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íàóê çà ñïåöiàëüíiñòþ 01.01.02 ¾Äèôåðåíöiàëüíi ðiâíÿííÿ¿ (111�

Ìàòåìàòèêà). �Íàöiîíàëüíèé óíiâåðñèòåò ¾Ëüâiâñüêà ïîëiòåõíiêà¿,�

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà.�Ëüâiâ, 2020.

Äèñåðòàöiÿ ïðèñâÿ÷åíà ïîáóäîâi, äîñëiäæåííþ i çàñòîñóâàííþ ôóíäàìåí-

òàëüíèõ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç êëàñiâ

K1 , K2 , K3 i K4 . Êëàñ K1 ñêëàäàþòü óëüòðàïàðàáîëi÷íi ðiâíÿííÿ òèïó Êîë-

ìîãîðîâà. Äî êëàñó K2 âõîäÿòü ðiâíÿííÿ òèïó Êîëìîãîðîâà äîâiëüíîãî ïî-

ðÿäêó. Ðiâíÿííÿ ç êëàñó K3�öå ðiâíÿííÿ òèïó ðiâíÿíü ç êëàñó K1 , â ÿêèõ

äîäàòêîâî íàÿâíi âèðîäæåííÿ ïðè t = 0. Êëàñè ðiâíÿíüK1,K2 iK3 ¹ ïðèðîä-

íèìè óçàãàëüíåííÿì ó ðiçíèõ íàïðÿìêàõ âiäîìîãî ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ

À.Ì.Êîëìîãîðîâà. ÊëàñK4 ñêëàäàþòü
−→
2b-ïàðàáîëi÷íi çà Åéäåëüìàíîì ñèñòå-

ìè ðiâíÿíü i âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi. Îñîáëèâiñòþ ðiâíÿíü

ç öüîãî êëàñó ¹ íåðiâíîïðàâíiñòü ïðîñòîðîâèõ çìiííèõ i íàÿâíiñòü âèðîäæåííÿ

íà ïî÷àòêîâié ãiïåðïëîùèíi.

Äëÿ ðiâíÿíü ç êëàñiâ K1 , K2 i K3 çíàéäåíî óìîâè íà êîåôiöi¹íòè ðiâ-

íÿíü, çà ÿêèõ, çà äîïîìîãîþ ïîåòàïíîãî ìåòîäó Ëåâi ïîáóäîâàíî é äîñëiäæåíî

êëàñè÷íi ôóíäàìåíòàëüíi ðîçâ'ÿçêè çàäà÷i Êîøi, âñòàíîâëåíî îöiíêè ïîáóäî-

âàíèõ ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ, äîâåäåíî òåîðåìè ïðî êîðåêòíó ðîçâ'ÿçíiñòü

òà iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ ó ñiìåéñòâàõ âàãîâèõ Lp-ïðîñòîðiâ, ÿêi

ïðè |x| → ∞ ìàþòü åêñïîíåíöiàëüíèé ðiñò ìàêñèìàëüíîãî ïîðÿäêó 2 ÷è 2b

âiäïîâiäíî iç çàëåæíèì âiä t òèïîì. Äëÿ ïiäêëàñó ç K1� ðiâíÿíü ç äiéñíèìè

êîåôiöi¹íòàìè âñòàíîâëåíî, êðiì iñíóâàííÿ òà îöiíîê ïîáóäîâàíîãî ôóíäàìåí-

òàëüíîãî ðîçâ'ÿçêó Z, äîäàòêîâi âëàñòèâîñòi Z ( íåâiä'¹ìíiñòü, íîðìàëüíiñòü,

ôîðìóëà çãîðòêè òà ií.), ÿêi äîçâîëÿþòü òðàêòóâàòè ôóíêöiþ Z, ÿê ãóñòè-

íó iìîâiðíîñòåé ïåðåõîäó äåÿêîãî äèôóçiéíîãî ïðîöåñó; îá ðóíòîâàíî iíòå-
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ãðàëüíå çîáðàæåííÿ òà äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi â êëàñi

íåâiä'¹ìíèõ ôóíêöié; îòðèìàíî ôîðìóëè äëÿ âèçíà÷åííÿ õàðàêòåðèñòèê òàêî-

ãî äèôóçiéíîãî ïðîöåñó. Òàêîæ äîâåäåíî òåîðåìè ïðî ëîêàëüíó ðîçâ'ÿçíiñòü

çàäà÷i Êîøi äëÿ âiäïîâiäíîãî êâàçiëiíiéíîãî ðiâíÿííÿ i âñòàíîâëåíî iñíóâàííÿ

ãëîáàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ïiâëiíiéíîãî ðiâíÿííÿ ç êëàñó K1 .

Îòðèìàíi â äèñåðòàöi¨ âiäîìîñòi ïðî ôóíäàìåíòàëüíi ðîçâ'ÿçêè ðiâíÿíü ç

êëàñiâK1 ,K2 iK3 ïåâíèì ÷èíîì ïîêàçóþòü, ÿê âïëèâàþòü íà âëàñòèâîñòi ïî-

áóäîâàíèõ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ i ðåçóëüòàòè ¨õ çàñòîñóâàíü íàÿâíiñòü

ó ðiâíÿííÿõ îñîáëèâîñòåé òà âèðîäæåíü (âèðîäæåííÿ ìàòðèöi êîåôiöi¹íòiâ,

ùî ñòîÿòü ïðè ñòàðøèõ ïîõiäíèõ ó ðiâíÿííi, íåðiâíîïðàâíiñòü ïðîñòîðîâèõ

çìiííèõ, âèðîäæåííÿ ïðè t = 0).

Äëÿ ðiâíÿíü ç êëàñó K4 ïðîâåäåíî âñåái÷íå äîñëiäæåííÿ ïîòåíöiàëiâ, ÿä-

ðîì ÿêèõ ¹ âiäïîâiäíèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê ó âàãîâèõ ïðîñòîðàõ ãåëü-

äåðîâèõ ôóíêöié, ÿêi ïðàâèëüíî i òî÷íî âðàõîâóþòü ïîâåäiíêó ïðè t → 0

ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó; äîâåäåíî òåîðåìè ïðî êîðåêòíó ðîçâ'ÿçíiñòü,

àïðiîðíi îöiíêè i ïiäâèùåííÿ ãëàäêîñòi ðîçâ'ÿçêiâ çàäà÷i Êîøi òà ëîêàëüíó

ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ âiäïîâiäíî¨ íåëiíiéíî¨ ñèñòåìè ç âèðîäæåííÿì

íà ïî÷àòêîâié ãiïåðïëîùèíi. Ðîçãëÿíóòî óñi ìîæëèâi òèïè âèðîäæåííÿ ðiâ-

íÿíü ïðè t = 0. Îòðèìàíi ðåçóëüòàòè óçàëüíþþòü i äîïîâíþþòü ðàíiøå îòðè-

ìàíi àâòîðîì ðåçóëüòàòè äëÿ 2b-ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ñèñòåì ðiâíÿíü

i âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi.

Ïðîâåäåíi ó ðîáîòi äîñëiäæåííÿ ìàþòü òåîðåòè÷íèé õàðàêòåð. Éîãî ðå-

çóëüòàòè òà ìåòîäèêà ¨æ îòðèìàííÿ ìîæóòü áóòè âèêîðèñòàíi äëÿ äîñëiäæåííÿ

àíàëiòè÷íèìè ìåòîäàìè âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü çàãàëüíiøî¨ ñòðóê-

òóðè, òîáòî äî ïîáóäîâè é äîñëiäæåííÿ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ òà ¨õ çà-

ñòîñóâàíü äî âñòàíîâëåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi, iíòåãðàëüíîãî çîáðàæåííÿ

i âëàñòèâîñòåé ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ òàêèõ ðiâíÿíü.

Êëþ÷îâi ñëîâà: âèðîäæåíi ïàðàáîëi÷íi ðiâíÿííÿ òèïó Êîëìîãîðîâà, ïà-

ðàáîëi÷íi ðiâíÿííÿ äîâiëüíîãî ïîðÿäêó, ïàðàáîëi÷íi ðiâíÿííÿ ç âèðîäæåííÿì
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íà ïî÷àòêîâié ãiïåðïëîùèíi, çàäà÷à Êîøi, ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i

Êîøi, ìåòîä Ëåâi, îöiíþâàëüíi ôóíêöi¨, îá'¹ìíèé ïîòåíöiàë, êîðåêòíà, ëîêàëü-

íà i ãëîáàëüíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi.

ABSTRACT

Medynsky I. P. Fundamental solutions of the Cauchy problem for degenerate

parabolic equations. �Qualifying scienti�c work on the rights of the manuscript.

Thesis for the Degree of Doctor of Sciences in Physics and mathematics

on the speciality 01.01.02� �Di�erential equations� (111� Mathematic). �Lviv

Polytechnic National University. �Lviv Ivan Franko National University, Ministry

of Education and Science of Ukraine, Lviv, 2020.

The dissertation is devoted to construction, research and application of

fundamental solutions of the Cauchy problem for degenerate parabolic equations

from classes K1 , K2, K3 and K4. Class K1 are ultraparabolic equations of the

Kolmogorov type. The class K2 includes equations of the Kolmogorov type of

arbitrary order. An equation of the class K3� is an equation of the type of

equations from the classK1 , in which degenerations are additionally present at t =

= 0. The classes of equationK1 ,K2 andK3 is a natural generalization in di�erent

directions of the known classical Kolmogorov's equation of di�usion with inertia.

The classK4 consists of
−→
2b parabolic in the sense of Eidelman systems of equations

and degeneration on the initial hyperplane. The feature of the equations from this

class is the inequality of spatial variables and the presence of degeneracy on the

initial hyperplane. For equations from classes K1 , K2 and K3 the conditions for

the coe�cients of the equations are found, according to which, with the help of the

stepwise Levy method, the classical fundamental solutions of the Cauchy problem

are constructed and investigated, and the estimates of the constructed solutions and

their derivatives are established, theorems on correct solvability and integral images

of solutions in families of Lp-weight spaces are proved, which have exponential

growth of maximum order 2 or 2b under the condition |x| → ∞ according to

the type dependent on t. For a subclass of K1� equations with real coe�cients
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are established, in addition to the existence and estimates of the constructed

fundamental solution Z, additional properties Z (nonnegativity, normalization,

convolution formula etc.), which allow to interpret the function Z as the density

of transition probabilities of some di�usion process; the integral representation is

proved and the correct solvability of the Cauchy problem in the class of nonnegative

functions is proved; formulas for determining the characteristics of such a di�usion

process are obtained. The theorems on the local solvability of the Cauchy problem

for the corresponding quasilinear equation are also proved and the existence of a

global solution of the Cauchy problem for a semilinear equation from the class is

established K1 .

The information obtained in the dissertation on the fundamental solutions

of equations from classes K1 , K2 and K3 in a certain way show how the

properties of singularities and degeneracies a�ect the properties of the constructed

fundamental solutions and the results of their applications (degeneracy of the

matrix of coe�cients which are at the senior derivatives in the equation, inequality

of spatial variables, degeneracy under the condition t = 0).

For equations from the classK4 a comprehensive study of potentials is carried

out, the core of which is the corresponding fundamental solution in the weight

spaces of H�older functions, which correctly and accurately take into account the

behavior under the condition t → 0 of fundamental solution; the theorem on

correct solvability, a priori estimates and increase of smoothness of solutions of

the Cauchy problem and local solvability of the problem with degeneracy on

the initial hyperplane is proved. All possible types of degeneracy of equations

under the condition t = 0 are considered. The obtained results summarize and

supplement the results previously obtained by the author for 2b- parabolic by

Petrovsky systems of equations and degeneration on the initial hyperplane .

The study which are conducted in the research have theoretical nature.

Its results and methods of obtaining them can be used to study analytical

methods of degenerate parabolic equations of more general structure, that is, to
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construct and study fundamental solutions and their applications to establish the

correct solvability, integral representation, and properties of solutions of the Cauchy

problem for such equations.

Keywords: degenerate parabolic equations of Kolmogorov type, parabolic

equations with degenerations on the initial hyperplane, the Cauchy problem,

fundamental solution of the Cauchy problem, Levi's method, volume potential,

correct and local solvability.



7

ÑÏÈÑÎÊ ÏÓÁËIÊÀÖIÉ ÇÄÎÁÓÂÀ×À ÇÀ ÒÅÌÎÞ
ÄÈÑÅÐÒÀÖI�

1. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Âëàñòèâîñòi iíòåãðàëiâ òè-

ïó ïîõiäíèõ âiä îá'¹ìíèõ ïîòåíöiàëiâ äëÿ
−→
2b-ïàðàáîëi÷íèõ ñèñòåì

ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi.Ìàò. ìåòîäè òà ôiç.-

ìåõ. ïîëÿ. 2002. Ò. 45,�4.Ñ. 76�86.

2. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ëîêàëüíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi

äëÿ êâàçiëiíiéíî¨
−→
2b-ïàðàáîëi÷íî¨ ñèñòåìè çi ñëàáêèì âèðîäæåííÿì. Ìàò.

ìåòîäè òà ôiç.-ìåõ. ïîëÿ. 2004. Ò. 47,�4.Ñ. 110�114.

3. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Çàäà÷à Êîøi äëÿ
−→
2b-ïàðàáîëi÷íî¨

ñèñòåìè ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi.Ìàò. ìåòîäè òà

ôiç.-ìåõ. ïîëÿ. 2003. Ò. 46,�3.Ñ. 15�24.

4. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ïàðà-

áîëi÷íèõ ñèñòåì ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi òà ¨õ çàñòî-

ñóâàííÿ. Íåëiíiéíèé àíàëiç: Ïðàöi Óêðà¨íñüêîãî ìàòåìàòè÷íîãî êîíãðå-

ñó. 2001.Êè¨â: Ií-ò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 2005. Ñ. 28�41.

5. Ivasyshen S.D., Medynsky I. P. The Fokker-Planñk-Kolmogorov equati-

ons for some degenerate di�usion processes. Theory of stochastic proces-

ses.Vol. 16 (32),�1, 2010. P. 57�66.

6. Ìåäèíñüêèé I.Ï. Äîñëiäæåííÿ Ñ.Ä.Åéäåëüìàíà íåëiíiéíèõ çàäà÷ òà ¨õ

ðîçâèòîê. Íàóê. âiñíèê ×åðíiâåöüêîãî íàö. óí-òó iì. Þ. Ôåäüêîâè÷à.

Ñåð. : ìàò. Ò. 1, �1�2.×åðíiâöi : ×åðíiâåöüêèé íàö. óí-ò, 2011. Ñ. 114�128.

7. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Êëàñè÷íèé ôóíäàìåíòàëüíèé ðîç-

â'ÿçîê âèðîäæåíîãî ðiâíÿííÿ Êîëìîãîðîâà, êîåôiöi¹íòè ÿêîãî íå çàëåæàòü

âiä çìiííèõ âèðîäæåííÿ. Áóêîâèíñüêèé ìàò. æóðí. 2014. Ò. 2,�2�3.Ñ. 94�

106.

8. Âîçíÿê Î. Ã., IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ôóíäàìåíòàëü-

íèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ Êîëìîãî-

ðîâà ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi. Áóêîâèíñüêèé ìàò.



8

æóðí. 2015. Ò. 3,�3�4.Ñ. 41�51.

9. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï., Ïàñi÷íèêÃ.Ñ. Ïàðàáîëi÷íi ðiâ-

íÿííÿ ç âèðîäæåííÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi. Áóêîâèíñüêèé ìàò.

æóðí. 2016. Ò. 4,�3�4.Ñ. 57�68.

10. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Êëàñè÷íi ôóíäàìåíòàëüíi ðîçâ'ÿçêè

äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà ç äâîìà ãðóïà-

ìè ïðîñòîðîâèõ çìiííèõ. Çá. ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨-

íè. 2016. Ò. 13,�1.Ñ. 108�155.

11. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî êëàñè÷íi ôóíäàìåíòàëü-

íi ðîçâ'ÿçêè çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó

Êîëìîãîðîâà ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ. Ìàò. ìåòî-

äè òà ôiç.-ìåõ. ïîëÿ. 2016. Ò. 59,�2.Ñ. 28�42. Òå ñàìå: Ivasyshen S.D. ,

Medyns'kyi I. P.On the classical fundamental solutions of the Cauchy

problem for ultraparabolic Kolmogorov-type equations with two gro-

ups of spatial variables. J.Math. Sci. 2018.Vol.231,�4. P. 507�526. https:

doi.org//10.1007/s10958-018-3830-0.

12. Ivasyshen S.D., Medynsky I. P. On applications of the Levi method

in the theory of parabolic equations.Mat. Stud. 2017.Vol. 47, �1.Ñ. 33�46.

https:doi.org//10.30970/ms.47.1.33-46.

13. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï.Êëàñè÷íèé ôóíäàìåíòàëüíèé ðîç-

â'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà

ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ. I.Ìàò. ìåòî-

äè òà ôiç.-ìåõ. ïîëÿ. 2017. Ò. 60,�3.Ñ. 9�31. Òå ñàìå: Ivasyshen S.D. ,

Medynsky I. P.Classical fundamental solutions of the Cauchy problem

for ultraparabolic Kolmogorov-type equations with two groups of spatial

variables of degeneration. I. J.Math. Sci. 2020.Vol. 246, �2. P. 121�151.

https:doi.org//10.1007/s10958-020-04726-z.

14. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï.Êëàñè÷íèé ôóíäàìåíòàëüíèé ðîç-

â'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðî-



9

âà ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ. II.Ìàò. ìåòî-

äè òà ôiç.-ìåõ. ïîëÿ. 2017. Ò. 60,�4.Ñ. 7�24. Òå ñàìå: Ivasyshen S.D. ,

Medynsky I. P.Classical fundamental solutions of the Cauchy problem for

ultraparabolic Kolmogorov-type equations with two groups of spatial

variables of degeneration. II. J.Math. Sci. 2020.Vol. 247,�1, P. 1�23. https:

doi.org//10.1007/s10958-020-04786-1.

15. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï., Ïàñi÷íèêÃ.Ñ. Ïàðàáîëi÷íi ðiâ-

íÿííÿ ç ðiçíèìè îñîáëèâîñòÿìè òà âèðîäæåííÿìè. Íåêëàñè÷íi çàäà-

÷i òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü.: Çá. íàóê. ïðàöü ïðèñâÿ÷åíèé 80-

ði÷÷þ Áîãäàíà Éîñèïîâè÷à Ïòàøíèêà.Ëüâiâ: Äîñëiäíî-âèäàâíè÷èé öåíòð

ÍÒØ, 2017.Ñ. 68�76.

16. Âîçíÿê Î. Ã., IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ôóíäàìåíòàëü-

íèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìî-

ãîðîâà ç äâîìà ãðóïàìè ïðîñòîðîâèìè çìiííèõ òà âèðîäæåííÿì íà ïî÷àò-

êîâié ãiïåðïëîùèíi.Âiñíèê íàö. óí-òó "Ëüâiâñüêà ïîëiòåõíiêà".: Ñåðiÿ:

ôiç.-ìàò. íàóêè. 2017,�871.Ñ. 46�64.

17. Âîçíÿê Î. Ã., IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðî-

âà ç äâîìà ãðóïàìè ïðîñòîðîâèìè çìiííèõ òà âèðîäæåííÿì íà ïî÷àòêîâié

ãiïåðïëîùèíi. Âiñíèê íàö. óíiâåðñèòåòó "Ëüâiâñüêà ïîëiòåõíiêà".: Ñåðiÿ:

ôiç.-ìàò. íàóêè. 2018,�898.Ñ. 13�21.

18. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Âëàñòèâîñòi ôóíäàìåíòàëüíèõ ðîç-

â'ÿçêiâ, òåîðåìè ïðî iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ i êîðåêòíó

ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìî-

ãîðîâà ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ.Ìàò. ìåòîäè

òà ôiç.-ìåõ. ïîëÿ. 2018. Ò. 61, �4.Ñ. 7�16.

19. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i

Êîøi äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà äîâiëüíîãî

ïîðÿäêó.Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ. 2019. Ò. 62, �1.Ñ. 7�24.



10

20. Dron' V. S., Ivasyshen S. D., Medyns'kyi I. P. Properties of integrals

which have the type of derivatives of volume potentials for one Kolmogorov-

type ultraparabolic arbitrary order equations. Carpatian Math. Publ. 2019.

Vol. 11, �2, P. 268�280. https:doi.org//10.15330/cmp.11.2.268-280.

21. Ìåäèíñüêèé I.Ï. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi òà iíòåãðàëüíi çîá-

ðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó

Êîëìîãîðîâà ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ. Ìàò.

ìåòîäè òà ôiç.-ìåõ. ïîëÿ. 2019. Ò. 62, �4.Ñ. 39�48.

22. Âîçíÿê Î. Ã., IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà

ç òðüîìà ãðóïàìè ïðîñòîðîâèìè çìiííèõ òà âèðîäæåííÿì íà ïî÷àòêîâié

ãiïåðïëîùèíi. Âiñíèê Ëüâiâ. óí-òó.: Ñåðiÿ ìåõ.-ìàò. 2019. Âèï. 88. Ñ. 107�

127. https://dx.doi.org/10.30570/vmm.2019.88.107-127.

23. Medynsky I. P. On properties of solutions for Fokker-Planck-Kolmogo-

rov equations. Math.Model. Comp. 2020.Vol. 7,�1. P. 158�168. https: doi.org

//10.23939/mmc2020.01.158.

24. Ivasyshen S., Medynsky I. The well-posedness of problem with weighting

initial conditions for parabolic system with degenerations of the initial

hyperplane in Banach spaces of H�older. Intern. Conf. Func. Anal. and its

Appl., Dedicated to the 110-th anniversary of Stefan Banach.May 28�31, 2002,

Lviv: Book of Abstracts. Lviv, 2002. P. 92�93.

25. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Çàäà÷à Êîøi äëÿ
−→
2b-ïàðàáîëi÷íî¨

ñèñòåìè ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi. VI Ìiæíàð. íàóê.

êîíô. "Ìàòåìàòè÷íi ïðîáëåìè ìåõàíiêè íåîäíîðiäíèõ ñòðóêòóð", 26�

29 òðàâ. 2003 ð., Ëüâiâ: òåçè äîï.: Ëüâiâ, 2003.Ñ.491�492.

26. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Àïðiîðíi îöiíêè ðîçâ`ÿçêiâ
−→
2b-

ïàðàáîëi÷íèõ ñèñòåì ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi òà ¨õ çà-

ñòîñóâàííÿ. Ìiæíàð. íàóê. êîíô. "Øîñòi áîãîëþáîâñüêi ÷èòàííÿ", 26�

30 ñåðï., 2003 ð.,×åðíiâöi: òåçè äîï.: Êè¨â, 2003. Ñ. 84.



11

27. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî êîðåêòíó ðîçâ`ÿçíiñòü çàäà÷i

Êîøi äëÿ
−→
2b-ïàðàáîëi÷íî¨ ñèñòåìè ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåð-

ïëîùèíi. III Âñåóêð. íàóê. êîíô. "Íåëiíiéíi ïðîáëåìè àíàëiçó", 9�12 âå-

ðåñ. 2003 ð., Iâàíî-Ôðàíêiâñüê: òåçè äîï.: Âèä-âî Ïðèêàðï. íàö. óí-òó

iì. Â. Ñòåôàíèêà, 2003. Ñ. 42.

28. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï.
−→
2b-ïàðàáîëi÷íi ñèñòåìè ç âèðîä-

æåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi. Ìiæíàð. êîíôåð. "Äèôåðåí-

öiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ", 6�9 ÷åðâ. 2005 ð.,Êè¨â: òåçè

äîï.:Êè¨â, 2005.Ñ. 32.

29. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ãëîáàëüíi ðîçâ'ÿçêè çàäà÷i Êîøi

äëÿ êâàçiëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ó âàãîâèõ Lp-ïðîñòîðàõ. Ìiæ-

íàð. íàóê. êîíô. ç äèôåðåíöiàëüíèõ ðiâíÿíü, ïðèñâÿ÷åíà 100 ði÷íèöi

ç äíÿ íàðîäæåííÿ ß.Á.Ëîïàòèíñüêîãî, 12�17 âåðåñ. 2006 ð.,Ëüâiâ: òåçè

äîï.:Ëüâiâ, 2006. Ñ. 27�28.

30. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ðîçâèòîê äîñëiäæåíü

Ñ.Ä.Åéäåëüìàíà ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ ðiâíÿíü òà ¨õ

çàñòîñóâàííÿ. Ìiæíàð. íàóê. êîíô. "Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çà-

ñòîñóâàííÿ", 11�14 æîâò., 2006 ð., ×åðíiâöi: òåçè äîï.:×åðíiâöi, 2006. Ñ. 54.

31. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ãëîáàëüíi ðîçâ'ÿçêè çàäà÷i Êî-

øi äëÿ äåÿêèõ êâàçiëiíiéíèõ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü. Ìiæíàð. ìà-

òåì. êîíô. iì. Â.ß.Ñêîðîáàãàòüêà, 24�28 âåðåñ. 2007 ð., Äðîãîáè÷: òåçè

äîï.:Ëüâiâ, 2007. Ñ. 189.

32. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çà-

äà÷i Êîøi äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿìè çà ÷àñîâîþ çìií-

íîþ. XII Ìiæí. íàóê. êîíô. iì. àêàä. Ì.Êðàâ÷óêà, 15�17 òðàâ. 2008 ð.,

Êè¨â: òåçè äîï.:Êè¨â. 2008. Ñ. 162.

33. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî çàäà÷ó Êîøi äëÿ îäíîãî êâà-

çiëiíiéíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà. IV Âñåóêð.

íàóê. êîíô. "Íåëiíiéíi ïðîáëåìè àíàëiçó", 10�12 âåðåñ. 2008 ð., Iâàíî-



12

Ôðàíêiâñüê: òåçè äîï.: Iâàíî-Ôðàíêiâñüê, 2008. Ñ. 39.

34. Ivasyshen S.D., Medynsky I. P.The Fokker-Planck-Kolmogorov equations

for some degenerate di�usion processes. Intern. conf. "Stochastic analysis and

random dynamics", June 14�20, 2009, Lviv: Abstracts. Lviv, 2009. P. 95�96.

35. Ìåäèíñüêèé I.Ï. Çàäà÷à Êîøi äëÿ êâàçiëiíiéíèõ óëüòðàïàðàáîëi÷-

íèõ ðiâíÿíü òèïó Êîëìîãîðîâà. XIII Ìiæíàð. íàóê. êîíô. iì. àêàä.

Ì.Êðàâ÷óêà, 13�15 òðàâíÿ, 2010 ð., Êè¨â: ìàòåðiàëè êîíô. Ò.1. Äèôå-

ðåíöiàëüíi òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.Êè¨â: ÍÒÓÓ "ÊÏI",

2010. Ñ. 271.

36. Ìåäèíñüêèé I.Ï. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ îäíîãî

êâàçiëiíiéíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà. Third

International Conference for Young Mathematicians on Di�erential Equations

and Appliccations dedicated to Yaroslav Lopatynsky , 3�6 November, 2010,

Lviv: Book of Abstracts. Donetsk, 2010. P. 76.

37. Ìåäèíñüêèé I. Ëîêàëüíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ îäíîãî êëà-

ñó êâàçiëiíiéíèõ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü. Ìiæíàð. ìàòåì.

êîíô. iì. Â.ß. Ñêîðîáîãàòüêà, 19�23 âåðåñ. 2011 ð., Äðîãîáè÷: òåçè

äîï.:Ëüâiâ, 2011. Ñ. 134.

38. Ìåäèíñüêèé I.Ï. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ îäíîãî êëàñó

âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü.Ìiæíàð. íàóê. êîíô. "Äèôåðåíöiàëüíi

ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ", ïðèñâÿ÷åíî¨ 65-ði÷÷þ êàôåäðè iíòåãðàëü-

íèõ òà äèôåðåíöiàëüíèõ ðiâíÿíü Êè¨âñüêîãî íàö. óí-òó iì. Òàðàñà Øåâ-

÷åíêà, 8�10 ÷åðâ., 2011 ð.,Êè¨â: ìàòåðiàëè êîíô.:Êè¨â, 2011. Ñ. 120.

39. Medynsky I. Cauchy problem for a semilinear ultraparabolic equations of

Kolmogorov type Intern. Conf. dedicated to the 120-th anniversary of Stefan

Banach, September 17�21, 2012, Lviv: Abstracts of Reports. Lviv, 2012. P. 217.

40. Ìåäèíñüêèé I.Ï. Çàäà÷à Êîøi äëÿ êâàçiëiíiéíîãî ðiâíÿííÿ òèïó Êîë-

ìîãîðîâà ç
−→
2b-ïàðàáîëi÷íîþ ÷àñòèíîþ i âèðîäæåííÿì. Ìiæíàð. íàóê.

êîíô. "Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ", ïðèñâÿ÷åíî¨ 70-



13

ði÷÷þ ïðîô. Â.Â. Ìàðèíöÿ, 26�29 âåðåñ. 2012 ð., Óæãîðîä: ìàòåðiàëè

êîíô.:Óæãîðîä, 2012.Ñ. 60.

41. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïàðàáîëi÷íi ìîäåëi.Ñó÷àñíi ïðî-

áëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòèìiçàöi¨:

òåçè äîï. V Ìiæíàð. íàóê. êîíô. 4�5 êâiò. 2012 ð.Êàì'ÿíåöü-Ïîäiëüñü-

êèé, 2012.Ñ. 35.

42. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çà-

äà÷i Êîøi äëÿ äåÿêèõ êëàñiâ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü. XIV Ìiæ-

íàð. íàóê. êîíô. iì. àêàä. Ì. Êðàâ÷óêà, 19�21 êâiòíÿ 2012 ð., Êè¨â: ìàòåðià-

ëè êîíô. Ò.1. Äèôåðåíöiàëüíi òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.

Êè¨â: ÍÒÓÓ "ÊÏI", 2012. Ñ. 198.

43. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Äåÿêi âèðîäæåíi ïàðàáîëi÷íi ìî-

äåëi. Âñåóêð. íàóê. êîíô. "Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ

â ïðèêëàäíié ìàòåìàòèöi", ïðèñâÿ÷åíà 50-ði÷÷þ êàô. ïðèêëàäíî¨ ìàòå-

ìàòèêè ×åðíiâåöüêîãî íàö. óí-òó iì. Þ. Ôåäüêîâè÷à, 11�23 ÷åðâ. 2012 ð.,

×åðíiâöi: ìàòåðiàëè êîíô.,×åðíiâåöüêèé íàö. óí-ò, 2012.Ñ. 80.

44. Ñ. Iâàñèøåí, I.Ìåäèíñüêèé Ïðî êëàñè÷íèé ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîë-

ìîãîðîâà. Ìiæíàð. íàóê. êîíô. "Ñó÷àñíi ïðîáëåìè ìåõàíiêè i ìàòå-

ìàòèêè", 21�25 òðàâ. 2013 ð.,Ëüâiâ: çá. íàóê. ïðàöü â 3-õ ò. Iíñòèòóò

ïðèêëàäíèõ ïðîáëåì ìåõàíiêè òà ìàòåìàòèêè iì. ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ

Óêðà¨íè, 2013. Ò. 1. Ñ. 36�38.

45. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ìåòîä Ëåâi ïîáóäîâè òà äîñëiä-

æåííÿ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü òè-

ïó Êîëìîãîðîâà. V Âñåóêð. íàóê. êîíô. �Íåëiíiéíi ïðîáëåìè àíàëiçó�, 19�

21 âåðåñ. 2013 ð., Iâàíî-Ôðàíêiâñüê: òåçè äîï., Âèä-âî Ïðèêàðï. íàö. óí-òó

iì. Â. Ñòåôàíèêà, 2013. Ñ. 28.

46. Ìåäèíñüêèé I. Ï., Iâàñèøåí Ñ. Ä. Ïðî äåÿêi âèðîäæåíi ïàðà-

áîëi÷íi ìîäåëi. Ñó÷àñíi ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ïðî-



14

ãíîçóâàííÿ òà îïòèìiçàöi¨: òåçè äîï. VI Ìiæíàð. íàóê. êîíô. 4�5

êâiò. 2014 ð.Êàì'ÿíåöü-Ïîäiëüñüêèé, 2014. Ñ. 106.

47. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî êëàñè÷íèé ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê âèðîäæåíîãî ðiâíÿííÿ Êîëìîãîðîâà, êîåôiöi¹íòè ÿêîãî íå çà-

ëåæàòü âiä çìiííèõ âèðîäæåííÿ. XV Ìiæíàð. íàóê. êîíô. iì. àêàä. Ì.

Êðàâ÷óêà, 15�17 òðàâ. 2014 ð., Êè¨â: ìàòåðiàëè êîíô. Ò.1. Äèôåðåíöiàëüíi

òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.Êè¨â: ÍÒÓÓ "ÊÏI", 2014. Ñ. 123�

124.

48. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Êëàñè÷íèé ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óçàãàëüíåíîãî âèðîäæåíîãî ðiâíÿííÿ Êîë-

ìîãîðîâà. IV Ìiæíàð. ãàíñüêà êîíô., ïðèñâÿ÷åíà 135 ði÷íèöi âiä äíÿ

íàðîäæåíííÿ Ãàíñà Ãàíà, 30 ÷åðâ.�05 ëèï. 2014 ð.,×åðíiâöi: òåçè äîï.:

×åðíiâåöüêèé íàö. óí-ò, 2014. Ñ. 62�63.

49. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî êëàñè÷íèé ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê âèðîäæåíîãî ðiâíÿííÿ Êîëìîãîðîâà. XVI Ìiæíàð. íàóê. êîíô.

iì. àêàä. Ì. Êðàâ÷óêà, 14�15 òðàâ. 2015 ð., Êè¨â: ìàòåðiàëè êîíô. Ò.1.

Äèôåðåíöiàëüíi òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.Êè¨â : ÍÒÓÓ

"ÊÏI", 2015. Ñ. 106�107.

50. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ìåòîä Ëåâi òà éîãî ìîäèôiêàöi¨ ó

äîñëiäæåííÿõ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà. Íà-

óê. êîíô., ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ Ê.Ì. Ôiøìàíà òà

Ì.Ê. Ôàãå, 1�4 ëèï. 2015 ð., ×åðíiâöi: òåçè äîï.: ×åðíiâåöüêèé íàö. óí-ò,

2015. Ñ. 48�49.

51. Medynsky I. On investigations of S.D. Eidelman in the theory of the

degenerate parabolic equations of Kolmogorov type and their development

Intern. V. Skorobohatko Math. Conf.August 25�28, 2015, Drogobych:

Abstracts. Lviv, 2015. P. 104.

52. Voznyak O., Ivasyshen S., Medynsky I. On fundamental solution

of the ultraparabolic Kolmogorov equation with degeneration on the



15

initial hyperplane. Intern. V. Skorobohatko Math. Conf., August 25�28, 2015,

Drogobych: Abstracts. Lviv, 2015. P. 172.

53. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïàñi÷íèê Ã. Ñ. Ïàðàáîëi÷íi ìî-

äåëi ç âèðîäæåííÿìè íà ãiïåðïëîùèíi çàäàííÿ ïî÷àòêîâèõ äàíèõ. Ñó÷àñ-

íi ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòèìi-

çàöi¨: òåçè äîï. VII Ìiæíàð. íàóê. êîíô. 21�22 êâiò. 2016 ð. Êàì'ÿíåöü-

Ïîäiëüñüêèé, 2016. Ñ. 83�84.

54. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî îñòàííi ðåçóëüòàòè ïîáóäîâè òà

äîñëiäæåííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ âèðîäæåíîãî

ïàðàáîëi÷íîãî ðiâíÿííÿ òèïó ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ. XVII Ìiæíàð.

íàóê. êîíô. iì. àêàä. Ì. Êðàâ÷óêà, 19�20 òðàâ. 2016 ð., Êè¨â: ìàòåðiàëè

êîíô. Ò.1. Äèôåðåíöiàëüíi òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.Êè¨â :

ÍÒÓÓ "ÊÏI", 2016. Ñ. 127�128.

55. Dron'V., Ivasyshen S., Medynsky I. On applications of Levi's parametrix

method in Theory of Parabolic equations. Intern. Conf. On Di�. Eq.,

Dedicated to the 110 Anniversary of Ya.B.Lopatynsky, September 20�24, 2016,

Lviv: Book of Abstracts. Lviv, 2016. P. 44.

56. ÄðîíüÂ., IâàñèøåíÑ., Ìåäèíñüêèé I. Âëàñòèâîñòi îá'¹ìíîãî ïîòåí-

öiàëó ëëÿ îäíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ.Ìiæíàð. íàóê. êîíô.

"Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ", ïðèñâÿ-

÷åíà 80-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðîôåñîðà Â.I.Ôîä÷óêà (1936-1992) òà

70-ði÷÷ÿ êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü, 28�30 âåðåñ. 2016 ð., ×åðíiâöi:

ìàòåðiàëè êîíô.×åðíiâöi: ×åðíiâåöüêèé íàö. óí-ò, 2016. Ñ. 44.

57. Iâàñèøåí Ñ., Ìåäèíñüêèé I.,Ïàñi÷íèê Ã. Ïàðàáîëi÷íi ðiâíÿí-

íÿ ç âèðîäæåííÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi.Ìiæíàð. íàóê. êîíô.

"Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ", ïðèñâÿ-

÷åíà 80-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðîôåñîðà Â.I.Ôîä÷óêà (1936-1992) òà

70-ði÷÷ÿ êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü, 28�30 âåðåñ. 2016 ð., ×åðíiâöi:

ìàòåðiàëè êîíô.×åðíiâöi: ×åðíiâåöüêèé íàö. óí-ò, 2016. Ñ. 50�51.



16

58. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ôóíäàìåíòàëüíi ðîçâ'ÿçêè çàäà÷i

Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà ç ãëàäêèìè

êîåôiöi¹íòàìè.XVIII Ìiæíàð. íàóê. êîíô. iì. àêàä. Ì. Êðàâ÷óêà, 7�

10æîâò. 2017 ð., Ëóöüê�Êè¨â: ìàòåðiàëè êîíô. Ò.1. Äèôåðåíöiàëüíi òà ií-

òåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.Êè¨â: ÍÒÓÓ "ÊÏI", 2017.Ñ. 60�63.

59. IâàñèøåíÑ., Ìåäèíñüêèé I. Ôóíäàìåíòàëüíi ðîçâ'ÿçêè çàäà÷i Êîøi

äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà.Ìiæíàð. íàóê. êîíô.

"Ñó÷àñíi ïðîáëåìè ìåõàíiêè i ìàòåìàòèêè", 22�25 òðàâ. 2018 ð., Ëüâiâ:

çá. íàóê. ïðàöü ó 3-õ ò./ çà çàã. ðåä. À.Ì.Ñàìîéëåíêà òà Ð.Ì.Êóøíiðà

[Åëåêòðîííèé ðåñóðñ]. Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè òà ìàòåìà-

òèêè iì.ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, 2018. Ò. 1. Ñ. 34�35. Ðåæèì äîñòó-

ïó äî ðåñóðñó: www.iapmm.lviv.ua/mpmm2018.

60. ÂîçíÿêÎ., Ìåäèíñüêèé I. Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êî-

øi äëÿ óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà ç âèðîäæåí-

íÿì íà ïî÷àòêîâié ãiïåðïëîùèíi.Ìiæíàð. íàóê. êîíô. "Ñó÷àñíi ïðî-

áëåìè ìåõàíiêè i ìàòåìàòèêè", 22�25 òðàâ. 2018 ð.: çá. íàóê. ïðà-

öü ó 3-õ ò./ çà çàã. ðåä. À.Ì.Ñàìîéëåíêà òà Ð.Ì.Êóøíiðà [Åëåêòðîí-

íèé ðåñóðñ]. Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè òà ìàòåìàòèêè

iì.ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè. 2018.Ò.3. Ñ. 101�102. Ðåæèì äîñòóïó

äî ðåñóðñó: www.iapmm.lviv.ua/mpmm2018.

61. I.Ìåäèíñüêèé, Ñ. Iâàñèøåí Ïðî ïîáóäîâó òà îöiíêè êëàñè÷íîãî ôóí-

äàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ âèðîäæåíîãî ðiâíÿííÿ òèïó

Êîëìîãîðîâà. Ñó÷àñíi ïðîáëåìè ìàòåìàòèêè òà ¨¨ çàñòîñóâàííÿ â ïðè-

ðîäíè÷èõ íàóêàõ i iíôîðìàöiéíèõ òåõíîëîãiÿõ. Ìiæíàð. íàóê. êîíô. ïðè-

ñâÿ÷åíà 50-ði÷÷þ ôàêóëüòåòó ìàòåìàòèêè òà iíôîðìàòèêè ×åðíiâåöüêî-

ãî íàö. óí-òó iì. Þðiÿ Ôåäüêîâè÷à, 17�19 âåðåñ. 2018, ×åðíiâöi: ìàòåðiàëè

êîíô.×åðíiâöi, 2018. Ñ. 84.

62. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ëîêàëüíó ðîçâ'ÿçíiñòü çàäà÷i

Êîøi äëÿ êâàçiëiíiéíîãî âèðîäæåíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òè-



17

ïó Êîëìîãîðîâà. VI Âñåóêð. ìàòåì. êîíô. iìåíi Á.Â.Âàñèëèøèíà, 26�

28 âåðåñ. 2018, Iâàíî-Ôðàíêiâñüê�Ìèêóëè÷èí. Iâàíî-Ôðàíêiâñüê: Ãîëiíåé,

2018. Ñ. 18�19.

63. Ivasyshen S.D., Medynsky I. P. Properties of Green operators generated

by fundamental solutions of degenerated parabolic equations.Intern. Conf.

"In�nite Dimensional Analysis and Topology", Dedicated to the 70-th

Anniversary of Professor Oleh Lopushansky. Oktober 15�20, 2019, Ivano-

Frankivsk: Book of Abstracts. Ivano-Frankivsk, 2019. P. 25�26.

64. Ìåäèíñüêèé I., ÄðîíüÂ. Ïðî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êî-

øi äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü äîâiëüíîãî ïîðÿäêó.Ìiæíàð.

íàóê. êîíô. "Ñó÷àñíi ïðîáëåìè äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ çàñòî-

ñóâàííÿ", ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðîôåñîðà Ñàìó¨-

ëà Äàâèäîâè÷à Åéäåëüìàíà, 16�19 âåðåñ. 2020 ð., ×åðíiâöi: ìàòåðiàëè

êîíô. [Åëåêòðîííèé ðåñóðñ]. ×åðíiâåöüêèé íàö. óí-ò, 2020. Ñ. 165�166. Ðå-

æèì äîñòóïó äî ðåñóðñó: www.sde100.fmi.org.ua.

65. Medynsky I., VoznyakO. Fundamental solutions of ultrapa-

rabolic Kolmogorov-type equations with three groups of spatial

variables and degeneration on the initial hyperplane. XI Intern.

Skorobohatko Math. Conf., October 26�30, 2020, Lviv: Abstracts.

[Electronic publication ISBN978-96602-9390-8]. Pidstryhach Institute for

Applied Problems of Mechanics and Mathematics of NAS of Ukraine.

2020. P. 75. https://www.iapmm.lviv.ua/conf_skorob2020.



ÇÌIÑÒ

ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ I ÑÊÎÐÎ×ÅÍÜ 20

ÂÑÒÓÏ 22

1. ÎÑÍÎÂÍI ÏÎÍßÒÒß ÒÀ ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ 34

1.1. Êëàñè ðiâíÿíü . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

1.2. Îçíà÷åííÿ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ çàäà÷i Êîøi . . . . . . 43

1.3. Ìåòîä Ëåâi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

1.4. Îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨ . . . . . . . . . . . . . . . 59

2. ÄÎÏÎÌIÆÍI ÂIÄÎÌÎÑÒI 73

2.1. Îçíà÷åííÿ i âëàñòèâîñòi îöiíþâàëüíèõ ôóíêöié . . . . . . . . . 73

2.2. Iñíóâàííÿ òà îöiíêè ðîçâ'ÿçêiâ äåÿêèõ iíòåãðàëüíèõ ðiâíÿíü . . 84

2.3. ÔÐÇÊ äëÿ äîïîìiæíèõ ðiâíÿíü . . . . . . . . . . . . . . . . . . 89

2.4. Âëàñòèâîñòi îá'¹ìíèõ ïîòåíöiàëiâ . . . . . . . . . . . . . . . . . 94

3. ÊËÀÑÈ×ÍI ÔÐÇÊ ÄËß ÐIÂÍßÍÜ Ç ÊËÀÑÓ K1 107

3.1. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L(t,x1(y))
1 . . . . . 107

3.2. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L(t,x2(y))
1 . . . . . 114

3.3. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ . . . . 123

3.4. Îöiíêè ïðèðîñòiâ ïîõiäíèõ ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ . . . 141

4. ÊËÀÑÈ×ÍI ÔÐÇÊ ÄËß ÐIÂÍßÍÜ Ç ÊËÀÑÓ K2 158

4.1. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L(t,x1(y))
2 . . . . . 158

4.2. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L(t,x2(y))
2 . . . . . 165

4.3. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ . . . . 174

4.4. Îöiíêè ïðèðîñòiâ ïîõiäíèõ ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ . . . 193

5. ÊËÀÑÈ×ÍI ÔÐÇÊ ÄËß ÐIÂÍßÍÜ Ç ÊËÀÑÓ K3 209

5.1. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L(t,x1(y))
3 . . . . . 209

18



19

5.2. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L(t,x2(y))
3 . . . . . 217

5.3. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ . . . . 227

5.4. Îöiíêè ïðèðîñòiâ ïîõiäíèõ ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ . . . 244

6. ÄÅßÊI ÇÀÑÒÎÑÓÂÀÍÍß ÔÐÇÊ 261

6.1. Çàäà÷à Êîøi äëÿ âèðîäæåíèõ ðiâíÿíü òèïó Êîëìîãîðîâà . . . . 261

6.2. Çàäà÷à Êîøi äëÿ ðiâíÿíü ç êëàñó K4 . . . . . . . . . . . . . . . 274

6.3. Ëîêàëüíà ðîçâ'ÿçíiñòü êâàçiëiíiéíèõ ðiâíÿíü . . . . . . . . . . . 280

6.4. ÔÐÇÊ äëÿ ðiâíÿííÿ Ôîêêåðà�Ïëàíêà�Êîëìîãîðîâà . . . . . . 294

ÂÈÑÍÎÂÊÈ 301

ÑÏÈÑÎÊ ÂÈÊÎÐÈÑÒÀÍÈÕ ÄÆÅÐÅË 303

ÄÎÄÀÒÊÈ 335

Ä1. Äîâåäåííÿ òâåðäæåíü ç ðîçäiëó 2 . . . . . . . . . . . . . . . . . . 335

Ä2. Äîâåäåííÿ òâåðäæåíü ç ðîçäiëó 3 . . . . . . . . . . . . . . . . . . 365

Ä3. Ñïèñîê ïóáëiêàöié çäîáóâà÷à çà òåìîþ äèñåðòàöi¨ . . . . . . . . 396

Ä4. Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨ . . . . . . . . . . . . . . . . . . 406



ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ I ÑÊÎÐÎ×ÅÍÜ

:= �äîðiâíþ¹ çà îçíà÷åííÿì;

I �êiíåöü äîâåäåííÿ;

N �ìíîæèíà íàòóðàëüíèõ ÷èñåë;

Nl := {1, . . . , l}, ÿêùî l ∈ N;

Rn �n-âèìiðíèé åâêëiäiâ ïðîñòið;

R := R1;

Cn �n-âèìiðíèé êîìïëåêñíèé ïðîñòið;

C := C1;

t, τ �òî÷êè ïðîñòîðó R;

x1, . . . , xn �êîîðäèíàòè òî÷êè x ïðîñòîðó Rn àáî Cn;

t, x1, . . . , xn �êîîðäèíàòè òî÷êè (t, x) ïðîñòîðó Rn+1;

|x| := (
n∑
j=1

x2
j)

1/2, ÿêùî x ∈ Rn;

Cmr�ìíîæèíà âñiõ ìàòðèöü A ðîçìiðó m× r, åëåìåíòè ÿêèõ ajl ∈ C, j ∈

∈ Nm, l ∈ Nr; C1r = Cr; C11 = C;

|u| := max
j∈Nr
|uj|, ÿêùî u ∈ Cr;

|A| := max
j∈Nm

r∑
l=1

|ajl|, ÿêùî A ∈ Cmr;

A′�ìàòðèöÿ, òðàíñïîíîâàíà äî ìàòðèöi A;

I�îäèíè÷íà ìàòðèöÿ;

i �óÿâíà îäèíèöÿ;

δjl �ñèìâîë Êðîíåêåðà;

Zn+ � ìíîæèíà âñiõ n-âèìiðíèõ ìóëüòèiíäåêñiâ k := (k1, . . . , kn);

|k| :=
n∑
j=1

kj, ÿêùî k ∈ Zn+;

‖k‖ :=
n∑
j=1

mjkj, ÿêùî k ∈ Zn+, à m1, . . . ,mn � äåÿêi íàòóðàëüíi ÷èñëà;

n1, n2, n3 �çàäàíi íàòóðàëüíi ÷èñëà òàêi, ùî n3 ≤ n2 ≤ n1;
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n �çàäàíå íàòóðàëüíå ÷èñëî, àáî n := n1 + n2 + n3;

b1, . . . , bn �çàäàíi íàòóðàëüíi ÷èñëà;

b �çàäàíå íàòóðàëüíå ÷èñëî, àáî íàéìåíøå ñïiëüíå êðàòíå ÷èñåë

b1, . . . , bn;

mj := b/bj, j ∈ Nn;

q := 2b/(2b− 1), qj := 2bj/(2bj − 1), j ∈ Nn;

∂ly �îïåðàöiÿ äèôåðåíöiþâàííÿ ïîðÿäêó l > 0 çà çìiííîþ y;

∂kx := ∂k1
x1
. . . ∂knxn , ÿêùî x ∈ Rn, i k ∈ Zn+;

S �äèôåðåíöiàëüíèé âèðàç ∂t −
n2∑
j=1

x1j∂x2j
−

n3∑
j=1

x2j∂x3j
;

SL �ïîõiäíà Ëi âiäíîñíî âåêòîðíîãî ïîëÿ, çàäàíîãî äèôåðåíöiàëüíèì âè-

ðàçîì âèðàçîì S;

∆τ
t f(t, ·) := f(t, ·)− f(τ, ·);

∆y
xf(·, x, ·) := f(·, x, ·)− f(·, y, ·);

∆τ,y
t,x := f(t, x, ·)− f(τ, ξ, ·);

X(t) := (X1(t), . . . , X3(t));

Xs(t) := (Xs1(t), ..., Xsnl(t)) , s ∈ N3;

X1j(t) := x1j, j ∈ Nn1
;

X2j(t) := x2j + tx1j, j ∈ Nn2
;

X3j(t) := x3j + tx2j + 2−1x1j, j ∈ Nn3
;

T �çàäàíå äîäàòíå ÷èñëî;

ΠH := {(t, x) ∈ Rn+1
∣∣∣ t ∈ H, x ∈ Rn}, ÿêùî H ⊂ R;

ÔÐÇÊ�ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi;

Ëi-ÔÐÇÊ�Ëi-ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi.

