AHOTAIIIA

baxca B.1I. BiractuBocTi aHaliTUIHIX BEKTOP-(PYHKINH 0OMeEXKEHO-
ro L-iggekcy B JBOBUMIipHIH Kymi. — Kpamidikaiiiina naykoBa Ipailis
Ha IIpaBax PYKOIILCY.

[uncepraliist Ha 37100yTTsl HAYKOBOI'O CTYIIEHs JOKTOPa (dpigocodil 3i
crieniasgbaocti 111 "Maremaruka" rasysi snanb 11 "Maremarnka Ta
crarucruka". — JIbBIBCbKIIT HallloHaJbHUI yHiBepcuTeT iMmeni IBana
Dpanka, JIbsis, 2020.

Hucepranis CKIaIaeThbcsd 31 BCTYIy, 3 PO3MIJIIB, IO OXOILIIOITH &
1JIPO3/1/1IB, BUCHOBKIB, CIIMCKY BUKOPUCTAHUX JKepes. Y BCTyI 00-
I'PYHTOBAHO aKTYaJbHICTL TeMH JIO0CJIiKeHb, CPOPMYJIbOBAHO METY,
3aBjIatHsd, ITPeIMeT, 00’ €KT Ta MeTOJU JIOCTIPKeHHS, HaBeJeHO Hay-
KOBY HOBU3HY, T€OPETUYHE 3HAUEHHS OTPUMAHNX PE3YJILTATIB, 3B SI30K
pPoOOTH 3 HAYKOBUMH TEeMaMH Ta OCOOMCTHIT BHECOK 3/100yBada. Takork
BKa3aHoO, Jie allpoboBaHi Ta omybJliKoBaHl OCHOBHI Pe3y/IbTaTu JUCepTa-
111

Y poboTi 006’€KTOM JIOCTIJIZKEHHSI € aHAJITUIHI BeKTOP-PYHKIII, SIK
B ouHNYHif gBoxBuMipHiit kyiai B C2, Tak i v Bebomy mpoctopi C” ipn
noBlibHOMY N € N, ToOTO, 1ii BekTop-byHkuii F: C" — C™.

[TobyoBaHo ocHOBH Teopil aHAJITUIHUX BEKTOP-(PYHKIII oOMexKe-
HOTO L-iHJIeKCy 3a CYKYIHICTIO 3MIHHUX B OJWHUYHINA JIBOXBUMIpPHIi

kyni B C?. JloBeseno Miamil psj KpuTepiiB obMezKeHOTo L-iHekcy 3a



CYKYIIHICTIO 3MIHHUX, 1110 €, 30KpeMa, aHaJoraMy BLJIIIOBIIHUX KpUTe-
piiB Opike, XefiMaHa, BCTAHOBJICHUX UMK aBTOPAMU Y BUIAJKY IIJINX
pyHKIIIIT 00MeXKeHOTo 1HJIEKCY Ha KOMILICKCHIH TILIOIIIHI.

[lepmmit posain aucepTallil MICTHTHL OIVISIJT OCHOBHHX Pe3yJIbTaTiB
[IOIIePeIHUKIB 38 TEMOIO JIUCEePTALIiHOIO JIOCTIIXKEHHS, a TaKOXK OIIMC
OCHOBHHUX PE3YJbTATIB JIAHOT'O JUCEePTAIIiHOIO JIOC/1JI?KEHHSI.

