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ÀÍÎÒÀÖIß

Äìèòðèøèí Ì.I. Àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç öiëèìè âåêòî-

ðàìè åêñïîíåíöiàëüíîãî òèïó. � Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðà-

âàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiçèêî-ìàòåìà-

òè÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.01 � ìàòåìàòè÷íèé àíàëiç. � ÄÂÍÇ

�Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà�. �

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ, 2019.

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà ðîçðîáöi òåîði¨ àïðîêñèìàöiéíèõ

ïðîñòîðiâ, àñîöiéîâàíèõ ç öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó íå-

îáìåæåíèõ îïåðàòîðiâ, ó êîíòåêñòi ñïåêòðàëüíèõ àïðîêñèìàöié òà õàðà-

êòåðèçàöi¨ ðiçíèõ êëàñiâ ôóíêöié â òåðìiíàõ ¨õ íàéêðàùèõ íàáëèæåíü

öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó.

Ó ïåðøîìó ðîçäiëi ðîçãëÿíóòî ñóòü îïåðàòîðíîãî ïiäõîäó äî ïðî-

áëåì òåîði¨ íàáëèæåíü ôóíêöié. Ðîçãëÿíóòî îñíîâíi åëåìåíòè òåîði¨ àïðî-

êñèìàöiéíèõ ïðîñòîðiâ òà íàïðÿìêè ¨õ ñó÷àñíèõ óçàãàëüíåíü. Ïðåäñòàâ-

ëåíî äåÿêi íåîáõiäíi âiäîìîñòi ç òåîði¨ iíòåðïîëÿöi¨ ïðîñòîðiâ òà òåîði¨

êëàñè÷íèõ ïðîñòîðiâ Á¹ñîâà, à òàêîæ ðîçãëÿíóòî çâ'ÿçîê òåîði¨ àïðîêñè-

ìàöiéíèõ ïðîñòîðiâ ç òåîði¹þ iíòåðïîëÿöi¨ ïðîñòîðiâ.

Ó äðóãîìó ðîçäiëi âèçíà÷åíî íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ

åêñïîíåíöiàëüíîãî òèïó çàìêíåíîãî îïåðàòîðà ó áàíàõîâîìó ïðîñòîði.

Âñòàíîâëåíî îñíîâíi âëàñòèâîñòi òàêèõ ïðîñòîðiâ.

Äëÿ îïåðàòîðiâ ç òî÷êîâèì ñïåêòðîì âñòàíîâëåíî çâ'ÿçîê ìiæ ¨õ êî-

ðåíåâèìè âåêòîðàìè òà öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó. Ïî-

êàçàíî, ùî ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà ç

òî÷êîâèì ñïåêòðîì ñïiâïàäàþòü ç ëiíiéíîþ îáîëîíêîþ îáðàçiâ ïðîåêòî-

ðiâ Ðiñà. Ó âèïàäêó îïåðàòîðà ç òî÷êîâèì ñïåêòðîì, ùî ñêëàäà¹òüñÿ iç

içîëüîâàíèõ âëàñíèõ çíà÷åíü ñêií÷åííî¨ àëãåáðà¨÷íî¨ êðàòíîñòi, ïðîñòið



3

âñiõ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó ñïiâïàäà¹ ç ëiíiéíîþ îáîëîí-

êîþ éîãî êîðåíåâèõ âåêòîðiâ.

Ó ïiäðîçäiëi 2.2 ââåäåíî íîâi êëàñè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó

Á¹ñîâà, àñîöiéîâàíèõ ç íåîáìåæåíèìè îïåðàòîðàìè ó áàíàõîâîìó ïðîñòî-

ði X . Ïîêàçàíî, ùî òàêi ïðîñòîðè ¹ iíòåðïîëÿöiéíèìè ïðîñòîðàìè ìiæ

ïðîñòîðàìè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó i ïðîñòîðîì X .

Äîñëiäæåíî ïðîáëåìó íàáëèæåííÿ åëåìåíòiâ áàíàõîâîãî ïðîñòîðó X

åëåìåíòàìè A -iíâàðiàíòíèõ ïiäïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëü-

íîãî òèïó. Îòðèìàíi ðåçóëüòàòè ïðåäñòàâëåíî ó âèãëÿäi íåðiâíîñòåé òè-

ïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâàçiíîðì àïðîêñèìàöiéíèõ ïðî-

ñòîðiâ. Ïðè öüîìó îòðèìàíî ÿâíó çàëåæíiñòü êîíñòàíò âiä ïàðàìåòðiâ

ïðîñòîðó òèïó Áåñîâà. Äîâåäåíî òåîðåìó, ùî õàðàêòåðèçó¹ ñïåêòðàëüíi

àïðîêñèìàöi¨ äëÿ îïåðàòîðà ç òî÷êîâèì ñïåêòðîì â òåðìiíàõ êâàçiíîðì

âèçíà÷åíèõ àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà.

Âèçíà÷åíî øêàëó àïðîêñèìàöiéíèõ ïðîñòîðiâ íà îáëàñòÿõ âèçíà÷å-

ííÿ öiëèõ ñòåïåíiâ çàìêíåíèõ îïåðàòîðiâ i äîñëiäæåíî ïðîáëåìó íàáëè-

æåííÿ çàäàíîãî åëåìåíòà áàíàõîâîãî ïðîñòîðó, ùî ¹ îáëàñòþ âèçíà÷åííÿ

öiëèõ ñòåïåíiâ îïåðàòîðà, åëåìåíòàìè iíâàðiàíòíèõ ïiäïðîñòîðiâ öiëèõ

âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó. Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà

i Äæåêñîíà â òåðìiíàõ êâàçiíîðì âèçíà÷åíèõ àïðîêñèìàöiéíèõ ïðîñòîðiâ.

Íà ïðèêëàäi îïåðàòîðà äèôåðåíöiþâàííÿ â ïðîñòîði Lq(R) ïîêà-

çàíî çàñòîñóâàííÿ îòðèìàíèõ àáñòðàêòíèõ ðåçóëüòàòiâ â òåîði¨ àïðîêñè-

ìàöi¨ ôóíêöié. Ïîêàçàíî, ùî àïðîêñèìàöiéíèé ïðîñòið, àñîöiéîâàíèé ç

îïåðàòîðîì äèôåðåíöiþâàííÿ, ïðè ïåâíèõ çíà÷åííÿõ iíäåêñiâ ñïiâïàäà¹

ç êëàñè÷íèì ïðîñòîðîì Á¹ñîâà. ßê íàñëiäîê, îòðèìàíî íåðiâíîñòi òè-

ïó Áåðíøòåéíà i Äæåêñîíà ïðî îöiíêè íàéêðàùèõ íàáëèæåíü öiëèìè

ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó ç òî÷íèìè çíà÷åííÿìè êîíñòàíò, ùî

âèçíà÷àþòüñÿ ïàðàìåòðàìè êëàñè÷íîãî ïðîñòîðó Áåñîâà.

Ó òðåòüîìó ðîçäiëi ðîçâèíóòî òåîðiþ iíòåðïîëÿöi¨ ïðîñòîðiâ öiëèõ
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âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ, àñîöiéîâàíèõ

ç íåîáìåæåíèìè îïåðàòîðàìè ó áàíàõîâèõ ïðîñòîðàõ, ó êîíòåêñòi ¨¨ çà-

ñòîñóâàíü â òåîði¨ íàáëèæåíü ôóíêöié, çîêðåìà, ñïåêòðàëüíèõ àïðîêñè-

ìàöié ó ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Âèçíà÷åíî i âñòàíîâëåíî îñíîâíi âëàñòèâîñòi iíòåðïîëÿöiéíèõ ïðî-

ñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíîãî îïåðàòîðà, ïî-

ðîäæåíèõ äiéñíèìè ìåòîäàìè iíòåðïîëÿöi¨.

Ó ïiäðîçäiëi 3.2 âèçíà÷åíî i âñòàíîâëåíî îñíîâíi âëàñòèâîñòi iíòåð-

ïîëÿöiéíèõ ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíî-

ãî îïåðàòîðà, ïîðîäæåíèõ êîìïëåêñíèì ìåòîäîì iíòåðïîëÿöi¨. Äîâåäåíî

iíòåðïîëÿöiéíó òåîðåìó äëÿ ïðîñòîðiâ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó

íåîáìåæåíèõ îïåðàòîðiâ íà îáëàñòÿõ âèçíà÷åííÿ ¨õ öiëèõ ñòåïåíiâ, ïîðî-

äæåíèõ êîìïëåêñíèì ìåòîäîì iíòåðïîëÿöi¨.

Ó ïiäðîçäiëi 3.3 ââåäåíî íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïî-

íåíöiàëüíîãî òèïó íà îáëàñòÿõ âèçíà÷åííÿ êîìïëåêñíèõ ñòåïåíiâ ïîçè-

òèâíèõ îïåðàòîðiâ. Âñòàíîâëåíî içîìîðôiçìè äëÿ äiéñíî¨ òà êîìïëåêñíî¨

iíòåðïîëÿöiéíèõ øêàë ââåäåíèõ ïðîñòîðiâ.

Ó ïiäðîçäiëi 3.4 îïèñàíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ïî-

çèòèâíèìè îïåðàòîðàìè ó áàíàõîâèõ ïðîñòîðàõ. Âñòàíîâëåíî iíòåðïîëÿ-

öiéíi âëàñòèâîñòi òàêèõ ïðîñòîðiâ.

Äîñëiäæåíî ïðîáëåìó íàáëèæåííÿ çàäàíîãî åëåìåíòà ïðîñòîðó Cα ,
ùî ¹ îáëàñòþ âèçíà÷åííÿ êîìïëåêñíèõ ñòåïåíiâ (α ∈ C) îïåðàòîðà A ,

åëåìåíòàìè iíâàðiàíòíèõ ïiäïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî

òèïó. Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâà-

çiíîðì âiäïîâiäíèõ àïðîêñèìàöiéíèõ ïðîñòîðiâ. Äîâåäåíî òåîðåìó, ùî

õàðàêòåðèçó¹ ñïåêòðàëüíi àïðîêñèìàöi¨ äëÿ ïîçèòèâíîãî îïåðàòîðà ç òî-

÷êîâèì ñïåêòðîì â òåðìiíàõ êâàçiíîðì àïðîêñèìàöiéíèõ ïðîñòîðiâ.

Ó ïiäðîçäiëi 4.1 îïèñàíî ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî

òèïó ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â îáìåæåíèõ
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îáëàñòÿõ i êîìïàêòíèõ ìíîãîâèäàõ êëàñó C∞ . Äîâåäåíî, ùî ó âèïàäêó

íåïîðîæíüî¨ ðåçîëüâåíòíî¨ ìíîæèíè ðåãóëÿðíî åëiïòè÷íîãî îïåðàòîðà

ïðîñòið öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó ñïiâïàäà¹ ç ïiäïðîñòîðîì

öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó, çâóæåííÿ ÿêèõ íà Ω íàëåæèòü

ïðîñòîðó Lp(Ω) .

Âñòàíîâëåíî íîâi îçíàêè ïîâíîòè ìíîæèíè êîðåíåâèõ âåêòîðiâ ðåãó-

ëÿðíî åëiïòè÷íîãî îïåðàòîðà â ïðîñòîðàõ Lp(Ω) (1 < p <∞ ). Ïðè öüî-

ìó âèêîðèñòàíî âiäîìi îçíàêè ïîâíîòè êîðåíåâèõ âåêòîðiâ êîìïàêòíèõ

îïåðàòîðiâ â ãiëüáåðòîâîìó ïðîñòîði òà îçíàêè ùiëüíîñòi ìíîæèíè öiëèõ

âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà â áàíàõîâèõ ïðîñòîðàõ.

Îïèñàíî ïðîñòîðè öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó âèðîäæå-

íèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ, ùî õàðàêòåðèçóþòüñÿ ñèëü-

íèì âèðîäæåííÿì êîåôiöi¹íòiâ ïîáëèçó ãðàíèöi (i íà íåñêií÷åííîñòi),

çâè÷àéíèõ âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â îáìå-

æåíîìó iíòåðâàëi òà âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòî-

ðiâ ç ÷àñòèííèìè ïîõiäíèìè â îáìåæåíèõ îáëàñòÿõ ç íåñêií÷åííî ãëàäêîþ

ãðàíèöåþ. Äîâåäåíî iíòåðïîëÿöiéíi òåîðåìè äëÿ òàêèõ ïðîñòîðiâ.

Ó ïiäðîçäiëi 4.4 îïèñàíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ðå-

ãóëÿðíèìè åëiïòè÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè â îáìåæåíèõ

îáëàñòÿõ Ω i íà êîìïàêòíèõ ìíîãîâèäàõ êëàñó C∞ , âèðîäæåíèìè åëi-

ïòè÷íèèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè, ùî õàðàêòåðèçóþòüñÿ ñèëü-

íèì âèðîäæåííÿì êîåôiöi¹íòiâ ïîáëèçó ãðàíèöi (i íà íåñêií÷åííîñòi),

óçàãàëüíåíèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè Ëåæàíäðà. Äîâåäåíî íå-

ðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâàçiíîðì òàêèõ àïðî-

êñèìàöiéíèõ ïðîñòîðiâ ç òî÷íèìè çíà÷åííÿìè êîíñòàíò.

Ó ï'ÿòîìó ðîçäiëi ðîçâèíóòî òåîðiþ òåíçîðíèõ äîáóòêiâ àïðîêñèìà-

öiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç çàìêíåíèìè îïåðàòîðàìè.

Âñòàíîâëåíî âëàñòèâîñòi ïðîåêòèâíèõ òåíçîðíèõ äîáóòêiâ ïðîñòîðiâ

öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó äëÿ ñêií÷åííèõ íàáîðiâ çàìêíå-
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íèõ îïåðàòîðiâ, ùî äiþòü ó áàíàõîâèõ ïðîñòîðàõ. Ïîáóäîâàíî ñïåêòðàëü-

íi ðîçêëàäè äëÿ îïåðàòîðiâ ç òî÷êîâèì ñïåêòîðîì.

Âèçíà÷åíî iíòåðïîëÿöiéíi ïðîñòîðè ïðîåêòèâíèõ òåíçîðíèõ äîáó-

òêiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïåðàòîðiâ íàä

áàíàõîâèìè ïðîñòîðàìè òà âñòàíîâëåíî ¨õ iíòåðïîëÿöiéíi âëàñòèâîñòi.

Äîâåäåíî, ùî òåíçîðíèé äîáóòîê àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó

Á¹ñîâà ¹ ïðîìiæíèì iíòåðïîëÿöiéíèì ïðîñòîðîì ìiæ òåíçîðíèì äîáó-

òêîì ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïå-

ðàòîðiâ i òåíçîðíèì äîáóòêîì áàíàõîâèõ ïðîñòîðiâ, íà ÿêèõ âèçíà÷åíî

âiäïîâiäíi îïåðàòîðè. Âñòàíîâëåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæå-

êñîíà, ÿêi îöiíþþòü âiäñòàíü âiä çàäàíîãî åëåìåíòà òåíçîðíîãî äîáóòêó

áàíàõîâèõ ïðîñòîðiâ äî ïiäïðîñòîðó, ùî âèçíà÷à¹òüñÿ òåíçîðíèì äîáó-

òêîì ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó.

Âèçíà÷åíî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹-

ñîâà íà îáëàñòÿõ âèçíà÷åííÿ êîìïëåêñíèõ ñòåïåíiâ ïîçèòèâíèõ îïåðà-

òîðiâ. Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà, ÿêi îöiíþþòü

âiäñòàíü âiä çàäàíîãî åëåìåíòà òåíçîðíîãî äîáóòêó áàíàõîâèõ ïðîñòî-

ðiâ, ùî ¹ îáëàñòÿìè âèçíà÷åííÿ êîìïëåêñíèõ ñòåïåíiâ ïîçèòèâíèõ îïå-

ðàòîðiâ, äî ïiäïðîñòîðó, ùî âèçíà÷à¹òüñÿ òåíçîðíèì äîáóòêîì ïðîñòîðiâ

öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó.

Âèçíà÷åíî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñî-

âà, àñîöiéîâàíèõ ç ðåãóëÿðíèìè åëiïòè÷íèìè äèôåðåíöiàëüíèìè îïåðà-

òîðàìè â îáìåæåíèõ îáëàñòÿõ êëàñó C∞ òà íà êîìïàêòíèõ ìíîãîâèäàõ,

ùî ìàþòü ôîðìó ãðàíèöi îáìåæåíî¨ îáëàñòi êëàñó C∞ , à òàêîæ óçàãàëü-

íåíèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè Ëåæàíäðà. Äîâåäåíî íåðiâíîñòi

òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâàçiíîðì âèçíà÷åíèõ òåíçîð-

íèõ äîáóòêiâ àïðîêñèìàöiéíèõ ïðîñòîðiâ.

Êëþ÷îâi ñëîâà: àïðîêñèìàöiéíi ïðîñòîðè, öiëi âåêòîðè åêñïîíåíöi-

àëüíîãî òèïó, íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà, íåîáìåæåíi îïå-
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ðàòîðè, åëiïòè÷íi îïåðàòîðè.

ABSTRACT

Dmytryshyn M.I. Approximation spaces associated with the entire expo-

nential type vectors. � Qualifying scienti�c work on rights of manuscript.

The thesis for obtaining the Doctor of Physical and Mathematical Sci-

ences degree on the speciality 01.01.01 � mathematical analysis. Public Hi-

gher Education Institution �Vasyl Stefanyk Precarpathian National Universi-

ty�. � Ivan Franko National University of Lviv, Lviv, 2019.

The dissertation is devoted to the development of the theory of approxi-

mation spaces associated with entire exponential type vectors of unbounded

operators in the context of spectral approximations and characterization of

di�erent classes of functions in terms of their best approximations by entire

exponential type functions.

The �rst section discusses the essence of the operator approach to the

problems of the approximation theory of functions. The basic elements of the

theory of approximation spaces and directions of their modern generalizations

are considered. Some necessary information on the interpolation theory of

spaces and the theory of classical Besov spaces are presented, as well as

the connection of the theory of approximation spaces with the interpolation

theory of spaces.

The �rst section discusses the essence of the operator approach to the

problems of approximation theory, in which the problem of the best approxi-

mation of a given element of space by analytic, entire and entire exponenti-

al type of vectors associated with unbounded operators operating in these

spaces is solved. The concept of approximation space is de�ned and some

of its elementary properties are formulated. The relation of the theory of

approximation spaces with the theory of interpolation of spaces is analyzed

and the basic elementary properties of interpolation spaces generated by real
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methods of interpolation are presented.

In second section we de�ne the new classes of spaces of entire vectors

exponential type of closed operator in a Banach space. The basic properties

of such spaces are established.

For point spectrum operators, a relationship is established between them

root vectors and entire exponential type vectors. It is proved that the spaces

of entire exponential type vectors of the operator with the point spectrum

coincides with the linear span of the images Riesz projectors. In the case of

an operator with a point spectrum, that consists of isolated eigenvalues with

�nite algebraic multiplicities, the space of all entire exponential type vectors

coincides with the linear span of its root vectors.

Section 2.2 introduces new classes of Besov-type approximation spaces

associated with unbounded operators in the Banach space X . We prove that

such spaces are interpolation spaces between spaces of exponential vector

vectors and X .

The problem of approximation of a given element of a Banach space

X by elements of invariant subspaces of entire exponential type vectors is

investigated. The results obtained are presented in the form of Bernstein and

Jackson type inequalities in terms of quasi-norms of approximation spaces.

The explicit dependence of the constants on the parameters of the Besov

type space is obtained. The theorem characterizing spectral approximations

for an operator with a point spectrum in terms of quasi-norms of de�ned

approximation spaces of Besov type is proved.

The scale of approximation spaces in the domains of de�nition of integer

degrees of closed operators is determined, and the problem of approximation

of a given element of Banach space, which is the domain of integer degrees

of operator, by elements of invariant subspaces of entire exponential type

vectors, is determined. Bernstein and Jackson type inequalities are proved in

terms of quasi-norms of de�ned approximation spaces.



9

For the di�erentiation operator in the space Lq(R) , we show the appli-

cation of abstract results in the approximation theory of functions. We prove

that the approximation space associated with the di�erentiation operator coi-

ncides with the classical Besov space at certain index values. As a consequence,

classical inequalities of Bernstein and Jackson with exact values of constants

are obtained.

In the third section the interpolation theory of spaces of entire exponen-

tial type vectors associated with unbounded operators in Banach spaces is

developed in the context of its applications in the approximation theory of

functions, in particular, spectral approximations in the function spaces.

The basic properties of interpolation spaces of entire exponential type

vectors of closed operator generated by real interpolation methods are de�ned

and established.

Section 3.2 de�nes and sets the basic properties interpolation spaces of

entire exponential type vectors of closed operator generated by the complex

method of interpolation. An interpolation theorem for the spaces of exponenti-

al type vectors of unbounded operators is proved on domains of their integer

degrees generated by the complex method interpolation.

Section 3.3 introduces new classes of spaces of entire exponential type

vectors on domains of complex degrees of positive operators. Isomorphisms

for the real and complex interpolation scales of introduced spaces are establi-

shed.

Section 3.4 de�nes the approximation spaces associated with positive

operators in Banach spaces. The interpolation properties of such spaces are

established.

The problem of approximation of a given element of space Cα is investi-

gated, which is the domain of complex degrees (α ∈ C) of A , by elements of

invariant subspaces of entire exponential type vectors. Bernstein and Jackson

type inequalities have been proved in terms of quasi-norms of corresponding
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approximation spaces. We prove the theorem which characterizes the spectral

approximations for the positive operator with point spectrum in terms of

quasi-norms of approximation spaces.

Section 4.1 describes the spaces of exponential type vectors of regular

elliptic di�erential operators in bounded domains Ω and on compact C∞ -

manifolds. It is proved that in the case of a non-empty resolvent set of a

regularly elliptic operator, the space of entire exponential type vectors coi-

ncides with the subspace of entire exponential type functions of whose restri-

ction on Ω belongs to the space Lp(Ω) .

New conditions of completeness of the set of root vectors have been

established of a regular elliptic operator in the spaces Lp(Ω) (1 < p <∞ ).

The known conditions of completeness were used the root vectors of compact

operators in Hilbert space and the conditions of the density of the set of

entire exponential type vectors of operator in Banach spaces.

We describe the spaces of entire exponential type vectors of degenerate

elliptic di�erential operators such that characterized by a strong degeneration

of coe�cients near the boundary (and at in�nity), the ordinary degenerate

elliptic di�erential operators on �nite-interval and degenerate elliptic partial

di�erential derivatives in bounded regions with in�nitely smooth boundary.

Interpolation theorems for such spaces are proved.

Section 4.4 describes the approximation spaces associated with the re-

gular elliptic di�erential operators in bounded domains Ω and on compact

C∞ -manifolds, the degenerate elliptic di�erential operators, characterized by

a strong degeneration of coe�cients near the boundary (and at in�nity), and

the generalized di�erential Legendre operators. Bernstein and Jackson type

inequalities in terms of quasi-norms of such approximation spaces with exact

values of constants are proved.

In the �fth section, the theory of tensor products is developed approxi-

mation spaces associated with closed operators.
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The properties of projective tensor products of spaces of entire exponenti-

al type vectors for �nite sets of closed operators in Banach spaces are establi-

shed. Spectral decompositions for the operators with the point spectrum are

constructed.

The interpolation spaces of projective tensor products of entire exponenti-

al type vectors of closed operators in the Banach spaces are determined and

their interpolation properties are established .

It is proved that the tensor product of Besov approximation spaces

is an intermediate interpolation space between the tensor product of enti-

re exponential type vectors of closed operators and the tensor product of

Banach spaces on which the corresponding operators are de�ned. Bernstein

and Jackson type inequalities, which estimate the distance from a given

element of a tensor product of Banach spaces to the subspace de�ned by

the tensor product of spaces of entire exponential type vectors are establi-

shed.

The tensor products of Besov approximation spaces in the domains of

complex degrees of positive operators are determined. Bernstein and Jackson

type inequalities, which estimate the distance from a given element of a tensor

product of Banach spaces that are domains of complex degrees of positive

operators, to the subspace de�ned by the tensor product of spaces of entire

exponential type vectors are established.

The tensor products of Besov approximation spaces associated with

regular elliptic di�erential operators in bounded domains Ω and on compact

C∞ -manifolds, and generalized Legendre di�erential operators are determi-

ned. Bernstein and Jackson type inequalities are proved in terms of quasi-

norms of certain tensor products of approximation spaces.

Key words: approximation spaces, entire exponential type vectors, Bern-

stein-Jackson-type inequalities, unbounded operators, elliptic operators.
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Îäíi¹þ ç îñíîâíèõ ïðîáëåì òåîði¨ àïðîêñè-

ìàöi¨ ôóíêöié ¹ õàðàêòåðèçàöiÿ ðiçíèõ êëàñiâ ôóíêöié â òåðìiíàõ ¨õ íàé-

êðàùèõ íàáëèæåíü àëãåáðà¨÷íèìè i òðèãîíîìåòðè÷íèìè ïîëiíîìàìè, öi-

ëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó. Îòðèìàíi â öüîìó íàïðÿìêó

ðåçóëüòàòè ôîðìóëþþòüñÿ ó âèãëÿäi òàê çâàíèõ ïðÿìèõ i îáåðíåíèõ òåî-

ðåì (íåðiâíîñòåé Äæåêñîíà i Áåðíøòåéíà) òåîði¨ àïðîêñèìàöi¨ ôóíêöié.

Â àáñòðàêòíîìó âèïàäêó ìà¹ìî âiäïîâiäíó ïðîáëåìó íàáëèæåííÿ

åëåìåíòiâ ïðîñòîðó àíàëiòè÷íèìè, öiëèìè òà öiëèìè åêñïîíåíöiàëüíîãî

òèïó âåêòîðàìè, àñîöiéîâàíèìè ç íåîáìåæåíèìè îïåðàòîðàìè. Íà îñíîâi

òàêèõ êëàñiâ âåêòîðiâ ìîæíà ðîçâèíóòè îïåðàòîðíèé ïiäõiä äî îòðèìàí-

íÿ íåðiâíîñòåé òèïó Äæåêñîíà i Áåðíøòåéíà, ÿêi äàþòü îöiíêè íàéêðà-

ùèõ íàáëèæåíü ðiçíèìè êëàñàìè ãëàäêèõ âåêòîðiâ, àñîöiéîâàíèõ ç äà-

íèì îïåðàòîðîì. Âèêîðèñòîâóþ÷è ïîíÿòòÿ àïðîêñèìàöiéíîãî ïðîñòîðó,

ìîæíà îïèñàòè ïåâíi àíàëîãi¨ ìiæ ïðîñòîðàìè ïîñëiäîâíîñòåé, ôóíêöié

i îïåðàòîðiâ, ùî äîçâîëÿ¹, çîêðåìà, îòðèìàòè ôóíäàìåíòàëüíi òåîðåìè

ïðåäñòàâëåííÿ, òðàñôîðìàöi¨, âêëàäåííÿ, êîìïîçèöi¨, à òàêîæ îòðèìà-

òè íèçêó ðåçóëüòàòiâ ïðî ðîçïîäië êîåôiöi¹íòiâ Ôóð'¹ i âëàñíèõ çíà÷åíü

îïåðàòîðiâ.

Äîñëiäæåííþ ïðîáëåì òåîði¨ àïðîêñèìàöi¨ ôóíêöié, ïîâ'ÿçàíèõ, çîê-

ðåìà, ç âèêîðèñòàííÿì ðiçíèõ êëàñiâ àíàëiòè÷íèõ âåêòîðiâ, àñîöiéîâàíèõ

ç íåîáìåæåíèìè îïåðàòîðàìè, ïðèñâÿ÷åíî ïðàöi òàêèõ âiäîìèõ âiò÷è-

çíÿíèõ òà çàðóáiæíèõ â÷åíèõ ÿê: Í. I. Àõi¹çåð, Þ. Ì. Áåðåçàíñüêèé,

Ñ. Í. Áåðíøòåéí, Î. Â. Á¹ñîâ, Ì. Ë. Ãîðáà÷óê, Ð. Ãóäìàí, Ä. Äæåêñîí,

Ñ. Äæióëiíi, Ì. Ã. Êðåéí, Ñ. Ã. Êðåéí, Î. Â. Ëîïóøàíñüêèé, Þ. I. Ëþ-

ái÷, Â. I. Ìàöà¹â, Å. Íåëüñîí, Ñ. Ì. Íiêîëüñüêèé, Ã. Â. Ðàäçi¹âñüêèé,

ß. Â. Ðàäèíî, Â. Â. Ñàâ÷óê, Î. Á. Ñêàñêiâ, Ñ. Ë. Ñîáîë¹â, Ñ. Á. Ñò¹÷êií,

À. Ô. Òiìàí, Ï. Ë. Óëüÿíîâ òà ií.
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Íåçâàæàþ÷è íà çíà÷íi äîñÿãíåííÿ ó íàïðÿìêó ðîçâèòêó òåîði¨ àïðî-

êñèìàöi¨ ôóíêöié, öÿ òåìàòèêà é íàäàëi çàëèøà¹òüñÿ îäíi¹þ ç íàéâàæëè-

âiøèõ. Ïðè öüîìó ìîæíà âiäçíà÷èòè áåçóìîâíèé íàóêîâèé iíòåðåñ äî

ðîçâèòêó òåîði¨ ñïåêòðàëüíèõ àïðîêñèìàöié, ïîâ'ÿçàíèõ ç íåîáìåæåíèìè

îïåðàòîðàìè â àáñòðàêòíîìó âèïàäêó i îïåðàòîðàìè äèôåðåíöiþâàííÿ â

òåîði¨ ôóíêöié.

Àïðîêñèìàöiéíi ïðîñòîðè äîñi íå ðîçãëÿäàëèñÿ â êîíòåêñòi ¨õ âçà¹-

ìîçâ'ÿçêó ç iíòåðïîëÿöiéíèìè øêàëàìè iíâàðiàíòíèõ ïiäïðîñòîðiâ öiëèõ

âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ, ùî äîçâîëÿ¹,

çîêðåìà, õàðàêòåðèçóâàòè ñïåêòðàëüíi àïðîêñèìàöi¨ ó áàíàõîâèõ ïðîñòî-

ðàõ, îñêiëüêè äëÿ îïåðàòîðiâ ç òî÷êîâèì ñïåêòðîì ïiäïðîñòið öiëèõ âå-

êòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíîãî íåîáìåæåíîãî îïåðàòîðà ñïiâ-

ïàäà¹ ç ëiíiéíîþ îáîëîíêîþ éîãî ñïåêòðàëüíèõ ïiäïðîñòîðiâ. Âèùåçà-

çíà÷åíå îáóìîâèëî àêòóàëüíiñòü òåìè äèñåðòàöiéíî¨ ðîáîòè, ¨¨ ìåòó òà

çàäà÷i.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìà-

ìè. Äèñåðòàöiéíà ðîáîòà âèêîíàíà â ðàìêàõ íàóêîâî-äîñëiäíèõ äåðæ-

áþäæåòíèõ òåì �Ðîçðîáêà àíàëiòè÷íèõ ìåòîäiâ ó íåñêií÷åííîâèìiðíîìó

êîìïëåêñíîìó àíàëiçi òà òåîði¨ îïåðàòîðiâ� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨

0113U000184) i �Ïðîáëåìè íåëiíiéíîãî àíàëiçó ùîäî ïðîäîâæåííÿ âiä-

îáðàæåíü, ÿêi íàëåæàòü äî ðiçíèõ ôóíêöiîíàëüíèõ êëàñiâ íà òîïîëîãi-

÷íèõ i òîïîëîãi÷íèõ âåêòîðíèõ ïðîñòîðàõ� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨

0118U000097) êàôåäðè ìàòåìàòè÷íîãî i ôóíêöiîíàëüíîãî àíàëiçó ÄÂÍÇ

�Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà�.

Ìåòà i çàäà÷i äîñëiäæåííÿ. Ìåòîþ äèñåðòàöiéíî¨ ðîáîòè ¹ ðîç-

ðîáêà òåîði¨ àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç öiëèìè âåêòî-

ðàìè åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ, ó êîíòåêñòi ñïå-

êòðàëüíèõ àïðîêñèìàöié òà õàðàêòåðèçàöi¨ ðiçíèõ êëàñiâ ôóíêöié â òåð-
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ìiíàõ ¨õ íàéêðàùèõ íàáëèæåíü öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òè-

ïó.

Äëÿ äîñÿãíåííÿ öi¹¨ ìåòè ó äèñåðòàöi¨ ïîñòàâëåíi òà âèðiøåíi òàêi

çàäà÷i:

� ââåñòè i îïèñàòè íîâi êëàñè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéî-

âàíèõ ç öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðà-

òîðiâ;

� âñòàíîâèòè íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ

êâàçiíîðì àïðîêñèìàöiéíèõ ïðîñòîðiâ, ùî õàðàêòåðèçóþòü íàáëèæåííÿ

öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó òà ñïåêòðàëüíi àïðîêñèìàöi¨

ó âèïàäêó îïåðàòîðiâ ç òî÷êîâèì ñïåêòðîì;

� âèçíà÷èòè íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíî-

ãî òèïó çàìêíåíîãî íåîáìåæåíîãî îïåðàòîðà ó áàíàõîâîìó ïðîñòîði òà

îïèñàòè ¨õ îñíîâíi âëàñòèâîñòi;

� ðîçâèíóòè òåîðiþ iíòåðïîëÿöi¨ ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåí-

öiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ;

� îïèñàòè àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ïîçèòèâíèìè îïå-

ðàòîðàìè ó áàíàõîâèõ ïðîñòîðàõ, òà âñòàíîâèòè ¨õ iíòåðïîëÿöiéíi âëà-

ñòèâîñòi;

� îïèñàòè àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç åëiïòè÷íèìè îïå-

ðàòîðàìè ó ïðîñòîðàõ ôóíêöié, òà âñòàíîâèòè íåðiâíîñòi òèïó Áåðíøòåé-

íà i Äæåêñîíà, ùî õàðàêòåðèçóþòü íàáëèæåííÿ öiëèìè ôóíêöiÿìè åêñ-

ïîíåíöiàëüíîãî òèïó;

� ðîçâèíóòè òåîðiþ òåíçîðíèõ äîáóòêiâ ïðîñòîðiâ öiëèõ âåêòîðiâ åêñ-

ïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïåðàòîðiâ ó áàíàõîâèõ ïðîñòîðàõ;

� ðîçâèíóòè òåîðiþ òåíçîðíèõ äîáóòêiâ àïðîêñèìàöiéíèõ ïðîñòîðiâ,

àñîöiéîâàíèõ ç íåîáìåæåíèìè îïåðàòîðàìè, òà âñòàíîâèòè íåðiâíîñòi òè-

ïó Áåðíøòåéíà i Äæåêñîíà íà òåíçîðíèõ äîáóòêàõ àïðîêñèìàöiéíèõ ïðî-

ñòîðiâ.
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Îá'¹êòîì äîñëiäæåííÿ ¹ àïðîêñèìàöiéíi ïðîñòîðè òà öiëi âåêòîðè

åêñïîíåíöiàëüíîãî òèïó, àñîöiéîâàíi ç íåîáìåæåíèìè îïåðàòîðàìè, ùî

äiþòü ó íîðìîâàíèõ ïðîñòîðàõ.

Ïðåäìåòîì äîñëiäæåííÿ ¹ ñòðóêòóðà i âëàñòèâîñòi àïðîêñèìàöié-

íèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç íåîáìåæåíèìè îïåðàòîðàìè, ¨õ çâ'ÿçîê iç

iíòåðïîëÿöiéíèìè ïðîñòîðàìè i ñïåêòðàëüíèìè àïðîêñèìàöiÿìè.

Ìåòîäè äîñëiäæåííÿ. Äëÿ ðîçâ'ÿçàííÿ ïîñòàâëåíèõ çàäà÷ âèêîðè-

ñòàíî ìåòîäè òåîði¨ ôóíêöié, ôóíêöiîíàëüíîãî àíàëiçó, òåîðiþ iíòåðïîëÿ-

öi¨ ïðîñòîðiâ, ñïåêòðàëüíó òåîðiþ îïåðàòîðiâ, òåîðiþ òîïîëîãi÷íèõ òåí-

çîðíèõ äîáóòêiâ, òåîðiþ ðåãóëÿðíèõ i âèðîäæåíèõ åëiïòè÷íèõ äèôåðåí-

öiàëüíèõ îïåðàòîðiâ.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Ó äèñåðòàöiéíié ðî-

áîòi ñôîðìóëüîâàíî íîâèé íàïðÿì íàóêîâèõ äîñëiäæåíü àïðîêñèìàöié-

íèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó

íåîáìåæåíèõ îïåðàòîðiâ. Ó õîäi äîñëiäæåííÿ âïåðøå îòðèìàíî òàêi íà-

óêîâi ðåçóëüòàòè:

� ââåäåíî i îïèñàíî íîâi êëàñè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéî-

âàíèõ ç öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðà-

òîðiâ â íîðìîâàíèõ ïðîñòîðàõ òà öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî

òèïó äëÿ îïåðàòîðiâ äèôåðåíöiþâàííÿ ó ôóíêöiîíàëüíèõ ïðîñòîðàõ;

� äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâà-

çiíîðì àïðîêñèìàöiéíèõ ïðîñòîðiâ ç òî÷íèìè çíà÷åííÿìè êîíñòàíò, ÿêi

äàþòü àíàëiòè÷íi îöiíêè íàéêðàùèõ íàáëèæåíü öiëèìè âåêòîðàìè åêñ-

ïîíåíöiàëüíîãî òèïó íåîáìåæåíîãî îïåðàòîðà, çîêðåìà, ñïåêòðàëüíèõ

àïðîêñèìàöié ó âèïàäêó îïåðàòîðà ç òî÷êîâèì ñïåêòðîì, à ó âèïàäêó

îïåðàòîðà äèôåðåíöiþâàííÿ � âiäïîâiäíi îöiíêè íàáëèæåííÿ ôóíêöié

àëãåáðà¨÷íèìè i òðèãîíîìåòðè÷íèìè ïîëiíîìàìè, öiëèìè ôóíêöiÿìè åêñ-

ïîíåíöiàëüíîãî òèïó;

� âèçíà÷åíî i îïèñàíî íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåí-
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öiàëüíîãî òèïó çàìêíåíîãî íåîáìåæåíîãî îïåðàòîðà ó áàíàõîâîìó ïðî-

ñòîði;

� îïèñàíî iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî

òèïó íåîáìåæåíèõ îïåðàòîðiâ, ïîðîäæåíi äiéñíèìè i êîìïëåêñíèì ìåòî-

äàìè iíòåðïîëÿöi¨, çîêðåìà, ïîçèòèâíèõ îïåðàòîðiâ, à òàêîæ öiëèõ ôóí-

êöié åêñïîíåíöiàëüíîãî òèïó ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ

îïåðàòîðiâ â îáìåæåíèõ îáëàñòÿõ i íà êîìïàêòíèõ ìíîãîâèäàõ, âèðî-

äæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ, ùî õàðàêòåðèçóþòüñÿ

ñèëüíèì âèðîäæåííÿì êîåôiöi¹íòiâ ïîáëèçó ãðàíèöi (i íà íåñêií÷åííî-

ñòi), óçàãàëüíåíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ Ëåæàíäðà;

� îïèñàíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ïîçèòèâíèìè îïå-

ðàòîðàìè ó áàíàõîâèõ ïðîñòîðàõ, òà âñòàíîâëåíî ¨õ iíòåðïîëÿöiéíi âëà-

ñòèâîñòi;

� îïèñàíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ðåãóëÿðíî åëiïòè-

÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè, âèðîäæåíèìè åëiïòè÷íèìè äè-

ôåðåíöiàëüíèìè îïåðàòîðàìè i óçàãàëüíåíèìè äèôåðåíöiàëüíèìè îïå-

ðàòîðàìè Ëåæàíäðà, òà âñòàíîâëåíî âiäïîâiäíi íåðiâíîñòi òèïó Áåðí-

øòåéíà i Äæåêñîíà, ùî õàðàêòåðèçóþòü íàáëèæåííÿ öiëèìè ôóíêöiÿìè

åêñïîíåíöiàëüíîãî òèïó òà êîðåíåâèìè ôóíêöiÿìè â ïðîñòîðàõ Ëåáåãà;

� âèçíà÷åíî òåíçîðíi äîáóòêè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåí-

öiàëüíîãî òèïó çàìêíåíèõ îïåðàòîðiâ ó áàíàõîâèõ ïðîñòîðàõ, äîâåäåíî

iíòåðïîëÿöiéíi òåîðåìè äëÿ öèõ ïðîñòîðiâ;

� âèçíà÷åíî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâà-

íèõ ç íåîáìåæåíèìè îïåðàòîðàìè, çîêðåìà, ïîçèòèâíèìè îïåðàòîðàìè,

ðåãóëÿðíî åëiïòè÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè i óçàãàëüíåíèìè

äèôåðåíöiàëüíèìè îïåðàòîðàìè Ëåæàíäðà, òà âñòàíîâëåíî ¨õ iíòåðïîëÿ-

öiéíi âëàñòèâîñòi;

� äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà íà òåíçîðíèõ

äîáóòêàõ àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà ç ÿâíèì âèãëÿäîì çà-
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ëåæíîñòi êîíñòàíò âiä ïàðàìåòðiâ òàêèõ ïðîñòîðiâ.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äè-

ñåðòàöiéíî¨ ðîáîòè ìàþòü òåîðåòè÷íèé õàðàêòåð. Âîíè ìîæóòü áóòè âè-

êîðèñòàíi ïðè ðîçâ'ÿçàííi ïðèêëàäíèõ çàäà÷ ñïåêòðàëüíî¨ òåîði¨ äèôå-

ðåíöiàëüíèõ îïåðàòîðiâ, à òàêîæ ÿê ìåòîäè àíàëiçó ñèãíàëiâ i ðîçïiçíà-

âàííÿ îáðàçiâ.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Äèñåðòàöiéíà ðîáîòà ¹ ñàìîñòié-

íîþ çàâåðøåíîþ íàóêîâîþ ïðàöåþ, ùî ìiñòèòü íîâèé íàïðÿì íàóêîâèõ

äîñëiäæåíü àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç öiëèìè âåêòîðà-

ìè åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ, òà öiëèìè ôóíêöi-

ÿìè åêñïîíåíöiàëüíîãî òèïó äëÿ îïåðàòîðiâ äèôåðåíöiþâàííÿ, â ìåæàõ

ÿêîãî îïèñàíî ñòðóêòóðó i âëàñòèâîñòi öèõ ïðîñòîðiâ òà îòðèìàíî îöiíêè

íàéêðàùèõ ñïåêòðàëüíèõ àïðîêñèìàöié â àáñòðàêòíèõ ïðîñòîðàõ òà ïðî-

ñòîðàõ ôóíêöié. Íàóêîâi ïîëîæåííÿ i âèñíîâêè, ÿêi âèíîñÿòüñÿ íà çàõèñò,

çäîáóòî àâòîðîì îñîáèñòî òà âèêëàäåíî â éîãî íàóêîâèõ ïóáëiêàöiÿõ. Ó

ïðàöÿõ, ÿêi íàïèñàíî â ñïiâàâòîðñòâi, Î.Â. Ëîïóøàíñüêîìó íàëåæèòü

ïîñòàíîâêà çàäà÷, àíàëiç îòðèìàíèõ ðåçóëüòàòiâ òà ó÷àñòü ó ïiäãîòîâöi

ðîáiò äî äðóêó.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ïîëîæåííÿ òà ðå-

çóëüòàòè äèñåðòàöi¨ äîïîâiäàëèñÿ òà îáãîâîðþâàëèñÿ íà:

� VIII Áiëîðóñüêié ìàòåìàòè÷íié êîíôåðåíöi¨ (Ìiíñüê, Áiëîðóñü, 19-

24 ÷åðâíÿ 2000 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ ç ôóíêöiîíàëüíîãî àíàëiçó (Êè¨â, 22-26

ñåðïíÿ 2001 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ ç ôóíêöiîíàëüíîãî àíàëiçó i éîãî çà-

ñòîñóâàíü, ïðèñâÿ÷åíié 110-ði÷÷þ ç äíÿ íàðîäæåííÿ Ñòåôàíà Áàíàõà

(Ëüâiâ, 28-31 òðàâíÿ 2001 ð.);

� III Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Íåëiíiéíi ïðîáëåìè àíà-
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ëiçó� (Iâàíî-Ôðàíêiâñüê, 9-12 âåðåñíÿ 2003 ð.);

� Êîíôåðåíöi¨ ìîëîäèõ ó÷åíèõ ç ñó÷àñíèõ ïðîáëåì ìåõàíiêè i ìàòå-

ìàòèêè iì. àêàä. ß.Ñ. Ïiäñòðèãà÷à (Ëüâiâ, 24-26 òðàâíÿ 2004 ð.);

� Ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ iì. Â.ß. Ñêîðîáàãàòüêà

(Äðîãîáè÷, 27 âåðåñíÿ-1 æîâòíÿ 2004 ð.);

� Êîíôåðåíöi¨ ìîëîäèõ ó÷åíèõ ç ñó÷àñíèõ ïðîáëåì ìåõàíiêè i ìàòå-

ìàòèêè iì. àêàä. ß.Ñ. Ïiäñòðèãà÷à (Ëüâiâ, 24-27 òðàâíÿ 2005 ð.);

� XI Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà (Êè¨â,

18-20 òðàâíÿ 2006 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ �Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòî-

ñóâàííÿ� (×åðíiâöi, 11-14 æîâòíÿ 2006 ð.);

� Ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ iì. Â.ß. Ñêîðîáàãàòüêà

(Äðîãîáè÷, 24-28 âåðåñíÿ 2007 ð.);

� XII Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà (Êè-

¨â, 15-17 òðàâíÿ 2008 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ ç àíàëiçó i òîïîëîãi¨ (Ëüâiâ, 27 òðàâíÿ-7

÷åðâíÿ 2008 ð.);

� IV Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Íåëiíiéíi ïðîáëåìè àíà-

ëiçó� (Iâàíî-Ôðàíêiâñüê, 10-12 âåðåñíÿ 2008 ð.);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Íåñêií÷åííîâèìiðíèé àíàëiç i

òîïîëîãiÿ� (Iâàíî-Ôðàíêiâñüê, 27 òðàâíÿ-1 ÷åðâíÿ 2009 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ äî 100-ði÷÷ÿ Ì.Ì. Áîãîëþáîâà òà 70-

ði÷÷ÿ Ì.I. Íàãíèáiäè (×åðíiâöi, 8-13 ÷åðâíÿ 2009 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ ç ôóíêöiîíàëüíîãî àíàëiçó, ïðèñâÿ÷åíié

90-ði÷÷þ ç äíÿ íàðîäæåííÿ Â.Å. Ëÿíöå (Ëüâiâ, 17-21 ëèñòîïàäà 2010 ð.);

� Ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ iì. Â.ß. Ñêîðîáàãàòüêà

(Äðîãîáè÷, 19-23 âåðåñíÿ 2011 ð.);

� XIVÌiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà (Êè-

¨â, 19-21 êâiòíÿ 2012 ð.);
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� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨, ïðèñâÿ÷åíié 120-ði÷÷þ ç äíÿ

íàðîäæåííÿ Ñòåôàíà Áàíàõà (Ëüâiâ, 17-21 âåðåñíÿ 2012 ð.);

� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìî-

âiðíîñòåé òà ìàòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 25 ëþòîãî-3 áåðåçíÿ

2013 ð.);

� V Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Íåëiíiéíi ïðîáëåìè

àíàëiçó� (Iâàíî-Ôðàíêiâñüê, 19-21 âåðåñíÿ 2013 ð.);

� XV Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà (Êè-

¨â, 15-17 òðàâíÿ 2014 ð.);

� IV Ìiæíàðîäíié ãàíñüêié êîíôåðåíöi¨, ïðèñâÿ÷åíié 135 ði÷íèöi âiä

äíÿ íàðîäæåííÿ Ãàíñà Ãàíà (×åðíiâöi, 30 ÷åðâíÿ-5 ëèïíÿ 2014 ð.);

� Íàóêîâié êîíôåðåíöi¨, ïðèñâÿ÷åíié 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ

Ê.Ì. Ôiøìàíà òà Ì.Ê. Ôàãå (×åðíiâöi, 1-4 ëèïíÿ 2015 ð.);

� Ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ iì. Â.ß. Ñêîðîáàãàòüêà

(Äðîãîáè÷, 25-28 ñåðïíÿ 2015 ð.);

� XVII Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà

(Êè¨â, 19-20 òðàâíÿ 2016 ð.);

� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìî-

âiðíîñòåé òà ìàòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 22 ëþòîãî-25 ëþòîãî

2017 ð.);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè ìàòåìàòèêè

òà ¨¨ çàñòîñóâàííÿ â ïðèðîäíè÷èõ íàóêàõ i iíôîðìàöiéíèõ òåõíîëîãiÿõ�

(×åðíiâöi, 17-19 âåðåñíÿ 2018 ð.);

� êè¨âñüêîìó ñåìiíàði ç ôóíêöiîíàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìà-

òèêè ÍÀÍ Óêðà¨íè (Êè¨â, 1 êâiòíÿ 2015 ð., êåðiâíèêè ñåìiíàðó: ä.ô.-ì.í.,

ïðîô. Ì. Ë. Ãîðáà÷óê , ä.ô.-ì.í., ïðîô. Þ. Ñ. Ñàìîéëåíêî ó 2015 ð., òå-

ïåð: ä.ô.-ì.í., ñò.í.ñï. À. Í. Êî÷óáåé, ä.ô.-ì.í., ïðîô. Þ. Ñ. Ñàìîéëåí-

êî);

� íàóêîâîìó ñåìiíàði êàôåäðè ìàòåìàòè÷íîãî i ôóíêöiîíàëüíîãî
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àíàëiçó ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñè-

ëÿ Ñòåôàíèêà� (Iâàíî-Ôðàíêiâñüê, 4 âåðåñíÿ 2019 ð., êåðiâíèê ñåìiíàðó:

ä.ô.-ì.í., ïðîô. À. Â. Çàãîðîäíþê);

� íàóêîâîìó ñåìiíàði êàôåäðè ìàòåìàòè÷íîãî àíàëiçó ×åðíiâåöüêîãî

íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Þ. Ôåäüêîâè÷à (×åðíiâöi, 24 âåðåñíÿ

2019 ð., êåðiâíèê ñåìiíàðó: ä.ô.-ì.í., ïðîô. Â. Ê. Ìàñëþ÷åíêî);

� íàóêîâîìó ñåìiíàði ç òåîði¨ àíàëiòè÷íèõ ôóíêöié â Ëüâiâñüêî-

ìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà (Ëüâiâ, 14 ëèñòîïàäà

2019 ð., êåðiâíèê ñåìiíàðó: ä.ô.-ì.í., ïðîô. Î. Á. Ñêàñêiâ).

Ïóáëiêàöi¨. Ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáîòè îïóáëiêîâàíî ó 58

äðóêîâàíèõ íàóêîâèõ ïðàöÿõ, ç ÿêèõ: 29 ñòàòåé ó âiò÷èçíÿíèõ òà çàêîð-

äîííèõ ôàõîâèõ íàóêîâèõ âèäàííÿõ [20�37, 128�138], ç íèõ 12 � ó âèäà-

ííÿõ, ÿêi âêëþ÷åíi äî ìiæíàðîäíèõ íàóêîìåòðè÷íèõ áàç Scopus òà/àáî

Web of Science Core Collection [30, 32, 35, 36, 129, 131�135, 137, 138], 28 ïó-

áëiêàöié � çà ìàòåðiàëàìè êîíôåðåíöié [38�56, 139�147], 1 � ÷àñòèíà

êîëåêòèâíî¨ ìîíîãðàôi¨ [127].

Ñòðóêòóðà i îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó,

ï'ÿòè ðîçäiëiâ, âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë i äîäàòêiâ. Ïîâ-

íèé îáñÿã ðîáîòè ñòàíîâèòü 335 ñòîðiíîê äðóêîâàíîãî òåêñòó. Ñïèñîê

âèêîðèñòàíèõ äæåðåë ñêëàäà¹òüñÿ ç 206 íàéìåíóâàíü i çàéìà¹ 21 ñòîðií-

êó. Äîäàòêè çàéìàþòü 11 ñòîðiíîê i ìiñòÿòü ñïèñîê ïóáëiêàöié çà òåìîþ

äèñåðòàöi¨ òà âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöi¨.

Àâòîð âèñëîâëþ¹ ùèðó ïîäÿêó ñâî¹ìó Â÷èòåëþ Îëåãó Âàñèëüîâè÷ó

ËÎÏÓØÀÍÑÜÊÎÌÓ.
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ÐÎÇÄIË 1

ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ ÒÀ ÎÑÍÎÂÍÈÕ

ÍÀÏÐßÌÊIÂ ÄÎÑËIÄÆÅÍÜ

1.1. Ïðîáëåìà àïðîêñèìàöi¨ : îïåðàòîðíèé ïiäõiä

Îäíi¹þ ç îñíîâíèõ çàäà÷ â òåîði¨ íàáëèæåíü ¹ çàäà÷à ïðî íàéêðàùå

íàáëèæåííÿ çàäàíî¨ ôóíêöi¨ áiëüø ïðîñòèìè ôóíêöiÿìè (ïîëiíîìàìè,

ñïëàéíàìè, ðàöiîíàëüíèìè ôóíêöiÿìè òîùî), òîáòî âñòàíîâëåííÿ çâ'ÿç-

êó ìiæ ñòåïåíåì ãëàäêîñòi ôóíêöi¨ i øâèäêiñòþ ïðÿìóâàííÿ äî íóëÿ ¨¨

íàéêðàùîãî íàáëèæåííÿ ïðîñòèìè ôóíêöiÿìè. Îòðèìàíi â öüîìó íà-

ïðÿìêó ðåçóëüòàòè ôîðìóëþþòüñÿ ó âèãëÿäi ïðÿìèõ i îáåðíåíèõ òåîðåì

(íåðiâíîñòåé Äæåêñîíà i Áåðíøòåéíà) òåîði¨ àïðîêñèìàöi¨ ôóíêöié.

Òàê, àíàëîãè íåðiâíîñòåé Áåðíøòåéíà i Äæåêñîíà ó âèïàäêó àïðî-

êñèìàöié â ïðîñòîðàõ Lp(G) (1 ≤ p ≤ +∞) äëÿ ãðóï Ëi G îòðèìàíî ó

ïðàöÿõ Ñ. Äæióëiíi [152, 153]. ßêùî J =
∫ +∞

0 λdE(λ) � ñïåêòðàëüíèé

ðîçêëàä ñóáëàïëàñiàíà ãðóïè G , òî ïîêëàäåìî

Mp(h) = {u ∈ Lp : E(λ)u = u, ÿêùî λ ≥ h2, h ∈ [0,+∞)}.

Öåé êëàñ ôóíêöié â G ¹ àíàëîãîì öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó

â Rn . Íåõàé g � äiéñíà ñêií÷åííîâèìiðíà àëãåáðà Ëi, òàêà, ùî g =∑m
k=1 Vk ÿê âåêòîðíèé ïðîñòið, äå V1 ïîðîäæó¹ ÿê àëãåáðó, {V1,Vk} =

Vk+1 (k = 1, . . . ,m−1) i {V1,Vm} = 0 . Âèçíà÷èìî ñiìåéñòâî ðîçøèðåíü

δr

(
m∑
k=1

Xk

)
=

m∑
k=1

rkXk, Xk ∈ Vk, r > 0.

Åêñïîíåíöiàëüíå âiäîáðàæåííÿ ¹ äèôôåîìîðôiçì g íà G i ìîæíà âè-

çíà÷èòè íà G îäíîðiäíó íîðìó | · | , òàêó, ùî |δrx| = r|x| . ×èñëî Q =
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k=1 k dimVk íàçèâà¹òüñÿ îäíîðiäíîþ ðîçìiðíiñòþ G . Ïîêëàäåìî

u(r) = r−Qu ◦ δ1/r, r > 0.

Ôiêñó¹ìî áàçèñ X1, . . . , Xs â g i ïðèïóñòèìî, ùî X1, . . . , Xn � áàçèñ â

V1 . Äèôåðåíöiàëüíi îïåðàòîðè ïåðøîãî ïîðÿäêó

Xku(x) =
d

dt

∣∣∣
t=0
u(x exp(tXk)),

âiäïîâiäíi åëåìåíòó Xk ∈ Vj (k = 1, . . . , s; j = 1, . . . ,m) ¹ îäíîðiäíèìè

ñòåïåíÿ j âiäíîñíî ðîçøèðåíü δr :

Xku(r) = r−j(Xku)(r),

Íåõàé Ds � ìíîæèíà âñiõ äèôåðåíöiàëüíèõ ìîíîìiâ X11

j1
, . . . , X1k

jk
,

äå i1, . . . , ik � íåâiä'¹ìíi öiëi ÷èñëà, òàêi, ùî i1+. . .+ik = s i j1, . . . , jk ∈
{1, . . . , n} . Ìíîæèíà Ds ìiñòèòü âåêòîðíèé ïðîñòið ëiâî iíâàðiàíòíèõ

äèôåðåíöiàëüíèõ îïåðàòîðiâ, îäíîðiäíèõ ñòåïåíÿ s .

ßêùî u � ëîêàëüíî iíòåãðîâíà ôóíêöiÿ, òî âèçíà÷èìî

ωk(h, Lp(G), u) = sup
|x|≤t
‖∆k

xu‖Lp(G), h ∈ R+, k ∈ N, 1 ≤ p ≤ ∞,

∆k
xu(y) :=

k∑
i=0

(−1)k+i

(
k

i

)
u(yδix), x, y ∈ G,

Âiäçíà÷èìî, ùî ìîäóëi íåïåðåðâíîñòi â ãðóïi Ãåéçåíáåðãà äîñëiäæåíî ó

ïðàöÿõ [152,161,200].

Ïîçíà÷èìî ÷åðåç Lsp(G) ïðîñòið âñiõ ôóíêöié u , òàêèõ, ùî u i ïî-

õiäíi Du (D ∈ Dk, k ≤ s) íàëåæàòü Lp(G) . Ïîêëàäåìî ‖u(s)‖Lp(G) =∑
D∈Ds

‖Du‖Lp(G) . Íàñòóïíi òâåðäæåííÿ ¹ àíàëîãàìè êëàñè÷íèõ òåîðåì

Áåðíøòåéíà i Äæåêñîíà äëÿ âèçíà÷åíî¨ âèùå ãðóïè Ëi G [153, ñ. 572].

Íåõàé D � ëiâî iíâàðiàíòíèé îäíîðiäíèé ñòåïåíÿ s äèôåðåíöiàëü-

íèé îïåðàòîð. Òîäi iñíó¹ ïîñòiéíà C = C(D) , òàêà, ùî

‖Du‖Lp(G) ≤ Chs‖u‖Lp(G), u ∈Mp(h).
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Äëÿ êîæíî¨ ôóíêöi¨ u ∈ Lp(G) i t, k ∈ N iñíó¹ ôóíêöiÿ gh ∈Mp(h) ,

òàêà, ùî

‖u− gh‖Lp(G) ≤ C(k)ωk(1/h, Lp(G), u),

äå ïîñòiéíà C(k) çàëåæèòü òiëüêè âiä k [153, ñ. 573].

Ó âèïàäêó, êîëè G = Hn � ãðóïà Ãåéçåíáåðãà, ðîçãëÿäà¹òüñÿ íå-

òðèâiàëüíå ïðåäñòàâëåííÿ πλ òàêî¨ ãðóïè i ïðèïóñêà¹òüñÿ, ùî πλ äi¹ â

ïðîñòîði Áåðãìàíà Hλ [152, ñ. 242]. ßêùî û(λ) � ïåðåòâîðåííÿ Ôóð'¹

ôóíêöi¨ u ∈ Lp(G) , òî ïîçíà÷èìî {û(λ)}α,β (α, β ∈ Nn) ìàòðè÷íå ïðåä-

ñòàâëåííÿ û(λ) âiäíîñíî êàíîíi÷íîãî îðòîíîðìàëüíîãî áàçèñó â Hλ , i

îöiíêè äàþòüñÿ â òåðìiíàõ ïðîñòîðiâ

Mp(h) = {u ∈ Lp(Hn) : {û(λ)}α,β = 0, ÿêùî (2|β|+ n)|λ| ≥ h2}.

Íàâåäåíi ðåçóëüòàòè äîçâîëèëè îòðèìàòè õàðàêòåðèçàöiþ ïðîñòîðiâ Ëi-

ïøèöÿ Λr
Lp

(Hn) ÷åðåç ïîâåäiíêó íàéêðàùèõ íàáëèæåíü ôóíêöiÿìè êëà-

ñiâ Mp(h) [152, ñ. 252]. Ôóíêöiÿ u íàëåæèòü ïðîñòîðó Λr
Lp

(Hn) , ÿêùî

u ∈ Lp(Hn) òà iñíó¹ òàêà ïîñòiéíà M = M(u) , ùî

‖∆k
vu‖Lp(Hn) ≤Mρ(v)r, äëÿ âñiõ v ∈ Hn.

Òåîðåìà 1.1.1. [152, ñ. 252] Ôóíêöiÿ u íàëåæèòü Λr
Lp

(Hn) òîäi

i òiëüêè òîäi, êîëè iñíó¹ ïîñòiéíà C > 0 i ñiìåéñòâî ôóíêöié gh ∈
Mp(h) (h ≥ 1) , òàêi, ùî

‖u− gh‖Lp(Hn) ≤ C/hr.

Êðiì òîãî, ÿêùî 0 ≤ s < r i D ∈ Ds , òî iñíóþòü ïîñòiéíi C1 i C2 ,

òàêi, ùî

‖Du‖Lp(Hn) ≤ C1(‖u‖Lp(Hn) + C),

hs−rωk(h, Lp(Hn), Du) ≤ C2(‖u‖Lp(Hn) + C) äëÿ âñiõ öiëèõ k > r.
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Á. Êàðëîì [113,114] âñòàíîâëåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæå-

êñîíà, ùî ïîâ'ÿçóþòü ìiæ ñîáîþ ÷èñëà Êîëìîãîðîâà, Ãåëüôàíäà i åíòðî-

ïi¨.

Íåõàé L(E,F ) � áàíàõiâ ïðîñòið âñiõ îáìåæåíèõ ëiíiéíèõ îïåðà-

òîðiâ S , ùî äiþòü ç áàíàõîâîãî ïðîñòîðó E â áàíàõiâ ïðîñòið F , i UE

� îäèíè÷íà êóëÿ â E . Ïîçíà÷èìî ÷åðåç Ln(F ) ìíîæèíó âñiõ ëiíiéíèõ

ïiäïðîñòîðiâ ðîçìiðíîñòi íå áiëüøå n ïðîñòîðó F . Ïîïåðå÷íèêàìè çà

Êîëìîãîðîâèì íàçèâàþòüñÿ ÷èñëà

dn(S) := inf
Ln∈Ln(F )

sup
x∈UE

inf
y∈Ln
‖Sx− y‖, n ∈ N.

Ïîçíà÷èìî ÷åðåç ln(F ) ìíîæèíó âñiõ (íå îáîâ'ÿçêîâî çàìêíåíèõ) ëiíié-

íèõ ïiäïðîñòîðiâ êîðîçìiðíîñòi íå áiëüøå n ïðîñòîðó F . Ïîïåðå÷íèêàìè

çà Ãåëüôàíäîì íàçèâàþòüñÿ ÷èñëà

cn(S) := inf
ln∈ln(F )

sup
x∈UE ,Sx∈ln

‖Sx‖, n ∈ N.

Íåõàé R(T ) ïîçíà÷à¹ ìíîæèíó çíà÷åíü îïåðàòîðà T ∈ L(E,F ) .

Àïðîêñèìàöiéíèìè íàçèâàþòüñÿ ÷èñëà

an(S) := inf
T∈L(E,F ),dimR(T )≤n

‖S − T‖, n ∈ N.

Ïîíÿòòÿ ÷èñåë åíòðîïi¨ ââåäåíî Á. Ñ. Ìiòÿãiíèì i À. Ïåëü÷èíñüêèì

[181]. Äëÿ S ∈ L(E,F ) ÷èñëà åíòðîïi¨ εn(S) (n ∈ N) âèçíà÷àþòüñÿ ÿê

íèæíÿ ãðàíü âñiõ ε > 0 , òàêèõ, ùî iñíóþòü y1, . . . , yn ∈ F , äëÿ ÿêèõ

S(UE) ⊆
n⋃
i=1

(yi + εUF ).

Àíàëiòè÷íî öå ìîæíà çàïèñàòè òàê:

εn(S) = inf
{y1,...,yn}⊂F

sup
x∈UE

inf
1≤i≤n

‖Sx− yi‖.

Â òåîði¨ îïåðàòîðíèõ iäåàëiâ [189] â áàíàõîâèõ ïðîñòîðàõ ÷àñòî çàìiñòü

εn(S) âèêîðèñòîâóþòü äiàäè÷íi ÷èñëà åíòðîïi¨ en(S) := ε2n−1(S) .
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Ìîäóëi åíòðîïi¨ gn(S) (n ∈ N) îïåðàòîðà S ∈ L(E,F ) âèçíà÷àþ-

òüñÿ ÿê

gn(S) := inf
k∈N

k1/nεk(S).

Äîöiëüíiñòü íàâåäåíî¨ õàðàêòåðèçàöi¨ îáóìîâëþ¹òüñÿ ñïiââiäíîøåííÿìè

ìiæ âëàñíèìè çíà÷åííÿìè i ìîäóëÿìè åíòðîïi¨ äëÿ êîìïàêòíèõ îïåðàòî-

ðiâ, ùî äiþòü ó áàíàõîâèõ ïðîñòîðàõ [113,115,179]:(
n∏
1

λi(S)

)1/n

≤ g2n(S), n ∈ N,

(
n∏
1

λi(S)

)1/n

≤ lim
k→∞

g
1/k
2n (Sk), n ∈ N.

Òóò âëàñíi çíà÷åííÿ âïîðÿäêîâàíi ïî íåçðîñòàííþ çà àáñîëþòíîþ âåëè-

÷èíîþ ç óðàõóâàííÿì ¨õ àëãåáðà¨÷íî¨ êðàòíîñòi. Âiäçíà÷èìî äåÿêi àëãå-

áðà¨÷íi âëàñòèâîñòi ìîäóëÿ åíòðîïi¨:

‖S‖ = g1(S) ≥ g2(S) ≥ . . . ≥ 0 , äëÿ S ∈ L(E,E) ;

gn(TS) ≤ gn(T )gn(S) äëÿ S ∈ L(E,F ) , T ∈ L(F,G) ;

gn(S) = 0 , ÿêùî S ∈ L(E,F ) , dimR(S) < n , E i F � äiéñíi

áàíàõîâi ïðîñòîðè (g2n−1(S) = 0 , ÿêùî E i F � êîìïëåêñíi áàíàõîâi

ïðîñòîðè).

Áàíàõiâ ïðîñòið E ¹ òèïó p (1 ≤ p ≤ 2) , ÿêùî iñíó¹ ïîñòiéíà τ > 0 ,

òàêà, ùî äëÿ êîæíî¨ ñêií÷åííî¨ ïîñëiäîâíîñòi {x1, . . . , xn} ⊂ E ìà¹ìî∫ 1

0

∥∥∥ n∑
i=1

ri(t)xi

∥∥∥dt ≤ τ

(
n∑
i=1

‖xi‖p
)1/p

,

äå (ri) ïîçíà÷à¹ ïîñëiäîâíiñòü ôóíêöié Ðàäàìàõåðà íà iíòåðâàëi [0, 1] ,

ri(t) = sign (sin 2iπt) [114, ñ. 82]. Òèï Ðàäàìàõåðà τp(E) ¹ íàéìåíøà

ïîñòiéíà τ , ÿêà çàäîâîëüíÿ¹ íàâåäåíó âèùå óìîâó.

Íàñòóïíà òåîðåìà âèðàæà¹ íåðiâíiñòü òèïó Áåðíøòåéíà ìiæ äiàäè-

÷íèìè ÷èñëàìè åíòðîïi¨ i ïîïåðå÷íèêàìè çà Êîëìîãîðîâèì.
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Òåîðåìà 1.1.2. [114, ñ. 98] Íåõàé s ∈ {c, d} i 0 < α < ∞ . Òîäi

äëÿ âñiõ áàíàõîâèõ ïðîñòîðiâ E i F òà âñiõ S ∈ L(E,F ) âèêîíó¹òüñÿ

íåðiâíiñòü

sup
1≤k≤n

kαek(S) ≤ ρ(α) sup
1≤k≤n

kαsk(S), n ∈ N.

Íåðiâíiñòü òèïó Äæåêñîíà âèðàæà¹òüñÿ íàñòóïíîþ òåîðåìîþ.

Òåîðåìà 1.1.3. [114, ñ. 101] Íåõàé s ∈ {c, d} i S ∈ L(E,F ) . ßêùî

E � áàíàõiâ ïðîñòið òèïó p i F ′ (ñïðÿæåíèé ïðîñòið äî F ) � áàíàõiâ

ïðîñòið òèïó q , òî â äiéñíîìó âèïàäêó âèêîíó¹òüñÿ íåðiâíiñòü(
n∏
1

sk(S)

)1/n

≤ ρτp(E)τq(F
′)n−1+1/p+1/qgn(S), n ∈ N,

äå ρ ≤ 768e2
√
π

(
Γ( 1+q

2 )
Γ( 1

2)

)1/q

≤ 104 , à â êîìïëåêñíîìó âèïàäêó âèêîíó¹-

òüñÿ íåðiâíiñòü(
n∏
1

sk(S)

)1/n

≤ ρτp(E)τq(F
′)n−1+1/p+1/qg2n(S), n ∈ N,

äå ρ ≤ 3840e2
√

2π

(
2

Γ( 1+q
2 )

Γ( 1
2)

)1/q

≤ 106 .

Íåõàé L∗p[0, 1] (1 ≤ p < ∞) i L∗∞[0, 1] := C∗[0, 1] � ïðîñòîðè p -

ñóìîâíèõ i íåïåðåðâíèõ 1-ïåðiîäè÷íèõ ôóíêöié âiäïîâiäíî. ßêùî u ∈
L∗p[0, 1] , òî ìîäóëi íåïåðåðâíîñòi âèçíà÷åíi ÿê

ω(p)(δ, u) := sup
0<|h|<δ

(∫ 1

0

|u(x+ h)− u(x)|p
)1/p

.

Äëÿ u ∈ L∗p[0, 1] ïîêëàäåìî

En(u) = inf
v∈Tn
‖u− v‖L∗p[0,1].

äå Tn � ìíîæèíà òðèãîíîìåòðè÷íèõ ïîëiíîìiâ, ñòåïiíü ÿêèõ íå ïåðåâè-

ùó¹ n .
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Íåðiâíiñòü Áåðíøòåéíà äëÿ ôóíêöié u ∈ L∗p[0, 1] ìà¹ âèãëÿä [177]:

ω(p)

(
1

n
, u

)
≤ ρ

n

n∑
k=1

Ek(u), n ∈ N.

Òåîðåìà 1.1.2 äëÿ s ∈ {c, d, a} äà¹ àíàëîã öi¹¨ íåðiâíîñòi äëÿ îïåðàòîðiâ

gn(S) ≤ 2en(S) ≤ ρ

n

n∑
k=1

sk(S), n ∈ N.

Íåðiâíiñòü Äæåêñîíà äëÿ ôóíêöié u ∈ L∗p[0, 1] ìà¹ âèãëÿä [177]:

En(u) ≤ ω(p)

(
1

n
, u

)
, n ∈ N.

ßêùî S äi¹ â ãiëüáåðòîâèõ ïðîñòîðàõ, òî òåîðåìà 1.1.3 äëÿ s ∈ {c, d, a}
äà¹ àíàëîã íåðiâíîñòi Äæåêñîíà äëÿ îïåðàòîðiâ

sn(S) ≤ ρgn(S) ≤ 2ρen(S), n ∈ N.

Ñëiä çàóâàæèòè, ùî âñòàíîâëåíi âèùå àíàëîãè ¹ íå òiëüêè ôîðìàëü-

íèìè. ßêùî Su � îïåðàòîð çãîðòêè, ïîðîäæåíèé ôóíêöi¹þ u , òî iñíó¹

çâ'ÿçîê ìiæ ïîïåðå÷íèêàìè çà Êîëìîãîðîâèì, Ãåëüôàíäîì äëÿ Su i ÷è-

ñëàìè Áåðíøòåéíà En(u) ïîäiáíî ÿê iñíó¹ çâ'ÿçîê ìiæ ìîäóëåì åíòðîïi¨

äëÿ Su i ìîäóëÿìè íåïåðåðâíîñòi äëÿ u .

Íåõàé u ∈ L∗p[0, 1] (1 ≤ p ≤ ∞) . Òîäi îïåðàòîð çãîðòêè âèçíà÷à¹-

òüñÿ ÿê

Su(v) :=

∫ 1

0

u(s− t)v(t)dt.

Îïåðàòîð Su ìîæíà ðîçãëÿäàòè ÿê âiäîáðàæåííÿ ç L∗p′[0, 1] â C∗[0, 1] ,

äå 1/p + 1/p′ = 1 [206]. ßêùî s ∈ {c, d, a} i u ∈ L∗p[0, 1] (1 ≤ p ≤ ∞) ,

òî äëÿ Su ∈ L(L∗p′[0, 1], C∗[0, 1]) âèêîíóþòüñÿ íåðiâíîñòi [113]:

s1(Su) = ‖Su‖ ≤ ‖u‖L∗p[0,1] = E0(u),

s2n(Su) ≤ En(u),

gn(Su) ≤ 2en(Su) ≤ ρ

(
n−1/r‖u‖L∗p[0,1] + ω(p)

(
1

n
, u

))
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äëÿ 0 < r <∞ , n ∈ N .

Â. I. Ãîðáà÷óê i Ì. Ë. Ãîðáà÷óêîì [12] îòðèìàíî íèçêó ðåçóëüòàòiâ,

ùî ñòîñóþòüñÿ õàðàêòåðèçàöi¨ ðiçíèõ êëàñiâ íåñêií÷åííî äèôåðåíöiéîâ-

íèõ ôóíêöié â òåðìiíàõ ¨õ íàéêðàùèõ íàáëèæåíü áiëüø åëåìåíòàðíèìè.

Öåé ïiäõiä âèÿâèâñÿ òàêîæ ïëiäíèì ïðè îöiíþâàííi ïîõèáêè íàáëèæåííÿ

ìåòîäîì Ðiòöà ðîçâ'ÿçêiâ îïåðàòîðíèõ ðiâíÿíü â ãiëüáåðòîâîìó ïðîñòî-

ði [12, 16]. Âií ïîëÿãà¹ ó òîìó, ùî ç êîæíîþ êîíêðåòíîþ çàäà÷åþ òåîði¨

íàáëèæåíü ïîâ'ÿçó¹òüñÿ äåÿêèé ñàìîñïðÿæåíèé îïåðàòîð, öiëi âåêòîðè

åêñïîíåíöiàëüíîãî òèïó ÿêîãî ¹ òèìè ïðîñòèìè îá'¹êòàìè, ÿêèìè íàáëè-

æàþòüñÿ ðiçíi êëàñè íåñêií÷åííî äèôåðåíöiéîâíèõ âåêòîðiâ öüîãî îïåðà-

òîðà â ìåòðèöi áàíàõîâîãî ïðîñòîðó, íåïåðåðâíî âêëàäåíîãî ó âèõiäíèé

ãiëüáåðòiâ ïðîñòið àáî â éîãî ðîçøèðåííÿ. Ïðè öüîìó ñóòò¹âî âèêîðèñòî-

âó¹òüñÿ òåîðiÿ ïðîñòîðiâ ç ïîçèòèâíîþ i íåãàòèâíîþ íîðìîþ, ðîçâèíóòà

Þ. Ì. Áåðåçàíñüêèì [4].

Íåõàé X � áàíàõiâ ïðîñòið ç íîðìîþ ‖ · ‖X i A � çàìêíåíèé ëi-

íiéíèé îïåðàòîð ó íüîìó ç ùiëüíîþ îáëàñòþ âèçíà÷åííÿ C1(A) . Íàäà-

ëi, ÿêùî íå îáóìîâëåíî iíàêøå, ïîçíà÷à¹ìî ‖ · ‖ := ‖ · ‖X . Ïîêëàäåìî
Ck+1(A) =

{
x ∈ Ck(A) : Akx ∈ C1(A)

}
, k ∈ N0 , N0 = N ∪ {0} . ×åðåç

C∞(A) ïîçíà÷èìî ìíîæèíó âñiõ íåñêií÷åííî äèôåðåíöiéîâíèõ âåêòîðiâ

îïåðàòîðà A , òîáòî C∞(A) =
⋂{
Ck(A) : k ∈ N0

}
. ßêùî îïåðàòîð A

îáìåæåíèé, òî C∞(A) = X . Â çàãàëüíîìó âèïàäêó óìîâà ùiëüíîñòi ìíî-

æèíè C∞(A) â X âèêîíó¹òüñÿ, íàïðèêëàä, êîëè A ìà¹ õî÷à á îäíó

ðåãóëÿðíó òî÷êó [13].

Â C∞(A) çàäàìî òîïîëîãiþ ïðîåêòèâíî¨ ãðàíèöi áàíàõîâèõ ïðîñòî-

ðiâ Ck(A) ç íîðìîþ

‖x‖Ck(A) = ‖x‖+ ‖Ax‖+ . . .+ ‖Akx‖.

Íåõàé {mn}n∈N0
� íåñïàäíà ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë. Ñëiäó-



41

þ÷è [17], ïîêëàäåìî

C{mn}(A) =
{
x ∈ C∞(A) | ∃α > 0,∃ c > 0 : ‖Akx‖ ≤ cαkmk, k ∈ N0

}
,

C(mn)(A) =
{
x ∈ C∞(A) | ∀α > 0,∃ c > 0 : ‖Akx‖ ≤ cαkmk, k ∈ N0

}
,

Cα〈mn〉(A) =
{
x ∈ C∞(A) | ∃ c > 0 : ‖Akx‖ ≤ cαkmk, k ∈ N0

}
.

Ïðîñòið Cα〈mn〉(A) áàíàõiâ âiäíîñíî íîðìè

‖x‖Cα〈mn〉(A) = sup
n∈N0

‖Anx‖
αnmn

.

Ïðîñòîðè C{mn}(A) i C(mn)(A) ìîæíà íàäiëèòè âiäïîâiäíî òîïîëîãiÿìè

iíäóêòèâíî¨ òà ïðîåêòèâíî¨ ãðàíèöü áàíàõîâèõ ïðîñòîðiâ Cα〈mn〉(A) :

C{mn}(A) = lim ind
α→+∞

Cα〈mn〉(A), C(mn)(A) = lim pr
α→0+

Cα〈mn〉(A).

Âèêîíóþòüñÿ íåïåðåðâíi âêëàäåííÿ

C(mn)(A) ⊆ C{mn}(A) ⊆ C∞(A) ⊆ X.

Êðiì òîãî,

C{mn}(A) = lim ind
k→+∞, k∈N

Ck〈mn〉(A), C(mn)(A) = lim pr
k→+∞, k∈N

C
1/k
〈mn〉(A).

ßêùî mn = n! , òî îòðèìó¹ìî âiäîìi ïðîñòîðè C{n!}(A) i C(n!)(A)

àíàëiòè÷íèõ [182] òà öiëèõ [154] âåêòîðiâ îïåðàòîðà A .

ß. Â. Ðàäèíî [72] ââåäåíî òà äîñëiäæåíî ïðîñòîðè C{1}(A) öiëèõ

âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà A .

ßêùî X = Cb(R) � ïðîñòið íåïåðåðâíèõ îáìåæåíèõ ôóíêöié íà

R çi çâè÷àéíîþ íîðìîþ sup
t∈R
|x(t)| , A = d/dt � çàìêíåíèé îïåðàòîð

ç îáëàñòþ âèçíà÷åííÿ C(A) = C1
b (R) , òî ïðîñòið C{1}(A) ñïiâïàäà¹ ç

ïðîñòîðîì öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó, îáìåæåíèõ íà äiéñíié

îñi [2, ñ. 183]. ßêùî X = Lp(R) (1 ≤ p < ∞) , A = d/dt � îïåðà-

òîð óçàãàëüíåíîãî äèôåðåíöiþâàííÿ, C(A) = W 1
p (R) , òî ïðîñòið C{1}(A)
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ñïiâïàäà¹ ç ïðîñòîðîì öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó, ùî íàëå-

æàòü Lp(R) íà äiéñíié îñi [73, ñ. 1565].

ß. Â. Ðàäèíî [73, òåîðåìà 3] âñòàíîâëåíî ùiëüíiñòü ïðîñòîðó C{1}(A)

äëÿ ãåíåðàòîðà îáìåæåíî¨ ñèëüíî íåïåðåðâíî¨ ãðóïè ó ïðîñòîði X . Óìî-

âà ùiëüíîñòi C{1}(A) = X âèêîíó¹òüñÿ òàêîæ ó òàêèõ âèïàäêàõ:

(i) ÿêùî A ìà¹ äiéñíèé ñïåêòð i äëÿ áóäü-ÿêîãî ε > 0 iíòåãðàë∫ ε

0

ln lnM(t) dt , äå M(t) = sup
|Imλ|≥t

‖(λ− A)−1‖ , ¹ çáiæíèé [17, òåîðåìà 1];

(ii) ÿêùî iA ãåíåðó¹ ñèëüíî íåïåðåðâíó ãðóïó îïåðàòîðiâ U(t) , äëÿ

ÿêî¨
∫ ∞
−∞

ln ‖U(t)‖(1 + t2)−1dt <∞ [17, íàñëiäîê 1];

(iii) ÿêùî A ìà¹ ïîâíó ñèñòåìó âëàñíèõ âåêòîðiâ [73, òâåðäæåííÿ 1].

ßêùî C{1}(A) = X [73, òåîðåìà 10], òî êîæíèé åëåìåíò x ∈ X

ìîæíà çîáðàçèòè ó âèãëÿäi ðÿäó x =
∑∞

k=1 xk , xk ∈ Ck〈1〉(A) , òàê, ùî∑∞
k=1 ‖xk‖Ck〈1〉(A) < +∞ i ‖x‖ = inf

∑∞
k=1 ‖xk‖Ck〈1〉(A) , äå íèæíÿ ãðàíü áå-

ðåòüñÿ ïî âñiõ ìîæëèâèõ ïðåäñòàâëåííÿõ x =
∑∞

k=1 xk . Êðiì òîãî, ÿêùî

ðÿä
∑∞

k=1 k‖xk‖Ck〈1〉(A) çáiæíèé, òî x ∈ C1(A) i Ax =
∑∞

k=1Akxk , äå Ak

� çâóæåííÿ îïåðàòîðà íà ïiäïðîñòið C{1}(A) . Óçàãàëüíåííÿ öüîãî ðå-

çóëüòàòó äëÿ ïðîñòîðiâ óëüòðàãëàäêèõ âåêòîðiâ îïåðàòîðà A îòðèìàíî

Î. Â. Ëîïóøàíñüêèì [64, òåîðåìà 6]. Íàãàäà¹ìî, ùî iíäóêòèâíà ãðàíèöÿ

C{mn}(A) = lim indα→+∞ Cα〈mn〉(A) íàçèâà¹òüñÿ ïðîñòîðîì óëüòðàãëàäêèõ

âåêòîðiâ îïåðàòîðà A , ÿêùî iñíó¹ ÷èñëî d (0 < d < ∞) , òàêå, ùî

mn+1 ≤ dnmn äëÿ âñiõ n ∈ N [64, ñ. 504].

Òèïîì âåêòîðà x ∈ C{1}(A) íàçèâà¹òüñÿ ÷èñëî

σ(x) = inf
{
α : α > 0, x ∈ Cα〈1〉(A)

}
.

Äëÿ äîâiëüíîãî x ∈ X ïîêëàäåìî

Er(x) = inf
y∈C{1}(A):σ(y)≤r

‖x− y‖.

Ôóíêöiÿ Er(x) ïðÿìó¹ äî íóëÿ ïðè r → ∞ òîäi i òiëüêè òîäi, êîëè

C{1}(A) = X , ïðè÷îìó øâèäêiñòü ïðÿìóâàííÿ çàëåæèòü âiä âëàñòèâî-
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ñòåé åëåìåíòà x . Çàäà÷à ïîëÿãà¹ ó âñòàíîâëåííi óìîâ, ÿêi ïîâèíåí çàäî-

âîëüíÿòè âåêòîð x , äëÿ òîãî, ùîá Er(x) ïðÿìóâàëà äî íóëÿ ç ïåâíîþ

øâèäêiñòþ. Ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i äëÿ äåÿêèõ êëàñiâ îïåðàòîðiâ ìiñòè-

òüñÿ ó ïðàöÿõ Ì. Ë. Ãîðáà÷óêà i Â. I. Ãîðáà÷óê [12], [15]- [17].

Òåîðåìà 1.1.4. [12, ñ. 93] Íåõàé îïåðàòîð A ìà¹ ìåðîìîðôíó ðå-

çîëüâåíòó Rλ(A) òà iñíóþòü ÷èñëî N > 0 i ïîñëiäîâíiñòü êië γn =

{|λ| = rn} ⊂ ρ(A) , òàêèõ, ùî lim
n→∞

rn =∞ i

‖Rλ(A)‖ ≤ cλN äëÿ λ ∈ γn.

Ïðèïóñòèìî òàêîæ, ùî äëÿ ïîñëiäîâíîñòi {mn}n∈N0
iñíóþòü ïîñòié-

íi c > 0 òà h > 1 , òàêi, ùî mn+1 ≤ chnmn . Òîäi C{1}(A) = X i

âèêîíóþòüñÿ òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

x ∈ C∞(A)⇐⇒ ∀m > 0 lim
n→∞

rmn Ern(x) = 0,

x ∈ C{mn}(A)⇐⇒ ∃α > 0,∃ c > 0 : Ern(x) ≤ cρ−1(αrn),

x ∈ C(mn)(A)⇐⇒ ∀α > 0,∃ c = c(α) > 0 : Ern(x) ≤ cρ−1(αrn),

äå ρ(λ) = sup
n∈N0

λn

mn
.

Òåîðåìà 1.1.5. [15, ñ. 11] Íåõàé îïåðàòîð A ìà¹ ìåðîìîðôíó ðå-

çîëüâåíòó Rλ(A) òà iñíóþòü ÷èñëî N > 0 i ïîñëiäîâíiñòü êië γn =

{|λ| = rn} ⊂ ρ(A) , òàêèõ, ùî lim
n→∞

rn =∞ i

‖Rλ(A)‖ ≤ cλN äëÿ λ ∈ γn.

Ïðèïóñòèìî òàêîæ, ùî äëÿ ïîñëiäîâíîñòi {mn}n∈N0
iñíóþòü ïîñòié-

íi c > 0 òà h > 1 , òàêi, ùî mn+1 ≤ chnmn . Òîäi C{1}(A) = X i
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âèêîíóþòüñÿ òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

x ∈ C∞(A)⇐⇒ ∀m > 0 lim
n→∞

rmn Ern(x) = 0,

x ∈ C{mn}(A)⇐⇒ ∃α > 0,∃ c > 0 : Ern(x) ≤ cρ−1(αrn),

x ∈ C(mn)(A)⇐⇒ ∀α > 0,∃ c = c(α) > 0 : Ern(x) ≤ cρ−1(αrn),

äå ρ(λ) = sup
n∈N0

λn

mn
.

Òåîðåìà 1.1.6. [17, ñ. 622] Íåõàé A � íîðìàëüíèé îïåðàòîð ç

äèñêðåòíèì ñïåêòðîì {λn}n∈N ó ãiëüáåðòîâîìó ïðîñòîði B . Òîäi äëÿ

áóäü-ÿêî¨ ìîíîòîííî íåçðîñòàþ÷î¨ ïîñëiäîâíîñòi {αn}n∈N äîäàòíèõ ÷è-

ñåë, òàêî¨, ùî αn → ∞ ïðè n → +∞ , çíàéäåòüñÿ åëåìåíò x ∈ B ,

äëÿ ÿêîãî Eλi(x) = αi , i ∈ N .

ßêùî B = L2(0, 2π) , Au = idu/dt , C1(A) = {u(t) ∈ W 1
2 (0, 2π) :

u(0) = u(2π)} , òî C{1}(A) � ìíîæèíà âñiõ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ

âèãëÿäó Tn =
∑
|k|<n cke

ikt . Ìíîæèíó ïîëiíîìiâ, ñòåïiíü ÿêèõ íå ïåðåâè-

ùó¹ n , ïîçíà÷èìî Tn i ïîêëàäåìî

En(u) = inf
v∈Tn
‖u− v‖L2(0,2π).

Ó öüîìó âèïàäêó iç òåîðåìè 1.1.6 ìîæíà îòðèìàòè âiäîìèé ðåçóëüòàò

Ñ. Í. Áåðíøòåéíà [6] ïðî òå, ùî ÿêîþ á íå áóëà ÷èñëîâà ïîñëiäîâíiñòü

α0 ≥ α1 ≥ . . . ≥ 0, lim
n→∞

αn = 0,

çàâæäè iñíó¹ 2π -ïåðiîäè÷íà ôóíêöiÿ u(t) , òàêà, ùî En(u) = αn .

Òåîðåìà 1.1.7. [17, ñ. 623] Íåõàé A � íîðìàëüíèé îïåðàòîð ó

ãiëüáåðòîâîìó ïðîñòîði B i X áàíàõiâ ïðîñòið, òàêèé, ùî ïðè äåÿêîìó

k ∈ N íåïåðåðâíî

Ck(A) ⊆ X ⊆ B.
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Ïðèïóñòèìî òàêîæ, ùî äëÿ ïîñëiäîâíîñòi {mn}n∈N0
(m0 = 1) iñíó-

þòü ïîñòiéíi c > 0 òà h > 1 , òàêi, ùî mn+1 ≤ chnmn . Òîäi âèêîíó-

þòüñÿ òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

u ∈ C{mn}(A)⇐⇒ ∃α > 0, ∃ c > 0 : Er(x) ≤ cρ−1(αr),

u ∈ C(mn)(A)⇐⇒ ∀α > 0,∃ c = c(α) > 0 : Er(x) ≤ cρ−1(αr),

äå ρ(λ) = sup
n∈N0

λn

mn
.

Ïðîñòið C̃[0, 2π] íåïåðåðâíèõ 2π -ïåðiîäè÷íèõ íà R ôóíêöié ç íîð-

ìîþ

‖u‖C̃[0,2π] = max
t∈[0,2π]

|u(t)|

çàäîâîëüíÿ¹ óìîâè òåîðåìè 1.1.7, à òîìó iç òåîðåìè 1.1.7 ïðè mn = n! i

ρλ = eλ îäåðæó¹ìî âiäîìèé ðåçóëüòàò Ñ. Í. Áåðíøòåéíà [6], ùî õàðàêòå-

ðèçó¹ íàéêðàùi íàáëèæåííÿ àíàëiòè÷íèõ i öiëèõ ôóíêöié ïîëiíîìàìè ç

Tn : 2π -ïåðiîäè÷íà ôóíêöiÿ u(t) ¹ àíàëiòè÷íîþ (öiëîþ) òîäi i ëèøå òîäi,

êîëè ïðè äåÿêîìó (áóäü-ÿêîìó) q (0 < q < 1)

En(u) ≤ cqn, 0 < c = c(q),

äå En(u) = infv∈Tn ‖u− v‖C̃[0,2π] .

Òåîðåìà 1.1.8. [17, ñ. 625] Çà óìîâ òåîðåìè 1.1.7 âèêîíó¹òüñÿ

òàêå ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

x ∈ C∞(A)⇐⇒ lim
r→+∞

rαEr(x) = 0, ∀α ≥ 0.

Iç òåîðåìè 1.1.8 îäåðæó¹ìî ùå îäèí âiäîìèé ðåçóëüòàò Ñ. Í. Áåðí-

øòåéíà [6]: äëÿ òîãî ùîá 2π -ïåðiîäè÷íà ôóíêöiÿ u(t) ìàëà ïîõiäíi äî-

âiëüíîãî ïîðÿäêó, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî α > 0

lim
n→+∞

nαEn(u) = 0.
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Àíàëîã òåîðåìè 1.1.5 çà iíøèõ óìîâ íà îïåðàòîð A îòðèìàíî Ã. Â. Ðà-

äçi¹âñüêèì [70]. Âåëè÷èíà Er(x) îöiíåíà çâåðõó ÷åðåç K -ôóíêöiîíàë âè-

ãëÿäó K(r−k, x;X, Ck(A)) = infy∈Ck(A)(‖x− y‖+ r−k‖Akx‖) . Âñòàíîâëåíî
òàêîæ îöiíêó çâåðõó òàêîãî K -ôóíêöiîíàëó ÷åðåç Er(x) i‖x‖ .

Òåîðåìà 1.1.9. [70, ñ. 85] Íåõàé iñíó¹ ìîíîòîííî çðîñòàþ÷à ïî-

ñëiäîâíiñòü äîäàòíèõ ÷èñåë {ξm}m∈N , òàêà, ùî lim
m→∞

ξm =∞ i

sup
m∈N

ξm+1

ξm
<∞, mes {T (ξm) ∩ ρ(A)} = 2πξm, m ∈ N,

äå T (ξm) = {λ ∈ C : |λ| = ξm} � êîëî ðàäióñà ξm . Ïðèïóñòèìî òàêîæ,

ùî îïåðàòîð A çàäîâîëüíÿ¹ óìîâó

sup
m∈N

∫ 2π

0

max{ln(ξm‖Rξmeiθ(A)‖), 0} dθ <∞.

Òîäi çíàéäåòüñÿ òàêà ïîñòiéíà c ≥ 1 , ùî äëÿ âñiõ x ∈ X i k ∈ N
âèêîíóþòüñÿ îöiíêè

Er(x) ≤ ckK(r−k, x;X, Ck(A)), r ≥ r1, (1.1)

K(r−k, x;X, Ck(A)) ≤
(c
r

)k (
E [k](x) +

∫ r

0

sk−1Es(x)ds

)
, r > 0, (1.2)

äå E [k](x) = inf
y∈Z(Ak)

‖x− y‖ , Z(Ak) � ÿäðî îïåðàòîðà A , k ∈ N0 .

Îöiíêó (1.1) íàçèâàþòü ïðÿìîþ òåîðåìîþ àáî íåðiâíiñòþ Äæåêñîíà,

à îöiíêó (1.2) � îáåðíåíîþ òåîðåìîþ àáî íåðiâíiñòþ Áåðíøòåéíà.

Çà óìîâ òåîðåìè 1.1.9 äëÿ êîæíîãî íàòóðàëüíîãî k > γ > 0 âèêî-

íóþòüñÿ òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

K(δk, x;X, Ck(A)) = O(δγ), δ → 0+ ⇐⇒ Er(x) = O(r−γ), r → +∞,(1.3)

K(δk, x;X, Ck(A)) = o(δγ), δ → 0+ ⇐⇒ Er(x) = o(r−γ), r → +∞. (1.4)
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Ïîçíà÷èìî

W k
p (T) := {u ∈ W k

p [0, 2π] : u(l−1)(0) = u(l−1)(2π), l = 1, . . . , k, k ∈ N},

W 0
p (T) := Lp[0, 2π]

i ðîçãëÿíåìî â ïðîñòîði Lp[0, 2π] îïåðàòîð äèôåðåíöiþâàííÿ

DTu = −idu/dt, C1(A) = W̃ k
p (T),

äå W̃ k
p (T) � ìíîæèíà ôóíêöié, ùî ñïiâïàäàþòü ç ôóíêöiÿìè iç W k

p (T)

ìàéæå âñþäè. K -ôóíêöiîíàë äëÿ îïåðàòîðà DT ìà¹ âèãëÿä

K(δ, u;Lp[0, 2π], Dk
T) = inf

v∈W̃ k
p (T)

(‖u− v‖Lp[0,2π] + δ‖vk‖Lp[0,2π])

= inf
v∈W k

p (T)
(‖u− v‖Lp[0,2π] + δ‖vk‖Lp[0,2π]) = K(δ, u;Lp[0, 2π],W k

p (T)). (1.5)

Äëÿ îöiíîê K -ôóíêöiîíàëó âèêîðèñòîâó¹òüñÿ ìîäóëü ãëàäêîñòi ôóíêöi¨,

ùî âèçíà÷à¹òüñÿ ¨¨ ïåðiîäè÷íèì ïðîäîâæåííÿì

uT(t) = u(t+ 2πs), −2πs ≤ t < −2π(s− 1), k ∈ Z,

ðiâíiñòþ

ω
[k]
T (δ, u)p = sup

0≤h≤δ
‖∆k

huT‖Lp[0,2π], δ ≥ 0, u ∈ Lp[0, 2π],

(∆k
huT) :=

k∑
i=0

(−1)k
(
k

i

)
uT(t− hi).

Âèêîíóþòüñÿ òàêi íåðiâíîñòi

2−kω
[k]
T (δ, u)p ≤ K(δ, u;Lp[0, 2π],W k

p (T)) ≤ (2k)kω
[k]
T (

δ

k
, u)p, k > 0. (1.6)

Iç ñïiââiäíîøåíü (1.5) i (1.6) âèïëèâà¹, ùî îöiíêè (1.1) i (1.2) ñïiâïàäà-

þòü, âiäïîâiäíî, ç óçàãàëüíåíèìè íåðiâíîñòÿìè Äæåêñîíà i Áåðíøòåé-

íà, âñòàíîâëåíèìè Ñ. Á. Ñò¹÷êiíèì [82, òåîðåìè 1 i 8], À. Ô. Òiìàíèì i
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Ì. Ô. Òiìàíèì [82, òåîðåìà 4]. Ñïiââiäíîøåííÿ (1.3) i (1.4) ïðè γ < 1

i k = 1 äàþòü âiäîìi íåîáõiäíi i äîñòàòíi óìîâè íàëåæíîñòi ôóíêöi¨ u

âiäïîâiäíèì êëàñàì Ëiïøèöÿ, âèðàæåíi ÷åðåç íàéêðàùi íàáëèæåííÿ u

çà äîïîìîãîþ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ.

Òåîðåìà 1.1.10. [70, ñ. 89] Íåõàé iñíó¹ ìîíîòîííî çðîñòàþ÷à ïî-

ñëiäîâíiñòü äîäàòíèõ ÷èñåë {ξm}m∈N , òàêà, ùî lim
m→∞

ξm =∞ i

sup
m∈N

ξm+1

ξm
<∞, mes {T (ξm) ∩ ρ(A)} = 2πξm, m ∈ N,

äå T (ξm) = {λ ∈ C : |λ| = ξm} � êîëî ðàäióñà ξm . Ïðèïóñòèìî òàêîæ,

ùî äëÿ äåÿêîãî γ ≥ 0 âèêîíó¹òüñÿ óìîâà

sup
m∈N

∫ 2π

0

max{ln(ξ1−γ
m ‖Rξmeiθ(A)‖), 0} dθ <∞.

Òîäi çíàéäåòüñÿ òàêà ïîñòiéíà c ≥ 1 , ùî ÿê òiëüêè äëÿ âåêòîðà

x ∈ X ïðè äåÿêîìó j ∈ N0 âèêîíó¹òüñÿ óìîâà∫ ∞
1

sj+γ−1Es(x)ds <∞, (1.7)

òî x ∈ Cj(A) , Ajx ∈ X i

Er(A
jx) ≤ cj

(
(r + 1)j+γEr(x) +

∫ ∞
max(1,r)

sj+γ−1Es(x)ds

)
, r > 0, (1.8)

E [l−j](Ajx) ≤ cj
(
E [l](x) +

∫ ∞
1

sj+γ−1Es(x)ds

)
, l = j, j + 1, . . . . (1.9)

Iç òåîðåìè 1.1.10 âèïëèâà¹, ùî çà óìîâ òåîðåìè 1.1.9 çíàéäåòüñÿ

òàêà ïîñòiéíà c ≥ 1 , ùî ÿê òiëüêè äëÿ âåêòîðà x ∈ X ïðè äåÿêîìó

j ∈ N0 âèêîíó¹òüñÿ óìîâà (1.7) ç γ = 0 , òî x ∈ Cj(A) i äëÿ âåêòîðà

Ajx âèêîíóþòüñÿ îöiíêè (1.8) i (1.9) ç γ = 0 , à òàêîæ äëÿ âñiõ k ∈ N
âèêîíó¹òüñÿ íåðiâíiñòü

K(r−k, Ajx;X, Ck(A)) ≤ cj+k
(
r−kE [j+k](x)

+
1

rk

∫ r

0

(s+ 1)j+k−1Es(x)ds+

∫ ∞
r

sj−1Es(x)ds

)
, r > 0. (1.10)
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Ó âèïàäêó X = L∞[0, 2π] i A = DT òâåðäæåííÿ òåîðåìè 1.1.10, ùî

x ∈ Cj(A) , îòðèìàíî Ñ. Í. Áåðíøòåéíîì [6], à îöiíêè (1.8) i (1.10) �

öå, âiäïîâiäíî, íàñëiäîê 10.1 i òåîðåìà 11 ïðàöi Ñ. Á. Ñò¹÷êiíà [82]. Ó

âèïàäêó X = Lp[0, 2π] (1 ≤ p < ∞) i A = DT òâåðäæåííÿ òåîðåìè

1.1.10 ìiñòèòüñÿ â [85, ï. 6.1.3].

Ñëiä âiäçíà÷èòè, ùî íàâåäåíi âèùå ðåçóëüòàòè ùîäî òåîðåì âêëàäåí-

íÿ ñóòò¹âî ïîñèëåíi Ï. Ë. Óëüÿíîâèì [87,88], ÿêèì, çîêðåìà, îòðèìàíî íå-

ïîñèëþâàíi óìîâè íàëåæíîñòi ôóíêöi¨ u ∈ Lp ïðîñòîðó Lq

(1 ≤ p < q <∞) â òåðìiíàõ íàéêðàùèõ íàáëèæåíü u â ìåòðèöi u ∈ Lp
çà äîïîìîãîþ òðèãîíîìåòðè÷íî¨ ñèñòåìè.

Í. Ï. Êóïöîâ çàïðîïîíóâàâ óçàãàëüíåíå ïîíÿòòÿ ìîäóëÿ íåïåðåðâ-

íîñòi, ðîçøèðåíå íà C0 -ãðóïè â áàíàõîâîìó ïðîñòîði [63]. Âèêîðèñòî-

âóþ÷è öå ïîíÿòòÿ, Í. Ï. Êóïöîâ [63] i À. Ï. Òåðüîõií [83] äîâåëè óçà-

ãàëüíåíi íåðiâíîñòi Äæåêñîíà äëÿ âèïàäêó îáìåæåíèõ i s -ðåãóëÿðíèõ

ãðóï. Âiäçíà÷èìî, ùî ãðóïà {U(t)}t∈R ¹ s -ðåãóëÿðíîþ, ÿêùî iñíó¹ òà-

êå ÷èñëî θ ∈ R , ùî ðåçîëüâåíòà ¨¨ ãåíåðàòîðà A çàäîâîëüíÿ¹ óìîâó:

‖Rλ(e
iθAs)‖ ≤ C/Imλ .

Ó ïðàöi [16] äëÿ äîâiëüíîãî ñàìîñïðÿæåíîãî îïåðàòîðà A ó ãiëüáåð-

òîâîìó ïðîñòîði B íàâåäåíî ïðÿìi òà îáåðíåíi òåîðåìè, ùî âñòàíîâëþ-

þòü çâ'ÿçîê ìiæ ñòåïåíåì ãëàäêîñòi âåêòîðà x ∈ B âiäíîñíî îïåðàòîðà

A , ïîðÿäêîì ïðÿìóâàííÿ äî íóëÿ éîãî íàéêðàùîãî íàáëèæåííÿ öiëèìè

âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà A i k -ìîäóëåì íåïåðåðâ-

íîñòi âåêòîðà x ùîäî îïåðàòîðà A .

Ñëiäóþ÷è [63], ïîêëàäåìî

ωk(t, x, A) = sup
0≤τ≤t

‖∆k
τx‖, k ∈ N,

∆k
h :=

k∑
i=0

(−1)k−i
(
k

i

)
U(ih), k ∈ N0, h ∈ R (∆0

h ≡ 1, h ∈ R+),

U(h) = exp(ihA) � ãðóïà óíiòàðíèõ îïåðàòîðiâ â B ç ãåíåðàòîðîì iA .
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Íåõàé G(λ) � ìàéæå ñêðiçü ñêií÷åííà âèìiðíà ôóíêöiÿ íà R . Ôóíêöiÿ

G(A) âiä îïåðàòîðà A âèçíà÷à¹òüñÿ ÿê

G(A) :=

∫ ∞
−∞

G(λ)dE(λ).

Òåîðåìà 1.1.11. [16, ñ. 635] Íåõàé G(λ) � íåâiä'¹ìíà ïàðíà ôóí-

êöiÿ íà R , íåñïàäíà íà R+ . Òîäi äëÿ äîâiëüíîãî x ∈ C1(G(A)) i k ∈ N

Er(x) ≤
√
k + 1

2kG(r)
ωk

(π
r
,G(A)x,A

)
, r > 0.

ßêùî G(λ) = |λ|m , λ ∈ R , m > 0 , òî ç òåîðåìè 1.1.11 äëÿ áóäü-

ÿêîãî k ∈ N îòðèìó¹ìî

Er(x) ≤
√
k + 1

2krm
ωk

(π
r
, |A|mx,A

)
, r > 0. (1.11)

ßêùî B = L2(0, 2π) , Au = idu/dt , C1(A) = {u(t) ∈ W 1
2 (0, 2π) : u(0) =

u(2π)} , òî íåðiâíiñòü (1.11) äëÿ k = 1 âñòàíîâëåíî â [92], à äëÿ äîâiëü-

íîãî k ∈ N � ó ïðàöi [80].

Îáåðíåíà òåîðåìà ó âèïàäêó íàáëèæåííÿ öiëèìè âåêòîðàìè åêñïî-

íåíöiàëüíîãî òèïó îïåðàòîðà A ôîðìóëþ¹òüñÿ íàñòóïíèì ÷èíîì.

Òåîðåìà 1.1.12. [16, ñ. 636] Íåõàé ω(t) � ôóíêöiÿ òèïó ìîäóëÿ

íåïåðåðâíîñòi, òàêà, ùî:

(i) ω(t) íåïåðåðâíà i íåñïàäíà ïðè t ∈ R+ ;

(ii) ω(0) = 0 ;

(iii) ∃ c > 0, ∀ t > 0 ω(2t) ≤ cω(t) ;

(iv)
∫ 1

0

ω(t)

t
dt <∞ .

Íåõàé ôóíêöiÿ G(λ) ¹ ïàðíîþ, íåâiä'¹ìíîþ i íåñïàäíîþ ïðè λ ≥ 0

ïðè÷îìó sup
λ>0

G(2λ)

G(λ)
<∞ .

ßêùî äëÿ x ∈ B iñíó¹ m > 0 , òàêå, ùî

Er(x) ≤ m

G(r)
ω

(
1

r

)
, r > 0,
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òî x ∈ C1(G(A)) i äëÿ êîæíîãî k ∈ N iñíó¹ ïîñòiéíà mk > 0 , òàêà,

ùî

ω(t, G(A)x,A) ≤ mk

[
tk
∫ 1

t

ω(τ)

τ k+1
dτ +

∫ t

0

ω(τ)

τ
dτ

]
, 0 < t ≤ 1

2
.

ß. Ãðóøêà i Ñ. Òîðáà [157] äîâåëè ïðÿìó òåîðåìó, ùî âñòàíîâëþ¹

çâ'ÿçîê ìiæ ñòåïåíåì ãëàäêîñòi âåêòîðà x ∈ X âiäíîñíî íåêâàçiàíàëi-

òè÷íîãî îïåðàòîðà A , ïîðÿäêîì ïðÿìóâàííÿ äî íóëÿ éîãî íàéêðàùîãî

íàáëèæåííÿ öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó òàêîãî îïåðàòîðà

A i k -ìîäóëåì íåïåðåðâíîñòi. Âiäçíà÷èìî, ùî îïåðàòîð A íàçèâà¹òüñÿ

íåêâàçiàíàëiòè÷íèì [65], ÿêùî A ãåíåðó¹ ñèëüíî íåïåðåðâíó ãðóïó îïå-

ðàòîðiâ U(t) , äëÿ ÿêî¨∫ ∞
−∞

ln ‖U(t)‖(1 + t2)−1dt <∞. (1.12)

Òåîðåìà 1.1.13. [157, ñ. 269] Íåõàé {U(t) : t ∈ R} çàäîâîëüíÿ¹

óìîâó (1.12). Òîäi äëÿ x ∈ X i k ∈ N iñíó¹ ïîñòiéíà mk > 0 , òàêà, ùî

Er(x) ≤ mk sup
0≤|τ |≤ 1

r

‖∆k
τx‖, r ≥ 1.

