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ÇÀÃÀËÜÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÎÁÎÒÈ

Àêòóàëüíiñòü òåìè. Îäíi¹þ ç îñíîâíèõ ïðîáëåì òåîði¨ àïðîêñèìàöi¨ ôóí-
êöié ¹ õàðàêòåðèçàöiÿ ðiçíèõ êëàñiâ ôóíêöié â òåðìiíàõ ¨õ íàéêðàùèõ íàáëè-
æåíü àëãåáðà¨÷íèìè i òðèãîíîìåòðè÷íèìè ïîëiíîìàìè, öiëèìè ôóíêöiÿìè åêñ-
ïîíåíöiàëüíîãî òèïó. Îòðèìàíi â öüîìó íàïðÿìêó ðåçóëüòàòè ôîðìóëþþòüñÿ ó
âèãëÿäi òàê çâàíèõ ïðÿìèõ i îáåðíåíèõ òåîðåì (íåðiâíîñòåé Äæåêñîíà i Áåðí-
øòåéíà) òåîði¨ àïðîêñèìàöi¨ ôóíêöié.

Â àáñòðàêòíîìó âèïàäêó ìà¹ìî âiäïîâiäíó ïðîáëåìó íàáëèæåííÿ åëåìåí-
òiâ ïðîñòîðó àíàëiòè÷íèìè, öiëèìè òà öiëèìè åêñïîíåíöiàëüíîãî òèïó âåêòî-
ðàìè, àñîöiéîâàíèìè ç íåîáìåæåíèìè îïåðàòîðàìè. Íà îñíîâi òàêèõ êëàñiâ
âåêòîðiâ ìîæíà ðîçâèíóòè îïåðàòîðíèé ïiäõiä äî îòðèìàííÿ íåðiâíîñòåé òè-
ïó Äæåêñîíà i Áåðíøòåéíà, ÿêi äàþòü îöiíêè íàéêðàùèõ íàáëèæåíü ðiçíèìè
êëàñàìè ãëàäêèõ âåêòîðiâ, àñîöiéîâàíèõ ç äàíèì îïåðàòîðîì. Âèêîðèñòîâóþ÷è
ïîíÿòòÿ àïðîêñèìàöiéíîãî ïðîñòîðó, ìîæíà îïèñàòè ïåâíi àíàëîãi¨ ìiæ ïðîñòî-
ðàìè ïîñëiäîâíîñòåé, ôóíêöié i îïåðàòîðiâ, ùî äîçâîëÿ¹, çîêðåìà, îòðèìàòè
ôóíäàìåíòàëüíi òåîðåìè ïðåäñòàâëåííÿ, òðàñôîðìàöi¨, âêëàäåííÿ, êîìïîçèöi¨,
à òàêîæ îòðèìàòè íèçêó ðåçóëüòàòiâ ïðî ðîçïîäië êîåôiöi¹íòiâ Ôóð'¹ i âëàñíèõ
çíà÷åíü îïåðàòîðiâ.

Äîñëiäæåííþ ïðîáëåì òåîði¨ àïðîêñèìàöi¨ ôóíêöié, ïîâ'ÿçàíèõ, çîêðåìà, ç
âèêîðèñòàííÿì ðiçíèõ êëàñiâ àíàëiòè÷íèõ âåêòîðiâ, àñîöiéîâàíèõ ç íåîáìåæå-
íèìè îïåðàòîðàìè, ïðèñâÿ÷åíî ïðàöi òàêèõ âiäîìèõ âiò÷èçíÿíèõ òà çàðóáiæíèõ
â÷åíèõ ÿê: Í. I. Àõi¹çåð, Þ. Ì. Áåðåçàíñüêèé, Ñ. Í. Áåðíøòåéí, Î. Â. Á¹ñîâ,
Ì. Ë. Ãîðáà÷óê, Ð. Ãóäìàí, Ä. Äæåêñîí, Ñ. Äæióëiíi, Ì. Ã. Êðåéí, Ñ. Ã. Êðåéí,
Î. Â. Ëîïóøàíñüêèé, Þ. I. Ëþái÷, Â. I. Ìàöà¹â, Å. Íåëüñîí, Ñ. Ì. Íiêîëüñüêèé,
Ã. Â. Ðàäçi¹âñüêèé, ß. Â. Ðàäèíî, Â. Â. Ñàâ÷óê, Î. Á. Ñêàñêiâ, Ñ. Ë. Ñîáîë¹â,
Ñ. Á. Ñò¹÷êií, À. Ô. Òiìàí, Ï. Ë. Óëüÿíîâ òà ií.

Íåçâàæàþ÷è íà çíà÷íi äîñÿãíåííÿ ó íàïðÿìêó ðîçâèòêó òåîði¨ àïðîêñè-
ìàöi¨ ôóíêöié, öÿ òåìàòèêà é íàäàëi çàëèøà¹òüñÿ îäíi¹þ ç íàéâàæëèâiøèõ.
Ïðè öüîìó ìîæíà âiäçíà÷èòè áåçóìîâíèé íàóêîâèé iíòåðåñ äî ðîçâèòêó òåîði¨
ñïåêòðàëüíèõ àïðîêñèìàöié, ïîâ'ÿçàíèõ ç íåîáìåæåíèìè îïåðàòîðàìè â àáñòðà-
êòíîìó âèïàäêó i îïåðàòîðàìè äèôåðåíöiþâàííÿ â òåîði¨ ôóíêöié.

Àïðîêñèìàöiéíi ïðîñòîðè äîñi íå ðîçãëÿäàëèñÿ â êîíòåêñòi ¨õ âçà¹ìîçâ'ÿçêó
ç iíòåðïîëÿöiéíèìè øêàëàìè iíâàðiàíòíèõ ïiäïðîñòîðiâ öiëèõ âåêòîðiâ åêñïî-
íåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ, ùî äîçâîëÿ¹, çîêðåìà, õàðàêòåðè-
çóâàòè ñïåêòðàëüíi àïðîêñèìàöi¨ ó áàíàõîâèõ ïðîñòîðàõ, îñêiëüêè äëÿ îïåðà-
òîðiâ ç òî÷êîâèì ñïåêòðîì ïiäïðîñòið öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó
çàìêíåíîãî íåîáìåæåíîãî îïåðàòîðà ñïiâïàäà¹ ç ëiíiéíîþ îáîëîíêîþ éîãî ñïå-
êòðàëüíèõ ïiäïðîñòîðiâ. Âèùåçàçíà÷åíå îáóìîâèëî àêòóàëüíiñòü òåìè äèñåðòà-
öiéíî¨ ðîáîòè, ¨¨ ìåòó òà çàäà÷i.
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Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Äè-
ñåðòàöiéíà ðîáîòà âèêîíàíà â ðàìêàõ íàóêîâî-äîñëiäíèõ äåðæáþäæåòíèõ òåì
�Ðîçðîáêà àíàëiòè÷íèõ ìåòîäiâ ó íåñêií÷åííîâèìiðíîìó êîìïëåêñíîìó àíàëiçi
òà òåîði¨ îïåðàòîðiâ� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0113U000184) i �Ïðîáëåìè
íåëiíiéíîãî àíàëiçó ùîäî ïðîäîâæåííÿ âiäîáðàæåíü, ÿêi íàëåæàòü äî ðiçíèõ
ôóíêöiîíàëüíèõ êëàñiâ íà òîïîëîãi÷íèõ i òîïîëîãi÷íèõ âåêòîðíèõ ïðîñòîðàõ�
(íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0118U000097) êàôåäðè ìàòåìàòè÷íîãî i ôóíêöiî-
íàëüíîãî àíàëiçó ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âà-
ñèëÿ Ñòåôàíèêà�.

Ìåòà i çàäà÷i äîñëiäæåííÿ. Ìåòîþ äèñåðòàöiéíî¨ ðîáîòè ¹ ðîçðîáêà òå-
îði¨ àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç öiëèìè âåêòîðàìè åêñïîíåíöi-
àëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ, ó êîíòåêñòi ñïåêòðàëüíèõ àïðîêñèìàöié
òà õàðàêòåðèçàöi¨ ðiçíèõ êëàñiâ ôóíêöié â òåðìiíàõ ¨õ íàéêðàùèõ íàáëèæåíü
öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó.

Äëÿ äîñÿãíåííÿ öi¹¨ ìåòè ó äèñåðòàöi¨ ïîñòàâëåíi òà âèðiøåíi òàêi çàäà÷i:
� ââåñòè i îïèñàòè íîâi êëàñè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç

öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ;
� âñòàíîâèòè íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâàçiíîðì

àïðîêñèìàöiéíèõ ïðîñòîðiâ, ùî õàðàêòåðèçóþòü íàáëèæåííÿ öiëèìè âåêòîðàìè
åêñïîíåíöiàëüíîãî òèïó òà ñïåêòðàëüíi àïðîêñèìàöi¨ ó âèïàäêó îïåðàòîðiâ ç
òî÷êîâèì ñïåêòðîì;

� âèçíà÷èòè íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó
çàìêíåíîãî íåîáìåæåíîãî îïåðàòîðà ó áàíàõîâîìó ïðîñòîði òà îïèñàòè ¨õ îñíîâ-
íi âëàñòèâîñòi;

� ðîçâèíóòè òåîðiþ iíòåðïîëÿöi¨ ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëü-
íîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ;

� îïèñàòè àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ïîçèòèâíèìè îïåðàòîðà-
ìè ó áàíàõîâèõ ïðîñòîðàõ, òà âñòàíîâèòè ¨õ iíòåðïîëÿöiéíi âëàñòèâîñòi;

� îïèñàòè àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç åëiïòè÷íèìè îïåðàòîðà-
ìè ó ïðîñòîðàõ ôóíêöié, òà âñòàíîâèòè íåðiâíîñòi òèïó Áåðíøòåéíà i Äæå-
êñîíà, ùî õàðàêòåðèçóþòü íàáëèæåííÿ öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî
òèïó;

� ðîçâèíóòè òåîðiþ òåíçîðíèõ äîáóòêiâ ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåí-
öiàëüíîãî òèïó çàìêíåíèõ îïåðàòîðiâ ó áàíàõîâèõ ïðîñòîðàõ;

� ðîçâèíóòè òåîðiþ òåíçîðíèõ äîáóòêiâ àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñî-
öiéîâàíèõ ç íåîáìåæåíèìè îïåðàòîðàìè, òà âñòàíîâèòè íåðiâíîñòi òèïó Áåðí-
øòåéíà i Äæåêñîíà íà òåíçîðíèõ äîáóòêàõ àïðîêñèìàöiéíèõ ïðîñòîðiâ.

Îá'¹êòîì äîñëiäæåííÿ ¹ àïðîêñèìàöiéíi ïðîñòîðè òà öiëi âåêòîðè åêñïî-
íåíöiàëüíîãî òèïó, àñîöiéîâàíi ç íåîáìåæåíèìè îïåðàòîðàìè, ùî äiþòü ó íîð-
ìîâàíèõ ïðîñòîðàõ.
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Ïðåäìåòîì äîñëiäæåííÿ ¹ ñòðóêòóðà i âëàñòèâîñòi àïðîêñèìàöiéíèõ ïðî-
ñòîðiâ, àñîöiéîâàíèõ ç íåîáìåæåíèìè îïåðàòîðàìè, ¨õ çâ'ÿçîê iç iíòåðïîëÿöié-
íèìè ïðîñòîðàìè i ñïåêòðàëüíèìè àïðîêñèìàöiÿìè.

Ìåòîäè äîñëiäæåííÿ. Äëÿ ðîçâ'ÿçàííÿ ïîñòàâëåíèõ çàäà÷ âèêîðèñòàíî
ìåòîäè òåîði¨ ôóíêöié, ôóíêöiîíàëüíîãî àíàëiçó, òåîðiþ iíòåðïîëÿöi¨ ïðîñòî-
ðiâ, ñïåêòðàëüíó òåîðiþ îïåðàòîðiâ, òåîðiþ òîïîëîãi÷íèõ òåíçîðíèõ äîáóòêiâ,
òåîðiþ ðåãóëÿðíèõ i âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Ó äèñåðòàöiéíié ðîáîòi
ñôîðìóëüîâàíî íîâèé íàïðÿì íàóêîâèõ äîñëiäæåíü àïðîêñèìàöiéíèõ ïðîñòîðiâ,
àñîöiéîâàíèõ ç öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðà-
òîðiâ. Ó õîäi äîñëiäæåííÿ âïåðøå îòðèìàíî òàêi íàóêîâi ðåçóëüòàòè:

� ââåäåíî i îïèñàíî íîâi êëàñè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ
ç öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ â íîðìî-
âàíèõ ïðîñòîðàõ òà öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó äëÿ îïåðàòîðiâ
äèôåðåíöiþâàííÿ ó ôóíêöiîíàëüíèõ ïðîñòîðàõ;

� äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâàçiíîðì
àïðîêñèìàöiéíèõ ïðîñòîðiâ ç òî÷íèìè çíà÷åííÿìè êîíñòàíò, ÿêi äàþòü àíàëi-
òè÷íi îöiíêè íàéêðàùèõ íàáëèæåíü öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó
íåîáìåæåíîãî îïåðàòîðà, çîêðåìà, ñïåêòðàëüíèõ àïðîêñèìàöié ó âèïàäêó îïå-
ðàòîðà ç òî÷êîâèì ñïåêòðîì, à ó âèïàäêó îïåðàòîðà äèôåðåíöiþâàííÿ � âiä-
ïîâiäíi îöiíêè íàáëèæåííÿ ôóíêöié àëãåáðà¨÷íèìè i òðèãîíîìåòðè÷íèìè ïîëi-
íîìàìè, öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó;

� âèçíà÷åíî i îïèñàíî íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëü-
íîãî òèïó çàìêíåíîãî íåîáìåæåíîãî îïåðàòîðà ó áàíàõîâîìó ïðîñòîði;

� îïèñàíî iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó
íåîáìåæåíèõ îïåðàòîðiâ, ïîðîäæåíi äiéñíèìè i êîìïëåêñíèì ìåòîäàìè iíòåð-
ïîëÿöi¨, çîêðåìà, ïîçèòèâíèõ îïåðàòîðiâ, à òàêîæ öiëèõ ôóíêöié åêñïîíåíöi-
àëüíîãî òèïó ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â îáìåæåíèõ
îáëàñòÿõ i íà êîìïàêòíèõ ìíîãîâèäàõ, âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëü-
íèõ îïåðàòîðiâ, ùî õàðàêòåðèçóþòüñÿ ñèëüíèì âèðîäæåííÿì êîåôiöi¹íòiâ ïî-
áëèçó ãðàíèöi (i íà íåñêií÷åííîñòi), óçàãàëüíåíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ
Ëåæàíäðà;

� îïèñàíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ïîçèòèâíèìè îïåðàòîðà-
ìè ó áàíàõîâèõ ïðîñòîðàõ, òà âñòàíîâëåíî ¨õ iíòåðïîëÿöiéíi âëàñòèâîñòi;

� îïèñàíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ðåãóëÿðíî åëiïòè÷íèìè
äèôåðåíöiàëüíèìè îïåðàòîðàìè, âèðîäæåíèìè åëiïòè÷íèìè äèôåðåíöiàëüíè-
ìè îïåðàòîðàìè i óçàãàëüíåíèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè Ëåæàíäðà,
òà âñòàíîâëåíî âiäïîâiäíi íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà, ùî õàðàêòå-
ðèçóþòü íàáëèæåííÿ öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó òà êîðåíåâèìè
ôóíêöiÿìè â ïðîñòîðàõ Ëåáåãà;
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� âèçíà÷åíî òåíçîðíi äîáóòêè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíî-
ãî òèïó çàìêíåíèõ îïåðàòîðiâ ó áàíàõîâèõ ïðîñòîðàõ, äîâåäåíî iíòåðïîëÿöiéíi
òåîðåìè äëÿ öèõ ïðîñòîðiâ;

� âèçíà÷åíî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ
ç íåîáìåæåíèìè îïåðàòîðàìè, çîêðåìà, ïîçèòèâíèìè îïåðàòîðàìè, ðåãóëÿðíî
åëiïòè÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè i óçàãàëüíåíèìè äèôåðåíöiàëüíè-
ìè îïåðàòîðàìè Ëåæàíäðà, òà âñòàíîâëåíî ¨õ iíòåðïîëÿöiéíi âëàñòèâîñòi;

� äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà íà òåíçîðíèõ äîáóòêàõ
àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà ç ÿâíèì âèãëÿäîì çàëåæíîñòi êîíñòàíò
âiä ïàðàìåòðiâ òàêèõ ïðîñòîðiâ.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåðòàöié-
íî¨ ðîáîòè ìàþòü òåîðåòè÷íèé õàðàêòåð. Âîíè ìîæóòü áóòè âèêîðèñòàíi ïðè
ðîçâ'ÿçóâàííi ïðèêëàäíèõ çàäà÷ ñïåêòðàëüíî¨ òåîði¨ äèôåðåíöiàëüíèõ îïåðàòî-
ðiâ, à òàêîæ ÿê ìåòîäè àíàëiçó ñèãíàëiâ i ðîçïiçíàâàííÿ îáðàçiâ.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Äèñåðòàöiéíà ðîáîòà ¹ ñàìîñòiéíîþ çà-
âåðøåíîþ íàóêîâîþ ïðàöåþ, ùî ìiñòèòü íîâèé íàïðÿì íàóêîâèõ äîñëiäæåíü
àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç öiëèìè âåêòîðàìè åêñïîíåíöiàëüíî-
ãî òèïó íåîáìåæåíèõ îïåðàòîðiâ, òà öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó
äëÿ îïåðàòîðiâ äèôåðåíöiþâàííÿ, â ìåæàõ ÿêîãî îïèñàíî ñòðóêòóðó i âëàñòè-
âîñòi öèõ ïðîñòîðiâ òà îòðèìàíî îöiíêè íàéêðàùèõ ñïåêòðàëüíèõ àïðîêñèìàöié
â àáñòðàêòíèõ ïðîñòîðàõ òà ïðîñòîðàõ ôóíêöié. Íàóêîâi ïîëîæåííÿ i âèñíîâ-
êè, ÿêi âèíîñÿòüñÿ íà çàõèñò, çäîáóòî àâòîðîì îñîáèñòî òà âèêëàäåíî â éîãî
íàóêîâèõ ïóáëiêàöiÿõ. Ó ïðàöÿõ, ÿêi íàïèñàíî â ñïiâàâòîðñòâi, Î.Â. Ëîïóøàí-
ñüêîìó íàëåæèòü ïîñòàíîâêà çàäà÷, àíàëiç îòðèìàíèõ ðåçóëüòàòiâ òà ó÷àñòü ó
ïiäãîòîâöi ðîáiò äî äðóêó.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ïîëîæåííÿ òà ðåçóëüòàòè
äèñåðòàöi¨ äîïîâiäàëèñÿ òà îáãîâîðþâàëèñÿ íà:

� VIII Áiëîðóñüêié ìàòåìàòè÷íié êîíôåðåíöi¨ (Ìiíñüê, Áiëîðóñü, 19-24 ÷åðâ-
íÿ 2000 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ ç ôóíêöiîíàëüíîãî àíàëiçó (Êè¨â, 22-26 ñåðïíÿ
2001 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ ç ôóíêöiîíàëüíîãî àíàëiçó i éîãî çàñòîñóâàíü,
ïðèñâÿ÷åíié 110-ði÷÷þ ç äíÿ íàðîäæåííÿ Ñòåôàíà Áàíàõà (Ëüâiâ, 28-31 òðàâíÿ
2001 ð.);

� III Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Íåëiíiéíi ïðîáëåìè àíàëiçó�
(Iâàíî-Ôðàíêiâñüê, 9-12 âåðåñíÿ 2003 ð.);

� Êîíôåðåíöi¨ ìîëîäèõ ó÷åíèõ ç ñó÷àñíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè
iì. àêàä. ß.Ñ. Ïiäñòðèãà÷à (Ëüâiâ, 24-26 òðàâíÿ 2004 ð.);

� Ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ iì. Â.ß. Ñêîðîáàãàòüêà (Äðîãî-
áè÷, 27 âåðåñíÿ-1 æîâòíÿ 2004 ð.);
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� Êîíôåðåíöi¨ ìîëîäèõ ó÷åíèõ ç ñó÷àñíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè
iì. àêàä. ß.Ñ. Ïiäñòðèãà÷à (Ëüâiâ, 24-27 òðàâíÿ 2005 ð.);

� XI Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà (Êè¨â, 18-20
òðàâíÿ 2006 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ �Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàí-
íÿ� (×åðíiâöi, 11-14 æîâòíÿ 2006 ð.);

� Ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ iì. Â.ß. Ñêîðîáàãàòüêà (Äðîãî-
áè÷, 24-28 âåðåñíÿ 2007 ð.);

� XII Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà (Êè¨â, 15-17
òðàâíÿ 2008 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ ç àíàëiçó i òîïîëîãi¨ (Ëüâiâ, 27 òðàâíÿ-7 ÷åðâíÿ
2008 ð.);

� IV Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Íåëiíiéíi ïðîáëåìè àíàëiçó�
(Iâàíî-Ôðàíêiâñüê, 10-12 âåðåñíÿ 2008 ð.);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Íåñêií÷åííîâèìiðíèé àíàëiç i òîïî-
ëîãiÿ� (Iâàíî-Ôðàíêiâñüê, 27 òðàâíÿ-1 ÷åðâíÿ 2009 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ äî 100-ði÷÷ÿ Ì.Ì. Áîãîëþáîâà òà 70-ði÷÷ÿ
Ì.I. Íàãíèáiäè (×åðíiâöi, 8-13 ÷åðâíÿ 2009 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ ç ôóíêöiîíàëüíîãî àíàëiçó, ïðèñâÿ÷åíié 90-
ði÷÷þ ç äíÿ íàðîäæåííÿ Â.Å. Ëÿíöå (Ëüâiâ, 17-21 ëèñòîïàäà 2010 ð.);

� Ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ iì. Â.ß. Ñêîðîáàãàòüêà (Äðîãî-
áè÷, 19-23 âåðåñíÿ 2011 ð.);

� XIV Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà (Êè¨â,
19-21 êâiòíÿ 2012 ð.);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨, ïðèñâÿ÷åíié 120-ði÷÷þ ç äíÿ íàðî-
äæåííÿ Ñòåôàíà Áàíàõà (Ëüâiâ, 17-21 âåðåñíÿ 2012 ð.);

� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìîâiðíî-
ñòåé òà ìàòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 25 ëþòîãî-3 áåðåçíÿ 2013 ð.);

� V Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Íåëiíiéíi ïðîáëåìè
àíàëiçó� (Iâàíî-Ôðàíêiâñüê, 19-21 âåðåñíÿ 2013 ð.);

� XVÌiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà (Êè¨â, 15-17
òðàâíÿ 2014 ð.);

� IV Ìiæíàðîäíié ãàíñüêié êîíôåðåíöi¨, ïðèñâÿ÷åíié 135 ði÷íèöi âiä äíÿ
íàðîäæåííÿ Ãàíñà Ãàíà (×åðíiâöi, 30 ÷åðâíÿ-5 ëèïíÿ 2014 ð.);

� Íàóêîâié êîíôåðåíöi¨, ïðèñâÿ÷åíié 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ
Ê.Ì. Ôiøìàíà òà Ì.Ê. Ôàãå (×åðíiâöi, 1-4 ëèïíÿ 2015 ð.);

� Ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ iì. Â.ß. Ñêîðîáàãàòüêà (Äðîãî-
áè÷, 25-28 ñåðïíÿ 2015 ð.);

� XVII Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà (Êè¨â,
19-20 òðàâíÿ 2016 ð.);
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� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìîâiðíî-
ñòåé òà ìàòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 22 ëþòîãî-25 ëþòîãî 2017 ð.);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè ìàòåìàòèêè òà ¨¨
çàñòîñóâàííÿ â ïðèðîäíè÷èõ íàóêàõ i iíôîðìàöiéíèõ òåõíîëîãiÿõ� (×åðíiâöi,
17-19 âåðåñíÿ 2018 ð.);

� êè¨âñüêîìó ñåìiíàði ç ôóíêöiîíàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìàòèêè
ÍÀÍ Óêðà¨íè (Êè¨â, 1 êâiòíÿ 2015 ð., êåðiâíèêè ñåìiíàðó: ä.ô.-ì.í., ïðîô.
Ì. Ë. Ãîðáà÷óê , ä.ô.-ì.í., ïðîô. Þ. Ñ. Ñàìîéëåíêî ó 2015 ð., òåïåð: ä.ô.-ì.í.,
ñò.í.ñï. À. Í. Êî÷óáåé, ä.ô.-ì.í., ïðîô. Þ. Ñ. Ñàìîéëåíêî);

� íàóêîâîìó ñåìiíàði êàôåäðè ìàòåìàòè÷íîãî i ôóíêöiîíàëüíîãî àíàëi-
çó ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíè-
êà� (Iâàíî-Ôðàíêiâñüê, 4 âåðåñíÿ 2019 ð., êåðiâíèê ñåìiíàðó: ä.ô.-ì.í., ïðîô.
À. Â. Çàãîðîäíþê);

� íàóêîâîìó ñåìiíàði êàôåäðè ìàòåìàòè÷íîãî àíàëiçó ×åðíiâåöüêîãî íà-
öiîíàëüíîãî óíiâåðñèòåòó iìåíi Þ. Ôåäüêîâè÷à (×åðíiâöi, 24 âåðåñíÿ 2019 ð.,
êåðiâíèê ñåìiíàðó: ä.ô.-ì.í., ïðîô. Â. Ê. Ìàñëþ÷åíêî);

� íàóêîâîìó ñåìiíàði ç òåîði¨ àíàëiòè÷íèõ ôóíêöié â Ëüâiâñüêîìó íàöiî-
íàëüíîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà (Ëüâiâ, 14 ëèñòîïàäà 2019 ð., êåðiâ-
íèê ñåìiíàðó: ä.ô.-ì.í., ïðîô. Î. Á. Ñêàñêiâ).

Ïóáëiêàöi¨. Ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáîòè îïóáëiêîâàíî ó 58 äðóêîâà-
íèõ íàóêîâèõ ïðàöÿõ, ç ÿêèõ: 29 ñòàòåé [1�3, 5�30] ó âiò÷èçíÿíèõ òà çàêîðäîííèõ
ôàõîâèõ íàóêîâèõ âèäàííÿõ, ç íèõ 12 � ó âèäàííÿõ, ÿêi âêëþ÷åíi äî ìiæíàðî-
äíèõ íàóêîìåòðè÷íèõ áàç Scopus òà/àáî Web of Science Core Collection [7, 14, 16,
19, 20, 22�25, 27, 29, 30], 28 ïóáëiêàöié � çà ìàòåðiàëàìè êîíôåðåíöié [31�58],
1 � ÷àñòèíà êîëåêòèâíî¨ ìîíîãðàôi¨ [4].

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó, ï'ÿ-
òè ðîçäiëiâ, âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë i äîäàòêiâ. Ïîâíèé îáñÿã
ðîáîòè ñòàíîâèòü 335 ñòîðiíîê äðóêîâàíîãî òåêñòó. Ñïèñîê âèêîðèñòàíèõ äæå-
ðåë ñêëàäà¹òüñÿ ç 206 íàéìåíóâàíü i çàéìà¹ 21 ñòîðiíêó. Äîäàòêè çàéìàþòü
11 ñòîðiíîê i ìiñòÿòü ñïèñîê ïóáëiêàöié çà òåìîþ äèñåðòàöi¨ òà âiäîìîñòi ïðî
àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöi¨.

ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äèñåðòàöiéíî¨ ðîáîòè, ñôîðìó-
ëüîâàíî ìåòó, çàâäàííÿ, îá'¹êò i ïðåäìåò äîñëiäæåííÿ, âèñâiòëåíî íàóêîâó íî-
âèçíó îòðèìàíèõ ðåçóëüòàòiâ.

Ó ïåðøîìó ðîçäiëi ðîçãëÿíóòî ñóòü îïåðàòîðíîãî ïiäõîäó äî ïðîáëåì
òåîði¨ íàáëèæåíü ôóíêöié, â ðàìêàõ ÿêî¨, çîêðåìà, ðîçâ'ÿçó¹òüñÿ çàäà÷à íàé-
êðàùîãî íàáëèæåííÿ çàäàíî¨ ôóíêöi¨ àëãåáðà¨÷íèìè i òðèãîíîìåòðè÷íèìè ïî-
ëiíîìàìè, öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó. Â àáñòðàêòíîìó âèïàäêó
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ìà¹ìî âiäïîâiäíó çàäà÷ó íàáëèæåííÿ åëåìåíòiâ ïðîñòîðó àíàëiòè÷íèìè, öiëèìè
òà öiëèìè åêñïîíåíöiàëüíîãî òèïó âåêòîðàìè, àñîöiéîâàíèìè ç íåîáìåæåíèìè
îïåðàòîðàìè.

Ðîçãëÿíóòî îñíîâíi åëåìåíòè òåîði¨ àïðîêñèìàöiéíèõ ïðîñòîðiâ òà íàïðÿì-
êè ¨õ ñó÷àñíèõ óçàãàëüíåíü.

Ïðåäñòàâëåíî äåÿêi íåîáõiäíi âiäîìîñòi ç òåîði¨ iíòåðïîëÿöi¨ ïðîñòîðiâ òà
òåîði¨ êëàñè÷íèõ ïðîñòîðiâ Á¹ñîâà, à òàêîæ ðîçãëÿíóòî çâ'ÿçîê òåîði¨ àïðîêñè-
ìàöiéíèõ ïðîñòîðiâ ç òåîði¹þ iíòåðïîëÿöi¨ ïðîñòîðiâ.

Ó äðóãîìó ðîçäiëi ââåäåíî i îïèñàíî íîâi êëàñè àïðîêñèìàöiéíèõ ïðî-
ñòîðiâ, àñîöiéîâàíèõ ç öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ
îïåðàòîðiâ â áàíàõîâèõ ïðîñòîðàõ, äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæå-
êñîíà â òåðìiíàõ êâàçiíîðì òàêèõ ïðîñòîðiâ ç òî÷íèìè çíà÷åííÿìè êîíñòàíò,
ÿêi äàþòü àíàëiòè÷íi îöiíêè íàéêðàùèõ íàáëèæåíü öiëèìè âåêòîðàìè åêñïî-
íåíöiàëüíîãî òèïó.

Ó êîìïëåêñíîìó áàíàõîâîìó ïðîñòîði (X, ∥ · ∥) ðîçãëÿäà¹ìî çàìêíåíèé
íåîáìåæåíèé îïåðàòîð A : C1(A) ⊂ X −→ X ç ùiëüíîþ îáëàñòþ âèçíà÷åííÿ
C1(A). Ïîçíà÷èìî Ck+1(A) =

{
x ∈ Ck(A) : Akx ∈ C1(A)

}
, k ∈ N0, N0 = N ∪ {0},

C∞(A) =
∩{

Ck(A) : k ∈ N0

}
.

Íåõàé 0 < ν < ∞ i 1 ≤ p ≤ ∞. Âèçíà÷èìî íîðìîâàíi ïðîñòîðè

Eν
p (A) := Eν

p (A,X) :=
{
x ∈ C∞(A) : ∥x∥Eν

p (A)
< ∞

}
,

∥x∥Eν
p (A)

=


( ∑

k∈N0

∥∥(A/ν)kx∥∥p)1/p

, 1 ≤ p < ∞,

sup
k∈N0

∥∥(A/ν)kx∥∥ , p = ∞.

Åëåìåíòè ïðîñòîðiâ Eν
p (A) íàçèâàþòü öiëèìè âåêòîðàìè åêñïîíåíöiàëüíî-

ãî òèïó îïåðàòîðà A i íàñòóïíà òåîðåìà âñòàíîâëþ¹ äåÿêi âëàñòèâîñòi òàêèõ
ïðîñòîðiâ.

Òåîðåìà 2.1. (i) Âèêîíóþòüñÿ íåïåðåðâíi âêëàäåííÿ

Eν
p (A) ⊂ Eτ

p (A) ⊂ Eτ
∞(A) ⊂ X äëÿ τ > ν.

(ii) Ïðîñòið Eν
p (A) iíâàðiàíòíèé âiäíîñíî îïåðàòîðà A i çâóæåííÿ Aν :=

A|Eν
p (A)

¹ îáìåæåíèé îïåðàòîð â Eν
p (A) ç íîðìîþ ∥Aν∥Eν

p
≤ ν.

(iii) Ñïåêòð îïåðàòîðà A ìà¹ âëàñòèâiñòü σ
(
Aν

)
⊂ σ(A).

(iv) Ïðîñòið Eν
p (A) ïîâíèé.

Ðîçãëÿíåìî ïîñëiäîâíiñòü {xk,ν := (A/ν)kx}k∈N0
i íåõàé {x∗k,ν}k∈N0

� ïîñëi-
äîâíiñòü, ÿêà ñêëàäà¹òüñÿ ç òèõ ñàìèõ åëåìåíòiâ, ðîçìiùåíèõ â ïîðÿäêó íåçðî-
ñòàííÿ íîðì ∥x∗0,ν∥ ≥ ∥x∗1,ν∥ ≥ . . . ≥ ∥x∗k,ν∥ ≥ . . ..
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Äëÿ äîâiëüíèõ ÷èñåë 1 < q < ∞, 1 ≤ p ≤ ∞ âèçíà÷èìî íîðìîâàíi ïðîñòîðè

Eν
q,p(A) := Eν

q,p(A,X) :=
{
x ∈ C∞(A) : ∥x∥Eν

q,p(A)
< ∞

}
,

∥x∥Eν
q,p(A)

=


(∑

k∈N

∥x∗k−1,ν∥pk
p
q−1

)1/p

, 1 ≤ p < ∞,

sup
k∈N

∥x∗k−1,ν∥k
1
q , p = ∞.

