
Ìiíiñòåðñòâî îñâiòè i íàóêè Óêðà¨íè

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Áåøëåé Àíäðié Âîëîäèìèðîâè÷

ÓÄÊ 519.63

×èñåëüíå ðîçâ'ÿçóâàííÿ ïëîñêèõ çàäà÷

äëÿ åëiïòè÷íîãî ðiâíÿííÿ çi çìiííèìè

êîåôiöi¹íòàìè ìåòîäîì iíòåãðàëüíèõ ðiâíÿíü

01.01.07 � îá÷èñëþâàëüíà ìàòåìàòèêà

Àâòîðåôåðàò
äèñåðòàöi¨ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ
êàíäèäàòà ôiçèêî-ìàòåìàòè÷íèõ íàóê

Ëüâiâ � 2020



Äèñåðòàöi¹þ ¹ ðóêîïèñ.
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ÇÀÃÀËÜÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÎÁÎÒÈ

Àêòóàëüíiñòü òåìè. Êðàéîâi çàäà÷i äëÿ åëiïòè÷íèõ ðiâíÿíü çi
çìiííèìè êîåôiöi¹íòàìè (ÅÐÇÊ) âèíèêàþòü ïðè ìàòåìàòè÷íîìó ìîäåëþ-
âàííi ðiçíèõ ôiçè÷íèõ ïðîöåñiâ. Çîêðåìà, îñîáëèâèé iíòåðåñ âîíè ñêëà-
äàþòü ó òàêèõ ïðèêëàäíèõ çàñòîñóâàííÿõ ÿê åëåêòðè÷íà iìïåäàíñíà òî-
ìîãðàôiÿ (ÅIÒ), êîíòðîëü ðóéíóâàííÿ, ãåîôiçèêà òîùî. Íàÿâíiñòü ó äè-
ôåðåíöiàëüíîìó ðiâíÿííi çìiííèõ êîåôiöi¹íòiâ ïðèâîäèòü äî òðóäíîùiâ
ïðè çàñòîñóâàííi ðÿäó ÷èñåëüíèõ ìåòîäiâ. Ó çàãàëüíîìó âèïàäêó äëÿ òà-
êèõ êðàéîâèõ çàäà÷ íå âäà¹òüñÿ âèêîðèñòàòè ìåòîä ãðàíè÷íèõ iíòåãðàëü-
íèõ ðiâíÿíü, ÿêèé ìà¹ öiëó íèçêó áåçñóìíiâíèõ ïåðåâàã. Îäíàê äëÿ ïåâ-
íîãî êëàñó åëiïòè÷íèõ ðiâíÿíü, íàïðèêëàä, òèõ, ùî âèíèêàþòü â ÅIÒ,
çàâäÿêè ïàðàìåòðèêñ ôóíêöi¨ (ôóíêöi¨ Ëåâi) ìîæíà îòðèìàòè ãðàíè÷íî-
ïðîñòîðîâi iíòåãðàëüíi ðiâíÿííÿ (ÃÏIÐ). Â ðåçóëüòàòi äèôåðåíöiàëüíà çà-
äà÷à ðåäóêó¹òüñÿ äî ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü, ùî äà¹ ìîæëèâiñòü
çàñòîñóâàòè íàÿâíèé äîñâiä ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ iíòåãðàëüíèõ ðiâ-
íÿíü ç ðiçíèìè òèïàìè îñîáëèâîñòåé. Òàêèì ÷èíîì àêòóàëüíiñòü îáðàíî¨
òåìè äîñëiäæåííÿ íå âèêëèêà¹ ñóìíiâiâ.

Çàãàëîì, ïiäõiä äëÿ íàáëèæåíîãî ðîçâ'ÿçóâàííÿ êðàéîâèõ çàäà÷ äëÿ
ÅÐÇÊ çà äîïîìîãîþ iíòåãðàëüíèõ ðiâíÿíü ¹ ìåíø äîñëiäæåíèì òà ðîçêðè-
òèì ó ïîðiâíÿííi ç âèïàäêîì ñòàëèõ êîåôiöi¹íòiâ. Äåÿêi ðåçóëüòàòè â öüî-
ìó íàïðÿìêó îòðèìàëè AL-Jawary M.A., Ang W.T., Chkadua O., Clements
D.L., Dufera T.T., Mikhailov S., Natroshvili D.,Wrobel L.C. òà iíøi.

Äëÿ íàáëèæåíîãî ðîçâ'ÿçóâàííÿ ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü ç
ïàðàìåòðè÷íî çàäàíîþ ìåæåþ åôåêòèâíèì ÷èñåëüíèì ìåòîäîì âèÿâèâ-
ñÿ ìåòîä Íèñòðüîìà ç âèêîðèñòàííÿì êâàäðàòóðíèõ ôîðìóë, ùî áóäóþ-
òüñÿ íà îñíîâi òðèãîíîìåòðè÷íî¨ iíòåðïîëÿöi¨. Öåé ïiäõiä äî iíòåãðàëüíèõ
ðiâíÿíü ç ðiçíèìè òèïàìè îñîáëèâîñòåé âèêîðèñòîâóâàëè Atkinson K.E.,
Johansson B.T., Kress R., Sloan I.H., Õàïêî Ð. òà iíøi. Ñêëàäà¹ iíòåðåñ ïî-
øèðåííÿ öi¹¨ ìåòîäèêè íà âèïàäîê ãðàíè÷íî-ïðîñòîðîâèõ iíòåãðàëüíèõ
ðiâíÿíü, ÿêi âèíèêàþòü ïðè ðîçãëÿäi êðàéîâèõ çàäà÷ äëÿ ÅÐÇÊ.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.
Ðîáîòà áóëà âèêîíàíà ó Ëüâiâñüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi

Iâàíà Ôðàíêà íà êàôåäði îá÷èñëþâàëüíî¨ ìàòåìàòèêè ó ðàìêàõ íàóêîâî-
äîñëiäíèöüêî¨ òåìè �Ìåòîäè îá÷èñëþâàëüíî¨ ìàòåìàòèêè äëÿ ïðÿìèõ òà
îáåðíåíèõ çàäà÷� (äåðæàâíèé ðå¹ñòðàöiéíèé íîìåð 0113U001901).

Ìåòà òà çàäà÷i äîñëiäæåííÿ. Ìåòîþ äàíî¨ ðîáîòè ¹ ðîçðîáêà i äî-
ñëiäæåííÿ ÷èñåëüíèõ ìåòîäiâ ðîçâ'ÿçóâàííÿ ãðàíè÷íî-ïðîñòîðîâèõ iíòå-
ãðàëüíèõ ðiâíÿíü, ùî îòðèìóþòüñÿ äëÿ êîðåêòíèõ i íåêîðåêòíèõ êðàéî-
âèõ çàäà÷ äëÿ ðiâíÿííÿ åëiïòè÷íîãî òèïó çi çìiííèìè êîåôiöi¹íòàìè â
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îáìåæåíèõ îäíî- òà äâîçâ'ÿçíèõ ïëîñêèõ îáëàñòÿõ.

Îá'¹êòîì äîñëiäæåííÿ ¹ ïëîñêi çàäà÷i äëÿ åëiïòè÷íîãî ðiâíÿííÿ çi
çìiííèìè êîåôiöi¹íòàìè.

Ïðåäìåòîì äîñëiäæåííÿ ¹ ÷èñåëüíi ìåòîäè äëÿ íàáëèæåíîãî ðîçâ'ÿ-
çóâàííÿ ïëîñêèõ çàäà÷.

Ìåòîäàìè äîñëiäæåíü ¹ íåïðÿìèé ìåòîä ãðàíè÷íî-ïðîñòîðîâèõ iíòå-
ãðàëüíèõ ðiâíÿíü, ìåòîä Íèñòðüîìà, ìåòîä ðåãóëÿðèçàöi¨ Òiõîíîâà, ìåòîä
L-êðèâî¨, àëüòåðíóþ÷èé ìåòîä, ìåòîä Ëàíäâåáåðà.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ.
1. Êðàéîâi çàäà÷i Äiðiõëå òà Íåéìàíà â îäíîçâ'ÿçíèõ ïëîñêèõ îáëà-

ñòÿõ, ìiøàíi êðàéîâi çàäà÷i òà çàäà÷ó Êîøi ó äâîçâ'ÿçíèõ ïëî-
ñêèõ îáëàñòÿõ äëÿ åëiïòè÷íîãî ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòà-
ìè ðåäóêîâàíî äî ñèñòåì ãðàíè÷íî-ïðîñòîðîâèõ iíòåãðàëüíèõ ðiâ-
íÿíü ç ðiçíèìè òèïàìè îñîáëèâîñòåé çà äîïîìîãîþ âiäïîâiäíèõ
ïàðàìåòðèêñ-ïîòåíöiàëiâ. Äîñëiäæåíî êîðåêòíiñòü îòðèìàíèõ ñè-
ñòåì iíòåãðàëüíèõ ðiâíÿíü ó âiäïîâiäíèõ ïðîñòîðàõ.

2. Çäiéñíåíî ïàðàìåòðèçàöiþ îòðèìàíèõ iíòåãðàëüíèõ ðiâíÿíü òà ïðî-
àíàëiçîâàíî íàÿâíi îñîáëèâîñòi â ÿäðàõ. Ðîçðîáëåíî ÷èñåëüíèé ìå-
òîä êâàäðàòóð äëÿ íàáëèæåíîãî ðîçâ'ÿçóâàííÿ ñèñòåì iíòåãðàëü-
íèõ ðiâíÿíü øëÿõîì çâåäåííÿ ¨õ äî ñèñòåì ëiíiéíèõ àëãåáðè÷íèõ
ðiâíÿíü. Çäiéñíåíî ÷èñåëüíi åêñïåðèìåíòè, ùî ïiäòâåðäæóþòü çái-
æíiñòü çàïðîïîíîâàíîãî ìåòîäó.

