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Botimosuvw X. O. Anpoxcumarliifini Ta acUMTOTHYHI BJIACTUBOCTI
dyukiit 3 npocropis 'apai B jeskux obsnactax. — Kpasidikariiina
HayKoBa Ipallgd Ha IpaBaX PYKOIIUCY.

[ucepraliist Ha 37100y TTs HAYKOBOT'O CTYIIEHsI JJOKTOpa dpiaocodil 3a
creriasbuicrio 111 — "Maremaruxa” (lanyss snans 11 - "Maremaru-
Ka Ta CTaTI/ICTI/IKa”). — Jlporoounpkuii nep:kKaBHUil meJaroriTHuil yHi-
BepcuTeT iMeHl IBana @panka, JIbBIBCchKHIT HalloHaILHNN YHIBEPCUTET
imeni IBana @panka, dporodouu, 2020.

Hucepranis cKaagaeTbcs 31 BCTYITY, 4 pO3/LIiB, BUCHOBKIB 10 KO-
JKHOT'O 3 PO3/ILIIB 1 3araJIbHUX BUCHOBKIB, CIIMCKY BUKOPUCTAHUX JIZKe-
pes. Y BCTyIl OOI'PYHTOBaHO aKTYaJbHICTb TEMU JIOCTILIXKEHb, chop-
MYJILOBAHO METY, 3aBJlaHHs, 00 €KT, IpeJMeT Ta METOJN JOCJIIKEeH-
Hs1. Takork, oOI'PyHTOBAHO HAyKOBY HOBU3HY Ta IPAKTUYHE 3HAUECHHI
OTPUMAHUX PE3YJIbTaTiB, 3B’SI30K POOOTU 3 HAYKOBUMU IIPOrpaMaMHu,
IJ1aHaM#, TeMaMu Kadeapu Ta 0COOMCTHIl BHECOK aBTOpa JucepTallil.
Hapejieno crmcok koHdepeHIiiil 1 HayKoOBUX ceMiHapiB, Ha IKUX alIpo0o-
BaHO Pe3y/IbTaTH JIICEPTALITHOrO JIOCIIPKEHHs Ta CIIUCOK Iy IiKalliii,
B SIKHUX OITYyOJIIKOBAHO OCHOBHI Pe3YJIbTaTH JUCePTAIlil.

Hucepraniitie goc/iyKeHHs TPpUCBAIeHe MUTAHHAM aCUMITOTHIHIX
Ta alPOKCUMAIITHIX HAOIMKEHb y MPOCTOpaxX aHAJITUIHUX (DYHKIIIMI

Ta X 3aCTOCYBAaHHAM B Teopil iHdopmaIil.



Y aucepraliiitHiii poboTi OCHOBHUM 00 €KTOM JIOC/I1JI?KEHHSI € KJ1acu-
qHi mpocTopu ['apji, Barosi npoctopu l'apai Ta mpoctopu Ileni - Binepa.

Y 1mepioMy po3Jli aucepralil MiCTUThCA OIS JiTepaTypu 3a Te-
MOIO JIMcepTallll 1 OI1CcaHl BaxKJIMBI BIJJOMOCTI 3 1ICTOPIl PO3BUTKY JIOCJI1-
JIZKeHb KJIaCUIHUX IpocTopiB 'ap/l, BaroBux npocTopis ['ap/i, mpocTo-
piB Ileni - Binepa, Teopil curnajabHIX 1polecis, Teopil (piibTpiB Binepa
Ta neperBopenss ['ibbepra. TakoxK, onucaHi OCHOBHI pPe3y/ibTaTu -
cepTaliil.

Y Apyromy po3jiil po3IrIsIaioThcd MpobJieMu pO3IIeIeHHsT yH-
Kuifi y npocropi Ileni - Binepa W1 na cymy asox dbynxuiii, Moiyib
SIKUX € 'BeJINKUM Yy BEPXHIN Ta HMXKHIN HiBILIOMKHI BijmosinHo. [Ipo-
crip W2, o0 > 0, e npocropom Ileni - Binepa, To6TO mmpocTopom mijnx
dbyukmiit f excrionentiiinoro tuny < o, ski Hajexkarh LP(R).

Oynxuio f, Mo HaxexkuTh npocropy Ileni - Binepa W) posrisa-
€MO Y BUTJISIL

=7 Z a0 (e el

Mu posrisiaemMo HACTYIHY HPOOJIeMY.