Ó çâ'ÿçêó ç ðîçâèòêîì îïåðàòîðíîãî ïiäõîäó äî çàäà÷ àïðîêñèìàöi¨

â áàíàõîâèõ ïðîñòîðàõ âiäçíà÷èìî òàêîæ âàãîìèé âíåñîê À. Ì. Ïëi÷êà

[192,193].

1.2. Àïðîêñèìàöiéíi ïðîñòîðè

Ó äàíîìó ïàðàãðàôi ðîçãëÿíåìî îñíîâíi åëåìåíòè òåîði¨ àïðîêñè-

ìàöiéíèõ ïðîñòîðiâ òà íàïðÿìêè ¨õ ñó÷àñíèõ óçàãàëüíåíü.

Àïðîêñèìàöiéíi ïðîñòîðè áóëè ââåäåíi Ï. Áóòöåðîì i Ê. Øåðåðîì

[108], à òàêîæ, íåçàëåæíî, Þ. À. Áðóäíèì i Í. ß. Êðóãëÿêîì [9]. Äàëi âè-

çíà÷èìî ïîíÿòòÿ àïðîêñèìàöiéíîãî ïðîñòîðó i ñôîðìóëþ¹ìî äåÿêi éîãî

åëåìåíòàðíi âëàñòèâîñòi ñëiäóþ÷è ôóíäàìåíòàëüíié ïðàöi À. Ïi÷à [191].
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Êâàçiíîðìîþ ¹ íåâiä'¹ìíà ôóíêöiÿ ‖ · ‖X , âèçíà÷åíà íà (äiéñíîìó

àáî êîìïëåêñíîìó) ëiíiéíîìó ïðîñòîði X , äëÿ ÿêî¨ âèêîíóþòüñÿ òàêi

óìîâè:

(i) ÿêùî ‖x‖X = 0 äëÿ äåÿêîãî x ∈ X , òî x = 0 ;

(ii) ‖λx‖X = |λ|‖x‖X äëÿ x ∈ X i âñiõ ñêàëÿðiâ λ ;

(iii) iñíó¹ ïîñòiéíà cX ≥ 1 , òàêà, ùî

‖x+ y‖X ≤ cX (‖x‖X + ‖y‖X) äëÿ x, y ∈ X.

Êâàçiíîðìè ‖ · ‖(1)
X i ‖ · ‖(2)

X ¹ åêâiâàëåíòíèìè, ÿêùî

‖ · ‖(2)
X ≤ c1 ‖ · ‖(1)

X i ‖ · ‖(1)
X ≤ c2 ‖ · ‖(2)

X äëÿ âñiõ x ∈ X,

äå c1 i c2 � âiäïîâiäíi êîíñòàíòè.

Êîæíà êâàçiíîðìà ãåíåðó¹ ìåòðèçîâàíó õàóñäîðôîâó òîïîëîãiþ íà

îñíîâíîìó ëiíiéíîìó ïðîñòîði. Äëÿ äâîõ åêâiâàëåíòíèõ êâàçiíîðì âiäïî-

âiäíi òîïîëîãi¨ ñïiâïàäàþòü.

Êâàçiáàíàõîâèì ïðîñòîðîì ¹ ëiíiéíèé ïðîñòið X , íàäiëåíèé êâàçi-

íîðìîþ ‖ · ‖X , òàê, ùî êîæíà ïîñëiäîâíiñòü Êîøi ¹ çáiæíîþ.
Êâàçiíîðìà ‖ · ‖X íàçèâà¹òüñÿ p -íîðìîþ (0 < p ≤ 1) , ÿêùî

‖x+ y‖pX ≤ cX (‖x‖pX + ‖y‖pX) äëÿ x, y ∈ X.

Óìîâà (iii) çàäîâîëüíÿ¹òüñÿ, ÿêùî cX := 21/p−1 . Î÷åâèäíî, ùî äëÿ êî-

æíî¨ êâàçiíîðìè ‖ · ‖X iñíó¹ åêâiâàëåíòíà p -íîðìà ‖ · ‖0
X , ÿêùî p âè-

çíà÷à¹òüñÿ ÿê 1/p := 1 + log2cX . Êðiì òîãî, êîæíà p -íîðìà ¹ òàêîæ

q -íîðìà äëÿ 0 < q < p ≤ 1 .

Àïðîêñèìàöiéíîþ ñõåìîþ (X,Xn) ¹ êâàçiáàíàõiâ ïðîñòið X ðàçîì

ç ïîñëiäîâíiñòþ ïiäìíîæèí Xn , òàêèõ, ùî âèêîíóþòüñÿ óìîâè:

X1 ⊆ X2 ⊆ · · · ⊆ X; (1.13)

λXn ⊆ Xn äëÿ âñiõ ñêàëÿðiâ λ i n = 1, 2, . . . ; (1.14)

Xm +Xn ⊆ Xm+n äëÿ m,n = 1, 2, . . . . (1.15)
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Ïîêëàäåìî X0 := {0} . Î÷åâèäíî,
⋃∞
n=1Xn ¹ ëiíiéíèé ïiäïðîñòið.

Íåõàé (X,Xn) � àïðîêñèìàöiéíà ñõåìà. Äëÿ x ∈ X i n = 1, 2, . . .

n -å àïðîêñèìàöiéíå ÷èñëî âèçíà÷à¹òüñÿ ÿê

αn(x,X) := inf {‖x− y‖X : y ∈ Xn−1} .

Íàâåäåìî äåÿêi âëàñòèâîñòi:

(i) ‖x‖X = α1(x,X) ≥ α2(x,X) ≥ · · · ≥ 0 äëÿ x ∈ X;

(ii) αn(λx,X) = |λ|αn(x,X) äëÿ x ∈ X, âñiõ ñêàëÿðiâ λ i n = 1, 2, . . . ;

(iii) αm+n−1(x+ y,X) ≤ cX (αm(x,X) + αn(y,X)) äëÿ x, y ∈ X i

m,n = 1, 2, . . . .

Âàðòî âiäçíà÷èòè, ùî αn(x,X) â çàãàëüíîìó íå ¹ íåïåðåðâíîþ ôóí-

êöi¹þ âiä x . Öi¹¨ ñèòóàöi¨ ìîæíà óíèêíóòè, ÿêùî âèêîðèñòîâóâàòè åêâi-

âàëåíòíó p -íîðìó íà X .

Íåõàé 0 < % < ∞ i 0 < q ≤ ∞ . Òîäi àïðîêñèìàöiéíèé ïðî-

ñòið X%
q , àáî, áiëüø çàãàëüíî, (X,Xn)

%
q , ñêëàäà¹òüñÿ ç óñiõ åëåìåíòiâ

x ∈ X , òàêèõ, ùî (n%−1/qαn(x,X)) ∈ lq , äå n = 1, 2, . . . . ßê çâè÷àéíî, lq

(0 < q ≤ ∞) îçíà÷à¹ êâàçiáàíàõîâèé ïðîñòið âñiõ q -ñóìîâíèõ ñêàëÿðíèõ

ïîñëiäîâíîñòåé iç êâàçiíîðìîþ ‖ · ‖lq . Ïîêëàäåìî

‖x‖X%
q

:=
∥∥(n%−1/qαn(x,X))

∥∥
lq
äëÿ x ∈ X%

q .

Òîäi ïðîñòið X%
q ¹ êâàçiáàíàõîâèì. ßêùî X � áàíàõiâ ïðîñòið i

Xn+Xn = Xn äëÿ n = 1, 2, . . . , òî X%
q ïðè 1 ≤ q ≤ ∞ ¹ áàíàõiâ ïðîñòið.

Öåé âèïàäîê áóâ äåòàëüíî ðîçãëÿíóòèé Ï. Áóòöåðîì i Ê. Øåðåðîì [108].

Åëåìåíò x ∈ X íàëåæèòü ïðîñòîðó X%
q òîäi i òiëüêè òîäi, êîëè

(2k%α2k(x,X)) ∈ lq äëÿ k = 0, 1, . . . . Êðiì òîãî,

‖x‖∗X%
q

:=
∥∥(2k%α2k(x,X))

∥∥
lq

âèçíà÷à¹ åêâiâàëåíòíó êâàçiíîðìó íà X%
q .
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Äàëi êîíñòàòó¹ìî, ùî âèêîíóþòüñÿ òàêi âêëàäåííÿ

X%1
q1
⊇ X%2

q2
äëÿ 0 < %1 < %2 <∞ i 0 < q1, q2 ≤ ∞;

X%
q1
⊆ X%

q2
äëÿ 0 < % <∞ i 0 < q1 < q2 ≤ ∞.

Íàâåäåìî äåÿêi âàæëèâi ïðèêëàäè àïðîêñèìàöiéíèõ ïðîñòîðiâ.

Íåõàé fn � ìíîæèíà âñiõ ñêàëÿðíèõ ïîñëiäîâíîñòåé ζ = (ζm) , ùî

ìàþòü íå áiëüøå n êîîðäèíàò ζm 6= 0 . Òàêîæ ðîçãëÿíåìî ïiäìíîæèíó

on , ÿêà ìiñòèòü âñi ñêàëÿðíi ïîñëiäîâíîñòi, òàêi, ùî ζm = 0 , ÿêùî m > n .

Î÷åâèäíî, ùî (lp, fn) i (lp, on) (0 < p ≤ ∞) � àïðîêñèìàöiéíi ñõåìè.

Ïîêëàäåìî

s%p,q := (lp, fn)
%
q i b%p,q := (lp, on)

%
q .

Ïðîñòið s%p,q ñïiâïàäà¹ ç âiäîìèì ïðîñòîðîì ïîñëiäîâíîñòåé Ëîðåíöà lr,q ,

äå 1/r = % + 1/p . Ïðîñòîðè ïîñëiäîâíîñòåé b%p,q ìîæíà ðîçãëÿäàòè ÿê

äèñêðåòíèé àíàëîã ïðîñòîðiâ Á¹ñîâà.

Íåõàé Lp := Lp[0, 1] (0 < p ≤ ∞) îçíà÷à¹ êâàçiáàíàõîâèé ïðî-

ñòið âñiõ p -iíòåãðîâíèõ ñêàëÿðíèõ ôóíêöié, âèçíà÷åíèõ íà îäèíè÷íîìó

iíòåðâàëi. Íåõàé Fn � ìíîæèíà âñiõ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ

p(s) = p1 +
∞∑
m=1

[p2m sin 2πms+ p2m+1 cos 2πms] ,

ùî ìàþòü íå áiëüøå n êîåôiöi¹íòiâ pm 6= 0 . Òàêîæ ðîçãëÿíåìî ïiäìíî-

æèíó On , ÿêà ìiñòèòü âñi òðèãîíîìåòðè÷íi ïîëiíîìè, òàêi, ùî pm = 0 ,

ÿêùî m > n . Òîäi (Lp, Fn) i (Lp, On) � àïðîêñèìàöiéíi ñõåìè. Ïîêëà-

äåìî

S%p,q := (Lp, Fn)
%
q i B%

p,q := (Lp, On)
%
q .

Ñ. Á. Ñò¹÷êií [81] ïîêàçàâ, ùî S1/2
2,1 ñêëàäà¹òüñÿ ç ïåðiîäè÷íèõ ôóíêöié,

ùî ìàþòü àáñîëþòíî çáiæíi ðÿäè Ôóð'¹. Ç iíøîãî áîêó, ÿê âèïëèâà¹ ç

òåîði¨ íàáëèæåíü, B%
p,q ¹ âiäîìèìè ïðîñòîðàìè Á¹ñîâà [7].
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Íàâåäåíi âèùå ðåçóëüòàòè ðîçøèðåíî íà âèïàäîê X -çíà÷íèõ ôóí-

êöié, äå X ¹ êâàçiáàíàõîâèé ïðîñòið [205]. ×åðåç [Lp, X] ïîçíà÷èìî êâà-

çiáàíàõîâèé ïðîñòið âñiõ âèìiðíèõ i àáñîëþòíî p -iíòåãðîâíèõ X -çíà÷íèõ

ôóíêöié, âèçíà÷åíèõ íà îäèíè÷íîìó iíòåðâàëi. Ïðè öüîìó âèçíà÷åíî

àïðîêñèìàöiéíi ïðîñòîðè

[S%p,q, X] := ([Lp, X], [Fn, X])%q i [B%
p,q, X] := ([Lp, X], [On, X])%q .

Íåõàé L(E,F ) � áàíàõiâ ïðîñòið âñiõ îáìåæåíèõ ëiíiéíèõ îïåðàòî-

ðiâ, ùî äiþòü ç áàíàõîâîãî ïðîñòîðó E â áàíàõiâ ïðîñòið F , E ′ � ñïðÿ-

æåíèé ïðîñòið äî E . Îïåðàòîð S ∈ L(E,F ) ¹ àáñîëþòíî p -ñóìîâíèì

(0 < p <∞) , ÿêùî iñíó¹ ïîñòiéíà σ ≥ 0 , òàêà, ùî(
n∑
i=1

‖Sxi‖pF

)1/p

≤ σ sup


(

n∑
i=1

|〈xi, u〉|p
)1/p

: ‖u‖E′ ≤ 1


äëÿ âñiõ ñèñòåì åëåìåíòiâ x1, . . . , xn ∈ E . Ïîêëàäåìî

‖S‖Pp := inf σ.

Êâàçiáàíàõiâ ïðîñòið âñiõ p -ñóìîâíèõ îïåðàòîðiâ ç E â F ïîçíà÷èìî

Pp(E,F ) . Äëÿ çðó÷íîñòi ïîêëàäåìî P∞(E,F ) := L(E,F ) i

‖S‖P∞ := ‖S‖L := sup {‖Sx‖F : ‖x‖E ≤ 1} .

Íåõàé Fn(E,F ) � ìíîæèíà âñiõ îïåðàòîðiâ A ∈ L(E,F ) , ùî ìàþòü

îáðàç M(A) := {Ax : x ∈ E} , ðîçìiðíiñòü ÿêîãî íå ïåðåâèùó¹ n . Òîäi
(Pp(E,F ),Fn(E,F )) � àïðîêñèìàöiéíà ñõåìà. Ïîêëàäåìî

P%
p,q(E,F ) := (Pp(E,F ),Fn(E,F ))%q .

Äàëi ñôîðìóëþ¹ìî äåÿêi ôóíäàìåíòàëüíi òåîðåìè. Íàñàìïåðåä âiä-

çíà÷èìî òåîðåìó ïðåäñòàâëåííÿ, ÿêà ó âèïàäêó ôóíêöiîíàëüíèõ ïðîñòî-

ðiâ, çãàäó¹òüñÿ ó ïðàöÿõ Î. Â. Á¹ñîâà [7] i Ò. I. Àìàíîâà [1]. Àíàëîãi-

÷íèé ðåçóëüòàò äëÿ ïðîñòîðiâ îïåðàòîðiâ ïîâ'ÿçàíèé ç ïðàöÿìè À. Ïi-

÷à [188,190]. Òàêîæ ñëiä âiäçíà÷èòè çàãàëüíó òåîðåìó òàêîãî òèïó, äîâå-

äåíó Þ. À. Áðóäíèì i Í. ß. Êðóãëÿêîì [8,9].
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Òåîðåìà 1.2.1. [191, ñ. 120] Íåõàé (X,Xn) � àïðîêñèìàöiéíà ñõå-

ìà. Òîäi x ∈ X íàëåæèòü X%
q òîäi i ëèøå òîäi, êîëè iñíóþòü

uk ∈ X2k , òàêi, ùî

x =
∞∑
k=0

uk i (2k%‖uk‖X) ∈ lq.

Êðiì òîãî,

‖x‖∗X%
q

:= inf ‖(2k%‖uk‖X)‖lq ,

äå inf áåðåòüñÿ ïî âñiõ ìîæëèâèõ ïðåäñòàâëåííÿõ, âèçíà÷à¹ åêâiâàëåí-

òíó êâàçiíîðìó íà X%
q .

Áåçïîñåðåäíiì íàñëiäêîì òåîðåìè ¹ òå, ùî ïiäïðîñòið
⋃∞
n=1Xn ùiëü-

íèé â X%
q , ÿêùî 0 < q <∞ .

Àïðîêñèìàöiéíà ñõåìà (X,Xn) íàçèâà¹òüñÿ ëiíiéíîþ, ÿêùî iñíó¹

ðiâíîìiðíî îáìåæåíà ïîñëiäîâíiñòü ëiíiéíèõ ïðîåêòîðiâ Pn , ùî âiäîáðà-

æàþòü X íà Xn . Çâiäñè âèïëèâà¹, ùî

‖x− Pnx‖X ≤ cαn(x,X)

äëÿ âñiõ x ∈ X i n = 1, 2, . . . , äå c := cX(1 + sup ‖Pn‖L) .

Çà äîïîìîãîþ ïðîåêòîðiâ Qk := P2k+1−1 − P2k−1 ìîæíà ñôîðìóëþ-

âàòè òåîðåìó ëiíiéíîãî ïðåäñòàâëåííÿ.

Òåîðåìà 1.2.2. [191, ñ. 122] Íåõàé (X,Xn) � ëiíiéíà àïðîêñèìà-

öiéíà ñõåìà. Òîäi x ∈ X íàëåæèòü X%
q òîäi i òiëüêè òîäi, êîëè

(2k%‖Pkx‖X) ∈ lq.

Ó öüîìó âèïàäêó ìà¹ìî

x =
∞∑
k=0

Qkx.
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Êðiì òîãî,

‖x‖∗X%
q

:= ‖(2k%‖Qkx‖X)‖lq

¹ åêâiâàëåíòíà êâàçiíîðìà íà X%
q .

Äëÿ êîæíî¨ àïðîêñèìàöiéíî¨ ñõåìè (X,Xn) ìà¹ìî Xn ⊆ X%
q . Òàêèì

÷èíîì, (X%
q , Xn) òàêîæ ¹ àïðîêñèìàöiéíà ñõåìà i ìîæíà ïîâòîðèòè êîí-

ñòðóêöiþ àïðîêñèìàöiéíèõ ïðîñòîðiâ. Ïðè öüîìó iñíóþòü ïîñòiéíi c0 > 0

i c1 > 0 , òàêi, ùî

n%α2n−1(x,X) ≤ c0αn(x,X
%
q ) äëÿ âñiõ x ∈ X%

q i n = 1, 2, . . . ;

‖u‖X%
q
≤ c1n

%‖u‖X äëÿ âñiõ u ∈ Xn i n = 1, 2, . . . ,

i âèêîíó¹òüñÿ íàñòóïíà òåîðåìà ðåiòåðàöi¨.

Òåîðåìà 1.2.3. [191, ñ. 123] Íåõàé (X,Xn) � àïðîêñèìàöiéíà ñõå-

ìà. Òîäi (X%
q )σr = X%+σ

r .

Íàñòóïíà âëàñòèâiñòü àïðîêñèìàöiéíèõ ïðîñòîðiâ âèðàæà¹òüñÿ òåî-

ðåìîþ òðàíñôîðìàöi¨.

Òåîðåìà 1.2.4. [191, ñ. 124] Íåõàé (X,Xm) i (Y, Yn) � àïðîêñè-

ìàöiéíi ñõåìè i T ∈ L(X, Y ) . ßêùî iñíóþòü ïîñòiéíi λ > 0 i c > 0 ,

òàêi, ùî

T (Xn) ⊆ Yn äëÿ n ≥ cmλ,

òî T (Xλ%
q ) ⊆ Y %

q .

Äàëi ñôîðìóëþ¹ìî òåîðåìó âêëàäåííÿ.

Òåîðåìà 1.2.5. [191, ñ. 125] Íåõàé X i Y � êâàçiáàíàõîâi ïðîñòî-

ðè, ÿêi íåïåðåðâíî âêëàäåíi â äåÿêèé ëiíiéíèé òîïîëîãi÷íèé õàóñäîðôî-

âèé ïðîñòið. Êðiì òîãî, íåõàé (X,Xn) i (Y,Xn) � àïðîêñèìàöiéíi
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ñõåìè, àñîöiéîâàíi ç îäíàêîâèìè ïîñëiäîâíîñòÿìè ïiäìíîæèí. Ïðèïó-

ñòèìî, ùî iñíóþòü ïîñòiéíi c > 0 i σ > 0 , òàêi, ùî

‖u‖Y ≤ cnσ‖u‖X äëÿ âñiõ u ∈ Xn i n = 1, 2, . . . .

Òîäi X%+σ
q ⊆ Y %

q . Çîêðåìà, ÿêùî Y ¹ r -íîðìîâàíèé ç 0 < r ≤ 1 , òî

Xσ
r ⊆ Y .

Íàñòóïíà âëàñòèâiñòü àïðîêñèìàöiéíèõ ïðîñòîðiâ âèðàæà¹òüñÿ òåî-

ðåìîþ êîìïîçèöi¨.

Òåîðåìà 1.2.6. [191, ñ. 127] Íåõàé (X,Xn) , (Y, Yn) i (Z,Zn) �

àïðîêñèìàöiéíi ñõåìè. ßêùî M îáìåæåíå ëiíiéíå âiäîáðàæåííÿ ç

X×Y â Z , òàêå, ùî M(Xn, Y ) ⊆ Zn i M(X, Yn) ⊆ Zn äëÿ n = 1, 2, . . . ,

òî

M(X%
q , Y

σ
r ) ⊆ Z%+σ

p äëÿ 1/q + 1/r = 1/p.

Íåõàé (X,Xn) � àïðîêñèìàöiéíà ñõåìà i [Lp, X
%
q ] � êâàçiáàíàõiâ

ïðîñòið. ßêùî [Lp, Xn] ìiñòèòü âñi Xn -çíà÷íi ôóíêöi¨, òî îòðèìó¹ìî

àïðîêñèìàöiéíó ñõåìó ([Lp, X], [Lp, Xn]) . Âiäïîâiäíi àïðîêñèìàöiéíi ïðî-

ñòîðè ïîçíà÷èìî [Lp, X]%q . Äàëi ñôîðìóëþ¹ìî òåîðåìó êîìóòàöi¨.

Òåîðåìà 1.2.7. [191, ñ. 128] Âèêîíóþòüñÿ òàêi âêëàäåííÿ

[Lp, X
%
q ] ⊆ [Lp, X]%q , ÿêùî 0 < p ≤ q ≤ ∞;

[Lp, X
%
q ] ⊇ [Lp, X]%q , ÿêùî 0 < q ≤ p ≤ ∞ i q 6=∞.

Ó çãàäàíié âæå ïðàöi À. Ïi÷à [191] íàâåäåíî òàêîæ çàñòîñóâàííÿ

òåîði¨ àïðîêñèìàöiéíèõ ïðîñòîðiâ äî äîâåäåííÿ âiäîìèõ ðåçóëüòàòiâ ïðî

ðîçïîäië êîåôiöi¹íòiâ Ôóð'¹ i âëàñíèõ çíà÷åíü îïåðàòîðiâ.
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Äëÿ áóäü-ÿêî¨ ñêàëÿðíî¨ ôóíêöi¨ f ∈ L1 ïîñëiäîâíiñòü êîåôiöi¹íòiâ

Ôóð'¹ âèçíà÷à¹òüñÿ ÿê

ξ1(f) =

∫ 1

0

f(t)dt,

ξ2m(f) = 2

∫ 1

0

f(t) sin 2πmtdt,

ξ2m+1(f) = 2

∫ 1

0

f(t) cos 2πmtdt.

Êëàñè÷íi ðåçóëüòàòè ùîäî òîãî, ÿê íàáëèæåííÿ (ξm(f)) çàëåæèòü

âiä ïåâíèõ âëàñòèâîñòåé ôóíêöi¨ f âèðàæàþòüñÿ íàñòóïíèìè òâåðäæå-

ííÿìè [191, ñ. 130].

ßêùî 1/r = % + 1/2 , òî òâåðäæåííÿ f ∈ S%2,q i (ξm(f)) ∈ lr,q ¹

åêâiâàëåíòíèìè.

Íåõàé 1 ≤ p ≤ ∞ , 1/p + 1/p′ = 1 , 1/r = % + 1/p+ , äå p+ =

max(2, p′) . Òîäi, ÿêùî f ∈ S%p,q , òî (ξm(f)) ∈ lr,q . ßêùî f ∈ B%
p,q , òî

(ξm(f)) ∈ lr,q .
Íåõàé E � êîìïëåêñíèé áàíàõiâ ïðîñòið. Îñêiëüêè êîæíèé îïåðà-

òîð S ∈ P%
p,q(E,F ) ìîæíà íàáëèçèòè îïåðàòîðàìè ñêií÷åííîãî ðàíãó, òî

S ìà¹ ç÷èñëåííó ìíîæèíó âëàñíèõ çíà÷åíü. Íåõàé (λn(S)) � ïîñëiäîâ-

íiñòü âëàñíèõ çíà÷åíü îïåðàòîðà S , çàíóìåðîâàíà ó ïîðÿäêó íåçðîñòàííÿ

ç óðàõóâàííÿì êðàòíîñòi

λ1(S) ≥ λ2(S) ≥ . . . ≥ 0.

ßêùî S ìà¹ ìåíøå íiæ n âëàñíèõ çíà÷åíü, òî ïîêëàäåìî λn(S) = 0 .

Äàëi ñôîðìóëþ¹ìî îäíå öiêàâå óçàãàëüíåííÿ òåîðåìè Âåéëÿ [167].

Òåîðåìà 1.2.8. [191, ñ. 132] Íåõàé 2 ≤ p ≤ ∞ i 1/r = % + 1/p .

Òîäi, ÿêùî S ∈ P%
p,q(E,F ) , òî (λn(S)) ∈ lr,q .

Õ. Àëüìiðà i Ó. Ëþòåð [95] çàïðîïîíóâàëè óçàãàëüíåííÿ êëàñè÷íèõ

àïðîêñèìàöiéíèõ ïðîñòîðiâ äî áiëüø øèðîêèõ êëàñiâ ïðîñòîðiâ. Ñóòü
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óçàãàëüíåííÿ ïîëÿãà¹ ó òîìó, ùî çàìiñòü lq -íîðì äëÿ îçíà÷åííÿ àïðî-

êñèìàöiéíèõ ïðîñòîðiâ âèêîðèñòîâóþòü iíøi ïðîñòîðè ïîñëiäîâíîñòåé S .
Óìîâó (1.15) çàìiíþþòü íà áiëüø çàãàëüíó

Xn +Xn ⊆ XK(n), n ∈ N0, (1.16)

ç äåÿêèìè ÷èñëàìè n ≤ K(n) ≤ K(n+ 1) i K(0) := 0 .

Íåõàé S � äiéñíèé ëiíiéíèé ïðîñòið ïîñëiäîâíîñòåé {an}n∈N0
⊆ R ç

êâàçiíîðìîþ ‖·‖S . S íàçèâà¹òüñÿ äîïóñòèìèì ïðîñòîðîì ïîñëiäîâíîñòåé

[95, îçíà÷åííÿ 3.2], ÿêùî âèêîíóþòüñÿ òàêi óìîâè:

(i) âñi ñêií÷åííi ïîñëiäîâíîñòi {an}Nn=1 íàëåæàòü S ;
(ii) ÿêùî 0 ≤ an ≤ bn äëÿ âñiõ n ∈ N0 i {bn}n∈N0

∈ S , òî

{an}n∈N0
∈ S i ‖{an}‖S ≤ ‖{an}‖S ;

(iii) ÿêùî a0 ≥ a1 ≥ . . . ≥ 0 i {aK(n)}n∈N0
∈ S , òî {an}n∈N0

∈ S i

‖{an}‖S ≤ CS‖{aK(n)}‖S ,

äå ïîñòiéíà CS çàëåæèòü òiëüêè âiä S i {K(n)}n∈N0
.

Îçíà÷åííÿ 1.2.1. [95, îçíà÷åííÿ 3.4] Íåõàé X � êâàçiíîðìîâàíèé

ïðîñòið i Xn (n ∈ N0) � ïiäìíîæèíè ïðîñòîðó X ç X0 = 0 , òàêi,

ùî âèêîíóþòüñÿ óìîâè (1.13), (1.14) i (1.16). Êðiì òîãî, íåõàé S �

äîïóñòèìèé ïðîñòið ïîñëiäîâíîñòåé. Òîäi ïðîñòið

X(S) := {x ∈ X : {αn+1(x,X)}n∈N0
∈ S}

ç êâàçiíîðìîþ ‖x‖X,S := ‖{αn+1(x,X)}‖S íàçèâà¹òüñÿ (óçàãàëüíåíèì)

àïðîêñèìàöiéíèì ïðîñòîðîì.

X(S) ¹ êâàçiíîðìîâàíèé ïðîñòið, íåïåðåðâíî âêëàäåíèé â X . ßêùî

X i S � íîðìîâàíi ïðîñòîðè i âñi Xn ¹ ëiíiéíèìè ïiäïðîñòîðàìè X , òî

ïðîñòið X(S) òàêîæ íîðìîâàíèé.
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Òåîðåìà 1.2.9. [95, òåîðåìà 3.12] Ïðèïóñòèìî, ùî S ìà¹ âëàñòè-

âiñòü

‖{an}‖S ≤ lim
k→∞
‖{an}kn=1‖S äëÿ âñiõ {an} ∈ S ç a0 ≥ a1 ≥ . . . ≥ 0,

äå ïîñòiéíà C > 0 çàëåæèòü òiëüêè âiä S . ßêùî X ¹ ïîâíèé i âè-

êîíó¹òüñÿ îäíà ç íàñòóïíèõ óìîâ (a), (b) àáî (c), òî ïðîñòið X(S)

òàêîæ ïîâíèé.

(a) X ¹ áàíàõiâ ïðîñòið, âñi Xn ¹ ëiíiéíèìè ïiäïðîñòîðàìè X ,

‖{an}‖S = ‖{|an|}‖S äëÿ âñiõ {an} ∈ S i êîæíà ïîñëiäîâíiñòü Êîøi

{am} â S , ùî ñêëàäà¹òüñÿ çi ñïàäíèõ ïîñëiäîâíîñòåé am = {amn}n∈N0
⊆

[0,∞) , çáiæíà â S .
(b) Ñïàäíà ïîñëiäîâíiñòü {an}n∈N0

⊆ [0,∞) íàëåæèòü S òîäi i

òiëüêè òîäi, êîëè limk→∞ ‖{an}kn=0‖S <∞ (supk ‖{an}kn=0‖S <∞) .

(c) Ñïàäíà ïîñëiäîâíiñòü {an}n∈N0
⊆ [0,∞) íàëåæèòü S òîäi i

òiëüêè òîäi, êîëè lim
l→∞

lim
k→∞
‖{an}kn=l‖S = 0 . Êðiì òîãî, âèêîíó¹òüñÿ

óìîâà lim
k→∞
‖{1}kn=0‖S =∞ .

Î÷åâèäíî, ùî
⋃∞
n=1Xn ¹ ëiíiéíèé ïiäïðîñòið êîæíîãî àïðîêñèìà-

öiéíîãî ïðîñòîðó X(S) . ×àñòî âàæëèâî çíàòè, êîëè
⋃∞
n=1Xn ¹ ùiëüíèé

â X(S) , àáî, ÿêùî íå ùiëüíèé, òî çíàéòè çàìèêàííÿ
⋃∞
n=1Xn â X(S) .

Òåîðåìà 1.2.10. [95, òåîðåìà 3.17] Íåõàé X(S) � àïðîêñèìàöié-

íèé ïðîñòið. Òîäi ïðîñòið

S0 :=
{
{an} ∈ S : lim

l→∞
‖{an}∞n=l‖S = 0

}
,

íàäiëåíèé êâàçiíîðìîþ ‖·‖S , ¹ äîïóñòèìèì ïðîñòîðîì ïîñëiäîâíîñòåé.

ßêùî {1}n∈N0
/∈ S , òî X(S0) ¹ çàìèêàííÿì

⋃∞
n=1Xn â X(S) . Êðiì

òîãî, ÿêùî X i S0 ¹ ïîâíèìè, òî ïðîñòið X(S0) òàêîæ ïîâíèé, ÿêùî

lim
k→∞
‖{1}kn=0‖S =∞ .
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ßê íàñëiäîê òåîðåìè 1.2.10 îòðèìó¹ìî òàêå òâåðäæåííÿ:

ÿêùî {1}n∈N0
/∈ S i âèêîíó¹òüñÿ óìîâà

lim
l→∞
‖{an}∞n=l‖S = 0 äëÿ âñiõ {an} ∈ S ç a0 ≥ a1 ≥ . . . ≥ 0,

òî
⋃∞
n=1Xn ¹ ùiëüíèé â X(S) .

Íàñòóïíi òåîðåìè õàðàêòåðèçóþòü çáiæíiñòü â ïðîñòîði X(S0) .

Òåîðåìà 1.2.11. [95, òåîðåìà 3.22] Íåõàé xm (m ∈ N) i x �

åëåìåíòè ïðîñòîðó X(S0) . ßêùî lim
k→∞
‖{1}kn=0‖S = ∞ , òî íàñòóïíi

òâåðäæåííÿ ¹ åêâiâàëåíòíi.

(i) xm → x â X(S0) ;

(ii) xm → x â X i lim
l→∞
‖{αn+1(xm, X)}∞n=l‖S = 0 ðiâíîìiðíî ïî m .

Äðóãå òâåðäæåííÿ (ii) îçíà÷à¹, ùî äëÿ áóäü-ÿêîãî ε > 0 iñíó¹ l0 = l0(ε) ,

òàêå, ùî äëÿ âñiõ m âèêîíó¹òüñÿ íåðiâíiñòü ‖{αn+1(xm, X)}∞n=l0
‖S < ε .

Òåîðåìà 1.2.12. [95, òåîðåìà 3.24] Íåõàé S0 ¹ ïîâíèé i ïðèïóñòè-

ìî, ùî lim
k→∞
‖{1}kn=0‖S =∞ . Òîäi äëÿ {xm} ⊆ X íàñòóïíi òâåðäæåííÿ

¹ åêâiâàëåíòíi.

(i) {xm} çáiæíà â X(S0) ;

(ii) {xm} ⊆ X(S0) , {xm} çáiæíà â X , lim
l→∞
‖{αn+1(xm, X)}∞n=l‖S = 0

ðiâíîìiðíî ïî m ;

(iii) {xm} çáiæíà â X i lim
l→∞

sup
k≥l
‖{αn+1(xm, X)}kn=l‖S = 0 ðiâíîìið-

íî ïî m .

Íàñòóïíà òåîðåìà âèðàæà¹ êðèòåðié êîìïàêòíîñòi â X(S0) .

Òåîðåìà 1.2.13. [95, òåîðåìà 3.26] Íåõàé S0 ¹ ïîâíèé i ïðèïóñòè-

ìî, ùî lim
k→∞
‖{1}kn=0‖S = ∞ . Òîäi äëÿ H ⊆ X íàñòóïíi òâåðäæåííÿ ¹

åêâiâàëåíòíi.

(i) H ¹ âiäíîñíî êîìïàêòíà ïiäìíîæèíà â X(S0) ;
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(ii) H ¹ ïiäìíîæèíà â X(S0) , âiäíîñíî êîìïàêòíà â X i çàäîâîëü-

íÿ¹ óìîâó lim
l→∞
‖{αn+1(xm, X)}∞n=l‖S = 0 ðiâíîìiðíî ïî x ∈ H ;

(iii) H ¹ âiäíîñíî êîìïàêòíà â X , lim
l→∞

sup
k≥l
‖{αn+1(xm, X)}kn=l‖S = 0

ðiâíîìiðíî ïî x ∈ H .

Iìïëiêàöi¨ (i)⇒ (ii)⇒ (iii) âèêîíóþòüñÿ òàêîæ i ó âèïàäêó, êîëè

S0 íåïîâíèé.

ßê óæå çàçíà÷àëîñÿ âèùå, X(S) íåïåðåðâíî âêëàäåíèé â X . Çà

ïåâíèõ óìîâ öå âêëàäåííÿ ¹ êîìïàêòíèì, ÿêùî âñi Xn ¹ îáìåæåíî êîì-

ïàêòíèìè, çîêðåìà, ÿêùî âñi Xn ¹ ñêií÷åííîâèìiðíèìè ëiíiéíèìè ïiä-

ïðîñòîðàìè â X . Âiäçíà÷èìî, ùî ïiäìíîæèíà H â X ¹ îáìåæåíî êîì-

ïàêòíà, ÿêùî êîæíà îáìåæåíà ïiäìíîæèíà â H ¹ âiäíîñíî êîìïàêòíà â

X .

Òåîðåìà 1.2.14. [95, òåîðåìà 3.32] Íåõàé X ¹ ïîâíèé i ïðèïóñòè-

ìî, ùî âñi Xn ¹ îáìåæåíî êîìïàêòíi. ßêùî lim
k→∞
‖{1}kn=0‖S = ∞ , òî

âêëàäåííÿ X(S) ↪→ X ¹ êîìïàêòíèì.

Òåîðåìà 1.2.15. [95, òåîðåìà 3.33] Ïðèïóñòèìî,ùî X � ïîâíèé i

âñi Xn � îáìåæåíî êîìïàêòíi. Íåõàé S1 i S2 � äîïóñòèìi ïðîñòîðè

ïîñëiäîâíîñòåé ç òàêèìè âëàñòèâîñòÿìè:

(i) lim
k→∞
‖{1}kn=0‖S1

=∞ ;

(ii) S2 ¹ ïîâíèé i ‖{an}‖S2
= ‖{|an|}‖S2

äëÿ âñiõ {an} ∈ S2 ;

(iii) iñíó¹ òàêà ïîñëiäîâíiñòü {cl}l∈N0
⊆ [0,∞) , lim

l→∞
cl = 0 , ùî ç

{an} ∈ S1 i a0 ≥ a1 ≥ . . . ≥ 0 âèïëèâà¹ {an} ∈ S2 i

‖{an}∞n=l‖S2
≤ cl‖{an}∞n=0‖S1

äëÿ âñiõ l ∈ N0.

Òîäi âêëàäåííÿ X(S1) ↪→ X(S2) ¹ êîìïàêòíèì.

Íåõàé X � êâàçiíîðìîâàíèé ïðîñòið i {0} = X0 ⊆ X1 ⊆ . . . ⊆ X

çàäîâîëüíÿ¹ (1.14) i (1.16). ßêùî S1 i S2 � äîïóñòèìi ïðîñòîðè ïî-

ñëiäîâíîñòåé, òî âèçíà÷åíèé iòåðàöiéíèé ïðîñòið (X(S1))(S2) , îñêiëüêè
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X(S1) , êâàçiíîðìîâàíèé ïðîñòið, ùî ìiñòèòü âñi Xn . Íàñòóïíà òåîðåìà

ïîêàçó¹, ùî ïðè ïåâíèõ äîïóñòèìèõ S = S(S1,S2) âèêîíó¹òüñÿ ðiâíiñòü

(X(S1))(S2) = X(S) .

Òåîðåìà 1.2.16. [95, òåîðåìà 3.35] Íåõàé S1 i S2 � äîïóñòèìi

ïðîñòîðè ïîñëiäîâíîñòåé i âèçíà÷èìî

S = S(S1,S2) :=
{
{an} ∈ S1 :

{
‖{amax{m,n}}∞m=0‖S1

}∞
n=0
∈ S2

}
,

‖{an}‖S := ‖
{
‖{amax{m,n}}∞m=0‖S1

}∞
n=0
‖S2
.

Òîäi S � äîïóñòèìèé ïðîñòið ïîñëiäîâíîñòåé i (X(S1))(S2) = X(S)

(ç òî÷íiñòþ äî åêâàâàëåíòíîñòi êâàçiíîðì).

Íåõàé X � îäíîðiäíèé êâàçiíîðìîâàíèé ïðîñòið, òîáòî éîãî åëåìåí-

òàìè ¹ 2π -ïåðiîäè÷íi âèìiðíi ôóíêöi¨ íà R i âèêîíóþòüñÿ òàêi óìîâè:

x ∈ X ⇒ xζ ∈ X, ‖x‖X = ‖xζ‖X äëÿ âñiõ ζ ∈ R, äå xζ(t) := x(t− ζ);

lim
ζ→ζ0
‖xζ − xζ0‖X äëÿ âñiõ x ∈ X i âñiõ ζ0 ∈ R.

Îäíîðiäíiñòü áàíàõîâèõ ïðîñòîðiâ ¹ äóæå êîðèñíîþ äëÿ âèâ÷åííÿ òðè-

ãîíîìåòðè÷íèõ àïðîêñèìàöié. Íàïðèêëàä, âiäîìî, ùî òðèãîíîìåòðè÷íi

ïîëiíîìè ùiëüíi â îäíîðiäíèõ áàíàõîâèõ ïðîñòîðàõ. Íàñòóïíà òåîðåìà

ïîêàçó¹, ùî ïðè ïåâíèõ óìîâàõ ïðîñòîðè X(S0) òàêîæ îäíîðiäíi.

Òåîðåìà 1.2.17. [95, òåîðåìà 3.38] Íåõàé X � îäíîðiäíèé êâàçi-

íîðìîâàíèé ïðîñòið i lim
k→∞
‖{1}kn=0‖S = ∞ . ßêùî (Xn)ζ ⊆ Xn äëÿ âñiõ

n ∈ N0 i âñiõ ζ ∈ R , äå (Xn)ζ := {xζ : x ∈ Xn} , òî X(S0) � îäíîðiäíèé.

Â òåðìiíàõ àïðîêñèìàöiéíèõ ïðîñòîðiâ ìîæíà îïèñàòè êîìïàêòíiñòü

â áàíàõîâèõ ïðîñòîðàõ [96, 150]. Ìîæëèâi íåëiíiéíi àïðîêñèìàöiéíi ñõå-

ìè äîçâîëÿþòü ðîçâèíóòè òåîðiþ n -òåðì àïðîêñèìàöié, â ÿêié ðîçãëÿ-

äàþòüñÿ íàáëèæåííÿ íåëiíiéíèìè ïiäìíîæèíàìè Xn [119, 120, 123, 124].
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Àïðîêñèìàöiéíi ïðîñòîðè òèïó X(lq({an})) âiäiãðàþòü âàæëèâó ðîëü â

àíàëiçi ðiâíîìiðíî¨ çáiæíîñòi ìåòîäiâ ïîëiíîìiàëüíî¨ àïðîêñèìàöi¨ äëÿ

ñèíãóëÿðíèõ iíòåãðàëüíèõ ðiâíÿíü Êîøi [162, 163] òà iíòåãðî-äèôåðåí-

öiàëüíèõ ðiâíÿíü [112]. Íåêëàñè÷íi ïðîñòîðè òèïó Á¹ñîâà, ÿêi âèçíà÷à-

þòüñÿ ïîâåäiíêîþ ïåâíèõ ìîäóëiâ ãëàäêîñòi, ìîæóòü áóòè îïèñàíi ÿê

íåêëàñè÷íi àïðîêñèìàöiéíi ïðîñòîðè, ÿêùî öi ìîäóëi åêâiâàëåíòíi K -

ôóíêöiîíàëàì, ùî ïîâ'ÿçàíi ç íàéêðàùèìè íàáëèæåííÿìè íåðiâíîñòÿìè

òèïó Áåðíøòåéíà i Äæåêñîíà.

Ó êîíòåêñòi ðîçâèòêó òåîði¨ àïðîêñèìàöiéíèõ ïðîñòîðiâ âiäçíà÷èìî

òàêîæ ïðàöi [116�118,148,194,195,201�203].

1.3. Àïðîêñèìàöiÿ òà iíòåðïîëÿöiÿ

Ó äàíîìó ïàðàãðàôi ðîçãëÿíåìî âçà¹ìîçâ'ÿçîê òåîði¨ àïðîêñèìàöié-

íèõ ïðîñòîðiâ ç òåîði¹þ iíòåðïîëÿöi¨ ïðîñòîðiâ.

Íàâåäåìî äåÿêi íåîáõiäíi âiäîìîñòi ç òåîði¨ iíòåðïîëÿöi¨ ïðîñòîðiâ

ñëiäóþ÷è â îñíîâíîìó ôóíäàìåíòàëüíèì ïðàöÿì É. Áåðãà i É. Ëüîô-

ñòðüîìà [3] òà Õ. Òðiáåëÿ [86].

Íàãàäà¹ìî äåÿêi îñíîâíi ïîíÿòòÿ i ïîçíà÷åííÿ òåîði¨ êàòåãîðié [10].

Êàòåãîðiÿ K ñêëàäà¹òüñÿ iç îá'¹êòiâ X, Y, Z, . . . i ìîðôiçìiâ R, S, T, . . . .

Ìiæ îá'¹êòàìè i ìîðôiçìàìè âèçíà÷åíî âiäíîøåííÿ T : X y Y . ßêùî

T : X y Y i S : Y y Z , òî iñíó¹ ìîðôiçì ST , ùî íàçèâà¹òüñÿ äîáóòêîì

(êîìïîçèöi¹þ) ìîðôiçìiâ S i T òàêèé, ùî ST : X y Z . Îïåðàöiÿ

äîáóòêó ìîðôiçìiâ çàäîâîëüíÿ¹ óìîâi àñîöiàòèâíîñòi T (SR) = (TS)R .

Äëÿ êîæíîãî îá'¹êòà X iç K iñíó¹ ìîðôiçì I = IX , òàêèé, ùî äëÿ

áóäü-ÿêîãî ìîðôiçìó T : X y X ìà¹ìî TI = IT = T .

Íåõàé K1 i K � äîâiëüíi êàòåãîði¨. Ïiä ôóíêòîðîì F iç K1 â

K ðîçóìiþòü ïðàâèëî, çà ÿêèì êîæíîìó îá'¹êòó X iç K1 ñòàâèòüñÿ
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ó âiäïîâiäíiñòü äåÿêèé îá'¹êò F (X) iç K i êîæíîìó ìîðôiçìó T iç

K1 � äåÿêèé ìîðôiçì F (T ) iç K . Ïðè öüîìó, ÿêùî T : X y Y , òî

F (T ) : F (X) y F (Y ) , F (ST ) = F (S)F (T ) i F (IX) = IF (X) .

Íåõàé êîæíèé îá'¹êò â K1 ¹ îá'¹êòîì â K i êîæíèé ìîðôiçì â K1

¹ ìîðôiçìîì â K . Òîäi K1 ¹ ïiäêàòåãîðiÿ êàòåãîði¨ K , ÿêùî ñïiââiäíî-

øåííÿ F (X) = X i F (T ) = T âèçíà÷àþòü ôóíêòîð iç K1 â K .

Ïîçíà÷èìî ÷åðåç N êàòåãîðiþ âñiõ íîðìîâàíèõ âåêòîðíèõ ïðîñòî-

ðiâ. Îá'¹êòàìè N ¹ íîðìîâàíi âåêòîðíi ïðîñòîðè, à ìîðôiçìàìè � îáìå-

æåíi ëiíiéíi îïåðàòîðè. Òàêèì ÷èíîì, N ¹ ïiäêàòåãîðiÿ êàòåãîði¨ âñiõ

òîïîëîãi÷íèõ âåêòîðíèõ ïðîñòîðiâ. Ïiäêàòåãîði¹þ êàòåãîði¨ N ¹ êàòåãî-

ðiÿ B âñiõ áàíàõîâèõ ïðîñòîðiâ.

Òîïîëîãi÷íi âåêòîðíi ïðîñòîðè X0 i X1 ¹ ñóìiñíèìè (óòâîðþþòü ií-

òåðïîëÿöiéíó ïàðó (X0, X1) ), ÿêùî iñíó¹ âiääiëüíèé òîïîëîãi÷íèé ïðî-

ñòið X , òàêèé, ùî X0 i X1 ¹ éîãî ïiäïðîñòîðàìè. Ó öüîìó âèïàäêó

ìîæíà âèçíà÷èòè ñóìó X0 + X1 i ïåðåòèí X0 ∩ X1 . Ñóìà ñêëàäà¹òüñÿ

çi âñiõ x ∈ X , ÿêi ïðåäñòàâëÿþòüñÿ ó âèãëÿäi x = x0 + x1 , äå x0 ∈ X0 i

x1 ∈ X1 .

Çãiäíî ç [3, ëåìà 2.3.1], ÿêùî X0 i X1 � ñóìiñíi íîðìîâàíi âåêòîðíi

ïðîñòîðè, òî X0 ∩X1 � íîðìîâàíèé âåêòîðíèé ïðîñòið ç íîðìîþ

‖x‖X0∩X1
= max(‖x‖X0

+ ‖x‖X1
).

X0 +X1 òàêîæ ¹ íîðìîâàíèé âåêòîðíèé ïðîñòið ç íîðìîþ

‖x‖X0+X1
= inf

x=x0+x1

(‖x0‖X0
+ ‖x1‖X1

).

Ïðè öüîìó, ÿêùî X0 i X1 � ïîâíi ïðîñòîðè, òî X0 +X1 i X0∩X1 òàêîæ

ïîâíi.

Íåõàé K � äîâiëüíà ïiäêàòåãîðiÿ êàòåãîði¨ N , çàìêíåíà âiäíîñíî

îïåðàöié ñóìè i ïåðåòèíó, à K1 � êàòåãîðiÿ âñiõ ñóìiñíèõ ïàð {X0, X1}
ïðîñòîðiâ iç K .
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Ïðèïóñòèìî, ùî âiäîáðàæåííÿ T : X 7→ Y � öå âñåìîæëèâi îáìå-

æåíi ëiíiéíi îïåðàòîðè iç X â Y . Ìîðôiçìè T : (X0, X1) 7→ (Y0, Y1) â

êàòåãîði¨ K1 � öå âñåìîæëèâi îáìåæåíi ëiíiéíi îïåðàòîðè iç X0 +X1 â

Y0 +Y1 , òàêi, ùî âiäîáðàæåííÿ T : X0 7→ Y0 , T : X1 7→ Y1 ¹ ìîðôiçìàìè

iç K .

Îçíà÷åííÿ 1.3.1. [3, ñ. 40] Íåõàé (X0, X1) � çàäàíà ïàðà iç K1 .

Ïðîñòið X iç K íàçèâà¹òüñÿ ïðîìiæíèì ìiæ X0 i X1 (àáî âiäíîñíî

ïàðè (X0, X1) ), ÿêùî âèêîíóþòüñÿ íåïåðåðâíi âêëàäåííÿ

X0 ∩X1 ⊂ X ⊂ X0 +X1.

ßêùî, êðiì òîãî,

T : (X0, X1) 7→ (X0, X1)⇒ T : X 7→ X,

òî X íàçèâà¹òüñÿ iíòåðïîëÿöiéíèì ïðîñòîðîì ìiæ X0 i X1 (àáî

âiäíîñíî (X0, X1) ).

Íåõàé (X0, X1) i (Y0, Y1) � çàäàíi ïàðè iç K1 . Òîäi äâà ïðîñòî-

ðè X i Y iç K íàçèâàþòüñÿ iíòåðïîëÿöiéíèìè âiäíîñíî (X0, X1) i

(Y0, Y1) , ÿêùî X i Y � ïðîìiæíi ïðîñòîðè âiäíîñíî (X0, X1) i (Y0, Y1)

âiäïîâiäíî i

T : (X0, X1) 7→ (Y0, Y1)⇒ T : X 7→ Y.

Çàïèñ T : (X0, X1) 7→ (X0, X1) îçíà÷à¹, ùî îïåðàòîð T ¹ îáìåæåíèì

ëiíiéíèì âiäîáðàæåííÿì iç X0 + X1 â X0 + X1 , çâóæåííÿ ÿêîãî íà X0

i X1 ¹ îáìåæåíèìè ëiíiéíèìè âiäîáðàæåííÿìè T : X0 7→ X0 i T : X1 7→
X1 âiäïîâiäíî.

Î÷åâèäíî, ùî X0∩X1 i Y0∩Y1 , X0+X1 i Y0+Y1 ¹ iíòåðïîëÿöiéíèìè

ïðîñòîðàìè âiäíîñíî (X0, X1) i (Y0, Y1) . ßêùî X = X0 ∩X1 (X0 +X1)

i Y = Y0 ∩ Y1 (Y0 + Y1) , òî

‖T‖X,Y ≤ max(‖T‖X0,Y0
, ‖T‖X1,Y1

). (1.17)
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ßê çâè÷àéíî, ïîçíà÷à¹ìî ‖T‖X,Y := sup
x 6=0

(‖Tx‖Y /‖x‖X) .

ßêùî âèêîíó¹òüñÿ (1.17), òî X i Y � òî÷íi iíòåðïîëÿöiéíi ïðîñòî-

ðè. Ó âèïàäêó, êîëè âèêîíó¹òüñÿ íåðiâíiñòü

‖T‖X,Y ≤ C max(‖T‖X0,Y0
, ‖T‖X1,Y1

),

X i Y � ðiâíîìiðíi iíòåðïîëÿöiéíi ïðîñòîðè.

Iíòåðïîëÿöiéíi ïðîñòîðè X i Y íàçèâàþòüñÿ ïðîñòîðàìè òèïó θ

(0 ≤ θ ≤ 1) , ÿêùî

‖T‖X,Y ≤ C‖T‖1−θ
X0,Y0

, ‖T‖θX1,Y1
. (1.18)

Ó âèïàäêó C = 1 êàæóòü, ùî X i Y � òî÷íi iíòåðïîëÿöiéíi ïðîñòîðè

òèïó θ .

Îçíà÷åííÿ 1.3.2. [3, ñ. 42] Iíòåðïîëÿöiéíèì ôóíêòîðîì (àáî ií-

òåðïîëÿöiéíèì ìåòîäîì) íà K íàçèâà¹òüñÿ êîæíèé ôóíêòîð F iç

iç K1 â K , òàêèé, ùî, ÿêùî (X0, X1) i (Y0, Y1) � ïàðè iç K1 , òî

F ((X0, X1)) i F ((Y0, Y1)) � iíòåðïîëÿöiéíi ïðîñòîðè âiäíîñíî (X0, X1)

i (Y0, Y1) . Êðiì òîãî, ïîâèííà âèêîíóâàòèñÿ ðiâíiñòü

F (T ) = T äëÿ âñiõ T : (X0, X1) 7→ (Y0, Y1).

Ôóíêòîð F íàçèâà¹òüñÿ ðiâíîìiðíèì (òî÷íèì) iíòåðïîëÿöiéíèì, ÿêùî

F ((X0, X1)) i F ((Y0, Y1)) � ðiâíîìiðíi (òî÷íi) iíòåðïîëÿöiéíi ïðîñòî-

ðè âiäíîñíî (X0, X1) i (Y0, Y1) . Ïîäiáíî, F � (òî÷íèé) ôóíêòîð òèïó

θ , ÿêùî F ((X0, X1)) i F ((Y0, Y1)) � (òî÷íi) iíòåðïîëÿöiéíi ïðîñòîðè

òèïó θ .

Â òåîði¨ iíòåðïîëÿöi¨ âèäiëÿþòü äiéñíèé i êîìïëåêñíèé iíòåðïîëÿöié-

íi ìåòîäè. Äî äiéñíèõ ìåòîäiâ âiäíîñÿòüñÿ
”
ìåòîäè ñåðåäíiõ“ [174, 175],

”
ìåòîä ñëiäiâ“ [170,172],

”
K -ìåòîä“ i

”
J -ìåòîä“ [183,184], à òàêîæ

”
L -

ìåòîä“ [185]. Êîìïëåêñíèé ìåòîä áóâ ðîçâèíåíèé Ëiîíñîì [171], Êàëüäå-

ðîíîì [111] i Ñ. Ã. Êðåéíîì [60,61].
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Ó êîíòåêñòi äîñëiäæåííÿ âçà¹ìîçâ'ÿçêó òåîði¨ iíòåðïîëÿöi¨ ç ïðîáëå-

ìàìè àïðîêñèìàöi¨ çóïèíèìîñÿ äåòàëüíiøå íà äiéñíèõ K i J -ìåòîäàõ

iíòåðïîëÿöi¨.

Íà êàòåãîði¨ N âèçíà÷èìî äåÿêå ñiìåéñòâî iíòåðïîëÿöiéíèõ ôóíêòî-

ðiâ Kθ,q . Äëÿ êîæíîãî ôiêñîâàíîãî t > 0

K(t, x) := K(t, x;X0, X1) := inf
x=x0+x1

(‖x0‖X0
+ t‖x1‖X1

)

¹ åêâiâàëåíòíîþ íîðìîþ â ïðîñòîði X0+X1 . Äëÿ áóäü-ÿêîãî x ∈ X0+X1

âåëè÷èíà K(t, x) ¹ äîäàòíîþ çðîñòàþ÷îþ i âãíóòîþ ôóíêöi¹þ âiä t [3,

ëåìà 3.1.1]. Çîêðåìà,

K(t, x) ≤ max(1, t/s)K(s, x).

Íåõàé Φθ,q � ôóíêöiîíàë, âèçíà÷åíèé íà íåâiä'¹ìíèõ ôóíêöiÿõ ϕ ôîð-

ìóëîþ

Φθ,q(ϕ(t)) =

(∫ ∞
0

(t−θϕ(t))qdt/t

)1/q

, 1 ≤ q ≤ ∞.

Íåõàé 0 < θ < 1 , 1 ≤ q ≤ ∞ àáî 0 ≤ θ ≤ 1 , q =∞ . Äëÿ öèõ çíà÷åíü θ i

q ïðîñòið âñiõ x ∈ X0+X1 , äëÿ ÿêèõ Φθ,q(K(t, x)) <∞ , ïîçíà÷èìî ÷åðåç

(X0, X1)θ,q := (X0, X1)θ,q;K := Kθ,q((X0, X1)) . Çà îçíà÷åííÿì ïîêëàäåìî

‖x‖(X0,X1)θ,q := Φθ,q(K(t, x)) =

(∫ ∞
0

(t−θK(t, x))qdt/t

)1/q

.

Òåîðåìà 1.3.1. [3, òåîðåìà 3.1.2] Kθ,q � òî÷íèé iíòåðïîëÿöiéíèé

ôóíêòîð òèïó θ íà êàòåãîði¨ N . Êðiì òîãî, âèêîíó¹òüñÿ íåðiâíiñòü

K(t, x;X0, X1) ≤ cθ,qt
θ‖x‖(X0,X1)θ,q .

Ïåðåäáà÷à¹òüñÿ, ùî Kθ,q(T ) = T äëÿ T : (X0, X1) 7→ (Y0, Y1) .

Äëÿ êîæíîãî ôiêñîâàíîãî t > 0 ôóíêöiÿ

J(t, x) := J(t, x;X0, X1) := max(‖x0‖X0
, t‖x1‖X1

)
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¹ åêâiâàëåíòíîþ íîðìîþ â ïðîñòîði X0∩X1 . Äëÿ áóäü-ÿêîãî x ∈ X0∩X1

âåëè÷èíà J(t, x) ¹ äîäàòíîþ çðîñòàþ÷îþ i âãíóòîþ ôóíêöi¹þ âiä t [3,

ëåìà 3.2.1], ùî çàäîâîëüíÿ¹ óìîâè

J(t, x) ≤ max(1, t/s)J(s, x), K(t, x) ≤ min(1, t/s)J(s, x).

Åëåìåíòàìè ïðîñòîðó (X0, X1)θ,q;J := Jθ,q((X0, X1)) ¹ åëåìåíòè ïðîñòîðó

X0 +X1 , ùî ïðåäñòàâëÿþòüñÿ ó âèãëÿäi

x =

∫ ∞
0

u(t)dt/t, (1.19)

äå u(t) � âèìiðíà â X0 +X1 ôóíêöiÿ çi çíà÷åííÿìè â X0∩X1 , äëÿ ÿêî¨

Φθ,q(J(t, u(t))) <∞. (1.20)

Íåõàé 0 < θ < 1 , 1 ≤ q ≤ ∞ àáî 0 ≤ θ ≤ 1 , q = ∞ . Íîðìà â ïðîñòîði

Jθ,q((X0, X1)) çàäà¹òüñÿ ôîðìóëîþ

‖x‖(X0,X1)θ,q;J := inf
u

Φθ,q(J(t, u(t))),

äå íèæíÿ ãðàíü áåðåòüñÿ ïî âñåìîæëèâèõ ôóíêöiÿõ u , ùî çàäîâîëüíÿ-

þòü óìîâè (1.19) i (1.20).

Òåîðåìà 1.3.2. [3, òåîðåìà 3.2.2] Jθ,q � òî÷íèé iíòåðïîëÿöiéíèé

ôóíêòîð òèïó θ íà êàòåãîði¨ N . Êðiì òîãî, âèêîíó¹òüñÿ íåðiâíiñòü

‖x‖(X0,X1)θ,q;J ≤ ct−θJ(t, x;X0, X1), x ∈ X0 ∩X1,

äå ïîñòiéíà c íå çàëåæèòü âiä θ i q .

K i J -ìåòîäè iíòåðïîëÿöi¨ ¹ åêâiâàëåíòíèìè, ùî âèðàæà¹òüñÿ íà-

ñòóïíîþ òåîðåìîþ.

Òåîðåìà 1.3.3. [3, òåîðåìà 3.3.1] ßêùî 0 < θ < 1 i 1 ≤ q ≤ ∞ ,

òî âèêîíó¹òüñÿ ðiâíiñòü Jθ,q((X0, X1)) = Kθ,q((X0, X1)) (ç òî÷íiñòþ

äî åêâiâàëåíòíîñòi íîðì).



71

Íàñòóïíi äâi òåîðåìè âèðàæàþòü îñíîâíi âëàñòèâîñòi iíòåðïîëÿöié-

íèõ ïðîñòîðiâ (X0, X1)θ,q .

Òåîðåìà 1.3.4. [3, òåîðåìà 3.4.1] Íåõàé (X0, X1) � çàäàíà ïàðà.

Òîäi

a) (X0, X1)θ,q = (X0, X1)1−θ,q ;

b) (X0, X1)θ,q ⊂ (X0, X1)θ,r , ÿêùî q ≤ r ;

c) (X0, X1)θ0,q0
∩ (X0, X1)θ1,q1

⊂ (X0, X1)θ,q , ÿêùî θ0 < θ < θ1 ;

d) X1 ⊂ X0 ⇒ (X0, X1)θ1,q ⊂ (X0, X1)θ0,q , ÿêùî θ0 < θ1 ;

e) X1 = X0 ⇒ (X0, X1)θ,q = X0 i ‖x‖X0
= (qθ(1− θ))1/q‖x‖(X0,X1)θ,q .

Òåîðåìà 1.3.5. [3, òåîðåìà 3.4.2] Íåõàé (X0, X1) � çàäàíà ïàðà.

Òîäi

a) ÿêùî X0 i X1 ïîâíi, òî (X0, X1)θ,q ïîâíèé;

b) ïðè q <∞ ìíîæèíà X0 ∩X1 ùiëüíà â (X0, X1)θ,q ;

c) çàìèêàííÿ X0 ∩X1 â (X0, X1)θ,∞ ¹ ïðîñòið (X0, X1)
0
θ,∞ âñiõ x ,

òàêèõ, ùî

t−θK(t, x;X0, X1)→ 0 ïðè t→ 0 i ïðè t→∞;

d) ÿêùî X0
j ïîçíà÷à¹ çàìèêàííÿ X0 ∩ X1 â Xj , òî ïðè q < ∞

âèêîíóþòüñÿ ðiâíîñòi

(X0, X1)θ,q = (X0
0 , X1)θ,q = (X0, X

0
1)θ,q = (X0

0 , X
0
1)θ,q.

Ìåòîä äiéñíî¨ iíòåðïîëÿöi¨ ìîæíà óçàãàëüíèòè íà áiëüø øèðîêi êà-

òåãîði¨ ïðîñòîðiâ, çîêðåìà, íà êâàçiíîðìîâàíi àáåëåâi ãðóïè [3, ï. 3.10].

Ïîçíà÷èìî ÷åðåç A êàòåãîðiþ âñiõ êâàçiíîðìîâàíèõ àáåëåâèõ ãðóï, ìîð-

ôiçìàìè ÿêî¨ ¹ îáìåæåíi ãîìîìîðôiçìè. ßêùî X0 i X1 � êâàçiíîðìîâàíi

àáåëåâi ãðóïè, òî âiäîáðàæåííÿ T iç X0 â X1 íàçèâà¹òüñÿ ãîìîìîðôi-

çìîì, ÿêùî T (−x) = −T (x) i T (x+ y) = T (x) + T (y) . Ãîìîìîðôiçì T

íàçèâà¹òüñÿ îáìåæåíèì, ÿêùî ‖T‖X,Y := sup
x 6=0

(‖Tx‖Y /‖x‖X) <∞ .
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Îçíà÷åííÿ ïðîìiæíîãî ïðîñòîðó, iíòåðïîëÿöiéíîãî ïðîñòîðó i iíòåð-

ïîëÿöiéíîãî ôóíêòîðà ïåðåíîñÿòüñÿ áåç çìií íà âèïàäîê êàòåãîði¨ A .

Òåîðåìà 1.3.6. [3, òåîðåìà 3.11.2] Kθ,q i Jθ,q � iíòåðïîëÿöiéíi

ôóíêòîðè òèïó θ íà êàòåãîði¨ A , ïðè÷îìó ôóíêòîð Kθ,q � òî÷íèé

òèïó θ . Êðiì òîãî, âèêîíóþòüñÿ íåðiâíîñòi

K(t, x;X0, X1) ≤ cθ,qt
θ‖x‖(X0,X1)θ,q;K

ïðè 0 < θ < 1 i 0 < q ≤ ∞ àáî 0 ≤ θ ≤ 1 i q =∞ ;

‖x‖(X0,X1)θ,q;J ≤ ct−θJ(t, x;X0, X1), x ∈ X0 ∩X1,

äå ïîñòiéíà c íå çàëåæèòü âiä θ .

Çàóâàæèìî, ùî ‖x‖(X0,X1)θ,q;K i ‖x‖(X0,X1)θ,q;J ¹ êâàçiíîðìàìè.

Òåîðåìà 1.3.7. [3, òåîðåìà 3.11.3] Íåõàé 0 < θ < 1 , 0 < q ≤ ∞ i

(X0, X1) � ïàðà êâàçiíîðìîâàíèõ àáåëåâèõ ãðóï. Òîäi âèêîíó¹òüñÿ ðiâ-

íiñòü Jθ,q((X0, X1)) = Kθ,q((X0, X1)) (ç òî÷íiñòþ äî åêâiâàëåíòíîñòi

êâàçiíîðì).

Õàðàêòåðíîþ îçíàêîþ òåîði¨ iíòåðïîëÿöi¨ ¹ íåðiâíiñòü âèïóêëîñòi

(1.18). Ïîêàæåìî, ùî êëàñè÷íó íåðiâíiñòü Áåðíøòåéíà ìîæíà ïåðåïè-

ñàòè ó âèãëÿäi íåðiâíîñòi âèïóêëîñòi, à íåðiâíiñòü Äæåêñîíà ìîæíà çà-

ïèñàòè ÿê íåðiâíiñòü, "äâî¨ñòó" äî öi¹¨ íåðiâíîñòi âèïóêëîñòi.

Íåõàé T � îäíîâèìiðíèé òîð. Íåðiâíiñòü Áåðíøòåéíà ìîæíà çàïè-

ñàòè ó âèãëÿäi

sup
T
|Dkv(t)| ≤ nk sup

T
|v(t)|, k = 0, 1, 2, . . . , (1.21)

äå v � ìíîæèíà òðèãîíîìåòðè÷íèõ ïîëiíîìiâ, ñòåïiíü ÿêèõ íå ïåðåâè-
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ùó¹ n . Ïîêëàäåìî

X0 = {òðèãîíîìåòðè÷íi ïîëiíîìè};

X1 = {íåïåðåðâíi 2π-ïåðiîäè÷íi ôóíêöi¨};

Xθ = {2π-ïåðiîäè÷íi ôóíêöi¨ v iç Dkv ∈ X1}, θ = 1/(k + 1);

‖v‖X0
= n1/(k+1), äå n − ñòåïiíü ïîëiíîìà v;

‖v‖X1
= sup

T
|v(t)|1/(k+1), ‖v‖Xθ

= sup
T
|Dkv(t)|1/(k+1).

Íåðiâíiñòü (1.21) ìîæíà çàïèñàòè ó âèãëÿäi

‖v‖Xθ
≤ ‖v‖1−θ

X0
‖v‖θX1

, 0 < θ ≤ 1, v ∈ X0 ∩X1.

Íåðiâíiñòü Äæåêñîíà ìîæíà çàïèñàòè ÿê

inf sup
T
|v(t)− v0(t)| ≤ cn−k sup

T
|Dkv(t)|,

äå íèæíÿ ãðàíü áåðåòüñÿ ïî âñiõ òðèãîíîìåòðè÷íèõ ïîëiíîìàõ v0 , ñòå-

ïiíü ÿêèõ íå ïåðåâèùó¹ n , v � ôóíêöiÿ, k ðàçiâ íåïåðåðâíî äèôåðåí-

öiéîâíà i 2π -ïåðiîäè÷íà. Äëÿ êîæíî¨ ôóíêöi¨ v ∈ Xθ (0 < θ ≤ 1) i äëÿ

êîæíîãî n iñíóþòü ôóíêöi¨ v0 ∈ X0 , v1 ∈ X1 , ùî çàäîâîëüíÿþòü óìîâó

v0 + v1 = v ∈ X0 +X1 i òàêi, ùî

‖v0‖X0
≤ cnθ‖v‖Xθ

, ‖v1‖X1
≤ cnθ−1‖v‖Xθ

.

Îñíîâíèì ïîíÿòòÿì êëàñè÷íî¨ òåîði¨ àïðîêñèìàöi¨ ¹ ïîíÿòòÿ íàéêðà-

ùîãî íàáëèæåííÿ äî çàäàíî¨ ôóíêöi¨. Ðîçãëÿíåìî êàòåãîðiþ âñiõ êâàçi-

íîðìîâàíèõ àáåëåâèõ ãðóï i äëÿ çàäàíî¨ ñóìiñíî¨ ïàðè (X0, X1) ïîêëà-

äåìî

E(t, x) := E(t, x;X0, X1) = inf
‖x0‖X0

≤t
‖x− x0‖X1

, 0 < t <∞.

Àïðîêñèìàöiéíèé ïðîñòið Eα,q((X0, X1)) âèçíà÷à¹òüñÿ ÿê ïðîñòið

âñiõ x ∈ X0 +X1 , äëÿ ÿêèõ

‖x‖Eα,q = Φ−α,q(E(t, x)),
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äå 0 < α <∞ i 0 < q ≤ ∞ àáî 0 ≤ α <∞ i q =∞ .

Íàñòóïíà òåîðåìà âèðàæà¹ âçà¹ìîçâ'ÿçîê àïðîêñèìàöiéíîãî ïðîñòî-

ðó Eα,q((X0, X1)) ç iíòåðïîëÿöiéíèì ïðîñòîðîì Kθ,q((X0, X1)) .

Òåîðåìà 1.3.8. [3, òåîðåìà 7.1.7] Íåõàé (X0, X1) � êâàçiíîðìîâàíà

ïàðà i θ = 1/(α + 1) , r = θq . Òîäi

[Eα,r((X0, X1))]
θ = Kθ,q((X0, X1)).

Ðîçãëÿíåìî àïðîêñèìàöiéíi ïðîñòîðè Eα,q((X0, X1)) äëÿ äåÿêèõ ïàð

(X0, X1) . Äëÿ öüîãî äàìî ñïî÷àòêó âèçíà÷åííÿ äåÿêèõ âiäîìèõ ôóíêöiî-

íàëüíèõ ïðîñòîðiâ.

Íåõàé Lp(Rn) (1 ≤ p ≤ ∞) � êîìïëåêñíèé ïðîñòið ôóíêöié, iíòå-

ãðîâàíèõ â ñòåïåíi p ïî n -âèìiðíîìó åâêëiäîâîìó ïðîñòîðó Rn :

Lp(Rn) =

{
f : ‖f‖Lp(Rn) =

(∫
Rn
|f(ξ)|pdξ

)1/p

<∞

}
, 1 ≤ p <∞,

L∞(Rn) =

{
f : ‖f‖L∞(Rn) = vrai max

x∈Rn
|f(ξ)| <∞

}
, p =∞,

dξ îçíà÷à¹ ëåáåãîâó ìiðó.

Ïîçíà÷èìî ÷åðåç S = S(Rn) ìíîæèíó êîìïëåêñíîçíà÷íèõ øâèä-

êî ñïàäíèõ íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié, âèçíà÷åíèõ íà n -

âèìiðíîìó åâêëiäîâîìó ïðîñòîðó Rn . ßê çâè÷àéíî, S ′ = S ′(Rn) îçíà-

÷à¹ ïðîñòið ïîâiëüíî çðîñòàþ÷èõ óçàãàëüíåíèõ ôóíêöié, ñïðÿæåíèé äî

S(Rn) [57, ãëàâà VI].

Ïåðåòâîðåííÿ Ôóð'¹ âèçíà÷à¹òüñÿ ðiâíiñòþ

(Fu)(ζ) = (2π)−n/2
∫
Rn
u(ξ) e−i〈ξ,ζ〉dt, u ∈ S,

äå 〈ξ, ζ〉 = ξ1ζ1 + . . . + ξnζn , ξ = (ξ1, . . . , ξn) , ζ = (ζ1, . . . , ζn) . Îáåðíåíå

ïåðåòâîðåííÿ Ôóð'¹ âèçíà÷à¹òüñÿ ðiâíiñòþ

(F−1u)(ζ) = (2π)−n/2
∫
Rn
u(ξ) ei〈ξ,ζ〉dt, u ∈ S.
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Ïåðåòâîðåííÿ F i F−1 ïîøèðþþòüñÿ íà S ′ . ßêùî f ∈ S ′ i Ff ìà¹

êîìïàêòíèé íîñié, òî f = f(ξ) ¹ àíàëiòè÷íîþ ôóíêöi¹þ (ðåãóëÿðíîþ

óçàãàëüíåíîþ ôóíêöi¹þ) òà iñíóþòü äîäàòíi ÷èñëà C i N , òàêi, ùî

|f(ξ)| ≤ C(1 + |ξ|2)N .

Öå âèïëèâà¹ ç òåîðåìè Ïåëi-Âiíåðà [57, ñ. 226].

Íåõàé X � áàíàõiâ ïðîñòið i s ∈ R . Âèçíà÷èìî áàíàõîâi ïðîñòîðè

ïîñëiäîâíîñòåé

lsp(X) =

{
x = {xj}∞j=0 : xj ∈ X, ‖x‖lsp(X) =

( ∞∑
j=0

2jsp‖xj‖pX
)1/p

<∞
}

ïðè 1 ≤ p <∞ i

ls∞(X) =

{
x = {xj}∞j=0 : xj ∈ X, ‖x‖ls∞(X) = sup

j
2js‖xj‖X <∞

}
ïðè p =∞ .

ßê çâè÷àéíî, íîñié óçàãàëüíåíî¨ ôóíêöi¨ f ïîçíà÷èìî supp f . Ïî-

êëàäåìî

Mj =
{
ξ ∈ Rn : 2j−1 ≤ |ξ| ≤ 2j+1

}
, j = 1, 2, . . . ,

M0 = {ξ ∈ Rn : |ξ| ≤ 2} .

Îçíà÷åííÿ 1.3.3. [86, ñ. 200] Äëÿ −∞ < s < ∞ , 1 < p < ∞ i

1 ≤ q <∞ ïîêëàäåìî

Bs
p,q(Rn) =

{
f ∈ S ′(Rn) : f =

∞∑
j=0

aj(ξ), suppFaj ⊂Mj,

‖{aj}‖lsq(Lp) =

( ∞∑
j=0

(2sj‖aj(ξ)‖Lp)q
)1/q

<∞
}

;

äëÿ −∞ < s <∞ , 1 < p <∞ i q =∞ ïîêëàäåìî

Bs
p,∞(Rn) =

{
f ∈ S ′(Rn) : f =

∞∑
j=0

aj(ξ), suppFaj ⊂Mj,

‖{aj}‖ls∞(Lp) = sup
j

2sj‖aj(ξ)‖Lp <∞
}
.
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Äëÿ −∞ < s <∞ , 1 < p <∞ i 1 ≤ q ≤ ∞ âèçíà÷èìî íîðìó

‖f‖Bsp,q = inf
f=
∑
aj
‖{aj}‖lsq(Lp).

Äëÿ −∞ < s <∞ , 1 < p <∞ i 1 < q <∞ ïîêëàäåìî

F s
p,q(Rn) =

{
f ∈ S ′(Rn) : f =

∞∑
j=0

aj(ξ), suppFaj ⊂Mj,

‖{aj}‖Lp(lsq) =

[ ∫
Rn

( ∞∑
j=0

2sjq|aj(ξ)|q
)p/q

dx

]1/p

<∞
}
.

Âèçíà÷èìî íîðìó

‖f‖F sp,q = inf
f=
∑
aj
‖{aj}‖Lp(lsq).

Äëÿ −∞ < s <∞ i 1 < p <∞ ïîêëàäåìî

Hs
p(Rn) = F s

p,2(Rn).

Äëÿ 1 < p <∞ ïîêëàäåìî

W s
p (Rn) = Hs

p(Rn) ïðè s = 0, 1, . . . ,

W s
p (Rn) = Bs

p,q(Rn) ïðè 0 < s 6= öiëîìó ÷èñëó.

Ïðîñòîðè W s
p (Rn) äëÿ s ∈ N ñïiâïàäàþòü ç âiäîìèìè ïðîñòîðàìè

Ñîáîë¹âà [78]. Ïðîñòîðè W s
p (Rn) äëÿ íåöiëèõ s > 0 ¹ ïðîñòîðàìè Ñëî-

áîäåöüêîãî [77]. Ïðîñòîðè Hs
p(Rn) äëÿ s > 0 ñïiâïàäàþòü ç âiäîìèìè

ïðîñòîðàìè Ëåáåãà (àáî Ëióâiëëÿ, àáî áåññåëåâèõ ïîòåíöiàëiâ), ââåäåíè-

ìè Àðîíøàéíîì i Ñìiòîì [98] i Êàëüäåðîíîì [110]. Ïðîñòîðè Bs
p,q(Rn)

äëÿ s > 0 ¹ ïðîñòîðàìè Á¹ñîâà [7].

Ïîçíà÷èìî ÷åðåç Ep ïðîñòið âñiõ öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî

òèïó iç Lp(Rn) , òîáòî, Ep ñêëàäà¹òüñÿ iç âñiõ ôóíêöié f ∈ Lp(Rn) , äëÿ

ÿêèõ ïåðåòâîðåííÿ Ôóð'¹ Ff ìà¹ êîìïàêòíèé íîñié. Ïîêëàäåìî

‖f‖E = sup{|ξ| : (Ff)(ξ) 6= 0}.
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Ïðîñòið Ep ¹ êâàçiíîðìîâàíèì âåêòîðíèì ïðîñòîðîì, ÿêùî ïîêëàñòè

‖f‖Ep = ‖f‖Lp(Rn) + ‖f‖E.

Ó ïðèéíÿòèõ ïîçíà÷åííÿõ çàïèøåìî äâi êëàñè÷íi íåðiâíîñòi Áåðíøòåéíà

i Äæåêñîíà [3, ñ. 228]:

‖f‖Hs
p(Rn) ≤ Cs‖f‖sE‖f‖Lp(Rn), (1.22)

E(t, f ;Ep, Lp(Rn)) ≤ Cst
−s‖f‖Hs

p(Rn), (1.23)

äå s = 0, 1, . . . .

Çàñòîñîâóþ÷è òåîðåìó 1.3.8, íåðiâíiñòü (1.22) ìîæíà çàïèñàòè ó âè-

ãëÿäi (
‖f‖Hs

p(Rn)

)1/(s+1)

≤ Cs‖f‖1−1/(s+1)
Ep

‖f‖1/(s+1)
Lp(Rn) .

Ïîäiáíèì ÷èíîì íåðiâíiñòü (1.23) îçíà÷à¹, ùî

t−1/(s+1)K(t, f ;Ep, Lp(Rn)) ≤ Cs

(
‖f‖Hs

p(Rn)

)1/(s+1)

.

Òåîðåìà 1.3.9. [3, òåîðåìà 7.2.4] Äëÿ äîâiëüíîãî α > 0

Eα,r((Ep, Lp(Rn))) = Bα
p,q(Rn). (1.24)

Ðiâíiñòü (1.24) âèðàæà¹ êëàñè÷íèé ðåçóëüòàò ïðî íàéêðàùå íàáëè-

æåííÿ öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó.

Íåõàé òåïåð X i Y � äâà êâàçiíîðìîâàíi ïðîñòîðè, ïðè÷îìó (X,Xn)

� àïðîêñèìàöiéíà ñõåìà, âèçíà÷åíà ó ï. 1.2. Ïðèïóñòèìî, ùî⋃∞
n=1Xn ⊂ Y ⊂ X , òàê, ùî ‖y‖X ≤ C‖y‖Y äëÿ âñiõ y ∈ Y , i äëÿ

çàäàíîãî λ > 0

αn+1(y,X) ≤ Cn−λ‖y‖Y äëÿ âñiõ y ∈ Y, n ∈ N, (1.25)

äå ïîñòiéíà C íå çàëåæèòü âiä λ i y . Êðiì òîãî, ïðèïóñòèìî, ùî âèêî-

íó¹òüñÿ íåðiâíiñòü

‖y‖Y ≤ Cnλ‖y‖X äëÿ âñiõ y ∈ Xn, n ∈ N. (1.26)
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Òåîðåìà 1.3.10. [119, òåîðåìà 38.1] Íåõàé X i Y � äâà êâàçiíîð-

ìîâàíi ïðîñòîðè, (X,Xn) � àïðîêñèìàöiéíà ñõåìà i
⋃∞
n=1Xn ⊂ Y ⊂

X . Ïðèïóñòèìî, ùî iñíó¹ òàêå λ > 0 , ùî âèêîíóþòüñÿ íåðiâíîñòi

(1.25) i (1.26), òà iñíó¹ öiëå ÷èñëî k , òàêå, ùî Xm + Xn ⊆ Xk(m+n) .

Òîäi äëÿ % ∈ (0, λ) i 0 < q ≤ ∞ iñíó¹ òàêà ïîñòiéíà C > 0 , ùî∥∥(2(j+1)%α2(j+1)(x,X))
∥∥
lq
≤ C

∥∥(2j%K(2−λj, x;X, Y ))
∥∥
lq
äëÿ âñiõ x ∈ X,

∥∥(2j%K(2−λj, x;X, Y ))
∥∥
lq
≤ C

∥∥(2j%α2j(x,X))
∥∥
lq

äëÿ âñiõ x ∈ X.

Â óìîâàõ òåîðåìè 1.3.10 âèêîíó¹òüñÿ ðiâíiñòü

X%
q = (X, Y )%/λ,q

(ç òî÷íiñòþ äî åêâiâàëåíòíîñòi êâàçiíîðì).

Òàêèì ÷èíîì, òåîðåìà 1.3.10 äîçâîëÿ¹ ðîçâ'ÿçàòè ïðîáëåìó õàðàêòå-

ðèçàöi¨ àïðîêñèìàöiéíèõ ïðîñòîðiâ, ÿêùî âiäîìèé äîïîìiæíèé ïðîñòið

Y , äëÿ ÿêîãî âèêîíóþòüñÿ íåðiâíîñòi Áåðíøòåéíà i Äæåêñîíà, à òàêîæ

âiäîìi õàðàêòåðèñòèêè iíòåðïîëÿöiéíèõ ïðîñòîðiâ (X, Y )%/λ,q .

Âiäçíà÷èìî, ùî ïðîñòîðè Xλ
q , λ > 0 , 0 < q ≤ ∞ çàäîâîëüíÿþòü

íåðiâíîñòi Áåðíøòåéíà i Äæåêñîíà

αn+1(y,X) ≤ Cn−λ‖y‖Xλ
q
äëÿ âñiõ y ∈ Y, n ∈ N,

‖y‖Xλ
q
≤ Cnλ‖y‖X äëÿ âñiõ y ∈ Xn, n ∈ N.

Òàêèì ÷èíîì, ñiìåéñòâî ïðîñòîðiâ {X%
q : % > 0, 0 < q ≤ ∞} ¹ iíòåð-

ïîëÿöiéíèì, òîáòî, ÿêùî 0 < %0 < %1 , 0 < q0, q1 ≤ ∞ i 0 < θ < 1 ,

òî

(X%0
q , X

%1
q )θ,q = X%

q , % = (1− θ)%0 + θ%1.

Çàóâàæèìî òàêîæ, ùî àïðîêñèìàöi¨ ÷àñòî âèêîðèñòîâó¹òüñÿ äëÿ õàðàêòå-

ðèñòèêè iíòåðïîëÿöiéíèõ ïðîñòîðiâ. Â äåÿêèõ âèïàäêàõ K -ôóíêöiîíàë
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ìîæíà ðåàëiçóâàòè ÷åðåç àïðîêñèìàöi¨. Ïîñëiäîâíiñòü {An, n ∈ N} (ìî-

æëèâî, íåëiíiéíèõ) îïåðàòîðiâ òàêèõ, ùî An âiäîáðàæà¹ X â Xn, çàáåç-

ïå÷ó¹ ìàéæå íàéêðàùå íàáëèæåííÿ [123, ñ. 87], ÿêùî iñíó¹ òàêà ïîñòiéíà

C > 0 , ùî

‖x− Anx‖X ≤ C αn+1(x,X), n ∈ N.

Ïîñëiäîâíiñòü {An, n ∈ N} ¹ ñòiéêîþ â Y [123, ñ. 88], ÿêùî iñíó¹ òàêà

ïîñòiéíà C > 0 , ùî

‖Anx‖Y ≤ C ‖x‖Y , n ∈ N.

Òåîðåìà 1.3.11. [120, òåîðåìà 3.2] Íåõàé X i Y � äâà êâàçiíîðìî-

âàíi ïðîñòîðè, (X,Xn) � àïðîêñèìàöiéíà ñõåìà i
⋃∞
n=1Xn ⊂ Y ⊂ X .

Ïðèïóñòèìî, ùî iñíó¹ òàêå λ > 0 , ùî âèêîíóþòüñÿ íåðiâíîñòi (1.25)

i (1.26), òà iñíó¹ öiëå ÷èñëî k , òàêå, ùî Xm + Xn ⊆ Xk(m+n) . Ïðè-

ïóñòèìî òàêîæ, ùî ïîñëiäîâíiñòü îïåðàòîðiâ {An, n ∈ N} çàáåçïå÷ó¹

ìàéæå íàéêðàùå íàáëèæåííÿ i ¹ ñòiéêîþ â Y . Òîäi An ðåàëiçó¹ K -

ôóíêöiîíàë, òîáòî

‖x− Anx‖X + n−λ‖Anx‖Y ≤ C K(n−λ, x;X, Y ). (1.27)

ç äåÿêîþ ïîñòiéíîþ C > 0 .

Çàóâàæèìî, ùî íåðiâíiñòü (1.27) òàêîæ âèêîíó¹òüñÿ, ÿêùî çàìiñòü

óìîâè ìàéæå íàéêðàùîãî íàáëèæåííÿ ïðèïóñòèòè, ùî

‖x− Anx‖X ≤ C αan(x,X), n ∈ N

ç äåÿêîþ ïîñòiéíîþ a ≤ 1 . Öå âèïëèâà¹ ç òîãî, ùî

K((an)−λ, x;X, Y ) ≤ a−λK(n−λ, x;X, Y ).

Íà ïðàêòèöi ñòiéêiñòü àïðîêñèìàöiéíîãî îïåðàòîðà Bn, ùî âiäîáðà-

æà¹ X â Xn, íå çàâæäè ëåãêî ïåðåâiðèòè áåçïîñåðåäíüî, àëå ¨¨ ìîæå
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âèâåñòè çi ñòiéêîñòi îäíîãî êîíêðåòíîãî àïðîêñèìàöiéíîãî îïåðàòîðà An

â ïî¹äíàííi ç îöiíêàìè Äæåêñîíà i Áåðíøòåéíà. Îïåðàòîð An çàáåçïå÷ó¹

íåðiâíiñòü Äæåêñîíà, ÿêùî

‖y − Any‖X ≤ C n−λ‖y‖Y , y ∈ Y.

Òåîðåìà 1.3.12. [120, òåîðåìà 3.3] Íåõàé X i Y � äâà êâàçiíîðìî-

âàíi ïðîñòîðè, (X,Xn) � àïðîêñèìàöiéíà ñõåìà i
⋃∞
n=1Xn ⊂ Y ⊂ X .

Ïðèïóñòèìî, ùî iñíó¹ òàêå λ > 0 , ùî âèêîíóþòüñÿ íåðiâíîñòi (1.25)

i (1.26), òà iñíó¹ öiëå ÷èñëî k , òàêå, ùî Xm + Xn ⊆ Xk(m+n) . Ïðèïó-

ñòèìî òàêîæ, ùî An , Bn çàáåçïå÷óþòü íåðiâíiñòü Äæåêñîíà i An ¹

ñòiéêèì â Y . Òîäi Bn òàêîæ ¹ ñòiéêèì â Y .

Äàëi íàâåäåìî âèçíà÷åííÿ ïðîñòîðiâ Á¹ñîâà ó òåðìiíàõ ìîäóëiâ ãëàä-

êîñòi, ùî äîçâîëÿ¹ óçàãàëüíèòè ¨õ íà âèïàäîê, êîëè 0 < p, q ≤ ∞ .

Ïîçíà÷èìî ÷åðåç Th , h ∈ Rn , ùî âèçíà÷à¹òüñÿ äëÿ ôóíêöi¨ f ÿê

Thf = f(· + h) , i íåõàé I � òîòîæíèé îïåðàòîð. Òîäi, äëÿ äîâiëüíîãî

öiëîãî äîäàòíîãî ÷èñëà r , ∆r
h = (Th − I)r � r -èé ðiçíèöåâèé îïåðàòîð

ç êðîêîì h . Î÷åâèäíî, ∆r
h = ∆h(∆

r−1
h ) . Ïîêëàäåìî

∆r
h(f, ξ) :=

r∑
i=0

(−1)r−i
(
r

i

)
f(ξ + hi).

Íåõàé Ω � îáëàñòü â Rn . ßêùî f ∈ Lp(Ω) (0 < p ≤ ∞) , òî

ωr(f, δ)p = sup
0≤h≤δ

‖∆r
h(f, ·)‖Lp(Ω), δ > 0,

îçíà÷à¹ ìîäóëü ãëàäêîñòi r -ãî ïîðÿäêó ôóíêöi¨ f ∈ Lp(Ω) . Ó âèïàäêó

p =∞ , L∞(Ω) çàìiíþ¹òüñÿ íà C(Ω) � ïðîñòið ðiâíîìiðíî íåïåðåðâíèõ

ôóíêöié íà Ω . Çàâæäè ìà¹ìî ωr(f, δ)p → 0 ïðè δ → 0 . Øâèäêiñòü öi¹¨

çáiæíîñòi ¹ ãëàäêiñòþ ôóíêöi¨ f .

Íåõàé s > 0 , 0 < p, q ≤ ∞ i r := [s] + 1 (íàéìåíøå öiëå ÷èñëî,

áiëüøå íiæ s ). Ôóíêöiÿ f íàëåæèòü ïðîñòîðó Á¹ñîâà Bs
p,q(Ω) , ÿêùî
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ñêií÷åííèì ¹ òàêèé âèðàç

|f |Bsp,q(Ω) :=

{ (∫∞
0

[
t−sωr(f, δ)p

]q dt
t

)1/q
, 0 < q <∞,

supt>0 t
−sωr(f, δ)p, q =∞.

Íîðìà ïðîñòîðó Bs
p,q(Ω) çàäà¹òüñÿ ÿê

‖f‖Bsp,q(Ω) := |f |Bsp,q(Ω) + ‖f‖Lp(Ω).

Ïðè öüîìó ìà¹ìî ïîâíó àíàëîãiþ ç íàâåäåíèìè âèùå îçíà÷åííÿìè àïðî-

êñèìàöiéíèõ òà iíòåðïîëÿöiéíèõ ïðîñòîðiâ. Iíòåðïîëÿöiéíi âëàñòèâîñòi

ïðîñòîðiâ Bs
p,q(Ω) , à òàêîæ ¨õ çâ'ÿçîê çi ñïëàéí àïðîêñèìàöiÿìè â Lp(Ω)

(0 < p ≤ ∞) ðîçãëÿíóòî ó ïðàöi Ð. Äåâîðà i Â. Ïîïîâà [126].

Äëÿ çàäàíîãî íàòóðàëüíîãî ÷èñëà r i êîæíîãî n ∈ N ïîçíà÷èìî

÷åðåç Xn := Xn,r ïðîñòið êóñêîâèõ ïîëiíîìiâ ïîðÿäêó r ç n ÷àñòèíàìè

â Ω = [0, 1] . Òàêèì ÷èíîì, äëÿ êîæíîãî åëåìåíòà S ∈ Xn iñíó¹ ðîçáèòòÿ

Λ , ùî ìiñòèòü n iíòåðâàëiâ I ⊂ Ω , ÿêi íå ïåðåòèíàþòüñÿ, i ïîëiíîìiâ

PI ïîðÿäêó r : S =
∑
I∈Λ PIχI , äå χI � õàðàêòåðèñòè÷íà ôóíêöiÿ.

Äëÿ 0 < p ≤ ∞ âèçíà÷èìî ïîõèáêó àïðîêñèìàöi¨

σn(f)p := σn,r(f)p := inf
S∈Xn,r

‖f − S‖Lp(Ω).

Ï. Ï. Ïåòðóøåâèì [187] áóëî âñòàíîâëåíî íåðiâíîñòi

σn(f)p ≤ Cn−r|f |Brτ,τ (Ω),

|f |Brτ,τ (Ω) ≤ Cnr‖f‖Lp(Ω),

äå 1/τ = r + 1/p i ïîñòiéíà C çàëåæèòü òiëüêè âiä r . Öi íåðiâíîñòi

äîçâîëÿþòü îòðèìàòè íàñòóïíó õàðàêòåðèçàöiþ àïðîêñèìàöiéíèõ ïðî-

ñòîðiâ Xs
q := (Lp(Ω), Xn,r)

s
q : ÿêùî 0 < s < r i 1/q = s+ 1/p , òî

X%
q = (Lp(Ω), Br

τ,τ(Ω))s/r,q = Bs
q,q(Ω).

Iíøi ïðèêëàäè òàêîãî òèïó ìîæíà çíàéòè ó ïðàöi Ê. Áåííåòà i Ð. Øàðïëi

[104].
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Ðîçãëÿíåìî òàêîæ õàðàêòåðèçàöiþ ïðîñòîðiâ Ñîáîë¹âà i Á¹ñîâà çà

äîïîìîãîþ âåéâëåò-áàçèñiâ. Âåéâëåò-áàçèñ ïîðîäæó¹òüñÿ ñêií÷åííèì ñi-

ìåéñòâîì ôóíêöié Ψ = (ψ1, . . . , ψL) ⊂ L2(Rn) , òàêèì, ùî äëÿ äiàäè÷íîãî

êóáà âèãëÿäó Ij,k = 2−j([0, 1)n + k) , äå j ∈ Z i k ∈ Zn , âèçíà÷åíî

ψl;j,k(ξ) := ψl;Ij,k(ξ) = 2jn/2ψl(2
jξ − k).

Ïîçíà÷èìî ÷åðåç D íàáið äiàäè÷íèõ êóáiâ â Rn i ïîêëàäåìî Λ = {(l, I) :

l = 1, . . . , L, I ∈ D} . Ψ ¹ îðòîíîðìàëüíà âåéâëåò-ñèñòåìà, ÿêùî ìíîæè-

íà S(Ψ) = {ψl;I : (l, I) ∈ Λ} óòâîðþ¹ îðòîíîðìàëüíèé áàçèñ â L2(Rn) .

Âåéâëåò-ñèñòåìè ìîæíà ðîçãëÿäàòè ÿê áåçóìîâíi áàçèñè äëÿ áàãàòüîõ

êëàñè÷íèõ ôóíêöiîíàëüíèõ ïðîñòîðiâ, òàêèõ, ÿê ïðîñòîðè Ëåáåãà, Ñîáî-

ë¹âà, Á¹ñîâà. Êðiì òîãî, åêâiâàëåíòíi íîðìè ìîæóòü áóòè âèðàæåíi çà

äîïîìîãîþ âåéâëåò-êîåôiöi¹íòiâ (äèâ., íàïð., [158,180]).

Íåõàé Ψ = (ψ1, . . . , ψL) ⊂ L2(Rn) � îðòîíîðìàëüíà âåéâëåò-ñèñòåìà

â L2(Rn) . Ïðèïóñòèìî, ùî ψl ∈ Cα(Rn) äëÿ äåÿêîãî α > 0 i âñiõ

l = 1, . . . , L , òà iñíó¹ ε > 0 , òàêå, ùî

ψl(ξ) ≤
C

(1 + |ξ|)n+ε
, ξ ∈ Rn, l = 1, . . . , L. (1.28)

Òîäi äëÿ 1 < p < ∞ S(Ψ) � áåçóìîâíèé áàçèñ â L2(Rn) . Êðiì òîãî,

äëÿ âñiõ f ∈ L2(Rn)

‖f‖Lp(Rn) =
∥∥∥( ∑

(l,I)∈Λ

|〈f, ψl;I〉|2|I|−1χI(·)
)1/2∥∥∥

Lp(Rn)

Öåé ðåçóëüòàò ïîêàçàíî â [164, ãëàâà 6] äëÿ n = 1 . Âèïàäîê n > 1

ðîçãëÿíóòî ó ïðàöi [180, ðîçäië 6.2].

ßêùî Ψ = (ψ1, . . . , ψL) ⊂ L2(Rn) � îðòîíîðìàëüíà âåéâëåò-ñèñòåìà

â L2(Rn) , ùî çàäîâîëüíÿ¹ óìîâó (1.28), òî êîæíà ôóíêöiÿ f ∈ Lp(Rn)

(1 < p <∞) ìîæå áóòè îäíîçíà÷íî çàïèñàíà ó âèãëÿäi

f =
∑
λ∈Λ

aλ(f)ψλ, äå aλ(f) = 〈f, ψλ〉.
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Äëÿ s ≥ 0 i 1 < p <∞ ïîêëàäåìî

|f |W s
p (Ψ,Rn) =

∥∥∥( ∑
(l,I)∈Λ

|al;I(f)|2|I|−2(s/n+1/2)χI(·)
)1/2∥∥∥

Lp(Rn)

i ðîçãëÿíåìî ïðîñòið Ñîáîë¹âà W s
p (Ψ,Rn) ÿê ìíîæèíó âñiõ ôóíêöié

f ∈ Lp(Rn) , äëÿ ÿêèõ |f |W s
p (Ψ,Rn) <∞ , ç íîðìîþ

‖f‖W s
p (Ψ,Rn) = ‖f‖Lp(Rn) + |f |W s

p (Ψ,Rn).

Íåõàé β > 0 , 0 < τ, q ≤ ∞ i 1/τ = 1/p + β/n . Âèçíà÷èìî ïðîñòið

Á¹ñîâà Bβ
τ,q(Ψ,Rn) ÿê ìíîæèíó âñiõ ôóíêöié f ∈ Lp(Rn) ∩ Lτ(Rn) , äëÿ

ÿêèõ |f |Bβτ,q(Ψ,Rn) <∞ , äå

|f |Bβτ,q(Ψ,Rn) =

(∑
j∈Z

( L∑
l=1

∑
k∈Zn
|al;j,k(f)|τ |Ij,k|−τ(β/n+1/2−1/τ)

)q/τ)1/q

.

Êâàçiíîðìà íà Bβ
τ,q(Ψ,Rn) âèçíà÷à¹òüñÿ ÿê

‖f‖Bβτ,q(Ψ,Rn) = ‖f‖Lτ (Rn) + |f |Bβτ,q(Ψ,Rn).

Ïðè äîñòàòíiõ óìîâàõ ðåãóëÿðíîñòi íà Ψ öi ïðîñòîðè ¹ ïîâíèìè, íå çà-

ëåæàòü âiä Ψ , i çáiãàþòüñÿ ç êëàñè÷íèìè ïðîñòîðàìè Ñîáîë¹âà i Á¹-

ñîâà. Õàðàêòåðèçàöi¨ öèõ ïðîñòîðiâ ïðèñâÿ÷åíî áàãàòî íàóêîâèõ ïðàöü

[106, 151, 198], ÿêi, îäíàê, íå îõîïëþþòü âñi âèïàäêè (íàïðèêëàä, êîëè

τ < 1 ). Àëüòåðíàòèâíi êîíñòðóêöi¨ âåéâëåò-ñèñòåì ïîëÿãàþòü ó âèçíà-

÷åííi ïàð áiîðòîãîíàëüíèõ âåéâëåò-áàçèñiâ [119], ñèñòåì ôðåéìiâ [149].

Íàñòóïíi òåîðåìè âèðàæàþòü íåðiâíîñòi òèïó Äæåêñîíà i Áåðøòåé-

íà â òåðìiíàõ íîðì ïðîñòîðiâ W s
p (Ψ,Rn) iBβ

τ,q(Ψ,Rn) .

Òåîðåìà 1.3.13. [125, òåîðåìà 2.1] Íåõàé s ≥ 0 , β > 0 , 1 < p <

∞ , 0 < τ, q ≤ ∞ , q < p i 1/τ = 1/p + β/n . Ïðèïóñòèìî, ùî Ψ

� îðòîíîðìàëüíà âåéâëåò-ñèñòåìà â L2(Rn) , ùî çàäîâîëüíÿ¹ óìîâó

(1.28). ßêùî τ ≤ q äëÿ âñiõ f ∈ Bs+β
τ,q (Ψ,Rn) , òî

σn(f)p ≤ Cn−(1/q−1/p)|f |Bs+βτ,q (Ψ,Rn), n ∈ N,
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äå σn(f)p := infS∈Xn
‖f − S‖W s

p (Ψ,Rn) , Xn � ìíîæèíà âñiõ åëåìåíòiâ

âèãëÿäó
∑

λ∈∆ cλψλ i ∆ ⊂ Λ ìiñòèòü íå áiëüøå n åëåìåíòiâ.

ßêùî q ≤ τ äëÿ âñiõ f ∈ Bs+β
τ,q (Ψ,Rn) , òî

σn(f)p ≤ Cn−(1/τ−1/p)|f |Bs+βτ,q (Ψ,Rn), n ∈ N.

Òåîðåìà 1.3.14. [125, òåîðåìà 3.1] Íåõàé s ≥ 0 , β > 0 , 1 < p <

∞ , 0 < τ, q ≤ ∞ i 1/τ = 1/p + β/n . Ïðèïóñòèìî, ùî Ψ � îðòîíîð-

ìàëüíà âåéâëåò-ñèñòåìà â L2(Rn) , ùî çàäîâîëüíÿ¹ óìîâó (1.28). ßêùî

τ ≤ q äëÿ âñiõ S ∈ Xn , n ∈ N , òî

|S|Bs+βτ,q (Ψ,Rn) ≤ Cn(1/τ−1/p)|S|W s
p (Ψ,Rn), n ∈ N.

ßêùî q ≤ τ(< p) äëÿ âñiõ S ∈ Xn , n ∈ N , òî

|S|Bs+βτ,q (Ψ,Rn) ≤ Cn(1/q−1/p)|S|W s
p (Ψ,Rn), n ∈ N.

Ó êîíòåêñòi âçà¹ìîçâ'ÿçêó àïðîêñèìàöiéíèõ òà iíòåðïîëÿöiéíèõ ïðî-

ñòîðiâ âiäçíà÷èìî òàêîæ ðåçóëüòàòè Í. ß. Êðóãëÿêà [107, òåîðåì 4.5.7 i

4.5.10], ÿêèé äîâiâ, ùî äëÿ çàäàíî¨ ïàðè êâàçiáàíàõîâèõ ïðîñòîðiâ (X0, X1)

íàñòóïíi òâåðäæåííÿ ¹ åêâiâàëåíòíi:

(1) äëÿ êîæíî¨ íåïåðåðâíî¨ óâiãíóòî¨ ôóíêöi¨ ϕ : (0, 1]→ [0,∞] , òà-

êî¨, ùî limt→0 ϕ(t) = 0 , iñíó¹ òàêèé åëåìåíò x ∈ X0+X1 , ùî âèêîíó¹òüñÿ

åêâiâàëåíòíiñòü K(t, x;X0, X1) ≈ ϕ ;

(2) iñíó¹ x ∈ X0 +X1 , òàêèé, ùî∫ t

0

K(s, x;X0, X1)ds ≤ γK(t, x;X0, X1)

äëÿ âñiõ t ∈ (0, 1] i äåÿêîãî γ > 0 .

Ïðèïóñòèìî, ùî óìîâà (2) âèêîíó¹òüñÿ äëÿ ïàðè (X, Y ) , X ⊂ Y i

íåõàé (θ, q) , (θ∗, q∗) � äâi ðiçíi òî÷êè iç (0, 1]× [0,∞] . Òîäi (X, Y )θ,q 6=
(X, Y )θ∗,q∗ . Êðiì òîãî, öi ïðîñòîðè ñòðîãî âêëþ÷åíi â X .
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Òåîðåìà 1.3.15. [125, òåîðåìà 6.2] Íåõàé Y � êâàçiíîðìîâàíèé

ïiäïðîñòið êâàçiáàíàõîâîãî ïðîñòîðó X . Íàñòóïíi òâåðäæåííÿ ¹ åêâi-

âàëåíòíi:

(i) iñíó¹ ïîñòiéíà c > 0 , òàêà, ùî äëÿ âñiõ t ∈ (0, 1]

sup
‖x‖X=1

K(t, x;X, Y ) > c;

(ii) iñíó¹ ïîñòiéíà c > 0 , òàêà, ùî äëÿ êîæíî¨ ñòðîãî ñïàäíî¨

ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë {tn} ∈ c0 ìà¹ìî

sup
‖x‖X=1

K(tn, x;X, Y ) > c, n ∈ N0;

(iii) iñíó¹ ïîñòiéíà c > 0 i ñòðîãî ñïàäíà ïîñëiäîâíiñòü äîäàòíèõ

÷èñåë {tn} ∈ c0 , òàêà, ùî

sup
‖x‖X=1

K(tn, x;X, Y ) > c, n ∈ N0;

(iv) äëÿ âñiõ bn ⊂ [0,∞) , òàêèõ, ùî limn→∞ bn = ∞ i âñiõ ñòðîãî

ñïàäíèõ ïîñëiäîâíîñòåé äîäàòíèõ ÷èñåë {tn} ∈ c0 , ïiäìíîæèíà{
x ∈ X : sup

n≥1
bnK(tn, x;X, Y ) <∞

}
ñòðîãî âêëþ÷åíà â X .

Çîêðåìà, ÿêùî âèêîíó¹òüñÿ (i), òî ïðîñòið (X, Y )θ,q ñòðîãî âêëþ-

÷åíèé â X .

Âiäçíà÷èìî òàêîæ ïðàöþ I. Àñåêðiòîâî¨ i Þ. Áðóäíîãî [99], â ÿêié äî-

âåäåíî óçàãàëüíåíó iíòåðïîëÿöiéíó òåîðåìó äëÿ ñêií÷åííèõ íàáîðiâ àïðî-

êñèìàöiéíèõ ïðîñòîðiâ, ùî âèçíà÷àþòüñÿ áàãàòîïàðàìåòðè÷íèì àïðîêñè-

ìàöiéíèì ñiìåéñòâîì. ßê íàñëiäîê, îòðèìàíî iíòåðïîëÿöiéíi ðåçóëüòàòè

äëÿ ñêií÷åííèõ íàáîðiâ ðiçíèõ òèïiâ ïðîñòîðiâ Á¹ñîâà.
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Âèñíîâêè äî ðîçäiëó 1

Ó äàíîìó ðîçäiëi ðîçãëÿíóòî ñóòü îïåðàòîðíîãî ïiäõîäó äî ïðîáëåì

òåîði¨ íàáëèæåíü ôóíêöié, â ðàìêàõ ÿêî¨, çîêðåìà, ðîçâ'ÿçó¹òüñÿ çàäà÷à

íàéêðàùîãî íàáëèæåííÿ çàäàíî¨ ôóíêöi¨ àëãåáðà¨÷íèìè i òðèãîíîìåòðè-

÷íèìè ïîëiíîìàìè, öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó. Â àáñòðà-

êòíîìó âèïàäêó ìà¹ìî âiäïîâiäíó çàäà÷ó íàáëèæåííÿ åëåìåíòiâ ïðîñòî-

ðó àíàëiòè÷íèìè, öiëèìè òà öiëèìè åêñïîíåíöiàëüíîãî òèïó âåêòîðàìè,

àñîöiéîâàíèìè ç íåîáìåæåíèìè îïåðàòîðàìè.

