (3.83), âçÿâ-

øè σ1 < −m , îòðèìó¹ìî

e2ωσ2

∫
Ω

|um(x, σ2)|2 dx+ 2((1− δ)K1 − ε1)

σ2∫
−m

∫
Ω

e2ωt|∇um(x, t)|2dxdt+

+2

(
δK1/K0 +K2 − ω − (1 + ε2)L

√
τ+χ(ω)− ε1

) σ2∫
−m

∫
Ω

e2ωt|um(x, t)|2dxdt ≤

≤ (2ε1)
−1

σ2∫
−m

∫
Ω

e2ωt
n∑
i=0

|fi,m(x, t)|2dxdt. (3.90)

Âèáåðåìî â (3.90) δ ∈ (0, 1) i ε2 > 0 òàêèìè, ùîá

δK1/K0 +K2 − ω − (1 + ε2)L
√
τ+χ(ω) > 0,

à òîäi âiçüìåìî ε1 = 1
2 min{δK1/K0 +K2−ω− (1 + ε2)L

√
τ+χ(ω), (1− δ)K1} .

Ó ðåçóëüòàòi ìàòèìåìî

e2ωσ2

∫
Ω

|um(x, σ2)|2 dx+ C5

σ2∫
−m

∫
Ω

e2ωt|∇um|2 dxdt ≤ C6

σ2∫
−m

∫
Ω

e2ωt
n∑
i=0

|fi,m|2dxdt,

(3.91)

äå C5 i C6 � äîäàòíi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä K0, K1, K2, L, τ
+ òà ω .

Çðîçóìiëî, ùî um íàëåæèòü äî L2
ω(S;H1

0(Ω)) i íà ïiäñòàâi (3.91) ìà¹ìî

e2ωσ

∫
Ω

|um(x, σ)|2 dx+ C5

σ∫
−∞

∫
Ω

e2ωt|∇um|2 dxdt ≤

≤ C6

σ∫
−∞

∫
Ω

e2ωt
n∑
i=0

|fi,m|2dxdt, σ ∈ S. (3.92)

Âðàõîâóþ÷è îçíà÷åííÿ fi,m , ç (3.92) ìàòèìåìî

e2ωσ||um(·, σ)||2L2(Ω) ≤ C6

σ∫
−∞

e2ωt
n∑
i=0

||fi(·, t)||2L2(Ω) dt, σ ∈ S, (3.93)



93

‖um‖L2
ω(S;H1

0 (Ω)) ≤ C7

n∑
i=0

‖fi‖L2
ω(S;L2(Ω)), (3.94)

äå C6, C7 � äîäàòíi ñòàëi, ÿêi çàëåæàòü ëèøå âiä ω, τ+, K0, K1, K2 òà L .

Ïîêàæåìî, ùî {um} � ôóíäàìåíòàëüíà ïîñëiäîâíiñòü. Âiçüìåìî äîâiëüíi

k, l ∈ N òàêi, ùî k < l i ðîçãëÿíåìî ðiçíèöþ ìiæ uk i ul . Ïîäiáíî äî òîãî,

ÿê îòðèìàíî îöiíêó (3.92), äëÿ áóäü-ÿêîãî σ ∈ S òàêîãî, ùî −k ≤ σ ≤ 0 ,

îòðèìà¹ìî

e2ωσ

∫
Ω

|uk(x, σ)− ul(x, σ)|2 dx+ C8

σ∫
−l

∫
Ω

e2ωt|∇(uk − ul)|2 dxdt ≤

≤ C9

σ∫
−l

∫
Ω

e2ωt
n∑
i=0

|fi,k − fi,l|2 dxdt, (3.95)

äå C8 i C9 � äîäàòíi ñòàëi, ÿêi âiä k, l íå çàëåæàòü. Îòæå, ìà¹ìî

e2ωσ‖uk(·, σ)− ul(·, σ)‖2
L2(Ω) ≤ C9

−k∫
−l

e2ωt
n∑
i=0

‖fi(·, t)‖2
L2(Ω) dt, −k ≤ σ ≤ 0,

(3.96)

‖uk − ul‖L2
ω(S;H1

0 (Ω)) ≤ C10

−k∫
−l

e2ωt
n∑
i=0

‖fi(·, t)‖2
L2(Ω) dt. (3.97)

Ç óìîâè fi ∈ L2
ω(S;L2(Ω)) (i = 0, n) âèïëèâà¹, ùî ïðàâi ÷àñòèíè íåðiâíî-

ñòåé (3.96) i (3.97) ïðÿìóþòü äî íóëÿ, êîëè k òà l ïðÿìóþòü äî +∞ . Öå îçíà-

÷à¹, ùî ïîñëiäîâíiñòü {um}∞m=1 ¹ ôóíäàìåíòàëüíîþ ó ïðîñòîði

L2
ω(S;H1

0(Ω)) ∩ C(S;L2(Ω)) . Îòæå, îòðèìó¹ìî iñíóâàííÿ ôóíêöi¨

u∈L2
ω(S;H1

0(Ω)) ∩ C(S;L2(Ω)) òàêî¨, ùî

um −→
m→∞

u ñèëüíî â L2
ω(S;H1

0(Ω)) ∩ C(S;L2(Ω)). (3.98)

Âèêîðèñòîâóþ÷è óìîâó (C2) , íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî òà (3.98),

îòðèìó¹ìî

σ2∫
σ1

∫
Ω

∣∣∣ t∫
t−τ(t)

c(um)(x, t, s) ds−
t∫

t−τ(t)

c(u)(x, t, s)ds
∣∣∣2 dxdt ≤
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≤ τ+

σ2∫
σ1

∫
Ω

( t∫
t−τ+

|c(um)(x, t, s)− c(u)(x, t, s)|2ds
)
dxdt ≤

≤ L2τ+

∫
Ω

σ2∫
σ1

( t∫
t−τ+

|um(x, s)− u(x, s)|2ds
)
dtdx ≤

≤ L2τ+

∫
Ω

σ2∫
σ1−τ+

s+τ+∫
s

|um(x, s)− u(x, s)|2 dtdsdx =

= (Lτ+)2

σ2∫
σ1−τ+

∫
Ω

|um(x, t)− u(x, t)|2 dxdt −→
m→∞

0.

Îòæå, ìà¹ìî

t∫
t−τ(t)

c(um) ds −→
m→∞

t∫
t−τ(t)

c(u) ds ñèëüíî â L2
loc

(Q). (3.99)

Ç óìîâè (A2) òà îöiíêè (3.94) îäåðæèìî, ùî äëÿ êîæíèõ i ∈ {0, 1, ..., n}
òà σ1, σ2 ∈ S(σ1 < σ2) ¹ ïðàâèëüíîþ îöiíêà

σ2∫
σ1

∫
Ω

|ai(um)|2 dxdt ≤ C11

σ2∫
σ1

∫
Ω

(
|um|2 + |∇um|2 + |hi|2

)
dxdt ≤ C12, (3.100)

äå C11 òà C12 � äîäàòíi ñòàëi, ÿêi âiä m íå çàëåæàòü, òîáòî ôóíêöi¨ ai(um)

(i = 0, n) ¹ îáìåæåíèìè â L2
loc

(Q) . Ç öüîãî òà ç (3.98) âèïëèâà¹ iñíóâàí-

íÿ ïiäïîñëiäîâíîñòi ïîñëiäîâíîñòi {um}∞m=1 (çà ÿêîþ çàëèøèìî ïîçíà÷åííÿ

{um}∞m=1) i ôóíêöié χi ∈ L2
loc

(Q) (i = 0, n) òàêèõ, ùî

um −→
m→∞

u, um,xi −→m→∞ uxi ìàéæå âñþäè íà Q, i = 0, n, (3.101)

ai(um) −→
m→∞

χi ñëàáêî â L2
loc

(Q), i = 0, n, (3.102)

Ç óìîâè (A1) òà ç (3.101) âèïëèâà¹, ùî

ai(um) −→
m→∞

ai(u) ìàéæå âñþäè íà Q, i = 0, n. (3.103)

Âèêîðèñòîâóþ÷è [72, ëåìà 1.3], ç (3.102) òà (3.103) îòðèìó¹ìî

ai(um) −→
m→∞

ai(u) ñëàáêî â L2
loc

(Q), i = 0, n. (3.104)
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Ïîêàæåìî, ùî ôóíêöiÿ u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (3.63)�(3.65).

Äëÿ öüîãî â òîòîæíîñòi (3.84) ñïðÿìó¹ìî m äî +∞ , i âðàõó¹ìî (3.98), (3.99),

(3.104) òà îçíà÷åííÿ ôóíêöi¨ fi,m . Ó ðåçóëüòàòi îòðèìà¹ìî òîòîæíiñòü (3.69).

Òåïåð, âðàõóâàâøè (3.98), ìîæåìî ñïðÿìóâàòè m→ +∞ â (3.93). Ç îòðèìà-

íî¨ íåðiâíîñòi òà óìîâè f ∈ L2
ω(S;L2(Ω)) îòðèìà¹ìî óìîâó (3.65). Îòæå, ìè

äîâåëè, ùî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3.63)�(3.65).

Ëåãêî ïîêàçàòè, ùî íåðiâíîñòi òèïó (3.93), (3.94) ç u çàìiñòü um ¹ ïðà-

âèëüíèìè, à öå çíà÷èòü, ùî âèêîíóþòüñÿ îöiíêè (3.72), (3.73).

Âèñíîâêè äî ðîçäiëó 3

Ó ðîçäiëi 3 äîñëiäæåíî ìiøàíi çàäà÷i òà çàäà÷ó Ôóð'¹ äëÿ ñëàáêî íåëi-

íiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèì iíòåãðàëüíèì çàïiçíåííÿì. Äëÿ öèõ

çàäà÷ âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ, à

òàêîæ ¨õ àïðiîðíi îöiíêè.



Ðîçäië 4

Óçàãàëüíåíi ðîçâ'ÿçêè äëÿ ñèëüíî

íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü òà

ñóáäèôåðåíöiàëüíèõ âêëþ÷åíü iç

íåëîêàëüíèì çìiííèì çàïiçíåííÿì

Ó öüîìó ðîçäiëi âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü ìiøàíèõ çàäà÷, çàäà÷i

Ôóð'¹ äëÿ ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêà-

ìè íåëiíiéíîñòi i íåëîêàëüíèì çàïiçíåííÿì òà çàäà÷i áåç ïî÷àòêîâèõ óìîâ

äëÿ åâîëþöiéíèõ âêëþ÷åíü çi ñòàëèìè ïîêàçíèêàìè íåëiíiéíîñòi òà çìiííèì

iíòåãðàëüíèì çàïiçíåííÿì. Òàêîæ îòðèìàíî àïðiîðíi îöiíêè ðîçâ'ÿçêiâ öèõ

çàäà÷.

Ìàòåðiàëè ðîçäiëó âèêëàäåíî â ïðàöi [35].

4.1 Ìiøàíi çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííè-

ìè ïîêàçíèêàìè íåëiíiéíîñòi i íåëîêàëüíèì çàïiç-

íåííÿì

4.1.1 Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè

Íåõàé Q := Ω× (0, T ] , Σ0 := Γ0 × (0, T ] , Σ1 := Γ1 × (0, T ] .

Ââåäåìî ïîòðiáíi íàì ôóíêöiéíi ïðîñòîðè. Íåõàé àáî G = Ω , àáî G = Q .

Ïðèïóñêà¹ìî, ùî r ∈ L∞(Ω) , r(x) ≥ 1 äëÿ ì.â. x ∈ Ω . Ðîçãëÿäà¹ìî ëi-

íiéíèé ïðîñòið Lr(·)(G) (êëàñiâ) âèìiðíèõ ôóíêöié v : G → R òàêèõ, ùî

ρG,r(v) < ∞ , äå ρG,r(v) :=
∫

Ω |v(x)|r(x) dx, ÿêùî G = Ω, i ρG,r(v) :=∫
Q |v(x, t)|r(x) dxdt, ÿêùî G = Q. Âií ¹ áàíàõîâèì ïðîñòîðîì ç íîðìîþ

||v||Lr(·)(G) := inf{λ > 0 | ρG,r(v/λ) ≤ 1} (äèâ. [68, p. 599]) i éîãî íàçèâàþòü

96
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óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà. Çàóâàæèìî, ùî ÿêùî r(x)=r0 = const ≥ 1

äëÿ ì.â. x ∈ Ω , òî íîðìà || · ||Lr(·)(G) ñïiâïàäà¹ çi ñòàíäàðòíîþ íîðìîþ

|| · ||Lr0(G) ïðîñòîðó Ëåáåãà Lr0(G) . Òàêîæ çàóâàæèìî, ùî ìíîæèíà C(G) ¹

ùiëüíîþ ó Lr(·)(G) (äèâ. [68, p. 603]). Çãiäíî ç [68, p. 599], ÿêùî ess inf
x∈Ω

r(x) >

1 , òî ïðîñòið Lr(·)(G) ¹ ðåôëåêñèâíèì i ñïðÿæåíèé ïðîñòið [Lr(·)(G)]′ ñïiâ-

ïàäà¹ ç Lr′(·)(G) , äå ôóíêöiÿ r′ âèçíà÷à¹òüñÿ òàêîþ ðiâíiñòþ 1
r(x) + 1

r′(x) = 1

äëÿ ì.â. x ∈ Ω . Îäíàê, âëàñòèâîñòi óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà íå ¹ ïðî-

ñòèìè íàñëiäêàìè ç âiäïîâiäíèõ âëàñòèâîñòåé ñòàíäàðòíèõ ïðîñòîðiâ Ëåáåãà

òà íå âñi âëàñòèâîñòi ñòàíäàðòíèõ ïðîñòîðiâ Ëåáåãà ìàþòü àíàëîãè ó âèïàäêó

óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà (äèâ., íàïðèêëàä, çãàäàíi âèùå ðîáîòè).

Ðîçãëÿíåìî ôóíêöiþ p = (p0, . . . , pn) : Ω→ Rn+1 , ÿêà çàäîâîëüíÿ¹ óìîâó:

(P ) äëÿ âñÿêîãî i ∈ {0, 1, . . . , n} pi : Ω→ R � âèìiðíà ôóíêöiÿ òàêà, ùî

p−i := ess inf
x∈Ω

pi(x) > 1 , p+
i := ess sup

x∈Ω
pi(x) < +∞ .

Ïîçíà÷èìî ÷åðåç p′ = (p′0, . . . , p
′
n) : Ω → Rn+1 âåêòîð-ôóíêöiþ òàêó, ùî

1
pi(x) + 1

p′i(x) = 1 äëÿ ì.â. x ∈ Ω ( i = 0, n ).

Íåõàé W 1
p(·)(Ω) :=

{
v ∈ Lp0(·)(Ω) | vxi ∈ Lpi(·)(Ω) (i = 1, n)

}
� óçàãàëüíå-

íèé ïðîñòið Ñîáîë¹âà ç íîðìîþ ||v||W 1
p(·)(Ω) := ||v||Lp0(·)(Ω) +

∑n
i=1 ||vxi||Lpi(·)(Ω).

Íåõàé W̃ 1
p(·)(Ω) � ïiäïðîñòið ïðîñòîðó W 1

p(·)(Ω) , ùî ¹ çàìèêàííÿì ïðîñòîðó

C̃1(Ω) := {v ∈ C1(Ω) | v|Γ0
= 0
}
â ïðîñòîði W 1

p(·)(Ω) . Ââåäåìî ïîçíà÷åííÿ

Vp(Ω) := W̃ 1
p(·)(Ω) ∩ L2(Ω).

Ëåãêî ïåðåêîíàòèñü, ùî Vp(Ω) ¹ áàíàõîâèì ïðîñòîðîì ç íîðìîþ ||v||Vp(Ω) :=

||v||W 1
p(·)(Ω) + ||v||L2(Ω).

×åðåç W 1,0
p(·)(Q) ïîçíà÷àòèìåìî ïðîñòið ôóíêöié w ∈ Lp0(·)(Q) òàêèõ, ùî

wxi ∈ Lpi(·)(Q) (i = 1, n) . Öåé ïðîñòið ¹ áàíàõîâèì ç íîðìîþ ||w||W 1,0
p(·)(Q) :=

||w||Lp0(·)(Q) +
∑n

i=1 ||wxi||Lpi(·)(Q) . Ïiä W̃ 1,0
p(·)(Q) ðîçóìiòèìåìî ïiäïðîñòið ïðî-

ñòîðó W 1,0
p(·)(Q) , ùî ¹ çàìèêàííÿì ïðîñòîðó C̃1,0(Q) :=

{
w ∈ C(Q)

∣∣ wxi ∈
C(Q) (i = 1, n), w|Σ0

= 0
}

â ïðîñòîði W 1,0
p(·)(Q) . Ëåãêî ïåðåêîíàòèñü, ùî

w(·, t) ∈ W̃ 1
p(·)(Ω) äëÿ ì.â. t ∈ (0, T ] , ÿêùî w ∈ W̃ 1,0

p(·)(Q) .

Ïîçíà÷èìî ÷åðåç Fp′(Q) ïðîñòið âåêòîð-ôóíêöié (f0, f1, . . . , fn)∈ òàêèõ,

ùî fi ∈ Lp′i(·)(Q) i fi = 0 ìàéæå ñêðiçü ó äåÿêîìó îêîëi ïîâåðõíi Σ1 äëÿ

êîæíîãî i ∈ {1, ..., n} .
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Ïiä C1
c (0, T ) ðîçóìiòèìåìî ïiäìíîæèíó ìíîæèíè C1(0, T ) , ñêëàäåíó ç

ôóíêöié ç êîìïàêòíèì íîñi¹ì.

Äàëi âèêîðèñòîâóâàòèìåìî òàêèé ðåçóëüòàò, äîâåäåíèé ó [33].

Ëåìà 4.1. Íåõàé w ∈ W̃ 1,0
p(·)((0, T )× Ω) ∩ L2((0, T )× Ω) çàäîâîëüíÿ¹ òîòî-

æíiñòü

T∫
0

∫
Ω

{ n∑
i=1

givxiϕ+g0vϕ−wvϕ′
}
dxdt = 0 ∀v ∈ Vp(Ω), ∀ϕ ∈ C1

c (0, T ), (4.1)

äëÿ äåÿêèõ gj ∈ Lp′j(·)((0, T )× Ω) ( j = 0, n ).

Òîäi w ∈ C([0, T ];L2(Ω)) i äëÿ êîæíèõ θ ∈ C1([0, T ]) , v ∈ Vp(Ω) òà

t1, t2 ∈ [0, T ] (t1 < t2) ìà¹ìî

θ(t2)

∫
Ω

w(x, t2)v(x) dx− θ(t1)
∫
Ω

w(x, t1)v(x) dx+

+

t2∫
t1

∫
Ω

{ n∑
i=1

givxiθ + g0vθ − wvθ′
}
dxdt = 0, (4.2)

1

2
θ(t2)

∫
Ω

|w(x, t2)|2 dx−
1

2
θ(t1)

∫
Ω

|w(x, t1)|2 dx−

−1

2

t2∫
t1

∫
Ω

|w|2θ′ dxdt+

t2∫
t1

∫
Ω

{ n∑
i=1

giwxi + g0w

}
θ dxdt = 0. (4.3)

4.1.2 Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíîãî ðåçóëüòàòó ïiäðîçäiëó

Ðîçãëÿíåìî çàäà÷ó: çíàéòè ôóíêöiþ u : Ω×[−τ0, T ]→ R , ÿêà çàäîâîëüíÿ¹

(ó ïåâíîìó ñåíñi) ðiâíÿííÿ

ut −
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds =

= −
n∑
i=1

(
fi(x, t)

)
xi

+ f0(x, t), (x, t) ∈ Q, (4.4)

êðàéîâi óìîâè

u
∣∣∣
Σ0

= 0,
n∑
i=1

ai(x, t, u,∇u) νi

∣∣∣
Σ1

= 0 (4.5)
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òà ïî÷àòêîâó óìîâó

u(x, t) = u0(x, t), (x, t) ∈ Ω× [−τ0, 0]. (4.6)

Òóò τ : [0, T ] → R � íåïåðåðâíà ôóíêöiÿ òàêà, ùî τ(t) ≥ 0 äëÿ âñiõ t ∈
[0, T ] , τ0 := − min

t∈[0,T ]
(t − τ(t)) , τ+ := max

t∈[0,T ]
τ(t) , à ai : Q × R1+n → R , c :

Q× (−τ0, T )× R→ R, fi : Q→ R ( i = 0, n ), u0 : Ω× [−τ0, 0]→ R � çàäàíi

äiéñíîçíà÷íi ôóíêöi¨ ç âiäïîâiäíèõ êëàñiâ âèõiäíèõ äàíèõ.

Ââåäåìî êëàñè âèõiäíèõ äàíèõ.

Íåõàé p çàäîâîëüíÿ¹ óìîâó (P). Ïîçíà÷èìî ÷åðåç Ap ìíîæèíó íàáîðiâ

(a0, a1, . . . , an) ôóíêöié, ùî çàäîâîëüíÿþòü òàêi óìîâè:

(A1) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} ôóíêöiÿ ai(x, t, ρ, ξ) , (x, t, ρ, ξ) ∈ Q ×
R1+n , ¹ êàðàòåîäîðiâñüêîþ, òîáòî ôóíêöiÿ ai(x, t, ·, ·) : R1+n → R ¹ íå-

ïåðåðâíîþ äëÿ ì.â. (x, t) ∈ Q , à ôóíêöiÿ ai(·, ·, ρ, ξ) : Q→ R ¹ âèìiðíîþ

äëÿ âñiõ (ρ, ξ) ∈ R1+n ;

(A2) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} , ì.â. (x, t) ∈ Q i âñiõ (ρ, ξ) ∈ R1+n ìà¹ìî

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|p0(x)/p′i(x) +

n∑
j=1

|ξj|pj(x)/p′i(x)
)

+ hi(x, t),

äå C1 � äîäàòíà ñòàëà, hi ∈ Lp′i(·)(Q) ;

(A3) ì.â. (x, t) ∈ Q i äëÿ âñiõ (ρ1, ξ
1) , (ρ2, ξ

2) ∈ R1+n âèêîíó¹òüñÿ íåðiâíiñòü
n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i )+

+
(
a0(x, t, ρ1, ξ

1)− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2) ≥ 0; (4.7)

(A4) ì.â. (x, t) ∈ Q i äëÿ âñiõ (ρ, ξ) ∈ R1+n ìà¹ìî
n∑
i=1

ai(x, t, ρ, ξ)ξi + a0(x, t, ρ, ξ)ρ ≥ K
( n∑

i=1

|ξi|pi(x) + |ρ|p0(x)
)
− g(x, t),

äå K � äîäàòíà ñòàëà, g ∈ L1(Q) .

Çàóâàæèìî, ùî g(x, t) ≥ 0 äëÿ ì.â. (x, t) ∈ Q . Öå âèïëèâà¹ ç íåðiâíîñòi ç

óìîâè (A4) , ÿêùî âçÿòè ξ1 = . . . = ξn = 0 , ρ = 0 .

×åðåç C ïîçíà÷à¹ìî ìíîæèíó ôóíêöié c(x, t, s, ρ), (x, t, s, ρ)∈Q×(−τ0, T )×
R òàêèõ, ùî
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(C1) c � êàðàòåîäîðiâñüêà ôóíêöiÿ, òîáòî ôóíöiÿ c(x, t, s, ·) : R → R ¹

íåïåðåðâíîþ äëÿ ì.â. (x, t, s) ∈ Q × (−τ0, T ) , à ôóíêöiÿ c(·, ·, ·, ρ) :

Q× (−τ0, T )→ R ¹ âèìiðíîþ äëÿ âñiõ ρ ∈ R ; êðiì òîãî, c(x, t, s, 0) = 0

äëÿ ì.â. (x, t, s) ∈ Q× (−τ0, T ) ;

(C2) äëÿ ì.â. (x, t, s) ∈ Q× (−τ0, T ) i âñiõ ρ1 , ρ2 ∈ R ïðàâèëüíà íåðiâíiñòü∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)
∣∣ ≤ L|ρ1 − ρ2|, (4.8)

äå L � äîäàòíà ñòàëà.

Çàóâàæåííÿ 4.1. Ç óìîâ c(x, t, s, 0) = 0 òà (C2) âèïëèâà¹, ùî äëÿ ì.â.

(x, t, s) ∈ Q× (−τ0, T ) i âñiõ ρ ∈ R ïðàâèëüíà òàêà îöiíêà

|c(x, t, s, ρ)| ≤ L|ρ|. (4.9)

Òåïåð äàìî îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (4.4)�(4.6).

Îçíà÷åííÿ 4.1. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P ), (a0, a1, . . . , an) ∈ Ap , c ∈
C , (f0, f1, . . . , fn) ∈ Fp′(Q) , u0 ∈ C([−τ0, 0];L2(Ω)) . Óçàãàëüíåíèì ðîçâ'ÿç-

êîì çàäà÷i (4.4)�(4.6) íàçèâàþòü ôóíêöiþ u ∈ W̃ 1,0
p(·)(Q)∩C ([−τ0, T ];L2(Ω)) ,

ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

||u(·, t)− u0(·, t)||L2(Ω) = 0 ∀t ∈ [−τ0, 0] (4.10)

òà iíòåãðàëüíó òîòîæíiñòü∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxiϕ+ a0(x, t, u,∇u)vϕ+ vϕ

t∫
t−τ(t)

c(x, t, s, u(x, s)) ds−

−uvϕ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxiϕ+ f0vϕ
}
dxdt (4.11)

äëÿ êîæíèõ v ∈ Vp(Ω) , ϕ ∈ C1
c (0, T ) .

Òåîðåìà 4.1. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P ), (a0, a1, . . . , an) ∈ Ap , c ∈ C ,
(f0, f1, . . . , fn) ∈ Fp′(Q) , u0 ∈ C([−τ0, 0];L2(Ω)) . Òîäi çàäà÷à (4.4)�(4.6) ìà¹

¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê u i âií çàäîâîëüíÿ¹ îöiíêó

max
t∈[0,T ]

∫
Ω

|u(x, t)|2 dx+

∫∫
Q

{ n∑
i=1

∣∣uxi(x, t)∣∣pi(x)
+|u(x, t)|p0(x)

}
dxdt ≤
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≤ C2

(∫∫
Q

{ n∑
i=1

∣∣fi(x, t)∣∣p′i(x)
+g(x, t)

}
dxdt+ max

t∈[−τ0,0]

∫
Ω

|u0(x, t)|2 dxdt

)
,

(4.12)

äå C2 � äîäàòíà ñòàëà, ùî çàëåæèòü ëèøå âiä K, L, τ0, τ
+, T òà p−i (i =

0, n) .

4.1.3 Äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó ïiäðîçäiëó

Äàëi äëÿ ôóíêöi¨ w : Q→ R âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ:

aj(w)(x, t) := aj(x, t, w(x, t),∇w(x, t)), (x, t) ∈ Q, j = 0, n,

c(w)(x, t, s) := c(x, t, s, w(x, s)), (x, t, s) ∈ Q× (−τ0, T ). (4.13)

Ïðîâåäåìî äîâåäåííÿ òåîðåìè 4.1 ó òðè êðîêè: ñïåðøó äîâåäåìî ¹äèíiñòü

óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (4.4)�(4.6), ïiçíiøå äîâåäåìî éîãî iñíóâàííÿ,

à ïîòiì ïîêàæåìî ïðàâèëüíiñòü îöiíêè (4.12).

Ïåðøèé êðîê (¹äèíiñòü ðîçâ'ÿçêó). Äîâåäåìî âiä ñóïðîòèâíîãî. Ïðèïó-

ñòèìî ïðîòèëåæíå i íåõàé u1 i u2 � äâà ðiçíi óçàãàëüíåíi ðîçâ'ÿçêè çàäà-

÷i (4.4)�(4.6). Ðîçãëÿíåìî ðiçíèöþ ìiæ òîòîæíiñòþ (4.11) äëÿ u = u2 òà öi¹þ

æ òîòîæíiñòþ äëÿ u = u1 . Ç ëåìè 4.1 ïðè w = u1 − u2 , θ(t) = e−λt ∀t ∈ R
(λ = const > 0 ), t1 = 0 , t2 = T îòðèìà¹ìî (äèâ. (4.3))

1

2
e−λT

∫
Ω

|w(x, T )|2 dx+
λ

2

∫∫
Q

|w|2e−λtdxdt+

+

∫∫
Q

{ n∑
i=1

(ai(u1)− ai(u2))(u1,xi − u2,xi) + (a0(u1)− a0(u2))(u1 − u2)+

+w(x, t)

t∫
t−τ(t)

[c(u1)(x, t, s)− c(u2)(x, t, s)] ds

}
e−λtdxdt = 0. (4.14)

Ç óìîâè (A3) ì.â. íà Q ìà¹ìî

n∑
i=1

(ai(u1)− ai(u2))(u1,xi − u2,xi) + (a0(u1)− a0(u2))(u1 − u2) ≥ 0. (4.15)

Ïðîäîâæèìî w(x, t) íóëåì äëÿ âñiõ (x, t) ∈ Ω× {(−∞,−τ0) ∪ (T,+∞)} .
Âiäìiòèìî, ùî w(x, t) = 0 äëÿ ì.â. (x, t) ∈ Ω × [−τ0, 0] . Âèêîðèñòîâóþ÷è
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óìîâó (C2) , òåîðåìó Ôóáiíi i íåðiâíiñòü Ãåëüäåðà, îòðèìà¹ìî∣∣∣∣ ∫∫
Q

w(x, t)
( t∫
t−τ(t)

[c(u1)(x, t, s)− c(u2)(x, t, s)] ds
)
e−λtdxdt

∣∣∣∣ ≤

≤
∫∫
Q

|w(x, t)|
( t∫
t−τ(t)

|c(u1)(x, t, s)− c(u2)(x, t, s)| ds
)
e−λtdxdt ≤

≤ L

∫
Ω

dx

T∫
0

|w(x, t)|
( t∫
t−τ(t)

|w(x, s)|ds
)
e−λtdt ≤

≤ L

∫
Ω

dx

T∫
0

|w(x, t)|e−
λt
2

(
e−

λt
2

t∫
t−τ+

|w(x, s)| ds
)
dt ≤

≤ L
√
τ+

∫
Ω

[( T∫
0

|w(x, t)|2e−λtdt
)1/2( T∫

0

e−λtdt

t∫
t−τ+

|w(x, s)|2ds
)1/2

]
dx. (4.16)

Ðîçãëÿíåìî äðóãèé iíòåãðàë ç ïðàâî¨ ÷àñòèíè íåðiâíîñòi (4.16). Çìiíþþ÷è

ïîðÿäîê iíòåãðóâàííÿ, äëÿ ì.â. x ∈ Ω îòðèìà¹ìî

T∫
0

e−λtdt

t∫
t−τ+

|w(x, s)|2ds ≤
T∫

−τ+

|w(x, s)|2ds
s+τ+∫
s

e−λtdt =

= λ−1(1− e−λτ+)

T∫
0

|w(x, s)|2e−λsds. (4.17)

Ïiäñòàâëÿþ÷è â (4.16) îñòàííié ÷ëåí ç ëàíöþæêà ïåðåòâîðåíü (4.17) çàìiñòü

ïåðøîãî, îäåðæèìî

∣∣∣ ∫∫
Q

w(x, t)
( t∫
t−τ(t)

[c(u1)(x, t, s)− c(u2)(x, t, s)] ds
)
e−λtdxdt

∣∣∣ ≤
≤ L

√
τ+λ−1(1− e−λτ+)

∫∫
Q

|w(x, t)|2e−λtdxdt. (4.18)
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Âèêîðèñòîâóþ÷è (4.15), (4.18), ç (4.14) ìàòèìåìî(
λ/2− L

√
τ+λ−1(1− e−λτ+)

)∫∫
Q

|w(x, t)|2e−λtdtdx ≤ 0. (4.19)

Âèáèðàþ÷è çíà÷åííÿ λ òàêå, ùîá âèêîíóâàëàñü íåðiâíiñòü

λ/2 − L
√
λ−1τ+(1− e−λτ+) > 0, ç (4.19) îòðèìà¹ìî, ùî u1(x, t) = u2(x, t)

äëÿ ì.â. (x, t) ∈ Q , ùî ñóïåðå÷èòü íàøîìó ïðèïóùåííþ. Îòæå, óçàãàëüíå-

íèé ðîçâ'ÿçîê çàäà÷i (4.4)�(4.6) ¹äèíèé.

Äðóãèé êðîê (iñíóâàííÿ ðîçâ'ÿçêó). Äëÿ äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó

çàäà÷i (4.4)-(4.6) âèêîðèñòà¹ìî ìåòîä Ãàëüîðêiíà. Íåõàé {wj | j ∈ N} � ïîâíà
ëiíiéíî íåçàëåæíà ñèñòåìà ôóíêöié ç Vp(Ω) , ùî ¹ îðòîíîðìîâàíîþ áàçîþ

â L2(Ω) . Äëÿ êîæíîãî k ∈ N , ïîêëàäåìî

αk(t) :=

∫
Ω

u0(x, t)wk(x)dx, t ∈ [−τ0, 0]. (4.20)

Î÷åâèäíî, ùî αk ∈ C([−τ0, 0]) (k ∈ N) .