Y apyromy pos3aifi gucepTalil MICTATHCS 7 MiJAPO3JILIB, HepIInii
3 AKUX € IIJIKOM JOINOMIXKHIM. Y JPyroMy IiApo3i/i BCTaHOBIIOIO-
ThCA TEOPEMH, 9KiI MICTITH HEOOXiJHI 1 JIoCTaTHI yMOBM OOMEKEHOCTI
L-ingexcy aHa/JiTUIHUX B ONMHUYHIN ABOXBUMIpHIi KyJIi B C? BekTOp-
yHKIIT B TepMiHax JOKaJbHO PEryJsipHOIO IIOBOJXKEHHs IXHIX dac-
TroBuX noxijHux (Teopemu 2.1, 2.2, 2.5). 1i Teopemu B CyKymHOCTI Jia-
I0Th aHaJIol OJIHOBUMIpHOro KpuTepito Ppike 0OMErKEHOCTI 1HJIEKCY Y
1117101 (PYHKIIT BiJl OJIHI€T KOMILJIEKCHOI 3MiHHOI. [HIII JIBI TeopeMu 11b0-
ro MiJIPO311y BCTAHOBJIOIOTH CIIBBIJIHOMIEHHS MIXK OOMEXKEHOCTSIMU
L-ingexcy BignocHo npox pizaux ¢yukiiin L = Ly, L = Ly y Bunaky;,
SIKIIO OJIHa 3 HUX B IIEBHOMY CeHCi OLbIla 3a I1HIIy, a TaKoxK iHBa-
plaHTHICTH TMOHATTS oOMerkeHocTi L-injiekcy y BUNAAKY y3araabHeHol
eKBIBaJIEGHTHOCT] IUX JABOX (DYHKIIII.

Y TpPeThoMy HiJIpO3/1i/1l BCTAHOBIEHI T€OPEMU, SIKI MICTITH SIK JI0CTa-
THI yMOBE (Teopema 2.6), Tak i HeoOXijHI ymoBH (Teopema 2.7) obme-

sKenocTi L-iHekcy aHaJITHUHUX B OMUHIYHIN ABoxBuMipHiil Ky B C?



BeKTOP-(YHKIIII, B TepMiHaX JIOKAJILHO PEryJISIPHOIO IIOBOJIXKEHHST Ma-
KCHMYyMa, HOPMHU aHaJIITHIHOI BeKTOP-(pyHKIIIT Ha Oikpyrax. Lli Teopem,
3 0JIHOIO OOKY, € ODAa30BUMU JIJIg HACTYIIHOT'O IiIPO3JILIY, a 3 1HIIOro 60-
Ky, BOHM IIiKaBi caMi-110-co0i, OCKIJIbKH OIUCYIOTh II€BHY BJIACTUBICTD
BeKTOP-(PYHKIII 0OMexKeHoro L-iHjieKkcy, siKa BKa3ye Ha NpaBUIbHICTD
(JIOKaJIbHY PEryJISIpHICTD) TXHBOTO TTOBOJIZKEHHST . Y 1IOMY 3B’sI3KY BU-
HUKAE Take B JIAHUI dac BIIKPHUTE, HABITH Y BUIAJIKY (PYHKIINH B
OJIHIET 3MIHHOT, IIUTAHHS 1IPO MOXKJIUBHII 3B’ 30K 1i€l JIOKAJILHOI pPery-
JISIPHOCTI 3 II€BHOIO I'VI00AILHOIO PErYJ/IsIPHICTIO.

Y 49eTBepTOMY MiJIpO3/iJl OCHOBHUM 3MICTOM € JIOBEJEeHHA HACTY-
ITHOTO aHaJjiora TeopeMu XefiMaHa (Teopema 2.8), sika JIa€ BIJIHOCHO
IIPOCTHUII amapar Jjisi BCTAHOBJIEHHsT 0OMEXKEHOCT 1HIeKCY aHaJITHIHIX
posB s3KiB aud. pisnanb: Hexaii L € Q(B?). Ananitnuna sexTop-
byuxnis F : B2 — C? mae obmesxennii L-injexc 3a cyKyIHICTIO 3MiH-
HHIX TOJI 1 JIAIIe TOJI, KOJH 3HallqyThea p € Z., Ta ¢ € R, Taxi, mo
Jutst Beix (z,w) € B2
[Pz, w)|
(2, w)ly(z,w)

| F*m) (2, w)|
i (2, w)l5' (2, w)

max 1+ )=p+1 <

< cmax k+m<p;,. (1)