Ïðîñòîðè Eν
q,p(A) íàçâåìî ïðîñòîðàìè òèïó Ëîðåíöà öiëèõ âåêòîðiâ åêñ-

ïîíåíöiàëüíîãî òèïó îïåðàòîðà A. Ïðè q = p îòðèìó¹ìî ïðîñòîðè Eν
p,p(A) :=

Eν
p (A). ßêùî q = p = 1 àáî q = p = ∞, òî ïîêëàäåìî Eν

1,1(A) := Eν
1 (A) àáî

Eν
∞,∞(A) := Eν

∞(A), âiäïîâiäíî. Â òàêîìó ñåíñi êàæåìî, ùî ïðîñòîðè Eν
q,p(A)

âèçíà÷åíi äëÿ iíäåêñiâ 1 ≤ q, p ≤ ∞.
Äëÿ ïàðè êâàçiíîðìîâàíèõ ïðîñòîðiâ (X0, | · |X0

), (X1, | · |X1
) i 0 < θ < 1,

1 ≤ q < ∞ iíòåðïîëÿöiéíèé ïðîñòið, ïîðîäæåíèé K-ôóíêöiîíàëîì âèçíà÷à¹-
òüñÿ ÿê

(X0, X1)θ,q =
{
x ∈ X0 +X1 : |x|(X0,X1)θ,q < ∞

}
,

äå |x|(X0,X1)θ,q
=

(∫∞
0

[
t−θK(t, x;X0, X1)

]q
dt/t

)1/q
i K-ôóíêöiîíàë âèçíà÷à¹òüñÿ

ÿê K(t, x;X0, X1) = inf
x=x0+x1

(
|x0|X0

+ t |x1|X1

)
äëÿ âñiõ x0 ∈ X0, x1 ∈ X1 i t > 0.

Òåîðåìà 2.2. (i) ßêùî 1 < q < ∞, 1 ≤ p ≤ ∞, òî âèêîíó¹òüñÿ ðiâíiñòü

(Eν
1 (A), Eν

∞(A))1−1/q,p = Eν
q,p(A).

ßê íàñëiäîê, Eν
q,p(A) ⊂ Eτ

q,p(A) äëÿ âñiõ τ > ν i âèêîíó¹òüñÿ íåïåðåðâíå âêëà-
äåííÿ Eν

q,p(A) ⊂ X.
(ii) Ïðîñòið Eν

q,p(A) ïîâíèé i çâóæåííÿ A|Eν
q,p

¹ îáìåæåíèé îïåðàòîð â

Eν
q,p(A) ç íîðìîþ

∥∥A|Eν
q,p

∥∥ ≤ ν.

Îïåðàòîð A íàçèâà¹òüñÿ îïåðàòîðîì ç òî÷êîâèì ñïåêòðîì, ÿêùî ñïåêòð
σ(A) ñêëàäà¹òüñÿ iç içîëüîâàíèõ òî÷îê {λj}∞j=1, ùî ¹ âëàñíèìè çíà÷åííÿìè, ç
ìîæëèâîþ ¹äèíîþ òî÷êîþ ñêóï÷åííÿ íà íåñêií÷åííîñòi.

Ïîçíà÷èìî ÷åðåç Pν(X) ëiíiéíó îáîëîíêó âñiõ
{
Pλj

(X) : |λj| < ν
}
, äå Pλj

=

(2πi)−1 ∫
γj
(λI−A)−1dλ � ïðîåêòîð Ðiñà i γj � òàêà çàìêíåíà êðèâà, ùî îõîïëþ¹

âëàñíå çíà÷åííÿ λj ∈ σ(Aν) i íå îõîïëþ¹ iíøi òî÷êè ñïåêòðó σ(A).

Òåîðåìà 2.3. Íåõàé A � îïåðàòîð ç òî÷êîâèì ñïåêòðîì. Òîäi äëÿ áóäü-
ÿêèõ ÷èñåë ν > 0 i p (1 ≤ p < ∞) âèêîíó¹òüñÿ ðiâíiñòü

Eν
p (A) = Pν(X).
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Íåõàé A � îïåðàòîð ç òî÷êîâèì ñïåêòðîì, ùî ñêëàäà¹òüñÿ iç içîëüîâàíèõ
âëàñíèõ çíà÷åíü λj, ÿêi ¹ ïîëþñàìè ðåçîëüâåíòè Rλ(A), Rν(A) � ëiíiéíà îáî-
ëîíêà âñiõ êîðåíåâèõ ïiäïðîñòîðiâ Rλj

(A) = {x ∈ C∞(A) : (A − λjI)
rjx = 0},

äëÿ ÿêèõ |λj| < ν (rj � ïîðÿäîê λj ÿê ïîëþñà ðåçîëüâåíòè Rλ(A)). Òîäi äëÿ
áóäü-ÿêèõ ÷èñåë ν > 0 i p (1 ≤ p < ∞) âèêîíó¹òüñÿ ðiâíiñòü

Eν
p (A) = Rν(A). (1)

Íà ïiäïðîñòîði Eq,p(A) :=
∪

ν>0 Eν
q,p(A) âèçíà÷èìî êâàçiíîðìó

|x|Eq,p(A) := ∥x∥+ inf
{
ν > 0: x ∈ Eν

q,p(A)
}
,

â ÿêié ïðîñòið Eq,p(A) ïîâíèé. Ðîçãëÿíåìî ôóíêöiîíàë âèãëÿäó

Eq,p(t, x; Eq,p(A),X) = inf
{
∥x− x0∥ : x0 ∈ Eq,p(A), |x0|Eq,p(A) ≤ t

}
, x ∈ X.

Äëÿ ïàð ÷èñåë {0 < s < ∞, 0 < τ ≤ ∞} àáî {0 ≤ s < ∞, τ = ∞} âèçíà÷è-
ìî øêàëó ïðîñòîðiâ

Bs
q,p,τ(A) := Bs

q,p,τ(A,X) :=
{
x ∈ X : |x|Bs

q,p,τ (A)
< ∞

}
,

|x|Bs
q,p,τ (A)

=

{ (∫∞
0

[
tsEq,p(t, x; Eq,p(A),X)

]τ dt
t

)1/τ
, 0 < τ < ∞,

supt>0 t
sEq,p(t, x; Eq,p(A),X), τ = ∞.

Ïðîñòið Bs
q,p,τ(A), íàäiëåíèé êâàçiíîðìîþ | · |Bs

q,p,τ
, íàçâåìî àïðîêñèìàöiéíèì

ïðîñòîðîì òèïó Á¹ñîâà-Ëîðåíöà, àñîöiéîâàíèì ç îïåðàòîðîì A. Ïðè q = p
îòðèìó¹ìî àïðîêñèìàöiéíi ïðîñòîðè òèïó Á¹ñîâà Bs

p,τ(A).
Íàñòóïíà òåîðåìà âñòàíîâëþ¹ äåÿêi iíòåðïîëÿöiéíi âëàñòèâîñòi âèçíà÷åíèõ

àïðîêñèìàöiéíèõ ïðîñòîðiâ.

Òåîðåìà 2.4. (i) ßêùî [Bs
q,p,τ(A)]

ϑ � ïðîñòið Bs
q,p,τ(A), íàäiëåíèé êâàçi-

íîðìîþ |x|ϑBs
q,p,τ

, x ∈ Bs
q,p,τ(A), òî

[Bs
q,p,τ(A)]

ϑ = (Eq,p(A),X)ϑ,g , ϑ = 1/(s+ 1), τ = gϑ.

(ii) Ïðîñòîðè Bs
q,p,τ(A) ïîâíi.

(iii) ßêùî 0 < τ < ∞, 0 < ϑ < 1, s = (1− ϑ)s0 + ϑs1 i s0 ̸= s1, òî(
Bs0
q,p,τ0

(A), Bs1
q,p,τ1

(A)
)
ϑ,τ

= Bs
q,p,τ(A)

òà iñíóþòü ïîñòiéíi c1,c2, òàêi, ùî

|x|Bs
q,p,τ (A)

≤ c1|x|1−ϑ
Bs0
q,p,τ0(A)

|x|ϑBs1
q,p,τ1(A)

, x ∈ Bs0
q,p,τ0

(A) ∩ Bs1
q,p,τ1

(A),

K
(
t, x;Bs0

q,p,τ0
(A),Bs1

q,p,τ1
(A)

)
≤ c2t

ϑ |x|Bs
q,p,τ (A)

, x ∈ Bs
q,p,τ(A), t > 0.

(iv) ßêùî 0 < τ ≤ ϱ < ∞, òî âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ

Bs
q,p,τ(A) ⊂ Bs

q,p,ϱ(A).
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Ó ïiäðîçäiëi 2.3 äîñëiäæåíî ïðîáëåìó íàáëèæåííÿ çàäàíîãî åëåìåíòà áàíà-
õîâîãî ïðîñòîðó X åëåìåíòàìè A-iíâàðiàíòíèõ ïiäïðîñòîðiâ Eν

q,p(A) öiëèõ âåêòî-
ðiâ åêñïîíåíöiàëüíîãî òèïó ç ôiêñîâàíèìè iíäåêñàìè q i p. Îòðèìàíi ðåçóëüòàòè
ïðåäñòàâëåíî ó âèãëÿäi íåðiâíîñòåé òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ
êâàçiíîðì àïðîêñèìàöiéíèõ ïðîñòîðiâ. Ïðè öüîìó îòðèìàíî ÿâíó çàëåæíiñòü
êîíñòàíò âiä ïàðàìåòðiâ àïðîêñèìàöiéíèõ ïðîñòîðiâ.

Òåîðåìà 2.5. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bs
q,p,τ (A)

≤ cs,τ |x|sEq,p(A)∥x∥, x ∈ Eq,p(A), (2)

tsE(t, x; Eq,p(A),X) ≤ 2s+1Cs,τ |x|Bs
q,p,τ (A), x ∈ Bs

q,p,τ(A), (3)

äå

cs,τ :=

{
κs,τ : τ < ∞
1 : τ = ∞,

Cs,τ :=

{
κ−1
s,τ : τ < ∞

2−s−1 : τ = ∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Êðiì òîãî, äëÿ ôiêñîâàíîãî s ìà¹ìî

lim inf
τ→∞

κs,τ = lim sup
τ→∞

κ−1
s,τ = 1.

Âèçíà÷èìî îá'¹äíàííÿR(A) :=
∪

ν>0Rν(A) iç êâàçiíîðìîþ |x|R(A) = ∥x∥+
inf {ν > 0: x ∈ Rν(A)} . Â ñèëó ðiâíîñòi (1) ìà¹ìî

Ep(A) = R(A), |x|Ep(A) = |x|R(A), x ∈ Ep(A).

ßê íàñëiäîê, íåðiâíîñòi (2) i (3) ìîæíà ïåðåïèñàòè ó âèãëÿäi:

|x|Bs
q,p,τ (A) ≤ cs,τ |x|sR(A)∥x∥, x ∈ R(A),

tsE(t, x;R(A),X) ≤ 2s+1Cs,τ |x|Bs
q,p,τ (A)

, x ∈ Bs
q,p,τ(A).

Íåõàé Sλj
(A) = {x ∈ C∞(A) : (A − λjI)x = 0} � ïiäïðîñòið âëàñíèõ

âåêòîðiâ, ùî âiäïîâiäàþòü âëàñíîìó çíà÷åííþ λj ∈ σ(A), Sν(A) � ëiíiéíà îáî-
ëîíêà âñiõ Sλj

(A) òàêèõ, ùî |λj| = ν, λj ∈ σ(A), Rν(A) � ëiíiéíà îáîëîíêà âñiõ
êîðåíåâèõ ïiäïðîñòîðiâ Rλj

(A), äëÿ ÿêèõ |λj| < ν i Qν(A) = Rν(A)⊕ Sν(A).

Òåîðåìà 2.6. Íåõàé A � îïåðàòîð ç òî÷êîâèì ñïåêòðîì, ùî ñêëàäà¹-
òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü, ÿêi ¹ ïîëþñàìè ðåçîëüâåíòè Rλ(A). Òîäi
âèêîíóþòüñÿ òàêi îöiíêè:

inf
{
∥x− x0∥ : x0 ∈ Rν(A)

}
≤ 2s+1Cs,τ ν

−s |x|Bs
p,τ (A)

,

inf
{
∥x− x0∥ : x0 ∈ (Rν(A),Qν(A))1−1/q,p

}
≤ 2s+1Cs,τ ν

−s |x|Bs
q,p,τ (A)

.
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Ó ïiäðîçäiëi 2.4 ïîêàçàíî çàñòîñóâàííÿ íàâåäåíèõ âèùå àáñòðàêòíèõ ðå-
çóëüòàòiâ äî îòðèìàííÿ íîâèõ ðåçóëüòàòiâ â êëàñè÷íié òåîði¨ àïðîêñèìàöi¨ ôóí-
êöié. Íåõàé A = Dq, äå Dq � çàìèêàííÿ â X = Lq(R) (1 < q ≤ ∞) îïåðàòîðà
äèôåðåíöiþâàííÿ. Ó öüîìó âèïàäêó ìà¹ìî

Eν
∞(Dq) =

{
u ∈ C∞(Dq) : ∥u∥Eν

∞(Dq) < ∞
}
,

äå ∥u∥Eν
∞(Dq) = supk∈N0

∥∥(Dq/ν)
ku
∥∥
Lq(R)

, E∞(Dq) =
∪

ν>0 Eν
∞(Dq).

Ðîçãëÿíåìî ïðîñòið Mν
q öiëèõ êîìïëåêñíèõ ôóíêöié U : C ∋ ξ + iη −→

U(ξ + iη) åêñïîíåíöiàëüíîãî òèïó ν > 0, ùî íàëåæàòü Lq(R) ïðè η = 0. Ïîçíà-
÷èìî Mq =

∪
ν>0M

ν
q . Âèçíà÷èìî íà Mq êâàçiíîðìó

|u|Mq
= ∥u∥Lq(R) + sup

{
|ζ| : ζ ∈ suppFu

}
, u ∈ Mq,

äå suppFu � íîñié ïåðåòâîðåííÿ Ôóð'¹ Fu ôóíêöi¨ u ∈ Mq.
Äëÿ ÷èñåë {0 < s < ∞, 0 < τ ≤ ∞} àáî {0 ≤ s < ∞, τ = ∞} i 1 < q ≤ ∞

ïîçíà÷èìî ÷åðåç Bs
q,τ(R) êëàñè÷íèé ïðîñòið Á¹ñîâà ç íîðìîþ ∥ · ∥Bs

q,τ (R).

Òåîðåìà 2.7. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

∥u∥Bs
q,τ (R) ≤ cs,τ |u|sMq

∥u∥Lq(R), u ∈ Mq,

d∞(ν, u) ≤ 2s+1Cs,τ ν
−s ∥u∥Bs

q,τ (R), u ∈ Bs
q,τ(R),

äå d∞(ν, u) = inf
{
∥u− v∥Lq(R) : v ∈ Eν

∞(Dq)
}

= inf
{
∥u− v∥Lq(R) : v ∈ Mν

q

}
, à

ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.5.

Ó òðåòüîìó ðîçäiëi ðîçâèíåíî òåîðiþ iíòåðïîëÿöi¨ ïðîñòîðiâ öiëèõ âå-
êòîðiâ åêñïîíåíöiàëüíîãî òèïó, àñîöiéîâàíèõ ç íåîáìåæåíèìè îïåðàòîðàìè ó
áàíàõîâèõ ïðîñòîðàõ, ó êîíòåêñòi ¨¨ çàñòîñóâàíü â òåîði¨ íàáëèæåíü ôóíêöié,
çîêðåìà, ñïåêòðàëüíèõ àïðîêñèìàöié ðiçíèìè êëàñàìè ôóíêöié â òåðìiíàõ ¨õ
íàéêðàùèõ íàáëèæåíü ó ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Ó ïiäðîçäiëi 3.1 âèçíà÷åíî i âñòàíîâëåíî îñíîâíi âëàñòèâîñòi iíòåðïîëÿöié-
íèõ ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíîãî îïåðàòîðà,
ïîðîäæåíèõ äiéñíèìè ìåòîäàìè iíòåðïîëÿöi¨.