Äëÿ êîæíîãî m ∈ N ïîçíà÷èìî

u0,m(x, t) :=
m∑
k=1

αk(t)wk(x), (x, t) ∈ Ω× [−τ0, 0]. (4.21)

Î÷åâèäíî, ùî

max
t∈[−τ0,0]

||u0(·, t)− u0,m(·, t)||L2(Ω) −→
m→∞

0. (4.22)

Çãiäíî ç ìåòîäîì Ãàëüîðêiíà äëÿ êîæíîãî m ∈ N ïîêëàäåìî

um(x, t) :=
m∑
k=1

cm,k(t)wk(x), (x, t) ∈ Ω× [−τ0, T ], (4.23)

äå cm,1, . . . , cm,m � íåïåðåðâíi íà [−τ0, T ] òà àáñîëþòíî íåïåðåðâíi íà [0, T ]

ôóíêöi¨, ùî ¹ ðîçâ'ÿçêàìè çàäà÷i Êîøi äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëü-

íèõ ðiâíÿíü iç çàïiçíåííÿì∫
Ω

um,twj dx+

∫
Ω

{ n∑
i=1

(ai(um)− fi)wj,xi + (a0(um)− f0)wj+

+wj(x)

t∫
t−τ(t)

c(um)(x, t, s)ds
}
dx = 0, t ∈ [0, T ], j = 1,m, (4.24)
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cm,k(t) = αk(t), t ∈ [−τ0, 0], k = 1,m. (4.25)

Çàóâàæèìî, ùî ç (4.21), (4.23) i (4.25) âèïëèâà¹

um(x, t) = u0,m(x, t) äëÿ ì.â. (x, t) ∈ Ω× [−τ0, 0]. (4.26)

Ç òîãî, ùî ôóíêöi¨ w1, . . . , wm � ëiíiéíî íåçàëåæíi, âèïëèâà¹, ùî ìàòðèöÿ

(
∫
Ω

wkwjdx)mk,j=1 ¹ íåâèðîäæåíîþ. Îòîæ, ñèñòåìà (4.24) ìîæå áóòè òðàíñôîð-

ìîâàíà äî íîðìàëüíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíå-

ííÿì. Âiäïîâiäíî äî òåîðåì iñíóâàííÿ òà ïðîäîâæåííÿ ðîçâ'ÿçêó öi¹¨ çàäà÷i

(äèâ. [9], [48]) ìà¹ìî ãëîáàëüíèé ðîçâ'ÿçîê c1,m, . . . .., cm,m çàäà÷i (4.24), (4.25).

Öåé ðîçâ'ÿçîê âèçíà÷åíèé íà iíòåðâàëi [−τ0, Tm〉 , äå 0 < Tm ≤ T . Òóò äóæ-

êà � 〉 � îçíà÷àþòü àáî �)�, àáî �]�. Äàëi îòðèì¹ìî îöiíêè, ç ÿêèõ âèïëèâàòèìå
ðiâíiñòü [−τ0, Tm〉 = [−τ0, T ] .

Îöiíèìî um (m ∈ N) . Äëÿ öüîãî äîìíîæèìî ðiâíÿííÿ ç íîìåðîì j ∈
{1, . . . ,m} ñèñòåìè (4.24) íà cm,je

−λt , äå λ > 0 � äîäàòíå ÷èñëî, i ïiäñó-

ìó¹ìî ïî j ∈ {1, . . . ,m} . Iíòåãðóþ÷è îòðèìàíó ðiâíiñòü ïî t ∈ [0, σ] , äå

σ ∈ [0, Tm〉 , i âèêîðèñòîâóþ÷è ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè òà òîòî-

æíiñòü (4.26), îòðèìà¹ìî

1

2
e−λσ

∫
Ω

|um(x, σ)|2 dx− 1

2

∫
Ω

|u0,m(x, 0)|2 dx+
λ

2

σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt+

+

σ∫
0

∫
Ω

{ n∑
i=1

ai(um)um,xi + a0(um)um + um(x, t)

t∫
t−τ(t)

c(um)(x, t, s)ds
}
e−λtdxdt =

=

σ∫
0

∫
Ω

{ n∑
i=1

fium,xi + f0um

}
e−λtdxdt. (4.27)

Ïðîäîâæèìî um(x, t) íóëåì äëÿ âñiõ (x, t) ∈ Ω× ((−∞,−τ0) ∪ (T,+∞)) ,

i âèêîðèñòîâóþ÷è (4.9) òà íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, îòðèìà¹ìî∣∣∣ σ∫
0

∫
Ω

um(x, t)
( t∫
t−τ(t)

c(um)(x, t, s) ds
)
e−λtdxdt

∣∣∣ ≤
≤

σ∫
0

∫
Ω

|um(x, t)|
( t∫
t−τ(t)

|c(um)(x, t, s)| ds
)
e−λtdxdt ≤
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≤ L

∫
Ω

dx

σ∫
0

|um(x, t)|e−λt
( t∫
t−τ(t)

|um(x, s)|ds
)
dt ≤

≤ L

∫
Ω

dx

σ∫
0

|um(x, t)|e−
λt
2

(
e−

λt
2

t∫
t−τ+

|um(x, s)| ds
)
dt ≤

≤ L
√
τ+

∫
Ω

[( σ∫
0

|um(x, t)|2e−λtdt
)1/2( σ∫

0

e−λtdt

t∫
t−τ+

|um(x, s)|2ds
)1/2

]
dx.

(4.28)

Îöiíèìî äðóãèé iíòåãðàë ç ïðàâî¨ ÷àñòèíè îòðèìàíî¨ âèùå íåðiâíîñòi. Äëÿ

ì.â. x ∈ Ω ìà¹ìî
σ∫

0

e−λtdt

t∫
t−τ+

|um(x, s)|2ds≤
σ∫

−τ+

|um(x, s)|2ds
s+τ+∫
s

e−λtdt =

= λ−1(1− e−λτ+)

σ∫
−τ0

|um(x, s)|2e−λsds = λ−1(1− e−λτ+)
( σ∫

0

|um(x, t)|2e−λtdt+

+

0∫
−τ0

|u0,m(x, t)|2e−λtdt
)
. (4.29)

Òóò âèêîðèñòàëè çìiíó ïîðÿäêó iíòåãðóâàííÿ òà (4.26).

Ïiäñòàâëÿþ÷è ó ïðàâó ÷àñòèíó íåðiâíîñòi (4.28) îñòàííié åëåìåíò îäåðæà-

íîãî âèùå ëàíöþæêà ïåðåòâîðåíü çàìiñòü ïåðøîãî òà âèêîðèñòîâóþ÷è íåðiâ-

íiñòü Êîøi ab ≤ a2 + b2 , ìà¹ìî∣∣∣ σ∫
0

∫
Ω

um(x, t)
( t∫
t−τ(t)

c(um)(x, t, s)ds
)
e−λtdxdt

∣∣∣ ≤
≤ L

√
τ+λ−1(1− e−λτ+)

(
2

σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt+
0∫

−τ0

∫
Ω

|u0,m(x, t)|2e−λtdxdt
)
.

(4.30)

Ç óìîâè (A4) îäåðæó¹ìî
σ∫

0

∫
Ω

n∑
i=1

ai(um)um,xi + a0(um)um
}
e−λtdxdt ≥
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≥
σ∫

0

∫
Ω

{
K
( n∑

i=1

|um,xi(x, t)|pi(x) + |um(x, t)|p0(x)
)
− g(x, t)

}
e−λtdxdt. (4.31)

Íàäàëi íàì çíàäîáèòüñÿ òàêà íåðiâíiñòü Þíãà

ab ≤ ε|a|r(x) + ε−
1

r−−1 |b|r′(x), a, b ∈ R, 0 < ε ≤ 1, äëÿ ì.â. x ∈ Ω, (4.32)

äå r ∈ L∞(Ω) , r(x) > 1 , r− := ess inf
x∈Ω

r(x) > 1 , r′(x) := r(x)/(r(x)− 1) äëÿ

ì.â. x ∈ Ω .

Âèêîðèñòîâóþ÷è íåðiâíiñòü (4.32), îòðèìó¹ìî òàêó îöiíêó
σ∫

0

∫
Ω

{ n∑
i=1

fium,xi + f0um

}
e−λt dxdt ≤ ε

σ∫
0

∫
Ω

{ n∑
i=1

|um,xi|pi(x)+

+|um|p0(x)
}
e−λtdxdt+

σ∫
0

∫
Ω

n∑
i=0

ε
− 1

p−
i
−1 |fi(x, t)|p

′
i(x)e−λtdxdt, (4.33)

äå ε ∈ (0, 1] � äîâiëüíå.

Ç (4.27), âèêîðèñòîâóþ÷è (4.30), (4.31), (4.33), äëÿ áóäü-ÿêîãî σ ∈ (0, Tm〉
ìà¹ìî

e−λσ
∫
Ω

|um(x, σ)|2 dx+ 2(K − ε)
σ∫

0

∫
Ω

{ n∑
i=1

|um,xi(x, t)|pi(x)+

+|um(x, t)|p0(x)
}
e−λtdxdt+

(
λ−4L

√
τ+λ−1(1− e−λτ+)

) σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt≤

≤ 2

σ∫
0

∫
Ω

n∑
i=0

ε
− 1

p−
i
−1 |fi(x, t)|p

′
i(x)e−λtdxdt+ 2

σ∫
0

∫
Ω

g(x, t)e−λtdxdt+

+
(
2Lτ0

√
τ+λ−1(1− e−λτ+) + 1

)
max

t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx. (4.34)

Áåðó÷è ε = 1
2 min{1, K}, λ = λ0, äå λ0 � ÿêèé-íåáóäü ðîçâ'ÿçîê íåðiâíîñòi

λ− 4L
√
τ+λ−1(1− e−λτ+) > 0, (4.35)

ç (4.34) îòðèìó¹ìî

max
t∈[0,T ]

∫
Ω

|um(x, t)|2 dx+ C5

∫∫
Q

{ n∑
i=1

|um,xi(x, t)|pi(x) + |um(x, t)|p0(x)
}
dxdt ≤
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≤ C6

∫∫
Q

{ n∑
i=0

|fi(x, t)|p
′
i(x) +g(x, t)

}
dxdt+C7 max

t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx, (4.36)

äå C5, C6, C7 � äîäàòíi ñòàëi, ùî çàëåæàòü ëèøå âiä K,L, τ0, τ
+, T òà p−i

(i = 0, n).

Ç (4.22) âèïëèâà¹, ùî ïîñëiäîâíiñòü { max
t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx}∞m=1 îáìåæå-

íà. Çâiäñè òà ç (4.36) îòðèìó¹ìî, ùî äëÿ âñiõ σ ∈ (0, Tm〉 ïðàâèëüíi îöiíêè∫
Ω

|um(x, σ)|2 dx ≤ C8, (4.37)

σ∫
0

∫
Ω

{ n∑
i=1

|um,xi(x, t)|pi(x) + |um(x, t)|p0(x)
}
dxdt ≤ C9, (4.38)

äå ñòàëi C8, C9 > 0 íå çàëåæàòü âiä m,Tm, σ . Ç îöiíêè (4.37) âèïëèâà¹,

ùî iñíó¹ íåçàëåæíà âiä Tm ñòàëà, ÿêà îáìåæó¹ ôóíêöi¨ cm,1 , . . . , cm,m íà

[−τ0, Tm〉 . Îòæå, [−τ0, Tm〉 = [−τ0, T ] .

Ç óìîâè (A2) òà îöiíêè (4.38) îòðèìó¹ìî∫∫
Q

|ai(um)(x, t)|p′i(x) dxdt ≤ C10, i = 0, n, (4.39)

äå C10 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä m .

Âèêîðèñòîâóþ÷è (4.9) , íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, (4.22), (4.26) òà

(4.37), îäåðæó¹ìî

∫∫
Q

∣∣∣ t∫
t−τ(t)

c(um)(x, t, s) ds
∣∣∣2dxdt ≤ L2(T + τ0)

∫∫
Q

( T∫
−τ0

|um(x, s)|2 ds
)
dxdt ≤

≤ L2T (T+τ0)
(∫∫

Q

|um(x, t)|2 dxdt+τ0 max
t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx
)
≤ C11, (4.40)

äå C11 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä m .

Îñêiëüêè ïðîñòîðè Lpi(·)(Q) , Lp′i(·)(Q) (i=0, n) ¹ ðåôëåêñèâíèìè (äèâ. [68,

ñ. 600]), òî ç îöiíîê (4.37)�(4.40), âèïëèâà¹ iñíóâàííÿ ïiäïîñëiäîâíîñòi ïîñëi-

äîâíîñòi {um}m∈N (ÿêó òàêîæ ïîçíà÷àòèìåìî ÷åðåç {um}m∈N ) òà ôóíêöié
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v∗ ∈ L2(Ω) , u ∈ W̃ 1,0
p(·)(Q) ∩ L∞(0, T ;L2(Ω)) , χi ∈ Lp′i(·)(Q) ( i = 0, n ) i

ζ ∈ L2(Q) òàêèõ, ùî

um(·, T ) −→
m→∞

v∗(·) ñëàáêî â L2(Ω), (4.41)

um −→
m→∞

u ∗ −ñëàáêî â L∞(0, T ;L2(Ω)), (4.42)

um −→
m→∞

u ñëàáêî â W̃ 1,0
p(·)(Q), (4.43)

ai(um) −→
m→∞

χi ñëàáêî â Lp′i(·)(Q) (i = 0, n). (4.44)

t∫
t−τ(t)

c(um)ds −→
m→∞

ζ ñëàáêî â L2(Q). (4.45)

Òåïåð äîâåäåìî, ùî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (4.4)�(4.6).

Âèáåðåìî i çàôiêñó¹ìî ÷èñëà j,m ∈ N òàêi, ùî m ≥ j . Äîìíîæèìî ðiâ-

íÿííÿ ñèñòåìè (4.24) ç íîìåðîì j íà ôóíêöiþ θ ∈ C1([0, T ]) òà ïðîiíòåãðó¹ìî

îäåðæàíó ðiâíiñòü ïî t ∈ [0, T ] . Çâiäñè, ñïðÿìóâàâøè m äî ∞ òà âðàõóâàâ-

øè (4.22), (4.26), (4.41)�(4.45), îòðèìà¹ìî

θ(T )

∫
Ω

v∗(x)wj(x) dx− θ(0)

∫
Ω

u0(x, 0)wj(x) dx−

−
∫∫
Q

uwjθ
′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)wj,xi+(χ0+ ζ −f0)wj

}
θ dxdt=0. (4.46)

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî äëÿ äîâiëüíèõ v ∈ Vp(Ω) òà θ ∈ C1([0, T ]) âèêî-

íó¹òüñÿ ðiâíiñòü

θ(T )

∫
Ω

v∗(x)v(x) dx− θ(0)

∫
Ω

u0(x, 0)v(x) dx−

−
∫∫
Q

uvθ′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)vxi + (χ0 + ζ − f0)v
}
θ dxdt = 0. (4.47)

Çàóâàæèìî, ùî ÿêùî âçÿòè θ = ϕ ∈ C1
c (0, T ) â (4.47), òî îòðèìà¹ìî òîòî-

æíiñòü∫∫
Q

{ n∑
i=1

(χi−fi)vxiϕ+(χ0+ζ−f0)vϕ−uvϕ′
}
dxdt=0 ∀ v ∈ Vp(Ω), ∀ϕ ∈ C1

c (0, T ).

(4.48)
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Çãiäíî ç ëåìîþ 4.1 ç (4.48) ìà¹ìî

u ∈ C([0, T ];L2(Ω)) (4.49)

òà äëÿ áóäü-ÿêèõ v ∈ Vp(Ω) i θ ∈ C1([0, T ]) âèêîíó¹òüñÿ ðiâíiñòü

θ(T )

∫
Ω

u(x, T )v(x) dx− θ(0)

∫
Ω

u(x, 0)v(x) dx−

−
∫∫
Q

uvθ′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)vxi + (χ0 + ζ − f0)v
}
θ dxdt = 0. (4.50)

Ïîðiâíþþ÷è (4.47) òà (4.50), îòðèìó¹ìî

u(x, 0) = u0(x, 0), u(x, T ) = v∗(x) äëÿ ì.â. x ∈ Ω. (4.51)

Ïîêëàäåìî u(x, t) = u0(x, t) ∀(x, t) ∈ Ω× [−τ0, 0) . Ïîêàæåìî, ùî òàê ïðî-

äîâæåíà ôóíêöiÿ íàëåæèòü äî ïðîñòîðó C([−τ0, T ];L2(Ω)) . Ñïðàâäi, ç îãëÿäó

íà (4.49) ïðèõîäèìî äî âèñíîâêó, ùî çâóæåííÿ u íà Ω× [0, T ] íàëåæèòü äî

C([0, T ];L2(Ω)) . Ç óìîâ òåîðåìè ìà¹ìî, ùî u0 ∈ C([−τ0, 0];L2(Ω)) . Òàêîæ,

u(x, 0) = u0(x, 0) (äèâ. (4.51)). Çâiäñè âèïëèâà¹, ùî u ∈ C([−τ0, T ];L2(Ω)) .

Î÷åâèäíî, ùî âèêîíó¹òüñÿ (4.10).

Âiäïîâiäíî äî (4.48), ùîá äîâåñòè ðiâíiñòü (4.11) äîñèòü ïîêàçàòè ïðàâèëü-

íiñòü ðiâíîñòi∫
Ω

{ n∑
i=1

χivxi+(χ0+ζ)v
}
dx=

∫
Ω

{ n∑
i=1

ai(u)vxi+
(
a0(u)+

t∫
t−τ(t)

c(u) ds
)
v
}
dx (4.52)

äëÿ äëÿ ì.â. t ∈ (0, T ) i áóäü-ÿêèõ v ∈ Vp(Ω) . Äëÿ öüîãî âèêîðèñòà¹ìî ìåòîä

ìîíîòîííîñòi (äèâ. [72]).

Íåõàé ôóíêöiÿ wm ∈ W 1,0
p(·)(Q) ∩ L2(−τ0, T ;L2(Ω)) òàêà, ùî wm(x, t) =

u0,m(x, t) äëÿ ì.â. (x, t) ∈ Ω× (−τ0, 0) i w(x, t) = w̃(x, t) äëÿ ì.â. (x, t) ∈ Q ,

äå w̃ ∈ W 1,0
p(·)(Q)∩L2(Q) � äîâiëüíà. Äëÿ êîæíîãî m ∈ N ââåäåìî ïîçíà÷åííÿ

Wm :=

∫∫
Q

{ n∑
i=1

(ai(um)−ai(wm))(um,xi−wm,xi)+(a0(um)−a0(wm))(um−wm)+

+
λ

2
|um − wm|2 + (um − wm)

t∫
t−τ(t)

(c(um)− c(wm)) ds
}
e−λt dxdt,



110

äå λ > 0 � òàêå, ùî âèêîíó¹òüñÿ íåðiâíiñòü λ/2− L
√
τ+λ−1(1− e−λτ+) > 0 .

Âèêîðèñòîâóþ÷è óìîâó (A3) , äëÿ áóäü-ÿêîãî m ∈ N îòðèìó¹ìî

Wm ≥
∫∫
Q

{λ
2
|um − wm|2 + (um − wm)

t∫
t−τ(t)

(c(um)− c(wm)) ds
}
e−λt dxdt.

Ç òîãî, ùî

∣∣∣ ∫∫
Q

(um − wm)
( t∫
t−τ(t)

[c(um)− c(wm)] ds
)
e−λtdxdt

∣∣∣ ≤
≤ L

√
τ+λ−1(1− e−λτ+)

∫∫
Q

|um − wm|2e−λtdxdt

(äèâ. (4.18)), i âèáîðó λ , âèïëèâà¹ íåðiâíiñòü Wm ≥ 0 .

Ìà¹ìî

Wm =

∫∫
Q

{ n∑
i=1

ai(um)um,xi + a0(um)um +
λ

2
|um|2 + um

t∫
t−τ(t)

c(um) ds
}
e−λt dxdt−

−
∫∫
Q

{ n∑
i=1

[
ai(um)wm,xi+ai(wm)(um,xi−wm,xi)

]
+a0(um)wm+a0(wm)(um−wm)+

+λumwm−
λ

2
|wm|2+wm

t∫
t−τ(t)

c(um)ds+(um−wm)

t∫
t−τ(t)

c(wm)ds
}
e−λtdxdt ≥ 0, m ∈ N.

(4.53)

Ç (4.53), âèêîðèñòîâóþ÷è (4.27) ç σ = T , ìàòèìåìî

Wm =

∫∫
Q

{ n∑
i=1

fium,xi + f0um

}
e−λt dxdt− 1

2
e−λT

∫
Ω

|um(x, T )|2 dx+

+
1

2

∫
Ω

|u0,m(x, 0)|2 dx−
∫∫
Q

{ n∑
i=1

[
ai(um)wm,xi + ai(wm)(um,xi − wm,xi)

]
+

+a0(wm)(um − wm) + λumw −
λ

2
|wm|2 + a0(um)wm + wm

t∫
t−τ(t)

c(um)ds+
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+(um − wm)

t∫
t−τ(t)

c(wm) ds
}
e−λtdxdt ≥ 0 (4.54)

äëÿ âñiõ m ∈ N .

Âðàõîâóþ÷è (4.41) i äðóãó ðiâíiñòü ç (4.51), ìà¹ìî

lim
m→∞

||um(·, T )||L2(Ω) ≥ ||u(·, T )||L2(Ω). (4.55)

Âèçíà÷èìî w(x, t) := u0(x, t) äëÿ (x, t) ∈ Ω × (−τ0, 0), i w(x, t) := w̃(x, t)

äëÿ (x, t) ∈ Ω× (0, T ) . Òîäi,

wm → w ñèëüíî â L2(Ω× (−τ0, T )). (4.56)

Òåïåð ïîêàæåìî, ùî

∣∣∣ t∫
t−τ(t)

c(wm)ds−
t∫

t−τ(t)

c(w)ds
∣∣∣→ 0 â L2(Q). (4.57)

Ïðîäîâæèìî ôóíêöi¨ w,wm íóëåì íà Ω × {(−∞,−τ0) ∪ (T,+∞)} . Âèêî-
ðèñòîâóþ÷è óìîâó (C2) , íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, (4.22) òà îçíà÷åííÿ

ôóíêöié wm, w , îäåðæèìî

∫∫
Q

∣∣∣ t∫
t−τ(t)

c(wm)ds−
t∫

t−τ(t)

c(w)ds
∣∣∣2dxdt ≤ ∫∫

Q

∣∣∣ T∫
−τ0

(c(wm)− c(w))ds
∣∣∣2dxdt =

=

∫∫
Q

∣∣∣ 0∫
−τ0

(c(wm)− c(w))ds
∣∣∣2dxdt ≤ τ0

∫∫
Q

( 0∫
−τ0

|c(wm)− c(w)|2ds
)
dxdt ≤

≤L2τ0

∫∫
Q

0∫
−τ0

|wm(x, s)−w(x, s)|2ds≤L2Tτ0

0∫
−τ0

∫
Ω

|u0,m(x, t)−u0(x, t)|2dxdt−→
m→∞

0.

(4.58)

Âðàõîâóþ÷è (4.22), (4.43)�(4.45), (4.55), (4.57), ç (4.54) ìàòèìåìî

0 ≤ lim
m→∞

Wm ≤
∫∫
Q

{ n∑
i=1

fiuxi + f0u
}
e−λt dxdt−



112

−1

2
e−λT

∫
Ω

|u(x, T )|2 dx+
1

2

∫
Ω

|u0(x, 0)|2 dx−
∫∫
Q

{ n∑
i=1

[
χiwxi+ai(w)(uxi−wxi)

]
+

+χ0w+a0(w)(u−w)+λuw−λ
2
|w|2 +wζ+(u−w)

t∫
t−τ(t)

c(w) ds
}
e−λtdxdt. (4.59)

Âèêîðèñòîâóþ÷è ëåìó 4.1 ç θ ≡ e−λt i ïåðøó ðiâíiñòü ç (4.51), ç (4.48)

îòðèìó¹ìî∫∫
Q

{ n∑
i=1

χiuxi+(χ0+ζ)u+
λ

2
|u|2
}
e−λt dxdt =

∫∫
Q

{ n∑
i=1

fiuxi+f0u
}
e−λt dxdt−

−1

2
e−λT

∫
Ω

|u(x, T )|2 dx+
1

2

∫
Ω

|u0(x, 0)|2 dx. (4.60)

Òàêèì ÷èíîì, ç (4.59) i (4.60) âèïëèâà¹∫∫
Q

{ n∑
i=1

(χi − ai(w))(uxi − wxi) + (χ0 − a0(w))(u− w)+

+
λ

2
|u− w|2 + (u− w)

(
ζ −

t∫
t−τ(t)

c(w) ds
)}
e−λt dxdt ≥ 0. (4.61)

Ïiäñòàâèâøè ó íåðiâíiñòü (4.61) w = u − µvϕ , äå v ∈ Vp(Ω), µ > 0 ,

ϕ ∈ C1
c (−τ0, T ) , suppϕ ⊂ (0, T ) , i ïîäiëèâøè îäåðæàíó íåðiâíiñòü íà µ ,

îòðèìà¹ìî∫∫
Q

{ n∑
i=1

(χi − ai(u− µvϕ))vxiϕ+ (χ0 − a0(u− µvϕ))vϕ+

+λµ|vϕ|2 +
(
ζ −

t∫
t−τ(t)

c(u− µvϕ) ds
)
vϕ
}
e−λt dxdt ≥ 0. (4.62)

Ñïðÿìóâàâøè â (4.62) µ äî 0 i âèêîðèñòàâøè óìîâó (A3) òà òåîðåìó Ëåáåãà

ïðî ìàæîðóþ÷ó çáiæíiñòü, îäåðæèìî∫∫
Q

{ n∑
i=1

(χi − ai(u))vxi + (χ0 − a0(u))v + v
(
ζ −

t∫
t−τ(t)

c(u) ds
)}
ϕe−λt dxdt = 0,
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äå v ∈ Vp(Ω), ϕ ∈ C1
c (0, T ) � äîâiëüíi ôóíêöi¨. Çâiäñè ëåãêî âèïëèâà¹ (4.52).

Îòîæ, ìè ïîêàçàëè, ùî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (4.4)�(4.6).

Òðåòié êðîê. Íà ïiäñòàâi ëåìè 4.1, âçÿâøè w = u , t1 = 0 , t2 = T , θ =

e−λt , λ = λ0, äå λ0 � ÿêèé-íåáóäü ðîçâ'ÿçîê íåðiâíîñòi (4.35), îäåðæèìî

1

2
e−λT

∫
Ω

|u(x, T )|2 dx− 1

2

∫
Ω

|u0(x, 0)|2 dx+
λ

2

∫∫
Q

|u(x, t)|2e−λtdxdt+

+

∫∫
Q

{ n∑
i=1

ai(u)uxi + a0(u)u+ u

t∫
t−τ(t)

c(u)ds
}
e−λtdxdt =

=

∫∫
Q

{ n∑
i=1

fiuxi + f0u
}
e−λtdxdt. (4.63)

Ìiðêóþ÷è àíàëîãi÷íî, ÿê ïðè îòðèìàíi (4.36) ç íåðiâíîñòi (4.27) çàìiíèâøè

ïðè öüîìó um íà u , çäîáóäåìî íåðiâíiñòü

max
t∈[0,T ]

∫
Ω

|u(x, t)|2 dx+ C5

∫∫
Q

{ n∑
i=1

|uxi(x, t)|pi(x) + |u(x, t)|p0(x)
}
dxdt ≤

≤ C6

∫∫
Q

{ n∑
i=0

|fi(x, t)|p
′
i(x) +g(x, t)

}
dxdt+ C7 max

t∈[−τ0,0]

∫
Ω

|u0(x, t)|2dx.

ç ÿêî¨ ëåãêî âèïëèâà¹ íåðiâíiñòü (4.12). �

4.2 Çàäà÷à Ôóð'¹ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè

ïîêàçíèêàìè íåëiíiéíîñòi

4.2.1 Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè

Ïîçíà÷èìî S := (−∞, 0] , Q := Ω × S , Σ0 := Γ0 × S , Σ1 := Γ1 × S,

Qt1,t2 := Ω× (t1, t2) äëÿ äîâiëüíèõ äiéñíèõ t1 i t2 (t1 < t2) .

Ââåäåìî ïîòðiáíi íàì ôóêöiéíi ïðîñòîðè. Íåõàé G = Ω , àáî G = Qt1,t2

(−∞< t1 < t2 < +∞) , àáî G = Q . Ïðèïóñòèìî, ùî r ∈ L∞(Ω) , r(x) ≥ 1

äëÿ ì.â. x ∈ Ω . Ðîçãëÿíåìî ëiíiéíèé ïðîñòið Lr(·)(G) âèìiðíèõ ôóíêöié

v : G→ R òàêèõ, ùî ρG,r(v) <∞ , äå ρG,r(v) :=
∫

Ω |v(x)|r(x) dx , ÿêùî G = Ω,

ρG,r(v) :=
∫∫

Qt1,t2
|v(x, t)|r(x) dxdt , ÿêùî G = Qt1,t2 (−∞ < t1 < t2 < +∞), i
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ρG,r(v) :=
∫∫

Q |v(x, t)|r(x) dxdt , ÿêùî G = Q. Öåé ïðîñòið ¹ áàíàõîâèì ùîäî

íîðìè ||v||Lr(·)(G) := inf{λ > 0 | ρG,r(v/λ) ≤ 1} (äèâ. [68, ñ. 599]) i íàçèâà¹òüñÿ
óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà.

×åðåç Lr(·),loc(Q) ïîçíà÷èìî ïðîñòið âèìiðíèõ ôóíêöié g : Q → R òà-

êèõ, ùî çâóæåííÿ g íà Qt1,t2 íàëåæèòü äî Lr(·)(Qt1,t2) äëÿ âñiõ t1, t2 ∈
S . Öåé ïðîñòið ¹ ïîâíèì ëîêàëüíî îïóêëèì ïðîñòîðîì ùîäî ñiì'¨ ïiâíîðì{
‖ · ‖Lr(·)(Qt1,t2)

∣∣ t1, t2 ∈ S (t1 < t2)
}
. Ïîñëiäîâíiñòü {gm} çáiãà¹òüñÿ ñèëüíî

(âiäïîâiäíî, ñëàáêî) â Lr(·),loc(Q) , ÿêùî ïîñëiäîâíiñòü {gm|Qt1,t2} çáiãà¹òüñÿ

ñèëüíî (âiäïîâiäíî, ñëàáêî) â Lr(·)(Qt1,t2) äëÿ áóäü-ÿêèõ t1, t2 ∈ S (t1 < t2) .

Àíàëîãi÷íèì ÷èíîì âèçíà÷à¹ìî ïðîñòið L∞,loc(Q) .

Ðîçãëÿíåìî âåêòîð-ôóíêöiþ p = (p0, p1, . . . , pn) : Ω→ Rn+1 , ÿêà çàäîâîëü-

íÿ¹ óìîâó:

(P ) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} ôóíêöiÿ pi : Ω → R � âèìiðíà i òàêà,

ùî

p−i := ess inf
x∈Ω

pi(x) ≥ 2 , p+
i := ess sup

x∈Ω
pi(x) < +∞ .

Ïiä p′ = (p′0, . . . , p
′
n) : Ω → Rn+1 ðîçóìiòèìåìî âåêòîð-ôóíêöiþ òàêó, ùî

1
pi(x) + 1

p′i(x) = 1 äëÿ êîæíîãî i ∈ {0, 1, ..., n} i ì.â. x ∈ Ω .

×åðåç W 1
p(·)(Ω) ïîçíà÷àòèìåìî óçàãàëüíåíèé ïðîñòið Ñîáîë¹âà, ñêëàäåíèé

iç ôóíêöié v ∈ Lp0(·)(Ω) òàêèõ, ùî vxi ∈ Lpi(·)(Ω) (i = 1, n) . Âií ¹ áàíàõîâèì

ïðîñòîðîì ç íîðìîþ ||v||W 1
p(·)(Ω) := ||v||Lp0(·)(Ω)+

∑n
i=1 ||vxi||Lpi(·)(Ω). Ïiä W̃ 1

p(·)(Ω)

ðîçóìiòèìåìî ïiäïðîñòið ïðîñòîðó W 1
p(·)(Ω) , ÿêèé ¹ çàìèêàííÿì ïðîñòîðó

C̃1(Ω) := {v ∈ C1(Ω) | v|Γ0
= 0
}
â W 1

p(·)(Ω) . Ïîçíà÷èìî Vp(Ω) := W̃ 1
p(·)(Ω).

Äëÿ äîâiëüíèõ t1, t2 ∈ R , ïiä W 1,0
p(·)(Qt1,t2) ðîçóìiòèìåìî ëiíiéíèé ïðî-

ñòið ôóíêöié w ∈ Lp0(·)(Qt1,t2) òàêèõ, ùî wxi ∈ Lpi(·)(Qt1,t2) äëÿ âñiõ i ∈
{1, . . . , n} , ç íîðìîþ ‖w‖W 1,0

p(·)(Qt1,t2) := ‖w‖Lp0(·)(Qt1,t2) +
∑n

i=1 ‖wxi‖Lpi(·)(Qt1,t2).