[IpoGaema A. Ju dan woorcnoi dynwuii f € W mosrcause posuye-
naenns f = x + p, de pyrruii X i [ € aHasITMUNHUMUY 8
Ci ={z: Rz > 0}, a marooic x € E'[C(0;5)], p € E'|C(—3;0)]7

3ayBarkKnuMo, 1110 SIKINO Po3B’a30K [Ipobiemu A icHye, TO BiH He €

equanM. Onua 13 po3p’si3kiB jociipkysaia T. 1. [Nijak. OyHKIsS 3a-



npononosaHa ['imak T. I. € miyio10 MyHKIEIO eKCIOHEHIIITHOIO TUITY O
B miBrtonuHi C .

OcHoBHI pe3ysbTaTn 1ijapo3aiay 2.1 npejgcrapieni B Teopewmi 2.1 Ta
Hacuinky 2.1. [lokazano, 1o po3s’sizok [Ipobiemu A icHye pu yMOBI,
1o Bci koedinienTu Pyp’e ¢, k > 0, 1OPIBHIOIOTH HYJIIO.

B nigposii 2.2 MicTIThCsT pe3yJsibTaTh 1100 IpobJieMu po3IelLie-
HHs1 PYHKILN y BepXHiil Ta HM2KHIN miBiionuHi. Ilenrpasibhe micie y
iJIpo3i/l 2.2 3aiiMae HACTYIIHA [IpodJeMa.

IIpobaema B. Yu wmoorcause posusennenns xoochoi dhymriii
feWlyeuznndi f = x+ u, dex ip e yirumu Gynxyismu i
X € EP[C(0; )], p € EMC(—m;0)]7

B Teopemi 2.4 crBepiKyeThbesd, 10 st PYHKIN 3 mpocropy Ile-
i - Binepa W icnye poss’si30k npobieMu posmienieHHs, sKIno st
KoeIIEHTIB 3 TOCTIIOBHOCTI (¢)) € [t BUKOHYETbHCS PIBHICTh
Cor = —Copy1. LIpobiiema B e anaiorom 3ajia4i posierieHdst pyHKIIII,
aky posragiaas B. M. [dinpaunit, niag sunagky p = 1.

Y mijgpos3aiii 2.3 oTpuMaHi YMOBU iCHYBaHHsI PO3B’SI3KY HPoOIeMu
PO3IIEIICHHST JJIsT 11101 (PYHKIII SIK 3aBI'OJIHO MAJIOI0 eKCIIOHEHIIIITHOTO
Tuny « > () B KOMIUIEKCHIIT MIBILJIONMAHI.

[isot0 dyHKIiEIO eKcrnonenmiiinoro Tumy « > 0 B MiBIJIONIUHI

C_ ={z: Rz < 0} nasuBarumMemo 11y QYHKIHIO /T IKOT BUKOHYE-



ThCAd YMOBa
(V6> 0)(3A > 0)(Vz € C_) : | f(2)] < Ael*+

1 JJaHa YMOBa He BUKOHYETbCs SIKIO 3aMIHUTU YUCI0 (v Ha MEHIIIE.

IIpo6aema C. u das xooicroi dynwuii f € W), moorcause posuye-
naenns f = X+ [, de pynxuii X 1 [L € YiaumMu GYHKUIAMU AK 306200H0
Man020, Haneped zadaroz2o excnonenyitinozo muny o >0 6 C_7

OcHoBHI pe3yabTaTH iapo3ainy 2.3 chopmynboBani B Teopemi 2.5
Ta Teopemi 2.6. Y KOXKHOMY 3 HIJIPO3MIJIIB HaBejeHl MTPUKIAIN TIINX
pyHKIIH, 9KI BU3HAYAIOTh PO3B 30K 3raJJaHuX BUIIE ITPOOJIEM.