Òåîðåìà 3.1. Íåõàé 1 ≤ p, p0, p1 ≤ ∞, 0 < ν0, ν1 < ∞, ν0 ̸= ν1. Òîäi ïðè
ν = ν1−θ

0 νθ1 âèêîíó¹òüñÿ ðiâíiñòü(
Eν0
p0
(A), Eν1

p1
(A)

)
θ,p

= Eν
p (A).

Òåîðåìà 3.2. Íåõàé 0 < ν < ∞, 0 < θ < 1, 1 < q0, q1 < ∞, q0 ̸= q1 i
1 ≤ p, p0, p1 ≤ ∞. Òîäi âèêîíó¹òüñÿ ðiâíiñòü(

Eν
q0,p0

(A), Eν
q1,p1

(A)
)
θ,p

= Eν
q,p(A), äå

1

q
=

1− θ

q0
+

θ

q1
.
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Íåõàé 0 < ν < ∞, 1 ≤ p ≤ ∞ i m ∈ N. Ïðèïóñòèìî, ùî 0 ∈ ρ(A) i ïîçíà-
÷èìî ÷åðåç Cm := Cm(A) (m ∈ N) îáëàñòü âèçíà÷åííÿ îïåðàòîðà Am ç íîðìîþ
∥x∥Cm = ∥Amx∥ äëÿ x ∈ Cm. Âèçíà÷èìî íîðìîâàíi ïðîñòîðè

Eν
p (Cm) := Eν

p (Cm,X) :=
{
x ∈ C∞(A) : ∥x∥Eν,m

p
< ∞

}
,

∥x∥Eν,m
p

=


( ∑

k∈N0

∥∥(A/ν)kx∥∥pCm

)1/p

, 1 ≤ p < ∞,

sup
k∈N0

∥∥(A/ν)kx∥∥Cm , p = ∞.

Òåîðåìà 3.3. Íåõàé 1 ≤ p, p0, p1 ≤ ∞, 0 < ν0, ν1 < ∞, ν0 ̸= ν1. Òîäi ïðè
ν = ν1−θ

0 νθ1 âèêîíó¹òüñÿ ðiâíiñòü(
Eν0
p0
(Cm), Eν1

p1
(Cm)

)
θ,p

= Eν
p (Cm).

Äëÿ ÷èñåë 0 < ν < ∞, 1 < q < ∞, 1 ≤ p ≤ ∞ i m ∈ N âèçíà÷èìî ïðîñòîðè

Eν
q,p(Cm) := Eν

q,p(Cm,X) :=
{
x ∈ C∞(A) : ∥x∥Eν,m

q,p
< ∞

}
,

∥x∥Eν,m
q,p

=


(∑

k∈N

∥x∗k−1,ν∥
p
Cmk

p
q−1

)1/p

, 1 ≤ p < ∞,

sup
k∈N

∥x∗k−1,ν∥Cmk
1
q , p = ∞.

Ïðè q = p ïîêëàäåìî Eν
p,p(Cm) := Eν

p (Cm). ßêùî q = p = 1 àáî q = p = ∞, òî
ïîêëàäåìî Eν

1,1(Cm) := Eν
1 (Cm) àáî Eν

∞,∞(Cm) := Eν
∞(Cm), âiäïîâiäíî.

Òåîðåìà 3.4. Íåõàé 0 < ν < ∞, m ∈ N, 1 < q0, q1 < ∞, q0 ̸= q1,
1 ≤ p, p0, p1 ≤ ∞ i 0 < θ < 1. Òîäi âèêîíó¹òüñÿ ðiâíiñòü(

Eν
q0,p0

(Cm), Eν
q1,p1

(Cm)
)
θ,p

= Eν
q,p(Cm), äå

1

q
=

1− θ

q0
+

θ

q1
.

Ó ïiäðîçäiëi 3.2 îïèñàíî iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåí-
öiàëüíîãî òèïó, ïîðîäæåíi êîìïëåêñíèì ìåòîäîì iíòåðïîëÿöi¨.

Íåõàé (X0, ∥ · ∥X0
), (X1, ∥ · ∥X1

) � iíòåðïîëÿöiéíà ïàðà áàíàõîâèõ ïðîñòîðiâ,
S = {z : 0 < Re z < 1} � ñìóãà ó êîìïëåêñíié ïëîùèíi, S̄ � ¨¨ çàìèêàííÿ.
Ïîçíà÷èìî ÷åðåç F (X0,X1) ïðîñòið X0 + X1� çíà÷íèõ ôóíêöié, íåïåðåðâíèõ â
çàìèêàííi S̄ i àíàëiòè÷íèõ â S, òàêèõ, ùî

sup
z∈S̄

∥f(z)∥X0+X1
< ∞,

f(j + it) ∈ Xj, j = 0, 1, −∞ < t < ∞,

f(j + it) íåïåðåðâíà ÿê Xj � çíà÷íà ôóíêöiÿ âiä t, j = 0, 1,

∥f∥F(X0,X1) = max
j=0,1

(
sup
t

∥f(j + it)∥Xj

)
< ∞.
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Íåõàé 0 < ν0, ν1 < ∞, 1 ≤ p0, p1 ≤ ∞. Äëÿ 0 < θ < 1 âèçíà÷èìî iíòåðïî-
ëÿöiéíèé ïðîñòið[

Eν0
p0
(A), Eν1

p1
(A)

]
θ

=
{
x ∈ Eν0

p0
(A) + Eν1

p1
(A) :

∃ f(z) ∈ F
(
Eν0
p0
(A), Eν1

p1
(A)

)
, f(θ) = x

}
ç íîðìîþ ∥x∥[Eν0

p0 (A), E
ν1
p1 (A)]θ

= inf
f(θ)=x

∥f(z)∥F(Eν0
p0 (A), E

ν1
p1 (A))

, äå inf áåðåòüñÿ ïî âñiõ

f ∈ F
(
Eν0
p0
(A), Eν1

p1
(A)

)
, òàêèõ, ùî f(θ) = x.

Òåîðåìà 3.5. Íåõàé 1 ≤ p0, p1 < ∞, 0 < ν0, ν1 < ∞, ν0 ̸= ν1. Òîäi ïðè
ν = ν1−θ

0 νθ1 i 1/p = (1− θ)/p0 + θ/p1 âèêîíó¹òüñÿ ðiâíiñòü[
Eν0
p0
(A), Eν1

p1
(A)

]
θ
= Eν

p (A).

Íåõàé 0 < θ < 1, m, r ∈ N i r > m. Âèçíà÷èìî iíòåðïîëÿöiéíèé ïðîñòið

[Cm, Cr]θ =
{
x ∈ Cm + Cr : ∃ f(z) ∈ F

(
Cm, Cr

)
, f(θ) = x

}
,

ç íîðìîþ ∥x∥[Cm,Cr]θ
= inf

f(θ)=x
∥f(z)∥F(Cm,Cr), äå inf áåðåòüñÿ ïî âñiõ f ∈ F

(
Cm, Cr

)
,

òàêèõ, ùî f(θ) = x. Äëÿ 0 < ν < ∞ i 1 ≤ p ≤ ∞ âèçíà÷èìî ïðîñòið

Eν
p

(
[Cm, Cr]θ

)
:=

{
x ∈ [Cm, Cr]θ : ∥x∥Eν,[m,r]

p,θ
< ∞

}
,

∥x∥Eν,[m,r]
p,θ

=


( ∑

k∈N0

∥∥(A/ν)kx∥∥p
[Cm, Cr]θ

)1/p

, p < ∞,

sup
k∈N0

∥∥(A/ν)kx∥∥
[Cm, Cr]θ

, p = ∞.

Âèçíà÷èìî òàêîæ iíòåðïîëÿöiéíèé ïðîñòið[
Eν
p0
(Cm), Eν

p1
(Cr)

]
θ

=
{
x ∈ Eν

p0
(Cm) + Eν

p1
(Cr) :

∃ f(z) ∈ F
(
Eν
p0
(Cm), Eν

p1
(Cr)

)
, f(θ) = x

}
ç íîðìîþ ∥x∥[Eν

p0
(Cm), Eν

p1
(Cr)]

θ

= inf
f(θ)=x

∥f(z)∥F(Eν
p0
(Cm), Eν

p1
(Cr)), äå inf áåðåòüñÿ ïî

âñiõ f ∈ F
(
Eν
p0
(Cm), Eν

p1
(Cr)

)
, òàêèõ, ùî f(θ) = x.

Òåîðåìà 3.6. Äëÿ 1 ≤ p0, p1 < ∞ i 1/p = (1− θ)/p0 + θ/p1 âèêîíó¹òüñÿ
ðiâíiñòü [

Eν
p0
(Cm), Eν

p1
(Cr)

]
θ
= Eν

p ([Cm, Cr]θ) .

Ó ïiäðîçäiëi 3.3 ââåäåíî íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöi-
àëüíîãî òèïó êîìïëåêñíèõ ñòåïåíiâ ïîçèòèâíèõ îïåðàòîðiâ òà âñòàíîâëåíî ¨õ
iíòåðïîëÿöiéíi âëàñòèâîñòi.
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Îïåðàòîð A íàçèâà¹òüñÿ ïîçèòèâíèì, ÿêùî iíòåðâàë (−∞, 0] íàëåæèòü éî-

ãî ðåçîëüâåíòíié ìíîæèíi òà iñíó¹ òàêå ÷èñëî c > 0, ùî ∥(A−λI)−1∥ ≤ c

1 + |λ|
,

λ ∈ (−∞, 0].
Íåõàé A � ïîçèòèâíèé îïåðàòîð â X, m, k ∈ Z, m ≥ 0, 0 < σ < k.

Äëÿ êîìïëåêñíèõ ÷èñåë α òàêèõ, ùî −m < Reα ≤ σ − m, i âñiõ åëåìåíòiâ
x ∈

(
X, Ck

)
σ/k,1

âèçíà÷èìî iíòåãðàë

Aα
σx =

Γ(k)

Γ(α +m)Γ(k −m− α)

∫ ∞

0

tα+m−1Ak−m(A+ tI)−kx dt.

Äðîáîâà ñòåïiíü Aα ïîçèòèâíîãî îïåðàòîðà A âèçíà÷à¹òüñÿ ÿê çàìèêàííÿ îïå-
ðàòîðà Aα

σ . Äëÿ ÷èñåë 1 < q < ∞, 1 ≤ p ≤ ∞ âèçíà÷èìî ïðîñòîðè

Eν
q,p(Cα) := Eν

q,p(Cα,X) =
{
x ∈ C∞(A) : ∥x∥Eν,α

q,p
< ∞

}
,

∥x∥Eν,α
q,p

=


(∑

k∈N

∥x∗k−1,ν∥
p
Cαk

p
q−1

)1/p

, 1 ≤ p < ∞,

sup
k∈N

∥x∗k−1,ν∥Cαk
1
q , p = ∞.

Äëÿ 1 ≤ p, q ≤ ∞, α, β ∈ C i 0 ≤ Reα < Re β < ∞ âèçíà÷èìî òàêîæ
ïðîñòîðè

Eν
p

(
(Cα, Cβ)θ,q

)
=

{
x ∈ C∞(A) : ∥x∥Eν,(α,β)

p,q,θ
< ∞

}
,

∥x∥Eν,(α,β)
p,q,θ

=


( ∑

k∈N0

∥∥(A/ν)kx∥∥p
(Cα, Cβ)θ,q

)1/p

, p < ∞,

sup
k∈N0

∥∥(A/ν)kx∥∥
(Cα, Cβ)θ,q

, p = ∞,

Eν
p

( [
Cα, Cβ

]
θ

)
=

{
x ∈

[
Cα, Cβ

]
θ
: ∥x∥Eν,[α,β]

p,θ
< ∞

}
,

∥x∥Eν,[α,β]
p,θ

=


( ∑

k∈N0

∥∥(A/ν)kx∥∥p
[Cα, Cβ ]θ

)1/p

, p < ∞,

sup
k∈N0

∥∥(A/ν)kx∥∥
[Cα, Cβ ]θ

, p = ∞.

Òåîðåìà 3.7. Íåõàé 0 < θ < 1, α, β ∈ C, 0 ≤ Reα < Re β < ∞,
1 ≤ p ≤ ∞. Òîäi

(Eν
1 (Cα), Eν

∞(Cα))θ,p = Eν
1/(1−θ),p(Cα).

ßêùî iñíóþòü äîäàòíi ÷èñëà ε i M , òàêi, ùî Ait � îáìåæåíèé îïåðàòîð
ïðè −ε ≤ t ≤ ε i ∥Ait∥ ≤ M , òî

Eν
p

( [
Cα, Cβ

]
θ

)
= Eν

p

(
Cα(1−θ)+βθ

)
.
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ßêùî 0 < ν0, ν1 < ∞, ν0 ̸= ν1 i 1 ≤ p0, p1 ≤ ∞, òî ïðè ν = ν1−θ
0 νθ1

âèêîíó¹òüñÿ ðiâíiñòü (
Eν0
p0
(Cα), Eν1

p1
(Cα)

)
θ,p

= Eν
p (Cα),

à ïðè 1 ≤ p0, p1 < ∞, òàêèõ, ùî 1/p = (1− θ)/p0 + θ/p1(
Eν
p0
(Cα), Eν

p1
(Cβ)

)
θ,p

= Eν
p

(
(Cα, Cβ)θ,p

)
,[

Eν0
p0
(Cα), Eν1

p1
(Cα)

]
θ
= Eν

p (Cα),
[
Eν
p0
(Cα), Eν

p1
(Cβ)

]
θ
= Eν

p

([
Cα, Cβ

]
θ

)
.

Íà ïiäïðîñòîði Eq,p(Cα) :=
∪

ν>0 Eν
q,p(Cα) âèçíà÷èìî êâàçiíîðìó |x|Eα

q,p
:=

∥x∥Cα + inf
{
ν > 0: x ∈ Eν

q,p(Cα)
}
i ðîçãëÿíåìî ôóíêöiîíàë âèãëÿäó

Eα
q,p(t, x) = inf

{
∥x− x0∥Cα : x0 ∈ Eq,p(Cα), |x0|Eα

q,p
≤ t

}
, x ∈ Cα.

Äëÿ ïàð ÷èñåë {0 < s < ∞, 0 < τ ≤ ∞} àáî {0 ≤ s < ∞, τ = ∞} âèçíà÷è-
ìî øêàëó ïðîñòîðiâ

Bs
q,p,τ(Cα) := Bs

q,p,τ(Cα,X) :=
{
x ∈ Cα : |x|Bs,α

q,p,τ
< ∞

}
,

|x|Bs,α
q,p,τ

=


(∫ ∞

0

[
tsEα

q,p(t, x)
]τ dt

t

)1/τ

, 0 < τ < ∞,

supt>0 t
sEα

q,p(t, x), τ = ∞.

ßêùî q = p, òî Bs
p,p,τ(Cα) := Bs

p,τ(Cα).

Òåîðåìà 3.8. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bs,α
q,p,τ

≤ cs,τ |x|sEα
q,p
∥x∥Cα, x ∈ Eq,p(Cα),

dαq,p(ν, x) ≤ 2s+1Cs,τ ν
−s |x|Bs,α

q,p,τ
, x ∈ Bs

q,p,τ(Cα),

äå dαq,p(ν, x) = inf
{
∥x− x0∥Cα : x0 ∈ Eν

q,p(Cα)
}
, ν > 0 i ïîñòiéíi cs,τ , Cs,τ ç òå-

îðåìè 2.5.

Òåîðåìà 3.9. Íåõàé A � ïîçèòèâíèé îïåðàòîð ç òî÷êîâèì ñïåêòðîì,
ùî ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü λj ∈ σ(A), ÿêi ¹ ïîëþñàìè ðå-
çîëüâåíòè Rλ(A), i êîðåíåâi ïiäïðîñòîðè Rλj

(A) ¹ ñêií÷åííîâèìiðíèìè. Íåõàé
α ∈ C, m,n ∈ N, ïðè÷îìó α = m(1 − θ) + nθ i 0 < θ < 1. Òîäi âèêîíó¹òüñÿ
òàêà îöiíêà

inf
{
∥x− x0∥Cα : x0 ∈ Rν,m,n(A)

}
≤ cs,τ ν

−s |x|Bs,α
p,τ
, x ∈ Bs

p,τ(Cα),

äå Rν,m,n(A) = span
{
Rλj

(A) : |λj| < min
(
ν

1
m+1 , ν

1
n+1

)}
.

Íåõàé 1 < q < ∞, 1 ≤ p ≤ ∞ i Qν,m,n(A) = Rν,m,n(A)
∪
Sν,m,n(A), äå

Sν,m,n(A) � ëiíiéíà îáîëîíêà âñiõ Sλj
(A), òàêèõ, ùî |λj| = min

(
ν

1
m+1 , ν

1
n+1

)
,

λj ∈ σ(A). Òîäi äëÿ âñiõ x ∈ Bs
q,p,τ(Cα)

inf
{
∥x− x0∥Cα : x0 ∈ (Rν,m,n(A),Qν,m,n(A))1−1/q,p

}
≤ 2s+1Cs,τν

−s|x|Bs,α
q,p,τ

,
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äå (Rν,m,n(A),Qν,m,n(A))1−1/q,p � iíòåðïîëÿöiéíèé ïðîñòið ìiæ ïðîñòîðàìè
Rν,m,n(A) i Qν,m,n(A), ïðè÷îìó ∥·∥Rν,m,n(A) := ∥·∥Eν

1 (Cα), ∥·∥Qν,m,n(A) := ∥·∥Eν
∞(Cα).