×åðåç W̃ 1,0
p(·)(Qt1,t2) ïîçíà÷à¹ìî ïiäïðîñòið ïðîñòîðó W 1,0

p(·)(Qt1,t2) , ñêëàäåíèé

iç ôóíêöié v òàêèõ, ùî v(·, t) ∈ W̃ 1
p(·)(Ω) äëÿ ì.â. t ∈ [t1, t2] .

Ïiä W̃ 1,0
p(·),loc(Q) ðîçóìi¹ìî ëiíiéíèé ïðîñòið âèçíà÷åíèõ i âèìiðíèõ íà Q

ôóíêöié òàêèõ, ùî ¨õ çâóæåííÿ íà Qt1,t2 íàëåæèòü ïðîñòîðó W̃
1,0
p(·)(Qt1,t2) äëÿ

âñiõ t1, t2∈S (t1 < t2) . Öåé ïðîñòið ¹ ïîâíèì ëîêàëüíî îïóêëèì ïðîñòîðîì

ùîäî ñiì'¨ ïiâíîðì
{
‖ · ‖W 1,0

p(·)(Qt1,t2)

∣∣ t1, t2 ∈ S (t1 < t2)
}
.

×åðåç Fp′,loc(Q) ïîçíà÷èìî ïðîñòið âåêòîð-ôóíêöié (f0, f1, . . . , fn) òàêèõ,



115

ùî fi ∈ Lp′i(·),loc(Q) i fi = 0 ìàéæå âñþäè â äåÿêîìó îêîëi ïîâåðõíi Σ1 äëÿ

êîæíîãî i ∈ {0, ..., n} .
Ïiä C1

c (I), äå I � ÷èñëîâèé ïðîìiæîê, ðîçóìiòèìåìî ëiíiéíèé ïðîñòið

âèçíà÷åíèõ íà I íåïåðåðâíî äèôåðåíöiéîâíèõ ôiíiòíèõ ôóíêöié, ïðè÷îìó,

ÿêùî I = (t1, t2) , òî çàìiñòü C1
c ((t1, t2)) ïèñàòèìåìî C1

c (t1, t2) .

Çàóâàæåííÿ 4.2. Çàçíà÷èìî, ùî ç òîãî, ùî w ∈ L2(Q) âèïëèâà¹

lim
σ→−∞

σ∫
σ−1

∫
Ω

|w|2dxdt = 0. (4.64)

ßêùî w ∈ L2(Q)∩C(S, L2(Ω)) , òî çâiäñè âèïëèâà¹ iñíóâàííÿ ïîñëiäîâíîñòi

{tk}∞k=0 ⊂ S òàêî¨, ùî tk → −∞ ïðè k → +∞ i

lim
k→+∞

∫
Ω

|w(x, tk)|2dx = 0. (4.65)

4.2.2 Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíîãî ðåçóëüòàòó ïiäðîçäiëó

Â äàíîìó ïiäðîçäiëi ðîçãëÿäà¹ìî çàäà÷ó: çíàéòè ôóíêöiþ u : Q→ R , ÿêà

(â ïåâíîìó ñåíñi) çàäîâîëüíÿ¹ ðiâíÿííÿ

ut −
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds =

= −
n∑
i=1

(
fi(x, t)

)
xi

+ f0(x, t), (x, t) ∈ Q, (4.66)

êðàéîâi óìîâè

u
∣∣∣
Σ0

= 0,
n∑
i=1

ai(x, t, u,∇u) νi

∣∣∣
Σ1

= 0 (4.67)

òà àíàëîã ïî÷àòêîâî¨ óìîâè∫∫
Q

|u(x, t)|2dxdt <∞. (4.68)

Òóò τ : S → R � íåïåðåðâíà îáìåæåíà ôóíêöiÿ òàêà, ùî τ(t) ≥ 0 äëÿ âñiõ

t ∈ S , τ+ := sup
t∈S

τ(t) , à ai : Q× R1+n → R , c : Q× S × R→ R, fi : Q→ R

( i = 0, n ) � çàäàíi äiéñíîçíà÷íi ôóíêöi¨.
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Ââåäåìî êëàñè âèõiäíèõ äàíèõ.

Íåõàé p çàäîâîëüíÿ¹ óìîâó (P). ×åðåç Ap ïîçíà÷èìî ìíîæèíó íàáîðiâ

(a0, a1, . . . , an) äiéñíîçíà÷íèõ ôóíêöié ai : Q × R1+n → R ( i = 0, n ), ÿêi

çàäîâîëüíÿþòü óìîâè:

(A1) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} ôóíêöiÿ ai ¹ êàðàòåîäîðiâñüêîþ, òîáòî
ôóíöiÿ ai(x, t, ·, ·) : R1+n → R ¹ íåïåðåðâíîþ äëÿ ì.â. (x, t) ∈ Q , à ôóíöiÿ

ai(·, ·, ρ, ξ) : Q→ R ¹ âèìiðíîþ äëÿ áóäü-ÿêèõ (ρ, ξ) ∈ R1+n ; ai(x, t, 0, 0) = 0

äëÿ êîæíîãî i ∈ {0, 1, . . . , n} òà ì.â. (x, t) ∈ Q ;

(A2) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} , ì.â. (x, t) ∈ Q i áóäü-ÿêèõ (ρ, ξ) ∈
R1+n ìà¹ìî

|ai(x, t, ρ, ξ)| ≤ C1

( n∑
j=1

|ξj|pj(x)/p′i(x) + |ρ|p0(x)/p′i(x)
)

+ hi(x, t),

äå C1 = const > 0 , hi ∈ Lp′i(·),loc(Q) ;

(A3) äëÿ ì.â. (x, t) ∈ Q i âñiõ (ρ1, ξ
1) , (ρ2, ξ

2) ∈ R1+n âèêîíó¹òüñÿ íåðiâ-

íiñòü
n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i )+

+
(
a0(x, t, ρ1, ξ

1)− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2) ≥

≥ K1

( n∑
i=1

|ξ1
i − ξ2

i |pi(x) + |ρ1 − ρ2|p0(x)
)

+K2|ρ1 − ρ2|2, (4.69)

äå K1, K2 � äîäàòíi ñòàëi.

×åðåç C ïîçíà÷èìî ìíîæèíó ôóíêöié c(x, t, s, ρ), (x, t, s, ρ) ∈ Q × S × R
òàêèõ, ùî

(C1) ôóíêöiÿ c ¹ êàðàòåîäîðiâñüêîþ, òîáòî ôóíöiÿ c(x, t, s, ·) : R → R
¹ íåïåðåðâíîþ ôóíêöi¹þ äëÿ ì.â. (x, t, s) ∈ Q × S , à ôóíöiÿ c(·, ·, ·, ρ) :

Q × S → R ¹ âèìiðíîþ äëÿ âñiõ ρ ∈ R ; êðiì òîãî, c(x, t, s, 0) = 0 äëÿ ì.â.

(x, t, s) ∈ Q× S ;
(C2) iñíó¹ ñòàëà L > 0 (çàëåæíà âiä c ) òàêà, ùî äëÿ ì.â. (x, t, s) ∈ Q× S

i áóäü-ÿêèõ ρ1 , ρ2 ∈ R âèêîíó¹òüñÿ íåðiâíiñòü∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)
∣∣ ≤ L|ρ1 − ρ2|. (4.70)
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Çàóâàæåííÿ 4.3. Ç óìîâè c(x, t, s, 0) = 0 (äèâ. (C1) ) i (C2) âèïëèâà¹, ùî

äëÿ ì.â. (x, t, s) ∈ Q× S i âñiõ ρ ∈ R ïðàâèëüíà îöiíêà:

|c(x, t, s, ρ)| ≤ L|ρ|. (4.71)

Òåïåð äàìî îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (4.66), (4.67).

Îçíà÷åííÿ 4.2. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P ), (a0, a1, . . . , an) ∈ Ap ,
c ∈ C , (f0, f1, . . . , fn) ∈ Fp′,loc(Q) . Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (4.66)�

(4.68) íàçèâà¹ìî ôóíêöiþ u ∈ W̃ 1,0
p(·),loc(Q) ∩ L2(Q) ∩ C (S;L2(Ω)) òàêó, ùî

âèêîíó¹òüñÿ iíòåãðàëüíà òîòîæíiñòü∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxiϕ+ a0(x, t, u,∇u)vϕ+ vϕ

t∫
t−τ(t)

c(x, t, s, u(x, s)) ds−

−uvϕ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxiϕ+ f0vϕ
}
dxdt (4.72)

äëÿ êîæíèõ v ∈ Vp(Ω) i ϕ ∈ C1
c (−∞, 0) .

Îñíîâíèì ðåçóëüòàòîì öüîãî ïiäðîçäiëó ¹ òàêå òâåðäæåííÿ.

Òåîðåìà 4.2. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P ), (a0, a1, . . . , an) ∈ Ap , c ∈ C ,
(f0, f1, . . . , fn) ∈Fp′,loc(Q) i, êðiì òîãî, fi ∈ Lp′i(·)(Q) (i = 0, n) , òà

K2 − Lτ+ > 0. (4.73)

Òîäi çàäà÷à (4.66)�(4.68) ìà¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê, âií íàëåæèòü

ïðîñòîðó W̃ 1,0
p(·)(Q) i äëÿ íüîãî ïðàâèëüíà îöiíêà

sup
t∈S

∫
Ω

|u(x, t)|2 dx+

∫∫
Q

{ n∑
i=1

∣∣uxi(x, t)∣∣pi(x)
+|u(x, t)|p0(x) + |u(x, t)|2

}
dxdt ≤

≤ C2

∫∫
Q

{ n∑
i=0

∣∣fi(x, t)∣∣p′i(x)
}
dxdt, (4.74)

äå C2 > 0 � ñòàëà, ÿêà çàëåæèòü ëèøå âiä K1, K2, L, τ
+ i p−i (i = 0, n) .
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4.2.3 Äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó ïiäðîçäiëó

Äëÿ ôóíêöi¨ w : Q→ R ïîçíà÷èìî

aj(w)(x, t) := aj(x, t, w(x, t),∇w(x, t)), (x, t) ∈ Q, j = 0, n,

c(w)(x, t, s) := c(x, t, s, w(x, s)), (x, t, s) ∈ Q× S,

∂iw = wxi (i = 1, n), ∂0w = w.

Ïðîâåäåìî äîâåäåííÿ òåîðåìè 4.2 â òðè åòàïè: ñïåðøó äîâåäåìî ¹äèíiñòü

óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (4.66)�(4.68), ïiçíiøå éîãî iñíóâàííÿ i, à ïîòiì

� ïðàâèëüíiñòü îöiíêè (4.74).

1-é åòàï (¹äèíiñòü ðîçâ'ÿçêó). Äîâåäåìî âiä ñóïðîòèâíîãî. Íåõàé u1 i

u2 � äâà ðiçíi óçàãàëüíåíi ðîçâ'ÿçêè äàíî¨ çàäà÷i. Ïîçíà÷èìî w := u1 − u2 .

Ðîçãëÿíóâøè ðiçíèöþ ìiæ (4.72) ç u = u2 i (4.72) ç u = u1 îòðèìà¹ìî

−
∫∫
Q

wvϕ′ dxdt+

∫∫
Q

[ n∑
i=0

(ai(u1)− ai(u2))∂iv+

+v

t∫
t−τ(t)

(
c(u1)− c(u2)

)
ds
]
ϕdxdt = 0 ∀v ∈ Vp(Ω), ∀ϕ ∈ C1

c (−∞, 0). (4.75)

Íà ïiäñòàâi ëåìè 4.1 ïðè θ(t) = 1, t ∈ R , ç ðiâíîñòi (4.75) îòðèìà¹ìî

1

2

∫
Ω

|w(x, σ2)|2 dx−
1

2

∫
Ω

|w(x, σ1)|2 dx+

σ2∫
σ1

∫
Ω

[ n∑
i=0

(ai(u1)− ai(u2))(∂iu1 − ∂iu2)+

+w

t∫
t−τ(t)

(c(u1)− c(u2)
)
ds
]
dxdt = 0, (4.76)

äå σ1, σ2 ∈ S (σ1 < σ2) � äîâiëüíi ÷èñëà.

Ç óìîâè (A3) äëÿ ì.â. (x, t) ∈ Q ìàòèìåìî

n∑
i=0

(ai(u1)− ai(u2))(∂iu1 − ∂iu2)≥K1

n∑
i=0

|∂iu1 − ∂iu2|pi(x)+K2|u1 − u2|2.

(4.77)

Ðîçãëÿíåìî îñòàííié äîäàíîê ðiâíîñòi (4.76). Âèêîðèñòàâøè óìîâó (C2) ,
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òåîðåìó Ôóáiíi i íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, äëÿ ì.â. x ∈ Ω ìàòèìåìî

∣∣∣ σ2∫
σ1

w(x, t)
( t∫
t−τ(t)

[
c(u1)(x, t, s)− c(u2)(x, t, s)

]
ds
)
dt
∣∣∣ ≤

≤ L

σ2∫
σ1

|w(x, t)|
( t∫
t−τ+

|w(x, s)|ds
)
dt ≤

≤ L
√
τ+

 σ2∫
σ1

|w(x, t)|2dt

1/2 σ2∫
σ1

( t∫
t−τ+

|w(x, s)|2ds
)
dt

1/2

. (4.78)

Òåïåð ðîçãëÿíåìî äðóãèé iíòåãðàë ó ïðàâié ÷àñòèíi íåðiâíîñòi (4.78). Çìiíèâ-

øè ïîðÿäîê iíòåãðóâàííÿ i ïðèïóñòèâøè, ùî w(x, t) = 0 äëÿ x ∈ Ω, t > 0 ,

äëÿ ì.â. x ∈ Ω ìàòèìåìî

σ2∫
σ1

( t∫
t−τ+

|w(x, s)|2ds
)
dt ≤

σ2∫
σ1−τ+

|w(x, s)|2ds
s+τ+∫
s

dt =

= τ+
( σ2∫
σ1

|w(x, s)|2ds+

σ1∫
σ1−τ+

|w(x, s)|2ds
)
. (4.79)

Ïiäñòàâëÿþ÷è â (4.78) îñòàííié ÷ëåí ëàíöþæêà íåðiâíîñòåé (4.79) çàìiñòü

ïåðøîãî i âèêîðèñòîâóþ÷è íåðiâíîñòi:
√
ab ≤ εa+(4ε)−1b,

√
a+ b ≤

√
a+
√
b

(a ≥ 0, b ≥ 0, ε > 0 ), ìàòèìåìî

∣∣∣ σ2∫
σ1

w(x, t)
( t∫
t−τ(t)

(c(u1)(x, t, s)− c(u1)(x, t, s))ds
)
dt
∣∣∣ ≤

≤ Lτ+
(

(1 + ε1)

σ2∫
σ1

|w(x, t)|2dt+ (4ε1)
−1

σ1∫
σ1−τ+

|w(x, t)|2dt
)
, (4.80)

äå ε1 > 0 � äîâiëüíå ÷èñëî.
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Âèêîðèñòàâøè (4.77), (4.80), ç (4.76) îòðèìà¹ìî

1

2

∫
Ω

|w(x, σ2)|2 dx +K1

σ2∫
σ1

∫
Ω

( n∑
i=0

|∂iu1 − ∂iu2|pi(x)
)
dxdt+

+ (K2 − (1 + ε1)Lτ
+)

σ2∫
σ1

∫
Ω

|w(x, t)|2 dxdt ≤

≤ 1

2

∫
Ω

|w(x, σ1)|2 dx + (4ε1)
−1Lτ+

σ1∫
σ1−τ+

∫
Ω

|w(x, t)|2 dxdt.

Âèáèðàþ÷è çíà÷åííÿ ε1 > 0 òàêèì, ùîá âèêîíóâàëàñü íåðiâíiñòü K2 −
(1 + ε1)Lτ

+ > 0 , òà âðàõîâóþ÷è (4.73), ìàòèìåìî∫
Ω

|w(x, σ2)|2 dx ≤
∫
Ω

|w(x, σ1)|2 dx+ C3

σ1∫
σ1−τ+

∫
Ω

|w(x, t)|2 dxdt, (4.81)

äå C3 � ñòàëà, ÿêà âiä σ1 íåçàëåæèòü.

Îñêiëüêè w ∈ L2(Q) ∩ C(S, L2(Ω)) , òî çãiäíî iç çàóâàæåííÿì 4.2, iñíó¹

ïîñëiäîâíiñòü {σ1,k}∞k=0 ⊂ S òàêà, ùîσ1,k −→
k→+∞

−∞ i

∫
Ω

|w(x, σ1,k)|2 dx+ C3

σ1,k∫
σ1,k−τ+

∫
Ω

|w(x, t)|2 dxdt −→
k→+∞

0.

Çàôiêñó¹ìî â íåðiâíîñòi (4.81) äîâiëüíèì ÷èíîì âèáðàíå σ2 , i çàìiñòü σ1

âiçüìåìî σ1,k òàêå, ùî σ1,k < σ2 äëÿ k ∈ N . Ñïðÿìóâàâøè k äî +∞ ,

îòðèìà¹ìî ðiâíiñòü
∫
Ω

|w(x, σ2)|2 dx = 0 . Îñêiëüêè σ2 ∈ S � äîâiëüíå, òî

w(x, t) = 0 äëÿ ì.â. (x, t) ∈ Q, ùî ñóïåðå÷èòü íàøîìó ïðèïóùåííþ. Îòæå,

óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (4.66)�(4.68) ¹äèíèé.

2-é åòàï (iñíóâàííÿ ðîçâ'ÿçêó). Äëÿ êîæíîãî m ∈ N ïîêëàäåìî Qm =

Ω × (−m, 0], τm = min
−m≤t≤0

{t − τ(t)} . Î÷åâèäíî, ùî τm ≤ −m . Ââåäåìî ïî-

çíà÷åííÿ

fi,m(·, t) :=

{
fi(·, t), −m < t ≤ 0,

0, t ≤ −m,
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i ðîçãëÿíåìî çàäà÷ó: çíàéòè ôóíêöiþ um ∈ W̃ 1,0
p(·)(Qm) ∩ C([−τm, 0];L2(Ω)) ,

ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

um(x, t) = 0, (x, t) ∈ Ω× [τm,−m] (4.82)

(ÿêùî τm = −m , òî [τm,−m] := {−m} ) i ðiâíÿííÿ (4.66) â Qm ó ñåíñi

iíòåãðàëüíî¨ òîòîæíîñòi∫∫
Qm

{ n∑
i=1

ai(x, t, um,∇um)vxiϕ+a0(x, t, um,∇um)vϕ+vϕ

t∫
t−τ(t)

c(x, t, s, um(x, s))ds−

−umvϕ′
}
dxdt =

∫∫
Qm

{ n∑
i=1

fi,mvxiϕ+ f0,mvϕ
}
dxdt, v ∈ Vp, ϕ ∈ C1

c (−m, 0).

(4.83)

Iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêó öi¹¨ çàäà÷i âèïëèâà¹ ç ðåçóëüòàòiâ ïiäðîçäi-

ëó 4.1. Äëÿ êîæíîãî m ∈ N ïðîäîâæèìî um íóëåì íà Ω×R i ïîçíà÷èìî öå

ïðîäîâæåííÿ òàêîæ ÷åðåç um .

Òåïåð íàì ïîòðiáíî îòðèìàòè îöiíêè um äëÿ êîæíîãî m ∈ N . Çàçíà÷èìî,

ùî äëÿ êîæíîãî m ∈ N ôóíêöiÿ um íàëåæèòü äî ïðîñòîðó W̃ 1,0
p(·)(Q)∩L2(Q)∩

C(S;L2(Ω)) i çàäîâîëüíÿ¹ iíòåãðàëüíó òîòîæíiñòü (4.72), â ÿêié çàìiñòü fi

ñòî¨òü fi,m , òîáòî ïðàâèëüíîþ ¹ òîòîæíiñòü∫∫
Q

{ n∑
i=1

ai(x, t, um,∇um)vxiϕ+a0(x, t, um,∇um)vϕ+vϕ

t∫
t−τ(t)

c(x, t, s, um(x, s))ds−

−umvϕ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fi,mvxiϕ+ f0,mvϕ
}
dxdt, v ∈ Vp(Ω), ϕ ∈ C1

c (−∞, 0).

(4.84)

Çàñòîñóâàâøè ëåìó 4.1, ïðè θ(t) = 2 , σ1, σ2 ⊂ S, (σ1 < σ2) äî ðiâíî-

ñòi (4.84), îòðèìà¹ìî∫
Ω

|um(x, σ2)|2 dx−
∫
Ω

|um(x, σ1)|2 dx+ 2

σ2∫
σ1

∫
Ω

[ n∑
i=0

ai(um)∂ium

]
dxdt+

+2

σ2∫
σ1

∫
Ω

um

[ t∫
t−τ(t)

c(um)(x, t, s)ds
]
dxdt = 2

σ2∫
σ1

∫
Ω

{ n∑
i=0

fi,m∂ium

}
dxdt. (4.85)
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Äàëi íàì áóäå ïîòðiáíà íåðiâíiñòü Þíãà, çàïèñàíà ó òàêié ôîðìi

ab ≤ ε|a|r(x) + ε−
1

r−−1 |b|r′(x) äëÿ ì. â. x ∈ Ω, a, b ∈ R, 0 < ε ≤ 1, (4.86)

äå r ∈ L∞(Ω) , r(x) > 1 , r′(x) := r(x)/(r(x) − 1) äëÿ ì.â. x ∈ Ω , r− :=

ess inf
x∈Ω

r(x) > 1 .

Âèêîðèñòàâøè íåðiâíiñòü (4.86), îòðèìà¹ìî îöiíêó

σ2∫
σ1

∫
Ω

{ n∑
i=0

fi,m∂ium

}
dxdt ≤ ε2

σ2∫
σ1

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt+

+

σ2∫
σ1

∫
Ω

{ n∑
i=0

ε
− 1

p−
i
−1

2 |fi(x, t)|p
′
i(x)
}
dxdt, (4.87)

äå ε2 > 0 � äîâiëüíå ÷èñëî.

Àíàëîãi÷íî, ÿê áóëà îòðèìàíà íåðiâíiñòü (4.80) (âèêîðèñòîâóþ÷è (4.71)

çàìiñòü óìîâè (C2 )), ìîæíà îäåðæàòè íåðiâíiñòü

∣∣∣ σ2∫
σ1

um(x, t)

( t∫
t−τ(t)

c(um)(x, t, s)ds

)
dt
∣∣∣ ≤ Lτ+

(
(1 + ε3)

σ2∫
σ1

|um(x, t)|2dt+

+(4ε3)
−1

σ1∫
σ1−τ+

|um(x, t)|2dt
)
, (4.88)

äå ε3 > 0 � äîâiëüíå ÷èñëî.

Ç óìîâ (A1) , (A3) ìàòèìåìî

σ2∫
σ1

∫
Ω

[ n∑
i=0

ai(um)∂ium

]
dxdt ≥

σ2∫
σ1

∫
Ω

[
K1

n∑
i=0

|∂iu|pi(x) +K2|u|2
]
dxdt. (4.89)

Ç íåðiâíîñòi (4.85), âèêîðèñòàâøè îöiíêè (4.87)�(4.89) i âçÿâøè σ1 < −m ,

îòðèìà¹ìî∫
Ω

|um(x, σ2)|2 dx+ 2(K1 − ε2)

σ2∫
σ1

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt+

+2
(
K2 − (1 + ε3)Lτ

+
) σ2∫
σ1

∫
Ω

|um(x, t)|2dxdt ≤
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≤ 2

σ2∫
σ1

∫
Ω

{ n∑
i=0

ε
− 1

p−
i
−1

2 |fi,m(x, t)|p′i(x)
}
dxdt. (4.90)

Âèáðàâøè çíà÷åííÿ ε3 > 0 òàêèì, ùîá âèêîíóâàëàñü íåðiâíiñòü K2− (1 +

ε3)Lτ
+ > 0 , òà ïîêëàâøè ε2 = 1

2 min{K1, 1} i âèêîðèñòàâøè (4.73), ç (4.90)

ìàòèìåìî

sup
σ∈S

∫
Ω

|um(x, σ)|2 dx+ C4

∫∫
Q

{ n∑
i=0

|∂ium(x, t)|pi(x) + |um(x, t)|2
}
dxdt ≤

≤ C5

∫∫
Q

{ n∑
i=0

|fi,m(x, t)|p′i(x)
}
dxdt, (4.91)

äå C4, C5 � äîäàòíi ñòàëi, ùî çàëåæàòü òiëüêè âiä K1, K2, L, τ
+ i p−i ( i =

0, n ).

Âðàõóâàâøè îçíà÷åííÿ fi,m , ç (4.91) ìàòèìåìî

sup
σ∈S

∫
Ω

|um(x, σ)|2 dx+

∫∫
Q

{ n∑
i=0

|∂ium(x, t)|pi(x) + |um(x, t)|2
}
dxdt ≤

≤ C6

∫∫
Q

{ n∑
i=0

|fi(x, t)|p
′
i(x)
}
dxdt, (4.92)

äå C6 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä τ+, K1, K2, L i pi ( i = 0, n ).

Ïîêàæåìî, ùî {um} � ôóíäàìåíòàëüíà ïîñëiäîâíiñòü. Âèáåðåìî äîâiëüíi

k, l ∈ N òàêi, ùî k < l , i ðîçãëÿíåìî ðiçíèöþ ìiæ uk òà ul . Äëÿ äîâiëüíîãî

σ ∈ S òàêîãî, ùî −k ≤ σ ≤ 0 , îòðèìà¹ìî∫
Ω

|uk(x, σ)− ul(x, σ)|2 dx+

σ∫
−l

∫
Ω

{ n∑
i=0

|∂iuk − ∂iul|pi(x) + |uk − ul|2
}
dxdt ≤

≤ C7

−k∫
−l

∫
Ω

n∑
i=0

|fi,k(x, t)− fi,l(x, t)|p
′
i(x)dxdt, (4.93)

äå C7 � äîäàòíà ñòàëà, ÿêà íå çàëåæèòü âiä k, l .

Óìîâà fi ∈ Lp′i(·)(Q) ( i = 0, n ) îçíà÷à¹, ùî ïðàâà ÷àñòèíà íåðiâíîñòi (4.93)

ïðÿìó¹ äî íóëÿ, êîëè k i l ïðÿìóþòü äî +∞ . Öå îçíà÷à¹, ùî ïîñëiäîâ-

íiñòü {um}∞m=1 � ôóíäàìåíòàëüíà ó ïðîñòîði W̃ 1,0
p(·)(Q)∩L2(Q)∩C(S;L2(Ω)) .
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Îòæå, iñíó¹ ôóíêöiÿ u ∈ W̃ 1,0
p(·)(Q) ∩ L2(Q) ∩ C(S;L2(Ω)) òàêà, ùî

um −→
m→∞

u ñèëüíî â W̃ 1,0
p(·)(Q) ∩ L2(Q) ∩ C(S;L2(Ω)). (4.94)

Ç óìîâè (C2) , òåîðåìè Ôóáiíi, íåðiâíîñòi Êîøi-Áóíÿêîâñüêîãî òà (4.94)

ìàòèìåìî ∫∫
Q

∣∣∣ t∫
t−τ(t)

c(um)(x, t, s)ds−
t∫

t−τ(t)

c(u)(x, t, s)ds
∣∣∣2dxdt ≤

≤ τ+

0∫
−∞

∫
Ω

( t∫
t−τ+

|c(um)(x, t, s)− c(u)(x, t, s)|2ds
)
dxdt ≤

≤ L2τ+

∫
Ω

( 0∫
−∞

t∫
t−τ+

|um(x, s)− u(x, s)|2ds dt
)
dx ≤

≤ L2τ+

∫
Ω

0∫
−∞

( s+τ+∫
s

|um(x, s)− u(x, s)|2dt ds
)
dx =

= L2τ+ 2

∫∫
Q

|um(x, t)− u(x, t)|2dxdt −→
m→∞

0.

Îòæå,

t∫
t−τ(t)

c(um)ds −→
m→∞

t∫
t−τ(t)

c(u)ds ñèëüíî â L2(Q). (4.95)

Ç óìîâè (A2) òà (4.92) äëÿ êîæíîãî i ∈ {0, 1, ..., n} ìà¹ìî îöiíêó∫∫
Q

|ai(um)|p′i(x) dxdt ≤ C10

∫∫
Q

( n∑
i=0

|∂ium|pi(x) + |hi|p
′
i(x)
)
dxdt ≤ C11, (4.96)

äå C10 i C11 � äîäàòíi ñòàëi, ÿêi íå çàëåæàòü âiä m .

Ç (4.96) îòðèìó¹ìî, ùî ïîñëiäîâíiñòü {ai(um)}∞m=1 ¹ îáìåæåíîþ â Lp′i(·)(Q)

äëÿ êîæíîãî i ∈ {0, 1, . . . , n} . Çâiäñè i ç (4.94) ìàòèìåìî, ùî iñíóþòü ïiäïî-

ñëiäîâíiñòü ïîñëiäîâíîñòi {um}∞m=1 (ÿêó ïîçíà÷àòèìåìî òàê ñàìî, ÿê i ñàìó

ïîñëiäîâíiñòü {um}∞m=1) i ôóíêöi¨ χi ∈ Lpi(·)(Q) (i = 0, n) òàêi, ùî

∂ium −→
m→∞

∂iu ì.â. íà Q, i = 0, n, (4.97)
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ai(um) −→
m→∞

χi ñëàáêî â Lp′i(·)(Q), i = 0, n. (4.98)

Íà ïiäñòàâi óìîâè (A1) i (4.97) ìàòèìåìî

ai(um) −→
m→∞

ai(u) ì.â. Q, i = 0, n. (4.99)

Çãiäíî ç [72, ëåìà 1.3] òà çáiæíîñòåé (4.98), (4.99) îòðèìà¹ìî

ai(um) −→
m→∞

ai(u) ñëàáêî â Lp′i(·)(Q), i = 0, n. (4.100)

Ïîêàæåìî, ùî ôóíêöiÿ u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (4.66)�(4.68).

Ñïðàâäi, ñïðÿìóâàâøè ó ðiâíîñòi (4.84) m äî +∞ òà âçÿâøè äî óâàãè çái-

æíîñòi (4.94), (4.100), (4.95) i îçíà÷åííÿ ôóíêöié fi,m ( i = 0, n ), îòðèìà¹ìî

âèêîíàííÿ òîòîæíîñòi (4.72). Îòæå, ìè äîâåëè, ùî u ¹ óçàãàëüíåíèì ðîçâ'ÿç-

êîì çàäà÷i (4.66), (4.67).

3-é åòàï (ïðàâèëüíiñòü îöiíêè). Ç (4.92) òà (4.94) âèïëèâà¹ ïðàâèëüíiñòü

îöiíêè (4.74). Îòæå, òåîðåìà 4.2 äîâåäåíà.

4.3 Çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ ñèëüíî íåëiíiéíèõ

åâîëþöiéíèõ âêëþ÷åíü iç íåëîêàëüíèì çìiííèì çà-

ïiçíåííÿì

4.3.1 Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè

Íåõàé V � ñåïàðàáåëüíèé ðåôëåêñèâíèé áàíàõiâ ïðîñòið íàä ïîëåì äié-

ñíèõ ÷èñåë ç íîðìîþ ‖ · ‖ , à H � ãiëüáåðòiâ ïðîñòið íàä ïîëåì äiéñíèõ ÷èñåë

çi ñêàëÿðíèì äîáóòêîì (·, ·) òà íîðìîþ | · | . Ïðèïóñêà¹ìî, ùî ïðîñòið V

âêëàäà¹òüñÿ ùiëüíî, íåïåðåðâíî i êîìïàêòíî â H , òîáòî V ¹ ïiäìíîæèíîþ

H , çàìèêàííÿ V â H çáiãà¹òüñÿ ç H , iñíó¹ ñòàëà λ > 0 òàêà, ùî

λ|v|2 ≤ ‖v‖2 ∀v ∈ V, (4.101)

òà äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi {vk}∞k=1 , îáìåæåíî¨ â V , iñíó¹ åëåìåíò v ∈ V
òà ïiäïîñëiäîâíiñòü {vkj}∞j=1 ïîñëiäîâíîñòi {vk}∞k=1 òàêi, ùî vkj −→

j→∞
v ñèëüíî

â H .