3 1i€l TeopeMy BUBOIUTLCs OJIUH KPUTEPiil, IK1ii XapaKTepusye oOMe-
»KericTb L-iHjIeKC y TepMiHAX CyM 9aCTKOBUX MOX1THIX. Biacue (Teope-

Ma 2.9), anaiiTuuna BekTop-yrkiis Fy B? Mae obmeskenuii L-injexc



3a CYKYITHICTIO 3MIHHUX TOJI 1 Jiuiie To/li, KoJu icHytoTh ¢ € (0; 400)

ta N € N Taki, 1o s Koxuoro (z,w) € B? npasuibHa HepiBHICTE
N

3 |[FE Gzl f: [FE™ (2, w)

, Bl (2, w)iy (2, w) Kl (z, )l (z,w)

k-+m= k+m=N+1

3 TOYKM 30PY MOYKJINBOI 3aCTOCOBHOCTI PO3BUHYTOI Y pobOTi Teopil
aHaJliTHIHNX BeKTop-byukiiit F' B oquanyniit xymi B? oomexxenoro L-
1HJIEKCY 10 aHAJITUIHOI Teopil AudepeHIiiiHuX piBHIHb, aHAJIOT Teope-
M XefiMaHa MoxKe MaTu e(peKTUBHI 3aCTOCYyBaHHs, T03adK 11 aHAJIOIH,
BCTAHOBJICHI paHillle B PI3HUX KJacax aHaJITUIHUX (PYHKIINH, MalOTh
BiJoMi epeKTUBHI 3aCTOCYBaHHSI.

Xoua TeopeMa 2.9 1 Mae XapakTep KpHUTepilo, IpoTe B Hiil “3axoBa-
Ha' IIe TOHIIA BJIACTUBICTH PsiJIy, IO 300parkae aHaJITUIHY BEKTOP-
bynkmito F' B opumnnuniit kyai B2 obmexxenoro L-impexcy. Buaacre,
O0OMErKEHICTh TaKOro 1HJEKCY BUABJISETHCI PIBHOCHJILHOIO JIO 1CHYBa-
HHsI. TaK 3BAHOIO IOOBHOTO IIOJiHOMA. | JoBejieHHsl HbOro pakTy €
OCHOBHUM 3MICTOM IIOCTOIO IJAPO3JILITY.

CroMu TIPO3ILT TPUCBIIEHUN JTOC/IIYKEHHIO MOKJINBOI IITBUIKO-
CTi 3poCTalHs aHaJiTHIHNX BeKTop-pyHKIii F B omunyniii kymi B
obmerkenoro L-injiekcy. OcHOBHI pe3yJsibTaTH TYT MICTSITbCs B TeOpEeMax
2.16, 2.17, 2.18. BacTocyBaHHs TOI'O UM iHIIIOI'O BapiaHTY MOHSTTSA 0OMe-
JKEHOCT] 1HJIEKCY PeaJsli3yeThes 3a3BUYail 3a TaKOK CXeMOI0: Ha OCHOBI
OJIHOI'O 3 KPUTEPIIB JOBOIUTHCST 0OMEYKEHICTD 1HJIEKCY PO3B A3KiB Jud.

PIBHSIHb UM IXHIX CHCTEM, a IIOTIM Ha OCHOBI pe3y/bTaTiB I00yI0Ba-



HOI Teopil 0OMEXKEHOro 1HJEKCY POOUTHCsl BUCHOBOK IIPO BJIACTHBOCTI
BCIX PO3B’SI3KIB TOI'O UM 1HIIOIO KJacy Aud.pPiBHAHBL. 30KpeMa, JIa€ThCs
BEPXHsI OIIHKK IIBUIKOCTI 3pocTaHHs BCiX po3B’si3kiB. OcTanHsa obcTa~
BUHA, JIO3BOJISIE 3 OITUMIZMOM OUIKYBaTH Pe3Yy/ILTaATUBHUX 3aCTOCYBaHb
IIPOBEJIEHUX Y POOOTI JIOC/IJIZKEeHb JI0 aHAJIITUYHOI Teopil Jud. piBHSIHb.