Â äèñåðòàöi¨ îäíàêîâèìè áóêâàìè ïîçíà÷àþòüñÿ ñòàëi, âåëè÷èíè ÿêèõ íàñ

íå öiêàâëÿòü.



ÂÑÒÓÏ

1. Îá ðóíòóâàííÿ âèáîðó òåìè äîñëiäæåííÿ. Äèñåðòàöiÿ ïðèñâÿ÷å-

íà ïîáóäîâi, äîñëiäæåííþ i çàñòîñóâàííþ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ çàäà÷i

Êîøi (ÔÐÇÊ) äëÿ òàêèõ ÷îòèðüîõ êëàñiâ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü:

K1 : âèðîäæåíi äèôåðåíöiàëüíi ðiâíÿííÿ òèïó Êîëìîãîðîâà äðóãîãî ïî-

ðÿäêó;

K2 : âèðîäæåíi äèôåðåíöiàëüíi ðiâíÿííÿ òèïó Êîëìîãîðîâà äîâiëüíîãî

ïîðÿäêó;

K3 : âèðîäæåíi äèôåðåíöiàëüíi ðiâíÿííÿ òèïó Êîëìîãîðîâà äðóãîãî ïî-

ðÿäêó i âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi;

K4 :
−→
2b-ïàðàáîëi÷íi çà Åéäåëüìàíîì ñèñòåìè ðiâíÿíü i âèðîäæåííÿì íà

ïî÷àòêîâié ãiïåðïëîùèíi.

Öi êëàñè ¹ ïðèðîäíèì óçàãàëüíåííÿì â ðiçíèõ íàïðÿìêàõ ïàðàáîëi÷íèõ çà

I. Ã.Ïåòðîâñüêèì ðiâíÿíü (ñèñòåì ðiâíÿíü), ÿêi îçíà÷åíi â [1] é òåîði¨ ÿêèõ ïðè-

ñâÿ÷åíi ÷èñëåííi ñòàòòi, ìîíîãðàôi¨ [2�6] i ñòàòòi ìîíîãðàôi÷íîãî õàðàêòåðó [7�

11]. Íàäàëi òåðìií "ðiâíÿííÿ"âèêîðèñòîâóâàòèìåìî ÿê ó âèïàäêó ñêàëÿðíîãî

ðiâíÿííÿ, òàê i ó âèïàäêó âåêòîðíîãî ðiâíÿííÿ, òîáòî ñèñòåìè ðiâíÿíü.

Äîáðå âiäîìi ãëèáîêi é ïîâíi ðåçóëüòàòè â òåîði¨ çàäà÷i Êîøi äëÿ ðiâíî-

ìiðíî ïàðàáîëi÷íèõ ðiâíÿíü ÿê ëiíiéíèõ, òàê i êâàçiëiíiéíèõ. Ïðè îäåðæàííi

áiëüøîñòi ç öèõ ðåçóëüòàòiâ iñòîòíó ðîëü âiäiãðà¹ ÔÐÇÊ äëÿ òàêèõ ðiâíÿíü,

éîãî âëàñòèâîñòi, à òàêîæ âëàñòèâîñòi ïîðîäæóâàíèõ íèì ïîòåíöiàëiâ.

ÔÐÇÊ, çà ðiçíèõ ïðèïóùåíü íà êîåôiöi¹íòè ñèñòåìè, áóäóâàëàñü i äîñëiä-

æóâàëàñü: äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ ñèñòåì ðiâíÿíü� I. Ã.Ïåòðîâñüêèì,

Î.À.Ëàäèæåíñüêîþ, Ñ.Ä.Åéäåëüìàíîì, Â.Ïîãîæåëüñüêèì, Ä. Ã.Aðîíñîíîì,

Ë.Í.Ñëîáîäåöüêèì i Ì. I.Ìàòié÷óêîì; äëÿ
−→
2b-ïàðàáîëi÷íèõ ðiâíÿíü�

Ñ.Ä.Åéäåëüìàíîì òà Ñ.Ä. Iâàñèøåíèì; äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç ðiçíèìè

âèðîäæåííÿìè é îñîáëèâîñòÿìè� Ñ.Ä. Iâàñèøåíèì i Ñ.Ä.Åéäåëüìàíîì ðà-
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çîì ç ¨õíiìè ó÷íÿìè Ã.Ï.Ìàëèöüêîþ, Ë.Ì.Òè÷èíñüêîþ, Ë.Ì.Àíäðîñîâîþ,

Î. Ã.Âîçíÿê, Â.Ñ.Äðîíåì, Ë.Ï.Áåðåçàí, Ã.Ñ.Ïàñi÷íèê, I. Ï.Ìåäèíñüêèì.

Ðåçóëüòàòè, ùî ñòîñóþòüñÿ ïîáóäîâè é äîñëiäæåííÿ ÔÐÇÊ, çàäà÷i Êî-

øi, çíàéøëè âàæëèâi ðiçíîìàíiòíi çàñòîñóâàííÿ äî âèâ÷åííÿ âëàñòèâîñòåé

ðîçâ'ÿçêiâ, äîñëiäæåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi â øèðîêèõ êëà-

ñàõ ôóíêöié, îäåðæàííÿ iíòåãðàëüíîãî çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi òà

ðîçâ'ÿçêiâ, ÿêi âèçíà÷åíi ó âiäêðèòîìó øàði Π(0,T ], âñòàíîâëåííÿ ëîêàëüíî¨

ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ êâàçiëiíiéíèõ i íåëiíiéíèõ ïàðàáîëi÷íèõ çà Ïåò-

ðîâñüêèì ñèñòåì ðiâíÿíü, äîñëiäæåííÿ ìîæëèâîñòi ïðîäîâæåííÿ ðîçâ'ÿçêiâ

òàêèõ ñèñòåì íà øèðøèé ÷àñîâèé iíòåðâàë.

Êëàñè ðiâíÿíü K1 , K2 i K3 ¹ ïåâíèìè óçàãàëüíåííÿìè êëàñè÷íî-

ãî ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ À.Ì.Êîëìîãîðîâà. Òàê, ùå â 1934 ð.

À.Ì.Êîëìîãîðîâ ïðè âèâ÷åííi ðóõiâ ôiçè÷íî¨ ñèñòåìè ïðèéøîâ äî ðiâíÿí-

íÿ äèôóçi¨ ç iíåðöi¹þ, ÿêå ¹ âèðîäæåíèì ïàðàáîëi÷íèì ðiâíÿííÿì i íàëåæèòü

äî êëàñó óëüòðàïàðàáîëi÷íèõ ðiâíÿíü. Öå ðiâíÿííÿ ¹ ïðîòîòèïîì öiëî¨ ñiì'¨

åâîëþöiéíèõ ðiâíÿíü, ÿêi âèíèêàþòü ó òåîði¨ äèôóçiéíèõ ïðîöåñiâ, êiíåòè÷íié

òåîði¨ ãàçó, ïðè âèâ÷åííi ðóõó ìàòåðiàëüíèõ ÷àñòèíîê ó ïîëi ñèë, ïðè äîñëiä-

æåííi ìàòåìàòè÷íèõ ìîäåëåé îïöiîíiâ òà ií.

Âèâ÷åííÿì êëàñè÷íîãî ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ Êîëìîãîðîâà

òà éîãî ðiçíîìàíiòíèõ óçàãàëüíåíü, ó òîìó ÷èñëi é äëÿ âèïàäêó ðiâ-

íÿíü äîâiëüíîãî ïîðÿäêó, çàéìàâñÿ öiëèé ðÿä ìàòåìàòèêiâ, ñåðåä ÿêèõ

M.Weber, À.Ì. Iëü¨í, I.Ì.Ñîíií, ß.Ñ.Øàòèðî, Ë.Ï.Êóïöiâ, Ñ.Ä.Åéäåëüìàí,

Ã.Ï.Ìàëèöüêà, Y.Kato, Ë.Ì.Òè÷èíñüêà, Ñ.Ä. Iâàñèøåí, Ë.Ì.Àíäðîñîâà,

Â.Ñ.Äðîíü, Î. Ã. Âîçíÿê, iòàëiéöi S. Polidoro, E. Lanconelli, M.Manfredini,

A. Pascucci, M.Di Francesco òà ií. Âîíè îäåðæàëè âàæëèâi ðåçóëüòàòè, ùî ñòî-

ñóþòüñÿ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ i êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi,

à òàêîæ âëàñòèâîñòåé ðîçâ'ÿçêiâ. Íàéïîâíiøi òà íàéòî÷íiøi ðåçóëüòàòè ïðè

öüîìó îäåðæàíi äëÿ ðiâíÿíü ç êîåôiöi¹íòàìè, íå çàëåæíèìè âiä ïðîñòîðîâèõ

çìiííèõ. ßêùî êîåôiöi¹íòè ðiâíÿíü çàëåæàòü âiä óñiõ çìiííèõ, òî ùå äîñi òî÷-
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íèõ i ïîâíèõ ðåçóëüòàòiâ íå îäåðæàíî. Çàóâàæèìî, ùî çâàæàþ÷è íà âàæëèâi

çàñòîñóâàííÿ, äîñëiäæåííÿ ðiâíÿíü Ôîêêåðà-Ïëàíêà-Êîëìîãîðîâà òà óëüòðà-

ïàðàáîëi÷íèõ ðiâíÿíü (ëiíiéíèõ i íåëiíiéíèõ) iíòåíñèâíî ïðîâîäÿòüñÿ é iíøèìè

ìåòîäàìè áåç ïîáóäîâè ÔÐÇÊ ( äèâ. ìîíîãðàôi¨ [13,14]).

Ó âiäîìié ìîíîãðàôi¨ [15] äëÿ ðiâíÿíü ç êîåôiöi¹íòàìè, çàëåæíèìè âiä

óñiõ çìiííèõ, îòðèìàíî ðåçóëüòàòè, ÿêi ñòîñóþòüñÿ íåêëàñè÷íèõ ÔÐÇÊ, òîáòî

ðîçâ'ÿçêiâ, ÿêi ìàþòü ñòàðøi ïîõiäíi ëèøå çà îñíîâíèìè çìiííèìè. Ïðèðîä-

íèì ¹ áàæàííÿ îòðèìàòè àíàëîãi÷íi ðåçóëüòàòè äëÿ ðiâíÿíü ç êëàñiâ K1 , K2

i K3 , òîáòî ïîáóäóâàòè êëàñè÷íi ÔÐÇÊ, äåòàëüíî âèâ÷èòè ¨õ âëàñòèâîñòi òà

âëàñòèâîñòi ïîðîäæóâàíèõ íèìè ïîòåíöiàëiâ i äîñëiäèòè êîðåêòíó ðîçâ'ÿçíiñòü

çàäà÷i Êîøi â øèðîêèõ êëàñàõ âàãîâèõ ôóíêöié. Öå ïîòðåáó¹ íå òiëüêè çíàõîä-

æåííÿ âiäïîâiäíèõ óìîâ íà êîåôiöi¹íòè âèðîäæåíèõ ðiâíÿíü, àëå é ðîçðîáêè

i âäîñêîíàëåííÿ ìåòîäiâ ïîáóäîâè i äîñëiäæåííÿ ÔÐÇÊ.

Îñîáëèâiñòþ ðiâíÿíü ç êëàñó K4 , êðiì íåðiâíîïðàâíîñòi ïðîñòîðî-

âèõ çìiííèõ, ¹ íàÿâíiñòü âèðîäæåííÿ ïðè t = 0. Ðiâíÿííÿ ç âèðîä-

æåííÿì çà ÷àñîâîþ çìiííîþ âèâ÷àëèñü À.Ñ.Êàëàøíèêîâèì, Â.Ï. Ãëóøêîì,

À.Â. Ãëóøàêîì, Ñ.Ä.Øìóëåâè÷åì òà ií. Ïàðàáîëi÷íi ðiâíÿííÿ ç âèðîäæåííÿì

íà ïî÷àòêîâié ãiïåðïëîùèíi âèâ÷àëèñü ó ïðàöÿõ Ñ.Ä. Iâàñèøåíà, Î. Ã. Âîçíÿê,

I. Ï.Ìåäèíñüêîãî. Ó öèõ ïðàöÿõ ïîáóäîâàíî i äîñëiäæåíî ÔÐÇÊ äëÿ òàêîãî

ðiâíÿííÿ i âñòàíîâëåíî îöiíêè ïîáóäîâàíîãî ÔÐÇÊ, éîãî ïîõiäíèõ òà ïðèðî-

ñòiâ öèõ ïîõiäíèõ. Îäåðæàíi îöiíêè ÔÐÇÊ âèêîðèñòàíi äëÿ âèâ÷åííÿ îá'¹ìíèõ

ïîòåíöiàëiâ òà iíòåãðàëiâ Ïóàññîíà, ÿäðàìè ÿêèõ ¹ ÔÐÇÊ. Íèìè òàêîæ ïîáóäî-

âàíà øàóäåðîâà òåîðiÿ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ ñèñòåì ç âèðîäæåííÿì, çîêðå-

ìà äîâåäåíî òåîðåìè ïðî ïiäâèùåííÿ ãëàäêîñòi òàêèõ ðîçâ'ÿçêiâ. Íå ïîâíiñòþ

äîñëiäæóâàëàñü i çàëåæíiñòü êëàñiâ ðîçâ'ÿçêiâ ñèñòåì âiä ïîâåäiíêè ôóíêöié,

ùî ñïðè÷èíÿþòü âèðîäæåííÿ. Êðiì òîãî, ïåðåëi÷åíèõ ðåçóëüòàòiâ, îäåðæàíèõ

âèùåçãàäàíèìè àâòîðàìè äëÿ ëiíiéíèõ ïàðàáîëi÷íèõ ñèñòåì ç âèðîäæåííÿì

íà ïî÷àòêîâié ãiïåðïëîùèíi, ¹ ùå íå äîñèòü äëÿ ïðîâåäåííÿ äîñëiäæåííÿ ëî-

êàëüíî¨ ðîçâ'ÿçíîñòi êâàçiëiíiéíèõ ñèñòåì ç âèðîäæåííÿì, àíàëîãi÷íîãî òîìó,
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ÿêå ïðîâîäèëîñü äëÿ íåâèðîäæåíèõ ñèñòåì. Ïðèðîäíiì ¹ áàæàííÿ äîïîâíèòè

öi ðåçóëüòàòè äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåð-

ïëîùèíi òà îòðèìàòè òàêi ðåçóëüòàòè äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü

ç êëàñó K4. Ç âèùåíàâåäåíîãî îãëÿäó ïðàöü âèïëèâàþòü òàêi âèñíîâêè òà àê-

òóàëüíi ïðîáëåìè, âèðiøåííþ ÿêèõ ïðèñâÿ÷åíà äèñåðòàöiéíà ðîáîòà:

1) äëÿ ðiâíÿíü ç êëàñiâ K1 , K2 i K3 â ïðàöÿõ iíøèõ àâòîðiâ íåìà¹ ïî-

âíiñòþ îá ðóíòîâàíèõ ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ iñíóâàííÿ, òî÷íèõ îöiíîê i

âëàñòèâîñòåé êëàñè÷íèõ ÔÐÇÊ; òîìó àêòóàëüíîþ ¹ ïðîáëåìà ïðî çíàõîäæåí-

íÿ óìîâ íà êîåôiöi¹íòè ðiâíÿíü, çà ÿêèõ iñíóþòü êëàñè÷íi ÔÐÇÊ ç ïîòðiáíèìè

ïðèðîäíèìè âëàñòèâîñòÿìè, â òîìó ÷èñëi ç òî÷íèìè îöiíêàìè, ïðè öüîìó ïå-

ðåäáà÷à¹òüñÿ äåòàëüíà ðîçðîáêà ìåòîäiâ ïîâíîãî îá ðóíòóâàííÿ ðåçóëüòàòiâ;

2) äëÿ ðiâíÿíü ç êëàñó K4 ó âiäîìèõ ïðàöÿõ iíøèõ àâòîðiâ âiäñóòí¹ äå-

òàëüíå äîñëiäæåííÿ âëàñòèâîñòåé ÔÐÇÊ äëÿ êîæíîãî iç òèïiâ âèðîäæåíü íà

ïî÷àòêîâié ãiïåðïëîùèíi; â öüîìó ïîëÿãà¹ äðóãà íåâèðiøåíà ïðîáëåìà;

3) òðåòüîþ ïðîáëåìîþ ¹ çíàõîäæåííÿ ðiçíîìàíiòíèõ çàñòîñóâàíü äëÿ ðiâ-

íÿíü ç êëàñiâ K1 , K2 , K3 i K4 , õî÷à áè àíàëîãi÷íèõ äî çàñòîñóâàíü ÔÐÇÊ

äëÿ íåâèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü.

2.Ìåòà òà çàâäàííÿ äîñëiäæåííÿ. Ìåòîþ ðîáîòè ¹ ïîáóäîâà i äî-

ñëiäæåííÿ âëàñòèâîñòåé êëàñè÷íèõ ÔÐÇÊ äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâ-

íÿíü ç êëàñiâ K1 , K2 , K3 i K4 i çàñòîñóâàííÿ ¨õ äî äîñëiäæåííÿ êîðåêòíî¨

ðîçâ'ÿçíîñòi âiäïîâiäíèõ çàäà÷ Êîøi äëÿ òàêèõ ðiâíÿíü.

Áåçïîñåðåäíiìè çàâäàííÿìè äîñëiäæåííÿ ¹ :

• çíàõîäæåííÿ óìîâ íà êîåôiöi¹íòè âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç

êëàñiâ K1 , K2 i K3 , çà ÿêèõ iñíó¹ êëàñè÷íèé i íåêëàñè÷íèé ÔÐÇÊ;

• ðîçðîáëåííÿ íîâîãî ïiäõîäó äî ïîáóäîâè i äîñëiäæåííÿ ÔÐÇÊ çàäà÷i Êî-

øi äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç êëàñiâ K1 , K2 i K3 , ÿêèé

 ðóíòó¹òüñÿ íà ïîåòàïíîìó ¾ðîçìîðîæåííi¿ êîåôiöi¹íòiâ;

• âäîñêîíàëåííÿ ìåòîäèêè äîñëiäæåííÿ âëàñòèâîñòåé ïàðàáîëi÷íèõ ïîòåí-

öiàëiâ, ÿäðîì ÿêèõ ¹ âiäïîâiäíèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê;
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• ïîáóäîâà i äåòàëüíå äîñëiäæåííÿ âëàñòèâîñòåé ÔÐÇÊ äëÿ âèðîäæåíèõ ïà-

ðàáîëi÷íèõ ðiâíÿíü ç êëàñiâK1 ,K2 i 3 , çîêðåìà îäåðæàííÿ òî÷íèõ îöiíîê

ÔÐÇÊ i éîãî ïîõiäíèõ (ó òîìó ÷èñëi îöiíîê ïðèðîñòiâ ïîõiäíèõ);

• äîñëiäæåííÿ âëàñòèâîñòåé ïàðàáîëi÷íèõ ïîòåíöiàëiâ, ÿäðîì ÿêèõ ¹ âiäïî-

âiäíèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê â øèðîêèõ êëàñàõ âàãîâèõ ôóíêöié;

• îòðèìàííÿ iíòåãðàëüíèõ çîáðàæåíü ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ îäíîðiäíèõ

i íåîäíîðiäíèõ ðiâíÿíü ç êëàñiâ K1 , K2 i K3 ;

• ïîáóäîâà i äîñëiäæåííÿ âëàñòèâîñòåé êëàñè÷íèõ ÔÐÇÊ äëÿ ðiâíÿííÿ

Ôîêêåðà-Ïëàíêà-Êîëìîãîðîâà äåÿêîãî âèðîäæåíîãî äèôóçiéíîãî ïðîöå-

ñó;

• ïî ìîæëèâîñòi òî÷íiøå îïèñàííÿ êëàñiâ iñíóâàííÿ, ¹äèíîñòi i êîðåêòíî¨

ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ îäíîðiäíèõ i íåîäíîðiäíèõ ðiâíÿíü ç êëàñiâ

K1 , K2 i K3 ;

• äîâåäåííÿ òåîðåì ïðî ëîêàëüíó (ãëîáàëüíó) ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ

âiäïîâiäíèõ êâàçiëiíiéíèõ ðiâíÿíü ç êëàñiâ K1 ;

• ïîáóäîâà i äîñëiäæåííÿ âëàñòèâîñòåé ÔÐÇÊ òà ïîðîäæóâàíèõ íèì ïîòåí-

öiàëiâ äëÿ ðiâíÿíü ç êëàñó K4 ;

• îïèñàííÿ êëàñiâ iñíóâàííÿ, ¹äèíîñòi i êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi

äëÿ ðiâíÿíü ç êëàñó K4, â ïðîñòîðàõ, ÿêi âðàõîâóþòü òèï âèðîäæåííÿ

ñèñòåìè ;

• äîâåäåííÿ òåîðåì ïðî ëîêàëüíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ âiäïîâiäíèõ

êâàçiëiíiéíèõ ðiâíÿíü ç êëàñó K4 .

Îá'¹êò äîñëiäæåííÿ: çàäà÷à Êîøi äëÿ ðiâíÿíü ç êëàñiâK1 ,K2 ,K3 iK4 .

Ïðåäìåò äîñëiäæåííÿ: ÔÐÇÊ äëÿ ðiâíÿíü ç êëàñiâ K1 , K2 , K3 i K4 ,

âëàñòèâîñòi ïîòåíöiàëiâ, ïîðîäæóâàíèõ öèìè ðîçâ'ÿçêàìè òà ¨õ çàñòîñóâàííÿ

äî âñòàíîâëåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi.

3.Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòàíî îñíîâíi àíàëiòè÷íi ìå-

òîäè ìåòîäè òåîði¨ çàäà÷i Êîøi (ìåòîä Ëåâi, ìåòîä ïîñëiäîâíèõ íàáëèæåíü,



27

ìåòîäè òåîði¨ ïîòåíöiàëó) äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåí-

íÿì íà ïî÷àòêîâié ãiïåðïëîùèíi, òà ¨õ ìîäèôiêàöi¨ äëÿ âèðîäæåíèõ ïàðàáîëi÷-

íèõ ðiâíÿíü òèïó Êîëìîãîðîâà òà ïàðàáîëi÷íèõ â ñåíñi Åéäåëüìàíà ðiâíÿíü ç

âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi.

4.Íàóêîâà íîâèçíà ðåçóëüòàòiâ, ùî âèíîñÿòüñÿ íà çàõèñò. Ó äè-

ñåðòàöi¨ îòðèìàíî òàêi íîâi ðåçóëüòàòè, ùî çàïðîïîíîâàíi äî çàõèñó:

• çíàéäåíî óìîâè íà êîåôiöi¹íòè âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç êëàñiâ

K1 , K2 i K3 çà ÿêèõ iñíó¹ êëàñè÷íèé ÔÐÇÊ i Ëi-ÔÐÇÊ;

• ðîçðîáëåíî íîâèé ïiäõiä äî ïîáóäîâè i äîñëiäæåííÿ ôóíäàìåíòàëüíèõ

ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç êëàñiâK1 ,

K2 i K3 , ÿêèé  ðóíòó¹òüñÿ íà ïîåòàïíîìó ¾ðîçìîðîæåííi¿ êîåôiöi¹íòiâ;

• âäîñêîíàëåíî ìåòîäèêó äîñëiäæåííÿ âëàñòèâîñòåé ïàðàáîëi÷íèõ ïîòåí-

öiàëiâ, ÿäðîì ÿêèõ ¹ âiäïîâiäíèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê;

• ïîáóäîâàíî i äåòàëüíî äîñëiäæåíî âëàñòèâîñòi ÔÐÇÊ äëÿ âèðîäæåíèõ ïà-

ðàáîëi÷íèõ ðiâíÿíü ç êëàñiâ K1 , K2 i K3 ,çîêðåìà îäåðæàíî äëÿ ÔÐÇÊ i

éîãî ïîõiäíèõ òî÷íi îöiíêè òà îöiíêè ïðèðîñòiâ ïîõiäíèõ;

• äîñëiäæåíî âëàñòèâîñòi ïàðàáîëi÷íèõ ïîòåíöiàëiâ, ÿäðîì ÿêèõ ¹ âiäïîâiä-

íèé ÔÐÇÊ â øèðîêèõ êëàñàõ âàãîâèõ ôóíêöié;

• îäåðæàíî iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ îäíîðiäíèõ

i íåîäíîðiäíèõ ðiâíÿíü ç êëàñiâ K1 , K2 i K3 ;

• ïîáóäîâàíî i äîñëiäæåíî âëàñòèâîñòi ÔÐÇÊ äëÿ ðiâíÿíü ç êëàñóK1 ç äiéñ-

íèìè êîåôiöi¹íòàìè;

• äîâåäåíî òåîðåìè ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ îäíîðiäíèõ

i íåîäíîðiäíèõ ðiâíÿíü ç êëàñiâ K1 , K2 i K3 ;

• äîâåäåíî òåîðåìè ïðî ëîêàëüíó (ãëîáàëüíó) ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ

âiäïîâiäíèõ êâàçiëiíiéíèõ ðiâíÿíü ç êëàñó K1 ;

• äîñëiäæåíî âëàñòèâîñòi ïîòåíöiàëiâ ïîðîäæóâàíèõ ÔÐÇÊ äëÿ ðiâíÿíü ç

êëàñó K4;
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• âñòàíîâëåíî êëàñè êîðåêòíîñòi çàäà÷i Êîøi äëÿ îäíîðiäíèõ i íåîäíîðiäíèõ

ðiâíÿíü ç êëàñó K4 ;

• äîâåäåíî òåîðåìè ïðî ëîêàëüíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ âiäïîâiäíèõ

êâàçiëiíiéíèõ ðiâíÿíü ç êëàñó K4 .