Íåõàé V ′ i H ′ � ñïðÿæåíi äî V òà H âiäïîâiäíî ïðîñòîðè i ââàæàòèìåìî

(ïðîâiâøè âiäïîâiäíå îòîòîæíåííÿ ôóíêöiîíàëiâ), ùî ïðîñòið H ′ ¹ ïiäïðî-

ñòîðîì ïðîñòîðó V ′ . Îòîòîæíèâøè (íà ïiäñòàâi òåîðåìè Ðiññà) ïðîñòîðè H
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òà H ′ , îòðèìà¹ìî íåïåðåðâíi òà ùiëüíi âêëàäåííÿ

V ⊂ H ⊂ V ′ . (4.102)

Çàóâàæèìî, ùî â äàíîìó âèïàäêó 〈g, v〉 = (g, v) äëÿ áóäü-ÿêèõ v ∈ V, g ∈ H,
äå 〈·, ·〉 îçíà÷à¹ äiþ åëåìåíòà ç V ′ íà åëåìåíò ç V (êàíîíi÷íèé äîáóòîê íà

V × V ′ ). Òîìó äàëi âæèâàòèìåìî ïîçíà÷åííÿ (·, ·) çàìiñòü 〈·, ·〉.

Íåõàé S := (−∞, 0] . ×åðåç C(S;X) , äå X � äîâiëüíèé áàíàõiâ ïðîñòið,

ïîçíà÷àòèìåìî ïðîñòið âèçíà÷åíèõ i íåïåðåðâíèõ íà S çi çíà÷åííÿìè â X

ôóíêöié. Ñêàæåìî, ùî ïîñëiäîâíiñòü {wm}∞m=1 çáiãà¹òüñÿ äî w â C(S;X) ,

ÿêùî äëÿ áóäü-ÿêèõ t1, t2 ∈ S (t1 < t2) ïîñëiäîâíiñòü çâóæåíü ÷ëåíiâ ïî-

ñëiäîâíîñòi {wm}∞m=1 íà âiäðiçîê [t1, t2] çáiãà¹òüñÿ äî çâóæåííÿ w íà öåé

âiäðiçîê â C([t1, t2];X) .

Íåõàé q ∈ [1,∞] , q′ � ñïðÿæåíå äî q , òîáòî, 1/q+1/q′ = 1 . Ïiä Lqloc(S;X)

ðîçóìiòèìåìî ëiíiéíèé ïðîñòið âèçíà÷åíèõ i âèìiðíèõ íà S çi çíà÷åííÿìè â

áàíàõîâîìó ïðîñòîði X ôóíêöié òàêèõ, ùî äëÿ áóäü-ÿêèõ t1, t2 ∈ S (t1 < t2)

¨õ çâóæåííÿ íà âiäðiçîê [t1, t2] íàëåæàòü ïðîñòîðó Lq(t1, t2;X). Ñêàæåìî,

ùî ïîñëiäîâíiñòü {wm}∞m=1 îáìåæåíà (âiäïîâiäíî, çáiãà¹òüñÿ äî w ñèëüíî

(âiäïîâiäíî, ñëàáêî ÷è ∗ -ñëàáêî)) â Lqloc(S;X) , ÿêùî äëÿ áóäü-ÿêèõ t1, t2 ∈
S (t1 < t2) ïîñëiäîâíiñòü çâóæåíü ÷ëåíiâ ïîñëiäîâíîñòi {wm}∞m=1 íà âiäðiçîê

[t1, t2] îáìåæåíà (âiäïîâiäíî, çáiãà¹òüñÿ äî çâóæåííÿ w íà öåé âiäðiçîê ñèëüíî

(âiäïîâiäíî, ñëàáêî ÷è ∗ -ñëàáêî)) â Lq(t1, t2;X).

Ïiä D′(−∞, 0;V ′w) ðîçóìiòèìåìî ïðîñòið ëiíiéíèõ íåïåðåðâíèõ ôóíêöiî-

íàëiâ íà D(−∞, 0) çi çíà÷åííÿìè â V ′w (òóò i äàëi D(−∞, 0) � ïðîñòið âèçíà-

÷åíèõ íà (−∞, 0) íåñêií÷åííî äèôåðåíöiéîâíèõ i ôiíiòíèõ íà ôóíêöié, V ′w �

ëiíiéíèé ïðîñòið V ′ çi ñëàáêîþ òîïîëîãi¹þ). Ëåãêî ïåðåêîíàòèñÿ, âðàõîâóþ÷è

(4.102), ùî ïðîñòîðè Lqloc(S;V ) , L2
loc(S;H) , Lq

′

loc(S;V ′) ìîæíà îòîòîæíèòè ç

âiäïîâiäíèìè ïiäïðîñòîðàìè ïðîñòîðó ðîçïîäiëiâ D′(−∞, 0;V ′w) . Öå, çîêðå-

ìà, äîçâîëÿ¹ ãîâîðèòè ïðî ïîõiäíi w′ ôóíêöié w ç Lqloc(S;V ) i L2
loc(S;H) â

ñåíñi ðîçïîäiëiâ D′(−∞, 0;V ′w) i ïðî íàëåæíiñòü òàêèõ ïîõiäíèõ äî L2
loc(S;H)

÷è Lq
′

loc(S;V ′) .

Ââåäåìî ùå ïðîñòîðè

H1(S;H) :=
{
w ∈ L2(S;H) | w′ ∈ L2(S;H)

}
,
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Wq,loc(S;V ) := {w ∈ Lqloc(S;V )
∣∣w′ ∈ Lq′loc(S;V ′)}, q > 1.

Ç âiäîìèõ ðåçóëüòàòiâ (äèâ., íàïðèêëàä, [8, ñ. 177-179]) ëåãêî âèïëèâà¹, ùî

H1(S;H) ⊂ C(S;H) , Wq,loc(S;V ) ⊂ C(S;H) i äëÿ äîâiëüíîé ôóíêöi¨ w ç

H1(S;H) àáî Wq,loc(S;V ) ôóíêöiÿ t 7→ |w(t)|2 ¹ àáñîëþòíî íåïåðåðâíîþ íà

áóäü-ÿêîìó âiäðiçêó ïðîìåíÿ S òà âèêîíó¹òüñÿ ðiâíiñòü

d

dt
|w(t)|2 = 2(w′(t), w(t)) äëÿ ì.â. t ∈ S. (4.103)

Çàóâàæåííÿ 4.4. Ç âêëþ÷åííÿ w ∈ L2(S;H) âèïëèâà¹, ùî

lim
σ→−∞

σ∫
σ−1

|w(t)|2dt = 0.

ßêùî æ w ∈ L2(S;H)∩C(S;H) , òî iñíó¹ ïîñëiäîâíiñòü {tk}∞k=0 ⊂ S òàêà,

ùî tk → −∞ ïðè k → +∞ i

lim
k→+∞

|w(tk)|2 = 0.

Ó öüîìó ïiäðîçäiëi âèêîðèñòîâóâàòèìåìî òàêi âiäîìi ôàêòè.

Òâåðäæåííÿ 4.5 (íåðiâíiñòü Ãåëüäåðà [8, ñò. 158]). Íåõàé q ∈ [1,∞] , 1/q +

1/q′ = 1 , t1 , t2 ∈ R (t1 < t2) , X � áàíàõiâ ïðîñòið, X ′ � ñïðÿæåíèé

äî X ïðîñòið, 〈·, ·〉X � äiÿ åëåìåíòà ç X ′ íà åëåìåíò ç X . Òîäi, ÿêùî

v ∈ Lq(t1, t2;X) i w ∈ Lq′(t1, t2;X ′) , òî 〈w(·), v(·)〉X ∈ L1
(
t1, t2

)
i∫ t2

t1

〈w(t), v(t)〉X dt 6 ‖w‖Lq′(t1,t2;X ′)‖v‖Lq(t1,t2;X).

Ïðè q = 2 öþ íåðiâíiñòü íàçèâàþòü íåðiâíiñòþ Êîøi-Áóíÿêîâñüêîãî.

Òâåðäæåííÿ 4.6 ([103, ñò. 173,179]). Íåõàé X � áàíàõiâ ïðîñòið ç íîðìîþ

‖ · ‖X , à {vk}∞k=1 � ïîñëiäîâíiñòü åëåìåíòiâ ïðîñòîðó X , ÿêà ñëàáêî àáî

∗ -ñëàáêî çáiæíà äî v â X . Òîäi lim
k→∞
‖vk‖X > ‖v‖X .

Òâåðäæåííÿ 4.7 ([20, òåîðåìà Îáåíà], [27, ñò. 393]). Íåõàé q > 1, r > 1 ,

t1, t2 ∈ R (t1 < t2) i W , L , B � áàíàõîâi ïðîñòîðè òàêi, ùî W
c
⊂L 	 B

(òóò
c
⊂ îçíà÷à¹ êîìïàêòíå, à 	 � íåïåðåðâíå âêëàäåííÿ). Òîäi

{w ∈ Lq(t1, t2;W) | w′ ∈ Lr(t1, t2;B)}
c
⊂
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c
⊂
(
Lq(t1, t2;L) ∩ C([t1, t2];B)

)
. (4.104)

Çàóâàæåííÿ 4.5. Âêëàäåííÿ (4.104) ðîçóìi¹òüñÿ òàê: ÿêùî ïîñëiäîâíiñòü

{wm}∞m=1 ¹ îáìåæåíîþ ó ïðîñòîði Lq(t1, t2;W) i ïîñëiäîâíiñòü {w′m}∞m=1 ¹

îáìåæåíîþ ó ïðîñòîði Lr(t1, t2;B) , òî iñíóþòü ôóíêöiÿ w ∈ Lq(t1, t2;L) ∩
C([t1, t2];B) , à ïiäïîñëiäîâíiñòü {wmj

}∞j=1 ïîñëiäîâíîñòi {wm}∞m=1 òàêi, ùî

wmj
−→
j→∞

w â C([t1, t2];B) i ñèëüíî â Lq(t1, t2;L) .

Òâåðäæåííÿ 4.8. ßêùî ïîñëiäîâíiñòü {wm}∞m=1 ¹ îáìåæåíîþ ó ïðîñòî-

ði Lploc(S;V ) , äå p > 1 , i ïîñëiäîâíiñòü {w′m} ¹ îáìåæåíîþ ó ïðîñòîði

L2
loc(S;H) , òî iñíóþòü ôóíêöiÿ w ∈ Lploc(S;V ) , w′ ∈ L2

loc(S;H) i ïiäïîñëi-

äîâíiñòü {wmj
}∞j=1 ïîñëiäîâíîñòi {wm}∞m=1 òàêi, ùî wmj

−→
j→∞

w â C(S;H)

i ñëàáêî â Lploc(S;V ) , à òàêîæ, w′mj
−→
j→∞

w′ ñëàáêî â L2
loc(S;H) .

Äîâåäåííÿ. Ç òâåðäæåííÿ 4.7 ïðè q = p , r = 2 , W = V , L = B = H

âèïëèâà¹, ùî äëÿ áóäü-ÿêèõ t1, t2 ∈ S (t1 < t2) ç ïîñëiäîâíîñòi çâóæåíü

÷ëåíiâ ïîñëiäîâíîñòi {wm}∞m=1 íà âiäðiçîê [t1, t2] ìîæíà âèáðàòè ïiäïîñëi-

äîâíiñòü, ÿêà çáiãà¹òüñÿ â C([t1, t2];H) i ñëàáêî â Lp(t1, t2;V ) , à ïîñëiäîâ-

íiñòü ïîõiäíèõ ÷ëåíiâ öi¹¨ ïiäïîñëiäîâíîñòi ñëàáêî çáiãà¹òüñÿ â L2(t1, t2;H) .

Äëÿ êîæíîãî k ∈ N âèáåðåìî ïiäïîñëiäîâíiñòü {wmk,j
}∞j=1 äàíî¨ ïîñëiäîâíî-

ñòi, ÿêà çáiãà¹òüñÿ â C([−k, 0];H) i ñëàáêî â Lp(−k, 0;V ) äî äåÿêî¨ ôóí-

êöi¨ ŵk ∈ C([−k, 0];H) ∩ Lp(−k, 0;V ), à ïîñëiäîâíiñòü {w′mk,j
}∞j=1 ñëàáêî

çáiãà¹òüñÿ äî ¨¨ ïîõiäíî¨ ŵ′k â L2(−k, 0;H). Ïðè öüîìó âèáîði ñëiäêó¹ìî

çà òèì, ùîáè ïîñëiäîâíiñòü {wmk+1,j
}∞j=1 áóëà ïiäïîñëiäîâíiñòþ ïîñëiäîâíîñòi

{wmk,j
}∞j=1 . Òåïåð çãiäíî ç äiàãîíàëüíèì ïðîöåñîì âèáèðà¹ìî ïîòðiáíó íàì

ïiäïîñëiäîâíiñòü ó âèãëÿäi {wmj,j
}∞j=1, à ôóíêöiþ w âèçíà÷èìî çà ïðàâèëîì:

äëÿ êîæíîãî k ∈ N ïðèéìà¹ìî w(t) := ŵk(t) äëÿ t ∈ (−k,−k + 1].

Äàëi âèêîðèñòîâóâàòèìåìî íåðiâíiñòü Êîøi ó âèãëÿäi:

ab ≤ εa2 + (4ε)−1b2 ∀a, b ∈ R, ∀ε > 0. (4.105)

4.3.2 Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Íåõàé Φ : V → R∞ := (−∞,+∞] � âëàñíèé ôóíêöiîíàë, òîáòî dom(Φ) :=

{v ∈ V : Φ(v) < +∞} 6= ∅ , ÿêèé çàäîâîëüíÿ¹ òàêi óìîâè:



129

(A1) Φ
(
αv + (1− α)w

)
6 αΦ(v) + (1− α)Φ(w) ∀ v, w ∈ V, ∀α ∈ [0, 1],

òîáòî, Φ ¹ îïóêëèì,

(A2) vk −→
k→∞

v â V =⇒ lim
k→∞

Φ(vk) ≥ Φ(v),

òîáòî, Φ ¹ íàïiâíåïåðåðâíèì çíèçó.

Ïîçíà÷èìî ÷åðåç dom(Φ) := {v ∈ V : Φ(v) < +∞} åôåêòèâíó îáëàñòü

âèçíà÷åííÿ ôóíêöiîíàëó Φ .

Íàãàäà¹ìî, ùî ñóáäèôåðåíöiàëîì ôóíêöiîíàëó Φ íàçèâàþòü âiäîáðàæåí-

íÿ ∂Φ : V → 2V
′
, âèçíà÷åíå çà ïðàâèëîì

∂Φ(v) := {v∗ ∈ V ′ | Φ(w) > Φ(v) + (v∗, w − v) ∀ w ∈ V },

äëÿ äîâiëüíîãî v ∈ V, à îáëàñòþ âèçíà÷åííÿ ñóáäèôåðåíöiàëó ∂Φ � ìíî-

æèíó D(∂Φ) := {v ∈ V | ∂Φ(v) 6= ∅} . Ìè îòîòîæíþâàòèìåìî ñóáäèôåðåíöi-

àë ∂Φ ç éîãî ãðàôiêîì, ââàæàþ÷è, ùî [v, v∗] ∈ ∂Φ òîäi i ëèøå òîäi, êîëè

v∗ ∈ ∂Φ(v) , òîáòî ∂Φ = {[v, v∗] | v ∈ D(∂Φ), v∗ ∈ ∂Φ(v)} . Ð. Ðîêàôåë-
ëàð ó ðîáîòi [92, òåîðåìà A] äîâiâ, ùî ñóáäèôåðåíöiàë ∂Φ ¹ ìàêñèìàëüíèì

ìîíîòîííèì îïåðàòîðîì, òîáòî

(v∗1 − v∗2, v1 − v2) > 0 ∀ [v1, v
∗
1], [v2, v

∗
2] ∈ ∂Φ

i äëÿ áóäü-ÿêîãî åëåìåíòà [v1, v
∗
1] ∈ V × V ′ ïðàâèëüíà iìïëiêàöiÿ

(v∗1 − v∗2, v1 − v2) > 0 ∀ [v2, v
∗
2] ∈ ∂Φ =⇒ [v1, v

∗
1] ∈ ∂Φ.

Äîäàòêîâî ïðèïóñòèìî, ùî âèêîíóþòüñÿ ùå òàêi óìîâè:

(A3) iñíóþòü ñòàëi p > 2, K1 > 0 òàêi, ùî

Φ(v) > K1‖v‖p ∀ v ∈ dom(Φ);

êðiì òîãî, Φ(0) = 0;

(A4) iñíó¹ ñòàëà K2 > 0 òàêà, ùî äëÿ äîâiëüíèõ [v1, v
∗
1], [v2, v

∗
2]∈∂Φ :

(v∗1 − v∗2, v1 − v2) >K2|v1 − v2|2.
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Çàóâàæåííÿ 4.6. Ç óìîâè (A3) âèïëèâà¹, ùî Φ(v) ≥ Φ(0) + (0, v − 0)

∀v ∈ V , òîáòî [0, 0] ∈ ∂Φ . Ç öüîãî i óìîâè (A4) ìà¹ìî

(v∗, v) ≥ K2|v|2 ∀ [v, v∗] ∈ ∂Φ. (4.106)

Íåõàé c : S × S ×H → H � ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó:

(C) äëÿ áóäü-ÿêîãî v ∈ H âiäîáðàæåííÿ c(·, ·, v) : S × S → H ¹ âèìiðíèì,

òà iñíó¹ ñòàëà L > 0 òàêà, ùî ïðàâèëüíà íåðiâíiñòü

|c(t, s, v1)− c(t, s, v2)| ≤ L|v1 − v2|

äëÿ ì.â. (t, s) ∈ S×S i âñiõ v1, v2 ∈ H ; êðiì òîãî, c(t, s, 0) = 0 äëÿ ì.â.

(t, s) ∈ S × S .

Çàóâàæåííÿ 4.7. Ç óìîâè (C ) âèïëèâà¹, ùî

|c(t, s, v)| ≤ L|v| (4.107)

äëÿ ì.â. (t, s) ∈ S × S i âñiõ v ∈ H .

Ðîçãëÿíåìî åâîëþöiéíó âàðiàöiéíó íåðiâíiñòü

u′(t) + ∂Φ
(
u(t)

)
+

t∫
t−τ(t)

c(t, s, u(s)) ds 3 f(t), t ∈ S, (4.108)

äå f : S → V ′ � çàäàíà ôóíêöiÿ, τ : S → R � çàäàíà íåïåðåðâíà ôóíêöiÿ

òàêà, ùî τ(t) ≥ 0 äëÿ âñiõ t ∈ S , τ+ := sup
t∈S

τ(t) <∞ , u : S → V � øóêàíà

ôóíêöiÿ.

Çàóâàæåííÿ 4.8. Ç óìîâè (C) i çàóâàæåííÿ 4.4 âèïëèâà¹, ùî äëÿ áóäü-

ÿêî¨ ôóíêöi¨ w ∈ L2(S;H) ôóíêöiÿ t 7→
t∫

t−τ(t)

c(t, s, w(s)) ds íàëåæèòü

äî L2(S;H) .

Ñïðàâäi, ç (4.107), ïðèïóñòèâøè, ùî w(t) = 0 äëÿ âñiõ t > 0 , i âèêîðè-

ñòàâøè íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî òà çìiíèâøè ïîðÿäîê iíòåãðóâàííÿ

îòðèìà¹ìî

0∫
σ

∣∣∣ t∫
t−τ(t)

c(t, s, w(s)) ds
∣∣∣2dt ≤ L2τ+

0∫
σ

t∫
t−τ+

|w(s)|2 dsdt ≤
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≤ L2τ+

0∫
σ−τ+

|w(s)|2ds
s+τ+∫
s

dt = (Lτ+)2

0∫
σ−τ+

|w(s)|2ds ≤

≤ (Lτ+)2||w||L2(S;H) (4.109)

äëÿ áóäü-ÿêîãî σ ∈ S . Îòæå, t 7→
t∫

t−τ(t)

c(t, s, w(s)) ds íàëåæèòü äî L2(S;H) .

Îçíà÷åííÿ 4.3. Íåõàé âèêîíóþòüñÿ óìîâè (A1)� (A3) , (C) i f ∈Lp
′

loc(S;V ′) .

Ôóíêöiþ u íàçèâàòèìåìî ðîçâ'ÿçêîì âàðiàöiéíî¨ íåðiâíîñòi (4.108), ÿêùî âî-

íà çàäîâîëüíÿ¹ òàêi óìîâè:

1) u ∈ Wp,loc(S;H) ∩ L2(S;H) ;

2) u(t) ∈ D(∂Φ) äëÿ ì.â. t ∈ S ;

3) iñíó¹ ôóíêöiÿ g ∈ Lp
′

loc(S;V ′) òàêà, ùî äëÿ ì.â. t ∈ S ìà¹ìî g(t) ∈
∂Φ
(
u(t)

)
i

u′(t) + g(t) +

t∫
t−τ(t)

c(t, s, u(s)) ds = f(t) â V ′.

Çàäà÷ó íà çíàõîäæåííÿ ðîçâ'ÿçêó âàðiàöiéíî¨ íåðiâíîñòi (4.108) ïðè çàäà-

íèõ Φ , c , τ i f íàçèâàòèìåìî çàäà÷åþ áåç ïî÷àòêîâèõ óìîâ äëÿ eâîëþöiéíî¨

âàðiàöiéíî¨ íåðiâíîñòi (4.108) àáî, êîðîòêî, çàäà÷åþ P(Φ, c, τ, f) , à ôóíêöiþ

u � ¨¨ ðîçâ'ÿçêîì.

Òåîðåìà 4.3. Íåõàé âèêîíóþòüñÿ óìîâè (A1) � (A4) , (C) . Ïðèïóñòèìî,
ùî f ∈ L2(S;H) i

K2 − Lτ+ > 0. (4.110)

Òîäi çàäà÷à P(Φ, c, τ, f) ìà¹ ¹äèíèé ðîçâ'ÿçîê i âií íàëåæèòü ïðîñòîðó

L∞(S;V ) ∩ Lp(S;V ) ∩H1(S;H) òà çàäîâîëüíÿ¹ îöiíêè:

ess sup
t∈S

‖u(t))‖ 6 C1

(∫
S

|f(t)|2 dt
)1/p

,∫
S

(
‖u(t)‖p + |u(t)|2 + |u′(t)|2

)
dt 6 C2

∫
S

|f(t)|2 dt, (4.111)

äå C1, C2 � äîäàòíi ñòàëi, ùî çàëåæàòü ëèøå âiä K1, K2, L, τ
+ .
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Çàóâàæåííÿ 4.9. Çàìiñòü çàäà÷i P(Φ, c, τ, f) ìîæíà ðîçãëÿäàòè òàêó çà-

äà÷ó. Íåõàé K � îïóêëà i çàìêíåíà ìíîæèíà â V , A : V → V ′ � ìî-

íîòîííèé, îáìåæåíèé i ñåìiíåïåðåðâíèé îïåðàòîð òàêèé, ùî (A(v), v) ≥
K̃1‖v‖p ∀v ∈ V , äå K̃1 = const > 0 . Çàäà÷à ïîëÿãà¹ ó çíàõîäæåííi ôóíêöi¨

u ∈ Wp,loc(S) òàêî¨, ùî äëÿ ì.â. t ∈ S ìà¹ìî u(t) ∈ K i

(u′(t) + A(u(t)) +

t∫
t−τ(t)

c(t, s, u(s)) ds, v − u(t)) ≥ (f(t), v − u(t)) ∀ v ∈ K.

4.3.3 Îá ðóíòóâàííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Âèçíà÷èìî ôóíêöiîíàë ΦH : H → R∞ çà ïðàâèëîì: ΦH(v) := Φ(v) , ÿêùî

v ∈ V , i ΦH(v) := +∞ â iíøîìó âèïàäêó. Âiäçíà÷èìî, ùî ç óìîâ (A1) , (A2) ,

ëåìè IV.5.2 òà òâåðäæåííÿ IV.5.2 ìîíîãðàôi¨ [96] âèïëèâà¹, ùî ΦH ¹ âëàñíèì,

îïóêëèì i íàïiâíåïåðåðâíèì çíèçó ôóíêöiîíàëîì íà ïðîñòîði H , dom(ΦH) =

dom(Φ) ⊂ V i ∂ΦH = ∂Φ ∩ (V × H) , äå ∂ΦH : H → 2H � ñóáäèôåðåíöiàë

ôóíêöiîíàëó ΦH . Êðiì òîãî, ç óìîâè (A3) âèïëèâà¹, ùî 0 ∈ ∂ΦH(0) .

Äàëi âèêîðèñòîâóâàòèìåìî òàêi òâåðäæåííÿ.

Òâåðäæåííÿ 4.9 ([96, ëåìà IV.4.3]). Íåõàé w ∈ H1(a, b;H) (−∞ < a < b <

+∞) òà g ∈ L2(a, b;H) òàêi, ùî w(t) ∈ D(∂ΦH) i g(t) ∈ ∂ΦH

(
w(t)

)
äëÿ

ì.â. t ∈ (a, b) . Òîäi ôóíêöiÿ ΦH

(
w(·)

)
¹ àáñîëþòíî íåïåðåðâíîþ íà âiäðiç-

êó [a, b] i äëÿ áóäü-ÿêî¨ ôóíêöi¨ h : [a, b] → H òàêî¨, ùî h(t) ∈ ∂ΦH

(
w(t)

)
äëÿ ì.â. t ∈ (a, b) , âèêîíó¹òüñÿ ðiâíiñòü

d

dt
ΦH

(
w(t)

)
= (h(t), w′(t)) äëÿ ì.â. t ∈ (a, b).

Òâåðäæåííÿ 4.10 ([44, òâåðäæåííÿ 3.12], [96, òâåðäæåííÿ IV.5.2]). Íå-

õàé T > 0 , f̃ ∈ L2(0, T ;H) i w0 ∈ dom(Φ) . Òîäi iñíó¹ ¹äèíà ôóí-

êöiÿ w ∈ H1(0, T ;H) òàêà, ùî w(0) = w0 i äëÿ ì.â. t ∈ (0, T ) ïðàâèëüíèìè

¹ âêëþ÷åííÿ w(t) ∈ D(∂ΦH) òà

w′(t) + ∂ΦH

(
w(t)

)
3 f̃(t) â H, (4.112)

òîáòî, iñíó¹ ôóíêöiÿ g̃ ∈ L2(0, T ;H) òàêà, ùî äëÿ ì.â. t ∈ (0, T ) ìà¹-

ìî g̃(t) ∈ ∂ΦH(w(t)) òà

w′(t) + g̃(t) = f̃(t) â H. (4.113)
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Òâåðäæåííÿ 4.11. Íåõàé t0 < 0 � áóäü-ÿêå ôiêñîâàíå ÷èñëî, à τ0 :=

min
t∈[t0,0]

(t − τ(t)) . Ïðèïóñòèìî, ùî f̃ ∈ L2(t0, 0;H) , w0 ∈ C([τ0, t0];H) (ÿêùî

τ0 = t0 , òî [τ0, t0] = {t0} ), w0(t) ∈ dom(Φ) äëÿ âñiõ t ∈ [τ0, t0] . Òîäi

iñíó¹ i ¹äèíà ôóíêöiÿ w ∈ C([τ0, 0];H) ∩H1(t0, 0;H) òàêà, ùî w(t) = w0(t)

äëÿ êîæíîãî t ∈ [τ0, t0] i äëÿ ì.â. t ∈ [t0, 0] ïðàâèëüíèìè ¹ âêëþ÷åííÿ

w(t) ∈ D(∂ΦH) òà

w′(t) + ∂ΦH

(
w(t)

)
+

t∫
t−τ(t)

c(t, s, w(s)) ds 3 f̃(t) â H, (4.114)

à òî÷íiøå, iñíó¹ ôóíêöiÿ g̃ ∈ L2(t0, 0;H) òàêà, ùî äëÿ ì.â. t ∈ [t0, 0] ìà¹ìî

g̃(t) ∈ ∂ΦH(w(t)) i

w′(t) + g̃(t) +

t∫
t−τ(t)

c(t, s, w(s)) ds = f̃(t) â H, (4.115)

Äîâåäåííÿ. Íåõàé M := {w ∈ C([τ0, 0];H) | w(t) = w0(t) ∀t ∈ [τ0, t0]}. Ðîç-
ãëÿíåìî íà ìíîæèíi M ìåòðèêó

ρ(w1, w2) = max
t∈[t0,0]

[
e−α(t−t0)|w1(t)− w2(t)|

]
, w1, w2 ∈M,

äå α > 0 � ñòàëà, çíà÷åííÿ ÿêî¨ óòî÷íèìî ïiçíiøå. Î÷åâèäíî, ùî ïàðà (M,ρ)

¹ ïîâíèì ìåòðè÷íèì ïðîñòîðîì. Âèçíà÷èìî îïåðàòîð A : M →M çà ïðàâè-

ëîì: ôóíêöi¨ w̃ ∈M ñòàâèòüñÿ ó âiäïîâiäíiñòü ôóíêöiÿ ŵ ∈M ∩H1(t0, 0;H)

òàêà, ùî äëÿ ì.â. t ∈ [t0, 0] ïðàâèëüíi âêëþ÷åííÿ ŵ(t) ∈ D(∂ΦH) òà

ŵ′(t) + ∂ΦH(ŵ(t)) 3 f̃(t)−
t∫

t−τ(t)

c(t, s, w̃(s)) ds â H. (4.116)

Î÷åâèäíî, ùî âàðiàöiéíà íåðiâíiñòü (4.116) ñïiâïàäà¹ iç âàðiàöiéíîþ íåðiâíi-

ñòþ (4.112) ïiñëÿ çàìiíè [0, T ] íà [t0, 0] , w íà w̃ , f̃ íà f̂−
t∫

t−τ(t)

c(t, s, w̃(s))ds ,

óìîâè w(0) = w0 íà óìîâó ŵ(t0) = w0(t0) . Îòîæ, âèêîðèñòîâóþ÷è òâåðäæå-

ííÿ 4.10 îòðèìó¹ìî, ùî îïåðàòîð A ¹ êîðåêòíî âèçíà÷åíèì. Ïîêàæåìî, ùî

îïåðàòîð A ¹ îïåðàòîðîì ñòèñêó ïðè âiäïîâiäíîìó çíà÷åííi α > 0 . Ñïðàâ-

äi, íåõàé w̃1, w̃2 � äîâiëüíi ôóíêöi¨ ç M i ŵ1 := Aw̃1 , ŵ2 = Aw̃2 . Çãiäíî
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ç (4.116) (äèâ. (4.113)) iñíóþòü ôóíêöi¨ g̃1 i g̃2 ç L2(t0, 0;H) òàêi, ùî äëÿ

êîæíîãî k ∈ {1, 2} i ì.â. t ∈ (t0, 0) ìà¹ìî g̃k(t) ∈ ∂ΦH(ŵk(t)) òà

ŵ′k(t) + g̃k(t) = f̃(t)−
t∫

t−τ(t)

c(t, s, w̃k(s)) ds â H, (4.117)

ïðè÷îìó ŵk(t) = w0(t) äëÿ ì.â. t ∈ [τ0, t0] .

Âiäíiìàþ÷è òîòîæíiñòü (4.117) ïðè k = 2 âiä òîòîæíîñòi (4.117) ïðè k = 1

i äîìíîæóþ÷è îäåðæàíó ðiâíiñòü íà ŵ1(t)−ŵ2(t) , ïiñëÿ ïðîñòèõ ïåðåòâîðåíü

äëÿ ì.â. t ∈ (t0, 0) îòðèìà¹ìî(
(ŵ1(t)− ŵ2(t))

′, ŵ1(t)− ŵ2(t)
)

+ (g̃1(t)− g̃2(t), ŵ1(t)− ŵ2(t)) =

= −
( t∫
t−τ(t)

(
c(t, s, w̃1(s))− c(t, s, w̃2(s))

)
ds, ŵ1(t)− ŵ2(t)

)
, (4.118)

ŵ1(t)− ŵ2(t) = 0 äëÿ ì.â. t ∈ [τ0, t0]. (4.119)

Ïðîiíòåãðó¹ìî ðiâíiñòü (4.118) ïî t âiä t0 äî σ ∈ (t0, 0] , âðàõóâàâøè, ùî

äëÿ ì.â. t ∈ (t0, 0) ïðàâèëüíîþ ¹ ðiâíiñòü(
(ŵ1(t)− ŵ2(t))

′, ŵ1(t)− ŵ2(t)
)

=
1

2

d

dt
|ŵ1(t)− ŵ2(t)|2.

Ó ðåçóëüòàòi îòðèìó¹ìî ðiâíiñòü

1

2
|ŵ1(σ)− ŵ2(σ)|2 +

∫ σ

t0

(g̃1(t)− g̃2(t), ŵ1(t)− ŵ2(t)) dt =

= −
σ∫

t0

( t∫
t−τ(t)

(c(t, s, w̃1(s))− c(t, s, w̃2(s))) ds, ŵ1(t)− ŵ2(t)
)
dt. (4.120)

Âðàõóâàâøè óìîâó (A4) , äëÿ ì.â. t ∈ (t0, 0) îòðèìó¹ìî íåðiâíiñòü

(g̃1(t)− g̃2(t), ŵ1(t)− ŵ2(t)) > K2|ŵ1(t)− ŵ2(t))|2. (4.121)

Çâiäñè, âèêîðèñòîâóþ÷è óìîâó (C) , íåðiâíîñòi Êîøi-Áóíÿêîâñüêîãî i (4.105),
äëÿ ì.â. t ∈ (t0, 0) ìà¹ìî∣∣∣( t∫

t−τ(t)

[c(t, s, w̃1(s))− c(t, s, w̃2(s))] ds, ŵ1(t)− ŵ2(t)
)∣∣∣ ≤
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≤
∣∣∣ t∫
t−τ(t)

[c(t, s, w̃1(s))− c(t, s, w̃2(s))] ds
∣∣∣ |ŵ1(t)− ŵ2(t)| ≤

≤ L
( t∫
t−τ+

|w̃1(s)− w̃2(s)| ds
)
|ŵ1(t)− ŵ2(t)| ≤

≤ ε|ŵ1(t)− ŵ2(t)|2 +
L2

4ε

( t∫
t−τ+

|w̃1(s)− w̃2(s)| ds
)2

≤

≤ ε|ŵ1(t)− ŵ2(t)|2 +
L2τ+

4ε

t∫
t−τ+

|w̃1(s)− w̃2(s)|2 ds, (4.122)

äå ε > 0 � äîâiëüíå ÷èñëî, τ+ := sup
t∈S

τ(t) , w̃1(s)− w̃2(s) := 0 ∀s ≤ τ0 .