Ðîçãëÿíóòî îñíîâíi åëåìåíòè òåîði¨ àïðîêñèìàöiéíèõ ïðîñòîðiâ òà

íàïðÿìêè ¨õ ñó÷àñíèõ óçàãàëüíåíü.

Ïðåäñòàâëåíî äåÿêi íåîáõiäíi âiäîìîñòi ç òåîði¨ iíòåðïîëÿöi¨ ïðîñòî-

ðiâ òà òåîði¨ êëàñè÷íèõ ïðîñòîðiâ Á¹ñîâà, à òàêîæ ðîçãëÿíóòî çâ'ÿçîê

òåîði¨ àïðîêñèìàöiéíèõ ïðîñòîðiâ ç òåîði¹þ iíòåðïîëÿöi¨ ïðîñòîðiâ.
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ÐÎÇÄIË 2

ÀÏÐÎÊÑÈÌÀÖI� ÖIËÈÌÈ ÂÅÊÒÎÐÀÌÈ

ÅÊÑÏÎÍÅÍÖIÀËÜÍÎÃÎ ÒÈÏÓ

2.1. Ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó íåî-

áìåæåíèõ îïåðàòîðiâ

Ó êîìïëåêñíîìó áàíàõîâîìó ïðîñòîði (X, ‖ · ‖X) ðîçãëÿäà¹ìî çà-

ìêíåíèé íåîáìåæåíèé îïåðàòîð A ç ùiëüíîþ îáëàñòþ âèçíà÷åííÿ C1(A) :

A : C1(A) ⊂ X −→ X.

Ïîçíà÷èìî Ck+1(A) =
{
x ∈ Ck(A) : Akx ∈ C1(A)

}
, k ∈ N0 , N0 = N∪{0} ,

C∞(A) =
⋂{
Ck(A) : k ∈ N0

}
.

Ç åëåìåíòîì x ∈ C∞(A) àñîöiþþòüñÿ ñêàëÿðíi ôóíêöi¨

x(z) =
∞∑
k=0

‖Akx‖
k!

zk i x̂(z) =
∞∑
k=0

‖Akx‖
zk+1

çìiííî¨ z ∈ C , ïîâ'ÿçàíi ìiæ ñîáîþ ïåðåòâîðåííÿì Ëàïëàñà:

x̂(z) = L[x(t)] =

∫ ∞
0

x(t) exp (−zt) dt.

Åëåìåíò x ∈ C∞(A) íàçèâà¹òüñÿ öiëèì âåêòîðîì åêñïîíåíöiàëü-

íîãî òèïó ν > 0 îïåðàòîðà A , ÿêùî âèêîíó¹òüñÿ îäíà ç òàêèõ óìîâ

(äèâ. [105, òåîðåìà 1.1.1]):

(i) x(z) öiëà ôóíêöiÿ åêñïîíåíöiàëüíîãî òèïó ν = lim sup
r→∞

lnM(r)

r
, äå

M(r) = max
|λ|=r
|x(λ)| ;

(ii) ñòåïåíåâèé ðÿä x̂(z) òàêèé, ùî ν = lim sup
k→∞

‖Akx‖1/k <∞ .
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Íåõàé 0 < ν <∞ i 1 ≤ p ≤ ∞ . Ðîçãëÿíåìî âiäîáðàæåííÿ

C∞(A) 3 x −→
{

(A/ν)kx : k ∈ N0

}
,

îáðàçîì ÿêîãî ¹ ïîñëiäîâíiñòü åëåìåíòiâ ïðîñòîðó X . Äëÿ áóäü-ÿêî¨ ïàðè

iíäåêñiâ ν ,p âèçíà÷èìî íîðìîâàíi ïðîñòîðè

Eνp (A) := Eνp (A,X) :=
{
x ∈ C∞(A) : ‖x‖Eνp (A) <∞

}
,

äå

‖x‖Eνp (A) =


(∑
k∈N0

∥∥(A/ν)kx
∥∥p
X

)1/p

, 1 ≤ p <∞,

sup
k∈N0

∥∥(A/ν)kx
∥∥
X
, p =∞.

Äëÿ ñïðîùåííÿ çàïèñiâ íàäàëi âèêîðèñòîâó¹ìî ïîçíà÷åííÿ ‖x‖Eνp :=

‖x‖Eνp (A) , ‖ · ‖ := ‖ · ‖X .
Åëåìåíòè ïðîñòîðiâ Eνp (A) ¹ öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî

òèïó îïåðàòîðà A i íàñòóïíà òåîðåìà âñòàíîâëþ¹ äåÿêi âëàñòèâîñòi òà-

êèõ ïðîñòîðiâ.

Òåîðåìà 2.1.1. (i) Âèêîíóþòüñÿ íåïåðåðâíi âêëàäåííÿ

Eνp (A) ⊂ Eτp (A) ⊂ Eτ∞(A) ⊂ X äëÿ τ > ν.

(ii) Ïðîñòið Eνp (A) iíâàðiàíòíèé âiäíîñíî îïåðàòîðà A i çâóæåííÿ

Aν := A|Eνp (A) ¹ îáìåæåíèé îïåðàòîð â Eνp (A) ç íîðìîþ ‖Aν‖Eνp ≤ ν .

(iii) Ñïåêòð îïåðàòîðà A ìà¹ âëàñòèâiñòü σ
(
Aν

)
⊂ σ(A) .

(iv) Ïðîñòið Eνp (A) ïîâíèé.

Ä î â å ä å í í ÿ. (i) Âêëàäåííÿ Eν∞(A) ⊂ X i Eνp (A) ⊂ Eν∞(A)

áåçïîñåðåäíüî âèïëèâàþòü ç íåðiâíîñòåé ‖x‖ ≤ ‖x‖Eν∞ i ‖x‖pEν∞ ≤ ‖x‖
p
Eνp .

ßêùî x ∈ Eνp (A) , òî ‖Akx‖p ≤ νpk‖x‖pEνp i ‖Akx‖p/k ≤ νp‖x‖p/kEνp äëÿ

âñiõ k ∈ N0 . Çâiäñè âèïëèâà¹, ùî lim supk→∞ ‖Akx‖p/k ≤ νp . Òîìó, äëÿ



89

áóäü-ÿêîãî τ > ν ðÿä ‖x‖pEτp =
∑

k ‖ (A/τ)k x‖p çáiæíèé. ßê íàñëiäîê,

x ∈ Eτp (A) . Êðiì òîãî, ‖x‖pEτp ≤ ‖x‖
p
Eνp äëÿ âñiõ x ∈ Eνp (A) i τ > ν .

(ii) Îñêiëüêè A(A/ν)kx = ν(A/ν)k+1x , òî âèêîíóþòüñÿ íåðiâíîñòi

‖Ax‖Eν∞ ≤ ν‖x‖Eν∞ i ‖Ax‖pEνp ≤ νp‖x‖pEνp äëÿ 1 ≤ p <∞ .

(iii) Äëÿ áóäü-ÿêîãî λ ∈ ρ(A) i x ∈ Eνp (A) âèêîíó¹òüñÿ ðiâíiñòü

(A/ν)k(λ− A)−1x = (λ− A)−1(A/ν)kx . Çâiäñè ìà¹ìî

‖(λ− A)−1x‖Eνp ≤ ‖(λ− A)−1‖ ‖x‖Eνp äëÿ âñiõ x ∈ Eνp .

Îòæå, λ íàëåæèòü ðåçîëüâåíòíié ìíîæèíi ρ (Aν) .

(iv) Íåõàé (xn)n∈N � ïîñëiäîâíiñòü Êîøi â ïðîñòîði Eνp (A) , òîáòî

∀ ε > 0 ∃nε ∈ N : ‖xn − xm‖Eνp < ε , ∀n,m ≥ nε . Âèêîðèñòîâóþ÷è íå-

ðiâíiñòü ‖x‖Eνp ≥ ‖(A/ν)kx‖ äëÿ âñiõ x ∈ Eνp (A) , ìà¹ìî, ùî (xn)n∈N i{
(A/ν)kxn : n ∈ N

}
� ïîñëiäîâíîñòi Êîøi â ïðîñòîði X äëÿ âñiõ k ∈ N0 .

Iç ïîâíîòè ïðîñòîðó X âèïëèâà¹ iñíóâàííÿ òàêèõ x, y ∈ X , ùî xn → x

i (A/ν)kxn → y çà íîðìîþ ïðîñòîðó X. Ãðàôiê îïåðàòîðà Ak ¹ çàìêíå-

íèé â X × X , òîìó y = (A/ν)kx i x ∈ Ck(A) . Öå âèêîíó¹òüñÿ äëÿ âñiõ

k ∈ N0 , òîìó x ∈ C∞(A) i (A/ν)kxn → (A/ν)kx çà íîðìîþ ïðîñòîðó X

äëÿ âñiõ k ∈ N0 .

Áåðó÷è â X ãðàíèöþ

‖xn‖Eνp ≤ ‖xn − xnε‖Eνp + ‖xnε‖Eνp ≤ ε+ ‖xnε‖Eνp ,

ïðè n → ∞ , ìà¹ìî ‖x‖Eνp ≤ ‖xnε‖Eνp + ε , òîáòî x ∈ Eνp (A) , îñêiëüêè

xnε ∈ Eνp (A) . Äàëi, ç íåðiâíîñòi ‖xn − xm‖Eνp < ε ïðè m → ∞ ìà¹ìî

‖xn − x‖Eνp ≤ ε äëÿ âñiõ n ≥ nε , òàê, ùî ïðîñòið Eνp (A) ïîâíèé. Òåîðåìà

äîâåäåíà.

Òåîðåìà 2.1.1(i) äîçâîëÿ¹ äëÿ âñiõ p (1 ≤ p ≤ ∞) âèçíà÷èòè ïiä-

ïðîñòið Ep(A) :=
⋃
ν>0 Eνp (A) ïðîñòîðó X . Íàñòóïíà òåîðåìà âñòàíîâëþ¹

çâ'ÿçîê ìiæ Ep(A) i ïðîñòîðàìè C{1}(A) , âèçíà÷åíèìè ó ï. 1.1.
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Òåîðåìà 2.1.2. Äëÿ êîæíîãî p (1 ≤ p ≤ ∞) âèêîíóþòüñÿ âêëà-

äåííÿ Eν∞(A) ⊂ Eτp (A) äëÿ τ > ν i ðiâíiñòü C{1}(A) = Ep(A) .

Ä î â å ä å í í ÿ. Íåõàé x ∈ Eν∞(A) . Äëÿ êîæíîãî k ∈ N0 ìà¹-

ìî ‖Akx‖p ≤ νpk‖x‖pEν∞ àáî ‖Akx‖p/k ≤ νp‖x‖p/kEν∞ . Çâiäñè âèïëèâà¹, ùî

lim supk→∞ ‖Akx‖p/k ≤ νp . Òîìó, ðÿä ‖x‖pEτp =
∑

k ‖ (A/τ)k x‖p çáiæíèé

äëÿ êîæíîãî τ > ν , òîáòî x ∈ Eτp (A) . Îòæå, Eν∞(A) ⊂ Eτp (A) .

Ïîñòiéíà c â îçíà÷åííi C{1}(A) íå çàëåæèòü âiä iíäåêñó k ∈ N0 .

Öå ïðèçâîäèòü äî ðiâíîñòi Eν∞(A) =
⋂
k∈N0

{
x ∈ C∞(A) : ‖Akx‖ ≤ c νk

}
,

à îòæå, C{1}(A) =
⋃
ν>0 Eν∞(A) . Òàêèì ÷èíîì, iç âñòàíîâëåíîãî âèùå

âêëàäåííÿ Eν∞(A) ⊂ Eτp (A) âèïëèâà¹ âêëàäåííÿ C{1}(A) ⊂ Ep(A) äëÿ

áóäü-ÿêîãî iíäåêñó p . Îáåðíåíå âêëàäåííÿ Ep(A) ⊂ C{1}(A) âèïëèâà¹ ç

òåîðåìè 2.1.1(i). Òåîðåìà äîâåäåíà.

Ðîçãëÿíåìî ïîñëiäîâíiñòü {xk,ν := (A/ν)kx}k∈N0
i íåõàé {x∗k,ν}k∈N0

� ïîñëiäîâíiñòü, ÿêà ñêëàäà¹òüñÿ ç òèõ ñàìèõ åëåìåíòiâ, ðîçìiùåíèõ â

ïîðÿäêó íåçðîñòàííÿ íîðì

‖x∗0,ν‖ ≥ ‖x∗1,ν‖ ≥ . . . ≥ ‖x∗k,ν‖ ≥ . . . .

Äëÿ äîâiëüíèõ ÷èñåë 1 < q < ∞, 1 ≤ p ≤ ∞ âèçíà÷èìî íîðìîâàíi

ïðîñòîðè

Eνq,p(A) := Eνq,p(A,X) :=
{
x ∈ C∞(A) : ‖x‖Eνq,p(A) <∞

}
,

äå

‖x‖Eνq,p(A) =


(∑

k∈N

‖x∗k−1,ν‖pk
p
q−1

)1/p

, 1 ≤ p <∞,

sup
k∈N
‖x∗k−1,ν‖k

1
q , p =∞.

Ïðîñòîðè Eνq,p(A) íàçâåìî ïðîñòîðàìè òèïó Ëîðåíöà öiëèõ âåêòî-

ðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà A . Ïðè q = p îòðèìó¹ìî ïðî-

ñòîðè Eνp,p(A) := Eνp (A) . ßêùî q = p = 1 àáî q = p = ∞ , òî ïîêëà-

äåìî Eν1,1(A) := Eν1 (A) àáî Eν∞,∞(A) := Eν∞(A) , âiäïîâiäíî. Â òàêîìó
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ñåíñi êàæåìî, ùî ïðîñòîðè Eνq,p(A) âèçíà÷åíi äëÿ iíäåêñiâ 1 ≤ q, p ≤ ∞ .

Äëÿ ñïðîùåííÿ çàïèñiâ íàäàëi âèêîðèñòîâó¹ìî òàêîæ ïîçíà÷åííÿ Eνq,p :=

Eνq,p(A) .

Òåîðåìà 2.1.3. (i) ßêùî 1 < q <∞ , 1 ≤ p ≤ ∞ , òî âèêîíó¹òüñÿ

ðiâíiñòü

(Eν1 (A), Eν∞(A))1−1/q,p = Eνq,p(A). (2.1)

ßê íàñëiäîê, Eνq,p(A) ⊂ Eτq,p(A) äëÿ âñiõ τ > ν i âèêîíó¹òüñÿ íåïåðåðâíå

âêëàäåííÿ Eνq,p(A) ⊂ X .

(ii) Ïðîñòið Eνq,p(A) ïîâíèé i çâóæåííÿ A|Eνq,p ¹ îáìåæåíèé îïåðà-

òîð â Eνq,p(A) ç íîðìîþ
∥∥A|Eνq,p∥∥ ≤ ν .

Ä î â å ä å í í ÿ. (i) Äëÿ 0 < τ ≤ 1 ìà¹ìî K
(
τ, x; Eν1 (A), Eν∞(A)

)
=

τ‖x∗0,ν‖ . ßêùî x = x0 + x1 , x0 ∈ Eν1 (A), x1 ∈ Eν∞(A) , òî

s−1∑
k=0

‖x∗k,ν‖ ≤ ‖x0‖Eν1 + s ‖x1‖Eν∞, s ∈ N.

Âðàõîâóþ÷è, ùî x0∗
k,ν = x∗k,ν −

x∗k,ν
‖x∗k,ν‖
‖x∗s,ν‖ äëÿ k = 0, . . . , s i x0∗

k,ν = 0 äëÿ

k > s , îòðèìó¹ìî

‖x0‖Eν1 + s ‖x1‖Eν∞ =
s−1∑
k=0

[
x∗k,ν −

x∗k,ν
‖x∗k,ν‖

‖x∗s,ν‖

]
+ s‖x∗s,ν‖

≥
s−1∑
k=0

‖x∗k,ν‖ − s‖x∗s,ν‖+ s‖x∗s,ν‖ =
s−1∑
k=0

‖x∗k,ν‖.

Òîìó K
(
s, x; Eν1 (A), Eν∞(A)

)
=
∑s−1

k=0 ‖x∗k,ν‖ äëÿ âñiõ s ∈ N .

Äëÿ p <∞ i ϑ = 1− 1/q ìà¹ìî

‖x‖p(Eν1 ,Eν∞)ϑ,p
∼

∞∑
s=1

s−ϑp−1

( s−1∑
k=1

‖x∗k,ν‖
)p
≥

∞∑
s=1

s(1−ϑ)p−1‖x∗s−1,ν‖p. (2.2)
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Äëÿ 1/p+ 1/p′ = 1 i 0 < ε < ϑ îòðèìó¹ìî

∞∑
s=1

s−ϑp−1

( s−1∑
k=1

‖x∗k,ν‖
)p

≤
∞∑
s=1

sϑp−1
s∑

k=1

k(1−ϑ)p−1+εp‖x∗k−1,ν‖p
( s∑

k=1

kϑp
′−1−εp′

)p/p′

≤ c
∞∑
k=1

k(1−ϑ)p−1‖x∗k−1,ν‖p. (2.3)

Iç (2.2) i (2.3) âèïëèâà¹ (2.1) äëÿ 1 ≤ p <∞ . Âèïàäîê p =∞ ¹ íàñëiäêîì

åêâiâàëåíòíîñòi íîðì

‖x‖(Eν1 ,Eν∞)ϑ,∞
∼ sup

s
s−ϑ

s−1∑
k=0

‖x∗k,ν‖ ∼ sup
s
s1−ϑ‖x∗s−1,ν‖.

Íåõàé x ∈ Eν1 (A) . Òîäi x ∈ Eν∞(A) , îñêiëüêè

‖x‖Eν∞ = sup
k∈N0

∥∥ (A/ν)k x
∥∥ ≤∑

k∈N0

∥∥ (A/ν)k x
∥∥ = ‖x‖Eν1 . (2.4)

Ç iíøîãî áîêó, ÿêùî x ∈ Eν∞(A) , òî ‖Akx‖ ≤ νk‖x‖Eν∞ , à òîìó

‖Akx‖1/k ≤ ν ‖x‖1/k
Eν∞ . Îòæå, lim sup

k→∞
‖Akx‖1/k ≤ ν i äëÿ áóäü-ÿêîãî τ > ν

ðÿä ‖x‖Eτ1 =
∑

k

∥∥ (A/τ)k x
∥∥ çáiæíèé. ßê íàñëiäîê, x ∈ Eτ1 (A) . Òàêèì

÷èíîì, äëÿ êîæíîãî τ > ν âèêîíó¹òüñÿ âêëàäåííÿ

Eν1 (A) ⊂ Eν∞(A) ⊂ Eτ1 (A). (2.5)

Iç (2.1) i (2.5) äëÿ êîæíîãî τ > ν ìà¹ìî

Eνq,p(A) ⊂ Eν∞(A) ⊂ Eτ1 (A) ⊂ Eτq,p(A).

Öå îçíà÷à¹, ùî Eνq,p(A) ⊂ Eτq,p(A) . Iç (2.4) âèïëèâà¹, ùî ïåðøå âêëàäåííÿ

â (2.5) íåïåðåðâíå. Íåðiâíiñòü ‖x‖ ≤ ‖x‖Eν∞ äà¹ íåïåðåðâíiñòü âêëàäåííÿ

Eν∞(A) ⊂ X . Iç ðiâíîñòi (2.1) i âiäîìèõ iíòåðïîëÿöiéíèõ âëàñòèâîñòåé

(äèâ. [86, òåîðåìà 1.3.3]) âèïëèâà¹ íåïåðåðâíiñòü âêëàäåííÿ Eνq,p(A) ⊂ X .
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(ii) Çãiäíî ç òåîðåìîþ 2.1.1(iv) ïðîñòîðè Eνp (A) äëÿ p = 1,∞ ïîâíi.

Òîìó ç ðiâíîñòi (2.1) âèïëèâà¹, ùî ïðîñòið Eνq,p(A) ïîâíèé äëÿ âñiõ p, q .

Äëÿ êîæíîãî x ∈ Eνq,p(A) âèêîíóþòüñÿ íåðiâíîñòi

‖Ax‖pEνq,p = νp
∑
k∈N0

(k + 1)
p
q−1
∥∥ (A/ν)k x

∥∥p ≤ νp‖x‖pEνq,p äëÿ 1 ≤ p <∞,

‖Ax‖Eνq,p = ν sup
k∈N0

(k + 1)1/q
∥∥ (A/ν)k x

∥∥ ≤ ν‖x‖Eνq,p äëÿ p =∞.

Çâiäñè âèïëèâà¹ iíâàðiàíòíiñòü i îáìåæåíiñòü îïåðàòîðà A|Eνq,p â E
ν
q,p(A) .

Òåîðåìà äîâåäåíà.

Íåõàé 1 ≤ p ≤ ∞ i
{
Eν(n)
p (A)

}
n∈N � ïîñëiäîâíiñòü ïðîñòîðiâ, ùî

âiäïîâiäà¹ íåñïàäíié ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë {ν(n)}n∈N , òàêié, ùî
lim
n→∞

ν(n) =∞ . Äëÿ 1 ≤ q <∞ âèçíà÷èìî ïðîñòið

`q
[
Eν(n)
p (A)

]
=

{
x ∈ X : x =

∞∑
n=1

xn, xn ∈ Eν(n)
p (A),

∞∑
n=1

‖xn‖qEν(n)
p

<∞
}

ç íîðìîþ ‖x‖
`q[Eν(n)

p ]
= inf

(∑∞
n=1‖xn‖

q

Eν(n)
p

)1/q

, äå inf áåðåòüñÿ ïî âñiõ

çîáðàæåííÿõ
∑
xn åëåìåíòà x .

Òåîðåìà 2.1.4. Âèêîíó¹òüñÿ òàêà ðiâíiñòü:

`q
[
Eν(n)
p (A)

]
= Ep(A),

äå ñïðàâà çàìèêàííÿ çà íîðìîþ ïðîñòîðó X .

Ä î â å ä å í í ÿ. Íåõàé x ∈ `q
[
Eν(n)
p (A)

]
i x =

∑∞
n=1 xn . Îñêiëü-

êè
∑∞

n=1 ‖xn‖ ≤
∑∞

n=1 ‖xn‖Eν(n)
p

, òî ðÿä
∑∞

n=1 xn çáiæíèé â Ep(A) . Ç

íåðiâíîñòåé

‖x‖ ≤ inf

( ∞∑
n=1

‖xn‖Eν(n)
p

)
≤ ‖x‖

`q[Eν(n)
p ]

äëÿ âñiõ x ∈ `q
[
Eν(n)
p (A)

]
âèïëèâà¹ âêëàäåííÿ `q

[
Eν(n)
p (A)

]
⊂ Ep(A) .
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Ç iíøîãî áîêó, Ep(A) ⊂ `q
[
Eν(n)
p (A)

]
i ‖x‖

`q[Eν(n)
p ]
≤ ‖x‖Eν(n)

p
äëÿ âñiõ

x ∈ Eν(n)
p (A) . Çâiäñè ‖x‖

`q[Eν(n)
p ]
≤ ‖x‖ äëÿ âñiõ x ∈ Ep(A) i âèêîíó¹òüñÿ

âêëàäåííÿ Ep(A) ⊂ `q
[
Eν(n)
p (A)

]
. Òåîðåìà äîâåäåíà.

Îêðåìî âèäiëèìî âèïàäîê, êîëè îïåðàòîð ìà¹ òî÷êîâèé ñïåêòð i

âñòàíîâèìî äëÿ òàêîãî îïåðàòîðà çâ'ÿçîê ìiæ éîãî êîðåíåâèìè âåêòî-

ðàìè òà öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó.

Îçíà÷åííÿ 2.1.1. Îïåðàòîð A íàçèâà¹òüñÿ îïåðàòîðîì ç òî÷êî-

âèì ñïåêòðîì, ÿêùî ñïåêòð σ(A) ñêëàäà¹òüñÿ iç içîëüîâàíèõ òî÷îê

{λj}∞j=1 , ùî ¹ âëàñíèìè çíà÷åííÿìè, ç ìîæëèâîþ ¹äèíîþ òî÷êîþ ñêó-

ï÷åííÿ íà íåñêií÷åííîñòi.

Ëåìà 2.1.1. ßêùî A � îïåðàòîð ç òî÷êîâèì ñïåêòðîì, òî âèêî-

íó¹òüñÿ òàêà ðiâíiñòü

σ(A) =
⋃
ν>0

σ(Aν).

Ä î â å ä å í í ÿ. Äëÿ áóäü-ÿêîãî âëàñíîãî çíà÷åííÿ λj ∈ σ(A)

âiäïîâiäíèé âëàñíèé âåêòîð xj íàëåæèòü ïðîñòîðó Eνp (A) , ÿêùî ν >

|λj| , îñêiëüêè ‖xj‖Eνp = ν (νp − λp)−1/p ‖xj‖ . Çâiäñè îòðèìó¹ìî âêëàäåííÿ
σ(A) ⊂

⋃
ν>0 σ(Aν) .

Ç iíøîãî áîêó, äëÿ äîâiëüíîãî λ ∈ C \ σ(A) ìà¹ìî

‖(λI − A)−1x‖Eνp =

( ∞∑
k=0

(
‖Ak(λI − A)−1x‖

νk

)p)1/p

=

( ∞∑
k=0

(
‖(λI − A)−1Akx‖

νk

)p)1/p

≤ ‖(λI − A)−1‖‖x‖Eνp .

Íàâåäåíi ñïiââiäíîøåííÿ ¹ êîðåêòíi, îñêiëüêè ïðîñòið Eνp (A) íà-

ëåæèòü ïðîñòîðó C∞(A) , à äëÿ âñiõ x ∈ C∞(A) âèêîíó¹òüñÿ ðiâíiñòü

Ak(λI − A)−1x = (λI − A)−1Akx .
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Òîìó îòðèìó¹ìî λ ∈
⋂
ν>0 ρ(Aν) , äå ρ(Aν) ¹ ðåçîëüâåíòíà ìíî-

æèíà îïåðàòîðà Aν â ïðîñòîði Eνp (A) . Çâiäñè, ρ(A) ⊂
⋂
ν>0 ρ(Aν) àáî⋃

ν>0 σ(Aν) ⊂ σ(A) . Ëåìà äîâåäåíà.

Íàñòóïíà òåîðåìà îïèñó¹ ïðîñòîðè âåêòîðiâ åêñïîíåíöiàëüíîãî òè-

ïó îïåðàòîðà A ç òî÷êîâèì ñïåêòðîì ÿê ëiíiéíó îáîëîíêó îáðàçiâ ïðî-

åêòîðiâ Ðiñà íà ïðîñòið X . Ïîçíà÷èìî ÷åðåç Pν(X) êîìïëåêñíó ëiíiéíó

îáîëîíêó âñiõ
{
Pλj(X) : |λj| < ν

}
, äå Pλj = (2πi)−1

∫
γj

(λI − A)−1dλ �

ïðîåêòîð Ðiñà i γj � òàêà çàìêíåíà êðèâà, ùî îõîïëþ¹ âëàñíå çíà÷åííÿ

λj ∈ σ(Aν) i íå îõîïëþ¹ iíøi òî÷êè ñïåêòðó σ(A) .

Òåîðåìà 2.1.5. Íåõàé A � îïåðàòîð ç òî÷êîâèì ñïåêòðîì. Òîäi

äëÿ áóäü-ÿêèõ ÷èñåë ν > 0 i p (1 ≤ p <∞) âèêîíó¹òüñÿ ðiâíiñòü

Eνp (A) = Pν(X). (2.6)

Ä î â å ä å í í ÿ. Äëÿ áóäü-ÿêîãî x ∈ Eνp (A) i λ ∈ ρ(A) ìà¹ìî

‖(λI − A)−1x‖Eνp ≤ ‖(λI − A)−1‖‖x‖Eνp i (λI − A)−1(λI − A)x = (λI −
A)(λI−A)−1x = x . Òîìó, (λIν−Aν)

−1 := (λI−A)−1|Eνp (A) ¹ ðåçîëüâåíòà

îïåðàòîðà Aν , Iν � îäèíè÷íèé îïåðàòîð â Eνp (A) .

Ç ëåìè 2.1.1 i îáìåæåíîñòi Aν âèïëèâà¹, ùî ñïåêòð σ(Aν) îïåðàòî-

ðà A â Eνp (A) ñêëàäà¹òüñÿ ç içîëüîâàíèõ òî÷îê. Äëÿ äîâiëüíîãî âëàñíîãî

çíà÷åííÿ λj ∈ σ(Aν) íîðìà ‖xj‖Eνp =
(∑∞

k=0

(
(|λj|/ν)k ‖xj‖

)p)1/p

âiä-

ïîâiäíîãî âëàñíîãî âåêòîðà xj ñêií÷åííà. Òîìó max
λj∈σ(Aν)

|λj| < ν .

Íåõàé Γν � çàìêíåíà êðèâà, ùî îõîïëþ¹ âñi òî÷êè ìíîæèíè σ(Aν)

i íå îõîïëþ¹ iíøi òî÷êè ñïåêòðó σ(A) . Òîäi

Pν =
∑

λj∈σ(Aν)

Pλj , äå Pν = (2πi)−1

∫
Γν

(λI − A)−1dλ.

Îñêiëüêè PλjPλk = 0 äëÿ j 6= k , ìà¹ìî Pν(X) = Pν(X) . Êðiì òîãî,

Iν = (2πi)−1

∫
Γν

(λIν −Aν)
−1dλ i (λI −A)−1|Eνp (A) = (λIν −Aν)

−1 , à òîìó

Iν = Pν|Eνp (A) i âèêîíó¹òüñÿ âêëàäåííÿ Eνp (A) ⊂ Pν(X) .



96

Ç iíøîãî áîêó, ñïåêòðàëüíèé ðàäióñ çâóæåííÿ Tν := A|Pν(X) îïåðà-

òîðà A íà ïiäïðîñòið Pν(X) ìåíøèé íiæ ν , òîáòî lim
k→+∞

‖T kν ‖1/k < ν .

Òîìó îòðèìó¹ìî

‖x‖Eνp =

( ∞∑
k=0

∥∥(A/ν)kx
∥∥p)1/p

≤

( ∞∑
k=0

(∥∥(Tν/ν)k
∥∥ ‖x‖)p)1/p

<∞

äëÿ âñiõ x ∈ Pν(X) i Pν(X) ⊂ Eνp (A) . Òåîðåìà äîâåäåíà.

Íàñëiäîê 2.1.1. Íåõàé A � îïåðàòîð ç òî÷êîâèì ñïåêòðîì, ùî

ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü λj , ÿêi ¹ ïîëþñàìè ðåçîëü-

âåíòè Rλ(A) , Rν(A) � êîìïëåêñíà ëiíiéíà îáîëîíêà îá'¹äíàííÿ âñiõ

êîðåíåâèõ ïiäïðîñòîðiâ Rλj(A) = {x ∈ C∞(A) : (A − λjI)rjx = 0} , äëÿ
ÿêèõ |λj| < ν ( rj � ïîðÿäîê λj ÿê ïîëþñà ðåçîëüâåíòè Rλ(A) ). Òîäi

äëÿ áóäü-ÿêèõ ÷èñåë ν > 0 i p (1 ≤ p <∞) âèêîíó¹òüñÿ ðiâíiñòü

Eνp (A) = Rν(A). (2.7)

Ä î â å ä å í í ÿ. Çãiäíî ç [19, ñ. 616], [58, ñ. 226], ïðîåêòîð Pλj =

(2πi)−1

∫
γj

(λI − A)−1dλ âiäîáðàæà¹ X íà êîðåíåâèé ïiäïðîñòið Rλj(A)

i Rν(A) = Pν(X) .

Ðiâíiñòü (2.7) âèïëèâà¹ òåïåð ç (2.6).

Íåõàé Sλj(A) = {x ∈ C∞(A) : (λjI−A)x = 0} � ïiäïðîñòið âëàñíèõ

âåêòîðiâ, ùî âiäïîâiäàþòü âëàñíîìó çíà÷åííþ λj ∈ σ(A) i Sν(A) �

êîìïëåêñíà ëiíiéíà îáîëîíêà âñiõ Sλj(A) òàêèõ, ùî |λj| = ν , λj ∈ σ(A) .

Âèçíà÷èìî ïðÿìó ñóìó Qν(A) = Rν(A) ⊕ Sν(A) i ïîêàæåìî, ùî âîíà

ñïiâïàäà¹ ç Eν∞(A) , òîáòî âèêîíó¹òüñÿ òàêà ðiâíiñòü

Eν∞(A) = Qν(A). (2.8)

Çàñòîñîâóþ÷è [71, ëåìà 1], äëÿ îïåðàòîðà ç òî÷êîâèì ñïåêòðîì, ùî

ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü, ÿêi ¹ ïîëþñàìè ðåçîëüâåíòè
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Rλ(A) , ìà¹ìî

Eν∞(A) ⊂ ⊕j:|λj |≤νRλj(A).

Òîìó äîñòàòíüî äîâåñòè ðiâíiñòü

Sλj(A) = Eν∞(A)
⋂
Rλj(A) (2.9)

äëÿ iíäåêñiâ j , òàêèõ, ùî |λj| = ν . Ïðèïóñòèìî, ùî îñòàííÿ ðiâíiñòü íå

âèêîíó¹òüñÿ. Òîäi iñíóþòü êîðåíåâi âåêòîðè x0, . . . , xr , ùî âiäïîâiäàþòü

λj , òàêi, ùî |λj| = ν i xr ∈ Eν∞(A) , r ≥ 1 . Iç ðiâíîñòi

Akxr =
r∑
i=0

(
k

i

)
λk−ij xr−i, k ≥ r

ìà¹ìî

lim
k→∞

‖Akxr‖(
k
r

)
νk

= ν−r‖x0‖.

Îñêiëüêè x0 6= 0 , òî ν−r‖x0‖ 6= 0 i xr /∈ Eν∞(A) . Òàêèì ÷èíîì, äëÿ âñiõ

j , òàêèõ, ùî |λj| = ν âèêîíó¹òüñÿ ðiâíiñòü (2.9), à îòæå, é ðiâíiñòü (2.8).

Äàëi äàìî ïðîñòèé êðèòåðié òîãî, ùî ó âèïàäêó ñàìîñïðÿæåíîãî îïå-

ðàòîðà ïiäïðîñòið E1(A) ñïiâïàäà¹ çi ñïåêòðàëüíèì ïiäïðîñòîðîì îïåðà-

òîðà A .

Òâåðäæåííÿ 2.1.1 Íåõàé ñèëüíî íåïåðåðâíà ãðóïà R 3 t → eitA

íà X , ãåíåðîâàíà iA , òàêà, ùî lim sup
|t|→∞

‖eitAx‖ = Mx < ∞ äëÿ âñiõ

x ∈ X . Òîäi âêëàäåííÿ E1(A) # X ¹ ùiëüíèì.

Ä î â å ä å í í ÿ. Íåõàé ôóíêöiÿ f ∈ L1(R) ¹ çâóæåííÿì íà R
öiëî¨ ôóíêöi¨ åêñïîíåíöiàëüíîãî òèïó τ > 0 , òàê, ùî

∫∞
−∞ f(t) dt = 1 i

Pα = α
∫∞
−∞ f(αt)eitAdt äëÿ α > 0 . Iñíó¹ ïîñòiéíà c > 0 íåçàëåæíà âiä

k , òàêà, ùî âèêîíó¹òüñÿ íåðiâíiñòü Áåðíøòåéíà
∫∞
−∞ |f

(k)(t)| dt ≤ cτ k äëÿ

âñiõ k ∈ Z+ [68, p. 115]. Ç âiäîìî¨ ðiâíîñòi lim|t|→∞ |f (k)(t)| = 0 (äèâ. [68,
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òåîðåìà 3.2.5]) iíòåãðóâàííÿì ÷àñòèíàìè ìà¹ìî

(iA)kPkx = α

∫ ∞
−∞

f(αt)(iA)keitAx dt

= αk
∫ ∞
−∞

f (k)(t) eit/αAx dt, x ∈ X.

Iç íåðiâíîñòi Áåðíøòåéíà âèïëèâà¹, ùî

‖AkPαx‖ ≤ c‖x‖(τα)k

äëÿ âñiõ x ∈ X . ßê íàñëiäîê,

‖AkPαx‖1/k ≤ (c‖x‖)1/kτα, lim sup
k→∞

‖AkPαx‖1/k ≤ τα.

ßêùî ν > τα , òî Pαx ∈ Eν1 (A) äëÿ âñiõ x ∈ X . Îòæå,⋃
α>0

{Pαx : x ∈ X} ⊂ E1(A).

Âèêîðèñòîâóþ÷è ðiâíiñòü Pαx−x = α
∫∞
−∞ f(αt)(eitAx−x) dt , ïîêà-

æåìî, ùî

lim
α→∞

‖Pαx− x‖ = 0, x ∈ X. (2.10)

Îñêiëüêè X -çíà÷íà ôóíêöiÿ R 3 t→ eitAx− x ¹ íåïåðåðâíà ïðè t = 0 ,

äëÿ êîæíîãî ε > 0 iñíó¹ δ > 0 , òàêå, ùî max|t|≤δ ‖eitAx−x‖ ≤ ε . Òàêèì

÷èíîì,

‖Pαx− x‖ ≤ ε

∫
|t|≤δ
|αf(αt)| dt+

∫
|t|>δ
|αf(αt)| ‖eitAx− x‖ dt

≤ ε

∫
|t|≤δα

|f(t)| dt+ max
|t|>δα

‖eitAx− x‖
∫
|t|>δα

|f(t)| dt .

Îñêiëüêè lim sup|t|→∞ ‖eitAx − x‖ ≤ Mx + ‖x‖ < ∞ äëÿ âñiõ x ∈ X , òî

îòðèìó¹ìî

lim
α→∞

‖Pαx− x‖ ≤ ε‖f‖L1(R) + (Mx + ‖x‖) lim
α→∞

∫
|t|>δα

|f(t)| dt

= ε‖f‖L1(R).
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Îñêiëüêè ε äîâiëüíå, òî ðiâíiñòü (2.10) âñòàíîâëåíî. Òàêèì ÷èíîì,

îá'¹äíàííÿ
⋃
α>0 {Pαx : x ∈ X} , à îòæå, E1(A) ùiëüíi â X . Òåîðåìà äî-

âåäåíà.

Çàóâàæåííÿ 2.1.1 ßêùî A ñàìîñïðÿæåíèé îïåðàòîð â X , òî

ãðóïà eitA ¹ óíiòàðíà çà òåîðåìîþ Ñòîóíà. Îòæå, â öüîìó âèïàäêó

Mx ≡ 1 i âêëàäåííÿ E1(A) # X ùiëüíå.

2.2. Àïðîêñèìàöiéíi ïðîñòîðè òèïó Á¹ñîâà

Ó êîìïëåêñíîìó áàíàõîâîìó ïðîñòîði (X, ‖·‖) ðîçãëÿäà¹ìî çàìêíå-
íèé íåîáìåæåíèé îïåðàòîð A ç ùiëüíîþ îáëàñòþ âèçíà÷åííÿ C1(A) .

Íåõàé 0 < ν <∞ , 1 ≤ q, p ≤ ∞ i Eνq,p(A) � ïðîñòîðè òèïó Ëîðåíöà

öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà A , âèçíà÷åíi âèùå. Íà

ïiäïðîñòîði Eq,p(A) :=
⋃
ν>0 Eνq,p(A) âèçíà÷èìî ôóíêöiþ

|x|Eq,p := ‖x‖+ inf
{
ν > 0: x ∈ Eνq,p(A)

}
. (2.11)

Ëåìà 2.2.1. Ôóíêöiÿ (2.11) ¹ êâàçiíîðìîþ íà Eq,p(A) , ùî çàäîâîëü-

íÿ¹ íåðiâíiñòü

|x+ y|Eq,p ≤ |x|Eq,p + |y|Eq,p äëÿ âñiõ x, y ∈ Eq,p(A).

Êðiì òîãî, âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ Eq,p(A) ⊂ X .

Ä î â å ä å í í ÿ. Äiéñíî, ïîêëàäåìî r(x) = inf
{
ν > 0: x ∈ Eνq,p(A)

}
.

Äëÿ âñiõ x, y ∈ Eq,p(A) i ε > 0 âåëè÷èíè ‖x‖Er(x)+ε
q,p

, ‖y‖Er(y)+ε
q,p

¹ ñêií÷åí-

íèìè i âèêîíóþòüñÿ íåðiâíîñòi

‖x+ y‖Er+εq,p
≤ ‖x‖Er+εq,p

+ ‖y‖Er+εq,p
≤ ‖x‖Er(x)+ε

q,p
+ ‖y‖Er(y)+ε

q,p
,
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äå r = max {r(x), r(y)} . Çâiäñè âèïëèâà¹, ùî

r(x+ y) ≤ r + ε ≤ r(x) + r(y) + ε.

Îñêiëüêè ε äîâiëüíå, òî r(x + y) ≤ r(x) + r(y) äëÿ âñiõ x, y ∈ Eq,p(A) .

Î÷åâèäíî, r(x) = r(−x) äëÿ âñiõ x ∈ Eq,p(A) . Îòæå, |·|Eq,p � êâàçiíîðìà.

Âêëàäåííÿ Eq,p(A) ⊂ X áåçïîñåðåäíüî âèïëèâà¹ ç (2.11). Ëåìà äîâåäåíà.

ßêùî q = p , òî Ep,p(A) = Ep(A) :=
⋃
ν>0 Eνp (A) � ïiäïðîñòîðè öiëèõ

âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó i

|x|Ep,p = |x|Ep := ‖x‖+ inf
{
ν > 0: x ∈ Eνp (A)

}
. (2.12)

ßê íàñëiäîê ëåìè 2.2.1, ôóíêöiÿ (2.12) ¹ êâàçiíîðìîþ íà Ep(A) , ùî çà-

äîâîëüíÿ¹ íåðiâíiñòü

|x+ y|Ep ≤ |x|Ep + |y|Ep äëÿ âñiõ x, y ∈ Ep(A),

i âêëàäåííÿ Ep(A) ⊂ X íåïåðåðâíå.

Ëåìà 2.2.2. Êâàçiíîðìîâàíèé ïðîñòið Eq,p(A) ïîâíèé.

Ä î â å ä å í í ÿ. Íåõàé (xn) ¹ ôóíäàìåíòàëüíà ïîñëiäîâíiñòü â

Eq,p(A) . Âîíà ¹ ðiâíîìiðíî îáìåæåíà, òîáòî, ∃σ > 0 : |xn|Eq,p(A) < σ äëÿ

âñiõ n ∈ N . Îñêiëüêè inf
{
µ : (xn) ⊂ Eµq,p(A)

}
< σ , ìà¹ìî (xn) ⊂ Eν1 (A)

äëÿ ν > σ .

Çà îçíà÷åííÿì ‖x‖Eν1 (A) = νx̂(ν) êîæíîãî x ∈ Eν1 (A) , äå x̂(z) =

L[x(t)] =

∫ ∞
0

x(t) exp (−zt) dt äëÿ {z ∈ C : |Re z| > hx} ¹ ïåðåòâîðåííÿ

Ëàïëàñà öiëî¨ ôóíêöi¨ x(λ) çìiííî¨ λ ∈ C åêñïîíåíöiàëüíîãî òèïó hx <

ν .

Òàêèì ÷èíîì, ïîñëiäîâíiñòü {[0,∞) 3 t 7→ xn(t) exp (−tν) : n ∈ N}
ðiâíîìiðíî àáñîëþòíî îáìåæåíà ïîñòiéíîþ Kν > 0 äëÿ âñiõ t ≥ 0 .

Çà òåîðåìîþ Áåðíøòåéíà ïðî êîìïàêòíiñòü [68, òåîðåìà 3.3.6] iñíó¹

çáiæíà ïiäïîñëiäîâíiñòü {xni(t) exp (−tν) : i ∈ N} â òîïîëîãi¨ ðiâíîìið-

íî¨ çáiæíîñòi ïî t ∈ [0, r] äëÿ âñiõ r > 0 . Îòæå, ∀ε > 0 , ∃nε ∈ N :
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sup
t∈[0,rε]

|xni(t)− xmi
(t)| exp (−tν) < ε , ∀ni,mi ≥ nε , äå r = rε > 0 âèáðàíå

òàêå âåëèêå, ùî Kν exp (−rεν) < ε . Òîìó,

‖xni − xmi
‖E2ν

1 (A) = 2νL[|xni(t)− xmi
(t)|]

= 2ν

∫ ∞
0

|xni(t)− xmi
(t)| exp (−2tν) dt

= 2ν

(∫ rε

0

+

∫ ∞
rε

)
[|xni(t)− xmi

(t)| exp (−tν)] exp (−tν) dt

≤ 2νε

∫ rε

0

exp (−tν) dt+ 2νKν

∫ ∞
rε

exp (−tν) dt

= 2ε[1− exp (−rεν)] + 2Kν exp (−rεν) < 4ε, ni,mi ≥ nε.

Òàêèì ÷èíîì, (xni) ¹ ôóíäàìåíòàëüíà â E2ν
1 (A) . Ïðîñòið E2ν

1 (A) ïîâíèé.

ßê íàñëiäîê, iñíó¹ x0 ∈ E2ν
1 (A) òàêà, ùî xni → x0 ïðè i → ∞ , à òîìó

xn → x0 â E2ν
1 (A) . Îòæå, Eq,p(A) ïîâíèé. Ëåìà äîâåäåíà.

Ðîçãëÿíåìî ôóíêöiîíàë âèãëÿäó

Eq,p(t, x) = inf
{
‖x− x0‖ : x0 ∈ Eq,p(A), |x0|Eq,p ≤ t

}
, x ∈ X.

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} àáî {0 ≤ s <∞, τ =∞} âèçíà-
÷èìî øêàëó ïðîñòîðiâ

Bsq,p,τ(A) := Bsq,p,τ(A,X) :=
{
x ∈ X : |x|Bsq,p,τ (A) <∞

}
,

äå

|x|Bsq,p,τ (A) =


(∫ ∞

0

[
tsEq,p(t, x)

]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
sEq,p(t, x), τ =∞.

Äëÿ ñïðîùåííÿ çàïèñiâ âèêîðèñòîâó¹ìî ïîçíà÷åííÿ Bsq,p,τ := Bsq,p,τ(A) .

Ëåìà 2.2.3. Ôóíêöiÿ |x|Bsq,p,τ (A) ¹ êâàçiíîðìîþ íà Bsq,p,τ(A) .
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Ä î â å ä å í í ÿ. Äiéñíî, ÿêùî |x|Bsq,p,τ = 0 , òî Eq,p(t, x) = 0 ïðè

âñiõ t . Òîìó ìîæíà çíàéòè òàêi xn ∈ Eq,p(A) (n ∈ N) , ùî ‖x− xn‖ → 0

i |xn|Eq,p → 0 ïðè n → ∞ . Îòæå, xn → 0 â Eq,p(A) i xn → x â X .

Îñêiëüêè Eq,p(A) ¹ ïiäïðîñòîðîì â X , òî xn → 0 â X , à, çíà÷èòü, x = 0 .

Äàëi, äëÿ 0 < ε < 1 ìà¹ìî

|x+ y|Bsq,p,τ ≤ max
(
1, 21/q−1

)[(∫ ∞
0

[
tsEq,p(εt, x)

]τ dt
t

)1/τ

+

(∫ ∞
0

[
tsEq,p((1− ε)t, y)

]τ dt
t

)1/τ ]
Ïîêëàäàþ÷è c = 2 max

(
1, 21/q−1

)
, îòðèìó¹ìî

|x+ y|Bsq,p,τ ≤ c
(
ε−s|x|Bsq,p,τ + (1− ε)−s|y|Bsq,p,τ

)
.

Âèáåðåìî ε òàê, ùîá îáèäâà äîäàíêè ñïðàâà ñòàëè ðiâíèìè. Òîäi

|x+ y|Bsq,p,τ ≤ c
(
|x|1/sBsq,p,τ + |y|1/sBsq,p,τ

)s
,

çâiäêè é âèïëèâà¹ ïîòðiáíå òâåðäæåííÿ. Ëåìà äîâåäåíà.

Ðîçãëÿíåìî òàêîæ ôóíêöiîíàë

Ep(t, x) = inf
{
‖x− x0‖ : x0 ∈ Ep(A), |x0|Ep ≤ t

}
, x ∈ X,

i äëÿ çàäàíèõ ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} àáî {0 ≤ s <∞, τ =∞}
âèçíà÷èìî øêàëó ïðîñòîðiâ

Bsp,τ(A) := Bsp,τ(A,X) :=
{
x ∈ X : |x|Bsp,τ (A) <∞

}
,

äå

|x|Bsp,τ (A) =


(∫ ∞

0

[
tsEp(t, x)

]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
sEp(t, x), τ =∞.

Äëÿ ñïðîùåííÿ çàïèñiâ âèêîðèñòîâó¹ìî ïîçíà÷åííÿ Bsp,τ := Bsp,τ(A) .

Iç ëåìè 2.2.3 âèïëèâà¹, ùî ôóíêöiÿ |x|Bsp,τ ¹ êâàçiíîðìîþ íà Bsp,τ(A) .
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Îçíà÷åííÿ 2.2.1. Ïðîñòið Bsp,τ(A) , íàäiëåíèé êâàçiíîðìîþ | · |Bsp,τ ,
íàçâåìî àïðîêñèìàöiéíèì ïðîñòîðîì òèïó Á¹ñîâà, àñîöiéîâàíèì ç îïå-

ðàòîðîì A . Ïðîñòið Bsq,p,τ(A) , íàäiëåíèé êâàçiíîðìîþ | · |Bsq,p,τ , íàçâå-
ìî àïðîêñèìàöiéíèì ïðîñòîðîì òèïó Á¹ñîâà-Ëîðåíöà, àñîöiéîâàíèì ç

îïåðàòîðîì A .

Íàñòóïíà òåîðåìà âñòàíîâëþ¹ äåÿêi iíòåðïîëÿöiéíi âëàñòèâîñòi âè-

çíà÷åíèõ àïðîêñèìàöiéíèõ ïðîñòîðiâ.

Òåîðåìà 2.2.1. (i) ßêùî [Bsq,p,τ(A)]ϑ � ïðîñòið Bsq,p,τ(A) , íàäiëå-

íèé êâàçiíîðìîþ |x|ϑBsq,p,τ , x ∈ B
s
q,p,τ(A) , òî

[Bsq,p,τ(A)]ϑ = (Eq,p(A),X)ϑ,g , ϑ = 1/(s+ 1), τ = gϑ. (2.13)

(ii) Ïðîñòîðè Bsq,p,τ(A) ïîâíi.

(iii) ßêùî 0 < τ <∞ , 0 < ϑ < 1 , s = (1− ϑ)s0 + ϑs1 i s0 6= s1 , òî(
Bs0
q,p,τ0

(A), Bs1
q,p,τ1

(A)
)
ϑ,τ

= Bsq,p,τ(A) (2.14)

òà iñíóþòü ïîñòiéíi c1 , c2 , òàêi, ùî

|x|Bsq,p,τ ≤ c1|x|1−ϑBs0q,p,τ0 |x|
ϑ
Bs1q,p,τ1

, x ∈ Bs0
q,p,τ0

(A) ∩ Bs1
q,p,τ1

(A), (2.15)

K
(
t, x;Bs0

q,p,τ0
,Bs1

q,p,τ1

)
≤ c2t

ϑ |x|Bsq,p,τ , x ∈ Bsq,p,τ(A), t > 0. (2.16)

(iv) ßêùî 0 < τ ≤ % <∞ , òî âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ

Bsq,p,τ(A) ⊂ Bsq,p,%(A). (2.17)

Ä î â å ä å í í ÿ. (i) Íåõàé ñïî÷àòêó g =∞ . Âèçíà÷èìî ôóíêöiþ

K∞ (t, x; Eq,p(A),X) = inf
x=x0+x1

max
{
|x0|Eq,p, t‖x1‖

}
, x0 ∈ Eq,p(A), x1 ∈ X.

Çãiäíî ç [3, ëåìà 7.1.2], äëÿ êîæíîãî t > 0 iñíó¹ òàêå υ > 0 , ùî

K∞ (t, x; Eq,p(A),X) = υ, lim
µ↓υ

Eq,p(µ, x) = Eq,p(υ + 0, x) ≤ υ/t.
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Îòæå, äëÿ êîæíîãî υ1 > 0 iñíó¹ òàêå t > 0 , ùî

υ1 ≤ K∞ (t, x; Eq,p(A),X) = υ.

Äëÿ äîâiëüíîãî ôiêñîâàíîãî x ôóíêöiÿ Eq,p(υ, x) ¹ ñïàäíà, à òîìó

Eq,p(υ, x) ≤ Eq,p(υ1 + 0, x) ≤ υ1/t i [Eq,p(υ, x)]ϑ ≤ t−ϑυ1
ϑ ≤ t−ϑυϑ−1υ . ßê

íàñëiäîê,

υ1−ϑ[Eq,p(υ, x)]ϑ ≤ t−ϑK∞ (t, x; Eq,p(A),X) ,

çâiäêè îòðèìó¹ìî âêëàäåííÿ (Eq,p(A),X)ϑ,∞ ⊂ [Bsq,p,∞(A)]ϑ . Îáåðíåíå

âêëàäåííÿ âèïëèâà¹ ç òîãî, ùî

t−ϑK∞ (t, x; Eq,p(A),X) ≤ υ1−ϑ[Eq,p(υ − 0, x)]ϑ ≤ |x|ϑBsq,p,∞.

Ó âèïàäêó g <∞ iíòåãðó¹ìî ÷àñòèíàìè i ïðîâîäèìî çàìiíó çìiííèõ

t = υ/Eq,p(υ, x) . Çàóâàæèìî, ùî tϑK∞ (t, x; Eq,p(A),X) → 0 ïðè t → 0

àáî t→∞ i υsEq,p(υ, x)→ 0 ïðè υ → 0 àáî υ →∞ . Òîìó∫ ∞
0

[
t−ϑK∞ (t, x; Eq,p(A),X)

]g
dt/t ∼ −

∫ ∞
0

K∞ (t, x; Eq,p(A),X)g dt−ϑg

=

∫ ∞
0

t−ϑgdK∞ (t, x; Eq,p(A),X)g =

∫ ∞
0

[
υ/Eq,p(υ, x)

]−ϑg
d(tg)

∼
∫ ∞

0

[
υsEq,p(υ, x)

]ϑg
dυ/υ,

ùî é äîâîäèòü ðiâíiñòü (2.13).

(ii) Äëÿ äîâåäåííÿ ïîâíîòè Bsq,p,τ(A) íàäiëèìî ñóìó Eq,p(A)+X , ÿêà

ñïiâïàäà¹ ç X , îñêiëüêè Eq,p(A) ⊂ X , íîðìîþ

‖x‖Eq,p+X = inf
x=x0+x1

(
|x0|Eq,p + ‖x1‖

)
, x0 ∈ Eq,p(A), x1 ∈ X.

Îñêiëüêè |x|Eq,p ≥ ‖x‖ , òî ‖x‖Eq,p+X = ‖x‖ . Îòæå, ïðîñòið X ç íîð-

ìîþ ‖·‖Eq,p+X ¹ ïîâíèé. Òîìó, êîæíèé ðÿä
∑

n∈N xn , xn ∈ (Eq,p(A),X)ϑ,g ,

òàêèé, ùî
∑

n∈N ‖xn‖(Eq,p(A),X)ϑ,g<∞ , çáiæíèé äî x ∈ Eq,p(A) + X = X .
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Iç íåðiâíîñòi
∥∥∑

n∈N xn
∥∥

(Eq,p(A),X)ϑ,g
≤
∑

n∈N ‖xn‖(Eq,p(A),X)ϑ,g , îòðèìó-

¹ìî, ùî x ∈ (Eq,p(A),X)ϑ,g . Îòæå, (Eq,p(A),X)ϑ,g ¹ ïîâíèé. Içîìîðôiçì

(2.13) äà¹ ïîâíîòó ïðîñòîðó [Bsq,p,τ(A)]ϑ , à, îòæå, é Bsq,p,τ(A) .

(iii) Çàñòîñîâóþ÷è òåîðåìó ðåiòåðàöi¨ [3, òåîðåìà 3.11.5] äëÿ iíäåêñiâ

ϑ = (1− η)ϑ0 + ηϑ1 , ϑi = 1/(si + 1) (i = 0, 1) , ϑ = 1/(s + 1) , τ = gϑ i

0 < η < 1 , îòðèìó¹ìî(
[Bs0

q,p,τ0
(A)]ϑ0, [Bs1

q,p,τ1
(A)]ϑ1

)
η,g

= [Bsq,p,τ(A)]ϑ. (2.18)

Çàñòîñîâóþ÷è òåîðåìó ïðî ñòåïåíi [3, òåîðåìà 3.11.6], ïðè% = ηϑ1/ϑ

îòðèìó¹ìî(
[Bs0

q,p,τ0
(A)]ϑ0, [Bs1

q,p,τ1
(A)]ϑ1

)
η,g

=
(
Bs0
q,p,τ0

(A), Bs1
q,p,τ1

(A)
)ϑ
%,τ
. (2.19)

Ðiâíîñòi (2.18) i (2.19) äëÿ s = (1 − %)s0 + %s1 äàþòü (2.14) ç % = ϑ .

Íåðiâíîñòi (2.15) i (2.16) ¹ íàñëiäêîì (2.14) i âiäîìèõ iíòåðïîëÿöiéíèõ

âëàñòèâîñòåé [3, òåîðåìà 3.11.2].

(iv) Äëÿ êîæíîãî x ∈
(
Bs0
q,p,τ0

(A), Bs1
q,p,τ1

(A)
)
ϑ,τ

iñíó¹ ïîñòiéíà c > 0 ,

òàêà, ùî

|x|(Bs0q,p,τ0 ,Bs1q,p,τ1)ϑ,%
≤
(

sup
t>0

t−ϑK(t, x;Bs0
q,p,τ0

(A), Bs1
q,p,τ1

(A))

)1−τ/%

×
(∫ ∞

0

[
t−ϑK(t, x;Bs0

q,p,τ0
(A), Bs1

q,p,τ1
(A))

]τ dt
t

)1/%

≤ c |x|(Bs0q,p,τ0 ,Bs1q,p,τ1)ϑ,τ
.

Îòæå, âêëàäåííÿ
(
Bs0
q,p,τ0

(A), Bs1
q,p,τ1

(A)
)
ϑ,τ
⊂
(
Bs0
q,p,τ0

(A), Bs1
q,p,τ1

(A)
)
ϑ,%

¹

íåïåðåðâíèì. Îñòàòî÷íî, âèêîðèñòîâóþ÷è (2.14), îòðèìó¹ìî (2.17). Òåî-

ðåìà äîâåäåíà.

Iç òåîðåìè 2.2.1 äëÿ âèïàäêó Ep,p(A) = Ep(A) îòðèìó¹ìî òàêèé íà-

ñëiäîê.
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Íàñëiäîê 2.2.1. (i) ßêùî [Bsp,τ(A)]ϑ � ïðîñòið Bsp,τ(A) , íàäiëåíèé

êâàçiíîðìîþ |x|ϑBsp,τ , x ∈ B
s
p,τ(A) , òî

[Bsp,τ(A)]ϑ = (Ep(A),X)ϑ,g , ϑ = 1/(s+ 1), τ = gϑ. (2.20)

(ii) Ïðîñòîðè Bsp,τ(A) ïîâíi.

(iii) ßêùî 0 < τ <∞ , 0 < ϑ < 1 , s = (1− ϑ)s0 + ϑs1 i s0 6= s1 , òî(
Bs0
p,τ0

(A), Bs1
p,τ1

(A)
)
ϑ,τ

= Bsp,τ(A) (2.21)

òà iñíóþòü ïîñòiéíi c1 , c2 , òàêi, ùî

|x|Bsp,τ ≤ c1|x|1−ϑBs0p,τ0 |x|
ϑ
Bs1p,τ1

, x ∈ Bs0
p,τ0

(A) ∩ Bs1
p,τ1

(A), (2.22)

K
(
t, x;Bs0

p,τ0
,Bs1

p,τ1

)
≤ c2t

ϑ |x|Bsp,τ , x ∈ Bsp,τ(A), t > 0. (2.23)

(iv) ßêùî 0 < τ ≤ % <∞ , òî âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ

Bsp,τ(A) ⊂ Bsp,%(A). (2.24)

Âèçíà÷èìî ôóíêöiîíàë âèãëÿäó

Eν
p (t, x) = inf

{
‖x− x0‖ : x0 ∈ Eνp (A), ‖x0‖Eνp ≤ t

}
, x ∈ X.

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} àáî {0 ≤ s <∞, τ =∞} âèçíà-
÷èìî øêàëó ïðîñòîðiâ

Bν,sp,τ(A) := Bν,sp,τ(A,X) :=
{
x ∈ X : |x|Bν,sp,τ (A) <∞

}
,

äå

|x|Bν,sp,τ (A) =


(∫ ∞

0

[
tsEν

p (t, x)
]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
sEν

p (t, x), τ =∞.

Äëÿ ñïðîùåííÿ çàïèñiâ âèêîðèñòîâó¹ìî ïîçíà÷åííÿ Bν,sp,τ := Bν,sp,τ(A) .

Ïîäiáíî äîâåäåííþ ëåìè 2.2.3, ìîæíà ïîêàçàòè, ùî |x|Bν,sp,τ ¹ êâàçi-

íîðìîþ íà Bν,sp,τ(A) . Ïðîñòið Bν,sp,τ(A) ¹ àïðîêñèìàöiéíèì ïðîñòîðîì ìiæ

X i ïðîñòîðîì Eνp (A) öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó, ùî íå ïå-

ðåâèùó¹ ν .
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Òåîðåìà 2.2.2. (i) ßêùî [Bν,sp,τ(A)]ϑ � ïðîñòið Bν,sp,τ(A) , íàäiëåíèé

êâàçiíîðìîþ |x|ϑBν,sp,τ , x ∈ B
ν,s
p,τ(A) , òî

[Bν,sp,τ(A)]ϑ =
(
Eνp (A),X

)
ϑ,g
, ϑ = 1/(s+ 1), τ = gϑ. (2.25)

(ii) Ïðîñòîðè Bν,sp,τ(A) ïîâíi.

(iii) ßêùî 0 < τ <∞ , 0 < ϑ < 1 , s = (1− ϑ)s0 + ϑs1 i s0 6= s1 , òî(
Bν,s0
p,τ0

(A), Bν,s1
p,τ1

(A)
)
ϑ,τ

= Bν,sp,τ(A) (2.26)

i iñíóþòü ïîñòiéíi c1 , c2 , òàêi, ùî

|x|Bν,sp,τ ≤ c1|x|1−ϑBν,s0p,τ0

|x|ϑBν,s1p,τ1
, x ∈ Bν,s0

p,τ0
(A) ∩ Bν,s1

p,τ1
(A), (2.27)

K
(
t, x;Bν,s0

p,τ0
,Bν,s1

p,τ1

)
≤ c2t

ϑ |x|Bν,sp,τ , x ∈ Bν,sp,τ(A), t > 0. (2.28)

(iv) ßêùî 0 < τ ≤ % <∞ , òî âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ

Bν,sp,τ(A) ⊂ Bν,sp,%(A). (2.29)

Ä î â å ä å í í ÿ. (i) Ïîêëàäåìî

K∞
(
t, x; Eνp (A),X

)
= inf

x=x0+x1
max

{
‖x0‖Eνp , t‖x

1‖
}
, x0 ∈ Eνp (A), x1 ∈ X.

Çàñòîñîâóþ÷è [3, ëåìà 7.1.2], äëÿ êîæíîãî t > 0 çíàõîäèìî òàêå υ > 0 ,

ùî

υ1−ϑ[Eν
p (υ, x)]ϑ ≤ t−ϑK∞

(
t, x; Eνp (A),X

)
,

çâiäêè îòðèìó¹ìî âêëàäåííÿ
(
Eνp (A),X

)
ϑ,∞ ⊂ [Bν,sp,∞(A)]ϑ . Îáåðíåíå âêëà-

äåííÿ âèïëèâà¹ ç îöiíêè

t−ϑK∞
(
t, x; Eνp (A),X

)
≤ υ1−ϑ[Eν

p (υ − 0, x)]ϑ ≤ |x|ϑBν,sp,∞.

Ó âèïàäêó g <∞ iíòåãðó¹ìî ÷àñòèíàìè i ïðîâîäèìî çàìiíó çìiííèõ
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t = υ/Eν
p (υ, x) . Â ðåçóëüòàòi ìà¹ìî∫ ∞

0

[
t−ϑK∞

(
t, x; Eνp (A),X

) ]g
dt/t ∼ −

∫ ∞
0

K∞
(
t, x; Eνp (A),X

)g
dt−ϑg

=

∫ ∞
0

t−ϑgdK∞
(
t, x; Eνp (A),X

)g
=

∫ ∞
0

[
υ/Eν

p (υ, x)
]−ϑg

d(tg)

∼
∫ ∞

0

[
υsEν

p (υ, x)
]ϑg
dυ/υ,

ùî é äîâîäèòü ðiâíiñòü (2.25).

(ii) Ïðîñòið (Eνp (A),X)ϑ,g ïîâíèé ÿê iíòåðïîëÿöiéíèé ïðîñòið ìiæ

áàíàõîâèìè ïðîñòîðàìè Eνp (A) i X [86, òåîðåìà 1.3.3]. Içîìîðôiçì (2.25)

äà¹ ïîâíîòó ïðîñòîðó [Bν,sp,τ(A)]ϑ , à, îòæå, é Bν,sp,τ(A) .

(iii) Çàñòîñîâóþ÷è òåîðåìó ðåiòåðàöi¨ [3, òåîðåìà 3.11.5] äëÿ iíäåêñiâ

ϑ = (1− η)ϑ0 + ηϑ1 , ϑi = 1/(si + 1) (i = 0, 1) , ϑ = 1/(s + 1) , τ = gϑ i

0 < η < 1 , îòðèìó¹ìî(
[Bν,s0

p,τ0
(A)]ϑ0, [Bν,s1

p,τ1
(A)]ϑ1

)
η,g

= [Bν,sp,τ(A)]ϑ. (2.30)

Çàñòîñîâóþ÷è òåîðåìó ïðî ñòåïåíi [3, òåîðåìà 3.11.6], ïðè% = ηϑ1/ϑ

îòðèìó¹ìî(
[Bν,s0

p,τ0
(A)]ϑ0, [Bν,s1

p,τ1
(A)]ϑ1

)
η,g

=
(
Bν,s0
p,τ0

(A), Bν,s1
p,τ1

(A)
)ϑ
%,τ
. (2.31)

Ðiâíîñòi (2.30) i (2.31) äëÿ s = (1 − %)s0 + %s1 äàþòü (2.26) ç % = ϑ .

Íåðiâíîñòi (2.27) i (2.28) ¹ íàñëiäêîì (2.26) i âiäîìèõ iíòåðïîëÿöiéíèõ

âëàñòèâîñòåé [3, òåîðåìà 3.11.2].

(iv) Äëÿ êîæíîãî x ∈
(
Bν,s0
p,τ0

(A), Bν,s1
p,τ1

(A)
)
ϑ,τ

iñíó¹ ïîñòiéíà c > 0 ,

òàêà, ùî

|x|(Bν,s0p,τ0 ,B
ν,s1
p,τ1)ϑ,%

≤
(

sup
t>0

t−ϑK(t, x;Bν,s0
p,τ0

(A), Bν,s1
p,τ1

(A))

)1−τ/%

×
(∫ ∞

0

[
t−ϑK(t, x;Bν,s0

p,τ0
(A), Bν,s1

p,τ1
(A))

]τ dt
t

)1/%

≤ c |x|(Bν,s0p,τ0 ,B
ν,s1
p,τ1)ϑ,τ

.
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Îòæå, âêëàäåííÿ
(
Bν,s0
p,τ0

(A), Bν,s1
p,τ1

(A)
)
ϑ,τ
⊂
(
Bν,s0
p,τ0

(A), Bν,s1
p,τ1

(A)
)
ϑ,%

¹ íåïå-

ðåðâíèì. Îñòàòî÷íî, âèêîðèñòîâóþ÷è (2.26), îòðèìó¹ìî (2.29). Òåîðåìà

äîâåäåíà.

Íåõàé 0 < ν < ∞ , 1 < q < ∞ , 1 ≤ p ≤ ∞ . Ïðèïóñòèìî, ùî

0 ∈ ρ(A) i ïîçíà÷èìî ÷åðåç Cm := Cm(A) (m ∈ N) îáëàñòü âèçíà÷åí-

íÿ îïåðàòîðà Am ç íîðìîþ ‖x‖Cm = ‖Amx‖ äëÿ x ∈ Cm . Âèçíà÷èìî
áàíàõîâi ïðîñòîðè

Eνq,p(Cm) =
{
x ∈ C∞(A) : ‖x‖Eν,mq,p <∞

}
,

ç íîðìîþ

‖x‖Eν,mq,p =


(∑

k∈N

‖x∗k−1,ν‖
p
Cmk

p
q−1

)1/p

, 1 ≤ p <∞,

sup
k∈N
‖x∗k−1,ν‖Cmk

1
q , p =∞,

äå {x∗k,ν}k∈N0
� ïîñëiäîâíiñòü, ÿêà ñêëàäà¹òüñÿ ç åëåìåíòiâ

xk,ν := (A/ν)kx , ðîçìiùåíèõ â ïîðÿäêó íåçðîñòàííÿ íîðì

‖x∗0,ν‖Cm ≥ ‖x∗1,ν‖Cm ≥ . . . ≥ ‖x∗k,ν‖Cm ≥ . . . .

Íà ïiäïðîñòîði Eq,p(Cm) :=
⋃
ν>0 Eνq,p(Cm) âèçíà÷èìî êâàçiíîðìó

|x|Emq,p := ‖x‖Cm + inf
{
ν > 0: x ∈ Eνq,p(Cm)

}
i ðîçãëÿíåìî ôóíêöiîíàë

Em
q,p(t, x) = inf

{
‖x− x0‖Cm : x0 ∈ Eq,p(Cm), |x0|Emq,p ≤ t

}
, x ∈ Cm.

ßêùî q = p , òî Ep,p(Cm) = Ep(Cm) i

|x|Emp,p = |x|Emp := ‖x‖Cm + inf
{
ν > 0: x ∈ Eνp (Cm)

}
.

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} àáî {0 ≤ s <∞, τ =∞}
âèçíà÷èìî øêàëó ïðîñòîðiâ

Bsq,p,τ(Cm) := Bsq,p,τ(Cm,X) :=
{
x ∈ Cm : |x|Bsq,p,τ (Cm) <∞

}
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iç êâàçiíîðìîþ

|x|Bsq,p,τ (Cm) =


(∫ ∞

0

[
tsEm

q,p(t, x)
]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
sEm

q,p(t, x), τ =∞.

Äëÿ ñïðîùåííÿ çàïèñiâ âèêîðèñòîâó¹ìî ïîçíà÷åííÿ Bs,mq,p,τ := Bsq,p,τ(Cm) .

ßêùî q = p , òî îòðèìó¹ìî øêàëó àïðîêñèìàöiéíèõ ïðîñòîðiâ

Bsp,p,τ(Cm) := Bsp,τ(Cm) :=
{
x ∈ Cm : |x|Bs,mp,τ <∞

}
iç êâàçiíîðìîþ

|x|Bs,mp,τ =


(∫ ∞

0

[
tsEm

p (t, x)
]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
sEm

p (t, x), τ =∞.

Òåîðåìà 2.2.3. (i) ßêùî [Bsq,p,τ(Cm)]ϑ � ïðîñòið Bsq,p,τ(Cm) , íàäi-

ëåíèé êâàçiíîðìîþ |x|ϑBs,mq,p,τ , x ∈ B
s
q,p,τ(Cm) , òî âèêîíó¹òüñÿ ðiâíiñòü

[Bsq,p,τ(Cm)]ϑ = (Eq,p(Cm), Cm)ϑ,g , ϑ = 1/(s+ 1), τ = gϑ. (2.32)

(ii) Ïðîñòîðè Bsq,p,τ(Cm) ïîâíi.

(iii) ßêùî 0 < τ <∞ , 0 < ϑ < 1 , s = (1− ϑ)s0 + ϑs1 i s0 6= s1 , òî(
Bs0
q,p,τ0

(Cm), Bs1
q,p,τ1

(Cm)
)
ϑ,τ

= Bsq,p,τ(Cm) (2.33)

i iñíóþòü ïîñòiéíi c1 , c2 , òàêi, ùî

|x|Bs,mq,p,τ ≤ c1|x|1−ϑBs0,mq,p,τ0

|x|ϑBs1,mq,p,τ1
, x ∈ Bs0

q,p,τ0
(Cm) ∩ Bs1

q,p,τ1
(Cm), (2.34)

K
(
t, x;Bs0

q,p,τ0
(Cm),Bs1

q,p,τ1
(Cm)

)
≤ c2t

ϑ |x|Bs,mq,p,τ , x ∈ B
s
q,p,τ(Cm).(2.35)

(iv) ßêùî 0 < τ ≤ % <∞ , òî âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ

Bsq,p,τ(Cm) ⊂ Bsq,p,%(Cm). (2.36)
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Ä î â å ä å í í ÿ. (i) Âèçíà÷èìî ôóíêöiþ

K∞ (t, x; Eq,p(Cm), Cm) = inf
x=x0+x1

max
{
|x0|Emq,p, t‖x

1‖Cm
}

äëÿ x0 ∈ Eq,p(Cm) i x1 ∈ Cm . Çãiäíî ç [3, ëåìà 7.1.2], äëÿ êîæíîãî t > 0

iñíó¹ òàêå υ > 0 , ùî

K∞ (t, x; Eq,p(Cm), Cm) = υ, lim
µ↓υ

Em
q,p(µ, x) = Em

q,p(υ + 0, x) ≤ υ/t.

Îñêiëüêè äëÿ äîâiëüíîãî ôiêñîâàíîãî x ôóíêöiÿ Em
q,p(υ, x) ¹ ñïàäíà, òî

îòðèìó¹ìî

υ1−ϑ[Em
q,p(υ, x)]ϑ ≤ t−ϑK∞ (t, x; Eq,p(Cm), Cm) ,

çâiäêè âèïëèâà¹ âêëàäåííÿ (Eq,p(Cm), Cm)ϑ,∞ ⊂ [Bsq,p,∞(Cm)]ϑ . Îáåðíåíå

âêëàäåííÿ âèïëèâà¹ ç îöiíêè

t−ϑK∞ (t, x; Eq,p(Cm), Cm) ≤ υ1−ϑ[Em
q,p(υ − 0, x)]ϑ ≤ |x|ϑBs,mq,p,∞.

Ó âèïàäêó g <∞ ìà¹ìî∫ ∞
0

[
t−ϑK∞ (t, x; Eq,p(Cm), Cm)

]g
dt/t

∼ −
∫ ∞

0

K∞ (t, x; Eq,p(Cm), Cm)g dt−ϑg

=

∫ ∞
0

t−ϑgdK∞ (t, x; Eq,p(Cm), Cm)g =

∫ ∞
0

[
υ/Em

q,p(υ, x)
]−ϑg

d(tg)

∼
∫ ∞

0

[
υsEm

q,p(υ, x)
]ϑg
dυ/υ,

ùî é äîâîäèòü ðiâíiñòü (2.32).

(ii) Íà ïðîñòîði Eq,p(Cm) + Cm âèçíà÷èìî íîðìó

‖x‖Emq,p+Cm = inf
x=x0+x1

(
|x0|Emq,p + ‖x1‖Cm

)
, x0 ∈ Eq,p(Cm), x1 ∈ Cm.

Îñêiëüêè |x|Emq,p ≥ ‖x‖Cm , òî ‖x‖Emq,p+Cm = ‖x‖Cm . Îòæå, ïðîñòið Cm

ç íîðìîþ ‖ · ‖Emq,p+Cm ¹ ïîâíèé. Öå îçíà÷à¹, ùî êîæíèé ðÿä
∑

n∈N xn ,
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xn ∈ (Eq,p(Cm), Cm)ϑ,g , òàêèé, ùî
∑

n∈N ‖xn‖(Eq,p(Cm),Cm)ϑ,g < ∞ , çáiæíèé

äî x ∈ Eq,p(Cm) + Cm = Cm .
Iç íåðiâíîñòi

∥∥∑
n∈N xn

∥∥
(Eq,p(Cm),Cm)ϑ,g

≤
∑

n∈N ‖xn‖(Eq,p(Cm),Cm)ϑ,g , îòðè-

ìó¹ìî, ùî x ∈ (Eq,p(Cm), Cm)ϑ,g . Îòæå, (Eq,p(Cm), Cm)ϑ,g ¹ ïîâíèé. Içîìîð-

ôiçì (2.32) äà¹ ïîâíîòó ïðîñòîðó Bsq,p,τ(Cm) .

(iii) Çàñòîñîâóþ÷è òåîðåìó ðåiòåðàöi¨ [3, òåîðåìà 3.11.5] äëÿ iíäåêñiâ

ϑ = (1− η)ϑ0 + ηϑ1 , ϑi = 1/(si + 1) (i = 0, 1) , ϑ = 1/(s + 1) , τ = gϑ i

0 < η < 1 , îòðèìó¹ìî(
[Bs0

q,p,τ0
(Cm)]ϑ0, [Bs1

q,p,τ1
(Cm)]ϑ1

)
η,g

= [Bsq,p,τ(Cm)]ϑ. (2.37)

Çàñòîñîâóþ÷è òåîðåìó ïðî ñòåïåíi [3, òåîðåìà 3.11.6], ïðè% = ηϑ1/ϑ

îòðèìó¹ìî(
[Bs0

q,p,τ0
(Cm)]ϑ0, [Bs1

q,p,τ1
(Cm)]ϑ1

)
η,g

=
(
Bs0
q,p,τ0

(Cm), Bs1
q,p,τ1

(Cm)
)ϑ
%,τ
. (2.38)

Ðiâíîñòi (2.37) i (2.38) äëÿ s = (1 − %)s0 + %s1 äàþòü (2.33) ç % = ϑ .

Íåðiâíîñòi (2.34) i (2.35) âèïëèâàþòü ç (2.33) i âiäîìèõ iíòåðïîëÿöiéíèõ

âëàñòèâîñòåé [3, òåîðåìà 3.11.2].

(iv) Äëÿ êîæíîãî x ∈
(
Bs0
q,p,τ0

(Cm), Bs1
q,p,τ1

(Cm)
)
ϑ,τ

iñíó¹ òàêà ïîñòiéíà

c > 0 , ùî

|x|(Bs0,mq,p,τ0 ,B
s1,m
q,p,τ1)ϑ,%

≤
(

sup
t>0

t−ϑK(t, x;Bs0
q,p,τ0

(Cm), Bs1
q,p,τ1

(Cm))

)1−τ/%

×
(∫ ∞

0

[
t−ϑK(t, x;Bs0

q,p,τ0
(Cm), Bs1

q,p,τ1
(Cm))

]τ dt
t

)1/%

≤ c |x|(Bs0,mq,p,τ0 ,B
s1,m
q,p,τ1)ϑ,τ

,

à òîìó
(
Bs0
q,p,τ0

(Cm), Bs1
q,p,τ1

(Cm)
)
ϑ,τ
⊂
(
Bs0
q,p,τ0

(Cm), Bs1
q,p,τ1

(Cm)
)
ϑ,%

. Çâiäñè i

ç (2.33), îòðèìó¹ìî (2.36). Òåîðåìà äîâåäåíà.

Íàñëiäîê 2.2.2. (i) ßêùî [Bsp,τ(Cm)]ϑ � ïðîñòið Bsp,τ(Cm) , íàäiëå-

íèé êâàçiíîðìîþ |x|ϑBs,mp,τ , x ∈ B
s
p,τ(Cm) , òî

[Bsp,τ(Cm)]ϑ = (Ep(Cm), Cm)ϑ,g , ϑ = 1/(s+ 1), τ = gϑ. (2.39)
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(ii) Ïðîñòîðè Bsp,τ(Cm) ïîâíi.

(iii) ßêùî 0 < τ <∞ , 0 < ϑ < 1 , s = (1− ϑ)s0 + ϑs1 i s0 6= s1 , òî(
Bs0
p,τ0

(Cm), Bs1
p,τ1

(Cm)
)
ϑ,τ

= Bsp,τ(Cm) (2.40)

i iñíóþòü ïîñòiéíi c1 , c2 , òàêi, ùî

|x|Bs,mp,τ ≤ c1|x|1−ϑBs0,mp,τ0

|x|ϑBs1,mp,τ1
, x ∈ Bs0

p,τ0
(Cm)

⋂
Bs1
p,τ1

(Cm), (2.41)

K
(
t, x;Bs0

p,τ0
(Cm),Bs1

p,τ1
(Cm)

)
≤ c2t

ϑ |x|Bs,mp,τ , x ∈ Bsp,τ(Cm). (2.42)

(iv) ßêùî 0 < τ ≤ % <∞ , òî âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ

Bsp,τ(Cm) ⊂ Bsp,%(Cm). (2.43)

Âèçíà÷èìî ôóíêöiîíàë âèãëÿäó

Eν,m
p (t, x) = inf

{
‖x− x0‖Cm : x0 ∈ Eνp (Cm), ‖x0‖Eν,mp ≤ t

}
, x ∈ Cm.

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} àáî {0 ≤ s <∞, τ =∞} âèçíà-
÷èìî øêàëó ïðîñòîðiâ

Bν,sp,τ(Cm) := Bν,sp,τ(Cm,X) :=
{
x ∈ X : |x|Bν,sp,τ (Cm) <∞

}
ç êâàçiíîðìîþ

|x|Bν,sp,τ (Cm) =


(∫ ∞

0

[
tsEν,m

p (t, x)
]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
sEν,m

p (t, x), τ =∞.

Äëÿ ñïðîùåííÿ çàïèñiâ âèêîðèñòîâó¹ìî ïîçíà÷åííÿ Bν,s,mp,τ := Bν,sp,τ(Cm) .

Òåîðåìà 2.2.4. (i) ßêùî [Bν,sp,τ(Cm)]ϑ � ïðîñòið Bν,sp,τ(Cm) , íàäiëå-

íèé êâàçiíîðìîþ |x|ϑBν,s,mp,τ
, x ∈ Bν,sp,τ(Cm) , òî

[Bν,sp,τ(Cm)]ϑ =
(
Eνp (Cm), Cm

)
ϑ,g
, ϑ = 1/(s+ 1), τ = gϑ (2.44)

(ç òî÷íiñòþ äî åêâiâàëåíòíîñòi êâàçiíîðì).



114

(ii) Ïðîñòîðè Bν,sp,τ(Cm) ïîâíi.

(iii) ßêùî 0 < τ <∞ , 0 < ϑ < 1 , s = (1− ϑ)s0 + ϑs1 i s0 6= s1 , òî(
Bν,s0
p,τ0

(Cm), Bν,s1
p,τ1

(Cm)
)
ϑ,τ

= Bν,sp,τ(Cm) (2.45)

i iñíóþòü ïîñòiéíi c1 , c2 , òàêi, ùî

|x|Bν,s,mp,τ
≤ c1|x|1−ϑBν,s0,mp,τ0

|x|ϑBν,s1,mp,τ1
, x ∈ Bν,s0

p,τ0
(Cm) ∩ Bν,s1

p,τ1
(Cm), (2.46)

K
(
t, x;Bν,s0

p,τ0
(Cm),Bν,s1

p,τ1
(Cm)

)
≤ c2t

ϑ |x|Bν,s,mp,τ
, x ∈ Bν,sp,τ(Cm). (2.47)

(iv) ßêùî 0 < τ ≤ % <∞ , òî âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ

Bν,sp,τ(Cm) ⊂ Bν,sp,%(Cm). (2.48)

Ä î â å ä å í í ÿ. (i) Âèçíà÷èìî ôóíêöiîíàë

K∞
(
t, x; Eνp (Cm), Cm

)
= inf

x=x0+x1
max

{
‖x0‖Eν,mp , t‖x1‖Cm

}
äëÿ x0 ∈ Eνp (Cm) i x1 ∈ Cm .

Çàñòîñîâóþ÷è [3, ëåìà 7.1.2], äëÿ êîæíîãî t > 0 çíàõîäèìî òàêå

υ > 0 , ùî

υ1−ϑ[Eν,m
p (υ, x)]ϑ ≤ t−ϑK∞

(
t, x; Eνp (Cm), Cm

)
,

çâiäêè îòðèìó¹ìî âêëàäåííÿ
(
Eνp (Cm), Cm

)
ϑ,∞ ⊂ [Bν,sp,∞(Cm)]ϑ . Îáåðíåíå

âêëàäåííÿ âèïëèâà¹ ç îöiíêè

t−ϑK∞
(
t, x; Eνp (Cm), Cm

)
≤ υ1−ϑ[Eν,m

p (υ − 0, x)]ϑ ≤ |x|ϑBν,s,mp,∞
.

Ó âèïàäêó g <∞ ìà¹ìî∫ ∞
0

[
t−ϑK∞

(
t, x; Eνp (Cm), Cm

) ]g
dt/t

∼ −
∫ ∞

0

K∞
(
t, x; Eνp (Cm), Cm

)g
dt−ϑg

=

∫ ∞
0

t−ϑgdK∞
(
t, x; Eνp (Cm), Cm

)g
=

∫ ∞
0

[
υ/Eν,m

p (υ, x)
]−ϑg

d(tg)

∼
∫ ∞

0

[
υsEν,m

p (υ, x)
]ϑg
dυ/υ,
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ùî é äîâîäèòü ðiâíiñòü (2.44).

(ii) Ïðîñòið (Eνp (Cm), Cm)ϑ,g ïîâíèé ÿê iíòåðïîëÿöiéíèé ïðîñòið ìiæ

áàíàõîâèìè ïðîñòîðàìè Eνp (Cm) i Cm [86, òåîðåìà 1.3.3]. Içîìîðôiçì

(2.44) äà¹ ïîâíîòó ïðîñòîðó Bν,sp,τ(Cm) .

(iii) Çàñòîñîâóþ÷è òåîðåìó ðåiòåðàöi¨ [3, òåîðåìà 3.11.5] äëÿ iíäåêñiâ

ϑ = (1− η)ϑ0 + ηϑ1 , ϑi = 1/(si + 1) (i = 0, 1) , ϑ = 1/(s + 1) , τ = gϑ i

0 < η < 1 , îòðèìó¹ìî(
[Bν,s0

p,τ0
(Cm)]ϑ0, [Bν,s1

p,τ1
(Cm)]ϑ1

)
η,g

= [Bν,sp,τ(Cm)]ϑ. (2.49)

Çàñòîñîâóþ÷è òåîðåìó ïðî ñòåïåíi [3, òåîðåìà 3.11.6], ïðè% = ηϑ1/ϑ

îòðèìó¹ìî(
[Bν,s0

p,τ0
(Cm)]ϑ0, [Bν,s1

p,τ1
(Cm)]ϑ1

)
η,g

=
(
Bν,s0
p,τ0

(Cm), Bν,s1
p,τ1

(Cm)
)ϑ
%,τ
. (2.50)

Ðiâíîñòi (2.49) i (2.50) äëÿ s = (1 − %)s0 + %s1 äàþòü (2.45) ç % = ϑ .

Íåðiâíîñòi (2.46) i (2.47) ¹ íàñëiäêîì (2.45) i âiäîìèõ iíòåðïîëÿöiéíèõ

âëàñòèâîñòåé [3, òåîðåìà 3.11.2].

(iv) Äëÿ êîæíîãî x ∈
(
Bν,s0
p,τ0

(Cm), Bν,s1
p,τ1

(Cm)
)
ϑ,τ

iñíó¹ òàêà ïîñòiéíà

c > 0 , ùî

|x|(Bν,s0p,τ0 (Cm),Bν,s1p,τ1 (Cm))
ϑ,%

≤
(

sup
t>0

t−ϑK(t, x;Bν,s0
p,τ0

(Cm), Bν,s1
p,τ1

(Cm)

)1−τ/%

×
(∫ ∞

0

[
t−ϑK(t, x;Bν,s0

p,τ0
(Cm), Bν,s1

p,τ1
(Cm))

]τ dt
t

)1/%

≤ c |x|(Bν,s0p,τ0 (Cm),Bν,s1p,τ1 (Cm))
ϑ,τ

,

çâiäêè ìà¹ìî
(
Bν,s0
p,τ0

(Cm), Bν,s1
p,τ1

(Cm)
)
ϑ,τ
⊂
(
Bν,s0
p,τ0

(Cm), Bν,s1
p,τ1

(Cm)
)
ϑ,%

. Çâiäñè

i ç ðiâíîñòi (2.45) îòðèìó¹ìî (2.48). Òåîðåìà äîâåäåíà.



116

2.3. Íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà òà ñïåêòðàëüíi

àïðîêñèìàöi¨

Äîñëiäæó¹ìî ïðîáëåìó íàáëèæåííÿ çàäàíîãî åëåìåíòà áàíàõîâîãî

ïðîñòîðó X åëåìåíòàìè A -iíâàðiàíòíèõ ïiäïðîñòîðiâ Eνq,p(A) ç ôiêñîâà-

íèìè iíäåêñàìè q i p . Äëÿ öüîãî âèêîðèñòîâó¹ìî àïðîêñèìàöiéíi ïðîñòî-

ðè Bsq,p,τ(A) , ïîðîäæåíi E � ôóíêöiîíàëîì, ÿêèé ó ñâîþ ÷åðãó ïîâ'ÿçàíèé

ç ïîõèáêàìè íàáëèæåííÿ íåðiâíîñòÿìè òèïó Áåðíøòåéíà-Äæåêñîíà.

Òåîðåìà 2.3.1. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bsq,p,τ (A) ≤ cs,τ |x|sEq,p(A)‖x‖, x ∈ Eq,p(A), (2.51)

tsE(t, x; Eq,p(A),X) ≤ 2s+1Cs,τ |x|Bsq,p,τ (A), x ∈ Bsq,p,τ(A), (2.52)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Êðiì òîãî, äëÿ ôiêñîâàíîãî s ìà¹ìî

lim inf
τ→∞

κs,τ = lim sup
τ→∞

κ−1
s,τ = 1. (2.53)

Ä î â å ä å í í ÿ. Äëÿ ñïðîùåííÿ çàïèñiâ ïîêëàäåìî E(A) := Eq,p(A) ,

Bsτ(A) := Bsq,p,τ(A) .

Íåõàé 1 ≤ q <∞ i x 6= 0 . Îñêiëüêè

K(t, x; E(A),X) ≤ min
(
|x|E(A), t‖x‖

)
,
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îòðèìó¹ìî

|x|q(E(A),X)θ,q
≤ ‖x‖q

∫ α

0

t−1+q(1−θ)dt+ |x|qE(A)

∫ ∞
α

t−1−θqdt

=
1

q(1− θ)
αq(1−θ)‖x‖q +

1

θq
α−θq|x|qE(A)

=
1

qθ(1− θ)

(
|x|1−θE(A)‖x‖

θ
)q

äëÿ α = |x|E(A)/‖x‖ . Öå ìîæíà çàïèñàòè ÿê

|x|(E(A),X)θ,q ≤ [qθ(1− θ)]−1/q|x|1−θE(A)‖x‖
θ.

ßêùî q = ∞ , òî ìà¹ìî K(t, x; E(A),X) ≤ tθ|x|1−θE(A)‖x‖
θ . Ç ïîïåðåäíiõ

íåðiâíîñòåé ìà¹ìî

|x|(E(A),X)θ,q
≤

 [qθ(1− θ)]−1/q |x|1−θE(A)‖x‖
θ : q <∞

|x|1−θE(A)‖x‖
θ : q =∞.

(2.54)

Ðîçãëÿíåìî ôóíêöiîíàë

K∞(t, x; E(A),X) := inf
x=x0+x1

max
(
|x0|E(A), t‖x1‖

)
.

Çàóâàæèìî, ùî v−θK∞(v, x; E(A),X)→ 0 ïðè v → 0 àáî v →∞ , à òà-

êîæ tsE(t, x; E(A),X)→ 0 ïðè t→ 0 àáî t→∞ . Iíòåãðóâàííÿì ÷àñòè-

íàìè iç çàìiíîþ çìiííèõ v = t/E(t, x; E(A),X) , îòðèìó¹ìî∫ ∞
0

(v−θK∞(v, x; E(A),X))qdv/v = − 1

θq

∫ ∞
0

K∞(v, x; E(A),X)qdv−θq

=
1

θq

∫ ∞
0

v−θqdK∞(v, x; E(A),X)q =
1

θq

∫ ∞
0

(t/E(t, x; E(A),X))−θqdtq

=
1

θq2

∫ ∞
0

(tsE(t, x; E(A),X))θqdt/t äëÿ s = 1/θ − 1.

Íàñòóïíi íåðiâíîñòi ¹ íàñëiäêàìè îçíà÷åíü K i K∞ [186, Çàóâàæå-

ííÿ 3.1],

K∞(t, x; E(A),X) ≤ K(t, x; E(A),X) ≤ 2K∞(t, x; E(A),X). (2.55)
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Âiäïîâiäíî äî ëiâî¨ íåðiâíîñòi (2.55), ìà¹ìî

1

θq2
|x|θqBsτ (A) =

1

θq2

∫ ∞
0

(tsE(t, x; E(A),X))θqdt/t

=

∫ ∞
0

(v−θK∞(v, x; E(A),X))qdv/v

≤
∫ ∞

0

(v−θK(v, x; E(A),X))qdv/v = |x|q(E(A),X)θ,q
.

Ç iíøîãî áîêó, ç ïðàâî¨ íåðiâíîñòi (2.55) âèïëèâà¹

|x|q(E(A),X)θ,q
=

∫ ∞
0

(v−θK(v, x; E(A),X))qdv/v

≤ 2q
∫ ∞

0

(v−θK∞(v, x; E(A),X))qdv/v

= 2q
1

θq2

∫ ∞
0

(tsE(t, x; E(A),X))θqdt/t = 2q
1

θq2
|x|θqBsτ (A).

Òàêèì ÷èíîì, êîìáiíóþ÷è ïîïåðåäíi íåðiâíîñòi, îòðèìó¹ìî

|x|q(E(A),X)θ,q
≤ 2q(θq2)−1|x|θqBsτ (A) ≤ 2q|x|q(E(A),X)θ,q

ç τ = θq. (2.56)

Âiäïîâiäíî [3, ëåìà 7.1.2] äëÿ êîæíîãî v > 0 iñíó¹ òàêå t > 0 , ùî

tsE(t, x; E(A),X))θ ≤ v−θK∞(v, x; E(A),X) ≤ (tsE(t− 0, x; E(A),X))θ .

(2.57)

Îñêiëüêè |x|θBs∞(A) ≤ |x|(E(A),X)θ,∞
, íåðiâíîñòi (2.57) äàþòü

ν−θK(ν, x; E(A),X) ≤ ν−θ2K∞(ν, x; E(A),X) ≤ 2(tsE(t− 0, x; E(A),X))θ

≤ 2(sup
t>0

tsE(t, x; E(A),X))θ = 2|x|θBs∞(A).

ßê íàñëiäîê, |x|(E(A),X)θ,∞
≤ 2|x|θBs∞(A) . Çàñòîñîâóþ÷è (2.54), îòðèìó¹ìî

|x|θBsτ (A) ≤

 [q/(1− θ)]1/q|x|1−θE(A)‖x‖
θ : q <∞

|x|1−θE(A)‖x‖
θ : q =∞.

(2.58)

Ïîêëàäàþ÷è s = 1/θ − 1 i τ = θq â (2.58), îòðèìó¹ìî íåðiâíîñòi (2.51).
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Iíòåãðóâàííÿì îáîõ ÷àñòèí íåðiâíîñòi

min(1, v/t)K(t, x; E(A),X) ≤ K(v, x; E(A),X)

îòðèìó¹ìî(∫ ∞
0

(
v−θ min(1, v/t)

)q dv
v

)1/q

K(t, x; E(A),X) ≤

≤
(∫ ∞

0

(
v−θK(v, x; E(A),X)

)q dv
v

)1/q

= |x|(E(A),X)θ,q
i

(∫ ∞
0

(
v−θ min(1, v/t)

)q dv
v

)1/q

=

(∫ t

0

v(1−θ)q−1t−qdv +

∫ ∞
t

v−θq−1dv

)1/q

=
1

[qθ(1− θ)]1/qtθ
,

âiäïîâiäíî. ßê íàñëiäîê,(∫ t

0

v(1−θ)q−1

tq
dv +

∫ ∞
t

v−θq−1dv

)1/q

K(t, x; E(A),X)

=
K(t, x; E(A),X)

[qθ(1− θ)]1/qtθ
≤ |x|(E(A),X)θ,q

.

Îòæå, K(t, x; E(A),X) ≤ [qθ(1 − θ)]1/qtθ|x|(E(A),X)θ,q
. Áåðó÷è äî óâàãè

(2.55), (2.57), ìà¹ìî

v1−θE(v, x; E(A),X)θ ≤ t−θK∞(t, x; E(A),X) ≤ [qθ(1− θ)]1/q|x|(E(A),X)θ,q
.

Çàñòîñîâóþ÷è (2.56), îòðèìó¹ìî

v1−θE(v, x; E(A),X)θ ≤ 2[(1− θ)/q]1/q|x|θBsτ (A).

Ïîêëàäàþ÷è s = (1− θ)/θ i τ = θq , îòðèìó¹ìî (2.52) äëÿ 1 ≤ q <∞ .

ßêùî q =∞ , ìà¹ìî

tsE(t, x; E(A),X) ≤ sup
t>0

tsE(t, x; E(A),X) = |x|Bs∞(A)
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äëÿ âñiõ x ∈ Bs∞(A) . Òàêèì ÷èíîì, íåðiâíîñòi (2.52) âèêîíóþòüñÿ äëÿ

âñiõ 1 ≤ q ≤ ∞ . Ãðàíèöi (2.53) îá÷èñëþþòüñÿ áåçïîñåðåäíüî. Òåîðåìà

äîâåäåíà.

Íåðiâíîñòi (2.51) i (2.52) ¹ íåðiâíîñòÿìè òèïó Áåðíøòåéíà i Äæåêñî-

íà âiäïîâiäíî. ßêùî q = p , òî ç òåîðåìè 2.3.1 îòðèìó¹ìî òàêèé íàñëiäîê.

Íàñëiäîê 2.3.1. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bsp,τ (A) ≤ cs,τ |x|sEp(A)‖x‖, x ∈ Ep(A), (2.59)

tsE(t, x; Ep(A),X) ≤ 2s+1Cs,τ |x|Bsp,τ (A), x ∈ Bsp,τ(A), (2.60)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Âiäñòàíü ìiæ x ∈ X i Eνq,p(A) ïîçíà÷èìî

dq,p(ν, x) = inf
{
‖x− x0‖ : x0 ∈ Eνq,p(A)

}
, ν > 0.

ßêùî |x0|Eq,p = r(x0) + ‖x0‖ < υ , òî ìà¹ìî r(x0) < υ − ‖x0‖ , äå
r(x0) = inf

{
ν > 0: x0 ∈ Eνq,p(A)

}
. Òîìó, x0 ∈ Eνq,p(A) äëÿ âñiõ òàêèõ ÷è-

ñåë ν > 0 , ùî r(x0) < ν < υ−‖x0‖ . Îñêiëüêè, çãiäíî ç òåîðåìîþ 2.1.3(i),

íàÿâíå íåïåðåðâíå âêëàäåííÿ Eνq,p(A) ⊂ Eυq,p(A) , òî x0 ∈ Eυq,p(A) . Îòæå,

ìà¹ìî íåðiâíiñòü

dq,p(υ, x) ≤ Eq,p(υ, x), x ∈ X, υ > 0. (2.61)

Íåðiâíîñòi (2.61) i (2.52) äàþòü îöiíêó

dq,p(ν, x) ≤ 2s+1Cs,τ ν
−s |x|Bsq,p,τ , x ∈ Bsq,p,τ(A). (2.62)

Ïîâòîðþþ÷è ìiðêóâàííÿ äîâåäåííÿ òåîðåìè 2.3.1 îòðèìó¹ìî íåðiâ-

íîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâàçiíîðì àïðîêñèìàöié-

íèõ ïðîñòîðiâ Bν,sp,τ(A) .
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Òåîðåìà 2.3.2. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bν,sp,τ (A) ≤ cs,τ |x|sEνp (A)‖x‖, x ∈ Eνp (A), (2.63)

tsE(t, x; Eνp (A),X) ≤ 2s+1Cs,τ |x|Bν,sp,τ (A), x ∈ Bν,sp,τ(A), (2.64)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Êðiì òîãî, ìà¹ìî

dp(ν, x) ≤ 2s+1Cs,τ ν
−s |x|Bν,sp,τ , x ∈ Bν,sp,τ(A), (2.65)

äå dp(ν, x) = inf
{
‖x− x0‖ : x0 ∈ Eνp (A)

}
.

Äàëi ðîçãëÿíåìî ïðîáëåìó íàáëèæåííÿ çàäàíîãî åëåìåíòà áàíàõî-

âîãî ïðîñòîðó Cm (m ∈ N) åëåìåíòàìè A -iíâàðiàíòíèõ ïiäïðîñòîðiâ

Eνq,p(Cm) ç ôiêñîâàíèìè iíäåêñàìè q i p . Âiäñòàíü ìiæ x ∈ Cm i Eνq,p(Cm)

ïîçíà÷èìî

dmq,p(ν, x) = inf
{
‖x− x0‖Cm : x0 ∈ Eνq,p(Cm)

}
, ν > 0.

Òåîðåìà 2.3.3. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bs,mq,p,τ ≤ cs,τ |x|sEmq,p‖x‖Cm, x ∈ Eq,p(C
m), (2.66)

tsE(t, x; Eq,p(Cm), Cm) ≤ 2s+1Cs,τ |x|Bs,mq,p,τ , x ∈ B
s
q,p,τ(Cm), (2.67)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Êðiì òîãî, ìà¹ìî

dmq,p(ν, x) ≤ 2s+1Cs,τ ν
−s |x|Bs,mq,p,τ , x ∈ Bsq,p,τ(Cm). (2.68)
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Ä î â å ä å í í ÿ. Iç òåîðåìè 2.2.3(i) ïðè ϑ = 1/(s + 1) i τ = gϑ

ìà¹ìî

Eq,p(Cm) ⊂ [Bsq,p,τ(Cm)]ϑ = (Eq,p(Cm), Cm)ϑ,g ⊂ C
m.

Ïîâòîðþþ÷è äàëi ìiðêóâàííÿ äîâåäåííÿ òåîðåìè 2.3.1 îòðèìó¹ìî

íåðiâíîñòi (2.66) i (2.67).

ßêùî |x0|Emq,p = r(x0) + ‖x0‖Cm < υ , òî ìà¹ìî r(x0) < υ − ‖x0‖Cm ,
äå r(x0) = inf

{
ν > 0: x0 ∈ Eνq,p(Cm)

}
. Òîìó, x0 ∈ Eνq,p(Cm) äëÿ âñiõ òàêèõ

÷èñåë ν > 0 , ùî r(x0) < ν < υ − ‖x0‖Cm . Îñêiëüêè íàÿâíå íåïåðåðâíå

âêëàäåííÿ Eνq,p(Cm) ⊂ Eυq,p(Cm) , òî x0 ∈ Eυq,p(Cm) . Îòæå, ìà¹ìî íåðiâíiñòü

dmq,p(υ, x) ≤ Em
q,p(υ, x), x ∈ Cm, υ > 0. (2.69)

Íåðiâíîñòi (2.67) i (2.69) äàþòü îöiíêó (2.68). Òåîðåìà äîâåäåíà.

Íàñëiäîê 2.3.2. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bs,mp,τ ≤ cs,τ |x|sEmp ‖x‖Cm, x ∈ Ep(C
m), (2.70)

tsE(t, x; Ep(Cm), Cm) ≤ 2s+1Cs,τ |x|Bs,mp,τ , x ∈ B
s
p,τ(Cm), (2.71)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Êðiì òîãî, ìà¹ìî

dmp (ν, x) ≤ 2s+1Cs,τ ν
−s |x|Bs,mp,τ , x ∈ Bsp,τ(Cm), (2.72)

äå dmp (ν, x) = inf
{
‖x− x0‖Cm : x0 ∈ Eνp (Cm)

}
� âiäñòàíü ìiæ x ∈ Cm i

ïiäïðîñòîðîì Eνp (Cm) .

Íåðiâíîñòi (2.70), (2.71) i (2.72) âèïëèâàþòü âiäïîâiäíî iç (2.66),

(2.67) i (2.68) ïðè q = p .
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Òåîðåìà 2.3.4. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bν,s,mp,τ
≤ cs,τ |x|sEν,mp ‖x‖Cm, x ∈ E

ν
p (Cm), (2.73)

tsE(t, x; Eνp (Cm), Cm) ≤ 2s+1Cs,τ |x|Bν,s,mp,τ
, x ∈ Bν,sp,τ(Cm), (2.74)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Êðiì òîãî, ìà¹ìî

dmp (ν, x) ≤ 2s+1Cs,τ ν
−s |x|Bν,s,mp,τ

, x ∈ Bsp,τ(Cm). (2.75)

äå dmp (ν, x) = inf
{
‖x− x0‖Cm : x0 ∈ Eνp (Cm)

}
� âiäñòàíü ìiæ x ∈ Cm i

ïiäïðîñòîðîì Eνp (Cm) .

Ä î â å ä å í í ÿ. Äîñòàòíüî ïîâòîðèòè ìiðêóâàííÿ äîâåäåííÿ òåî-

ðåìè 2.3.1 i âðàõóâàòè íåðiâíiñòü dmp (ν, x) ≤ Eν,m
p (ν, x) , x ∈ Cm , ν > 0 .

Òåîðåìà äîâåäåíà.

Òåïåð ðîçãëÿíåìî ïðîáëåìó ñïåêòðàëüíèõ àïðîêñèìàöié äëÿ îïåðà-

òîðà ç òî÷êîâèì ñïåêòðîì, ùî ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà-

÷åíü, ÿêi ¹ ïîëþñàìè ðåçîëüâåíòè, â òåðìiíàõ êâàçiíîðì âèçíà÷åíèõ âèùå

àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà.

Âèçíà÷èìî îá'¹äíàííÿ R(A) :=
⋃
ν>0Rν(A) iç êâàçiíîðìîþ

|x|R(A) = ‖x‖+ inf {ν > 0: x ∈ Rν(A)} .

Â ñèëó ðiâíîñòi (2.7) ìà¹ìî

Ep(A) = R(A), |x|Ep(A) = |x|R(A), x ∈ Ep(A). (2.76)

ßê íàñëiäîê, íåðiâíîñòi (2.59) i (2.60) ìîæíà ïåðåïèñàòè ó âèãëÿäi:

|x|Bsq,p,τ (A) ≤ cs,τ |x|sR(A)‖x‖, x ∈ R(A), (2.77)
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tsE(t, x;R(A),X) ≤ 2s+1Cs,τ |x|Bsq,p,τ (A), x ∈ Bsq,p,τ(A), (2.78)

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.3.1.

Íåõàé Sλj(A) = {x ∈ C∞(A) : (λjI − A)x = 0} � ïiäïðîñòið âëà-

ñíèõ âåêòîðiâ, ùî âiäïîâiäàþòü âëàñíîìó çíà÷åííþ λj ∈ σ(A) , Sν(A)

� êîìïëåêñíà ëiíiéíà îáîëîíêà âñiõ Sλj(A) òàêèõ, ùî |λj| = ν , λj ∈
σ(A) , Rν(A) � êîìïëåêñíà ëiíiéíà îáîëîíêà âñiõ êîðåíåâèõ ïiäïðîñòî-

ðiâ Rλj(A) , äëÿ ÿêèõ |λj| < ν i Qν(A) = Rν(A)⊕ Sν(A) .

Íåõàé 1 < q <∞ , 1 ≤ p ≤ ∞ . Â ñèëó ðiâíîñòåé (2.7) i (2.8) ìîæíà

âèçíà÷èòè iíòåðïîëÿöiéíèé ïðîñòið (Rν(A),Qν(A))1−1/q,p ç íîðìîþ

‖x‖(Rν(A),Qν(A))1−1/q,p
=


(∫ ∞

0

[
t1/q−1K(t, x; ·)

]p dt
t

)1/p

, p <∞,

sup
t>0

t1/q−1K(t, x; ·), p =∞,

äå K(t, x; ·) = inf
x=x0+x1

(
‖x0‖Rν(A) + t‖x1‖Qν(A)

)
, x0 ∈ Rν(A) , x1 ∈ Qν(A)

i ‖ · ‖Rν(A) := ‖ · ‖Eν1 (A) , ‖ · ‖Qν(A) := ‖ · ‖Eν∞(A) .