3. Ìiøàíi êðàéîâi çàäà÷i ó äâîçâ'ÿçíèõ îáëàñòÿõ, ùî îáìåæåíi ãî-
ìîòåòè÷íèìè òà íåãîìîòåòè÷íèìè êðèâèìè, ç âèêîðèñòàííÿì ïà-
ðàìåòðèêñ-ïîòåíöiàëiâ çâåäåíî äî ñèñòåì iíòåãðàëüíèõ ðiâíÿíü,
îòðèìàíî ôîðìóëè äëÿ çíàõîäæåííÿ äàíèõ Êîøi íà ãðàíè÷íèõ
êðèâèõ. Ïîáóäîâàíî àïðîêñèìàöiéíi ôîðìóëè äëÿ îá÷èñëåííÿ íà-
áëèæåíîãî ðîçâ'ÿçêó â îáëàñòi òà ïðîâåäåíî âiäïîâiäíi ÷èñåëüíi
åêñïåðèìåíòè.

4. Çàñòîñîâàíî ðåãóëÿðèçóþ÷èé ìåòîä Òiõîíîâà ç âèáîðîì ïàðàìåòðà
ðåãóëÿðèçàöi¨ ìåòîäîì L-êðèâî¨ äî ñèñòåìè ëiíiéíèõ ðiâíÿíü, îòðè-
ìàíèõ ïðè ðîçâ'ÿçóâàííi çàäà÷i Êîøi. Âèêîðèñòàíî àëüòåðíóþ÷èé
ìåòîä òà ìåòîä Ëàíäâåáåðà ó ïî¹äíàííi ç ãðàíè÷íî-ïðîñòîðîâèìè
iíòåãðàëüíèìè ðiâíÿííÿìè äëÿ íàáëèæåíîãî ðîçâ'ÿçóâàííÿ çàäà-
÷i Êîøi. Äîñëiäæåíî çáiæíiñòü àëüòåðíóþ÷îãî ìåòîäó. Çäiéñíåíî
ïðîãðàìíó ðåàëiçàöiþ âñiõ çàïðîïîíîâàíèõ ìåòîäiâ i ïåðåâiðåíî ¨õ
åôåêòèâíiñòü íà ìîäåëüíèõ ïðèêëàäàõ.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Îòðèìàíi ðåçóëü-
òàòè ìîæóòü áóòè âèêîðèñòàíi ó ïðèêëàäíèõ çàñòîñóâàííÿõ ïðè íàáëè-
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æåíîìó ðîçâ'ÿçóâàííi ïðÿìèõ i îáåðíåíèõ çàäà÷ ÅIÒ. Òàêîæ çàïðîïîíîâà-
íèé ïiäõiä çâåäåííÿ êðàéîâèõ çàäà÷ äëÿ åëiïòè÷íèõ ðiâíÿíü çi çìiííèìè
êîåôiöi¹íòàìè ñêëàäà¹ é òåîðåòè÷íèé iíòåðåñ, à ðîçðîáëåíi àëãîðèòìè
÷èñåëüíîãî ðîçâ'ÿçóâàííÿ ãðàíè÷íî-ïðîñòîðîâèõ iíòåãðàëüíèõ ðiâíÿíü ¹
ðîçâèòêîì ìåòîäiâ îá÷èñëþâàëüíî¨ ìàòåìàòèêè.

Äàíi ðåçóëüòàòè ìàþòü øèðîêå ïðèêëàäíå çàñòîñóâàííÿ â åëåêòðîñòà-
òèöi, ãåîôiçèöi, íåðóéíiâíîìó òåñòóâàííi i ò. ä.

Îòðèìàíi ðåçóëüòàòè óâiéøëè â çâiòè ÍÄ× Ëüâiâñüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà (2018-2020 ðð.).

Îñîáèñòèé âíåñîê çäîáóâà÷à. Ðåçóëüòàòè, ÿêi âèíîñÿòüñÿ íà çà-
õèñò, îòðèìàíi àâòîðîì äèñåðòàöi¨ ñàìîñòiéíî. Ó ïóáëiêàöiÿõ [3-5] Ð. Õàï-
êî áðàâ ó÷àñòü ó ïîñòàíîâöi çàäà÷, îáãîâîðåííi çàñòîñóâàííÿ ôóíêöi¨ Ëå-
âi äëÿ ¨õ çâåäåííÿ äî ñèñòåì iíòåãðàëüíèõ ðiâíÿíü òà çàéìàâñÿ àíàëiçîì
îòðèìàíèõ ðåçóëüòàòiâ. Ó ïðàöÿõ [3-5] B. T. Johansson çàéìàâñÿ îãëÿ-
äîì iñíóþ÷èõ ìåòîäiâ ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ çàäà÷, âiäïîâiäàâ
çà ñòðóêòóðó, çìiñò ðîáiò òà îôîðìëåííÿ ÷èñåëüíèõ ðåçóëüòàòiâ, à òàêîæ
áðàâ ó÷àñòü â îáãîâîðåííi àëãîðèòìiâ ðîçâ'ÿçóâàííÿ ãðàíè÷íî-ïðîñòîðî-
âèõ iíòåãðàëüíèõ ðiâíÿíü. Ó ïðàöÿõ [3-5] çäîáóâà÷åâi íàëåæèòü çàñòîñó-
âàííÿ íåïðÿìîãî ïiäõîäó iíòåãðàëüíèõ ðiâíÿíü ç âèêîðèñòàííÿì ïàðàìå-
òðèêñà äëÿ çâåäåííÿ äèôåðåíöiàëüíèõ çàäà÷ äëÿ åëiïòè÷íîãî ðiâíÿííÿ çi
çìiííèìè êîåôiöi¹íòàìè äî ñèñòåìè ãðàíè÷íî-ïðîñòîðîâèõ iíòåãðàëüíèõ
ðiâíÿíü, ïàðàìåòðèçàöiÿ ñèñòåìè, âèäiëåííÿ îñîáëèâîñòåé â ÿäðàõ, çàñòî-
ñóâàííÿ äèñêðåòèçàöi¨ íà îñíîâi ìåòîäó Íèñòðüîìà òà çíàõîäæåííÿ íàáëè-
æåíîãî ðîçâ'ÿçêó, âèêîðèñòàííÿ ðåãóëÿðèçàöi¨ Òiõîíîâà i ìåòîäó L-êðèâî¨,
iìïëåìåíòàöiÿ ÿê ïðÿìèõ, òàê é iòåðàöiéíèõ àëãîðèòìiâ äëÿ àïðîêñèìàöi¨
ðîçâ'ÿçêó, à òàêîæ ïðîâåäåííÿ âñiõ ÷èñåëüíèõ åêñïåðèìåíòiâ. Ðîáîòè [1-2]
íàïèñàíi çäîáóâà÷åì ñàìîñòiéíî.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ äîïî-
âiäàëèñü i îáãîâîðþâàëèñü íà íàóêîâèõ ñåìiíàðàõ êàôåäðè îá÷èñëþâàëü-
íî¨ ìàòåìàòèêè Ëüâiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàí-
êà ïðîòÿãîì 2015-2019 ðð., íà IV êîíôåðåíöi¨ �Îá÷èñëþâàëüíi ìåòîäè i
ñèñòåìè ïåðåòâîðåííÿ iíôîðìàöi¨� ó Ôiçèêî-ìåõàíi÷íîìó iíñòèòóòi iìåíi
Ã. Â. Êàðïåíêà (ì. Ëüâiâ) ó 2016 ð., íà XXII Âñåóêðà¨íñüêié íàóêîâié êîí-
ôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè ïðèêëàäíî¨ ìàòåìàòèêè òà iíôîðìàòèêè� ó
Ëüâiâñüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà ó 2016 ð., íà
ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ UCAM â Ëüâiâñüêîìó íàöiîíàëüíîìó
óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà ó 2017 ð., íà ìiæíàðîäíié êîíôåðåíöi¨
11th ISAAC congress ó Linnaeus University, Sweden ó 2017 ð., íà Ìiæíà-
ðîäíié êîíôåðåíöi¨ ìîëîäèõ ìàòåìàòèêiâ â Iíñòèòóòi ìàòåìàòèêè ÍÀÍ
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Óêðà¨íè (ì. Êè¨â) ó 2017 ð., íà Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Ñó-
÷àñíi ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, îá÷èñëþâàëüíèõ ìåòîäiâ òà
iíôîðìàöiéíèõ òåõíîëîãié� â ÍÓÂÃÏ, ÐÄÃÓ (ì. Ðiâíå) ó 2018 ð.

Ïóáëiêàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî â äâîõ ñòàòòÿõ [1,2]
ó ôàõîâèõ âèäàííÿõ iç ïåðåëiêó, çàòâåðäæåíîãî ÂÀÊ Óêðà¨íè, ó òðüîõ
ñòàòòÿõ [3-5] ó çàêîðäîííèõ ôàõîâèõ æóðíàëàõ. Ñòàòòi [3-5] âõîäÿòü äî
íàóêîìåòðè÷íî¨ áàçè äàíèõ Scopus, à [2] � äî Web of Science. Ó ìàòåðiàëàõ
íàóêîâèõ êîíôåðåíöié îïóáëiêîâàíî øiñòü òåç.

Ñòðóêòóðà i îáñÿã äèñåðòàöi¨. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ
ç òàêèõ ñòðóêòóðíèõ åëåìåíòiâ: âñòóïó, ÷îòèðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïè-
ñêó âèêîðèñòàíèõ äæåðåë òà äîäàòêó çi ñïèñêîì ïóáëiêàöié çäîáóâà÷à.
Çàãàëüíèé îáñÿã ðîáîòè ñòàíîâèòü 135 ñòîðiíîê, ìiñòèòü 14 òàáëèöü, 29
ðèñóíêiâ, 108 íàéìåíóâàíü ó ñïèñêó âèêîðèñòàíèõ äæåðåë.

ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó âñòóïi íàâåäåíî àêòóàëüíiñòü òåìè äèñåðòàöi¨, íàóêîâó íîâèçíó îäåð-
æàíèõ ðåçóëüòàòiâ, çâ'ÿçîê òåìè ç íàóêîâèìè ïðîãðàìàìè, ñôîðìóëüîâà-
íî ìåòó òà çàäà÷i äîñëiäæåííÿ, íàâåäåíî àïðîáàöiþ ðåçóëüòàòiâ ðîáîòè òà
ñïèñîê ïóáëiêàöié.

Ó ïåðøîìó ðîçäiëi íàâåäåíî êîðîòêèé îãëÿä êðàéîâèõ çàäà÷ äëÿ
ÅÐÇÊ òà ðîçãëÿíóòî íàáëèæåíi ìåòîäè ¨õ ðîçâ'ÿçóâàííÿ. Çîêðåìà, ó ïiä-
ðîçäiëi 1.1 ðîçãëÿíóòî îãëÿä ôiçè÷íèõ ÿâèù, ùî îïèñóþòüñÿ ÅÐÇÊ òà
¨õ âèêîðèñòàííÿ. Ó ïiäðîçäiëi 1.2 îïèñàíî îñíîâíi ìàòåìàòè÷íi ìîäåëi
òà íàâåäåíî çàãàëüíèé âèãëÿä ðiâíÿííÿ, ÿêå ¹ îá'¹êòîì äîñëiäæåíü:

Lu := div(σ∇u) = 0. (1.1)

Ìåòîäè ðîçâ'ÿçóâàííÿ îäíîðiäíîãî òà íåîäíîðiäíîãî ðiâíÿííÿ (1.1), à òà-
êîæ ¨õ àíàëiç ïîäàíî ó ïiäðîçäiëi 1.3 .

Ó äðóãîìó ðîçäiëi çàïðîïîíîâàíî ÷èñåëüíèé ìåòîä ðîçâ'ÿçóâàííÿ
âíóòðiøíiõ êðàéîâèõ çàäà÷ Äiðiõëå òà Íåéìàíà äëÿ ðiâíÿííÿ (1.1) â îäíî-
çâ'ÿçíié îáëàñòi.

Ó ïiäðîçäiëi 2.1 ðîçãëÿíóòî çàäà÷ó Äiðiõëå. Íåõàé D ⊂ R2 � îáìå-
æåíà îäíîçâ'ÿçíà îáëàñòü ç ìåæåþ Γ ∈ C2. Ïîòðiáíî çíàéòè ôóíêöiþ
u ∈ C2(D) ∩ C(D), ùî çàäîâîëüíÿ¹ ðiâíÿííÿ

div(σ∇u) = 0 â D (2.1)

òà êðàéîâó óìîâó
u = f íà Γ, (2.2)
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äå σ ∈ C∞(D), σ > 0 i f ∈ C(Γ) � çàäàíi ôóíêöi¨. Âiäîìî, ùî çàäà-
÷à (2.1)-(2.2) ìà¹ ¹äèíèé ðîçâ'ÿçîê. Çâåäåííÿ äî ñèñòåìè iíòåãðàëüíèõ
ðiâíÿíü çäiéñíåíî çà äîïîìîãîþ ïàðàìåòðèêñà. Äëÿ âèçíà÷åííÿ ïàðàìå-
òðèêñà áóäåìî ââàæàòè, ùî σ ∈ C∞(R2) òà σ > 0.

Îçíà÷åííÿ 2.1. Ôóíêöiÿ P (x, y), x, y ∈ R2, íàçèâà¹òüñÿ ïàðàìåòðè-
êñîì (àáî ôóíêöi¹þ Ëåâi) äèôåðåíöiàëüíîãî îïåðàòîðà L, ÿêùî

LxP (x, y) = δ(x− y) +R(x, y),

äå δ � äåëüòà-ôóíêöiÿ Äiðàêà i ôóíêöiÿ çàëèøêó R ìà¹ ñëàáêó îñîáëè-
âiñòü ïðè x = y.

Äëÿ îïåðàòîðà â (2.1) ôóíêöiþ Ëåâi âçÿòî ó âèãëÿäi

P (x, y) =
ln |x− y|
2πσ(y)

, x, y ∈ R2, x 6= y.

Ó öüîìó âèïàäêó ôóíêöiÿ çàëèøêó ¹ òàêîþ:

R(x, y) =
(x− y) · ∇σ(x)

2πσ(y)|x− y|2 , x, y ∈ R2, x 6= y.

Âèêîðèñòîâóþ÷è ââåäåíi ïàðàìåòðèêñ-ïîòåíöiàë ïðîñòîãî øàðó òà îá'¹ì-
íèé ïàðàìåòðèêñ-ïîòåíöiàë, i âðàõîâóþ÷è ¨õ âëàñòèâîñòi, çàäà÷ó (2.1)-
(2.2) ìîæíà ðåäóêóâàòè äî ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü.

Òåîðåìà 2.2. Ðîçâ'ÿçîê çàäà÷i (2.1)�(2.2) ìîæíà ïîäàòè ó âèãëÿ-
äi ñóìè îá'¹ìíîãî ïàðàìåòðèêñ-ïîòåíöiàëó òà ïàðàìåòðèêñ-ïîòåíöiàëó
ïðîñòîãî øàðó

u(x) =

∫
D

µ(y)P (x, y)dy +

∫
Γ

ψ(y)P (x, y)ds(y), x ∈ D, (2.3)

äå ãóñòèíè âèçíà÷àþòüñÿ çi ñèñòåìè ÃÏIÐ

µ(x) +

∫
D

µ(y)R(x, y) dy +

∫
Γ

ψ(y)R(x, y) ds(y) = 0, x ∈ D,

∫
D

µ(y)P (x, y) dy +

∫
Γ

ψ(y)P (x, y) ds(y) = f(x), x ∈ Γ.

(2.4)

Ââàæà¹ìî, ùî ìåæà Γ ìà¹ ëîãàðèôìi÷íó ¹ìíiñòü íå ðiâíó îäèíèöi,
òîáòî cap(Γ) 6= 1. Òîäi ¹ ñïðàâåäëèâîþ òåîðåìà ïðî iñíóâàííÿ òà ¹äèíiñòü
ðîçâ'ÿçêó.
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Òåîðåìà 2.3. Äëÿ f ∈ C1,α(Γ) ñèñòåìà IÐ (2.4) ìà¹ ¹äèíèé ðîçâ'ÿçîê
µ ∈ C(D), ψ ∈ C0,α(Γ).

Íåõàé ìåæà Γ ìà¹ òàêå ïàðàìåòðè÷íå ïîäàííÿ

Γ = {x(t) = (x1(t), x2(t)), t ∈ R},

äå xk ∈ C2
2π(R), k = 1, 2, |x′(t)| > 0, àD ìiñòèòü ïî÷àòîê êîîðäèíàò i áóäü-

ÿêèé ïðîìiíü, ùî âèõîäèòü çâiäòè, ïåðåòèíà¹ ìåæó îáëàñòi ëèøå îäèí ðàç.
Âèçíà÷èìî D∗ = D \ {(0, 0)}. Äëÿ îáëàñòi D∗ iñíó¹ âçà¹ìíîîäíîçíà÷íå
âiäîáðàæåííÿ

p(η, t) = (p1(η, t), p2(η, t)) = (ηx1(t), ηx2(t)) : Π→ D∗,

Π = (0, 1)× [0, 2π) ç ÿêîáiàíîì J(ξ, τ) = ξ(x1(τ)x′2(τ)− x2(τ)x′1(τ)).
Çäiéñíèìî ïàðàìåòðèçàöiþ ÃÏIÐ â (2.4) ÷åðåç çàìiíó çìiííèõ y =

p(ξ, τ) òà x = p(η, t). Îòðèìà¹ìî

ϕ(η, t) +
1

2π

∫
Π

ϕ(ξ, τ)R̃(η, t; ξ, τ) dτdξ +
1

2π

2π∫
0

ϕ0(τ)R̂(η, t; τ) dτ = 0,

1

2π

∫
Π

ϕ(ξ, τ)P̌ (t; ξ, τ) dτdξ +
1

2π

2π∫
0

ϕ0(τ)P̆ (t; τ) dτ = f̃(t),

(2.5)

äå (η, t) ∈ Π òà t ∈ [0, 2π).
ßäðî P̆ â ñèñòåìi (2.5) ìà¹ ëîãàðèôìi÷íó îñîáëèâiñòü, ÿêó âèäiëèìî ó

âèãëÿäi âiäïîâiäíî¨ âàãîâî¨ 2π-ïåðiîäè÷íî¨ ôóíêöi¨. Îñîáëèâiñòü â ÿäði R̃
ïðè η = ξ âèäiëåíî ó âèãëÿäi ctg ôóíêöi¨.

Òåîðåìà 2.4. ßäðî R̃(η, t; η, τ) ìîæíà ïîäàòè ó âèãëÿäi

R̃(η, t; η, τ) = R̃(1)(η, t; η, τ) + R̃(2)(η, t; η, τ) ctg
τ − t

2

ç

R̃(1)(η, t; η, τ) =
∇σ(ηx(t)) · ν(x(t))K1(t, τ)

ησ(ηx(τ))
J(η, τ)−

− 1

|x′(t)|
∇σ(ηx(t)) · θ(x(t))K2(t, τ)

ησ(ηx(τ))
J(η, τ),

òà

R̃(2)(η, t; η, τ) = − 1

2|x′(t)|
∇σ(ηx(t)) · θ(x(t))

ησ(ηx(τ))
J(η, τ),
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äå θ � îäèíè÷íèé âåêòîð äîòè÷íî¨, ν � îäèíè÷íèé âåêòîð çîâíiøíüî¨
íîðìàëi äî Γ, K1, K2 � äåÿêi âiäîìi ãëàäêi ôóíêöi¨.