Ç (4.120), çãiäíî ç (4.121) i (4.122), ìà¹ìî

|ŵ1(σ)− ŵ2(σ)|2 + 2(K2 − ε)
∫ σ

t0

|ŵ1(t)− ŵ2(t)|2 dt ≤

≤ (2ε)−1L2τ+

σ∫
t0

( t∫
t−τ+

|w̃1(s)− w̃2(s)|2 ds
)
dt. (4.123)

Ðîçãëÿíåìî ïðàâó ÷àñòèíó íåðiâíîñòi (4.123). Âèêîðèñòîâóþ÷è íåðiâíiñòü

Êîøi-Áóíÿêîâñüêîãî i çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ, ç âðàõóâàííÿì (4.119)

îäåðæèìî

σ∫
t0

( t∫
t−τ+

|w̃1(s)− w̃2(s)|2 ds
)
dt =

σ∫
t0

(s+τ+∫
s

|w̃1(s)− w̃2(s)|2dt
)
ds+

+

t0∫
t0−τ+

( s∫
s−τ+

|w̃1(s)− w̃2(s)|2dt
)
ds = τ+

σ∫
t0

|w̃1(t)− w̃2(t)|2dt. (4.124)

Ç (4.123), âðàõóâàâøè (4.124), îòðèìó¹ìî

|ŵ1(σ)− ŵ2(σ)|2 + 2(K2 − ε)
∫ σ

t0

|ŵ1(t)− ŵ2(t)|2 dt ≤

≤ (2ε)−1L2(τ+)2

∫ σ

t0

|w̃1(t)− w̃2(t)|2dt. (4.125)
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Âèáðàâøè ε > 0 òàêå, ùî K2 − ε > 0 , ç (4.125) ìàòèìåìî

|ŵ1(σ)− ŵ2(σ)|2 6 C3

∫ σ

t0

|w̃1(t)− w̃2(t)|2 dt, σ ∈ (t0, 0], (4.126)

äå C3 > 0 � ñòàëà.

Äîìíîæèâøè (4.126) íà e−2α(σ−t0), îòðèìó¹ìî

e−2α(σ−t0)|ŵ1(σ)− ŵ2(σ)|2 ≤

6 C3e
−2α(σ−t0)

σ∫
t0

e2α(t−t0)e−2α(t−t0)|w̃1(t)− w̃2(t)|2 dt ≤

6 C3e
−2α(σ−t0) max

t∈[t0,0]

[
e−2α(t−t0)|w̃1(t)− w̃2(t)|2

]
×

×
σ∫

t0

e2α(t−t0) dt =
C3

2α
(1− e−2α(σ−t0))

(
ρ(w̃1, w̃2)

)2 ≤

6
C3

2α

(
ρ(w̃1, w̃2)

)2
, σ ∈ [t0, 0]. (4.127)

Ç (4.127) âèïëèâà¹ íåðiâíiñòü

ρ(ŵ1, ŵ2) 6
√
C3/(2α)ρ(w̃1, w̃2).

Âèáèðàþ÷è çíà÷åííÿ α > 0 òàêèì, ùîá âèêîíóâàëàñü íåðiâíiñòü C2/(2α) <

1 , çâiäñè îòðèìó¹ìî, ùî îïåðàòîð A ¹ îïåðàòîðîì ñòèñêó. Âèêîðèñòîâóþ÷è

òåîðåìó Áàíàõà ïðî íåðóõîìó òî÷êó � ïðèíöèï ñòèñêóþ÷èõ âiäîáðàæåíü [43,

òåîðåìà 5.7], ïðèõîäèìî äî âèñíîâêó ïðî iñíóâàííÿ i ¹äèíiñòü ôóíêöi¨ w ∈M
òàêî¨, ùî Aw = w , òîáòî òâåðäæåííÿ 4.11 ¹ ïðàâèëüíèì.

Äîâåäåííÿ òåîðåìè 4.3. Ñïåðøó äîâåäåìî ¹äèíiñòü ðîçâ'ÿçêó çàäà-

÷i P(Φ, c, τ, f) , äàëi � éîãî iñíóâàííÿ òà ïðàâèëüíiñòü îöiíêè (4.111).

�äèíiñòü ðîçâ'ÿçêó. Ïðèïóñòèìî, ùî çàäà÷à P(Φ, c, τ, f) ìà¹ áiëüøå îäíîãî

ðîçâ'ÿçêó i íåõàé u1 , u2 � äâà (ðiçíi) ðîçâ'ÿçêè öi¹¨ çàäà÷i. Çãiäíî ç îçíà÷å-

ííÿì ðîçâ'ÿçêó çàäà÷i P(Φ, c, τ, f) äëÿ êîæíîãî i ∈ {1, 2} iñíóþòü ôóíêöi¨

gi ∈ Lp
′

loc(S;V ′) òàêi, ùî äëÿ ì.â. t ∈ S ìà¹ìî gi(t) ∈ ∂Φ
(
ui(t)

)
i

u′i(t) + gi(t) +

t∫
t−τ(t)

c(t, s, ui(s)) ds = f(t) â V ′, i = 1, 2. (4.128)
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Ïîêëàäåìî w := u1 − u2 . Ç ðiâíîñòåé (4.128) äëÿ ì.â. t ∈ S îòðèìà¹ìî

w′(t) + g1(t)− g2(t) +

t∫
t−τ(t)

(
c(t, s, u1(s))− c(t, s, u2(s))

)
ds = 0 â V ′. (4.129)

Íåõàé t1, t2 ∈ S � äîâiëüíi ÷èñëà i t1 < t2. Ïîìíîæèìî ðiâíiñòü (4.129)

ñêàëÿðíî íà w(t) òà ïðîiíòåãðó¹ìî îòðèìàíó ðiâíiñòü çà t âiä t1 äî t2 . Ó

ðåçóëüòàòi îäåðæèìî

t2∫
t1

(w′(t), w(t)) dt+

t2∫
t1

(g1(t)− g2(t), u1(t)− u2(t))dt+

+

t2∫
t1

( t∫
t−τ(t)

[c(t, s, u1(s))− c(t, s, u2(s))] ds, w(t)
)
dt = 0. (4.130)

Ðîçãëÿíåìî òðåòié äîäàíîê ëiâî¨ ÷àñòèíè öi¹¨ ðiâíîñòi. Âèêîðèñòîâóþ÷è óìî-

âó (C) , òåîðåìó Ôóáiíi òà íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, îòðèìà¹ìî

∣∣∣ t2∫
t1

( t∫
t−τ(t)

[
c(t, s, u1(s))− c(t, s, u2(s))

]
ds, w(t)

)
dt
∣∣∣ ≤

≤
t2∫
t1

( t∫
t−τ+

∣∣c(t, s, u1(s))− c(t, s, u2(s))
∣∣ds)|w(t)| dt ≤

≤ L

t2∫
t1

( t∫
t−τ+

|w(s)| ds
)
|w(t)| dt ≤

≤ L
√
τ+

 t2∫
t1

|w(t)|2 dt

1/2 t2∫
t1

( t∫
t−τ+

|w(s)|2 ds
)
dt

1/2

. (4.131)

Ïðèïóñòèâøè, ùî w(t) = 0 äëÿ âñiõ t > 0 , òà çìiíèâøè ïîðÿäîê iíòåãðóâà-

ííÿ, ìàòèìåìî

t2∫
t1

( t∫
t−τ+

|w(s)|2ds
)
dt ≤

t2∫
t1−τ+

|w(s)|2 ds
s+τ+∫
s

dt =
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= τ+
( t2∫
t1

|w(s)|2 ds+

t1∫
t1−τ+

|w(s)|2 ds
)
. (4.132)

Ïiäñòàâèâøè ó (4.131) îñòàííié ÷ëåí çàìiñòü ïåðøîãî ç íàâåäåíîãî âè-

ùå ëàíöþæêà íåðiâíîñòåé i âèêîðèñòàâøè íåðiâíîñòi:
√
a+ b ≤

√
a +
√
b ,

√
a
√
b ≤ εa+ (4ε)−1b (a ≥ 0, b ≥ 0 , ε > 0 ), îòðèìà¹ìî

∣∣∣ t2∫
t1

( t∫
t−τ(t)

[
c(t, s, u1(s))− c(t, s, u2(s))

]
ds, w(t)

)
dt
∣∣∣ ≤

≤ Lτ+
(

(1 + ε)

t2∫
t1

|w(t)|2 dt+ (4ε)−1

t1∫
t1−τ+

|w(t)|2 dt
)
, (4.133)

äå ε > 0 � äîâiëüíå ÷èñëî.

Ç (4.130) íà ïiäñòàâi ðiâíîñòi (4.103), íåðiâíîñòi (4.133), óìîâè (A4) òà òîãî,

ùî gi(t) ∈ ∂Φ(ui(t)) ( i = 1, 2 ) äëÿ ì.â. t ∈ S , îòðèìó¹ìî òàêó íåðiâíiñòü

1

2

t2∫
t1

d|w(t)|2

dt
dt+

(
K2 − (1 + ε)Lτ+

) t2∫
t1

|w(t)|2dt− (4ε)−1Lτ+

t1∫
t1−τ+

|w(t)|2dt ≤ 0.

(4.134)

Çâiäñè, çàñòîñóâàâøè äî ïåðøîãî ÷ëåíà ëiâî¨ ÷àñòèíè ôîðìóëó iíòåãðóâà-

ííÿ ÷àñòèíàìè, çäîáóäåìî

|w(t)|2
∣∣∣t2
t1

+2
(
K2−(1+ε)Lτ+

) t2∫
t1

|w(t)|2 dt−(2ε)−1Lτ+

t1∫
t1−τ+

|w(t)|2dt ≤ 0. (4.135)

Ç (4.135), âðàõóâàâøè íåðiâíiñòü (4.110) i âçÿâøè ε > 0 òàêå, ùî

K2 − (1 + ε)Lτ+ > 0 , îòðèìà¹ìî

|w(t2)|2 ≤ |w(t1)|2 + C4

t1∫
t1−τ+

|w(t)|2dt, (4.136)

äå C4 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä t1 .

Îñêiëüêè w ∈ L2(S;H) ∩ C(S;H) , òî çãiäíî iç çàóâàæåííÿì 4.4 iñíó¹
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ïîñëiäîâíiñòü {t1,k}∞k=1 ⊂ S òàêà, ùî t1,k −→
k→+∞

−∞ i

|w(t1,k)|2 + C3

t1,k∫
t1,k−τ+

|w(t)|2 dt →
k→+∞

0.

Ó (4.136) çàôiêñó¹ìî äîâiëüíèì ÷èíîì âèáðàíå t2 , à çàìiñòü t1 âiçüìåìî t1,k
òàêå, ùî t1,k < t2 , äå k ∈ N . Ñïðÿìîâóþ÷è k äî +∞ , îòðèìà¹ìî ðiâ-

íiñòü |w(x, t2)|2 = 0 . Îñêiëüêè t2 � äîâiëüíå ÷èñëî ç S , òî ìà¹ìî w(t) = 0

äëÿ ì.â. t ∈ S, ùî ïðîòèði÷èòü íàøîìó ïðèïóùåííþ. Îòæå, ðîçâ'ÿçîê çàäà-
÷i P(Φ, c, τ, f) ¹äèíèé.

Iñíóâàííÿ ðîçâ'ÿçêó. Äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i P(Φ, c, τ, f)

ïðîâåäåìî ó òðè êðîêè.

Êðîê 1 (àïðîêñèìàöiÿ ðîçâ'ÿçêó). Ïîáóäó¹ìî ïîñëiäîâíiñòü ôóíêöié, ùî â

ïåâíîìó ñåíñi àïðîêñèìóþòü ðîçâ'ÿçîê çàäà÷i P(Φ, c, τ, f) .

Íåõàé f̂k(t) := f(t) äëÿ t ∈ Sk := [κk, 0] , äå {κk}∞k=1 � ìîíîòîííî ñïà-

äíà ïîñëiäîâíiñòü ÷èñåë ç S òàêà, ùî κ1 < 0 i lim
k→∞

κk = −∞ . Ïîçíà÷èìî

τk := min
t∈[κ,0]

(t − τ(t)) , k ∈ N . Äëÿ êîæíîãî k ∈ N ðîçãëÿíåìî çàäà÷ó: çíà-

éòè ôóíêöiþ ûk ∈ C([τk, 0];H) ∩H1(Sk;H) òàêó, ùî äëÿ ì.â. t ∈ Sk ìà¹ìî

ûk(t) ∈ D(∂ΦH) òà

û ′k(t) + ∂ΦH

(
ûk(t)

)
+

t∫
t−τ(t)

c(t, s, ûk(s)) ds 3 f̂k(t) â H, (4.137)

ûk(t) = 0, t ∈ [τk, κk]. (4.138)

Âàðiàöiéíà íåðiâíiñòü (4.137) îçíà÷à¹, ùî iñíó¹ ôóíêöiÿ ĝk ∈ L2(Sk;H)

òàêà, ùî äëÿ ì.â. t ∈ Sk ìà¹ìî ĝk(t) ∈ ∂ΦH(ûk(t)) i

û ′k(t) + ĝk(t) +

t∫
t−τ(t)

c(t, s, ûk(s)) ds = f̂k(t) â H. (4.139)

Ç òâåðäæåííÿ 4.113 âèïëèâà¹ iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i (4.137),

(4.138). Îñêiëüêè D(∂ΦH) ⊂ dom(ΦH) , òî ûk(t) ∈ V äëÿ ì.â. t ∈ Sk . Çãiäíî
ç îçíà÷åííÿì ñóáäèôåðåíöiàëó ôóíêöiîíàëó i òîãî, ùî ĝk(t) ∈ ∂ΦH(û(t)) äëÿ

ì.â. t ∈ Sk , ìà¹ìî

ΦH(0) ≥ ΦH(ûk(t)) + (ĝk(t), 0− ûk(t)) äëÿ ì.â. t∈Sk.
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Çâiäñè òà ç óìîâè (A3) äëÿ ì.â. t ∈ Sk ìà¹ìî

(ĝk(t), ûk(t)) ≥ Φ(ûk(t)) ≥ K1‖ûk(t)‖p. (4.140)

Îñêiëüêè ëiâà ÷àñòèíà öüîãî ëàíöþæêà íåðiâíîñòåé íàëåæèòü äî L1(Sk) , òî

ûk íàëåæèòü äî Lp(Sk;V ) .

Äëÿ êîæíîãî k ∈ N ïðîäîâæèìî ôóíêöi¨ f̂k, ûk i ĝk íà âåñü ïðîìiæîê S ,

ïîêëàâøè ¨õ ðiâíèìè 0 íà (−∞, κk] , i ïîçíà÷èìî öi ïðîäîâæåííÿ, âiäïîâiäíî,
÷åðåç fk, uk òà gk . Çi ñêàçàíîãî âèùå âèïëèâà¹, ùî äëÿ êîæíîãî k ∈ N
ôóíêöiÿ uk íàëåæèòü äî Lp(S;V ) , ¨ ¨ ïîõiäíà u′k íàëåæèòü äî L2(S;H) i

äëÿ ì.â. t ∈ S ïðàâèëüíèìè ¹ âêëþ÷åííÿ gk(t) ∈ ∂ΦH

(
uk(t)

)
i ðiâíiñòü (äèâ.

(4.139))

u′k(t) + gk(t) +

t∫
t−τ(t)

c(t, s, uk(s)) ds = fk(t) â H. (4.141)

Äëÿ òîãî, ùîá ïîêàçàòè çáiæíiñòü ïîñëiäîâíîñòi {uk}+∞
k=1 äî ðîçâ'ÿçêó çàäà-

÷i P(Φ, c, τ, f) íàì áóäóòü ïîòðiáíi äåÿêi îöiíêè ôóíêöié uk (k ∈ N) .

Êðîê 2 (îöiíêè àïðîêñèìóþ÷èõ ðîçâ'ÿçêiâ).

Íåõàé t1 , t2 ∈ S � äîâiëüíi ôiêñîâàíi ÷èñëà òàêi, ùî t1 < t2 . Äîìíîæè-

ìî (4.141) ñêàëÿðíî íà uk òà ïðîiíòåãðó¹ìî çà t âiä t1 äî t2 . Ó ðåçóëüòàòi

îòðèìà¹ìî
t2∫
t1

(u′k(t), uk(t)) dt+

t2∫
t1

(gk(t), uk(t)) dt+

+

t2∫
t1

( t∫
t−τ(t)

c(t, s, uk(s)) ds, uk(t)
)
dt =

t2∫
t1

(fk(t), uk(t)) dt.

Çâiäñè, âèêîðèñòàâøè ðiâíiñòü (4.103), ìàòèìåìî

t2∫
t1

d

dt
|uk(t)|2 dt+ 2

t2∫
t1

(gk(t), uk(t)) dt+

+ 2

t2∫
t1

( t∫
t−τ(t)

c(t, s, uk(s)) ds, uk(t)
)
dt = 2

t2∫
t1

(fk(t), uk(t)) dt. (4.142)
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Iíòåãðóþ÷è ïåðøèé äîäàíîê ëiâî¨ ÷àñòèíè ðiâíîñòi (4.142), ïiñëÿ ïåâíèõ ïå-

ðåòâîðåíü îäåðæèìî

|uk(t2)|2 − |uk(t1)|2 + 2

t2∫
t1

(gk(t), uk(t)) dt =

= 2

t2∫
t1

(fk(t), uk(t)) dt− 2

t2∫
t1

( t∫
t−τ(t)

c(t, s, uk(s)) ds, uk(t)
)
dt. (4.143)

Iç çàóâàæåííÿ 4.61 âèïëèâà¹, ùî

(gk(t), uk(t)) ≥ K2|uk(t)|2 äëÿ ì.â. t ∈ S. (4.144)

Âðàõîâóþ÷è íåðiâíîñòi (4.140) òà (4.144), îòðèìà¹ìî, ùî äëÿ ì. â. t ∈ S

(gk(t), uk(t)) ≥ δ(gk(t), uk(t)) + (1− δ)(gk(t), uk(t)) ≥

≥ δK2|uk(t)|2 +
1

2
(1− δ)K1‖uk(t)‖p +

1

2
(1− δ)Φ(uk(t)), (4.145)

äå δ ∈ (0, 1) � äîâiëüíå ÷èñëî.

Âèêîðèñòîâóþ÷è (4.145), îöiíèìî äðóãèé äîäàíîê ëiâî¨ ÷àñòèíè ðiâíî-

ñòi (4.143) òàê

2

t2∫
t1

(gk(t), uk(t)) dt ≥
t2∫
t1

(
(1− δ)Φ

(
uk(t)

)
+

+ (1− δ)K1‖uk(t)‖p + 2δK2|uk|2
)
dt. (4.146)

Îöiíèìî ïåðøèé ÷ëåí ïðàâî¨ ÷àñòèíè ðiâíîñòi (4.143), çàñòîñîâóþ÷è íåðiâ-

íiñòü Êîøi-Áóíÿêîâñüêîãî. Ó ðåçóëüòàòi îòðèìà¹ìî
t2∫
t1

(fk(t), uk(t)) dt 6 ε

t2∫
t1

|uk(t)|2 dt+ (4ε)−1

t2∫
t1

|fk(t)|2 dt, (4.147)

äå ε > 0 � äîâiëüíå ÷èñëî.

Îöiíèìî òåïåð äðóãèé ÷ëåí ïðàâî¨ ÷àñòèíè ðiâíîñòi (4.143), âèêîðèñòîâó-

þ÷è íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî òà (4.107), â òàêèé ñïîñiá

∣∣∣ t2∫
t1

( t∫
t−τ(t)

c(t, s, uk(s)) ds, uk(t)
)
dt
∣∣∣ ≤
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≤
t2∫
t1

∣∣∣ t∫
t−τ(t)

c(t, s, uk(s)) ds
∣∣∣|uk(t)| dt ≤

≤ L

t2∫
t1

( t∫
t−τ+

|uk(s)| ds
)
|uk(t)| dt ≤

≤ L
√
τ+

 t2∫
t1

|uk(t)|2 dt

1/2 t2∫
t1

( t∫
t−τ+

|uk(s)|2 ds
)
dt

1/2

. (4.148)

Ðîçãëÿíåìî îñòàííié åëåìåíò ç íàâåäåíîãî âèùå ëàíöþæêà íåðiâíîñòåé. Çìi-

íþþ÷è ïîðÿäîê iíòåãðóâàííÿ, îòðèìà¹ìî

t2∫
t1

( t∫
t−τ+

|uk(s)|2ds
)
dt ≤

t2∫
t1−τ+

|uk(s)|2ds
s+τ+∫
s

dt =τ+

t2∫
t1−τ+

|uk(t)|2dt. (4.149)

Ïðè óìîâi, ùî t1 < κk , ç (4.148), (4.149) i îçíà÷åííÿ uk , âèïëèâà¹

∣∣∣ t2∫
t1

( t∫
t−τ(t)

c(t, s, uk(s)) ds, uk(t)
)
dt
∣∣∣ ≤ Lτ+

t2∫
t1

|uk|2dt. (4.150)

Ç (4.143), âèêîðèñòîâóþ÷è (4.146), (4.147), (4.150), äëÿ áóäü-ÿêèõ t1, t2 ∈ S
òàêèõ, ùî t1 < min{κk, t2} , îäåðæèìî

|uk(t2)|2 + (1− δ)
t2∫
t1

Φ
(
uk(t)

)
dt+ (1− δ)K1

t2∫
t1

‖uk(t)‖p dt+

+2[δK2 − Lτ+ − ε]
t2∫
t1

|uk(t)|2 dt ≤ (2ε)−1

t2∫
t1

|fk(t)|2 dt.

Ñïåðøó âèáåðåìî δ ∈ (0, 1) òàêå, ùî δK2 − Lτ+ > 0 , à ïîòiì âiçüìåìî

ε = (δK2 − Lτ+)/2 > 0 . Ó ðåçóëüòàòi îòðèìà¹ìî

|uk(t2)|2 +

∫ t2

t1

Φ
(
uk(t)

)
dt+

∫ t2

t1

(
‖uk(t)‖p + |uk(t)|2

)
dt ≤

≤ C4

∫ t2

t1

|fk(t)|2 dt,
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äå C4 � äîäàòíà ñòàëà, ùî çàëåæàòü ëèøå âiä K1, K2, L, τ
+ .

Çâiäñè, â ñèëó äîâiëüíîñòi t2 ∈ S òà îçíà÷åííÿ fk , îòðèìà¹ìî

sup
t∈S
|uk(t)|2 +

∫
S

Φ
(
uk(t)

)
dt+

∫
S

(
‖uk(t)‖p + |uk(t)|2

)
dt ≤

6 C5

∫
S

|f(t)|2 dt, (4.151)

äå C5 > 0 � äîäàòíà ñòàëà, ùî çàëåæèòü ëèøå âiä K1, K2, L, τ
+ .

Ç (4.151) âèïëèâà¹, ùî

{uk}+∞
k=1 îáìåæåíà â L

∞(S;H) ∩ Lp(S;V ) ∩ L2(S;H). (4.152)

Òåïåð çíàéäåìî îöiíêè ôóíêöié u′k (k ∈ N) . Íåõàé t1 , t2 � äîâiëüíi äiéñíi

÷èñëà òàêi, ùî t1 , t2 ∈ S , t1 < t2 . Äëÿ ì.â. t ∈ [t1, t2] äîìíîæèìî (4.141)

ñêàëÿðíî íà ôóíêöiþ u′k(t) (íàãàäà¹ìî, ùî u′k ∈ L2(S;H) ) òà ïðîiíòåãðó¹ìî

îòðèìàíó ðiâíiñòü çà t âiä t1 äî t2 . Ó ðåçóëüòàòi ïiñëÿ ïðîñòèõ ïåðåòâîðåíü

îòðèìà¹ìî
t2∫
t1

|u′k(t)|2 dt+

t2∫
t1

(gk(t), u
′
k(t)) dt =

=

t2∫
t1

(fk(t), u
′
k(t)) dt−

t2∫
t1

( t∫
t−τ(t)

c(t, s, uk(s)) ds, u
′
k(t)
)
dt. (4.153)

Âðàõóâàâøè, ùî gk ∈ L2(Sk;H) i gk(t) ∈ ∂Φ(uk(t)) äëÿ ì.â. t ∈ S , ç

òâåðäæåííÿ 4.91 âèïëèâà¹, ùî ôóíêöiÿ ΦH

(
uk(·)

)
¹ àáñîëþòíî íåïåðåðâíîþ

íà [t1, t2] i

d

dt
ΦH

(
uk(t)

)
= (gk(t), u

′
k(t)) äëÿ ì.â. t ∈ (t1, t2). (4.154)

Âèêîðèñòîâóþ÷è (4.154), ïåðåòâîðèìî äðóãèé ÷ëåí ëiâî¨ ÷àñòèíè ðiâíîñòi

(4.153) òàê: ∫ t2

t1

(gk(t), u
′
k(t)) dt =

∫ t2

t1

d

dt
ΦH

(
uk(t)

)
dt =

= ΦH

(
uk(t)

)∣∣∣t2
t1

= Φ
(
uk(t)

)∣∣∣t2
t1
. (4.155)

Âèêîðèñòîâóþ÷è íåðiâíiñòü Êîøi i (4.107), îòðèìà¹ìî∣∣∣ t2∫
t1

( t∫
t−τ(t)

c(t, s, uk(s)) ds, u
′
k(t)
)
dt
∣∣∣ ≤ t2∫

t1

∣∣∣ t∫
t−τ(t)

c(t, s, uk(s)) ds
∣∣∣|u′k(t)| dt ≤
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≤ L

t2∫
t1

( t∫
t−τ(t)

|uk(s)| ds
)
|u′k(t)| dt ≤

≤ L2τ+

t2∫
t1

( t∫
t−τ+

|uk(s)|2 ds
)
dt+

1

4

t2∫
t1

|u′k(t)|2 dt ≤

≤ (Lτ+)2

t2∫
t1−τ+

|uk(t)|2dt+
1

4

t2∫
t1

|u′k(t)|2 dt, (4.156)

∣∣ t2∫
t1

(fk(t), u
′
k(t)) dt

∣∣ ≤ t2∫
t1

|fk(t)||u′k(t)| dt ≤

≤
t2∫
t1

|fk(t)|2 dt+
1

4

t2∫
t1

|u′k(t)|2 dt. (4.157)

Ç (4.153), âðàõóâàâøè (4.155), (4.156), (4.157), çäîáóäåìî íåðiâíiñòü

t2∫
t1

|u′k(t)|2 dt+ ΦH

(
uk(t)

)∣∣∣t2
t1
≤ L2(τ+)2

t2∫
t1−τ+

|uk(t)|2dt+

t2∫
t1

|fk(t)|2 dt. (4.158)

Âðàõîâóþ÷è îçíà÷åííÿ uk i fk , óìîâó (A3) i îöiíêè (4.151), ïåðåéäåìî

â (4.158) äî ãðàíèöi ïðè t1 → −∞ . Ó ðåçóëüòàòi, ïîêëàâøè t2 = σ ∈ S ,

îòðèìà¹ìî

Φ
(
uk(σ)

)
+

∫ σ

−∞
|u′k(t)|2 dt 6 C6

∫
S

|f(t)|2 dt, (4.159)

äå C6 � äåÿêà äîäàòíà ñòàëà, ùî çàëåæàòü ëèøå âiä K1, K2, L, τ
+ .

Íà ïiäñòàâi îçíà÷åííÿ ôóíêöiîíàëó ΦH i óìîâè (A3) (íàãàäà¹ìî, ùî

uk(t) ∈ V äëÿ ì.â. t ∈ S ) ç (4.159) îòðèìà¹ìî

sup
σ∈S
||uk(σ)||p +

∫
S

|u′k(t)|2 dt 6 C7

∫
S

|f(t)|2 dt. (4.160)

äå C7 > 0 � ñòàëà, ÿêà çàëåæèòü ëèøå âiä K1, K2, L, τ
+ .

Ç îöiíêè (4.160) âèïëèâà¹, ùî

ïîñëiäîâíiñòü
{
uk
}+∞
k=1

îáìåæåíà â L∞(S;V ), (4.161)

ïîñëiäîâíiñòü
{
u′k
}+∞
k=1

îáìåæåíà â L2(S;H). (4.162)
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Iç çàóâàæåííÿ 4.7, (4.141), (4.151), (4.162), îçíà÷åíü ôóíêöié uk, fk îòðè-

ìó¹ìî, ùî

ïîñëiäîâíiñòü {gk}+∞
k=1 îáìåæåíà â L

2(S;H). (4.163)

Êðîê 3 (ãðàíè÷íèé ïåðåõiä ). Îñêiëüêè V � ðåôëåêñèâíèé áàíàõiâ ïðî-

ñòið, à H � ãiëüáåðòiâ ïðîñòið, ïðè÷îìó V âêëàäåíî â H êîìïàêòíî,

òî ç (4.152), (4.161)�(4.163) i òâåðäæåííÿ 4.8 âèïëèâà¹ iñíóâàííÿ ôóíêöié

u ∈ L∞(S;V )∩Lp(S;V )∩H1(S;H) , g ∈ L2(S;H) òà ïiäïîñëiäîâíîñòi ïiäïî-

ñëiäîâíîñòi {uk, gk}+∞
k=1 (çà ÿêîþ ìè çáåðåæåìî ïîçíà÷åííÿ {uk, gk}+∞

k=1 ) òàêèõ,

ùî

uk −→
k→∞

u ∗ -ñëàáêî â L∞(S;V ), ñëàáêî â Lp(S;V ),

ñëàáêî â H1(S;H), (4.164)

uk −→
k→∞

u â C(S;H), (4.165)

gk −→
k→∞

g ñëàáêî â L2(S;H). (4.166)

Âèêîðèñòîâóþ÷è óìîâó (C) , (4.165), íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî òà

çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ äëÿ äîâiëüíèõ t1, t2 ∈ S , t1 < t2 , îòðèìà¹ìî

t2∫
t1

∣∣∣ t∫
t−τ(t)

c(t, s, uk(s)) ds−
t∫

t−τ(t)

c(t, s, u(s)) ds
∣∣∣2dt ≤

≤ L2τ+

t2∫
t1

t∫
t−τ+

|uk(s)− u(s)|2ds dt ≤

≤ (Lτ+)2

t2∫
t1−τ+

|uk(t)− u(t)|2dt −→
k→∞

0. (4.167)

Îòæå, ìè ìà¹ìî

t∫
t−τ(t)

c(t, s, uk(s)) ds −→
m→∞

t∫
t−τ(t)

c(t, s, u(s)) ds ñèëüíî â L2
loc(S;H). (4.168)

Íåõàé v ∈ H,ϕ ∈ D(−∞, 0) � äîâiëüíi. Äëÿ ì.â. t ∈ S ïîìíîæèìî ðiâ-

íiñòü (4.141) íà v , à ïîòiì îòðèìàíó ðiâíiñòü ïîìíîæèìî íà ϕ i ïðîiíòåãðó¹ìî
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çà t ïî S . Ó ðåçóëüòàòi îòðèìà¹ìî ðiâíiñòü∫
S

(u′k(t), vϕ(t)) dt+

∫
S

(gk(t), vϕ(t)) dt+

+

∫
S

( t∫
t−τ(t)

c(t, s, uk(s)) ds, vϕ(t)
)
dt =

∫
S

(fk(t), vϕ(t))dt, k ∈ N. (4.169)

Ïåðåéäåìî â (4.169) äî ãðàíèöi ïðè k →∞ , âðàõóâàâøè ïðè öüîìó (4.164),

(4.166), (4.168) i çáiæíiñòü ïîñëiäîâíîñòi {fk}∞k=1 äî f â L2
loc(S;H) . Ó ðå-

çóëüòàòi, ìàþ÷è íà óâàçi äîâiëüíiñòü v ∈ H,ϕ ∈ D(−∞, 0) , îòðèìà¹ìî äëÿ

ì.â. t ∈ S ðiâíiñòü

u′(t) + g(t) +

t∫
t−τ(t)

c(t, s, u(s)) ds = f(t) â H.

Äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðåìè çàëèøèëîñÿ ïîêàçàòè, ùî u(t) ∈
D(∂Φ) i g(t) ∈ ∂Φ

(
u(t)

)
äëÿ ì.â. t ∈ S .

Íåõàé k ∈ N � ÿêå-íåáóäü ÷èñëî. Îñêiëüêè gk(t) ∈ ∂ΦH

(
uk(t)

)
äëÿ êî-

æíîãî t ∈ S \ S̃k , äå S̃k ⊂ S � ìíîæèíà íóëüîâî¨ ìiðè, òî ç ìîíîòîííîñòi

ñóáäèôåðåíöiàëó ∂ΦH âèïëèâà¹, ùî äëÿ âñiõ t ∈ S \ S̃k âèêîíó¹òüñÿ íåðiâ-

íiñòü

(gk(t)− v∗, uk(t)− v) > 0 ∀ [v, v∗] ∈ ∂ΦH . (4.170)

Íåõàé σ ∈ S , h > 0 � äîâiëüíi ÷èñëà. Ïðîiíòåãðó¹ìî (4.170) çà t âiä σ − h
äî σ : ∫ σ

σ−h
(gk(t)− v∗, uk(t)− v) dt > 0 ∀ [v, v∗] ∈ ∂ΦH . (4.171)

Ïåðåéäåìî òåïåð â (4.171) äî ãðàíèöi ïðè k →∞ , âèêîðèñòîâóþ÷è ïðè öüîìó

(4.165) i (4.166). Ó ðåçóëüòàòi îòðèìà¹ìî∫ σ

σ−h
(g(t)− v∗, u(t)− v) dt ≥ 0 ∀ [v, v∗] ∈ ∂ΦH . (4.172)

Ç ìîíîãðàôi¨ [28, òåîðåìà 2, ñ. 192] i (4.172) âèïëèâà¹, ùî äëÿ êîæíîãî

[v, v∗] ∈ ∂ΦH iñíó¹ ìíîæèíà R[v,v∗] ⊂ S íóëüîâî¨ ìiðè òàêà, ùî

0 ≤ lim
h→+0

1

h

∫ σ

σ−h

(
g(t)− v∗, u(t)− v

)
dt =
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=
(
g(σ)− v∗, u(σ)− v

)
∀σ ∈ S \R[v,v∗]. (4.173)

Ïîêàæåìî, ùî iñíó¹ ìíîæèíà íóëüîâî¨ ìiðè R ⊂ S òàêà, ùî äëÿ áóäü-ÿêîãî

σ ∈ S \R ïðàâèëüíà íåðiâíiñòü(
g(σ)− v∗, u(σ)− v

)
≥ 0 ∀[v, v∗] ∈ ∂ΦH . (4.174)

Îñêiëüêè V òà V ′ � ñåïàðàáåëüíi ïðîñòîðè, òî iñíó¹ çëi÷åííà ìíîæèíà

F ⊂ ∂ΦH , ÿêà ¹ ùiëüíîþ â ∂ΦH . Ïîçíà÷èìî R := ∪
[v,v∗]∈F

R[v,v∗] . Îñêiëü-

êè ìíîæèíà F çëi÷åííà, à çëi÷åííå îá'¹äíàííÿ ìíîæèí ìiðè íóëü ¹ ìíîæè-

íîþ ìiðè íóëü, òî R ìà¹ íóëüîâó ìiðó. Îòîæ, íà ïiäñòàâi (4.173) íåðiâíiñòü

(4.174) âèêîíó¹òüñÿ äëÿ áóäü-ÿêîãî σ ∈ S \R i âñiõ [v, v∗] ∈ F . Íåõàé [v, v∗]

� äîâiëüíèé åëåìåíò ç ∂ΦH . Òîäi çi ùiëüíîñòi F ó ∂ΦH ìà¹ìî iñíóâàííÿ

ïîñëiäîâíîñòi {[vl, v∗l ]}∞l=1 òàêî¨, ùî vl → v ó V , v∗l → v∗ ó H òà

∀σ ∈ S \R : (g(σ)− v∗l , u(σ)− vl) > 0 ∀l ∈ N. (4.175)

Ïåðåéøîâøè â öié ðiâíîñòi äî ãðàíèöi ïðè l → ∞ , îòðèìà¹ìî (4.174), ùî

òðåáà áóëî ïîêàçàòè. Îòîæ, äëÿ ì.â. t ∈ S ìà¹ìî

(g(t)− v∗, u(t)− v) > 0 ∀ [v, v∗] ∈ ∂ΦH .

Çâiäñè, â ñèëó ìàêñèìàëüíî¨ ìîíîòîííîñòi ∂ΦH , âèïëèâà¹, ùî [u(t), g(t)] ∈
∂ΦH äëÿ ì.â. t ∈ S .

Îöiíêà (4.111) ðîçâ'ÿçêó çàäà÷i P(Φ, c, τ, f) áåçïîñåðåäíüî âèïëèâà¹ ç îöi-

íîê (4.151) i (4.160), çáiæíîñòåé (4.164) i (4.165) òà òâåðäæåííÿ 4.6.

Âèñíîâêè äî ðîçäiëó 4

Ó ðîçäiëi 4 äîñëiäæåíî ìiøàíó çàäà÷ó, çàäà÷ó Ôóð'¹ äëÿ ñèëüíî íåëiíié-

íèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi òà çàäà÷ó

áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ âêëþ÷åíü çi ñòàëèìè ïîêàçíèêàìè íå-

ëiíiéíîñòi òà çìiííèì iíòåãðàëüíèì çàïiçíåííÿì. Äëÿ öèõ çàäà÷ âñòàíîâëåíî

óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ. Òàêîæ îòðèìàíî àïði-

îðíi îöiíêè ðîçâ'ÿçêiâ öèõ çàäà÷.



Âèñíîâêè

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà âèâ÷åííþ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâ-

íÿíü òà ðiçíîêîìïîíåíòíèõ ñèñòåì ðiâíÿíü çi çìiííèì çàïiçíåííÿì. Çàäà÷i

äëÿ òàêèõ ñèñòåì îïèñóþòü ðiçíîìàíiòíi ìàòåìàòè÷íi ìîäåëi ïðèðîäîçíàâ-

ñòâà, òåõíiêè, åêîíîìiêè, òåîði¨ ïîïóëÿöié òîùî.

Ó ðîáîòi îäåðæàíî òàêi îñíîâíi ðåçóëüòàòè:

• Âèâ÷åíî çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü òà ðiçíîêîìïîíåíòíèõ ñèñòåì ç

ëîêàëüíèì çìiííèì çàïiçíåííÿì. Çíàéäåíî óìîâè iñíóâàííÿ, ¹äèíîñòi òà

íåïåðåðâíî¨ çàëåæíîñòi âiä âèõiäíèõ äàíèõ êëàñè÷íèõ ðîçâ'ÿçêiâ òàêèõ

çàäà÷:

� ìiøàíèõ çàäà÷ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü òà ðiçíîêîìïî-

íåíòíèõ ñèñòåì ðiâíÿíü iç çàïiçíåííÿì;

� êðàéîâèõ çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâ-

íÿíü òà ðiçíîêîìïîíåíòíèõ ñèñòåì ðiâíÿíü iç çàïiçíåííÿì òà ñèëüíèì

âèðîäæåííÿì ó ïî÷àòêîâèé ìîìåíò ÷àñó;

� çàäà÷i Ôóð'¹ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü iç çàïiçíåííÿì ç

îáìåæåííÿìè íà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè t→ −∞ .

• Äîñëiäæåíî çàäà÷i äëÿ ñëàáêî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìií-
íèì çàïiçíåííÿì. Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ

ðîçâ'ÿçêiâ òàêèõ çàäà÷:

� ìiøàíèõ çàäà÷ äëÿ òàêèõ ðiâíÿíü;

� çàäà÷i Ôóð'¹ äëÿ òàêèõ ðiâíÿíü ç îáìåæåííÿìè íà ïîâåäiíêó ðîçâ'ÿçêiâ

ïðè t→ −∞ .

• Âèâ÷åíî çàäà÷i äëÿ ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìií-

íèì çàïiçíåííÿì. Îòðèìàíî óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ

148



149

ðîçâ'ÿçêiâ òàêèõ çàäà÷:

� ìiøàíèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íå-

ëiíiéíîñòi;

� çàäà÷i Ôóð'¹ äëÿ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè

íåëiíiéíîñòi ç îáìåæåííÿìè íà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè t→ −∞ ;

� çàäà÷i Ôóð'¹ äëÿ åâîëþöiéíèõ âêëþ÷åíü çi ñòàëèì ïîêàçíèêîì íåëiíié-

íîñòi ç îáìåæåííÿìè íà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè t→ −∞ .

Ðåçóëüòàòè äèñåðòàöi¨ ¹ íîâèìè ùîäî çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ïà-

ðàáîëi÷íèõ ðiâíÿíü òà ðiçíîêîìïîíåíòíèõ ñèñòåì çi çìiííèì çàïiçíåííÿì. Öi

ðåçóëüòàòè ìàþòü òåîðåòè÷íèé õàðàêòåð i ¨õ ìîæíà âèêîðèñòàòè â òåîði¨ çà-

äà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü iç çàïiçíåííÿì, à òàêîæ ïðè äîñëiäæåííi ïðà-

êòè÷íèõ ïðîáëåì, ÿêi ìîäåëþþòüñÿ òàêèìè ðiâíÿííÿìè.
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Äîäàòîê À

A.1 Îá ðóíòóâàííÿ ðåçóëüòàòiâ ïiäðîçäiëó 2.2

Ââåäåìî ïîçíà÷åííÿ

Pw := (P1w, . . . , PM+Lw), Rw := (R1w, . . . , RMw), Gw := (G1w, . . . , GM+Lw).

A.1.1 Äîïîìiæíi ðåçóëüòàòè

Ðîçãëÿíåìî çàäà÷ó: çíàéòè âåêòîð-ôóíêöiþ w = (u1, . . . , uM , v1, . . . , vL) ∈
W , ÿêà çàäîâîëüíÿ¹ ñèñòåìó

P̃iw(x, t) :=
∂ui(x, t)

∂t
−

n∑
k,l=1

ai,kl(x, t)
∂ui(x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂ui(x, t)

∂xk
+

+ai(x, t)ui(x, t)−
M+L∑
s=1

g̃1
i,s(x, t)ws(x, t)−

M+L∑
s=1

g̃2
i,s(x, t)ws,τs(x, t) =

= fi(x, t), (x, t) ∈ Q, i = 1, . . . ,M, (A.1)

P̃M+jw(x, t) :=
∂vj(x, t)

∂t
+ bj(x, t)vj(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)ws(x, t)−

−
M+L∑
s=1

g̃2
M+j,s(x, t)ws,τs(x, t) = fM+j(x, t), (x, t) ∈ Q, j = 1, . . . , L, (A.2)

êðàéîâi óìîâè (2.34), òà ïî÷àòêîâi óìîâè (2.35).

Ïðèïóñòèìî, ùî ôóíêöi¨ ai, ai,k, ai,kl (i = 1, . . . ,M ; k, l = 1, n), bj (j =

1, . . . , L), fs, τs (s = 1, . . . ,M + L) i w0, h (ç óìîâ (2.34), (2.35)) çàäîâîëü-

íÿþòü óìîâè (A1) , (A3) , à ôóíêöi¨ g̃1
r,s, g̃

2
r,s (r, s = 1, . . . ,M + L) çàäîâîëü-

íÿþòü óìîâó

(A∗2) g̃1
i,s, g̃

2
i,s ∈ C(Q), g̃1

M+j,s, g̃
2
M+j,s ∈ C(Q) ( i = 1, ...,M ; j = 1, ..., L;

s = 1, . . . ,M + L ),

inf
(x,t)∈Q

[
ai(x, t)−

L+M∑
s=1

g̃ 1
i,s(x, t)

]
=: ã−i > 0 (i = 1, ...,M),

min
(x,t)∈Q

[
bj(x, t)−

M+L∑
s=1

g̃ 1
M+j,s(x, t)

]
=: b̃−j > 0 (j = 1, ..., L),

sup
(x,t)∈Q

M+L∑
s=1

g̃2
r,s(x, t) =: g̃2,+

r <∞ (r = 1, . . . ,M + L).
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Ëåìà À.1. Íåõàé g̃1
r,s ≥ 0, g̃2

r,s ≥ 0 íà Q ( r, s = 1, . . . ,M + L ). Òîäi äëÿ

áóäü-ÿêèõ ôóíêöié w1, w2 ∈ W òàêèõ, ùî P̃iw
1(x, t) < P̃iw

2(x, t) ∀(x, t) ∈
Q (i = 1, ...,M), P̃M+jw

1(x, t) < P̃M+jw
2(x, t) ∀(x, t) ∈ Q (j = 1, ..., L),

Rw1(x, t) < Rw2(x, t) ∀(x, t) ∈ Σ, Gsw
1(x, t) < Gsw

2(x, t) ∀(x, t) ∈ Ω ×
Es,0 (s = 1, ...M +L), ïðàâèëüíà íåðiâíiñòü w1(x, t) < w2(x, t) ∀(x, t) ∈ Q.

Äîâåäåííÿ. Ïîçíà÷èìî ŵ(x, t) = (û1, . . . , ûM ; v̂1, . . . , v̂L) := w1 − w2. Ïîêëà-

äåìî f̂ := P̃ ŵ = P̃w1 − P̃w2, ĥ := Rŵ = Rw1 − Rw2, ŵs,0 := Gsŵ =

Gsw
1−Gsw

2 (s = 1, ...,M +L). Âèêîðèñòîâóþ÷è öi ïîçíà÷åííÿ òà ïðèïóùå-

ííÿ ëåìè ìàòèìåìî

∂ûi(x, t)

∂t
−

n∑
k,l=1

ai,kl(x, t)
∂ûi(x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂ûi(x, t)

∂xk
+

+ai(x, t)ûi(x, t)−
M+L∑
s=1

g̃1
i,s(x, t)ŵs(x, t)

−
M+L∑
s=1

g̃2
i,s(x, t)ŵs,τs(x, t) = f̂i(x, t) < 0, (x, t) ∈ Q, i = 1, ...,M, (A.3)

∂v̂j(x, t)

∂t
+ bj(x, t)v̂j(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)ŵs(x, t)−

−
M+L∑
s=1

g̃2
M+j,s(x, t)ŵs,τs(x, t) = f̂M+j(x, t) < 0, (x, t) ∈ Q, j = 1, ..., L,

(A.4)

ûi(x, t) = ĥi(x, t) < 0, (x, t) ∈ Σ, (A.5)

ŵs(x, t) = ŵs,0(x, t) < 0, (x, t) ∈ Ω× Es,0, s = 1, ...,M + L. (A.6)

Òðåáà ïîêàçàòè, ùî ŵ(x, t) < 0 äëÿ âñiõ (x, t) ∈ Q. Ïðèïóñòèìî ïðîòèëå-
æíå. Íåõàé ïðèíàéìíi îäíà êîìïîíåíòà ŵ ðiâíà íóëþ ó äåÿêié òî÷öi ç Q . Ç

öüîãî òà (A.6) âèïëèâà¹ iñíóâàííÿ òî÷êè (x0, t0) ∈ Q òàêî¨, ùî ŵ(x, t) < 0 ,

äëÿ (x, t) ∈ Ω× (0, t0) , i ŵ(x, t0) ≤ 0 , äëÿ x ∈ Ω, òà àáî ûm(x0, t0) = 0 äëÿ

äåÿêîãî m ∈ {1, . . . ,M} , àáî v̂l(x0, t0) = 0 äëÿ äåÿêîãî l ∈ {1, . . . , L} .
Ðîçãëÿíåìî âèïàäîê ûm(x0, t0) = 0 . Çãiäíî ç (A.5) ìà¹ìî x0 ∈ Ω . Î÷åâè-

äíî, ùî ŵm,t(x0, t0) ≥ 0. Îñêiëüêè x0 � òî÷êà ëîêàëüíîãî ìàêñèìóìó ôóíêöi¨
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x 7→ um(x, t0) : Ω → R , òî ∂ûm(x0,t0)
∂xk

= 0,
n∑

k,l=1

ai,kl(x
0, t0)

∂ûm(x0,t0)
∂xk∂xl

≤ 0 . Çâiäñè

i ñèñòåìè (A.3) îòðèìó¹ìî

0>f̂m(x0, t0)=
∂ûm(x0, t0)

∂t
−

n∑
k,l=1

am,kl(x
0, t0)

∂ûm(x0, t0)

∂xk∂xl
+

+
n∑
k=1

am,k(x
0, t0)

∂ûm(x0, t0)

∂xk
+ am(x0, t0)ûm(x0, t0)−

M+L∑
s=1

g̃1
m,s(x

0, t0)ŵs(x
0, t0)−

−
M+L∑
s=1

g̃2
m,s(x

0, t0)ŵs,τs(x
0, t0)≥0.

Îäåðæàëè ïðîòèði÷÷ÿ. Àíàëîãi÷íî (i íàâiòü äåùî ëåãøå) òàêå æ ïðîòèði÷-

÷ÿ îäåðæó¹òüñÿ i ó âèïàäêó v̂l(x
0, t0) = 0 .

Íàñëiäîê A.1. Íåõàé g̃1
r,s ≥ 0, g̃2

r,s ≥ 0 íà Q ( r, s = 1, . . . ,M + L ). Òîäi

äëÿ áóäü-ÿêî¨ ôóíêöi¨ w ∈ W òàêî¨, ùî P̃iw(x, t) < 0 ∀(x, t) ∈ Q (i =

1, ...,M), P̃M+jw(x, t) < 0 ∀(x, t) ∈ Q (j = 1, ..., L), Rw(x, t) < 0 ∀(x, t) ∈
Σ, Gsw(x, t) < 0 ∀(x, t) ∈ Ω × Es,0 (s = 1, ...M + L), ïðàâèëüíà íåðiâíiñòü

w(x, t) < 0 ∀(x, t) ∈ Q.
Ëåìà A.2. Íåõàé g̃1

r,s ≥ 0, g̃2
r,s ≥ 0 íà Q ( r, s = 1, . . . ,M + L ) i

ã−i − g̃
2,+
i > −1 (i = 1, . . . ,M), b̃−j − g̃

2,+
M+j > −1 (j = 1, . . . , L). (A.7)

Òîäi äëÿ áóäü-ÿêèõ ôóíêöié w1, w2 ∈ W òàêèõ, ùî P̃w1(x, t) ≤ P̃w2(x, t)

∀(x, t) ∈ Q, Rw1(x, t) ≤ Rw2(x, t) ∀(x, t) ∈ Σ, Gsw
1(x, t) ≤ Gsw

2(x, t)

∀(x, t) ∈ Ω × Es,0 (s = 1, . . . ,M + L), ïðàâèëüíà íåðiâíiñòü w1(x, t) ≤
w2(x, t) ∀(x, t) ∈ Q.

Äîâåäåííÿ. Ïîêëàäåìî ŵs(x, t) := w1
s(x, t) − w2

s(x, t), (x, t) ∈ Ω × (Es,0 ∪
(0, T ]) (s = 1, ...,M+L). Ç ïðèïóùåíü ëåìè âèïëèâà¹, ùî f̂(x, t) := P̃ ŵ(x, t)≤
0 ∀(x, t) ∈ Q, ĥ(x, t) := Rŵ(x, t) ≤ 0 ∀(x, t) ∈ Σ, ŵs,0(x, t) := Gsŵ(x, t) ≤ 0

∀(x, t) ∈ Ω× Es,0 (s = 1, . . . ,M + L). Íåõàé

wλ
s (x, t) := ŵs(x, t)− λ et, (x, t) ∈ Ω× (Es,0 ∪ (0, T ]), s = 1, . . . ,M + L,

äå λ > 0 � äåÿêà ñòàëà. Ïiäñòàâèìî ó ðiâíîñòi

P̃iŵ(x, t) = f̂i(x, t), (x, t) ∈ Q, i = 1, ...,M,
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P̃M+jŵ(x, t) = f̂M+j(x, t), (x, t) ∈ Q, j = 1, ..., L,

wλ
s (x, t) + λ et çàìiñòü ŵs(x, t) (s = 1, . . . ,M + L) ìàòèìåìî

P̃iw
λ(x, t) ≡ ∂ûλi (x, t)

∂t
−

n∑
k,l=1

ai,lk(x, t)
∂ûλi (x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂ûλi (x, t)

∂xk
+

+ai(x, t)û
λ
i (x, t)−

M+L∑
s=1

g̃1
i,s(x, t)ŵ

λ
s (x, t)−

M+L∑
s=1

g̃2
i,s(x, t)ŵ

λ
s,τs

(x, t) = f̂i(x, t)−

−λ et
(
ai(x, t)−

M+L∑
s=1

g̃1
i,s(x, t)−

M+L∑
s=1

g̃2
i,s(x, t)e

−τs(t)+1
)
, (x, t) ∈ Q, i = 1, . . . ,M,

(A.8)

P̃M+jw
λ(x, t) ≡

∂v̂λj (x, t)

∂t
+ bj(x, t)v̂

λ
j (x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)ŵ

λ
s (x, t)−

−
M+L∑
s=1

g̃2
M+j,s(x, t)ŵ

λ
s,τs

(x, t) = f̂M+j(x, t)− λ et
(
bj(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)−

−
M+L∑
s=1

g̃2
M+j,s(x, t)e

−τs(t) + 1
)
, (x, t) ∈ Q, j = 1, . . . , L. (A.9)

Âèêîðèñòîâóþ÷è (A.7) îòðèìó¹ìî

ai(x, t)−
M+L∑
s=1

g̃1
i,s(x, t)−

M+L∑
s=1

g̃2
i,s(x, t)e

−τs(t) ≥

≥ inf
(x,t)∈Q

(
ai(x, t)−

M+L∑
s=1

g̃1
i,s(x, t)

)
− sup

(x,t)∈Q

(M+L∑
s=1

g̃2
i,s(x, t)e

−τs(t)
)
≥

≥ ã−i − g̃
2,+
i > −1, (x, t) ∈ Q, i = 1, . . . ,M, (A.10)

bj(x, t)−
M+L∑
s=1

g̃1
M+j,s(x, t)−

M+L∑
s=1

g̃2
M+j,s(x, t)e

−τs(t) ≥

≥ min
(x,t)∈Q

( L∑
s=1

bj,s(x, t)−
M+L∑
s=1

g̃1
M+j,s(x, t)

)
− sup

(x,t)∈Q

(M+L∑
s=1

g̃2
M+j,s(x, t)e

−τs(t)
)
≥

≥ b̃−j − g̃
2,+
M+j > −1, (x, t) ∈ Q, j = 1, . . . , L, (A.11)

òàê ÿê e−τs(t) ≤ 1 i g̃1
r,s ≥ 0, g̃2

r,s ≥ 0 íà Q. Ç ðiâíîñòåé (A.10), (A.11), òà íåðiâ-

íîñòi f̂ ≤ 0 íà Q , âèïëèâà¹, ùî P̂iw
λ(x, t) < 0 ∀(x, t) ∈ Q (i = 1, . . . ,M) ,
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P̃M+jw
λ(x, t) < 0 ∀(x, t) ∈ Q (j = 1, . . . , L) . Î÷åâèäíî, ùî Riw

λ(x, t) =

ĥi(x, t)− λet < 0 ∀(x, t) ∈ Σ (i = 1, . . . ,M) , Gsw
λ(x, t) = ŵs,0(x, t)− λet < 0

∀(x, t) ∈ Ω×Es,0 (s = 1, . . . ,M +L) . Âiäïîâiäíî äî íàñëiäêó A.1 îòðèìó¹ìî

íåðiâíiñòü wλ(x, t) < 0 äëÿ âñiõ (x, t) ∈ Q, òîáòî, ŵs(x, t) < λet ∀(x, t) ∈ Q
(s = 1, . . . ,M + L) . Çàôiêñó¹ìî (x, t) ∈ Q i ñïðÿìó¹ìî λ äî 0. Ó ðåçóëüòàòi

îòðèìà¹ìî ŵ(x, t) ≤ 0 ∀(x, t) ∈ Q, òîáòî, w1(x, t) ≤ w2(x, t) ∀(x, t) ∈ Q.

Òâåðäæåííÿ A.1. Íåõàé g̃1
r,s ≥ 0, g̃2

r,s ≥ 0 íà Q ( r, s = 1, . . . ,M + L )

i ã−i − g̃2,+
i > 0 ( i = 1, . . . ,M ), b̃−j − g̃2,+

M+j > 0 ( j = 1, . . . , L ). Òîäi äëÿ

áóäü-ÿêîãî ðîçâ'ÿçêó w çàäà÷i (A.1), (A.2), (2.34), (2.35) ïðàâèëüíà îöiíêà

∀i ∈ {1, . . . ,M} : min
{ 1

ã−i − g̃
2,+
i

inf
(y,s)∈Q

fi(y, s), min
(y,s)∈Σ

hi(y, s),

min
(y,s)∈Ω×Ei,0

wi,0(y, s), 0
}
≤ ui(x, t) ≤ max

{ 1

ã−i − g̃
2,+
i

sup
(y,s)∈Q

fi(y, s),

max
(y,s)∈Σ

hi(y, s), max
(x,s)∈Ω×Ei,0

wi,0(y, s), 0
}
, (x, t) ∈ Q, (A.12)

∀j ∈ {1, . . . , L} : min
{ 1

b̃−j − g̃
2,+
M+j

min
(y,s)∈Q

fM+j(y, s),

min
(y,s)∈Ω×EM+j,0

wM+j,0(y, s), 0
}
≤ vj(x, t) ≤ max

{ 1

b̃−j − g̃
2,+
M+j

max
(y,s)∈Q

fM+j(y, s),

max
(x,s)∈Ω×EM+j,0

wM+j,0(y, s), 0
}
, (x, t) ∈ Q. (A.13)

Äîâåäåííÿ. Íåõàé w � ðîçâ'ÿçîê çàäà÷i (A.1), (A.2), (2.34), (2.35). Ïîçíà÷èìî

C1
i := max

{ 1

ã−i − g̃
2,+
i

sup
(y,s)∈Q

fi(y, s), max
(y,s)∈Σ

hi(y, s), max
(x,s)∈Ω×Ei,0

wi,0(y, s), 0
}
≥ 0,

C1
M+j := max

{ 1

b̃−j − g̃
2,+
M+j

max
(y,s)∈Q

fM+j(y, s), max
(x,s)∈Ω×EM+j,0

wM+j,0(y, s), 0
}
≥ 0,

C2
i := min

{ 1

ã−i − g̃
2,+
i

inf
(y,s)∈Q

fi(y, s), min
(y,s)∈Σ

hi(y, s), min
(y,s)∈Ω×Ei,0

wi,0(y, s), 0
}
≤ 0,

C2
M+j := min

{ 1

b̃−j − g̃
2,+
M+j

min
(y,s)∈Q

fM+j(y, s), min
(y,s)∈Ω×EM+j,0

wM+j,0(y, s), 0
}
≤ 0,
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i = 1, . . . ,M ; j = 1, ..., L.

Òîäi, äëÿ ôóíêöi¨ w0 = (w0
1, ..., w

0
M+L) , äå w0

s(x, t) = C1
s , (x, t) ∈ Ω× (Es,0 ∪

(0, T ]) , s ∈ {1, . . . ,M + L}, ìàòèìåìî

P̃iw
0(x, t) =

(
ai(x, t)−

M+L∑
s=1

g̃1
i,s(x, t)−

M+L∑
s=1

g̃2
i,s(x, t)

)
C1
i ≥

(
ã−i − g̃2+

i

)
C1
i ≥

≥ sup
(y,s)∈Q

fi(y, s) ≥ fi(x, t) = P̃iw(x, t), (x, t) ∈ Q, i = 1, ...,M,

P̃M+jw
0(x, t) :=

(
bj(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)−

M+L∑
s=1

g̃2
M+j,s(x, t)

)
C1
M+j≥

≥ max
(y,s)∈Q

fM+j(y, s)≥fM+j(x, t)= P̃M+jw(x, t), (x, t) ∈ Q, j = 1, ..., L,

Riw
0(x, t) = C1

i ≥ max
(y,s)∈Σ

hi(y, s) ≥ hi(x, t) = Riw(x, t), (x, t) ∈ Σ,

Gsw
0(x, t) = C1

s ≥ max
(y,s)∈Ω×Es,0

ws,0(y, s)≥ws,0(x, t)=Gsw(x, t), (x, t) ∈ Ω× Es,0.

Çâiäñè, çãiäíî ç ëåìîþ A.2, âèïëèâà¹ ws(x, t) ≤ C1
s ∀(x, t) ∈ Q (s = 1, . . . ,M+

L). Àíàëîãi÷íî ïîêàçó¹òüñÿ ïðàâèëüíiñòü íåðiâíîñòi ws(x, t) ≥ C2
s ∀(x, t) ∈

Q (s = 1, . . . ,M + L) .

Ëåìà A.3. Äëÿ áóäü-ÿêèõ (x, t) ∈ Q, ξ1, ξ2, η1, η2 ∈ RM+L ïðàâèëüíà ðiâ-

íiñòü

gr(x, t, ξ
1, η1)− gr(x, t, ξ2, η2) =

=
M+L∑
s=1

(
ξ1
s − ξ2

s

)
G1
r,s(x, t, ξ

1, ξ2, η1, η2) +
M+L∑
s=1

(
η1
s − η2

s

)
G2
r,s(x, t, ξ

1, ξ2, η1, η2),

äå

G1
r,s(x, t, ξ

1, ξ2, η1, η2) :=

1∫
0

∂gr
∂ξs

(
x, t, z(ξ1−ξ2)+ξ2, z(η1−η2)+η2

)
dz, (A.14)

G2
r,s(x, t, ξ

1, ξ2, η1, η2) :=

1∫
0

∂gr
∂ηs

(
x, t, z(ξ1−ξ2)+ξ2, z(η1−η2)+η2

)
dz. (A.15)

Êðiì òîãî,

0 ≤ Gi
r,s(x, t, ξ1, ξ2, η1, η2) ≤ gir,s(x, t) (i = 1, 2). (A.16)
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Äîâåäåííÿ. Ðiâíîñòi (A.14), (A.15) áåçïîñåðåäíüî âèïëèâàþòü ç ëåìè Àäàìà-

ðà, à (A.16) âèïëèâà¹ ç óìîâè (A2) .

A.1.2 Äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó 2.3

Äîâåäåííÿ òåîðåìè 2.3. Ðîçãëÿíåìî çàäà÷i äëÿ w1 = (u1; v1) = (u1
1, . . . , u

1
M ;

v1
1, . . . , v

1
L) i w2 = (u2; v2) = (u2

1, . . . , u
2
M ; v2

1, . . . , v
2
L). Ââåäåìî ïîçíà÷åííÿ ŵ =

(û; v̂) := w1 − w2 = (u1 − u2; v1 − v2) . Âiäíiìàþ÷è âiä ðiâíîñòi Pw1 = f 1

ðiâíiñòü Pw2 = f 2 òà âèêîðèñòîâóþ÷è ëåìó A.3, îòðèìà¹ìî

∂ûi(x, t)

∂t
−

n∑
k,l=1

ai,lk(x, t)
∂ûi(x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂ûi(x, t)

∂xk
+ ai(x, t)ûi(x, t)−

−
M+L∑
s=1

g̃1
i,s(x, t)ŵs(x, t)−

M+L∑
s=1

g̃2
i,s(x, t)ŵs,τs(x, t)= f̂i(x, t), (x, t)∈Q, i = 1, . . . ,M,

(A.17)

∂v̂j(x, t)

∂t
+ bj(x, t)v̂j(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)ŵs(x, t)−

−
M+L∑
s=1

g̃2
M+j,s(x, t)ŵs,τs(x, t) = f̂M+j(x, t), (x, t) ∈ Q, j = 1, . . . , L, (A.18)

ûi(x, t) = ĥi(x, t), (x, t) ∈ Σ, i = 1, . . . ,M, (A.19)

ŵs(x, t) = ŵs,0(x, t), (x, t) ∈ Ω× Es,0, s = 1, . . .M + L, (A.20)

äå

g̃1
r,s(x, t) := G1

r,s

(
x, t, w1(x, t), w2(x, t), w1

τ(x, t), w
2
τ(x, t)

)
,

g̃2
r,s(x, t) := G2

r,s

(
x, t, w1(x, t), w2(x, t), w1

τ(x, t), w
2
τ(x, t)

)
,

f̂ := f 1 − f 2, ĥ := w1 − w2,

ŵs,0 := w1
s,0 − w2

s,0, r, s = 1, . . . ,M + L.