Po3min 3 mpucBsgyeno BCTaHOBJIEHHIO aHAJIOTY OJHOBUMIPHOIO KpH-
Tepito Ppike oOMerKeHOCTI 1HJeKCY 111101 PYHKINIT BijJ OJHiel 3MiHHOI
B KJaci miyimx BekTop-dyukuiin F: C" — CP. Bapro 3aznaunTi, 1o
OTPUMAaHHs OO PE3YJbTaTy B poOOTI B HACTLILKM 3araJibHiil 1ocTa-
HOBIIl BUSIBUJIOC Y TIEBHOMY CEHCI JIOBOJII HECIIOJIBAHUM, OCKLIBKU JIO
IIbOTO Yacy sIK Y BHUIAQJIKY IJINX BEKTOP-PYHKIN i 0OMe:KeHOTo iH-
JIeKCY, TaK 1y BUIAJKY aHAJITUIHUX BEKTOP-(DYHKIIII 1 0OMEXKEeHOro
L-ingekcy, 9K y ganiii auceprarliil, BCl JOCsSIHeHHs OyJiM IOB’sSI3aHi 3
BekTOop-pyHKMisMI Ha C?. Aste cipobm oTpHUMaTH, HAIPUK/IAJ, aHa-
JIOT TeopeMH XeliMaHa y HalizarajJbHIIIOMY BUIAJIKY, HAIITOBXYIOTHCS
B JIaHUI1 Yac Ha TeXHIYHI TPYJHOIII, Kl MOXKJNBO € 1 IPUHIUIIOBUMMU.

KimrogoBi cjioBa: anajiiTuiHa BeKTOP-(DYHKIIIS, OOMerKeHuil 1H-

JIEKC, TOJIOBHUI 11OJITHOM, KOMILJIEKCHUI BEKTOPHUIT IIPOCTIP.
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ABSTRACT

Baksa V.P. Properties of analytical vector-functions of bounded L-
index 1n a two-dimenstonal ball. — Qualifying scientific work on the
rights of the manuscript.

The thesis for the degree of Doctor of Philosophy, speciality 111
"Mathematics” field of studies 11 ”Mathematics and statistics”. Ivan
Franko National University of Lviv, Lviv, 2020.

The thesis consists of an introduction, 3 sections, conclusions, ref-
erences. The introduction consists of the relevance of research topic,
purpose, objectives, subject, object and research methods. The intro-
duction substantiates the relevance of research topic. The goal, subject,
object and methods of the research are listed there. Scientific novelty,
the practical significance of the results, the relation to scientific topic and
applicant’s contribution are also indicated in the introduction.

In the thesis, the object of investigation is the analytical vector-
functions, both in a single two-dimensional ball in C? ball, and in the
whole space C" for arbitrary n € N, that is, integer vector functions
F.C"—C™,

The basics of the theory of analytical vector-functions of bounded
L-index in joint variables in a unit two-dimensional ball in C? are con-
structed. A number of criteria of the bounded L-index in joint variables

are proved, which are, in particular, analogs of the corresponding crite-
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ria of Fricke, Hayman, established by these authors in the case of entire
functions of the bounded index on the complex plane.

The first section of the dissertation contains an overview of the main
results of the predecessors on the topic of the dissertation research, as
well as a description of the main results of this dissertation research.

The second section of the dissertation contains 7 sections, the first of
which is completely auxiliary. The second section establishes theorems
that contain the necessary and sufficient conditions for the boundedness
of the L-index of analytics in a unit two-dimensional ball in C? vector-
functions in terms of locally regular behavior of their partial derivatives
(Theorems 2.1, 2.2, 2.5). Together, these theorems give an analogue of
the one-dimensional Fricke criterion of boundedness of an index of entire
functions of complex variable. The other two theorems in this section
establish the relationship between the constraints of the L index on two
different functions L = Ly, L = Ly if one of them is in a sense greater
than the other, as well as the invariance of the notion of boundedness of
the L-index in the case of generalized equivalence of these two functions.