Ó ÷åòâåðòîìó ðîçäiëi îïèñàíî ôóíêöiîíàëüíi ïðîñòîðè âåêòîðiâ åêñïî-
íåíöiàëüíîãî òèïó, àñîöiéîâàíèõ ç åëiïòè÷íèìè îïåðàòîðàìè, à òàêîæ äîâåäåíî
âiäïîâiäíi íåðiâíîñòi Áåðíøòåéíà i Äæåêñîíà ç òî÷íèìè îöiíêàìè íàéêðàùèõ
íàáëèæåíü êîðåíåâèìè ôóíêöiÿìè òàêèõ îïåðàòîðiâ ó ðiçíèõ ïðîñòîðàõ Ëåáåãà.

Ó ïiäðîçäiëi 4.1 îïèñàíî ïðîñòîðè öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó
ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â îáìåæåíèõ îáëàñòÿõ i
êîìïàêòíèõ ìíîãîâèäàõ êëàñó C∞.

Ó ïðîñòîði Lq(Ω) (1 < q < ∞) êîìïëåêñíèõ ñóìîâíèõ ôóíêöié â îáìåæåíié
îáëàñòi Ω ⊂ Rn ç ãðàíèöåþ ∂Ω êëàñó C∞ ðîçãëÿäà¹ìî ðåãóëÿðíî åëiïòè÷íèé
îïåðàòîð

Au =
∑

|α|≤2m

aα(t)D
αu, aα(t) ∈ C∞(Ω̄), Ω̄ = Ω ∪ ∂Ω, (4)

C1(A) = W 2m
q,{Bj}(Ω) :=

{
u ∈ W 2m

q (Ω) : Bju |∂Ω= 0, j = 1, . . . ,m
}
,

äå W 2m
q (Ω) � ïðîñòið Ñîáîë¹âà, (Bju)(t) =

∑
|α|≤mj

bj,α(t)D
αu(t) � íàáið ãðà-

íè÷íèõ îïåðàòîðiâ, bj,α(t) ∈ C∞(∂Ω), j = 1, . . . ,m; Dαu =
∂|α|u

∂tα1
1 . . . ∂tαn

n
, |α| =

α1 + . . .+ αn äëÿ âñiõ α = (α1, . . . , αn) ∈ Nn
0 .

Âèçíà÷èìî ïðîñòið Eν
q (D) =

{
u ∈ C∞(Ω̄) : Dαu ∈ Lq(Ω), |α| = k ∈ N0

}
ç íîðìîþ ∥u∥Eν

q (D) =
(∑

k∈N0

∑
|α|=k ν

−qk∥Dαu∥qLq(Ω)

)1/q

i îá'¹äíàííÿ Eq(D) =∪
ν>0 Eν

q (D).

Òåîðåìà 4.1. Íåõàé ðåçîëüâåíòíà ìíîæèíà ρ(A) îïåðàòîðà A, âèçíà÷å-
íîãî ðiâíiñòþ (4), íåïîðîæíÿ. Òîäi äëÿ áóäü-ÿêîãî 1 < q < ∞ âèêîíó¹òüñÿ
ðiâíiñòü

Eq(A) =
{
u ∈ Eq(D) : BjA

ku |∂Ω= 0, j = 1, . . . ,m, k ∈ N0

}
.

Ðîçãëÿäà¹ìî ∂Ω ÿê ãëàäêèé ìíîãîâèä ç ëîêàëüíèìè êàðòàìè Ul

(l = 1, . . . , N), ÿêi ïîêðèâàþòü ∂Ω. Ïîçíà÷èìî C∞(Ul) ïðîñòið íåñêií÷åííî äè-
ôåðåíöiéîâíèõ êîìïëåêñíèõ ôóíêöié íà Ul. Ëîêàëüíi êîîðäèíàòè
yl = (yl1, . . . , y

l
n−1) íà ∂Ω âèçíà÷àþòüñÿ âiäîáðàæåííÿìè yl : Ul → Rn−1 ç îáåð-

íåíèìè y−l. Íåõàé C∞(∂Ω) � ïðîñòið ôóíêöié u íà ∂Ω, òàêèõ, ùî u(yl) =
u ◦ y−l ∈ C∞(yl(Ul)).

Íåõàé äèôåðåíöiàëüíèé îïåðàòîð L ïîðÿäêó 2m â ëîêàëüíèõ êîîðäèíàòàõ
yl = (yl1, . . . , y

l
n−1) ìà¹ âèãëÿä

Lu(yl) =
∑

|α|≤2m

aα(y
l)Dα(u ◦ y−l), aα ∈ C∞(yl(Ul)), u ∈ C∞(∂Ω), (5)



17

äå aα(yl) ∈ R äëÿ |α| = 2m i (−1)m
∑

|α|=2m aα(y
l) ξα ≥ c |ξ|2m äëÿ âñiõ ξ ∈ Rn−1;

|α| = α1 + . . .+ αn−1, αi ∈ N0 (i = 1, . . . , n− 1).
Âèêîðèñòîâóþ÷è âiäîáðàæåííÿ δyl : C

∞(yl(Ul)) → C∞(Ul) ç δyl(v) := v ◦
yl i ôiêñîâàíó êàðòó Ul, âèçíà÷èìî Lyl : C

∞(yl(Ul)) → C∞(yl(Ul)) ç Lyl :=
δ−1
yl

◦ L ◦ δyl äëÿ âñiõ v ∈ C∞(yl(Ul)). Òîäi äiÿ L íà u ∈ C∞(∂Ω) â ëîêàëüíèõ

êîîðäèíàòàõ yl = (yl1, . . . , y
l
n−1) âèçíà÷à¹òüñÿ ÿê Lu(yl) = Lyl(u ◦ y−l).

Ïðèïóñòèìî, ùî îïåðàòîð L ç îáëàñòþ âèçíà÷åííÿ C1(L) = C∞(∂Ω) ¹
ñèìåòðè÷íèé â L2(∂Ω). Éîãî çàìèêàííÿ A ìà¹ äèñêðåòíèé ñïåêòð i Ck(A) =
W 2mk

2 (∂Ω) � ïðîñòið Ñîáîë¹âà.
Ðîçãëÿíåìî â L2(∂Ω) ïiäïðîñòiðMν

2(∂Ω) ôóíêöié u, òàêèõ, ùî êîæíà êîì-
ïîçèöiÿ (u ◦ y−l)(ξ), ξ ∈ yl(Ul) ñïiâïàäà¹ çi çâóæåííÿì äî yl(Ul) öiëî¨ àíàëiòè-
÷íî¨ ôóíêöi¨ ũ(ξ + iη), ξ + iη ∈ Cn−1 åêñïîíåíöiàëüíîãî òèïó ν > 0. Íåõàé ïðî-
ñòið M2(∂Ω) =

∪
ν>0Mν

2(∂Ω) íàäiëåíèé êâàçiíîðìîþ |u|M2(∂Ω) := ∥u∥L2(∂Ω) +
inf {ν > 0: u ∈ Mν

2(∂Ω)}. Äëÿ ν > 0 âèçíà÷èìî ïðîñòið

Hν
2(∂Ω) =

{
u ∈ C∞(∂Ω): ∥u∥Hν

2(∂Ω)
< ∞

}
,

äå ∥u∥Hν
2(∂Ω)

=
(∑

k∈N0
ν−2k∥u∥2

W k
2 (∂Ω)

)1/2

, ∥u∥2
W k

2 (∂Ω)
=

∑N
l=1 ∥u∥

2
W k

2 (y
l(Ul))

,

∥u∥W k
2 (y

l(Ul))
= inf ũ|yl(Ul)

=u◦y−l

ũ∈W k
2 (Rn−1)

∥ũ∥W k
2 (Rn−1). Íà îá'¹äíàííi H2(∂Ω) =

∪
ν>0Hν

2(∂Ω)

çàäàìî êâàçiíîðìó |u|H2(∂Ω) = ∥u∥L2(∂Ω) + inf {ν > 0: u ∈ Hν
2(∂Ω)} .

Òåîðåìà 4.2. Âèêîíóþòüñÿ òàêi ðiâíîñòi:

E2(A) = H2(∂Ω), E2(A) = M2(∂Ω).

Ó ïiäðîçäiëi 4.2 íàâåäåíî íîâi îçíàêè ïîâíîòè ìíîæèíè êîðåíåâèõ âåêòîðiâ
ðåãóëÿðíî åëiïòè÷íîãî îïåðàòîðà â ïðîñòîðàõ Lp(Ω) (1 < p < ∞), äå Ω ⊂ Rn

� îáìåæåíà îáëàñòü êëàñó C∞.
Ïîçíà÷èìî {λi(R)}ν(R)

1 ïîñëiäîâíiñòü, ùî ñêëàäà¹òüñÿ iç âñiõ íåíóëüîâèõ
âëàñíèõ ÷èñåë ðåçîëüâåíòè Rλ(A) îïåðàòîðà A, ïðîíóìåðîâàíèõ ó ïîðÿäêó ñïà-
äàííÿ ìîäóëiâ, ïðè÷îìó ïðè íóìåðàöi¨ êîæíå âëàñíå ÷èñëî ðàõó¹òüñÿ ñòiëüêè
ðàçiâ, ÿêà éîãî àëãåáðà¨÷íà êðàòíiñòü; ν(R)� ñóìà àëãåáðà¨÷íèõ êðàòíîñòåé
âñiõ íåíóëüîâèõ âëàñíèõ ÷èñåë îïåðàòîðà Rλ(A).

Íåõàé RR =
1

2
[Rλ(A) +Rλ(A)

∗], RJ =
1

2i
[Rλ(A)−Rλ(A)

∗]� åðìiòîâi êîì-

ïîíåíòè îïåðàòîðà Rλ(A) â ãiëüáåðòîâîìó ïðîñòîði L2(Ω). Íåõàé S ∈ L[L2(Ω)]
� êîìïàêòíèé îïåðàòîð, R(K) � îáðàç îïåðàòîðà K ∈ L[L2(Ω)], an(S) =
infdimR(K)≤n ∥S − K∥ (n ∈ N0) � àïðîêñèìàöiéíi ÷èñëà. ×åðåç S1 ïîçíà÷è-

ìî íîðìîâàíèé iäåàë êîìïàêòíèõ îïåðàòîðiâ S1 =
{
S ∈ L[L2(Ω)], ∥S∥S1

=∑∞
j=1 aj(S) < ∞

}
.
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Òåîðåìà 4.3. Íåõàé Rλ(A) � äèñèïàòèâíèé îïåðàòîð â L2(Ω) ç óÿâíîþ
êîìïîíåíòîþ RJ ∈ S1 i âèêîíó¹òüñÿ îäíà iç òàêèõ óìîâ:

(i)

ν(R)∑
i=1

|Imλi(R)| = ∥RJ ∥S1
,

(ii) lim
n→∞

nan(Rλ(A)) = 0,

(iii) lim
τ→∞

n+(τ, RR)

τ
= 0 àáî lim

τ→∞

n−(τ, RR)

τ
= 0,

äå n±(τ, RR) � êiëüêiñòü õàðàêòåðèñòè÷íèõ ÷èñåë êîìïîíåíòè RR âiäïîâiäíî
â iíòåðâàëàõ [0, τ ] i [−τ, 0]. Òîäi ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹
ïîâíîþ â ïðîñòîði Lp(Ω) (1 < p < ∞).

Íåõàé θR � ðîçõèë êóòà ç âåðøèíîþ â ïî÷àòêó êîîðäèíàò, ç ÿêèì ñïiâïàäà¹
çàìèêàííÿ ìíîæèíè âñiõ çíà÷åíü (Rλ(A)u, u), u ∈ L2(Ω).

Òåîðåìà 4.4. Íåõàé âèêîíó¹òüñÿ îäíà iç òàêèõ óìîâ:

(i) θR =
π

q
, q ≥ 1; an(Rλ(A)) = o(n−1/q), n → ∞;

(ii) θR =
π

q
, q > 1; an([e

iαR]J ) = o(n−1/q), n → ∞,

äëÿ äåÿêîãî α. Òîäi ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹ ïîâíîþ â
ïðîñòîði Lp(Ω) (1 < p < ∞).

Âiäçíà÷èìî òàêîæ, ùî ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹ ïîâíîþ
â ïðîñòîði Lp(Ω) (1 < p < ∞), ÿêùî âèêîíó¹òüñÿ óìîâà ùiëüíîñòi Ep(A) =
Lp(Ω).

Ó ïiäðîçäiëi 4.3 îïèñàíî ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òè-
ïó âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ, ùî õàðàêòåðèçóþòüñÿ
ñèëüíèì âèðîäæåííÿì êîåôiöi¹íòiâ ïîáëèçó ãðàíèöi (i íà íåñêií÷åííîñòi), çâè-
÷àéíèõ âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â îáìåæåíîìó ií-
òåðâàëi òà âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ ç ÷àñòèííèìè
ïîõiäíèìè â îáìåæåíèõ îáëàñòÿõ ç íåñêií÷åííî ãëàäêîþ ãðàíèöåþ.

Íåõàé Ω � äîâiëüíà îáëàñòü â Rn i ρ(t) ∈ C∞(Ω) � äîäàòíà ôóíêöiÿ, òàêà,
ùî:

(i) äëÿ äîâiëüíîãî ìóëüòèiíäåêñó α iñíó¹ òàêå äîäàòíå ÷èñëî cα, ùî

|Dαρ(t)| ≤ cα ρ
1+ |α|(t) äëÿ âñiõ t ∈ Ω;

(ii) äëÿ äîâiëüíîãî äîäàòíîãî ÷èñëà K iñíóþòü ÷èñëà εK > 0 i rK > 0 òàêi,
ùî ρ(t) > K, ÿêùî d(t) ≤ εK àáî |t| ≥ rK , t ∈ Ω (d(t) � âiäñòàíü äî ãðàíèöi
îáëàñòi Ω).
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Ïîçíà÷èìî ÷åðåç Sρ(t)(Ω) ëîêàëüíî îïóêëèé ïðîñòið

Sρ(t)(Ω) =
{
u : u ∈ C∞(Ω), sup

t∈Ω
ρl(t)|Dαu(t)| < ∞

äëÿ âñiõ ìóëüòèiíäåêñiâ α i âñiõ l = 0, 1, 2, . . .
}
.

Íåõàé m ∈ N, ζ, η ∈ R, η > ζ + 2m. Ïîêëàäåìî ℵl =
1
2m (η (2m− l) + ζ l),

l = 0, 1, . . . , 2m i âèçíà÷èìî îïåðàòîð

Au =
m∑
l=0

∑
|α|=2l

ρℵ 2l(t) bα(t)D
αu+

∑
|β|<2m

aβ(t)D
βu, (6)

äå bα(t) ∈ C∞(Ω) (|α| = 2l, l = 0, 1, . . . ,m) � äiéñíi ôóíêöi¨, âñi ïîõiäíi ÿêèõ (i
ñàìi ôóíêöi¨) îáìåæåíi â Ω. Ïåðåäáà÷à¹òüñÿ, ùî iñíó¹ òàêå äîäàòíå ÷èñëî C, ùî
(−1)m

∑
|α|=2m

bα(t) ξ
α ≥ C |ξ|2m , b (0,...,0)(t) ≥ C, (−1)l

∑
|α|=2l

bα(t) ξ
α ≥ 0 äëÿ âñiõ

ξ ∈ Rn, t ∈ Ω i l = 1, . . . ,m − 1. Êðiì öüîãî, aβ(t) ∈ C∞(Ω) (0 ≤ |β| < 2m) òà
iñíó¹ äîäàòíå ÷èñëî δ > 0, òàêå, ùî Dγaβ(ξ) = O ( ρℵ |β|+ |γ| − δ ) äëÿ 0 ≤ |β| < 2m
i âñiõ ìóëüòèiíäåêñiâ γ.

Òåîðåìà 4.5. Íåõàé η > 0, 1 < q < ∞ i ρ−a(t) ∈ L1(Ω) äëÿ äåÿêîãî
a ≥ 0. Äàëi, íåõàé îïåðàòîð A, çàäàíèé ðiâíiñòþ (6), ç îáëàñòþ âèçíà÷åííÿ
W 2m

q (Ω ; ρqζ ; ρqη) äi¹ â ïðîñòîði Lq(Ω). Òîäi äëÿ áóäü-ÿêîãî 0 < ν < ∞ âèêîíó-
¹òüñÿ ðiâíiñòü

Eν
q (A) =

{
u : u ∈ Sρ(t)(Ω),

( ∑
k∈N0

∥∥(A/ν)ku∥∥q
Lq(Ω)

)1/q

< ∞
}
.