Ïåðåâiðèìî ÷è âèêîíóþòüñÿ óìîâè òâåðäæåííÿ A.1, òîáòî, ÷è g̃1
r,s ≥ 0 , g̃2

r,s ≥
0 ( r, s = 1, . . . ,M+L ) íà Q i ã−i −g̃

2,+
i > 0, b̃−j −g̃

2,+
M+j > 0 (i = 1, . . . ,M ; j =

1, . . . , L) . Ç ëåìè A.3 (äèâ. (A.16)) âèïëèâà¹, ùî g̃1
r,s ≥ 0 g̃2

r,s ≥ 0 íà Q
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( r, s = 1, . . . ,M +L ). Âèêîðèñòîâóþ÷è óìîâó (A2) òà ëåìó A.3 (äèâ (A.16)),

îòðèìó¹ìî

ã−i := inf
(x,t)∈Q

[
ai(x, t)−

M+L∑
s=1

g̃1
i,s(x, t)

]
≥

≥ inf
(x,t)∈Q

(ai(x, t)−
M+L∑
s=1

g1
i,s(x, t)) =: a−i , i = 1, . . . ,M,

b̃−j := inf
(x,t)∈Q

[
bj(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)

]
≥

≥ inf
(x,t)∈Q

(bj(x, t)−
M+L∑
s=1

g1
M+j,s(x, t)) =: b−j , j = 1, . . . , L,

g̃2,+
r := sup

(x,t)∈Q

M+L∑
s=1

g̃2
r,s(x, t) ≤ sup

(x,t)∈Q

M+L∑
s=1

g2
r,s(x, t) = g2,+

r , r = 1, . . . ,M + L.

Îòæå, ã−i − g̃
2,+
i ≥ a−i − g

2,+
i > 0 (i = 1, ...,M) , b̃−j − g̃

2,+
M+j ≥ b−j − g

2,+
M+j >

0 (j = 1, ..., L) . Òàêèì ÷èíîì, âèêîíóþòüñÿ óìîâè òâåðäæåííÿ A.1, çâiäñè

ìà¹ìî ïðàâèëüíiñòü îöiíêè (A.12), (A.13) ç ŵ, f̂ , ĥ, ŵ0 çàìiñòü w, f, h, w0 .

Îòæå, ïðàâèëüíi îöiíêè (2.39), (2.40).

Äîâåäåííÿ íàñëiäêó 2.5. Ç óìîâ íàñëiäêó ìà¹ìî f 1(x, t)−f 2(x, t) ≤ 0 ∀(x, t) ∈
Q, h1(x, t) − h2(x, t) ≤ 0 ∀(x, t) ∈ Σ, w1

s,0(x, t) − w2
s,0(x, t) ≤ 0 ∀(x, t) ∈

Ω×Es,0 (s = 1, . . . ,M + L). Ç (2.39), (2.40) âèïëèâà¹ w1(x, t)−w2(x, t) ≤ 0 ,

òîáòî, w1(x, t) ≤ w2(x, t) ∀(x, t) ∈ Q.

Äîâåäåííÿ íàñëiäêó 2.6. Íàñëiäîê áåçïîñåðåäíüî âèïëèâà¹ ç òåîðåìè 2.3, ïiä-

ñòàâëÿþ÷è w1 = w òà w2 = 0 .

Äîâåäåííÿ íàñëiäêó 2.7. Âiä ñóïðîòèâíîãî. Íåõàé w1, w2 � äâà ðiçíi ðîçâ'ÿç-

êè çàäà÷i (2.32)�(2.35). Çãiäíî ç òåîðåìîþ 2.3 ìà¹ìî 0 ≤ w1(x, t)−w2(x, t) ≤
0, (x, t) ∈ Q, òîáòî, w1 = w2 íà Q . Îòðèìàëè ñóïåðå÷íiñòü, ùî äîâîäèòü

íàøå òâåðäæåííÿ.

Äîâåäåííÿ òåîðåìè 2.3. Ïîçíà÷èìî äëÿ i = 1, . . . ,M, j = 1, . . . , L

C1
i := max

{
1

a−i −g
2,+
i

sup
(y,s)∈Q

fi(y, s), max
(y,s)∈Σ

hi(y, s), max
(y,s)∈Ω×Ei,0

wi,0(y, s), 0
}
≥ 0,

C1
M+j := max

{
1

b−j −g
2,+
M+j

max
(y,s)∈Q

fM+j(y, s), max
(y,s)∈Ω×EM+j,0

wM+j,0(y, s), 0
}
≥ 0,


(A.21)
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C2
i := min

{
1

a−i −g
2,+
i

inf
(y,s)∈Q

fi(y, s), min
(y,s)∈Σ

hi(y, s), min
(y,s)∈Ω×Ei,0

wi,0(y, s), 0
}
≤ 0,

C2
M+j := min

{
1

b−j −g
2,+
M+j

min
(y,s)∈Q

fM+j(y, s), min
(y,s)∈Ω×EM+j,0

wM+j,0(y, s), 0
}
≤ 0,


(A.22)

Âèçíà÷èìî ïîñëiäîâíiñòü ôóíêöié {wp = (up1, · · · , u
p
M ; vp1, · · · , v

p
L)}∞p=0 , òà-

êèõ, ùî äëÿ âñiõ p ∈ N , upi ∈ Cα,α/2
(
Ω × (Es,0 ∪ (0, T ])

)
∩ C2+α,1+α/2

loc
(Q),

vpj ∈ Cα,α/2
(
Ω× (Es,0∪ (0, T ])

)
∩Cα,1+α/2(Q) , òàêèì ÷èíîì. Ñïî÷àòêó ïðèéìå-

ìî w0
s(x, t) := C1

s ∀(x, t) ∈ Ω × (Es,0 ∪ (0, T ]) , äå C1
s � âèçíà÷åíi â (A.21)

(s = 1, . . . ,M + L) . Íàñòóïíi ÷ëåíè öi¹¨ ïîñëiäîâíîñòi âèçíà÷èìî òàê: ÿêùî

âiäîìà ôóíêöiÿ wp−1 , òî ôóíêöiþ wp çíàõîäèìî ÿê ðîçâ'ÿçîê çàäà÷i,

P̂iw
p(x, t) :=

∂upi (x, t)

∂t
−

n∑
k,l=1

ai,lk(x, t)
∂upi (x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂upi (x, t)

∂xk
+

+ai(x, t)u
p
i (x, t)=f pi (x, t) := fi(x, t)+

+gi
(
x, t, wp−1(x, t), wp−1

τ (x, t)
)
, (x, t) ∈ Q, i = 1, ...,M ; (A.23)

P̂M+jw
p(x, t) :=

∂vpj (x, t)

∂t
+ bj(x, t)v

p
j (x, t) = f pM+j(x, t) := fM+j(x, t)+

+gM+j

(
x, t, wp−1(x, t), wp−1

τ (x, t)
)
, (x, t) ∈ Q, j = 1, ..., L; (A.24)

upi (x, t) = hi(x, t), (x, t) ∈ Σ, i = 1, . . . ,M ; (A.25)

wp
s(x, t) = ws,0(x, t), (x, t) ∈ Ω× Es,0, s = 1, . . . ,M + L. (A.26)

Âiäìiòèìî, ùî P̂iw
p(x, t) = Liu

p
i (x, t) ∀(x, t) ∈ Q , äå Li � ëiíiéíèé ïà-

ðàáîëi÷íèé äèôåðåíöiàëüíèé îïåðàòîð (i = 1, . . . ,M) , i P̂M+jw
p(x, t) =

LM+jvj(x, t) ∀(x, t) ∈ Q , äå LM+j � ëiíiéíèé çâè÷àéíèé äèôåðåíöiàëüíèé

îïåðàòîð (j = 1, . . . , L) . Îòæå, çàäà÷à (A.23)�(A.26) ðîçêëàäà¹òüñÿ íà M+L

íåçàëåæíèõ çàäà÷, ñåðåä ÿêèõ M ìiøàíèõ çàäà÷ äëÿ ëiíiéíèõ ïàðàáîëi÷íèõ

ðiâíÿíü, òîáòî, äëÿ êîæíîãî i ∈ {1, . . . ,M}

Liu
p
i (x, t) = f pi (x, t), (x, t) ∈ Q; upi (x, t) = hi(x, t), (x, t) ∈ Σ;

upi (x, 0) = wi,0(x, 0), x ∈ Ω, (A.27)

i L çàäà÷ Êîøi äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç ïàðàìåòðîì x ∈ Ω ,

òîáòî, äëÿ êîæãîãî j ∈ {1, . . . , L} ,

LM+jv
p
j (x, t) = f pM+j(x, t), (x, t) ∈ Q; vpj (x, 0) = wM+j,0(x, 0), x ∈ Ω,

(A.28)
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Îñêiëüêè wp−1
s ∈ Cα,α/2

(
Ω × (Es,0 ∪ (0, T ])

)
, òî ç óìîâ (B2) , (B5) âèïëè-

âà¹, ùî f ps ∈ Cα,α/2(Q) (s = 1, ...,M + L) . Çâiäñè òà óìîâ òåîðåìè 2.4, çãi-

äíî ç òåîðåìîþ 9 ìîíîãðàôi¨ [60], âèïëèâà¹ iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó

upi ∈ Cα,α/2
(
Q
)
∩ C2+α,1+α/2

loc (Q) çàäà÷i (A.27) äëÿ êîæíîãî i ∈ {1, . . . ,M} .
Îñêiëüêè upi ∈ Cα,α/2

(
Q
)
i wi,0 ∈ Cα,α/2

(
Ω × Es,0

)
, òî ç ðiâíîñòi (A.26)

âèïëèâà¹, ùî upi ∈ Cα,α/2
(
Ω × (Es,0 ∪ (0, T ])

)
(i = 1, . . . ,M) . Òàê ÿê

f pM+j ∈ Cα,α/2(Q), òî ç òåîði¨ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (äèâ, íà-

ïðèêëàä, [19]) âèïëèâà¹, ùî äëÿ êîæíîãî j ∈ {1, . . . , L} çàäà÷à (A.28) ìà¹

¹äèíèé ðîçâ'ÿçîê vpj ∈ Cα,1+α/2(Q) . Âèêîðèñòîâóþ÷è óìîâó (A.26), ìà¹ìî

vpj ∈ Cα,α/2(Ω× (Es,0 ∪ (0, T ])) (j = 1, ..., L) .

Òåïåð, ïîêàæåìî, ùî äëÿ áóäü-ÿêîãî p ∈ N ïðàâèëüíi íåðiâíîñòi

w∗(x, t) 6 wp(x, t) 6 wp−1(x, t), (x, t) ∈ Q, (A.29)

äå w∗s(x, t) := C2
s ∀(x, t) ∈ Ω × (Es,0 ∪ (0, T ]) (s = 1, . . . ,M + L) , C2

s �

âèçíà÷åíi â (A.22).

Ñïåðøó, äîâåäåìî, ùî wp(x, t) 6 wp−1(x, t), (x, t) ∈ Q , äëÿ áóäü-ÿêèõ

p ∈ N . Äëÿ öüîãî âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Ïîêàæåìî, ùî

w1(x, t) 6 w0(x, t), (x, t) ∈ Q . Ç îçíà÷åííÿ w1 ìà¹ìî

w1
s(x, t) ≤ C1

s = w0
s(x, t), (x, t) ∈ Ω× Es,0, s = 1, . . . ,M + L;

u1
i (x, t) ≤ C1

i = u0
i (x, t), (x, t) ∈ Σ, i = 1, . . . ,M.

Âèêîðèñòîâóþ÷è (A2) (à ñàìå, gr(x, t, 0, 0) = 0 ∀(x, t) ∈ Q , r = 1, . . . ,M +

L ) i ëåìó A.3, îòðèìó¹ìî

P̂iw
1(x, t)− P̂iw0(x, t) = fi(x, t) + gi(x, t, w

0, w0)− ai(x, t)w0
i =

= fi(x, t)−
(
ai(x, t)−

M+L∑
s=1

G1
i,s(x, t, w

0, 0, w0, 0)−
M+L∑
s=1

G2
i,s(x, t, w

0, 0, w0, 0)
)
C1
i ≤

≤ fi(x, t)−
(
ai(x, t)−

M+L∑
s=1

g1
i,s(x, t)−

M+L∑
s=1

g2
i,s(x, t)

)
C1
i ≤ fi(x, t)−

(
a−i −g

2,+
i

)
C1
i ≤

≤ fi(x, t)− sup
(y,s)∈Q

fi(y, s) ≤ 0, (x, t) ∈ Q;

P̂M+jw
1(x, t)− P̂M+jw

0(x, t) = gM+j(x, t, w
0, w0) + fM+j(x, t)− bj(x, t)C1

M+j =
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=fM+j(x, t)−
(
bj(x, t)−

M+L∑
s=1

G1
M+j,s(x, t, w

0, 0, w0, 0)−

−
M+L∑
s=1

G2
M+j,s(x, t, w

0, 0, w0, 0)
)
C1
M+j≤fM+j(x, t)−

(
bj(x, t)−

M+L∑
s=1

g1
M+j,s(x, t)−

−
M+L∑
s=1

g2
M+j,s(x, t)

)
C1
M+j ≤ fM+j(x, t)−

(
b−j − g

2,+
i

)
C1
M+j ≤

≤ fM+j(x, t)− sup
(y,s)∈Q

fM+j(y, s) ≤ 0, (x, t) ∈ Q.

Çâiäñè òà íàñëiäêó 2.5 âèïëèâà¹, ùî w1(x, t) ≤ w0(x, t), (x, t) ∈ Q.
Òåïåð ïîêàæåìî, ùî äëÿ áóäü-ÿêèõ p ∈ N ç íåðiâíîñòi wp(x, t) ≤ wp−1(x, t)

∀(x, t) ∈ Q âèïëèâà¹ íåðiâíiñòü wp+1(x, t) ≤ wp(x, t) ∀(x, t) ∈ Q.
Ñïðàâäi, âèêîðèñòîâóþ÷è óìîâó (A2) òà ëåìó A.3 îäåðæèìî

wp+1
s (x, t)− wp

s(x, t) = 0, (x, t) ∈ Ω× Es,0, s = 1, . . . ,M + L;

up+1
i (x, t)− upi (x, t) = 0, (x, t) ∈ Σ, i = 1, . . . ,M ;

P̂iw
p+1(x, t)− P̂iwp(x, t) = gi(x, t, w

p, wp
τ)− gi(x, t, wp−1, wp−1

τ ) =

=
M+L∑
s=1

G1
i,s(x, t, w

p, wp−1, wp
τ , w

p−1
τ )

(
wp
s(x, t)− wp−1

s (x, t)
)
+

+
M+L∑
s=1

G2
i,s(x, t, w

p, wp−1, wp
τ , w

p−1
τ )
(
wp
s,τs

(x, t)−wp−1
s,τs

(x, t)
)
≤0, (x, t)∈Q, i=1, ...,M;

P̂M+jw
p+1(x, t)− P̂M+jw

p(x, t) = gM+j(x, t, w
p, wp

τ)− gM+j(x, t, w
p−1, wp−1

τ ) =

=
M+L∑
s=1

G1
M+j,s(x, t, w

p, wp−1, wp
τ , w

p−1
τ )

(
wp
s(x, t)− wp−1

s (x, t)
)
+

+
M+L∑
s=1

G2
M+j,s(x, t, w

p, wp−1, wp
τ , w

p−1
τ )
(
wp
s,τs

(x, t)−wp−1
s,τs

(x, t)
)
≤0, (x, t)∈Q, j=1, ...,L.

Çâiäñè òà íàñëiäêó 2.5 îòðèìó¹ìî ïîòðiáíå òâåðäæåííÿ. Îòæå, âiäïîâiäíî äî

ìåòîäó ìàòåìàòè÷íî¨ iíäóêöi¨ ìè îòðèìó¹ìî íàøå òâåðäæåííÿ.

Çàëèøèëîñü ïîêàçàòè, ùî w∗(x, t) 6 wp(x, t), (x, t) ∈ Q , äëÿ áóäü-ÿêèõ

p ∈ N . Äëÿ öüîãî ùå ðàç âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Ëåã-

êî áà÷èòè, ùî w∗(x, t) 6 w0(x, t), (x, t) ∈ Q. Ïðèïóñòèìî, ùî w∗(x, t) 6
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wp−1(x, t), (x, t) ∈ Q, äëÿ äåÿêîãî p ∈ N . Äîâåäåìî, ùî w∗(x, t) 6 wp(x, t),

(x, t) ∈ Q. Âèêîðèñòîâóþ÷è îçíà÷åííÿ w∗ , óìîâó (A2) òà ëåìó A.3, îòðèìà-

¹ìî

w∗s(x, t) 6 ws,0(x, t) = wp
s(x, t), (x, t) ∈ Ω× Es,0, s = 1, . . . ,M + L;

u∗i (x, t)− u
p
i (x, t) = C2 − hi(x, t) 6 0, (x, t) ∈ Σ, i = 1, . . . ,M ;

P̂iw
∗(x, t)− P̂iwp(x, t) = ai(x, t)C

2
i − gi(x, t, wp−1(x, t), wp−1

τ (x, t))− fi(x, t) =

= ai(x, t)C
2
i −

(M+L∑
s=1

G1
i,s(x, t, w

p−1, 0, wp−1
τ , 0)wp−1

s (x, t)

+
M+L∑
s=1

G2
i,s(x, t, w

p−1, 0, wp−1
τ , 0)wp−1

s,τs
(x, t)

)
− fi(x, t) ≤

≤
(
ai(x, t)−

M+L∑
s=1

g1
i,s(x, t)−

M+L∑
s=1

g2
i,s(x, t)

)
C2
i − fi(x, t) ≤

≤(a−i −g
2,+
i )C2

i −fi(x, t)≤ inf
(y,s)∈Q

fi(y, s)−fi(x, t)≤0, (x, t) ∈ Q, i = 1, . . . ,M ;

P̂M+jw
∗(x, t)− P̂M+jw

p(x, t) = bj(x, t)C
2
j − gM+j(x, t, w

p−1(x, t), wp−1
τ (x, t))−

−fM+j(x, t) ≤ 0, (x, t) ∈ Q, j = 1, . . . , L.

Ç öèõ íåðiâíîñòåé òà íàñëiäêó 2.5 âèïëèâà¹ w∗(x, t) 6 wp(x, t), (x, t) ∈ Q,
ùî i òðåáà áóëî äîâåñòè.

Ç (A.29) òà îçíà÷åíü w0, w∗ ìà¹ìî

||wp
s ||C(Q) ≤ max{C1

s ,−C2
s}, s = 1, . . . ,M + L, p ∈ N. (A.30)

Îòæå, ïîñëiäîâíiñòü {wp} � ìîíîòîííà òà îáìåæåíà. Òàêèì ÷èíîì, äëÿ

êîæíîãî s ∈ {1, . . . ,M + L} iñíó¹ âèçíà÷åíà íà Ω × (Es,0 ∪ (0, T ]) ôóíêöiÿ

ws òàêà, ùî äëÿ êîæíî¨ òî÷êè (x, t) ∈ Ω× (Es,0 ∪ (0, T ]) , wp
s(x, t)→ ws(x, t)

ïðè p→∞ i ws çàäîâîëüíÿ¹ óìîâè (2.34), (2.35). Ïîêàæåìî, ùî w = (u; v)

� ðîçâ'ÿçîê çàäà÷i (2.32)�(2.35).

Ç íåïåðåðâíîñòi ôóíêöié gr íà Q×R2(M+L) , fr íà Q , wp−1
r íà Ω× (Er,0∪

(0, T ]) (r = 1, ...,M + L) , òà îöiíêè (A.30) âèïëèâà¹, ùî ôóíêöi¨ f pr (p ∈ N)

íåïåðåðâíi íà Q i ïðàâèëüíà îöiíêà

max
1≤r≤M+L

||f pr ||C(Q) 6 C3, p ∈ N, (A.31)
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äå C3 > 0 � ñòàëà íåçàëåæíà âiä p .

Ç (A.27), (A.30) i (A.31), âiäïîâiäíî äî òåîðåìè 10.1 ìîíîãðàôi¨ [10], ìà¹ìî

max
1≤i≤M

||upi ||
Q
α,α/2 ≤ C4, p ∈ N, (A.32)

äå C4 > 0 �ñòàëà, ùî âiä p íå çàëåæèòü.

Âèêîðèñòîâóþ÷è ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨, ëåìó Ãðîíóîëà�Áåëëìàíà i

(A.32), ç (A.28) îòðèìó¹ìî

max
1≤j≤L

||vpj ||
Q
α,α/2 ≤ C5, p ∈ N, (A.33)

äå C5 > 0 � ñòàëà íåçàëåæíà âiä p .

Äëÿ êîæíîãî p ∈ N i ôóíêöi¨ f pi (x, t), (x, t) ∈ Q, ç óìîâ (A2) , (A3) ,

(B2) , (B5) òà îöiíîê (A.31)�(A.33) âèïëèâà¹

max
1≤r≤M+L

||f pr ||
Q
α,α/2 6 C6, p ∈ N, (A.34)

äå C6 > 0 � ñòàëà íåçàëåæíà âiä p .

Íåõàé {δk}∞k=1 � ïîñëiäîâíiñòü ÷èñåë δk ∈ (0, T ) , òàêèõ, ùî Ωk = {x ∈
Ω : dist{x, ∂Ω} > δ} � îáëàñòü â Rn äëÿ êîæíîãî k ∈ N , i δk ↓ 0 ïðè

k → ∞ . Ïîêëàäåìî Qk = Ωk × [δk, T ]. Âèêîðèñòîâóþ÷è (A.30), (A.34) òà

óìîâè òåîðåìè, ç òåîðåìè 10.1 ìîíîãðàôi¨ [10] îòðèìó¹ìî

max
1≤i≤M

||upi ||
Qk
2+α,1+α/2 6 C7, p ∈ N, k ∈ N, (A.35)

äå C7 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä p , àëå çàëåæèòü âiä C3, C6 i ìîæå

çàëåæàòè âiä k .

Ç óìîâè (B2) òà îöiíîê (A.30)�(A.34), àíàëîãi÷íî ÿê ó ðîáîòi [34], ìîæíà

ïîêàçàòè, ùî

max
1≤j≤L

||vpj ||
Q
α,1+α/2 ≤ C8, p ∈ N, (A.36)

äå C8 > 0 � ñòàëà íåçàëåæíà âiä p .

Ç (A.26), íåðiâíîñòåé (A.32), (A.35) òà (A.36), òâåðäæåíü 2.1 i 2.2, òà òå-

îðåìè ïðî äèôåðåíöiþâàííÿ ãðàíèöi çáiæíî¨ ïîñëiäîâíîñòi ôóíêöié âèïëè-

âà¹, ùî ui ∈ Cα,α/2
(
Ω × (EM+j,0 ∪ (0, T ])

)
∩ C2+α,1+α/2

loc
(Q) , vj ∈ Cα,α/2

(
Ω ×

(EM+j,0 ∪ (0, T ])
)
∩ Cα,1+α/2(Q) i äëÿ êîæíîãî i ∈ {1, ...,M} , j ∈ {1, ..., L}
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iñíó¹ ïiäïîñëiäîâíiñòü ïîñëiäîâíîñòi {wp = (up1, · · · , u
p
M ; vp1, · · · , v

p
L)}∞p=0 (ÿêó

ïîçíà÷àòèìåìî òàê æ ñàìî ÿê i ïîñëiäîâíiñòü) òàêà, ùî

upi −→p→∞ui â C
(
Ω× (Ei,0 ∪ (0, T ])

)
,

upi,t −→p→∞ui,t, upi,xk −→p→∞ui,xk, u
p
i,xkxl

−→
p→∞

ui,xkxl â C(Q),

 (A.37)

vpj −→p→∞ vj â C
(
Ω× (EM+j,0 ∪ (0, T ])

)
, vpj,t −→p→∞ vj,t â C(Q). (A.38)

Îòæå, âèêîðèñòîâóþ÷è (A.37), (A.38) òà ïåðåõîäÿ÷è äî ãðàíèöi ó (A.23)

i (A.24) ïðè p → ∞ îòðèìà¹ìî ðiâíîñòi, òîáòî, ôóíêöiÿ w = (u; v) ∈ W ¹

ðîçâ'ÿçêîì ñèñòåìè (2.32), (2.33). ßê óæå çãàäóâàëîñü ðàíiøå, w çàäîâîëüíÿ¹

óìîâè (2.34), (2.35), îòæå w � ðîçâ'ÿçîê çàäà÷i (2.32)�(2.35).

A.2 Îá ðóíòóâàííÿ ðåçóëüòàòiâ ïiäðîçäiëó 2.4

Íàäàëi âèêîðèñòîâóâàòèìåìî ïîçíà÷åííÿ

Pw := (P1w, . . . , PMw,PM+1w, . . . , PM+Lw), Rw := (R1w, . . . , RMw).

A.2.1 Äîïîìiæíi òâåðäæåííÿ

Ðîçãëÿíåìî çàäà÷ó: çíàéòè âåêòîð-ôóíêöiþ w = (u1, . . . , uM , v1, . . . , vL) ∈
W, ÿêà çàäîâîëüíÿ¹ ñèñòåìó ðiâíÿíü

pi(x, t)
∂ui(x, t)

∂t
−

n∑
k,l=1

ai,lk(x, t)
∂ui(x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂ui(x, t)

∂xk
+ai(x, t)ui(x, t)−

−
M+L∑
s=1

g̃1
i,s(x, t)ws(x, t)−

M+L∑
s=1

g̃2
i,s(x, t)ws,τs(x, t)=fi(x, t), (x, t) ∈ Q, i = 1, . . . ,M,

(A.39)

qj(x, t)
∂vj(x, t)

∂t
+ bj(x, t)vj(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)ws(x, t)−

−
M+L∑
s=1

g̃2
M+j,s(x, t)ws,τs(x, t) = fM+j(x, t), (x, t) ∈ Q̃, j = 1, . . . , L, (A.40)

i óìîâè (2.93), (2.94).

Ïðèïóñêà¹ìî, ùî ôóíêöi¨ pi, ai,kl, ai,k, ai, qj, bj, fr, τr, hi ( r = 1, . . . ,M+L;

i = 1, . . . ,M ; j = 1, . . . , L; k, l = 1, n ) çàäîâîëüíÿþòü óìîâè (A1) , (A2) ,

(A4) , à ôóíêöi¨ g̃1
r,s, g̃

2
r,s (r, s = 1, . . . ,M + L) � óìîâó
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(A∗3) g̃1
i,s, g̃

2
i,s ∈ C(Q), g̃1

M+j,s, g̃
2
M+j,s ∈ C(Q̃) ,

g̃1
i,s ≥ 0 , g̃2

i,s ≥ 0 íà Q , g̃1
M+j,s ≥ 0 , g̃2

M+j,s ≥ 0 íà Q̃ (i = 1, . . . ,M ; j =

1, . . . , L; s = 1, . . . ,M + L; ) ,

inf
(x,t)∈Q

(
ai(x, t)−

M+L∑
s=1

g̃1
i,s(x, t)

)
=: ã−i > −∞ (i = 1, . . . ,M),

inf
(x,t)∈Q̃

(
bj(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)

)
=: b̃−j > −∞ (j = 1, . . . , L),

sup
(x,t)∈Q

M+L∑
s=1

g̃2
r,s(x, t) =: g̃2,+

r < +∞ (r = 1, . . . ,M + L).

Òâåðäæåííÿ A.2. Íåõàé âèêîíóþòüñÿ óìîâè (A1) , (A2) , (A∗3) , (A4) i

ã−i − g̃
2,+
i > 0, b̃−j − g̃

2,+
M+j > 0 (i = 1, . . . ,M ; j = 1, . . . , L). (A.41)

Òîäi ðîçâ'ÿçîê w çàäà÷i (A.39), (A.40), (2.93), (2.94) çàäîâîëüíÿ¹ îöiíêè

∀i ∈ {1, . . . ,M} : min
{ 1

ã−i − g̃
2,+
i

inf
(y,s)∈Q

fi(y, s), inf
(y,s)∈Σ

hi(y, s), 0
}

≤ ui(x, t) ≤ max
{ 1

ã−i − g̃
2,+
i

sup
(y,s)∈Q

fi(y, s), sup
(y,s)∈Σ

hi(y, s), 0
}
, (x, t) ∈ Q,

(A.42)

∀j ∈ {1, . . . , L} : min
{ 1

b̃−j − g̃
2,+
M+j

inf
(y,s)∈Q̃

fM+j(y, s), 0
}

≤ vj(x, t) ≤ max
{ 1

b̃−j − g̃
2,+
M+j

sup
(y,s)∈Q̃

fM+j(y, s), 0
}
, (x, t) ∈ Q̃. (A.43)

Äîâåäåííÿ. Äëÿ çðó÷íîñòi âèêëàäåííÿ ìàòåðiàëó ââåäåìî òàêi ïîçíà÷åííÿ:

θ(t) :=

t∫
T

ϕ(ρ)dρ, κs(t) :=

t∫
t−τs(t)

ϕ(ρ)dρ, t ∈ (0, T ], s = 1, . . . ,M + L.

(A.44)

Î÷åâèäíî, ùî θ(t) ≤ 0 ïðè t ∈ (0, T ] , à θ ìîíîòîííî çðîñòà¹ íà (0, T ] ,

θ(T ) = 0 , θ(t) → −∞ ïðè t → −∞ ; κs(t) ≥ 0 ïðè t ∈ (0, T ] òà κs �

îáìåæåíi ( s = 1, . . . ,M + L ).

Íåõàé w � ðîçâ'ÿçîê çàäà÷i (A.39), (A.40), (2.93), (2.94). Ïîçíà÷èìî ÷åðåç

M > 0 ñòàëó òàêó, ùî

|w(x, t)| ≤M, (x, t) ∈ Q̃, (A.45)
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à ÷åðåç wµ � ôóíêöiþ òàêó, ùî

w(x, t) = wµ(x, t)e−µ θ(t), (x, t) ∈ Q̃, (A.46)

òîáòî, wµ(x, t) = w(x, t)eµ θ(t), (x, t) ∈ Q̃, äå µ > 0 � ïîêè ùî äîâiëüíå ÷èñëî.

Ç ðiâíîñòåé (A.39), (A.40), âðàõóâàâøè ðiâíîñòi

wr,t(x, t) = wµ
r,t(x, t)e

−µ θ(t) − µϕ(t)wµ
r (x, t)e−µ θ(t), r = 1, . . . ,M + L,

ui,xk(x, t)=uµi,xk(x, t)e
−µ θ(t), ui,xkxl(x, t)=uµi,xkxl(x, t)e

−µθ(t),

ws,τs(x, t) = wµ
s,τs

(x, t)e
−µ

t−τs(t)∫
T

ϕ(ρ)dρ
≡eµκs(t)wµ

s,τs
(x, t)e−µ θ(t), s = 1, . . . ,M+L,

ìàòèìåìî

pi(x, t)
∂uµi (x, t)

∂t
−

n∑
k,l=1

ai,lk(x, t)
∂uµi (x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂uµi (x, t)

∂xk
+aµi (x, t)uµi (x, t)−

−
M+L∑
s=1

g̃1
i,s(x, t)w

µ
s (x, t)−

M+L∑
s=1

g̃2,µ
i,s (x, t)wµ

s,τs
(x, t)=fµi (x, t), (x, t) ∈ Q, i=1, . . . ,M,

qj(x, t)
∂vµj (x, t)

∂t
+ bµj (x, t)vµj (x, t)−

M∑
s=1

g̃1
M+j,s(x, t)w

µ
s (x, t)−

−
L∑
s=1

g̃2,µ
M+j,s(x, t)w

µ
s,τs

(x, t) = fµM+j(x, t), (x, t) ∈ Q̃, j = 1, . . . , L, (A.47)

äå

aµi (x, t) := ai(x, t)− µpi(x, t)ϕ(t) (i = 1, . . . ,M),

bµj (x, t) := bj(x, t)− µqj(x, t)ϕ(t) (j = 1, . . . , L),

g̃2,µ
r,s (x, t) := g̃ 2

r,s(x, t)e
µκs(t), fµr (x, t) := fr(x, t)e

µ θ(t) (r, s = 1, . . . ,M + L).

(A.48)

Ç óìîâè (2.93) òà ñïiââiäíîøåííÿ (A.46) ìà¹ìî

uµi (x, t) = hµi (x, t), (x, t) ∈ Σ, (A.49)

äå hµi (x, t) := hi(x, t)e
µ θ(t), (x, t) ∈ Σ (i = 1, . . . ,M) .