The third section establishes theorems that contain both sufficient
conditions (Theorem 2.6) and necessary conditions (Theorem 2.7) for
the boundedness of the L-index of analytic in a unit two-dimensional
ball in C? vector-functions, in terms of locally regular behavior of the

maximum norm of the analytical vector-function on the be-disks. These
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theorems, on the one hand, are basic for the next section, and on the
other hand, they are interesting in themselves because they describe a
certain property of vector-functions of bounded L-index, which indicates
the correctness (local regularity) of their behavior. In this regard, there
is a currently open, even in the case of functions from a one variable, the
question of the possible relationship of this local regularity with a certain
global regularity:.

In the fourth subsection, the main content is to prove the following
analogue of Hayman’s theorem (Theorem 2.8), which gives a relatively
simple apparatus for establishing the boundedness of the index of ana-
lytical solutions of diff. equations: sl Let L € Q(B*). The analytical
vector-function F : B2 — C? has a bonded L-index in joint variables if
and only if there are p € Z,, and ¢ € R, such that for all (z,w) € B?

N { |FO9) (=, w)]
U(z,w)li(z,w)

| F*m (2, w)|
li(z, w)ig' (2, w)

; i+j=p+1} <

Scmax{ :/{7+m§p}.

One criterion is derived from this theorem, which characterizes the
boundedness of the L-index in terms of the sums of partial derivatives.
Actually (Theorem 2.18), the analytical vector-function F' in B* has a

bounded L-index in joint variables if and only if there exist ¢ € (0; +00)
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and N € N are such that for each (z,w) € B? the inequality
N

3 |[FEz w0l i |FE™ (2, w)

Kl (z, )l (z,w) ~ Emli¥(z, )5 (z, w)

k+m=0 k+m=N-+1

holds. From the point of view of possible applicability of the theory of
analytical vector-functions F in the unit ball B? of the bounded L-index
developed in the work to the analytical theory of differential equations,
an analogue of Hayman’s theorem can have effective applications, since
its analogues, previously established in different classes of analytical func-
tions, have known effective applications.

Although the theorem 2.9 has the character of a criterion, it “hides” an
even thinner property of the power series of the analytic vector-function
F in the unit ball B? of bounded L-index. In fact, the boundedness of
such an index is equivalent to existence, the so-called main polynomial.
And proving this fact is the main content of the sixth section.

The seventh section is devoted to the study of the possible growth
rate of analytical vector functions F' in the unit ball B? of the bounded
L-index. The main results here are contained in the theorems 2.16, 2.17,
2.18. The application of one or another variant of the concept of index
limitations is usually realized according to the following scheme: on the
basis of one of the criteria the boundedness of the index of solutions of
differential equations their systems is proved. And then on the basis of
the results of the constructed theory of the limited index the conclusion

on properties of all solutions of this or that class of differential equations
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is made. In particular, the upper estimate of the growth rate of all
solutions is given. The latter circumstance allows us to optimistically
expect effective applications of the research conducted in the work to the
analytical theory of differential equations.

Section 3 is devoted to the establishment of an analogue of the one-
dimensional Fricke criterion of the boundedness of the index of an inte-
ger function from one variable in the class of integers vector of functions
F: C" — CP. It should be noted that obtaining this result in the work
in such a general formulation was in a sense quite unexpected, because so
far both in the case of integer vector functions and a limited index, and
in the case of analytical vector functions and a limited L-index, as in this
dissertation, all achievements were associated with vector functions on
C?. But attempts to obtain, for example, an analogue of Hayman’s the-
orem in the most general case, currently encounter technical difficulties,
which may be fundamental.

Keywords: analytic function, several complex variables, vector-

valued function, main polynomial, bounded index.
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