Äëÿ àïðîêñèìàöi¨ iíòåãðàëiâ âèêîðèñòà¹ìî òàêi êâàäðàòóðíi ôîðìóëè:

1

2π

∫
Π

g(ξ, τ)dτdξ ≈ 1

2n

N∑
k=1

2n−1∑
i=0

αkg(ηk, ti), (2.6)

1

2π

∫
Π

g(ξ, τ) ctg
τ − t

2
dτdξ ≈

N∑
k=1

2n−1∑
i=0

αkTi(t)g(ηk, ti), (2.7)

1

2π

2π∫
0

f(τ) dτ ≈ 1

2n

2n−1∑
k=0

f(tk), (2.8)

1

2π

2π∫
0

f(τ) ln

(
4

e
sin2 t− τ

2

)
dτ ≈

2n−1∑
k=0

Fk(t) f(tk), (2.9)

ç êâàäðàòóðíèìè âàãàìè αk ∈ IR òà êâàäðàòóðíèìè âóçëàìè ηk ∈ (0, 1),
k = 1, . . . , N , tj = jπ

n , j = 0, . . . , 2n− 1, N,n ∈ IN, i âàãîâèìè ôóíêöiÿìè

Fk(t) = − 1

2n

(
1 + 2

n−1∑
m=1

1

m
cosm(t− tk) +

1

n
cosn(t− tk)

)
,

Tk(t) = − 1

n

n−1∑
m=1

sinm(t− tk)− 1

2n
sinn(t− tk).

Çàñòîñîâóþ÷è ìåòîä Íèñòðüîìà äî (2.5), ç âðàõóâàííÿì âèäiëåíèõ îñî-
áëèâîñòåé ó âiäïîâiäíèõ ÿäðàõ, îòðèìà¹ìî ñèñòåìó ëiíiéíèõ àëãåáðè÷íèõ
ðiâíÿíü

2n−1∑
j=0

(
ϕ0jA

mi
0j +

N∑
k=1

ϕkj

[
δ

(mk)
ij +Amikj

])
= 0, m = 1, . . . , N,

2n−1∑
j=0

N∑
k=0

ϕkjA
0i
kj = f̃i, i = 0, . . . , 2n− 1,

(2.10)

ç íåâiäîìèìè íàáëèæåíèìè çíà÷åííÿìè ãóñòèí ó êâàäðàòóðíèõ âóçëàõ.



8

Íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i Äiðiõëå (2.1)�(2.2) ìîæíà îòðèìàòè ç
ïîäàííÿ (2.3), âèêîðèñòîâóþ÷è âiäïîâiäíi êâàäðàòóðíi ôîðìóëè òà íà-
áëèæåíi çíà÷åííÿ ãóñòèí, ÿê ðîçâ'ÿçîê ñèñòåìè (2.10).

Ó ïiäðîçäiëi 2.2 ðîçãëÿíóòî êðàéîâó çàäà÷ó Íåéìàíà:

div(σ∇u) = 0 â D, (2.11)

σ
∂u

∂ν
= g íà Γ, (2.12)

äå σ ∈ C∞(D), σ > 0, g ∈ C(Γ) � çàäàíi ôóíêöi¨, u � íåâiäîìà ôóíêöiÿ,
ïðè÷îìó ∫

Γ

g(y)ds(y) = 0, (2.13)

u(0) = 0. (2.14)

Çàäà÷à (2.11)-(2.14) ìà¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê. Ïîäàþ÷è ðîçâ'ÿçîê
öi¹¨ êðàéîâî¨ çàäà÷i ó ôîðìi (2.3), i âðàõîâóþ÷è âëàñòèâîñòi âiäïîâiäíèõ
ïàðàìåòðèêñ-ïîòåíöiàëiâ, îòðèìó¹ìî ñèñòåìó ÃÏIÐ

µ(x) +

∫
D

µ(y)R(x, y)dy +

∫
Γ

µ(y)R(x, y)ds(y) = 0, x ∈ D,

−1

2
ψ(x) +

∫
D

µ(y)σ(x)
∂P (x, y)

∂ν(x)
dy+

+

∫
Γ

ψ(y)σ(x)
∂P (x, y)

∂ν(x)
ds(y)− ψ(x∗) = g(x), x, x∗ ∈ Γ.

(2.15)

Äëÿ ñèñòåìè (2.15) ñïðàâåäëèâà òåîðåìà ïðî êîðåêòíiñòü.

Òåîðåìà 2.5. Äëÿ g ∈ C(Γ) ñèñòåìà IÐ (2.15) ìà¹ ¹äèíèé ðîçâ'ÿçîê
µ ∈ C(D), ψ ∈ C(Γ).

×èñåëüíå ðîçâ'ÿçóâàííÿ ñèñòåìè (2.15) çäiéñíåíî ìåòîäîì Íèñòðüîìà
ç âèêîðèñòàííÿì êâàäðàòóð (2.6)-(2.9).

Ó ïiäðîçäiëi 2.3 ïðîäåìîíñòðîâàíî ðåçóëüòàòè ÷èñåëüíèõ åêñïåðè-
ìåíòiâ, ùî ïiäòâåðäæóþòü çàñòîñîâíiñòü çàïðîïîíîâàíîãî ìåòîäó. ßê ïðè-
êëàä, äëÿ çàäà÷i Äiðiõëå âçÿòî

Γ = {x(t) = (0.2 cos t, 0.4 sin t− 0.3 sin2 t), t ∈ [0, 2π)},

σ(x) = (2 + x1 + x2)2, Ψ(x) = x3
1 + 3x2

1x2 − 3x2
2x1 − x3

2, x ∈ D,
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ç òî÷íèì ðîçâ'ÿçêîì

uex(x) =
Ψ(x)

σ1/2(x)
, x ∈ D

i f ÿê çâóæåííÿ uex íà Γ.
Ïîõèáêè â ðiâíîìiðíié íîðìi, îá÷èñëåíi íà ìíîæèíi òðüîõ êðèâèõ

Γ̃k = {x̃k(t) = (1− 0.25k)x(t), t ∈ [0, 2π)}, k = 1, 2, 3,

âiäîáðàæåíî â òàáëèöi 2.1 äëÿ âiäïîâiäíèõ çíà÷åíü ïàðàìåòðiâ äèñêðåòè-
çàöi¨ N i n.

N n ‖uNn − uex‖C(Γ̃1) ‖uNn − uex‖C(Γ̃2) ‖uNn − uex‖C(Γ̃3)

3 64 0.002628 0.001729 0.000093
128 0.002637 0.001729 0.000093

7 128 0.000364 0.000421 0.000021
256 0.000364 0.000421 0.000021

15 128 0.000056 0.000106 0.000004
256 0.000056 0.000105 0.000004

Òàáëèöÿ 2.1

Ó òðåòüîìó ðîçäiëi ðîçãëÿíóòî ÷èñåëüíå ðîçâ'ÿçóâàííÿ ìiøàíèõ êðà-
éîâèõ çàäà÷ ó äâîçâ'ÿçíié îáëàñòi.

Ó ïiäðîçäiëi 3.1 íàâåäåíî ÷èñåëüíå ðîçâ'ÿçóâàííÿ ìiøàíî¨ êðàéîâî¨
çàäà÷i Äiðiõëå-Íåéìàíà äëÿ îáëàñòåé, âíóòðiøíÿ ìåæà ÿêèõ ¹ ãîìîòåòè÷-
íèì ñòèñíåííÿì çîâíiøíüî¨ ãðàíè÷íî¨ êðèâî¨.

Íåõàé D0 � îäíîçâ'ÿçíà îáìåæåíà îáëàñòü â R2 ç ìåæåþ Γ0 ∈ C2, D−1

� îäíîçâ'ÿçíà îáëàñòü îáìåæåíà êðèâîþ Γ−1 ∈ C2 i D−1 ⊂ D0. Âèçíà÷èìî
D = D0 \D−1.

Ðîçãëÿíåìî òàêó êðàéîâó çàäà÷ó ó äâîçâ'ÿçíié îáëàñòi D äëÿ ÅÐÇÊ:
çíàéòè ôóíêöiþ u ∈ C2(D)∩C1(D), ùî çàäîâîëüíÿ¹ äèôåðåíöiàëüíå ðiâ-
íÿííÿ

div(σ∇u) = 0 â D, (3.1)

óìîâó Äiðiõëå íà Γ−1

u = f1 íà Γ−1 (3.2)

òà óìîâó Íåéìàíà íà Γ0

σ
∂u

∂ν
= f2 íà Γ0. (3.3)

Òóò σ ∈ C∞(D), σ > 0, f1, f2 � âiäîìi ôóíêöi¨.
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Òåîðåìà 3.1. Ðîçâ'ÿçîê çàäà÷i (3.1)�(3.3) ìîæíà ïîäàòè ó âèãëÿäi

u(x) =

∫
D

ψ(y)P (x, y) dy +

∫
Γ−1

ψ−1(y)P (x, y) ds(y) +

∫
Γ0

ψ0(y)P (x, y) ds(y),

(3.4)
x ∈ D, äå íåâiäîìi ãóñòèíè ψ, ψ−1, ψ0 ¹ ðîçâ'ÿçêàìè òàêî¨ ñèñòåìè
ÃÏIÐ, çàïèñàíî¨ â îïåðàòîðíîìó âèãëÿäi

ψ + V ψ + V−1ψ−1 + V0ψ0 = 0 â D,

W (−1)ψ +W
(−1)
−1 ψ−1 +W

(−1)
0 ψ0 = f1 íà Γ−1,

−1

2
ψ0 + T (0)ψ + T

(0)
−1ψ−1 + T

(0)
0 ψ0 = f2 íà Γ0.