Íåõàé ε ∈ (0, T ) � äîâiëüíå ÷èñëî. Ïîçíà÷èìî ÷åðåç Es,ε (s = 1, . . . ,M +

L) ìíîæèíó, ùî ñêëàäà¹òüñÿ ç ÷èñåë t − τs(t) òàêèõ, ùî t − τs(t) < ε ïðè

t ≥ ε, à òàêîæ ÷èñëà ε. Ïðèéìåìî

Qε := Ω× (ε, T ], Qε := Ω× [ε, T ], Σε := ∂Ω× (ε, T ].
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Ðîçãëÿíåìî çàäà÷ó: çíàéòè ôóíêöiþ wµ,ε = (uµ,ε1 , . . . , uµ,εM ; vµ,ε1 , . . . , vµ,εL )

òàêó, ùî uµ,εi ∈ C
(
Ω × (Ei,ε ∪ (ε, T ])

)
∩ C2,1(Qε) (i = 1, ...,M) , vµ,εj ∈

C
(
Ω× (EM+j,ε ∪ (ε, T ])

)
∩ C0,1(Qε) (j = 1, ..., L) , ÿêà çàäîâîëüíÿ¹ ñèñòåìó

pi(x, t)
∂uµ,εi (x, t)

∂t
−

n∑
k,l=1

ai,lk(x, t)
∂uµ,εi (x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂uµ,εi (x, t)

∂xk
+

+aµi (x, t)uµ,εi (x, t)−
M+L∑
s=1

g̃1
i,s(x, t)w

µ,ε
s (x, t)−

−
M+L∑
s=1

g̃2,µ
i,s (x, t)wµ,ε

s,τs
(x, t) = fµi (x, t), (x, t) ∈ Qε, i = 1, . . . ,M, (A.50)

qj(x, t)
∂vµ,εj (x, t)

∂t
+ bµj (x, t)vµ,εj (x, t)−

M+L∑
s=1

g̃1
M+j,k(x, t)w

µ,ε
s (x, t)

−
M+L∑
s=1

g̃2,µ
M+j,k(x, t)w

µ,ε
s,τs

(x, t) = fµM+j(x, t), (x, t) ∈ Qε, j = 1, . . . , L,

(A.51)

êðàéîâó óìîâó

uµ,εi (x, t) = hµi (x, t), (x, t) ∈ Σε, i = 1, . . . ,M, (A.52)

i ïî÷àòêîâó óìîâó

wµ,ε
r (x, t) = wµ

r (x, t), (x, t) ∈ Ω× Er,ε, r = 1, . . . ,M + L. (A.53)

Òàêà çàäà÷à óæå áåç âèðîäæåííÿ, òîìó ìè ìîæåìî çàñòîñóâàòè ðåçóëüòàòè,

îäåðæàíi ó ïiäðîçäiëi 2.2. Ïåðåêîíà¹ìîñÿ, ùî äëÿ ðîçâ'ÿçêiâ çàäà÷i (A.50)�

(A.53), ïðè äîñèòü ìàëèõ çíà÷åííÿõ µ âèêîíóþòüñÿ óìîâè íàñëiäêó 2.6.

Î÷åâèäíî, ùî ç óìîâè g̃2
r,s ≥ 0 âèïëèâàþòü óìîâè g̃2,µ

r,s ≥ 0 (r, s =

1, . . . ,M + L) äëÿ êîæíîãî µ > 0 . Ïîêàæåìî, ùî iñíó¹ µ∗ > 0 òàêå, ùî

ãµ,−i − g̃2,µ+
i > 0 (i = 1, ...,M) òà b̃µ,−j − g̃2,µ,+

M+j > 0 (j = 1, ..., L) äëÿ

áóäü-ÿêîãî µ ∈ (0, µ∗] , äå ãµ,−i := inf
(x,t)∈Q

(
aµi (x, t) −

M+L∑
s=1

g̃1
i,s(x, t)

)
, b̃µ,−j :=

inf
(x,t)∈Q

(
bµj (x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)

)
, g̃2,µ,+

r := sup
(x,t)∈Q

M+L∑
s=1

g̃2,µ
r,s (x, t). Äëÿ öüîãî ïî-

êëàäåìî

(piϕ)+ := sup
(x,t)∈Q

(
pi(x, t)ϕ(t)

)
, (qjϕ)+ := sup

(x,t)∈Q

(
qj(x, t)ϕ(t)

)
,
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κ+ := max
s∈{1,...,M+L}

sup
t∈(0,T ]

κs(t).

Òîäi î÷åâèäíî, ùî äëÿ êîæíîãî µ > 0 âèêîíóþòüñÿ ñïiââiäíîøåííÿ

ãµ,−i = inf
(x,t)∈Q

(
ai(x, t)−

M+L∑
s=1

g̃1
i,s(x, t)− µpi(x, t)ϕ(t)

)
≥ ã−i − µ(piϕ)+, (A.54)

b̃µ,−j = inf
(x,t)∈Q

(
bj(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)−µqj(x, t)ϕ(t)

)
≥ b̃−j −µ(qjϕ)+, (A.55)

à òàêîæ

g̃2,µ,+
r = sup

(x,t)∈Q

(M+L∑
s=1

g̃2
r,s(x, t)e

µκs(t)
)
≤ g̃2 +

r eµκ
+

, µ > 0. (A.56)

Ç (54) � (56) äëÿ êîæíîãî µ > 0 ìà¹ìî

ãµ,−i −g̃
2,µ,+
i ≥ ã−i −g̃2 +

i eµκ
+−µ(piϕ)+, b̃µ,−j −g̃

2,µ,+
M+j ≥ b̃−j −g̃

2,+
M+je

µκ+−µ(qjϕ)+.

Äëÿ êîæíîãî i ∈ {1, . . . ,M} ðîçãëÿíåìî ôóíêöiþ li(µ) := ã−i − g̃2 +
i eµκ

+ −
µ(piϕ)+, µ ∈ [0,+∞). Î÷åâèäíî, ùî âîíà ¹ íåïåðåðâíà i li(0) = ã−i −g̃2 +

i > 0 .

Çâiäñè âèïëèâà¹ iñíóâàííÿ òàêîãî µi > 0 , ùî li(µ) > 0 ïðè µ ∈ [0, µi] . Äëÿ

êîæíîãî j ∈ {1, . . . , L} ðîçãëÿíåìî ôóíêöiþ lM+j(µ) := b̃−j − g̃2 +
M+je

µκ+ −
µ(qjϕ)+, µ ∈ [0,+∞). Î÷åâèäíî, ùî âîíà ¹ íåïåðåðâíîþ i lM+j(0) = b̃−j −
g̃2 +
M+j > 0 . Çâiäñè âèïëèâà¹ iñíóâàííÿ òàêîãî µM+L > 0 , ùî lM+j(µ) > 0 ïðè

µ ∈ [0, µM+j]. Âèáåðåìî µ∗ = min{µ1, . . . , µM+L}. Çi ñêàçàíîãî âèùå ìà¹ìî,
ùî

ãµ,−i − g̃2,µ,+
i ≥ li(µ) > 0, b̃µ,−j − g̃2,µ,+

M+j ≥ lM+j(µ) > 0 ïðè µ ∈ [0, µ∗].

(A.57)

Îòæå, ïðè µ ∈ [0, µ∗] óìîâè íàñëiäêó 2.6 ó âèïàäêó çàäà÷i (A.50)�(A.53)

âèêîíóþòüñÿ.

Ç (A.47) i (A.49) âèïëèâà¹, ùî çâóæåííÿ wµ
r íà Ω × (Er,ε ∪ (ε, T ]) ( r =

1, . . . ,M + L ) ¹ ðîçâ'ÿçêîì çàäà÷i (A.50)�(A.53). Îòîæ, íà ïiäñòàâi íàñëiäêó

2.6 äëÿ µ ∈ [0, µ∗] , ìà¹ìî îöiíêó

min
{ 1

ãµ,−i − g̃2,µ,+
i

inf
(y,s)∈Qε

fµi (y, s), inf
(y,s)∈Σε

hµi (y, s), inf
(y,s)∈Ω×Ei,ε

wµ(y, s), 0
}
≤

≤ uµi (x, t) ≤ max
{ 1

ãµ,−i − g̃2,µ,+
i

sup
(y,s)∈Qε

fµi (y, s),
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sup
(y,s)∈Σε

hµi (y, s), sup
(x,s)∈Ω×Ei,ε

wµ(y, s), 0
}
, (x, t) ∈ Qε, (A.58)

min
{ 1

b̃µ,−j − g̃2,µ,+
M+j

inf
(y,s)∈Qε

fµM+j(y, s), inf
(y,s)∈Ω×EM+j,ε

wµ(y, s), 0
}
≤ vµj (x, t)

≤ max
{ 1

b̃µ,−j − g̃2,µ,+
M+j

sup
(y,s)∈Qε

fµM+j(y, s), sup
(x,s)∈Ω×EM+j,ε

wµ(y, s), 0
}
, (x, t) ∈ Qε.

(A.59)

Çðîçóìiëî, ùî äëÿ áóäü-ÿêîãî ε ∈ (0, T ) ìà¹ìî

inf
(y,s)∈Qε

fµr (y, s) ≥ inf
(y,s)∈Q

fµr (y, s), inf
(y,s)∈Σε

hµi (y, s) ≥ inf
(y,s)∈Σ

hµi (y, s), (A.60)

sup
(y,s)∈Qε

fµr (y, s) ≤ sup
(y,s)∈Q

fµr (y, s), sup
(y,s)∈Σε

hµi (y, s) ≤ sup
(y,s)∈Σ

hµi (y, s). (A.61)

Òàêîæ ëåãêî ïåðåêîíàòèñÿ, âðàõóâàâøè îöiíêó (A.45) i ìîíîòîííiñòü θ, ùî

sup
(y,s)∈Ω×Eε

|wµ
r (y, s)| ≤ sup

(y,s)∈Ω×(0,ε]

|wr(y, s)eµθ(s)| ≤Meµθ(ε) −→
ε→+0

0. (A.62)

Íà ïiäñòàâi (A.60) � (A.62), ñïðÿìóâàâøè â (A.58), (A.59) ε→ 0 , îòðèìà¹ìî

min
{ 1

ãµ,−i − g̃2,µ,+
i

inf
(y,s)∈Q

fµi (y, s), inf
(y,s)∈Σ

hµi (y, s), 0
}
≤ uµi (x, t)

≤ max
{ 1

ãµ,−i − g̃2,µ,+
i

sup
(y,s)∈Q

fµi (y, s), sup
(y,s)∈Σ

hµi (y, s), 0
}
, (x, t) ∈ Q, (A.63)

min
{ 1

b̃µ,−j − g̃2,µ,+
M+j

inf
(y,s)∈Q̃

fµM+j(y, s), 0
}
≤ vµj (x, t)

≤ max
{ 1

b̃µ,−j − g̃2,µ,+
M+j

sup
(y,s)∈Q̃

fµM+j(y, s), 0
}
, (x, t) ∈ Q̃. (A.64)

Íåõàé Qr,− := {(x, t) ∈ Q | fµr (x, t) < 0}, Qr,+ := {(x, t) ∈ Q | fµr (x, t) >

0}, Σi,− := {(x, t) ∈ Q | hµi (x, t) < 0}, Σi,+ := {(x, t) ∈ Q | hµi (x, t) > 0}.
Ó âèïàäêó Qr,− 6= ∅, ìàþ÷è íà óâàçi íåðiâíiñòü 0 < eµθ(ρ) ≤ 1, ρ ∈ (0, T ],

îòðèìà¹ìî

inf
(y,s)∈Q

fµr (y, s) = inf
(y,s)∈Qr,−

fre
µθ(ρ) ≥ inf

(y,s)∈Qr,−
fr(y, s) = inf

(y,s)∈Q
fr(y, s),

à òîìó (äèâ. (A.57)) ìà¹ìî

1

ãµ,−i − g̃µ,+i

inf
(y,s)∈Q

fµi (y, s) ≥ 1

ãµ,−i − g̃µ,+i

inf
(y,s)∈Q

fi(y, s) ≥
1

li(µ)
inf

(y,s)∈Q
fi(y, s).

(A.65)
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Îòæå, â öüîìó âèïàäêó â ëiâié ÷àñòèíi íåðiâíîñòi (A.58) ïåðøèé ÷ëåí ìî-

æíà çàìiíèòè íà 1
li(µ) inf

(y,s)∈Q
fi(y, s). Î÷åâèäíî, ùî òåæ ñàìå ìîæíà çðîáèòè

i òîäi, êîëè Qi,− = ∅, áî â öüîìó âèïàäêó ïåðøèé ÷ëåí íåðiâíîñòi (A.58) ¹

íåâiä'¹ìíèé, à îòæå íå âèçíà÷à¹ çíà÷åííÿ ëiâî¨ ÷àñòèíè íåðiâíîñòi (A.58).

Ïðîâiâøè àíàëîãi÷íi ìiðêóâàííÿ ñòîñîâíî ðåøòè ÷ëåíiâ íåðiâíîñòåé (A.63),

(A.64) îäåðæèìî

min
{ 1

li(µ)
inf

(y,s)∈Q
fi(y, s), inf

(y,s)∈Σ
hi(y, s), 0

}
≤ ui(x, t)e

µ θ(t)

≤ max
{ 1

li(µ)
sup

(y,s)∈Q
fi(y, s), sup

(y,s)∈Σ

hi(y, s), 0
}
, (x, t) ∈ Q, µ ∈ (0, µ∗],

(A.66)

min
{ 1

lM+j(µ)
inf

(y,s)∈Q
fM+j(y, s), 0

}
≤ vj(x, t)e

µ θ(t)

≤ max
{ 1

lM+j(µ)
sup

(y,s)∈Q
fM+j(y, s), 0

}
, (x, t) ∈ Q̃, µ ∈ (0, µ∗]. (A.67)

Çàôiêñóâàâøè äîâiëüíèì ÷èíîì âèáðàíó òî÷êó (x, t) ∈ Q, ïåðåéäåìî â

(A.66), (A.67) äî ãðàíèöi ïðè µ → +0. Ó ðåçóëüòàòi, âçÿâøè äî óâàãè, ùî

li(µ)−→
µ→0

ã−i − g̃
2,+
i , lM+j(µ)−→

µ→0
b̃−j − g̃

2,+
M+j, îòðèìà¹ìî îöiíêè (A.42), (A.43).

A.2.2 Îá ðóíòóâàííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó 2.4

Äîâåäåííÿ òåîðåìè 2.7. Ðîçãëÿíåìî çàäà÷i äëÿ w1 =(u1; v1) òà w2 =(u2; v2).

Ïîçíà÷èìî ÷åðåç ŵ = (û; v̂) âåêòîð ôóíêöiþ, êîìïîíåíòè ÿêî¨ ¹ ŵi(x, t) =

ûi := u1
i (x, t) − u2

i (x, t), (x, t) ∈ Q̃, ïðè i = 1, ...,M , òà ŵM+j(x, t) = v̂j :=

v1
j (x, t)− v2

j (x, t), (x, t) ∈ Q̃, ïðè j = 1, ..., L . Ðîçãëÿäàþ÷è ðiçíèöþ âèðàçiâ

Pw1 òà Pw2 , à òàêîæ âèêîðèñòîâóþ÷è ëåìó A.3, îòðèìà¹ìî ðiâíîñòi

Piŵ(x, t) := pi(x, t)
∂ûi(x, t)

∂t
−

n∑
k,l=1

ai,lk(x, t)
∂ûi(x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂ûi(x, t)

∂xk
+

+ai(x, t)ûi(x, t)−
M+L∑
s=1

g̃1
i,s(x, t)ŵs(x, t)−

M+L∑
s=1

g̃2
i,s(x, t)ŵs,τs(x, t) =

= f̂i(x, t), (x, t) ∈ Q, i = 1, . . . ,M, (A.68)

PM+jŵ(x, t) := qj(x, t)
∂v̂j(x, t)

∂t
+ bj(x, t)v̂j(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)ŵs(x, t)
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−
M+L∑
s=1

g̃2
M+j,s(x, t)ŵs,τs(x, t) = f̂M+j(x, t), (x, t) ∈ Q̃, j = 1, . . . , L, (A.69)

Riŵ(x, t) := ûi(x, t) = ĥi(x, t), (x, t) ∈ Σ, i = 1, . . . ,M, (A.70)

lim sup
t→0+

max
x∈Ω
|ŵr(x, t)| <∞, r = 1, . . . ,M + L, (A.71)

äå

g̃1
r,s(x, t) = G1

r,s

(
x, t, w1(x, t), w2(x, t), w1

τ(x, t), w
2
τ(x, t)

)
,

g̃2
r,s(x, t) = G2

r,s

(
x, t, w1(x, t), w2(x, t), w1

τ(x, t), w
2
τ(x, t)

)
,

f̂(x, t) := f 1(x, t)− f 2(x, t), ĥ(x, t) := w1(x, t)− w2(x, t).

Ïåðåâiðèìî âèêîíàííÿ óìîâ òâåðäæåííÿ A.2, à òî÷íiøå, ïåðåêîíà¹ìîñÿ, ùî

g̃1
i,s ≥ 0 , g̃2

i,s ≥ 0 íà Q , g̃1
M+j,s ≥ 0 , g̃2

M+j,s ≥ 0 íà Q̃ ( i = 1, . . . ,M ; j =

1, . . . , L; s = 1, . . . ,M +L ) i ã−i − g̃
2,+
i > 0, b̃−j − g̃

2,+
M+j > 0 (i = 1, . . . ,M ; j =

1, . . . , L) . Ç ëåìè A.3 (äèâ. (A.16)) âèïëèâà¹, ùî g̃1
i,s(x, t) ≥ 0 , g̃2

i,s(x, t) ≥ 0

äëÿ äîâiëüíèõ (x, t) ∈ Q , òà g̃1
M+j,s(x, t) ≥ 0 , g̃2

M+j,s(x, t) ≥ 0 äëÿ äîâiëüíèõ

(x, t) ∈ Q̃ ( i = 1, . . . ,M ; j = 1, . . . , L; s = 1, . . . ,M + L ) äëÿ äîâiëüíèõ

(x, t) ∈ Q . Âèêîðèñòîâóþ÷è óìîâó (A3) òà ëåìó A.3 (äèâ. (A.16)), îòðèìà¹ìî

ã−i := inf
(x,t)∈Q

[
ai(x, t)−

M+L∑
s=1

g̃1
i,s(x, t)

]
≥ inf

(x,t)∈Q

[
ai(x, t)−

M+L∑
s=1

g1
i,s(x, t)

]
=

= a−i , i = 1, . . . ,M,

b̃−j := inf
(x,t)∈Q

[
bj(x, t)−

M+L∑
s=1

g̃1
M+j,s(x, t)

]
≥ inf

(x,t)∈Q

[
bj(x, t)−

M+L∑
s=1

g1
M+j,s(x, t)

]
=

= b−j , j = 1, . . . , L,

g̃2,+
r := sup

(x,t)∈Q

M+L∑
s=1

g̃2
r,s(x, t) ≤ sup

(x,t)∈Q

M+L∑
s=1

g2
r,s(x, t) = g2,+

r , r = 1, . . . ,M + L.

Îòæå, ã−i − g̃
2,+
i ≥ a−i − g

2,+
i > 0 (i = 1, ...,M) , b̃−j − g̃

2,+
M+j ≥ b−j − g

2,+
M+j >

0 (j = 1, ..., L) . Îòîæ, óìîâè òâåðäæåííÿ A.2 âèêîíóþòüñÿ, à öå çíà÷èòü,

ùî äëÿ ôóíêöi¨ ŵ ïðàâèëüíi îöiíêè (A.42), (A.43), iç çàìiíîþ f, h, ui (i =

1, . . . ,M), vj (j = 1, . . . , L) íà f̂ , ĥ , ûi (i = 1, . . . ,M), v̂j (j = 1, . . . , L) .

Çâiäñè âèïëèâàþòü îöiíêè (2.99), (2.100).
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Äîâåäåííÿ íàñëiäêó 2.11. Ç óìîâè íàñëiäêó ìà¹ìî, ùî f 1(x, t) − f 2(x, t) ≤
0 ∀(x, t) ∈ Q, h1(x, t)−h2(x, t) ≤ 0 ∀(x, t) ∈ Σ. Ç (2.99), (2.100) îòðèìà¹ìî,

ùî w1(x, t)− w2(x, t) ≤ 0 , òîáòî, w1(x, t) ≤ w2(x, t) ∀(x, t) ∈ Q.

Äîâåäåííÿ íàñëiäêó 2.12. Äàíå òâåðäæåííÿ áåçïîñåðåäíüî âèïëèâà¹ ç òåîðå-

ìè 2.7 ïðè w1 = w òà w2 = 0 .

Äîâåäåííÿ íàñëiäêó 2.13. Ïðèïóñòèìî ïðîòèëåæíå i íåõàé w1, w2 � äâà ðiçíi

ðîçâ'ÿçêè çàäà÷i (2.91)�(2.94). Òîäi íà ïiäñòàâi òåîðåìè 2.7, ìà¹ìî, ùî 0 ≤
w1(x, t) − w2(x, t) ≤ 0, (x, t) ∈ Q̃, òîáòî, w1 = w2 íà Q̃ , ùî ïðîòèði÷èòü

íàøîìó ïðèïóùåííþ. Îòîæ, íàøå òâåðäæåííÿ ¹ ïðàâèëüíèì.

Äîâåäåííÿ òåîðåìè 2.8. Íåõàé ε � äîâiëüíå ÷èñëî ç ïðîìiæêó (0, T/3) , à

ïîçíà÷åííÿ Qε, Σε, Eε òàêi æ, ÿê ïðè äîâåäåííi òâåðäæåííÿ A.2.

Âiçüìåìî ôóíêöiþ θε ∈ C∞((0, T ]) , ÿêà çàäîâîëüíÿ¹ óìîâè: 0 ≤ θε(t) ≤ 1

ïðè t ∈ (0, T ] , θε(t) = 0 ïðè t ∈ (0, 2ε] òà θε(t) = 1 ïðè t ∈ (3ε, T ] .

Ïîêëàäåìî äëÿ ∀i ∈ {1, . . . ,M}, r ∈ {1, . . . ,M + L}

hεi (x, t) := θε(t)hi(x, t), (x, t) ∈ Σ, f εr (x, t) := θε(t)fr(x, t), (x, t) ∈ Q̃,

Çàóâàæèìî, ùî äëÿ ∀i ∈ {1, . . . ,M}, r ∈ {1, . . . ,M + L}

|hεi (x, t)| ≤ |hi(x, t)| ∀(x, t) ∈ Σ, |f εi (x, t)| ≤ |fi(x, t)| ∀(x, t) ∈ Q̃. (A.72)

Ðîçãëÿíåìî çàäà÷ó: çíàéòè âåêòîð-ôóíêöiþ wε = (uε1, . . . , u
ε
M ; vε1, . . . , v

ε
L)

òàêó, ùî uεi ∈ C
(
Ω × (Ei,ε ∪ (0, T ])

)
∩ C2,1(Qε) (i = 1, ...,M) , vεj ∈ C

(
Ω ×

(EM+j,ε ∪ (0, T ])
)
∩ C0,1(Qε) (j = 1, ..., L) , ÿêà çàäîâîëüíÿ¹ ñèñòåìó

Piw
ε(x, t) = f εi (x, t), (x, t) ∈ Qε, i = 1, ...,M, (A.73)

PM+jw
ε(x, t) = f εM+j(x, t), (x, t) ∈ Qε, j = 1, ..., L, (A.74)

òà óìîâè

uεi (x, t) = hεi (x, t), (x, t) ∈ Σε, i = 1, . . . ,M, (A.75)

wε
r(x, t) = 0, (x, t) ∈ Ω× Er,ε, r = 1, . . . ,M + L, (A.76)

äå Pr (r = 1, . . . ,M + L) � äèôåðåíöiàëüíi îïåðàòîðè, ÿêi âèçíà÷åíi ó

(A.2.91), (A.2.92).
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Ç òåîðåìè 2.4 âèïëèâà¹ iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó wε = (uε1, . . . , u
ε
M ;

vε1, . . . , v
ε
L) çàäà÷i (A.73)�(A.76) òàêîãî, ùî ui ∈ Cα,α/2

(
Ω × (Ei,ε ∪ (ε, T ])

)
∩

C
2+α,1+α/2
loc

(Qε), vj ∈ Cα,α/2
(
Ω×(EM+j,ε∪(ε, T ])

)
∩Cα,1+α/2(Qε) ( i = 1, . . . ,M ;

j = 1, . . . , L ). Íà ïiäñòàâi íàñëiäêó 2.6 äëÿ çâóæåííÿ uεi íà Ω× (Ei,ε∪ (ε, 2ε])

ìà¹ìî îöiíêó

|uεi (x, t)|≤max{ 1

a−i − g
2,+
i

sup
(y,s)∈Qε/Q2ε

|f εi (y, s)|, sup
(y,s)∈Σε/Σ2ε

|hεi (y, s)|}, (x, t)∈Qε/Q2ε,

(A.77)

à äëÿ çâóæåííÿ vεj íà Ω× (EM+j,ε ∪ (ε, 2ε]) ìà¹ìî îöiíêó

|vεj(x, t)| ≤ max{ 1

b−j − g
2,+
M+j

sup
(y,s)∈Qε/Q2ε

|f εM+j(y, s)|}, (x, t) ∈ Qε/Q2ε. (A.78)

Ç îçíà÷åíü f ε òà hε âèïëèâà¹, ùî ïðàâi ÷àñòèíè (A.77), (A.78) äîðiâíþþòü

íóëþ, à òîìó wε
r(x, t) = 0 äëÿ êîæíîãî (x, t) ∈ Ω × (Er,ε ∪ (ε, 2ε]) (r =

1, . . . ,M + L) . Äîâèçíà÷èìî wε íóëåì íà âñþ ìíîæèíó Q̃ i çàëèøèìî çà

öèì ïðîäîâæåííÿì ïîçíà÷åííÿ wε. Ëåãêî ïåðåêîíàòèñÿ, ùî wε ¹ ðîçâ'ÿçêîì

çàäà÷i, ÿêà âiäðiçíÿ¹òüñÿ âiä çàäà÷i (2.91)�(2.94) òiëüêè òèì, ùî çàìiñòü f òà

h ñòîÿòü, âiäïîâiäíî, f ε òà hε . Çâiäñè, íà ïiäñòàâi íàñëiäêó 2.13 òà (A.72),

ìà¹ìî, ùî

|uεi (x, t)| ≤ max{ 1

a−i − g
2,+
i

sup
(y,s)∈Q

|fi(y, s)|, sup
(y,s)∈Σ

|hi(y, s)|}, (x, t) ∈ Q̃,

(A.79)

|vεj(x, t)| ≤ max{ 1

b−j − g
2,+
M+j

sup
(y,s)∈Q

|fM+j(y, s)|, 0}, (x, t) ∈ Q̃. (A.80)

Íåõàé {εm}∞m=1 � ïîñëiäîâíiñòü ÷èñåë ç iíòåðâàëó (0, T/2) , òàêà, ùî εm ↓ 0

when m → ∞ . Ïåðåïîçíà÷èìî wm := wεm , fmr := f εmr , hmi := hεmi (i =

1, . . . ,M ; r = 1, . . . ,M + L) äëÿ êîæíîãî m ∈ N. Ç (A.79), (A.80) âèïëèâà¹,

ùî

sup
(x,t)∈Q̃

|wm
r (x, t)| ≤ C3, r = 1, . . . ,M + L, m ∈ N, (A.81)

äå C3 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä m .

Íåõàé {δk}∞k=1 � ìîíîòîííà ïîñëiäîâíiñòü ÷èñåë òàêà, ùî δk ↓
k→∞

0 , 0 <

δk < T òà Ωk := {x ∈ Ω : dist{x, ∂Ω} > δk} � îáëàñòü â Rn äëÿ êîæíîãî

k ∈ N . Ïîçíà÷èìî Ik := (δk, T ] , Qk := Ωk × Ik, Qk := Ω × Ik . Âiäìiòèìî,
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ùî Qk ⊂ Qk , Qk ⊂ Qk+1 , Qk ⊂ Qk+1 äëÿ êîæíîãî k ∈ N ;
∞
∪
k=1

Ωk = Ω ,
∞
∪
k=1

Qk = Q ,
∞
∪
k=1

Qk = Q̃ .

Ïîçíà÷èìî gmr (x, t) := fmr (x, t) + gr(x, t, w
m(x, t), wm

τ (x, t)) , (x, t) ∈ Q̃ ,

äëÿ êîæíîãî r = 1, . . . ,M + L , m ∈ N. Ç íåïåðåðâíîñòi ôóíêöié gr íà

Q̃×RM+L×RM+L , fmr , w
m
r íà Q̃ (r = 1, . . . ,M+L; m ∈ N) , òà îöiíîê (A.72),

(A.81) âèïëèâà¹, ùî ôóíêöi¨ gmr ¹ íåïåðåðâíèìè íà Q̃ i äëÿ äîâiëüíîãî k ∈ N
ïðàâèëüíà îöiíêà

||gmr ||C(Qk) 6 C4, r = 1, . . . ,M + L, m ∈ N, (A.82)

äå C4 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä m , àëå ìîæå çàëåæàòè âiä k .

Ç (A.73), (A.74) âèïëèâà¹, ùî äëÿ êîæíîãî m ∈ N ìà¹ìî

pi(x, t)
∂umi (x, t)

∂t
−

n∑
k,l=1

ai,lk(x, t)
∂umi (x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂umi (x, t)

∂xk

+ai(x, t)u
m
i (x, t) = gmi (x, t), (x, t) ∈ Q, i = 1, ...,M, (A.83)

qj(x, t)
∂vmj (x, t)

∂t
+ bj(x, t)v

m
j (x, t) = gmM+j(x, t), (x, t) ∈ Q̃, j = 1, ..., L,

(A.84)

à ç (A.75) îòðèìà¹ìî

umi (x, t) = hmi (x, t), (x, t) ∈ Σ, i = 1, . . . ,M. (A.85)

Ç òîãî, ùî umi � êëàñè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ (A.83), ÿêèé çàäîâîëüíÿ¹

ïî÷àòêîâó óìîâó (A.85), à òàêîæ ç óìîâ (B1) , (B3) , (B4) òà îöiíîê (A.81),

(A.82), íà ïiäñòàâi òåîðåìè 1.1 ìîíîãðàôi¨ [10, ñ. 476], îòðèìà¹ìî îöiíêó

max
1≤i≤M

||umi ||
Qk

α,α/2 ≤ C5, m ∈ N, (A.86)

äå C5 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä m, àëå ìîæå çàëåæàòè âiä k .

Òàê ÿê vmj � êëàñè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ (A.84), àíàëîãi÷íî ÿê ó ðîáîòi

[53], ìîæíà ïîêàçàòè

max
1≤j≤L

||vmi ||
Qk

α,α/2 ≤ C6, m ∈ N, (A.87)

äå C6 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä m, àëå ìîæå çàëåæàòè âiä k .
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Âiäìiòèìî, ùî ç óìîâ (A3) , (A4 ), (B2) , (B4) òà îöiíîê (A.86), (A.87)

ìà¹ìî

max
1≤r≤M+L

||gmr ||
Qk

α,α/2 6 C7, m ∈ N, (A.88)

äå C7 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä m , àëå ìîæå çàëåæàòè âiä k .

Âðàõîâóþ÷è (A.81), (A.88) i óìîâè íàøî¨ òåîðåìè, íà ïiäñòàâi òåîðåìè 10.1

ìîíîãðàôi¨ [10, ñ.400], äëÿ êîæíîãî k ∈ N ìàòèìåìî

max
1≤i≤M

||umi ||
Qk
2+α,1+α/2 6 C7, m ∈ N, (A.89)

äå C7 > 0 � ñòàëà, ÿêà âiä m íå çàëåæèòü, àëå çàëåæèòü âiä C5, C6 .

Ç óìîâè (B2) òà îöiíîê (A.81), (A.86)�(A.89), àíàëîãi÷íî ÿê ó ðîáîòi [34],

ìîæíà ïîêàçàòè

max
1≤j≤L

||vmj ||
Qk

α,1+α/2 ≤ C8, m ∈ N, (A.90)

äå C8 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä m , àëå ìîæå çàëåæàòè âiä k .

Iç (A.89), (A.90), òâåðäæåííÿ 2.2 òà òåîðåìè ïðî äèôåðåíöiþâàííÿ ãðà-

íèöi çáiæíî¨ ôóíêöiéíî¨ ïîñëiäîâíîñòi âèïëèâà¹, iñíóâàííÿ ôóíêöi¨ w =

(u; v) ∈ [C
2+α,1+α/2
loc

(Q)]M × [C
α,1+α/2
loc

(Q̃)]L òà ïiäïîñëiäîâíîñòi, ÿêó ïîçíà-

÷àòèìåìî òàêîæ {wm}∞m=1 ), ïîñëiäîâíîñòi {wm}∞m=1 , ùî çáiãà¹òüñÿ äî w â

[C2,1(Q)]M×[C0,1(Q̃)]L . Òåïåð âiäìiòèìî, ùî hm → h ïðè m→∞ ðiâíîìiðíî

íà êîæíîìó êîìïàêòi K ⊂ Σ. Òàêîæ çàóâàæèìî, ùî ç íåïåðåðâíîñòi ôóíêöié

gr, f
m
r ìà¹ìî gmr (x, t) → fr(x, t) + gr(x, t, w(x, t), wτ(x, t)) ïðè m → ∞ äëÿ

êîæíî¨ òî÷êè (x, t) ∈ Q (r = 1, . . . ,M +L) . Âðàõîâóþ÷è ñêàçàíå, ïåðåéäåìî

äî ãðàíèöi ó (A.83), (A.84), (A.85) ïðè m→∞ . Ó ðåçóëüòàòi îòðèìà¹ìî ðiâ-

íîñòi, ÿêi îçíà÷àþòü, ùî ôóíêöiÿ w ¹ êëàñè÷íèì ðîçâ'ÿçêîì ñèñòåìè (2.91),

(2.92) òà çàäîâîëüíÿ¹ êðàéîâó óìîâó (2.93). Âèêîíàííÿ óìîâè (2.94) âèïëèâà¹

ç (A.81). Îöiíêè (2.101), (2.102) âèïëèâàþòü ç (A.79), (A.80).