5.Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨

äîïîâiäàëèñü òà îáãîâîðþâàëèñÿ íà: International Conference on Functional

Analysis and its Applications. Dedicated to the 110th anniversary of Stefan Banach

(May 28-31, Lviv, Ukraine, 2002), ìiæíàð. êîíô. "Äèôåðåíöiàëüíi ðiâíÿííÿ òà

¨õ çàñòîñóâàííÿ"(Êè¨â,6-9 ÷åðâíÿ 2005ð.), VI ìiæíàð. íàóê. êîíô.� Ìàòåìà-

òè÷íi ïðîáëåìè ìåõàíiêè íåîäíîðiäíèõ ñòðóêòóð� (26-29 òðàâíÿ 2003, Ëüâiâ,

Óêðà¨íà), ìiæíàð. íàóê. êîíô. �Øîñòi áîãîëþáîâñüêi ÷èòàííÿ�(Êè¨â, 2003),

III Âñåóêð. íàóê. êîíô. �Íåëiíiéíi ïðîáëåìè àíàëiçó� (9-12 âåðåñíÿ 2003 ðîêó,

Iâàíî-Ôðàíêiâñüê), ìiæíàð. íàóê. êîíô. ç äèôåðåíöiàëüíèõ ðiâíÿíü, ïðèñâÿ-

÷åíà 100 ði÷íèöi ç äíÿ íàðîäæåííÿ ß.Á.Ëîïàòèíñüêîãî (12-17 âåðåñíÿ 2006 ð.,

Ëüâiâ), ìiæíàð. íàóê. êîíô. �Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ� (11-

14 æîâòíÿ, 2006 ð., ×åðíiâöi), ìiæíàð. ìàòåì. êîíô. iì. Â.ß.Ñêîðîáàãàòüêà

(24-28 âåðåñíÿ 2007, Äðîãîáè÷, Óêðà¨íà), XII Ìiæíàð. íàóê. êîíô. iì. àêàä.

Ì.Êðàâ÷óêà (15-17 òðàâíÿ 2008 ð., Êè¨â, Óêðà¨íà), IV Âñåóêð. íàóê. êîíô.

�Íåëiíiéíi ïðîáëåìè àíàëiçó� (10-12 âåðåñíÿ 2008 ð., Iâàíî-Ôðàíêiâñüê, Óêðà¨-

íà), Intern. conf. Stochastic analysis and random dynamics. (June 14-20, 2009

Lviv, Ukraine), XIII Ìiæíàð. íàóê. êîíô. iì. àêàä. Ì.Êðàâ÷óêà (13 � 15 òðàâ-

íÿ, 2010 ð., Êè¨â), Third Intern. Conf. for Young Mathematicians on Di�erential

Equations and Appliccations dedicated to Yaroslav Lopatynsky, (3 � 6 November,

2010, Lviv ), ìiæíàð. ìàòåì. êîíô. iì. Â.ß.Ñêîðîáîãàòüêà (Äðîãîáè÷, Óêðà¨-

íà, 19-23 âåðåñíÿ 2011), Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ: Ìiæíàð.

íàóê. êîíô., ïðèñâÿ÷åíà 65-ði÷÷þ êàôåäðè iíòåãðàëüíèõ òà äèôåðåíöiàëüíèõ

ðiâíÿíü Êè¨âñüêîãî íàö. óí-òó iì. ÒàðàñàØåâ÷åíêà (8-10 ÷åðâíÿ 2011 ð., Êè¨â),

Intern. Conf. Dedicated to the 120th anniversary of Stepan Banach (17�21.09.2012,

Lviv), Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ: Ìiæí. íàóê. êîíô. ïðèñâÿ-



29

÷åíî¨ 70-ði÷÷þ ïðîô. Â.Â.Ìàðèíöÿ (26�29 âåðåñíÿ 2012, Óæãîðîä), Ñó÷àñíi

ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòèìiçàöi¨: V Ìiæ-

íàð. íàóê. êîíô. (Êàì'ÿíåöü-Ïîäiëüñüêèé, 2012), XIV Ìiæíàð. íàóê. êîíô.

iì. àêàä. Ì.Êðàâ÷óêà (19�21.04.2012, Êè¨â, Óêðà¨íà), Äèôåðåíöiàëüíi ðiâíÿí-

íÿ òà ¨õ çàñòîñóâàííÿ â ïðèêëàäíié ìàòåìàòèöi: Âñåóêð. íàóê. êîíô., ïðè-

ñâÿ÷åíà 50-ði÷÷þ êàôåäðè ïðèêëàäíî¨ ìàòåìàòèêè ×åðíiâåöü. íàö. óí-òó iì.

Þ.Ôåäüêîâè÷à (11�23 ÷åðâíÿ 2012, ×åðíiâöi, Óêðà¨íà), Ìiæíàð. íàóê. êîíô.

�Ñó÷àñíi ïðîáëåìè ìåõàíiêè i ìàòåìàòèêè� (21-25 òðàâíÿ 2013, Ëüâiâ, Óêðà¨-

íà), V Âñåóêð. íàóê. êîíô. �Íåëiíiéíi ïðîáëåìè àíàëiçó� (19-21 âåðåñíÿ 2013 ð.,

Iâàíî-Ôðàíêiâñüê), Ñó÷àñíi ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ïðîãíîçó-

âàííÿ òà îïòèìiçàöi¨: VI Ìiæíàð. íàóê. êîíô. (Êàì'ÿíåöü-Ïîäiëüñüêèé, 2014),

XV Ìiæíàð. íàóê. êîíô. iì. àêàä. Ì.Êðàâ÷óêà (15�17.05.2014, Êè¨â, Óêðà¨-

íà), IV Ìiæíàð. ãàíñüêà êîíô., ïðèñâÿ÷åíà 135 ði÷íèöi âiä äíÿ íàðîäæåííÿ

Ãàíñà Ãàíà (30.06�05.07.2014, ×åðíiâöi, Óêðà¨íà), XVI Ìiæíàð. íàóê. êîíô.

iì. àêàä. Ì.Êðàâ÷óêà (14�15.05.2015, Êè¨â, Óêðà¨íà), Íàóê. êîíô., ïðèñâÿ÷åíà

100-ði÷÷þ âiä äíÿ íàðîäæåííÿ Ê.Ì. Ôiøìàíà òà Ì.Ê.Ôàãå (1�4.07.2015, ×åð-

íiâöi), Intern. V. Skorobohatko Mathemat. Conf. (August 25�28, 2015, Drogobych,

Ukraine), Ñó÷àñíi ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà

îïòèìiçàöi¨: VII Ìiæíàð. íàóê. êîíô. (Êàì'ÿíåöü-Ïîäiëüñüêèé, 2016), XVII

Ìiæíàð. íàóê. êîíô. iì. àêàä. Ì.Êðàâ÷óêà (19�20.05.2016, Êè¨â, Óêðà¨íà),

Intern. Conf. On Di�erential Equations Dedicated to the 110 Anniversary of

Ya.B.Lopatynsky (September 20- 24, 2016, Lviv, Ukraine), Ìiæíàð. íàóê. êîíô.

"Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ"ïðèñâÿ÷åíà 80-

ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðîôåñîðà Â. I.Ôîä÷óêà (1936-1992) (28�30.09.2016,

×åðíiâöi, Óêðà¨íà), XVIII Ìiæíàð. íàóê. êîíô. iì. àêàä. Ì.Êðàâ÷óêà (7�

10.10.2017, Ëóöê�Êè¨â, Óêðà¨íà), ìiæíàð. íàóê. êîíô. "Ñó÷àñíi ïðîáëåìè

ìåõàíiêè i ìàòåìàòèêè"(22-25 òðàâíÿ 2018, Ëüâiâ, Óêðà¨íà), ìiæíàð. íà-

óê. êîíô. "Ñó÷àñíi ïðîáëåìè ìàòåìàòèêè òà ¨¨ çàñòîñóâàííÿ â ïðèðîäíè-

÷èõ íàóêàõ i iíôîðìàöiéíèõ òåõíîëîãiÿõ"ïðèñâÿ÷åíà 50-ði÷÷þ ôàêóëüòåòó
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ìàòåìàòèêè òà iíôîðìàòèêè ×åðíiâåöü. íàö. óí-òó iì. Þ.Ôåäüêîâè÷à (17�

19.09.2018, ×åðíiâöi, Óêðà¨íà), Øîñòà Âñåóêð. êîíô. iì. Á.Â.Âàñèëèøèíà

"Íåëiíiéíi ïðîáëåìè àíàëiçó"(26�28.09.2018, Iâàíî-Ôðàíêiâñüê � Ìèêóëè÷èí),

Intern. Conf. "In�nite Dimensional Analysis and Topology"Dedicated to the 70-th

Anniversary of Professor Oleh Lopushansky (October 15-20, 2019, Ivano-Frankivsk,

Ukraine), Ìiæíàð. íàóê. êîíô. "Ñó÷àñíi ïðîáëåìè äèôåðåíöiàëüíèõ ðiâíÿíü

òà ¨õ çàñòîñóâàííÿ ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðîôåñîðà Ñà-

ìó¨ëà Äàâèäîâè÷à Åéäåëüìàíà, (16�19 âåðåñ. 2020 ð., ×åðíiâöi), XI Intern.

Skorobohatko Math. Conf. (October 26�30, 2020, Lviv), íàóêîâèõ ñåìiíàðàõ Ií-

ñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iìåíi ß.Ñ.Ïiäñòðèãà÷à,

çàñiäàííi ìàòåìàòè÷íî¨ êîìiñi¨ ÍÒØ (Ëüâiâ, 19 áåðåçíÿ 2019 ð.), âiäêðèòèõ

íàóêîâî-òåõíi÷íèõ êîíôåðåíöiÿõ Iíñòèòóòó ïðèêëàäíî¨ ìàòåìàòèêè òà ôóíäà-

ìåíòàëüíèõ íàóê Íàöiîíàëüíîãî óíiâåðñèòåòó ¾Ëüâiâñüêà ïîëiòåõíiêà¿ (2014 �

2020 ðð.), íàóêîâèõ ñåìiíàðàõ êàôåäðè ïðèêëàäíî¨ ìàòåìàòèêè Íàöiîíàëüíî-

ãî óíiâåðñèòåòó "Ëüâiâñüêà ïîëiòåõíiêà"(êåðiâíèê: ä. ô.-ì. í., ïðîô. Ï.Ï. Êî-

ñòðîáié 2002�2020 ðîêè), Ëüâiâñüêîìó ìiñüêîìó ñåìiíàði ç äèôåðåíöiàëüíèõ

ðiâíÿíü (êåðiâíèêè: ä. ô.-ì. í., ïðîô. Ì.Ì. Áîêàëî, ä. ô.-ì. í., ïðîô. Ï.I. Êà-

ëåíþê, 2014 � 2020 ðð.), íàóêîâîìó ñåìiíàði êàôåäðè ìàòåìàòè÷íî¨ ôiçèêè

Íàöiîíàëüíîãî òåõíi÷íîãî óíiâåðñèòåòó Óêðà¨íè "Êè¨âñüêèé ïîëiòåõíi÷íèé ií-

ñòèòóò iìåíi Iãîðÿ Ñiêîðñüêîãî"(êåðiâíèêè: ä. ô.-ì. í., ïðîô. Ñ.Ä. Iâàñèøåí,

ä. ô.-ì. í., äîö. Â.Ì. Ãîðáà÷óê, 17 ëþòîãî 2021 ð.), Êè¨âñüêîìó ìiñüêîìó ñå-

ìiíàði ç ôóíêöiîíàëüíîãî àíàëiçó (êåðiâíèêè: Î. Â. Àíòîíþê, À. Í. Êî÷óáåé,

Â. À. Ìèõàéëåöü, Â. Ë. Îñòðîâñüêèé, Þ. Ñ. Ñàìîéëåíêî), 17 ëþòîãî 2021 ð.).

6.Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáîòè îïóáëiêîâàíî â

ïåðiîäè÷íèõ ôàõîâèõ âèäàííÿõ [15�18, 20�23, 25�28, 32�37]. Ñòàòòi [26, 34, 37

òà ïåðåêëàäè àíãëiéñüêîþ ìîâîþ ñòàòåé [25, 27, 28] îïóáëiêîâàíî ó âèäàííÿõ,

ùî âêëþ÷åíi äî íàóêîìåòðè÷íî¨ áàçè äàíèõ Scopus, ïðè÷îìó ïåðåêëàäè ñòàòåé

[25, 27, 28] îïóáëiêîâàíi ó âèäàííi, ÿêå âiäíåñåíî äî òðåòüîãî êâàðòèëÿ, à îòæå,

êîæíà ç íèõ çàðàõîâó¹òüñÿ ÿê äâi ïóáëiêàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ äîäàòêîâî
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âèñâiòëåíî â ï'ÿòè ñòàòòÿõ [18, 24, 29�31] â iíøèõ íàóêîâèõ âèäàííÿõ i â 42

òåçàõ äîïîâiäåé i ìàòåðiàëàõ íàóêîâèõ êîíôåðåíöié [38�79].

7.Îñîáèñòèé âíåñîê çäîáóâà÷à. Óñi âèêëàäåíi â äèñåðòàöi¨ ðåçóëüòà-

òè îòðèìàíi àâòîðîì ñàìîñòiéíî. Ó ðîáîòàõ iç ñïiâàâòîðàìè àâòîðó äèñåðòà-

öi¨ ôîðìóëþâàííÿ i äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ. Ó âñiõ ðîáîòàõ ó ñïi-

âàâòîðñòâi ç íàóêîâèì êîíñóëüòàíòîì ïðîôåñîðîì IâàñèøåíèìÑ.Ä. éîìó íà-

ëåæèòü âèçíà÷åííÿ çàãàëüíîãî ïëàíó äîñëiäæåíü i îáãîâîðåííÿ ðåçóëüòàòiâ.

Î. Ã. Âîçíÿê â [22] íàëåæèòü äîâåäåííÿ ëåìè 1, à â [36] � ëåìè 3. Ó ïðàöi [23]

Ã.Ñ.Ïàñi÷íèê íàëåæàòü ðåçóëüòàòè, ùî ñòîñóþòüñÿ ðiâíÿíü çi çðîñòàþ÷èìè

êîåôiöi¹íòàìè, à Â.Ñ.Äðîíþ â [34] � äîâåäåííÿ ñïiââiäíîøåíü ìiæ âiäñòàíÿ-

ìè d, d1 i d2.

8.Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòà-

öi¨, âñòóïó, øåñòè ðîçäiëiâ ç âèêëàäîì ðåçóëüòàòiâ îðèãiíàëüíèõ äîñëiäæåíü,

âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë i ÷îòèðüîõ äîäàòêiâ.

Ïåðøèé i äðóãèé ðîçäië ¹ äîïîìiæíèìè, õî÷à âîíè ìiñòÿòü òàêîæ i îðè-

ãiíàëüíi ðåçóëüòàòè. Â ïåðøîìó ðîçäiëi íàâîäÿòüñÿ îçíà÷åííÿ êëàñiâ ðiâíÿíü,

ôîðìóëþþòüñÿ i àíàëiçóþòüñÿ óìîâè íà êîåôiöi¹íòè, îïèñó¹òüñÿ ìîäèôiêà-

öiÿ êëàñè÷íîãî ìåòîäó Ëåâi ïîáóäîâè ÔÐÇÊ äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ

ðiâíÿíü, íàâîäèòüñÿ îãëÿä ëiòåðàòóðíèõ äæåðåë â ÿêèõ âèâ÷àëèñü ðiâíÿí-

íÿ ç îçíà÷åíèõ êëàñiâ. Â äðóãîìó ðîçäiëi íàâîäÿòüñÿ îçíà÷åííÿ i âëàñòèâî-

ñòi îöiíþâàëüíèõ ôóíêöié, ÿêi âèêîðèñòîâóþòüñÿ ó ðîáîòi, îöiíêè i âëàñòèâî-

ñòi iíòåãðàëiâ, ùî ìiñòÿòü îöiíþâàëüíi ôóíêöi¨, ëåìè ïðî iñíóâàííÿ é îöiíêè

ðîçâ'ÿçêiâ äåÿêèõ iíòåãðàëüíèõ ðiâíÿíü òà âëàñòèâîñòi i îöiíêè ÔÐÇÊ äëÿ äî-

ïîìiæíèõ ðiâíÿíü.

Ó ðîçäiëàõ 3 � 5 íàâîäÿòüñÿ îñíîâíi ðåçóëüòàòè ïîáóäîâè, äîñëiäæåííÿ

i âñòàíîâëåííÿ îöiíîê äëÿ êëàñè÷íèõ ÔÐÇÊ, Ëi-ÔÐÇÊ òà ¨õ ïîõiäíèõ äëÿ

äîïîìiæíèõ i îñíîâíèõ ðiâíÿíü ç êëàñiâ K1 � K3 ,âiäïîâiäíî.

Øîñòèé ðîçäië ïðèñâÿ÷åíî çàñòîñóâàííþ ïîáóäîâàíèõ êëàñè÷íèõ ÔÐÇÊ

äî äîñëiäæåííÿ çàäà÷i Êîøi äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü. Äëÿ ëiíié-
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íèõ ðiâíÿíü ðiâíÿíü íà îñíîâi äîñëiäæåííÿ ïîòåíöiàëiâ ïîáóäîâàíî iíòåãðàëü-

íi çîáðàæåííÿ ðîçâ'ÿçêiâ, âñòàíîâëåíî iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêiâ çàäà÷i

Êîøi i äîâåäåíî òåîðåìè ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi iç ðîçãëÿäóâà-

íèõ êëàñiâ. Ðåçóëüòàòè äëÿ ëiíiéíèõ ðiâíÿíü çàñòîñîâóþòüñÿ äëÿ äîñëiäæåííÿ

íåëiíiéíèõ ðiâíÿíü. Òàêîæ ó öüîìó ðîçäiëi ðîçãëÿäàþòüñÿ ðiâíÿííÿ ç äiéñíî-

çíà÷íèìè êîåôiöi¹íòàìè, ùî íàëåæàòü äî êëàñó K1 . Òàêi ðiâíÿííÿ íàëåæàòü

äî êëàñó óëüòðàïàðàáîëi÷íèõ ðiâíÿíü i çóñòði÷àþòüñÿ ïðè äîñëiäæåííi ðiçíèõ

ôiçè÷íèõ ÿâèù ó òàê çâàíîìó äèôóçiéíîìó íàáëèæåííi. Âñòàíîâëåíî iñíó-

âàííÿ êëàñè÷íîãî ÔÐÇÊ äëÿ òàêèõ ðiâíÿíü éîãî îöiíêè òà îöiíêè ïîõiäíèõ

âiä ÔÐÇÊ. Äîâåäåíî íîðìàëüíiñòü i íåâiä'¹ìíiñòü ÔÐÇÊ, ôîðìóëó çãîðòêè,

à òàêîæ âñòàíîâëåíî ôîðìóëè äëÿ êîåôiöi¹íòiâ ìàòðèöi äèôóçi¨ òà âåêòîðó

çíåñåííÿ ÷åðåç ÔÐÇÊ.

Äîäàòêè Ä. 1 i Ä. 2 ìiñòÿòü äîâåäåííÿ òâåðäæåíü âiäïîâiäíî ç ðîçäiëó 2 i

3, à äîäàòêè Ä. 2 i Ä. 3 � ïåðåëiê ïóáëiêàöié àâòîðà òà âiäîìîñòi ïðî àïðîáàöiþ

ðåçóëüòàòiâ äèñåðòàöi¨.

Çàãàëüíèé îáñÿã äèñåðòàöi¨ ñêëàäà¹ 409 ñòîðiíîê, îñíîâíîãî òåêñòó 288

ñòîðiíîê. Ñïèñîê âèêîðèñòàíèõ äæåðåë ìiñòèòü 247 íàéìåíóâàíü.

9. Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Îñíîâó äèñåðòàöiéíî¨ ðîáîòè ñêëàäàþòü ðåçóëüòàòè äîñëiäæåíü, âèêîíàíèõ

àâòîðîì ó ìåæàõ ïëàíîâèõ íàóêîâî-äîñëiäíèõ ðîáiò Íàöiîíàëüíîãî óíiâåð-

ñèòåòó ¾Ëüâiâñüêà ïîëiòåõíiêà¿ òà ðîáiò, ÿêi âèêîíóâàëèñÿ ó âiääiëi ìàòåìà-

òè÷íî¨ ôiçèêè Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iìåíi

ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, çîêðåìà: ¾Äîñëiäæåííÿ ñó÷àñíèõ ïðîáëåì

àíàëiçó, äèôåðåíöiàëüíèõ ðiâíÿíü òà òåîði¨ iìîâiðíîñòåé¿ (2007�2012 ðð., íî-

ìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0107U009514); ¾Ïîáóäîâà i äîñëiäæåííÿ ìåòîäiâ

ðîçâ'ÿçóâàííÿ çàäà÷ ïðèêëàäíî¨ ìàòåìàòèêè òà iíôîðìàòèêè¿ (2013�2017 ðð.,

íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0113U005296); ¾Ðîçðîáêà ìàòåìàòè÷íèõ ìîäå-

ëåé i ìåòîäiâ ¨õ ÷èñåëüíî¨ ðåàëiçàöi¨ äëÿ îïèñó ïðèðîäíè÷èõ i ñóñïiëüíèõ

ÿâèù¿ (2018�2022 ðð., íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0113U005296); ¾Äîñëiäæåí-
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íÿ ðîçâ'ÿçíîñòi òà ïîáóäîâà ðîçâ'ÿçêiâ íåêëàñè÷íèõ êðàéîâèõ çàäà÷ äëÿ ëiíié-

íèõ òà êâàçiëiíiéíèõ ðiâíÿíü i ñèñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè¿ (2001�

2005 ðð., íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0102U00452); ¾Ðîçâèòîê ìåòîäiâ äîñëiä-

æåííÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü i âàðiàöiéíèõ íåðiâíîñòåé òà íåêëàñè÷íèõ

êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ i äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâ-

íÿíü ç ÷àñòèííèìè ïîõiäíèìè¿ (2006�2010 ðð., íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨

0106U000595); ¾Äîñëiäæåííÿ êîðåêòíîñòi, ïîáóäîâà òà âèâ÷åííÿ âëàñòèâîñòåé

ðîçâ'ÿçêiâ ëiíiéíèõ i íåëiíiéíèõ êðàéîâèõ çàäà÷ äëÿ íåêëàñè÷íèõ åâîëþöiéíèõ

ðiâíÿíü¿ (2011�2015 ðð., íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0110U004817); ¾Ðîçâè-

òîê àíàëiòè÷íèõ, ôóíêöiîíàëüíèõ òà òåîðåòèêî ÷èñëîâèõ ìåòîäiâ äîñëiäæåííÿ

íåêëàñè÷íèõ êðàéîâèõ çàäà÷ äëÿ ëiíiéíèõ òà êâàçiëiíiéíèõ ðiâíÿíü i ñèñòåì

ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè¿ (2016�2020 ðð., íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨

0115U007252).

10.Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äè-

ñåðòàöiéíî¨ ðîáîòè ìàþòü òåîðåòè÷íèé õàðàêòåð. �õ ðåçóëüòàòè òà ìåòîäèêà

¨õ îòðèìàííÿ ìîæóòü âèêîðèñòîâóâàòèñü ó òåîði¨ ðiâíÿíü ç ÷àñòèííèìè ïî-

õiäíèìè òà ó ìàòåìàòè÷íié ôiçèöi ïðè ïîäàëüøèõ äîñëiäæåííÿõ çàäà÷i Êîøi

òà êðàéîâèõ çàäà÷ äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü, à òàêîæ ó òåîði¨

âèïàäêîâèõ ïðîöåñiâ ïðè âèâ÷åííi äèôóçiéíèõ ïðîöåñiâ, ïåðåõiäíi iìîâiðíîñòi

ÿêèõ ¹ ôóíäàìåíòàëüíèìè ðîçâ'ÿçêàìè âiäïîâiäíèõ âèðîäæåíèõ ïàðàáîëi÷íèõ

ðiâíÿíü.