Òåîðåìà 2.3.5. Íåõàé A � îïåðàòîð ç òî÷êîâèì ñïåêòðîì, ùî

ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü, ÿêi ¹ ïîëþñàìè ðåçîëüâåí-

òè Rλ(A) . Òîäi âèêîíóþòüñÿ òàêi îöiíêè

inf
{
‖x− x0‖ : x0 ∈ Rν(A)

}
≤ 2s+1Cs,τ ν

−s |x|Bsp,τ , x ∈ B
s
p,τ(A), (2.79)

inf
{
‖x− x0‖ : x0 ∈ Rν(A)

}
≤ 2s+1Cs,τ ν

−s |x|Bν,sp,τ , x ∈ B
ν,s
p,τ(A). (2.80)

Êðiì òîãî, äëÿ âñiõ x ∈ Bsq,p,τ(A)

inf
{
‖x− x0‖ : x0 ∈ (Rν(A),Qν(A))1−1/q,p

}
≤ 2s+1Cs,τ ν

−s |x|Bsq,p,τ .(2.81)

Ä î â å ä å í í ÿ. Îöiíêè (2.79) i (2.80) ¹ ïðÿìèì íàñëiäêîì ðiâíîñòi

(2.7) i íåðiâíîñòåé (2.62) i (2.65).

Ç ðiâíîñòåé (2.8) i (2.1) äëÿ 1 < q <∞ i 1 ≤ p ≤ ∞ ìà¹ìî

(Rν(A),Qν(A))1−1/q,p = Eνq,p(A). (2.82)
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Îöiíêà (2.81) âèïëèâà¹ òåïåð ç ðiâíîñòi (2.82) i íåðiâíîñòi (2.52). Òåîðåìà

äîâåäåíà.

Íåõàé Sν,m(A) � êîìïëåêñíà ëiíiéíà îáîëîíêà âñiõ Sλj(A) òàêèõ,

ùî |λj|m+1 = ν , λj ∈ σ(A) , Rν,m(A) � êîìïëåêñíà ëiíiéíà îáîëîíêà

âñiõ êîðåíåâèõ ïiäïðîñòîðiâ Rλj(A) , äëÿ ÿêèõ |λj|m+1 < ν i Qν,m(A) =

Rν,m(A)⊕ Sν,m(A) .

Íåõàé 1 < q <∞ , 1 ≤ p ≤ ∞ . Â ñèëó ðiâíîñòåé (2.7) i (2.8) ìîæíà

âèçíà÷èòè iíòåðïîëÿöiéíèé ïðîñòið (Rν,m(A),Qν,m(A))1−1/q,p ç íîðìîþ

‖x‖(Rν,m(A),Qν,m(A))1−1/q,p
=


(∫ ∞

0

[
t1/q−1K(t, x; ·)

]p dt
t

)1/p

, p <∞,

sup
t>0

t1/q−1K(t, x; ·), p =∞,

äå K(t, x; ·) = inf
x=x0+x1

(
‖x0‖Rν,m(A) + t‖x1‖Qν,m(A)

)
, x0 ∈ Rν,m(A) , x1 ∈

Qν,m(A) i ‖ · ‖Rν,m(A) := ‖ · ‖Eν1 (Cm) , ‖ · ‖Qν,m(A) := ‖ · ‖Eν∞(Cm) .

Òåîðåìà 2.3.6. Íåõàé A � îïåðàòîð ç òî÷êîâèì ñïåêòðîì, ùî

ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü, ÿêi ¹ ïîëþñàìè ðåçîëüâåí-

òè Rλ(A) . Òîäi âèêîíóþòüñÿ òàêi îöiíêè

inf
{
‖x− x0‖Cm : x0 ∈ Rν,m

}
≤ 2s+1Cs,τ ν

−s |x|Bs,mp,τ , x ∈ B
s
p,τ(Cm), (2.83)

inf
{
‖x− x0‖Cm : x0 ∈ Rν,m

}
≤ 2s+1Cs,τ ν

−s |x|Bν,s,mp,τ
, x ∈ Bν,sp,τ(Cm). (2.84)

Êðiì òîãî, äëÿ âñiõ x ∈ Bsq,p,τ(Cm)

inf
{
‖x− x0‖Cm : x0 ∈ (Rν,m,Qν,m)1−1/q,p

}
≤ 2s+1Cs,τ ν

−s |x|Bs,mq,p,τ . (2.85)

Ä î â å ä å í í ÿ. Îöiíêè (2.83) i (2.84) âèïëèâàþòü ç ðiâíîñòi

Eνp (Cm) = span
{
Rλj(A) : |λj|m+1 < ν

}
, m ∈ N,

i íåðiâíîñòåé (2.72) i (2.75).

Ç ðiâíîñòåé (2.8) i (3.20) äëÿ 1 < q <∞ i 1 ≤ p ≤ ∞ ìà¹ìî

(Rν,m(A),Qν,m(A))1−1/q,p = Eνq,p(Cm). (2.86)
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Îöiíêà (2.85) âèïëèâà¹ òåïåð ç ðiâíîñòi (2.86) i íåðiâíîñòi (2.67). Òåîðåìà

äîâåäåíà.

2.4. Àïðîêñèìàöiéíi ïðîñòîðè Á¹ñîâà, àñîöiéîâàíi ç öiëèìè

ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó

Ó öüîìó ïàðàãðàôi ïîêàæåìî çàñòîñóâàííÿ íàâåäåíèõ âèùå àáñòðà-

êòíèõ ðåçóëüòàòiâ äî îòðèìàííÿ íîâèõ ðåçóëüòàòiâ â êëàñè÷íié òåîði¨

àïðîêñèìàöi¨ ôóíêöié.

Íåõàé A = Dq , äå Dq � çàìèêàííÿ â X = Lq(R) (1 < q ≤ ∞)

îïåðàòîðà äèôåðåíöiþâàííÿ. Ó öüîìó âèïàäêó ìà¹ìî

Eν∞(Dq) =
{
u ∈ C∞(Dq) : ‖u‖Eν∞ <∞

}
,

äå ‖u‖Eν∞ = supk∈N0

∥∥(Dq/ν)ku
∥∥
Lq(R)

(ν > 0) , E∞(Dq) =
⋃
ν>0 Eν∞(Dq) .

Ðîçãëÿíåìî ïðîñòið Mν
q öiëèõ êîìïëåêñíèõ ôóíêöié

U : C 3 ξ + iη −→ U(ξ + iη)

åêñïîíåíöiàëüíîãî òèïó ν > 0 , ùî íàëåæàòü Lq(R) ïðè η = 0 . Ïîçíà-

÷èìî Mq =
⋃
ν>0 M

ν
q . Âèçíà÷èìî íà Mq êâàçiíîðìó

|u|Mq
= ‖u‖Lq(R) + sup

{
|ζ| : ζ ∈ suppFu

}
, u ∈Mq,

äå suppFu � íîñié ïåðåòâîðåííÿ Ôóð'¹ Fu ôóíêöi¨ u ∈Mq .

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} àáî {0 ≤ s <∞, τ =∞} i

1 < q ≤ ∞ ïîçíà÷èìî ÷åðåç Bs
q,τ(R) êëàñè÷íèé ïðîñòið Á¹ñîâà ç íîðìîþ

‖ · ‖Bsq,τ . Ïîêàæåìî çâ'ÿçîê ìiæ ïðîñòîðîì Bsp,τ(Dq) and Bs
q,τ(R) .

Òåîðåìà 2.4.1. Âèêîíó¹òüñÿ òàêèé içîìîðôiçì

Bs∞,τ(Dq) = Bs
q,τ(R).
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Ä î â å ä å í í ÿ. Ïîçíà÷èìî u(ξ) = U(ξ + i0) äëÿ U ∈ Mν
q , äå

ξ ∈ R , ν > 0 . Äëÿ êîæíî¨ òàêî¨ öiëî¨ ôóíêöi¨ u âèêîíó¹òüñÿ íåðiâíiñòü

Áåðíøòåéíà ‖Dk
qu‖Lq ≤ νk‖u‖Lq äëÿ âñiõ k ∈ N0 (äèâ. [3, ñ. 228]). Öå

îçíà÷à¹, ùî

‖u‖Eν∞ = sup
k∈N0

∥∥(Dq/ν)ku
∥∥
Lq
≤ ‖u‖Lq

Îòæå, ÿêùî U ∈Mν
q , òî u ∈ Eν∞(Dq) .

Íàâïàêè, íåõàé u ∈ Eν∞(Dq) ç ôiêñîâàíèì ν > 0 . Iç îçíà÷åííÿ

íîðìè â Eν∞(Dq) âèïëèâà¹, ùî ‖Dk
qu‖Lq ≤ νk‖u‖Eν∞ äëÿ âñiõ k ∈ N0 . Öå

îçíà÷à¹, ùî

‖U(·+ iη)‖Lq ≤
∑
k∈N0

∥∥Dk
qu
∥∥
Lq

|η|k

k!
≤ ‖u‖Eν∞ exp

(
ν|η|

)
, η ∈ R (2.87)

äëÿ áóäü-ÿêî¨ ôóíêöi¨ U : C 3 ξ + iη −→ U(ξ + iη) , òàêî¨, ùî u(ξ) =

U(ξ + i0) äëÿ âñiõ ξ ∈ R . Îòæå, U(·+ iη) ∈ Lq(R) äëÿ âñiõ η ∈ R . Iç

íåðiâíîñòi (2.87) âèïëèâà¹, ùî, ÿêùî q =∞ , òî U(·+ iη) ∈Mν
∞ .

Ïîêàæåìî, ùî U(·+ iη) ∈Mν
q äëÿ 1 < q <∞ . Íåõàé Cb(R) � ïðî-

ñòið îáìåæåíèõ íåïåðåðâíèõ êîìïëåêñíèõ ôóíêöié íà R iç sup -íîðìîþ

‖·‖L∞ . Íåõàé W 1
q (R) � ïðîñòið Ñîáîë¹âà, ùî ñïiâïàäà¹ ç îáëàñòþ âèçíà-

÷åííÿ îïåðàòîðà Dq , i íàäiëåíèé íîðìîþ ‖u‖W 1
q

=
(
‖u‖qLq + ‖Du‖qLq

)1/q

,

Äîâåäåìî íåïåðåðâíiñòü âêëàäåííÿ W 1
q (R) ⊂ Cb(R) .

Ðîçãëÿíåìî âèïàäîê 1 < q ≤ 2 . Ïðîñòið Øâàðöà S(R) øâèäêî ñïà-

äíèõ ôóíêöié ¹ ùiëüíèé â W 1
q (R) i iíâàðiàíòíèé âiäíîñíî ïåðåòâîðåí-

íÿ Ôóð'¹ F . Iñíó¹ ïîñòiéíà c1 , òàêà, ùî ‖u‖L∞ ≤ c1‖Fu‖L1
äëÿ âñiõ

u ∈ S(R) , îñêiëüêè F−1 : L1(R) −→ L∞(R) íåïåðåðâíå. Âèêîðèñòà¹ìî

âiäîìèé içîìîðôiçì W 1
q (R) = H1

q (R) (äèâ. [86, òåîðåìà 2.3.3]), äå H1
q (R)

� âiäïîâiäíèé ïðîñòið áåññåëåâèõ ïîòåíöiàëiâ íà R . Çãiäíî ç òåîðåìîþ

Ðiññà-Òîðiíà, ïåðåòâîðåííÿ Ôóð'¹ F : Lq(R) −→ Lr(R) ç 1/r = 1− 1/q
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íåïåðåðâíå. Äëÿ áóäü-ÿêîãî u ∈ S(R) ìà¹ìî

‖u‖L∞ ≤ c1‖Fu‖L1

≤ c1

(∫
R

(
1 + |ζ|2

)−q/2
dζ

)1/q (∫
R

∣∣∣(1 + |ζ|2
)1/2

Fu(ζ)
∣∣∣r dζ)1/r

= c1

(∫
R

(
1 + |ζ|2

)−q/2
dζ

)1/q (∫
R

∣∣∣F ◦ F−1
(
1 + |ζ|2

)1/2
Fu(ζ)

∣∣∣r dζ)1/r

≤ c1c2

(∫
R

(
1 + |ζ|2

)−q/2
dζ

)1/q (∫
R

∣∣∣F−1
(
1 + |ζ|2

)1/2
Fu(ζ)

∣∣∣q dζ)1/q

= c1c2

(∫
R

(
1 + |ζ|2

)−q/2
dζ

)1/q

‖u‖H1
q
≤ c‖u‖W 1

q
,

äå c = c1c2c3

(∫
(1 + |ζ|2)−q/2dζ

)1/q
< ∞ , c2 = ‖F‖L(Lq,Lr) i c3 âèçíà÷å-

íà içîìîðôiçìîì W 1
q (R) = H1

q (R) . ßê íàñëiäîê, âèêîíó¹òüñÿ íåðiâíiñòü

‖u‖L∞ ≤ c‖u‖W 1
q

äëÿ âñiõ u ∈ W 1
q (R) , îñêiëüêè âêëàäåííÿ

S(R) ⊂ W 1
q (R) ùiëüíå.

ßê âiäîìî [79, ãëàâà I, ðîçäië 8, òåîðåìà 1]), íàÿâíi íåïåðåðâíi âêëà-

äåííÿ W 1
q (−n, n) ⊂ Cb(−n, n) äëÿ n ∈ N i 2 ≤ q <∞ . Îòæå, iñíó¹ ïî-

ñòiéíà c , òàêà, ùî ess sup(−n,n) |u| ≤ c‖u‖W 1
q (−n,n) äëÿ âñiõ u ∈ W 1

q (−n, n) .

Ç iíøîãî áîêó, ÿêùî u ∈ W 1
q (R) , òî |u(ξ)|q → 0 ìàéæå âñþäè íà R ïðè

|ξ| → ∞ . Òîìó, äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå n , ùî

ess sup
R
|u| ≤ ε+ ess sup

(−n,n)

|u| ≤ ε+ c‖u‖W 1
q (−n,n) ≤ ε+ c‖u‖W 1

q (R)

äëÿ âñiõ u ∈ W 1
q (R) .

Â ðåçóëüòàòi îáîõ çàçíà÷åíèõ âèùå âèïàäêiâ, ìà¹ìî

‖u‖L∞ ≤ c‖u‖W 1
q
, u ∈ W 1

q (R), 1 < q ≤ ∞.

Îòæå, ‖Dk
qu‖L∞ ≤ c‖Dk

qu‖W 1
q
äëÿ âñiõ k ∈ N0 . Âèêîðèñòîâóþ÷è

íåðiâíiñòü

‖Dk
qu‖

q
W 1
q

= ‖Dk
qu‖

q
Lq

+ ‖Dk+1
q u‖qLq ≤ (1 + νq)νkq‖u‖qEν∞,
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ìà¹ìî

‖U(·+ iη)‖L∞ ≤
∑
k∈N0

∥∥Dk
qu
∥∥
L∞

|η|k

k!
≤ c (1 + νq)1/q exp (ν|η|) ‖u‖Eν∞

äëÿ âñiõ η ∈ R . Îòæå, U ∈ Mν
q äëÿ âñiõ 1 < q ≤ ∞ . Äëÿ çâóæåííÿ

Mν
q 3 U −→ u ∈ Eν∞(Dq) ìà¹ìî

Mν
q = Eν∞(Dq), Mq = E∞(Dq). (2.88)

Çàñòîñîâóþ÷è (2.20), (2.88) i âiäîìi iíòåðïîëÿöiéíi âëàñòèâîñòi ïðîñòîðiâ

Á¹ñîâà (äèâ. [3, òåîðåìà 7.2.4]), îòðèìó¹ìî ïîòðiáíó ðiâíiñòü

Bs∞,τ(Dq) = (E∞(Dq), Lq(R))
1/ϑ
ϑ,r = (Mq, Lq(R))

1/ϑ
ϑ,r = Bs

q,τ(R),

äå ϑ = 1/(s+ 1) i τ = rϑ . Òåîðåìà äîâåäåíà.

Òåîðåìà 2.4.2. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

‖u‖Bsq,τ ≤ cs,τ |u|sMq
‖u‖Lq , u ∈Mq, (2.89)

d∞(ν, u) ≤ 2s+1Cs,τ ν
−s ‖u‖Bsq,τ , u ∈ Bs

q,τ(R), (2.90)

äå d∞(ν, u) = inf
{
‖u− v‖Lq : v ∈ Eν∞(Dq)

}
= inf

{
‖u− v‖Lq : v ∈Mν

q

}
,

ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.3.1.

Ä î â å ä å í í ÿ. Âèêîðèñòîâóþ÷è ïåðøó iç ðiâíîñòåé (2.88) i òåîðåìó

Ïåëi-Âiíåðà ( [57, ðîçäië VI, � 4]), îòðèìó¹ìî

sup {|ζ| : ζ ∈ suppFu} = inf {ν > 0: u ∈ Eν∞(Dq)} , u ∈Mq.

Îòæå, êâàçiíîðìè |u|E∞ i |u|Mq
¹ ðiâíèìè íà Mq . Òåïåð çàëèøèëîñü

ñêîðèñòàòèñÿ íàñëiäêîì 2.3.1 i òåîðåìîþ 2.4.1. Òåîðåìà äîâåäåíà.
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Âèñíîâêè äî ðîçäiëó 2

Ó äàíîìó ðîçäiëi âèçíà÷åíî íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ

åêñïîíåíöiàëüíîãî òèïó çàìêíåíîãî îïåðàòîðà ó áàíàõîâîìó ïðîñòîði.

Âñòàíîâëåíî îñíîâíi âëàñòèâîñòi òàêèõ ïðîñòîðiâ (òåîðåìà 2.1.1).

Äëÿ îïåðàòîðiâ ç òî÷êîâèì ñïåêòðîì âñòàíîâëåíî çâ'ÿçîê ìiæ ¨õ êî-

ðåíåâèìè âåêòîðàìè òà öiëèìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó (òå-

îðåìà 2.1.5). Ïîêàçàíî, ùî ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî

òèïó îïåðàòîðà ç òî÷êîâèì ñïåêòðîì ñïiâïàäàþòü ç ëiíiéíîþ îáîëîíêîþ

îáðàçiâ ïðîåêòîðiâ Ðiñà. Ó âèïàäêó îïåðàòîðà ç òî÷êîâèì ñïåêòðîì, ùî

ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü ñêií÷åííî¨ àëãåáðà¨÷íî¨ êðà-

òíîñòi, ïðîñòið âñiõ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó ñïiâïàäà¹ ç

ëiíiéíîþ îáîëîíêîþ éîãî êîðåíåâèõ âåêòîðiâ.

Çà óìîâè ùiëüíîñòi ìíîæèíè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó

â áàíàõîâîìó ïðîñòîði X äîâåäåíî ìîæëèâiñòü ïðåäñòàâëåííÿ êîæíîãî

åëåìåíòà x ∈ X ó âèãëÿäi ðÿäó, ÷ëåíàìè ÿêîãî ¹ öiëi âåêòîðè åêñïîíåí-

öiàëüíîãî òèïó çàìêíåíîãî îïåðàòîðà (òåîðåìà 2.1.4).

Ââåäåíî íîâi êëàñè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà, àñîöi-

éîâàíèõ ç íåîáìåæåíèìè îïåðàòîðàìè ó áàíàõîâîìó ïðîñòîði X . Ïîêà-

çàíî, ùî òàêi ïðîñòîðè ¹ iíòåðïîëÿöiéíèìè ïðîñòîðàìè ìiæ ïðîñòîðàìè

öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó i ïðîñòîðîì X (òåîðåìè 2.2.1,

2.2.2, íàñëiäîê 2.2.1).

Âèçíà÷åíî øêàëó àïðîêñèìàöiéíèõ ïðîñòîðiâ íà îáëàñòÿõ âèçíà÷å-

ííÿ öiëèõ ñòåïåíiâ îïåðàòîðiâ. Âñòàíîâëåíî iíòåðïîëÿöiéíi âëàñòèâîñòi

òàêèõ ïðîñòîðiâ (òåîðåìè 2.2.3, 2.2.4, íàñëiäîê 2.2.2).

Äîñëiäæåíî ïðîáëåìó íàáëèæåííÿ çàäàíîãî åëåìåíòà áàíàõîâîãî ïðî-

ñòîðó X åëåìåíòàìè A -iíâàðiàíòíèõ ïiäïðîñòîðiâ öiëèõ âåêòîðiâ åêñïî-

íåíöiàëüíîãî òèïó Eνq,p(A) ç ôiêñîâàíèìè iíäåêñàìè q i p . Îòðèìàíi

ðåçóëüòàòè ïðåäñòàâëåíî ó âèãëÿäi íåðiâíîñòåé òèïó Áåðíøòåéíà i Äæå-
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êñîíà â òåðìiíàõ êâàçiíîðì àïðîêñèìàöiéíèõ ïðîñòîðiâ (òåîðåìè 2.3.1,

2.3.2, íàñëiäîê 2.3.1). Ïðè öüîìó îòðèìàíî ÿâíó çàëåæíiñòü êîíñòàíò âiä

ïàðàìåòðiâ ïðîñòîðó òèïó Áåñîâà.

Äîâåäåíî òåîðåìó, ùî õàðàêòåðèçó¹ ñïåêòðàëüíi àïðîêñèìàöi¨ äëÿ

îïåðàòîðà ç òî÷êîâèì ñïåêòðîì â òåðìiíàõ êâàçiíîðì âèçíà÷åíèõ àïðî-

êñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà (òåîðåìà 2.3.5).

Äîñëiäæåíî ïðîáëåìó íàáëèæåííÿ çàäàíîãî åëåìåíòà áàíàõîâîãî

ïðîñòîðó Cm , ùî ¹ îáëàñòþ âèçíà÷åííÿ öiëèõ ñòåïåíiâ (m ∈ N) îïåðàòî-

ðà A , åëåìåíòàìè iíâàðiàíòíèõ ïiäïðîñòîðiâ âåêòîðiâ åêñïîíåíöiàëüíîãî

òèïó Eνq,p(Cm) . Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåð-

ìiíàõ êâàçiíîðì âiäïîâiäíèõ àïðîêñèìàöiéíèõ ïðîñòîðiâ (òåîðåìè 2.3.3,

2.3.4, íàñëiäîê 2.3.2). Äîâåäåíî òåîðåìó, ùî õàðàêòåðèçó¹ ñïåêòðàëüíi

àïðîêñèìàöi¨ äëÿ îïåðàòîðà ç òî÷êîâèì ñïåêòðîì â òåðìiíàõ êâàçiíîðì

âèçíà÷åíèõ àïðîêñèìàöiéíèõ ïðîñòîðiâ (òåîðåìà 2.3.6).

Íà ïðèêëàäi îïåðàòîðà äèôåðåíöiþâàííÿ â ïðîñòîði Lq(R) ïîêàçàíî

çàñòîñóâàííÿ îòðèìàíèõ âèùå àáñòðàêòíèõ ðåçóëüòàòiâ â êëàñè÷íié òåî-

ði¨ àïðîêñèìàöi¨ ôóíêöié. Äîâåäåíî, ùî àïðîêñèìàöiéíèé ïðîñòið, àñîöi-

éîâàíèé ç îïåðàòîðîì äèôåðåíöiþâàííÿ, ïðè ïåâíèõ çíà÷åííÿõ iíäåêñiâ

ñïiâïàäà¹ ç êëàñè÷íèì ïðîñòîðîì Á¹ñîâà (òåîðåìà 2.4.1). ßê íàñëiäîê,

îòðèìàíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà (òåîðåìà 2.4.2) ç òî-

÷íèìè çíà÷åííÿìè êîíñòàíò, ùî âèçíà÷àþòüñÿ ïàðàìåòðàìè ïðîñòîðó

Áåñîâà.

Îñíîâíi ðåçóëüòàòè ðîçäiëó 2 îïóáëiêîâàíi ó ïðàöÿõ [28,43,45,46,54,

127,131,135,138,140,142,143].
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ÐÎÇÄIË 3

IÍÒÅÐÏÎËßÖIß ÏÐÎÑÒÎÐIÂ ÖIËÈÕ

ÂÅÊÒÎÐIÂ ÅÊÑÏÎÍÅÍÖIÀËÜÍÎÃÎ ÒÈÏÓ

Ó äàíîìó ðîçäiëi ðîçâèíåìî òåîðiþ iíòåðïîëÿöi¨ ïðîñòîðiâ öiëèõ âå-

êòîðiâ åêñïîíåíöiàëüíîãî òèïó, àñîöiéîâàíèõ ç íåîáìåæåíèìè îïåðàòîðà-

ìè ó áàíàõîâèõ ïðîñòîðàõ, ó êîíòåêñòi ¨¨ çàñòîñóâàíü â òåîði¨ íàáëèæåíü

ôóíêöié, çîêðåìà, ñïåêòðàëüíèõ àïðîêñèìàöié ðiçíèìè êëàñàìè ôóíêöié

â òåðìiíàõ ¨õ íàéêðàùèõ íàáëèæåíü ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ.

3.1. Iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëü-

íîãî òèïó, äiéñíèé ìåòîä

Âèçíà÷èìî i âñòàíîâèìî îñíîâíi âëàñòèâîñòi iíòåðïîëÿöiéíèõ ïðî-

ñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíîãî îïåðàòîðà, ïî-

ðîäæåíèõ äiéñíèìè ìåòîäàìè iíòåðïîëÿöi¨.

Íåõàé 0 < ν, ν0, ν1 < ∞ , 1 ≤ p, p0, p1 ≤ ∞ i 0 < θ < 1 . Äëÿ ïàðè

ïðîñòîðiâ Eν0
p0

(A) i Eν1
p1

(A) âèçíà÷èìî iíòåðïîëÿöiéíèé ïðîñòið

(
Eν0
p0

(A), Eν1
p1

(A)
)
θ,p

=

{
x ∈ Eν0

p0
(A) + Eν1

p1
(A) : ‖x‖(Eν0p0 ,Eν1p1 )

θ,p

<∞
}
,

‖x‖(Eν0p0 ,Eν1p1 )
θ,p

=


(∫ ∞

0

[
t−θK(t, x; Eν0

p0
(A), Eν1

p1
(A))

]pdt
t

)1/p

, 1 ≤ p <∞,

sup
0<t<∞

t−θK(t, x; Eν0
p0

(A), Eν1
p1

(A)), p =∞,

äå K(t, x; Eν0
p0

(A), Eν1
p1

(A)) = inf
x=x0+x1

(
‖x0‖Eν0p0 + t ‖x1‖Eν1p1

)
, x0 ∈ Eν0

p0
(A) ,

x1 ∈ Eν1
p1

(A) i t > 0 .
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Òåîðåìà 3.1.1. Íåõàé 1 ≤ p, p0, p1 ≤ ∞ , 0 < ν0, ν1 <∞ , ν0 6= ν1 .

Òîäi ïðè ν = ν1−θ
0 νθ1 âèêîíó¹òüñÿ ðiâíiñòü(

Eν0
p0

(A), Eν1
p1

(A)
)
θ,p

= Eνp (A). (3.1)

Ä î â å ä å í í ÿ. Ïðîñòið Eνp (A) içîìåòðè÷íèé ïðîñòîðó ïîñëiäîâíî-

ñòåé âèãëÿäó lνp =
{
x̄ := {ν−kxk}k∈N0

: xk = Akx, x ∈ Eνp (A)
}
ç íîðìîþ

‖x̄‖lνp = ‖x‖Eνp . Çðîáèìî çàìiíó ν = 2−σ, ïðè ÿêié óìîâà ν = ν1−θ
0 νθ1

ïåðåõîäèòü ó ðiâíiñòü σ = (1− θ)σ0 + θσ1 . Òîäi äëÿ x̄ ∈ lmax(ν0,ν1)
∞ ìà¹ìî

K(t, x̄, lν0
∞, l

ν1
∞) ∼ sup

k∈N0

min(2kσ0, t2kσ1)‖xk‖.

ßêùî x̄ ∈ (lν0
∞, l

ν1
∞)θ,p , òî ç òî÷íiñòþ äî äåÿêî¨ ïîñòiéíî¨ c > 0 îòðè-

ìó¹ìî

‖x̄‖p
(lν0∞ , lν1∞)

θ,p

∼
∑
j∈Z

2−θpj(σ0−σ1) sup
k

[
min(2kσ0, 2j(σ0−σ1)+kσ1)‖xk‖

]p
≥
∑
j∈Z

2pj[σ0(1−θ)+σ1θ]‖xj‖p = c‖x̄‖plνp .

Îòæå, âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ (lν0
∞, l

ν1
∞)θ,p ⊂ lνp .

Íåõàé x̄ ∈ lνp i, áåç îáìåæåííÿ çàãàëüíîñòi, ν0 < µ0 < ν < µ1 < ν1 .

Òîäi

K(t, x̄, lν0
1 , l

ν1
1 ) ∼

∑
k∈N

min(2kσ0, t2kσ1)‖xk‖.
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Âèêîðèñòîâóþ÷è íåðiâíiñòü Ãåëüäåðà ( [57, ñ. 56]), ìà¹ìî

‖x̄‖p
(lν01 , l

ν1
1 )

θ,p

∼
∑
j∈Z

2−θpj(σ0−σ1)

[∑
k∈N0

min(2kσ0, 2j(σ0−σ1)+kσ1)‖xk‖
]p

≤ c′
∑
j∈Z

2pj(σ−σ0)

(∑
k≤j

2p
′k(σ0−µ0)

)p/p′(∑
k≤j

2pkµ0‖xk‖p
)

+ c′
∑
j∈Z

2pj(σ−σ1)

(∑
k>j

2p
′k(σ1−µ1)

)p/p′(∑
k>j

2pkµ1‖xk‖p
)

≤ c′′
∑
k∈Z

2pkµ0‖xk‖p
∑
j≥k

2pj(σ−µ0) + c′′
∑
k∈Z

2pkµ1‖xk‖p

×
∑
j<k

2pj(σ−µ1) ≤ c
∑
k∈Z

2kσp‖xk‖p = c‖x̄‖plνp .

Òîìó âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ lνp ⊂ (lν0
1 , l

ν1
1 )θ,p . Ç âëàñòèâîñòåé

iíòåðïîëÿöiéíèõ ïðîñòîðiâ ( [86, òåîðåìà 1.3.3]) îòðèìó¹ìî

(lν0
1 , l

ν1
1 )θ,p ⊂

(
lν0
p0
, lν1
p1

)
θ,p
⊂ (lν0

∞, l
ν1
∞)θ,p

ïðè 1 ≤ p, p0, p1 ≤ ∞. Â ðåçóëüòàòi ìà¹ìî

lνp ⊂
(
lν0
p0
, lν1
p1

)
θ,p
⊂ lνp ,

çâiäêè é âèïëèâà¹ (3.1). Òåîðåìà äîâåäåíà.

Íàñëiäîê 3.1.1. Íåõàé 1 ≤ p, p0, p1 ≤ ∞ , 0 < ν0, ν1 <∞ , ν0 6= ν1

i ν = ν1−θ
0 νθ1 . Iñíóþòü òàêi äîäàòíi ÷èñëà c1 = c1(θ, p) i c2 = c2(θ, p) ,

ùî âèêîíóþòüñÿ íåðiâíîñòi

K(t, x; Eν0
p0

(A), Eν1
p1

(A)) ≤ c1t
θ‖x‖Eνp , x ∈ Eνp (A), (3.2)

‖x‖Eνp ≤ c2‖x‖1−θ
Eν0p0
‖x‖θEν1p1 , x ∈ E

ν0
p0

(A)
⋂
Eν1
p1

(A). (3.3)

Ïðè 1 ≤ p ≤ p̃ ≤ ∞ âèêîíóþòüñÿ âêëàäåííÿ(
Eν0
p0

(A), Eν1
p1

(A)
)
θ,p
⊂
(
Eν0
p0

(A), Eν1
p1

(A)
)
θ,p̃
. (3.4)
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Êðiì òîãî, ÿêùî Eν0
p0

(A) ⊂ Eν1
p1

(A) i 0 < θ0 < θ1 < 1 , òî(
Eν0
p0

(A), Eν1
p1

(A)
)
θ0,p
⊂
(
Eν0
p0

(A), Eν1
p1

(A)
)
θ1,p̃
. (3.5)

Ä î â å ä å í í ÿ. Íåðiâíiñòü (3.2) âèïëèâà¹ ç (3.1) òà îöiíêè

t−θK(t, x; Eν0
p0

(A), Eν1
p1

(A)) = K(t, x; Eν0
p0

(A), Eν1
p1

(A))

(∫ ∞
t

s−θp
ds

s

)1/p

≤ c‖x‖(Eν0p0 ,Eν1p1 )
θ,p

.

Íåõàé x ∈ Eν0
p0

(A)
⋂
Eν1
p1

(A) , λ ∈ C i Tλ = λx � âiäîáðàæåííÿ C â

Eν0
p0

(A) àáî Eν1
p1

(A) âiäïîâiäíî. Òîäi

‖T‖C→Eν0p0 (A) = ‖x‖Eν0p0 , ‖T‖C→Eν1p1 (A) = ‖x‖Eν1p1 .

Íåðiâíiñòü (3.3) âèïëèâà¹ òåïåð ç (3.1) òà îöiíêè

‖x‖(Eν0p0 ,Eν1p1 )
θ,p

= ‖T‖C→(Eν0p0 ,E
ν1
p1 )

θ,p

≤ c‖x‖1−θ
Eν0p0
‖x‖θEν1p1 .

Äëÿ x ∈
(
Eν0
p0

(A), Eν1
p1

(A)
)
θ,p

ìà¹ìî

‖x‖(
Eν0p0 ,E

ν1
p1

)
θ,p̃

≤
(∫ ∞

0

(
t−θK(t, x; Eν0

p0
(A), Eν1

p1
(A))p

dt

t

)1/p̃

×
(

sup
t>0

t−θK(t, x; Eν0
p0

(A), Eν1
p1

(A))

)(1−p/p̃)
≤ c ‖x‖(

Eν0p0 ,E
ν1
p1

)
θ,p

,

çâiäêè âèïëèâà¹ (3.4).

ßêùî Eν0
p0

(A) ⊂ Eν1
p1

(A) , òî ç íåðiâíîñòi

K(t, x; Eν0
p0

(A), Eν1
p1

(A)) ≤ t ‖x‖Eν1p1 , x ∈ E
ν1
p1

(A),

ìà¹ìî

‖x‖(
Eν0p0 ,E

ν1
p1

)
θ1,1

=

∫ 1

0

t−θ1K(t, x; Eν0
p0

(A), Eν1
p1

(A))
dt

t

+

∫ ∞
1

t−θ1K(t, x; Eν0
p0

(A), Eν1
p1

(A))
dt

t
≤ c ‖x‖Eν1p1

+ sup
t>0

t−θ0K(t, x; Eν0
p0

(A), Eν1
p1

(A))

∫ ∞
1

τ−(θ1−θ0)dτ

τ

≤ c1 ‖x‖(Eν0p0 ,Eν1p1)θ0,∞,
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çâiäêè âèïëèâà¹ âêëàäåííÿ(
Eν0
p0

(A), Eν1
p1

(A)
)
θ0,∞
⊂
(
Eν0
p0

(A), Eν1
p1

(A)
)
θ1,1
.

Òàêèì ÷èíîì, âêëàäåííÿ (3.5) âèïëèâà¹ ç (3.4).

Íåõàé 0 < ν < ∞, 1 < q0, q1 < ∞ , 1 ≤ p, p0, p1 ≤ ∞ , 0 < θ < 1 .

Âèçíà÷èìî iíòåðïîëÿöiéíèé ïðîñòið
(
Eνq0,p0

(A), Eνq1,p1
(A)
)
θ,p

ç íîðìîþ

‖x‖(Eνq0,p0 ,Eνq1,p1)θ,p
=


(∫ ∞

0

[
t−θK(t, x; Eνq0,p0

(·), Eνq1,p1
(·))
]pdt
t

)1/p

, p <∞,

sup
0<t<∞

t−θK(t, x; Eνq0,p0
(A), Eνq1,p1

(A)), p =∞,

äå K(t, x; Eνq0,p0
(A), Eνq1,p1

(A)) = inf
x=x0+x1

(
‖x0‖Eνq0,p0 + t ‖x1‖Eνq1,p1

)
, t > 0 ,

x0 ∈ Eνq0,p0
(A) , x1 ∈ Eνq1,p1

(A) .

Òåîðåìà 3.1.2. Íåõàé 0 < ν < ∞ , 0 < θ < 1 , 1 < q0, q1 < ∞ ,

q0 6= q1 i 1 ≤ p, p0, p1 ≤ ∞ . Òîäi âèêîíó¹òüñÿ ðiâíiñòü(
Eνq0,p0

(A), Eνq1,p1
(A)
)
θ,p

= Eνq,p(A), äå
1

q
=

1− θ
q0

+
θ

q1
. (3.6)

Ä î â å ä å í í ÿ. Íåõàé 1 ≤ p ≤ p̃ ≤ ∞ i 0 < θ < 1. Òîäi

âèêîíóþòüñÿ âêëàäåííÿ(
Eν1 (A), Eν∞(A)

)
θ,p
⊂
(
Eν1 (A), Eν∞(A)

)
θ,p̃
. (3.7)

Äiéñíî, ïðè 1 ≤ p ≤ p̃ <∞

‖x‖(
Eν1 ,Eν∞

)
θ,p̃

≤
(∫ ∞

0

(
t−θK(t, x; Eν1 (A), Eν∞(A))p

dt

t

)1/p̃

×
(

sup
t>0

t−θK(t, x; Eν1 (A), Eν∞(A))

)(1−p/p̃)
≤ c ‖x‖(

Eν1 ,Eν∞
)
θ,p

,

çâiäêè îòðèìó¹ìî (3.7).

Âêëàäåííÿ
(
Eν1 (A), Eν∞(A)

)
θ,p
⊂
(
Eν1 (A), Eν∞(A)

)
θ,∞ âèïëèâà¹ ç íå-

ðiâíîñòi K(t, x; Eν1 (A), Eν∞(A)) ≤ c tθ‖x‖(
Eν1 ,Eν∞

)
θ,p

.
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Çàñòîñîâóþ÷è òåîðåìó ïðî ðåiòåðàöiþ [3, òåîðåìà 3.11.5], â ñèëó ðiâ-

íîñòi (2.1), ìà¹ìî(
Eνq0,p0

(A), Eνq1,p1
(A)
)
θ,p

=
(
Eν1 (A), Eν∞(A)

)
λ,p

= Eν1/(1−λ),p(A), (3.8)

äå q0 = 1/(1− θ0), q1 = 1/(1− θ1), λ = (1− θ)θ0 + θθ1, 0 ≤ θ0 < θ1 ≤ 1 .

Ïðè q = 1/(1− λ) iç ðiâíîñòi (3.8) îòðèìó¹ìî (3.6). Òåîðåìà äîâåäåíà.

Íàñëiäîê 3.1.2. Íåõàé 0 < ν < ∞ , 0 < θ < 1 , 1 < q0, q1 < ∞ ,

q0 6= q1 i 1 ≤ p, p0, p1 ≤ ∞ . Iñíóþòü òàêi äîäàòíi ÷èñëà c1 = c1(θ, p) i

c2 = c2(θ, p) , ùî âèêîíóþòüñÿ íåðiâíîñòi

K(t, x; Eνq0,p0
(A), Eνq1,p1

(A)) ≤ c1t
θ‖x‖Eνq,p, x ∈ Eνq,p(A), (3.9)

‖x‖Eνq,p ≤ c2‖x‖1−θ
Eνq0,p0
‖x‖θEνq1,p1 , x ∈ E

ν
q0,p0

(A)
⋂
Eνq1,p1

(A). (3.10)

Ïðè 1 ≤ p ≤ p̃ ≤ ∞ âèêîíóþòüñÿ âêëàäåííÿ

Eνq,p(A) ⊂ Eνq,p̃(A). (3.11)

Êðiì òîãî, ÿêùî Eνq0,p0
(A) ⊂ Eνq1,p1

(A) i 0 < θ0 < θ1 < 1 , òî(
Eνq0,p0

(A), Eνq1,p1
(A)
)
θ0,p
⊂
(
Eνq0,p0

(A), Eνq1,p1
(A)
)
θ1,p̃
. (3.12)

Ä î â å ä å í í ÿ. Íåðiâíiñòü (3.9) âèïëèâà¹ ç (3.6) òà îöiíêè

t−θK(t, x; Eνq0,p0
(A), Eνq1,p1

(A)) = K(t, x; Eνq0,p0
(A), Eνq1,p1

(A))

×
(∫ ∞

t

s−θp
ds

s

)1/p

≤ c‖x‖(Eνq0,p0 ,Eνq1,p1)θ,p
.

Íåðiâíiñòü (3.10) âèïëèâà¹ ç (3.6) òà îöiíêè

‖x‖(Eνq0,p0 ,Eνq1,p1)θ,p
= ‖T‖C→(Eνq0,p0 ,E

ν
q1,p1)θ,p

≤ c‖x‖1−θ
Eνq0,p0
‖x‖θEνq1,p1 ,

äå Tλ = λx , λ ∈ C i x ∈ Eνq0,p0
(A)

⋂
Eνq1,p1

(A) .

Âêëàäåííÿ (3.11) îòðèìó¹ìî ç (3.7). Iç íåðiâíîñòi

K(t, x; Eνq0,p0
(A), Eνq1,p1

(A)) ≤ t ‖x‖Eνq1,p1 , x ∈ E
ν
q1,p1

(A),
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ìà¹ìî

‖x‖(
Eνq0,p0 ,E

ν
q1,p1

)
θ1,1

=

∫ 1

0

t−θ1K(t, x; Eνq0,p0
(A), Eνq1,p1

(A))
dt

t

+

∫ ∞
1

t−θ1K(t, x; Eνq0,p0
(A), Eνq1,p1

(A))
dt

t
≤ c ‖x‖Eνq1,p1

+ sup
t>0

t−θ0K(t, x; Eνq0,p0
(A), Eνq1,p1

(A))

∫ ∞
1

τ−(θ1−θ0)dτ

τ

≤ c1 ‖x‖(Eνq0,p0 ,Eνq1,p1)θ0,∞,
çâiäêè âèïëèâà¹ âêëàäåííÿ(

Eνp0,q0
(A), Eνp1,q1

(A)
)
θ0,∞
⊂
(
Eνp0,q0

(A), Eνp1,q1
(A)
)
θ1,1
.

Òàêèì ÷èíîì, âêëàäåííÿ (3.12) âèïëèâà¹ ç (3.11).

Íàñëiäîê 3.1.3. Íåõàé 0 < ν < ∞, 1 ≤ p, p0, p1 ≤ ∞ , p0 6= p1 i

0 < θ < 1 . Òîäi âèêîíó¹òüñÿ ðiâíiñòü(
Eνp0

(A), Eνp1
(A)
)
θ,p

= Eνq,p(A), äå
1

q
=

1− θ
p0

+
θ

p1
. (3.13)

Iñíóþòü òàêi äîäàòíi ÷èñëà c1 = c1(θ, p) i c2 = c2(θ, p) , ùî âèêî-

íóþòüñÿ íåðiâíîñòi

K(t, x; Eνp0
(A), Eνp1

(A)) ≤ c1t
θ‖x‖Eνq,p, x ∈ Eνq,p(A), (3.14)

‖x‖Eνq,p ≤ c2‖x‖1−θ
Eνp0
‖x‖θEνp1 , x ∈ E

ν
p0

(A)
⋂
Eνp1

(A). (3.15)

ßêùî 1 ≤ p ≤ p̃ ≤ ∞ , 0 < θ0 < θ1 < 1 i Eνp0
(A) ⊂ Eνp1

(A) , òî(
Eνp0

(A), Eνp1
(A)
)
θ0,p
⊂
(
Eνp0

(A), Eνp1
(A)
)
θ1,p̃
. (3.16)

Ä î â å ä å í í ÿ. Ðiâíiñòü (3.13) îòðèìó¹ìî ç (3.6) ïðè q0 = p0 i

q1 = p1 . Íåðiâíîñòi (3.14) i (3.15) âèïëèâàþòü iç (3.9) i (3.10) âiäïîâiäíî.

Âêëàäåííÿ (3.16) îòðèìó¹ìî ç (3.12).
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Íåõàé 0 < ν <∞ , 1 ≤ p ≤ ∞ i m ∈ N . Ïðèïóñòèìî, ùî 0 ∈ ρ(A)

i ïîçíà÷èìî ÷åðåç Cm := Cm(A) (m ∈ N) îáëàñòü âèçíà÷åííÿ îïåðàòî-

ðà Am ç íîðìîþ ‖x‖Cm = ‖Amx‖ äëÿ x ∈ Cm . Âèçíà÷èìî íîðìîâàíi

ïðîñòîðè

Eνp (Cm) := Eνp (Cm,X) :=
{
x ∈ C∞(A) : ‖x‖Eνp (Cm) <∞

}
,

äå

‖x‖Eνp (Cm) =


(∑
k∈N0

∥∥(A/ν)kx
∥∥p
Cm

)1/p

, 1 ≤ p <∞,

sup
k∈N0

∥∥(A/ν)kx
∥∥
Cm , p =∞.

Äëÿ ñïðîùåííÿ çàïèñiâ íàäàëi âèêîðèñòîâó¹ìî òàêîæ ïîçíà÷åííÿ Eν,mp :=

Eνp (Cm) .

Ïðîñòîðè Cm (m ∈ N) áàíàõîâi, òîìó ïðîñòîðè Eνp (Cm) òàêîæ áàíà-

õîâi. Êðiì òîãî, âèêîðèñòîâóþ÷è ðåçóëüòàòè äîâåäåííÿ òåîðåìè 2.1.1(i),

äëÿ 1 ≤ p ≤ ∞ i 0 < ν < τ îòðèìó¹ìî òàêi íåïåðåðâíi âêëàäåííÿ

Eνp (Cm) ⊂ Eτp (Cm) ⊂ Eτ∞(Cm).

ßêùî x ∈ Eν∞(Cm) , òî ìà¹ìî íåðiâíiñòü ‖Akx‖Cm ≤ νk‖x‖Eν,m∞ , à òîìó

‖Akx‖1/k
Cm ≤ ν ‖x‖1/k

Eν,m∞ . Îòæå, lim sup
k→∞

‖Akx‖1/k
Cm ≤ ν i äëÿ áóäü-ÿêîãî τ > ν

ðÿä ‖x‖Eτ,m1
=
∑

k

∥∥ (A/τ)k x
∥∥
Cm çáiæíèé. ßê íàñëiäîê, x ∈ Eτ1 (Cm) .

Òàêèì ÷èíîì, äëÿ êîæíîãî τ > ν âèêîíó¹òüñÿ âêëàäåííÿ

Eν∞(Cm) ⊂ Eτ1 (Cm).

Íåõàé 0 < ν0, ν1 < ∞ , 1 ≤ p0, p1 ≤ ∞ i 0 < θ < 1 . Äëÿ ïàðè

ïðîñòîðiâ Eν0
p0

(Cm) i Eν1
p1

(Cm) âèçíà÷èìî iíòåðïîëÿöiéíèé ïðîñòið

(
Eν0
p0

(Cm), Eν1
p1

(Cm)
)
θ,p

=

{
x ∈ Eν0

p0
(Cm) + Eν1

p1
(Cm) : ‖x‖(Eν0,mp0 ,Eν1,mp1 )

θ,p

<∞
}
,
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‖x‖(Eν0,mp0 ,Eν1,mp1 )
θ,p

=


(∫∞

0

[
t−θK(t, x; Eν0

p0
(Cm), Eν1

p1
(Cm))

]p dt
t

)1/p

, p <∞,

sup
0<t<∞

t−θK(t, x; Eν0
p0

(Cm), Eν1
p1

(Cm)), p =∞,

K(t, x; Eν0
p0

(Cm), Eν1
p1

(Cm)) = inf
x=x0+x1

(
‖x0‖Eν0,mp0

+ t‖x1‖Eν1,mp1

)
,x0 ∈ Eν0

p0
(Cm) ,

x1 ∈ Eν1
p1

(Cm) i t > 0 .

Òåîðåìà 3.1.3. Íåõàé 1 ≤ p, p0, p1 ≤ ∞ , 0 < ν0, ν1 <∞ , ν0 6= ν1 .

Òîäi ïðè ν = ν1−θ
0 νθ1 âèêîíó¹òüñÿ ðiâíiñòü(

Eν0
p0

(Cm), Eν1
p1

(Cm)
)
θ,p

= Eνp (Cm). (3.17)

Ä î â å ä å í í ÿ. Ïðîñòið Eνp (Cm) içîìåòðè÷íèé ïðîñòîðó ïîñëi-

äîâíîñòåé âèãëÿäó lν,mp =
{
x̄ := {ν−kxk}k∈N0

: xk = Akx, x ∈ Eνp (Cm)
}
ç

íîðìîþ ‖x̄‖lν,mp = ‖x‖Eν,mp . Ïîäiáíî ÿê ó äîâåäåííi òåîðåìè 3.1.1 çðîáèìî

çàìiíó ν = 2−σ i, áåç îáìåæåííÿ çàãàëüíîñòi, ïîêëàäåìî ν0 < ν < ν1 .

Òîäi äëÿ x̄ ∈ (lν0,m
∞ , lν1,m

∞ )θ,p ìà¹ìî

‖x̄‖p
(lν0,m∞ , l

ν1,m∞ )
θ,p

∼
∑
j∈Z

2−θpj(σ0−σ1) sup
k

[
min(2kσ0, 2j(σ0−σ1)+kσ1)‖xk‖Cm

]p
≥
∑
j∈Z

2pj[σ0(1−θ)+σ1θ]‖xj‖pCm = c‖x̄‖p
lν,mp
,

çâiäêè âèïëèâà¹ âêëàäåííÿ (lν0,m
∞ , lν1,m

∞ )θ,p ⊂ lν,mp .

ßêùî x̄ ∈ lν,mp , òî, âèêîðèñòîâóþ÷è íåðiâíiñòü Ãåëüäåðà ( [57, ñ. 56]),

ìà¹ìî

‖x̄‖p
(lν0,m1 , l

ν1,m
1 )

θ,p

∼
∑
j∈Z

2−θpj(σ0−σ1)

[∑
k∈N0

min(2kσ0, 2j(σ0−σ1)+kσ1)‖xk‖Cm
]p

≤ c
∑
k∈Z

2kσp‖xk‖pCm = c‖x̄‖p
lν,mp
,

çâiäêè âèïëèâà¹ âêëàäåííÿ lν,mp ⊂ (lν0,m
1 , lν1,m

1 )θ,p . Ç óðàõóâàííÿì âëàñòè-

âîñòåé iíòåðïîëÿöiéíèõ ïðîñòîðiâ ( [86, òåîðåìà 1.3.3]) îòðèìó¹ìî

lν,mp ⊂ (lν0,m
1 , lν1,m

1 )θ,p ⊂
(
lν0,m
p0

, lν1,m
p1

)
θ,p
⊂ (lν0,m

∞ , lν1,m
∞ )θ,p ⊂ lν,mp ,



141

ùî é äîâîäèòü (3.17). Òåîðåìà äîâåäåíà.

Íàñëiäîê 3.1.4. Äëÿ âñiõ p (1 ≤ p ≤ ∞) âèêîíóþòüñÿ ðiâíîñòi

E(Cm) :=
⋃
ν>0

Eν∞(Cm) =
⋃
ν>0

Eνp (Cm),
⋂
ν>0

Eν∞(Cm) =
⋂
ν>0

Eνp (Cm).

Íåõàé 1 ≤ p ≤ ∞ , 0 < θ < 1 , m, r ∈ N i r > m . Âèçíà÷èìî

iíòåðïîëÿöiéíèé ïðîñòið

(Cm, Cr)θ,p =
{
x ∈ Cm + Cr : ‖x‖(Cm, Cr)θ,p <∞

}
,

ç íîðìîþ

‖x‖(Cm, Cr)θ,p =


(∫ ∞

0

[
t−θK(t, x; Cm, Cr)

]pdt
t

)1/p

, p <∞,

sup
0<t<∞

t−θK(t, x; Cm, Cr), p =∞,

äå K(t, x; Cm, Cr) = inf
x=x0+x1

(
‖x0‖Cm + t ‖x1‖Cr

)
, x0 ∈ Cm , x1 ∈ Cr .

Äëÿ 0 < ν <∞ i 1 ≤ p, q ≤ ∞ âèçíà÷èìî ïðîñòið

Eνp
(
(Cm, Cr)θ,q

)
:= Eνp

(
(Cm, Cr)θ,q,X

)
:=
{
x ∈ (Cm, Cr)θ,q : ‖x‖Eν,(m,r)p,q,θ

<∞
}

ç íîðìîþ

‖x‖Eν,(m,r)p,q,θ
=


( ∞∑

k=0

∥∥(A/ν)kx
∥∥p

(Cm, Cr)θ,q

)1/p

, p <∞,

sup
k∈N0

∥∥(A/ν)kx
∥∥

(Cm, Cr)θ,q
, p =∞,

äå ïîçíà÷åíî Eν,(m,r)p,q,θ := Eνp
(
(Cm, Cr)θ,q

)
.

Äëÿ 0 < ν < ∞ i 1 ≤ p, p0, p1 ≤ ∞ âèçíà÷èìî iíòåðïîëÿöiéíèé

ïðîñòið(
Eνp0

(Cm), Eνp1
(Cr)

)
θ,p

=

{
x ∈ Eνp0

(Cm) + Eνp1
(Cr) : ‖x‖(Eν,mp0 ,Eν,rp1 )

θ,p

<∞
}
,
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ç íîðìîþ

‖x‖(Eν,mp0 ,Eν,rp1 )
θ,p

=


(∫ ∞

0

[
t−θK(t, x; Eνp0

(Cm), Eνp1
(Cr))

]pdt
t

)1/p

, p <∞,

sup
0<t<∞

t−θK(t, x; Eνp0
(Cm), Eνp1

(Cr)), p =∞,

äå K(t, x; Eνp0
(Cm), Eνp1

(Cr)) = inf
x=x0+x1

(
‖x0‖Eν,mp0 + t ‖x1‖Eν,rp1

)
, x0 ∈ Eνp0

(Cm) ,

x1 ∈ Eνp1
(Cr) .

Òåîðåìà 3.1.4. Äëÿ 1 ≤ p0, p1 < ∞ i 1/p = (1 − θ)/p0 + θ/p1

âèêîíó¹òüñÿ ðiâíiñòü(
Eνp0

(Cm), Eνp1
(Cr)

)
θ,p

= Eνp ((Cm, Cr)θ,p) . (3.18)

Ä î â å ä å í í ÿ. Ïðîñòið Eνp (Cm) içîìåòðè÷íî âêëàäåíèé â ïðîñòið

ïîñëiäîâíîñòåé

lmp =

{
{ξk}k∈N0

: ξk ∈ Cm, ‖{ξk}‖lmp =

(∑
k∈N0

‖ξk‖pCm
)1/p

<∞
}
.

Âiäïîâiäíó içîìåòðiþ ïîçíà÷èìî

I : Eνp (Cm) 3 x ↪→ {ξk = (A/ν)kx} ∈ lmp .

K -ôóíêöiîíàë iíòåðïîëÿöiéíîãî ïðîñòîðó
(
lmp0
, lrp1

)
θ,p

äîïóñêà¹ îöiíêó

K(t, I(x), lmp0
, lrp1

) ≤ inf
x=x0+x1

(
‖I(x0)‖lmp0 + t‖I(x1)‖lrp1

)
≤ ‖I‖Eνp0(Cm)→lmp0

K

(
t‖I‖Eνp1(Cr)→lrp1
‖I‖Eνp0(Cm)→lmp0

, x, Eνp0
(Cm), Eνp1

(Cr)
)
.

Ïðîâîäÿ÷è çàìiíó τ = t‖I‖Eνp1(Cr)→lrp1
‖I‖−1

Eνp1(Cm)→lmp0
, îòðèìó¹ìî

‖I(x)‖(lmp0 , lrp1)θ,p
≤ ‖I‖Eνp0(Cm)→lmp0

‖I‖θEνp1(Cr)→lrp1
‖I‖θEνp0(Cm)→lmp0

‖x‖(Eν,mp0 , Eν,rp1 )
θ,p

.

Çàñòîñîâóþ÷è ïîäiáíi îöiíêè äëÿ îáåðíåíîãî âiäîáðàæåííÿ I−1 , âèçíà-

÷åíîãî íà ìíîæèíi çíà÷åíü îïåðàòîðà I , îòðèìà¹ìî

‖I(x)‖(lmp0 , lrp1)θ,p
= ‖x‖(Eν,mp0 , Eν,rp1 )

θ,p

, x ∈
(
Eνp0

(Cm), Eνp1
(Cr)

)
θ,p
.
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Çãiäíî ç îçíà÷åííÿì ïðîñòið Eνp ((Cm, Cr)θ,p) içîìåòðè÷íèé ïðîñòîðó

ïîñëiäîâíîñòåé

l
ν,(m,r)
p,θ =

{
x̄ := {ν−kxk}k∈N0

: xk = Akx, x ∈ Eνp ((Cm, Cr)θ,p)
}

ç íîðìîþ ‖x̄‖
l
ν,(m,r)
p,θ

= ‖x‖Eν,(m,r)p,p,θ
. Çàñòîñîâóþ÷è òåïåð âiäîìèé içîìîðôiçì

ïðîñòîðiâ [86, òåîðåìà 1.18.1]:(
lmp0
, lrp1

)
θ,p

= l
(m,r)
p,θ ,

1

p
=

1

p0
+

1

p1
,

äå l(m,r)p,θ =

{
{ξk} : ξk ∈ (Cm, Cr)θ,p, ‖{ξk}‖p

l
(m,r)
p,θ

=
∑
k∈N0

‖ξk‖p(Cm,Cr)θ,p < ∞
}
,

ïðèõîäèìî äî ðiâíîñòi (3.18). Òåîðåìà äîâåäåíà.

Íàñëiäîê 3.1.5. Äëÿ ÷èñåë 1 ≤ p, q ≤ ∞ , 0 < θ < 1 , m, r ∈ N i

r > m âèêîíó¹òüñÿ âêëàäåííÿ

Eνp ((Cm, Cr)θ,q) ⊂ Eνp (Cm). (3.19)

Ä î â å ä å í í ÿ. Äëÿ x = x0 + x1 ∈ Cm ìà¹ìî

‖x‖Cm = ‖x0 + x1‖Cm ≤ ‖x0‖Cm + ‖x1‖Cm ≤ ‖x0‖Cm + αm,r‖x1‖Cr ,

äå αm,r � íîðìà âêëàäåííÿ Cr ⊂ Cm . Äëÿ äåÿêî¨ ïîñòiéíî¨ cθ,m,r îòðè-

ìó¹ìî íåðiâíiñòü

K(αm,r, x; Cm, Cr) ≤ cθ,m,r α
θ
m,r ‖x‖(Cm, Cr)θ,q , x ∈ (Cm, Cr)θ,q,

à îòæå, íåïåðåðâíå âêëàäåííÿ (Cm, Cr)θ,q ⊂ Cm , ç ÿêîãî âèïëèâà¹ (3.19).

Íàñëiäîê 3.1.6. Äëÿ ÷èñåë 1 ≤ p, q ≤ ∞ , 0 < θ < 1 i ε > 0 ìà¹ìî

Eν1 ((Cm, Cr)θ,q) ⊂ Eνp ((Cm, Cr)θ,q) ⊂ Eν+ε
1 ((Cm, Cr)θ,q) ,

E ((Cm, Cr)θ,q) :=
⋃
ν>0

Eν1 ((Cm, Cr)θ,q) =
⋃
ν>0

Eνp ((Cm, Cr)θ,q) ,

⋂
ν>0

Eν1 ((Cm, Cr)θ,q) =
⋂
ν>0

Eνp ((Cm, Cr)θ,q) .
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Íåõàé {x∗k,ν}k∈N0
� ïîñëiäîâíiñòü, ÿêà ñêëàäà¹òüñÿ ç åëåìåíòiâ

xk,ν := (A/ν)kx , ðîçìiùåíèõ â ïîðÿäêó íåçðîñòàííÿ íîðì

‖x∗0,ν‖Cm ≥ ‖x∗1,ν‖Cm ≥ . . . ≥ ‖x∗k,ν‖Cm ≥ . . . .

Äëÿ ÷èñåë 0 < ν <∞ , 1 < q <∞ , 1 ≤ p ≤ ∞ i m ∈ N âèçíà÷èìî

ïðîñòîðè

Eνq,p(Cm) := Eνq,p(Cm,X) :=
{
x ∈ C∞(A) : ‖x‖Eνq,p(Cm) <∞

}
,

ç íîðìîþ

‖x‖Eνq,p(Cm) =


(∑

k∈N

‖x∗k−1,ν‖
p
Cmk

p
q−1

)1/p

, 1 ≤ p <∞,

sup
k∈N
‖x∗k−1,ν‖Cmk

1
q , p =∞.

Ïðè q = p ïîêëàäåìî Eνp,p(Cm) := Eνp (Cm) . ßêùî q = p = 1 àáî q =

p = ∞ , òî ïîêëàäåìî Eν1,1(Cm) := Eν1 (Cm) àáî Eν∞,∞(Cm) := Eν∞(Cm) ,

âiäïîâiäíî. Äëÿ ñïðîùåííÿ çàïèñiâ ïîêëàäåìî Eν,mq,p := Eνq,p(Cm) .

Òåîðåìà 3.1.5. Âèêîíó¹òüñÿ òàêà ðiâíiñòü

(Eν1 (Cm), Eν∞(Cm))1−1/q,p = Eνq,p(Cm). (3.20)

ßê íàñëiäîê, äëÿ âñiõ τ > ν íàÿâíi âêëàäåííÿ

Eνq,p(Cm) ⊂ Eτq,p(Cm). (3.21)

Ä î â å ä å í í ÿ. Ïðîñòið Eνp (Cm) içîìåòðè÷íèé ïðîñòîðó ïîñëi-

äîâíîñòåé lν,mp =
{
x̄ := {ν−kxk}k∈N0

: xk = Akx, x ∈ Eνp (Cm)
}
ç íîðìîþ

‖x̄‖lν,mp = ‖x‖Eν,mp , à ïðîñòið Eνq,p(Cm) içîìåòðè÷íèé ïðîñòîðó ïîñëiäîâíî-

ñòåé lν,mq,p =
{
x̄ := {xk,ν}k∈N0

: xk,ν = (A/ν)kx, x ∈ Eνq,p(Cm)
}
ç íîðìîþ

‖x̄‖lν,mq,p = ‖x‖Eν,mq,p .
Äëÿ 0 < τ ≤ 1 ìà¹ìî

K
(
τ, x; lν,m1 , lν,m∞

)
= τ‖x∗0,ν‖Cm,

K
(
s, x; lν,m1 , lν,m∞

)
=

s−1∑
k=0

‖x∗k,ν‖Cm, s ∈ N.
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Âèêîðèñòîâóþ÷è öi âèðàçè ïðè p <∞ , îòðèìó¹ìî

‖x̄‖p
(lν,m1 ,lν,m∞ )θ,p

∼
∞∑
s=1

s−θp−1

( s−1∑
k=1

‖x∗k,ν‖Cm
)p
≥

∞∑
s=1

s(1−θ)p−1‖x∗s−1,ν‖
p
Cm,

∞∑
s=1

s−θp−1

( s−1∑
k=1

‖x∗k,ν‖Cm
)p
≤ c

∞∑
k=1

k(1−θ)p−1‖x∗k−1,ν‖
p
Cm,

çâiäêè âèïëèâà¹ ðiâíiñòü

(lν,m1 , lν,m∞ )θ,p = lν,m1/(1−θ),p,

åêâiâàëåíòíà (3.20). Âèïàäîê p =∞ ¹ íàñëiäêîì åêâiâàëåíòíîñòi íîðì

‖x̄‖(lν,m1 ,lν,m∞ )θ,∞
∼ sup

s
s−θ

s−1∑
k=0

‖x∗k,ν‖Cm ∼ sup
s
s1−θ‖x∗s−1,ν‖Cm.

ßêùî x ∈ Eν∞(Cm) , òî ‖Akx‖Cm ≤ νk‖x‖Eν,m∞ , à òîìó ‖Akx‖1/k
Cm ≤

ν ‖x‖1/k

Eν,m∞ . Îòæå, lim sup
k→∞

‖Akx‖1/k
Cm ≤ ν i äëÿ áóäü-ÿêîãî τ > ν ðÿä

‖x‖Eτ,m1
=
∑

k

∥∥ (A/τ)k x
∥∥
Cm çáiæíèé. ßê íàñëiäîê, x ∈ Eτ1 (Cm) . Òàêèì

÷èíîì, äëÿ êîæíîãî τ > ν âèêîíó¹òüñÿ âêëàäåííÿ

Eν1 (Cm) ⊂ Eν∞(Cm) ⊂ Eτ1 (Cm). (3.22)

Iç (3.20) i (3.22) äëÿ τ > ν ìà¹ìî

Eνq,p(Cm) ⊂ Eν∞(Cm) ⊂ Eτ1 (A) ⊂ Eτq,p(Cm),

çâiäêè é îòðèìó¹ìî (3.21). Òåîðåìà äîâåäåíà.

Íåõàé 0 < ν < ∞ , m ∈ N , 1 < q0, q1 < ∞ , 1 ≤ p, p0, p1 ≤ ∞ i

0 < θ < 1 . Âèçíà÷èìî iíòåðïîëÿöiéíèé ïðîñòið
(
Eνq0,p0

(Cm), Eνq1,p1
(Cm)

)
θ,p

ç íîðìîþ

‖x‖(Eν,mq0,p0 ,Eν,mq1,p1)θ,p
=


(∫ ∞

0

[
t−θK(t, x; Eνq0,p0

(·), Eνq1,p1
(·))
]pdt
t

)1/p

, p <∞,

sup
0<t<∞

t−θK(t, x; Eνq0,p0
(Cm), Eνq1,p1

(Cm)), p =∞,

äå K(t, x; Eνq0,p0
(Cm), Eνq1,p1

(Cm)) = inf
x=x0+x1

(
‖x0‖Eν,mq0,p0 + t‖x1‖Eν,mq1,p1

)
, t > 0 ,

x0 ∈ Eνq0,p0
(Cm) , x1 ∈ Eνq1,p1

(Cm) .
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Òåîðåìà 3.1.6. Íåõàé 0 < ν < ∞ , m ∈ N , 1 < q0, q1 < ∞ ,

q0 6= q1 , 1 ≤ p, p0, p1 ≤ ∞ i 0 < θ < 1 . Òîäi âèêîíó¹òüñÿ ðiâíiñòü(
Eνq0,p0

(Cm), Eνq1,p1
(Cm)

)
θ,p

= Eνq,p(Cm), äå
1

q
=

1− θ
q0

+
θ

q1
. (3.23)

Ä î â å ä å í í ÿ. Çàñòîñîâóþ÷è òåîðåìó ïðî ðåiòåðàöiþ [3, òåîðåìà

3.11.5] i ðiâíiñòü (3.20), îòðèìó¹ìî(
Eνq0,p0

(Cm), Eνq1,p1
(Cm)

)
θ,p

=
(
Eν1 (Cm), Eν∞(Cm)

)
λ,p

= Eν1/(1−λ),p(Cm), (3.24)

äå q0 = 1/(1− θ0), q1 = 1/(1− θ1), λ = (1− θ)θ0 + θθ1, 0 ≤ θ0 < θ1 ≤ 1 .

Ïîêëàäàþ÷è q = 1/(1− λ) , iç ðiâíîñòi (3.24) îòðèìó¹ìî (3.23). Òåîðåìà

äîâåäåíà.

Íàñëiäîê 3.1.7. Íåõàé 0 < ν < ∞ , m ∈ N , 1 < q0, q1 < ∞ ,

q0 6= q1 , 1 ≤ p, p0, p1 ≤ ∞ i 0 < θ < 1 . Iñíóþòü òàêi äîäàòíi ÷èñëà

c1 = c1(θ, p) i c2 = c2(θ, p) , ùî âèêîíóþòüñÿ íåðiâíîñòi

K(t, x; Eνq0,p0
(Cm), Eνq1,p1

(Cm)) ≤ c1t
θ‖x‖Eν,mq,p , x ∈ Eνq,p(Cm), (3.25)

‖x‖Eν,mq,p ≤ c2‖x‖1−θ
Eν,mq0,p0
‖x‖θEν,mq1,p1 , x ∈ E

ν
q0,p0

(Cm)
⋂
Eνq1,p1

(Cm). (3.26)

Ïðè 1 ≤ p ≤ p̃ ≤ ∞ âèêîíóþòüñÿ âêëàäåííÿ

Eνq,p(Cm) ⊂ Eνq,p̃(Cm). (3.27)

Êðiì òîãî, ÿêùî Eνq0,p0
(Cm) ⊂ Eνq1,p1

(Cm) i 0 < θ0 < θ1 < 1 , òî(
Eνq0,p0

(Cm), Eνq1,p1
(Cm)

)
θ0,p
⊂
(
Eνq0,p0

(Cm), Eνq1,p1
(Cm)

)
θ1,p̃
. (3.28)

Ä î â å ä å í í ÿ. Íåðiâíiñòü (3.25) âèïëèâà¹ ç (3.23) òà îöiíêè

t−θK(t, x; Eνq0,p0
(Cm), Eνq1,p1

(Cm)) = K(t, x; Eνq0,p0
(Cm), Eνq1,p1

(Cm))

×
(∫ ∞

t

s−θp
ds

s

)1/p

≤ c‖x‖(Eν,mq0,p0 ,Eν,mq1,p1)θ,p
.
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Íåðiâíiñòü (3.26) âèïëèâà¹ ç (3.23) òà îöiíêè

‖x‖(Eν,mq0,p0 ,Eν,mq1,p1)θ,p
= ‖T‖C→(Eν,mq0,p0 ,E

ν,m
q1,p1)θ,p

≤ c‖x‖1−θ
Eν,mq0,p0
‖x‖θEν,mq1,p1 ,

äå Tλ = λx , λ ∈ C i x ∈ Eνq0,p0
(Cm)

⋂
Eνq1,p1

(Cm) .

Íåõàé 1 ≤ p ≤ p̃ ≤ ∞ i 0 < θ < 1. Òîäi âèêîíóþòüñÿ âêëàäåííÿ(
Eν1 (Cm), Eν∞(Cm)

)
θ,p
⊂
(
Eν1 (Cm), Eν∞(Cm)

)
θ,p̃
. (3.29)

Äiéñíî, ïðè 1 ≤ p ≤ p̃ <∞

‖x‖(
Eν,m1 ,Eν,m∞

)
θ,p̃

≤
(∫ ∞

0

(
t−θK(t, x; Eν1 (Cm), Eν∞(Cm))p

dt

t

)1/p̃

×
(

sup
t>0

t−θK(t, x; Eν1 (Cm), Eν∞(Cm))

)(1−p/p̃)
≤ c ‖x‖(

Eν,m1 ,Eν,m∞
)
θ,p

,

çâiäêè îòðèìó¹ìî (3.29).

Âêëàäåííÿ
(
Eν1 (Cm), Eν∞(Cm)

)
θ,p
⊂
(
Eν1 (Cm), Eν∞(Cm)

)
θ,∞ âèïëèâà¹ ç

íåðiâíîñòi K(t, x; Eν1 (Cm), Eν∞(Cm)) ≤ c tθ‖x‖(
Eν,m1 ,Eν,m∞

)
θ,p

.

Âêëàäåííÿ (3.27) îòðèìó¹ìî ç (3.29). Iç íåðiâíîñòi

K(t, x; Eνq0,p0
(Cm), Eνq1,p1

(Cm)) ≤ t ‖x‖Eν,mq1,p1 , x ∈ E
ν
q1,p1

(Cm),

ìà¹ìî

‖x‖(Eν,mq0,p0 ,Eν,mq1,p1)θ1,1
=

∫ 1

0

t−θ1K(t, x; ·, ·)dt
t

+

∫ ∞
1

t−θ1K(t, x; ·, ·)dt
t

≤ c ‖x‖Eν,mq1,p1 + sup
t>0

t−θ0K(t, x; ·, ·)
∫ ∞

1

τ−(θ1−θ0)dτ

τ

≤ c1 ‖x‖(Eν,mq0,p0 ,Eν,mq1,p1)θ0,∞
,

çâiäêè âèïëèâà¹ âêëàäåííÿ(
Eνp0,q0

(Cm), Eνp1,q1
(Cm)

)
θ0,∞
⊂
(
Eνp0,q0

(Cm), Eνp1,q1
(Cm)

)
θ1,1
.

Âêëàäåííÿ (3.28) âèïëèâà¹ òåïåð ç (3.27).
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Íàñëiäîê 3.1.8. Íåõàé 0 < ν < ∞ , m ∈ N , 1 ≤ p, p0, p1 ≤ ∞ ,

p0 6= p1 i 0 < θ < 1 . Òîäi âèêîíó¹òüñÿ ðiâíiñòü(
Eνp0

(Cm), Eνp1
(Cm)

)
θ,p

= Eνq,p(Cm), äå
1

q
=

1− θ
p0

+
θ

p1
. (3.30)

Iñíóþòü òàêi äîäàòíi ÷èñëà c1 = c1(θ, p) i c2 = c2(θ, p) , ùî âèêî-

íóþòüñÿ íåðiâíîñòi

K(t, x; Eνp0
(Cm), Eνp1

(Cm)) ≤ c1t
θ‖x‖Eν,mq,p , x ∈ Eνq,p(Cm), (3.31)

‖x‖Eν,mq,p ≤ c2‖x‖1−θ
Eν,mp0
‖x‖θEν,mp1 , x ∈ E

ν,m
p0

(Cm)
⋂
Eνp1

(Cm). (3.32)

ßêùî 1 ≤ p ≤ p̃ ≤ ∞ , 0 < θ0 < θ1 < 1 i Eνp0
(Cm) ⊂ Eνp1

(Cm) , òî(
Eνp0

(Cm), Eνp1
(Cm)

)
θ0,p
⊂
(
Eνp0

(Cm), Eνp1
(Cm)

)
θ1,p̃
. (3.33)

Ä î â å ä å í í ÿ. Ðiâíiñòü (3.30) îòðèìó¹ìî ç (3.23) ïðè q0 = p0 i

q1 = p1 . Íåðiâíîñòi (3.31) i (3.32) âèïëèâàþòü iç (3.25) i (3.26) âiäïîâiäíî.

Âêëàäåííÿ (3.33) îòðèìó¹ìî ç (3.28).

3.2. Iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëü-

íîãî òèïó, êîìïëåêñíèé ìåòîä

Ó äàíîìó ïàðàãðàôi îïèøåìî iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ âåêòî-

ðiâ åêñïîíåíöiàëüíîãî òèïó, ïîðîäæåíi êîìïëåêñíèì ìåòîäîì iíòåðïîëÿ-

öi¨.

Íåõàé (X0,X1) � iíòåðïîëÿöiéíà ïàðà áàíàõîâèõ ïðîñòîðiâ,

S = {z : 0 < Re z < 1} � ñìóãà ó êîìïëåêñíié ïëîùèíi, S̄ � ¨¨ çàìè-

êàííÿ. Ïîçíà÷èìî ÷åðåç F (X0,X1) ïðîñòið X0 + X1 � çíà÷íèõ ôóíêöié,
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íåïåðåðâíèõ â çàìèêàííi S̄ i àíàëiòè÷íèõ â S , òàêèõ, ùî

sup
z∈S̄
‖f(z)‖X0+X1

<∞,

f(j + it) ∈ Xj, j = 0, 1, −∞ < t <∞,

f(j + it) íåïåðåðâíà ÿê Xj � çíà÷íà ôóíêöiÿ âiä t, j = 0, 1,

‖f‖F(X0,X1) = max
j=0,1

(
sup
t
‖f(j + it)‖Xj

)
<∞.

Ïîçíà÷èìî ÷åðåç F− (X0,X1) ìíîæèíó âñiõ ôóíêöié f ∈ F (X0,X1) ,

äëÿ ÿêèõ

lim
|t|→∞

‖f(j + it)‖Xj = 0, j = 0, 1.

Äëÿ 0 < θ < 1 ïîêëàäåìî

[X0,X1]θ =
{
x ∈ X0 + X1 : ∃ f(z) ∈ F (X0,X1) , f(θ) = x

}
,

[X0,X1]θ,− =
{
x ∈ X0 + X1 : ∃ f(z) ∈ F− (X0,X1) , f(θ) = x

}
,

‖x‖[X0,X1]θ
= ‖x‖[X0,X1]θ,−

= inf
f(θ)=x

‖f(z)‖F(X0,X1), (3.34)

äå inf áåðåòüñÿ ïî âñiõ f ∈ F (X0,X1) (âiäïîâiäíî, âñiõ f ∈ F− (X0,X1) ),

òàêèõ, ùî f(θ) = x .

Ïðîñòîðè [X0,X1]θ i [X0,X1]θ,− , íàäiëåíi íîðìîþ (3.34), ¹ áàíàõîâè-

ìè ïðîñòîðàìè i ñïiâïàäàþòü ìiæ ñîáîþ ç òî÷íiñòþ äî åêâiâàëåíòíîñòi

íîðì ( [86, òåîðåìà 1.9.2]). Ó öüîìó ñåíñi ïðîñòîðè [X0,X1]θ i [X0,X1]θ,−

îòîòîæíþ¹ìî i ïîçíà÷à¹ìî [X0,X1]θ . Ïðîñòîðè [X0,X1]θ (0 < θ < 1) ¹

iíòåðïîëÿöiéíèìè, ïðè÷îìó iíòåðïîëÿöiéíèé ôóíêòîð � òî÷íèé òèïó θ

( [86, òåîðåìà 1.9.3]).

Íåõàé 0 < ν0, ν1 < ∞ , 1 ≤ p0, p1 ≤ ∞ i F
(
Eν0
p0

(A), Eν1
p1

(A)
)
�

ïðîñòið
(
Eν0
p0

(A) + Eν1
p1

(A)
)
� çíà÷íèõ ôóíêöié, íåïåðåðâíèõ â çàìèêàííi
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S̄ i àíàëiòè÷íèõ â S , òàêèõ, ùî

sup
z∈S̄
‖f(z)‖Eν0p0 (A)+Eν1p1 (A) <∞,

f(j + it) ∈ Eνjpj (A), j = 0, 1, −∞ < t <∞,

f(j + it) íåïåðåðâíà ÿê Eνjpj (A) � çíà÷íà ôóíêöiÿ âiä t, j = 0, 1,

‖f‖F(Eν0p0 (A), Eν1p1 (A)) = max
j=0,1

(
sup
t
‖f(j + it)‖Eνjpj

)
<∞.

Äëÿ 0 < θ < 1 âèçíà÷èìî iíòåðïîëÿöiéíèé ïðîñòið[
Eν0
p0

(A), Eν1
p1

(A)
]
θ

=
{
x ∈ Eν0

p0
(A) + Eν1

p1
(A) :

∃ f(z) ∈ F
(
Eν0
p0

(A), Eν1
p1

(A)
)
, f(θ) = x

}
ç íîðìîþ

‖x‖[Eν0p0 , Eν1p1 ]
θ

= inf
f(θ)=x

‖f(z)‖F(Eν0p0 (A), Eν1p1 (A)),

äå inf áåðåòüñÿ ïî âñiõ f ∈ F
(
Eν0
p0

(A), Eν1
p1

(A)
)
, òàêèõ, ùî f(θ) = x .

Òåîðåìà 3.2.1. Íåõàé 1 ≤ p0, p1 < ∞ , 0 < ν0, ν1 < ∞ , ν0 6= ν1 .

Òîäi ïðè ν = ν1−θ
0 νθ1 i 1/p = (1− θ)/p0 + θ/p1 âèêîíó¹òüñÿ ðiâíiñòü[

Eν0
p0

(A), Eν1
p1

(A)
]
θ

= Eνp (A). (3.35)

Ä î â å ä å í í ÿ. Íåõàé x ∈
(
Eν0
p0

(A), Eν1
p1

(A)
)
θ,p
. Iñíó¹ ðîçêëàä

x =
∑

j xj , òàêèé, ùî xj ∈ Eν0
p0

(A)
⋂
Eν1
p1

(A) i(∑
j

(2−jθJ(2j, xj; Eν0
p0

(A), Eν1
p1

(A)))p
)1/p

≤ c‖x‖(Eν0p0 ,Eν1p1 )
θ,p

,

äå J(2j, xj; Eν0
p0

(A), Eν1
p1

(A)) = max
(
‖xj‖Eν0p0 , 2

j‖xi‖Eν1p1
)
.

Äëÿ δ > 0 , 0 ≤ Re z ≤ 1 ïîêëàäåìî

f(z) = exp(δ(z − η)2)
∑
j

fj,

fj(z) = xj

(
2(θ1−θ0)j

(
2−jθJ(2j, xj; ·, ·)/‖x‖(Eν0p0 ,Eν1p1 )

θ,p

)p(1/p1−1/p0)
)z−η

.
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Â ðåçóëüòàòi ìà¹ìî

| exp(−δ(it− η)2)|‖f(it)‖(Eν0p0 ,Eν1p1 )
θ0,p0

,

≤
(∑

j

(2−jθ0J(2j, fj(it); ·, ·))p0

)1/p0

≤ c‖x‖(Eν0p0 ,Eν1p1 )
θ,p

,

| exp(−δ(1 + it− η)2)|‖f(1 + it)‖(Eν0p0 ,Eν1p1 )
θ1,p1

,

≤
(∑

j

(2−jθ1J(2j, fj(1 + it); ·, ·))p1

)1/p1

≤ c‖x‖(Eν0p0 ,Eν1p1 )
θ,p

.

Îòæå, f ∈ F
((
Eν0
p0
, Eν1

p1

)
θ0,p0

,
(
Eν0
p0
, Eν1

p1

)
θ1,p1

)
i f(η) = x , çâiäêè âèïëèâà¹

âêëàäåííÿ (
Eν0
p0
, Eν1

p1

)
θ,p
⊂
[(
Eν0
p0
, Eν1

p1

)
θ0,p0

,
(
Eν0
p0
, Eν1

p1

)
θ1,p1

]
η
. (3.36)

Ç iíøîãî áîêó, íåõàé x ∈
[(
Eν0
p0
, Eν1

p1

)
θ0,p0

,
(
Eν0
p0
, Eν1

p1

)
θ1,p1

]
η

i

f ∈ F
((
Eν0
p0
, Eν1

p1

)
θ0,p0

,
(
Eν0
p0
, Eν1

p1

)
θ1,p1

)
, f(η) = x . Ïîêëàäåìî

gj(z) = 2(z−η)((θ0−θ1)j+γ)f(z).

Òîäi gj ∈ F
((
Eν0
p0
, Eν1

p1

)
θ0,p0

,
(
Eν0
p0
, Eν1

p1

)
θ1,p1

)
i gj(η) = x . Âèêîðèñòîâóþ÷è

iíòåãðàëüíó ôîðìóëó Êîøi

x =

∫
P0(η, ξ)gj(iξ)dξ +

∫
P1(η, ξ)gj(1 + iξ)dξ,

äå

Pl(η, ξ) = e−πξ sin πη/
[

sin2 πη +
(

cosπη − eπ(il−ξ))2
]
, l = 0, 1,
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ïðè âiäïîâiäíîìó âèáîði γ ìà¹ìî

2−jθK(2j, xj; Eν0
p0

(A), Eν1
p1

(A))

≤ 2−jθ−jη(θ0−θ1)−ηγ
∫
P0(η, ξ)K(2j, f(iξ); Eν0

p0
(A), Eν1

p1
(A))dξ

+2−jθ−j(1−η)(θ0−θ1)+(1−η)γ

∫
P1(η, ξ)K(2j, f(1 + iξ); Eν0

p0
(A), Eν1

p1
(A))dξ

≤ c

(∫
P0(η, ξ)2

−jθ0K(2j, f(iξ); Eν0
p0

(A), Eν1
p1

(A))dξ

)1−η

×
(∫

P1(η, ξ)2
−jθ1K(2j, f(1 + iξ); Eν0

p0
(A), Eν1

p1
(A))dξ

)η
.

Çàñòîñîâóþ÷è íåðiâíîñòi Ãåëüäåðà ( [57, ñ. 56]) i Ìiíêîâñüêîãî ( [57, ñ. 55]),

îòðèìó¹ìî

‖x‖(Eν0p0 ,Eν1p1 )
θ,p

≤ c

(∫
P0(η, ξ)‖f(iξ)‖p0

(Eν0p0 ,E
ν1
p1 )

θ0,p0

dξ

)(1−η)/p0

×
(∫

P1(η, ξ)‖f(1 + iξ)‖p1

(Eν0p0 ,E
ν1
p1 )

θ1,p1

dξ

)η/p1

≤ c‖f‖F(Eν0p0 (A), Eν1p1 (A)),

çâiäêè âèïëèâà¹ âêëàäåííÿ[(
Eν0
p0
, Eν1

p1

)
θ0,p0

,
(
Eν0
p0
, Eν1

p1

)
θ1,p1

]
η
⊂
(
Eν0
p0
, Eν1

p1

)
θ,p
. (3.37)

Âêëàäåííÿ (3.36) i (3.37) äàþòü ðiâíiñòü[(
Eν0
p0
, Eν1

p1

)
θ0,p0

,
(
Eν0
p0
, Eν1

p1

)
θ1,p1

]
η

=
(
Eν0
p0
, Eν1

p1

)
θ,p
. (3.38)

Ðiâíiñòü (3.35) âèïëèâà¹ ç (3.38), [86, (1.18.2/7)] i (3.1). Òåîðåìà äîâåäåíà.

Íàñëiäîê 3.2.1. Íåõàé 1 ≤ p0, p1 < ∞ , 0 < ν0, ν1 < ∞ , ν0 6= ν1 .

ßêùî Eν0
p0

(A) ⊂ Eν1
p1

(A) i 0 < θ0 < θ1 < 1 , òî[
Eν0
p0

(A), Eν1
p1

(A)
]
θ0
⊂
[
Eν0
p0

(A), Eν1
p1

(A)
]
θ1
. (3.39)
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Ä î â å ä å í í ÿ. Íåõàé x ∈
[
Eν0
p0

(A), Eν1
p1

(A)
]
θ0
. Âèáåðåìî ôóíêöiþ

f ∈ F
(
Eν0
p0

(A), Eν1
p1

(A)
)
, òàêó, ùî f(θ) = x i

‖f(z)‖F(Eν0p0 (A), Eν1p1 (A)) ≤ ‖x‖[Eν0p0 , Eν1p1 ]
θ0

+ ε.

Ïîêëàäåìî θ0 = ζθ1 , äå 0 ≤ ζ < 1 i ϕ(z) = f(θ1z) exp(ε(z2 − ζ2)) . Òîäi

ìà¹ìî

‖f(θ1 + it)‖[Eν0p0 , Eν1p1 ]
θ1

≤ ‖f(z)‖F(Eν0p0 (A), Eν1p1 (A)),

çâiäêè âèïëèâà¹

‖ϕ(z)‖F
(
Eν0p0 (A), [Eν0p0 , E

ν1
p1 ]

θ1

) ≤ (‖x‖[Eν0p0 , Eν1p1 ]
θ0

+ ε
)
eε.

Îñêiëüêè ϕ(ζ) = x i[
Eν0
p0

(A),
[
Eν0
p0
, Eν1

p1

]
θ1

]
ζ
⊂
[[
Eν0
p0
, Eν1

p1

]
θ1
,
[
Eν0
p0
, Eν1

p1

]
θ1

]
ζ

=
[
Eν0
p0
, Eν1

p1

]
θ1
,

òî

‖x‖[Eν0p0 , Eν1p1 ]
θ1

≤ c‖ϕ(ζ)‖[Eν0p0 (A), [Eν0p0 , E
ν1
p1 ]

θ1

]
ζ

≤ c‖ϕ(z)‖F
(
Eν0p0 (A), [Eν0p0 , E

ν1
p1 ]

θ1

).
Çâiäñè âèïëèâà¹ âêëàäåííÿ ‖x‖[Eν0p0 , Eν1p1 ]

θ1

≤ c‖x‖[Eν0p0 , Eν1p1 ]
θ0

, ç ÿêîãî îòðè-

ìó¹ìî (3.39).

Äëÿ 0 < ν < ∞ , 1 ≤ p0, p1 ≤ ∞ , m ∈ N i 0 < θ < 1 âèçíà÷èìî

iíòåðïîëÿöiéíèé ïðîñòið[
Eν0
p0

(Cm), Eν1
p1

(Cm)
]
θ

=
{
x ∈ Eν0

p0
(Cm) + Eν1

p1
(Cm) :

∃ f(z) ∈ F
(
Eν0
p0

(Cm), Eν1
p1

(Cm)
)
, f(θ) = x

}
ç íîðìîþ

‖x‖[Eν0,mp0 , Eν1,mp1 ]
θ

= inf
f(θ)=x

‖f(z)‖F(Eν0p0 (Cm), Eν1p1 (Cr)),

äå inf áåðåòüñÿ ïî âñiõ f ∈ F
(
Eν0
p0

(Cm), Eν1
p1

(Cm)
)
, òàêèõ, ùî f(θ) = x .
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Íåõàé 0 < θ < 1 m, r ∈ N i r > m . Âèçíà÷èìî iíòåðïîëÿöiéíèé

ïðîñòið

[Cm, Cr]θ =
{
x ∈ Cm + Cr : ∃ f(z) ∈ F

(
Cm, Cr

)
, f(θ) = x

}
,

ç íîðìîþ

‖x‖[Cm,Cr]θ = inf
f(θ)=x

‖f(z)‖F(Cm,Cr),

äå inf áåðåòüñÿ ïî âñiõ f ∈ F
(
Cm, Cr

)
, òàêèõ, ùî f(θ) = x .

Äëÿ 0 < ν <∞ i 1 ≤ p ≤ ∞ âèçíà÷èìî ïðîñòið

Eνp
(

[Cm, Cr]θ
)

:= Eνp
(

[Cm, Cr]θ ,X
)

:=
{
x ∈ [Cm, Cr]θ : ‖x‖Eν,[m,r]p,θ

<∞
}

ç íîðìîþ

‖x‖Eν,[m,r]p,θ
=


( ∞∑

k=0

∥∥(A/ν)kx
∥∥p

[Cm, Cr]θ

)1/p

, p <∞,

sup
k∈N0

∥∥(A/ν)kx
∥∥

[Cm, Cr]θ
, p =∞,

äå ïîçíà÷åíî Eν,[m,r]p,θ := Eνp
(

[Cm, Cr]θ
)
.

Âèçíà÷èìî òàêîæ iíòåðïîëÿöiéíèé ïðîñòið[
Eνp0

(Cm), Eνp1
(Cr)

]
θ

=
{
x ∈ Eνp0

(Cm) + Eνp1
(Cr) :

∃ f(z) ∈ F
(
Eνp0

(Cm), Eνp1
(Cr)

)
, f(θ) = x

}
ç íîðìîþ

‖x‖[Eν,mp0 , Eν,rp1 ]
θ

= inf
f(θ)=x

‖f(z)‖F(Eνp0(Cm), Eνp1(Cr)),

äå inf áåðåòüñÿ ïî âñiõ f ∈ F
(
Eνp0

(Cm), Eνp1
(Cr)

)
, òàêèõ, ùî f(θ) = x .

Òåîðåìà 3.2.2. Äëÿ 1 ≤ p0, p1 < ∞ i 1/p = (1 − θ)/p0 + θ/p1

âèêîíó¹òüñÿ ðiâíiñòü[
Eνp0

(Cm), Eνp1
(Cr)

]
θ

= Eνp ([Cm, Cr]θ) (3.40)

(ç òî÷íiñòþ äî åêâiâàëåíòíîñòi íîðì).
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Ä î â å ä å í í ÿ. Íåõàé f(z)∈ F(Eνp0
(Cm), Eνp1

(Cr)) i f(θ) = x äëÿ

x ∈
[
Eνp0

(Cm), Eνp1
(Cr)

]
θ
. Òîäi

g(z) =

(
‖I‖Eνp0(Cm)→lmp0
‖I‖Eνp1(Cr)→lrp1

)z−θ

If(z) ∈ F
(
lmp0
, lrp1

)
, g(θ) = Ix

i âèêîíóþòüñÿ òàêi îöiíêè

‖g(z)‖F(lmp0 ,l
r
p1)
≤ ‖I‖(1−θ)

Eνp0(Cm)→lmp0
‖I‖θEνp1(Cr)→lrp1

‖f(z)‖F(Eνp0(Cm),Eνp1(Cr))

‖Ix‖[lmp0 ,lrp1]θ
≤ ‖I‖(1−θ)

Eνp0(Cm)→lmp0
‖I‖θEνp1(Cr)→lrp1

‖x‖[Eν,mp0 ,Eν,rp1 ]
θ

.

Çàñòîñîâóþ÷è ïîäiáíi îöiíêè äëÿ îáåðíåíîãî âiäîáðàæåííÿ I−1 , îòðè-

ìà¹ìî

‖I(x)‖[lmp0 ,lrp1]θ
= ‖x‖[Eν,mp0 ,Eν,rp1 ]

θ

, x ∈
[
Eνp0

(Cm), Eνp1
(Cr)

]
θ
.

Çà îçíà÷åííÿì ïðîñòið Eνp ([Cm, Cr]θ) içîìåòðè÷íèé ïðîñòîðó ïîñëi-

äîâíîñòåé

l
ν,[m,r]
p,θ =

{
x̄ := {ν−kxk}k∈N0

: xk = Akx, x ∈ Eνp ([Cm, Cr]θ)
}

ç íîðìîþ ‖x̄‖
l
ν,[m,r]
p,θ

= ‖x‖Eν,[m,r]p,θ
. Òîìó ðiâíiñòü (3.40) âèïëèâà¹ ç âiäîìîãî

içîìîðôiçìó ïðîñòîðiâ [86, òåîðåìà 1.18.1]:[
lmp0
, lrp1

]
θ

= l
[m,r]
p,θ ,

1

p
=

1

p0
+

1

p1
,

äå l
[m,r]
p,θ =

{
{ξk} : ξk ∈ [Cm, Cr]θ , ‖{ξk}‖

p

l
[m,r]
p,θ

=
∑
k∈N0

‖ξk‖p[Cm,Cr]θ < ∞
}
.

Òåîðåìà äîâåäåíà.

Íåõàé 1 ≤ p ≤ ∞ ,m, r ∈ N i
{
Eν(n)
p (Cm)

}
n∈N ,

{
Eν(n)
p ([Cm, Cr]θ)

}
n∈N,{

Eν(n)
p ((Cm, Cr)θ,q)

}
n∈N � ïîñëiäîâíîñòi ïðîñòîðiâ, ùî âiäïîâiäàþòü íå-

ñïàäíié ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë {ν(n)}n∈N , òàêié, ùî lim
n→∞

ν(n) =
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∞ . Äëÿ 1 ≤ ρ <∞ âèçíà÷èìî ïðîñòîðè

`ρ
[
Eν(n)
p (Cm)

]
=

{ ∞∑
n=1

xn = x ∈ Cm : xn ∈ Eν(n)
p (Cm),

‖x‖
`ρ[Eν(n),m

p ]
= inf

x=
∑
xn

( ∞∑
n=1

2n(ρ−1)‖xn‖ρEν(n),m
p

)1/ρ

<∞
}
,

`ρ
[
Eν(n)
p ((Cm, Cr)θ,q)

]
=

{ ∞∑
n=1

xn = x ∈ (Cm, Cr)θ,q : xn ∈ Eν(n)
p ((Cm, Cr)θ,q) ,

‖x‖
`ρ[Eν(n),(m,r)

p,θ ]
= inf

x=
∑
xn

( ∞∑
n=1

2n(ρ−1)‖xn‖ρEν(n),(m,r)
p,q,θ

)1/ρ

<∞
}
,

`ρ
[
Eν(n)
p ([Cm, Cr]θ)

]
=

{ ∞∑
n=1

xn = x ∈ [Cm, Cr]θ : xn ∈ Eν(n)
p ([Cm, Cr]θ) ,

‖x‖
`ρ[Eν(n),[m,r]

p,θ ]
= inf

x=
∑
xn

( ∞∑
n=1

2n(ρ−1)‖xn‖ρEν(n),[m,r]
p,θ

)1/ρ

<∞
}
.

Òåîðåìà 3.2.3. Âèêîíóþòüñÿ òàêi içîìîðôiçìè ïðîñòîðiâ

`ρ
[
Eν(n)
p (Cm)

]
= E(Cm), (3.41)

`ρ
[
Eν(n)
p ((Cm, Cr)θ,q)

]
= E ((Cm, Cr)θ,q), (3.42)

`ρ
[
Eν(n)
p ([Cm, Cr]θ)

]
= E ([Cm, Cr]θ), (3.43)

äå çàìèêàííÿ çà íîðìàìè ïðîñòîðiâ Cm , (Cm, Cr)θ,q i [Cm, Cr]θ âiäïî-

âiäíî.

Ä î â å ä å í í ÿ. Äëÿ y ∈ Eν(n)
p (Cm) ìà¹ìî òàêó íåðiâíiñòü

‖y‖
`ρ[Eν(n),m

p ]
≤ 2ρ−1‖y‖Eν(n),m

p
.

Îñêiëüêè Eν(n)
p (Cm) ⊂ Eν(n+1)

p (Cm) , òî â íåðiâíîñòi ìîæíà ïåðåéòè äî

ãðàíèöi

‖y‖
`ρ[Eν(n),m

p ]
≤ 2ρ−1 lim

n→∞
‖y‖Eν(n),m

p
= 2ρ−1‖y‖Cm.
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Âèêîðèñòîâóþ÷è íåðiâíiñòü Ãåëüäåðà, îòðèìó¹ìî

∞∑
n=1

‖xn‖`ρ[Eν(n),m
p ]

≤ 2ρ−1
∞∑
n=1

‖xn‖Eν(n),m
p

≤ 2ρ−1

( ∞∑
n=1

2n(ρ−1)‖xn‖ρEν(n),m
p

)1/ρ

,

òîáòî, ðÿäè x =
∑∞

n=1xn ¹ àáñîëþòíî çáiæíèìè â `ρ
[
Eν(n)
p (Cm)

]
.

Ïîêàæåìî, ùî ðÿä
∑∞

n=1 xn çáiæíèé äî x â `ρ
[
Eν(n)
p (Cm)

]
. Îñêiëüêè

∞∑
n=1

‖xn‖Cm ≤
∞∑
n=1

‖xn‖Eν(n),m
p

≤
( ∞∑

n=1

2n(ρ−1)‖xn‖ρEν(n),m
p

)1/ρ

,

òî ðÿä x =
∑∞

n=1 xn àáñîëþòíî çáiæíèé â Cm . Îòæå, äëÿ ε > 0 iñíó¹

òàêå N , ùî∥∥∥x− N∑
n=1

xn

∥∥∥
`ρ[Eν(n),m

p ]
=
∥∥∥∑
n>N

xn

∥∥∥
`ρ[Eν(n),m

p ]
≤
∑
n>N

‖xn‖`ρ[Eν(n),m
p ]

≤ 2ρ−1
∑
n>N

‖xn‖Cm < ε.

Öå îçíà÷à¹, ùî ïðîñòið `ρ
[
Eν(n)
p (Cm)

]
ïîâíèé. Îñêiëüêè

‖x‖Cm ≤ inf
x=
∑
xn

∞∑
n=1

‖xn‖Cm ≤ inf
x=
∑
xn

∞∑
n=1

‖xn‖Eν(n),m
p

≤ ‖x‖
`ρ[Eν(n),m

p ]
,

òî ‖x‖Cm ≤ ‖x‖`ρ[Eν(n),m
p ]

≤ 2ρ−1‖x‖Cm äëÿ x ∈ Eν(n)
p (Cm) . Iç íàñëiäêó 3.1.4

ìà¹ìî
⋃∞
n=1E

ν(n)
p (Cm) = E(Cm) . Òîìó,

‖x‖Cm ≤ ‖x‖`ρ[Eν(n),m
p ]

≤ 2ρ−1‖x‖Cm, x ∈ E(Cm).

Äëÿ äîâåäåííÿ ðiâíîñòåé (3.42) i (3.43) äîñòàòíüî ó ïîïåðåäíiõ ìið-

êóâàííÿõ çàìiíèòè Cm íà (Cm, Cr)θ,q i [Cm, Cr]θ âiäïîâiäíî. Òåîðåìà äî-
âåäåíà.
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3.3. Iíòåðïîëÿöiÿ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó

êîìïëåêñíèõ ñòåïåíiâ ïîçèòèâíèõ îïåðàòîðiâ

Ó äàíîìó ïàðàãðàôi ââåäåìî íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ

åêñïîíåíöiàëüíîãî òèïó êîìïëåêñíèõ ñòåïåíiâ ïîçèòèâíèõ îïåðàòîðiâ òà

âñòàíîâèìî ¨õ iíòåðïîëÿöiéíi âëàñòèâîñòi.

Îçíà÷åííÿ 3.3.1. [86, ñ. 103] Íåõàé X � êîìïëåêñíèé áàíàõiâ

ïðîñòið A � çàìêíåíèé ëiíiéíèé îïåðàòîð ç ùiëüíîþ îáëàñòþ âèçíà-

÷åííÿ C1(A) i çíà÷åííÿìè â X . Îïåðàòîð A íàçèâà¹òüñÿ ïîçèòèâ-

íèì, ÿêùî iíòåðâàë (−∞, 0] íàëåæèòü éîãî ðåçîëüâåíòíié ìíîæèíi

òà iñíó¹ òàêå ÷èñëî c > 0 , ùî

‖(A− λI)−1‖ ≤ c

1 + |λ|
, λ ∈ (−∞, 0]. (3.44)

Ïðèêëàäîì ïîçèòèâíîãî îïåðàòîðà ¹ áóäü-ÿêèé ïîçèòèâíî-âèçíà÷åíèé

ñàìîñïðÿæåíèé îïåðàòîð â ãiëüáåðòîâîìó ïðîñòîði. ßêùî A � ãåíåðà-

òîð ñèëüíî íåïåðåðâíî¨ íàïiâãðóïè U(t) , äëÿ ÿêî¨ iñíóþòü ÷èñëà M i β

(M ≥ 0, β < 0) , òàêi, ùî

‖U(t)‖ ≤Meβt, 0 ≤ t <∞,

òî, çãiäíî ç òåîðåìîþ Õiëëå-Iîñiäè ( [57, ñ. 343]), îïåðàòîð −A ïîçèòèâ-

íèé. Îäíàê, iñíóþòü ïîçèòèâíi îïåðàòîðè, ÿêi íå ¹ ãåíåðàòîðàìè æîäíèõ

íàïiâãðóï.

Âiäçíà÷èìî, ùî îáëàñòi âèçíà÷åííÿ Ck(A) (k ∈ N) öiëèõ ñòåïåíiâ

ïîçèòèâíîãî îïåðàòîðà ùiëüíi â X i äëÿ âñiõ x ∈ X

lim
t→∞

[t(A+ tI)−1]kx = x. (3.45)

Äiéñíî, ââàæàþ÷è, áåç îáìåæåííÿ çàãàëüíîñòi, ùî x ∈ C1(A) , ìà¹ìî

‖[t(A+ tI)−1]kx− x‖ ≤ c‖t(A+ tI)−1x− x‖ = c‖(A+ tI)−1Ax‖ → 0.
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Íåõàé A � ïîçèòèâíèé îïåðàòîð â X , m, k ∈ Z , m ≥ 0 , 0 < σ <

k . Äëÿ êîìïëåêñíèõ ÷èñåë α òàêèõ, ùî −m < Reα ≤ σ − m , i âñiõ

åëåìåíòiâ x ∈
(
X, Ck

)
σ/k,1

âèçíà÷èìî iíòåãðàë

Aα
σx =

Γ(k)

Γ(α +m)Γ(k −m− α)

∫ ∞
0

tα+m−1Ak−m(A+ tI)−kx dt. (3.46)

Âèêîðèñòîâóþ÷è ðiâíiñòü

d

dt
(tk[A(A+ tI)−1]k) = ktk−1[A(A+ tI)−1]k+1, (3.47)

çà äîïîìîãîþ iíòåãðóâàííÿ ÷àñòèíàìè îòðèìó¹ìî

Aα
σx =

−Γ(k)

Γ(α +m)Γ(k −m− α)

∫ ∞
0

1

k −m− α
(tα+m−k)′tk

× [A(A+ tI)−1]kA−mx dt =
Γ(k + 1)

Γ(α +m)Γ(k + 1−m− α)

×
∫ ∞

0

tα+m−ktk−1[A(A+ tI)−1]k+1A−mx dt.

Çâiäñè âèïëèâà¹, ùî (3.46) íå çàëåæèòü âiä k .

Íåõàé −m < Reα ≤ σ−m−1 . Íåçàëåæíiñòü (3.46) âiä m âèïëèâà¹

ç ðiâíîñòi

Aα
σx =

Γ(k)

Γ(α +m)Γ(k −m− α)

∫ ∞
0

1

m+ α
(tα+m)′Ak−m(A+ tI)−kx dt

=
Γ(k)

Γ(α +m+ 1)Γ(k −m− α)

∫ ∞
0

tα+mAk−m(A+ tI)−k−1x dt.

Îçíà÷åííÿ Aα
σ ïîêàçó¹, ùî A−kAα

σ ìîæíà ïðîäîâæèòè äî ëiíiéíîãî

íåïåðåðâíîãî îïåðàòîðà íà X . Íåõàé(
X, Ck

)
σ/k,1

3 xj → 0 â X i Aα
σxj → x â X.

Òîäi A−kx = 0 i x = 0 . Îòæå, îïåðàòîð Aα
σ äîïóñêà¹ çàìèêàííÿ, íåçà-

ëåæíiñòü ÿêîãî âiä σ âèïëèâà¹ ç íåðiâíîñòi

‖Aα
σx‖ ≤ c‖x‖(X,Ck)σ/k,1
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i òîãî, ùî ìíîæèíà Ck ùiëüíà â
(
X, Ck

)
σ/k,1

.

Äðîáîâà ñòåïiíü Aα ïîçèòèâíîãî îïåðàòîðà A âèçíà÷à¹òüñÿ ÿê çà-

ìèêàííÿ îïåðàòîðà Aα
σ . Äëÿ öiëèõ α âèçíà÷åíà òàêèì ÷èíîì ñòåïiíü

ñïiâïàäà¹ çi çâè÷àéíèì âèçíà÷åííÿì ñòåïåíi îïåðàòîðà. Äiéñíî, ïîçíà÷è-

ìî ÷åðåç Ãj (j ∈ N) ñòåïiíü A , âèçíà÷åíó çâè÷àéíèì ñïîñîáîì. Çãiäíî

ç (3.45) äëÿ x ∈ X ìà¹ìî

A(A+ tI)−1x→ 0 ïðè t→∞. (3.48)

Çàñòîñîâóþ÷è ïîâòîðíî ñïiââiäíîøåííÿ (3.47) i (3.48), îòðèìó¹ìî

k . . . (2k − 1)

(k − 1)!

∫ ∞
0

tk−1tj[A(A+ tI)−1]2kA−kx dt

= lim
N→∞

k . . . (2k − 1)

(k − 1)!

∫ N

0

tk−1[A(A+ tI)−1]2kA−kx dt

= lim
N→∞

k . . . (2k − 2)

(k − 1)!

∫ N

0

t−k+1 d

dt
(t2k−1[A(A+ tI)−1]2k−1)A−kx dt

= lim
N→∞

k . . . (2k − 2)

(k − 2)!

∫ N

0

tk−1[A(A+ tI)−1]2k−1A−kx dt

= lim
N→∞

k

∫ N

0

tk−1[A(A+ tI)−1]k+1A−kx dt

= lim
N→∞

∫ N

0

d

dt
(tk[A(A+ tI)−1]k)A−kx dt

= lim
N→∞

[N(A+NI)−1]kx = x,

òîáòî

x =
k . . . (2k − 1)

(k − 1)!

∫ ∞
0

tk−1tj[A(A+ tI)−1]2kA−kx dt. (3.49)

Âèêîðèñòîâóþ÷è (3.49), çà äîïîìîãîþ ïîâòîðíîãî çàñòîñóâàííÿ çàìêíå-

íîãî îïåðàòîðà A äëÿ x ∈
(
X, Ck

)
j/k,1

îòðèìó¹ìî

Ajx =
k . . . (2k − 1)

(k − 1)!