(3.5)

Îïåðàòîðè âèçíà÷àþòüñÿ ÿê:

Vjg(x) :=

∫
Γj

g(y)R(x, y) ds(y), x ∈ D, j ∈ {−1, 0}, (3.6)

W
(i)
j g(x) :=

∫
Γj

g(y)P (x, y) ds(y), x ∈ Γi, i, j ∈ {−1, 0}, (3.7)

T
(i)
j g(x) :=

∫
Γj

g(y)σ(x)
∂P (x, y)

∂ν(x)
ds(y), x ∈ Γi, i, j ∈ {−1, 0}, (3.8)

V g(x) :=

∫
D

g(y)R(x, y) dy, x ∈ D, (3.9)

W (i)g(x) :=

∫
D

g(y)P (x, y) dy, x ∈ Γi, i ∈ {−1, 0}, (3.10)

T (i)g(x) :=

∫
D

g(y)σ(x)
∂P (x, y)

∂ν(x)
dy, x ∈ Γi, i ∈ {−1, 0}. (3.11)

Ñõåìà íàáëèæåíîãî ðîçâ'ÿçóâàííÿ àíàëîãi÷íà äî ïðèâåäåíî¨ ó ðîç-
äiëi 2. Ïîäiáíèé ïiäõiä çàñòîñîâàíî â ïiäðîçäiëi 3.2 äëÿ ÷èñåëüíîãî
ðîçâ'ÿçóâàííÿ ìiøàíî¨ êðàéîâî¨ çàäà÷i Íåéìàíà-Äiðiõëå.

Ó ïiäðîçäiëi 3.3 çäiéñíåíî óçàãàëüíåííÿ íà âèïàäîê äâîçâ'ÿçíî¨ îáëà-
ñòi ç íåãîìîòåòè÷íèìè ìåæàìè.
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Ââàæà¹ìî, ùî êðèâi Γ−1 òà Γ0 çàäàíi ïàðàìåòðè÷íî

Γ−1 = {x−1(t) = (x−11(t), x−12(t)), t ∈ [0, 2π)},

Γ0 = {x0(t) = (x01(t), x02(t)), t ∈ [0, 2π)}.
Òîäi îáëàñòü D ìîæíà îïèñàòè êðèâèìè Γk, ùî âèçíà÷àþòüñÿ òàê

Γk =

{
xk(t) =

(
(1− ξk)x−11(t) + ξkx01(t),
(1− ξk)x−12(t) + ξkx02(t)

)
, t ∈ [0, 2π)

}
,

äå k = 1, . . . , ξk ∈ (0, 1) � ôiêñîâàíèé ïàðàìåòð.
Òîáòî, â ïîäâiéíèõ iíòåãðàëàõ âiäïîâiäíî¨ ñèñòåìè ÃÏIÐ ðîáèìî òàêó

çàìiíó çìiííèõ{
y1 = p1(ξ, τ) = (1− ξ)x−11(τ) + ξx01(τ),
y2 = p2(ξ, τ) = (1− ξ)x−12(τ) + ξx02(τ),

(ξ, τ) ∈ Π = (0, 1) × [0, 2π). Òåïåð çíîâó çàñòîñîâó¹ìî ìåòîä Íèñòðüîìà ç
ïîïåðåäíiõ ïiäðîçäiëiâ.

Ó ïiäðîçäiëi 3.4 íàâåäåíî ÷èñåëüíi ðåçóëüòàòè äëÿ ðiçíèõ âõiäíèõ äà-
íèõ, çîêðåìà äëÿ ðiçíèõ êðèâèõ Γ−1 òà Γ0. Íåõàé îáëàñòü D (äèâ. ðèñ. 3.1)
îáìåæåíà íåãîìîòåòè÷íèìè îäíà âiäíîñíî iíøî¨ êðèâèìè:

Γ0 = {x0(t) = (cos(t), sin2(t) + sin(t)− 0.9), t ∈ [0, 2π)},
Γ−1 = {x−1(t) = (0.4 cos(t), 0.5(sin(t)− sin2(t) + 0.6)), t ∈ [0, 2π)}.

Ôóíêöiÿ σ âèçíà÷åíà ÿê σ(x) = (4 + x1 + x2)2, x ∈ D. Ëåãêî áà÷èòè,
ùî ôóíêöiÿ uex(x) = (x2

1 − x2
2)/(4 + x1 + x2) çàäîâîëüíÿ¹ äèôåðåíöiàëüíå

ðiâíÿííÿ. Âõiäíi äàíi âiçüìåìî ÿê çâóæåííÿ òî÷íîãî ðîçâ'ÿçêó íà Γ−1 òà
éîãî íîðìàëüíî¨ ïîõiäíî¨ íà Γ0 Ó òàáëèöi 3.1 íàâåäåíî ïîõèáêè ðîçâ'ÿçêó
äëÿ òðüîõ êðèâèõ Γ̄k, k = 1, 2, 3, ùî ëåæàòü âñåðåäèíi îáëàñòi. Íà ðèñ. 3.2
ïîäàíî òî÷íèé ðîçâ'ÿçîê â îáëàñòi D òà éîãî àïðîêñèìàöiþ ïðè ïàðàìå-
òðàõ äèñêðåòèçàöi¨ N = 6 òà n = 128.

Ó ÷åòâåðòîìó ðîçäiëi ðîçãëÿíóòî ÷èñåëüíå ðîçâ'ÿçóâàííÿ çàäà÷i Êî-
øi äëÿ ÅÐÇÊ ó äâîçâ'ÿçíié îáëàñòi.

Ó ïiäðîçäiëi 4.1 íàâåäåíî ïîñòàíîâêó çàäà÷i Êîøi òà âêàçàíî íà ¨¨
íåêîðåêòíiñòü ó ñåíñi âiäñóòíîñòi ñòiéêîñòi ðîçâ'ÿçêó çà âõiäíèìè äàíèìè.

Íåõàé D0 ⊂ IR2 � îáìåæåíà îäíîçâ'ÿçíà îáëàñòü ç ìåæåþ Γ0 ∈ C2,
îäíîçâ'ÿçíà îáëàñòü D−1 ⊂ IR2 îáìåæåíà êðèâîþ Γ−1 ∈ C2, ùî ïîâíiñòþ
ëåæèòü âñåðåäèíi D0, òîáòî D−1 ⊂ D0. Âèçíà÷èìî îáëàñòü ðîçâ'ÿçêó D =
D0 \D−1. Íåõàé u � ðîçâ'ÿçîê ÅÐÇÊ

div(σ∇u) = 0 â D, (4.1)
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Ðèñ. 3.1. Îáëàñòü D.

ùî çàäîâîëüíÿ¹ óìîâó Äiðiõëå

u = g2 íà Γ0 (4.2)

òà óìîâó Íåéìàíà

σ
∂u

∂ν
= f2 íà Γ0 (4.3)

ç âiäîìèìè ôóíêöiÿìè g2 òà f2, σ ∈ C∞(D), σ > 0.

Çîêðåìà, ñêëàäà¹ iíòåðåñ âiäíîâèòè (ðåêîíñòðóþâàòè) ó ñòiéêèé ñïîñiá
äàíi Êîøi íà Γ−1.

Ó ïiäðîçäiëi 4.2 äî çàäà÷i Êîøi çàñòîñîâàíî íåïðÿìèé ìåòîä ÃÏIÐ,
ðîçãëÿíóòèé ó ïîïåðåäíiõ ðîçäiëàõ, òà çäiéñíåíî ðåãóëÿðèçàöiþ Òiõîíîâà
äëÿ îòðèìàííÿ ñòiéêîãî ðîçâ'ÿçêó.

Îòæå, äëÿ ðîçâ'ÿçóâàííÿ çàäà÷i (4.1)�(4.3) âèêîðèñòà¹ìî íåïðÿìèé ìå-
òîä iíòåãðàëüíèõ ðiâíÿíü, òîáòî ïîäà¹ìî ðîçâ'ÿçîê ó âèãëÿäi ñóìè îá'¹ì-
íîãî ïàðàìåòðèêñ-ïîòåíöiàëó òà ïàðàìåòðèêñ-ïîòåíöiàëiâ ïðîñòèõ øàðiâ.
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Ðèñ. 3.2. Òî÷íèé òà íàáëèæåíèé ðîçâ'ÿçêè â D.

N n ‖uNn − uex‖C(Γ̄1) ‖uNn − uex‖C(Γ̄2) ‖uNn − uex‖C(Γ̄3)

3 32 1.19E-03 1.16E-03 5.26E-03
64 1.10E-03 1.03E-03 2.10E-03

6 64 2.44E-04 6.44E-04 1.23E-03
128 2.42E-04 5.97E-04 5.89E-04

12 128 2.21E-04 3.39E-04 6.21E-04
256 2.21E-04 6.96E-05 1.54E-04

Òàáëèöÿ 3.1

Òåîðåìà 4.1. Ðîçâ'ÿçîê çàäà÷i (4.1)�(4.3) ìîæíà ïîäàòè ó âèãëÿäi

u(x) =

∫
D

ψ(y)P (x, y) dy +

∫
Γ−1

ψ−1(y)P (x, y) ds(y) +

∫
Γ0

ψ0(y)P (x, y) ds(y),

(4.4)
x ∈ D, äå íåâiäîìi ãóñòèíè ψ, ψ−1 i ψ0 ¹ ðîçâ'ÿçêàìè ñèñòåìè

ψ + V ψ + V−1ψ−1 + V0ψ0 = 0 â D,

W (0)ψ +W
(0)
−1ψ−1 +W

(0)
0 ψ0 = g2 íà Γ0,

−1

2
ψ0 + T (−1)ψ + T

(−1)
−1 ψ−1 + T

(−1)
0 ψ0 = f2 íà Γ0,

(4.5)

ç âèçíà÷åíèìè îïåðàòîðàìè ôîðìóëàìè (3.6)-(3.11).