ÐÎÇÄIË 1

ÎÑÍÎÂÍI ÏÎÍßÒÒß ÒÀ ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ

Öåé ðîçäië ¹ äîïîìiæíèì. Ó íüîìó äà¹òüñÿ îçíà÷åííÿ êëàñiâ ðiâíÿíü, ÿêi

âèâ÷àþòüñÿ â äèñåðòàöi¨, íàâîäèòüñÿ îçíà÷åííÿ ÔÐÇÊ, ôîðìóëþþòüñÿ é àíàëi-

çóþòüñÿ óìîâè íà êîåôiöi¹íòè ðiâíÿíü, îïèñó¹òüñÿ êëàñè÷íèé ìåòîä Ëåâi ïî-

áóäîâè é äîñëiäæåííÿ ÔÐÇÊ, à òàêîæ éîãî ìîäèôiêàöi¨, ÿêi âèêîðèñòîâóþòüñÿ

ó âèïàäêó âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü, íàâîäèòüñÿ îãëÿä ëiòåðàòóðíèõ

äæåðåë, â ÿêèõ âèâ÷àëèñü ðiâíÿííÿ ç îçíà÷åíèõ êëàñiâ, âèêîðèñòîâóâàâñÿ ìå-

òîä Ëåâi, äîñëiäæóâàëèñü i çàñòîñîâóâàëèñü âëàñòèâîñòi ÔÐÇÊ. Ðåçóëüòàòè

öüîãî ðîçäiëó îïóáëiêîâàíî â ñòàòòÿõ [24,26,27,29,31,36]. Çàçíà÷èìî, ùî äàëi

(êðiì îãëÿäîâî¨ ÷àñòèíè) òåðìií "ðiâíÿííÿ"âèêîðèñòîâó¹òüñÿ ÿê ó âèïàäêó

ñêàëÿðíîãî ðiâíÿííÿ, òàê i ó âèïàäêó âåêòîðíîãî ðiâíÿííÿ, òîáòî ñèñòåìè ðiâ-

íÿíü.

1.1. Êëàñè ðiâíÿíü

Íåõàé N i n�çàäàíi íàòóðàëüíi ÷èñëà, T�çàäàíå äîäàòíå ÷èñëî. Äëÿ j ∈

∈ N ÷åðåç Nj ïîçíà÷àòèìåìî ìíîæèíó {1,. . . ,j}, Zj := Nj∪{0}. Ðîçãëÿäàòèìå-

ìî îäíîâèìiðíó çìiííó t i n-âèìiðíó çìiííó x := (x1, . . . , xn) ∈ Rn, ïðè öüîìó

t i x1, . . . , xn áóäåìî iíòåðïðåòóâàòè âiäïîâiäíî ÿê ÷àñîâó i ïðîñòîðîâi çìií-

íi. Ó âèïàäêó âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà ç òðüîìà

ãðóïàìè ïðîñòîðîâèõ çìiííèõ áóäåìî ââàæàòè, ùî ïðîñòîðîâà çìiííà x ∈ Rn

ñêëàäà¹òüñÿ ç òðüîõ ãðóï çìiííèõ x := (x1, x2, x3), äå xj := (xj1, . . . , xjnj) ∈

∈ Rnj , j ∈ N3, n1 ≥ n2 ≥ n3 ≥ 1 i n = n1 + n2 + n3. Âiäïîâiäíî äî öüîãî

ìóëüòèiíäåêñ k ∈ Zn+ çàïèñóâàòèìåìî ó âèãëÿäi k := (k1, k2, k3), äå kj ∈ Znj+ ,

|k| :=
3∑
j=1

|kj|, |kj| :=
nj∑
l=1

kjl, j ∈ N3; ΠH := {(t, x) ∈ Rn+1| t ∈ H, x ∈ Rn}, ÿêùî

H ⊂ R. Çìiííi t, x11, . . . , x1n1
íàçèâàòèìåìî îñíîâíèìè, à ðåøòà ïðîñòîðîâèõ

çìiííèõ �çìiííèìè ãðóï âèðîäæåííÿ.

34
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Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó

L
(t,x)
1 u(t, x) := S − A1(t, x, ∂x1

))u(t, x) = f(t, x), (t, x) ∈ Π(0,T ], (1.1)

äå

S := ∂t −
n2∑
j=1

x1j∂x2j
−

n3∑
j=1

x2j∂x3j
, (1.2)

A1(t, x, ∂x1
) :=

n1∑
j,l=1

ajl(t, x)∂x1j
∂x1l

+

n1∑
j=1

aj(t, x)∂x1j
+ a0(t, x). (1.3)

Ó ðiâíÿííi (1.1) f : Π[0,T ] → C �âiäîìà i u : Π[0,T ] → C �øóêàíà ôóíêöi¨.

Êîåôiöi¹íòè ajl, aj, {j, l} ⊂ Nn1
, i a0 äèôåðåíöiàëüíîãî âèðàçó (1.3) ¹, âçàãàëi

êàæó÷è, êîìïëåêñíîçíà÷íèìè ôóíêöiÿìè íà Π[0,T ]. ×åðåç A1 ïîçíà÷àòèìåìî

ìíîæèíó êîåôiöi¹íòiâ âèðàçó (1.3), òîáòî A1 := {ajl, aj, {j, l} ⊂ Nn1
, a0}.

Îçíà÷åííÿ 1.1. Ðiâíÿííÿ (1.1) íàçèâà¹òüñÿ âèðîäæåíèì ïàðàáîëi÷íèì

ðiâíÿííÿì òèïó Êîëìîãîðîâà äðóãîãî ïîðÿäêó (óëüòðàïàðàáîëi÷íèì ðiâíÿí-

íÿì òèïó Êîëìîãîðîâà), ÿêùî äèôåðåíöiàëüíèé âèðàç ∂t−A1(t, x, ∂x1
) ¹ ðiâ-

íîìiðíî ïàðàáîëi÷íèì çà Ïåòðîâñüêèì çà îñíîâíèìè çìiííèìè t, x1 ç âàãîþ

2 â îáëàñòi Π[0,T ]. Òîáòî iñíó¹ òàêà ñòàëà δ > 0, ùî äëÿ âñiõ (t, x) ∈ Π[0,T ] i

σ1 := (σ11, . . . , σ1n1
) ∈ Rn1 ñïðàâäæó¹òüñÿ íåðiâíiñòü

Re
n∑

j,l=1

ajl(t, x)σjσl ≥ δ|σ1|2. (1.4)

Êëàñ òàê îçíà÷åíèõ ðiâíÿíü ïîçíà÷àòèìåìî ÷åðåç K1 .

Îçíà÷èìî êëàñ K2 � êëàñ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîë-

ìîãîðîâà äîâiëüíîãî ïîðÿäêó.

Íåõàé b �çàäàíå íàòóðàëüíå ÷èñëî, L(t,x)
2 := S − A2(t, x, ∂x1

), äå äèôå-

ðåíöiàëüíèé âèðàç S âèçíà÷à¹òüñÿ ôîðìóëîþ (1.2), à äèôåðåíöiàëüíèé âèðàç

A2 �òàêîþ ôîðìóëîþ:

A2(t, x, ∂x1
) :=

∑
|k1|≤2b

ak1
(t, x)∂k1

x1
. (1.5)

Ðîçãëÿíåìî ðiâíÿííÿ

L
(t,x)
2 u(t, x) = f(t, x), (t, x) ∈ Π(0,T ], (1.6)
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äå f : Π[0,T ] → C �âiäîìà i u : Π[0,T ] → C �øóêàíà ôóíêöi¨. Êîåôiöi¹íòè

äèôåðåíöiàëüíîãî âèðàçó (1.5) ak1
, |k1| ≤ 2b, ¹ êîìïëåêñíîçíà÷íèìè ôóíê-

öiÿìè íà Π[0,T ]. Ìíîæèíó öèõ êîåôiöi¹íòiâ ïîçíà÷àòèìåìî ÷åðåç A2, òàê ùî

A2 := {ak1
, |k1| ≤ 2b}.

Îçíà÷åííÿ 1.2. Ðiâíÿííÿ (1.6) íàçèâà¹òüñÿ âèðîäæåíèì ïàðàáîëi÷íèì

ðiâíÿííÿì òèïó Êîëìîãîðîâà äîâiëüíîãî ïîðÿäêó 2b, ÿêùî äèôåðåíöiàëüíèé

âèðàç ∂t − A2(t, x, ∂x1
) ¹ ðiâíîìiðíî ïàðàáîëi÷íèì çà Ïåòðîâñüêèì ç âàãîþ 2b

çà îñíîâíèìè çìiííèìè t, x1 â îáëàñòi Π[0,T ]. Òîáòî iñíó¹ òàêà ñòàëà δ > 0, ùî

äëÿ âñiõ (t, x) ∈ Π[0,T ] i σ1 ∈ Rn1 ñïðàâäæó¹òüñÿ íåðiâíiñòü

Re
∑
|k1|=2b

ak1
(t, x)(iσ1)

k1 ≤ −δ
n1∑
j=1

σ2b
1j , (1.7)

â ÿêîìó i � óÿâíà îäèíèöÿ.

Íàñòóïíèì ¹ êëàñK3� êëàñ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîë-

ìîãîðîâà äðóãîãî ïîðÿäêó iç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi. Íåõàé

α i β�íåïåðåðâíi íà âiäðiçêó [0, T ] ôóíêöi¨, ÿêi çàäîâîëüíÿþòü òàêi óìîâè:

α(t) > 0, β(t) > 0 ïðè t ∈ (0, T ], α(0)β(0) = 0 i β�ìîíîòîííî íåñïàäíà ôóíê-

öiÿ. Ðîçãëÿäà¹òüñÿ ðiâíÿííÿ âèãëÿäó

L
(t,x)
3 u(t, x) :=

(
α(t)∂t−

−β(t)
( n2∑
j=1

x1j∂x2j
+

n3∑
j=1

x2j∂x3j
+

n1∑
j,l=1

ajl(t, x)∂x1j
∂x1l

+

+

n1∑
j=1

aj(t, x)∂x1j

)
+a0(t, x)

)
u(t, x) = f(t, x), (t, x) ∈ Π(0,T ], (1.8)

äå ÿê i âèùå f : Π[0,T ] → C �âiäîìà i u : Π[0,T ] → C �øóêàíà ôóíêöi¨. Êî-

åôiöi¹íòè ajl, aj, {j, l} ⊂ Nn1
, i a0, ¹ êîìïëåêñíîçíà÷íèìè ôóíêöiÿìè â Π[0,T ].

Ìíîæèíó öèõ êîåôiöi¹íòiâ ïîçíà÷àòèìåìî ÷åðåç A3. Çàóâàæèìî, ùî A3 = A1.

Îçíà÷åííÿ 1.3. Ðiâíÿííÿ (1.8) íàçèâà¹òüñÿ âèðîäæåíèì ïàðàáîëi÷íèì

ðiâíÿííÿì òèïó Êîëìîãîðîâà äðóãîãî ïîðÿäêó (óëüòðàïàðàáîëi÷íèì ðiâíÿí-

íÿì) iç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi, ÿêùî äèôåðåíöiàëüíèé

âèðàç ∂t−A1(t, x, ∂x1
) ¹ ðiâíîìiðíî ïàðàáîëi÷íèì çà Ïåòðîâñüêèì çà îñíîâíè-
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ìè çìiííèìè t, x1 ç âàãîþ 2 â îáëàñòi Π[0,T ].

Ïåðåéäåìî äî îçíà÷åííÿ ðiâíÿíü ç êëàñó K4 �êëàñó ïàðàáîëi÷íèõ ðiâ-

íÿíü âåêòîðíîãî ïîðÿäêó iç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi. Îñîá-

ëèâiñòü öüîãî êëàñó ïîëÿãà¹ â òîìó, ùî äèôåðåíöiþâàííÿ çà ïðîñòîðîâè-

ìè çìiííèìè xj, j ∈ Nn, ìà¹, âçàãàëi êàæó÷è, ðiçíó âàãó 1/(2bj), j ∈ Nn1
,

âiäíîñíî äèôåðåíöiþâàííÿ çà çìiííîþ t. Òóò b1, . . . , bn�çàäàíi ÷èñëà ç N,

à b�íàéìåíøå ñïiëüíå êðàòíå öèõ ÷èñåë. ×åðåç
−→
2b ïîçíà÷àòèìåìî âåêòîð

(2b1, . . . , 2bn), mj := b/bj, j ∈ Nn, ‖k‖ :=
n∑
j=1

mjkj. Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿ-

äó

L
(t,x)
4 u(t, x) :=

(
α(t)I∂t − β(t)

∑
0<‖k‖≤2b

ak(t, x)∂kx − a0(t, x)
)
u(t, x) =

= f(t, x), (t, x) ∈ Π(0,T ], (1.9)

äå I �îäèíè÷íà ìàòðèöÿ ïîðÿäêó N ; ak : Π[0,T ] → CNN , ‖k‖ ≤ 2b, f : Π[0,T ] →

CN1�âiäîìi i u : Π[0,T ] → CN1 �øóêàíà ôóíêöi¨, CN1 i CNN �ñóêóïíîñòi

ìàòðèöü ðîçìiðó âiäïîâiäíî N × 1 i N × N , åëåìåíòàìè ÿêèõ ¹ êîìïëåêñíi

÷èñëà; α i β�òàêi ÿê âèùå. Ïðè N > 1 ðiâíÿííÿ (1.9) ¹ âåêòîðíèì. Âñi çìiííi

¹ îñíîâíèìè, òîáòî çìiííà x ñêëàäà¹òüñÿ ç îäíi¹¨ ãðóïè i ôîðìàëüíî n1 =

= n, n2 = n3 = 0. Äëÿ ðiâíÿííÿ (1.9) A4 : {= ak
∣∣‖k‖ ≤ 2b}.

Îçíà÷åííÿ 1.4. Ðiâíÿííÿ (1.9) íàçèâà¹òüñÿ ïàðàáîëi÷íèì ðiâíÿííÿì

âåêòîðíîãî ïîðÿäêó
−→
2b ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi, ÿêùî

ìàòðè÷íèé äèôåðåíöiàëüíèé âèðàç I∂t −
∑
‖k‖≤2b

ak(t, x)∂kx ¹ ðiâíîìiðíî ïàðà-

áîëi÷íèì ó ñåíñi Åéäåëüìàíà âåêòîðíîãî ïîðÿäêó
−→
2b â îáëàñòi Π[0,T ]. Òîáòî

iñíó¹ òàêà ñòàëà δ > 0, ùî äëÿ âñiõ (t, x) ∈ Π[0,T ] i σ := (σ1, . . . , σn) ∈ Rn

λ-êîðåíi λ1, . . . , λN ðiâíÿííÿ det(λI −
∑
‖k‖=2b

ak(t, x)(iσ)k) = 0 çàäîâîëüíÿþòü

íåðiâíîñòi

Reλj(t, x, σ) ≤ −δ
n∑
j=1

σ
2bj
j , j ∈ NN . (1.10)

Ðiâíÿííÿ ç êëàñiâ K3 i K4 ïîäiëÿþòüñÿ çà òèïîì âèðîäæåííÿ íà ïî÷àò-

êîâié ãiïåðïëîùèíi. Òèï âèðîäæåííÿ âèçíà÷à¹òüñÿ çàëåæíî âiä òîãî, ÿêi çíà-
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÷åííÿ ñêií÷åííi ÷è íåñêií÷åííi ïðè t = T i τ = 0 íàáóâàþòü ôóíêöi¨ A(t, τ) :=

=
t∫
τ

dθ
α(θ) òà B(t, τ) :=

t∫
τ

β(θ)
α(θ)dθ, 0 ≤ τ ≤ t ≤ T.

Âèðîäæåííÿ íàçèâàþòü ñëàáêèì, ÿêùî A(T, 0) < +∞; ñèëüíèì, ÿêùî

A(T, 0) = +∞, B(T, 0) < +∞ i äóæå ñèëüíèì, ÿêùî A(T, 0) = +∞, B(T, 0) =

= +∞.

Íåõàé äëÿ y := (y1, y2, y3) ∈ Rn x(l)(y) äîðiâíþ¹ âiäïîâiäíî y äëÿ l = 0,

(x1, y
′), y′ := (y1, y2) äëÿ l = 1, (x1, x2, y3) äëÿ l = 2 i x äëÿ l = 3.

Îçíà÷åííÿ 1.5. Ðiâíÿííÿ L(t,x(l)(y))
j u(t, x) = f(t, x) ç êëàñóKj , j ∈ N4, l ∈

∈ Z3, íàçèâàòèìåìî äîïîìiæíèì, ÿêùî êîåôiöi¹íòè öüîãî ðiâíÿííÿ çàëåæàòü

âiä ïàðàìåòðiâ y1, y2 i y3. Òîáòî ïðè l ∈ Z2 ðiâíÿííÿ ¹ äîïîìiæíèì, à ïðè

l = 3�îñíîâíèì.

Ìíîæèíó êîåôiöi¹íòiâ ç Al, ÿêi ñòîÿòü ïðè ñòàðøèõ ïîõiäíèõ ðiâíÿííÿ ç

âiäïîâiäíîãî êëàñó Kl , ïîçíà÷àòèìåìî ÷åðåç A0
l , l ∈ N4. Çàóâàæèìî, ùî äî

A0
4 âêëþ÷àòèìåìî êîåôiöi¹íò a0.

Íàâåäåìî óìîâè íà êîåôiöi¹íòè ðiâíÿíü ç îçíà÷åíèõ âèùå êëàñiâ, ÿêi âè-

êîðèñòîâóâàòèìóòüñÿ äëÿ ïîáóäîâè é äîñëiäæåííÿ âëàñòèâîñòåé ôóíäàìåí-

òàëüíèõ ðîçâ'ÿçêiâ, à òàêîæ âëàñòèâîñòåé ïîòåíöiàëiâ, ÿäðàìè ÿêèõ ¹ öi ôóí-

äàìåíòàëüíi ðîçâ'ÿçêè.

Áóäåìî êîðèñòóâàòèñü ùå òàêèìè ïîçíà÷åííÿìè:

∆z
xf(·, x, ·) := f(·, x, ·) − f(·, z, ·), ∆zs

xs
f(·, x, ·) := ∆z(s)

x f(·, x, ·), s ∈ N3,

z(0) := x, z(1) := (z1, x2, x3), z
(2) := (x1, z2, x3), z

(3) := (x1, x2, z3); X(t) :=

= (X1(t), X2(t), X3(t)), X
(1)(t) := (λ1, X2(t), X3(t)), X

(2)(t) := (λ1, λ2, X3(t)),

X1(t) := x1, X2(t) := x2 + tx̂1, X3(t) := x3 + tx′2 + 2−1t2x′1, t ∈ R, x̂1 :=

= (x11, . . . , x1n2
), x′1 := (x11, . . . , x1n3

), x′2 := (x21, . . . , x2n3
); m̂j := j − 1/2, j ∈

∈ N3, M :=
3∑
j=1

m̂jnj; hl := (δl1 + δl2)h + δl3B(h, τ), l ∈ N3, δlj�ñèìâîë Êðîíå-

êåðà; τl := 0, ÿêùî l ∈ N2, τl := τ , ÿêùî l = 3; p0(x, x
′) := (

n∑
j=1

|xj − x′j|2/mj)1/2,

p(t, x; t′, x′) :=
(
(A(t, τ))1/b + (p0(x, x

′))2
)1/2

, {(t, x), (t′, x′)} ⊂ Rn+1.

Àíàëîãi÷íî äî X(t) áóäóþòüñÿ iíøi ïàðàìåòðè÷íi òî÷êè Y (t),Λ(t) çà âiä-



39

ïîâiäíèìè òî÷êàìè y i λ.

Äëÿ ìíîæèí êîåôiöi¹íòiâ Al ðiâíÿíü ç êëàñó Kl , l ∈ N4, âèêîðèñòîâóâà-

òèìåìî òàêi óìîâè:

(Al1) êîåôiöi¹íòè ¹ îáìåæåíèìè é íåïåðåðâíèìè çà t ∈ [0, T ] êîìïëåêñíî-

çíà÷íèìè ôóíêöiÿìè (ïðè öüîìó íåïåðåðâíiñòü êîåôiöi¹íòiâ ç A0
4 ðiâíîìiðíà

ùîäî x ∈ Rn);

(Al2) ôóíêöi¨ ç Al ¹ ãåëüäåðîâèìè çà ïðîñòîðîâèìè çìiííèìè â òàêîìó

ñåíñi:

∃Hl1 > 0 ∃ γ1 ∈ (0, 1] ∀{(t, x), (t, z(1))} ⊂ Π[0,T ] :

|∆z1
x1
a(t, x)| ≤ Hl1|x1 − z1|γ1, a ∈ Al, l ∈ N3; (1.11)

∃Hl2 > 0 ∃ γ2 ∈ (1/3, 1] ∀{(t, x), (t, z(2))} ⊂ Π[0,T ] ∀h ∈ [τl, T ] :

|∆z2
x2
a(t, x)| ≤ Hl2(h

m̂2γ2

l + |X2(hl)− z2|γ2), a ∈ Al, l ∈ N3; (1.12)

∃Hl3 > 0 ∃ γ3 ∈ (3/5, 1] ∀{(t, x), (t, z(3))} ⊂ Π[0,T ] ∀h ∈ [τl, T ] :

|∆z3
x3
a(t, x)| ≤ Hl3(h

m̂3γ3

l + |X3(hl)− z3|γ3), a ∈ Al, l ∈ N3; (1.13)

∃H44 > 0 ∃ γ4 ∈ (0, 1] ∀{(t, x), (t, z)} ⊂ Π[0,T ] :

|∆z
xa(t, x)| ≤ H44(p0(x, z))

γ4, a ∈ A4; (1.14)

(Al3) êîåôiöi¹íòè ç Al, l ∈ N4, ìàþòü îáìåæåíi é íåïåðåðâíi ïîõiäíi òîãî

ïîðÿäêó, áiëÿ ÿêèõ âîíè ñòîÿòü;

(Al4) ïîõiäíi ç óìîâè Al3 ¹ ãåëüäåðîâèìè çà ïðîñòîðîâèìè çìiííèìè â ñåíñi

Al2;

(Al5) ñïðàâäæóþòüñÿ íåðiâíîñòi

∃Hl5 > 0 ∀{(t, x), (t, z(s)), (t, ξ(r)} ⊂ Π[0,T ], {r, s} ⊂ N3, r < s, ∀hl ∈ [τl, T ] :

|∆ξr
xr

∆zs
xs
a(t, x)| ≤ Hl5((h

′
l)
m̂2γ2 + |Xr(h

′
l)− ξ2|γ2)(hm̂sγs

s + |Xs(hl)− zs|γs),

a ∈ Al, l ∈ N3, h
′
l = 0, ÿêùî r = 1; (1.15)

∃H6 > 0 ∀{(t, x), (t′, x)} ⊂ Π[0,T ], t
′ > t : |∆t′

t a(t, x) ≤ (A(t′, t))γ4/(2b), a ∈ A4;

(1.16)
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∃H7 > 0 ∃ γ0 ∈ (0, 1] ∀t ∈ [0, T ] :

t∫
0

(B(t, τ))−1+γ0/(2b)
dθ

α(θ)
≤ H7. (1.17)

Ç óìîâ (1.12) i (1.13) ïðè hl = τl, l ∈ N3, âèïëèâàþòü çâè÷àéíi óìîâè

Ãåëüäåðà çà çìiííèìè âèðîäæåííÿ x2 i x3. Íàâåäåìî äîñòàòíi óìîâè âèêîíàííÿ

óìîâ (1.12) i (1.13). Äëÿ âèïàäêó ðiâíÿíü ç êëàñó K1 òàêi óìîâè çíàéäåíî â

ïðàöÿõ [24,27], à äëÿ ðiâíÿíü ç êëàñó K3 � â [31,36].

Ïîêëàäåìî Tl := T , ÿêùî l ∈ N2, i T3 := B(T, τ), τ ∈ [0, T ).

Ëåìà 1.1. Íåõàé a � íåïåðåðâíà é îáìåæåíà ôóíêöiÿ â Π[0,T ]. Äëÿ íå¨ ïðà-

âèëüíi òàêi òâåðäæåííÿ:

à) ÿêùî âèêîíó¹òüñÿ óìîâà

∃Cl1 > 0 ∃ β1 ∈ (1/3, 1] ∀{(t, x), (t, z(2))} ⊂ Π[0,T ] :

|∆z2
x2
a(t, x)| ≤ Cl1(T

m̂1

l + |x̂1|)−β1|x2 − z2|β1, l ∈ N3, (1.18)

òî ñïðàâäæó¹òüñÿ íåðiâíiñòü (1.12) ç γ2 = β1/m̂2;

á) ÿêùî âèêîíó¹òüñÿ óìîâà

∃Cl2 > 0 ∃ β2 ∈ (9/10, 1] ∀{(t, x), (t, z(3))} ⊂ Π[0,T ] :

|∆z3
x3
a(t, x)| ≤ Cl2(T

m̂1

l + 2−1Tl|x′1|+ |x′2|)−β2|x3 − z3|β2, l ∈ N3, (1.19)

òî ñïðàâäæó¹òüñÿ íåðiâíiñòü (1.13) ç γ3 = β2/m̂2.