∫ ∞
0

tk−jtj[A(A+ tI)−1]2kA−(k−j)x
dt

t
(3.50)
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Iç ïðåäñòàâëåííÿ (3.50) i (3.46) âèïëèâà¹

Aj
k+1x = Ãjx, x ∈ C2k(Ã).

Iç ñïiââiäíîøåííÿ (3.45) îòðèìó¹ìî ùiëüíiñòü C2k(Ã) â Cj(A) i Cj(Ã) .

Îñêiëüêè Aj i Ãj � çàìêíåíi îïåðàòîðè, òî Ãj = Aj .

Íåõàé m ∈ N . Âèêîðèñòîâóþ÷è (3.46) iç 2k çàìiñòü k i m = 2k ,

α = −k , 2k− 1 < σ < 2k , çíàõîäèìî, ùî A−k � íåïåðåðâíèé îïåðàòîð.

Âðàõîâóþ÷è (3.49), ìà¹ìî

ÃkA−kx = A−kÃkx = x, x ∈ C3k(Ã),

çâiäêè âèïëèâà¹ Ã−k = A−k .

Îáëàñòü âèçíà÷åííÿ Cα îïåðàòîðà Aα äàëi ðîçãëÿäà¹ìî ÿê áàíàõiâ

ïðîñòið ç íîðìîþ ‖x‖Cα = ‖Aαx‖ , x ∈ Cα .

Ëåìà 3.3.1. Íåõàé A � ïîçèòèâíèé îïåðàòîð â X , α, β ∈ C i

Reα · Re β > 0 . Òîäi

AαAβ = AβAα = Aα+β. (3.51)

Ä î â å ä å í í ÿ. Íåõàé Reα < 0 i Re β < 0 i x ∈ C2k , äå k

� äîñòàòíüî âåëèêå íàòóðàëüíå ÷èñëî. Çãiäíî ç (3.46), Aβx íàëåæèòü

Ck , à òîìó âèðàçè AαAβx i Aα+βx ìàþòü ñìèñë. Ïðè ôiêñîâàíîìó β öi

âèðàçè ¹ X -çíà÷íèìè ôóíêöiÿìè, àíàëiòè÷íèìè ïî α . Ïðè ôiêñîâàíîìó

α Aα+βx � àíàëiòè÷íà X -çíà÷íà ôóíêöiÿ, α Aβx � àíàëiòè÷íà Ck -
çíà÷íà ôóíêöiÿ, à îòæå, AαAβx � àíàëiòè÷íà X -çíà÷íà ôóíêöiÿ. Òîìó

îòðèìó¹ìî

AαAβx = c

∫ ∞
0

∫ ∞
0

tα−1τβ−1(A+ tI)−1(A+ τI)−1A2x dtdτ. (3.52)

Âèêîðèñòîâóþ÷è ðiâíiñòü

t(A+ tI)−1x− τ(A+ τI)−1x = (t− τ)A(A+ tI)−1(A+ τI)−1x,
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i àíàëiòè÷íiñòü ïî t i τ ïiäiíòåãðàëüíî¨ ôóíêöi¨ â (3.52), îòðèìó¹ìî

AαAβx = c lim
ε↓0

[ ∫ iε+∞

iε+0

tα(A+ tI)−1Ax

∫ −iε+∞
−iε+0

τβ−1 dτ

t− τ
dt

+

∫ −iε+∞
−iε+0

τα(A+ τI)−1Ax

∫ iε+∞

iε+0

tα−1 dt

τ − t
dτ

]
= c′

∫ ∞
0

tα+β−1(A+ tI)−1Axdt = Aα+βx. (3.53)

Ïîêëàäàþ÷è k = m â (3.46), äëÿ Reα < 0 ìà¹ìî ‖Aαx‖ ≤ c‖x‖ , çâiäêè
âèïëèâà¹ íåïåðåðâíiñòü Aα . Êðiì òîãî, îòðèìó¹ìî

A−αAαx = x, x ∈ C2k, |Reα| < k.

ßêùî C2k 3 xj → x ∈ X , òî Aαxj → Aαx . Îñêiëüêè A−α � çàìêíåíèé

îïåðàòîð, òî çâiäñè âèïëèâà¹, ùî Aαx íàëåæèòü C−α i A−αAαx = x .

ßêùî Reα < 0 , òî ïîäiáíèì ÷èíîì îòðèìó¹ìî

AαA−αx = x, x ∈ C−α. (3.54)

Öå îçíà÷à¹, ùî 0 ∈ ρ(A−α) i (A−α)−1 = Aα .

Íåõàé òåïåð Reα > 0 i Re β > 0 . Òîäi äëÿ äîñòàòíüî âåëèêîãî

íàòóðàëüíîãî ÷èñëà m ìà¹ìî

‖Aβx‖ = ‖A−αAα+βx‖ ≤ c‖Aα+βx‖, x ∈ Cm. (3.55)

ßêùî x ∈ Cα+β , òî iñíó¹ ïîñëiäîâíiñòü (xj)j∈N ⊂ Cm , òàêà, ùî xj → x

i Aα+βxj → Aα+βx . Iç îöiíêè (3.55) ìà¹ìî Aβxj → Aβx . Âðàõîâóþ÷è

çàìêíåíiñòü îïåðàòîðà Aα , îòðèìó¹ìî Aβx ∈ Cα i AαAβx = Aα+βx .

Íàâïàêè, íåõàé x ∈ Cβ i Aβx ∈ Cα . Òîäi iñíó¹ åëåìåíò y ∈ Cα+β , òàêèé,

ùî

AαAβx = Aα+βy = AαAβy,

çâiäêè AαAβ(x − y) = 0 , à òîìó x = y . Òàêèì ÷èíîì, ðiâíiñòü (3.51)

äîâåäåíî.
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Ëåìà 3.3.2. Íåõàé A � ïîçèòèâíèé îïåðàòîð â X i α ∈ C . ßêùî

Reα + r < k , r > 0 , Reα > 0 , k ∈ N i 1 ≤ p ≤ ∞ , òî îïåðàòîð

Aα içîìîðôíî âiäîáðàæà¹ Cα íà X , Cα+r íà Cr i
(
X, Ck

)
(Reα+r)/k,p

íà(
X, Ck

)
r/k,p

.

Ä î â å ä å í í ÿ. Â ñèëó ðiâíîñòi (3.54), Aα � içîìîðôíå âiä-

îáðàæåííÿ Cα íà X . Àíàëîãi÷íî Ar � içîìîðôíå âiäîáðàæåííÿ Cr íà

X . Âèçíà÷èìî íîðìó â Cr ÿê ‖Arx‖ . Òîäi iç (3.51) âèïëèâà¹, ùî Aα �

içîìîðôíå âiäîáðàæåííÿ Cα+r íà Cr .
Ç ðiâíîñòi (3.46) äëÿ m = 0 , σ = Reα i òîãî, ùî íîðìà ïðîñòîðó(

X, Ck
)
θ,p

åêâiâàëåíòíà íîðìi

‖x‖∗(X,Ck)θ,p
=

∫ ∞
0

tθk[A(A+ tI)−1]kx dt,

âèïëèâà¹ âêëàäåííÿ (
X, Ck

)
Reα/k,1

⊂ Cα. (3.56)

Ç ðiâíîñòi (3.46) äëÿ m = k âèïëèâà¹∥∥tReα[A(A+ tI)−1]kA−αx
∥∥

≤ c

∥∥∥∥tReα(A+ tI)−k
∫ t

0

τ−α+k−1[A(A+ τI)−1]kx dτ

∥∥∥∥
+c

∥∥∥∥tReα[A(A+ τI)−1]k
∫ ∞

0

τ−α+k−1(A+ tI)−kx dτ

∥∥∥∥ ≤ c′‖x‖.

Çà äîïîìîãîþ ãðàíè÷íîãî ïåðåõîäó îòðèìó¹ìî îñòàííþ îöiíêó äëÿ âñiõ

x ∈ X . Òîìó ìà¹ìî∥∥tReα[A(A+ tI)−1]kA−αx
∥∥ ≤ c‖Aαx‖, x ∈ Cα,

çâiäêè âèïëèâà¹ âêëàäåííÿ

Cα ⊂
(
X, Ck

)
Reα/k,∞. (3.57)
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Iç âêëàäåíü (3.56), (3.57) i òåîðåìè ïðî ðåiòåðàöiþ [3, òåîðåìà 3.5.3]

äëÿ 0 < Reα < Re β <∞ âèïëèâà¹ ðiâíiñòü

(X, Cα)θ,p =
(
X, Cβ

)
Reα/Reβ,p

,

ÿêà ïîêàçó¹, ùî Aα içîìîðôíî âiäîáðàæà¹
(
X, Ck

)
(Reα+r)/k,p

íà ïðîñòið(
X, Ck

)
r/k,p

. Ëåìà äîâåäåíà.

Íåõàé 0 < ν <∞ , 1 ≤ p ≤ ∞ , α ∈ C i A � ïîçèòèâíèé îïåðàòîð

â X . Ëåìè 3.3.1 i 3.3.2 äîçâîëÿþòü âèçíà÷èòè íîðìîâàíi ïðîñòîðè

Eνp (Cα) := Eνp (Cα,X) :=
{
x ∈ C∞(A) : ‖x‖Eνp (Cα) <∞

}
,

äå

‖x‖Eνp (Cα) =


(∑
k∈N0

∥∥(A/ν)kx
∥∥p
Cα

)1/p

, 1 ≤ p <∞,

sup
k∈N0

∥∥(A/ν)kx
∥∥
Cα , p =∞.

Äëÿ ñïðîùåííÿ çàïèñiâ âèêîðèñòîâó¹ìî ïîçíà÷åííÿ Eν,αp := Eνp (Cα) .

Ïðîñòîðè Cα ç íîðìîþ ‖x‖Cα = ‖Aαx‖ áàíàõîâi, òîìó ïðîñòîðè

Eνp (Cα) òàêîæ áàíàõîâi. Êðiì òîãî, â ñèëó òåîðåìè 2.1.1, äëÿ 1 ≤ p <∞
i 0 < ν < τ îòðèìó¹ìî òàêi íåïåðåðâíi âêëàäåííÿ

Eνp (Cα) ⊂ Eτp (Cα) ⊂ Eτ∞(Cα).

ßêùî x ∈ Eν∞(Cα) , òî ìà¹ìî íåðiâíiñòü ‖Akx‖Cα ≤ νk‖x‖Eν,α∞ , à òîìó

‖Akx‖1/k
Cα ≤ ν ‖x‖1/k

Eν,α∞ . Îòæå, lim supk→∞ ‖Akx‖1/k
Cα ≤ ν i äëÿ áóäü-ÿêîãî

τ > ν ðÿä ‖x‖Eτ,α1
=
∑

k

∥∥ (A/τ)k x
∥∥
Cα çáiæíèé. ßê íàñëiäîê, x ∈ Eτ1 (Cα) .

Òàêèì ÷èíîì, äëÿ êîæíîãî τ > ν âèêîíó¹òüñÿ âêëàäåííÿ

Eν∞(Cα) ⊂ Eτ1 (Cα). (3.58)

Íåõàé {x∗k,ν}k∈N0
� ïîñëiäîâíiñòü, ÿêà ñêëàäà¹òüñÿ ç åëåìåíòiâ

xk,ν := (A/ν)kx , ðîçìiùåíèõ â ïîðÿäêó íåçðîñòàííÿ íîðì

‖x∗0,ν‖Cα ≥ ‖x∗1,ν‖Cα ≥ . . . ≥ ‖x∗k,ν‖Cα ≥ . . . .
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Äëÿ ÷èñåë 1 < q <∞ , 1 ≤ p ≤ ∞ âèçíà÷èìî ïðîñòîðè

Eνq,p(Cα) := Eνq,p(Cα,X) =
{
x ∈ C∞(A) : ‖x‖Eνq,p(Cα) <∞

}
,

ç íîðìîþ

‖x‖Eνq,p(Cα) =


(∑

k∈N

‖x∗k−1,ν‖
p
Cαk

p
q−1

)1/p

, 1 ≤ p <∞,

sup
k∈N
‖x∗k−1,ν‖Cαk

1
q , p =∞.

Äëÿ ñïðîùåííÿ çàïèñiâ âèêîðèñòîâó¹ìî ïîçíà÷åííÿ Eν,αq,p := Eνq,p(Cα) .

Äëÿ 1 ≤ p, q ≤ ∞ , α, β ∈ C i 0 ≤ Reα < Re β < ∞ âèçíà÷èìî

òàêîæ ïðîñòîðè

Eνp
(
(Cα, Cβ)θ,q

)
=
{
x ∈ C∞(A) : ‖x‖Eν,(α,β)

p,q,θ
<∞

}
,

‖x‖Eν,(α,β)
p,q,θ

=


( ∞∑

k=0

∥∥(A/ν)kx
∥∥p

(Cα, Cβ)θ,q

)1/p

, p <∞,

sup
k∈N0

∥∥(A/ν)kx
∥∥

(Cα, Cβ)θ,q
, p =∞,

Eνp
( [
Cα, Cβ

]
θ

)
=
{
x ∈

[
Cα, Cβ

]
θ

: ‖x‖Eν,[α,β]
p,θ

<∞
}
,

‖x‖Eν,[α,β]
p,θ

=


( ∞∑

k=0

∥∥(A/ν)kx
∥∥p

[Cα, Cβ ]θ

)1/p

, p <∞,

sup
k∈N0

∥∥(A/ν)kx
∥∥

[Cα, Cβ ]θ
, p =∞.

Íàñòóïíà òåîðåìà âñòàíîâëþ¹ içîìîðôiçìè äëÿ äiéñíî¨ òà êîìïëå-

êñíî¨ iíòåðïîëÿöiéíèõ øêàë ââåäåíèõ ïðîñòîðiâ. Ðiâíiñòü ïðîñòîðiâ ðî-

çóìi¹òüñÿ ç òî÷íiñòþ äî åêâiâàëåíòíîñòi íîðì.

Òåîðåìà 3.3.1. Íåõàé 0 < θ < 1 , α, β ∈ C , 0 ≤ Reα < Re β <∞ ,

1 ≤ p ≤ ∞ . Òîäi

(Eν1 (Cα), Eν∞(Cα))θ,p = Eν1/(1−θ),p(Cα). (3.59)
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ßêùî iñíóþòü äîäàòíi ÷èñëà ε i M , òàêi, ùî Ait � îáìåæåíèé

îïåðàòîð ïðè −ε ≤ t ≤ ε i ‖Ait‖ ≤M , òî

Eνp
( [
Cα, Cβ

]
θ

)
= Eνp

(
Cα(1−θ)+βθ). (3.60)

ßêùî 0 < ν0, ν1 <∞ , ν0 6= ν1 i 1 ≤ p0, p1 ≤ ∞ , òî ïðè ν = ν1−θ
0 νθ1

âèêîíó¹òüñÿ ðiâíiñòü(
Eν0
p0

(Cα), Eν1
p1

(Cα)
)
θ,p

= Eνp (Cα), (3.61)

à ïðè 1 ≤ p0, p1 <∞, òàêèõ, ùî 1/p = (1− θ)/p0 + θ/p1(
Eνp0

(Cα), Eνp1
(Cβ)

)
θ,p

= Eνp
(
(Cα, Cβ)θ,p

)
, (3.62)

[
Eν0
p0

(Cα), Eν1
p1

(Cα)
]
θ

= Eνp (Cα), (3.63)

[
Eνp0

(Cα), Eνp1
(Cβ)

]
θ

= Eνp
([
Cα, Cβ

]
θ

)
. (3.64)

Ä î â å ä å í í ÿ. Ïðîñòið Eνp (Cα) içîìåòðè÷íèé ïðîñòîðó ïîñëi-

äîâíîñòåé lν,αp =
{
x̄ := {ν−kxk}k∈N0

: xk = Akx, x ∈ Eνp (Cα)
}
ç íîðìîþ

‖x̄‖lν,αp = ‖x‖Eν,αp , à ïðîñòið Eνq,p(Cα) (1 < q <∞) içîìåòðè÷íèé ïðîñòîðó

ïîñëiäîâíîñòåé lν,αq,p =
{
x̄ := {xk,ν}k∈N0

: xk,ν = (A/ν)kx, x ∈ Eνq,p(Cα)
}
ç

íîðìîþ ‖x̄‖lν,αq,p = ‖x‖Eν,αq,p .
Äëÿ 0 < τ ≤ 1 ìà¹ìî K

(
τ, x; lν,α1 , lν,α∞

)
= τ‖x∗0,ν‖Cα , à äëÿ âñiõ

s ∈ N K
(
s, x; lν,α1 , lν,α∞

)
=
∑s−1

k=0 ‖x∗k,ν‖Cα . Ïiäñòàâëÿþ÷è öi âèðàçè äëÿ

ôóíêöiîíàëà K ó ôîðìóëè äëÿ íîðì ïðè p <∞ , îòðèìó¹ìî

‖x̄‖p
(lν,α1 ,lν,α∞ )θ,p

∼
∞∑
s=1

s−θp−1

( s−1∑
k=1

‖x∗k,ν‖Cα
)p
≥

∞∑
s=1

s(1−θ)p−1‖x∗s−1,ν‖
p
Cα,

∞∑
s=1

s−θp−1

( s−1∑
k=1

‖x∗k,ν‖Cα
)p
≤ c

∞∑
k=1

k(1−θ)p−1‖x∗k−1,ν‖
p
Cα,

çâiäêè âèïëèâà¹ ðiâíiñòü

(lν,α1 , lν,α∞ )θ,p = lν,α1/(1−θ),p,
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åêâiâàëåíòíà (3.59). Âèïàäîê p =∞ ¹ íàñëiäêîì åêâiâàëåíòíîñòi íîðì

‖x̄‖(lν,α1 ,lν,α∞ )θ,∞
∼ sup

s
s−θ

s−1∑
k=0

‖x∗k,ν‖Cα ∼ sup
s
s1−θ‖x∗s−1,ν‖Cα.

Äëÿ áóäü-ÿêîãî t (−∞ < t <∞) ìîæíà çàïèñàòè |t| = εN + δ , äå

N ∈ N0 , 0 ≤ δ < ε . Âèêîðèñòîâóþ÷è (3.53), äëÿ C2k îòðèìó¹ìî

‖Aitx‖ = ‖A±iδA±iεNx‖ ≤MN+1‖x‖ ≤ ceγ|t|‖x‖,

äå c i γ � äåÿêi íåâiä'¹ìíi ÷èñëà. Çâiäñè âèïëèâà¹, ùî Ait � îáìåæåíèé

îïåðàòîð äëÿ âñiõ t (−∞ < t <∞) i âèêîíó¹òüñÿ íåðiâíiñòü

‖Ait‖ ≤ ceγ|t|.

Çãiäíî ç îçíà÷åííÿì Cβ ìíîæèíà Ck ùiëüíà â Cβ äëÿ êîæíîãî íàòó-

ðàëüíîãî ÷èñëà k > Re β . Çàñòîñîâóþ÷è (3.53), ìà¹ìî Cβ = CReβ äëÿ

Re β > 0 . Òîìó, áåç îáìåæåííÿ çàãàëüíîñòi, ìîæíà ïîêëàñòè α = 0 ,

β > 0 .

Íåõàé x ∈ Ck , äå k � äîñòàòíüî âåëèêå íàòóðàëüíå ÷èñëî. Òîäi ïðè

0 < θ < 1

‖x‖[X,Cβ ]θ
≤ c
∥∥e(z−θ)2

A−(z−θ)βx
∥∥
F(X,Cβ)

≤ cmax

[
sup
t

∥∥e(it−θ)2

A−itβAθβx
∥∥, sup

t

∥∥e(1+it−θ)2

A−itβAθβx
∥∥]

≤ c‖Aθβx‖.

Îñêiëüêè Ck ùiëüíå â Cθβ , òî ç îñòàííüî¨ îöiíêè ìà¹ìî

Cθβ ⊂
[
X, Cβ

]
θ
. (3.65)

Çãiäíî ç [86, òåîðåìà 1.9.1 (b)], ëiíiéíà îáîëîíêà ôóíêöié âèãëÿäó

eδz
2+λzy , äå δ > 0 , λ ∈ N i y ∈ Ck , ùiëüíà â F−

(
X, Cβ

)
. Ïîçíà÷èìî

÷åðåç Lin
{
eδjz

2+λjzyj
}

ëiíiéíó êîìáiíàöiþ ñêií÷åííîãî ÷èñëà ôóíêöié
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eδjz
2+λjzyj . Òîäi ìà¹ìî

‖Aθβx‖ ≤ c inf
Lin

{
eδjz

2+λjzyj

}∣∣
z=θ

=x

∥∥∥Lin{eδjz2+λjzyj
}∥∥∥
F(X,Cβ)

= c‖x‖[X,Cβ ]θ
.

Îñêiëüêè Ck ùiëüíå â Cβ , à Cβ ùiëüíå â
[
X, Cβ

]
θ
, òî Ck ùiëüíå â[

X, Cβ
]
θ
. Êðiì òîãî, îïåðàòîð Aθβ çàìêíåíèé, òîìó ç îñòàííüî¨ íåðiâ-

íîñòi îòðèìó¹ìî [
X, Cβ

]
θ
⊂ Cθβ. (3.66)

Iç (3.65) i (3.66) âèïëèâà¹ (3.60).

Çðîáèìî çàìiíó ν = 2−σ i, áåç îáìåæåííÿ çàãàëüíîñòi, ïîêëàäåìî

ν0 < ν < ν1 . Òîäi äëÿ x̄ ∈ (lν0,α
∞ , lν1,α

∞ )θ,p ìà¹ìî

‖x̄‖p
(lν0,α∞ , l

ν1,α∞ )
θ,p

∼
∑
j∈Z

2−θpj(σ0−σ1) sup
k

[
min(2kσ0, 2j(σ0−σ1)+kσ1)‖xk‖Cα

]p
≥
∑
j∈Z

2pj[σ0(1−θ)+σ1θ]‖xj‖pCα = c‖x̄‖p
lν,αp
,

çâiäêè âèïëèâà¹ âêëàäåííÿ (lν0,α
∞ , lν1,α

∞ )θ,p ⊂ lν,αp .

ßêùî x̄ ∈ lν,αp , òî, âèêîðèñòîâóþ÷è íåðiâíiñòü Ãåëüäåðà ( [57, ñ. 56]),

ìà¹ìî

‖x̄‖p
(lν0,α1 , l

ν1,α
1 )

θ,p

∼
∑
j∈Z

2−θpj(σ0−σ1)

[∑
k∈N0

min(2kσ0, 2j(σ0−σ1)+kσ1)‖xk‖Cα
]p

≤ c
∑
k∈Z

2kσp‖xk‖pCα = c‖x̄‖p
lν,αp
,

çâiäêè âèïëèâà¹ âêëàäåííÿ lν,αp ⊂ (lν0,α
1 , lν1,α

1 )θ,p . Ç óðàõóâàííÿì âëàñòè-

âîñòåé iíòåðïîëÿöiéíèõ ïðîñòîðiâ ( [86, òåîðåìà 1.3.3]) îòðèìó¹ìî

lν,αp ⊂ (lν0,α
1 , lν1,α

1 )θ,p ⊂
(
lν0,α
p0

, lν1,α
p1

)
θ,p
⊂ (lν0,α

∞ , lν1,α
∞ )θ,p ⊂ lν,αp ,

ùî äîâîäèòü (3.61).
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Âèçíà÷èìî áàíàõîâi ïðîñòîðè ïîñëiäîâíîñòåé

lαp =

{
{ξk} : ξk ∈ Cα, ‖{ξk}‖lαp =

(∑
k∈N0

‖ξk‖pCα
)1/p

<∞
}
,

l
(α,β)
p,θ =

{
{ξk} : ξk ∈ (Cα, Cβ)θ,p, ‖{ξk}‖p

l
(α,β)
p,θ

=
∑
k∈N0

‖ξk‖p(Cα,Cβ)θ,p
<∞

}
.

Çãiäíî ç [86, òåîðåìà 1.18.1],(
lαp0
, lβp1

)
θ,p

= l
(α,β)
p,θ , (3.67)

äå 1/p = 1/p0 + 1/p1 .

Â ñèëó îçíà÷åíü ïðîñòîðiâ Eνp (Cα) i Eνp
(
(Cα, Cβ)θ,p

)
ìà¹ìî içîìåòðè-

÷íi âêëàäåííÿ

Eνp (Cα) 3 x ↪→ {ξk := (A/ν)kx} ∈ lαp ,

Eνp
(
(Cα, Cβ)θ,p

)
3 x ↪→ {ξk := (A/ν)kx} ∈ l(α,β)

p,θ .

Ïîçíà÷àþ÷è âiäïîâiäíó içîìåòðiþ ÷åðåç I , îòðèìó¹ìî

‖I(x)‖(lαp0 , lβp1)θ,p
= ‖x‖(Eν,αp0 , Eν,βp1 )

θ,p

, x ∈
(
Eνp0

(Cα), Eνp1
(Cβ)

)
θ,p
.

Çâiäñè i ç (3.67) âèïëèâà¹ (3.62).

Ïîäiáíî ÿê ó äîâåäåííi òåîðåìè 3.2.1 äëÿ ν = ν1−θ
0 νθ1 i 1/p =

(1− θ)/p0 + θ/p1 îòðèìó¹ìî ðiâíiñòü[(
Eν0
p0

(Cα), Eν1
p1

(Cα)
)
θ0,p0

,
(
Eν0
p0

(Cα), Eν1
p1

(Cα)
)
θ1,p1

]
θ

=
(
Eν0
p0

(Cα), Eν1
p1

(Cα)
)
θ,p
.

Çâiäñè i ç ðiâíîñòi (3.61), âðàõîâóþ÷è [86, (1.18.2/7)], ìà¹ìî (3.63).

Âèçíà÷èìî ïðîñòið

l
[α,β]
p,θ =

{
{ξk} : ξk ∈

[
Cα, Cβ

]
θ
, ‖{ξk}‖p

l
[α,β]
p,θ

=
∑
k∈N0

‖ξk‖p[Cα,Cβ ]θ
<∞

}
i âèêîðèñòà¹ìî âiäîìèé içîìîðôiçì ïðîñòîðiâ [86, òåîðåìà 1.18.1]:[

lαp0
, lβp1

]
θ

= l
[α,β]
p,θ , (3.68)
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äå 1/p = 1/p0 + 1/p1 . Çãiäíî ç îçíà÷åííÿì ïðîñòið Eνp
([
Cα, Cβ

]
θ

)
içîìå-

òðè÷íèé ïðîñòîðó ïîñëiäîâíîñòåé

l
ν,[α,β]
p,θ =

{
x̄ := {ν−kxk}k∈N0

: xk = Akx, x ∈ Eνp
([
Cα, Cβ

]
θ

)}
ç íîðìîþ ‖x̄‖

l
ν,[α,β]
p,θ

= ‖x‖Eν,[α,β]
p,θ

. Êðiì òîãî, ïîäiáíî, ÿê ó äîâåäåííi òåîðå-

ìè 3.2.2, îòðèìó¹ìî

‖I(x)‖[lαp0 ,lβp1]θ
= ‖x‖[Eν,αp0 ,Eν,βp1 ]

θ

, x ∈
[
Eνp0

(Cα), Eνp1
(Cβ)

]
θ
, (3.69)

äå I : Eνp (Cα) ↪→ lαp . Ðiâíiñòü (3.64) âèïëèâà¹ òåïåð ç (3.68) i (3.69).

Òåîðåìà äîâåäåíà.

Iç ðiâíîñòi (3.61) i âêëàäåííÿ (3.58) âèïëèâà¹, ùî äëÿ âñiõ ÷èñåë p

(1 ≤ p ≤ ∞)

E(Cα) :=
⋃
ν>0

Eν∞(Cα) =
⋃
ν>0

Eνp (Cα),
⋂
ν>0

Eν∞(Cα) =
⋂
ν>0

Eνp (Cα). (3.70)

Äëÿ ÷èñåë 1 ≤ p, q ≤ ∞, α, β ∈ C, 0 ≤ Reα < Re β < ∞ ,0 < θ < 1

i ε > 0 ìà¹ìî

Eν1
(
(Cα, Cβ)θ,q

)
⊂ Eνp

(
(Cα, Cβ)θ,q

)
⊂ Eν+ε

1

(
(Cα, Cβ)θ,q

)
,

Eν1
([
Cα, Cβ

]
θ

)
⊂ Eνp

([
Cα, Cβ

]
θ

)
⊂ Eν+ε

1

([
Cα, Cβ

]
θ

)
,

E
(
(Cα, Cβ)θ,q

)
:=
⋃
ν>0

Eν1
(
(Cα, Cβ)θ,q

)
=
⋃
ν>0

Eνp
(
(Cα, Cβ)θ,q

)
,

E
([
Cα, Cβ

]
θ

)
:=
⋃
ν>0

Eν1
([
Cα, Cβ

]
θ

)
=
⋃
ν>0

Eνp
([
Cα, Cβ

]
θ

)
,

⋂
ν>0

Eν1
(
(Cα, Cβ)θ,q

)
=
⋂
ν>0

Eνp
(
(Cα, Cβ)θ,q

)
,

⋂
ν>0

Eν1
([
Cα, Cβ

]
θ

)
=
⋂
ν>0

Eνp
([
Cα, Cβ

]
θ

)
.

Íåõàé 0 < ν < ∞ , α ∈ C , 1 < q0, q1 < ∞ , 1 ≤ p, p0, p1 ≤ ∞ i

0 < θ < 1 . Âèçíà÷èìî iíòåðïîëÿöiéíèé ïðîñòið
(
Eνq0,p0

(Cα), Eνq1,p1
(Cα)

)
θ,p
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ç íîðìîþ

‖x‖(Eν,αq0,p0 ,Eν,αq1,p1)θ,p
=


(∫ ∞

0

[
t−θK(t, x; Eνq0,p0

(·), Eνq1,p1
(·))
]pdt
t

)1/p

, p <∞,

sup
0<t<∞

t−θK(t, x; Eνq0,p0
(Cα), Eνq1,p1

(Cα)), p =∞,

äå K(t, x; Eνq0,p0
(Cα), Eνq1,p1

(Cα)) = inf
x=x0+x1

(
‖x0‖Eν,αq0,p0 + t‖x1‖Eν,αq1,p1

)
, t > 0 ,

x0 ∈ Eνq0,p0
(Cα) , x1 ∈ Eνq1,p1

(Cα) .

Òåîðåìà 3.3.2. Íåõàé 0 < ν <∞ , α ∈ C , 1 < q0, q1 <∞ , q0 6= q1 ,

1 ≤ p, p0, p1 ≤ ∞ i 0 < θ < 1 . Òîäi âèêîíó¹òüñÿ ðiâíiñòü(
Eνq0,p0

(Cα), Eνq1,p1
(Cα)

)
θ,p

= Eνq,p(Cα), äå
1

q
=

1− θ
q0

+
θ

q1
. (3.71)

Ä î â å ä å í í ÿ. Çàñòîñîâóþ÷è òåîðåìó ïðî ðåiòåðàöiþ [3, òåîðåìà

3.11.5] i ðiâíiñòü (3.59), îòðèìó¹ìî(
Eνq0,p0

(Cα), Eνq1,p1
(Cα)

)
θ,p

=
(
Eν1 (Cα), Eν∞(Cα)

)
λ,p

= Eν1/(1−λ),p(Cα), (3.72)

äå q0 = 1/(1− θ0), q1 = 1/(1− θ1), λ = (1− θ)θ0 + θθ1, 0 ≤ θ0 < θ1 ≤ 1 .

Ïîêëàäàþ÷è q = 1/(1− λ) , iç ðiâíîñòi (3.72) îòðèìó¹ìî (3.71). Òåîðåìà

äîâåäåíà.

Íàñëiäîê 3.3.1. Íåõàé 0 < ν < ∞ , α ∈ C , 1 < q0, q1 < ∞ ,

q0 6= q1 , 1 ≤ p, p0, p1 ≤ ∞ i 0 < θ < 1 . Iñíóþòü òàêi äîäàòíi ÷èñëà

c1 = c1(θ, p) i c2 = c2(θ, p) , ùî âèêîíóþòüñÿ íåðiâíîñòi

K(t, x; Eνq0,p0
(Cα), Eνq1,p1

(Cα)) ≤ c1t
θ‖x‖Eν,αq,p , x ∈ Eνq,p(Cα), (3.73)

‖x‖Eν,αq,p ≤ c2‖x‖1−θ
Eν,αq0,p0
‖x‖θEν,αq1,p1 , x ∈ E

ν
q0,p0

(Cα)
⋂
Eνq1,p1

(Cα). (3.74)

Ïðè 1 ≤ p ≤ p̃ ≤ ∞ âèêîíóþòüñÿ âêëàäåííÿ

Eνq,p(Cα) ⊂ Eνq,p̃(Cα). (3.75)

Êðiì òîãî, ÿêùî Eνq0,p0
(Cα) ⊂ Eνq1,p1

(Cα) i 0 < θ0 < θ1 < 1 , òî(
Eνq0,p0

(Cα), Eνq1,p1
(Cα)

)
θ0,p
⊂
(
Eνq0,p0

(Cα), Eνq1,p1
(Cα)

)
θ1,p̃
. (3.76)
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Ä î â å ä å í í ÿ. Íåðiâíiñòü (3.73) âèïëèâà¹ ç (3.71) òà îöiíêè

t−θK(t, x; Eνq0,p0
(Cα), Eνq1,p1

(Cα)) = K(t, x; Eνq0,p0
(Cα), Eνq1,p1

(Cα))

×
(∫ ∞

t

s−θp
ds

s

)1/p

≤ c‖x‖(Eν,αq0,p0 ,Eν,αq1,p1)θ,p
.

Íåðiâíiñòü (3.74) âèïëèâà¹ ç (3.71) òà îöiíêè

‖x‖(Eν,αq0,p0 ,Eν,αq1,p1)θ,p
= ‖T‖C→(Eν,αq0,p0 ,E

ν,α
q1,p1)θ,p

≤ c‖x‖1−θ
Eν,αq0,p0
‖x‖θEν,αq1,p1 ,

äå Tλ = λx , λ ∈ C i x ∈ Eνq0,p0
(Cα)

⋂
Eνq1,p1

(Cα) .

Íåõàé 1 ≤ p ≤ p̃ ≤ ∞ i 0 < θ < 1. Òîäi âèêîíóþòüñÿ âêëàäåííÿ(
Eν1 (Cα), Eν∞(Cα)

)
θ,p
⊂
(
Eν1 (Cα), Eν∞(Cα)

)
θ,p̃
. (3.77)

Äiéñíî, ïðè 1 ≤ p ≤ p̃ <∞

‖x‖(
Eν,α1 ,Eν,α∞

)
θ,p̃

≤
(∫ ∞

0

(
t−θK(t, x; Eν1 (Cα), Eν∞(Cα))p

dt

t

)1/p̃

×
(

sup
t>0

t−θK(t, x; Eν1 (Cα), Eν∞(Cα))

)(1−p/p̃)
≤ c ‖x‖(

Eν,α1 ,Eν,α∞
)
θ,p

,

çâiäêè îòðèìó¹ìî (3.77).

Âêëàäåííÿ
(
Eν1 (Cα), Eν∞(Cα)

)
θ,p
⊂
(
Eν1 (Cα), Eν∞(Cα)

)
θ,∞ âèïëèâà¹ ç

íåðiâíîñòi K(t, x; Eν1 (Cα), Eν∞(Cα)) ≤ c tθ‖x‖(
Eν,α1 ,Eν,α∞

)
θ,p

.

Âêëàäåííÿ (3.75) îòðèìó¹ìî ç (3.77). Iç íåðiâíîñòi

K(t, x; Eνq0,p0
(Cα), Eνq1,p1

(Cα)) ≤ t ‖x‖Eν,αq1,p1 , x ∈ E
ν
q1,p1

(Cα),

ìà¹ìî

‖x‖(Eν,αq0,p0 ,Eν,αq1,p1)θ1,1
=

∫ 1

0

t−θ1K(t, x; ·, ·)dt
t

+

∫ ∞
1

t−θ1K(t, x; ·, ·)dt
t

≤ c ‖x‖Eν,αq1,p1 + sup
t>0

t−θ0K(t, x; ·, ·)
∫ ∞

1

τ−(θ1−θ0)dτ

τ

≤ c1 ‖x‖(Eν,αq0,p0 ,Eν,αq1,p1)θ0,∞
,
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çâiäêè âèïëèâà¹ âêëàäåííÿ(
Eνp0,q0

(Cα), Eνp1,q1
(Cα)

)
θ0,∞
⊂
(
Eνp0,q0

(Cα), Eνp1,q1
(Cα)

)
θ1,1
.

Âêëàäåííÿ (3.76) âèïëèâà¹ òåïåð ç (3.75).

Íàñëiäîê 3.3.2. Íåõàé 0 < ν < ∞ , α ∈ C , 1 ≤ p, p0, p1 ≤ ∞ ,

p0 6= p1 i 0 < θ < 1 . Òîäi âèêîíó¹òüñÿ ðiâíiñòü(
Eνp0

(Cα), Eνp1
(Cα)

)
θ,p

= Eνq,p(Cα), äå
1

q
=

1− θ
p0

+
θ

p1
. (3.78)

Iñíóþòü òàêi äîäàòíi ÷èñëà c1 = c1(θ, p) i c2 = c2(θ, p) , ùî âèêî-

íóþòüñÿ íåðiâíîñòi

K(t, x; Eνp0
(Cα), Eνp1

(Cα)) ≤ c1t
θ‖x‖Eν,αq,p , x ∈ Eνq,p(Cα), (3.79)

‖x‖Eν,αq,p ≤ c2‖x‖1−θ
Eν,αp0
‖x‖θEν,αp1 , x ∈ E

ν,α
p0

(Cα)
⋂
Eνp1

(Cα). (3.80)

ßêùî 1 ≤ p ≤ p̃ ≤ ∞ , 0 < θ0 < θ1 < 1 i Eνp0
(Cα) ⊂ Eνp1

(Cα) , òî(
Eνp0

(Cα), Eνp1
(Cα)

)
θ0,p
⊂
(
Eνp0

(Cα), Eνp1
(Cα)

)
θ1,p̃
. (3.81)

Ä î â å ä å í í ÿ. Ðiâíiñòü (3.78) îòðèìó¹ìî ç (3.71) ïðè q0 = p0 i

q1 = p1 . Íåðiâíîñòi (3.79) i (3.80) âèïëèâàþòü iç (3.73) i (3.74) âiäïîâiäíî.

Âêëàäåííÿ (3.81) îòðèìó¹ìî ç (3.76).

Íåõàé 1 ≤ p ≤ ∞ , α, β ∈ C , 0 ≤ Reα < Reβ <∞ i
{
Eν(n)
p (Cα)

}
n∈N,{

Eν(n)
p

(
[Cα, Cβ]θ

) }
n∈N,

{
Eν(n)
p

(
(Cα, Cβ)θ,q

) }
n∈N � ïîñëiäîâíîñòi ïðîñòî-

ðiâ, ùî âiäïîâiäàþòü íåñïàäíié ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë {ν(n)}n∈N ,
òàêié, ùî lim

n→∞
ν(n) =∞ . Äëÿ 1 ≤ ρ <∞ âèçíà÷èìî ïðîñòîðè

`ρ
[
Eν(n)
p (Cα)

]
=

{ ∞∑
n=1

xn = x ∈ Cα : xn ∈ Eν(n)
p (Cα),

‖x‖
`ρ[Eν(n),α

p ]
= inf

x=
∑
xn

( ∞∑
n=1

2n(ρ−1)‖xn‖ρEν(n),α
p

)1/ρ

<∞
}
,
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`ρ
[
Eν(n)
p

(
(Cα, Cβ)θ,q

) ]
=

{ ∞∑
n=1

xn = x ∈ (Cα, Cβ)θ,q :

xn ∈ Eν(n)
p

(
(Cα, Cβ)θ,q

)
,

‖x‖
`ρ[Eν(n),(α,β)

p,θ ]
= inf

x=
∑
xn

( ∞∑
n=1

2n(ρ−1)‖xn‖ρEν(n),(α,β)
p,q,θ

)1/ρ

<∞
}
,

`ρ
[
Eν(n)
p

(
[Cα, Cβ]θ

) ]
=

{ ∞∑
n=1

xn = x ∈ [Cα, Cβ]θ : xn ∈ Eν(n)
p

(
[Cα, Cβ]θ

)
,

‖x‖
`ρ[Eν(n),[α,β]

p,θ ]
= inf

x=
∑
xn

( ∞∑
n=1

2n(ρ−1)‖xn‖ρEν(n),[α,β]
p,θ

)1/ρ

<∞
}
,

Òåîðåìà 3.3.3. Âèêîíóþòüñÿ òàêi içîìîðôiçìè ïðîñòîðiâ

`ρ
[
Eν(n)
p (Cα)

]
= E(Cα), (3.82)

`ρ
[
Eν(n)
p

(
(Cα, Cβ)θ,q

) ]
= E ((Cα, Cβ)θ,q), (3.83)

`ρ
[
Eν(n)
p

(
[Cα, Cβ]θ

) ]
= E ([Cα, Cβ]θ), (3.84)

äå çàìèêàííÿ çà íîðìàìè ïðîñòîðiâ Cα , (Cα, Cβ)θ,q i [Cα, Cβ]θ âiäïî-

âiäíî.

Ä î â å ä å í í ÿ. Iç íåïåðåðâíîñòi âêëàäåííÿ Eν(n)
p (Cα) ⊂ Eν(n+1)

p (Cα)

äëÿ âñiõ y ∈ Eν(n)
p (Cα) ìà¹ìî

‖y‖
`ρ[Eν(n),α

p ]
≤ 2ρ−1 lim

n→∞
‖y‖Eν(n),α

p
= 2ρ−1‖y‖Cα, y ∈ Eν(n)

p (Cα).

Âèêîðèñòîâóþ÷è íåðiâíiñòü Ãåëüäåðà, îòðèìó¹ìî

∞∑
n=1

‖xn‖`ρ[Eν(n),α
p ]

≤ 2ρ−1
∞∑
n=1

‖xn‖Eν(n),α
p

≤ 2ρ−1

( ∞∑
n=1

2n(ρ−1)‖xn‖ρEν(n),α
p

)1/ρ

,
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òîáòî, ðÿäè x =
∑∞

n=1xn ¹ àáñîëþòíî çáiæíèìè â `ρ
[
Eν(n)
p (Cα)

]
.

Ïîêàæåìî, ùî ðÿä
∑∞

n=1 xn çáiæíèé äî x â `ρ
[
Eν(n)
p (Cα)

]
. Îñêiëüêè

∞∑
n=1

‖xn‖Cα ≤
∞∑
n=1

‖xn‖Eν(n),α
p

≤
( ∞∑

n=1

2n(ρ−1)‖xn‖ρEν(n),α
p

)1/ρ

,

òî ðÿä x =
∑∞

n=1 xn àáñîëþòíî çáiæíèé â Cα . Îòæå, äëÿ ε > 0 iñíó¹

òàêå N , ùî∥∥∥x− N∑
n=1

xn

∥∥∥
`ρ[Eν(n),α

p ]
=
∥∥∥∑
n>N

xn

∥∥∥
`ρ[Eν(n),α

p ]
≤
∑
n>N

‖xn‖`ρ[Eν(n),α
p ]

≤ 2ρ−1
∑
n>N

‖xn‖Cα < ε.

Öå îçíà÷à¹, ùî ïðîñòið `ρ
[
Eν(n)
p (Cα)

]
ïîâíèé. Îñêiëüêè

‖x‖Cα ≤ inf
x=
∑
xn

∞∑
n=1

‖xn‖Cα ≤ inf
x=
∑
xn

∞∑
n=1

‖xn‖Eν(n),α
p

≤ ‖x‖
`ρ[Eν(n),α

p ]
,

òî ‖x‖Cα ≤ ‖x‖`ρ[Eν(n),α
p ]

≤ 2ρ−1‖x‖Cα äëÿ x ∈ Eν(n)
p (Cα) .

Iç ðiâíîñòi (3.64) òåîðåìè 3.3.1 îòðèìó¹ìî

Eνp (Cα) = Eνp
(

[Cm0, Cn0]θ
)

=
[
Eνp0

(Cm0), Eνp1
(Cn0)

]
θ
.

Iç ðiâíîñòåé (3.70) ìà¹ìî
⋃∞
n=1E

ν(n)
p (Cα) = E(Cα) . Òîìó,

‖x‖Cα ≤ ‖x‖`ρ[Eν(n),α
p ]

≤ 2ρ−1‖x‖Cα, x ∈ E(Cα).

Äëÿ äîâåäåííÿ ðiâíîñòåé (3.83) i (3.84) äîñòàòíüî ó ïîïåðåäíiõ ìið-

êóâàííÿõ çàìiíèòè Cα íà (Cα, Cβ)θ,q i [Cα, Cβ]θ âiäïîâiäíî. Òåîðåìà äî-

âåäåíà.
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3.4. Àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ïîçèòèâíèìè

îïåðàòîðàìè

Ó êîìïëåêñíîìó áàíàõîâîìó ïðîñòîði X ðîçãëÿäà¹ìî ïîçèòèâíèé

îïåðàòîð A iç îçíà÷åííÿ 3.3.1. Íåõàé 0 < ν <∞ , 1 ≤ p ≤ ∞ i Cα �

îáëàñòü âèçíà÷åííÿ îïåðàòîðà Aα (α ∈ C) , íà ÿêié çàäà¹ìî íîðìó

‖x‖Cα = ‖Aαx‖ , x ∈ Cα . Äëÿ ÷èñåë 1 < q < ∞ , 1 ≤ p ≤ ∞ âèçíà-

÷åíi ïðîñòîðè

Eνq,p(Cα) =
{
x ∈ C∞(A) : ‖x‖Eν,αq,p <∞

}
,

ç íîðìîþ

‖x‖Eν,αq,p =


(∑

k∈N

‖x∗k−1,ν‖
p
Cαk

p
q−1

)1/p

, 1 ≤ p <∞,

sup
k∈N
‖x∗k−1,ν‖Cαk

1
q , p =∞,

äå {x∗k,ν}k∈N0
� ïîñëiäîâíiñòü, ÿêà ñêëàäà¹òüñÿ ç åëåìåíòiâ

xk,ν := (A/ν)kx , ðîçìiùåíèõ â ïîðÿäêó íåçðîñòàííÿ íîðì

‖x∗0,ν‖Cα ≥ ‖x∗1,ν‖Cα ≥ . . . ≥ ‖x∗k,ν‖Cα ≥ . . . .

Íà ïiäïðîñòîði Eq,p(Cα) :=
⋃
ν>0 Eνq,p(Cα) âèçíà÷èìî êâàçiíîðìó

|x|Eαq,p := ‖x‖Cα + inf
{
ν > 0: x ∈ Eνq,p(Cα)

}
,

ÿêà çàäîâîëüíÿ¹ íåðiâíiñòü

|x+ y|Eαq,p ≤ |x|Eαq,p + |y|Eαq,p äëÿ âñiõ x, y ∈ Eq,p(C
α).

Ðîçãëÿíåìî ôóíêöiîíàë âèãëÿäó

Eα
q,p(t, x) = inf

{
‖x− x0‖Cα : x0 ∈ Eq,p(Cα), |x0|Eαq,p ≤ t

}
, x ∈ Cα.

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} àáî {0 ≤ s <∞, τ =∞} âèçíà-
÷èìî øêàëó ïðîñòîðiâ

Bsq,p,τ(Cα) := Bsq,p,τ(Cα,X) :=
{
x ∈ Cα : |x|Bsq,p,τ (Cα) <∞

}
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iç êâàçiíîðìîþ

|x|Bsq,p,τ (Cα) =


(∫ ∞

0

[
tsEα

q,p(t, x)
]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
sEα

q,p(t, x), τ =∞.

Äëÿ ñïðîùåííÿ çàïèñiâ âèêîðèñòîâó¹ìî ïîçíà÷åííÿ Bs,αq,p,τ := Bsq,p,τ(Cα) .

ßêùî q = p , òî ìà¹ìî øêàëó ïðîñòîðiâ

Bsp,p,τ(Cα) := Bsp,τ(Cα) :=
{
x ∈ Cα : |x|Bs,αp,τ <∞

}
iç êâàçiíîðìîþ

|x|Bs,αp,τ =


(∫ ∞

0

[
tsEα

p (t, x)
]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
sEα

p (t, x), τ =∞,
äå

Eα
p (t, x) = inf

{
‖x− x0‖Cα : x0 ∈ Ep(Cα), |x0|Eαp ≤ t

}
, x ∈ Cα.

Òåîðåìà 3.4.1. (i) ßêùî [Bsq,p,τ(Cα)]ϑ � ïðîñòið Bsq,p,τ(Cα) , íàäiëå-

íèé êâàçiíîðìîþ |x|ϑBs,αq,p,τ , x ∈ B
s
q,p,τ(Cα) , òî

[Bsq,p,τ(Cα)]ϑ = (Eq,p(Cα), Cα)ϑ,g , ϑ = 1/(s+ 1), τ = gϑ (3.85)

(ç òî÷íiñòþ äî åêâiâàëåíòíîñòi êâàçiíîðì).

(ii) Ïðîñòîðè Bsq,p,τ(Cα) ïîâíi.

(iii) ßêùî 0 < τ <∞ , 0 < ϑ < 1 , s = (1− ϑ)s0 + ϑs1 i s0 6= s1 , òî(
Bs0
q,p,τ0

(Cα), Bs1
q,p,τ1

(Cα)
)
ϑ,τ

= Bsq,p,τ(Cα) (3.86)

i iñíóþòü ïîñòiéíi c1 , c2 , òàêi, ùî

|x|Bs,αq,p,τ ≤ c1|x|1−ϑBs0,αq,p,τ0

|x|ϑBs1,αq,p,τ1
, x ∈ Bs0

q,p,τ0
(Cα) ∩ Bs1

q,p,τ1
(Cα), (3.87)

K
(
t, x;Bs0

q,p,τ0
(Cα),Bs1

q,p,τ1
(Cα)

)
≤ c2t

ϑ |x|Bs,αq,p,τ , x ∈ B
s
q,p,τ(Cα). (3.88)

(iv) ßêùî 0 < τ ≤ % <∞ , òî âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ

Bsq,p,τ(Cα) ⊂ Bsq,p,%(Cα). (3.89)
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Ä î â å ä å í í ÿ. (i) Âèçíà÷èìî ôóíêöiîíàë

K∞ (t, x; Eq,p(Cα), Cα) = inf
x=x0+x1

max
{
|x0|Eαq,p, t‖x

1‖Cα
}

äëÿ x0 ∈ Eq,p(Cα) i x1 ∈ Cα . Çãiäíî ç [3, ëåìà 7.1.2], äëÿ êîæíîãî t > 0

iñíó¹ òàêå υ > 0 , ùî

K∞ (t, x; Eq,p(Cα), Cα) = υ, lim
µ↓υ

Eα
q,p(µ, x) = Eα

q,p(υ + 0, x) ≤ υ/t.

Îñêiëüêè äëÿ äîâiëüíîãî ôiêñîâàíîãî x ôóíêöiÿ Eα
q,p(υ, x) ¹ ñïàäíà, òî

îòðèìó¹ìî

υ1−ϑ[Eα
q,p(υ, x)]ϑ ≤ t−ϑK∞ (t, x; Eq,p(Cα), Cα) ,

çâiäêè âèïëèâà¹ âêëàäåííÿ (Eq,p(Cα), Cα)ϑ,∞ ⊂ [Bsq,p,∞(Cα)]ϑ . Îáåðíåíå

âêëàäåííÿ âèïëèâà¹ ç îöiíêè

t−ϑK∞ (t, x; Eq,p(Cα), Cα) ≤ υ1−ϑ[Eα
q,p(υ − 0, x)]ϑ ≤ |x|ϑBs,αq,p,∞.

Ó âèïàäêó g <∞ ìà¹ìî∫ ∞
0

[
t−ϑK∞ (t, x; Eq,p(Cα), Cα)

]g
dt/t

∼ −
∫ ∞

0

K∞ (t, x; Eq,p(Cα), Cα)g dt−ϑg

=

∫ ∞
0

t−ϑgdK∞ (t, x; Eq,p(Cα), Cα)g =

∫ ∞
0

[
υ/Eα

q,p(υ, x)
]−ϑg

d(tg)

∼
∫ ∞

0

[
υsEα

q,p(υ, x)
]ϑg
dυ/υ,

ùî é äîâîäèòü ðiâíiñòü (3.85).

(ii) Íà ïðîñòîði Eq,p(Cα) + Cα âèçíà÷èìî íîðìó

‖x‖Eαq,p+Cα = inf
x=x0+x1

(
|x0|Eαq,p + ‖x1‖Cα

)
, x0 ∈ Eq,p(Cα), x1 ∈ Cα.

Îñêiëüêè |x|Eαq,p ≥ ‖x‖Cα , òî ‖x‖Eαq,p+Cα = ‖x‖Cα . Îòæå, ïðîñòið Cα

ç íîðìîþ ‖ · ‖Eαq,p+Cα ¹ ïîâíèé. Öå îçíà÷à¹, ùî êîæíèé ðÿä
∑

n∈N xn ,
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xn ∈ (Eq,p(Cα), Cα)ϑ,g , òàêèé, ùî
∑

n∈N ‖xn‖(Eq,p(Cα),Cα)ϑ,g< ∞ , çáiæíèé äî

x ∈ Eq,p(Cα) + Cα = Cα .
Iç íåðiâíîñòi

∥∥∑
n∈N xn

∥∥
(Eq,p(Cα),Cα)ϑ,g

≤
∑

n∈N ‖xn‖(Eq,p(Cα),Cα)ϑ,g , îòðè-

ìó¹ìî, ùî x ∈ (Eq,p(Cα), Cα)ϑ,g . Îòæå, (Eq,p(Cα), Cα)ϑ,g ¹ ïîâíèé. Içîìîð-

ôiçì (3.85) äà¹ ïîâíîòó ïðîñòîðó Bsq,p,τ(Cα) .

(iii) Çàñòîñîâóþ÷è òåîðåìó ðåiòåðàöi¨ [3, òåîðåìà 3.11.5] äëÿ iíäåêñiâ

ϑ = (1− η)ϑ0 + ηϑ1 , ϑi = 1/(si + 1) (i = 0, 1) , ϑ = 1/(s + 1) , τ = gϑ i

0 < η < 1 , îòðèìó¹ìî(
[Bs0

q,p,τ0
(Cα)]ϑ0, [Bs1

q,p,τ1
(Cα)]ϑ1

)
η,g

= [Bsq,p,τ(Cα)]ϑ. (3.90)

Çàñòîñîâóþ÷è òåîðåìó ïðî ñòåïåíi [3, òåîðåìà 3.11.6], ïðè% = ηϑ1/ϑ

îòðèìó¹ìî(
[Bs0

q,p,τ0
(Cα)]ϑ0, [Bs1

q,p,τ1
(Cα)]ϑ1

)
η,g

=
(
Bs0
q,p,τ0

(Cα), Bs1
q,p,τ1

(Cα)
)ϑ
%,τ
. (3.91)

Ðiâíîñòi (3.90) i (3.91) äëÿ s = (1 − %)s0 + %s1 äàþòü (3.86) ç % = ϑ .

Íåðiâíîñòi (3.87) i (3.88) âèïëèâàþòü ç (3.86) i âiäîìèõ iíòåðïîëÿöiéíèõ

âëàñòèâîñòåé [3, òåîðåìà 3.11.2].

(iv) Äëÿ êîæíîãî x ∈
(
Bs0
q,p,τ0

(Cα), Bs1
q,p,τ1

(Cα)
)
ϑ,τ

iñíó¹ òàêà ïîñòiéíà

c > 0 , ùî

|x|(Bs0,αq,p,τ0 ,B
s1,α
q,p,τ1)ϑ,%

≤
(

sup
t>0

t−ϑK(t, x;Bs0
q,p,τ0

(Cα), Bs1
q,p,τ1

(Cα))

)1−τ/%

×
(∫ ∞

0

[
t−ϑK(t, x;Bs0

q,p,τ0
(Cα), Bs1

q,p,τ1
(Cα))

]τ dt
t

)1/%

≤ c |x|(Bs0,αq,p,τ0 ,B
s1,α
q,p,τ1)ϑ,τ

,

à òîìó
(
Bs0
q,p,τ0

(Cα), Bs1
q,p,τ1

(Cα)
)
ϑ,τ
⊂
(
Bs0
q,p,τ0

(Cα), Bs1
q,p,τ1

(Cα)
)
ϑ,%

. Çâiäñè i ç

(3.86), îòðèìó¹ìî (3.89). Òåîðåìà äîâåäåíà.

Íàñëiäîê 3.4.1. (i) ßêùî [Bsp,τ(Cα)]ϑ � ïðîñòið Bsp,τ(Cα) , íàäiëå-

íèé êâàçiíîðìîþ |x|ϑBs,αp,τ , x ∈ B
s
p,τ(Cα) , òî

[Bsp,τ(Cα)]ϑ = (Ep(Cα), Cα)ϑ,g , ϑ = 1/(s+ 1), τ = gϑ (3.92)
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(ç òî÷íiñòþ äî åêâiâàëåíòíîñòi êâàçiíîðì).

(ii) Ïðîñòîðè Bsp,τ(Cα) ïîâíi.

(iii) ßêùî 0 < τ <∞ , 0 < ϑ < 1 , s = (1− ϑ)s0 + ϑs1 i s0 6= s1 , òî(
Bs0
p,τ0

(Cα), Bs1
p,τ1

(Cα)
)
ϑ,τ

= Bsp,τ(Cα) (3.93)

i iñíóþòü ïîñòiéíi c1 , c2 , òàêi, ùî

|x|Bs,αp,τ ≤ c1|x|1−ϑBs0,αp,τ0

|x|ϑBs1,αp,τ1
, x ∈ Bs0

p,τ0
(Cα)

⋂
Bs1
p,τ1

(Cα), (3.94)

K
(
t, x;Bs0

p,τ0
(Cα),Bs1

p,τ1
(Cα)

)
≤ c2t

ϑ |x|Bs,αp,τ , x ∈ Bsp,τ(Cα). (3.95)

(iv) ßêùî 0 < τ ≤ % <∞ , òî âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ

Bsp,τ(Cα) ⊂ Bsp,%(Cα). (3.96)

Âèçíà÷èìî ôóíêöiîíàë

Eν,α
p (t, x) = inf

{
‖x− x0‖Cα : x0 ∈ Eνp (Cα), ‖x0‖Eν,αp ≤ t

}
, x ∈ Cα,

i äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} àáî {0 ≤ s <∞, τ =∞} ðîç-

ãëÿíåìî øêàëó ïðîñòîðiâ

Bν,sp,τ(Cα) := Bν,sp,τ(Cα,X) :=
{
x ∈ X : |x|Bν,sp,τ (Cα) <∞

}
ç êâàçiíîðìîþ

|x|Bν,sp,τ (Cα) =


(∫ ∞

0

[
tsEν,α

p (t, x)
]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
sEν,α

p (t, x), τ =∞.

Âèêîðèñòîâó¹ìî òàêîæ ïîçíà÷åííÿ Bν,s,αp,τ := Bν,sp,τ(Cα) .

Òåîðåìà 3.4.2. (i) ßêùî [Bν,sp,τ(Cα)]ϑ � ïðîñòið Bν,sp,τ(Cα) , íàäiëåíèé

êâàçiíîðìîþ |x|ϑBν,s,αp,τ
, x ∈ Bν,sp,τ(Cα) , òî

[Bν,sp,τ(Cα)]ϑ =
(
Eνp (Cα), Cα

)
ϑ,g
, ϑ = 1/(s+ 1), τ = gϑ (3.97)
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(ç òî÷íiñòþ äî åêâiâàëåíòíîñòi êâàçiíîðì).

(ii) Ïðîñòîðè Bν,sp,τ(Cα) ïîâíi.

(iii) ßêùî 0 < τ <∞ , 0 < ϑ < 1 , s = (1− ϑ)s0 + ϑs1 i s0 6= s1 , òî(
Bν,s0
p,τ0

(Cα), Bν,s1
p,τ1

(Cα)
)
ϑ,τ

= Bν,sp,τ(Cα) (3.98)

i iñíóþòü ïîñòiéíi c1 , c2 , òàêi, ùî

|x|Bν,s,αp,τ
≤ c1|x|1−ϑBν,s0,αp,τ0

|x|ϑBν,s1,αp,τ1
, x ∈ Bν,s0

p,τ0
(Cα) ∩ Bν,s1

p,τ1
(Cα), (3.99)

K
(
t, x;Bν,s0

p,τ0
(Cα),Bν,s1

p,τ1
(Cα)

)
≤ c2t

ϑ |x|Bν,s,αp,τ
, x ∈ Bν,sp,τ(Cα).(3.100)

(iv) ßêùî 0 < τ ≤ % <∞ , òî âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ

Bν,sp,τ(Cα) ⊂ Bν,sp,%(Cα). (3.101)

Ä î â å ä å í í ÿ. (i) Âèçíà÷èìî ôóíêöiîíàë

K∞
(
t, x; Eνp (Cα), Cα

)
= inf

x=x0+x1
max

{
‖x0‖Eν,αp , t‖x1‖Cα

}
äëÿ x0 ∈ Eνp (Cα) i x1 ∈ Cα .

Çàñòîñîâóþ÷è [3, ëåìà 7.1.2], äëÿ êîæíîãî t > 0 çíàõîäèìî òàêå

υ > 0 , ùî

υ1−ϑ[Eν,α
p (υ, x)]ϑ ≤ t−ϑK∞

(
t, x; Eνp (Cα), Cα

)
,

çâiäêè îòðèìó¹ìî âêëàäåííÿ
(
Eνp (Cα), Cα

)
ϑ,∞ ⊂ [Bν,sp,∞(Cα)]ϑ . Îáåðíåíå

âêëàäåííÿ âèïëèâà¹ ç îöiíêè

t−ϑK∞
(
t, x; Eνp (Cα), Cα

)
≤ υ1−ϑ[Eν,α

p (υ − 0, x)]ϑ ≤ |x|ϑBν,s,αp,∞
.

Ó âèïàäêó g <∞ ìà¹ìî∫ ∞
0

[
t−ϑK∞

(
t, x; Eνp (Cα), Cα

) ]g
dt/t

∼ −
∫ ∞

0

K∞
(
t, x; Eνp (Cα), Cα

)g
dt−ϑg

=

∫ ∞
0

t−ϑgdK∞
(
t, x; Eνp (Cα), Cα

)g
=

∫ ∞
0

[
υ/Eν,α

p (υ, x)
]−ϑg

d(tg)

∼
∫ ∞

0

[
υsEν,α

p (υ, x)
]ϑg
dυ/υ,
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ùî é äîâîäèòü ðiâíiñòü (3.97).

(ii) Ïðîñòið (Eνp (Cα), Cα)ϑ,g ïîâíèé ÿê iíòåðïîëÿöiéíèé ïðîñòið ìiæ

áàíàõîâèìè ïðîñòîðàìè Eνp (Cα) i Cα [86, òåîðåìà 1.3.3]. Içîìîðôiçì (3.97)

äà¹ ïîâíîòó ïðîñòîðó Bν,sp,τ(Cα) .

(iii) Çàñòîñîâóþ÷è òåîðåìó ðåiòåðàöi¨ [3, òåîðåìà 3.11.5] äëÿ iíäåêñiâ

ϑ = (1− η)ϑ0 + ηϑ1 , ϑi = 1/(si + 1) (i = 0, 1) , ϑ = 1/(s + 1) , τ = gϑ i

0 < η < 1 , îòðèìó¹ìî(
[Bν,s0

p,τ0
(Cα)]ϑ0, [Bν,s1

p,τ1
(Cα)]ϑ1

)
η,g

= [Bν,sp,τ(Cα)]ϑ. (3.102)

Çàñòîñîâóþ÷è òåîðåìó ïðî ñòåïåíi [3, òåîðåìà 3.11.6], ïðè% = ηϑ1/ϑ

îòðèìó¹ìî(
[Bν,s0

p,τ0
(Cα)]ϑ0, [Bν,s1

p,τ1
(Cα)]ϑ1

)
η,g

=
(
Bν,s0
p,τ0

(Cα), Bν,s1
p,τ1

(Cα)
)ϑ
%,τ
. (3.103)

Ðiâíîñòi (3.102) i (3.103) äëÿ s = (1 − %)s0 + %s1 äàþòü (3.98) ç % = ϑ .

Íåðiâíîñòi (3.99) i (3.100) ¹ íàñëiäêîì (3.98) i âiäîìèõ iíòåðïîëÿöiéíèõ

âëàñòèâîñòåé [3, òåîðåìà 3.11.2].

(iv) Äëÿ êîæíîãî x ∈
(
Bν,s0
p,τ0

(Cα), Bν,s1
p,τ1

(Cα)
)
ϑ,τ

iñíó¹ òàêà ïîñòiéíà

c > 0 , ùî

|x|(Bν,s0p,τ0 (Cα),Bν,s1p,τ1 (Cα))
ϑ,%

≤
(

sup
t>0

t−ϑK(t, x;Bν,s0
p,τ0

(Cα), Bν,s1
p,τ1

(Cα)

)1−τ/%

×
(∫ ∞

0

[
t−ϑK(t, x;Bν,s0

p,τ0
(Cα), Bν,s1

p,τ1
(Cα))

]τ dt
t

)1/%

≤ c |x|(Bν,s0p,τ0 (Cα),Bν,s1p,τ1 (Cα))
ϑ,τ

,

çâiäêè ìà¹ìî
(
Bν,s0
p,τ0

(Cα), Bν,s1
p,τ1

(Cα)
)
ϑ,τ
⊂
(
Bν,s0
p,τ0

(Cα), Bν,s1
p,τ1

(Cα)
)
ϑ,%

. Çâiäñè i

ç ðiâíîñòi (3.98) îòðèìó¹ìî (3.101). Òåîðåìà äîâåäåíà.

Ðîçãëÿíåìî ïðîáëåìó íàáëèæåííÿ çàäàíîãî åëåìåíòà áàíàõîâîãî ïðî-

ñòîðó Cα åëåìåíòàìè A -iíâàðiàíòíèõ ïiäïðîñòîðiâ Eνq,p(Cα) ç ôiêñîâà-

íèìè iíäåêñàìè q i p . Âiäñòàíü ìiæ x ∈ Cα i Eνq,p(Cα) ïîçíà÷èìî

dαq,p(ν, x) = inf
{
‖x− x0‖Cα : x0 ∈ Eνq,p(Cα)

}
, ν > 0.
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Òåîðåìà 3.4.3. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bs,αq,p,τ ≤ cs,τ |x|sEαq,p ‖x‖Cα, x ∈ Eq,p(Cα), (3.104)

dαq,p(ν, x) ≤ 2s+1Cs,τ ν
−s |x|Bs,αq,p,τ , x ∈ Bsq,p,τ(Cα), (3.105)

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.3.1.

Ä î â å ä å í í ÿ. Iç òåîðåìè 3.4.1(i) ïðè ϑ = 1/(s + 1) i τ = gϑ

ìà¹ìî

Eq,p(Cα) ⊂ [Bsq,p,τ(Cα)]ϑ = (Eq,p(Cα), Cα)ϑ,g ⊂ C
α.

ßêùî |x0|Eαq,p = r(x0) + ‖x0‖Cα < υ , òî ìà¹ìî r(x0) < υ − ‖x0‖Cα ,
äå r(x0) = inf

{
ν > 0: x0 ∈ Eνq,p(Cα)

}
. Òîìó, x0 ∈ Eνq,p(Cα) äëÿ âñiõ òàêèõ

÷èñåë ν > 0 , ùî r(x0) < ν < υ − ‖x0‖Cα . Îñêiëüêè íàÿâíå íåïåðåðâíå

âêëàäåííÿ Eνq,p(Cα) ⊂ Eυq,p(Cα) , òî x0 ∈ Eυq,p(Cα) . Îòæå, ìà¹ìî íåðiâíiñòü

dαq,p(υ, x) ≤ Eα
q,p(υ, x), x ∈ Cα, υ > 0. (3.106)

Ïîâòîðþþ÷è äàëi ìiðêóâàííÿ äîâåäåííÿ òåîðåìè 2.3.1 äëÿ X = Cα

ç óðàõóâàííÿì (3.106) îòðèìó¹ìî íåðiâíîñòi (3.104) i (3.105). Òåîðåìà

äîâåäåíà.

Íàñëiäîê 3.4.2. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bs,αp,τ ≤ cs,τ |x|sEαp ‖x‖Cα, x ∈ Ep(Cα), (3.107)

dαp (ν, x) ≤ 2s+1Cs,τ ν
−s |x|Bs,αp,τ , x ∈ Bsp,τ(Cα), (3.108)

äå dαp (ν, x) = inf
{
‖x− x0‖Cα : x0 ∈ Eνp (Cα)

}
� âiäñòàíü ìiæ x ∈ Cα i

ïiäïðîñòîðîì Eνp (Cα) .

Íåðiâíîñòi (3.107) i (3.108) âèïëèâàþòü iç (3.104) i (3.105) ïðè q = p .



184

Òåîðåìà 3.4.4. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|x|Bν,s,αp,τ
≤ cs,τ ‖x‖sEν,αp ‖x‖Cα, x ∈ Eνp (Cα), (3.109)

dαp (ν, x) ≤ 2s+1Cs,τ ν
−s |x|Bν,s,αp,τ

, x ∈ Bν,sp,τ(Cα), (3.110)

äå dαp (ν, x) = inf
{
‖x− x0‖Cα : x0 ∈ Eνp (Cα)

}
.

Ä î â å ä å í í ÿ. Äîñòàòíüî ïîâòîðèòè ìiðêóâàííÿ äîâåäåííÿ òå-

îðåìè 2.3.1 äëÿ X = Cα i âðàõóâàòè íåðiâíiñòü dαp (ν, x) ≤ Eν,α
p (ν, x) ,

x ∈ Cα , ν > 0 . Òåîðåìà äîâåäåíà.

Íàñòóïíà òåîðåìà õàðàêòåðèçó¹ ñïåêòðàëüíi àïðîêñèìàöi¨ äëÿ ïîçè-

òèâíîãî îïåðàòîðà ç òî÷êîâèì ñïåêòðîì â òåðìiíàõ êâàçiíîðì âèçíà÷åíèõ

àïðîêñèìàöiéíèõ ïðîñòîðiâ.

Òåîðåìà 3.4.5. Íåõàé A � ïîçèòèâíèé îïåðàòîð ç òî÷êîâèì ñïå-

êòðîì, ùî ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü λj ∈ σ(A) , ÿêi

¹ ïîëþñàìè ðåçîëüâåíòè Rλ(A) , i êîðåíåâi ïiäïðîñòîðè Rλj(A) ¹ ñêií-

÷åííîâèìiðíèìè. Íåõàé α ∈ C , m,n ∈ N , ïðè÷îìó α = m(1− θ) + nθ

i 0 < θ < 1 . Òîäi âèêîíóþòüñÿ òàêi îöiíêè

inf
{
‖x− x0‖Cα : x0 ∈ Rν,m,n

}
≤ cs,τ ν

−s |x|Bs,αp,τ , x ∈ B
s
p,τ(Cα), (3.111)

inf
{
‖x− x0‖Cα : x0 ∈ Rν,m,n

}
≤ 2s+1Cs,τ ν

−s|x|Bν,s,αp,τ
, x ∈ Bν,sp,τ(Cα), (3.112)

äå Rν,m,n(A) = span
{
Rλj(A) : |λj| < min

(
ν

1
m+1 , ν

1
n+1

)}
.

Íåõàé 1 < q <∞ , 1 ≤ p ≤ ∞ i ïîçíà÷èìî

Qν,m,n(A) = Rν,m,n(A)
⋃
Sν,m,n(A),

äå Sν,m,n(A) � êîìïëåêñíà ëiíiéíà îáîëîíêà âñiõ Sλj(A) òàêèõ, ùî

|λj| = min
(
ν

1
m+1 , ν

1
n+1

)
, λj ∈ σ(A) . Òîäi äëÿ âñiõ x ∈ Bsq,p,τ(Cα)

inf
{
‖x− x0‖Cα : x0 ∈ (Rν,m,n,Qν,m,n)1−1/q,p

}
≤ 2s+1Cs,τν

−s|x|Bs,αq,p,τ ,(3.113)
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äå (Rν,m,n(A),Qν,m,n(A))1−1/q,p � iíòåðïîëÿöiéíèé ïðîñòið ìiæ ïðî-

ñòîðàìè Rν,m,n(A) i Qν,m,n(A) , ïðè÷îìó ‖ · ‖Rν,m,n(A) := ‖ · ‖Eν1 (Cα) ,

‖ · ‖Qν,m,n(A) := ‖ · ‖Eν∞(Cα) .

Ä î â å ä å í í ÿ. Â ñèëó ðiâíîñòi (2.7) äëÿ äîâiëüíîãî k ∈ N ìà¹ìî

Eνp (Ck) = span
{
Rλj(A) : |λj|k+1 < ν

}
. (3.114)

Ç ðiâíîñòi (3.114), òåîðåìè 3.3.1 i ñêií÷åííîâèìiðíîñòi êîðåíåâèõ ïiäïðî-

ñòîðiâ îòðèìó¹ìî

Eνp (Cα) = Eνp
(

[Cm, Cn]θ
)

=
[
Eνp0

(Cm), Eνp1
(Cn)

]
θ

= Eνp0
(Cm)

⋂
Eνp1

(Cn) = Rν,m,n(A), (3.115)

äå 1/p = (1− θ)/p0 + θ/p1 .

Îöiíêè (3.111) i (3.112) âèïëèâàþòü ç (3.115) i íåðiâíîñòåé (3.108) i

(3.110) âiäïîâiäíî.

Ç ðiâíîñòåé (2.8) i (3.59) äëÿ 1 < q <∞ i 1 ≤ p ≤ ∞ ìà¹ìî

(Rν,m,n(A),Qν,m,n(A))1−1/q,p = Eνq,p(Cα). (3.116)

Îöiíêà (3.113) âèïëèâà¹ ç ðiâíîñòi (3.116) i íåðiâíîñòi (3.105). Òåîðåìà

äîâåäåíà.

Âèñíîâêè äî ðîçäiëó 3

Ó äàíîìó ðîçäiëi ðîçâèíóòî òåîðiþ iíòåðïîëÿöi¨ ïðîñòîðiâ öiëèõ

âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ, ùî äiþòü ó

áàíàõîâèõ ïðîñòîðàõ.

Âèçíà÷åíî i âñòàíîâëåíî îñíîâíi âëàñòèâîñòi iíòåðïîëÿöiéíèõ ïðî-

ñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíîãî îïåðàòîðà, ïî-

ðîäæåíèõ äiéñíèìè ìåòîäàìè iíòåðïîëÿöi¨ (òåîðåìè 3.1.1, 3.1.2, íàñëiä-

êè 3.1.1, 3.1.2, 3.1.3).
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Äîâåäåíî iíòåðïîëÿöiéíi òåîðåìè äëÿ ïðîñòîðiâ öiëèõ âåêòîðiâ åêñ-

ïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ íà îáëàñòÿõ âèçíà÷åííÿ ¨õ

öiëèõ ñòåïåíiâ (òåîðåìè 3.1.3, 3.1.4). Äîâåäåíî iíòåðïîëÿöiéíó òåîðåìó

(òåîðåìà 3.1.6) òà âñòàíîâëåíî iíòåðïîëÿöiéíi âëàñòèâîñòi ïðîñòîðiâ òè-

ïó Ëîðåíöà öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíîãî îïåðàòîðà

íà îáëàñòÿõ âèçíà÷åííÿ éîãî öiëèõ ñòåïåíiâ (íàñëiäîê 3.1.7).

Âèçíà÷åíî i âñòàíîâëåíî îñíîâíi âëàñòèâîñòi iíòåðïîëÿöiéíèõ ïðî-

ñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà, ïîðîäæåíèõ

êîìïëåêñíèì ìåòîäîì iíòåðïîëÿöi¨ (òåîðåìà 3.2.1, íàñëiäîê 3.2.1).

Äîâåäåíî iíòåðïîëÿöiéíó òåîðåìó äëÿ ïðîñòîðiâ öiëèõ âåêòîðiâ åêñ-

ïîíåíöiàëüíîãî òèïó íåîáìåæåíèõ îïåðàòîðiâ íà îáëàñòÿõ âèçíà÷åííÿ ¨õ

öiëèõ ñòåïåíiâ, ïîðîäæåíèõ êîìïëåêñíèì ìåòîäîì iíòåðïîëÿöi¨ (òåîðå-

ìà 3.2.2).

Çà óìîâè ùiëüíîñòi öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó äîâåäåíî

ìîæëèâiñòü ïðåäñòàâëåííÿ êîæíîãî åëåìåíòà îáëàñòåé âèçíà÷åííÿ öiëèõ

ñòåïåíiâ îïåðàòîðà òà âiäïîâiäíèõ iíòåðïîëÿöiéíèõ ïðîñòîðiâ ó âèãëÿäi

ðÿäó, ÷ëåíàìè ÿêîãî ¹ âåêòîðè åêñïîíåíöiàëüíîãî òèïó (òåîðåìà 3.2.3).

Ââåäåíî íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òè-

ïó íà îáëàñòÿõ âèçíà÷åííÿ êîìïëåêñíèõ ñòåïåíiâ ïîçèòèâíèõ îïåðàòî-

ðiâ. Âñòàíîâëåíî içîìîðôiçìè äëÿ äiéñíî¨ òà êîìïëåêñíî¨ iíòåðïîëÿöié-

íèõ øêàë ââåäåíèõ ïðîñòîðiâ (òåîðåìà 3.3.1). Äîâåäåíî iíòåðïîëÿöiéíó

òåîðåìó äëÿ ïðîñòîðiâ (òåîðåìà 3.3.2) òà âñòàíîâëåíî ¨õ iíòåðïîëÿöiéíi

âëàñòèâîñòi (íàñëiäêè 3.3.1, 3.3.2).

Çà óìîâè ùiëüíîñòi öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó ïîçèòèâ-

íîãî îïåðàòîðà äîâåäåíî ìîæëèâiñòü ïðåäñòàâëåííÿ êîæíîãî åëåìåíòà

îáëàñòåé âèçíà÷åííÿ êîìïëåêñíèõ ñòåïåíiâ îïåðàòîðà òà âiäïîâiäíèõ ií-

òåðïîëÿöiéíèõ ïðîñòîðiâ ó âèãëÿäi ðÿäó, ÷ëåíàìè ÿêîãî ¹ öiëi âåêòîðè

åêñïîíåíöiàëüíîãî òèïó ïîçèòèâíîãî îïåðàòîðà (òåîðåìà 3.3.3).

Âèçíà÷åíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ïîçèòèâíèìè îïå-



187

ðàòîðàìè ó áàíàõîâèõ ïðîñòîðàõ. Âñòàíîâëåíî iíòåðïîëÿöiéíi âëàñòèâî-

ñòi òàêèõ ïðîñòîðiâ (òåîðåìè 3.4.1, 3.4.2, íàñëiäîê 3.4.1).

Äîñëiäæåíî ïðîáëåìó íàáëèæåííÿ çàäàíîãî åëåìåíòà áàíàõîâîãî

ïðîñòîðó Cα , ùî ¹ îáëàñòþ âèçíà÷åííÿ êîìïëåêñíèõ ñòåïåíiâ îïåðàòî-

ðà A , åëåìåíòàìè iíâàðiàíòíèõ ïiäïðîñòîðiâ âåêòîðiâ åêñïîíåíöiàëüíîãî

òèïó Eνq,p(Cα) . Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåð-

ìiíàõ êâàçiíîðì âiäïîâiäíèõ àïðîêñèìàöiéíèõ ïðîñòîðiâ (òåîðåìè 3.4.3,

3.4.4, íàñëiäîê 3.4.2). Äîâåäåíî òåîðåìó, ùî õàðàêòåðèçó¹ ñïåêòðàëüíi

àïðîêñèìàöi¨ äëÿ îïåðàòîðà ç òî÷êîâèì ñïåêòðîì â òåðìiíàõ êâàçiíîðì

âèçíà÷åíèõ àïðîêñèìàöiéíèõ ïðîñòîðiâ (òåîðåìà 3.4.5).

Îñíîâíi ðåçóëüòàòè ðîçäiëó 3 îïóáëiêîâàíi ó ïðàöÿõ [21,26,30,32,37,

38,41,45,51,128,129,136,139,141,142,144].
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ÐÎÇÄIË 4

ÏÐÎÑÒÎÐÈ ÖIËÈÕ ÂÅÊÒÎÐIÂ ÅÊÑÏÎÍÅÍÖI-

ÀËÜÍÎÃÎ ÒÈÏÓ ÅËIÏÒÈ×ÍÈÕ ÎÏÅÐÀÒÎÐIÂ

Ó äàíîìó ðîçäiëi ðîçãëÿäà¹ìî ôóíêöiîíàëüíi ïðîñòîðè âåêòîðiâ åêñ-

ïîíåíöiàëüíîãî òèïó, àñîöiéîâàíèõ ç åëiïòè÷íèìè îïåðàòîðàìè, à òàêîæ

âiäïîâiäíi íåðiâíîñòi Áåðíøòåéíà i Äæåêñîíà ç òî÷íèìè îöiíêàìè íàé-

êðàùèõ íàáëèæåíü êîðåíåâèìè ôóíêöiÿìè òàêèõ îïåðàòîðiâ ó ðiçíèõ

ïðîñòîðàõ Ëåáåãà.

4.1. Öiëi âåêòîðè åêñïîíåíöiàëüíîãî òèïó ðåãóëÿðíèõ åëi-

ïòè÷íèõ îïåðàòîðiâ

Ó äàíîìó ïàðàãðàôi îïèøåìî ïðîñòîðè öiëèõ ôóíêöié åêñïîíåí-

öiàëüíîãî òèïó ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â

îáìåæåíèõ îáëàñòÿõ i êîìïàêòíèõ ìíîãîâèäàõ êëàñó C∞ .

Îçíà÷åííÿ 4.1.1. [86, ñ. 300] Îáìåæåíà îáëàñòü Ω ⊂ Rn ç ãðà-

íèöåþ ∂Ω = Ω̄ \Ω íàçèâà¹òüñÿ îáëàñòþ êëàñó C∞ , ÿêùî iñíó¹ òàêèé

ñêií÷åííèé íàáið âiäêðèòèõ êóëü Uj (j = 1, . . . , N) , ùî
N⋃
j=1

Uj ⊃ ∂Ω i

Uj
⋂
∂Ω 6= ∅ , i òàêi íåñêií÷åííî äèôåðåíöiéîâíi äiéñíi âåêòîð-ôóíêöi¨

f (j)(t) =
(
f

(j)
1 (t), . . . , f

(j)
n (t)

)
, âèçíà÷åíi â Ūj , y = f (j)(t) ¹ âçà¹ìíî-

îäíîçíà÷íå âiäîáðàæåííÿ êóëi Uj íà äåÿêó îáìåæåíó îáëàñòü â Rn ,

ïðè÷îìó îáðàç ìíîæèíè Uj
⋂
∂Ω ¹ ÷àñòèíîþ ãiïåðïëîùèíè

{y : y ∈ Rn, yn = 0} , à îáðàç ìíîæèíè Uj
⋂

Ω � îäíîçâ'ÿçíîþ îáëàñòþ

â ïiâïðîñòîði Rn
+ = {t : t ∈ Rn, tn > 0} . Êðiì öüîãî, ïåðåäáà÷à¹òüñÿ, ùî

∂
(
f

(j)
1 (t), . . . , f

(j)
n (t)

)
∂ (t1, . . . tn)

6= 0, t = (t1, . . . tn) ∈ Ūj.
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Ïîçíà÷èìî Dαu =
∂|α|u

∂tα1
1 . . . ∂tαnn

, äå |α| = α1 + . . . + αn äëÿ âñiõ

α = (α1, . . . , αn) ∈ Zn0+ , äå Zn0+ = {α : α ∈ Zn, αn ≥ 0} .
Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü êëàñó C∞ . ßê çâè÷àéíî, ÷åðåç

Lq(Ω) (1 < q < ∞) ïîçíà÷èìî êîìïëåêñíèé ïðîñòið ôóíêöié, iíòåãðî-

âàíèõ â ñòåïåíi q ïî îáëàñòi Ω :

Lq(Ω) =

{
u : ‖u‖Lq(Ω) =

(∫
Ω

|u(t)|q dt
)1/q

<∞

}
.

Äëÿ ÷èñåë 0 < ν <∞ i 1 < q <∞ âèçíà÷èìî ïðîñòið

Eνq (D) =
{
u ∈ C∞(Ω̄) : Dαu ∈ Lq(Ω), |α| = k ∈ N0

}
ç íîðìîþ

‖u‖Eνq (D) =

(∑
k∈N0

∑
|α|=k

ν−qk‖Dαu‖qLq(Ω)

)1/q

i îá'¹äíàííÿ Eq(D) =
⋃
ν>0 Eνq (D) . ×åðåç C∞(Ω̄) ïîçíà÷åíî ìíîæèíó âñiõ

êîìïëåêñíîçíà÷íèõ íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié, âèçíà÷åíèõ

â Ω , âñi ïîõiäíi ÿêèõ (âêëþ÷àþ÷è ñàìó ôóíêöiþ) íåïåðåðâíî ïðîäîâæó-

þòüñÿ íà Ω̄ .

Ëåìà 4.1.1. Ïðîñòið Eq(D) ñïiâïàäà¹ ç ïðîñòîðîì âñiõ öiëèõ àíà-

ëiòè÷íèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó, çâóæåííÿ ÿêèõ íà Ω íàëå-

æèòü Lq(Ω) .

Ä î â å ä å í í ÿ. Ðîçãëÿíåìî äîïîìiæíèé ïðîñòið ôóíêöié ç Lq(Ω)

âèãëÿäó

Eνq (Ω) =
{
u ∈ C∞(Ω̄) : Dαu ∈ Lq(Ω), sup

t∈Ω
|Dαu(t)| ≤ cνk,

|α| = k ∈ N0

}
, (4.1)

äå ïîñòiéíà c = c(u, ν) íå çàëåæèòü âiä k ∈ N0 , i óòâîðèìî îá'¹äíàííÿ

Eq(Ω) =
⋃
ν>0 Eνq (Ω) . Ïîêàæåìî, ùî ïðîñòið Eq(Ω) ñïiâïàäà¹ ç ïðîñòîðîì
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âñiõ öiëèõ àíàëiòè÷íèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó, çâóæåííÿ ÿêèõ

íà Ω íàëåæèòü Lq(Ω) .

Íåõàé u(t) ∈ Eνq (Ω) . Çàïèøåìî u(t + h) , äå h = (h1, . . . , hn) and

t+ h ∈ Ω ó ôîðìi

u(t+ h) = u(t) +
du(t)

1!
+
d2u(t)

2!
+ . . .+

dku(t+ θh)

k!
, 0 ≤ θ ≤ 1,

äå du(t) ¹ ïîâíèé äèôåðåíöiàë ôóíêöi¨ u(t) . Çàëèøîê ðÿäó çàäîâîëüíÿ¹

óìîâó∣∣∣dku(t+ θh)

k!

∣∣∣ =
∣∣∣ ∑
|α|=k

1

α!
Dαu(t+ θh)hα

∣∣∣ ≤ cνk
∑
|α|=k

hα

α!
→ 0, k →∞,

äå hα = hα1
1 . . . hαnn . Òàêèì ÷èíîì, ôóíêöi¨ ç Eνq (Ω) ¹ àíàëiòè÷íèìè â

Ω i ðîçêëàäàþòüñÿ ó çáiæíi ðÿäè
∑
α

1

α!
Dαu(t)hα . Êðiì òîãî, äëÿ âñiõ

h ∈ Cn òàêi ðÿäè âèçíà÷àþòü ðîçøèðåííÿ u(t) ÿê öiëî¨ ôóíêöi¨ íà Cn .

Â ñèëó îöiíêè (4.1) äëÿ âñiõ t ∈ Ω i s = (s1, . . . , sn) ∈ Rn ìà¹ìî

|u(t+ is)| ≤
∑
α

∣∣∣Dαu(t)

α!
(is)α

∣∣∣ ≤∑
α

cν |α|

α!
|s1|α1 . . . |sn|αn ≤ c1e

ν‖s‖.

Ïîêëàäàþ÷è, áåç îáìåæåííÿ çàãàëüíîñòi, 0 ∈ Ω , ç ïîïåðåäíüî¨ íå-

ðiâíîñòi îòðèìó¹ìî

|u(t+ is)| = |u(z)| ≤ c1e
ν‖z‖ (4.2)

äëÿ âñiõ t, s ∈ Rn i u(z) ìà¹ åêñïîíåíöiàëüíèé òèï.

Äàëi, ÿêùî öiëà àíàëiòè÷íà ôóíêöiÿ u(z) = u(z1, . . . , zn) çàäîâîëü-

íÿ¹ íåðiâíiñòü

|u(z)| = |u(t+ is)| ≤ C1e
a(‖t‖+‖s‖), (4.3)

äå zj = tj + isj , j = 1, . . . , n , ‖t‖ =
( n∑
j=1

|tj|2
)1/2

, ‖s‖ =
( n∑
j=1

|sj|2
)1/2

,

i a > 0 , òîáòî, u(z) ìà¹ åêñïîíåíöiàëüíèé òèï, òî äëÿ âñiõ |α| = k ,

k = 0, 1, . . . âèêîíó¹òüñÿ íåðiâíiñòü

|Dαu(t)| ≤ C2(2an)kea‖t‖, (4.4)
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äå ïîñòiéíà C2 íå çàëåæàòü âiä k .

Äiéñíî, ÷àñòèííi ïîõiäíi ôóíêöi¨ u(z) ìîæóòü áóòè îá÷èñëåíi çà

ôîðìóëîþ Êîøi

Dαu(t) =
α!

(2πi)n

∫
Γ1

. . .

∫
Γn

u(ζ1, . . . , ζn)dζ1 . . . dζn
(ζ1 − t1)α1+1 . . . (ζn − tn)αn+1

, (4.5)

äå α! = α1! . . . αn! , Γj êîëî â ïëîùèíi ζj ç öåíòðîì â tj i ðàäióñà R . Ç

(4.3) i (4.5) îòðèìó¹ìî

|Dαu(t)| ≤ α!

(2π)nRk

∫ 2π

0

. . .

∫ 2π

0

|u(t1 +Reiφ1, . . . , tn +Reiφn)|dφ1 . . . dφn

≤ s!C1

Rk
ea(nR+‖t′‖), (4.6)

äå ζj − tj = Reiφj , t′ = (t′1, . . . , t
′
n) , t

′
j � òî÷êà ìiæ çíà÷åííÿìè tj −R i

tj +R , â ÿêié çíà÷åííÿ a|tj| äîñÿãà¹ ìàêñèìóìó.
Âèáåðåìî ðàäióñ R òàê, ùîá çíà÷åííÿ exp(anR)/Rk äîñÿãàëî ìiíi-

ìóìó. Ëåãêî áà÷èòè, ùî öå âèêîíó¹òüñÿ äëÿ R = k/an , òàê ùî íåðiâíiñòü

(4.6) ç âèêîðèñòàííÿì ôîðìóëè Ñòiðëiíãà ìîæå áóòè çàïèñàíà ó âèãëÿäi

|Dαu(t)| ≤ C3(2an)kea‖t
′‖, (4.7)

äå ïîñòiéíà C3 íå çàëåæèòü âiä k . Ðîçãëÿíåìî îñòàííié ìíîæíèê â íå-

ðiâíîñòi (4.7). Äëÿ öüîãî çàìiíèìî t′j íà tj + θjR , where |θj| ≤ 1 . Òîäi,

ç åêâiâàëåíòíîñòi íîðì â Cn , ìà¹ìî

ea‖t
′
j‖ = exp

(
a

n∑
j=1

‖tj + θR‖

)
≤ exp

(
a

n∑
j=1

‖tj‖

)
enaθR ≤ C4e

a‖t‖,

ùî é äîâîäèòü (4.4).

Òåïåð, íåõàé öiëà ôóíêöiÿ u(z) çàäîâîëüíÿ¹ (4.2). Òîäi çãiäíî ç (4.4)

âèêîíó¹òüñÿ íåðiâíiñòü

|Dαu(t)| ≤ c2(2nν)keν|t|

äëÿ âñiõ t ∈ Rn i |α| = k ∈ N0 . Öå îçíà÷à¹, ùî u(t) ∈ E2nν
q (Ω) , òîáòî,

u(t) ∈ Eq(Ω) .
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ßêùî l > n/q i u ∈ E tq(D) , òî ç òåîðåìè âêëàäåííÿ Ñîáîë¹âà (äèâ.

[86, òåîðåìà 2.8.1]) ìà¹ìî

sup
t∈Ω
|Du(t)| ≤ c max

|α|≤1
‖Dαu(t)‖Lq(Ω),

sup
t∈Ω
|Dαu(t)| ≤ c max

{
1, ν, . . . , ν l

}
νk‖u‖Eνq (D) ≤ c0ν

k, |α| = k ∈ N0,

äå ïîñòiéíi c, c0 íå çàëåæàòü âiä k . Öå îçíà÷à¹, ùî u ∈ Eνq (Ω) , à îòæå,

Eq(D) ⊂ Eq(Ω) .

Íàâïàêè, íåõàé u ∈ Eνq (Ω) . Òîäi, â ñèëó îáìåæåíîñòi Ω , ìà¹ìî

sup
t∈Ω
|Dαu(t)| ≤ c3(2nν)k i

∑
|α|=k

‖Dαu‖Lq(Ω) ≤ c2(2n
2ν)k.

Çâiäñè îòðèìó¹ìî íåðiâíiñòü

∑
k∈N0

∑
|α|=k

(4n2ν)−qk‖Dαu‖qLq(Ω) ≤
2q

2q − 1
sup
k∈N0

∑
|α|=k
‖Dαu‖qLq(Ω)

(2n2ν)qk
, (4.8)

ÿêà îçíà÷à¹, ùî u ∈ E4n2ν
q (D) i, ÿê íàñëiäîê, u ∈ Eq(D) . Ëåìà äîâåäåíà.

Îçíà÷åííÿ 4.1.2. [86, ñ. 451] Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü

êëàñó C∞ . Äèôåðåíöiàëüíèé îïåðàòîð L , ùî çàäà¹òüñÿ ðiâíiñòþ

Lu =
∑
|α|≤2m

aα(t)Dαu, (4.9)

íàçèâà¹òüñÿ âëàñíî åëiïòè÷íèì, ÿêùî

a(t, ξ) =
∑
|α|=2m

aα(t)ξα 6= 0 äëÿ âñiõ 0 6= ξ ∈ Rn i âñiõ t ∈ Ω̄

i ÿêùî äëÿ áóäü-ÿêî¨ ïàðè ëiíiéíî íåçàëåæíèõ âåêòîðiâ ξ, η ∈ Rn i

äëÿ áóäü-ÿêîãî t ∈ Ω̄ ìíîãî÷ëåí a(t, ξ + τη) âiä êîìïëåêñíî¨ çìiííî¨ τ

ìà¹ ðiâíî m êîðåíiâ τ+
k (t, ξ, η) ç äîäàòíîþ óÿâíîþ ÷àñòèíîþ (à, îòæå,

ðiâíî m êîðåíiâ τ−k (t, ξ, η) ç âiä'¹ìíîþ óÿâíîþ ÷àñòèíîþ). Òóò aα(t) �

íåñêií÷åííî äèôåðåíöiéîâíi êîìïëåêñíîçíà÷íi ôóíêöi¨ íà Ω̄ . Ïîêëàäåìî

a+(t, ξ, η, τ) =
m∏
k=1

(τ − τ+
k ), a−(t, ξ, η, τ) =

m∏
k=1

(τ − τ−k ).
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Îçíà÷åííÿ 4.1.3. [86, ñ. 452] Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü

êëàñó C∞ i íåõàé Bj (j = 1, . . . , k) � äèôåðåíöiàëüíi îïåðàòîðè íà

∂Ω , ùî çàäàþòüñÿ ðiâíiñòþ

(Bju)(t) =
∑
|α|≤mj

bj,α(t)Dαu(t), bj,α(t) ∈ C∞(∂Ω), (4.10)

äå C∞(∂Ω) � ìíîæèíà âñiõ íåñêií÷åííî äèôåðåíöiéîâíèõ êîìïëåêñíî-

çíà÷íèõ ôóíêöié íà ∂Ω . Íàáið {Bj}kj=1 íàçèâà¹òüñÿ íîðìàëüíîþ ñè-

ñòåìîþ, ÿêùî

0 ≤ m1 < m2 < . . . < mk

i äëÿ êîæíîãî íîðìàëüíîãî äî ∂Ω âåêòîðà %t , t ∈ ∂Ω , âèêîíó¹òüñÿ

óìîâà ∑
|α|=mj

bj,α(t)%αt 6= 0, j = 1, . . . , k.

Îçíà÷åííÿ 4.1.4. [86, ñ. 453] Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü

êëàñó C∞ i íåõàé L � âëàñíî åëiïòè÷íèé äèôåðåíöiàëüíèé îïåðàòîð,

{Bj}mj=1 � íàáið äèôåðåíöiàëüíèõ îïåðàòîðiâ íà ∂Ω , âèçíà÷åíèõ ôîð-

ìóëîþ (4.10). Íàáið {Bj}mj=1 íàçèâà¹òüñÿ äîäàòêîâîþ ñèñòåìîþ âiäíî-

ñíî L , ÿêùî, ÿêà á íå áóëà òî÷êà t ∈ ∂Ω , äëÿ âiäïîâiäíîãî íîðìàëüíîãî

âåêòîðà %t i äëÿ äîâiëüíîãî äîòè÷íîãî âåêòîðà µt 6= 0 äî ∂Ω â öié òî-

÷öi ìíîãî÷ëåíè

bj(t, µt + τ%t) =
∑
|α|=mj

bj,α(t)(µt + τ%t)
α

âiä çìiííî¨ τ ëiíiéíî íåçàëåæíi çà ìîäóëåì a+(t, µt, %t, τ) .

Îçíà÷åííÿ 4.1.5. [86, ñ. 453] Íàáið, ùî ñêëàäà¹òüñÿ iç äèôåðåí-

öiàëüíîãî îïåðàòîðà (4.9) i ãðàíè÷íèõ îïåðàòîðiâ (4.10), íàçèâà¹òüñÿ

ðåãóëÿðíî åëiïòè÷íèì, ÿêùî:
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(i) îïåðàòîð L ¹ âëàñíî åëiïòè÷íèì;

(ii) íàáið {Bj}mj=1 óòâîðþ¹ íîðìàëüíó ñèñòåìó, ïðè÷îìó

mj ≤ 2m− 1, j = 1, . . . ,m;

(iii) íàáið {Bj}mj=1 óòâîðþ¹ äîäàòêîâó ñèñòåìó âiäíîñíî L .

Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü êëàñó C∞ , íàáið îïåðàòîðiâ

L, {Bj}mj=1 ðåãóëÿðíî åëiïòè÷íèé â ñåíñi îçíà÷åííÿ 4.1.5. Ó êîìïëåêñíîìó

ïðîñòîði Lq(Ω) (1 < q <∞) ðîçãëÿäà¹ìî çàìêíåíèé ëiíiéíèé îïåðàòîð

Au = Lu, C1(A) = W 2m
q,{Bj}(Ω), (4.11)

äå W 2m
q,{Bj}(Ω) :=

{
u ∈ W 2m

q (Ω) : Bju |∂Ω= 0, j = 1, . . . ,m
}
i W 2m

q (Ω) �

ïðîñòið Ñîáîë¹âà.

Òåîðåìà 4.1.1. Äëÿ áóäü-ÿêîãî 1 < q <∞ âèêîíó¹òüñÿ ðiâíiñòü

Eνq (A) =

{
u ∈ C∞(Ω̄) : BjA

ku |∂Ω= 0, j = 1, . . . ,m, k ∈ N0,(∑
k∈N0

∥∥(A/ν)ku
∥∥q
Lq(Ω)

)1/q

<∞
}
. (4.12)

Ä î â å ä å í í ÿ. Çãiäíî ç [86, òåîðåìà 5.4.4/1], ëîêàëüíî îïó-

êëèé ïðîñòið C∞(A) =
⋂∞
k=0 Ck(A) , ùî âèçíà÷à¹òüñÿ ñiìåéñòâîì ïiâíîðì

‖Aku‖Lq(Ω) (k ∈ N0) , ñïiâïàäà¹ (â àëãåáðà¨÷íîìó i òîïîëîãi÷íîìó ñåíñi)

iç çàìêíåíèì ïiäïðîñòîðîì

C∞A,{Bj}(Ω̄) =
{
u ∈ C∞(Ω̄) : BjA

ku |∂Ω= 0, j = 1, . . . ,m, k ∈ N0

}
ëîêàëüíî îïóêëîãî ïðîñòîðó C∞(Ω̄) ç òîïîëîãi¹þ, ùî âèçíà÷à¹òüñÿ ïiâ-

íîðìàìè sup
t∈Ω
|Dαu(t)| , 0 ≤ |α| <∞ . Çâiäñè òà ç îçíà÷åííÿ ïðîñòîðó Eνq (A)

îòðèìó¹ìî (4.12). Òåîðåìà äîâåäåíà.
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Òåîðåìà 4.1.2. Íåõàé ðåçîëüâåíòíà ìíîæèíà ρ(A) îïåðàòîðà A ,

âèçíà÷åíîãî ðiâíiñòþ (4.11), íåïîðîæíÿ. Òîäi äëÿ áóäü-ÿêîãî 1 < q <∞
âèêîíó¹òüñÿ ðiâíiñòü

Eq(A) = Eq(D,A,Bj), (4.13)

äå Eq(D,A,Bj) =
{
u ∈ Eq(D) : BjA

ku |∂Ω= 0, j = 1, . . . ,m, k ∈ N0

}
.

Ä î â å ä å í í ÿ. Áåç îáìåæåííÿ çàãàëüíîñòi, ïîêëàäåìî 0 ∈ ρ(A) .

Îñêiëüêè

‖Aku‖qLq(Ω) ≤ νkq‖u‖qLq(Ω)

≤ ν2kq
( ∑
|α|=k

ν−kq‖Dαu‖qLq(Ω) + ν−kq‖u‖qLq(Ω)

)
äëÿ âñiõ u ∈ Eνq (A) , òî ìà¹ìî

∑
k∈N0

ν−2kq‖Aku‖qLq(Ω) ≤
∑
k∈N0

∑
|α|=k

ν−kq‖Dαu‖qLq(Ω) + ν−kq‖u‖qLq(Ω)

 .

Çàìiíþþ÷è µ = ν2 ïðè ν > 1 , îòðèìó¹ìî

‖u‖qEµq (A)
≤ ‖u‖qEνq (D) +

νq‖u‖qLq(Ω)

νq − 1

≤ ‖u‖qEνq (D) +
νq‖u‖qEνq (D)

νq − 1
=

(
1 +

νq

νq − 1

)
‖u‖qEν(D).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹ âêëàäåííÿ

E
√
ν

q (D,A,Bj) ⊂ Eνq (A), (4.14)

äå E
√
ν

q (D,A,Bj) =
{
u ∈ E

√
ν

q (D) : BjA
ku |∂Ω= 0, j = 1, . . . ,m, k ∈ N0

}
.

Ç iíøîãî áîêó, çãiäíî ç [86, òåîðåìà 5.4.3] iñíó¹ òàêå äîäàòíå ÷èñëî

ck , ùî âèêîíó¹òüñÿ íåðiâíiñòü

‖Aku‖Lq(Ω) ≥ ck‖u‖W 2mk
q (Ω), u ∈ Ck(A). (4.15)
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Òîäi

‖Ak+1u‖Lq(Ω) = ‖Ak(Au)‖Lq(Ω) ≥ ck‖Au‖W 2mk
q (Ω)

= ck

( ∑
|α|≤2mk

‖DαAu‖qLq(Ω)

)1/q

≥ ck

( ∑
|α|≤2mk

‖ADαu‖qLq(Ω)

)1/q

≥ ckc1

( ∑
|α|≤2mk

‖Dαu‖qW 2m
q (Ω)

)1/q

= ck+1‖u‖W 2m(k+1)
q (Ω)

.

À îòæå, ÿêùî u ∈ Eνq (A) , òî∑
k∈N0

ν−qk‖Aku‖qLq(Ω) ≥
∑
k∈N0

∑
|α|=k

(c−1
1 ν)−qk‖Dαu‖qLq(Ω).

Öå îçíà÷à¹, ùî âèêîíó¹òüñÿ âêëàäåííÿ

Eνq (A) ⊂ Ec
−1
1 ν
q (D,A,Bj). (4.16)

Iç âêëàäåíü (4.14) i (4.16) îòðèìó¹ìî (4.13). Òåîðåìà äîâåäåíà.

Íàñëiäîê 4.1.1. Â óìîâàõ òåîðåìè 4.1.2 âèêîíó¹òüñÿ ðiâíiñòü

R(A) = Eq(D,A,Bj). (4.17)

Ä î â å ä å í í ÿ. Çãiäíî ç [86, òåîðåìà 5.4.4/1], îïåðàòîð A ìà¹

òî÷êîâèé ñïåêòð, ùî ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü ñêií-

÷åííî¨ àëãåáðà¨÷íî¨ êðàòíîñòi, ïðè÷îìó ïiäïðîñòîðè êîðåíåâèõ (âëàñíèõ

i ïðè¹äíàíèõ) âåêòîðiâ íå çàëåæàòü âiä q i ìiñòÿòüñÿ â C∞A,{Bj}(Ω̄) . Òîìó

ðiâíiñòü (4.17) áåçïîñåðåäíüî âèïëèâà¹ ç (2.76) i (4.13).

Äàëi ðîçãëÿíåìî ðåãóëÿðíi åëiïòè÷íi äèôåðåíöiàëüíi îïåðàòîðè íà

êîìïàêòíèõ ìíîãîâèäàõ êëàñó C∞ . Òàêi ìíîãîâèäè îïèñóþòüñÿ çà äîïî-

ìîãîþ ñèñòåì ëîêàëüíèõ êîîðäèíàò (äèâ., íàïð., [90, ãëàâà I, � 1.8]).

Ðîçãëÿäà¹ìî ∂Ω ÿê ãëàäêèé ìíîãîâèä ç ëîêàëüíèìè êàðòàìè Ul

(l = 1, . . . , N) , ÿêi ïîêðèâàþòü ∂Ω . Ïîçíà÷èìî C∞(Ul) ïðîñòið íåñêií-

÷åííî äèôåðåíöiéîâàíèõ êîìïëåêñíèõ ôóíêöié íà Ul . Ëîêàëüíi êîîðäè-

íàòè yl = (yl1, . . . , y
l
n−1) íà ∂Ω âèçíà÷àþòüñÿ âiäîáðàæåííÿìè yl : Ul →
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Rn−1 ç îáåðíåíèìè y−l . Íåõàé C∞(∂Ω) � ïðîñòið ôóíêöié u íà ∂Ω ,

òàêèõ, ùî u(yl) = u ◦ y−l ∈ C∞(yl(Ul)) .

Íåõàé íà ∂Ω âèçíà÷åíèé äèôåðåíöiàëüíèé îïåðàòîð L ïîðÿäêó

2m , ÿêèé â ëîêàëüíèõ êîîðäèíàòàõ yl = (yl1, . . . , y
l
n−1) ìà¹ âèãëÿä

Lu(yl) =
∑
|α|≤2m

aα(yl) ∂α(u ◦ y−l), aα ∈ C∞(yl(Ul)), u ∈ C∞(∂Ω), (4.18)

äå aα(yl) ∈ R äëÿ |α| = 2m i âiäïîâiäíî äî [86, îçíà÷åííÿ 5.2.1] iñíó¹

ïîñòiéíà c > 0 , òàêà, ùî

(−1)m
∑
|α|=2m

aα(yl) ξα ≥ c |ξ|2m

äëÿ âñiõ ξ ∈ Rn−1 . Òóò |α| = α1 + . . .+αn−1 , αi ∈ Z+ (i = 1, . . . , n− 1) ,

∂α = ∂α1
1 · · · ∂

αn−1

n−1 , ∂i = ∂/∂yli .

Âèêîðèñòîâóþ÷è âiäîáðàæåííÿ δyl : C
∞(yl(Ul))→ C∞(Ul) ç δyl(v) :=

v ◦ yl i ôiêñîâàíó êàðòó Ul , âèçíà÷èìî Lyl : C
∞(yl(Ul)) → C∞(yl(Ul)) ç

Lyl := δ−1
yl
◦ L ◦ δyl äëÿ âñiõ v ∈ C∞(yl(Ul)) . Òîäi äiÿ L íà u ∈ C∞(∂Ω)

â ëîêàëüíèõ êîîðäèíàòàõ yl = (yl1, . . . , y
l
n−1) âèçíà÷à¹òüñÿ ÿê Lu(yl) =

Lyl(u ◦ y−l) .
Íåõàé ïðîñòið Lq(∂Ω) (1 < q < ∞) ìà¹ çâè÷àéíèé ñìèñë (ìiðà íà

∂Ω ïîðîäæó¹òüñÿ ëåáåãîâîþ ìiðîþ â Rn ).

Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü êëàñó C∞ , êóëi Uj

(j = 1, . . . , N) iç îçíà÷åííÿ 4.1.1. Ðîçãëÿíåìî îáëàñòü ω òàêó, ùî ω̄ ⊂ Ω

i
N⋃
j=1

Uj
⋃
ω ⊃ Ω . Íåõàé ψ0(t) ∈ C∞0 (ω) i ψj(t) ∈ C∞0 (Uj) óòâîðþþòü

ðîçáèòòÿ îäèíèöi íà Ω , òîáòî

0 ≤ ψj(t) ≤ 1 äëÿ j = 0, 1, . . . , N,
N∑
j=0

ψj(t) = 1 äëÿ t ∈ Ω (4.19)

(ïîçà ìåæàìè ω àáî âiäïîâiäíî Uj ôóíêöi¨ ψj(t) äîîçíà÷åíi íóëåì).

Îçíà÷åííÿ 4.1.6. [86, ñ. 346] Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü

êëàñó C∞ , êóëi Uj i ôóíêöi¨ f (j)(t) (j = 1, . . . , N) iç îçíà÷åííÿ 4.1.1.
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Íåõàé f (j)−1(y) � âiäïîâiäíi îáåðíåíi ôóíêöi¨, à ôóíêöi¨ ψj(t)

(j = 1, . . . , N) âèçíà÷åíi ñïiââiäíîøåííÿì (4.19). Äëÿ 0 < s < ∞ ,

1 < q <∞ i 1 ≤ τ ≤ ∞ ïîêëàäåìî

Bs
q,τ(∂Ω) =

{
u ∈ Lq(∂Ω): (ψju)(f (j)−1(y)) ∈ Bs

q,τ(Rn−1), j = 1, . . . , N
}
,

‖u‖Bsq,τ (∂Ω) =
N∑
j=1

‖(ψju)(f (j)−1(y))‖Bsq,τ (Rn−1).

Äëÿ s = 1, 2, . . . , 1 < q <∞ ïîêëàäåìî

W s
q (∂Ω) =

{
u ∈ Lq(∂Ω): (ψju)(f (j)−1(y)) ∈ W s

q (Rn−1), j = 1, . . . , N
}
,

‖u‖W s
q (∂Ω) =

N∑
j=1

‖(ψju)(f (j)−1(y))‖W s
q (Rn−1).

Ïîçà îáðàçîì ìíîæèíè Uj
⋂
∂Ω ôóíêöi¨ (ψju)(f (j)−1(y)) äîîçíà÷åíi íó-

ëåì.

Ïðîñòîðè Bs
q,τ(∂Ω) i W s

q (∂Ω) ¹ áàíàõîâèìè i ç òî÷íiñòþ äî åêâiâà-

ëåíòíîñòi íîðì íå çàëåæàòü íi âiä âèáîðó êóëü Uj , íi âiä âèáîðó ôóíêöié

f (j)(t) i ψj(t) .

Ïðèïóñòèìî, ùî îïåðàòîð L ç îáëàñòþ âèçíà÷åííÿ C1(L) = C∞(∂Ω)

¹ ñèìåòðè÷íèé â L2(∂Ω) . Éîãî çàìèêàííÿ, ÿêå ïîçíà÷èìî A , ìà¹ äèñ-

êðåòíèé ñïåêòð i Ck(A) = W 2mk
2 (∂Ω) (k = 1, 2, . . .) ¹ ïðîñòið Ñîáîë¹-

âà [86, òåîðåìà 7.6.1]. Òàêèì ÷èíîì, A ¹ ñàìîñïðÿæåíèé â L2(∂Ω) , à éî-

ãî ïiäïðîñòið âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó E(A) ¹ ùiëüíèé â L2(∂Ω)

çãiäíî ç òâåðäæåííÿì 2.1.1. Äëÿ ñïðîùåííÿ ïðèïóñêà¹ìî, ùî 0 ∈ ρ(A) .

Òåîðåìà 4.1.3. Âèêîíó¹òüñÿ òàêà ðiâíiñòü:

Eν2 (A) =

{
u ∈ C∞(∂Ω):

(∑
k∈N0

∥∥(A/ν)ku
∥∥2

L2(∂Ω)

)1/2

<∞
}
. (4.20)
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Ä î â å ä å í í ÿ. Íåõàé Uj ⊂ Rn−1 (j = 1, . . . , N) � êóëi, ùî

ïîêðèâàþòü ∂Ω , y(j)
i (i = 1, . . . , n − 1) � ëîêàëüíi êîîðäèíàòè i χ2

j ∈
C∞(∂Ω) � ðîçáèòòÿ îäèíèöi, ùî âiäïîâiäà¹ ïîêðèòòþ {Uj} :

N∑
j=1

χ2
j = 1 íà ∂Ω, χj ∈ C∞0 (Uj), 0 ≤ χj ≤ 1.

ßêùî u ∈ C∞(∂Ω) , òî

(
Au, u

)
L2(∂Ω)

=
N∑
j=1

(
Au, χ2

ju
)
L2(∂Ω)

,

(
Au, χ2

ju
)
L2(∂Ω)

=

∫
Uj

fj(y
(j)′)(Au)(y(j)′)(χ2

ju)(y(j)′)dy(j)′,

äå fj(y
(j)′) ∈ C∞(Uj) � ôóíêöiÿ, ùî çàëåæèòü âiä âèáîðó ëîêàëüíî¨

ñèñòåìè êîîðäèíàò, ïðè÷îìó fj(y
(j)′) ≥ c > 0 . Âèêîðèñòîâóþ÷è íåðiâ-

íiñòü Ãîðäiíãà [67, ñ. 297], äëÿ äîâiëüíîãî ε > 0 i äåÿêî¨ ïîñòiéíî¨ c > 0

îòðèìó¹ìî

(
Au, u

)
L2(∂Ω)

≥
N∑
j=1

(
Aχju, χju

)
L2(∂Ω)

− ε‖u‖2
Wm

2 (∂Ω) − c1(ε)‖u‖2
L2(∂Ω)

≥ c‖u‖2
Wm

2 (∂Ω) − 2ε‖u‖2
Wm

2 (∂Ω) − c2(ε)‖u‖2
L2(∂Ω)

≥ c

2
‖u‖2

Wm
2 (∂Ω) − c3‖u‖2

L2(∂Ω). (4.21)

Çàñòîñîâóþ÷è òåïåð [86, òåîðåìà 5.3.4], îòðèìó¹ìî åêâiâàëåíòíiñòü

‖Aku‖2
L2(∂Ω) + ‖u‖2

L2(∂Ω) ∼ ‖u‖2
W 2mk

2 (∂Ω), k ∈ N. (4.22)

Öå îçíà÷à¹, ùî Ck(A) = W 2mk
2 (∂Ω) äëÿ k ∈ N , à òîìó, çãiäíî ç òåîðå-

ìîþ âêëàäåííÿ [86, òåîðåìà 4.6.1], ìà¹ìî C∞(A) = C∞(∂Ω) . Çâiäñè i ç

îçíà÷åííÿ ïðîñòîðó Eq(A) âèïëèâà¹ (4.20). Òåîðåìà äîâåäåíà.

Ñëiäóþ÷è [3, ðîçäië 7.2], ðîçãëÿíåìî â L2(∂Ω) ïiäïðîñòið Mν
2(∂Ω)

ôóíêöié u , òàêèõ, ùî êîæíà êîìïîçèöiÿ (u◦y−l)(ξ) , ξ ∈ yl(Ul) ñïiâïàäà¹
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çi çâóæåííÿì äî yl(Ul) öiëî¨ àíàëiòè÷íî¨ ôóíêöi¨ ũ(ξ + iη) , ξ + iη ∈ Cn−1

åêñïîíåíöiàëüíîãî òèïó ν > 0 . Íåõàé ïðîñòið M2(∂Ω) =
⋃
ν>0Mν

2(∂Ω)

íàäiëåíèé êâàçiíîðìîþ |u|M2(∂Ω) := ‖u‖L2(∂Ω)+inf {ν > 0: u ∈Mν
2(∂Ω)} .

Íåõàé {ψl ∈ C∞(∂Ω)} � ðîçáèòòÿ îäèíèöi, âiäïîâiäíå ïîêðèòòþ

{Ul} ìíîãîâèäó ∂Ω , òîáòî
∑N

l=1 ψl = 1 íà ∂Ω ç ψl ∈ C∞0 (Ul) , 0 ≤ ψl ≤
1 . Äëÿ s ∈ (0,∞) ðîçãëÿíåìî ïðîñòið òèïó Ñîáîë¹âà-Ñëîáîäåöüêîãî íà

ìíîãîâèäi (äèâ. [86, îçíà÷åííÿ 3.6.1], [173, ðîçäië 7.3])

Hs
2(∂Ω) =

{
u ∈ L2(∂Ω): ψl(u ◦ y−l) ∈ Hs

2(Rn−1), l = 1, . . . , N
}

íàäiëåíèé íîðìîþ ‖u‖Hs
2(∂Ω) =

∑N
l=1 ‖ψl(u◦y−l)‖Hs

2(Rn−1) äå ψl(u ◦ y−l)(ξ)
äîîçíà÷åíi íóëåì ïîçà îáðàçîì yl(Ul) i Hs

2(Rn−1) ¹ ïðîñòið Ñîáîë¹âà-

Ñëîáîäåöüêîãî íà Rn−1 , çîêðåìà, Hs
2(∂Ω) = W s

2 (∂Ω) äëÿ s ∈ N .

Äëÿ ν > 0 âèçíà÷èìî ïðîñòið

Hν
2(∂Ω) =

{
u ∈ C∞(∂Ω): ‖u‖Hν2(∂Ω) <∞

}
,

äå ‖u‖Hν2(∂Ω) =
(∑

k∈Z+
ν−2k‖u‖2

W k
2 (∂Ω)

)1/2

, ‖u‖2
W k

2 (∂Ω)
=
∑N

l=1 ‖u‖
2
W k

2 (yl(Ul))
,

‖u‖W k
2 (yl(Ul))

= inf
ũ|yl(Ul)=u◦y

−l

ũ∈W k
2 (Rn−1)

‖ũ‖W k
2 (Rn−1) � ‖ψl(u ◦ y−l)‖W k

2 (Rn−1) (4.23)

i çâóæåííÿ â ñåíñi òåîði¨ óçàãàëüíåíèõ ôóíêöié [86, îçíà÷åííÿ 4.2.1/1].

Íà îá'¹äíàííi H2(∂Ω) =
⋃
ν>0Hν

2(∂Ω) çàäàìî êâàçiíîðìó

|u|H2(∂Ω) = ‖u‖L2(∂Ω) + inf {ν > 0: u ∈ Hν
2(∂Ω)} .

Òåîðåìà 4.1.4. Âèêîíóþòüñÿ òàêi ðiâíîñòi:

E2(A) = H2(∂Ω), E2(A) =M2(∂Ω). (4.24)

Ä î â å ä å í í ÿ. Íåõàé ũ(ξ + iη) , ξ + iη ∈ Cn−1 , òàêà, ùî ũ ∈
W k

2 (Rn−1) äëÿ η = 0 i ũ |yl(Ul)= u ◦ y−l äëÿ áóäü ÿêîãî u ∈ Hν
2(∂Ω) . Òîäi

‖ũ‖W k
2 (Rn−1) ≤ c νk, k ∈ Z+, l = 1, . . . , N, (4.25)
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äå c > 0 íå çàëåæèòü âiä k . ßêùî r > (n− 1)/2 , òî òåîðåìà âêëàäåííÿ

Ñîáîë¹âà äà¹

sup
ξ∈Rn−1

|ũ(ξ)| ≤ c′ ‖ũ‖W r
2 (Rn−1),

äå c′ > 0 . Çâiäñè ìà¹ìî

sup
ξ∈Rn−1

|∂αũ(ξ)| ≤ c c′ max (1, ν, . . . , νr) νk = c′′νk (4.26)

äëÿ âñiõ k ∈ Z+ i |α| = k , äå c′′ > 0 íå çàëåæèòü âiä k . Çàïèøåìî

ũ(ξ + h) , h = (h1, . . . , hn−1) ∈ Rn−1 ó âèãëÿäi

ũ(ξ + h) = ũ(ξ) + dũ(ξ)/1! + d2ũ(ξ)/2! + . . .+ dkũ(ξ + θh)/k!,

äå 0 ≤ θ ≤ 1 i∣∣∣dkũ(ξ + θh)

k!

∣∣∣ ≤ ∑
|α|=k

∣∣∣∂αũ(ξ + θh)
hα

α!

∣∣∣ ≤ c′′νk
∑
|α|=k

|h|α

α!
→ 0, k →∞,

α! = α1! . . . αn−1! , hα = hα1
1 . . . h

αn−1

n−1 , |h|α = |h1|α1 . . . |hn−1|αn−1 .

Òàêèì ÷èíîì, ξ 7→ ũ(ξ) ¹ äiéñíà àíàëiòè÷íà. Â ñèëó (4.26) ðÿä∑
k≥0

∑
|α|=k

1
α!∂

αũ(ξ)hα ¹ àáñîëþòíî çáiæíèé äëÿ âñiõ h ∈ Cn−1 i âèçíà-

÷à¹ êîìïëåêñíå àíàëiòè÷íå ïðîäîâæåííÿ íà Cn−1 . Ïðîâîäÿ÷è ïîäiáíó

îöiíêó äëÿ áóäü ÿêîãî η ∈ Rn−1 , ìà¹ìî

|ũ(ξ + iη)| ≤
∑
k∈Z+

∑
|α|=k

∣∣∣∂αũ(ξ)
(iη)α

α!

∣∣∣ ≤ c′′′eν|η|, (4.27)

äå c′′′ > 0 íå çàëåæèòü âiä ξ+iη ∈ Cn−1 . Öå îçíà÷à¹, ùî ξ+iη 7→ ũ(ξ+iη)

¹ öiëà àíàëiòè÷íà ôóíêöiÿ åêñïîíåíöiàëüíîãî òèïó ν çi çâóæåííÿì u ∈
Mν

2(∂Ω) .

Íàâïàêè, íåõàé ũ(ξ + iη) äëÿ âñiõ u ∈ Mν
2(∂Ω) , òàêà, ùî ũ |yl(Ul)=

u ◦ y−l äëÿ âñiõ l = 1, . . . , N . Îñêiëüêè öiëà ôóíêöiÿ ũ çàäîâîëüíÿ¹

íåðiâíiñòü |ũ(ξ + iη)| ≤ C1e
ν(|ξ|+|η|) ç ïîñòiéíîþ C1 i |ξ| =

∑n
j=1 |ξj| ,

ìà¹ìî

|∂αũ(ξ)| ≤ c0 (2(n− 1)ν)k eν|ξ|, ξ ∈ Rn−1, |α| = k, k ∈ Z+
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ç ïîñòiéíîþ c0 > 0 , ÿêà íå çàëåæèòü âiä k .

×àñòèííi ïîõiäíi ôóíêöi¨ ũ |yl(Ul)= u ◦ y−l ìîæóòü áóòè îá÷èñëåíi

çà ôîðìóëîþ Êîøi

∂α(u ◦ y−l)(ξ) =
α!

(2πi)n−1

∫
γ1

. . .

∫
γn−1

(u ◦ y−l)(ζ1, . . . , ζn−1) dζ1 . . . dζn−1

(ζ1 − ξ1)α1+1 . . . (ζn−1 − ξn−1)αn−1+1
,

äå γj ¹ êîëî âC ç öåíòðîì ξj ∈ R i ðàäióñîì r . Çâiäñè ìà¹ìî

|∂α(u ◦ y−l)(ξ)|

≤ r−kα!

(2π)n−1

∫ 2π

0

. . .

∫ 2π

0

|u(ξ1 + reiϑ1, . . . , ξn + reiϑn)| dϑ1 . . . dϑn−1

≤ c′r−kα! eν((n−1)r+|ξ?|), (4.28)

äå c′ > 0 íå çàëåæèòü âiä k , ζj − ξj = reiϑj i ξ? = (ξ?1 , . . . , ξ
?
n−1) ,

ξ?j ∈ [ξj − r, ξj + r] ¹ òî÷êà, â ÿêié ν|ξj| äîñÿãà¹ ìàêñèìóìó. Âèáåðåìî r
òàê, ùî r−keν(n−1)r äîñÿãà¹ ìiíiìóìó. Ëåãêî ïåðåâiðèòè, ùî öå âèêîíó¹-

òüñÿ äëÿ r = k (ν(n− 1))−1 . Âèêîðèñòîâóþ÷è ôîðìóëó Ñòiðëiíãà, (4.28)

ìîæíà ïåðåïèñàòè

|∂α(u ◦ y−l)(ξ)| ≤ c′′ (2ν(n− 1))k eν|ξ
?|, (4.29)

äå c′′ íå çàëåæèòü âiä k . Çàìiíèìî ξ?j íà ξj + rεj with |εj| ≤ 1 . Ìà¹ìî

exp(ν|ξ?|) = exp(ν
∑n

j=1 |ξj + rεj|) ≤ exp(ν
∑n

j=1 |ξj|) exp((n − 1)νrε) ≤
c′′′ exp(ν|ξ|) . Çâiäñè âèïëèâà¹

sup
ξ∈yl(Ul)

|∂α(u ◦ y−l)(ξ)| ≤ c1(2(n− 1)ν)k,

äå c1 > 0 íå çàëåæèòü âiä k . Âèêîðèñòîâóþ÷è öþ íåðiâíiñòü, îòðèìó¹ìî

‖u‖2
W k

2 (∂Ω) ≤
N∑
l=1

∑
|α|=k

‖∂α(u ◦ y−l)‖2
L2(yl(Ul))

≤ c2

(
2(n− 1)2ν

)2k
,

äå c2 > 0 íå çàëåæèòü âiä k . Äàëi ç íåðiâíîñòåé∑
k∈Z+

‖u‖2
W k

2 (∂Ωj)

(2
√

2(n− 1)2νj)2k
≤
∑
k∈Z+

1

2k
sup
k∈Z+

‖u‖2
W k

2 (∂Ωj)

(2(n− 1)2νj)2k
≤ 2c2 (4.30)
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âèïëèâà¹ u ∈ H2
√

2(n−1)2νj
2 (∂Ω) i, ÿê íàñëiäîê, u ∈ H2(∂Ω) .

Ïîêàæåìî, ùî H2(∂Ω) =M2(∂Ω) ç åêâiâàëåíòíiñòþ êâàçiíîðì

|u|H2(∂Ω) � |u|M2(∂Ω). (4.31)

Ñïðàâäi, äîñòàòíüî ïîêàçàòè, ùî

inf {ν > 0: u ∈ Hν
2(∂Ω)} � inf {ν > 0: u ∈Mν

2(∂Ω)} . (4.32)

Îñêiëüêè Hν
2(∂Ω) ⊂Mν

2(∂Ω) ,

inf {ν > 0: u ∈Mν
2(∂Ω)} ≤ inf {ν > 0: u ∈ Hν

2(∂Ω)} . (4.33)

Ç iíøîãî áîêó, iç âêëàäåííÿ Mν
2(∂Ω) ⊂ Hcν

2 (∂Ω) äëÿ c = 2
√

2(n − 1)2 ,

ìà¹ìî

inf {ν > 0: u ∈Mν
2(∂Ω)} ≥ c inf {ν > 0: u ∈ Hν

2(∂Ω)} . (4.34)

Ç íåðiâíîñòåé (4.33) i (4.34) áåçïîñåðåäíüî âèïëèâà¹ (4.32).

Çàñòîñîâóþ÷è òåïåð [86, òåîðåìà 7.6.1], îòðèìó¹ìî

c1‖u‖W 2m
2 (∂Ω) ≤ ‖Au‖L2(∂Ω) ≤ c′1‖u‖W 2m

2 (∂Ω)

äå c1, c
′
1 > 0 . Îñêiëüêè ‖Aku‖L2(∂Ω) ≤ νk‖u‖W k

2 (∂Ω) âèêîíó¹òüñÿ äëÿ âñiõ

u ∈ Eν(A) i k ∈ N , ìà¹ìî∑
ν−4k‖Aku‖2

L2(∂Ω) ≤
∑

ν−2k‖u‖2
W k

2 (∂Ω),

ùî äà¹ âêëàäåííÿ H
√
ν

2 (∂Ω) ⊂ Eν2 (A) .
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Ïðèïóñòèìî, ùî äëÿ áóäü ÿêîãî k > 1 iñíó¹ ck > 0 , òàêå, ùî

‖Aku‖L2(∂Ω) ≥ ck‖u‖W 2mk
2 (∂Ω) äëÿ âñiõ u ∈ Ck(A) . Òîäi

‖Ak+1u‖L2(∂Ω) = ‖Ak(Au)‖L2(∂Ω) ≥ ck‖Au‖W 2mk
2 (∂Ω)

= ck

N∑
l=1

∑
|α|≤2mk

∥∥ψl∂α(Au ◦ y−l)
∥∥
L2(Rn−1)

≥ ck

N∑
l=1

∑
|α|≤2mk

∥∥ψlA∂α(u ◦ y−l)
∥∥
L2(Rn−1)

≥ ckc1

N∑
l=1

∑
|α|≤2mk

∥∥ψl∂α(u ◦ y−l)
∥∥
W 2m

2 (Rn−1)

= ck+1‖u‖W 2m(k+1)
2 (∂Ω)

,

äå ck+1 = ckc1 = ck1 . Îòæå, äëÿ âñiõ k ∈ N i u ∈ Ck(A) ìà¹ìî

‖Aku‖L2(∂Ω) ≥ ck1‖u‖W 2mk
2 (∂Ω), (4.35)

äå c1 > 0 íå çàëåæèòü âiä u i k . Ç íåðiâíîñòi (4.35) âèïëèâà¹∑
ν−2k‖Aku‖2

L2(∂Ω) ≥
∑

(c−1
1 ν)−2k‖u‖2

W k
2 (∂Ω),

ùî äà¹ âêëàäåííÿEν2 (A) ⊂ Hc−1
1 ν

2 (∂Ω) . Òàêèì ÷èíîì, ðiâíiñòü E2(A) =

H2(∂Ω) âñòàíîâëåíî. Âðàõîâóþ÷è ðiâíiñòü H2(∂Ω) = M2(∂Ω) , ìà¹ìî

òàêîæ E2(A) =M2(∂Ω) . Òåîðåìà äîâåäåíà.

4.2. Îçíàêè ïîâíîòè ìíîæèíè êîðåíåâèõ âåêòîðiâ ðåãóëÿð-

íèõ åëiïòè÷íèõ îïåðàòîðiâ

Ó öüîìó ïàðàãðàôi íàâåäåìî íîâi îçíàêè ïîâíîòè ìíîæèíè êî-

ðåíåâèõ âåêòîðiâ ðåãóëÿðíî åëiïòè÷íîãî îïåðàòîðà â ïðîñòîðàõ Lp(Ω)

(1 < p < ∞ ), äå Ω ⊂ Rn � îáìåæåíà îáëàñòü êëàñó C∞ (äèâ. îçíà-

÷åííÿ 4.1.1). Ïðè öüîìó âèêîðèñòà¹ìî âiäîìi îçíàêè ïîâíîòè êîðåíåâèõ
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âåêòîðiâ êîìïàêòíèõ îïåðàòîðiâ â ãiëüáåðòîâîìó ïðîñòîði (äèâ. [18, ãëà-

âà V]) òà îçíàêè ùiëüíîñòi ìíîæèíè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî

òèïó îïåðàòîðà â áàíàõîâèõ ïðîñòîðàõ.

ßê çâè÷àéíî, êàæåìî, ùî ìíîæèíà êîðåíåâèõ âåêòîðiâ ðåãóëÿðíî

åëiïòè÷íîãî îïåðàòîðà ¹ ïîâíîþ â ïðîñòîði Lp(Ω), ÿêùî çàìèêàííÿ ¨¨

ëiíiéíî¨ îáîëîíêè çáiãà¹òüñÿ ç Lp(Ω).

Ïðèïóñòèìî, ùî ðåçîëüâåíòíà ìíîæèíà ρ(A) îïåðàòîðà A íåïî-

ðîæíÿ. Âiäîìî [86, òåîðåìà 5.4.4/1], ùî ó òàêîìó âèïàäêó ñïåêòð σ(A)

îïåðàòîðà A ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü ñêií÷åííî¨ àë-

ãåáðà¨÷íî¨ êðàòíîñòi, ïðè÷îìó ïiäïðîñòîðè êîðåíåâèõ âåêòîðiâ íå çàëå-

æàòü âiä iíäåêñó p i ìiñòÿòüñÿ â ïðîñòîði

C∞A,{Bj}(Ω̄) =
{
u ∈ C∞(Ω̄) : BjA

ku |∂Ω= 0, j = 1, . . . ,m, k ∈ N0

}
.

Ïîçíà÷èìî {λi(R)}ν(R)
1 ïîñëiäîâíiñòü, ùî ñêëàäà¹òüñÿ iç âñiõ íåíóëüî-

âèõ âëàñíèõ ÷èñåë ðåçîëüâåíòè Rλ(A) îïåðàòîðà A, ïðîíóìåðîâàíèõ ó

ïîðÿäêó ñïàäàííÿ ìîäóëiâ, ïðè÷îìó ïðè íóìåðàöi¨ êîæíå âëàñíå ÷èñëî

ðàõó¹òüñÿ ñòiëüêè ðàçiâ, ÿêà éîãî àëãåáðà¨÷íà êðàòíiñòü; ν(R)� ñóìà àë-

ãåáðà¨÷íèõ êðàòíîñòåé âñiõ íåíóëüîâèõ âëàñíèõ ÷èñåë îïåðàòîðà Rλ(A).

Íåõàé RR =
1

2
[Rλ(A) +Rλ(A)∗], RJ =

1

2i
[Rλ(A)−Rλ(A)∗]� åðìi-

òîâi êîìïîíåíòè îïåðàòîðà Rλ(A) â ãiëüáåðòîâîìó ïðîñòîði L2(Ω). Íà-

ãàäà¹ìî, ùî îïåðàòîð Rλ(A) ¹ äèñèïàòèâíèì, ÿêùî éîãî óÿâíà êîìïî-

íåíòà RJ ¹ íåâiä'¹ìíèì îïåðàòîðîì, òîáòî, ÿêùî ñêàëÿðíèé äîáóòîê

(RJu, u) ≥ 0 äëÿ âñiõ u ∈ L2(Ω).

Íåõàé S ∈ L[L2(Ω)] � êîìïàêòíèé îïåðàòîð, R(K) � îáðàç îïå-

ðàòîðà K ∈ L[L2(Ω)], an(S) = infdimR(K)≤n ‖S −K‖ (n ∈ N0) � àïðî-

êñèìàöiéíi ÷èñëà. ×åðåç Sq (1 ≤ q ≤ ∞) ïîçíà÷èìî íîðìîâàíèé iäåàë

êîìïàêòíèõ îïåðàòîðiâ

Sq =

S ∈ L[L2(Ω)], ‖S‖Sq
=

( ∞∑
j=1

aqj(S)

)1/q

<∞

 .
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Òåîðåìà 4.2.1. Íåõàé Rλ(A) � äèñèïàòèâíèé îïåðàòîð â L2(Ω)

ç óÿâíîþ êîìïîíåíòîþ RJ ∈ S1 i âèêîíó¹òüñÿ îäíà iç òàêèõ óìîâ:

(i)

ν(R)∑
i=1

|Imλi(R)| = ‖RJ ‖S1
,

(ii) lim
n→∞

nan(Rλ(A)) = 0,

(iii) lim
τ→∞

n+(τ, RR)

τ
= 0 àáî lim

τ→∞

n−(τ, RR)

τ
= 0,

äå n±(τ, RR) � êiëüêiñòü õàðàêòåðèñòè÷íèõ ÷èñåë êîìïîíåíòè RR

âiäïîâiäíî â iíòåðâàëàõ [0, τ ] i [−τ, 0].

Òîäi ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹ ïîâíîþ â ïðî-

ñòîði Lp(Ω) (1 < p <∞).

Ä î â å ä å í í ÿ. Ïîêëàäåìî, áåç îáìåæåííÿ çàãàëüíîñòi, 0 ∈ ρ(A).

Òîäi, çãiäíî ç [86, òåîðåìà 5.4.3] iñíóþòü òàêi äîäàòíi ÷èñëà c1 i c′1 , ùî

âèêîíóþòüñÿ íåðiâíîñòi

c1‖u‖W 2m
q (Ω) ≤ ‖Au‖Lq(Ω) ≤ c′1‖u‖W 2m

q (Ω) äëÿ âñiõ u ∈ C1(A).

Çâiäñè i ç êîìïàêòíîñòi âêëàäåíü W 2m
p (Ω) ⊂ Lp(Ω) [86, òåîðåìà 3.2.5] âè-

ïëèâà¹ êîìïàêòíiñòü îïåðàòîðà A−1 â Lp(Ω). Çàñòîñîâóþ÷è òåïåð [18,

ãëàâà V, òåîðåìè 2.2, 4.2, 4.1], ïðè âèêîíàííi âiäïîâiäíî óìîâ (i)�(iii),

îòðèìó¹ìî ïîâíîòó ìíîæèíè êîðåíåâèõ âåêòîðiâ îïåðàòîðà A−1 â ïðî-

ñòîði L2(Ω). Îñêiëüêè êîðåíåâi âåêòîðè îïåðàòîðiâ A i A−1 ñïiâïàäà-

þòü, òî çâiäñè âèïëèâà¹ ïîâíîòà ìíîæèíè êîðåíåâèõ âåêòîðiâ îïåðàòîðà

A â L2(Ω).

Çãiäíî ç [86, òåîðåìà 5.4.4/1] ìà¹ìî

C∞(A) =
∞⋂
k=0

Ck(A) = C∞A,{Bj}(Ω̄).

Òîìó ëiíiéíà îáîëîíêà ìíîæèíè êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ùiëüíà

â C∞A,{Bj}(Ω̄).
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Çãiäíî ç [86, òåîðåìà 3.2.2] ìíîæèíà C∞(Ω̄) ùiëüíà â ïðîñòîði Lp(Ω)

(1 < p <∞) . Êðiì òîãî, â ñèëó [86, òåîðåìà 4.3.2/1(a)] ìíîæèíà C∞0 (Ω)

âñiõ âèçíà÷åíèõ â Ω êîìïëåêñíîçíà÷íèõ íåñêií÷åííî äèôåðåíöiéîâíèõ

ôóíêöié ç êîìïàêòíèì íîñi¹ì ùiëüíà â Lp(Ω) (1 < p < ∞) . À öå çíà-

÷èòü, ùî ìíîæèíà C∞A,{Bj}(Ω̄) òàêîæ ùiëüíà â Lp(Ω) i, òàêèì ÷èíîì,

îòðèìó¹ìî ïîâíîòó ìíîæèíè êîðåíåâèõ âåêòîðiâ îïåðàòîðà A â Lp(Ω)

(1 < p <∞). Òåîðåìà äîâåäåíà.

Íåõàé θR � ðîçõèë êóòà ç âåðøèíîþ â ïî÷àòêó êîîðäèíàò, ç ÿêèì

ñïiâïàäà¹ çàìèêàííÿ ìíîæèíè âñiõ çíà÷åíü (Rλ(A)u, u), u ∈ L2(Ω).

Òåîðåìà 4.2.2. Íåõàé âèêîíó¹òüñÿ îäíà iç òàêèõ óìîâ:

(i) θR =
π

q
, q ≥ 1; an(R(λ,A)) = o(n−1/q), n→∞;

(ii) θR =
π

q
, q > 1; an([e

iαR]J ) = o(n−1/q), n→∞,

äëÿ äåÿêîãî α. Òîäi ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹ ïîâ-

íîþ â ïðîñòîði Lp(Ω) (1 < p <∞).

Ä î â å ä å í í ÿ. Çàñòîñîâóþ÷è [18, ãëàâà V, òåîðåìè 6.1, 6.2], ïðè

âèêîíàííi âiäïîâiäíî óìîâ (i)�(ii), îòðèìó¹ìî ïîâíîòó ìíîæèíè êîðåíå-

âèõ âåêòîðiâ îïåðàòîðà A−1 â ïðîñòîði L2(Ω). Çâiäñè âèïëèâà¹ òàêîæ

ïîâíîòà ìíîæèíè êîðåíåâèõ âåêòîðiâ îïåðàòîðà A â L2(Ω).

Äàëi ïîäiáíèìè ìiðêóâàííÿìè ÿê ó äîâåäåííi òåîðåìè 4.2.1 âñòà-

íîâëþ¹ìî ïîâíîòó ìíîæèíè êîðåíåâèõ âåêòîðiâ îïåðàòîðà A â Lp(Ω)

(1 < p <∞). Òåîðåìà äîâåäåíà.

Êîìïàêòíèé îïåðàòîð S ìà¹ ñêií÷åííèé ïîðÿäîê, ÿêùî S ∈ Sq

äëÿ äåÿêîãî q <∞. Íèæíþ ãðàíü ÷èñåë q, äëÿ ÿêèõ
∑∞

j=1 a
q
n(S) <∞,

íàçèâàþòü ïîðÿäêîì îïåðàòîðà S i ïîçíà÷àþòü q(S).

Íàñòóïíà îçíàêà ïîâíîòè êîðåíåâèõ âåêòîðiâ îïåðàòîðà A â Lp(Ω)

âèêëþ÷à¹ óìîâó äèñèïàòèâíîñòi ðåçîëüâåíòè Rλ(A) â L2(Ω).
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Òåîðåìà 4.2.3. Íåõàé Rλ(A) = S(I + P ), äå S � ñàìîñïðÿæå-

íèé îïåðàòîð i q(S) < ∞, P � êîìïàêòíèé îïåðàòîð â L2(Ω). Òîäi

ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹ ïîâíîþ â ïðîñòîði Lp(Ω)

(1 < p <∞).

Ä î â å ä å í í ÿ. Çãiäíî ç [18, ãëàâà V, òåîðåìà 8.1] îòðèìó¹ìî

ïîâíîòó ìíîæèíè êîðåíåâèõ âåêòîðiâ îïåðàòîðà A−1 â ïðîñòîði L2(Ω).

Çâiäñè âèïëèâà¹ òàêîæ ïîâíîòà ìíîæèíè êîðåíåâèõ âåêòîðiâ îïåðàòîðà

A â L2(Ω).

Äàëi ïîâòîðþþ÷è ìiðêóâàííÿ iç äîâåäåííÿ òåîðåìè 4.2.1 âñòàíîâ-

ëþ¹ìî ïîâíîòó ìíîæèíè êîðåíåâèõ âåêòîðiâ îïåðàòîðà A â Lp(Ω) (1 <

p <∞). Òåîðåìà äîâåäåíà.

Âiäçíà÷èìî òàêîæ, ùî ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹

ïîâíîþ â ïðîñòîði Lp(Ω) (1 < p < ∞), ÿêùî âèêîíó¹òüñÿ óìîâà ùiëü-

íîñòi

Ep(A) = Lp(Ω). (4.36)

Öå áåçïîñåðåäíüî âèïëèâà¹ ç ðiâíîñòåé (2.76) i (4.17). Òàêèì ÷èíîì, âi-

äîìi îçíàêè ùiëüíîñòi ìíîæèíè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó

îïåðàòîðà â áàíàõîâèõ ïðîñòîðàõ (äèâ. [15]) äàþòü íîâi îçíàêè ïîâíîòè

ìíîæèíè êîðåíåâèõ âåêòîðiâ ðåãóëÿðíî åëiïòè÷íîãî îïåðàòîðà â ïðîñòî-

ðàõ Lp(Ω) (1 < p <∞).

4.3. Öiëi âåêòîðè åêñïîíåíöiàëüíîãî òèïó âèðîäæåíèõ åëi-

ïòè÷íèõ îïåðàòîðiâ

Ó äàíîìó ïàðàãðàôi ðîçãëÿíåìî âèðîäæåíi åëiïòè÷íi äèôåðåíöiàëü-

íi îïåðàòîðè, ùî õàðàêòåðèçóþòüñÿ ñèëüíèì âèðîäæåííÿì êîåôiöi¹íòiâ
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ïîáëèçó ãðàíèöi (i íà íåñêií÷åííîñòi), çâè÷àéíi âèðîäæåíi åëiïòè÷íi äè-

ôåðåíöiàëüíi îïåðàòîðè â îáìåæåíîìó iíòåðâàëi òà âèðîäæåíi åëiïòè÷íi

äèôåðåíöiàëüíi îïåðàòîðè ç ÷àñòèííèìè ïîõiäíèìè â îáìåæåíèõ îáëà-

ñòÿõ ç íåñêií÷åííî ãëàäêîþ ãðàíèöåþ. Äëÿ òàêèõ îïåðàòîðiâ îïèøåìî

âiäïîâiäíi ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó.

Íåõàé Ω � äîâiëüíà îáëàñòü â Rn . ×åðåç C∞(Ω) ïîçíà÷èìî ìíî-

æèíó âñiõ êîìïëåêñíîçíà÷íèõ íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié íà

Ω . Íåõàé äàëi ρ(t) ∈ C∞(Ω) � äîäàòíà ôóíêöiÿ, òàêà, ùî:

(i) äëÿ äîâiëüíîãî ìóëüòèiíäåêñó α iñíó¹ òàêå äîäàòíå ÷èñëî cα , ùî

|Dαρ(t)| ≤ cα ρ
1+ |α|(t) äëÿ âñiõ t ∈ Ω;

(ii) äëÿ äîâiëüíîãî äîäàòíîãî ÷èñëà K iñíóþòü ÷èñëà εK > 0 i

rK > 0 òàêi, ùî ρ(t) > K, ÿêùî d(t) ≤ εK àáî |t| ≥ rK , t ∈ Ω (d(t) �

âiäñòàíü äî ãðàíèöi îáëàñòi Ω ).

Ïîçíà÷èìî ÷åðåç Sρ(t)(Ω) ëîêàëüíî îïóêëèé ïðîñòið

Sρ(t)(Ω) =
{
u : u ∈ C∞(Ω), sup

t∈Ω
ρl(t)|Dαu(t)| <∞

äëÿ âñiõ ìóëüòèiíäåêñiâ α i âñiõ l = 0, 1, 2, . . .
}
.

Îçíà÷åííÿ 4.3.1. [86, ñ. 511] Íåõàé m ∈ N , ζ, η ∈ R , η > ζ+2m .

Ïîêëàäåìî

ℵl =
1

2m
(η (2m− l) + ζ l) , l = 0, 1, . . . , 2m

i âèçíà÷èìî îïåðàòîð

Au =
m∑
l=0

∑
|α|=2l

ρℵ 2l(t) bα(t)Dαu+
∑
|β|<2m

aβ(t)Dβu, (4.37)

äå bα(t) ∈ C∞(Ω) (|α| = 2l, l = 0, 1, . . . ,m) � äiéñíi ôóíêöi¨, âñi ïîõiäíi

ÿêèõ (i ñàìi ôóíêöi¨) îáìåæåíi â Ω . Ïåðåäáà÷à¹òüñÿ, ùî iñíó¹ òàêå

äîäàòíå ÷èñëî C , ùî äëÿ âñiõ ξ ∈ Rn i âñiõ t ∈ Ω

(−1)m
∑
|α|=2m

bα(t) ξα ≥ C |ξ|2m, b (0,...,0)(t) ≥ C,
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(−1)l
∑
|α|=2l

bα(t) ξα ≥ 0, l = 1, . . . ,m− 1.

Êðiì öüîãî, aβ(t) ∈ C∞(Ω) (0 ≤ |β| < 2m) òà iñíó¹ äîäàòíå ÷èñëî

δ > 0 , òàêå, ùî Dγaβ(ξ) = O ( ρℵ |β|+ |γ| − δ ) äëÿ 0 ≤ |β| < 2m i âñiõ

ìóëüòèiíäåêñiâ γ .

Ðiâíiñòü (4.37), çà íàâåäåíèõ âèùå óìîâ, âèçíà÷à¹ äîñòàòíüî øèðî-

êèé êëàñ âèðîäæåíèõ åëiïòè÷íèõ îïåðàòîðiâ [204]. Çîêðåìà, ÿêùî Ω �

äîâiëüíà îáìåæåíà îáëàñòü i ρ−1(t) ∼ d(t) , òî öüîìó êëàñó íàëåæèòü

îïåðàòîð

Au = ρ ζ(t) (−4)mu+ ρ η(t)u, η > ζ + 2m.

Ó âèïàäêó, ÿêùî Ω � îáìåæåíà îáëàñòü ç íåñêií÷åííî ãëàäêîþ ãðàíèöåþ,

òî ïîáëèçó ãðàíèöi ìîæíà ïîêëàñòè ρ(t) = d−1(t) .

Ïîçíà÷èìî ÷åðåç Llocq (Ω) (1 < q < ∞) ìíîæèíó âñiõ êîìïëåêñíî-

çíà÷íèõ ôóíêöié u(t) íà Ω , òàêèõ, ùî ôóíêöiÿ |u(t)|q ëîêàëüíî ñóìîâ-
íà. Ïîêëàäåìî

Ω(j) = {u ∈ Ω : ρ(t) < 2j}, j = N,N + 1, . . . ,

äå N òàêå âåëèêå, ùî Ω(N) 6= ∅ , i

Ωj = Ω(j+2)\Ω(j−1), j = N + 1, N + 2, . . . ,

ΩN = Ω(N+2).

×åðåç Ψ(Ω; ρ) ïîçíà÷èìî ìíîæèíó ñèñòåì ôóíêöié {ψj(t)}∞j=N , ùî
çàäîâîëüíÿþòü óìîâè

0 ≤ ψj(t) ≤ 1, ψj(t) ∈ C∞0 (Ωj),
∞∑
j=N

ψj(t) = 1, t ∈ Ω

(ïåðåäáà÷à¹òüñÿ, ùî ôóíêöi¨ ψj(t) äîîçíà÷åíi íóëåì ïîçà ìåæàìè Ωj ).

×åðåç C∞0 (Ωj) ïîçíà÷åíî ìíîæèíó âñiõ âèçíà÷åíèõ â Ωj êîìïëåêñíî-

çíà÷íèõ íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié ç êîìïàêòíèì íîñi¹ì.
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Êðiì òîãî, ïåðåäáà÷à¹òüñÿ, ùî äëÿ äîâiëüíîãî ìóëüòèiíäåêñó γ iñíó¹

òàêå äîäàòíå ÷èñëî cγ , ùî

|Dγψj(t)| ≤ cγ 2j|γ|, j = N,N + 1, . . . , 0 < |γ| <∞.

Íåõàé {ψj(t)}∞j=N ∈ Ψ(Ω; ρ) , 1 < q < ∞ , τ ≥ µ + sq , s ∈ N0 i

τ, µ ∈ R . Ñëiäóþ÷è îçíà÷åííþ 3.2.3/2 [86], âèçíà÷èìî ïðîñòið

W s
q (Ω ; ρµ; ρτ) =

{
u : u ∈ Llocq (Ω), ‖u‖W s

q (Ω ; ρµ; ρτ ) <∞
}
,

‖u‖W s
q (Ω ; ρµ; ρτ ) =

 ∞∑
j=N

(
2jµ‖ψju‖qW s

q (Rn) + 2jτ‖ψju‖qLq(Rn)

)1/q

,

äå W s
q (Rn) � ïðîñòið Ñîáîë¹âà, Lq(Rn) � êîìïëåêñíèé ïðîñòið ôóíêöié,

iíòåãðîâàíèõ â ñòåïåíi q ïî n -âèìiðíîìó åâêëiäîâîìó ïðîñòîðó Rn :

Lq(Rn) =

{
u : ‖u‖Lq(Rn) =

(∫
Rn
|u(t)|q dt

)1/q

<∞

}
.

Òåîðåìà 4.3.1. Íåõàé η > 0, 1 < q < ∞ i ρ−a(t) ∈ L1(Ω) äëÿ äå-

ÿêîãî a ≥ 0 . Äàëi, íåõàé îïåðàòîð A , çàäàíèé ðiâíiñòþ (4.37), ç îáëà-

ñòþ âèçíà÷åííÿ W 2m
q (Ω ; ρqζ ; ρqη) äi¹ â ïðîñòîði Lq(Ω) . Òîäi äëÿ áóäü-

ÿêîãî 0 < ν <∞ âèêîíó¹òüñÿ ðiâíiñòü

Eνq (A) =

{
u : u ∈ Sρ(t)(Ω),

(∑
k∈N0

∥∥(A/ν)ku
∥∥q
Lq(Ω)

)1/q

<∞
}
. (4.38)

Ä î â å ä å í í ÿ. Çãiäíî ç [86, òåîðåìè 6.5.2/1, 3.2.4/3] äëÿ u ∈
W 2km

q (Ω ; ρqkζ ; ρqkη) ⊂ Ck(A) ìà¹ìî åêâiâàëåíòíiñòü

‖u‖Ck(A) ∼ ‖u‖W 2km
q (Ω ; ρqkζ ; ρqkη). (4.39)

Íåõàé u ∈ Sρ(t)(Ω) . Òîäi ‖u‖W 2km
q (Ω ; ρqkζ ; ρqkη) ≤ c

∫
Ω

ρ−a(t)dt < ∞ ,

îñêiëüêè, çà óìîâîþ, ρ−a(t) ∈ L1(Ω) äëÿ äåÿêîãî a ≥ 0 . Çâiäñè âèïëèâà¹

âêëàäåííÿ

Sρ(t)(Ω) ⊂ W 2km
q (Ω ; ρqkζ ; ρqkη). (4.40)
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Çãiäíî ç [86, òåîðåìà 6.6.2] â Sρ(t)(Ω) iñíó¹ ïiäìíîæèíà, à ñàìå, ëi-

íiéíà îáîëîíêà êîðåíåâèõ ôóíêöié, ÿêà ùiëüíà â Ck(A) . Òîìó iç (4.39)

âèïëèâà¹ ðiâíiñòü Ck(A) = W 2km
q (Ω ; ρqkζ ; ρqkη) . Âêëàäåííÿ (4.40) ïîêà-

çó¹, ùî Sρ(t)(Ω) ⊂ C∞(A) .

Íåõàé òåïåð u ∈ C∞(A) . Òîäi ρlDαu ∈ Lq(Ω) äëÿ âñiõ l ∈ N0 i âñiõ

ìóëüòèiíäåêñiâ α . Çâiäñè i ç òåîðåìè âêëàäåííÿ Ñîáîë¹âà îäåðæó¹ìî

sup
t∈Ω

ρl|Dαu(t)| = lim
k→∞

sup
t∈Rn

∣∣∣∣∣∣ρl(t)
k∑

j=N

ψj(t)D
αu(t)

∣∣∣∣∣∣
≤ c lim

k→∞

∥∥∥∥∥∥ρl
k∑

j=N

ψj(t)D
αu

∥∥∥∥∥∥
Wn
q (Rn)

≤ cl,|α|,

òîáòî u ∈ Sρ(t)(Ω) . Òàêèì ÷èíîì, ìà¹ìî

C∞(A) =
∞⋂
k=0

W 2km
q (Ω ; ρqkζ ; ρqkη) = Sρ(t)(Ω). (4.41)

Ðiâíiñòü (4.38) âèïëèâà¹ òåïåð ç (4.41) òà îçíà÷åííÿ ïðîñòîðó Eνq (A) .

Òåîðåìà äîâåäåíà.

Äàëi ðîçãëÿíåìî óçàãàëüíåíi äèôåðåíöiàëüíi îïåðàòîðè Ëåæàíäðà i

Òðiêîìi.

Îçíà÷åííÿ 4.3.2. [86, ñ. 543] Íåõàé −∞ < a < b < ∞ , Ω =

(a, b) i ôóíêöiÿ p(t) ∈ C∞(Ω̄) òàêà, ùî p(t) > 0 (t ∈ Ω) , 0 < Ca =

lim
t↓a

p(t)

t− a
<∞ , 0 < Cb = lim

t↑b

p(t)

b− t
<∞ .

Äëÿ m = 1, 2, . . . i l = 0, 1, . . . ,m ïîêëàäåìî

Am,lu = (−1)m
dm

dtm

(
pl(t)

dmu

dtm

)
, (4.42)

Bm,lu = Am,lu+
2m−1∑
j=0

bj(t)
dju

dtj
, bj(t) ∈ C∞(Ω̄), (4.43)
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äå C1(Am,l) = C1(Bm,l) = C∞(Ω̄) ïðè s = m i C1(Am,l) = C1(Bm,l) ={
u ∈ C∞(Ω̄) : u(j)(a) = u(j)(b) = 0, j = 0, . . . ,m − l − 1

}
äëÿ âñiõ l =

0, 1, . . . , m − 1 . Ïðèïóñòèìî òàêîæ, ùî bj(t) = O
(
pl−2m+j+1(t)

)
ïðè

t ↓ a i t ↑ b .

Ïðèêëàäàìè ôóíêöié p(t) ìîæóòü áóòè

p(t) = (t− a)(b− t),

p(t) =

{
Ca(t− a), a < t < a+ ε,

Cb(b− t), b− ε < t < b,

äå 0 < ε < (b − a)/2 . Îïåðàòîðè Am,l i Bm,l ðîçãëÿäàþòüñÿ ÿê íåî-

áìåæåíi îïåðàòîðè â L2(Ω) . Öi îïåðàòîðè íàçèâàþòüñÿ óçàãàëüíåíèìè

äèôåðåíöiàëüíèìè îïåðàòîðàìè Ëåæàíäðà. Ïðè m = l = 1 i p(t) =

(t − a)(b − t) îïåðàòîð Am,l ¹ êëàñè÷íèì äèôåðåíöiàëüíèì îïåðàòîðîì

Ëåæàíäðà.

Çãiäíî ç [86, òåîðåìà 7.4.1], îïåðàòîð Am,l , âèçíà÷åíèé ôîðìóëîþ

(4.42), ¹ iñòîòíî ñàìîñïðÿæåíèé, òîáòî éîãî çàìèêàííÿ Ām,l â L2(Ω) ¹

ñàìîñïðÿæåíèé îïåðàòîð ç ÷èñòî òî÷êîâèì ñïåêòðîì, âëàñíi çíà÷åííÿ

ÿêîãî íåâiä'¹ìíi. Çãiäíî ç [86, òåîðåìà 7.5.1], îïåðàòîð Bm,l , âèçíà÷åíèé

ôîðìóëîþ (4.43), ìà¹ çàìèêàííÿ B̄m,l â L2(Ω) i âèêîíóþòüñÿ ðiâíîñòi

C1(B̄m,l) = C1(Ām,l) =
{
u ∈ W 2m

2 (Ω; p2l) :

u(j)(a) = u(j)(b) = 0, j = 0, . . . ,m− l − 1
}

äëÿ âñiõ l = 0, 1, . . . , m − 1 i C1(B̄m,m) = C1(Ām,m) = W 2m
2 (Ω; p2m) , äå

ïîçíà÷åíî

W 2m
2 (Ω; p2l) =

{
u ∈ L2(Ω) :

‖u‖2
W 2m

2 (Ω; p2l) =
2m∑
j=0

∫
Ω

p2l(t) |u(j)(t)|2 dt <∞
}
.



214

Òåîðåìà 4.3.2. Äëÿ l = 0, 1, . . . , m− 1 i 0 < ν <∞

Eν2 (Ām,l) =

{
u : u ∈ C∞(Ω̄),

(∑
k∈N0

∥∥(Ām,l/ν)ku
∥∥2

L2(Ω)

)1/2

<∞,

(A k
m,lu)(j)(a) = (A k

m,lu)(j)(b) = 0, j = 0, . . . ,m− l − 1, k ∈ N0

}
,

Eν2 (B̄m,l) =

{
u : u ∈ C∞(Ω̄),

(∑
k∈N0

∥∥(B̄m,l/ν)ku
∥∥2

L2(Ω)

)1/2

<∞,

(B k
m,lu)(j)(a) = (B k

m,lu)(j)(b) = 0, j = 0, . . . ,m− l − 1, k ∈ N0

}
.

Äëÿ l = m i 0 < ν <∞

Eν2 (Ām,m) =

{
u : u ∈ C∞(Ω̄),

(∑
k∈N0

∥∥(Ām,m/ν)ku
∥∥2

L2(Ω)

)1/2

<∞
}
,

Eν2 (B̄m,m) =

{
u : u ∈ C∞(Ω̄),

(∑
k∈N0

∥∥(B̄m,m/ν)ku
∥∥2

L2(Ω)

)1/2

<∞
}
,

Ä î â å ä å í í ÿ. Íåõàé u ∈ C∞(Ω̄) i −1 < h 6= 2m−1 . Òîäi, çãiäíî

ç [86, ëåìà 7.3.1/1], iñíó¹ ÷èñëî δ , 0 < δ < (b− a)/2 , òàêå, ùî∫ b

a

ph|(pu)(m)|2dt+

∫ b−δ

a+δ

|u|2dt ∼
∫ b

a

ph+2|u(m)|2dt+

∫ b−δ

a+δ

|u|2dt. (4.44)

Çàñòîñîâóþ÷è äàíó åêâiâàëåíòíiñòü, îòðèìó¹ìî∫ b

a

[
|(p(pl−1u(m)))(m)|2 + |u|2

]
dt ∼

∫ b

a

[
p2|(pl−1u(m))(m)|2 + |u|2

]
dt,∫ b

a

[
p2|(pl−1u(m))(m)|2 + |u|2

]
dt ∼

∫ b

a

[
p4|(pl−2u(m))(m)|2 + |u|2

]
dt,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .∫ b

a

[
p2l−2|(pu(m))(m)|2 + |u|2

]
dt ∼

∫ b

a

[
p2l|u(2m)|2 + |u|2

]
dt.

Îòæå, ìà¹ìî òàêó åêâiâàëåíòíiñòü∫ b

a

[
|(plu(m))(m)|2 + |u|2

]
dt ∼

∫ b

a

[
p2l|u(2m)|2 + |u|2

]
dt,
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ç ÿêî¨ âèïëèâà¹

‖Am,lu‖2
L2(Ω) + ‖u‖2

L2(Ω) ∼ ‖u‖2
W 2m

2 (Ω; p2l). (4.45)

Çàñòîñîâóþ÷è çíîâó (4.44), îòðèìó¹ìî∫ b

a

[
|(pl(plu(m))(2m))(m)|2 + |u|2

]
dt ∼

∫ b

a

[
p2l|(plu(m))(3m)|2 + |u|2

]
dt,∫ b

a

[
p2l|(plu(m))(3m)|2 + |u|2

]
dt ∼

∫ b

a

[
p4l|u(4m)|2 + |u|2

]
dt,

à òîìó

‖A2
m,lu‖2

L2(Ω) + ‖u‖2
L2(Ω) ∼ ‖u‖2

W 4m
2 (Ω; p4l).

Ïðîäîâæóþ÷è ïðîöåñ iòåðàöié, îòðèìó¹ìî

‖Ak
m,lu‖2

L2(Ω) + ‖u‖2
L2(Ω) ∼ ‖u‖2

W 2km
2 (Ω; p2kl). (4.46)

Çîêðåìà, Ck(Ām,l) = Ck(Am,l) ¹ çàìèêàííÿ Ck(Am,l) â W 2km
2 (Ω; p2kl) äëÿ

l = 0, 1, . . . ,m . Çãiäíî ç [86, òåîðåìà 7.3.2/1], ïðè j = m− [(l+ 1)/2]− 1

ñïðàâåäëèâi íåïåðåðâíi âêëàäåííÿ Wm
2 (Ω; pl) ⊂ Cj(Ω̄) , òîìó

C∞(Ām,l) =

{
u : u ∈ C∞(Ω̄), (A k

m,lu)(j)(a) = (A k
m,lu)(j)(b) = 0,

j = 0, . . . ,m− l − 1, k ∈ N0, l = 0, 1, . . . , m− 1

}
,

C∞(Ām,m) = C∞(Ω̄).

Iç îöiíêè bj(t) = O
(
pl−2m+j+1(t)

)
(ïðè t ↓ a i t ↑ b ) i óìîâè
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bj(t) ∈ C∞(Ω̄) âèïëèâà¹, ùî äëÿ u ∈ C∞(Ω̄) i áóäü-ÿêîãî ε > 0∥∥∥ 2m−1∑
j=0

bj(t)u
(j)
∥∥∥2

L2(Ω)
=

∫ b

a

∣∣∣ 2m−1∑
j=0

bj(t)u
(j)(t)

∣∣∣2 dt
≤ c

∫ b

a

2m−1∑
j=0

p 2 max (0, l−2m+j+1)(t)|u(j)(t)|2 dt

≤ c

∫ b

a

2m∑
j=0

p 2 max (0, l−2m+j)(t)
(
ε |u(j)(t)|2 + c (ε) |u(t)|2

)
dt

≤ c1

(
ε ‖u‖2

W 2m
2 (Ω; p2l) + c (ε) ‖u‖2

L2(Ω)

)
.

Çâiäñè, âðàõîâóþ÷è (4.45), ìà¹ìî

‖Bm,lu‖2
L2(Ω) + ‖u‖2

L2(Ω) ∼ ‖u‖2
W 2m

2 (Ω; p2l).

Äàëi îòðèìó¹ìî òàêi îöiíêè∫ b

a

[∣∣∣(pl(plu(m))(2m))(m)|2 +
(
pl

2m−1∑
j=0

(bj(t)u
(j))(m)

)(m)

+
2m−1∑
j=0

bj(t)
(

(plu(m))(m) +
2m−1∑
i=0

bi(ξ)u
(i)
)(j)∣∣∣2 + |u|2

]
dt

∼
∫ b

a

[
p4l|u(4m)|2 + p2l

2m∑
j=0

p 2 max (0, l−2m+j)(t)|u(j+2m)|2

+
2m∑
j=0

p 2 max (0, l−2m+j)(t)
2m∑
i=0

p 2 max (0, l−2m+i)(t)|u(j+i)|2 + |u|2
]
dt,

∫ b

a

p2l
2m∑
j=0

p 2 max (0, l−2m+j)(t)|u(j+2m)|2 dt

≤
∫ b

a

p2l
2m∑
j=0

p 2 max (0, l−2m+j)(t)
(
ε |u(j+2m)(t)|2 + c (ε) |u(t)|2

)
dt

≤ c1

(
ε ‖u‖2

W 4m
2 (Ω; p4l) + c (ε) ‖u‖2

L2(Ω)

)
,
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a

2m∑
j=0

p 2 max (0, l−2m+j)(t)
2m∑
i=0

p 2 max (0, l−2m+i)(ξ)|u(j+i)|2 dt

≤
∫ b

a

2m∑
j=0

p4 max (0, l−2m+j)(t)
(
ε |u(2j)(t)|2 + c (ε) |u(t)|2

)
dt

≤ c1

(
ε ‖u‖2

W 4m
2 (Ω; p4l) + c (ε) ‖u‖2

L2(Ω)

)
.

Îòæå, ìà¹ìî òàêó åêâiâàëåíòíiñòü

‖B2
m,lu‖2

L2(Ω) + ‖u‖2
L2(Ω) ∼ ‖u‖2

W 4m
2 (Ω; p4l).

Ïðîäîâæóþ÷è ïðîöåñ iòåðàöié, îòðèìó¹ìî

‖Bk
m,lu‖2

L2(Ω) + ‖u‖2
L2(Ω) ∼ ‖u‖2

W 2km
2 (Ω; p2kl). (4.47)

Çîêðåìà, Ck(B̄m,l) = Ck(Bm,l) ¹ çàìèêàííÿ Ck(Bm,l) â W 2km
2 (Ω; p2kl) äëÿ

l = 0, 1, . . . ,m . Ç óðàõóâàííÿì [86, òåîðåìà 7.3.2/1], ìà¹ìî

C∞(B̄m,l) =

{
u : u ∈ C∞(Ω̄), (B k

m,lu)(j)(a) = (B k
m,lu)(j)(b) = 0,

j = 0, . . . ,m− l − 1, k ∈ N0, l = 0, 1, . . . , m− 1

}
,

C∞(B̄m,m) = C∞(Ω̄).

Òåîðåìà äîâåäåíà.

Íåõàé òåïåð Ω ⊂ Rn � îáìåæåíà îáëàñòü êëàñó C∞ . Îêië S ãðà-

íèöi ∂Ω ç âíóòðiøíüî¨ ñòîðîíè Ω çàïèøåìî ó âèãëÿäi S = ∂Ω× (0, h) ,

äå h > 0 äîñòàòíüî ìàëå. Âèáåðåìî ñèñòåìó âiäêðèòèõ êóëü Uj , òàêó,

ùî
N⋃
j=1

Uj ⊃ S̄ . Íà ïåðåòèíi Uj
⋂
S ââåäåìî ñèñòåìó ëîêàëüíèõ êîîð-

äèíàò
(
y

(j)
1 , . . . , y

(j)
n−1, y

(j)
n

)
=
(
y(j)′, y

(j)
n

)
êëàñó C∞ , äå íàïðÿìîê êîîð-

äèíàòíèõ ëiíié yn = y
(j)
n ñïiâïàäà¹ ç íàïðÿìêîì âíóòðiøíüî¨ íîðìàëi, à
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y

(j)
1 , . . . , y

(j)
n−1

)
� ëîêàëüíi êîîðäèíàòè íà ∂Ω

⋂
Uj . Ïîêëàäåìî

gj = gj(y
(j)) =

∣∣∣∣∣∣det

(
∂tl

∂y
(j)
r

)1,...,n

l,r

∣∣∣∣∣∣ .
×åðåç d(t) ïîçíà÷èìî âiäñòàíü âiä òî÷êè t ∈ Ω äî ãðàíèöi ∂Ω . Ïåðåä-

áà÷à¹òüñÿ, ùî äëÿ òî÷îê t ∈ S âèêîíó¹òüñÿ óìîâà yn = d(t) .

Îçíà÷åííÿ 4.3.3. [86, ñ. 545] Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü

êëàñó C∞ i íåõàé m = 1, 2, . . . , l = 0, 1, . . . ,m . Äèôåðåíöiàëüíèé îïå-

ðàòîð

Bm,lu =
∑
|α|≤2m

bα(t)Dαu, bα(t) ∈ C∞(Ω̄), (4.48)

íàçèâà¹òüñÿ îïåðàòîðîì Òðiêîìi ïåðøîãî òèïó, ÿêùî âèêîíóþòüñÿ òà-

êi óìîâè:

(i) êîåôiöi¹íòè bα(t) ïðè |α| = 2m ¹ äiéñíèìè i iñíó¹ òàêà ôóíêöiÿ

c(t) > 0 , ùî äëÿ âñiõ t ∈ Ω i âñiõ ξ ∈ Rn

(−1)m
∑
|α|=2m

bα(t) ξα ≥ c(t) |ξ|2m;

(ii) Âèðàç Bm,lu â îáëàñòi Uj
⋂
S ìîæíà çîáðàçèòè ó âèãëÿäi

gjBm,lu(t) = (−1)mhj
∂m

∂ymn

(
a(yn)y

l
n

∂mvj
∂ymn

)
+
∑
|β|≤2m

cβ(y(j)′)Dβ

y(j)′vj +
∑

|γ|≤2m−1

dγ(y
(j))Dγvj, (4.49)

äå u(t) = vj(y
(j)) â Uj

⋂
S , hj = hj(y

(j)′) ≥ c > 0 � ôóíêöiÿ êëàñó C∞

â Uj
⋂
S , ùî íå çàëåæèòü âiä yn , à ôóíêöiÿ a(ζ) äîäàòíà i íåñêií÷åí-

íî äèôåðåíöiéîâíà íà âiäðiçêó [0, h] . Êðiì òîãî, β = (β1, . . . , βn−1, 0) ,

à äðóãèé äîäàíîê ó ôîðìóëi (4.49) ¹ ðåãóëÿðíî åëiïòè÷íèé äîäàòíî âè-

çíà÷åíèé äèôåðåíöiàëüíèé îïåðàòîð ïîðÿäêó 2m â ëîêàëüíèõ êîîðäèíà-

òàõ y(j)′ ç äiéñíîçíà÷íèìè êîåôiöi¹íòàìè cβ êëàñó C∞ , âèçíà÷åíèìè
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íà ∂Ω . Ïåðåäáà÷à¹òüñÿ òàêîæ, ùî dγ(y
(j)) ∈ C∞(Uj

⋂
S) i ïðè yn ↓ 0

dγ(y
(j)) =


O (yγnn ) äëÿ |γ ′| > 0,

O
(
y
γn−(2m−l)+1
n

)
äëÿ |γ ′| = 0,

äå γ = (γ1, . . . , γn−1, γn) = (γ
′
, γn) ;

(iii) îáëàñòü âèçíà÷åííÿ îïåðàòîðà Bm,l çàäà¹òüñÿ ðiâíîñòÿìè

C1(Bm,l) =

{
u : u ∈ C∞(Ω̄),

∂su

∂ysn

∣∣∣
∂Ω

= 0, s = 0, 1, . . . , m− l − 1

}
äëÿ l = 0, 1, . . . , m− 1 i C1(Bm,m) = C∞(Ω̄) .

Çãiäíî ç [86, òåîðåìà 7.6.4], îïåðàòîð Bm,l iç îçíà÷åííÿ 4.3.3, äîïó-

ñêà¹ çàìèêàííÿ B̄m,l â L2(Ω) i îáëàñòü âèçíà÷åííÿ C1(B̄m,l) ¹ çàìèêàííÿ

C1(Bm,l) çà íîðìîþ‖u‖2
W 2m

2 (Ω\S) +

∫
S

( ∑
|β|≤2m

∣∣∣Dβ

y(j)′u
∣∣∣2 + d2l(t)

∣∣∣∣∂2mu

∂y2m
n

∣∣∣∣2) dt
1/2

,

Òåîðåìà 4.3.3. Íåõàé îïåðàòîð Bm,l iç îçíà÷åííÿ 4.3.3 ñèìåòðè-

÷íèé â L2(Ω) , ïðè÷îìó dγ(y
(j)) = 0 â (4.49). Òîäi äëÿ l = 0, 1, . . . , m−1

i 0 < ν <∞

Eν2 (B̄m,l) =

{
u : u ∈ C∞(Ω̄),

(∑
k∈N0

∥∥(B̄m,l/ν)ku
∥∥2

L2(Ω)

)1/2

<∞,

∂sBk
m,lu

∂ysn

∣∣∣
∂Ω

= 0, s = 0, . . . ,m− l − 1, k ∈ N0

}
, (4.50)

Eν2 (B̄m,m) =

{
u : u ∈ C∞(Ω̄),

(∑
k∈N0

∥∥(B̄m,m/ν)ku
∥∥2

L2(Ω)

)1/2

<∞
}
.(4.51)
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Ä î â å ä å í í ÿ. Íåõàé χ0(t) i χ0(t) � äiéñíi ôóíêöi¨, ùî íàëåæàòü

C∞(Ω̄) , òàêi, ùî

χ2
0(t) + χ2

1(t) = 1 â Ω,

χ0(t) ∈ C∞0 (Ω),

χ0(t) = 1 â äåÿêîìó îêîëi ìíîæèíè Ω \ S.

Âðàõîâóþ÷è, ùî

d(t) = gj(y
(j))dy

(j)
1 . . . dy

(j)
n−1dyn,

çàñòîñîâóþ÷è îöiíêó (4.21) i íåðiâíiñòü Ãîðäiíãà [67, ñ. 297], îòðèìó¹ìî,

ùî äëÿ äåÿêî¨ îáëàñòi ω òàêî¨, ùî Ω \ S ⊂ ω̄ ⊂ Ω , âèêîíó¹òüñÿ îöiíêà

(Bm,lu, u)L2(Ω) =
(
Bm,lu, χ

2
0u
)
L2(Ω)

+
(
Bm,lu, χ

2
1u
)
L2(S)

≥ (Bm,lχ0u, χ0u)L2(Ω) + (Bm,lχ1u, χ1u)L2(S)

−ε‖u‖2
Wm

2 (ω) − cε‖u‖2
L2(Ω) ≥ c‖u‖2

Wm
2 (ω)

+c

∫
S

dl(t) ∣∣∣∣∂mu∂ymn

∣∣∣∣2 +
∑
|β|≤m

∣∣∣Dβ

y(j)′u
∣∣∣2
 dt− c′‖u‖2

L2(Ω). (4.52)

Âèêîðèñòîâóþ÷è (4.52) i [86, òåîðåìà 5.3.4], îòðèìó¹ìî, ùî íîðìà‖u‖2
W 2mk

2 (Ω\S) +

∫
S

( ∑
|β|≤2mk

∣∣∣Dβ

y(j)′u
∣∣∣2 + d2lk(t)

∣∣∣∣∂2mku

∂y2mk
n

∣∣∣∣2) dt
1/2

¹ åêâiâàëåíòíîþ íîðìîþ íà Ck(Bm,l) . Â ñèëó îöiíêè (4.44) i [86, òåîðåìà

4.2.4], ìà¹ìî

Ck(Bm,l) ⊂ W
(2m−l)k
2 (Ω), (4.53)

à òîìó, çãiäíî ç [86, òåîðåìà 4.6.1], C∞(Bm,l) ⊂ C∞(Ω̄) . Òåîðåìà äîâåäåíà.
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Çàóâàæåííÿ 4.3.1 Iç âêëàäåííÿ (4.53) i [86, òåîðåìà 4.6.1] âèïëè-

âà¹, ùî ðiâíîñòi (4.50) i (4.51) ìîæíà ðîçóìiòè òàêîæ â òîïîëîãi÷íî-

ìó ñìèñëi. Òîïîëîãiÿ â C∞(Ω̄) ïîðîäæó¹òüñÿ ïiâíîðìàìè sup
t∈Ω
|Dβu(t)| ,

0 ≤ |β| <∞ . Òîïîëîãiÿ â C∞(Bm,l) çàäà¹òüñÿ ïiâíîðìàìè ‖B̄k
m,lu‖L2(Ω) ,

k ∈ N0 .

Íåõàé j ≥ 1 , 0 ≤ s ≤ j , j, s ∈ Z . Ïîçíà÷èìî

C∞j, s(Ω̄) =
{
u ∈ C∞(Ω̄) :

∂ru

∂%r

∣∣∣
∂Ω

= 0 äëÿ r = n1j + n2,

n1 = 0, 1, . . . ; n2 = 0, . . . , s− 1
}

äëÿ s ≥ 1 , C∞j, s(Ω̄) = C∞(Ω̄) äëÿ s = 0 , % � íîðìàëü äî ãðàíèöi ∂Ω .

Ó òîïîëîãi¨, ùî ïîðîäæó¹òüñÿ ïiâíîðìàìè sup
t∈Ω
|Dβu(t)| , 0 ≤ |β| <∞ ,

C∞j, s(Ω̄) ¹ ïðîñòîðîì Ôðåøå. Ó âèïàäêó j = s ìà¹ìî C∞j, s(Ω̄) = C∞0 (Ω̄) .

Òåîðåìà 4.3.4. Íåõàé j ≥ 1 , 0 ≤ s ≤ j/2 , m = j − l , l = j − 2s ,

j, s ∈ Z . Ïðèïóñòèìî, ùî Bm,l � ñèìåòðè÷íèé îïåðàòîð â L2(Ω) i

a(ζ) = 1 , dβ(y(j)) = 0 â (4.49). Òîäi

Eν2 (B̄m,l) =

{
u : u ∈ C∞j, s(Ω̄),

(∑
k∈N0

∥∥(B̄m,l/ν)ku
∥∥2

L2(Ω)

)1/2

<∞
}
.(4.54)

Ä î â å ä å í í ÿ. Ïðè s = 0 ôîðìóëà (4.54) ñïiâïàäà¹ ç (4.51), à

ïðè s > 0 � ç ôîðìóëîþ (4.50). Òåîðåìà äîâåäåíà.

Îçíà÷åííÿ 4.3.4. [86, ñ. 546] Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü

êëàñó C∞ i íåõàé σ(t) ∈ C∞(Ω̄) � äîäàòíà ôóíêöiÿ, ïðè÷îìó σ(t) =

d(t) ïîáëèçó ãðàíèöi. Ïîçíà÷èìî ÷åðåç
{
ajl(t)

}1,...,n

j,l
äîäàòíî âèçíà÷åíó

ñèìåòðè÷íó ìàòðèöþ ç äiéñíîçíà÷íèìè êîåôiöi¹íòàìè ajl(t) ∈ C∞(Ω̄) ,

äëÿ ÿêî¨
n∑

j,l=1

ajl(t) ξj ξl ≥ c|ξ|2,
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äå c > 0 � äîäàòíå ÷èñëî, ùî íå çàëåæèòü âiä t ∈ Ω i ξ ∈ Rn .

Äèôåðåíöiàëüíèé îïåðàòîð, ùî çàäà¹òüñÿ ñïiââiäíîøåííÿìè

Au = −
n∑

j,l=1

∂

∂tj

(
ajl(t)σ(t)

∂u

∂tl

)
, C1(A) = C∞(Ω̄), (4.55)

íàçèâà¹òüñÿ îïåðàòîðîì Òðiêîìi äðóãîãî òèïó.

Çãiäíî ç [86, òåîðåìà 7.6.6/1], îïåðàòîð A iç îçíà÷åííÿ 4.3.4 iñòîòíî

ñàìîñïðÿæåíèé â L2(Ω) . Éîãî çàìèêàííÿ Ā ¹ îáìåæåíèé çíèçó îïåðàòîð

ç òî÷êîâèì ñïåêòðîì, ùî ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü

ñêií÷åííî¨ àëãåáðà¨÷íî¨ êðàòíîñòi.

Òåîðåìà 4.3.5. Íåõàé îïåðàòîð Ā � çàìèêàííÿ â L2(Ω) îïåðàòî-

ðà A iç îçíà÷åííÿ 4.3.4. Òîäi

Eν2 (Ā) =

{
u : u ∈ C∞(Ω̄),

(∑
k∈N0

∥∥(Ā/ν)ku
∥∥2

L2(Ω)

)1/2

<∞
}
. (4.56)

Ä î â å ä å í í ÿ. Çãiäíî ç [86, òåîðåìà 7.6.6/1],

Ck(Ā) = W 2k
2

(
Ω, σ2k

)
. (4.57)

Iç ôîðìóëè (4.57) i [86, òåîðåìà 7.3.2/1] âèïëèâà¹ âêëàäåííÿ

Ck(Ā) ⊂ W k−1
2 (Ω). (4.58)

Çàñòîñîâóþ÷è [86, òåîðåìà 4.6.1] iç (4.58) îòðèìó¹ìî C∞(Ā) = C∞(Ω̄)

(â òåîðåòèêî-ìíîæèííîìó i òîïîëîãi÷íîìó ñåíñi). Çâiäñè i ç îçíà÷åííÿ

ïðîñòîðó Eν2 (Ā) âèïëèâà¹ (4.56). Òåîðåìà äîâåäåíà.

4.4. Iíòåðïîëÿöiÿ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó

åëiïòè÷íèõ îïåðàòîðiâ

Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü êëàñó C∞ . Ó êîìïëåêñíîìó

ïðîñòîði Lq(Ω) (1 < q < ∞) ðîçãëÿäà¹ìî ðåãóëÿðíî åëiïòè÷íèé îïåðà-

òîð A , âèçíà÷åíèé ðiâíiñòþ (4.11). Íàäàëi ïðèïóñòèìî, ùî ðåçîëüâåíòíà
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ìíîæèíà îïåðàòîðà A íåïîðîæíÿ. Âiäîìî [86, òåîðåìà 4.9.1], ùî ó òà-

êîìó âèïàäêó äëÿ äîñòàòíüî âåëèêèõ äîäàòíèõ ÷èñåë ρ ≥ ρ0 îïåðàòîð

A + ρI ïîçèòèâíèé. Îñêiëüêè ïðîñòîðè âåêòîðiâ åêñïîíåíöiàëüíîãî òè-

ïó îïåðàòîðiâ A i A + ρI ñïiâïàäàþòü, òî, áåç îáìåæåííÿ çàãàëüíîñòi,

ââàæà¹ìî, ùî A � ïîçèòèâíèé îïåðàòîð. Çãiäíî ç [86, òåîðåìà 5.4.4/1],

îïåðàòîð A ìà¹ òî÷êîâèé ñïåêòð, ùî ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ

çíà÷åíü {λj}∞j=1 ñêií÷åííî¨ àëãåáðà¨÷íî¨ êðàòíîñòi, ïðè÷îìó ïiäïðîñòîðè

êîðåíåâèõ (âëàñíèõ i ïðè¹äíàíèõ) âåêòîðiâ íå çàëåæàòü âiä q . Äàëi span

îçíà÷à¹ ëiíiéíó àëãåáðà¨÷íó îáîëîíêó âåêòîðiâ.

Òåîðåìà 4.4.1. Äëÿ áóäü-ÿêèõ ÷èñåë β > α ≥ 0 , 1 ≤ p < ∞ ,

0 < θ < 1 âèêîíó¹òüñÿ ðiâíiñòü

Eνp
(
(Cα, Cβ)θ,p

)
= Eνp

([
Cα, Cβ

]
θ

)
= span

{
Rλj(A) : |λj| < min

(
ν

1
m0+1 , ν

1
n0+1 , ν

1
m1+1 , ν

1
n1+1
)}

, (4.59)

äå α = m0(1− θ) + n0θ , β = m1(1− θ) + n1θ , m0, n0,m1, n1 ∈ N .

ßêùî êîåôiöi¹íòè aα(t) îïåðàòîðà A ¹ ïîñòiéíèìè, òî âèêîíó¹-

òüñÿ ðiâíiñòü

Ep
(
(Cα, Cβ)θ,p

)
= Ep

([
Cα, Cβ

]
θ

)
=
{
u ∈ Exp (Cn) |Ω : BjA

ku |∂Ω= 0, j = 1, . . . ,m, k ∈ N0

}
, (4.60)

äå Exp (Cn) � ïðîñòið âñiõ öiëèõ àíàëiòè÷íèõ ôóíêöié åêñïîíåíöiàëü-

íîãî òèïó íàä Cn .

Ä î â å ä å í í ÿ. Â ñèëó ðiâíîñòi (2.7) äëÿ äîâiëüíîãî k ∈ N ìà¹ìî

Eνp (Ck) = span
{
Rλj(A) : |λj|k+1 < ν

}
. (4.61)
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Ç ðiâíîñòi (4.61), òåîðåìè 3.3.1 i ñêií÷åííîâèìiðíîñòi êîðåíåâèõ ïiäïðî-

ñòîðiâ îòðèìó¹ìî

Eνp (Cα) = Eνp
(

[Cm0, Cn0]θ
)

=
[
Eνp0

(Cm0), Eνp1
(Cn0)

]
θ

= Eνp0
(Cm0)

⋂
Eνp1

(Cn0)

= span
{
Rλj(A) : |λj| < min

(
ν

1
m0+1 , ν

1
n0+1
)}

,

Eνp (Cβ) = Eνp
(

[Cm1, Cn1]θ
)

=
[
Eνp0

(Cm1), Eνp1
(Cn1)

]
θ

= Eνp0
(Cm1)

⋂
Eνp1

(Cn1)

= span
{
Rλj(A) : |λj| < min

(
ν

1
m1+1 , ν

1
n1+1
)}

,

äå 1/p = (1−θ)/p0+θ/p1 . Çàñòîñîâóþ÷è çíîâó òåîðåìó 3.3.1, âðàõóâàâøè

ïîïåðåäíi ðiâíîñòi, îòðèìó¹ìî (4.59).

Ç ðiâíîñòi (4.61) i òåîðåìè 4.1.2 äëÿ k ∈ N ìà¹ìî

Ep(Ck) =
⋃
ν>0

Eνp (Ck)

=
{
u ∈ Exp (Cn) |Ω : BjA

ku |∂Ω= 0, j = 1, . . . ,m, k ∈ N0

}
.

Çàëèøèëîñü çàñòîñóâàòè òåîðåìó 3.3.1. Òåîðåìà äîâåäåíà.

Íåõàé {ψj(t)}∞j=N ∈ Ψ(Ω; ρ) , äå Ψ(Ω; ρ) � ñèñòåìà ôóíêöié, âèçíà-

÷åíà ó ï. 2.3, 1 < q < ∞ , 1 ≤ p ≤ ∞ , τ ≥ µ + sq , τ, µ ∈ R i s ≥ 0 .

Ñëiäóþ÷è îçíà÷åííþ 3.2.3/2 [86], âèçíà÷èìî ïðîñòið

Bs
q,p(Ω ; ρµ; ρτ) =

{
u : u ∈ Llocq (Ω), ‖u‖Bsq,p(Ω ; ρµ; ρτ ) <∞

}
,

‖u‖Bsq,p(Ω ; ρµ; ρτ ) =

 ∞∑
j=N

(
2jµ‖ψju‖qBsq,p(Rn) + 2jτ‖ψju‖qLq(Rn)

)1/q

,

äå Bs
q,p(Rn) � ïðîñòið Á¹ñîâà.

Íåõàé 1 < q < ∞ , m, r, h ∈ N , ζ, η ∈ R , η > ζ + 2m i

0 < θ < 1 . Äàëi, íåõàé îïåðàòîð A iç îçíà÷åííÿ 4.3.1 ç îáëàñòþ âè-

çíà÷åííÿ W 2m
q (Ω ; ρqζ ; ρqη) äi¹ â ïðîñòîði Lq(Ω) . Iç äîâåäåííÿ òåîðåìè

4.3.1 âèïëèâà¹, ùî îïåðàòîð Ak (k ∈ N) çäiéñíþ¹ içîìîðôiçì ïðîñòîðó
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W 2km
q (Ω ; ρqkζ ; ρqkη) íà Lq(Ω) . Çâóæåííÿ îïåðàòîðà Ak íà iíòåðïîëÿöié-

íèé ïðîñòið
(
W 2rm

q (Ω ; ρqrζ ; ρqrη), W 2hm
q (Ω ; ρqhζ ; ρqhη)

)
θ,q

¹ çàìêíåíèì

îïåðàòîðîì iç ùiëüíîþ îáëàñòþ âèçíà÷åííÿ(
W

2(r+k)m
q (Ω ; ρq(r+k)ζ ; ρq(r+k)η), W

2(h+k)m
q (Ω ; ρq(h+k)ζ ; ρq(h+k)η)

)
θ,q
. Òîìó

äëÿ 0 < ν <∞ âèçíà÷åíèé ïðîñòið

Eνq
(
A,
(
W 2rm

q (·), W 2hm
q (·)

)
θ,q

)
=

{
u ∈ C∞(A) :

‖u‖q
Eνq
(
A,(W 2rm

q (·),W 2hm
q (·))

θ,q

) =
∑
k∈N0

∥∥(A/ν)ku
∥∥q

(W 2rm
q (·),W 2hm

q (·))
θ,q

<∞
}
.

Íåõàé s = (1 − θ)2rm + θ2hm, r 6= h, τ = (1− θ)q r η + θq h ζ i
µ− τ
sq

=
ζ − η
2m

. Òîäi çãiäíî ç [86, òåîðåìà 3.4.2] âèêîíó¹òüñÿ òàêà ðiâíiñòü(
W 2rm

q (Ω ; ρqrζ ; ρqrη), W 2hm
q (Ω ; ρqhζ ; ρqhη)

)
θ,q

= Bs
q,q(Ω ; ρµ; ρτ).

Òàêèì ÷èíîì, äëÿ ÷èñåë s ≥ 0, ν > 0, 1 < q <∞, τ ≥ µ + sq âè-

çíà÷åíî iíòåðïîëÿöiéíó øêàëó ïðîñòîðiâ Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)
. Íîðìà

ïðîñòîðó Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)
âèçíà÷à¹òüñÿ ðiâíiñòþ

‖u‖Eνq (A,Bsq,q(Ω ; ρµ; ρτ )) =

(∑
k∈N0

‖(A/ν)ku‖qBsp,q(Ω ; ρµ; ρτ )

)1/q

i åêâiâàëåíòíà íîðìi

‖u‖∗Eνq (A,Bsq,q(Ω ; ρµ; ρτ )) =

(∫ ∞
0

[
t−θK(t, u;W 2rm

q (·),W 2hm
q (·))

]qdt
t

)1/q

,

äå K(t, u;W 2rm
q (·),W 2hm

q (·)) = inf
u=u0+u1

(
‖u0‖W 2rm

q (·) + t ‖u1‖W 2hm
q (·)

)
, u0 ∈

W 2rm
q (Ω ; ρqrζ ; ρqrη) , u1 ∈ W 2hm

q (Ω ; ρqhζ ; ρqhη) .

Äëÿ 0 ≤ s1 < s2 i äîâiëüíîãî ε > 0 âèêîíóþòüñÿ íåïåðåðâíi âêëà-

äåííÿ

Eνq
(
A,Bs2

q,q(Ω ; ρµ; ρτ)
)
⊂ Eνq

(
A,Bs1

q,q(Ω ; ρµ; ρτ)
)
,

Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)
⊂ Eν+ε

q

(
A,Bs

q,q(Ω ; ρµ; ρτ)
)
.
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Ïðîñòið Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)
iíâàðiàíòíèé âiäíîñíî îïåðàòîðà Ak

i äëÿ âñiõ u ∈ Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)
âèêîíó¹òüñÿ íåðiâíiñòü

‖Aku‖Eνq (A,Bsq,q(Ω ; ρµ; ρτ )) ≤ νk‖u‖Eνq (A,Bsq,q(Ω ; ρµ; ρτ )).

Âiäçíà÷èìî òàêîæ, ùî çãiäíî ç [86, òåîðåìà 6.6.2], îïåðàòîð A ìà¹

òî÷êîâèé ñïåêòð, ùî ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü {λj}∞j=1

ñêií÷åííî¨ àëãåáðà¨÷íî¨ êðàòíîñòi, ïðè÷îìó ïiäïðîñòîðè êîðåíåâèõ (âëà-

ñíèõ i ïðè¹äíàíèõ) âåêòîðiâ íå çàëåæàòü âiä q .

Òåîðåìà 4.4.2. Íåõàé îïåðàòîð A iç îçíà÷åííÿ 4.3.1 ç îáëàñòþ

âèçíà÷åííÿ W 2m
q (Ω ; ρqζ ; ρqη) äi¹ â ïðîñòîði Lq(Ω) , ïðè÷îìó η > 0 i

ρ−a(t) ∈ L1(Ω) äëÿ äåÿêîãî a ≥ 0 . Òîäi äëÿ s ≥ 0 , ν > 0 , 1 < q < ∞ ,

τ > µ+ sq i 0 < θ < 1 âèêîíóþòüñÿ ðiâíîñòi

Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)

= span

{
Rλj(A) :

|λj| < min
(
ν, ν(s/(2mθ)+1)−1)}

, (4.62)

Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)

=

{
u : u ∈ Sρ(t)(Ω),(∑

k∈N0

∥∥(A/ν)ku
∥∥q
Bsq,q(Ω ; ρµ; ρτ )

)1/q

<∞
}
. (4.63)

Ä î â å ä å í í ÿ. Çãiäíî ç òåîðåìîþ 3.1.4 âèêîíó¹òüñÿ òàêà ðiâíiñòü

Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)

=
(
Eνq0

(
A,W 2rm

q (·)
)
, Eνq1

(
A,W 2hm

q (·)
))

θ,q
, (4.64)

äå s = (1−θ)2rm+θ2hm, r 6= h, τ = (1− θ)q r η + θq h ζ ,
1

q
=

1− θ
q0

+
θ

q1

i
µ− τ
sq

=
ζ − η
2m

. Iç ðiâíîñòi (4.64) ïðè r = 0 ìà¹ìî

Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)

=
(
Eνq0

(A,Lq(Ω)) , Eνq1

(
A,W 2hm

q (·)
))

θ,q
,

äå s = θ2hm i τ = θp h ζ .
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Ç ðiâíîñòi (2.7) äëÿ äîâiëüíîãî k ∈ N ìà¹ìî

Eνq
(
A,W 2km

q (Ω ; ρqkζ ; ρqkη)
)

= span
{
Rλj(A) : |λj|k+1 < ν

}
.

Â ñèëó ñêií÷åííîâèìiðíîñòi êîðåíåâèõ ïiäïðîñòîðiâ Rλj(A) ïðîñòî-

ðè Eνq
(
A,W 2km

q (Ω ; ρqkζ ; ρqkη)
)
òàêîæ ñêií÷åííîâèìiðíi. Òîìó îòðèìó¹ìî

Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)

= Eνq0
(A,Lq(Ω))

⋂
Eνq1

(
A,W 2hm

q (·)
)

= span
{
Rλj(A) : |λj| < ν

}⋂
span

{
Rλj(A) : |λj|h+1 < ν

}
= span

{
Rλj(A) : |λj| < min

(
ν, ν1/(h+1)

)}
,

ùî é äîâîäèòü ðiâíiñòü (4.62).

Ðiâíiñòü (4.63) âèïëèâà¹ ç ðiâíîñòi C∞(A) = Sρ(t)(Ω) òà îçíà÷åííÿ

ïðîñòîðó Eνq
(
A,Bs

q,q(Ω ; ρµ; ρτ)
)
. Òåîðåìà äîâåäåíà.

Íåõàé A � îïåðàòîð iç îçíà÷åííÿ 4.3.4, ùî äi¹ â ïðîñòîði L2(Ω) .

Çãiäíî ç [86, òåîðåìà 7.6.6/1], éîãî çàìèêàííÿ Ā ¹ îáìåæåíèé çíèçó îïå-

ðàòîð ç òî÷êîâèì ñïåêòðîì, ùî ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà-

÷åíü ñêií÷åííî¨ àëãåáðà¨÷íî¨ êðàòíîñòi. Êðiì òîãî, Ck(Ā) = W 2k
2

(
Ω, σ2k

)
,

äå

W 2k
2 (Ω; σ2k) =

{
u ∈ L2(Ω) :

‖u‖2
W 2k

2 (Ω;σ2k) =
2k∑
j=0

∫
Ω

σ2k(t) |u(j)(t)|2 dt <∞
}
.

Çâóæåííÿ îïåðàòîðà Āk íà iíòåðïîëÿöiéíèé ïðîñòið(
W 2r

2 (Ω; σ2r), W 2h
2 (Ω; σ2h)

)
θ,q

¹ çàìêíåíèì îïåðàòîðîì iç ùiëüíîþ îáëà-

ñòþ âèçíà÷åííÿ
(
W

2(r+k)
2 (Ω ; σ2(r+k)), W

2(h+k)
2 (Ω ; σ2(h+k))

)
θ,q
. Òîìó äëÿ

0 < ν <∞ i 1 ≤ q <∞ âèçíà÷åíèé ïðîñòið

Eνq
(
Ā,
(
W 2r

2 (Ω; σ2r), W 2h
2 (Ω; σ2h)

)
θ,q

)
=

{
u ∈ C∞(Ā) :

‖u‖q
Eνq
(
Ā,(W 2r

2 (·),W 2h
2 (·))

θ,q

) =
∑
k∈N0

∥∥(Ā/ν)ku
∥∥q

(W 2r
2 (·),W 2h

2 (·))
θ,q

<∞
}
.
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Òåîðåìà 4.4.3. Íåõàé Ā � çàìèêàííÿ â L2(Ω) îïåðàòîðà A iç

îçíà÷åííÿ 4.3.4. Òîäi äëÿ ν > 0 , 1 ≤ q < ∞ , r 6= h i 0 < θ < 1

âèêîíóþòüñÿ ðiâíîñòi

Eνq
(
Ā,
(
W 2r

2 (Ω; σ2r), W 2h
2 (Ω; σ2h)

)
θ,q

)
= span

{
Rλj(Ā) : |λj| < min

(
ν

1
r+1 , ν

1
h+1

)}
, (4.65)

Eνq
(
Ā,
(
W 2r

2 (Ω; σ2r), W 2h
2 (Ω; σ2h)

)
θ,q

)
=

{
u : u ∈ C∞(Ω̄),(∑

k∈N0

∥∥(Ā/ν)ku
∥∥q

(W 2r
2 (Ω;σ2r),W 2h

2 (Ω;σ2h))
θ,q

)1/q

<∞
}
. (4.66)

Ä î â å ä å í í ÿ. Çàñòîñîâóþ÷è òåîðåìó 3.1.4, ìà¹ìî

Eνq
(
Ā,
(
W 2r

2 (Ω; σ2r), W 2h
2 (Ω; σ2h)

)
θ,q

)
=
(
Eνq0

(
Ā,W 2r

2 (Ω; σ2r)
)
, Eνq1

(
Ā,W 2h

2 (Ω; σ2h)
))

θ,q
,

äå
1

q
=

1− θ
q0

+
θ

q1
. Ç ðiâíîñòi (2.7) äëÿ äîâiëüíîãî k ∈ N îòðèìó¹ìî

Eνq
(
Ā,W 2k

2 (Ω; σ2k)
)

= span
{
Rλj(Ā) : |λj|k+1 < ν

}
.

Îñêiëüêè êîðåíåâi ïiäïðîñòîðè Rλj(Ā) îïåðàòîðà Ā ñêií÷åííîâèìið-

íi, òî ïðîñòîðè Eνq
(
Ā,W 2k

2 (Ω; σ2k)
)
òàêîæ ñêií÷åííîâèìiðíi. Êðiì òîãî,

çãiäíî ç [86, òåîðåìà 1.6.2], ïiäïðîñòið Eνq0

(
Ā,W 2r

2 (·)
)⋂
Eνq1

(
Ā,W 2h

2 (·)
)

ùiëüíèé â ïðîñòîði
(
Eνq0

(
Ā,W 2r

2 (·)
)
, Eνq1

(
Ā,W 2h

2 (·)
))

θ,q
. Òîìó

Eνq
(
Ā,
(
W 2r

2 (·), W 2h
2 (·)

)
θ,q

)
= Eνq0

(
Ā,W 2r

2 (·)
)⋂
Eνq1

(
Ā,W 2h

2 (·)
)

= span
{
Rλj(Ā) : |λj|r+1 < ν

}⋂
span

{
Rλj(Ā) : |λj|h+1 < ν

}
= span

{
Rλj(Ā) : |λj| < min

(
ν

1
r+1 , ν

1
h+1

)}
,

ùî é äîâîäèòü ðiâíiñòü (4.65).
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Ðiâíiñòü (4.63) âèïëèâà¹ ç ðiâíîñòi C∞(Ā) = C∞(Ω̄) òà îçíà÷åííÿ

ïðîñòîðó Eνq
(
Ā,
(
W 2r

2 (·), W 2h
2 (·)

)
θ,q

)
. Òåîðåìà äîâåäåíà.

4.5. Àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç åëiïòè÷íèìè

îïåðàòîðàìè

Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü êëàñó C∞ , íàáið îïåðàòîðiâ

L, {Bj}mj=1 ðåãóëÿðíî åëiïòè÷íèé â ñåíñi îçíà÷åííÿ 4.1.5. Ó êîìïëåêñíîìó

ïðîñòîði Lq(Ω) (1 < q <∞) ðîçãëÿäà¹ìî çàìêíåíèé ëiíiéíèé îïåðàòîð

Au = Lu =
∑
|α|≤2m

aα(ξ)Dαu, aα(ξ) ∈ C,

C1(A) =
{
u ∈ W 2m

q (Ω) : Bju |∂Ω= 0, j = 1, . . . ,m
}
.

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} àáî {0 ≤ s <∞, τ =∞} i

1 < q <∞ ïîçíà÷èìî ÷åðåç Bs
q,τ(Ω) êëàñè÷íèé ïðîñòið Á¹ñîâà, ÿêèé âè-

çíà÷à¹òüñÿ ÿê çâóæåííÿ ïðîñòîðó Bs
q,τ(R) íà Ω , ç íîðìîþ

‖u‖Bsq,τ (Ω) = inf
v|Ω=u,v∈Bsq,τ (R)

‖v‖Bsq,τ (R).

Âèçíà÷èìî òàêîæ ïðîñòið

Bs
q,τ,{Bj}(Ω) =

{
u ∈ Bs

q,τ(Ω) : BjA
ku |∂Ω= 0, j = 1, . . . ,m, k ∈ N0

}
.

Òåîðåìà 4.5.1. Âèêîíó¹òüñÿ òàêèé içîìîðôiçì

Bsq,τ(A) = Bs
q,τ,{Bj}(Ω). (4.67)

Ä î â å ä å í í ÿ. Ðîçãëÿíåìî ïðîñòið

Eνq (D) =
{
u ∈ C∞(Ω̄) : Dαu ∈ Lq(Ω), |α| = k ∈ N0

}
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ç íîðìîþ

‖u‖Eνq (D) =

(∑
k∈N0

∑
|α|=k

ν−qk‖Dαu‖qLq(Ω)

)1/q

, ν > 0.

Ïîêàæåìî, ùî îá'¹äíàííÿ Eq(D) =
⋃
ν>0 Eνq (D) ñïiâïàäà¹ ç ïðîñòîðîì

âñiõ öiëèõ àíàëiòè÷íèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó, çâóæåííÿ ÿêèõ

íà Ω íàëåæèòü Lq(Ω) . Ïðîñòið Eq(D) íàäiëèìî êâàçiíîðìîþ

|u|Eq(D) := ‖u‖Lq(Ω) + inf
{
ν > 0: u ∈ Eνq (D)

}
.

Äëÿ ñïðîùåííÿ, ïîêëàäåìî 0 ∈ Ω . ßêùî l > n/q i u ∈ Eνq (D) , òî ç

òåîðåìè âêëàäåííÿ Ñîáîë¹âà ìà¹ìî

sup
ξ∈Ω
|Dαu(ξ)| ≤ c max

{
1, ν, . . . , ν l

}
νk‖u‖Eνq (D) ≤ c0ν

k, (4.68)

äå |α| = k ∈ N0 i ïîñòiéíi c, c0 íå çàëåæàòü âiä k . Çâiäñè âèïëèâà¹, ùî

|u(ξ + iη)| ≤
∑
k∈N0

∑
|α|=k

∣∣Dαu(ξ)
∣∣ |η|k
k!
≤ c1e

ν|η| (4.69)

äëÿ âñiõ ξ ∈ Ω i η ∈ Rn , äå ïîñòiéíà c1 íå çàëåæèòü âiä k ∈ N0 . Îòæå,

u ìà¹ öiëå àíàëiòè÷íå ðîçøèðåííÿ åêñïîíåíöiàëüíîãî òèïó íà Cn .

Íåõàé öiëà ôóíêöiÿ u çàäîâîëüíÿ¹ (4.69). Òîäi âèêîíó¹òüñÿ íåðiâ-

íiñòü |Dαu(ξ)| ≤ c2(2nν)keν|ξ| äëÿ âñiõ ξ ∈ Rn i |α| = k ∈ N0 . Â ñèëó

îáìåæåíîñòi Ω ìà¹ìî

sup
ξ∈Ω
|Dαu(ξ)| ≤ c3(2nν)k i

∑
|α|=k

‖Dαu‖Lq(Ω) ≤ c2(2n
2ν)k.

Çâiäñè îòðèìó¹ìî íåðiâíiñòü

∑
k∈N0

∑
|α|=k

(4n2ν)−qk‖Dαu‖qLq(Ω) ≤
2q

2q − 1
sup
k∈N0

∑
|α|=k
‖Dαu‖qLq(Ω)

(2n2ν)qk
, (4.70)

ç ÿêî¨ âèïëèâà¹, ùî u ∈ E4n2ν
q (D) , à, îòæå, u ∈ Eq(D) .
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Âèêîðèñòîâóþ÷è íåðiâíîñòi (4.68), (4.70) i òåîðåìó Ïåëi-Âiíåðà, îòðè-

ìó¹ìî åêâiâàëåíòíiñòü êâàçiíîðì

|u|Eq(D) ∼ inf
v|Ω=u, v∈Lq(Rn)

{
‖v‖Lq(Rn) + sup

ζ∈suppFv
|ζ|
}
,

äå suppFv ïîçíà÷à¹ íîñié ïåðåòâîðåííÿ Ôóð'¹ Fv ôóíêöi¨ v ∈ Lq(Rn) .

Çàñòîñîâóþ÷è [86, òåîðåìà 4.2.2], [3, òåîðåìà 7.1.7], êëàñè÷íi íåðiâ-

íîñòi Áåðíøòåéíà i Äæåêñîíà [3, ñ. 228], îòðèìó¹ìî, ùî äëÿ áóäü-ÿêîãî

l ∈ N iñíó¹ ïîñòiéíà cl , òàêà, ùî

‖u‖1/(l+1)

W l
q(Ω)
≤ cl |u|1−1/(l+1)

Eq(D) ‖u‖1/(l+1)
Lq(Ω) , u ∈ Eq(D), (4.71)

K
(
t, u; Eq(D), Lq(Ω)

)
≤ cl t

1/(l+1)‖u‖1/(l+1)

W l
q(Ω)

, u ∈ W l
q(Ω). (4.72)

Âèçíà÷èìî ïðîñòið

Bsq,τ(D) =

{
u ∈ Lq(Ω) : |u|Bsq,τ (D) =

(∫ ∞
0

(
tsEq(t, u)

)τ dt
t

)1/τ

<∞
}
,

äå Eq(t, u) = inf
{
‖u− u0‖Lq(Ω) : u0 ∈ Eq(D), |u0|Eq(D) ≤ t

}
. Âèêîðèñòî-

âóþ÷è íåðiâíîñòi (4.71), (4.72) i âiäîìi òåîðåìè [3, òåîðåìè 3.11.5, 3.11.6,

7.1.7], [86, òåîðåìà 2.4.2/2], îòðèìó¹ìî

Bsq,τ(D) =
((
Eq(D), Lq(Ω)

)
1/(s+1),τ(s+1)

)s+1

=
(
Lq(Ω), W l

q(Ω)
)
s/l,τ

= Bs
q,τ(Ω). (4.73)

Ðiâíiñòü (4.67) âèïëèâà¹ òåïåð ç (4.13) i (4.73). Òåîðåìà äîâåäåíà.

Òåîðåìà 4.5.2. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

‖u‖Bsq,τ (Ω) ≤ cs,τ |u|sR(A)‖u‖Lq(Ω), u ∈ R(A), (4.74)

tsE(t, u;R(A), Lq(Ω)) ≤ 2s+1Cs,τ ‖u‖Bsq,τ (Ω), u ∈ Bs
q,τ,{Bj}(Ω), (4.75)

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.3.1,

E(t, u;R(A), Lq(Ω)) = inf
{
‖u− u0‖Lq(Ω) : u0 ∈ R(A), |u0|R(A) ≤ t

}
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äëÿ âñiõ u ∈ Lq(Ω) .

Çîêðåìà, äëÿ âñiõ u ∈ Bs
q,τ,{Bj}(Ω) ìà¹ìî

inf
{
‖u− u0‖Lq(Ω) : u0 ∈ Rν(A)

}
≤ ν−s2s+1Cs,τ ‖u‖Bsq,τ (Ω), (4.76)

äå Rν(A) � êîìïëåêñíà ëiíiéíà îáîëîíêà êîðåíåâèõ ïiäïðîñòîðiâ

{R(λj) : |λj| < ν} îïåðàòîðà A .

Ä î â å ä å í í ÿ. Çàñòîñîâóþ÷è òåîðåìó 2.3.1, ðiâíîñòi (2.76) i (4.67),

îòðèìó¹ìî ïîòðiáíi íåðiâíîñòi (4.74) i (4.75). Îöiíêà (4.76) áåçïîñåðåäíüî

âèïëèâà¹ ç (2.79). Òåîðåìà äîâåäåíà.

Íà êîìïàêòíîìó ìíîãîâèäi, ùî ìà¹ ôîðìó ãðàíèöi ∂Ω îáìåæåíî¨

îáëàñòi Ω ⊂ Rn êëàñó C∞ , ðîçãëÿíåìî ðåãóëÿðíî åëiïòè÷íèé îïåðàòîð

A , ÿêèé ¹ çàìèêàííÿì â L2(∂Ω) ñèìåòðè÷íîãî îïåðàòîðà L , ùî çàäàíèé

ôîðìóëîþ (4.18) i ìà¹ îáëàñòü âèçíà÷åííÿ C1(L) = C∞(∂Ω) .

Â ñèëó òåîðåìè 4.1.3 äëÿ 0 < ν <∞ âèçíà÷åíèé ïðîñòið

Eν2 (A) =

{
u ∈ C∞(∂Ω):

(∑
k∈N0

∥∥(A/ν)ku
∥∥2

L2(∂Ω)

)1/2

<∞
}
.

Íà îá'¹äíàííi E2(A) =
⋃
ν>0 Eν2 (A) âèçíà÷èìî êâàçiíîðìó

|u|E2(A) = ‖u‖L2(∂Ω) + inf {ν > 0: u ∈ Eν2 (A)} .

Äëÿ 0 < s <∞ âèçíà÷èìî ïðîñòîðè

Bs2,2(A) =
{
u ∈ L2(∂Ω) : |u|Bs2,2(A) <∞

}
,

|u|Bs2,2(A) =


(∫ ∞

0

[
tαE2(t, u)

]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
αE2(t, u), τ =∞,

äå E2(t, u) = inf
{∥∥u− u0

∥∥
L2(∂Ω)

: u0 ∈ E2(A),
∣∣u0
∣∣
E2(A)

≤ t
}
, u ∈ L2(∂Ω) .
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Òåîðåìà 4.5.3. Âèêîíó¹òüñÿ òàêà ðiâíiñòü:

Bs2,2(A) = Hs
2(∂Ω). (4.77)

Ä î â å ä å í í ÿ. Ïîçíà÷èìî ÷åðåç M2 ïðîñòið öiëèõ àíàëiòè÷íèõ

ôóíêöié åêñïîíåíöiàëüíîãî òèïó íà Cn−1 , çâóæåííÿ v ÿêèõ íà äiéñíèé

ïiäïðîñòið íàëåæèòü L2(Rn−1) , iç êâàçiíîðìîþ |v|M2
= ‖v‖L2(Rn−1) +

sup {|ζ| : ζ ∈ suppF (v)} , äå suppFv îçíà÷à¹ íîñié îáðàçó ïåðåòâîðåííÿ

Ôóð'¹ Fv . Çàñòîñîâóþ÷è [3, òåîðåìà 7.1.7] i êëàñè÷íi íåðiâíîñòi Áåðí-

øòåéíà i Äæåêñîíà [3, �7.2], äëÿ áóäü-ÿêîãî r ∈ N îòðèìó¹ìî

‖v‖1/(r+1)
W r

2 (Rn−1) ≤ cr |v|1−1/(r+1)
M2

‖v‖1/(r+1)
L2(Rn−1), v ∈M2,

K
(
t, v; M2, L2(Rn−1)

)
≤ c′r t

1/(r+1)‖v‖1/(r+1)
W r

2 (Rn−1), v ∈ W r
2 (Rn−1),

(4.78)

äå K(t, v;M2 , L2(Rn−1)) = inf
v=v0+v1

{
|v0|M2

+ t‖v1‖L2(Rn−1)

}
, v0 ∈ M2 ,

v1 ∈ L2(Rn−1) äëÿ âñiõ t > 0 .

Çà òåîðåìîþ Ïåëi-Âiíåðà (äèâ. [160, òåîðåìà 1.7.7]) äëÿ âñiõ u ∈
M2(∂Ω) i äëÿ âñiõ çâóæåíü íà äiéñíèé ïiäïðîñòið v ∈ M2 öiëèõ ôóí-

êöié åêñïîíåíöiàëüíîãî òèïó, ÿêi çàäîâîëüíÿþòü ðiâíiñòü v |yl(Ul)= u◦y−l

äëÿ êîæíîãî l , îòðèìó¹ìî ñïiââiäíîøåííÿ sup {|ζ| : ζ ∈ suppF (v)} =

inf {ν > 0: u ∈Mν
2(∂Ω)} . Îòæå,

|v|M2
� |u|M2(∂Ω) (4.79)

äëÿ âñiõ v ∈M2 òàêèõ, ùî v |yl(Ul)= u◦y−l äëÿ êîæíîãî l . Âðàõîâóþ÷è
(4.23), à òàêîæ áåðó÷è inf ïî çâóæåííÿõ v |yl(Ul)= u ◦ y−l i ñóìóþ÷è ïî

l = 1, . . . , N , iç ïåðøî¨ íåðiâíîñòi (4.78) îòðèìó¹ìî

‖u‖W r
2 (∂Ω) ≤ c′′r |u|rM2(∂Ω) ‖u‖L2(∂Ω), u ∈M2(∂Ω).
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Ç äðóãîãî áîêó, iç (4.31) i (4.79) âèïëèâà¹, ùî

K(t, u;H2(∂Ω), L2(∂Ω)) = inf
u=u0+u1

u0∈H2(∂Ω), u1∈L2(∂Ω)

{
|u0|H2(∂Ω) + t‖u1‖L2(∂Ω)

}
� inf

u=u0+u1

{
|u0|M2(∂Ω) + t

N∑
l=1

∥∥ψl (u1 ◦ y−l
)∥∥

L2(Rn−1)

}
≤ N inf

v=v0+v1

{
|v0|M2

+ tmax
l

∥∥v1 |yl(Ul)
∥∥
L2(Rn−1)

}
≤ N inf

v=v0+v1

{
|v0|M2

+ t
∥∥v1
∥∥
L2(Rn−1)

}
= N ·K(t, v;M2 , L2(Rn−1))

äëÿ âñiõ vı ∈M2 òàêèõ, ùî vı |yl(Ul)= uı ◦ y−l (ı = 0, 1) äëÿ êîæíîãî l .