Íåõàé −∞ < a < b < ∞, Ω = (a, b) i ôóíêöiÿ p(t) ∈ C∞(Ω̄) òàêà, ùî

p(t) > 0 (t ∈ Ω), 0 < Ca = lim
t↓a

p(t)

t− a
< ∞, 0 < Cb = lim

t↑b

p(t)

b− t
< ∞.

Äëÿ m = 1, 2, . . . i l = 0, 1, . . . ,m ïîêëàäåìî

Am,lu = (−1)m
dm

dtm

(
pl(t)

dmu

dtm

)
, (7)

Bm,lu = Am,lu+
2m−1∑
j=0

bj(t)
dju

dtj
, bj(t) ∈ C∞(Ω̄),

äå C1(Am,l) = C1(Bm,l) = C∞(Ω̄) ïðè s = m i C1(Am,l) = C1(Bm,l) =
{
u ∈

C∞(Ω̄) : u(j)(a) = u(j)(b) = 0, j = 0, . . . ,m− l − 1
}
äëÿ âñiõ l = 0, 1, . . . , m− 1.

Ïðèïóñòèìî òàêîæ, ùî bj(t) = O
(
pl−2m+j+1(t)

)
ïðè t ↓ a i t ↑ b.
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Òåîðåìà 4.6. Äëÿ l = 0, 1, . . . , m− 1 i 0 < ν < ∞

Eν
2 (Ām,l) =

{
u : u ∈ C∞(Ω̄),

( ∑
k∈N0

∥∥(Ām,l/ν)
ku
∥∥2
L2(Ω)

)1/2

< ∞,

(A k
m,lu)

(j)(a) = (A k
m,lu)

(j)(b) = 0, j = 0, . . . ,m− l − 1, k ∈ N0

}
,

Eν
2 (B̄m,l) =

{
u : u ∈ C∞(Ω̄),

( ∑
k∈N0

∥∥(B̄m,l/ν)
ku
∥∥2
L2(Ω)

)1/2

< ∞,

(B k
m,lu)

(j)(a) = (B k
m,lu)

(j)(b) = 0, j = 0, . . . ,m− l − 1, k ∈ N0

}
.

Äëÿ l = m i 0 < ν < ∞

Eν
2 (Ām,m) =

{
u : u ∈ C∞(Ω̄),

( ∑
k∈N0

∥∥(Ām,m/ν)
ku
∥∥2
L2(Ω)

)1/2

< ∞
}
,

Eν
2 (B̄m,m) =

{
u : u ∈ C∞(Ω̄),

( ∑
k∈N0

∥∥(B̄m,m/ν)
ku
∥∥2
L2(Ω)

)1/2

< ∞
}
,

Ó ïiäðîçäiëi 4.4 íàâåäåíî iíòåðïîëÿöiéíi âëàñòèâîñòi ïðîñòîðiâ öiëèõ âå-
êòîðiâ åêñïîíåíöiàëüíîãî òèïó åëiïòè÷íèõ îïåðàòîðiâ.

Òåîðåìà 4.7. Íåõàé ðåçîëüâåíòíà ìíîæèíà ρ(A) îïåðàòîðà A, âèçíà÷å-
íîãî ðiâíiñòþ (4), íåïîðîæíÿ. Äëÿ áóäü-ÿêèõ ÷èñåë β > α ≥ 0, 1 ≤ p < ∞,
0 < θ < 1 âèêîíóþòüñÿ ðiâíîñòi

Eν
p

(
(Cα, Cβ)θ,p

)
= Eν

p

([
Cα, Cβ

]
θ

)
= span

{
Rλj

(A) : |λj| < min
(
ν

1
m0+1 , ν

1
n0+1 , ν

1
m1+1 , ν

1
n1+1

)}
,

äå α = m0(1− θ) + n0θ, β = m1(1− θ) + n1θ, m0, n0,m1, n1 ∈ N.

Òåîðåìà 4.8. Íåõàé îïåðàòîð A, çàäàíèé ðiâíiñòþ (6), ç îáëàñòþ âèçíà-
÷åííÿ W 2m

q (Ω ; ρqζ ; ρqη) äi¹ â ïðîñòîði Lq(Ω), ïðè÷îìó η > 0 i ρ−a(t) ∈ L1(Ω)
äëÿ äåÿêîãî a ≥ 0. Òîäi äëÿ s ≥ 0, ν > 0, 1 < q < ∞, τ > µ + sq i 0 < θ < 1
âèêîíó¹òüñÿ ðiâíiñòü

Eν
q

(
A,Bs

q,q(Ω ; ρµ; ρτ)
)
= span

{
Rλj

(A) : |λj| < min
(
ν, ν(s/(2mθ)+1)−1)}

.

Òåîðåìà 4.9. Íåõàé Ā � çàìèêàííÿ â L2(Ω) îïåðàòîðà A, çàäàíîãî ðiâ-
íiñòþ (7). Òîäi äëÿ ν > 0, 1 ≤ q < ∞, r ̸= h i 0 < θ < 1 âèêîíó¹òüñÿ
ðiâíiñòü

Eν
q

(
Ā,

(
W 2r

2 (Ω; σ2r),W 2h
2 (Ω;σ2h)

)
θ,q

)
= span

{
Rλj

(Ā) : |λj| < min
(
ν

1
r+1 , ν

1
h+1

)}
.
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Ó ïiäðîçäiëi 4.5 îïèñàíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç åëiïòè-
÷íèìè îïåðàòîðàìè, òà äîâåäåíî íåðiâíîñòi Áåðíøòåéíà i Äæåêñîíà ç òî÷íèìè
îöiíêàìè íàéêðàùèõ íàáëèæåíü êîðåíåâèìè ôóíêöiÿìè òàêèõ îïåðàòîðiâ.

Äëÿ ïàð ÷èñåë {0 < s < ∞, 0 < τ ≤ ∞} àáî {0 ≤ s < ∞, τ = ∞} i
1 < q < ∞ ïîçíà÷èìî ÷åðåç Bs

q,τ(Ω) êëàñè÷íèé ïðîñòið Á¹ñîâà i âèçíà÷èìî éîãî
ïiäïðîñòið Bs

q,τ,{Bj}(Ω) =
{
u ∈ Bs

q,τ(Ω) : BjA
ku |∂Ω= 0, j = 1, . . . ,m, k ∈ N0

}
.

Òåîðåìà 4.10. Äëÿ îïåðàòîðà A, âèçíà÷åíîãî ðiâíiñòþ (4), âèêîíóþòüñÿ
òàêi íåðiâíîñòi:

∥u∥Bs
q,τ (Ω)

≤ cs,τ |u|sR(A)∥u∥Lq(Ω), u ∈ R(A),

tsE(t, u;R(A), Lq(Ω)) ≤ 2s+1Cs,τ ∥u∥Bs
q,τ (Ω)

, u ∈ Bs
q,τ,{Bj}(Ω),

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.5,

E(t, u;R(A), Lq(Ω)) = inf
{
∥u− u0∥Lq(Ω) : u

0 ∈ R(A), |u0|R(A) ≤ t
}

äëÿ âñiõ u ∈ Lq(Ω). Çîêðåìà, äëÿ âñiõ u ∈ Bs
q,τ,{Bj}(Ω) ìà¹ìî

inf
{
∥u− u0∥Lq(Ω) : u

0 ∈ Rν(A)
}
≤ ν−s2s+1Cs,τ ∥u∥Bs

q,τ (Ω)
.

Òåîðåìà 4.11. Äëÿ îïåðàòîðà A, ÿêèé ¹ çàìèêàííÿì â L2(∂Ω) ñèìåòðè-
÷íîãî îïåðàòîðà L, çàäàíîãî ðiâíiñòþ (5), âèêîíóþòüñÿ òàêi íåðiâíîñòi:

∥u∥H2(∂Ω) ≤ cs,τ |u|sR(A)∥u∥L2(∂Ω), u ∈ R(A),

tsE(t, u;R(A), L2(∂Ω)) ≤ 2s+1Cs,τ ∥u∥H2(∂Ω), u ∈ H2(∂Ω),

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.5,

E(t, u;R(A), L2(∂Ω)) = inf
{
∥u− u0∥L2(∂Ω) : u

0 ∈ R(A), |u0|R(A) ≤ t
}

äëÿ âñiõ u ∈ L2(∂Ω). Çîêðåìà, äëÿ âñiõ u ∈ H2(∂Ω) ìà¹ìî

inf
{
∥u− u0∥L2(∂Ω) : u

0 ∈ Rν(A)
}
≤ ν−s2s+1Cs,τ ∥u∥H2(∂Ω).

Ïîäiáíi òåîðåìè äîâåäåíî äëÿ âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ
îïåðàòîðiâ, ùî õàðàêòåðèçóþòüñÿ ñèëüíèì âèðîäæåííÿì êîåôiöi¹íòiâ ïîáëèçó
ãðàíèöi (i íà íåñêií÷åííîñòi), óçàãàëüíåíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ Ëå-
æàíäðà.

Ó ï'ÿòîìó ðîçäiëi ïîáóäîâàíî òåîðiþ òåíçîðíèõ äîáóòêiâ àïðîêñèìàöié-
íèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç íàáîðàìè çàìêíåíèõ îïåðàòîðiâ, à òàêîæ äîâå-
äåíî âiäïîâiäíi íåðiâíîñòi Áåðíøòåéíà i Äæåêñîíà ç òî÷íèìè îöiíêàìè íàé-
êðàùèõ íàáëèæåíü êîðåíåâèìè ôóíêöiÿìè òàêèõ îïåðàòîðiâ ó ðiçíèõ ôóíêöiî-
íàëüíèõ ïðîñòîðàõ.

Íåõàé
{
Xj, ∥ · ∥Xj

}J

j=1
� ñêií÷åííèé íàáið áàíàõîâèõ ïðîñòîðiâ íàä ïîëåì

C, ⊗jXj := X1⊗ . . .⊗XJ � ¨õ òåíçîðíèé äîáóòîê, íà ÿêîìó çàäà¹ìî ïðîåêòèâíó
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íîðìó ∥w∥⊗jXj
= inf

w=
∑

n ⊗jx
j
n

∑N
n=1 ∥x1n∥X1

· . . . · ∥xJn∥XJ
, äå inf áåðåòüñÿ ïî âñiõ

çîáðàæåííÿõ åëåìåíòà w ∈ ⊗jXj ó âèãëÿäi ñóìè w =
∑N

n=1⊗jx
j
n çi ñêií÷åí-

íèì N, xjn ∈ Xj i ⊗jx
j
n = x1n ⊗ . . .⊗ xJn ∈ ⊗jXj. Ïîïîâíåííÿ ïðîñòîðó ⊗jXj ó

ïðîåêòèâíié íîðìi ïîçíà÷èìî ÷åðåç ⊗̃jXj := X1⊗̃ . . . ⊗̃XJ .

Íà ïðîñòîði Xj (j = 1, . . . , J) ðîçãëÿäà¹ìî íåîáìåæåíèé çàìêíåíèé ëiíié-
íèé îïåðàòîð Aj : C1(Aj) ⊂ Xj → Xj iç ùiëüíîþ îáëàñòþ âèçíà÷åííÿ C1(Aj).
Äëÿ áóäü-ÿêèõ ÷èñåë νj > 0, 1 ≤ pj ≤ ∞ âèçíà÷èìî áàíàõîâi ïðîñòîðè Eνj

pj (Aj)
öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðiâ Aj. Âèçíà÷èìî îá'¹äíàííÿ
Epj(Aj) =

∪
νj>0 E

νj
pj (Aj), íà ÿêîìó çàäàìî êâàçiíîðìó

|x|Epj (Aj) = ∥x∥Xj
+ inf{νj > 0 : x ∈ Eνj

pj
(Aj)},

i ïîáóäó¹ìî òåíçîðíèé äîáóòîê ⊗jEpj(Aj) := Ep1(A1) ⊗ . . . ⊗ EpJ (AJ) ç ïðîåê-
òèâíîþ êâàçiíîðìîþ |w|⊗jEpj (Aj) = infw=

∑
n ⊗jx

j
n

∑N
n=1 |x1n|Ep1(A1) · . . . · |xJn|EpJ (AJ ).

Ïîïîâíåííÿ ïðîñòîðó ⊗jEpj(Aj) ó öié êâàçiíîðìi ïîçíà÷èìî ÷åðåç ⊗̃jEpj(Aj).
Äëÿ ÷èñåë 0 < s < ∞ i 0 < τj ≤ ∞ âèçíà÷èìî àïðîêñèìàöiéíi ïðîñòîðè

Bs
pj ,τj

(Aj) =
{
x ∈ Xj : |x|Bs

pj ,τj
(Aj) < ∞

}
, íàäiëåíi êâàçiíîðìîþ

|x|Bs
pj ,τj

(Aj) =


(∫ ∞

0

[
tsEpj(t, x; Epj(Aj),Xj)

]τj dt
t

)1/τj

, 0 < τj < ∞,

supt>0 t
sEpj(t, x; Epj(Aj),Xj), τj = ∞,

äå Epj(t, x; Epj(Aj),Xj) = inf
{
∥x− x0∥Xj

: x0 ∈ Epj(Aj), |x0|Epj (Aj) ≤ t
}
, x ∈ Xj.

Íåõàé 0 < θ < 1 i [Bs
pj ,τj

(Aj)]
θ ïîçíà÷à¹ ïðîñòið Bs

pj ,τj
(Aj), íàäiëåíèé

êâàçiíîðìîþ |x|θBs
pj ,τj

(Aj)
, ⊗j[Bs

pj ,τj
(Aj)]

θ � òåíçîðíèé äîáóòîê ç ïðîåêòèâíîþ

êâàçiíîðìîþ |w|⊗j [Bs
pj ,τj

(Aj)]θ = infw=
∑

n ⊗jx
j
n

∑N
n=1 |x1n|θBs

p1,τ1
(A1)

· . . . · |xJn|θBs
pJ ,τJ

(AJ)
,

⊗̃j[Bs
pj ,τj

(Aj)]
θ � ïîïîâíåííÿ ïðîñòîðó ⊗j[Bs

pj ,τj
(Aj)]

θ ó öié êâàçiíîðìi.

Òåîðåìà 5.1. Íåõàé 1 ≤ pj, q, qj ≤ ∞, 0 < θ < 1. Òîäi ïðè τj = θqj,

θ =
1

s+ 1
âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ(

⊗̃jEpj(Aj), ⊗̃jXj

)
θ,q

⊂ ⊗̃j[Bs
pj ,τj

(Aj)]
θ.

Äëÿ iíäåêñiâ 0 < s < ∞, 0 < τ < ∞ i p = (p1, . . . , pJ) âèçíà÷èìî àïðîêñè-
ìàöiéíèé ïðîñòið, ïîðîäæåíèé ñêií÷åííèì íàáîðîì îïåðàòîðiâ A1, . . . , AJ ,

Bs
p,τ := Bs

p,τ(A1, . . . , AJ ; ⊗̃jXj) = {w ∈ ⊗̃jXj : |w|Bs
p,τ

< ∞}
ç êâàçiíîðìîþ

|w|Bs
p,τ

=
(∫ ∞

0

[
tsEp(t, w; ⊗̃jEpj(Aj), ⊗̃jXj)

]τ dt
t

)1/τ

,

äå Ep(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) = inf
|u|⊗̃jEpj (Aj)

≤t
∥w− u∥⊗̃jXj

, u ∈ ⊗̃jEpj(Aj), w ∈ ⊗̃jXj.
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Òåîðåìà 5.2. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|w|Bs
p,τ

≤ cs,τ |w|s⊗̃jEpj (Aj)
∥w∥⊗̃jXj

, w ∈ ⊗̃jEpj(Aj),

Ep(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) ≤ 2s+1Cs,τ t
−s|w|Bs

p,τ
, w ∈ Bs

p,τ ,

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.5.

Ó ïiäðîçäiëi 5.4 îïèñàíî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñî-
öiéîâàíèõ ç íàáîðàìè ïîçèòèâíèõ îïåðàòîðiâ, äîâåäåíî íåðiâíîñòi Áåðíøòåéíà
i Äæåêñîíà íà òàêèõ òåíçîðíèõ äîáóòêàõ.