Äîâåäåííÿ. Äîñèòü äîâåñòè îáìåæåíiñòü ó âèïàäêó à) âiäíîøåíü

Rl1 := |∆z2
x2
a(t, x)|(hβ1

` + |X2(hl)− z2|β1/m̂2)−1, l ∈ N3,

òà ó âèïàäêó á) âiäíîøåíü

Rl2 := |∆z3
x3
a(t, x)|(h(m̂3/m̂2)β2

l + |X3(hl)− z3|β2/m̂2)−1, l ∈ N3,

äëÿ âñiõ {(t, x), (t, z(2)), (t, z(3))} ⊂ Π[0,T ] i h ∈ [τl, T ], l ∈ N3.

Êîëè hβ1

l + |X2(hl)− z2|β1/m̂2 > T β1

l i h(m̂3/m̂2)β2

l + |X3(hl)− z3|β2/m̂2 > T β2

l ,

òî ìà¹ìî

Rl1 ≤ T−β1

l |∆z2
x2
a(t, x)| ≤ 2MlT

−β1

l , l ∈ N3; (1.20)

Rl2 ≤ T−β2

l |∆z3
x3
a(t, x)| ≤ 2MlT

−β2

l , l ∈ N3, (1.21)
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äå Ml � ñòàëà, ÿêà îáìåæó¹ ìîäóëü ôóíêöi¨ a ∈ Al, l ∈ N3.

Íåõàé ñïðàâäæóþòüñÿ ïðîòèëåæíi íåðiâíîñòi

hβ1

l + |X2(hl)− z2|β1/m̂2 ≤ T β1

l , l ∈ N3, (1.22)

i

h
(m̂3/m̂2)β2

l + |X3(hl)− z3|β2/m̂2 ≤ T β2

l , l ∈ N3. (1.23)

Îñêiëüêè X2(hl) = x2 + hlx̂1 , à X3(hl) = x3 + hlx
′
2 + 2−1h2

l x
′
1, òî ñïðàâä-

æóþòüñÿ íåðiâíîñòi

|x2 − z2| ≤ hl|x̂1|+ |X2(hl)− z2|, l ∈ N3; (1.24)

|x3 − z3| ≤ 2−1h2
l |x′1|+ hl|x′2|+ |X3(hl)− z3|, l ∈ N3. (1.25)

Ìîæëèâi òàêi âèïàäêè : 1) hl|x̂1| ≤ |X2(hl)− z2|; 2) hl|x̂1| > |X2(hl)− z2|;

3) 2−1h2
l |x′1| + hl|x′2| ≤ |X3(hl) − z3| i 4) 2−1h2

l |x′1| + hl|x′2| > |X3(hl) − z3|. Ó

âèïàäêó 1) çà äîïîìîãîþ íåðiâíîñòi (1.18) îòðèìó¹ìî

Rl1 ≤ Cl1

(
(hl|x̂1|+ |X2(hl)− z2|)

(T m̂1

l + |x̂1|)

)β1

(hβ1

l + |X2(hl)− z2|β1/m̂2)−1 ≤

≤ 2β1Cl1|X2(hl)− z2|β1(T m̂1

l + |x̂1|)−β1(hβ1

l + |X2(hl)− z2|β1/m̂2)−1,

à îñêiëüêè íà ïiäñòàâi íåðiâíîñòi (1.22) T−m̂2

l |X2(hl)−z2| ≤ 1 òà β1 > β1/m̂2, òî

|X2(hl)− z2|β1 = T m̂2β1

l (T−m̂2

l |X2(hl)− z2|)β1 ≤ T m̂2β1

l (T−m̂2

l |X2(hl)− z2|)β1/m̂2 =

= T m̂1β1
l |X2(hl)− z2|β1/m̂2 i

Rl1 ≤ 2β1Cl1

(
T m̂1

l

T m̂1

l + |x̂1|

)β1 (
|X2(hl)− z2|β1/m2

hβ1 + |X2(hl − z2|β1/m̂2

)
≤ 2β1Cl1, l ∈ N3.

(1.26)

Àíàëîãi÷íî ó âèïàäêó 2) îäåðæó¹ìî

Rl1 ≤ Cl1(hl|x̂1|+ |X2(hl)− z2|)β(T m̂1

l + |x̂1|)−β1×

×(hβ1

l + |X2(h)− z2|β1/m̂2)−1 ≤ 2β1Cl1×

×

(
hβ1

l

hβ1

l + |X2(h)− z2|β1/m̂2

)(
|x̂1|

T m̂1

l + |x̂1|

)β1

≤ 2β1Cl1, l ∈ N3. (1.27)

Ç íåðiâíîñòåé (1.18),(1.26) i (1.27) âèïëèâà¹ îöiíêà (1.12) ç γ2 = β1/m̂2 i

Hl2 = max{2MlT
−β1

l , 2β1Cl1}.
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Ó âèïàäêó 3) çà äîïîìîãîþ íåðiâíîñòåé (1.19) i (1.25) îòðèìó¹ìî

Rl2≤Cl2
(

(2−1h2
l |x′1|+hl|x′2|+|X3(hl)− z3|)
(T m̂1

l +2−1Tl|x′1|+ |x′2|)

)β2

(h
(m̂3/m̂2)β2

l + |X3(hl)−z3|β2/m2)−1≤

≤ 2β2Cl2|X3(hl)−z3|β2(T m̂1

l +2−1Tl|x′1|+|x′2|)−β2(h
m̂−1

2 β2

l hβ2

l +|X3(hl)−z3|β2/m2)−1.

Îñêiëüêè íà ïiäñòàâi íåðiâíîñòi (1.23) T−m̂2

l |X3(hl) − z3| ≤ 1 i β2 > β2/m̂2, òî

|X3(hl)− z3|β2 = T m̂2β2(T−m̂2

l |X3(hl)− z3|)β2 ≤ T m̂2β2

l (T−m̂2

l |X3(hl)− z3|)β2/m̂2 =

= T m̂1β2

l |X3(hl)− z3|β2/m̂2 i

Rl2 ≤ 2β2Cl2

(
T m̂1

l

T m̂1

l + 2−1Tl|x′1|+ |x′2|

)β2

×

×

(
|X3(hl)− z3|β2/m̂2

h
(m̂3/m̂2)β2

l + |X3(hl)− z3|β2/m̂2

)
≤ 2β2Cl2. (1.28)

Ó âèïàäêó 4) àíàëîãi÷íî

Rl2 ≤ Cl2(2
−1h2

l |x′1|+ hl|x′2|+ |X3(hl)− z3|)β2(Tm1

l + 2−1Tl|x′1|+ |x′2|)−β2×

×(h
(m3/m2)β2

l + |X3(hl)− z3|β2/m2)−1 ≤

≤ 2β2Cl2T
β2

l

(
1

h
(m3/m2)β2

l + |X3(hl)− z3|β2/m2

)
×

×
(

2−1Tl|x′1|+ |x′2|
Tm1

l + 2−1Tl|x′1|+ |x′2|

)β2

≤ (2Tl)
β2Cl2, l ∈ N3. (1.29)

Ç íåðiâíîñòåé (1.19),(1.28) i (1.29) âèïëèâà¹ îöiíêà (1.13) ç γ3 = β2/m2 i

Hl3 = max{2MlT
−β2

l , 2β2Cl2, (2T )β2Cl2}.I

Ç äîâåäåíî¨ ëåìè âèïëèâà¹, ùî óìîâè (1.12) i (1.13) íå ¹, âçàãàëi êàæó-

÷è, åêâiâàëåíòíèìè (íàâiòü ëîêàëüíî) âiäïîâiäíèì óìîâàì Ãåëüäåðà çà ïðî-

ñòîðîâèìè çìiííèìè ãðóï âèðîäæåííÿ. Àëå öi óìîâè äîçâîëÿþòü ïîâíiøå âè-

êîðèñòàòè ïåðåâàãè ïîåòàïíîãî ìåòîäó Ëåâi ïîáóäîâè ÔÐÇÊ, ÿêèé îïèñàíî â

ïiäðîçäiëi 1.3.
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1.2. Îçíà÷åííÿ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ çàäà÷i Êîøi

Ïîçíà÷èìî ÷åðåç Q äåÿêó ìíîæèíó òî÷îê (t, x) ïðîñòîðó Rn+1. Íåõàé

LN(t, x, ∂t, ∂x) �ëiíiéíèé äèôåðåíöiàëüíèé âèðàç, ñêàëÿðíèé ïðè N = 1 i ìàò-

ðè÷íèé ðîçìiðó N × N ïðè N > 1, ç êîìïëåñíîçíà÷íèìè êîåôiöi¹íòàìè, ÿêi

çàëåæàòü âiä t i x òà âèçíà÷åíi â Q.

Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó

LN(t, x, ∂t, ∂x)u(t, x) = f(t, x), (t, x) ∈ Π(0,T ], (1.30)

äå f : Q→ CN1 �âiäîìà, à u : Q→ CN1 �íåâiäîìà ôóíêöi¨. Ïðèïóñêàòèìåìî,

ùî äèôåðåíöiàëüíèé âèðàç LN(t, x, ∂t, ∂x) ç (1.30) ¹ ðiâíîìiðíî ïàðàáîëi÷íèì

â Π[0,T ] ó ñåíñi Ïåòðîâñüêîãî ÷è Åéäåëüìàíà. Íàâåäåìî îçíà÷åííÿ ôóíäàìåí-

òàëüíîãî ðîçâ'ÿçêó (ÔÐ) ðiâíÿííÿ (1.30) i ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i

Êîøi (ÔÐÇÊ) äëÿ öüîãî ðiâíÿííÿ.

Îçíà÷åííÿ 1.6. ÔÐ ðiâíÿííÿ (1.30) íàçèâà¹òüñÿ ôóíêöiÿ

Γ(·, ·; τ, ξ) : Q→ CNN , (1.31)

ÿêà çàëåæèòü âiä ïàðàìåòðè÷íî¨ òî÷êè (τ, ξ) ∈ Q i òàêà, ùî ôîðìóëà

u(t, x) =

∫
R

dτ

∫
Rn

Γ(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Q, (1.32)

âèçíà÷à¹ äëÿ äîâiëüíî¨ ôiíiòíî¨ i äîñòàòíüî ãëàäêî¨ ôóíêöi¨ f ðîçâ'ÿçîê ðiâ-

íÿííÿ (1.30).

Îçíà÷åííÿ 1.7. ÔÐÇÊ äëÿ ðiâíÿííÿ (1.30) àáî äëÿ îïåðàòîðà

LN(t, x, ∂t, ∂x) íàçèâà¹òüñÿ ôóíêöiÿ

Z(·, ·; τ, ξ) : Π(τ,T ] → CNN , (1.33)

ÿêà çàëåæèòü âiä ïàðàìåòðè÷íî¨ òî÷êè (τ, ξ) ∈ Π[0,T ) i òàêà, ùî ôîðìóëà

u(t, x) =

∫
Rn

Z(t, x; τ, ξ)ϕ(ξ)dξ, (t, x) ∈ Π(τ,T ], (1.34)

âèçíà÷à¹ ðîçâ'ÿçîê ðiâíÿííÿ

LN(t, x, ∂t, ∂x)u(t, x) = 0, (t, x) ∈ Π(τ,T ]. (1.35)
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â øàði Π(τ,T ], ùî çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

u
∣∣
t=τ

= ϕ (1.36)

äëÿ áóäü-ÿêîãî τ ∈ [0, T ) i äîâiëüíî¨ íåïåðåðâíî¨ òà îáìåæåíî¨ ôóíêöi¨ ϕ.

Iíàêøå êàæó÷è, ÔÐÇÊ�öå ôóíêöiÿ (1.33), ÿêà äëÿ áóäü-ÿêî¨ òî÷êè

(τ, ξ) ∈ Π[0,T ) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi

LN(t, x, ∂t, ∂x)Z = 0, Z
∣∣
t=τ

= Iδξ,

äå δξ�äåëüòà-ôóíêöiÿ Äiðàêà, ùî çîñåðåäæåíà â òî÷öi ξ.

ßêùî âiäîìî ÔÐÇÊ Z, òî, äîâèçíà÷èâøè éîãî íóëåì ïðè t < τ , îòðèìà¹ìî

ÔÐ ðiâíÿííÿ. Çàóâàæèìî, ùî ÔÐÇÊ âèçíà÷à¹òüñÿ ¹äèíèìè ÷èíîì, òîäi ÿê

äî ÔÐ ðiâíÿííÿ ìîæíà äîäàòè äîâiëüíèé ðåãóëÿðíèé ðîçâ'ÿçîê îäíîðiäíîãî

ðiâíÿííÿ (1.35) i îòðèìàíà ôóíêöiÿ òàêîæ áóäå ÔÐ ðiâíÿííÿ.

Îçíà÷åííÿ 1.8. ÔÐÇÊ Z íàçèâà¹òüñÿ êëàñè÷íèì , ÿêùî ôóíêöiÿ Z

ìà¹ íåïåðåðâíi é îáìåæåíi ïîõiäíi, ùî âõîäÿòü â äèôåðåíöiàëüíèé âèðàç

LN(t, x, ∂t, ∂x).

ÔÐÇÊ äëÿ íåâèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó áóäó-

âàâñÿ â ïðàöÿõ [80�83]. Äëÿ ðiâíÿííÿ ç îáìåæåíèìè i ãëàäêèìè êîåôiöi¹íòà-

ìè, çàëåæíèìè âiä óñiõ çìiííèõ, ÔÐÇÊ áóâ ïîáóäîâàíèé Ô. Äðåññåëåì [80].

Äëÿ ðiâíÿííÿ ç íåïåðåðâíèìè çà Ãåëüäåðîì êîåôiöi¹íòàìè Â. Ïîãîæåëüñüêèì

[82] i Ä. Ã. Àðîíñîíîì [83]. Äëÿ ñèñòåì ðiâíÿíü äîâiëüíîãî ïîðÿäêó ç îáìå-

æåíèìè çìiííèìè êîåôiöi¹íòàìè ïîáóäîâà ÔÐÇÊ çäiéñíåíà Ñ.Ç. Áðóêîì [84],

Ñ.Ä. Åéäåëüìàíîì [3,85�87], Â. Ïîãîæåëüñüêèì [88,89], Ë.Í. Ñëîáîäåöüêèì

[90] i Ä.Ã. Àðîíñîíîì [83,91]. Ó [84,85] êîåôiöi¹íòè äîñèòü ãëàäêi, à â ðåøòi

ïðàöü âîíè òiëüêè íåïåðåðâíi çà Ãåëüäåðîì. Ó ïðàöi [92] Ì.I. Ìàòié÷óêà òà

Ñ.Ä. Åéäåëüìàíà ÔÐÇÊ ïîáóäîâàíî çà óìîâè, ùî êîåôiöi¹íòè ñèñòåìè çàäî-

âîëüíÿþòü óìîâó Äiíi, ÿêà ¹ ñëàáøîþ çà óìîâó Ãåëüäåðà. Äëÿ ïîáóäîâè ÔÐÇÊ

âèêîðèñòîâóâàâñÿ ìåòîä ïàðàìåòðèêñó Ëåâi [93].

Ïîáóäîâàíèé ÔÐÇÊ äëÿ íåâèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü çíàéøîâ

ðiçíîìàíiòíi âàæëèâi çàñòîñóâàííÿ äëÿ âèâ÷åííÿ âíóòðiøíiõ âëàñòèâîñòåé
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ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü, äîñëiäæåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi â

øèðîêèõ êëàñàõ ôóíêöié, îòðèìàííÿ iíòåãðàëüíîãî çîáðàæåííÿ ðîçâ'ÿçêiâ çà-

äà÷i Êîøi i ðîçâ'ÿçêiâ, âèçíà÷åíèõ ó âiäêðèòîìó øàði Π(0,T ], âñòàíîâëåííÿ ëî-

êàëüíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ êâàçiëiíiéíèõ i íåëiíiéíèõ ïàðàáîëi÷íèõ

çà Ïåòðîâñüêèì ñèñòåì, äîñëiäæåííÿ ìîæëèâîñòi ïðîäîâæåííÿ ðîçâ'ÿçêiâ òà-

êèõ ñèñòåì íà øèðøèé ÷àñîâèé ïðîìiæîê òà ií. Òî÷íi ïîñèëàííÿ òà äåòàëüíèé

âèêëàä ðåçóëüòàòiâ íàâåäåíî â ìîíîãðàôiÿõ [3,14].

Ó äèñåðòàöiéíié ðîáîòi äëÿ ðiâíÿíü ç êëàñiâ K1 , K2 i K3 ïîðÿä ç êëà-

ñè÷íèì ÔÐÇÊ âèêîðèñòîâóâàòèìåìî ñëàáøèé ÔÐÇÊ, òàê çâàíèé Ëi-ÔÐÇÊ.

Íàâåäåìî ñïî÷àòêó îçíà÷åííÿ, ÿêi ¹ àíàëîãi÷íèìè äî îçíà÷åíü, íàâåäåíèõ

ó ïðàöi [94].

Îçíà÷åííÿ 1.9. Ôóíêöiÿ u íàçèâà¹òüñÿ äèôåðåíöiéîâíîþ çà Ëi â òî÷-

öi (t, x) âiäíîñíî âåêòîðíîãî ïîëÿ, çàäàíîãî äèôåðåíöiàëüíèì âèðàçîì (1.2),

ÿêùî iñíó¹ ñêií÷åííà ãðàíèöÿ

(SLu)(t, x) := lim
h→0

1

h
(u(γ(t, x, h))− u(γ(t, x, 0))),

äå γ(t, x, h) := (t + h,X(h)), h ∈ Rn,� iíòåãðàëüíà ëiíiÿ çàäàíîãî âåêòîðíîãî

ïîëÿ, ÿêà ïðîõîäèòü ÷åðåç òî÷êó (t, x).

Ãðàíèöÿ (SLu)(t, x) íàçèâà¹òüñÿ ïîõiäíîþ Ëi âiä ôóíêöi¨ u â òî÷öi (t, x)

âiäíîñíî çàäàíîãî âåêòîðíîãî ïîëÿ.

Çàóâàæèìî, ùî ÿêùî iñíóþòü ïîõiäíi ∂tu, ∂x2j
u i ∂x3j

u â òî÷öi (t, x), òî

(SLu)(t, x) = (Su)(t, x).

Îçíà÷åííÿ 1.10. Ôóíêöiþ u íàçèâàòèìåìî Ëi-ðîçâ'ÿçêîì ðiâíÿííÿ (1.1)

ç êëàñó K1 â Π(0,T ], ÿêùî iñíóþòü ó Π(0,T ] íåïåðåðâíi ïîõiäíà Ëi SLu òà çâè-

÷àéíi ïîõiäíi ∂x1j
u, ∂x1j

∂x1l
u, {j, l} ⊂ Nn1

.

Îçíà÷åííÿ 1.11. Ôóíêöiþ u íàçèâàòèìåìî Ëi-ðîçâ'ÿçêîì ðiâíÿííÿ (1.6)

ç êëàñó K2 â Π(0,T ], ÿêùî iñíóþòü ó Π(0,T ] íåïåðåðâíi ïîõiäíà Ëi SLu òà çâè-

÷àéíi ïîõiäíi ∂k1
x1
u, |k1| ≤ 2b.

Îçíà÷åííÿ 1.12. Ôóíêöiþ u íàçèâàòèìåìî Ëi-ðîçâ'ÿçêîì ðiâíÿííÿ (1.8)
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ç êëàñó K3 â Π(0,T ], ÿêùî iñíóþòü ó Π(0,T ] íåïåðåðâíi ïîõiäíà Ëi SLu òà çâè-

÷àéíi ïîõiäíi ∂x1j
u, ∂x1j

∂x1l
u, {j, l} ⊂ Nn1

.

Îçíà÷åííÿ 1.13. ÔÐÇÊ Z íàçèâà¹òüñÿ Ëi-ÔÐÇÊ, ÿêùî ôóíêöiÿ Z ¹ Ëi-

ðîçâ'ÿçêîì âiäïîâiäíîãî ðiâíÿííÿ (1.1), (1.6) ÷è (1.8) â Π(0,T ].

Çàóâàæèìî, ùî êëàñè÷íèé ÔÇÐÊ ¹ Ëi-ÔÐÇÊ. Òåðìií ÔÐÇÊ âèêîðèñòî-

âóâàòèìåìî ó ðåøòi âèïàäêiâ, êîëè òèï ÔÐÇÊ äëÿ íàñ íå ¹ âàæëèâèì.

Êîðîòêî îõàðàêòåðèçó¹ìî ïðàöi, â ÿêèõ âèâ÷àâñÿ i âèêîðèñòîâóâàâñÿ

ÔÐÇÊ äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà äðóãîãî i äîâiëüíèõ

ïîðÿäêiâ.

Â ïðàöi [95] À.Ì.Êîëìîãîðîâ ðîçãëÿíóâ ðiâíÿííÿ, ÿêå ó âèïàäêó n = 1

ìà¹ âèãëÿä

∂t′g = −q̇′∂q′g − ∂q̇′(f(t′, q′, q̇′)g) + ∂2
q̇′(k(t′, q′, q̇′)g). (1.37)

ßêùî f i k � ñòàëi, òî, ÿê ïîêàçàâ À.Ì. Êîëìîãîðîâ, ÔÐÇÊ äëÿ ðiâíÿííÿ

(1.37) âèçíà÷à¹òüñÿ ôîðìóëîþ

G(t, q, q̇; t′, q′, q̇′) = 2
√

3π−1k−2(t′− t)−2 exp{−(4k(t′− t))−1(q̇′− q̇− f(t′− t))2−

−3k−1(t′ − t)−3(q′ − q − 2−1(q̇′ + q̇)(t′ − t))2},

t < t′, {q, q̇, q′, q̇′} ⊂ R. (1.38)

Ôîðìóëà (1.38)�öå êëàñè÷íà ôîðìóëà äëÿ ÔÐÇÊ äëÿ ðiâíÿííÿ äèôóçi¨ ç iíåð-

öi¹þ À.Ì. Êîëìîãîðîâà.

Ì. Âåáåð [96] â äîâiëüíié âiäêðèòié îáëàñòi ïîáóäóâàëà ÔÐÇÊ äëÿ ðiâíÿí-

íÿ
n∑

j,l=1

ajl(t, x, y)∂xj∂xlu+
n∑
j=1

aj(t, x, y)∂xju+ a(t, x, y)u+

+
n∑
j=1

xj∂yju+ ∂tu = 0.

Ó ïðàöi À.Ì. Iëü¨íà [97] íàâåäåíi òâåðäæåííÿ ïðî iñíóâàííÿ, ¹äèíiñòü i
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äîäàòíiñòü ÔÐÇÊ äëÿ ðiâíÿííÿ

(∂t −
n∑

j,l=1

ajl(t, x, y)∂xj∂xl −
n∑
j=1

aj(t, x, y)∂xj−

−a(t, x, y)−
m∑
j=1

bj(t, x, y)∂yj)u = f, m ≤ n, (1.39)

êîåôiöi¹íòè ajl, aj, a òà bj ÿêîãî ¹ íåïåðåðâíèìè é îáìåæåíèìè ðàçîì çi ñâî¨ìè

ïîõiäíèìè âiäïîâiäíî äî äðóãîãî òà ÷åòâåðòîãî ïîðÿäêiâ, à òàêîæ òâåðäæåííÿ

ïðî ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i Êîøi â êëàñi ôóíêöié Òèõîíîâà i ïðî âíóòðiøíi

îöiíêè ðîçâ'ÿçêiâ.

I.Ì. Ñîíií [98] ðîçãëÿíóâ ðiâíÿííÿ âèãëÿäó

∂tu =

(
1

2

n∑
j,l=1

ajl(t, x, y, z)∂yj∂yl +
n∑
j=1

aj(t, x, y, z)∂yj+

+
n∑
j=1

bj(t, x, y, z)∂xj +
n∑
j=1

cj(t, x, y, z)∂zj

)
u, {x, y, z} ⊂ Rn, (1.40)

äå bj(t, x, y, z) óëàøòîâàíi "ïðèáëèçíî"ÿê yj, à cj(t, x, y, z)� ÿê xj. Ìåòîäîì

Ëåâi âií äîâiâ iñíóâàííÿ ÔÐÇÊ äëÿ ðiâíÿííÿ (1.40) ó âèïàäêó, êîëè â [0, T ]×

× R3n êîåôiöi¹íòè ajl i aj îáìåæåíi ðàçîì ç ïîõiäíèìè äî äðóãîãî i ïåðøîãî

ïîðÿäêiâ âiäïîâiäíî çà âñiìà çìiííèìè, à bj i cj (cj íå çàëåæàòü âiä y) ìàþòü

îáìåæåíi ïîõiäíi äî òðåòüîãî ïîðÿäêó.