Ç âëàñòèâîñòåé ïàðàìåòðèêñ-ïîòåíöiàëiâ âèïëèâà¹ òàêèé íàñëiäîê.
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Íàñëiäîê 4.2. ßêùî ðîçâ'ÿçîê çàäà÷i Êîøi (4.1)�(4.3) ïîäà¹òüñÿ ó
âèãëÿäi (4.4), òîäi íåâiäîìi äàíi Êîøi íà âíóòðiøíié ìåæi îáëàñòi Γ−1

ìàþòü òàêå ïîäàííÿ:

u = W (−1)ψ +W
(−1)
−1 ψ−1 +W

(−1)
0 ψ0 íà Γ−1,

∂u

∂ν
=

1

σ

(
1

2
ψ−1 + T (−1)ψ + T

(−1)
−1 ψ−1 + T

(−1)
0 ψ0

)
íà Γ−1.

(4.6)

Çàñòîñîâóþ÷è îïèñàíèé ðàíiøå ïiäõiä, îòðèìà¹ìî ñèñòåìó ëiíiéíèõ
àëãåáðè÷íèõ ðiâíÿíü

2n−1∑
j=0

(
ϕ−1jA

mi
−1j + ϕ0jA

mi
0j +

N∑
k=1

ϕkj

[
δ

(mk)
ij +Amikj

])
= 0,

2n−1∑
j=0

(
ϕ−1jA

0i
−1j + ϕ0jA

0i
0j +

N∑
k=1

ϕkjA
0i
kj

)
= g̃2i,

2n−1∑
j=0

(
ϕ−1jA

0i
−1j + ϕ0j

[
A0i

0j −
δij
2

]
+

N∑
k=1

ϕkjA
0i
kj

)
= f̃2i,

(4.7)

äå m = 1, . . . , N, i = 0, . . . , 2n− 1.
×åðåç íåêîðåêòíiñòü çàäà÷i Êîøi ìàòðèöÿ A ëiíiéíî¨ ñèñòåìè (4.7) ìà¹

âåëèêå ÷èñëî îáóìîâëåíîñòi. Òîìó äëÿ îòðèìàííÿ ñòiéêîãî ðîçâ'ÿçêó çà-
ñòîñó¹ìî ïåâíèé ðåãóëÿðèçóþ÷èé ìåòîä. Ñêîðèñòà¹ìîñü ðåãóëÿðèçàöi¹þ
Òiõîíîâà äëÿ îòðèìàííÿ íàáëèæåíîãî ðîçâ'ÿçêó xα ðåãóëÿðèçóþ÷îãî íîð-
ìàëüíîãî ðiâíÿííÿ

(A>A+ αI)xα = A>b, (4.8)

äå A> � òðàíñïîíîâàíà äî A ìàòðèöÿ, I � îäèíè÷íà ìàòðèöÿ, b � ïðàâà
÷àñòèíà ñèñòåìè (4.7), xα � âåêòîð íåâiäîìèõ íàáëèæåíèõ çíà÷åíü ãóñòèí
ó òî÷êàõ, α > 0 � ðåãóëÿðèçóþ÷èé ïàðàìåòð, îòðèìàíèé ìåòîäîì L-êðè-
âî¨. Àïðîêñèìàöiþ ðîçâ'ÿçêó i äàíèõ Êîøi íà Γ−1 ìîæíà îòðèìàòè ç (4.4)
òà (4.6), âiäïîâiäíî, âèêîðèñòîâóþ÷è êâàäðàòóðíi ôîðìóëè òà çíàéäåíi
íàáëèæåíi çíà÷åííÿ ãóñòèí çi ñèñòåìè (4.8).

Ó ïiäðîçäiëi 4.3 ïðåäñòàâëåíî êîðîòêèé îïèñ òà àëãîðèòì àëüòåð-
íóþ÷îãî ìåòîäó ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi (4.1)�(4.3). Íà êîæíié iòåðà-
öi¨ íåîáõiäíî ðîçâ'ÿçàòè äâi ìiøàíi êðàéîâi çàäà÷i (Íåéìàíà-Äiðiõëå òà
Äiðiõëå-Íåéìàíà):

div(σ∇u) = 0 â D, (4.9)
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σ
∂u

∂ν
= h íà Γ−1, u = g2 íà Γ0 (4.10)

òà
div(σ∇u) = 0 â D, (4.11)

u = g íà Γ−1, σ
∂u

∂ν
= f2 íà Γ0. (4.12)

Iòåðàöiéíà ïðîöåäóðà àëüòåðíóþ÷îãî ìåòîäó äëÿ ïîáóäîâè ðîçâ'ÿçêó
(4.1)�(4.3) ñêëàäà¹òüñÿ ç òàêèõ êðîêiâ:

� ïåðøå íàáëèæåííÿ u0 ðîçâ'ÿçêó u çàäà÷i (4.1)�(4.3) îòðèìó¹òüñÿ
ÿê ðîçâ'ÿçîê (4.9)�(4.10) ç h = h0, äå h0 � äîâiëüíå ïî÷àòêîâå íà-
áëèæåííÿ;

� ìàþ÷è çíà÷åííÿ u2k, çíàõîäèìî u2k+1 ÿê ðîçâ'ÿçîê (4.11)�(4.12) ç
g = u2k|Γ−1

;
� òîäi ôóíêöiþ u2k+2 îòðèìó¹ìî, ðîçâ'ÿçóþ÷è (4.9)�(4.10) ç

h = σ
∂u2k+1

∂ν
|Γ−1

.

Àëãîðèòì âèêîíó¹òüñÿ iòåðàöiéíî ó äâîõ îñòàííiõ ïóíêòàõ. Äîâåäåíî çái-
æíiñòü àëüòåðíóþ÷îãî ìåòîäó.

Àëãîðèòì ìåòîäó Ëàíäâåáåðà, ïîáóäîâàíîãî íà îñíîâi iòåðàöiéíî¨ ïðî-
öåäóðè äëÿ ðiâíÿííÿ Ëàïëàñà, íàâåäåíî ó ïiäðîçäiëi 4.4 . Íà êîæíié
iòåðàöi¨ íåîáõiäíî ðîçâ'ÿçàòè äâi ìiøàíi çàäà÷i Äiðiõëå-Íåéìàíà:

div(σ∇u) = 0 â D, (4.13)

u = h íà Γ−1, σ
∂u

∂ν
= f2 íà Γ0 (4.14)

òà
div(σ∇v) = 0 â D, (4.15)

v = 0 íà Γ−1, σ
∂v

∂ν
= z íà Γ0. (4.16)

Iòåðàöiéíà ïðîöåäóðà ìåòîäó ñêëàäà¹òüñÿ ç òàêèõ êðîêiâ:
� âèáðàòè äîâiëüíó ôóíêöiþ h0; çíàéòè u0 ÿê ðîçâ'ÿçîê çàäà÷i (4.13)�

(4.14) ç h = h0;
� çíàéòè v0, ðîçâ'ÿçàâøè (4.15)�(4.16) ç σ ∂v0∂ν = z0 íà Γ0, äå z0 =

u0 − g2;
� ìàþ÷è uk−1, vk−1 çíàéòè uk ÿê ðîçâ'ÿçîê çàäà÷i (4.13)�(4.14) ç

uk = hk íà Γ−1, äå hk = hk−1 − γ ∂vk−1

∂ν |Γ−1 , γ > 0;

� çíàéòè vk ÿê ðîçâ'ÿçîê çàäà÷i (4.15)�(4.16) ç σ ∂vk∂ν = zk íà Γ0, äå
zk = uk − g2.
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Àëãîðèòì âèêîíó¹òüñÿ iòåðàöiéíî ó äâîõ îñòàííiõ ïóíêòàõ.
Ó íàâåäåíèõ iòåðàöiéíèõ ìåòîäàõ äëÿ ðîçâ'ÿçóâàííÿ âiäïîâiäíèõ ìi-

øàíèõ çàäà÷ âèêîðèñòàíî ìåòîäè, ðîçðîáëåíi ó ðîçäiëi 3.
Ðåçóëüòàòè ðîáîòè ìåòîäiâ äëÿ ðiçíèõ âõiäíèõ äàíèõ (çáóðåíèõ òà òî-

÷íèõ) íàâåäåíî ó ïiäðîçäiëi 4.5 .
Äëÿ íåïðÿìîãî ìåòîäó ðîçãëÿíåìî äâîçâ'ÿçíó êiëüöåïîäiáíó îáëàñòü

D, ùî îáìåæåíà äâîìà êîëàìè ðàäióñiâ 1 òà 0.5. Ôóíêöiÿ ïðîâiäíîñòi σ
òà äàíi Êîøi ìàþòü âèãëÿä

σ(x) = 4− x2
1 + x2

2, x ∈ D,

g2(x) = x1x2, f2(x) = 2x1x2(4− x2
1 + x2

2), x ∈ Γ0.

Íà ðèñ. 4.1 íàâåäåíî òî÷íi òà íàáëèæåíi çíà÷åííÿ äàíèõ Êîøi íà âíóòði-
øíié ìåæi äëÿ çáóðåíèõ âõiäíèõ äàíèõ ç ðiâíåì øóìó â 3%.
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Ðèñ. 4.1. Òî÷íi (−) òà âiäíîâëåíi (− − −) äàíi Êîøi íà Γ−1, îòðèìàíi
íåïðÿìèì ïiäõîäîì ÃÏIÐ (α = 10e− 5, N = 7, n = 128).