B poszaini 3 mociimKyerhes Teopid GiabTpi Binepa, 3okpema, pos-
IIAJAETHC aHaIo0T KJacumdaHol Teopil diabTpiB Binepa s BUIAIKY
MIBCMYTH B KOMILJIEKCHIH obstacTi. Y migpos/aiii 3.1 po3risiaeThes mo-
CTAHOBKa OJIHIET 3 BayK/JIMBUX MPoOIeM 0OpOOKM CUTHAJIIB, a caMe: BH-
3HAYUTH HepigoMuit igbTp ("H0pHY CKPUHBKY'), dKuUii TpanchopMye
BXIIHMI cUTHAJ B MeBHUN Buxianuit curuas. Mun posrisgaemo gany
pobJIeMy Jijisd BUIIAJIKY HeBijomMoro iabrpy f B miBCMYy3i
D, = {z : |Sz] < 0,8z < 0}, 0 > 01 ocHOBHOIO METOIO € TI0O-
OyayBaTH BCl MOXKJIMBI CUTHAJIN, STKI aHYJIOI0TH (DIILTPU IPHU JIEAKIX
npupogHux ymMoBax. ¥ Teopemi 3.2 mokazaHo, 10 po3B’ d30K IPOOIEeMI
i1eHTudIKaIll HeTPUBIAIBHOCTI (PLIBTPY MOXKINUBUN NPH YMOBaX, IO
ICHY€e CUTHAJI, KUl He JIOIyCcKae ToJjoMopdHe MPOJOBKEHHS JI0 IM1LI0T

JyHKIil abo JlomycKae, ajge BOHO € eKCTpeMabHO BEJTUKNAM. Y TiIPO3/Ti-



7 3.2 HaBeJeH] JiesdKl goroMixkii jiemun Ty @parmena - Jlingenboda
1 BUKJIaJIeHO JIoBeJIeHHsT Teopemu 3.2,

OcraHHiii, JYeTBepTUil PO3Jii, IPUCBAYCHUI JOC/IKEHHSIM IIepe-
TBOpenHst ['ipbepra B npoctopi Ileni - Binepa.

Y migposaii 4.1 orpuMaHO KpUTepiit 0OMeXKeHOCTI IepeTBOPEHHsI
['inp6epra. Beranopieno ymoBu 3a sikux nepersopensst ['iibbepra dyH-
kuii 3 npocropy ITeni - Binepa W! nanexurs npocropy L'(R). Pe-
3yJIbTaT OTPUMAHO B TepMiHAX pO3IIeIIeHHsT PYHKII Ha CyMy JBOX
byHKIiil, KoxKHA 3 SKUX HaJeKHUTh 1poctopy H! y Bepxuiit Ta HH-
YKHIIT KOMILJIEKCHI TIBIIOMMHI BLITOBIIHO. Y TIPOo3/i 4.2, Ha, OCHOBI
orpumanux pesysnbraris (Teopema 4.1), HaBejieHO JBa MPOCTI criocobmu
obumnc/ieHHs neperBopents ['inbbepra.

Yci pesyabTaTu JucepTaliil, sKi BUHOCATHCA Ha 3aXHUCT, € HOBUMU,
BOHU MalOTh TEOPETUUHHI XapaKTep Ta MOXKYTb OYTH BUKOPUCTaHI Y
dyHKIIOHAILHOMY Ta KOMILJIEKCHOMY aHaJIi31, Teopil JudepeHIiaabHIX
PIBHSIHB, Teopil iiMoBipHocTeil. OTpuMaHi pe3yabTaTi CTAHOBJISITH 11€B-
HUM 1HTepec 1 JIsd JIOCTIzKeHb B Teopil iHdopMallil.

KimogoBi cjaoBa: nisa yHKIg, aHagdiTudHa (QYHKIIIs, ITPOCTOPH
[apai, npocropu Ileni - Binepa, posmenients ¢pyHKIII, BaAroBi IpocTo-
pu ['apji, neperBopenns ['ibbepra, CUrHAIBHI IPOIECH, aMILIITYIHNIM

crieKTp, neperBopennd Dyp’e, PiabTP, 3ropTKAa.
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ABSTRACT

Voitovych Kh. O. Approximate and asymptotic properties of functi-
ons in Hardy spaces on some domains. — Qualifying scientific work on
the rights of the manuscript.

The thesis consists of an introduction, 4 sections, conclusions to each
section and the general conclusions and the list of used references. The
introduction substantiates the relevance of the research topic, highli-
ghts the purpose, task, subject, object and methods of the research. It
also substantiates the scientific novelty, the practical significance of the
obtained results, the relationship of manuscript with scientific topics
and plans and the personal contributions of the author of the thesis.
The introduction lists the conferences and scientific seminars where the
results of the thesis where reported; it lists the publications in which
the main results of the thesis where published.

The thesis is devoted to questions of approximation and asymptotic
in spaces of analytical functions and their applications in information
theory.