Òåïåð iç äðóãî¨ íåðiâíîñòi (4.78) îòðèìó¹ìî

K
(
t, u; H2(∂Ω), L2(∂Ω)

)r+1 ≤ c′′′r t‖u‖W r
2 (∂Ω), u ∈ W r

2 (∂Ω).

Îòðèìàíi âèùå íåðiâíîñòi ìîæíà ïåðåïèñàòè ó âèãëÿäi

‖u‖1/(r+1)
W r

2 (∂Ω) ≤ c̃r |u|1−1/(r+1)
H2(∂Ω) ‖u‖1/(r+1)

L2(∂Ω) , u ∈ H2(∂Ω),

K
(
t, u; H2(∂Ω), L2(∂Ω)

)
≤ c̃′r t

1/(r+1)‖u‖1/(r+1)
W r

2 (∂Ω), u ∈ W r
2 (∂Ω).

(4.80)

Äàëi ðîçãëÿíåìî äîïîìiæíèé ïðîñòið âèãëÿäó

Bs2,2(∂Ω) =

{
u ∈ L2(∂Ω) : |u|Bs2,2(∂Ω) =

(∫ ∞
0

(
tsE(t, u; ∂Ω)

)2dt

t

)1/2

<∞
}
,

äå E(t, u; ∂Ω) = inf
{
‖u− u0‖L2(∂Ω) : u0 ∈ H2(∂Ω), |u0|H2(∂Ω) ≤ t

}
. Çãi-

äíî ç [3, òåîðåìà 7.1.7] âèêîíó¹òüñÿ içîìîðôiçì

Bs2,2(∂Ω) =
[(
H2(∂Ω), L2(∂Ω)

)
1/(s+1),2(s+1)

]s+1

.

Çàñòîñîâóþ÷è òåîðåìó ïðî ðåiòåðàöiþ [3, òåîðåìà 3.11.5] i òåîðåìó ïðî

ñòåïåíi [3, òåîðåìà 3.11.6] ç óðàõóâàííÿì íåðiâíîñòåé (4.80), îòðèìó¹ìî[(
H2(∂Ω), L2(∂Ω)

)
1/(s+1),2(s+1)

]s+1

=
(
L2(∂Ω),W r

2 (∂Ω)
)
s/r,2

.
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Çãiäíî ç [173, òåîðåìà 7.7] ç òî÷íiñòþ äî åêâiâàëåíòíîñòi íîðì ìà¹ìî[
W r

2 (∂Ω), L2(∂Ω)
]

1−s/r = Hs
2(∂Ω),

äå çëiâà ¹ iíòåðïîëÿöiéíèé ïðîñòið, ÿêèé âèçíà÷à¹òüñÿ ÿê îáëàñòü âè-

çíà÷åííÿ îïåðàòîðà As/r [173, îçíà÷åííÿ 2.1]. Òåîðåìà 1.18.10 [86] äà¹

ðiâíiñòü [
W r

2 (∂Ω), L2(∂Ω)
]

1−s/r =
(
W r

2 (∂Ω), L2(∂Ω)
)

1−s/r,2.

Â ðåçóëüòàòi, îòðèìó¹ìî

Bs2,2(∂Ω) = Hs
2(∂Ω). (4.81)

Âèêîðèñòîâóþ÷è (4.81), ðiâíiñòü E2(A) = H2(∂Ω) i îçíà÷åííÿ ïðîñòîðó

Bs2,2(A) , îòðèìó¹ìî ïîòðiáíó íàì ðiâíiñòü (4.77). Òåîðåìà äîâåäåíà.

Òåîðåìà 4.5.4. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

‖u‖H2(∂Ω) ≤ cs,τ |u|sR(A)‖u‖L2(∂Ω), u ∈ R(A), (4.82)

tsE(t, u;R(A), L2(∂Ω)) ≤ 2s+1Cs,τ ‖u‖H2(∂Ω), u ∈ H2(∂Ω), (4.83)

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.3.1,

E(t, u;R(A), L2(∂Ω)) = inf
{
‖u− u0‖L2(∂Ω) : u0 ∈ R(A), |u0|R(A) ≤ t

}
äëÿ âñiõ u ∈ L2(∂Ω) .

Çîêðåìà, äëÿ âñiõ u ∈ H2(∂Ω) ìà¹ìî

inf
{
‖u− u0‖L2(∂Ω) : u0 ∈ Rν(A)

}
≤ ν−s2s+1Cs,τ ‖u‖H2(∂Ω), (4.84)

äå Rν(A) � êîìïëåêñíà ëiíiéíà îáîëîíêà êîðåíåâèõ ïiäïðîñòîðiâ

{R(λj) : |λj| < ν} îïåðàòîðà A .
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Ä î â å ä å í í ÿ. Çàñòîñîâóþ÷è òåîðåìó 2.3.1, ðiâíîñòi (2.76) i (4.77),

îòðèìó¹ìî ïîòðiáíi íåðiâíîñòi (4.82) i (4.83). Îöiíêà (4.84) áåçïîñåðåäíüî

âèïëèâà¹ ç (2.79). Òåîðåìà äîâåäåíà.

Íåõàé òåïåð îïåðàòîð A , çàäàíèé ðiâíiñòþ (4.37), ç îáëàñòþ âèçíà-

÷åííÿ W 2m
q (Ω ; ρqζ ; ρqη) äi¹ â ïðîñòîði Lq(Ω) , äå Ω � îáìåæåíà îáëàñòü

â Rn . Îïåðàòîð A ¹ çàìêíåíèé â Lq(Ω) (äèâ. [86, òåîðåìà 6.6.2]). Ñïåêòð

îïåðàòîðà A ñêëàäà¹òüñÿ ç içîëüîâàíèõ âëàñíèõ çíà÷åíü {λj ∈ C : j ∈ N}
ñêií÷åííî¨ àëãåáðà¨÷íî¨ êðàòíîñòi, éîãî êîðåíåâi âåêòîðè íàëåæàòü Sρ(t)(Ω) ,

à ¨õ ëiíiéíà îáîëîíêà ùiëüíà â Sρ(t)(Ω) i, ÿê íàñëiäîê, ùiëüíà â Lq(Ω) .

Ó ïðîñòîði Á¹ñîâà Bs
q,τ(Ω) ðîçãëÿíåìî ïiäïðîñòið, àñîöiéîâàíèé ç

ôóíêöi¹þ ρ(t) ,

Bs
q,τ,ρ(t)(Ω) =

{
u ∈ Bs

q,τ(Ω) : sup
t∈Ω

ρl(t)|Dαu(t)| <∞ äëÿ âñiõ α i l ∈ N0

}
.

Òåîðåìà 4.5.5. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

‖u‖Bsq,τ (Ω) ≤ cs,τ |u|sR(A)‖u‖Lq(Ω), u ∈ R(A), (4.85)

tsE(t, u;R(A), Lq(Ω)) ≤ 2s+1Cs,τ ‖u‖Bsq,τ (Ω), u ∈ Bs
q,τ,{Bj}(Ω), (4.86)

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.3.1,

E(t, u;R(A), Lq(Ω)) = inf
{
‖u− u0‖Lq(Ω) : u0 ∈ R(A), |u0|R(A) ≤ t

}
äëÿ âñiõ u ∈ Lq(Ω) .

Çîêðåìà, äëÿ âñiõ u ∈ Bs
q,τ,ρ(t)(Ω) ìà¹ìî

inf
{
‖u− u0‖Lq(Ω) : u0 ∈ Rν(A)

}
≤ ν−s2s+1Cs,τ ‖u‖Bsq,τ (Ω), (4.87)

äå Rν(A) � êîìïëåêñíà ëiíiéíà îáîëîíêà êîðåíåâèõ ïiäïðîñòîðiâ

{R(λj) : |λj| < ν} îïåðàòîðà A .

Ä î â å ä å í í ÿ. Ñïî÷àòêó âñòàíîâèìî òàêó ðiâíiñòü:

Eq(A) =
{
u ∈ Eq(D) : sup

t∈Ω
ρl(t)|Dαu(t)| <∞ äëÿ âñiõ α i l ∈ N0

}
. (4.88)
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Îñêiëüêè

‖Aku‖qLq(Ω) ≤ νkq‖u‖qLq(Ω)

≤ ν2kq
( ∑
|α|=k

ν−kq‖Dαu‖qLq(Ω) + ν−kq‖u‖qLq(Ω)

)
äëÿ âñiõ u ∈ Eνq (A) , òî ìà¹ìî

∑
k∈N0

ν−2kq‖Aku‖qLq(Ω) ≤
∑
k∈N0

∑
|α|=k

ν−kq‖Dαu‖qLq(Ω) + ν−kq‖u‖qLq(Ω)

 .

Çàìiíþþ÷è µ = ν2 ïðè ν > 1 , îòðèìó¹ìî

‖u‖qEµq (A)
≤ ‖u‖qEνq (D) +

νq‖u‖qLq(Ω)

νq − 1

≤ ‖u‖qEνq (D) +
νq‖u‖qEνq (D)

νq − 1
=

(
1 +

νq

νq − 1

)
‖u‖qEν(D).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹ âêëàäåííÿ{
u ∈ E

√
ν(D) : sup

t∈Ω
ρl(t)|Dαu(t)| <∞ äëÿ âñiõα i l ∈ N0

}
⊂ Eν(A).

Ç iíøîãî áîêó, çàñòîñîâóþ÷è [86, òåîðåìà 6.5.2/1, ëåìà 6.2.3] äëÿ

äîâiëüíîãî k ∈ N , îòðèìó¹ìî

‖Aku‖Lq(Ω) ≥ ck‖u‖W 2mk
q (Ω;ρqζk;ρqηk)

= ck

[ ∫
Ω

( ∑
|α|=2mk

ρqζk(t)|Dαu(t)|q + ρqηk(t)|u(t)|q
)
dt

] 1
q

≥ ckc
k
ρ

[ ∫
Ω

( ∑
|α|=2mk

|Dαu(t)|q + |u(t)|q
)
dt

] 1
q

= ckc
k
ρ‖u‖W 2mk

q (Ω),
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äå cρ > 0 íå çàëåæèòü âiä k . Îòæå,

‖Ak+1u‖Lq(Ω) = ‖Ak(Au)‖Lq(Ω) ≥ ckc
k
ρ‖Au‖W 2mk

q (Ω)

= ckc
k
ρ

( ∑
|α|=2mk

‖DαAu‖qLq(Ω) + ‖Au‖qLq(Ω)

) 1
q

≥ ckc
k
ρ

( ∑
|α|=2mk

‖ADαu‖qLq(Ω) + ‖Au‖qLq(Ω)

) 1
q

≥ ckc1c
k+1
ρ

( ∑
|α|=2mk

‖Dαu‖qW 2m
q (Ω) + ‖u‖qW 2m

q (Ω)

) 1
q

= ck+1c
k+1
ρ ‖u‖W 2m(k+1)

q (Ω)
,

äå ck+1 = ckc1 = ck+1
1 iíäóêöi¹þ ïî k . Îòæå, äëÿ âñiõ k ∈ N i u ∈ Ck(A) ,

ìà¹ìî ‖Aku‖Lq(Ω) ≥ ck1c
k
ρ‖u‖W 2mk

q (Ω) , äå c1 > 0 íå çàëåæèòü âiä k . Öå äà¹

íåðiâíiñòü ∑
ν−k‖Aku‖Lq(Ω) ≥

∑
((c1cρ)

−1ν)−k‖u‖W k
q (Ω),

ç ÿêî¨ âèïëèâà¹ âêëàäåííÿ

Eνq (A) ⊂
{
u ∈ E (c1cρ)

−1ν
q (D) : sup

t∈Ω
ρl(t)|Dαu(t)| <∞ äëÿ âñiõ α i l ∈ N0

}
.

Ðiâíiñòü (4.88) äîâåäåíî. Ç óðàõóâàííÿì (4.41), ìà¹ìî

Bsq,τ(A,Lq(Ω)) = Bs
q,τ,ρ(t)(Ω). (4.89)

Çàñòîñîâóþ÷è òåîðåìó 2.3.1, ðiâíîñòi (2.76) i (4.89), îòðèìó¹ìî ïî-

òðiáíi íåðiâíîñòi (4.85) i (4.86). Îöiíêà (4.87) áåçïîñåðåäíüî âèïëèâà¹ ç

(2.79). Òåîðåìà äîâåäåíà.

Íåõàé −∞ < a < b <∞ , Ω = (a, b) , m = 1, 2, . . . i l = 0, 1, . . . ,m .

Ðîçãëÿíåìî îïåðàòîð Am,lu iç îçíà÷åííÿ 4.3.2:

Am,lu = (−1)m
dm

dξm

(
pl(ξ)

dmu

dξm

)
.
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Îïåðàòîð Am,l äîïóñêà¹ çàìèêàííÿ Ām,l â L2(Ω) ç îáëàñòþ âèçíà÷åííÿ

C1(Ām,l) =
{
u ∈ W 2m

2 (Ω; p2l) :

u(j)(a) = u(j)(b) = 0, j = 0, . . . ,m− l − 1
}

äëÿ âñiõ l = 0, 1, . . . , m− 1 i C1(Ām,m) = W 2m
2 (Ω; p2m) .

Äëÿ ν > 0 âèçíà÷èìî ïðîñòið

Eν2 (Ām,l) =
{
u ∈ C∞(Ām,l) : ‖u‖Eν2 (Ām,l)

<∞
}
,

äå ‖u‖Eν2 (Ām,l) =
(∑

k∈N0

∥∥(Ām,l/ν
)k
u
∥∥2

L2(Ω)

)1/2

. Ôóíêöiÿ

|u|E2(Ām,l) = ‖u‖L2(Ω) + inf
{
ν > 0: u ∈ Eν2 (Ām,l)

}
¹ êâàçiíîðìîþ íà ïiäïðîñòîði E2(Ām,l) =

⋃
ν>0 Eν2 (Ām,l) , ïðè÷îìó

|u+ v|E2(Ām,l) ≤ |u|E2(Ām,l) + |v|E2(Ām,l) , u, v ∈ E2(Ām,l).

Ðîçãëÿíåìî ïðîñòið

Eν2 (D) =
{
u ∈ C∞(Ω̄) : u(k) ∈ L2(Ω), k ∈ N0

}
,

íàäiëåíèé íîðìîþ ‖u‖Eν2 (D) =
(∑

k∈N0
ν−2k‖u(k)‖2

L2(Ω)

)1/2

i îá'¹äíàííÿ

E2(D) =
⋃
ν>0 Eν2 (D) . Ïðîñòið E2(D) íàäiëèìî êâàçiíîðìîþ |u|E2(D) =

‖u‖L2(Ω) + inf
{
ν > 0: u ∈ Eν2 (D)

}
.

Ëåìà 4.5.1. Âèêîíóþòüñÿ òàêi ðiâíîñòi:

E2(Ām,l) =
{
u ∈ E2(D) : (A k

m,lu)(j)(a) = (A k
m,lu)(j)(b) = 0,

j = 0, . . . ,m− l − 1, l = 0, 1, . . . , m− 1, k ∈ N0

}
,

E2(Ām,m) = E2(D).

Ä î â å ä å í í ÿ. Íåõàé u ∈ C∞(Ω̄) , −1 < h 6= 2m − 1 i

ϕa(ξ) ∈ C∞(Ω̄) � ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâó 0 ≤ ϕa(ξ) ≤ 1 , òî-

òîæíî ðiâíà 1 â äåÿêîìó ïðàâîìó ïiâîêîëi òî÷êè a i íóëþ â äåÿêîìó
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ëiâîìó ïiâîêîëi òî÷êè b , i ϕb(ξ) � ôóíêöiÿ ç àíàëîãi÷íèìè âëàñòèâîñòÿ-

ìè. Âèêîðèñòîâóþ÷è âiäîìó íåðiâíiñòü Õàðäi∫ ∞
0

ξ−σ|f(ξ)|pdξ ≤
(

p

|σ − 1|

)p ∫ ∞
0

ξ−σ+p|f ′(ξ)|pdξ,

1 < p <∞ , σ 6= 1 , f ∈ C∞0 ((0,∞)) (äèâ. [89, òåîðåìà 330]), òà âèáèðà-

þ÷è âiäïîâiäíèì ÷èíîì ϕa(ξ) i ϕb(ξ) , ìà¹ìî∫ b

a

php′
2|u|2dξ ≤ (1 + ε1)

∫ b

a

(|p′(a)|h+2|uϕa|2(ξ − a)h

+|p′(b)|h+2|uϕb|2(b− ξ)h)dξ + c

∫ b−δ1

a+δ1

|u|2dξ

≤ 4(1 + ε2)

(h+ 1)2

∫ b

a

(|(uϕa)′|2 + |(uϕb)′|2)ph+2dξ + c

∫ b−δ2

a+δ2

|u|2dξ.

Âèêîðèñòîâóþ÷è íåðiâíiñòü

|(uϕa)′|2 ≤ (1 + ε3)|u′|2ϕ2
a + c(ε3)(ϕ

′
a)

2,

îòðèìó¹ìî∫ b

a

php′
2|u|2dξ ≤ 4(1 + ε4)

(h+ 1)2

∫ b

a

|u′|2ph+2dξ + c

∫ b−δ3

a+δ3

|u|2dξ. (4.90)

Ïðèïóñòèìî, ùî 0 ∈ ρ(Ām,l) , â iíøîìó âèïàäêó çàìiíèìî L2(Ω) íà

ïiäïðîñòið áåç ñêií÷åííîâèìiðíîãî ÿäðà îïåðàòîðà Ām,l . Òîäi ç åêâiâà-

ëåíòíîñòi (4.46), ç óðàõóâàííÿì îöiíêè (4.90), âèïëèâà¹ iñíóâàííÿ äîäà-

òíèõ ÷èñåë c i C , òàêèõ, ùî

c2k‖u(k)‖2
L2(Ω) ≤ ‖Ā k

m,lu‖2
L2(Ω) ≤ C2k‖u(2km)‖2

L2(Ω).

Çâiäñè ìà¹ìî∑
k∈N0

(Cν2m)−2k‖Ā k
m,lu‖2

L2(Ω) ≤
∑
k∈N0

ν−4km‖u(2km)‖2
L2(Ω) ≤ ‖u‖2

Eν2 (D).
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Òîìó íàÿâíi âêëàäåííÿ{
u ∈ Eν2 (D) : (A k

m,lu)(j)(a) = (A k
m,lu)(j)(b) = 0,

j = 0, . . . ,m− l − 1, k ∈ N0

}
⊂ Eτ2 (Ām,l) äëÿ l = 0, 1, . . . , m− 1,

Eν2 (D) ⊂ Eτ2 (Ām,m),

äå τ = Cν2m .

Íåõàé u ∈ Eν2 (Ām,s) . Òîäi

‖u‖2
Eν2 (Ām,l)

≥
∑
k∈N0

(
c−1ν

)−2k ‖u(k)‖2
L2(Ω).

Çâiäñè âèïëèâàþòü âêëàäåííÿ

Eν2 (Ām,l) ⊂
{
u ∈ Ec−1ν

2 (D) : (A k
m,lu)(j)(a) = (A k

m,lu)(j)(b) = 0,

j = 0, . . . ,m− l − 1, k ∈ N0

}
äëÿ l = 0, 1, . . . , m− 1,

Eν2 (Ām,m) ⊂ Ec−1ν
2 (D),

i ìà¹ìî åêâiâàëåíòíiñòü êâàçiíîðì |u|E2(D) ∼ |u|E2(Ām,l) äëÿ u ∈ E2(Ām,l) .

Ëåìà äîâåäåíà.

Âèçíà÷èìî ôóíêöiîíàë

E(t, u) = inf
{∥∥u− u0

∥∥
L2(Ω)

: u0 ∈ E2(Ām,l),
∣∣u0
∣∣
E(Ām,l)

≤ t
}
, u ∈ L2(Ω).

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} i {0 ≤ s <∞, τ =∞} âè-
çíà÷èìî ïðîñòîðè Bs2,τ(Ām,l) =

{
u ∈ L2(Ω) : |u|Bs2,τ (Ām,l) <∞

}
,

|u|Bs2,τ (Ām,l) =


(∫ ∞

0

[
tαE(t, u)

]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
αE(t, u), τ =∞.

ßêùî [Bs2,τ(Ām,l)]
ϑ � ïðîñòið Bs2,τ(Ām,l) ç êâàçiíîðìîþ |u|ϑBs2,τ (Ām,l)

,

òî, çãiäíî ç òåîðåìîþ 2.2.1 (i), âèêîíó¹òüñÿ ðiâíiñòü

[Bs2,τ(Ām,l)]
ϑ =

(
E2(Ām,l), L2(Ω)

)
ϑ,g
, ϑ = 1/(s+ 1), τ = gϑ

(ç òî÷íiñòþ äî åêâiâàëåíòíîñòi êâàçiíîðì).
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Òåîðåìà 4.5.6. Âèêîíóþòüñÿ òàêi içîìîðôiçìè ïðîñòîðiâ:

Bs2,τ(Ām,l) =
{
u ∈ Bs

2,τ(Ω) : (A k
m,lu)(j)(a) = (A k

m,lu)(j)(b) = 0,

j = 0, . . . ,m− l − 1, k ∈ N0

}
äëÿ l = 0, 1, . . . , m− 1,

Bs2,τ(Ām,m) =Bs
2,τ(Ω),

äå Bs
2,τ(Ω) � êëàñè÷íèé ïðîñòið Á¹ñîâà.

Ä î â å ä å í í ÿ. Ïåðåâiðèìî, ùî E2(D) ñïiâïàäà¹ ç ïðîñòîðîì âñiõ

öiëèõ àíàëiòè÷íèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó, çâóæåííÿ ÿêèõ íà

Ω íàëåæèòü L2(Ω) .

ßêùî u(ξ) ∈ Eν2 (D) , òî ç òåîðåìè âêëàäåííÿ Ñîáîë¹âà

sup
ξ∈Ω
|u(k)(ξ)| ≤ cmax{1, ν}νk‖u‖Eν2 (D) ≤ c0ν

k, k ∈ N0. (4.91)

Çâiäñè âèïëèâà¹

|u(ξ + iη)| ≤
∑
k∈N0

∣∣u(k)(ξ)
∣∣|η|k
k!
≤ c1e

ν|η| (4.92)

äëÿ âñiõ ξ ∈ Ω i η ∈ R , äå ïîñòiéíà c1 íå çàëåæèòü âiä k ∈ N0 . Îòæå,

u ìà¹ öiëå àíàëiòè÷íå ðîçøèðåííÿ åêïîíåíöiàëüíîãî òèïó íà C .

Íåõàé ôóíêöiÿ u çàäîâîëüíÿ¹ (4.92). Òîäi ‖u(k)‖L2(Ω) ≤ c2(2ν)k i∑
k∈N0

(4ν)−2k‖u(k)‖2
L2(Ω) ≤

4

3
sup
k

(2ν)−2k‖u(k)‖2
L2(Ω). (4.93)

Öå îçíà÷à¹, ùî u ∈ E4ν
2 (D) , à, îòæå, u ∈ E2(D) .

Âèêîðèñòîâóþ÷è íåðiâíîñòi (4.91), (4.93) i òåîðåìó Ïåëi-Âiíåðà, îòðè-

ìó¹ìî åêâiâàëåíòíiñòü

|u|E2(D) ∼ inf
v|Ω=u, v∈L2(R)

{
‖v‖L2(R) + sup

ζ∈suppFv
|ζ|
}
,

äå suppFv ïîçíà÷à¹ íîñié ïåðåòâîðåííÿ Ôóð'¹ Fv ôóíêöi¨ v ∈ L2(R) .
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Çàñòîñîâóþ÷è [86, òåîðåìà 4.2.2], [3, òåîðåìà 7.1.7], êëàñè÷íi íåðiâ-

íîñòi Áåðíøòåéíà i Äæåêñîíà [3, ñ. 228], îòðèìó¹ìî

‖u‖1/(l+1)

W l
2(Ω)
≤ cl |u|1−1/(l+1)

E2(D) ‖u‖1/(l+1)
L2(Ω) , u ∈ E2(D), (4.94)

K
(
t, u; E2(D), L2(Ω)

)
≤ cl t

1/(l+1)‖u‖1/(l+1)

W l
2(Ω)

, u ∈ W l
2(Ω), (4.95)

äå l ∈ N i K(t, u; E2(D), L2(Ω)) = inf
u=u0+u1

(
|u0|E2(D) + t ‖u1‖L2(Ω)

)
.

Âèçíà÷èìî ïðîñòið

Bs2,τ(D) :=

{
u ∈ L2(Ω) : |u|Bs2,τ (D) :=

(∫ ∞
0

(
tsE2(t, u)

)τ dt
t

)1/τ

<∞
}
,

äå E2(t, u) = inf
{
‖u− u0‖L2(Ω) : u0 ∈ E2(D), |u0|E2(D) ≤ t

}
. Âèêîðèñòî-

âóþ÷è íåðiâíîñòi (4.94), (4.95) i [3, òåîðåìè 3.11.5, 3.11.6, 7.1.7], [86, òåî-

ðåìà 2.4.2/2], îòðèìó¹ìî

Bs2,τ(D) =
((
E2(D), L2(Ω)

)
1/(s+1),τ(s+1)

)s+1

=
(
L2(Ω), W l

2(Ω)
)
s/l,τ

= Bs
2,τ(Ω). (4.96)

Çàëèøèëîñü âèêîðèñòàòè ëåìó 4.5.1. Òåîðåìà äîâåäåíà.

Òåîðåìà 4.5.7. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

‖u‖Bs2,τ (Ω) ≤ cs,τ |u|sR(Ām,l)
‖u‖L2(Ω), u ∈ R(Ām,l), (4.97)

tsE(t, u;R(Ām,l), L2(Ω)) ≤ 2s+1Cs,τ‖u‖Bs2,τ (Ω), u ∈ Bs2,τ(Ām,l), (4.98)

äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.3.1,

E(t, u;R(Ām,l), L2(Ω)) = inf
{
‖u− u0‖L2(Ω) : u0 ∈ R(Ām,l), |u0|R(Ām,l) ≤ t

}
äëÿ âñiõ u ∈ L2(Ω) .

Çîêðåìà, äëÿ âñiõ u ∈ Bs2,τ
(
Ām,l

)
ìà¹ìî

inf
{
‖u− u0‖L2(Ω) : u0 ∈ Rν(Ām,l)

}
≤ ν−s2s+1Cs,τ |u|Bs2,τ (Ω), (4.99)

äå Rν(Ām,l) � êîìïëåêñíà ëiíiéíà îáîëîíêà êîðåíåâèõ ïiäïðîñòîðiâ{
Rλj(Ām,l) : |λj| < ν

}
îïåðàòîðà Ām,l .
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Ä î â å ä å í í ÿ. Çàñòîñîâóþ÷è òåîðåìè 2.3.1 i 4.5.6, ç óðàõóâàííÿì

ðiâíîñòi (2.76), îòðèìó¹ìî ïîòðiáíi íåðiâíîñòi (4.97) i (4.98). Îöiíêà (4.99)

áåçïîñåðåäíüî âèïëèâà¹ ç (2.79). Òåîðåìà äîâåäåíà.

Íåõàé −∞ < a < b <∞ , Ω = (a, b) , m = 1, 2, . . . i l = 0, 1, . . . ,m .

Ðîçãëÿíåìî îïåðàòîð Bm,lu iç îçíà÷åííÿ 4.3.2:

Bm,lu = Am,lu+
2m−1∑
j=0

bj(ξ)
dju

dξj
, bj(ξ) ∈ C∞(Ω̄).

Îïåðàòîð Bm,l äîïóñêà¹ çàìèêàííÿ B̄m,l â L2(Ω) ç îáëàñòþ âèçíà÷åííÿ

C1(B̄m,l) =
{
u ∈ W 2m

2 (Ω; p2l) :

u(j)(a) = u(j)(b) = 0, j = 0, . . . ,m− l − 1
}

äëÿ âñiõ l = 0, 1, . . . , m− 1 i C1(B̄m,m) = W 2m
2 (Ω; p2m) .

Äëÿ ν > 0 âèçíà÷èìî ïðîñòið

Eν2 (B̄m,l) =
{
u ∈ C∞(B̄m,l) : ‖u‖Eν2 (B̄m,l)

<∞
}
,

äå ‖u‖Eν2 (B̄m,l) =
(∑

k∈N0

∥∥(B̄m,l/ν
)k
u
∥∥2

L2(Ω)

)1/2

. Ôóíêöiÿ

|u|E2(B̄m,l) = ‖u‖L2(Ω) + inf
{
ν > 0: u ∈ Eν2 (B̄m,l)

}
¹ êâàçiíîðìîþ íà ïiäïðîñòîði E2(B̄m,l) =

⋃
ν>0 Eν2 (B̄m,l) , ïðè÷îìó

|u+ v|E2(B̄m,l) ≤ |u|E2(B̄m,l) + |v|E2(B̄m,l) , u, v ∈ E2(B̄m,l).

Ëåìà 4.5.2. Âèêîíóþòüñÿ òàêi ðiâíîñòi:

E2(B̄m,l) =
{
u ∈ E2(D) : (B k

m,lu)(j)(a) = (B k
m,lu)(j)(b) = 0,

j = 0, . . . ,m− l − 1, l = 0, 1, . . . , m− 1, k ∈ N0

}
,

E2(B̄m,m) = E2(D).
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Ä î â å ä å í í ÿ. Ïðèéìåìî, áåç îáìåæåííÿ çàãàëüíîñòi, ùî 0 ∈
ρ(B̄m,l) . Â ñèëó åêâiâàëåíòíîñòi (4.47) iñíó¹ òàêå äîäàòíå ÷èñëî ck > 0 ,

ùî

‖B̄k
m,lu‖L2(Ω) ≥ ck‖u(k)‖L2(Ω), u ∈ Ck(B̄m,l).

Òîìó

‖B̄k+1
m,l u‖L2(Ω) = ‖B̄k

m,l(B̄m,lu)‖L2(Ω) ≥ ck‖(B̄m,lu)(k)‖L2(Ω)

≥ ck‖B̄m,lu
(k)‖L2(Ω) ≥ ck+1‖u(k+1)‖L2(Ω),

äå ck+1 = ckc1 = ck1 . Îòæå, äëÿ áóäü ÿêîãî k ∈ N i âñiõ u ∈ Ck(B̄m,l)

ìà¹ìî

‖B̄k
m,lu‖L2(Ω) ≥ ck1‖u(k)‖L2(Ω), u ∈ Ck(B̄m,l),

äå ïîñòiéíà c1 íå çàëåæèòü âiä k . Iç öi¹¨ íåðiâíîñòi âèïëèâà¹
∞∑
k=0

ν−2k‖B̄k
m,lu‖2

L2(Ω) ≥
∞∑
k=0

(c−1
1 ν)−2k‖u(k)‖2

L2(Ω),

à îòæå,

Eν2 (B̄m,l) ⊂
{
u ∈ Ec−1ν

2 (D) : (B k
m,lu)(j)(a) = (B k

m,lu)(j)(b) = 0,

j = 0, . . . ,m− l − 1, k ∈ N0

}
äëÿ l = 0, 1, . . . , m− 1,

Eν2 (B̄m,m) ⊂ Ec−1ν
2 (D).

Âèêîðèñòîâóþ÷è ðiâíiñòü (2.7), äëÿ u ∈ Eν2 (B̄m,l) i k ∈ N ìà¹ìî

‖B̄k
m,lu‖L2(Ω) ≤ νk‖u‖L2(Ω) . Òîìó

∞∑
k=0

ν−4k‖B̄k
m,lu‖2

L2(Ω) ≤
∞∑
k=0

ν−2k‖u(k)‖2
L2(Ω).

Çâiäñè âèïëèâà¹{
u ∈ E

√
ν

2 (D) : (B̄ k
m,lu)(j)(a) = (B̄ k

m,lu)(j)(b) = 0,

j = 0, . . . ,m− l − 1, k ∈ N0

}
⊂ Eν2 (B̄m,l) äëÿ l = 0, 1, . . . , m− 1,

E
√
ν

2 (D) ⊂ Eν2 (B̄m,m),
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i ìà¹ìî åêâiâàëåíòíiñòü êâàçiíîðì |u|E2(D) ∼ |u|E2(B̄m,l) äëÿ u ∈ E2(B̄m,l) .

Ëåìà äîâåäåíà.

Âèçíà÷èìî ôóíêöiîíàë

E(t, u) = inf
{∥∥u− u0

∥∥
L2(Ω)

: u0 ∈ E2(B̄m,l),
∣∣u0
∣∣
E(B̄m,l)

≤ t
}
, u ∈ L2(Ω).

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τ ≤ ∞} i {0 ≤ s <∞, τ =∞} âè-
çíà÷èìî ïðîñòîðè Bs2,τ(B̄m,l) =

{
u ∈ L2(Ω) : |u|Bs2,τ (B̄m,l) <∞

}
,

|u|Bs2,τ (B̄m,l) =


(∫ ∞

0

[
tαE(t, u)

]τ dt
t

)1/τ

, 0 < τ <∞,

supt>0 t
αE(t, u), τ =∞.

ßêùî [Bs2,τ(B̄m,l)]
ϑ � ïðîñòið Bs2,τ(B̄m,l) ç êâàçiíîðìîþ |u|ϑBs2,τ (B̄m,l)

,

òî, çãiäíî ç òåîðåìîþ 2.2.1 (i), âèêîíó¹òüñÿ ðiâíiñòü

[Bs2,τ(B̄m,l)]
ϑ =

(
E2(B̄m,l), L2(Ω)

)
ϑ,g
, ϑ = 1/(s+ 1), τ = gϑ

(ç òî÷íiñòþ äî åêâiâàëåíòíîñòi êâàçiíîðì).

Òåîðåìà 4.5.8. Âèêîíóþòüñÿ òàêi içîìîðôiçìè ïðîñòîðiâ:

Bs2,τ(B̄m,l) =
{
u ∈ Bs

2,τ(Ω) : (B k
m,lu)(j)(a) = (B k

m,lu)(j)(b) = 0,

j = 0, . . . ,m− l − 1, k ∈ N0

}
äëÿ l = 0, 1, . . . , m− 1,

Bs2,τ(B̄m,m) =Bs
2,τ(Ω),

äå Bs
2,τ(Ω) � êëàñè÷íèé ïðîñòið Á¹ñîâà.

Ä î â å ä å í í ÿ. Ïîòðiáíi ðiâíîñòi âèïëèâàþòü iç (4.96) i ëåìè 4.5.2.

Òåîðåìà äîâåäåíà.

Òåîðåìà 4.5.9. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

‖u‖Bs2,τ (Ω) ≤ cs,τ |u|sR(B̄m,l)
‖u‖L2(Ω), u ∈ R(B̄m,l), (4.100)

tsE(t, u;R(B̄m,l), L2(Ω)) ≤ 2s+1Cs,τ‖u‖Bs2,τ (Ω), u ∈ Bs2,τ(B̄m,l),(4.101)
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äå ïîñòiéíi cs,τ i Cs,τ ç òåîðåìè 2.3.1,

E(t, u;R(B̄m,l), L2(Ω)) = inf
{
‖u− u0‖L2(Ω) : u0 ∈ R(B̄m,l), |u0|R(B̄m,l) ≤ t

}
äëÿ âñiõ u ∈ L2(Ω) .

Çîêðåìà, äëÿ âñiõ u ∈ Bs2,τ
(
B̄m,l

)
ìà¹ìî

inf
{
‖u− u0‖L2(Ω) : u0 ∈ Rν(B̄m,l)

}
≤ ν−s2s+1Cs,τ |u|Bs2,τ (Ω), (4.102)

äå Rν(B̄m,l) � êîìïëåêñíà ëiíiéíà îáîëîíêà êîðåíåâèõ ïiäïðîñòîðiâ{
Rλj(B̄m,l) : |λj| < ν

}
îïåðàòîðà B̄m,l .

Ä î â å ä å í í ÿ. Çàñòîñîâóþ÷è òåîðåìè 2.3.1 i 4.5.8, ç óðàõóâàííÿì

ðiâíîñòi (2.76), îòðèìó¹ìî ïîòðiáíi íåðiâíîñòi (4.100) i (4.101). Îöiíêà

(4.102) áåçïîñåðåäíüî âèïëèâà¹ ç (2.79). Òåîðåìà äîâåäåíà.

Âèñíîâêè äî ðîçäiëó 4

Ó äàíîìó ðîçäiëi îïèñàíî ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëü-

íîãî òèïó ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â îáìå-

æåíèõ îáëàñòÿõ Ω i íà êîìïàêòíèõ ìíîãîâèäàõ êëàñó C∞ . Äîâåäåíî,

ùî ó âèïàäêó íåïîðîæíüî¨ ðåçîëüâåíòíî¨ ìíîæèíè ðåãóëÿðíî åëiïòè÷íî-

ãî îïåðàòîðà ïðîñòið öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó ñïiâïàäà¹ ç

ïiäïðîñòîðîì öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó, çâóæåííÿ ÿêèõ íà

Ω íàëåæèòü ïðîñòîðó Lp(Ω) (òåîðåìà 4.1.2). Àíàëîãi÷íèé ðåçóëüòàò äëÿ

êîìïàêòíèõ ìíîãîâèäiâ êëàñó C∞ îòðèìàíî â òåîðåìi 4.1.4.

Âñòàíîâëåíî íîâi îçíàêè ïîâíîòè ìíîæèíè êîðåíåâèõ âåêòîðiâ ðåãó-

ëÿðíî åëiïòè÷íîãî îïåðàòîðà â ïðîñòîðàõ Lp(Ω) (1 < p <∞ ). Ïðè öüî-

ìó âèêîðèñòàíî âiäîìi îçíàêè ïîâíîòè êîðåíåâèõ âåêòîðiâ êîìïàêòíèõ



248

îïåðàòîðiâ â ãiëüáåðòîâîìó ïðîñòîði òà îçíàêè ùiëüíîñòi ìíîæèíè öi-

ëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà â áàíàõîâèõ ïðîñòîðàõ

(òåîðåìè 4.2.1, 4.2.2, 4.2.3).

Îïèñàíî ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó âèðîäæå-

íèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ, ùî õàðàêòåðèçóþòüñÿ ñèëü-

íèì âèðîäæåííÿì êîåôiöi¹íòiâ ïîáëèçó ãðàíèöi (i íà íåñêií÷åííîñòi) (òå-

îðåìà 4.3.1), çâè÷àéíèõ âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðà-

òîðiâ â îáìåæåíîìó iíòåðâàëi (òåîðåìà 4.3.2) òà âèðîäæåíèõ åëiïòè÷íèõ

äèôåðåíöiàëüíèõ îïåðàòîðiâ ç ÷àñòèííèìè ïîõiäíèìè â îáìåæåíèõ îáëà-

ñòÿõ ç íåñêií÷åííî ãëàäêîþ ãðàíèöåþ (òåîðåìè 4.3.3, 4.3.4, 4.3.5).

Îïèñàíî iíòåðïîëÿöiéíi ïðîñòîðè âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó

ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â îáìåæåíèõ îáëà-

ñòÿõ êëàñó C∞ (òåîðåìà 4.4.1), âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëü-

íèõ îïåðàòîðiâ, ùî õàðàêòåðèçóþòüñÿ ñèëüíèì âèðîäæåííÿì êîåôiöi¹í-

òiâ ïîáëèçó ãðàíèöi (i íà íåñêií÷åííîñòi) (òåîðåìà 4.4.2) i óçàãàëüíåíèõ

äèôåðåíöiàëüíèõ îïåðàòîðiâ Ëåæàíäðà (òåîðåìà 4.4.3).

Îïèñàíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ðåãóëÿðíèìè åëi-

ïòè÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè â îáìåæåíèõ îáëàñòÿõ Ω i íà

êîìïàêòíèõ ìíîãîâèäàõ êëàñó C∞ . Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåé-

íà i Äæåêñîíà â òåðìiíàõ êâàçiíîðì òàêèõ àïðîêñèìàöiéíèõ ïðîñòîðiâ

(òåîðåìè 4.5.2, 4.5.4) ç òî÷íèìè çíà÷åííÿìè êîíñòàíò, ùî õàðàêòåðèçó-

þòü îöiíêè íàéêðàùèõ íàáëèæåíü ôóíêöié ïðîñòîðiâ Ëåáåãà êîðåíåâèìè

ôóíêöiÿìè âiäïîâiäíèõ îïåðàòîðiâ.

Îïèñàíî òàêîæ àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç âèðîäæåíè-

ìè åëiïòè÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè, ùî õàðàêòåðèçóþòüñÿ

ñèëüíèì âèðîäæåííÿì êîåôiöi¹íòiâ ïîáëèçó ãðàíèöi (i íà íåñêií÷åííî-

ñòi), óçàãàëüíåíèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè Ëåæàíäðà (òåîðå-

ìè 4.5.6, 4.5.8). Äîâåäåíî âiäïîâiäíi íåðiâíîñòi òèïó Áåðíøòåéíà i Äæå-

êñîíà (òåîðåìè 4.5.5, 4.5.7, 4.5.9) ç òî÷íèìè çíà÷åííÿìè êîíñòàíò, ùî òà-



249

êîæ äàþòü àíàëiòè÷íi îöiíêè íàéêðàùèõ íàáëèæåíü ôóíêöié ïðîñòîðiâ

Ëåáåãà êîðåíåâèìè ôóíêöiÿìè âêàçàíèõ îïåðàòîðiâ.

Îñíîâíi ðåçóëüòàòè ðîçäiëó 4 îïóáëiêîâàíi ó ïðàöÿõ [20,22,27,29,31,

36,38�40,42,44,50,52,55,56,131,133,134,137,138,145].
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ÐÎÇÄIË 5

ÒÅÍÇÎÐÍI ÄÎÁÓÒÊÈ ÀÏÐÎÊÑÈÌÀÖIÉÍÈÕ

ÏÐÎÑÒÎÐIÂ

Ó äàíîìó ðîçäiëi ðîçâèíåìî òåîðiþ òåíçîðíèõ äîáóòêiâ àïðîêñèìà-

öiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç íàáîðàìè çàìêíåíèõ îïåðàòîðiâ, à òà-

êîæ âiäïîâiäíi íåðiâíîñòi Áåðíøòåéíà i Äæåêñîíà ç òî÷íèìè îöiíêàìè

íàéêðàùèõ íàáëèæåíü êîðåíåâèìè ôóíêöiÿìè òàêèõ îïåðàòîðiâ ó ðiçíèõ

ôóíêöiîíàëüíèõ ïðîñòîðàõ.

5.1. Öiëi âåêòîðè åêñïîíåíöiàëüíîãî òèïó íà òåíçîðíèõ

äîáóòêàõ áàíàõîâèõ ïðîñòîðiâ

Íåõàé
{
Xj, ‖ · ‖Xj

}J
j=1

� ñêií÷åííèé íàáið áàíàõîâèõ ïðîñòîðiâ íàä

ïîëåì C, ⊗jXj := X1 ⊗ . . . ⊗ XJ � ¨õ òåíçîðíèé äîáóòîê, íà ÿêîìó

çàäà¹ìî ïðîåêòèâíó íîðìó

‖w‖⊗jXj = inf
w=
∑
n⊗jx

j
n

N∑
n=1

‖x1
n‖X1

· . . . · ‖xJn‖XJ ,

äå inf áåðåòüñÿ ïî âñiõ çîáðàæåííÿõ åëåìåíòà w ∈ ⊗jXj ó âèãëÿäi ñóìè

w =
∑N

n=1⊗jxjn çi ñêií÷åííèì N, xjn ∈ Xj i ⊗jxjn = x1
n ⊗ . . .⊗ xJn ∈

⊗jXj . Ïîïîâíåííÿ ïðîñòîðó ⊗jXj ó ïðîåêòèâíié íîðìi ïîçíà÷èìî ÷åðåç

⊗̃jXj := X1⊗̃ . . . ⊗̃XJ . Âiäçíà÷èìî, ùî çãiäíî ç òåîðåìîþ Ãðîòåíäiêà [93,

ãëàâà III, òåîðåìà 6.4] äîâiëüíèé åëåìåíò ïîïîâíåííÿ X ìà¹ âèãëÿä ñóìè

äåÿêîãî àáñîëþòíî çáiæíîãî ðÿäó w =
∑

n⊗jxjn .
Íà ïðîñòîði Xj (j = 1, . . . , J) ðîçãëÿäà¹ìî íåîáìåæåíèé çàìêíåíèé

ëiíiéíèé îïåðàòîð Aj : C1(Aj) ⊂ Xj → Xj iç ùiëüíîþ îáëàñòþ âèçíà÷åí-

íÿ C1(Aj). Äëÿ áóäü-ÿêèõ ÷èñåë νj > 0 , 1 ≤ pj ≤ ∞ âèçíà÷èìî áàíàõîâi
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ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà Aj

Eνjpj (Aj) =
{
x ∈ C∞(Aj) : ‖x‖Eνjpj (Aj)

<∞
}

ç íîðìîþ

‖x‖Eνjpj (Aj)
=


(∑
k∈N0

∥∥(Aj/νj)
kx
∥∥pj
Xj

)1/pj

, 1 ≤ pj <∞,

sup
k∈N0

∥∥(Aj/νj)
kx
∥∥
Xj
, pj =∞.

Ïîáóäó¹ìî òåíçîðíèé äîáóòîê

⊗jEνjpj (Aj) := Eν1
p1

(A1)⊗ . . .⊗ EνJpJ (AJ)

ç ïðîåêòèâíîþ íîðìîþ

‖w‖⊗jEνjpj (Aj)
= inf

w=
∑
n⊗jx

j
n

N∑
n=1

‖x1
n‖Eν1p1 (A1) · . . . · ‖xJn‖EνJpJ (AJ).

Íåõàé ⊗̃jE
νj
pj (Aj) � ïîïîâíåííÿ ⊗jE

νj
pj (Aj) ó öié íîðìi.

Ëåìà 5.1.1. Äëÿ áóäü-ÿêèõ 0 ≤ νj ≤ γj (j = 1, . . . , J) i

w ∈ ⊗̃jE
νj
pj (Aj) âèêîíóþòüñÿ âêëàäåííÿ

⊗̃jEνjpj (Aj) ⊂ ⊗̃jEγjpj (Aj) ⊂ ⊗̃jXj. (5.1)

Ä î â å ä å í í ÿ. Ïåðøå iç âêëàäåíü (5.1) âèïëèâà¹ ç íåðiâíîñòi

∞∑
n=1

‖x1
n‖Eγ1

p1 (A1) · . . . · ‖xJn‖EγJpJ (AJ) ≤
∞∑
n=1

‖x1
n‖Eν1p1 (A1) · . . . · ‖xJn‖EνJpJ (AJ).

Â ñèëó íåðiâíîñòi
∞∑
n=1

‖x1
n‖X1

· . . . · ‖xJn‖XJ ≤
∞∑
n=1

‖x1
n‖Eγ1

p1 (A1) · . . . · ‖xJn‖EγJpJ (AJ) <∞

ðÿä
∑∞

n=1⊗jxjn àáñîëþòíî çáiæíèé â ïðîñòîði ⊗̃jXj. Îñêiëüêè ïðîñòið

⊗̃jXj ïîâíèé, òî
∑∞

n=1⊗jxjn = w ∈ ⊗̃jXj, çâiäêè îòðèìó¹ìî äðóãå âêëà-

äåííÿ â (5.1). Ëåìà äîâåäåíà.
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Íåõàé
{
Eνj(n)
pj (Aj)

}
� ïîñëiäîâíiñòü ïðîñòîðiâ, ùî âiäïîâiäà¹ íåñïà-

äíié ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë {νj(n)}n∈N, òàêié, ùî lim
n→∞

νj(n) =∞ .

Âèçíà÷èìî ïðîñòið ðÿäiâ âèãëÿäó

l1
[
⊗̃jEνj(n)

pj
(Aj); ⊗̃jXj

]
=
{
w =

∞∑
n=1

wn ∈ ⊗̃jXj : wn ∈ ⊗̃jEνj(n)
pj

(Aj),

∞∑
n=1

‖wn‖⊗̃jEνj(n)
pj (Aj)

<∞
}

ç íîðìîþ ‖w‖l1 = inf
w=
∑
n wn

∑∞
n=1 ‖wn‖⊗̃jEνj(n)

pj (Aj)
.

Ëåìà 5.1.2. ßêùî ïiäïðîñòið
⋃
νj(n)>0 E

νj(n)
pj (Aj) ùiëüíèé â Xj äëÿ

âñiõ j = 1, . . . , J , òî âèêîíó¹òüñÿ içîìîðôiçì

⊗̃jXj = l1
[
⊗̃jEνj(n)

pj
(Aj); ⊗̃jXj

]
. (5.2)

Ä î â å ä å í í ÿ. Iç íåðiâíîñòi ‖w‖⊗̃jXj ≤ ‖w‖l1 ìà¹ìî âêëàäåííÿ

l1
[
⊗̃jEνj(n)

pj
(Aj); ⊗̃jXj

]
⊂ ⊗̃jXj (5.3)

äëÿ âñiõ w ∈ l1
[
⊗̃jE

νj(n)
pj (Aj); ⊗̃jXj

]
.

Ç iíøîãî áîêó, íåðiâíiñòü ‖w‖l1 ≤ ‖w‖⊗̃jEνj(n)
pj (Aj)

âèêîíó¹òüñÿ äëÿ

âñiõ w ∈ ⊗̃jE
νj(n)
pj (Aj) . Iç îçíà÷åííÿ íîðìè ïðîñòîðó Eνj(n)

pj (Aj) âèïëè-

âà¹, ùî äëÿ âñiõ x ∈ Eνj(n)
pj (Aj) (j = 1, . . . , J) âèêîíó¹òüñÿ ðiâíiñòü

lim
n→∞
‖x‖

E
νj(n)
pj (Aj)

= ‖x‖Xj . Òîìó,

‖w‖l1 ≤ lim
n→∞
‖w‖

⊗̃jE
νj(n)
pj (Aj)

= ‖w‖⊗̃jXj

äëÿ âñiõ w ∈
⋃
νj(n)>0 ⊗̃jE

νj(n)
pj (Aj) i ìà¹ìî âêëàäåííÿ⋃

νj(n)>0

⊗̃jEνj(n)
pj

(Aj) ⊂ l1
[
⊗̃jEνj(n)

pj
(Aj); ⊗̃jXj

]
.

Iç ðiâíîñòi
⋃
νj(n)>0 ⊗̃jE

νj(n)
pj (Aj) = ⊗̃j

⋃
νj(n)>0 E

νj(n)
pj (Aj) i óìîâè ùiëü-

íîñòi
⋃
νj(n)>0 E

νj(n)
pj (Aj) = Xj îòðèìó¹ìî⋃

νj(n)>0

⊗̃jE
νj(n)
pj (Aj) = ⊗̃jXj.
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Òàêèì ÷èíîì,

⊗̃jXj ⊂ l1
[
⊗̃jEνj(n)

pj
(Aj); ⊗̃jXj

]
. (5.4)

Ðiâíiñòü (5.2) âèïëèâà¹ ç (5.3) i (5.4). Ëåìà äîâåäåíà.

Êîæíîìó îïåðàòîðó Aj íàä ïðîñòîðîì ⊗̃jXj ïîñòàâèìî ó âiäïîâiä-

íiñòü îïåðàòîð

Aj := I1 ⊗ . . .⊗ Aj ⊗ . . .⊗ IJ ,

äå Ij � îäèíè÷íèé îïåðàòîð â Xj . Îïåðàòîð Aj ç îáëàñòþ âèçíà÷åííÿ

C1(Aj) =
{ ∞∑
n=1

⊗ixin ∈ ⊗̃iXi : xjn ∈ C1(Aj), x
i
n ∈ Xi ïðè i 6= j

}
çàìêíåíèé â ⊗̃jXj .

Ñïåêòð íåîáìåæåíîãî îïåðàòîðà Aj íàä ïðîñòîðîì Xj ïîçíà÷èìî

÷åðåç σ(Aj) , ðåçîëüâåíòó � Rλ(Aj) = (λIj − Aj)
−1 . Ñïåêòð íåîáìåæå-

íîãî îïåðàòîðà Aj íàä ïðîñòîðîì ⊗̃jXj ïîçíà÷èìî σ(Aj) .
Äëÿ âñiõ j = 1, . . . , J âèêîíó¹òüñÿ ðiâíiñòü

σ(Aj) = σ(Aj).

Öå âèïëèâà¹ ç ðiâíîñòi

Rλ(Aj) = I1 ⊗ . . .⊗Rλ(Aj)⊗ . . .⊗ IJ ,

äå Rλ(Aj) = [λ(I1 ⊗ . . . ⊗ IJ)−Aj]−1 � ðåçîëüâåíòà îïåðàòîðà Aj íàä

ïðîñòîðîì ⊗̃jXj , âèçíà÷åíà ïðè λ ∈ C\σ(Aj) .
Âêëàäåííÿ (5.1) iç ëåìè 5.1.1 äîçâîëÿþòü íà

⋃
νj>0 ⊗̃jE

νj
pj (Aj) âèçíà-

÷èòè iíäóêòèâíó ãðàíèöþ lim indνj→∞ ⊗̃jE
νj
pj (Aj) , òàê, ùî

lim ind
νj→∞

⊗̃jEνjpj (Aj) = lim ind
ν1→∞

. . . lim ind
νJ→∞

⊗̃jEνjpj (Aj).

Íà ïiäïðîñòîði Epj(Aj) ìîæíà çàäàòè òîïîëîãiþ iíäóêòèâíî¨ ãðàíè-

öi, òîáòî

Epj(Aj) = lim ind
νj→+∞

Eνjpj (Aj).
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Ïðè öüîìó âêëàäåííÿ Epj(Aj) ⊂ Xj íåïåðåðâíå. Äëÿ ñïðîùåííÿ çàïèñiâ

äàëi iíäåêñ j îïóñêà¹ìî. Äëÿ ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë {νn}n∈N ,
òàêî¨, ùî limn→∞ νn =∞ , íàÿâíèé òîïîëîãi÷íèé içîìîðôiçì

Ep(A) = lim ind
n→∞

Eνnp (A).

Öåé ôàêò âèïëèâà¹ ç âëàñòèâîñòåé iíäóêòèâíèõ ãðàíèöü [93, ãëàâà II,

� 6]. Äiéñíî, âèçíà÷èìî ií'¹êöiþ: f : ⊕n∈NEνnp (A)→ ⊕ν∈R+
Eνp (A) i íåõàé

ϕ∗ : ⊕n∈NEνnp (A)→ lim ind
n→∞

Eνnp (A),

ϕ : ⊕ν∈R+
Eνp (A)→ lim ind

ν→+∞
Eνp (A)

� ôàêòîð-âiäîáðàæåííÿ. Ïîêëàäåìî ψ = ϕ · f · (ϕ∗)−1 , äå (ϕ∗)−1 �

îáåðíåíå âiäîáðàæåííÿ äî ϕ∗ . Îñêiëüêè f(Ker(ϕ∗)) ⊂ Ker(ϕ) , òî âiä-

îáðàæåííÿ ψ âèçíà÷åíå òà ií'¹êòèâíå iç ïðîñòîðó lim indn→∞ Eνnp (A) â

lim indν→+∞ Eνp (A) . Ôàêòîð-âiäîáðàæåííÿ ϕ i ϕ∗ � íåïåðåðâíi i âiäêðè-

òi, f � òîïîëîãi÷íèé içîìîðôiçì, òîìó ψ � òîïîëîãi÷íèé içîìîðôiçì iç

lim indn→∞ Eνnp (A) íà ñâîþ îáëàñòü çíà÷åíü. Íåõàé x � äîâiëüíèé íåíó-

ëüîâèé åëåìåíò iç lim indν→+∞ Eνp (A) . Òîäi iñíó¹ òàêå ν > 0 , ùî âiäïîâiä-

íà ïðîåêöiÿ xν = πν(x) âiäìiííà âiä íóëÿ. Êðiì òîãî, iñíó¹ òàêå n ∈ N ,

ùî ν ≤ n i ϕν = ϕn · ϕνn , äå ϕνn � íåïåðåðâíå ëiíiéíå âiäîáðàæåííÿ

Eνp (A) â Eνnp (A) . Òîìó â Eνp (A) çíàéäåòüñÿ åëåìåíò xn 6= 0 , òàêèé, ùî

ϕνn(xν) = xn . Îñêiëüêè ψ · ϕ∗ · ϕn = ϕn , òî iñíó¹ íåíóëüîâèé åëåìåíò

xn ∈ lim indn→∞ Eνnp (A) , òàêèé, ùî xn = πn(x) i ψ(xn) = xν . Îòæå, ψ �

òîïîëîãi÷íèé içîìîðôiçì iç lim indn→∞ Eνnp (A) íà lim indν→+∞ Eνp (A) .

Òåîðåìà 5.1.1. Êîæíà îáìåæåíà ïiäìíîæèíà S ïðîñòîðó Ep(A)

ìiñòèòüñÿ i îáìåæåíà â äåÿêîìó ïðîñòîði Eνp (A) .

Ä î â å ä å í í ÿ. Ïðèïóñòèìî, ùî ïåðåòèí îáìåæåíî¨ ìíîæèíè S

ç êîæíèì iç ïiäïðîñòîðiâ Eνp (A) íåîáìåæåíèé. Òîäi äëÿ ν > 0 i êîæíî¨

ïîñëiäîâíîñòi (xn)n∈N ⊂ S çíàéäóòüñÿ ïîñëiäîâíîñòi ÷èñåë 0 ≤ ξn →∞



255

i kn ∈ N0 òàêi, ùî
kn∑
k=0

∥∥(A/ν)kxn
∥∥p ≥ ξ2p

n . Ç iíøîãî áîêó, äëÿ áóäü-ÿêîãî

îïóêëîãî îêîëó U â Ep(A) iñíó¹ òàêå ÷èñëî δ > 0 , ùî δS ⊂ U . Îêië U

âèçíà÷à¹òüñÿ ïîñëiäîâíiñòþ êóëü ç öåíòðîì â íóëi ðàäióñà εs ç ïðîñòîðó

Esp(A) , òîáòî

U =

{
x =

m∑
s=1

λsys : ys ∈ Esp(A), ‖ys‖Esp ≤ εs,
m∑
s=1

λs = 1, λs ≥ 0,m ∈ N
}
.

Îñêiëüêè (xn) ⊂ S , òî δ(xn) ⊂ U . Òîìó xn =
∑m

s=1 λsnysn , äå

ysn ∈ Esp(A), δ‖ysn‖Esp ≤ εs,
∑
s

λsn = 1, λsn ≥ 0, n ∈ N.

Çâiäñè ìà¹ìî

ξ2
n ≤

∑
s

λsn

[
kn∑
k=0

∥∥(A/ν)kysn
∥∥p]1/p

≤
∑
s

λsn

[
kn∑
k=0

(∥∥(A/s)kysn
∥∥(s

ν

)k)p]1/p

≤
∑
s

λsn max
k≤kn

(s
ν

)k [ kn∑
k=0

∥∥(A/s)kysn
∥∥p]1/p

≤ 1

δ

∑
s

λsn max
k≤kn

(s
ν

)k
εs ≤

1

δ
sup

k≤kn,1≤s

[(s
ν

)k
εs

]
.

Âèáèðàþ÷è εs òàê, ùîá 0 ≤ εs ≤ inf
n

[
ξn

(s
ν

)kn]
, ìà¹ìî

δξ2
n ≤ sup

k≤kn,1≤s

[(s
ν

)k
εs

]
≤ ξn,

àáî δξn ≤ 1 , ùî íåìîæëèâî. Òåîðåìà äîâåäåíà.

Íåõàé E ′p(A) i E−νp (A) � òîïîëîãi÷íî ñïðÿæåíi âåêòîðíi ïðîñòîðè

âiäïîâiäíî äî Ep(A) i Eνp (A) . Âèêîðèñòîâóþ÷è âiäîìi ñïiââiäíîøåííÿ

äâî¨ñòîñòi [93, ãëàâà IV, � 4] i òåîðåìó 5.1.1, îòðèìó¹ìî òàêèé íàñëiäîê.
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Íàñëiäîê 5.1.1. ßêùî íà ñïðÿæåíèõ ïðîñòîðàõ E ′p(A) i E−νp (A)

çàäàíi ¨õ ñèëüíi òîïîëîãi¨, àáî òîïîëîãi¨ Ìàêêi, òî âèêîíó¹òüñÿ òîïî-

ëîãi÷íèé içîìîðôiçì

E ′p(A) = lim pr
ν→+∞

E−νp (A),

äå â ïðàâié ÷àñòèíi ïðèâåäåíà ëîêàëüíî îïóêëà ïðîåêòèâíà ãðàíèöÿ.

Çîêðåìà, â ñèëüíié òîïîëîãi¨ E ′p(A) ¹ ïðîñòîðîì Ôðåøå.

ßêùî ‖ϕ‖E−νp = sup
‖x‖Eνp≤1

| < x,ϕ > | � íîðìà ïðîñòîðó E−νp (A) ,

Φ−ν : E ′p(A) 3 ψ → ϕ ∈ E−νp (A) � ïðîåêöiÿ, òî ñèëüíó òîïîëîãiþ íà

E ′p(A) ìîæíà çàäàòè íàáîðîì ïiâíîðì âèãëÿäó q−ν(ψ) = ‖Φ−νψ‖E−νp .

Òåîðåìà 5.1.2. Ïðîñòið Ep(A) iíâàðiàíòíèé âiäíîñíî îïåðàòîðà

A i âiäïîâiäíå çâóæåííÿ AEp := A|Ep(A) ¹ åëåìåíòîì àëãåáðè L (Ep(A))

ëiíiéíèõ íåïåðåðâíèõ âiäîáðàæåíü íàä Ep(A) .

Ä î â å ä å í í ÿ. Â ñèëó íåðiâíîñòi ‖Ax‖Eνp ≤ ν‖x‖Eνp , x ∈ E
ν
p (A) ,

âiäîáðàæåííÿ A : Eνp (A) → Eνp (A) íåïåðåðâíå. Îñêiëüêè íàÿâíèé òîïî-

ëîãi÷íèé içîìîðôiçì Ep(A) = lim ind
ν→+∞

Eνp (A) , òî ç îñíîâíî¨ âëàñòèâîñòi

iíäóêòèâíèõ ãðàíèöü [93, ñ. 73] âèïëèâà¹, ùî AEp ∈ L (Ep(A)) . Òåîðåìà

äîâåäåíà.

Íåõàé F � ïðîñòið Ôðåøå, Q = {q} � ñïðÿìîâàíèé íàáið ïiâíîðì,

ùî çàäà¹ òîïîëîãiþ F . Îïåðàòîð T ∈ L (F) ¹ (ðiâíîìiðíî) ïiâîáìåæå-

íèé [64, ñ. 504], ÿêùî äëÿ áóäü-ÿêî¨ ïiâíîðìè q ∈ Q iñíó¹ òàêå ÷èñëî

c = c(q, T ) > 0 (âiäïîâiäíî ÷èñëî c = c(T ) > 0 ), ùî

q(Tx) ≤ cq(x) äëÿ âñiõ x ∈ F .

Ïiäàëãåáðó (ðiâíîìiðíî) ïiâîáìåæåíèõ îïåðàòîðiâ àëãåáðè L (F) âñiõ íå-

ïåðåðâíèõ ëiíiéíèõ îïåðàòîðiâ íàä F ïîçíà÷èìî ÷åðåç U (F) (âiäïîâiäíî

S (F) ).
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Òåîðåìà 5.1.3. Ñïðÿæåíèé îïåðàòîð A′Ep äî îïåðàòîðà AEp âiä-

íîñíî äóàëüíî¨ ïàðè < Ep(A), E ′p(A) > ¹ ïiâîáìåæåíèì îïåðàòîðîì íàä

ïðîñòîðîì E ′p(A) iç ñèëüíîþ òîïîëîãi¹þ.

Ä î â å ä å í í ÿ. Íåõàé x ∈ Eνp (A) i 0 < ν < τ . Òîäi

‖(A/τ)nx‖Eτp =

(∑
k∈N0

(ν/τ)(k+n)p
∥∥(A/ν)k+nx

∥∥p)1/p

≤ (ν/τ)n
(∑
k∈N0

(ν/τ)kp
∑
m∈N0

‖(A/ν)mx‖p
)1/p

= (ν/τ)n (1− (ν/τ)p)
−1/p ‖x‖Eνp ,

çâiäêè ‖(A/τ)nx‖Eτp ≤ τn‖x‖Eνp äëÿ âñiõ n ∈ N0 .

Ïiâíîðìè, ÿêi âèçíà÷àþòü ñèëüíó òîïîëîãiþ ïðîñòîðó E ′p(A) ìîæíà

çàïèñàòè ó âèãëÿäi q−ν(ψ) = sup
‖x‖Eνp≤1

| < x, ψ > | , äå x ∈ Eνp (A) . Äëÿ âñiõ

n ∈ N0 ìà¹ìî

q−ν(A
′n
Ep ψ) = τn sup

τn‖x‖Eνp≤1

| < Anx, ψ > |

≤ τn sup
‖y‖Eτp≤1

| < y, ψ > | = τnq−τ(ψ).

Ïîêëàâøè q̃−ν(ψ) =

( ∑
n∈N0

[(
1

2τ

)n
q−ν(A

′n
Ep ψ)

]p)1/p

, â ñèëó ïîïåðåäíüî¨

íåðiâíîñòi îòðèìó¹ìî q̃−ν(ψ) ≤ 2q−τ(ψ) . Ç iíøîãî áîêó, âèêîíó¹òüñÿ íå-

ðiâíiñòü q−ν(ψ) ≤ q̃−ν(ψ) , à òîìó íàáið ïiâíîðì Q̃ = {q̃} òàêîæ âè-

çíà÷à¹ ñèëüíó òîïîëîãiþ íà E ′p(A) . Êðiì òîãî, âèêîíó¹òüñÿ íåðiâíiñòü

q̃−ν(A
′
Epψ) ≤ 2sq̃−ν(ψ) . Òîìó A′Ep � ïiâîáìåæåíèé îïåðàòîð íàä E ′p(A)

âiäíîñíî íàáîðó Q̃ . Çàëèøà¹òüñÿ ëèøå çàóâàæèòè, ùî âëàñòèâiñòü ïiâî-

áìåæåíîñòi íå çàëåæèòü âiä âèáîðó ïiâíîðì. Òåîðåìà äîâåäåíà.

Ïîçíà÷èìî ÷åðåç sp(AEp) ñïåêòð îïåðàòîðà AEp â àëãåáði L (Ep(A)) ,

à ÷åðåç σ(AEp) = sp(AEp) � éîãî çàìèêàííÿ â C .
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Òåîðåìà 5.1.4. Âèêîíó¹òüñÿ òàêå âêëàäåííÿ σ(AEp) ⊂ σ(A) , äå

σ(A) � ñïåêòð îïåðàòîðà A íàä áàíàõîâèì ïðîñòîðîì X . ßêùî âèêî-

íó¹òüñÿ óìîâà ùiëüíîñòi Ep(A) = X , òî σ(AEp) = σ(A) .

Ä î â å ä å í í ÿ. Íåõàé λ ∈ C\σ(A) , òîäi ðåçîëüâåíòà Rλ(A)

îïåðàòîðà A íàä ïðîñòîðîì X íàëåæèòü àëãåáði L (X) . Îñêiëüêè âèêî-

íó¹òüñÿ ðiâíiñòü AkRλ(A)x = Rλ(A)Akx äëÿ âñiõ x ∈ C∞(A) i k ∈ N0 ,

òî ∑
k∈N0

∥∥(A/ν)kRλ(A)x
∥∥p ≤ ‖Rλ(A)‖p

∑
k∈N0

∥∥(A/ν)kx
∥∥p .

Çâiäñè ‖Rλ(A)x‖Eνp ≤ ‖Rλ(A)‖ ‖x‖Eνp i îïåðàòîð Rλ(A) äi¹ íàä ïðîñòîðîì

Eνp (A) . Òîìó Rλ

(
AEp
)

:= Rλ(A)|Ep(A) ∈ L (Ep(A)) . Çãiäíî ç òåîðåìîþ 5.1.2

ïiäïðîñòið Ep(A) iíâàðiàíòíèé âiäíîñíî îïåðàòîðà A i Rλ

(
AEp
)
� ðå-

çîëüâåíòà îïåðàòîðà AEp â àëãåáði L (Ep(A)) . Îòæå, λ ∈ C\sp
(
AEp
)
,

òîáòî sp
(
AEp
)
⊂ σ(A) . Îñêiëüêè ñïåêòð σ(A) çàìêíåíèé â C , òî îòðè-

ìó¹ìî sp
(
AEp
)

= σ
(
AEp
)
⊂ σ(A) .

Íàâïàêè, íåõàé λ ∈ C\σ
(
AEp
)
. Òîäi λ ∈ C\σ

(
A′Ep
)
, îñêiëüêè âèêî-

íó¹òüñÿ ðiâíiñòü σ
(
AEp
)

= σ
(
A′Ep
)
, äå ñïðÿæåíèé îïåðàòîð A′Ep ðîçãëÿ-

äà¹òüñÿ â àëãåáði L
(
E ′p(A)

)
ñèëüíî íåïåðåðâíèõ âiäîáðàæåíü. Âèêîðè-

ñòà¹ìî ðiâíiñòü

Rµ

(
A′Ep
)

= Rλ

(
A′Ep
) [
I − (λ− µ)Rλ

(
A′Ep
)]−1

, µ ∈ C\σ
(
A′Ep
)
.

Ïîêëàäåìî ζ = (λ− µ)−1 . Òîäi[
I − (λ− µ)Rλ

(
A′Ep
)]−1

= ζ
[
Iζ −Rλ

(
A′Ep
)]−1

.

Çãiäíî ç òåîðåìîþ 5.1.3 ðåçîëüâåíòà
[
Iζ −Rλ

(
A′Ep
)]−1

ãîëîìîðôíà â

îêîëi íåñêií÷åííî âiääàëåíî¨ òî÷êè â àëãåáði U (Ep(A)) ïiâîáìåæåíèõ

îïåðàòîðiâ ç òîïîëîãi¹þ, ùî âèçíà÷à¹òüñÿ íàáîðîì ïiâíîðì Q = {q} , äå
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q(T ) = sup
q(x)≤1

q(Tx) , T ∈ L (Ep(A)) , x ∈ Ep(A) . Àëãåáðà L
(
E ′p(A)

)
ç òî-

ïîëîãi¹þ ðiâíîìiðíî¨ çáiæíîñòi íà îáìåæåíèõ ïiäìíîæèíàõ iç Ep(A) ïîâ-

íà i çíàéäåòüñÿ òàêå ÷èñëî δ > 0 , ùî ðÿä
∑
k∈N0

Rk
λ

(
A′Ep
)
ζ−k−1 çáiæíèé ïðè

|ζ| ≥ δ . Çîêðåìà, îáìåæåíà ïîñëiäîâíiñòü ÷àñòèííèõ ñóì {Sk(δ)} , à îòæå
i ïîñëiäîâíiñòü

{
δ−kRk

λ

(
A′Ep
)}

. Çãiäíî ç òåîðåìîþ Áàíàõà-Øòåéíãàóçà,

ïîñëiäîâíiñòü
{
δ−kRk

λ

(
A′Ep
)}

îäíîñòàéíî íåïåðåðâíà íàä E ′p(A) , òîáòî

äëÿ áóäü-ÿêîãî ν > 0 çíàéäåòüñÿ íåïåðåðâíà íà E ′p(A) ïiâíîðìà q , òàêà,

ùî q−ν

[
δ−kRk

λ

(
A′Ep
)
ψ
]
≤ q(ψ) äëÿ âñiõ ψ ∈ E ′p(A) , k ∈ N0 . Ïîêëàäà-

þ÷è q̌−ν(ψ) = sup
k≥0

q−ν

[
δ−kRk

λ

(
A′Ep
)
ψ
]
, ìà¹ìî q̌−ν(ψ) ≤ q(ψ) i ïiâíîðìà

q̌−ν íåïåðåðâíà íà E ′p(A) . Ç iíøîãî áîêó, q−ν(ψ) ≤ q̌−ν(ψ) i íàáið {q̌−ν}
âèçíà÷à¹ òîïîëîãiþ E ′p(A) . Êðiì òîãî,

q̌−ν

(
Rλ

(
A′Ep
)
ψ
)
≤ δ sup

k≥0
q̌−ν

(
δ−k−1Rk+1

λ

(
A′Ep
)
ψ
)
≤ δq̌−ν(ψ)

äëÿ âñiõ ψ ∈ E ′p(A) . Öå îçíà÷à¹, ùî Rλ

(
A′Ep
)
∈ S

(
E ′p(A)

)
i

q−ν

(
Rλ

(
A′Ep
)
ψ
)
≤
∥∥∥Rλ

(
A′Ep
)∥∥∥

S
q−ν (ψ)

äëÿ âñiõ ψ ∈ E ′p(A) , äå
∥∥∥Rλ

(
A′Ep
)∥∥∥

S
= sup

ν>0
sup

q−ν(ψ)≤1

q−ν

(
Rλ

(
A′Ep
)
ψ
)
.

Âèêîðèñòîâóþ÷è äâî¨ñòiñòü ìiæ ïiâíîðìàìè q−ν i íîðìàìè ‖ ·‖Eνp , à
òàêîæ î÷åâèäíå ñïiââiäíîøåííÿ lim

ν→+∞
‖x‖Eνp = ‖x‖ äëÿ x ∈ Ep(A) , îäåð-

æó¹ìî
∥∥Rλ

(
AEp
)
x
∥∥ ≤ ∥∥∥Rλ

(
A′Ep
)∥∥∥

S
‖x‖ . Ç óðàõóâàííÿ óìîâè ùiëüíîñòi

Ep(A) = X ìà¹ìî λ ∈ C\σ(A) . Òåîðåìà äîâåäåíà.

Ïîáóäó¹ìî òåïåð òåíçîðíèé äîáóòîê ⊗jEpj(Aj) = Ep1
(A1) ⊗ . . . ⊗

EpJ (AJ) ç ïðîåêòèâíîþ ëîêàëüíî îïóêëîþ òîïîëîãi¹þ. Ïîïîâíåííÿ ïðî-

ñòîðó ⊗jEpj(Aj) â öié òîïîëîãi¨ ïîçíà÷èìî ⊗̃jEpj(Aj) .

Íàÿâíèé òîïîëîãi÷íèé içîìîðôiçì ïðîñòîðiâ

⊗̃jEpj(Aj) = lim ind
νj→∞

⊗̃jEνjpj (Aj).
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Öå âèïëèâà¹ ç òîïîëîãi÷íèõ içîìîðôiçìiâ âèãëÿäó

⊗̃jEpj(Aj) = lim ind
νj→∞

[
Ep1

(A1)⊗̃ . . . ⊗̃ Eνjpj (Aj)⊗̃ . . . ⊗̃ EpJ (AJ)
]
,

âñòàíîâëåíèõ äëÿ ïðîñòîðiâ òèïó (DF) ó ïðàöi [155].

Íåõàé ñïåêòð σ(Aj) îïåðàòîðà Aj íàä ïðîñòîðîì Xj ñêëàäà¹òüñÿ

iç içîëüîâàíèõ âëàñíèõ çíà÷åíü {λk}∞k=1 , ÿêi ¹ ïîëþñàìè ðåçîëüâåíòè

Rλ(Aj) , ïðè÷îìó lim
k→∞

λk = ∞. Ïîçíà÷èìî ÷åðåç Rλk(Aj) êîðåíåâèé

ïiäïðîñòið îïåðàòîðà Aj , ùî âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λk .

Òåîðåìà 5.1.5. ßêùî ïiäïðîñòið
⋃
νj(n)>0 E

νj(n)
pj (Aj) ùiëüíèé â Xj

äëÿ âñiõ j = 1, . . . , J , òî âèêîíó¹òüñÿ içîìîðôiçì

⊗̃jXj =
{
w =

∞∑
n=1

wn : wn ∈ ⊗̃j span
{
Rλk(Aj) : |λk| < νj(n)

}
,

∞∑
n=1

‖wn‖⊗̃jEνj(n)
pj (Aj)

<∞
}
. (5.5)

Ä î â å ä å í í ÿ. Â ñèëó ðiâíîñòi (2.7) äëÿ âñiõ j = 1, . . . , J ìà¹ìî

Eνj(n)
pj

(Aj) = span
{
Rλk(Aj) : |λk| < νj(n)

}
,

äå span îçíà÷à¹ êîìïëåêñíó ëiíiéíó îáîëîíêó âåêòîðiâ. Çâiäñè i ç ðiâíî-

ñòi (5.2) îòðèìó¹ìî ïîòðiáíèé içîìîðôiçì (5.5). Òåîðåìà äîâåäåíà.

5.2. Iíòåðïîëÿöiÿ òåíçîðíèõ äîáóòêiâ öiëèõ âåêòîðiâ åêñïî-

íåíöiàëüíîãî òèïó

Íåõàé 0 < t, νj, γj < ∞, 1 ≤ q, qj, pj ≤ ∞ , 0 < θ < 1 . Âèçíà÷èìî

iíòåðïîëÿöiéíèé ïðîñòið
(
Eνjpj (Aj), E

γj
pj (Aj)

)
θ,qj

ç íîðìîþ

‖x‖(
E
νj
pj (Aj),E

γj
pj (Aj)

)
θ,qj

=
(∫ ∞

0

[
t−θK(t, x; Eνjpj (Aj), Eγjpj (Aj))

]qj dt
t

)1/qj
,
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äå K(t, x; Eνjpj (Aj), Eγjpj (Aj)) = inf
x=x0+x1

(
‖x0‖Eνjpj + t‖x1‖Eγjpj

)
, x0 ∈ Eνjpj (Aj) ,

x1 ∈ Eγjpj (Aj). Íåõàé ⊗j
(
Eνjpj (Aj), E

γj
pj (Aj)

)
θ,qj

� òåíçîðíèé äîáóòîê ç ïðî-

åêòèâíîþ íîðìîþ

‖w‖
⊗j
(
E
νj
pj (Aj),E

γj
pj (Aj)

)
θ,qj

= inf
w=
∑
n⊗jx

j
n

N∑
n=1

‖x1
n‖(Eν1p1 (A1),Eγ1

p1 (A1)
)
θ,q1

· . . . · ‖xJn‖(EνJpJ (AJ),EγJpJ (AJ)
)
θ,qJ

,

⊗̃j
(
Eνjpj (Aj), E

γj
pj (Aj)

)
θ,qj

� éîãî ïîïîâíåííÿ ó öié íîðìi.

Âèçíà÷èìî òàêîæ iíòåðïîëÿöiéíèé ïðîñòið
(
⊗̃jE

νj
pj (Aj), ⊗̃jE

γj
pj (Aj)

)
θ,q

ç íîðìîþ

‖w‖q(
⊗̃jE

νj
pj (Aj),⊗̃jE

γj
pj (Aj)

)
θ,q

=

∫ ∞
0

[
t−θK(t, w; ⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj))

]qdt
t
,

äå K(t, w; ⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)) = inf
w=u+v

(
‖u‖⊗̃jEνjpj (Aj)

+ t ‖v‖⊗̃jEγjpj (Aj)

)
,

u ∈ ⊗̃jE
νj
pj (Aj) , v ∈ ⊗̃jE

γj
pj (Aj) .

Âiäçíà÷èìî, ùî ïðè 1 ≤ q ≤ q̃ ≤ ∞ âèêîíóþòüñÿ âêëàäåííÿ(
⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)

)
θ,q
⊂
(
⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)

)
θ,q̃
. (5.6)

Öå âèïëèâà¹ ç òîãî, ùî äëÿ w ∈
(
⊗̃jE

νj
pj (Aj), ⊗̃jE

γj
pj (Aj)

)
θ,q

ìà¹ìî

‖w‖(⊗̃jEνjpj (·),⊗̃jE
γj
pj (·))

θ,q̃

≤
(∫ ∞

0

(
t−θK(t, w; ⊗̃jEνjpj (·), ⊗̃jE

γj
pj

(·))qdt
t

)1/q̃

×
(

sup
t>0

t−θK(t, w; ⊗̃jEνjpj (·), ⊗̃jE
γj
pj

(·))
)(1−q/q̃)

≤ c‖w‖(⊗̃jEνjpj (·),⊗̃jE
γj
pj (·))

θ,q

.

Êðiì òîãî, ÿêùî 0 < θ0 < θ1 < 1 , òî(
⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)

)
θ0,q
⊂
(
⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)

)
θ1,q̃
. (5.7)

Ñïðàâäi, iç íåðiâíîñòi

K(t, w; ⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)) ≤ t ‖w‖⊗̃jEγjpj (Aj)
, w ∈ ⊗̃jEγjpj (Aj),
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ìà¹ìî

‖w‖(⊗̃jEνjpj (Aj),⊗̃jE
γj
pj (Aj))

θ1,1

=

∫ 1

0

t−θ1K(t, w; ⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj))
dt

t

+

∫ ∞
1

t−θ1K(t, w; ⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj))
dt

t
≤ c ‖w‖⊗̃jEγjpj (Aj)

+ sup
t>0

t−θ0K(t, w; ⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj))

∫ ∞
1

τ−(θ1−θ0)dτ

τ

≤ c1 ‖w‖(⊗̃jEνjpj (Aj),⊗̃jE
γj
pj (Aj))

θ0,∞
,

çâiäêè âèïëèâà¹ âêëàäåííÿ(
⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)

)
θ0,∞
⊂
(
⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)

)
θ1,1

.

Âêëàäåííÿ (5.7) âèïëèâà¹ òåïåð ç (5.6).

Òåîðåìà 5.2.1. Íåõàé 0 < νj ≤ γj <∞, 1 ≤ q, qj, pj ≤ ∞ äëÿ âñiõ

j = 1, . . . , J i 0 < θ < 1 . Òîäi âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ(
⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)

)
θ,q
⊂ ⊗̃j

(
Eνjpj (Aj), Eγjpj (Aj)

)
θ,qj
. (5.8)

Ä î â å ä å í í ÿ. Âiäçíà÷èìî, ùî ïðè 0 < νj ≤ γj < ∞ âèêîíóþ-

òüñÿ íåðiâíîñòi ‖x‖Eγjpj (Aj)
≤ ‖x‖Eνjpj (Aj)

äëÿ âñiõ x ∈ Eνjpj (Aj) i âêëàäåííÿ

Eνjpj (Aj) ⊂ E
γj
pj (Aj) íåïåðåðâíi.

Çàñòîñîâóþ÷è âiäîìó iíòåðïîëÿöiéíó íåðiâíiñòü [3, ñ. 67]

‖x‖
(E
νj
pj (Aj),E

γj
pj (Aj))θ,qj

≤ cθ,qj max
(
t−θ‖x‖Eνjpj (Aj)

, t1−θ‖x‖Eγjpj (Aj)

)
, x ∈ Eνjpj (Aj)

i òå, ùî äëÿ áóäü-ÿêîãî t > 0 iñíóþòü u ∈ ⊗̃jE
νj
pj (Aj) i v ∈ ⊗̃jE

γj
pj (Aj)

òàêi, ùî w = u+ v i

‖u‖⊗̃jEνjpj (Aj)
≤ cθ,qt

θ‖w‖(
⊗̃jE

νj
pj (Aj),⊗̃jE

γj
pj (Aj)

)
θ,q

,

‖v‖⊗̃jEγjpj (Aj)
≤ cθ,qt

θ−1‖w‖(
⊗̃jE

νj
pj (Aj),⊗̃jE

γj
pj (Aj)

)
θ,q

,



263

äëÿ âñiõ ñêií÷åííèõ ñóì w =
∑

n⊗jxjn ∈
(
⊗̃jE

νj
pj (Aj), ⊗̃jE

γj
pj (Aj)

)
θ,q

îòðè-

ìó¹ìî

‖w‖
⊗̃j
(
E
νj
pj (Aj),E

γj
pj (Aj)

)
θ,qj

= inf
w=
∑
n⊗jx

j
n

∑
n

‖x1
n‖(Eν1p1 (A1),Eγ1

p1 (A1)
)
θ,q1

. . . ‖xJn‖(EνJpJ (AJ),EγJpJ (AJ)
)
θ,qJ

≤ c′ inf
w=
∑
n⊗jx

j
n

(∑
n

max
(
s−θ‖x1

n‖Eν1p1 (A1), s
1−θ‖x1

n‖Eγ1
p1 (A1)

)
. . .max

(
s−θ‖xJn‖EνJpJ (AJ), s

1−θ‖xJn‖EγJpJ (AJ)

))
≤ c′′ inf

w=
∑
n⊗jx

j
n

(
s−θJ

∑
n

‖x1
n‖Eν1p1 (A1) . . . ‖xJn‖EνJpJ (AJ)

+ s(1−θ)J
∑
n

‖x1
n‖Eγ1

p1 (A1) . . . ‖xJn‖EγJpJ (AJ)

)
≤ c′′

(
t−θ inf

u=
∑
n⊗ju

j
n

∑
n

‖u1
n‖Eν1p1 (A1) . . . ‖uJn‖EνJpJ (AJ)

+ t1−θ inf
v=
∑
n⊗jv

j
n

∑
n

‖v1
n‖Eγ1

p1 (A1) . . . ‖vJn‖EγJpJ (AJ)

)
= c′′

(
t−θ‖u‖⊗̃jEνjpj (Aj)

+ t1−θ‖v‖⊗̃jEγjpj (Aj)

)
≤ c |w|(

⊗̃jE
νj
pj (Aj),⊗̃jE

γj
pj (Aj)

)
θ,q

.

Âiäçíà÷èìî, ùî ïðè ïåðåõîäi âiä ïåðøî¨ íåðiâíîñòi äî äðóãî¨ âèêîðèñòàíî

òå, ùî ‖x‖Eγjpj (Aj)
≤ ‖x‖Eνjpj (Aj)

äëÿ x ∈ Eνjpj (Aj) , îñêiëüêè ïðè öüîìó äëÿ

âñiõ j, l = 1, . . . , J i s > 0

s−θ‖xjn‖Eνjpj (Aj)
s1−θ‖xln‖Eγlpl (Al) ≤ s−θ‖xjn‖Eνjpj (Aj)

s−θ‖xln‖Eνlpl (Al)

+s1−θ‖xjn‖Eγjpj (Aj)
s1−θ‖xln‖Eγlpl (Al). (5.9)

Ñïðàâäi, ïðè âèêîíàííi íåðiâíîñòåé s−θ‖xjn‖Eνjpj (Aj)
≥ s1−θ‖xjn‖Eγjpj (Aj)

i

s−θ‖xln‖Eνlpl (Al) ≤ s1−θ‖xln‖Eγlpl (Al) , âiäïîâiäíî ìà¹ìî

max
(
s−θ‖xjn‖Eνjpj (Aj)

, s1−θ‖xjn‖Eγjpj (Aj)

)
= s−θ‖xjn‖Eνjpj (Aj)

,

max
(
s−θ‖xln‖Eνlpl (Al, s

1−θ‖xln‖Eγlpl (Al
)

= s1−θ‖xln‖Eνlpl (Al).
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Îñêiëüêè s−θ‖xjn‖Eνjpj (Aj)
≥ s−1s1−θ‖xjn‖Eγjpj (Aj)

= s−θ‖xjn‖Eγjpj (Aj)
, à òàêîæ

s−θ‖xln‖Eνlpl (Al) ≥ s−1s1−θ‖xln‖Eγlpl (Al) = s−θ‖xln‖Eγlpl (Al) , òî

s−θ‖xjn‖Eνjpj (Aj)
s1−θ‖xln‖Eγlpl (Al) ≥ s−θ‖xjn‖Eνjpj (Aj)

s−θ‖xln‖Eνlpl (Al)

≥ s−θ‖xjn‖Eνjpj (Aj)
s−1s1−θ‖xln‖Eγlpl (Al) = s−θ‖xjn‖Eνjpj (Aj)

s−θ‖xln‖Eγlpl (Al),

òîáòî

s−θ‖xjn‖Eνjpj (Aj)
s1−θ‖xln‖Eγlpl (Al) ≥ s−θ‖xjn‖Eνjpj (Aj)

s−θ‖xln‖Eγlpl (Al). (5.10)

Ç iíøîãî áîêó, ìà¹ìî

s−θ‖xjn‖Eνjpj (Aj)
s−θ‖xln‖Eνlpl (Al) + s1−θ‖xjn‖Eγjpj (Aj)

s1−θ‖xln‖Eγlpl (Al)

≥ s−θ‖xjn‖Eνjpj (Aj)
s−1s1−θ‖xln‖Eγlpl (Al) + s1−θ‖xjn‖Eγjpj (Aj)

s1−θ‖xln‖Eγlpl (Al)

= s−θ‖xjn‖Eνjpj (Aj)
s−θ‖xln‖Eγlpl (Al) + s1−θ‖xjn‖Eγjpj (Aj)

s1−θ‖xln‖Eγlpl (Al),

òîáòî

s−θ‖xjn‖Eνjpj (Aj)
s−θ‖xln‖Eνlpl (Al) + s1−θ‖xjn‖Eγjpj (Aj)

s1−θ‖xln‖Eγlpl (Al)

≥ s−θ‖xjn‖Eνjpj (Aj)
s−θ‖xln‖Eγlpl (Al) + s1−θ‖xjn‖Eγjpj (Aj)

s1−θ‖xln‖Eγlpl (Al).
(5.11)

Âiäíiìàþ÷è âiä íåðiâíîñòi (5.11) íåðiâíiñòü (5.10), îòðèìó¹ìî

s−θ‖xjn‖Eνjpj (Aj)
s−θ‖xln‖Eνlpl (Al) + s1−θ‖xjn‖Eγjpj (Aj)

s1−θ‖xln‖Eγlpl (Al)

− s−θ‖xjn‖Eνjpj (Aj)
s1−θ‖xln‖Eγlpl (Al) ≥ s1−θ‖xjn‖Eγjpj (Aj)

s1−θ‖xln‖Eγlpl (Al) ≥ 0,

òîáòî (5.9) âèêîíó¹òüñÿ.

Ïðè ïåðåõîäi âiä äðóãî¨ äî òðåòüî¨ íåðiâíîñòi, çâàæàþ÷è íà òå, ùî

áåðåòüñÿ inf ïî âñiõ w =
∑

n⊗jxjn , xjn ∈ E
νj
pj (Aj) , áåðåìî ïîñëiäîâíî inf

ïî äâîõ ÷àñòêîâèõ ïðåäñòàâëåííÿõ w = u =
∑

n⊗jujn iç ujn ∈ E
νj
pj (Aj) i

w = v =
∑

n⊗jvjn iç vjn ∈ E
γj
pj (Aj) .
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Çãiäíî ç [86, òåîðåìà 1.6.2] Eνjpj (Aj) = Eνjpj (Aj) ∩ E
γj
pj (Aj) ùiëüíèé â(

Eνjpj (Aj), E
γj
pj (Aj)

)
θ,qj

, òîìó íåðiâíiñòü

‖w‖
⊗̃j
(
E
νj
pj (Aj),E

γj
pj (Aj)

)
θ,qj

≤ c ‖w‖(⊗̃jEνjpj (Aj),⊗̃jE
γj
pj (Aj))

θ,q

(5.12)

âèêîíó¹òüñÿ äëÿ âñiõ w ∈
(
⊗̃jE

νj
pj (Aj), ⊗̃jE

γj
pj (Aj)

)
θ,q
. Iç íåðiâíîñòi (5.12)

âèïëèâà¹ ïîòðiáíå âêëàäåííÿ (5.8). Òåîðåìà äîâåäåíà.

Òåîðåìà 5.2.2. Íåõàé 1 ≤ q, qj, pj ≤ ∞ , 0 < νj < γj < ∞ , µj =

ν1−θ
j γθj äëÿ âñiõ j = 1, . . . , J i 0 < θ < 1 . Òîäi âèêîíó¹òüñÿ íåïåðåðâíå

âêëàäåííÿ (
⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)

)
θ,q
⊂ ⊗̃jEµjqj (Aj). (5.13)

Iñíó¹ òàêå äîäàòíå ÷èñëî c = c(θ, q, qj) , ùî âèêîíó¹òüñÿ íåðiâ-

íiñòü

‖w‖⊗̃jEµjqj (Aj)
≤ c ‖w‖1−θ

⊗̃jE
νj
pj (Aj)

‖w‖θ⊗̃jEγjpj (Aj)
. (5.14)

Ä î â å ä å í í ÿ. Âêëàäåííÿ (5.13) áåçïîñåðåäíüî âèïëèâà¹ iç (3.1)

i (5.8).

Íåõàé w ∈ ⊗̃jE
νj
pj (Aj) , λ ∈ C i Tλ = λw � âiäîáðàæåííÿ C â

⊗̃jE
νj
pj (Aj) àáî ⊗̃jE

γj
pj (Aj) . Íåðiâíiñòü (5.14) âèïëèâà¹ ç (5.12) òà îöiíêè

‖w‖(⊗̃jEνjpj (Aj),⊗̃jE
γj
pj (Aj))

θ,q

= ‖T‖C→(⊗̃jE
νj
pj (Aj),⊗̃jE

γj
pj (Aj))

θ,q

≤ c‖w‖1−θ
⊗̃jE

νj
pj (Aj)

‖w‖θ⊗̃jEγjpj (Aj)
.

Òåîðåìà äîâåäåíà.

Ïðèïóñòèìî, ùî ñïåêòð σ(Aj) êîæíîãî îïåðàòîðà Aj (j = 1, . . . , J)

íàä ïðîñòîðîì Xj ¹ òî÷êîâèì i ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà-

÷åíü {λk}∞k=1 , ÿêi ¹ ïîëþñàìè ðåçîëüâåíòè Rλ(Aj) . Òîäi ç âêëàäåííÿ

(5.13) i ðiâíîñòi(2.7) îòðèìó¹ìî(
⊗̃jEνjpj (Aj), ⊗̃jEγjpj (Aj)

)
θ,q
⊂ ⊗̃j span

{
Rλk(Aj) : |λk| < µj

}
,
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äå µj = ν1−θ
j γθj (j = 1, . . . , J) i Rλk(Aj) � êîðåíåâèé ïiäïðîñòið îïåðà-

òîðà Aj , ùî âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λk .

Ïðèïóñòèìî, ùî 0 ∈ ρ(Aj) äëÿ âñiõ j = 1, . . . , J i ïîçíà÷èìî ÷åðåç

Cmj := Cm(Aj) (m ∈ N) îáëàñòü âèçíà÷åííÿ îïåðàòîðà Am
j ç íîðìîþ

‖x‖Cmj = ‖Am
j x‖Xj äëÿ x ∈ Cmj ⊂ Xj .

Íåõàé 0 < t, νj, γj < ∞, 1 ≤ q, qj, pj ≤ ∞ , 0 < θ < 1 . Âèçíà÷èìî

iíòåðïîëÿöiéíèé ïðîñòið
(
Eνjpj (Cmj ), Eγjpj (Cmj )

)
θ,qj

ç íîðìîþ

‖x‖(
E
νj
pj (Cmj ),E

γj
pj (Cmj )

)
θ,qj

=
(∫ ∞

0

[
t−θK(t, x; Eνjpj (C

m
j ), Eγjpj (C

m
j ))
]qj dt

t

)1/qj
,

äå K(t, x; Eνjpj (C
m
j ), Eγjpj (C

m
j )) = inf

x=x0+x1

(
‖x0‖Eνjpj (Cmj )

+ t‖x1‖Eγjpj (Cmj )

)
,

x0 ∈ Eνjpj (Cmj ) , x1 ∈ Eγjpj (Cmj ) .

Íåõàé ⊗j
(
Eνjpj (Cmj ), Eγjpj (Cmj )

)
θ,qj

� òåíçîðíèé äîáóòîê ç ïðîåêòèâíîþ

íîðìîþ

‖w‖
⊗j
(
E
νj
pj (Cmj ),E

γj
pj (Cmj )

)
θ,qj

= inf
w=
∑
n⊗jx

j
n

N∑
n=1

‖x1
n‖(Eν1p1 (Cm1 ),Eγ1

p1 (Cm1 )
)
θ,q1

· . . . · ‖xJn‖(EνJpJ (CmJ ),EγJpJ (CmJ )
)
θ,qJ

,

⊗̃j
(
Eνjpj (Cmj ), Eγjpj (Cmj )

)
θ,qj

� éîãî ïîïîâíåííÿ ó öié íîðìi.

Âèçíà÷èìî òàêîæ ïðîñòið
(
⊗̃jE

νj
pj (Cmj ), ⊗̃jE

γj
pj (Cmj )

)
θ,q

ç íîðìîþ

‖w‖q(
⊗̃jE

νj
pj (Cmj ),⊗̃jE

γj
pj (Cmj )

)
θ,q

=

∫ ∞
0

[
t−θK(t, w; ⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j ))
]qdt
t
,

äå K(t, w; ⊗̃jEνjpj (C
m
j ), ⊗̃jCmj )) = inf

w=u+v

(
‖u‖⊗̃jEνjpj (Cmj )

+ t ‖v‖⊗̃jEγjpj (Cmj )

)
,

u ∈ ⊗̃jE
νj
pj (Cmj ) , v ∈ ⊗̃jE

νj
pj (Cmj ) , v ∈ ⊗̃jE

γj
pj (Cmj ) .

Òåîðåìà 5.2.3. Íåõàé 0 < νj ≤ γj <∞, 1 ≤ q, qj, pj ≤ ∞ äëÿ âñiõ

j = 1, . . . , J i 0 < θ < 1 . Òîäi âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ(
⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j )
)
θ,q
⊂ ⊗̃j

(
Eνjpj (C

m
j ), Eγjpj (C

m
j )
)
θ,qj
. (5.15)
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Ä î â å ä å í í ÿ. ßêùî 0 < νj ≤ γj <∞ (j = 1, . . . , J) , òî âèêîíóþ-

òüñÿ íåðiâíîñòi ‖x‖Eγjpj (Cmj )
≤ ‖x‖Eνjpj (Cmj )

äëÿ âñiõ x ∈ Eνjpj (Cmj ) i âêëàäåííÿ

Eνjpj (Cmj ) ⊂ Eγjpj (Cmj ) íåïåðåðâíi. Ïîäiáíèì ÷èíîì ÿê ó äîâåäåííi òåîðåìè

5.2.1, çàñòîñîâóþ÷è iíòåðïîëÿöiéíó íåðiâíiñòü

‖x‖
(E
νj
pj (Cmj ),E

γj
pj (Cmj ))θ,qj

≤ cθ,qj max
(
t−θ‖x‖Eνjpj (Cmj )

, t1−θ‖x‖Eγjpj (Cmj )

)
, x ∈ Eνjpj (C

m
j )

i òå, ùî äëÿ áóäü-ÿêîãî t > 0 iñíóþòü u ∈ ⊗̃jE
νj
pj (Cmj ) i v ∈ ⊗̃jE

γj
pj (Cmj )

òàêi, ùî w = u+ v i

‖u‖⊗̃jEνjpj (Cmj )
≤ cθ,qt

θ‖w‖(
⊗̃jE

νj
pj (Cmj ),⊗̃jE

γj
pj (Cmj )

)
θ,q

,

‖v‖⊗̃jEγjpj (Cmj )
≤ cθ,qt

θ−1‖w‖(
⊗̃jE

νj
pj (Cmj ),⊗̃jE

γj
pj (Cmj )

)
θ,q

,

äëÿ âñiõ ñêií÷åííèõ ñóì w =
∑

n⊗jxjn ∈
(
⊗̃jE

νj
pj (Cmj ), ⊗̃jE

γj
pj (Cmj )

)
θ,q

îòðè-

ìó¹ìî

‖w‖
⊗̃j
(
E
νj
pj (Cmj ),E

γj
pj (Cmj )

)
θ,qj

= inf
w=
∑
n⊗jx

j
n

∑
n

‖x1
n‖(Eν1p1 (Cm1 ),Eγ1

p1 (Cm1 )
)
θ,q1

. . . ‖xJn‖(EνJpJ (CmJ ),EγJpJ (CmJ )
)
θ,qJ

≤ c′ inf
w=
∑
n⊗jx

j
n

(∑
n

max
(
s−θ‖x1

n‖Eν1p1 (Cm1 ), s
1−θ‖x1

n‖Eγ1
p1 (Cm1 )

)
. . .max

(
s−θ‖xJn‖EνJpJ (CmJ ), s

1−θ‖xJn‖EγJpJ (CmJ )

))
≤ c′′ inf

w=
∑
n⊗jx

j
n

(
s−θJ

∑
n

‖x1
n‖Eν1p1 (Cm1 ) . . . ‖xJn‖EνJpJ (CmJ )

+ s(1−θ)J
∑
n

‖x1
n‖Eγ1

p1 (Cm1 ) . . . ‖xJn‖EγJpJ (CmJ )

)
≤ c′′

(
t−θ inf

u=
∑
n⊗ju

j
n

∑
n

‖u1
n‖Eν1p1 (Cm1 ) . . . ‖uJn‖EνJpJ (CmJ )

+ t1−θ inf
v=
∑
n⊗jv

j
n

∑
n

‖v1
n‖Eγ1

p1 (Cm1 ) . . . ‖vJn‖EγJpJ (CmJ )

)
= c′′

(
t−θ‖u‖⊗̃jEνjpj (Cmj )

+ t1−θ‖v‖⊗̃jEγjpj (Cmj )

)
≤ c |w|(

⊗̃jE
νj
pj (Cmj ),⊗̃jE

γj
pj (Cmj )

)
θ,q

.
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Îñêiëüêè Eνjpj (Cmj ) ùiëüíèé â ïðîñòîði
(
Eνjpj (Cmj ), Eγjpj (Cmj )

)
θ,qj

, òî íå-

ðiâíiñòü

‖w‖
⊗̃j
(
E
νj
pj (Cmj ),E

γj
pj (Cmj )

)
θ,qj

≤ c ‖w‖(⊗̃jEνjpj (Cmj ),⊗̃jE
γj
pj (Cmj ))

θ,q

(5.16)

âèêîíó¹òüñÿ äëÿ âñiõ w ∈
(
⊗̃jE

νj
pj (Cmj ), ⊗̃jE

γj
pj (Cmj )

)
θ,q
. Iç íåðiâíîñòi (5.16)

âèïëèâà¹ âêëàäåííÿ (5.15). Òåîðåìà äîâåäåíà.

Òåîðåìà 5.2.4. Íåõàé 1 ≤ q, qj, pj ≤ ∞ , 0 < νj < γj < ∞ , µj =

ν1−θ
j γθj äëÿ âñiõ j = 1, . . . , J i 0 < θ < 1 . Òîäi âèêîíó¹òüñÿ íåïåðåðâíå

âêëàäåííÿ (
⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j )
)
θ,q
⊂ ⊗̃jEµjqj (Cmj ). (5.17)

Iñíó¹ òàêå äîäàòíå ÷èñëî c = c(θ, q, qj) , ùî âèêîíó¹òüñÿ íåðiâ-

íiñòü

‖w‖⊗̃jEµjqj (Cmj )
≤ c2‖w‖1−θ

⊗̃jE
νj
pj (Cmj )

‖w‖θ⊗̃jEγjpj (Cmj )
. (5.18)

Ä î â å ä å í í ÿ. Âêëàäåííÿ (5.17) âèïëèâà¹ iç ðiâíîñòi (3.17) i

(5.16).

Íåðiâíiñòü (5.18) âèïëèâà¹ ç (5.17) òà îöiíêè

‖w‖(⊗̃jEνjpj (Cmj ),⊗̃jE
γj
pj (Cmj ))

θ,q

≤ c‖w‖1−θ
⊗̃jE

νj
pj (Cmj )

‖w‖θ⊗̃jEγjpj (Cmj )

äëÿ w ∈ ⊗̃jE
νj
pj (Cmj ) . Òåîðåìà äîâåäåíà.

Âiäçíà÷èìî, ùî ïðè 1 ≤ q ≤ q̃ ≤ ∞ äëÿ w ∈
(
⊗̃jE

νj
pj (Cmj ), ⊗̃jE

γj
pj (Cmj )

)
θ,q

ìà¹ìî

‖w‖q̃
(⊗̃jE

νj
pj (Cmj ),⊗̃jE

γj
pj (Cmj ))

θ,q̃

≤
∫ ∞

0

(
t−θK(t, w; ⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j ))q

dt

t

×
(

sup
t>0

t−θK(t, w; ⊗̃jEνjpj (C
m
j ), ⊗̃jEγjpj (C

m
j ))

)q̃−q
≤ c‖w‖(⊗̃jEνjpj (Cmj ),⊗̃jE

γj
pj (Cmj ))

θ,q

,



269

çâiäêè âèïëèâà¹ âêëàäåííÿ(
⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j )
)
θ,q
⊂
(
⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j )
)
θ,q̃
. (5.19)

Êðiì òîãî, ÿêùî 0 < θ0 < θ1 < 1 , òî iç íåðiâíîñòi

K(t, w; ⊗̃jEνjpj (C
m
j ), ⊗̃jEγjpj (C

m
j )) ≤ t ‖w‖⊗̃jEγjpj (Cmj )

, w ∈ ⊗̃jEγjpj (C
m
j ),

ìà¹ìî

‖w‖(⊗̃jEνjpj (Cmj ),⊗̃jE
γj
pj (Cmj ))

θ1,1

=

∫ 1

0

t−θ1K(t, w; ⊗̃jEνjpj (C
m
j ), ⊗̃jEγjpj (C

m
j ))

dt

t

+

∫ ∞
1

t−θ1K(t, w; ⊗̃jEνjpj (C
m
j ), ⊗̃jEγjpj (C

m
j ))

dt

t
≤ c ‖w‖⊗̃jEγjpj (Cmj )

+ sup
t>0

t−θ0K(t, w; ⊗̃jEνjpj (C
m
j ), ⊗̃jEγjpj (C

m
j ))

∫ ∞
1

τ−(θ1−θ0)dτ

τ

≤ c1 ‖w‖(⊗̃jEνjpj (Cmj ),⊗̃jE
γj
pj (Cmj ))

θ0,∞
,

çâiäêè âèïëèâà¹ âêëàäåííÿ(
⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j )
)
θ0,∞
⊂
(
⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j )
)
θ1,1

.

Çâiäñè i ç (5.19) îòðèìó¹ìî(
⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j )
)
θ0,q
⊂
(
⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j )
)
θ1,q̃
.

ßêùî ñïåêòð σ(Aj) êîæíîãî îïåðàòîðà Aj (j = 1, . . . , J) íàä ïðî-

ñòîðîì Xj ¹ òî÷êîâèì i ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü

{λk}∞k=1 , ÿêi ¹ ïîëþñàìè ðåçîëüâåíòè Rλ(Aj) , òî ç âêëàäåííÿ (5.17) i

ðiâíîñòi (2.7) îòðèìó¹ìî(
⊗̃jEνjpj (C

m
j ), ⊗̃jEγjpj (C

m
j )
)
θ,q
⊂ ⊗̃j span

{
Rλk(Aj) : |λk|m+1 < µj

}
,

äå µj = ν1−θ
j γθj (j = 1, . . . , J) i Rλk(Aj) � êîðåíåâèé ïiäïðîñòið îïåðà-

òîðà Aj , ùî âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λk .
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5.3. Òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó

Á¹ñîâà

Íåõàé ⊗jXj := X1 ⊗ . . . ⊗ XJ � òåíçîðíèé äîáóòîê ñêií÷åííîãî

íàáîðó êîìïëåêñíèõ áàíàõîâèõ ïðîñòîðiâ
{
Xj, ‖·‖Xj

}J
j=1

iç ïðîåêòèâíîþ

íîðìîþ

‖w‖⊗jXj = inf
w=
∑
n⊗jx

j
n

N∑
n=1

‖x1
n‖X1

· . . . · ‖xJn‖XJ .

Ïîïîâíåííÿ ïðîñòîðó ⊗jXj ó ïðîåêòèâíié íîðìi ïîçíà÷èìî ÷åðåç ⊗̃jXj .