Äëÿ àëüòåðíóþ÷îãî ìåòîäó âõiäíèìè äàíèìè ¹

Γ0 = {x0(t) = (0.5 cos(t), 0.4 sin(t)− 0.3 sin2(t)), t ∈ [0, 2π)},

Γ−1 = {x−1(t) = (0.2 cos(t) + 0.1 cos(2t)−0.05, 0.2 sin(t)−0.25), t ∈ [0, 2π)},
σ(x) = 0.4(4− x2

1 + x2
2), x ∈ D,

g2(x) = x1x2, f2(x) = σ(x)∇g2(x) · ν(x), x ∈ Γ0.

Äëÿ âõiäíèõ äàíèõ çi çáóðåííÿì ó 3% îòðèìàíi ðåçóëüòàòè ïiñëÿ k = 200
iòåðàöié ïðîäåìîíñòðîâàíî íà ðèñóíêó 4.2.
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Ðèñ. 4.2. Òî÷íi (−) òà âiäíîâëåíi (− − −) äàíi Êîøi íà Γ−1, îòðèìàíi àëüòåð-
íóþ÷èì ìåòîäîì (N = 3, n = 64).

ÂÈÑÍÎÂÊÈ

Ó äèñåðòàöiéíié ðîáîòi ðîçðîáëåíî, çàñòîñîâàíî é îá ðóíòîâàíî åôåê-
òèâíi ÷èñåëüíi ìåòîäè äëÿ íàáëèæåíîãî ðîçâ'ÿçóâàííÿ ïëîñêèõ çàäà÷ äëÿ
åëiïòè÷íîãî ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòàìè. Îäåðæàíî òàêi îñíîâíi
ðåçóëüòàòè:

1. Êðàéîâi çàäà÷i Äiðiõëå òà Íåéìàíà â îäíîçâ'ÿçíèõ ïëîñêèõ îáëà-
ñòÿõ, ìiøàíi êðàéîâi çàäà÷i òà çàäà÷ó Êîøi ó äâîçâ'ÿçíèõ ïëî-
ñêèõ îáëàñòÿõ äëÿ åëiïòè÷íîãî ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòà-
ìè ðåäóêîâàíî äî ñèñòåì ãðàíè÷íî-ïðîñòîðîâèõ iíòåãðàëüíèõ ðiâ-
íÿíü ç ðiçíèìè òèïàìè îñîáëèâîñòåé çà äîïîìîãîþ âiäïîâiäíèõ
ïàðàìåòðèêñ-ïîòåíöiàëiâ. Äîñëiäæåíî êîðåêòíiñòü îòðèìàíèõ ñè-
ñòåì iíòåãðàëüíèõ ðiâíÿíü ó âiäïîâiäíèõ ïðîñòîðàõ.

2. Çäiéñíåíî ïàðàìåòðèçàöiþ îòðèìàíèõ iíòåãðàëüíèõ ðiâíÿíü òà ïðî-
àíàëiçîâàíî íàÿâíi îñîáëèâîñòi â ÿäðàõ. Ðîçðîáëåíî ÷èñåëüíèé ìå-
òîä êâàäðàòóð äëÿ íàáëèæåíîãî ðîçâ'ÿçóâàííÿ ñèñòåì iíòåãðàëü-
íèõ ðiâíÿíü øëÿõîì çâåäåííÿ ¨õ äî ñèñòåì ëiíiéíèõ àëãåáðè÷íèõ
ðiâíÿíü. Çäiéñíåíî ÷èñåëüíi åêñïåðèìåíòè, ùî ïiäòâåðäæóþòü çái-
æíiñòü çàïðîïîíîâàíîãî ìåòîäó.

3. Ìiøàíi êðàéîâi çàäà÷i ó äâîçâ'ÿçíèõ îáëàñòÿõ, ùî îáìåæåíi ãîìî-
òåòè÷íèìè òà íåãîìîòåòè÷íèìè êðèâèìè, ç âèêîðèñòàííÿì ïàðà-
ìåòðèêñ-ïîòåíöiàëiâ çâåäåíî äî ñèñòåì iíòåãðàëüíèõ ðiâíÿíü. Ïî-
áóäîâàíî àïðîêñèìàöiéíi ôîðìóëè äëÿ îá÷èñëåííÿ íàáëèæåíîãî
ðîçâ'ÿçêó â îáëàñòi òà íà âíóòðiøíié ìåæi. Ïðîâåäåíî âiäïîâiäíi
÷èñåëüíi åêñïåðèìåíòè.
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4. Çàñòîñîâàíî ðåãóëÿðèçóþ÷èé ìåòîä Òiõîíîâà ç âèáîðîì ïàðàìåòðà
ðåãóëÿðèçàöi¨ ìåòîäîì L-êðèâî¨ äî ñèñòåìè ëiíiéíèõ ðiâíÿíü, îòðè-
ìàíèõ ïðè ðîçâ'ÿçóâàííi çàäà÷i Êîøi. Âèêîðèñòàíî àëüòåðíóþ÷èé
ìåòîä òà ìåòîä Ëàíäâåáåðà ó ïî¹äíàííi ç ãðàíè÷íî-ïðîñòîðîâèìè
iíòåãðàëüíèìè ðiâíÿííÿìè äëÿ íàáëèæåíîãî ðîçâ'ÿçóâàííÿ çàäà-
÷i Êîøi. Äîñëiäæåíî çáiæíiñòü àëüòåðíóþ÷îãî ìåòîäó. Çäiéñíåíî
ïðîãðàìíó ðåàëiçàöiþ âñiõ çàïðîïîíîâàíèõ ìåòîäiâ i ïåðåâiðåíî ¨õ
åôåêòèâíiñòü íà ìîäåëüíèõ ïðèêëàäàõ.

ÑÏÈÑÎÊ ÎÏÓÁËIÊÎÂÀÍÈÕ ÍÀÓÊÎÂÈÕ ÏÐÀÖÜ
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1. Áåøëåé À. Ïðî âèêîðèñòàííÿ ìåòîäó iíòåãðàëüíèõ ðiâíÿíü äëÿ ðîçâ'ÿ-
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òè÷íèì ðiâíÿííÿì çi çìiííèìè êîåôiöi¹íòàìè. / À. Áåøëåé, Ð. Õàïêî
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11. Áåøëåé À. Ïðî ÷èñåëüíå ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi äëÿ åëiïòè÷íî-
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Áåøëåé À. Â. ×èñåëüíå ðîçâ'ÿçóâàííÿ ïëîñêèõ çàäà÷ äëÿ åëiïòè÷íî-
ãî ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòàìè ìåòîäîì iíòåãðàëüíèõ ðiâíÿíü.
� Íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòåìàòè-
÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.07 � îá÷èñëþâàëüíà ìàòåìàòèêà. � Ëüâiâ-
ñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ, 2020.

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà ÷èñåëüíîìó ðîçâ'ÿçóâàííþ ïëîñêèõ
çàäà÷ äëÿ åëiïòè÷íèîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó çi çìiííèìè êîåôi-
öi¹íòàìè. Ó äàíié ïðàöi ðîçãëÿíóòî êðàéîâi çàäà÷i Äiðiõëå òà Íåéìàíà
â îáìåæåíié îäíîçâ'ÿçíié îáëàñòi, ìiøàíi êðàéîâi çàäà÷i òà çàäà÷ó Êî-
øi ó äâîçâ'ÿçíié îáìåæåíié îáëàñòi. Äëÿ ðîçâ'ÿçóâàííÿ êðàéîâèõ çàäà÷
Äiðiõëå òà Íåéìàíà, âèêîðèñòîâóþ÷è ïîíÿòòÿ ïàðàìåòðèêñà òà íåïðÿ-
ìèé ïiäõiä iíòåãðàëüíèõ ðiâíÿíü, äèôåðåíöiàëüíi çàäà÷i ðåäóêîâàíî äî
ñèñòåì ãðàíè÷íî-ïðîñòîðîâèõ iíòåãðàëüíèõ ðiâíÿíü (ÃÏIÐ). Äîñëiäæåíî
êîðåêòíiñòü îòðèìàíèõ ñèñòåì. ×åðåç çàìiíó çìiííèõ íà îñíîâi ãîìîòå-
òè÷íîãî ñòèñíåííÿ ãðàíè÷íî¨ êðèâî¨ îáëàñòi ðîçâ'ÿçêó îäåðæàíî ïàðàìå-
òðèçîâàíó ñèñòåìó ÃÏIÐ, ÿêó ïîâíiñòþ äèñêðåòèçîâàíî ìåòîäîì Íèñòðüî-
ìà. Äëÿ ìiøàíèõ êðàéîâèõ çàäà÷, ïîäiáíî äî çàäà÷ Äiðiõëå òà Íåéìàíà,
ðîçâ'ÿçêè ïîäàíî ó âèãëÿäi ñóìè ïàðàìåòðèêñ-ïîòåíöiàëiâ ïðîñòîãî øàðó
òà îá'¹ìíîãî ïàðàìåòðèêñ-ïîòåíöiàëó ç íåâiäîìèìè ãóñòèíàìè. Ðîçãëÿíó-
òî âèïàäêè äâîçâ'ÿçíèõ îáëàñòåé, ùî îáìåæåíi ãîìîòåòè÷íèìè òà íåãî-
ìîòåòè÷íèìè êðèâèìè. Äëÿ ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ íåêîðåêòíî¨ çàäà÷i
Êîøi çàñòîñîâàíî íåïðÿìèé ìåòîä iíòåãðàëüíèõ ðiâíÿíü ç ðåãóëÿðèçàöi¹þ
Òiõîíîâà, à òàêîæ äâà iòåðàöiéíi ìåòîäè (àëüòåðíóþ÷èé ìåòîä òà ìåòîä
Ëàíäâåáåðà). Ðîçãëÿíóòî àëãîðèòìè iòåðàöiéíèõ ìåòîäiâ òà äîñëiäæåíî
çáiæíiñòü àëüòåðíóþ÷îãî ìåòîäó. Äëÿ âñiõ ìåòîäiâ âèêîíàíî ÷èñåëüíi åêñ-
ïåðèìåíòè, ðåçóëüòàòè ÿêèõ ïiäòâåðäæóþòü òåîðåòè÷íi äîñëiäæåííÿ.