Íåõàé Aj (j = 1, . . . , J) � ïîçèòèâíi îïåðàòîðè â êîìïëåêñíèõ áàíàõîâèõ
ïðîñòîðàõ Xj. Ïîçíà÷èìî Cα

j := Cα(Aj) (α ∈ C) îáëàñòü âèçíà÷åííÿ îïåðàòîðà
Aα

j ç íîðìîþ ∥x∥Cα
j
= ∥Aα

j x∥Xj
, x ∈ Cα

j ⊂ Xj.
Âèçíà÷èìî òåíçîðíèé äîáóòîê ⊗jCα

j := Cα
1 ⊗. . .⊗Cα

J ç ïðîåêòèâíîþ íîðìîþ

∥w∥⊗jCα
j
= inf

w=
∑

n ⊗jx
j
n

∑N
n=1 ∥x1n∥Cα

1
· . . . · ∥xJn∥Cα

J
. Ïîïîâíåííÿ ïðîñòîðó ⊗jCα

j ó

ïðîåêòèâíié íîðìi ïîçíà÷èìî ÷åðåç ⊗̃jCα
j .

Íåõàé ⊗jEpj(Cα
j ) := Ep1(Cα

1 ) ⊗ . . . ⊗ EpJ (Cα
J ) � òåíçîðíèé äîáóòîê ç ïðîå-

êòèâíîþ êâàçiíîðìîþ |w|⊗jEpj (C
α
j )

= infw=
∑

n ⊗jx
j
n

∑N
n=1 |x1n|Ep1(Cα

1 )
· . . . · |xJn|EpJ (Cα

J )
,

⊗̃jEpj(Cα
j ) � éîãî ïîïîâíåííÿ ó öié êâàçiíîðìi.

Äëÿ ÷èñåë 0 < s < ∞ i 0 < τj ≤ ∞ âèçíà÷èìî àïðîêñèìàöiéíi ïðîñòîðè

Bs
pj ,τj

(Cα
j ) =

{
x ∈ Cα

j : |x|Bs
pj ,τj

(Cα
j )

< ∞
}
,

íàäiëåíi êâàçiíîðìîþ

|x|Bs
pj ,τj

(Cα
j )

=


(∫ ∞

0

[
tsEα

pj
(t, x)

]τj dt
t

)1/τj

, 0 < τj < ∞,

supt>0 t
sEα

pj
(t, x), τj = ∞.

äå Eα
pj
(t, x) = inf

{
∥x− x0∥Cα

j
: x0 ∈ Epj(Cα

j ), |x0|Epj (Cα
j )

≤ t
}
, x ∈ Cα

j .

Íåõàé [Bs
pj ,τj

(Cα
j )]

θ (0 < θ < 1) � ïðîñòið Bs
pj ,τj

(Cα
j ), íàäiëåíèé êâàçiíîð-

ìîþ |x|θBs
pj ,τj

(Cα
j )
,⊗j[Bs

pj ,τj
(Cα

j )]
θ � òåíçîðíèé äîáóòîê ç ïðîåêòèâíîþ êâàçiíîðìîþ

|w|⊗j [Bs
pj,τj

(Cα
j )]

θ = infw=
∑

n ⊗jx
j
n

∑N
n=1 |x1n|θBs

p1,τ1
(Cα

1 )
· . . . · |xJn|θBs

pJ ,τJ
(Cα

J )
, ⊗̃j[Bs

pj ,τj
(Cα

j )]
θ

� éîãî ïîïîâíåííÿ.

Òåîðåìà 5.3. Íåõàé 1 ≤ pj, q, qj ≤ ∞, 0 < θ < 1. Òîäi ïðè τj = θqj,

θ =
1

s+ 1
âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ(

⊗̃jEpj(Cα
j ), ⊗̃jCα

j

)
θ,q

⊂ ⊗̃j[Bs
pj ,τj

(Cα
j )]

θ.
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Äëÿ iíäåêñiâ 0 < s < ∞, 0 < τ < ∞ i p = (p1, . . . , pJ) âèçíà÷èìî àïðîêñè-
ìàöiéíèé ïðîñòið, ïîðîäæåíèé ñêií÷åííèì íàáîðîì îïåðàòîðiâ A1, . . . , AJ ,

Bs,α
p,τ := Bs,α

p,τ (A1, . . . , AJ ; ⊗̃jCα
j ) = {w ∈ ⊗̃jCα

j : |w|Bs,α
p,τ

< ∞}

ç êâàçiíîðìîþ

|w|Bs,α
p,τ

=
(∫ ∞

0

[
tsEα

p (t, w)
]τ dt

t

)1/τ

,

äå Eα
p (t, w) = inf

|u|⊗̃jEpj (C
α
j
)≤t

∥w − u∥⊗̃jCα
j
, u ∈ ⊗̃jEpj(Cα

j ), w ∈ ⊗̃jCα
j .

Òåîðåìà 5.4. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|w|Bs,α
p,τ

≤ cs,τ |w|s⊗̃jEpj (C
α
j )
∥w∥⊗̃jCα

j
, w ∈ ⊗̃jEpj(Cα

j ),

Eα
p (t, w) ≤ 2s+1Cs,τ t

−s|w|Bs,α
p,τ
, w ∈ Bs,α

p,τ ,

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.5.

Ó ïiäðîçäiëi 5.5 îïèñàíî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñî-
öiéîâàíèõ ç åëiïòè÷íèìè îïåðàòîðàìè, äîâåäåíî íåðiâíîñòi Áåðíøòåéíà i Äæå-
êñîíà íà òåíçîðíèõ äîáóòêàõ ôóíêöiîíàëüíèõ ïðîñòîðiâ.

Äëÿ iíäåêñiâ 0 < s < ∞, 0 < τ < ∞ i p = (p1, . . . , pJ) âèçíà÷èìî àïðî-
êñèìàöiéíèé ïðîñòið, ïîðîäæåíèé ñêií÷åííèì íàáîðîì ðåãóëÿðíî åëiïòè÷íèõ
îïåðàòîðiâ A1, . . . , AJ ,

Bs
p,τ := Bs

p,τ(A1, . . . , AJ ; ⊗̃jLpj(Ωj)) = {w ∈ ⊗̃jLpj(Ωj) : |w|Bs
p,τ

< ∞}

ç êâàçiíîðìîþ

|w|Bs
p,τ

=
(∫ ∞

0

[
tsEp(t, w; ⊗̃jEpj(Aj), ⊗̃jLpj(Ωj))

]τ dt
t

)1/τ

,

äå Ep(t, w; ⊗̃jEpj(Aj), ⊗̃jLpj(Ωj)) = inf
|u|⊗̃jEpj (Aj)

≤t
∥w − u∥⊗̃jLpj

(Ωj), u ∈ ⊗̃jEpj(Aj),

w ∈ ⊗̃jLpj(Ωj).

Òåîðåìà 5.5. Íåõàé 1 < pj < ∞, 1 ≤ q, qj ≤ ∞, 0 < θ < 1. Òîäi ïðè

τj = θqj, θ =
1

s+ 1
âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ(

⊗̃jEpj(Aj), ⊗̃jLpj(Ωj)
)
θ,q

⊂ ⊗̃j[B
s
pj ,τj ,{Bji}(Ωj)]

θ.

Êðiì òîãî, âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|w|Bs
p,τ

≤ cs,τ |w|s⊗̃jEpj (Aj)
∥w∥⊗̃jLpj

(Ωj), w ∈ ⊗̃jEpj(Aj),

Ep(t, w; ⊗̃jEpj(Aj), ⊗̃jLpj(Ωj)) ≤ 2s+1Cs,τ t
−s|w|Bs

p,τ
, w ∈ Bs

p,τ ,

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.5.
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Ïîäiáíi òåîðåìè i âiäïîâiäíi íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà äîâå-
äåíî òàêîæ äëÿ ñêií÷åííèõ íàáîðiâ ðåãóëÿðíèõ åëiïòè÷íèõ îïåðàòîðiâ íà êîì-
ïàêòíèõ ìíîãîâèäàõ i óçàãàëüíåíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ Ëåæàíäðà.

ÂÈÑÍÎÂÊÈ

Ó äèñåðòàöiéíié ðîáîòi ðîçâ'ÿçàíî íàóêîâó ïðîáëåìó âèçíà÷åííÿ ñòðóêòóðè
i îïèñó âëàñòèâîñòåé àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç íåîáìåæåíèìè
îïåðàòîðàìè â íîðìîâàíèõ ïðîñòîðàõ, ó êîíòåêñòi ñïåêòðàëüíèõ àïðîêñèìàöié
òà õàðàêòåðèçàöi¨ ðiçíèõ êëàñiâ ôóíêöié â òåðìiíàõ ¨õ íàéêðàùèõ íàáëèæåíü
öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó â ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Ïðîâåäåíå â ðîáîòi äîñëiäæåííÿ äîçâîëèëî îòðèìàòè íèçêó íàóêîâèõ ðå-
çóëüòàòiâ:

1. Íà îñíîâi àíàëiçó îïåðàòîðíîãî ïiäõîäó äî ïðîáëåì àïðîêñèìàöi¨ ôóí-
êöié âñòàíîâëåíî ìîæëèâiñòü õàðàêòåðèçàöi¨ íåñêií÷åííî äèôåðåíöiéîâàíèõ âå-
êòîðiâ çàìêíåíîãî îïåðàòîðà ó êîìïëåêñíîìó áàíàõîâîìó ïðîñòîði â òåðìiíàõ
¨õ íàéêðàùèõ íàáëèæåíü ðiçíèìè êëàñàìè, çîêðåìà, öiëèõ, àíàëiòè÷íèõ, öiëèõ
åêñïîíåíöiàëüíîãî òèïó âåêòîðiâ, à ó âèïàäêó îïåðàòîðà äèôåðåíöiþâàííÿ �
íàáëèæåíü àëãåáðà¨÷íèìè i òðèãîíîìåòðè÷íèìè ïîëiíîìàìè, öiëèìè ôóíêöiÿ-
ìè åêñïîíåíöiàëüíîãî òèïó. Îá ðóíòîâàíî ìîæëèâiñòü çàñòîñóâàííÿ äî ðîçâ'ÿ-
çàííÿ çãàäàíî¨ ïðîáëåìè òåîði¨ àïðîêñèìàöiéíèõ ïðîñòîðiâ.

2. Âèçíà÷åíî íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó
çàìêíåíîãî îïåðàòîðà, âñòàíîâëåíî îñíîâíi âëàñòèâîñòi öèõ ïðîñòîðiâ, à òà-
êîæ ¨õ îá'¹äíàíü. Äîâåäåíî, ùî ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òè-
ïó îïåðàòîðà ç òî÷êîâèì ñïåêòðîì ñïiâïàäàþòü ç ëiíiéíîþ îáîëîíêîþ îáðàçiâ
ïðîåêòîðiâ Ðiñà, à ó âèïàäêó îïåðàòîðà ç òî÷êîâèì ñïåêòðîì, ùî ñêëàäà¹òüñÿ
iç içîëüîâàíèõ âëàñíèõ çíà÷åíü ñêií÷åííî¨ àëãåáðà¨÷íî¨ êðàòíîñòi, ïðîñòið âñiõ
öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó ñïiâïàäà¹ ç ëiíiéíîþ îáîëîíêîþ éîãî
êîðåíåâèõ âåêòîðiâ.

3. Ââåäåíî íîâi êëàñè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà, àñîöiéîâà-
íèõ ç íåîáìåæåíèìè îïåðàòîðàìè ó áàíàõîâèõ ïðîñòîðàõ, òà öiëèìè ôóíêöi-
ÿìè åêñïîíåíöiàëüíîãî òèïó äëÿ îïåðàòîðiâ äèôåðåíöiþâàííÿ ó ôóíêöiîíàëü-
íèõ ïðîñòîðàõ. Äîâåäåíî, ùî öi ïðîñòîðè ¹ iíòåðïîëÿöiéíèìè ïðîñòîðàìè ìiæ
ïðîñòîðàìè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó i âèõiäíèì ïðîñòîðîì, âñòà-
íîâëåíî âëàñòèâîñòi àïðîêñèìàöiéíèõ ïðîñòîðiâ.

4. Âñòàíîâëåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâàçi-
íîðì àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà ç òî÷íèìè çíà÷åííÿìè êîíñòàíò,
ÿêi äàþòü àíàëiòè÷íi îöiíêè íàéêðàùèõ íàáëèæåíü öiëèìè âåêòîðàìè åêñïîíåí-
öiàëüíîãî òèïó íåîáìåæåíîãî îïåðàòîðà, çîêðåìà, ñïåêòðàëüíèõ àïðîêñèìàöié
ó âèïàäêó îïåðàòîðà ç òî÷êîâèì ñïåêòðîì, à ó âèïàäêó îïåðàòîðà äèôåðåíöi-
þâàííÿ � âiäïîâiäíi îöiíêè íàáëèæåííÿ ôóíêöié àëãåáðà¨÷íèìè i òðèãîíîìå-
òðè÷íèìè ïîëiíîìàìè, öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó.
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5. Îïèñàíî iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òè-
ïó çàìêíåíîãî îïåðàòîðà, ïîðîäæåíèõ äiéñíèìè i êîìïëåêñíèì ìåòîäàìè ií-
òåðïîëÿöi¨, òà âñòàíîâëåíî ¨õ âëàñòèâîñòi. Ââåäåíî íîâi êëàñè ïðîñòîðiâ öiëèõ
âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïåðàòîðiâ íà îáëàñòÿõ âèçíà÷åí-
íÿ ¨õ öiëèõ ñòåïåíiâ, à äëÿ ïîçèòèâíèõ îïåðàòîðiâ � íà îáëàñòÿõ âèçíà÷åííÿ
¨õ êîìïëåêñíèõ ñòåïåíiâ. Âñòàíîâëåíî içîìîðôiçìè äëÿ äiéñíî¨ òà êîìïëåêñíî¨
iíòåðïîëÿöiéíèõ øêàë öèõ ïðîñòîðiâ. Îïèñàíî iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ
ôóíêöié åêñïîíåíöiàëüíîãî òèïó ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïå-
ðàòîðiâ, à òàêîæ äåÿêèõ êëàñiâ âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïå-
ðàòîðiâ.

6. Âèçíà÷åíî iíòåðïîëÿöiéíó øêàëó àïðîêñèìàöiéíèõ ïðîñòîðiâ íà îáëà-
ñòÿõ âèçíà÷åííÿ öiëèõ ñòåïåíiâ çàìêíåíèõ îïåðàòîðiâ òà äîâåäåíî iíòåðïîëÿ-
öiéíi òåîðåìè, ùî õàðàêòåðèçóþòü öþ øêàëó. Îïèñàíî àïðîêñèìàöiéíi ïðîñòî-
ðè, àñîöiéîâàíi ç ïîçèòèâíèìè îïåðàòîðàìè ó áàíàõîâèõ ïðîñòîðàõ, äîâåäåíî
¨õ çâ'ÿçîê ç iíòåðïîëÿöiéíèìè ïðîñòîðàìè òà âñòàíîâëåíî iíòåðïîëÿöiéíi âëà-
ñòèâîñòi. Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâà-
çiíîðì öèõ àïðîêñèìàöiéíèõ ïðîñòîðiâ, à òàêîæ òåîðåìè, ùî õàðàêòåðèçóþòü
ñïåêòðàëüíi àïðîêñèìàöi¨ äëÿ îïåðàòîðà ç òî÷êîâèì ñïåêòðîì.

7. Îïèñàíî ôóíêöiîíàëüíi ïðîñòîðè âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó ðå-
ãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â îáìåæåíèõ îáëàñòÿõ Ω i
êîìïàêòíèõ ìíîãîâèäàõ êëàñó C∞, âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ
îïåðàòîðiâ, ùî õàðàêòåðèçóþòüñÿ ñèëüíèì âèðîäæåííÿì êîåôiöi¹íòiâ ïîáëèçó
ãðàíèöi (i íà íåñêií÷åííîñòi), çâè÷àéíèõ âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëü-
íèõ îïåðàòîðiâ â îáìåæåíîìó iíòåðâàëi òà âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöi-
àëüíèõ îïåðàòîðiâ ç ÷àñòèííèìè ïîõiäíèìè â îáìåæåíèõ îáëàñòÿõ ç íåñêií÷åí-
íî ãëàäêîþ ãðàíèöåþ. Íà îñíîâi îçíàê ïîâíîòè êîðåíåâèõ âåêòîðiâ êîìïàêòíèõ
îïåðàòîðiâ â ãiëüáåðòîâîìó ïðîñòîði òà îçíàê ùiëüíîñòi ìíîæèíè öiëèõ âåêòî-
ðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà â áàíàõîâèõ ïðîñòîðàõ âñòàíîâëåíî íîâi
îçíàêè ïîâíîòè ìíîæèíè êîðåíåâèõ âåêòîðiâ ðåãóëÿðíî åëiïòè÷íîãî îïåðàòîðà
â ïðîñòîðàõ Lp(Ω).