Íà ïðîñòîði Xj (j = 1, . . . , J) ðîçãëÿäà¹ìî íåîáìåæåíèé çàìêíåíèé

ëiíiéíèé îïåðàòîð Aj : C1(Aj) ⊂ Xj → Xj iç ùiëüíîþ îáëàñòþ âèçíà÷åí-

íÿ C1(Aj). Äëÿ áóäü-ÿêèõ ÷èñåë νj > 0 , 1 ≤ pj ≤ ∞ âèçíà÷èìî áàíàõîâi

ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà Aj

Eνjpj (Aj) =
{
x ∈ C∞(Aj) : ‖x‖Eνjpj (Aj)

<∞
}

ç íîðìîþ

‖x‖Eνjpj (Aj)
=


(∑
k∈N0

∥∥(Aj/νj)
kx
∥∥pj
Xj

)1/pj

, 1 ≤ pj <∞,

sup
k∈N0

∥∥(Aj/νj)
kx
∥∥
Xj
, pj =∞.

Âèçíà÷èìî îá'¹äíàííÿ Epj(Aj) =
⋃
νj>0 E

νj
pj (Aj), íà ÿêîìó çàäàìî

êâàçiíîðìó

|x|Epj (Aj) = ‖x‖Xj + inf{νj > 0 : x ∈ Eνjpj (Aj)},

i ïîáóäó¹ìî òåíçîðíèé äîáóòîê ⊗jEpj(Aj) := Ep1
(A1) ⊗ . . . ⊗ EpJ (AJ) ç

ïðîåêòèâíîþ êâàçiíîðìîþ

|w|⊗jEpj (Aj) = inf
w=
∑
n⊗jx

j
n

N∑
n=1

|x1
n|Ep1(A1) · . . . · |xJn|EpJ (AJ).
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Ïîïîâíåííÿ ïðîñòîðó ⊗jEpj(Aj) ó öié êâàçiíîðìi ïîçíà÷èìî ÷åðåç

⊗̃jEpj(Aj).

Âiäçíà÷èìî, ùî çà òåîðåìîþ Ãðîòåíäiêà, óçàãàëüíåíîþ íà âèïàäîê

êâàçiíîðìîâàíèõ ïðîñòîðiâ, äîâiëüíèé åëåìåíò w ïîïîâíåííÿ ⊗̃jEpj(Aj)

ìà¹ âèãëÿä ñóìè äåÿêîãî àáñîëþòíî çáiæíîãî ðÿäó w =
∑

n⊗jxjn iç

åëåìåíòàìè ⊗jxjn ∈ Ep1
(A1)⊗ . . .⊗ EpJ (AJ) .

Ñïðàâäi, äëÿ äîâiëüíîãî ε > 0 iñíó¹ wn ∈ Ep1
(A1)⊗ . . .⊗ EpJ (AJ)

òàêå, ùî |w − wn|⊗̃jEpj (Aj) < ε/2n+2 . Îñêiëüêè äëÿ âñiõ n ∈ N , |wn+1 −
wn|⊗̃jEpj (Aj) ≤ |wn+1−w|⊗̃jEpj (Aj)+|w−wn|⊗̃jEpj (Aj) < ε/2n+1 , òî êîæíèé åëå-

ìåíò wn+1 − wn â Ep1
(A1)⊗ . . .⊗ EpJ (AJ) ìà¹ çîáðàæåííÿ wn+1 − wn =∑l(n+1)

l=ln+1⊗jx
j
l , äå

∑l(n+1)

l=ln+1 |x1
l |Ep1(A1) . . . |xJl |EpJ (AJ) ≤ |wn+1 − wn|⊗̃jEpj (Aj) +

ε/2n+1 ≤ ε/2n . Âíàñëiäîê òîãî, ùî |w1|⊗̃jEpj (Aj) ≤ |w|⊗̃jEpj (Aj) + |w −
w1|⊗̃jEpj (Aj) < |w|⊗̃jEpj (Aj) +ε/2 , åëåìåíò w1 ìîæíà ïîäàòè ó âèãëÿäi w1 =∑l1

l=1⊗jx
j
l òàêîìó, ùî

∑l1
l=1 |x1

l |Ep1(A1) . . . |xJl |EpJ (AJ) ≤ |w1|⊗̃jEpj (Aj) + ε/2 ≤
|w|⊗̃jEpj (Aj)+ε . Îòæå, ìà¹ìî ∀ ε > 0 , w = w1+

∑
n(wn+1−wn) =

∑
l⊗jx

j
l ,

ïðè öüîìó
∑

l |x1
l |Ep1(A1) . . . |xJl |EpJ (AJ) ≤ |w|⊗̃jEpj (Aj) + ε +

∑∞
n=1 ε/2

n =

|w|⊗̃jEpj (Aj) + 2ε .

Ëåìà 5.3.1 Ñïðàâåäëèâå òàêå âêëàäåííÿ

⊗̃jEpj(Aj) ⊂ ⊗̃jXj. (5.20)

Ä î â å ä å í í ÿ. Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê îäíîãî ïðîñòîðó Xj

i îäíîãî îïåðàòîðà Aj , òîìó iíäåêñ j îïóñêà¹ìî. Íåõàé ïîñëiäîâíiñòü

(xn)
∞
n=1 ⊂ Ep(A) � ôóíäàìåíòàëüíà. Îòæå, äëÿ äîâiëüíîãî ε > 0 iñíó¹

nε : |xn − xm|Ep(A) < ε äëÿ âñiõ n,m ≥ nε . Òîäi

inf{ν : xn − xm ∈ Eνp (A)} < ε i ‖xn − xm‖X < ε,

çîêðåìà, xn − xm ∈ Eε0
p (A) äëÿ âñiõ n,m ≥ nε ïðè äåÿêîìó ε0 < ε . ßê

âiäîìî (äèâ. [103, ëåìà 1], [105, òåîðåìà 1.1.1]), âèêîðèñòîâóþ÷è ïåðåòâî-

ðåííÿ Ëàïëàñà L , êîæíîìó åëåìåíòó x ∈ Eεp(A) ¹äèíèì ÷èíîì ìîæíà
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ñïiâñòàâèòè öiëó àíàëiòè÷íó ôóíêöiþ çìiííî¨ λ ∈ C åêñïîíåíöiàëüíîãî

òèïó hx < εp ,

x(λ) =
∑
k∈Z+

‖Akx‖pXλ
k/k!

òàêó, ùî

‖εx‖pEεp(A) = L[x(t)] =

∫ ∞
0

x(t) exp (−εpt) dt,

äå g(z) = ‖zx‖p
E |z|p (A)

ðîçãëÿäà¹òüñÿ ÿê ôóíêöiÿ çìiííî¨ {z ∈ C : |z|p >
hx} . I íàâïàêè (äèâ. [105, òåîðåìà 1.1.2]), çàñòîñîâóþ÷è îáåðíåíå ïåðå-

òâîðåííÿ L−1 , îòðèìó¹ìî

x(λ) = L−1[g(z)] =
1

2πi

∮
exp(λz)‖zx‖p

E |z|p (A)
dz, |z| = ε0, λ ∈ C,

äå hx < εp0 < εp . Îñêiëüêè xn − xm ∈ Eε0
p (A) äëÿ âñiõ n,m ≥ nε , òî

ñóêóïíiñòü ôóíêöié

Φ =
{

exp (−εp0t)‖xn − xm‖
p

E |z|p (A)
: n,m ≥ nε, |z| = ε0, t ∈ [0,∞)

}
ðiâíîìiðíî îáìåæåíà íà {z ∈ C : |z| = ε0}× [0,∞) . Îáåðíåíå ïåðåòâîðå-

ííÿ L−1 âiäîáðàæà¹ Φ íà ñóêóïíiñòü ôóíêöié âèãëÿäó

{[0,∞) 3 t 7→ (xn − xm)(t) exp (−εp0t) : n,m ≥ nε}

ðiâíîìiðíî îáìåæåíó äåÿêîþ ñòàëîþ Kε ïî âñiõ t ≥ 0 i n,m ≥ nε . Çà

òåîðåìîþ Áåðíøòåéíà ïðî êîìïàêòíiñòü [68, òåîðåìà 3.3.6] iñíó¹ çáiæíà

ïiäïîñëiäîâíiñòü (xni − xmi
)(t) exp (−εp0t) , (i ∈ N) â òîïîëîãi¨ ðiâíîìið-

íî¨ çáiæíîñòi íà [0, r] , (∀r > 0) . Çâiäñè, äëÿ âñiõ ni,mi ≥ nε ìà¹ìî

‖xni − xmi
‖pEεp(A) = ε−pL[(xni − xmi

)(t)]

= ε−p
∫ ∞

0

(xni − xmi
)(t) exp (−εpt) dt

= ε−p
∫ ∞

0

[(xni − xmi
)(t) exp (−εp0t)] exp [−(εp − εp0)t] dt

= ε−p lim
r→∞

∫ r

0

[(xni − xmi
)(t) exp (−εp0t)] exp [−(εp − εp0)t] dt

≤ ε−pKε lim
r→∞

∫ r

0

exp [−(εp − εp0)t] dt = Mε.
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Îñêiëüêè ‖xni − xmi
‖pEεp(A) =

∑
k ‖(A/ε)k(xni − xmi

)‖pX , òî

‖Ak(xni − xmi
)‖pX ≤ εkp‖xni − xmi

‖pEεp(A) ≤ εkpMε

äëÿ âñiõ ni,mi ≥ nε i âñiõ k ≥ 1 . Îòæå, ïîñëiäîâíîñòi
(
Akxni

)∞
i=1

, äëÿ

âñiõ k ≥ 1 ôóíäàìåíòàëüíi â X .

Ïðèïóñêàþ÷è, ùî xn → 0 â X , äëÿ ïiäïîñëiäîâíîñòi (xni)
∞
i=1 , ìà¹ìî

‖Akxni‖X → 0 äëÿ âñiõ k ≥ 1 ïðè i→∞ , îñêiëüêè ãðàôiêè Ak çàìêíåíi

[131, òåîðåìà 1(iv)]. Ç óðàõóâàííÿì ðiâíîñòi

‖xni‖Eεp(A) =

(∑
k∈N0

∥∥(A/ε)kxni
∥∥p
X

)1/p

,

îòðèìó¹ìî xni → 0 ïðè i→∞ â ïðîñòîði Eεp(A) äëÿ äîâiëüíîãî ε > 0 .

Îòæå, äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå nε , ùî

|xni|Ep(A) = ‖xni‖X + inf{ν : xni ∈ Eνp (A)} < 2ε

äëÿ âñiõ ni ≥ nε . Öå îçíà÷à¹, ùî xni → 0 ïðè i → ∞ i, ÿê íàñëiäîê,

xn → 0 â ïðîñòîði Ep(A) .

Äàëi âèêîðèñòà¹ìî ðåçóëüòàòè [5, ãëàâà XIV, òåîðåìè 7.1 � 7.2], óçà-

ãàëüíåíi íà âèïàäîê êâàçiíîðìîâàíèõ ïðîñòîðiâ.

Ïîçíà÷èìî ÷åðåç xEp i xX êëàñè åêâiâàëåíòíèõ ìiæ ñîáîþ ôóíäà-

ìåíòàëüíèõ ïîñëiäîâíîñòåé (xn)
∞
n=1 , (xn ∈ Ep(A)) âiäïîâiäíî â Ep(A) i

X òà ïîáóäó¹ìî âiäîáðàæåííÿ

Ep(A) 3 xEp → GxEp = xX ∈ X.

Òàêå âiäîáðàæåííÿ âèçíà÷åíî êîðåêòíî, îñêiëüêè ÿêùî (yn)
∞
n=1 ∈ xEp ,

òîáòî (xn)
∞
n=1 ∼ (yn)

∞
n=1 âiäíîñíî | · |Ep(A) , òî â ñèëó î÷åâèäíî¨ íåðiâíîñòi

‖ · ‖X ≤ | · |Ep(A) òàêà æ åêâiâàëåíòíiñòü ñïðàâåäëèâà é âiäíîñíî ‖ · ‖X .
Âiäîáðàæåííÿ G ëiíiéíå i íåïåðåðâíå:

‖GxEp‖X = ‖xX‖X = lim
n→∞
‖xn‖X ≤ lim

n→∞
|xn|Ep(A)

= |xEp|Ep(A), (xn)
∞
n=1 ∈ xEp ∈ Ep(A).
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Ðîçãëÿíåìî ïiäïðîñòið

KerG = {x ∈ Ep(A) : Gx = 0} ⊂ Ep(A).

Ç íàâåäåíèõ âèùå ìiðêóâàíü âèïëèâà¹, ùî KerG = {0} , à òîìó

Ep(A) ìîæíà îòîòîæíèòè ç îáëàñòþ çíà÷åíü îïåðàòîðà G i ââàæàòè, ùî

Ep(A) ⊂ X i ‖x‖X ≤ |x|Ep(A) , x ∈ Ep(A) .

Áåðó÷è äàëi ôóíäàìåíòàëüíi ïîñëiäîâíîñòi (wn)
∞
n=1 âiäíîñíî êâàçi-

íîðìè | · |⊗jEpj (Aj) â ïðîñòîði Ep1
(A1)⊗ . . .⊗ EpJ (AJ) òàêi, ùî wn → 0 â

ïðîñòîði ⊗̃jXj , àíàëîãi÷íî ÿê âèùå îòðèìó¹ìî, ùî wn → 0 â ïðîñòîði

⊗̃jEpj(Aj) . Ëåìà äîâåäåíà.

Äëÿ 0 < q ≤ ∞, 0 < θ < 1, 0 < t <∞ âèçíà÷èìî iíòåðïîëÿöiéíèé

ïðîñòið
(
⊗̃jEpj(Aj), ⊗̃jXj

)
θ,q

ç êâàçiíîðìîþ

|w|(⊗̃jEpj (Aj),⊗̃jXj)θ,q
=

(∫ ∞
0

[
t−θK(t, w; ⊗̃jEpj(Aj), ⊗̃jXj)

]qdt
t

)1/q

,

K(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) = inf
w=u+v

(
|u|⊗̃jEpj (Aj) + t ‖v‖⊗̃jXj

)
, u ∈ ⊗̃jEpj(Aj) ,

v ∈ ⊗̃jXj .

Äëÿ ÷èñåë 0 < s < ∞ i 0 < τj ≤ ∞ âèçíà÷èìî àïðîêñèìàöiéíi

ïðîñòîðè ìiæ êâàçiíîðìîâàíèì ïiäïðîñòîðîì Epj(Aj) i áàíàõîâèì ïðî-

ñòîðîì Xj

Bspj ,τj(Aj) =
{
x ∈ Xj : |x|Bspj ,τj (Aj) <∞

}
,

íàäiëåíi êâàçiíîðìîþ

|x|Bspj ,τj (Aj) =


(∫ ∞

0

[
tsEpj(t, x)

]τj dt
t

)1/τj

, 0 < τj <∞,

supt>0 t
sEpj(t, x), τj =∞,

äå Epj(t, x) = inf
{
‖x− x0‖Xj : x0 ∈ Epj(Aj), |x0|Epj (Aj) ≤ t

}
, x ∈ Xj.

Íåõàé 0 < θ < 1 i [Bspj ,τj(Aj)]
θ ïîçíà÷à¹ ïðîñòið Bspj ,τj(Aj), íà-

äiëåíèé êâàçiíîðìîþ |x|θBspj ,τj (Aj) , ⊗j[B
s
pj ,τj

(Aj)]
θ � òåíçîðíèé äîáóòîê ç
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ïðîåêòèâíîþ êâàçiíîðìîþ

|w|⊗j [Bspj ,τj (Aj)]θ = inf
w=
∑
n⊗jx

j
n

N∑
n=1

|x1
n|θBsp1,τ1(A1) · . . . · |xJn|θBspJ ,τJ (AJ),

⊗̃j[Bspj ,τj(Aj)]
θ � ïîïîâíåííÿ ïðîñòîðó ⊗j[Bspj ,τj(Aj)]

θ ó öié êâàçiíîðìi.

Òåîðåìà 5.3.1. Íåõàé 1 ≤ pj, q, qj ≤ ∞, 0 < θ < 1. Òîäi ïðè

τj = θqj, θ =
1

s+ 1
âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ(

⊗̃jEpj(Aj), ⊗̃jXj

)
θ,q
⊂ ⊗̃j[Bspj ,τj(Aj)]

θ. (5.21)

Ä î â å ä å í í ÿ. Äëÿ êîæíîãî iíäåêñó j = 1, . . . , J âèçíà÷èìî

iíòåðïîëÿöiéíèé ïðîñòið(
Epj(Aj) ,Xj

)
θ,qj

=
{
x ∈ Epj(Aj) + Xj : |x|(Epj (Aj) ,Xj)θ,qj <∞

}
íàäiëåíèé êâàçiíîðìîþ

|x|(Epj (Aj),Xj)θ,qj =

(∫ ∞
0

[
t−θK(t, x; Epj(Aj),Xj)

]qj dt
t

)1/qj

,

äå K(t, x; Epj(Aj) ,Xj) = infx=x0+x1

{
|x0|Epj (Aj) + t‖x1‖Xj

}
, x0 ∈ Epj(Aj) ,

x1 ∈ Xj i t > 0 . Òåíçîðíèé äîáóòîê

⊗j
(
Epj(Aj),Xj

)
θ,qj

:= (Ep1
(A1),X1)θ,q1

⊗ . . .⊗ (EpJ (AJ),XJ)θ,qJ

öèõ ïðîñòîðiâ íàäiëèìî ïðîåêòèâíîþ êâàçiíîðìîþ

|w|⊗j(Epj (Aj),Xj)θ,qj
= inf

∑
n

|x1
n|(Ep1(A1) ,X1)θ,q1

. . . |xJn|(EpJ (AJ) ,XJ)θ,qJ
,

äå inf çà âñiìà ñêií÷åííèìè ñóìàìè w =
∑

n⊗jxjn ∈ ⊗j
(
Epj(Aj),Xj

)
θ,qj

iç xjn ∈ (Epj(Aj) ,Xj)θ,qj .

Ïîêàæåìî, ùî(
⊗̃jEpj(Aj), ⊗̃jXj

)
θ,q
⊂ ⊗̃j

(
Epj(Aj),Xj

)
θ,qj
, (5.22)



276

äå ñïðàâà ïîïîâíåííÿ ⊗j
(
Epj(Aj),Xj

)
θ,qj

âiäíîñíî | · |⊗j(Epj (Aj),Xj)θ,qj
.

Çàñòîñîâóþ÷è iíòåðïîëÿöiéíó íåðiâíiñòü

|x|(Epj (Aj),Xj)θ,qj ≤ cθ,qj max
(
t−θ|x|Epj (Aj), t

1−θ‖x‖Xj
)
, x ∈ Epj(Aj)

i òå, ùî äëÿ áóäü-ÿêîãî t > 0 iñíóþòü u ∈ ⊗̃jEpj(Aj) i v ∈ ⊗̃jXj òàêi,

ùî w = u+ v i

|u|⊗̃jEpj (Aj) ≤ cθ,qt
θ|w|(⊗̃jEpj (Aj),⊗̃jXj)θ,q ,

‖v‖⊗̃jXj ≤ cθ,qt
θ−1|w|(⊗̃jEpj (Aj),⊗̃jXj)θ,q ,

äëÿ âñiõ ñêií÷åííèõ ñóì w =
∑

n⊗jxjn ∈ (⊗̃jEpj(Aj), ⊗̃jXj)θ,q îòðèìó¹ìî

|w|
⊗̃j
(
Epj (Aj),Xj

)
θ,qj

= inf
w=
∑
n⊗jx

j
n

∑
n

|x1
n|(Ep1(A1),X1)θ,q1

. . . |xJn|(EpJ (AJ),XJ)θ,qJ

≤ c′ inf
w=
∑
n⊗jx

j
n

(∑
n

max
(
s−θ|x1

n|Ep1(A1), s
1−θ‖x1

n‖X1

)
. . .max

(
s−θ|xJn|EpJ (AJ), s

1−θ‖xJn‖XJ
))

≤ c′′ inf
w=
∑
n⊗jx

j
n

(
s−θJ

∑
n

|x1
n|Ep1(A1) . . . |xJn|EpJ (AJ)

+ s(1−θ)J
∑
n

‖x1
n‖X1

. . . ‖xJn‖XJ
)

≤ c′′
(
t−θ inf

u=
∑
n⊗ju

j
n

∑
n

|u1
n|Ep1(A1) . . . |uJn|EpJ (AJ)

+ t1−θ inf
v=
∑
n⊗jv

j
n

∑
n

‖v1
n‖X1

. . . ‖vJn‖XJ
)

= c′′
(
t−θ|u|⊗̃jEpj (Aj) + t1−θ‖v‖⊗̃jXj

)
≤ c |w|(⊗̃jEpj (Aj),⊗̃jXj)θ,q .

Ïðè ïåðåõîäi âiä ïåðøî¨ íåðiâíîñòi äî äðóãî¨ âèêîðèñòàíî òå, ùî

|x|Epj (Aj) ≥ ‖x‖Xj , x ∈ Epj(Aj) , îñêiëüêè ïðè öüîìó äëÿ âñiõ j, l = 1, . . . , J
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i s > 0

s−θ|xjn|Epj (Aj)s
1−θ‖xln‖Xl ≤ s−θ|xjn|Epj (Aj)s

−θ|xln|Epl(Al)

+ s1−θ‖xjn‖Xjs1−θ‖xln‖Xl. (5.23)

Ñïðàâäi, ïðè s−θ|xjn|Epj (Aj) ≥ s1−θ‖xjn‖Xj i s−θ|xln|Epl(Al) ≤ s1−θ‖xln‖Xl ,
âiäïîâiäíî ìà¹ìî

max
(
s−θ|xjn|Epj (Aj), s

1−θ‖xjn‖Xj
)

= s−θ|xjn|Epj (Aj),

max
(
s−θ|xln|Epl(Al), s

1−θ‖xln‖Xl
)

= s1−θ‖xln‖Xl.

Îñêiëüêè s−θ|xjn|Epj (Aj) ≥ s−1s1−θ‖xjn‖Xj = s−θ‖xjn‖Xj , à òàêîæ

s−θ|xln|Epl(Al) ≥ s−1s1−θ‖xln‖Xl = s−θ‖xln‖Xl , òî

s−θ|xjn|Epj (Aj)s
1−θ‖xln‖Xl ≥ s−θ|xjn|Epj (Aj)s

−θ|xln|Epl(Al)

≥ s−θ|xjn|Epj (Aj)s
−1s1−θ‖xln‖Xl = s−θ|xjn|Epj (Aj)s

−θ‖xln‖Xl,

òîáòî

s−θ|xjn|Epj (Aj)s
1−θ‖xln‖Xl ≥ s−θ|xjn|Epj (Aj)s

−θ‖xln‖Xl. (5.24)

Ç iíøîãî áîêó, ìà¹ìî

s−θ|xjn|Epj (Aj)s
−θ|xln|Epl(Al) + s1−θ‖xjn‖Xjs1−θ‖xln‖Xl

≥ s−θ|xjn|Epj (Aj)s
−1s1−θ‖xln‖Xl + s1−θ‖xjn‖Xjs1−θ‖xln‖Xl

= s−θ|xjn|Epj (Aj)s
−θ‖xln‖Xl + s1−θ‖xjn‖Xjs1−θ‖xln‖Xl,

òîáòî

s−θ|xjn|Epj (Aj)s
−θ|xln|Epl(Al) + s1−θ‖xjn‖Xjs1−θ‖xln‖Xl

≥ s−θ|xjn|Epj (Aj)s
−θ‖xln‖Xl + s1−θ‖xjn‖Xjs1−θ‖xln‖Xl.

(5.25)

Âiäíiìàþ÷è âiä íåðiâíîñòi (5.25) íåðiâíiñòü (5.24), îòðèìó¹ìî

s−θ|xjn|Epj (Aj)s
−θ|xln|Epl(Al) + s1−θ‖xjn‖Xjs1−θ‖xln‖Xl

−s−θ|xjn|Epj (Aj)s
1−θ‖xln‖Xl ≥ s1−θ‖xjn‖Xjs1−θ‖xln‖Xl ≥ 0,
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òîáòî (5.23) âèêîíó¹òüñÿ.

Ïðè ïåðåõîäi âiä äðóãî¨ äî òðåòüî¨ íåðiâíîñòi, çâàæàþ÷è íà òå, ùî

áåðåòüñÿ inf ïî âñiõ w =
∑

n⊗jxjn , xjn ∈ Epj(Aj) , áåðåìî ïîñëiäîâíî inf

ïî äâîõ ÷àñòêîâèõ ïðåäñòàâëåííÿõ w = u =
∑

n⊗jujn iç ujn ∈ Epj(Aj) i

w = v =
∑

n⊗jvjn iç vjn ∈ Xj .

Ïiäïðîñòið Epj(Aj) ùiëüíèé â (Epj(Aj),Xj)θ,qj , à òîìó íåðiâíiñòü

|w|⊗̃j(Epj (Aj),Xj)θ,qj
≤ c |w|(⊗̃jEpj (Aj),⊗̃jXj)θ,q

âèêîíó¹òüñÿ äëÿ âñiõ w ∈
(
⊗̃jEpj(Aj), ⊗̃jXj

)
θ,q
. Çâiäñè âèïëèâà¹ âêëàäå-

ííÿ (5.22).

Çãiäíî ç òåîðåìîþ 2.2.1(i) íàÿâíèé içîìîðôiçì êâàçiíîðìîâàíèõ ïðî-

ñòîðiâ[
Bspj ,τj(Aj)

]θ
=
(
Epj(Aj),Xj

)
θ,qj
, |x|θBspj ,τj (Aj) ∼ |x|(Epj (Aj),Xj)θ,qj

, (5.26)

äå τj = θqj i θ =
1

s+ 1
. Ç ðiâíîñòåé (5.26) i (5.22) îòðèìó¹ìî (5.21).

Òåîðåìà äîâåäåíà.

Äëÿ iíäåêñiâ 0 < s <∞, 0 < τ <∞ i p = (p1, . . . , pJ) âèçíà÷èìî

àïðîêñèìàöiéíèé ïðîñòið, ïîðîäæåíèé ñêií÷åííèì íàáîðîì îïåðàòîðiâ

A1, . . . , AJ ,

Bs
p,τ := Bs

p,τ(A1, . . . , AJ ; ⊗̃jXj) = {w ∈ ⊗̃jXj : |w|Bs
p,τ
<∞}

ç êâàçiíîðìîþ

|w|Bs
p,τ

=
(∫ ∞

0

[tsEp(t, w)]τ
dt

t

)1/τ

,

äå Ep(t, w) = inf
|u|⊗̃jEpj (Aj)≤t

‖w − u‖⊗̃jXj , u ∈ ⊗̃jEpj(Aj), w ∈ ⊗̃jXj.

Òåîðåìà 5.3.2. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|w|Bs
p,τ
≤ cs,τ |w|s⊗̃jEpj (Aj)‖w‖⊗̃jXj , w ∈ ⊗̃jEpj(Aj), (5.27)

Ep(t, w) ≤ 2s+1Cs,τ t
−s|w|Bs

p,τ
, w ∈ Bs

p,τ , (5.28)
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äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Ä î â å ä å í í ÿ. Íåõàé 1 ≤ q <∞ i w 6= 0 . Îñêiëüêè

K(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) ≤ min
(
|w|⊗̃jEpj (Aj), t‖w‖⊗̃jXj

)
,

îòðèìó¹ìî

|w|q
(⊗̃jEpj (Aj),X)θ,q

≤ ‖w‖q⊗̃jXj

∫ α

0

t−1+q(1−θ)dt+ |w|q⊗̃jEpj (Aj)

∫ ∞
α

t−1−θqdt

=
1

q(1− θ)
αq(1−θ)‖w‖q⊗̃jXj +

1

θq
α−θq|w|qE(A)

=
1

qθ(1− θ)

(
|w|1−θ⊗̃jEpj (Aj)‖w‖

θ
⊗̃jXj

)q
äëÿ α = |w|⊗̃jEpj (Aj)/‖w‖⊗̃jXj . Öå ìîæíà çàïèñàòè ÿê

|w|(⊗̃jEpj (Aj),⊗̃jXj)θ,q ≤ [qθ(1− θ)]−1/q|w|1−θ⊗̃jEpj (Aj)‖w‖
θ
⊗̃jXj .

ßêùî q =∞ , òî ìà¹ìî K(t, x; ⊗̃jEpj(Aj), ⊗̃jXj) ≤ tθ|w|1−θ⊗̃jEpj (Aj)‖w‖
θ
⊗̃jXj .

Ç ïîïåðåäíiõ íåðiâíîñòåé ìà¹ìî

|w|(⊗̃jEpj (Aj),⊗̃jXj)θ,q
≤

 [qθ(1− θ)]−1/q |w|1−θ⊗̃jEpj (Aj)‖w‖
θ
⊗̃jXj : q <∞

|w|1−θ⊗̃jEpj (Aj)‖w‖
θ
⊗̃jXj : q =∞.

(5.29)

Ðîçãëÿíåìî ôóíêöiîíàë

K∞(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) := inf
w=w0+w1

max
(
|w0|⊗̃jEpj (Aj), t‖w

1‖⊗̃jXj
)
.

Çàóâàæèìî, ùî v−θK∞(v, w; ⊗̃jEpj(Aj), ⊗̃jXj)→ 0 ïðè v → 0 àáî v →∞ ,

à òàêîæ tsE(t, w; ⊗̃jEpj(Aj), ⊗̃jXj)→ 0 ïðè t→ 0 àáî t→∞ . Iíòåãðó-

âàííÿì ÷àñòèíàìè iç çàìiíîþ çìiííèõ v = t/E(t, x; ⊗̃jEpj(Aj), ⊗̃jXj) ,
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îòðèìó¹ìî∫ ∞
0

(v−θK∞(v, w; ⊗̃jEpj(Aj), ⊗̃jXj))
qdv/v

= − 1

θq

∫ ∞
0

K∞(v, w; ⊗̃jEpj(Aj), ⊗̃jXj)
qdv−θq

=
1

θq

∫ ∞
0

v−θqdK∞(v, w; ⊗̃jEpj(Aj), ⊗̃jXj)
q

=
1

θq

∫ ∞
0

(t/E(t, w; ⊗̃jEpj(Aj), ⊗̃jXj))
−θqdtq

=
1

θq2

∫ ∞
0

(tsE(t, w; ⊗̃jEpj(Aj), ⊗̃jXj))
θqdt/t äëÿ s = 1/θ − 1.

Íàñòóïíi íåðiâíîñòi ¹ íàñëiäêàìè îçíà÷åíü K i K∞ [186, Çàóâàæå-

ííÿ 3.1],

K∞(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) ≤ K(t, w; ⊗̃jEpj(Aj), ⊗̃jXj)

≤ 2K∞(t, w; ⊗̃jEpj(Aj), ⊗̃jXj). (5.30)

Âiäïîâiäíî äî ëiâî¨ íåðiâíîñòi (5.30), ìà¹ìî

1

θq2
|w|θqBs

τ (A) =
1

θq2

∫ ∞
0

(tsE(t, w; ⊗̃jEpj(Aj), ⊗̃jXj))
θqdt/t

=

∫ ∞
0

(v−θK∞(v, w; ⊗̃jEpj(Aj), ⊗̃jXj))
qdv/v

≤
∫ ∞

0

(v−θK(v, w; ⊗̃jEpj(Aj), ⊗̃jXj))
qdv/v

= |w|q
(⊗̃jEpj (Aj),⊗̃jXj)θ,q

.
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Ç iíøîãî áîêó, ç ïðàâî¨ íåðiâíîñòi (5.30) âèïëèâà¹

|w|q
(⊗̃jEpj (Aj),⊗̃jXj)θ,q

=

∫ ∞
0

(v−θK(v, w; ⊗̃jEpj(Aj), ⊗̃jXj))
qdv/v

≤ 2q
∫ ∞

0

(v−θK∞(v, w; ⊗̃jEpj(Aj), ⊗̃jXj))
qdv/v

= 2q
1

θq2

∫ ∞
0

(tsE(t, w; ⊗̃jEpj(Aj), ⊗̃jXj))
θqdt/t

= 2q
1

θq2
|w|θqBs

τ (A).

Òàêèì ÷èíîì, êîìáiíóþ÷è ïîïåðåäíi íåðiâíîñòi, äëÿ τ = θq îòðèìó¹ìî

|w|q
(⊗̃jEpj (Aj),⊗̃jXj)θ,q

≤ 2q(θq2)−1|w|θqBs
τ (A) ≤ 2q|w|q

(⊗̃jEpj (Aj),⊗̃jXj)θ,q
. (5.31)

Âiäïîâiäíî [3, ëåìà 7.1.2] äëÿ êîæíîãî v > 0 iñíó¹ òàêå t > 0 , ùî

tsE(t, w; ⊗̃jEpj(Aj), ⊗̃jXj))
θ ≤ v−θK∞(v, w; ⊗̃jEpj(Aj), ⊗̃jXj)

≤
(
tsE(t− 0, w; ⊗̃jEpj(Aj), ⊗̃jXj)

)θ
.(5.32)

Îñêiëüêè |w|θBs
∞(A) ≤ |w|(⊗̃jEpj (Aj),⊗̃jXj)θ,∞

, íåðiâíîñòi (5.32) äàþòü

ν−θK(ν, w; ⊗̃jEpj(Aj), ⊗̃jXj) ≤ ν−θ2K∞(ν, w; ⊗̃jEpj(Aj), ⊗̃jXj)

≤ 2(tsE(t− 0, w; ⊗̃jEpj(Aj), ⊗̃jXj))
θ

≤ 2(sup
t>0

tsE(t, w; ⊗̃jEpj(Aj), ⊗̃jXj))
θ

= 2|w|θBs
∞(A).

ßê íàñëiäîê, |w|(⊗̃jEpj (Aj),⊗̃jXj)θ,∞
≤ 2|w|θBs∞(A) . Çàñòîñîâóþ÷è (5.29), îòðè-

ìó¹ìî

|w|θBs
τ (A) ≤

 [q/(1− θ)]1/q|w|1−θ⊗̃jEpj (Aj)‖w‖
θ
⊗̃jXj : q <∞

|w|1−θ⊗̃jEpj (Aj)‖w‖
θ
⊗̃jXj : q =∞.

(5.33)

Ïîêëàäàþ÷è s = 1/θ − 1 i τ = θq â (5.33), îòðèìó¹ìî íåðiâíîñòi (5.27).
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Iíòåãðóâàííÿì îáîõ ÷àñòèí íåðiâíîñòi

min(1, v/t)K(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) ≤ K(v, w; ⊗̃jEpj(Aj), ⊗̃jXj)

îòðèìó¹ìî(∫ ∞
0

(
v−θ min(1, v/t)

)q dv
v

)1/q

K(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) ≤

≤
(∫ ∞

0

(
v−θK(v, w; ⊗̃jEpj(Aj), ⊗̃jXj)

)q dv
v

)1/q

= |w|(⊗̃jEpj (Aj),⊗̃jXj)θ,q
i

(∫ ∞
0

(
v−θ min(1, v/t)

)q dv
v

)1/q

=

(∫ t

0

v(1−θ)q−1t−qdv +

∫ ∞
t

v−θq−1dv

)1/q

=
1

[qθ(1− θ)]1/qtθ
,

âiäïîâiäíî. ßê íàñëiäîê,(∫ t

0

v(1−θ)q−1

tq
dv +

∫ ∞
t

v−θq−1dv

)1/q

K(t, w; ⊗̃jEpj(Aj), ⊗̃jXj)

=
K(t, w; ⊗̃jEpj(Aj), ⊗̃jXj)

[qθ(1− θ)]1/qtθ
≤ |w|(⊗̃jEpj (Aj),⊗̃jXj)θ,q

.

Îòæå, K(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) ≤ [qθ(1−θ)]1/qtθ|w|(⊗̃jEpj (Aj),X)
θ,q

. Áåðó÷è

äî óâàãè (5.30), (5.32), ìà¹ìî

v1−θE(v, w; ⊗̃jEpj(Aj), ⊗̃jXj)
θ ≤ t−θK∞(t, w; ⊗̃jEpj(Aj), ⊗̃jXj)

≤ [qθ(1− θ)]1/q|w|(⊗̃jEpj (Aj),⊗̃jXj)θ,q
.

Çàñòîñîâóþ÷è (5.31), îòðèìó¹ìî

v1−θE(v, w; ⊗̃jEpj(Aj), ⊗̃jXj)
θ ≤ 2[(1− θ)/q]1/q|w|θBs

τ (A).

Ïîêëàäàþ÷è s = (1− θ)/θ i τ = θq , îòðèìó¹ìî (5.28) äëÿ 1 ≤ q <∞ .

ßêùî q =∞ , ìà¹ìî

tsE(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) ≤ sup
t>0

tsE(t, w; ⊗̃jEpj(Aj), ⊗̃jXj) = |w|Bs
∞(A)
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äëÿ âñiõ w ∈ Bs
∞(A) . Òåîðåìà äîâåäåíà.

Ïðèïóñòèìî, ùî 0 ∈ ρ(Aj) äëÿ âñiõ j = 1, . . . , J i Cmj � îáëàñòü âè-

çíà÷åííÿ îïåðàòîðà Am
j â ïðîñòîði Xj . Òîäi ìîæíà âèçíà÷èòè òåíçîðíèé

äîáóòîê ⊗jCmj := Cm1 ⊗ . . .⊗CmJ ñêií÷åííîãî íàáîðó áàíàõîâèõ ïðîñòîðiâ{
Cmj , ‖ · ‖Cmj

}J
j=1

iç ïðîåêòèâíîþ íîðìîþ

‖w‖⊗jCmj = inf
w=
∑
n⊗jx

j
n

N∑
n=1

‖x1
n‖Cm1 · . . . · ‖x

J
n‖CmJ .

Ïîïîâíåííÿ ïðîñòîðó ⊗jCmj ó ïðîåêòèâíié íîðìi ïîçíà÷èìî ÷åðåç ⊗̃jCmj .

Äëÿ ÷èñåë 1 ≤ pj ≤ ∞ (j = 1, . . . , J) âèçíà÷èìî òàêîæ òåíçîðíèé

äîáóòîê ⊗jEpj(Cmj ) := Ep1
(Cm1 )⊗. . .⊗EpJ (CmJ ) ç ïðîåêòèâíîþ êâàçiíîðìîþ

|w|⊗jEpj (Cmj ) = inf
w=
∑
n⊗jx

j
n

N∑
n=1

|x1
n|Ep1(Cm1 ) · . . . · |xJn|EpJ (CmJ ).

Ïîïîâíåííÿ ïðîñòîðó ⊗jEpj(Cmj ) ó öié êâàçiíîðìi ïîçíà÷èìî ÷åðåç

⊗̃jEpj(Cmj ).

Äëÿ 0 < q ≤ ∞, 0 < θ < 1, 0 < t <∞ âèçíà÷èìî iíòåðïîëÿöiéíèé

ïðîñòið
(
⊗̃jEpj(Cmj ), ⊗̃jCmj

)
θ,q

ç êâàçiíîðìîþ

|w|(⊗̃jEpj (Cmj ),⊗̃jCmj )
θ,q

=

(∫ ∞
0

[
t−θK(t, w; ⊗̃jEpj(Cmj ), ⊗̃jCmj )

]qdt
t

)1/q

,

K(t, w; ⊗̃jEpj(Cmj ), ⊗̃jCmj ) = inf
w=u+v

(
|u|⊗̃jEpj (Cmj )+t ‖v‖⊗̃jCmj

)
, u ∈ ⊗̃jEpj(Cmj ),

v ∈ ⊗̃jCmj .

Äëÿ ÷èñåë 0 < s < ∞ i 0 < τj ≤ ∞ âèçíà÷èìî àïðîêñèìàöiéíi

ïðîñòîðè ìiæ êâàçiíîðìîâàíèì ïiäïðîñòîðîì Epj(Cmj ) i áàíàõîâèì ïðî-

ñòîðîì Cmj
Bspj ,τj(C

m
j ) =

{
x ∈ Cmj : |x|Bspj ,τj (Cmj ) <∞

}
,

íàäiëåíi êâàçiíîðìîþ

|x|Bspj ,τj (Cmj ) =


(∫ ∞

0

[
tsEm

pj
(t, x)

]τj dt
t

)1/τj

, 0 < τj <∞,

supt>0 t
sEm

pj
(t, x), τj =∞.
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äå Em
pj

(t, x) = inf
{
‖x− x0‖Cmj : x0 ∈ Epj(Cmj ), |x0|Epj (Cmj ) ≤ t

}
, x ∈ Cmj .

Íåõàé 0 < θ < 1 i [Bspj ,τj(C
m
j )]θ ïîçíà÷à¹ ïðîñòið Bspj ,τj(C

m
j ), íàäi-

ëåíèé êâàçiíîðìîþ |x|θBspj ,τj (Cmj ) , ⊗j[Bspj ,τj(C
m
j )]θ � òåíçîðíèé äîáóòîê ç

ïðîåêòèâíîþ êâàçiíîðìîþ

|w|⊗j [Bspj ,τj (Cmj )]θ = inf
w=
∑
n⊗jx

j
n

N∑
n=1

|x1
n|θBsp1,τ1(Cm1 ) · . . . · |xJn|θBspJ ,τJ (CmJ );

⊗̃j[Bspj ,τj(C
m
j )]θ � éîãî ïîïîâíåííÿ.

Òåîðåìà 5.3.3. Íåõàé 1 ≤ pj, q, qj ≤ ∞, 0 < θ < 1. Òîäi ïðè

τj = θqj, θ =
1

s+ 1
âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ(

⊗̃jEpj(Cmj ), ⊗̃jCmj
)
θ,q
⊂ ⊗̃j[Bspj ,τj(C

m
j )]θ. (5.34)

Ä î â å ä å í í ÿ. Ïîêàæåìî, ùî(
⊗̃jEpj(Cmj ), ⊗̃jCmj

)
θ,q
⊂ ⊗̃j

(
Epj(Cmj ), Cmj

)
θ,qj
, (5.35)

äå
(
Epj(Cmj ), Cmj

)
θ,qj

� iíòåðïîëÿöiéíèé ïðîñòið ç êâàçiíîðìîþ

|x|(Epj (Cmj ),Cmj )
θ,qj

=

(∫ ∞
0

[
t−θK(t, x; Epj(Cmj ), Cmj )

]qj dt
t

)1/qj

,

K(t, x; Epj(Cmj ), Cmj ) = inf
x=x0+x1

(
|x0|Epj (Cmj ) + t ‖x1‖Cmj

)
, x0 ∈ Epj(Cmj ) , x1 ∈

Cmj ; ⊗j
(
Epj(Cmj ), Cmj

)
θ,qj

:= (Ep1
(Cm1 ), Cm1 )θ,q1

⊗ . . . ⊗ (EpJ (CmJ ), CmJ )θ,qJ �

òåíçîðíèé äîáóòîê öèõ ïðîñòîðiâ, íàäiëåíèé ïðîåêòèâíîþ êâàçiíîðìîþ

|w|
⊗j
(
Epj (C

m
j ),Cmj

)
θ,qj

= inf
∑
n

|x1
n|(Ep1(Cm1 ),Cm1 )θ,q1

. . . |xJn|(EpJ (CmJ ),CmJ )θ,qJ
,

äå inf çà âñiìà ñêií÷åííèìè ñóìàìè w =
∑

n⊗jxjn ∈ ⊗j
(
Epj(Cmj ), Cmj

)
θ,qj

iç xjn ∈ (Epj(Cmj ), Cmj )θ,qj . ×åðåç ⊗̃j
(
Epj(Cmj ), Cmj

)
θ,qj

ïîçíà÷åíî ïîïîâíåííÿ

⊗j
(
Epj(Cmj ), Cmj

)
θ,qj

ó ïðîåêòèâíié êâàçiíîðìi | · |⊗j(Epj (Cmj ),Cmj )
θ,qj

.

Çàñòîñîâóþ÷è iíòåðïîëÿöiéíó íåðiâíiñòü

|x|(Epj (Cmj ),Cmj )θ,qj
≤ cθ,qj max

(
t−θ|x|Epj (Cmj ), t

1−θ‖x‖Cmj
)
, x ∈ Epj(Cmj )
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i òå, ùî äëÿ áóäü-ÿêîãî t > 0 iñíóþòü u ∈ ⊗̃jEpj(Cmj ) i v ∈ ⊗̃jCmj òàêi,

ùî w = u+ v i

|u|⊗̃jEpj (Cmj ) ≤ cθ,qt
θ|w|(⊗̃jEpj (Cmj ),Cmj )

θ,q

,

‖v‖⊗̃jCmj ≤ cθ,qt
θ−1|w|(⊗̃jEpj (Cmj ),Cmj )

θ,q

,

äëÿ âñiõ ñêií÷åííèõ ñóì w =
∑

n⊗jxjn ∈ (⊗̃jEpj(Cmj ), ⊗̃jCmj )θ,q îòðèìó¹ìî

|w|⊗̃j(Epj (Cmj ),Cmj )
θ,qj

= inf
w=
∑
n⊗jx

j
n

∑
n

|x1
n|(Ep1(Cm1 ),Cm1 )θ,q1

. . . |xJn|(EpJ (CmJ ),CmJ )θ,qJ

≤ c′ inf
w=
∑
n⊗jx

j
n

(∑
n

max
(
s−θ|x1

n|Ep1(Cm1 ), s
1−θ‖x1

n‖Cm1
)

. . .max
(
s−θ|xJn|EpJ (CmJ ), s

1−θ‖xJn‖CmJ
))

≤ c′′ inf
w=
∑
n⊗jx

j
n

(
s−θJ

∑
n

|x1
n|Ep1(Cm1 ) . . . |xJn|EpJ (CmJ )

+ s(1−θ)J
∑
n

‖x1
n‖Cm1 . . . ‖x

J
n‖CmJ

)
≤ c′′

(
t−θ inf

u=
∑
n⊗ju

j
n

∑
n

|u1
n|Ep1(Cm1 ) . . . |uJn|EpJ (CmJ )

+ t1−θ inf
v=
∑
n⊗jv

j
n

∑
n

‖v1
n‖Cm1 . . . ‖v

J
n‖CmJ

)
= c′′

(
t−θ|u|⊗̃jEpj (Cmj ) + t1−θ‖v‖⊗̃jCmj

)
≤ c |w|(⊗̃jEpj (Cmj ),⊗̃jCmj )

θ,q

.

Îñêiëüêè ïiäïðîñòið Epj(Cmj ) ùiëüíèé â
(
Eνjpj (Cmj ), Cmj

)
θ,qj

, òî äëÿ âñiõ

w ∈
(
⊗̃jEpj(Cmj ), ⊗̃jCmj

)
θ,q

âèêîíó¹òüñÿ íåðiâíiñòü

|w|⊗̃j(Epj (Cmj ),Cmj )
θ,qj

≤ c |w|(⊗̃jEpj (Cmj ),⊗̃jCmj )
θ,q

.

Ç öi¹¨ íåðiâíîñòi âèïëèâà¹ âêëàäåííÿ (5.35).

Â ñèëó ðiâíîñòi (2.39) äëÿ âñiõ j = 1, . . . , J íàÿâíèé içîìîðôiçì

êâàçiíîðìîâàíèõ ïðîñòîðiâ[
Bspj ,τj(C

m
j )
]θ

=
(
Epj(Cmj ), Cmj

)
θ,qj
, |x|θBspj ,τj (Cmj ) ∼ |x|(Epj (Cmj ),Cmj )

θ,qj

, (5.36)
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äå τj = θqj i θ =
1

s+ 1
. Ç ðiâíîñòi (5.36) i (5.35) îòðèìó¹ìî (5.34).

Òåîðåìà äîâåäåíà.

Äëÿ iíäåêñiâ 0 < s <∞, 0 < τ <∞ i p = (p1, . . . , pJ) âèçíà÷èìî

àïðîêñèìàöiéíèé ïðîñòið, ïîðîäæåíèé ñêií÷åííèì íàáîðîì îïåðàòîðiâ

A1, . . . , AJ ,

Bs,m
p,τ := Bs,m

p,τ (A1, . . . , AJ ; ⊗̃jCmj ) = {w ∈ ⊗̃jCmj : |w|Bs,m
p,τ

<∞}

ç êâàçiíîðìîþ

|w|Bs,m
p,τ

=
(∫ ∞

0

[
tsEm

p (t, w)
]τ dt

t

)1/τ

,

äå Em
p (t, w) = inf

|u|⊗̃jEpj (Cm
j

)≤t
‖w − u‖⊗̃jCmj , u ∈ ⊗̃jEpj(C

m
j ), w ∈ ⊗̃jCmj .

Òåîðåìà 5.3.4. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|w|Bs,m
p,τ
≤ cs,τ |w|s⊗̃jEpj (Cmj )‖w‖⊗̃jCmj , w ∈ ⊗̃jEpj(C

m
j ), (5.37)

Em
p (t, w) ≤ 2s+1Cs,τ t

−s|w|Bs,m
p,τ
, w ∈ Bs,m

p,τ , (5.38)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Ä î â å ä å í í ÿ. Ïîâòîðþþ÷è ìiðêóâàííÿ äîâåäåííÿ òåîðåìè 5.3.2,

ïîêëàâøè ⊗̃jEpj(Cmj ) çàìiñòü ⊗̃jEpj(Aj) i ⊗̃jCmj çàìiñòü ⊗̃jXj , îòðèìó-

¹ìî ïîòðiáíi íåðiâíîñòi (5.37) i (5.38). Òåîðåìà äîâåäåíà.

5.4. Òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéî-

âàíèõ ç ïîçèòèâíèìè îïåðàòîðàìè

Íåõàé Aj (j = 1, . . . , J) � ïîçèòèâíi îïåðàòîðè â êîìïëåêñíèõ

áàíàõîâèõ ïðîñòîðàõ Xj (äèâ. îçíà÷åííÿ 3.3.1). Ïîçíà÷èìî Cαj := Cα(Aj)
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(α ∈ C) îáëàñòü âèçíà÷åííÿ îïåðàòîðà Aα
j ç íîðìîþ ‖x‖Cαj = ‖Aα

j x‖Xj ,
x ∈ Cαj ⊂ Xj .

Âèçíà÷èìî òåíçîðíèé äîáóòîê ⊗jCαj := Cα1 ⊗ . . .⊗CαJ iç ïðîåêòèâíîþ

íîðìîþ

‖w‖⊗jCαj = inf
w=
∑
n⊗jx

j
n

N∑
n=1

‖x1
n‖Cα1 · . . . · ‖x

J
n‖CαJ .

Ïîïîâíåííÿ ïðîñòîðó ⊗jCαj ó ïðîåêòèâíié íîðìi ïîçíà÷èìî ÷åðåç ⊗̃jCαj .
Íåõàé 1 ≤ pj ≤ ∞ (j = 1, . . . , J) , ⊗jEpj(Cαj ) := Ep1

(Cα1 ) ⊗ . . . ⊗
EpJ (CαJ ) � òåíçîðíèé äîáóòîê ç ïðîåêòèâíîþ êâàçiíîðìîþ

|w|⊗jEpj (Cαj ) = inf
w=
∑
n⊗jx

j
n

N∑
n=1

|x1
n|Ep1(Cα1 ) · . . . · |xJn|EpJ (CαJ );

⊗̃jEpj(Cαj ) � éîãî ïîïîâíåííÿ ó öié êâàçiíîðìi.

Äëÿ ÷èñåë 0 < q ≤ ∞, 0 < θ < 1, 0 < t < ∞ âèçíà÷èìî iíòåðïî-

ëÿöiéíèé ïðîñòið
(
⊗̃jEpj(Cαj ), ⊗̃jCαj

)
θ,q

ç êâàçiíîðìîþ

|w|(⊗̃jEpj (Cαj ),⊗̃jCαj )
θ,q

=

(∫ ∞
0

[
t−θK(t, w; ⊗̃jEpj(Cαj ), ⊗̃jCαj )

]qdt
t

)1/q

,

K(t, w; ⊗̃jEpj(Cαj ), ⊗̃jCαj ) = inf
w=u+v

(
|u|⊗̃jEpj (Cαj ) + t ‖v‖⊗̃jCαj

)
, u ∈ ⊗̃jEpj(Cαj ),

v ∈ ⊗̃jCαj .
Äëÿ ÷èñåë 0 < s < ∞ i 0 < τj ≤ ∞ âèçíà÷èìî àïðîêñèìàöiéíi

ïðîñòîðè

Bspj ,τj(C
α
j ) =

{
x ∈ Cαj : |x|Bspj ,τj (Cαj ) <∞

}
,

íàäiëåíi êâàçiíîðìîþ

|x|Bspj ,τj (Cαj ) =


(∫ ∞

0

[
tsEα

pj
(t, x)

]τj dt
t

)1/τj

, 0 < τj <∞,

supt>0 t
sEα

pj
(t, x), τj =∞.

äå Eα
pj

(t, x) = inf
{
‖x− x0‖Cαj : x0 ∈ Epj(Cαj ), |x0|Epj (Cαj ) ≤ t

}
, x ∈ Cαj .
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Íåõàé [Bspj ,τj(C
α
j )]θ (0 < θ < 1) � ïðîñòið Bspj ,τj(C

α
j ), íàäiëåíèé êâà-

çiíîðìîþ |x|θBspj ,τj (Cαj ) , ⊗j[Bspj ,τj(C
α
j )]θ � òåíçîðíèé äîáóòîê ç ïðîåêòèâíîþ

êâàçiíîðìîþ

|w|⊗j [Bspj ,τj (Cαj )]θ = inf
w=
∑
n⊗jx

j
n

N∑
n=1

|x1
n|θBsp1,τ1(Cα1 ) · . . . · |xJn|θBspJ ,τJ (CαJ );

⊗̃j[Bspj ,τj(C
α
j )]θ � éîãî ïîïîâíåííÿ.

Òåîðåìà 5.4.1. Íåõàé 1 ≤ pj, q, qj ≤ ∞, 0 < θ < 1. Òîäi ïðè

τj = θqj, θ =
1

s+ 1
âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ(

⊗̃jEpj(Cαj ), ⊗̃jCαj
)
θ,q
⊂ ⊗̃j[Bspj ,τj(C

α
j )]θ. (5.39)

Ä î â å ä å í í ÿ. Ñïî÷àòêó ïîêàæåìî, ùî(
⊗̃jEpj(Cαj ), ⊗̃jCαj

)
θ,q
⊂ ⊗̃j

(
Epj(Cαj ), Cαj

)
θ,qj
, (5.40)

äå
(
Epj(Cαj ), Cαj

)
θ,qj

� iíòåðïîëÿöiéíèé ïðîñòið ç êâàçiíîðìîþ

|x|(Epj (Cαj ),Cαj )
θ,qj

=

(∫ ∞
0

[
t−θK(t, x; Epj(Cαj ), Cαj )

]qj dt
t

)1/qj

,

K(t, x; Epj(Cαj ), Cαj ) = inf
x=x0+x1

(
|x0|Epj (Cαj ) + t ‖x1‖Cαj

)
, x0 ∈ Epj(Cαj ) , x1 ∈

Cαj ; ⊗j
(
Epj(Cαj ), Cαj

)
θ,qj

:= (Ep1
(Cα1 ), Cα1 )θ,q1

⊗ . . . ⊗ (EpJ (CαJ ), CαJ )θ,qJ � òåí-

çîðíèé äîáóòîê öèõ ïðîñòîðiâ, íàäiëåíèé ïðîåêòèâíîþ êâàçiíîðìîþ

|w|
⊗j
(
Epj (C

α
j ),Cαj

)
θ,qj

= inf
∑
n

|x1
n|(Ep1(Cα1 ),Cα1 )θ,q1

. . . |xJn|(EpJ (CαJ ),CαJ )θ,qJ
,

äå inf çà âñiìà ñêií÷åííèìè ñóìàìè w =
∑

n⊗jxjn ∈ ⊗j
(
Epj(Cαj ), Cαj

)
θ,qj

iç xjn ∈ (Epj(Cαj ), Cαj )θ,qj . ßê çâè÷àéíî, ÷åðåç ⊗̃j
(
Epj(Cαj ), Cαj

)
θ,qj

ïîçíà÷åíî

ïîïîâíåííÿ ⊗j
(
Epj(Cαj ), Cαj

)
θ,qj

ó ïðîåêòèâíié êâàçiíîðìi |·|⊗j(Epj (Cαj ),Cαj )
θ,qj

.

Çàñòîñîâóþ÷è iíòåðïîëÿöiéíó íåðiâíiñòü

|x|(Epj (Cαj ),Cαj )θ,qj
≤ cθ,qj max

(
t−θ|x|Epj (Cαj ), t

1−θ‖x‖Cαj
)
, x ∈ Epj(Cαj )
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i òå, ùî äëÿ áóäü-ÿêîãî t > 0 iñíóþòü u ∈ ⊗̃jEpj(Cαj ) i v ∈ ⊗̃jCαj òàêi,

ùî w = u+ v i

|u|⊗̃jEpj (Cαj ) ≤ cθ,qt
θ|w|(⊗̃jEpj (Cαj ),Cαj )

θ,q

,

‖v‖⊗̃jCαj ≤ cθ,qt
θ−1|w|(⊗̃jEpj (Cαj ),Cαj )

θ,q

,

äëÿ âñiõ ñêií÷åííèõ ñóì w =
∑

n⊗jxjn ∈
(
⊗̃jEpj(Cαj ), ⊗̃jCαj

)
θ,q

îòðèìó¹ìî

|w|⊗̃j(Epj (Cαj ),Cαj )
θ,qj

= inf
w=
∑
n⊗jx

j
n

∑
n

|x1
n|(Ep1(Cα1 ),Cα1 )θ,q1

. . . |xJn|(EpJ (CαJ ),CαJ )θ,qJ

≤ c′ inf
w=
∑
n⊗jx

j
n

(∑
n

max
(
s−θ|x1

n|Ep1(Cα1 ), s
1−θ‖x1

n‖Cα1
)

. . .max
(
s−θ|xJn|EpJ (CαJ ), s

1−θ‖xJn‖CαJ
))

≤ c′′ inf
w=
∑
n⊗jx

j
n

(
s−θJ

∑
n

|x1
n|Ep1(Cα1 ) . . . |xJn|EpJ (CαJ )

+ s(1−θ)J
∑
n

‖x1
n‖Cα1 . . . ‖x

J
n‖CαJ

)
≤ c′′

(
t−θ inf

u=
∑
n⊗ju

j
n

∑
n

|u1
n|Ep1(Cα1 ) . . . |uJn|EpJ (CαJ )

+ t1−θ inf
v=
∑
n⊗jv

j
n

∑
n

‖v1
n‖Cα1 . . . ‖v

J
n‖CαJ

)
= c′′

(
t−θ|u|⊗̃jEpj (Cαj ) + t1−θ‖v‖⊗̃jCαj

)
≤ c |w|(⊗̃jEpj (Cαj ),⊗̃jCαj )

θ,q

.

Îñêiëüêè ïiäïðîñòið Epj(Cαj ) ùiëüíèé â
(
Eνjpj (Cαj ), Cαj

)
θ,qj

, òî äëÿ âñiõ

w ∈
(
⊗̃jEpj(Cαj ), ⊗̃jCαj

)
θ,q

âèêîíó¹òüñÿ íåðiâíiñòü

|w|⊗̃j(Epj (Cαj ),Cαj )
θ,qj

≤ c |w|(⊗̃jEpj (Cαj ),⊗̃jCαj )
θ,q

.

Ç öi¹¨ íåðiâíîñòi âèïëèâà¹ âêëàäåííÿ (5.40).

Â ñèëó ðiâíîñòi (3.85) äëÿ âñiõ j = 1, . . . , J íàÿâíèé içîìîðôiçì

êâàçiíîðìîâàíèõ ïðîñòîðiâ[
Bspj ,τj(C

α
j )
]θ

=
(
Epj(Cαj ), Cαj

)
θ,qj
, |x|θBspj ,τj (Cαj ) ∼ |x|(Epj (Cαj ),Cαj )

θ,qj

, (5.41)
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äå τj = θqj i θ =
1

α + 1
. Ç ðiâíîñòi (5.41) i (5.40) îòðèìó¹ìî (5.39).

Òåîðåìà äîâåäåíà.

Äëÿ iíäåêñiâ 0 < s <∞, 0 < τ <∞ i p = (p1, . . . , pJ) âèçíà÷èìî

àïðîêñèìàöiéíèé ïðîñòið, ïîðîäæåíèé ñêií÷åííèì íàáîðîì îïåðàòîðiâ

A1, . . . , AJ ,

Bs,α
p,τ := Bs,α

p,τ (A1, . . . , AJ ; ⊗̃jCαj ) = {w ∈ ⊗̃jCαj : |w|Bs,α
p,τ
<∞}

ç êâàçiíîðìîþ

|w|Bs,α
p,τ

=
(∫ ∞

0

[
tsEα

p (t, w)
]τ dt

t

)1/τ

,

äå Eα
p (t, w) = inf

|u|⊗̃jEpj (Cα
j

)≤t
‖w − u‖⊗̃jCαj , u ∈ ⊗̃jEpj(C

α
j ), w ∈ ⊗̃jCαj .

Òåîðåìà 5.4.2. Âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|w|Bs,α
p,τ
≤ cs,τ |w|s⊗̃jEpj (Cαj )‖w‖⊗̃jCαj , w ∈ ⊗̃jEpj(C

α
j ), (5.42)

Eα
p (t, w) ≤ 2s+1Cs,τ t

−s|w|Bs,α
p,τ
, w ∈ Bs,α

p,τ , (5.43)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Ä î â å ä å í í ÿ. Ïîâòîðþþ÷è ìiðêóâàííÿ äîâåäåííÿ òåîðåìè 5.3.2,

ïîêëàâøè ⊗̃jEpj(Cαj ) çàìiñòü ⊗̃jEpj(Aj) i ⊗̃jCαj çàìiñòü ⊗̃jXj , îòðèìó¹ìî

ïîòðiáíi íåðiâíîñòi (5.42) i (5.43). Òåîðåìà äîâåäåíà.



291

5.5. Òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéî-

âàíèõ ç åëiïòè÷íèìè îïåðàòîðàìè

Íà ïðîñòîðàõ
{
Lpj(Ωj)

}J
j=1

(1 < pj < ∞) êîìïëåêñíèõ ñóìîâíèõ

ôóíêöié ðîçãëÿíåìî ðåãóëÿðíî åëiïòè÷íi îïåðàòîðè (â ñåíñi îçíà÷åííÿ

4.1.5)

Aju =
∑
|α|≤2m

aj,α(ξ)Dαu, aj,α(ξ) ∈ C,

C1(Aj) =
{
u ∈ W 2m

pj
(Ωj) : Bjiu |∂Ωj= 0, j = 1, . . . , J, i = 1, . . . ,m

}
,

äå W 2m
pj

(Ωj) � ïðîñòið Ñîáîë¹âà; (Bjiu)(ξ) =
∑
|α|≤mi

bj,i,α(ξ)Dαu(ξ) �

íàáið ãðàíè÷íèõ îïåðàòîðiâ; bj,i,α(ξ) ∈ C∞(∂Ωj) , i = 1, . . . ,m .

Íåõàé ⊗jLpj(Ωj) := Lp1
(Ω1) ⊗ . . . ⊗ LpJ (ΩJ) � òåíçîðíèé äîáóòîê,

íà ÿêîìó çàäà¹ìî ïðîåêòèâíó íîðìó

‖w‖⊗jLpj (Ωj) = inf
w=
∑
n⊗ju

j
n

N∑
n=1

‖u1
n‖Lp1(Ω1) · . . . · ‖uJn‖LpJ (ΩJ),

äå inf áåðåòüñÿ ïî âñiõ çîáðàæåííÿõ åëåìåíòà w ∈ ⊗jLpj(Ωj) ó âè-

ãëÿäi ñóìè w =
∑N

n=1⊗jujn çi ñêií÷åííèì N, ujn ∈ Lpj(Ωj) i ⊗jujn =

u1
n ⊗ . . .⊗ uJn ∈ ⊗jLpj(Ωj) . Ïîïîâíåííÿ ïðîñòîðó ⊗jLpj(Ωj) ó ïðîåêòèâ-

íié íîðìi ïîçíà÷èìî ÷åðåç ⊗̃jLpj(Ωj) := Lp1
(Ω1)⊗̃ . . . ⊗̃LpJ (ΩJ).

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τj ≤ ∞} i{0 ≤ s <∞, τj =∞} âè-

çíà÷èìî àïðîêñèìàöiéíi ïðîñòîðè

Bspj ,τj(Aj) =
{
u ∈ Lpj(Ωj) : |u|Bspj ,τj (Aj) <∞

}
,

íàäiëåíi êâàçiíîðìîþ

|u|Bspj ,τj (Aj) =


(∫ ∞

0

[
tsEpj(t, u)

]τj dt
t

)1/τj

, 0 < τj <∞,

supt>0 t
sEpj(t, u), τj =∞,

äå Epj(t, u) = inf
{
‖u− u0‖Lpj (Ωj) : u0 ∈ Epj(Aj), |u0|Epj (Aj) ≤ t

}
.
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Âèçíà÷èìî òàêîæ ïðîñòið

Bs
pj ,τj ,{Bji}(Ωj) =

{
u ∈ Bs

pj ,τj
(Ωj) : Bjiu |∂Ωj= 0, j = 1, . . . , J,

i = 1, . . . ,m, k ∈ N0

}
,

äå Bs
pj ,τj

(Ωj) � êëàñè÷íèé ïðîñòið Á¹ñîâà.

Íåõàé [Bs
pj ,τj ,{Bji}(Ωj)]

θ (0 < θ < 1) � ïðîñòið Bs
pj ,τj ,{Bji}(Ωj) , íàäi-

ëåíèé êâàçiíîðìîþ ‖u‖θBspj ,τj (Ωj) . Âèçíà÷èìî òåíçîðíèé äîáóòîê

⊗j[Bs
pj ,τj ,{Bji}(Ωj)]

θ = [Bs
p1,τ1,{B1i}(Ω1)]

θ ⊗ . . .⊗ [Bs
pJ ,τJ ,{BJi}(ΩJ)]θ

ç ïðîåêòèâíîþ êâàçiíîðìîþ

‖w‖⊗j [Bspj ,τj ,{Bji}(Ωj)]θ = inf
w=
∑
n⊗ju

j
n

N∑
n=1

‖u1
n‖θBsp1,τ1(Ω1) · . . . · ‖uJn‖θBspJ ,τJ (ΩJ).

Ïîïîâíåííÿ ïðîñòîðó ⊗j[Bs
pj ,τj ,{Bji}(Ωj)]

θ ó ïðîåêòèâíié íîðìi ïîçíà÷èìî

÷åðåç ⊗̃j[Bs
pj ,τj ,{Bji}(Ωj)]

θ.

Äëÿ iíäåêñiâ 0 < s <∞, 0 < τ <∞ i p = (p1, . . . , pJ) âèçíà÷èìî

àïðîêñèìàöiéíèé ïðîñòið, ïîðîäæåíèé ñêií÷åííèì íàáîðîì îïåðàòîðiâ

A1, . . . , AJ ,

Bs
p,τ := Bs

p,τ(A1, . . . , AJ ; ⊗̃jLpj(Ωj)) = {w ∈ ⊗̃jLpj(Ωj) : |w|Bs
p,τ
<∞}

ç êâàçiíîðìîþ

|w|Bs
p,τ

=
(∫ ∞

0

[tsEp(t, w)]τ
dt

t

)1/τ

,

äå Ep(t, w) = inf
|u|⊗̃jEpj (Aj)≤t

‖w−u‖⊗̃jLpj (Ωj), u ∈ ⊗̃jEpj(Aj), w ∈ ⊗̃jLpj(Ωj).

Òåîðåìà 5.5.1. Íåõàé 1 < pj <∞, 1 ≤ q, qj ≤ ∞, 0 < θ < 1. Òîäi

ïðè τj = θqj, θ =
1

s+ 1
âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ(

⊗̃jEpj(Aj), ⊗̃jLpj(Ωj)
)
θ,q
⊂ ⊗̃j[Bs

pj ,τj ,{Bji}(Ωj)]
θ. (5.44)
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Êðiì òîãî, âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|w|Bs
p,τ
≤ cs,τ |w|s⊗̃jEpj (Aj)‖w‖⊗̃jLpj (Ωj), w ∈ ⊗̃jEpj(Aj), (5.45)

Ep(t, w) ≤ 2s+1Cs,τ t
−s|w|Bs

p,τ
, w ∈ Bs

p,τ , (5.46)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Ä î â å ä å í í ÿ. Iç òåîðåìè 4.5.1 äëÿ âñiõ j = 1, . . . , J ìà¹ìî

Bspj ,τj(Aj) = Bs
pj ,τj ,{Bji}(Ωj). (5.47)

Âêëàäåííÿ (5.44) ¹ íàñëiäêîì (5.21) i ðiâíîñòåé (5.47).

Íåðiâíîñòi (5.45) i (5.46) âèïëèâàþòü âiäïîâiäíî ç (5.27) i (5.28) ç

óðàõóâàííÿì ðiâíîñòåé (5.44). Òåîðåìà äîâåäåíà.

Íåõàé Ωj ⊂ Rn � îáìåæåíà îáëàñòü êëàñó C∞ ç ãðàíèöåþ ∂Ωj

äëÿ âñiõ j = 1, . . . , J (äèâ. [86, îçíà÷åííÿ 3.2.1/2]). Ðîçãëÿäà¹ìî ∂Ωj ÿê

ãëàäêèé ìíîãîâèä, Ujl (l = 1, . . . , N) � ëîêàëüíi êàðòè, ùî ïîêðèâàþòü

∂Ωj . Ïîçíà÷èìî ÷åðåç C∞(Ujl) ïðîñòið íåñêií÷åííî äèôåðåíöiéîâàíèõ

êîìïëåêñíîçíà÷íèõ ôóíêöié íà Ujl . Íåõàé yl = (yl1, . . . , y
l
n−1) � ëîêàëüíi

êîîðäèíàòè íà ∂Ωj , âèçíà÷åíi äèôåîìîðôiçìàìè yl : Ujl → Rn−1 , îáåð-

íåíi âiäîáðàæåííÿ äî ÿêèõ ïîçíà÷à¹ìî ÷åðåç y−l . ×åðåç C∞(∂Ωj) ïî-

çíà÷à¹ìî ïðîñòið êîìïëåêñíîçíà÷íèõ ôóíêöié u çàäàíèõ íà ∂Ωj òàêèõ,

ùî u(yl) = u ◦ y−l ∈ C∞(yl(Ujl)) äëÿ âñiõ l = 1, . . . , N .

Íåõàé íà êîæíîìó ìíîãîâèäi ∂Ωj âèçíà÷åíî åëiïòè÷íèé äèôåðåí-

öiàëüíèé îïåðàòîð Lj (j = 1, . . . , J) , ÿêèé â ëîêàëüíèõ êîîðäèíàòàõ

yl = (yl1, . . . , y
l
n−1) (l = 1, . . . , N) ìà¹ âèãëÿä ëiíiéíîãî äèôåðåíöiàëüíî-

ãî îïåðàòîðà ïîðÿäêó 2m ∈ N

Lju(yl) =
∑
|α|≤2m

aj,α(yl) ∂α(u ◦ y−l), aj,α(yl) ∈ C∞(yl(Ujl)), u ∈ C∞(∂Ωj),
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äå çãiäíî ç [86, îçíà÷åííÿ 5.2.1] aj,α(yl) ∈ R äëÿ |α| = 2m òà iñíó¹

ïîñòiéíà c òàêà, ùî (−1)m
∑
|α|=2m aj,α(yl) ξα ≥ c |ξ|2m äëÿ âñiõ ξ ∈ Rn−1 .

Âèêîðèñòîâóþ÷è âiäîáðàæåííÿ δyl : C
∞(yl(Ujl)) → C∞(Ujl) , äå

δyl(v) := v ◦ yl äëÿ âñiõ v ∈ C∞(yl(Ujl)) , êîæíîìó iíäåêñó l = 1, . . . , N

ìîæåìî ñïiâñòàâèòè îïåðàòîð Lyl : C∞(yl(Ujl))→ C∞(yl(Ujl)) , äå Lyl :=

δ−1
yl
◦L ◦ δyl . Òîäi äiÿ îïåðàòîðà L íà ôóíêöi¨ u ∈ C∞(∂Ωj) â ëîêàëüíèõ

êîîðäèíàòàõ yl = (yl1, . . . , y
l
n−1) âèçíà÷à¹òüñÿ, ÿê Lu(yl) = Lyl(u ◦ y−l)

äëÿ âñiõ l = 1, . . . , N .

Ïðèïóñêà¹ìî äàëi, ùî êîæåí îïåðàòîð Lj ç îáëàñòþ âèçíà÷åííÿ

D(Lj) = C∞(∂Ωj) ñèìåòðè÷íèé â L2(∂Ωj) . Òîäi éîãî çàìèêàííÿ, ÿêå

ïîçíà÷èìî ÿê Aj , ìà¹ òî÷êîâèé ñïåêòð i îáëàñòü âèçíà÷åííÿ éîãî k -

ãî ñòåïåíÿ D(Ak
j ) ñïiâïàäà¹ ç ïðîñòîðîì Ñîáîë¹âà W 2mk

2 (∂Ωj) (äèâ. [86,

òåîðåìà 7.6.1]). Êðiì òîãî, îïåðàòîð Aj ñàìîñïðÿæåíèé â L2(∂Ωj) , à éîãî

ïiäïðîñòið âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó E2(Aj) ùiëüíèé â L2(∂Ωj) .

Ïðèïóñêà¹ìî òàêîæ, ùî 0 ∈ ρ(Aj) äëÿ âñiõ j = 1, . . . , J , äå ρ(Aj) �

ðåçîëüâåíòíà ìíîæèíà îïåðàòîðà Aj .

Ñëiäóþ÷è [3, �7.2], ðîçãëÿíåìî â L2(∂Ωj) ïiäïðîñòið Mν
2(∂Ωj) ôóí-

êöié u òàêèõ, ùî êîìïîçèöiÿ ôóíêöié (u◦y−l)(ξ) çìiííî¨ ξ ∈ yl(Ujl) äëÿ
êîæíîãî l = 1, . . . , N ¹ çâóæåííÿì íà yl(Ujl) öiëèõ àíàëiòè÷íèõ ôóíêöié

v(ξ + iη) çìiííî¨ ξ + iη ∈ Cn−1 ôiêñîâàíîãî åêñïîíåíöiàëüíîãî òèïó ν .

Âèçíà÷èìî àïðîêñèìàöiéíèé ïðîñòið, ïîðîäæåíèé ñêií÷åííèì íàáî-

ðîì îïåðàòîðiâ A1, . . . , AJ ,

H s
2,τ := H s

2,τ(A1, . . . , AJ ; ⊗̃jL2(∂Ωj)) = {w ∈ ⊗̃jL2(∂Ωj) : |w|H s
2,τ
<∞}

ç êâàçiíîðìîþ

|w|H s
2,τ

=
(∫ ∞

0

[tsE2(t, w)]τ
dt

t

)1/τ

,

äå E2(t, w) = inf
|u|⊗̃jE2(Aj)≤t

‖w − u‖⊗̃jL2(∂Ωj), u ∈ ⊗̃jE2(Aj), w ∈ ⊗̃jL2(∂Ωj).

Òåîðåìà 5.5.2. Íåõàé 1 ≤ q, qj ≤ ∞, 0 < θ < 1. Òîäi ïðè τj = θqj,
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θ =
1

s+ 1
âèêîíó¹òüñÿ íåïåðåðâíå âêëàäåííÿ(
⊗̃jE2(Aj), ⊗̃jL2(∂Ωj)

)
θ,q
⊂ ⊗̃j[Hs

2(∂Ωj)]
θ. (5.48)

Êðiì òîãî, âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|w|H s
2,τ
≤ cs,τ |w|s⊗̃jE2(Aj)

‖w‖⊗̃jL2(∂Ωj), w ∈ ⊗̃jE2(Aj), (5.49)

E2(t, w) ≤ 2s+1Cs,τ t
−s|w|H s

2,τ
, w ∈H s

2,τ , (5.50)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Ä î â å ä å í í ÿ. Iç òåîðåìè 4.5.3 äëÿ âñiõ j = 1, . . . , J ìà¹ìî

Bs2,2(Aj) = Hs
2(∂Ωj). (5.51)

Âêëàäåííÿ (5.48) ¹ íàñëiäêîì (5.21) i ðiâíîñòåé (5.51).

Íåðiâíîñòi (5.49) i (5.50) âèïëèâàþòü âiäïîâiäíî ç (5.27) i (5.28) ç

óðàõóâàííÿì ðiâíîñòåé (5.51). Òåîðåìà äîâåäåíà.

Íåõàé −∞ < aj < bj <∞ , Ωj = (aj, bj) , j = 1, . . . , J , m = 1, 2, . . .

i l = 0, 1, . . . ,m . Ðîçãëÿíåìî íàáið îïåðàòîðiâ Aj,m,lu (j = 1, . . . , J) iç

îçíà÷åííÿ 4.3.2:

Aj,m,lu = (−1)m
dm

dξm

(
plj(ξ)

dmu

dξm

)
.

Îïåðàòîð Aj,m,l äîïóñêà¹ çàìèêàííÿ Āj,m,l â L2(Ωj) ç îáëàñòþ âèçíà÷å-

ííÿ

C1(Āj,m,l) =
{
u ∈ W 2m

2 (Ωj; p
2l
j ) :

u(i)(a) = u(i)(b) = 0, i = 0, . . . ,m− l − 1
}
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äëÿ âñiõ l = 0, 1, . . . , m− 1 i C1(Āj,m,m) = W 2m
2 (Ωj; p

2m
j ) .

Äëÿ ν > 0 âèçíà÷èìî ïðîñòið

Eν2 (Āj,m,l) =
{
u ∈ C∞(Āj,m,l) : ‖u‖Eν2 (Āj,m,l)

<∞
}
,

äå ‖u‖Eν2 (Āj,m,l) =
(∑

k∈N0

∥∥(Āj,m,l/ν
)k
u
∥∥2

L2(Ωj)

)1/2

, à òàêîæ îá'¹äíàííÿ

E2(Āj,m,l) =
⋃
ν>0 Eν2 (Āj,m,l) iç êâàçiíîðìîþ

|u|E2(Āj,m,l) = ‖u‖L2(Ωj) + inf
{
ν > 0: u ∈ Eν2 (Āj,m,l)

}
.

Äëÿ ïàð ÷èñåë {0 < s <∞, 0 < τj ≤ ∞} i {0 ≤ s <∞, τj =∞}
âèçíà÷èìî ïðîñòîðè Bs2,τj(Āj,m,l) =

{
u ∈ L2(Ωj) : |u|Bs2,τj (Āj,m,l) <∞

}
,

|u|Bs2,τj (Āj,m,l) =


(∫ ∞

0

[
tαE(t, u)

]τj dt
t

)1/τj

, 0 < τj <∞,

supt>0 t
αE(t, u), τj =∞,

äå E(t, u) = inf
{∥∥u− u0

∥∥
L2(Ωj)

: u0 ∈ E2(Āj,m,l),
∣∣u0
∣∣
E(Āj,m,l)

≤ t
}
.

Äëÿ l = 0, 1, . . . , m− 1 ïîêëàäåìî

Bs
2,τj

◦

(Ωj) :=
{
u ∈ Bs

2,τj
(Ωj) : (A k

j,m,lu)(i)(a) = (A k
j,m,lu)(i)(b) = 0,

i = 0, . . . ,m− l − 1, k ∈ N0

}
.

Íåõàé
[
Bs

2,τj

◦

(Ωj)
]θ

(0 < θ < 1) � ïðîñòið Bs
2,τj

◦

(Ωj) , íàäiëåíèé

êâàçiíîðìîþ ‖u‖θBs2,τj (Ωj) . Âèçíà÷èìî òåíçîðíèé äîáóòîê

⊗j
[
Bs

2,τj

◦

(Ωj)
]θ

=
[
Bs

2,τ1

◦

(Ω1)
]θ ⊗ . . .⊗ [Bs

2,τJ

◦

(ΩJ)
]θ

ç ïðîåêòèâíîþ êâàçiíîðìîþ

‖w‖
⊗j
[
Bs2,τj

◦
(Ωj)

]θ = inf
w=
∑
n⊗ju

j
n

N∑
n=1

‖u1
n‖θBs2,τ1(Ω1) · . . . · ‖uJn‖θBs2,τJ (ΩJ).

Ïîïîâíåííÿ ïðîñòîðó ⊗j
[
Bs

2,τj

◦

(Ωj)
]θ

ó öié êâàçiíîðìi ïîçíà÷èìî ÷åðåç

⊗̃j
[
Bs

2,τj

◦

(Ωj)
]θ
. Ðîçãëÿíåìî òàêîæ òåíçîðíèé äîáóòîê ⊗j[Bs

2,τj
(Ωj)]

θ =
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[Bs
2,τ1

(Ω1)]
θ ⊗ . . . ⊗ [Bs

2,τJ
(ΩJ)]θ ïðîñòîðiâ [Bs

2,τj
(Ωj)]

θ (j = 1, . . . , J) ç

ïðîåêòèâíîþ êâàçiíîðìîþ ‖·‖⊗j [Bs2,τj (Ωj)]θ i éîãî ïîïîâíåííÿ ⊗̃j[B
s
2,τj

(Ωj)]
θ

ó öié êâàçiíîðìi.

Âèçíà÷èìî òàêîæ àïðîêñèìàöiéíèé ïðîñòið, ïîðîäæåíèé ñêií÷åí-

íèì íàáîðîì îïåðàòîðiâ Ā1,m,l, . . . , ĀJ,m,l ,

Bs
2,τ := Bs

2,τ(Ā1,m,l, . . . , ĀJ,m,l; ⊗̃jL2(Ωj)) = {w ∈ ⊗̃jL2(Ωj) : |w|Bs
2,τ
<∞}

ç êâàçiíîðìîþ

|w|Bs
2,τ

=
(∫ ∞

0

[tsE2(t, w)]τ
dt

t

)1/τ

,

äå E2(t, w) = inf
|u|⊗̃jE2(Āj,m,l)

≤t
‖w−u‖⊗̃jL2(Ωj), u ∈ ⊗̃jE2(Āj,m,l), w ∈ ⊗̃jL2(Ωj).

Òåîðåìà 5.5.3. Íåõàé 1 ≤ q, qj ≤ ∞ i 0 < θ < 1. Òîäi ïðè τj = θqj,

θ =
1

s+ 1
âèêîíóþòüñÿ íåïåðåðâíi âêëàäåííÿ:(
⊗̃jE2(Āj,m,l), ⊗̃jL2(Ωj)

)
θ,q
⊂ ⊗̃j

[
Bs

2,τj

◦

(Ωj)
]θ
, (5.52)

äëÿ l = 0, 1, . . . , m− 1 i(
⊗̃jE2(Āj,m,m), ⊗̃jL2(Ωj)

)
θ,q
⊂ ⊗̃j[Bs

2,τj
(Ωj)]

θ. (5.53)

Êðiì òîãî, âèêîíóþòüñÿ òàêi íåðiâíîñòi:

|w|Bs
2,τ
≤ cs,τ |w|s⊗̃jE2(Āj,m,l)

‖w‖⊗̃jL2(Ωj), w ∈ ⊗̃jE2(Āj,m,l), (5.54)

E2(t, w) ≤ 2s+1Cs,τ t
−s|w|Bs

2,τ
, w ∈ Bs

2,τ , (5.55)

äå

cs,τ :=

{
κs,τ : τ <∞
1 : τ =∞,

Cs,τ :=

{
κ−1
s,τ : τ <∞

2−s−1 : τ =∞,

κs,τ :=
(
τs−1(s+ 1)2

)1/τ
.

Ä î â å ä å í í ÿ. Iç òåîðåìè 4.5.6 äëÿ âñiõ j = 1, . . . , J ìà¹ìî

Bs2,τj(Āj,m,l) =
{
u ∈ Bs

2,τj
(Ωj) : (A k

j,m,lu)(i)(a) = (A k
j,m,lu)(i)(b) = 0,

i = 0, . . . ,m− l − 1, k ∈ N0

}
äëÿ l = 0, 1, . . . , m− 1,

Bs2,τj(Āj,m,m) =Bs
2,τj

(Ωj). (5.56)
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Âêëàäåííÿ (5.44) ¹ íàñëiäêîì (5.21) i ðiâíîñòåé (5.56).

Íåðiâíîñòi (5.54) i (5.55) âèïëèâàþòü âiäïîâiäíî ç (5.27) i (5.28) ç

óðàõóâàííÿì ðiâíîñòåé (5.56). Òåîðåìà äîâåäåíà.

Âèñíîâêè äî ðîçäiëó 5

Ó äàíîìó ðîçäiëi ðîçâèíóòî òåîðiþ òåíçîðíèõ äîáóòêiâ àïðîêñèìà-

öiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç çàìêíåíèìè îïåðàòîðàìè.

Âñòàíîâëåíî âëàñòèâîñòi ïðîåêòèâíèõ òåíçîðíèõ äîáóòêiâ ïðîñòîðiâ

öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó äëÿ ñêií÷åííèõ íàáîðiâ çàìêíå-

íèõ îïåðàòîðiâ, ùî äiþòü ó áàíàõîâèõ ïðîñòîðàõ. Ïîáóäîâàíî ñïåêòðàëü-

íi ðîçêëàäè äëÿ îïåðàòîðiâ ç òî÷êîâèì ñïåêòîðîì (òåîðåìà 5.1.5).

Âèçíà÷åíî iíòåðïîëÿöiéíi ïðîñòîðè ïðîåêòèâíèõ òåíçîðíèõ äîáó-

òêiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïåðàòîðiâ íàä

áàíàõîâèìè ïðîñòîðàìè òà âñòàíîâëåíî ¨õ iíòåðïîëÿöiéíi âëàñòèâîñòi (òå-

îðåìè 5.2.1, 5.2.2).

Âèçíà÷åíî iíòåðïîëÿöiéíi ïðîñòîðè ïðîåêòèâíèõ òåíçîðíèõ äîáó-

òêiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïåðàòîðiâ íà

îáëàñòÿõ âèçíà÷åííÿ ¨õ öiëèõ ñòåïåíiâ. Äîâåäåíî âiäïîâiäíi iíòåðïîëÿ-

öiéíi òåîðåìè 5.2.3 i 5.2.4.

Äîâåäåíî, ùî òåíçîðíèé äîáóòîê àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó

Á¹ñîâà ¹ ïðîìiæíèì iíòåðïîëÿöiéíèì ïðîñòîðîì ìiæ òåíçîðíèì äîáó-

òêîì ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïå-

ðàòîðiâ i òåíçîðíèì äîáóòêîì áàíàõîâèõ ïðîñòîðiâ, íà ÿêèõ âèçíà÷åíî

âiäïîâiäíi îïåðàòîðè (òåîðåìà 5.3.1). Âñòàíîâëåíî íåðiâíîñòi òèïó Áåðí-

øòåéíà i Äæåêñîíà, ÿêi îöiíþþòü âiäñòàíü âiä çàäàíîãî åëåìåíòà òåí-

çîðíîãî äîáóòêó áàíàõîâèõ ïðîñòîðiâ äî ïiäïðîñòîðó, ùî âèçíà÷à¹òüñÿ
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òåíçîðíèì äîáóòêîì ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó

(òåîðåìà 5.3.2).

Äîâåäåíî, ùî òåíçîðíèé äîáóòîê àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó

Á¹ñîâà íà îáëàñòÿõ âèçíà÷åííÿ öiëèõ ñòåïåíiâ îïåðàòîðiâ ¹ ïðîìiæíèì

iíòåðïîëÿöiéíèì ïðîñòîðîì ìiæ òåíçîðíèì äîáóòêîì ïðîñòîðiâ öiëèõ âå-

êòîðiâ åêñïîíåíöiàëüíîãî òèïó i òåíçîðíèì äîáóòêîì áàíàõîâèõ ïðîñòî-

ðiâ, ùî ¹ îáëàñòÿìè âèçíà÷åííÿ öiëèõ ñòåïåíiâ îïåðàòîðiâ (òåîðåìà 5.3.3).

Âñòàíîâëåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà, ÿêi îöiíþþòü âiä-

ñòàíü âiä çàäàíîãî åëåìåíòà òåíçîðíîãî äîáóòêó áàíàõîâèõ ïðîñòîðiâ, ùî

¹ îáëàñòÿìè âèçíà÷åííÿ öiëèõ ñòåïåíiâ îïåðàòîðiâ, äî ïiäïðîñòîðó, ùî

âèçíà÷à¹òüñÿ òåíçîðíèì äîáóòêîì ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöi-

àëüíîãî òèïó (òåîðåìà 5.3.4).

Âèçíà÷åíî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñî-

âà íà îáëàñòÿõ âèçíà÷åííÿ êîìïëåêñíèõ ñòåïåíiâ ïîçèòèâíèõ îïåðàòîðiâ

(òåîðåìà 5.4.1). Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà, ÿêi

îöiíþþòü âiäñòàíü âiä çàäàíîãî åëåìåíòà òåíçîðíîãî äîáóòêó áàíàõîâèõ

ïðîñòîðiâ, ùî ¹ îáëàñòÿìè âèçíà÷åííÿ êîìïëåêñíèõ ñòåïåíiâ ïîçèòèâíèõ

îïåðàòîðiâ, äî ïiäïðîñòîðó, ùî âèçíà÷à¹òüñÿ òåíçîðíèì äîáóòêîì ïðî-

ñòîðiâ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó (òåîðåìà 5.4.2).

Âèçíà÷åíî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñî-

âà, àñîöiéîâàíèõ ç ðåãóëÿðíèìè åëiïòè÷íèìè äèôåðåíöiàëüíèìè îïåðà-

òîðàìè â îáìåæåíèõ îáëàñòÿõ êëàñó C∞ (òåîðåìà 5.5.1) òà íà êîìïà-

êòíèõ ìíîãîâèäàõ, ùî ìàþòü ôîðìó ãðàíèöi îáìåæåíî¨ îáëàñòi êëàñó

C∞ (òåîðåìà 5.5.2), à òàêîæ óçàãàëüíåíèìè äèôåðåíöiàëüíèìè îïåðàòî-

ðàìè Ëåæàíäðà (òåîðåìà 5.5.3). Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà

i Äæåêñîíà â òåðìiíàõ êâàçiíîðì âèçíà÷åíèõ òåíçîðíèõ äîáóòêiâ àïðî-

êñèìàöiéíèõ ïðîñòîðiâ.

Îñíîâíi ðåçóëüòàòè ðîçäiëó 5 îïóáëiêîâàíi ó ïðàöÿõ [33�36, 47�50,

130,132,146].
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ÂÈÑÍÎÂÊÈ

Ó äèñåðòàöiéíié ðîáîòi ðîçâ'ÿçàíî íàóêîâó ïðîáëåìó âèçíà÷åííÿ

ñòðóêòóðè i îïèñó âëàñòèâîñòåé àïðîêñèìàöiéíèõ ïðîñòîðiâ, àñîöiéîâà-

íèõ ç íåîáìåæåíèìè îïåðàòîðàìè â íîðìîâàíèõ ïðîñòîðàõ, ó êîíòåêñòi

ñïåêòðàëüíèõ àïðîêñèìàöié òà õàðàêòåðèçàöi¨ ðiçíèõ êëàñiâ ôóíêöié â

òåðìiíàõ ¨õ íàéêðàùèõ íàáëèæåíü öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî

òèïó â ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Ïðîâåäåíå â ðîáîòi äîñëiäæåííÿ äîçâîëèëî îòðèìàòè íèçêó íàóêî-

âèõ ðåçóëüòàòiâ:

1. Íà îñíîâi àíàëiçó îïåðàòîðíîãî ïiäõîäó äî ïðîáëåì àïðîêñèìàöi¨

ôóíêöié âñòàíîâëåíî ìîæëèâiñòü õàðàêòåðèçàöi¨ íåñêií÷åííî äèôåðåí-

öiéîâàíèõ âåêòîðiâ çàìêíåíîãî îïåðàòîðà ó êîìïëåêñíîìó áàíàõîâîìó

ïðîñòîði â òåðìiíàõ ¨õ íàéêðàùèõ íàáëèæåíü ðiçíèìè êëàñàìè, çîêðåìà,

öiëèõ, àíàëiòè÷íèõ, öiëèõ åêñïîíåíöiàëüíîãî òèïó âåêòîðiâ, à ó âèïàäêó

îïåðàòîðà äèôåðåíöiþâàííÿ � íàáëèæåíü àëãåáðà¨÷íèìè i òðèãîíîìå-

òðè÷íèìè ïîëiíîìàìè, öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó. Îá-

 ðóíòîâàíî ìîæëèâiñòü çàñòîñóâàííÿ äî ðîçâ'ÿçàííÿ çãàäàíî¨ ïðîáëåìè

òåîði¨ àïðîêñèìàöiéíèõ ïðîñòîðiâ.

2. Âèçíà÷åíî íîâi êëàñè ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî

òèïó çàìêíåíîãî îïåðàòîðà, âñòàíîâëåíî îñíîâíi âëàñòèâîñòi öèõ ïðîñòî-

ðiâ, à òàêîæ ¨õ îá'¹äíàíü. Äîâåäåíî, ùî ïðîñòîðè öiëèõ âåêòîðiâ åêñïî-

íåíöiàëüíîãî òèïó îïåðàòîðà ç òî÷êîâèì ñïåêòðîì ñïiâïàäàþòü ç ëiíié-

íîþ îáîëîíêîþ îáðàçiâ ïðîåêòîðiâ Ðiñà, à ó âèïàäêó îïåðàòîðà ç òî÷êî-

âèì ñïåêòðîì, ùî ñêëàäà¹òüñÿ iç içîëüîâàíèõ âëàñíèõ çíà÷åíü ñêií÷åííî¨

àëãåáðà¨÷íî¨ êðàòíîñòi, ïðîñòið âñiõ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òè-

ïó ñïiâïàäà¹ ç ëiíiéíîþ îáîëîíêîþ éîãî êîðåíåâèõ âåêòîðiâ.

3. Ââåäåíî íîâi êëàñè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà, àñîöi-

éîâàíèõ ç íåîáìåæåíèìè îïåðàòîðàìè ó áàíàõîâèõ ïðîñòîðàõ, òà öiëèìè
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ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó äëÿ îïåðàòîðiâ äèôåðåíöiþâàííÿ ó

ôóíêöiîíàëüíèõ ïðîñòîðàõ. Äîâåäåíî, ùî öi ïðîñòîðè ¹ iíòåðïîëÿöiéíè-

ìè ïðîñòîðàìè ìiæ ïðîñòîðàìè öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó i

âèõiäíèì ïðîñòîðîì, âñòàíîâëåíî âëàñòèâîñòi àïðîêñèìàöiéíèõ ïðîñòî-

ðiâ.

4. Âñòàíîâëåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ

êâàçiíîðì àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹ñîâà ç òî÷íèìè çíà÷åííÿ-

ìè êîíñòàíò, ÿêi äàþòü àíàëiòè÷íi îöiíêè íàéêðàùèõ íàáëèæåíü öiëè-

ìè âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó íåîáìåæåíîãî îïåðàòîðà, çîêðåìà,

ñïåêòðàëüíèõ àïðîêñèìàöié ó âèïàäêó îïåðàòîðà ç òî÷êîâèì ñïåêòðîì,

à ó âèïàäêó îïåðàòîðà äèôåðåíöiþâàííÿ � âiäïîâiäíi îöiíêè íàáëèæå-

ííÿ ôóíêöié àëãåáðà¨÷íèìè i òðèãîíîìåòðè÷íèìè ïîëiíîìàìè, öiëèìè

ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó.

5. Îïèñàíî iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ âåêòîðiâ åêñïîíåíöiàëü-

íîãî òèïó çàìêíåíîãî îïåðàòîðà, ïîðîäæåíèõ äiéñíèìè i êîìïëåêñíèì

ìåòîäàìè iíòåðïîëÿöi¨, òà âñòàíîâëåíî ¨õ âëàñòèâîñòi. Ââåäåíî íîâi êëàñè

ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïåðàòîðiâ

íà îáëàñòÿõ âèçíà÷åííÿ ¨õ öiëèõ ñòåïåíiâ, à äëÿ ïîçèòèâíèõ îïåðàòîðiâ

� íà îáëàñòÿõ âèçíà÷åííÿ ¨õ êîìïëåêñíèõ ñòåïåíiâ. Âñòàíîâëåíî içîìîð-

ôiçìè äëÿ äiéñíî¨ òà êîìïëåêñíî¨ iíòåðïîëÿöiéíèõ øêàë öèõ ïðîñòîðiâ.

Îïèñàíî iíòåðïîëÿöiéíi ïðîñòîðè öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òè-

ïó ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ, à òàêîæ äåÿêèõ

êëàñiâ âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ.

6. Âèçíà÷åíî iíòåðïîëÿöiéíó øêàëó àïðîêñèìàöiéíèõ ïðîñòîðiâ íà

îáëàñòÿõ âèçíà÷åííÿ öiëèõ ñòåïåíiâ çàìêíåíèõ îïåðàòîðiâ òà äîâåäåíî

iíòåðïîëÿöiéíi òåîðåìè, ùî õàðàêòåðèçóþòü öþ øêàëó. Îïèñàíî àïðî-

êñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ïîçèòèâíèìè îïåðàòîðàìè ó áàíàõî-

âèõ ïðîñòîðàõ, äîâåäåíî ¨õ çâ'ÿçîê ç iíòåðïîëÿöiéíèìè ïðîñòîðàìè òà

âñòàíîâëåíî iíòåðïîëÿöiéíi âëàñòèâîñòi. Äîâåäåíî íåðiâíîñòi òèïó Áåðí-
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øòåéíà i Äæåêñîíà â òåðìiíàõ êâàçiíîðì öèõ àïðîêñèìàöiéíèõ ïðîñòî-

ðiâ, à òàêîæ òåîðåìè, ùî õàðàêòåðèçóþòü ñïåêòðàëüíi àïðîêñèìàöi¨ äëÿ

îïåðàòîðà ç òî÷êîâèì ñïåêòðîì.

7. Îïèñàíî ôóíêöiîíàëüíi ïðîñòîðè âåêòîðiâ åêñïîíåíöiàëüíîãî òè-

ïó ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â îáìåæåíèõ îáëà-

ñòÿõ Ω i êîìïàêòíèõ ìíîãîâèäàõ êëàñó C∞ , âèðîäæåíèõ åëiïòè÷íèõ äè-

ôåðåíöiàëüíèõ îïåðàòîðiâ, ùî õàðàêòåðèçóþòüñÿ ñèëüíèì âèðîäæåííÿì

êîåôiöi¹íòiâ ïîáëèçó ãðàíèöi (i íà íåñêií÷åííîñòi), çâè÷àéíèõ âèðîäæå-

íèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â îáìåæåíîìó iíòåðâàëi òà

âèðîäæåíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ ç ÷àñòèííèìè ïîõi-

äíèìè â îáìåæåíèõ îáëàñòÿõ ç íåñêií÷åííî ãëàäêîþ ãðàíèöåþ. Íà îñíîâi

îçíàê ïîâíîòè êîðåíåâèõ âåêòîðiâ êîìïàêòíèõ îïåðàòîðiâ â ãiëüáåðòî-

âîìó ïðîñòîði òà îçíàê ùiëüíîñòi ìíîæèíè öiëèõ âåêòîðiâ åêñïîíåíöi-

àëüíîãî òèïó îïåðàòîðà â áàíàõîâèõ ïðîñòîðàõ âñòàíîâëåíî íîâi îçíàêè

ïîâíîòè ìíîæèíè êîðåíåâèõ âåêòîðiâ ðåãóëÿðíî åëiïòè÷íîãî îïåðàòîðà

â ïðîñòîðàõ Lp(Ω) .

8. Âèçíà÷åíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç ðåãóëÿðíèìè

åëiïòè÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè â îáìåæåíèõ îáëàñòÿõ êëà-

ñó C∞ . Ïîêàçàíî, ùî öi àïðîêñèìàöiéíi ïðîñòîðè ñïiâïàäàþòü iç çàìêíå-

íèìè ïiäïðîñòîðàìè êëàñè÷íèõ ïðîñòîðiâ Á¹ñîâà. Äîâåäåíî íåðiâíîñòi

òèïó Áåðíøòåéíà i Äæåêñîíà, ùî õàðàêòåðèçóþòü, çîêðåìà, ñïåêòðàëüíi

àïðîêñèìàöi¨ ðåãóëÿðíèõ åëiïòè÷íèõ îïåðàòîðiâ. Îïèñàíî àïðîêñèìàöié-

íi ïðîñòîðè, àñîöiéîâàíi ç ðåãóëÿðíèìè åëiïòè÷íèìè äèôåðåíöiàëüíèìè

îïåðàòîðàìè íà êîìïàêòíèõ ìíîãîâèäàõ, ùî ìàþòü ôîðìó ãðàíèöi îáìå-

æåíî¨ îáëàñòi êëàñó C∞ , i óçàãàëüíåíèìè äèôåðåíöiàëüíèìè îïåðàòîðà-

ìè Ëåæàíäðà.

9. Âèçíà÷åíî ïðîåêòèâíi òåíçîðíi äîáóòêè ïðîñòîðiâ öiëèõ âåêòî-

ðiâ åêñïîíåíöiàëüíîãî òèïó äëÿ ñêií÷åííèõ íàáîðiâ çàìêíåíèõ îïåðàòî-

ðiâ, ùî äiþòü ó áàíàõîâèõ ïðîñòîðàõ. Ïîáóäîâàíî ñïåêòðàëüíi ðîçêëàäè
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äëÿ îïåðàòîðiâ ç òî÷êîâèì ñïåêòðîì. Îïèñàíî iíòåðïîëÿöiéíi ïðîñòîðè

ïðîåêòèâíèõ òåíçîðíèõ äîáóòêiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó

çàìêíåíèõ îïåðàòîðiâ íàä áàíàõîâèìè ïðîñòîðàìè i íà îáëàñòÿõ âèçíà-

÷åííÿ ¨õ öiëèõ ñòåïåíiâ òà âñòàíîâëåíî ¨õ iíòåðïîëÿöiéíi âëàñòèâîñòi.

10. Äîâåäåíî, ùî òåíçîðíèé äîáóòîê àïðîêñèìàöiéíèõ ïðîñòîðiâ òè-

ïó Á¹ñîâà ¹ ïðîìiæíèì iíòåðïîëÿöiéíèì ïðîñòîðîì ìiæ òåíçîðíèì äî-

áóòêîì ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíèõ îïå-

ðàòîðiâ i òåíçîðíèì äîáóòêîì áàíàõîâèõ ïðîñòîðiâ, íà ÿêèõ âèçíà÷åíî

âiäïîâiäíi îïåðàòîðè. Âñòàíîâëåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæå-

êñîíà, ÿêi îöiíþþòü âiäñòàíü âiä çàäàíîãî åëåìåíòà òåíçîðíîãî äîáóòêó

áàíàõîâèõ ïðîñòîðiâ äî ïiäïðîñòîðó, ùî âèçíà÷à¹òüñÿ òåíçîðíèì äîáó-

òêîì ïðîñòîðiâ öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó.

11. Îïèñàíî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ ïðîñòîðiâ òèïó Á¹-

ñîâà, àñîöiéîâàíèõ ç ïîçèòèâíèìè îïåðàòîðàìè, ðåãóëÿðíî åëiïòè÷íèìè

äèôåðåíöiàëüíèìè îïåðàòîðàìè i óçàãàëüíåíèìè äèôåðåíöiàëüíèìè îïå-

ðàòîðàìè Ëåæàíäðà, âñòàíîâëåíî iíòåðïîëÿöiéíi âëàñòèâîñòi öèõ ïðîñòî-

ðiâ. Äîâåäåíî íåðiâíîñòi òèïó Áåðíøòåéíà i Äæåêñîíà â òåðìiíàõ êâàçi-

íîðì âèçíà÷åíèõ òåíçîðíèõ äîáóòêiâ àïðîêñèìàöiéíèõ ïðîñòîðiâ.
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[16] Ìiæíàðîäíà êîíôåðåíöiÿ ç ôóíêöiîíàëüíîãî àíàëiçó, ïðèñâÿ÷åíà 90-

ði÷÷þ ç äíÿ íàðîäæåííÿ Â.Å. Ëÿíöå (Ëüâiâ, 17-21 ëèñòîïàäà 2010 ð.).

[17] Ìiæíàðîäíà ìàòåìàòè÷íà êîíôåðåíöiÿ iì. Â.ß. Ñêîðîáîãàòüêà

(Äðîãîáè÷, 19-23 âåðåñíÿ 2011 ð.).

[18] XIV Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iì. àêàä. Ì. Êðàâ÷óêà (Êè¨â,

19-21 êâiòíÿ 2012 ð.).

[19] Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 120-ði÷÷þ ç äíÿ íà-

ðîäæåííÿ Ñòåôàíà Áàíàõà (Ëüâiâ, 17-21 âåðåñíÿ 2012 ð.).

[20] Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìî-

âiðíîñòåé òà ìåòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 25 ëþòîãî-3 áåðåçíÿ

2013 ð.).

[21] V Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ �Íåëiíiéíi ïðîáëåìè àíàëiçó�

(Iâàíî-Ôðàíêiâñüê, 19-21 âåðåñíÿ 2013 ð.).

[22] XV Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iì. àêàä. Ì. Êðàâ÷óêà (Êè¨â,

15-17 òðàâíÿ 2014 ð.).

[23] IV Ìiæíàðîäíà ãàíñüêà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 135 ði÷íèöi âiä äíÿ

íàðîäæåííÿ Ãàíñà Ãàíà (×åðíiâöi, 30 ÷åðâíÿ-5 ëèïíÿ 2014 ð.).



335

[24] Íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ

Ê.Ì. Ôiøìàíà òà Ì.Ê. Ôàãå (×åðíiâöi, 1-4 ëèïíÿ 2015 ð.).

[25] Ìiæíàðîäíà ìàòåìàòè÷íà êîíôåðåíöiÿ iì. Â.ß. Ñêîðîáîãàòüêà

(Äðîãîáè÷, 25-28 ñåðïíÿ 2015 ð.).

[26] XVII Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iì. àêàä. Ì. Êðàâ÷óêà (Êè¨â,

19-20 òðàâíÿ 2016 ð.).

[27] Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìî-

âiðíîñòåé òà ìåòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 22 ëþòîãî-25 ëþòîãî

2017 ð.).

[28] Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ �Ñó÷àñíi ïðîáëåìè ìàòåìàòèêè òà

¨¨ çàñòîñóâàííÿ â ïðèðîäíè÷èõ íàóêàõ i iíôîðìàöiéíèõ òåõíîëîãiÿõ�

(×åðíiâöi, 17-19 âåðåñíÿ 2018 ð.).

[29] Êè¨âñüêèé ñåìiíàð ç ôóíêöiîíàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìàòè-

êè ÍÀÍ Óêðà¨íè (Êè¨â, 1 êâiòíÿ 2015 ð., êåðiâíèêè ñåìiíàðó: ä.ô.-

ì.í., ïðîô. Ì. Ë. Ãîðáà÷óê , ä.ô.-ì.í., ïðîô. Þ. Ñ. Ñàìîéëåíêî

ó 2015 ð., òåïåð: ä.ô.-ì.í., ñò.í.ñï. À. Í. Êî÷óáåé, ä.ô.-ì.í., ïðîô.

Þ. Ñ. Ñàìîéëåíêî).

[30] Íàóêîâèé ñåìiíàð êàôåäðè ìàòåìàòè÷íîãî i ôóíêöiîíàëüíîãî àíàëi-

çó ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ

Ñòåôàíèêà� (Iâàíî-Ôðàíêiâñüê, 4 âåðåñíÿ 2019 ð., êåðiâíèê ñåìiíàðó:

ä.ô.-ì.í., ïðîô. À. Â. Çàãîðîäíþê).

[31] Íàóêîâèé ñåìiíàð êàôåäðè ìàòåìàòè÷íîãî àíàëiçó ×åðíiâåöüêîãî

íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Þ. Ôåäüêîâè÷à (×åðíiâöi, 24 âåðå-

ñíÿ 2019 ð., êåðiâíèê ñåìiíàðó: ä.ô.-ì.í., ïðîô. Â. Ê. Ìàñëþ÷åíêî).

[32] Íàóêîâèé ñåìiíàð ç òåîði¨ àíàëiòè÷íèõ ôóíêöié â Ëüâiâñüêîìó íà-

öiîíàëüíîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà (Ëüâiâ, 14 ëèñòîïàäà

2019 ð., êåðiâíèê ñåìiíàðó: ä.ô.-ì.í., ïðîô. Î. Á. Ñêàñêiâ).