Êëþ÷îâi ñëîâà: åëiïòè÷íå ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòàìè, ïà-
ðàìåòðèêñ (ôóíêöiÿ Ëåâi), ïëîñêi êðàéîâi çàäà÷i, çàäà÷à Êîøi, íåïðÿìèé
ìåòîä iíòåãðàëüíèõ ðiâíÿíü, ãðàíè÷íî-ïðîñòîðîâå iíòåãðàëüíå ðiâíÿííÿ,
ïàðàìåòðèçàöiÿ îáëàñòi, ìåòîä Íèñòðüîìà.

Áåøëåé À. Â. ×èñëåííîå ðåøåíèå ïëîñêèõ çàäà÷ äëÿ ýëëèïòè÷åñêî-
ãî óðàâíåíèÿ ñ ïåðåìåííûìè êîýôôèöèåíòàìè ìåòîäîì èíòåãðàëüíûõ
óðàâíåíèé. � Íà ïðàâàõ ðóêîïèñè.

Äèññåðòàöèÿ íà ñîèñêàíèå íàó÷íîé ñòåïåíè êàíäèäàòà ôèçèêî-ìàòåìà-
òè÷åñêèõ íàóê ïî ñïåöèàëüíîñòè 01.01.07 � âû÷èñëèòåëüíàÿ ìàòåìàòèêà. �
Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî, Ëüâîâ, 2020.
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Äèññåðòàöèîííàÿ ðàáîòà ïîñâÿùåíà ÷èñëåííîìó ðåøåíèþ ïëîñêèõ çà-
äà÷ äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè êîýô-
ôèöèåíòàìè. Â ðàáîòå ðàññìîòðåíî êðàåâûå çàäà÷è Äèðèõëå è Íåéìàíà â
îãðàíè÷åííîé îäíîñâÿçíîé îáëàñòè, ñìåøàííûå êðàåâûå çàäà÷è è çàäà÷ó
Êîøè â äâóñâÿçíîé îãðàíè÷åííîé îáëàñòè. Äëÿ ðåøåíèÿ êðàåâûõ çàäà÷
Äèðèõëå è Íåéìàíà, èñïîëüçóÿ ïîíÿòèå ïàðàìåòðèêñà è íåïðÿìîé ïîä-
õîä èíòåãðàëüíûõ óðàâíåíèé, äèôôåðåíöèàëüíûå çàäà÷è ðåäóöèðîâàíû
ê ñèñòåìå ãðàíè÷íî-ïðîñòðàíñòâåííûõ èíòåãðàëüíûõ óðàâíåíèé (ÃÏÈÓ).
Èññëåäîâàíà êîððåêòíîñòü ïîëó÷åííûõ ñèñòåì. Èç-çà çàìåíû ïåðåìåííûõ
íà îñíîâå ãîìîòåòè÷åñêîãî ñæàòèÿ ãðàíè÷íîé êðèâîé ïîëó÷åíî ïàðàìåò-
ðèçîâàííóþ ñèñòåìó ÃÏÈÓ, êîòîðóþ ïîëíîñòüþ äèñêðåòèçèðîâàííî ñ ïî-
ìîùüþ ìåòîäà Íèñòðüîìà. Äëÿ ñìåøàííûõ êðàåâûõ çàäà÷, ïîäîáíî çàäà÷
Äèðèõëå è Íåéìàíà, ðåøåíèÿ ïðåäñòàâëåíû â âèäå ñóììû ïàðàìåòðèêñ-
ïîòåíöèàëîâ ïðîñòîãî ñëîÿ è îáúåìíîãî ïàðàìåòðèêñ-ïîòåíöèàëà ñ íåèç-
âåñòíûìè ïëîòíîñòÿìè. Ðàññìîòðåíû ñëó÷àè äâóñâÿçíèõ îáëàñòåé, îãðà-
íè÷åííûõ ãîìîòåòè÷åñêèìè è íåãîìîòåòè÷åñêèìè êðèâûìè. Äëÿ ÷èñëåí-
íîãî ðåøåíèÿ íåêîððåêòíîé çàäà÷è Êîøè ïðèìåíåí íåïðÿìîé ìåòîä èíòå-
ãðàëüíûõ óðàâíåíèé ñ ðåãóëÿðèçàöèåé Òèõîíîâà, à òàêæå äâà èòåðàöèîí-
íûå ìåòîäû (àëüòåðíèðóþùèé ìåòîä è ìåòîä Ëàíäâåáåðà). Ðàññìîòðåíû
àëãîðèòìû èòåðàöèîííûõ ìåòîäîâ è èññëåäîâàíà ñõîäèìîñòü àëüòåðíè-
ðóþùåãî ìåòîäà. Äëÿ âñåõ ìåòîäîâ âûïîëíåíû ÷èñëåííûå ýêñïåðèìåíòû,
ðåçóëüòàòû êîòîðûõ ïîäòâåðæäàþò òåîðåòè÷åñêèå èññëåäîâàíèÿ.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêîå óðàâíåíèå ñ ïåðåìåííûìè êîýôôè-
öèåíòàìè, ïàðàìåòðèêñ (ôóíêöèÿ Ëåâè), ïëîñêèå êðàåâûå çàäà÷è, çàäà÷à
Êîøè, íåïðÿìîé ìåòîä èíòåãðàëüíûõ óðàâíåíèé, ãðàíè÷íî-ïðîñòðàíñò-
âåííîå èíòåãðàëüíîå óðàâíåíèå, ïàðàìåòðèçàöèÿ îáëàñòè, ìåòîä Íûñòðå-
ìà.
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The thesis is devoted to the numerical solution of planar problems for a
second-order elliptic equation with variable coefficients (EEVC). A brief over-
view of its applications in different areas together with existing approaches
for numerical solving have been provided.

There have been considered Dirichlet and Neumann boundary value prob-
lems in a bounded simply connected domain, mixed boundary value problems
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and Cauchy problem in a bounded doubly connected domain in current work.

A numerical approximation involving integral equations technique for the
solution of the Dirihlet and Neumann boundary value problems for EEVC
has been developed. Using the concept of a parametrix and indirect inte-
gral equations approach that represents the solution as a sum of potentials,
the problems are reduced to a system of boundary-domain integral equations
(BDIEs) to be solved for two unknown densities.

Via a change of variables based on shrinkage of the boundary curve of the
solution domain a parameterized system of BDIEs is obtained. The strong
and logarithmic singularities in kernels have been examined. It is shown
how to write these singularities in the system in an explicit form for further
discretization. An effective full discretization by the Nyström method is given.

Solving the system of linear algebraic equations, the approximate values
of unknown densities over boundary and domain are calculated. The formulas
of the approximate numerical solution in the domain are provided for both
boundary value problems. The numerical experiments for different input data
and domains are showing that the proposed approach can be turned into a
practical working method.

As mixed boundary value problems, Dirichlet-Neumann and Neumann-
Dirichlet boundary value problems in a doubly connected domain have been
considered. Similarly to the Dirichlet and Neumann problems, a solution is
represented as a sum of single layer potentials over the domain and over two
boundary curves with unknown densities and Levi function (parametrix) as a
kernel. Making the change of variables based on shrinkage of the outer bound-
ary curve, the system of integral equations is rewritten in the parameterized
form. Using the same steps including singularities exploring and rewriting
them explicitly, quadratures application with collocation at specific points,
solving the system of linear equations to get densities values, the approxi-
mate solution in the domain is obtained.

Separately, the numerical solution of the mixed boundary value problem
for an arbitrary doubly connected domain is examined, where the change of
variables in the system of BDIEs happens via the parametric representation
of inner and outer boundaries.

For the numerical solution of the ill-posed Cauchy problem an indirect
integral equations method with Tikhonov regularization and two iterative
methods (alternating method and Landweber method) are considered.

For the integral based method for numerical solving the Cauchy problem,
the solution is represented as a sum of parametrix-potentials with unknown
densities to be identified. The densities are calculated from the system of
BDIEs for the numerical solution of which an efficient Nyström scheme in
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combination with Tikhonov regularization and L-curve method for regulariza-
tion parameter choosing is proposed. Having approximate values of densities
it is possible to find approximate Cauchy data on the inner boundary using
appropriate formulas based on the view of solution representation.

A numerical implementation of the alternating iterative method is pre-
sented for the Cauchy problem. On each step of the iterative procedure, two
well-posed mixed problems investigated in the thesis are being solved. The
convergence analysis of this method is also provided. An iterative Landweber
method is considered at each iteration step of which two Dirichlet-Neumann
problems are being solved.

Numerical results are presented for all three approaches, for different do-
mains and conductivities, using exact as well as noisy Cauchy data, showing
that a stable solution can be obtained with good accuracy and small compu-
tational cost.

Key words: elliptic equation with variable coefficients, parametrix (Levi
function), planar boundary value problems, Cauchy problem, indirect integral
equations approach, boundary-domain integral equation, domain parameteri-
zation, Nyström method.