The main objects of investigation are the classic Hardy spaces, wei-
ghted Hardy spaces and Paley - Wiener spaces.

The first section of the thesis is introductory and contains a review
of the literature and describes the important facts from classic Hardy

spaces, weighted Hardy spaces, Paley - Wiener spaces, signal processi-
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ng, Wiener filtering theory and Hilbert transform. Also described the
main results of the thesis.

In second section we considered the problems of decomposition of
functions in the Paley - Wiener space W} into the sum of two functions,
each of them being "large” only in upper and lower half-planes. The
Paley - Wiener space W2 o > 0, is the space of entire functions f of
exponential type < o belonging to LP(R).

Function f € Wl is considered as

sin oz

fz) = \/ﬁz oz — 7k’

(Ck) el

We researched the following problem.

Problem A. Do functions f € Wl 1 < p < 2, admit the
decomposition f = x + w, with entire functions in C, = {z : Rz > 0},
where x € EYC(0;3)], p € EYC(—%;0)]?

One of the solution of the Problem A was researched by T. I. Hi-
schak. One of the solutions was investigated by T. I. Hischak. The
function proposed by T. I. Hischak is an entire function of exponential
type o in half-plane C,..

The main results of subsection 2.1 where provided in Theorem 2.1
and Corollary 2.1. We found that there exists the solutions of the
Problem A if all Fourier coefficients ¢, k > 0, are equal to zero.

In subsection 2.2 the results concerning the problem of decompositi-



10

on of functions in upper and lower half-planes for the case are contained.
The key element in subsection 2.2 is the following problem.

Problem B. Is it possible to decompose each f € Wl 1 <p <2,
as f = x + p where x, u are entire functions and x € EP|C(0;7)],
p e EP|C(—m;0)]7

In theorem 2.4 we proved that for the function f there exists a
solution of the Problem B if (c;) € I* and ¢y, = —copq1. This problem
is an analogue of the decomposition problem which was investigated by
V. M. Dilnyi for the case p = 1. Furthermore, in subsection 2.3 were
obtained the solution of the decomposition problem for functions with
small exponential type a > 0 in half - plane. We say that an entire

function f is an entire function of exponential type « in half-plane

C_={z:Rz<0}if
(V6 > 0)(3A > 0)(Vz € C_) : |f(2)] < Ael*T=

and the above inequality is false if replace the number « by a smaller
one.

Problem C. Do functions f € W, admit decomposition
f = X+, where x and i are entire functions with any small exponenti-
al type o > 0 in C_7

The main results of subsection 2.3 where provided in Theorem 2.5
and Theorem 2.6. Every subsection provides examples of entire functi-

ons for which there exists the solutions of the above problems.
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The third section deals with Wiener filtering theory. We consider the
analogue of the classic Wiener filtering theory to a half-strip of complex
domain. In subsection 3.1 we analyzed the major problem of signal
processing: to determine an unknown filter ("black box”); in particular,
to reconstruct, if possible, a filter knowing the energy densities of an
input-output pair. We consider the above problem for the case of an
unknown filter f on the half-strip D, = {z : |Sz| < o, Rz < 0}, 0 > 0.
The main task of this section is to construct all detecting signals under
some natural conditions. In Theorem 3.2 we proved that if signal does
not admit a holomorphic continuation as an entire function or it admit
a holomorphic continuation, but this continuation is extremely large,
then there exists the solution of the filtering identification problem. In
subsection 3.2 some auxiliary lemmas of Phragmen - Lindelof type were
demonstrated and Theorem 3.2 was proved.

The last fourth section is devoted to the investigations of the Hilbert
transform on the Paley - Wiener space. In subsection 4.1 is obtained a
boundedness criterion for the Hilbert transform on the Paley - Wiener
space. The results was found in terms of decomposition functions into
the sum of two functions each of them belonging to the Hardy space
H' in upper and lower half-plane respectively. Two simple methods of
evaluation of the Hilbert transform were shown in the research basing

on the reserved result.
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The results of the dissertation are new and have theoretical meani-
ng. They can be used in complex and functional analysis, differential
equation, probability theory. They are of some interest for information
theory as well.

Keywords: entire function, analytic function, Hardy space, Paley -
Wiener space, decomposition, weighted Hardy space, signal processing,

convolution, Fourier transform, amplitude spectrum, filter.
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