8. Âèçíà÷åíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ðåãóëÿðíèìè åëiïòè-
÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè â îáìåæåíèõ îáëàñòÿõ êëàñó C∞. Ïîêà-
çàíî, ùî öi àïðîêñèìàöiéíi ïðîñòîðè ñïiâïàäàþòü iç çàìêíåíèìè ïiäïðîñòîðàìè
êëàñè÷íèõ ïðîñòîðiâ Á¹ñîâà. Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñî-
íà, ùî õàðàêòåðèçóþòü, çîêðåìà, ñïåêòðàëüíi àïðîêñèìàöi¨ ðåãóëÿðíèõ åëiïòè-
÷íèõ îïåðàòîðiâ. Îïèñàíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ðåãóëÿðíèìè
åëiïòè÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè íà êîìïàêòíèõ ìíîãîâèäàõ, ùî
ìàþòü ôîðìó ãðàíèöi îáìåæåíî¨ îáëàñòi êëàñó C∞, i óçàãàëüíåíèìè äèôåðåí-
öiàëüíèìè îïåðàòîðàìè Ëåæàíäðà.

9. Âèçíà÷åíî ïðîåêòèâíi òåíçîðíi äîáóòêè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïî-
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íåíöiàëüíîãî òèïó äëÿ ñêií÷åííèõ íàáîðiâ çàìêíåíèõ îïåðàòîðiâ, ùî äiþòü ó
áàíàõîâèõ ïðîñòîðàõ. Ïîáóäîâàíî ñïåêòðàëüíi ðîçêëàäè äëÿ îïåðàòîðiâ ç òî-
÷êîâèì ñïåêòðîì. Îïèñàíî iíòåðïîëÿöiéíi ïðîñòîðè ïðîåêòèâíèõ òåíçîðíèõ äî-
áóòêiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïåðàòîðiâ íàä áàíà-
õîâèìè ïðîñòîðàìè i íà îáëàñòÿõ âèçíà÷åííÿ ¨õ öiëèõ ñòåïåíiâ òà âñòàíîâëåíî
¨õ iíòåðïîëÿöiéíi âëàñòèâîñòi.

10. Äîâåäåíî, ùî òåíçîðíèé äîáóòîê àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹-
ñîâà ¹ ïðîìiæíèì iíòåðïîëÿöiéíèì ïðîñòîðîì ìiæ òåíçîðíèì äîáóòêîì ïðîñòî-
ðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïåðàòîðiâ i òåíçîðíèì
äîáóòêîì áàíàõîâèõ ïðîñòîðiâ, íà ÿêèõ âèçíà÷åíî âiäïîâiäíi îïåðàòîðè. Âñòà-
íîâëåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà, ÿêi îöiíþþòü âiäñòàíü âiä
çàäàíîãî åëåìåíòà òåíçîðíîãî äîáóòêó áàíàõîâèõ ïðîñòîðiâ äî ïiäïðîñòîðó, ùî
âèçíà÷à¹òüñÿ òåíçîðíèì äîáóòêîì ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî
òèïó.

11. Îïèñàíî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà, àñî-
öiéîâàíèõ ç ïîçèòèâíèìè îïåðàòîðàìè, ðåãóëÿðíî åëiïòè÷íèìè äèôåðåíöiàëü-
íèìè îïåðàòîðàìè i óçàãàëüíåíèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè Ëåæàíäðà,
âñòàíîâëåíî iíòåðïîëÿöiéíi âëàñòèâîñòi öèõ ïðîñòîðiâ. Äîâåäåíî íåðiâíîñòi òè-
ïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâàçiíîðì âèçíà÷åíèõ òåíçîðíèõ äîáó-
òêiâ àïðîêñèìàöiéíèõ ïðîñòîðiâ.
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ñòîðiâ, àñîöiéîâàíèõ ç íåîáìåæåíèìè îïåðàòîðàìè â íîðìîâàíèõ ïðîñòîðàõ, ó
êîíòåêñòi ñïåêòðàëüíèõ àïðîêñèìàöié òà õàðàêòåðèçàöi¨ ðiçíèõ êëàñiâ ôóíêöié
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â òåðìiíàõ ¨õ íàéêðàùèõ íàáëèæåíü öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òè-
ïó â ôóíêöiîíàëüíèõ ïðîñòîðàõ. Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæå-
êñîíà â òåðìiíàõ êâàçiíîðì àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà ç òî÷íè-
ìè çíà÷åííÿìè êîíñòàíò, ÿêi äàþòü àíàëiòè÷íi îöiíêè íàéêðàùèõ íàáëèæåíü
öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíîãî îïåðàòîðà, çîêðåìà,
ñïåêòðàëüíèõ àïðîêñèìàöié ó âèïàäêó îïåðàòîðà ç òî÷êîâèì ñïåêòðîì. Îïè-
ñàíî iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíå-
íîãî îïåðàòîðà, ïîðîäæåíi äiéñíèìè i êîìïëåêñíèì ìåòîäàìè iíòåðïîëÿöi¨, òà
âñòàíîâëåíî ¨õ âëàñòèâîñòi. Âèçíà÷åíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi
ç ðåãóëÿðíî åëiïòè÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè, âèðîäæåíèìè åëi-
ïòè÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè i óçàãàëüíåíèìè äèôåðåíöiàëüíèìè
îïåðàòîðàìè Ëåæàíäðà, òà âñòàíîâëåíî âiäïîâiäíi íåðiâíîñòi òèïó Áåðíøòåéíà
i Äæåêñîíà, ùî õàðàêòåðèçóþòü íàáëèæåííÿ öiëèìè ôóíêöiÿìè åêñïîíåíöiàëü-
íîãî òèïó òà êîðåíåâèìè ôóíêöiÿìè â ïðîñòîðàõ Ëåáåãà. Âèçíà÷åíî òåíçîðíi
äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç íàáîðàìè çàìêíåíèõ îïå-
ðàòîðiâ, çîêðåìà, ïîçèòèâíèìè îïåðàòîðàìè, ðåãóëÿðíî åëiïòè÷íèìè äèôåðåí-
öiàëüíèìè îïåðàòîðàìè i óçàãàëüíåíèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè Ëå-
æàíäðà, òà âñòàíîâëåíî ¨õ iíòåðïîëÿöiéíi âëàñòèâîñòi. Äîâåäåíî íåðiâíîñòi òè-
ïó Áåðíøòåéíà i Äæåêñîíà íà òåíçîðíèõ äîáóòêàõ àïðîêñèìàöiéíèõ ïðîñòîðiâ
òèïó Á¹ñîâà ç òî÷íèìè îöiíêàìè íàéêðàùèõ íàáëèæåíü êîðåíåâèìè ôóíêöiÿìè
îïåðàòîðiâ ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Êëþ÷îâi ñëîâà: àïðîêñèìàöiéíi ïðîñòîðè, öiëi âåêòîðè åêñïîíåíöiàëüíî-
ãî òèïó, íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà, íåîáìåæåíi îïåðàòîðè, åëi-
ïòè÷íi îïåðàòîðè.

Äìèòðèøèí Ì. È. Àïïðîêñèìàöèîííûå ïðîñòðàíñòâà, àññîöèè-
ðîâàííûå ñ öåëûìè âåêòîðàìè ýêñïîíåíöèàëüíîãî òèïà. � Êâàëèôè-
êàöèîííàÿ íàó÷íàÿ ðàáîòà íà ïðàâàõ ðóêîïèñè.

Äèññåðòàöèÿ íà ñîèñêàíèå ó÷åíîé ñòåïåíè äîêòîðà ôèçèêî-ìàòåìàòè÷åñ-
êèõ íàóê ïî ñïåöèàëüíîñòè 01.01.01 � ìàòåìàòè÷åñêèé àíàëèç. � Ëüâîâñêèé
íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî, Ëüâîâ, 2020.

Â äèññåðòàöèîííîé ðàáîòå ââåäåíû è îïèñàíû íîâûå êëàññû àïïðîêñèìàöè-
îííûõ ïðîñòðàíñòâ, àññîöèèðîâàííûõ ñ íåîãðàíè÷åííûìè îïåðàòîðàìè â íîð-
ìèðîâàííûõ ïðîñòðàíñòâàõ, â êîíòåêñòå ñïåêòðàëüíûõ àïïðîêñèìàöèé è õàðà-
êòåðèçàöèè ðàçëè÷íûõ êëàññîâ ôóíêöèé â òåðìèíàõ èõ íàèëó÷øèõ ïðèáëè-
æåíèé öåëûìè ôóíêöèÿìè ýêñïîíåíöèàëüíîãî òèïà â ôóíêöèîíàëüíûõ ïðî-
ñòðàíñòâàõ. Äîêàçàíî íåðàâåíñòâà òèïà Áåðíøòåéíà è Äæåêñîíà â òåðìèíàõ
êâàçèíîðì àïïðîêñèìàöèîííûõ ïðîñòðàíñòâ òèïà Áåñîâà ñ òî÷íûìè çíà÷åíèÿ-
ìè êîíñòàíò, êîòîðûå äàþò àíàëèòè÷åñêèå îöåíêè íàèëó÷øèõ ïðèáëèæåíèé öå-
ëûìè âåêòîðàìè ýêñïîíåíöèàëüíîãî òèïà íåîãðàíè÷åííîãî îïåðàòîðà, â ÷àñòíî-
ñòè, ñïåêòðàëüíûõ àïïðîêñèìàöèé â ñëó÷àå îïåðàòîðà ñ òî÷å÷íûì ñïåêòðîì.
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Îïèñàíû èíòåðïîëÿöèîííûå ïðîñòðàíñòâà öåëûõ âåêòîðîâ ýêñïîíåíöèàëüíî-
ãî òèïà çàìêíóòîãî îïåðàòîðà, ïîðîæäåííûå âåùåñòâåííûìè è êîìïëåêñíûìè
ìåòîäàìè èíòåðïîëÿöèè, è óñòàíîâëåíû èõ ñâîéñòâà. Îïðåäåëåíû àïïðîêñèìà-
öèîííûå ïðîñòðàíñòâà, àññîöèèðîâàííûå ñ ðåãóëÿðíî ýëëèïòè÷åñêèìè äèôôå-
ðåíöèàëüíûìè îïåðàòîðàìè, âûðîæäåííûìè ýëëèïòè÷åñêèìè äèôôåðåíöèàëü-
íûìè îïåðàòîðàìè è îáîáùåííûìè äèôôåðåíöèàëüíûìè îïåðàòîðàìè Ëåæàí-
äðà, è óñòàíîâëåíû ñîîòâåòñòâóþùèå íåðàâåíñòâà òèïà Áåðíøòåéíà è Äæåêñî-
íà, õàðàêòåðèçóþùèå ïðèáëèæåíèå öåëûìè ôóíêöèÿìè ýêñïîíåíöèàëüíîãî òè-
ïà è êîðíåâûìè ôóíêöèÿìè â ïðîñòðàíñòâàõ Ëåáåãà. Îïðåäåëåíû òåíçîðíûå
ïðîèçâåäåíèÿ àïðîêñèìàöèîííûõ ïðîñòðàíñòâ, àññîöèèðîâàííûõ ñ íàáîðàìè
çàìêíóòûõ îïåðàòîðîâ, â ÷àñòíîñòè, ïîëîæèòåëüíûìè îïåðàòîðàìè, ðåãóëÿð-
íî ýëëèïòè÷åñêèìè äèôôåðåíöèàëüíûìè îïåðàòîðàìè è îáîáùåííûìè äèôôå-
ðåíöèàëüíûìè îïåðàòîðàìè Ëåæàíäðà, è óñòàíîâëåíû èõ èíòåðïîëÿöèîííûå
ñâîéñòâà. Äîêàçàíî íåðàâåíñòâà òèïà Áåðíøòåéíà è Äæåêñîíà íà òåíçîðíûõ
ïðîèçâåäåíèÿõ àïïðîêñèìàöèîííûõ ïðîñòðàíñòâ òèïà Áåñîâà ñ òî÷íûìè îöåí-
êàìè íàèëó÷øèõ ïðèáëèæåíèé êîðíåâûìè ôóíêöèÿìè îïåðàòîðîâ â ðàçëè÷íûõ
ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà: àïïðîêñèìàöèîííûå ïðîñòðàíñòâà, öåëûå âåêòîðû ýê-
ñïîíåíöèàëüíîãî òèïà, íåðàâåíñòâà òèïà Áåðíøòåéíà è Äæåêñîíà, íåîãðàíè-
÷åííûå îïåðàòîðû, ýëëèïòè÷åñêèå îïåðàòîðû.

DmytryshynM. I. Approximation spaces associated with entire expo-
nential type vectors. � Qualifying scienti�c work on rights of manuscript.

The thesis for obtaining the Doctor of Physical and Mathematical Sciences
degree on the speciality 01.01.01 � mathematical analysis. � Ivan Franko National
University of Lviv, Lviv, 2020.

The dissertation is devoted to the development of the theory of approximation
spaces associated with entire exponential type vectors of unbounded operators in
the context of spectral approximations and characterization of di�erent classes of
functions in terms of their best approximations by entire exponential type functions.

We introduce the new classes of Besov-type approximation spaces associated
with unbounded operators in the Banach space. We show that such spaces are
interpolation spaces and we prove the Bernstein and Jackson inequalities in terms
of quasi-norms of approximation spaces. The explicit dependence of the constants
on the parameters of the Besov type space is obtained.

For the di�erentiation operator in the space Lq(R), we show the application of
abstract results in the approximation theory of functions. We prove that the approxi-
mation space associated with the di�erentiation operator coincides with the classical
Besov space. As a consequence, classical inequalities of Bernstein and Jackson with
exact values of constants are obtained.

The interpolation theory of spaces of entire exponential type vectors associ-
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ated with unbounded operators in Banach spaces is developed in the context of
its applications in the approximation theory of functions, in particular, spectral
approximations in the function spaces. The basic properties of interpolation spaces
of entire exponential type vectors of closed operator generated by real and complex
interpolation methods are de�ned and established. An interpolation theorem for the
spaces of exponential type vectors of unbounded operators is proved on domains of
their integer degrees generated by the complex method interpolation.

We introduce the new classes of spaces of entire exponential type vectors on
domains of complex degrees of positive operators. Isomorphisms for the real and
complex interpolation scales of introduced spaces are established. We de�ne the
approximation spaces associated with positive operators in Banach spaces and we
establish the interpolation properties of such spaces.

The problem of approximation of a given element of space Cα(A) is investigated,
which is the domain of complex degrees (α ∈ C) of A, by elements of invariant
subspaces of entire exponential type vectors. Bernstein and Jackson type inequaliti-
es have been proved in terms of quasi-norms of corresponding approximation spaces.
We prove the theorem which characterizes the spectral approximations for the posi-
tive operator with the point spectrum in terms of quasi-norms of approximation
spaces.

We describe the spaces of exponential type vectors of regular elliptic di�erential
operators in bounded domains Ω and on compact C∞-manifolds. It is proved that
in the case of a non-empty resolvent set of a regularly elliptic operator, the space
of entire exponential type vectors coincides with the subspace of entire exponential
type functions of whose restriction on Ω belongs to the space Lp(Ω).

New conditions of completeness of the set of root vectors have been established
of a regular elliptic operator in the spaces Lp(Ω) (1 < p < ∞).

We describe the approximation spaces associated with the regular elliptic di-
�erential operators in bounded domains Ω and on compact C∞-manifolds, the
degenerate elliptic di�erential operators, characterized by a strong degeneration
of coe�cients near the boundary (and at in�nity), and the generalized di�erential
Legendre operators. Bernstein and Jackson type inequalities in terms of quasi-norms
of such approximation spaces with exact values of constants are proved.

The properties of projective tensor products of spaces of entire exponential type
vectors for �nite sets of closed operators in Banach spaces are established. Spectral
decompositions for the operators with the point spectrum are constructed.

It is proved that the tensor product of Besov approximation spaces is an
intermediate interpolation space between the tensor product of entire exponential
type vectors of closed operators and the tensor product of Banach spaces on which
the corresponding operators are de�ned. Bernstein and Jackson type inequalities,
which estimate the distance from a given element of a tensor product of Banach
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spaces to the subspace de�ned by the tensor product of spaces of entire exponential
type vectors are established.

The tensor products of Besov approximation spaces in the domains of complex
degrees of positive operators are determined. Bernstein and Jackson type inequaliti-
es, which estimate the distance from a given element of a tensor product of Banach
spaces that are domains of complex degrees of positive operators, to the subspace
de�ned by the tensor product of spaces of entire exponential type vectors are establi-
shed.

The tensor products of Besov approximation spaces associated with the regular
elliptic di�erential operators in bounded domains Ω and on compact C∞-manifolds,
and generalized Legendre di�erential operators are determined. Bernstein and Jack-
son type inequalities are proved in terms of quasi-norms of certain tensor products
of approximation spaces.

Key words: approximation spaces, entire exponential type vectors, Bernstein-
Jackson-type inequalities, unbounded operators, elliptic operators.
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