Îñíîâíèì ðåçóëüòàòîì ïðàöü [99,100] ¹ âñòàíîâëåííÿ ãëàäêîñòi ðîçâ'ÿçêiâ

íåîäíîðiäíîãî ðiâíÿííÿ, âíóòðiøíiõ àïðiîðíèõ îöiíîê ðîçâ'ÿçêiâ â îáìåæåíèõ

îáëàñòÿõ. ß.I. Øàòèðî äîâiâ, ùî äðóãi ïîõiäíi âiä ðîçâ'ÿçêó ðiâíÿííÿ äðóãîãî

ïîðÿäêó (òèïó (1.39) â [99] òà àíàëîãi÷íîãî òèïó ç äîâiëüíîþ êiëüêiñòþ ãðóï

ïðîñòîðîâèõ çìiííèõ i ñòàëèìè êîåôiöi¹íòàìè â [100]) çà ïðîñòîðîâèìè çìií-

íèìè ïåðøî¨ ãðóïè ãåëüäåðîâi ç òèì ñàìèì ïîêàçíèêîì, ùî é ïðàâà ÷àñòèíà f

ðiâíÿííÿ, ïîêàçíèê ãåëüäåðîâîñòi äëÿ ïåðøèõ ïîõiäíèõ çà ïðîñòîðîâèìè çìií-

íèìè l-¨ ãðóïè (l ≥ 2) íà (2l − 3)/(2l − 1) ìåíøèé âiä ïîðÿäêó ãåëüäåðîâîñòi

ïðàâî¨ ÷àñòèíè. Íàâåäåíi ïðèêëàäè ïîêàçóþòü, ùî öåé ðåçóëüòàò ¹ òî÷íèì. Ó

äîâåäåííÿõ âèêîðèñòîâóþòüñÿ ÔÐÇÊ äëÿ ìîäåëüíèõ ðiâíÿíü.
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Ó ïðàöÿõ Ë.Ï. Êóïöîâà [101�104] ðîçãëÿäà¹òüñÿ ðiâíÿííÿ âèãëÿäó

(∂t −
n∑

j,l=1

ajl(t)∂xj∂xl +
n∑

j,l=1

bjl(t)xj∂xl)u = 0, (1.41)

äå (ajl(t))
n
j,l=1 � íåâiä'¹ìíà ñèìåòðè÷íà ìàòðèöÿ ç ðàíãîì n1 (1 ≤ n1 ≤ n),

ìàòðèöÿ (bjl(t))
n
j,l=1 ìà¹ ñïåöiàëüíó ñòðóêòóðó òà âëàñòèâîñòi. Ó [101,102,104]

äëÿ ðiâíÿííÿ (1.41) çi ñòàëèìè êîåôiöi¹íòàìè ïîáóäîâàíî ÔÐÇÊ, âñòàíîâëå-

íî ïðèíöèï ìàêñèìóìó òà äîâåäåíî òåîðåìó ïðî ñåðåäí¹. Ó [103] ïîáóäîâàíî

ÔÐÇÊ äëÿ ðiâíÿííÿ (1.41) ó çàãàëüíîìó âèïàäêó.

Ïîáóäîâi é çàñòîñóâàííþ ÔÐÇÊ äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü ÿê äðó-

ãîãî, òàê i äîâiëüíîãî ïîðÿäêiâ ïðèñâÿ÷åíi ïðàöi Ñ.Ä. Åéäåëüìàíà, Ã.Ï. Ìàëè-

öüêî¨, Ë.Ì. Òè÷èíñüêî¨, Ñ.Ä. Iâàñèøåíà, Ë.Ì. Àíäðîñîâî¨ i Â.Ñ. Äðîíÿ [105�

120].

Ó ïðàöi Â. Ñêîðíàööàíi [121] äëÿ ðiâíÿííÿ (1.1) ç äiéñíîçíà÷íèìè êîåôi-

öi¹íòàìè ó âèïàäêó, êîëè n1 = n2 = 1 i n3 = 0, äîâåäåíà äîäàòíiñòü ÔÐÇÊ,

éîãî îöiíêà çíèçó, òåîðåìà òèïó Ä.Â. Óiääåðà [122] ïðî ¹äèíiñòü ðîçâ'ÿçêiâ çà-

äà÷i Êîøi, òåîðåìà ïðî iíòåãðàëüíå çîáðàæåííÿ íåâiä'¹ìíèõ ðîçâ'ÿçêiâ i òåî-

ðåìà Ôàòó. Äåÿêi ç öèõ ðåçóëüòàòiâ ïîøèðåíî íà ðiâíÿííÿ (1.1) ó çàãàëüíîìó

âèïàäêó â ïðàöi Â.Ñ. Äðîíÿ i Ñ.Ä. Iâàñèøåíà [117] i íàâåäåíî â ïiäðîçäiëi

3.3 ìîíîãðàôi¨ [14]. Äëÿ ¨õ îäåðæàííÿ âèêîðèñòîâóþòüñÿ äåÿêi ìîäèôiêàöi¨

ïðèíöèïó ìàêñèìóìó, ÿêi äëÿ òàêèõ ðiâíÿíü óñòàíîâëåíi Â.Ñ. Äðîíåì [123] i

Ã.Ï. Ìàëèöüêîþ [124].

Íà ïî÷àòêó 70-õ ðîêiâ ìèíóëîãî ñòîëiòòÿ Ñ.Ä. Åéäåëüìàí i Ã.Ï. Ìàëèöüêà

[105,107] ïî÷àëè âèâ÷åííÿ ðiâíÿíü ñòðóêòóðè Êîëìîãîðîâà äîâiëüíîãî ïîðÿä-

êó. Äëÿ òàêèõ ðiâíÿíü ó âèïàäêó, êîëè n1 = n2 = n3 i êîåôiöi¹íòè ìîæóòü

çàëåæàòè ëèøå âiä ÷àñîâî¨ çìiííî¨, ïîáóäîâàíî ÔÐÇÊ, âèâ÷åíî éîãî âëàñòè-

âîñòi òà ç ¨õ äîïîìîãîþ äîâåäåíî òåîðåìè ïðî iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêiâ

çàäà÷i Êîøi, à òàêîæ óñòàíîâëåíî äåÿêi ÿêiñíi âëàñòèâîñòi ðîçâ'ÿçêiâ. Ïðè-

áëèçíî â òîé ñàìèé ÷àñ i íåçàëåæíî áëèçüêèé êëàñ ðiâíÿíü (ðiâíÿíü (1.6) ç

n3 = 0) ðîçãëÿíóâ Ó. Êàòî, â ïðàöi [125] ÿêîãî çíàéäåíî óìîâè ãiïîåëiïòè÷íî-
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ñòi çà Ë.Õåðìàíäåðîì [126] ðiâíÿíü iç öüîãî êëàñó.

ßê i äëÿ íåâèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü, äëÿ âèðîäæåíèõ ðiâíÿíü

òèïó Êîëìîãîðîâà ó âèïàäêó, êîëè êîåôiöi¹íòè ñòàëi àáî çàëåæàòü ëèøå âiä

÷àñîâî¨ çìiííî¨, âäà¹òüñÿ îäåðæàòè ïîâíå àíàëiòè÷íå îïèñàííÿ ÔÐÇÊ i ç éî-

ãî äîïîìîãîþ âñòàíîâèòè äîñèòü òî÷íi ðåçóëüòàòè ïðî êîðåêòíó ðîçâ'ÿçíiñòü

çàäà÷i Êîøi òà iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ. Òàêi ðåçóëüòàòè îäåðæàíi

Ë.Ì. Àíäðîñîâîþ i Ñ.Ä. Iâàñèøåíèì [111,112,115]. Ó áiëüø çàãàëüíîìó âèïàä-

êó âîíè âèêëàäåíi â [14].

ßêùî êîåôiöi¹íòè âèðîäæåíèõ ðiâíÿíü òèïó Êîëìîãîðîâà çàëåæàòü âiä

óñiõ çìiííèõ, òî äîñëiäæåííÿ ÔÐÇÊ iñòîòíî óñêëàäíþ¹òüñÿ. Êðiì òðàäèöiéíèõ

âèíèêàþòü ñåðéîçíi òðóäíîùi, ïîâ'ÿçàíi ç âèðîäæåííiñòþ ðiâíÿíü. Ñïîñîáè

ïîäîëàííÿ öèõ òðóäíîùiâ îáãîâîðþþòüñÿ ó íàñòóïíîìó ïiäðîçäiëi.

1.3. Ìåòîä Ëåâi

Ó 1907 ð. ïîÿâèëàñÿ ðîáîòà iòàëiéñüêîãî ìàòåìàòèêà Å.Å.Ëåâi [93], â ÿêié

äëÿ åëiïòè÷íîãî ðiâíÿííÿ ïîðÿäêó 2n ç êîåôiöi¹íòàìè, ùî çàëåæàòü âiä äâîõ

íåçàëåæíèõ çìiííèõ, ïîáóäîâàíî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê. Ìåòîä, ÿêèé çà-

ïðîïîíîâàíî â öié ðîáîòi, ïîëÿãàâ ó òîìó, ùî ïîáóäîâà ôóíäàìåíòàëüíîãî

ðîçâ'ÿçêó çâîäèëàñü äî ðîçâ'ÿçóâàííÿ ñïåöiàëüíîãî iíòåãðàëüíîãî ðiâíÿííÿ.

Ó 1941 ð. ç'ÿâèâñÿ ïåðåêëàä ïðàöi Ëåâi íà ðîñiéñüêó ìîâó [127], à â 1946 ð.

Ç.ß.Øàïiðî [128] óçàãàëüíèëà ðåçóëüòàò Ëåâi íà âèïàäîê òðüîõ íåçàëåæíèõ

çìiííèõ.

Ó 1946 � 1963 ðð. ß.Á.Ëîïàòèíñüêèé æèâ i ïðàöþâàâ ó Ëüâîâi. Îäíèì iç

âàæëèâèõ íàïðÿìêiâ éîãî äîñëiäæåíü öüîãî ïåðiîäó ñòàíîâèëè ïðàöi, ïîâ'ÿçàíi

ç ïîáóäîâîþ i äîñëiäæåííÿì ôóíäàìåíòàëüíèõ ìàòðèöü ðîçâ'ÿçêiâ äëÿ çà-

ãàëüíèõ åëiïòè÷íèõ ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Ó ïðàöi [129]

ß.Á.Ëîïàòèíñüêèì äëÿ çàãàëüíî¨ åëiïòè÷íî¨ ñèñòåìè ìåòîäîì Ëåâi äîâåäåíî

iñíóâàííÿ ôóíäàìåíòàëüíî¨ ìàòðèöi ðîçâ'ÿçêiâ. Ïiñëÿ öi¹¨ ôóíäàìåíòàëüíî¨

ðîáîòè ß.Á.Ëîïàòèíñüêîãî ïèòàííÿìè ïîáóäîâè ôóíäàìåíòàëüíèõ ìàòðèöü

ðîçâ'ÿçêiâ çàéìàëèñü iíøi ìàòåìàòèêè. Ïðàöi ß.Á.Ëîïàòèíñüêîãî ñòèìóëþ-
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âàëè òàêîæ äîñëiäæåííÿ â òåîði¨ ïàðàáîëi÷íèõ ñèñòåì. Äåòàëüíiøå ïðî âïëèâ

iäåé ß.Á.Ëîïàòèíñüêîãî íà ðîçâèòîê òåîði¨ ïàðàáîëi÷íèõ ñèñòåì ìîæíà ïðî-

÷èòàòè â ñòàòòi Ñ.Ä. Iâàñèøåíà [130].

Äîñëiäæåííÿ îçíà÷åíèõ âèùå êëàñiâ ðiâíÿíü ïðîâîäèòüñÿ çà îäíi¹þ ñõå-

ìîþ. Ñïî÷àòêó îçíà÷óþòüñÿ, áóäóþòüñÿ i äîñëiäæóþòüñÿ ÔÐÇÊ, à ïîòiì çà ¨õ

äîïîìîãîþ çíàõîäÿòüñÿ êëàñè iñíóâàííÿ, ¹äèíîñòi i êîðåêòíîñòi çàäà÷i Êîøi ç

îáîâ'ÿçêîâîþ óìîâîþ, ùîá â öi êëàñè âõîäèëè îáìåæåíi ôóíêöi¨.

ÔÐÇÊ áóäóþòüñÿ çà äîïîìîãîþ îäíi¹¨ ç ìîäèôiêàöié êëàñè÷íîãî ìåòîäó

Ëåâi. Íàãàäà¹ìî ñóòü öüîãî ìåòîäó. Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê Z(t, x; τ, ξ)

øóêà¹òüñÿ ó âèãëÿäi ñóìè äâîõ äîäàíêiâ: ãîëîâíîãî ÷ëåíà G0(t, x; τ, ξ), ÿêèé

íàçèâà¹òüñÿ ïàðàìåòðèêñîì, i äîäàíêà ó âèãëÿäi iíòåãðàëà ç ÿäðîì G0 i äåÿêîþ

íåâiäîìîþ ãóñòèíîþ Q. Ïàðàìåòðèêñ ìà¹ ïîòðiáíó îñîáëèâiñòü ïðè (t, x) =

= (τ, ξ). Çàçâè÷àé âií âèçíà÷à¹òüñÿ çà äîïîìîãîþ ÔÐÇÊ Z0(t, x; τ, ξ; y) àáî

Z0(t, x; τ, ξ; β, y) äëÿ ìîäåëüíèõ ðiâíÿíü, ùî ìiñòÿòü ñòàðøi â òîìó ÷è iíøîìó

ñåíñi ãðóïè ÷ëåíiâ, ó êîåôiöi¹íòàõ ÿêèõ çìiííi x àáî (t, x) çàôiêñîâàíi â òî÷-

êàõ y àáî (β, y). Ïîáóäîâà é äîñëiäæåííÿ ÔÐÇÊ Z0 äëÿ ìîäåëüíèõ ðiâíÿíü

ïðîâîäèòüñÿ çà òàêîþ ñõåìîþ:

� äî ìîäåëüíèõ ðiâíÿíü çàñòîñîâó¹òüñÿ ïåðåòâîðåííÿ Ôóð'¹ çà ïðîñòî-

ðîâèìè çìiííèìè, ïðè öüîìó äëÿ êëàñiâ K1 , K2 i K3 îòðèìóþòüñÿ äèôå-

ðåíöiàëüíi ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó çà ÷àñîâîþ i

÷àñòèíîþ ïðîñòîðîâèõ çìiííèõ, à ó âèïàäêó êëàñó K4� çâè÷àéíi äèôåðåí-

öiàëüíi ðiâíÿííÿ;

� äîñëiäæóþòüñÿ âëàñòèâîñòi ÔÐÇÊ äëÿ îòðèìàíèõ ðiâíÿíü ÿê ôóíêöié

ïàðàìåòðè÷íèõ çìiííèõ;

� çà äîïîìîãîþ öèõ âëàñòèâîñòåé i ïiäõîäÿùèõ òåîðåì ïðî ïåðåòâîðåííÿ

Ôóð'¹ îòðèìóþòüñÿ ïî ìîæëèâîñòi òî÷íi îöiíêè i ïîâíèé àíàëiòè÷íèé îïèñ

ÔÐÇÊ äëÿ ðîçãëÿäóâàíèõ ìîäåëüíèõ ðiâíÿíü.

Ùîá îòðèìàòè ïàðàìåòðèêñ, ïîòðiáíî ó âèðàçi äëÿ Z0 çàìiñòü y àáî (β, y)

âçÿòè ïiäõîäÿùi ôóíêöi¨, ÿêi çàëåæàòü, âçàãàëi êàæó÷è, âiä îñíîâíèõ (t, x) i



51

(τ, ξ) ïàðàìåòðè÷íèõ òî÷îê. Ðåàëiçàöiÿ ïðîöåäóðè ïîñëiäîâíî¨ ïîáóäîâè i âèâ-

÷åííÿ ïàðàìåòðèêñó, à ïîòiì i ÔÐÇÊ ïîòðåáó¹ çàëó÷åííÿ ðiçíîìàíiòíèõ çàñîáiâ

ìàòåìàòè÷íîãî àíàëiçó: òåîðåì ïðî ïåðåòâîðåííÿ Ôóð'¹ öiëèõ ôóíêöié, òåîði¨

óçàãàëüíåíèõ ôóíêöié, òåîði¨ ïîòåíöiàëó.

Íåâiäîìà ãóñòèíà Q âèçíà÷à¹òüñÿ iç âiäïîâiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ.

Öå ðiâíÿííÿ, íà âiäìiíó âiä åëiïòè÷íîãî âèïàäêó, ¹ âîëüòåðiâñüêèì çà çìiííîþ

t iç êâàçiðåãóëÿðíèì ÿäðîì. Ðîçâ'ÿçîê òàêîãî ðiâíÿííÿ çíàõîäèòüñÿ ìåòîäîì

ïîñëiäîâíèõ íàáëèæåíü.

Ïðîöåäóðà çàñòîñóâàííÿ ìåòîäó Ëåâi, ÿê ïðàâèëî, âiäðiçíÿ¹òüñÿ íà ïåð-

øîìó êðîöi, êîëè âèáèðà¹òüñÿ ïàðàìåòðèêñ òàêèì ÷èíîì, ùîá âií íàéêðàùå

âiäïîâiäàâ i âðàõîâóâàâ îñîáëèâîñòi ðîçãëÿäóâàíèõ êëàñiâ ðiâíÿíü.

Âèáið ïàðàìåòðèêñó âiäiãðà¹ âàæëèâó ðîëü ïðè ïîáóäîâi ÔÐÇÊ é îòðè-

ìàííi òî÷íèõ îöiíîê ÔÐÇÊ òà éîãî ïîõiäíèõ. Ïðîiëþñòðó¹ìî öå íà ïðèêëàäi

ïàðàáîëi÷íî¨ çà Ïåòðîâñüêèì ñèñòåìè.

Íåõàé LN(t, x, ∂t, ∂x) = I∂t −
∑
|k|≤2b

ak(t, x)∂kx. Ó öüîìó âèïàäêó ìîäåëüíi

ðiâíÿííÿ ç êîåôiöi¹íòàìè, çàëåæíèìè âiä t i ïàðàìåòðiâ àáî ëèøå âiä ïàðà-

ìåòðiâ (β, y) ∈ Π[0,T ], ìàþòü âiäïîâiäíî âèãëÿä

(IN∂t −
∑
|k|=2b

ak(t, y)∂kx)u = 0 (1.42)

àáî

(IN∂t −
∑
|k|=2b

ak(β, y)∂kx)u = 0. (1.43)

Íåõàé Z0(·, ·; ·, ·; y) i Z0(·, ·; ·, ·; β, y) � ÔÐÇÊ äëÿ ðiâíÿíü (1.42) i (1.43) âiäïî-

âiäíî. Òîäi, ó âèïàäêó ðiâíÿííÿ (1.42) çà ïàðàìåòðèêñ áåðåòüñÿ ôóíêöiÿ

G0(t, x; τ, ξ) := Z0(t, x; τ, ξ; ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (1.44)

Àíàëîãi÷íî áóäó¹òüñÿ ïàðàìåòðèêñ i ó âèïàäêó ðiâíÿííÿ (1.43), â ÿêîìó

G0(t, x; τ, ξ) := Z0(t, x; τ, ξ; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (1.45)

Ðîçãëÿíåìî òåïåð ïàðàáîëi÷íó çà Ïåòðîâñüêèì ñèñòåìó ç âèðîäæåííÿì

íà ïî÷àòêîâié ãiïåðïëîùèíi. Ó öüîìó âèïàäêó LN(t, x, ∂t, ∂x) = α(t)IN∂t −
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−β(t)
∑

0<|k|≤2b

ak(t, x)−a0(t, x). Òóò α(t) > 0, β(t) > 0 äëÿ t ∈ (0, T ], α(0)β(0) =

= 0 i β � ìîíîòîííî íåñïàäíà ôóíêöiÿ. Ïàðàìåòðèêñ âèçíà÷à¹òüñÿ çà ôîðìó-

ëîþ (1.44), â ÿêié Z0(·, ·; ·, ·; y) � ÔÐÇÊ äëÿ ñèñòåìè

(α(t)I∂t − β(t)
∑
|k|=2b

ak(t, y)∂kx − a0(t, y))u = 0.

Òîáòî ó öüîìó âèïàäêó â ìîäåëüíå ðiâíÿííÿ, êðiì ñòàðøèõ ïîõiäíèõ, óõîäèòü

i ìîëîäøèé (ñòîñîâíî ïîðÿäêó äèôåðåíöiþâàííÿ) ÷ëåí, ùî ïîâ'ÿçàíî çi ñòðóê-

òóðîþ ñèñòåìè.

Íàÿâíiñòü äîäàòêîâîãî äîäàíêà (â äàíîìó âèïàäêó a0) i ìíîæíèêiâ

(α(t), β(t)) ç îäíi¹¨ ñòîðîíè óñêëàäíþ¹ ñòðóêòóðó ÔÐÇÊ, ùî ñòâîðþ¹ äîäàò-

êîâi òðóäíîùi ïðè äîñëiäæåííi âëàñòèâîñòåé ïàðàìåòðèêñó òà ïîðîäæóâàíèõ

íèì ïîòåíöiàëiâ, à ç iíøî¨� äîçâîëÿ¹ îòðèìàòè òî÷íi îöiíêè ÔÐÇÊ, éîãî ïî-

õiäíèõ i ¨õ ïðèðîñòiâ.

Ïîáóäîâi é äîñëiäæåííþ ÔÐÇÊ äëÿ âèðîäæåíèõ íà ïî÷àòêîâié ãi-

ïåðïëîùèíi ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ñèñòåì ïðèñâÿ÷åíî ðÿä ïðàöü

Ñ.Ä. Iâàñèøåíà òà Î. Ã.Âîçíÿê [131�133] i I. Ï.Ìåäèíñüêîãî [134�138]. Çà äî-

ïîìîãîþ âëàñòèâîñòåé ÔÐÇÊ â öèõ ïðàöÿõ äîñëiäæåíî êîðåêòíó ðîçâ'ÿçíiñòü

ñèñòåì iç çâè÷àéíîþ ïî÷àòêîâîþ óìîâîþ äëÿ âèïàäêó ñëàáêîãî âèðîäæåííÿ i

áåç ïî÷àòêîâî¨ óìîâè, ÿêùî âèðîäæåííÿ ñèëüíå. Ó âèïàäêó ñëàáêîãî âèðîä-

æåííÿ çíàéäåíî íåîáõiäíi é äîñòàòíi óìîâè çîáðàæåííÿ ðîçâ'ÿçêiâ ñèñòåì ó

âèãëÿäi ñóìè iíòåãðàëiâ Ïóàññîíà i îá'¹ìíèõ ïîòåíöiàëiâ, äîñëiäæåíî, â ÿêîìó

ñåíñi äàíi ðîçâ'ÿçêè çàäîâîëüíÿþòü ïî÷àòêîâi óìîâè, à òàêîæ îïèñàíî ìíîæè-

íè ïî÷àòêîâèõ çíà÷åíü. Öi ðåçóëüòàòè óâiéøëè äî êàíäèäàòñüêî¨ äèñåðòàöi¨

I. Ï.Ìåäèíñüêîãî [139].

Ó ïðàöi [18] çãàäàíi ðåçóëüòàòè ðîçâèíóòi é äîïîâíåíi âèïàäêîì ñèëüíîãî

âèðîäæåííÿ ñèñòåìè. Ó öüîìó âèïàäêó ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi ç âàãîâîþ

ïî÷àòêîâîþ óìîâîþ. Çàóâàæèìî, ùî ïåðåëi÷åíi âèùå ðåçóëüòàòè ¹ óçàãàëüíåí-

íÿì ðåçóëüòàòiâ ç [3,140,141] íà âèïàäîê ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ñèñòåì ç

îáìåæåíèìè ãåëüäåðîâèìè êîåôiöi¹íòàìè i âèðîäæåííÿì íà ïî÷àòêîâié ãiïåð-
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ïëîùèíi. Àíàëîãi÷íi ðåçóëüòàòè äëÿ
−→
2b-ïàðàáîëi÷íèõ ñèñòåì ç âèðîäæåííÿì

íà ïî÷àòêîâié ãiïåðïëîùèíi îòðèìàíi â ïðàöÿõ [17,137,142�145], îñíîâíi ç íèõ

íàâåäåíi â ïiäðîçäiëi 2.4 ìîíîãðàôi¨ [14].

Ïåðåéäåìî äî âèðîäæåíèõ ðiâíÿíü òèïó Êîëìîãîðîâà, òîáòî ðiâíÿíü ç

êëàñiâ K1 , K2 i K3 . Öi êëàñè ¹ óçàãàëüíåííÿìè âiäîìîãî ðiâíÿííÿ äèôóçi¨ ç

iíåðöi¹þ À.Ì.Êîëìîãîðîâà (1.37). Öå ðiâíÿííÿ ¹ âèðîäæåíèì äèôåðåíöiàëü-

íèì ðiâíÿííÿì iç ÷àñòèííèìè ïîõiäíèìè ïàðàáîëi÷íîãî òèïó. Âîíî ìiñòèòü çà

÷àñòèíîþ ïðîñòîðîâèõ çìiííèõ (ó ðiâíÿííi (1.37) âîíè âèçíà÷àþòü êîîðäèíàòè

i øâèäêîñòi) ó ñåíñi òåîði¨ ïàðàáîëi÷íèõ ðiâíÿíü ëèøå ìîëîäøi ïîõiäíi. Òàêi

ðiâíÿííÿ âiäíîñÿòüñÿ äî êëàñó óëüòðàïàðàáîëi÷íèõ àáî åëiïòèêî-ïàðàáîëi÷íèõ

ðiâíÿíü.

Òåîðiÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü, òî÷íiøå ðiâíÿíü òèïó Ôîêêåðà�

Ïëàíêà�Êîëìîãîðîâà, êîåôiöi¹íòè ÿêèõ ¹ ìiðàìè, âèêëàäåíà â ìîíîãðàôi¨ [12].

Äîñëiäæåííþ íåëiíiéíèõ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü ïðèñâÿ÷åíà ìîíîãðàôiÿ

[13] Í.Ï.Ïðîöàõ i Á.É.Ïòàøíèêà. Öi äîñëiäæåííÿ, ÿê áóëî çàçíà÷åíî âèùå,

ïðîâîäèëèñü iíøèìè ìåòîäàìè áåç âèêîðèñòàííÿ ÔÐÇÊ.

Çàñòîñóâàííþ ðiçíèõ ìîäèôiêàöié ìåòîäó ïàðàìåòðèêñó Ëåâi ïîáóäî-

âè é äîñëiäæåííÿ ÔÐÇÊ äëÿ ðiâíÿíü iç êëàñiâ K1 i K2 ïðèñâÿ÷åíi ïðà-

öi Ñ.Ä.Åéäåëüìàíà, Ñ.Ä. Iâàñèøåíà, Ã.Ï.Ìàëèöüêî¨ i Ë.Ì.Òè÷èíñüêî¨ [108�

110,114,118]. Ó ïðàöÿõ [106,113,116] ðîçãëÿäàëèñü òàêîæ ðiâíÿííÿ òèïó Êîë-

ìîãîðîâà çi çðîñòàþ÷èìè ïðè |x| → ∞ êîåôiöi¹íòàìè.

Ó ïðàöÿõ Ñ.Ä. Iâàñèøåíà i Ñ.Ä.Åéäåëüìàíà [146�150] ââåäåíî íîâèé êëàñ

âèðîäæåíèõ ðiâíÿíü (çà ïîçíà÷åííÿì ç [14]� êëàñ E23) i ó âèïàäêó, êîëè êîå-

ôiöi¹íòè öèõ ðiâíÿíü íå çàëåæàòü âiä ïðîñòîðîâèõ çìiííèõ (êëàñ E0
23), ïîáó-

äîâàíî òà âèâ÷åíî ÔÐÇÊ, äîâåäåíî òåîðåìè ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i

Êîøi òà iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ. Öi ðåçóëüòàòè âèêëàäåíî â ïiä-

ðîçäiëàõ 3.1 i 3.2 ìîíîãðàôi¨ [14]. Òàì íàâåäåíî òàêîæ òåîðåìó 3.6 ïðî ÔÐÇÊ

äëÿ ðiâíÿíü ç êëàñó E0
23, ÿêi ìàþòü ùå âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëî-

ùèíi. Öÿ òåîðåìà, à òàêîæ ðåçóëüòàòè ïðî çàäà÷ó Êîøi äëÿ òàêèõ ðiâíÿíü çi
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ñëàáêèì âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi íàëåæàòü Ñ.Ä. Iâàñèøåíó

òà Î. Ã.Âîçíÿê [119]. Âiäçíà÷èìî, ùî àíàëîãi÷íi ðåçóëüòàòè äëÿ ðiâíÿíü ç êëà-

ñóK2 ç íåçàëåæíèìè âiä ïðîñòîðîâèõ çìiííèõ êîåôiöi¹íòàìè íàâåäåíî â ïðàöi

[151] i ùî â ïðàöi [152] âñòàíîâëåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü i âëàñòèâiñòü ëî-

êàëiçàöi¨ ðîçâ'ÿçêiâ çàäà÷i Êîøi ç óçàãàëüíåíèìè ïî÷àòêîâèìè äàíèìè äëÿ

ðiâíÿíü ç êëàñó E0
23, ÿêi ìiñòÿòü âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi.

Ó âåëèêîìó öèêëi ïðàöü iòàëiéñüêèõ ìàòåìàòèêiâ [94,153�165] âèâ÷àþòüñÿ

ðiâíÿííÿ òèïó Êîëìîãîðîâà âèãëÿäó

Lu :=

p0∑
j,l=1

ajl(t, x)∂xj∂xlu+

p0∑
j=1

aj(t, x)∂xju+ c(t, x)u+

+
N∑

j,l=1

bjlxj∂xlu− ∂tu = 0, (1.46)

äå 1 ≤ p0 < N , ìàòðèöÿ A0 := (ajl)
p0

j,l=1 ñèìåòðè÷íà òà äîäàòíî âèçíà÷åíà, à

ìàòðèöÿ B := (bjl)
N
j,l=1 çi ñòàëèìè äiéñíèìè åëåìåíòàìè ìà¹ âèãëÿä

∗ B1 O . . . O

∗ ∗ B2 . . . O

· · · · · · · · · · · · · · ·

∗ ∗ ∗ . . . Br

∗ ∗ ∗ . . . ∗


. (1.47)

Òóò Bj � ìàòðèöi ðîçìiðó pj−1 × pj, ðàíã ÿêèõ äîðiâíþ¹ pj, äå p0, p1,...,pr �

íàòóðàëüíi ÷èñëà òàêi, ùî p0 ≥ p1 ≥ ... ≥ pr ≥ 1, p0 + p1 + ... + pr = N , à

∗-áëîêè ¹ äîâiëüíèìè. Êëàñ òàêèõ ðiâíÿíü ¹ øèðøèì, íiæ êëàñ óëüòðàïàðà-

áîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà. Çà âêàçàíèõ óìîâ íà ìàòðèöþ (1.47), îïå-

ðàòîð L, ÿêèé îçíà÷åíèé â (1.46), ¹ ãiïîåëiïòè÷íèì òà iíâàðiàíòíèì âiäíîñíî

äåÿêî¨ ãðóïè ðîçøèðåíü. Âiäïîâiäíî äî öi¹¨ ãðóïè Ñ.Ïîëiäîðî [156] ââåäåíî

ñïåöiàëüíå ïîíÿòòÿ B-ãåëüäåðîâîñòi ôóíêöié. Ó ïðèïóùåííi ãiïîåëiïòè÷íîñòi

îïåðàòîðà L, B-ãåëüäåðîâîñòi êîåôiöi¹íòiâ ajl, aj òà c ðiâíÿííÿ (1.46), âèõîäÿ-

÷è ç ðåçóëüòàòiâ Ë.Ï.Êóïöîâà [101�104], Å.Ëàíêîíåëëi òà Ñ.Ïîëiäîðî [155],

â ïðàöÿõ [156�158,94] ìåòîäîì Ëåâi ïîáóäîâàíî äëÿ ðiâíÿííÿ (1.46) Ëi-ÔÐÇÊ,
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óñòàíîâëåíi éîãî îöiíêè, âëàñòèâîñòi íîðìàëüíîñòi, ôîðìóëà çãîðòêè, à òàêîæ

äåÿêi òåîðåìè ïðî iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i Êîøi, ¹äèíiñòü òà iíòåãðàëüíå

çîáðàæåííÿ íåâiä'¹ìíèõ ðîçâ'ÿçêiâ. Ó ïðàöÿõ Ñ.Ä. Iâàñèøåíà i Â.Â.Ëàþêà

[166�169] çà äîäàòêîâèõ óìîâ íà ìàòðèöþ (1.47), äîâåäåíî iñíóâàííÿ òà ðÿä

âëàñòèâîñòåé ÔÐÇÊ äëÿ òàêèõ ðiâíÿíü, îäåðæàíî îöiíêè ÔÐÇÊ òà éîãî ïî-

õiäíèõ, çàñòîñîâàíî ÔÐÇÊ äî âñòàíîâëåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êî-

øi. Ïðàöi [159�162] ïðèñâÿ÷åíi âëàñòèâîñòÿì ðåãóëÿðíîñòi ñèëüíèõ i ñëàáêèõ

ðîçâ'ÿçêiâ ðiâíÿíü òèïó (1.46). Ó ïðàöÿõ [163,165] îäåðæàíi îöiíêè çâåðõó òà

çíèçó ÔÐÇÊ. Ó çãàäàíèõ óæå ïðàöÿõ [94,153,154] ðîáèòüñÿ îãëÿä ïðàöü, ïðè-

ñâÿ÷åíèõ âèâ÷åííþ i çàñòîñóâàííþ ëiíiéíèõ i íåëiíiéíèõ ðiâíÿíü òèïó Êîëìî-

ãîðîâà.

Âiäïîâiäíèì ÷èíîì ìîäèôiêóþ÷è ïîíÿòòÿ B-ãåëüäåðîâîñòi, â ïðàöi [14]

çíàéäåíî óìîâè íà êîåôiöi¹íòè âèðîäæåíèõ ðiâíÿíü òèïó Êîëìîãîðîâà (íå

òiëüêè óëüòðàïàðàáîëi÷íîãî, àëå é ðiâíÿíü äîâiëüíîãî ïîðÿäêó i ðiâíÿíü ç

ïàðàáîëi÷íîþ çà Åéäåëüìàíîì ãîëîâíîþ ÷àñòèíîþ), çà ÿêèõ ïîáóäîâàíî Ëi-

ÔÐÇÊ, îäåðæàíî âiäïîâiäíi îöiíêè äëÿ íüîãî, éîãî ïîõiäíèõ çà îñíîâíèìè

çìiííèìè òà ïîõiäíî¨ Su. Ãðóíòóþ÷èñü íà öèõ ðåçóëüòàòàõ, äîâåäåíi äåÿêi òåî-

ðåìè ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi. Çàçíà÷èìî, ùî âñi âèùåíàçâàíi

ðåçóëüòàòè íàëåæàòü Ñ.Ä. Iâàñèøåíó i â ìîíîãðàôi¨ îïóáëiêîâàíi âïåðøå.

ßê i äëÿ íåâèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü, äëÿ âèðîäæåíèõ ðiâíÿíü

òèïó Êîëìîãîðîâà ó âèïàäêó, êîëè êîåôiöi¹íòè ñòàëi àáî çàëåæàòü ëèøå âiä

÷àñîâî¨ çìiííî¨, âäà¹òüñÿ îäåðæàòè ïîâíå àíàëiòè÷íå îïèñàííÿ ÔÐÇÊ i ç éî-

ãî äîïîìîãîþ âñòàíîâèòè äîñèòü òî÷íi ðåçóëüòàòè ïðî êîðåêòíó ðîçâ'ÿçíiñòü

çàäà÷i Êîøi òà iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ. ßêùî êîåôiöi¹íòè âè-

ðîäæåíèõ ðiâíÿíü òèïó Êîëìîãîðîâà çàëåæàòü âiä óñiõ çìiííèõ, òî äîñëiä-

æåííÿ ÔÐÇÊ iñòîòíî óñêëàäíþ¹òüñÿ. Êðiì òðàäèöiéíèõ âèíèêàþòü ñåðéîçíi

òðóäíîùi, ïîâ'ÿçàíi ç âèðîäæåíiñòþ ðiâíÿíü. Íàÿâíiñòü îïåðàòîðà S "ïåðå-

ïëiòà¹"ïðîñòîðîâi i ÷àñîâó çìiííó, ùî óñêëàäíþ¹ îòðèìàííÿ òî÷íèõ îöiíîê. Ó

ïðàöi [14] öÿ òðóäíiñòü äîëà¹òüñÿ çà äîïîìîãîþ ñïåöiàëüíî¨ óìîâè íà êîåôi-
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öi¹íòè. Ó âèïàäêó ðiâíÿííÿ ç êëàñó K1 öÿ óìîâà ìà¹ âèãëÿä

∃H > 0 ∃ γ ∈ (0, 1] ∀ a ∈ A1 ∀ {(t, x), (τ, ξ)} ⊂ Π[0,T ] :

|∆τ,ξ
t,xa(t, x)| ≤ H(d(t,X(t− τ); τ, ξ))γ. (1.48)

Òóò

d(t, x; τ, ξ) := |t− τ |1/2 + |x2 − ξ1|+ |x2 − ξ2|1/3 + |x3 − ξ3|1/5.

Ïàðàìåòðèêñ ó öüîìó âèïàäêó âèçíà÷à¹òüñÿ ôîðìóëîþ (1.45), â ÿêié

Z0(·, ·; ·, ·; β, y)� ÔÐÇÊ äëÿ òàêîãî ðiâíÿííÿ ç ïàðàìåòðàìè:

L
(β,y)
1 u(t, x) = (S − A1(β, y, ∂x1

))u(t, x) = 0, (1.49)

äå äèôåðåíöiàëüíi âèðàçè S i A1 âèçíà÷àþòüñÿ âiäïîâiäíî ôîðìóëàìè (1.2) i

(1.3).

Ã. Ï. Ìàëèöüêà ó ñâî¨õ ðîáîòàõ [105,109,110] âèêîðèñòîâóâàëà iíøèé ïiä-

õiä. Íà êîåôiöi¹íòè ðiâíÿííÿ íàêëàäàþòüñÿ çâè÷àéíi óìîâè (íåïåðåðâíiñòü çà

t, äèôåðåíöiéîâíiñòü i ãåëüäåðîâiñòü çà ïðîñòîðîâèìè çìiííèìè), à ìîäåëüíå

ðiâíÿííÿ äëÿ çíàõîäæåííÿ ÔÐÇÊ ìàëî âèãëÿä

L
(t,y)
2 u(t, x) := (S − A2(t, y), ∂x1

))u = 0, (1.50)

äå äèôåðåíöiàëüíi âèðàçè S i A2 òàêi, ÿê âèùå.

ßêùî Z0(·, ·; ·, ·; y) � ÔÐÇÊ äëÿ ðiâíÿííÿ (1.50), òî ïàðàìåòðèêñG0 âèçíà-

÷àâñÿ ôîðìóëîþ G0(t, x; τ, ξ) = Z0(t, x; τ, ξ; Ξ(t−τ)), äå Ξ(t) := (ξ1, ξ2− tξ̂1). À

äàëi, íà åòàïi îá ðóíòóâàííÿ ìåòîäó Ëåâi, àâòîðêà ïðè îá÷èñëåííi L(t,y)
2 Z0 íå

âðàõîâó¹ îòðèìàíî¨ ñêëàäíî¨ çàëåæíîñòi ïàðàìåòðèêñó âiä çìiííèõ, ùî ðîáèòü

îá ðóíòóâàííÿ íå ïåðåêîíëèâèì.

Àíàëiç ïðàöü ïîêàçàâ, ùî âèðiøåííÿ ïðîáëåìè ïîáóäîâè êëàñè÷íîãî

ÔÐÇÊ ïîëÿãà¹ íå òiëüêè ó âèáîði ïiäõîäÿùèõ óìîâ íà êîåôiöi¹íòè, àëå é ó

âäàëîìó âèáîði ïàðàìåòðèêñó ïðè çàñòîñóâàííi ìåòîäó Ëåâi. Íàø ïiäõiä ïî-

ëÿãà¹ ó ïîåòàïíîìó çàñòîñóâàííi ìåòîäó Ëåâi. Ïîåòàïíèé ìåòîä Ëåâi, ðîçðîá-

ëÿâñÿ â ïðàöÿõ [21,22,24,27,28,31,36]. Îïèøåìî çàãàëüíó ñõåìó çàñòîñóâàííÿ

öüîãî ìåòîäó.
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Êiëüêiñòü åòàïiâ ïîáóäîâè ÔÐÇÊ çàëåæèòü âiä êiëüêîñòi ãðóï ïðîñòîðîâèõ

çìiííèõ. Íà íàñòóïíîìó åòàïi ïîáóäîâè ÔÐÇÊ çà ïàðàìåòðèêñ áåðåìî ÔÐÇÊ,

ïîáóäîâàíèé íà ïîïåðåäíüîìó åòàïi. Äëÿ ÔÐÇÊ âèêîðèñòîâóâàòèìåìî ïîçíà-

÷åííÿ Zl, j−1, l ∈ N3, j ∈ N4. Ïåðøèé iíäåêñ âêàçó¹ íà íîìåð êëàñó, äðóãèé

iíäåêñ � íà åòàï ïîáóäîâè ÔÐÇÊ. Âiäïîâiäíî ïàðàìåòðèêñ íà j-òîìó åòàïi

ïîçíà÷àòèìåìî ñèìâîëîì Glj , ïîðîäæóâàíèé íèì îá'¹ìíèé ïîòåíöiàë� ñèì-

âîëîì Wlj, à éîãî ãóñòèíó �ñèìâîëîì Qlj. Ïðîöåäóðà äëÿ ðiâíÿíü ç êëàñiâ

Kl , l ∈ N3, îäíàêîâà. Òîìó îïèøåìî ïðîöåäóðó çàñòîñóâàííÿ ïîåòàïíîãî ìå-

òîäó Ëåâi äëÿ êëàñó K1 .

Îòæå, íà ïî÷àòêîâîìó (íóëüîâîìó) åòàïi áóäó¹ìî ÔÐÇÊ Z10 äëÿ ðiâíÿííÿ,

êîåôiöi¹íòè ÿêîãî çàëåæàòü âiä çìiííî¨ t i ïàðàìåòðà y = (y1, y2, y3) ∈ Rn,

òîáòî ðîçãëÿäà¹ìî äîïîìiæíå ðiâíÿííÿ

L
(t,y)
1 u(t, x) := (S − A1(t, y, ∂x1

))u(t, x) = 0, (t, x) ∈ Π(0,T ], y ∈ Rn, (1.51)

äå

S := ∂t −
n2∑
j=1

x1j∂x2j
−

n3∑
j=1

x2j∂x3j
,

A1(t, y, ∂x1
) :=

n1∑
j,l=1

ajl(t, y)∂x1j
∂x1l

+

n1∑
j=1

aj(t, y)∂x1j
+ a0(t, y).

Íà ïåðøîìó åòàïi ÔÐÇÊ äëÿ ðiâíÿííÿ

L
(t,x(1)(y))
1 u(t, x) = 0, (t, x) ∈ Π(0,T ], y′ ∈ Rn1+n2, (1.52)

øóêà¹ìî ó âèãëÿäi

Z11(t, x; τ, ξ; y′) = G11(t, x; τ, ξ; y′) +W11(t, x; τ, ξ; y′), (1.53)

äå

W11(t, x; τ, ξ; y′) :=

t∫
τ

dβ

∫
Rn

G11(t, x; β, λ; y′)Q11(β, λ; τ, ξ; y′)dλ, (1.54)

G11 � ïàðàìåòðèêñ, à Q11 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñ áåðåìî ôóíê-
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öiþ

G11(t, x; τ,ξ; y′) := Z10(t, x; τ,ξ; (ξ1,y
′)), 0 ≤ τ < t ≤ T, {x,ξ} ⊂ Rn, y′∈Rn2 +n3.

(1.55)

Íà äðóãîìó åòàïi ðiâíÿííÿ ìà¹ âèãëÿä

L
(t,x(2)(y))
1 u(t, x) := (S−A1(t, x

(2)(y)), ∂x1
))u(t, x) = 0, (t, x) ∈ Π(0,T ], y3 ∈ Rn3,

(1.56)

i ÔÐÇÊ øóêà¹ìî ó âèãëÿäi

Z12(t, x; τ, ξ; y3) = G12(t, x; τ, ξ; y3) +W12(t, x; τ, ξ; y3), (1.57)

äå

W12(t, x; τ, ξ; y3) :=

t∫
τ

dβ

∫
Rn

G12(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ, (1.58)

G12 � ïàðàìåòðèêñ, à Q12 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñ áåðåìî ôóíê-

öiþ

G12(t, x; τ, ξ; y3) := Z11(t, x; τ, ξ; (ξ2, y3)), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3.

(1.59)

Äëÿ âèïàäêó òðüîõ ãðóï ïðîñòîðîâèõ çìiííèõ òðåòié åòàï çàâåðøó¹ ïîáó-

äîâó ÔÐÇÊ äëÿ ðiâíÿííÿ, êîåôiöi¹íòè ÿêîãî çàëåæàòü âiä óñiõ çìiííèõ. Îòæå,

íà öüîìó åòàïi ðîçãëÿäà¹ìî ðiâíÿííÿ âèãëÿäó

L
(t,x(3)(y))
1 u(t, x) := (S − A1(t, x, ∂x1

))u(t, x) = 0, (t, x) ∈ Π(0,T ]. (1.60)

Àíàëîãi÷íî äî ïîïåðåäíüîãî ÔÐÇÊ äëÿ ðiâíÿííÿ (1.60) øóêà¹ìî ó âèãëÿäi

Z13(t, x; τ, ξ) = G13(t, x; τ, ξ) +W13(t, x; τ, ξ), (1.61)

äå

W13(t, x; τ, ξ) :=

t∫
τ

dβ

∫
Rn

G13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ, (1.62)

G13 � ïàðàìåòðèêñ, à Q13 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñ áåðåìî ôóíê-

öiþ

G13(t, x; τ, ξ) := Z12(t, x; τ, ξ; ξ3), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (1.63)
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Ðåçóëüòàòîì êîæíîãî j-òîãî åòàïó ¹ òâåðäæåííÿ ïðî iñíóâàííÿ âiäïîâiä-

íîãî êëàñè÷íîãî ÔÐÇÊ Zlj, l ∈ N3, j ∈ Z4, âñòàíîâëåííÿ òî÷íèõ îöiíîê ïîõiä-

íèõ âiä ÔÐÇÊ, iíòåãðàëiâ âiä ïîõiäíèõ ÔÐÇÊ òà ¨õ ïðèðîñòiâ. Ïðîâåäåííÿ öèõ

äîñëiäæåíü iñòîòíî çàëåæèòü âiä âñåái÷íîãî âèâ÷åííÿ âëàñòèâîñòåé îá'¹ìíèõ

ïîòåíöiàëiâ (1.54),(1.58) i (1.62). ßäðîì ïîòåíöiàëó ¹ âiäïîâiäíèé ïàðàìåòðèêñ

(1.55),(1.59) ÷è (1.63), à ãóñòèíîþ� âiäïîâiäíà ôóíêöiÿ Qlj, {j, l} ⊂ N3. Äëÿ

ãóñòèí Qlj âñòàíîâëþþòüñÿ ïåâíi âëàñòèâîñòi òà îöiíêè, ÿêi ãàðàíòóþòü iñíó-

âàííÿ ïîõiäíèõ âiä îá'¹ìíèõ ïîòåíöiàëiâ, ¨õ òî÷íèõ îöiíîê òà îöiíîê ïðèðîñòiâ

òàêèõ ïîõiäíèõ çà ïðîñòîðîâèìè çìiííèìè.

Ðåàëiçàöiÿ òàêîãî ïiäõîäó ç âèêëàäîì îñíîâíèõ éîãî ðåçóëüòàòiâ äëÿ ðiâ-

íÿíü ç êëàñiâK1 ,K2 iK3 íàâîäèòüñÿ âiäïîâiäíî â ðîçäiëàõ 3, 4 i 5 äèñåðòàöi¨.

1.4. Îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨

Îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨ ðîçïî÷àòî â ïiäðîçäiëàõ 1.2 i 1.3.

Òóò éîãî áóäå äîïîâíåíî i ïðîàíàëiçîâàíî â ðàìêàõ ÿêèõ íàóêîâèõ ïðî¹êòiâ

âèêîíóâàëàñü äèñåðòàöiéíà ðîáîòà.

Ç 1988 ð. â ×åðíiâöÿõ ïðàöþ¹ ôiëiÿ Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìå-

õàíiêè i ìàòåìàòèêè iì. ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè. Ó 1988�1996 ðð. ôiëiÿ

ìàëà ñòàòóñ âiääiëó êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, à ç

1996 ð. � ñòàòóñ ×åðíiâåöüêî¨ ôiëi¨ âiääiëó ìàòåìàòè÷íî¨ ôiçèêè. Êåðiâíèêîì

ôiëi¨ áóâ ïðîô. Ñ.Ä. Iâàñèøåí, à âiääiëó � ïðîô. Á.É.Ïòàøíèê. Äîñëiäæåííÿ

ïðîâîäèëèñü â ðàìêàõ òåìàòèêè ôiëi¨ òà âiääiëó. Ç öi¹þ òåìàòèêîþ áåçïîñåðåä-

íüî ïîâ'ÿçàíà äèñåðòàöiéíà ðîáîòà. Òîìó ñïî÷àòêó çðîáèìî êîðîòêèé îãëÿä

äîñëiäæåíü, ÿêi ïðîâîäèëèñü ó ðàìêàõ òåìàòèêè ×åðíiâåöüêî¨ ôiëi¨ âiääiëó

ìàòåìàòè÷íî¨ ôiçèêè. Íàçâè òåì, ÿêi âèêîíóâàëèñÿ ó âiääiëi çà öåé ïåðiîä,

íàâåäåíî ó âñòóïi.

Çãiäíî ç [29] äîñëiäæåííÿì îõîïëåíi, ãîëîâíî, òàêi êëàñè ðiâíÿíü i ñèñòåì

ðiâíÿíü:

1) ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì òà
−→
2b-ïàðàáîëi÷íi (ïàðàáîëi÷íi çà

Ñ.Ä.Åéäåëüìàíîì) ñèñòåìè ç îáìåæåíèìè êîåôiöi¹íòàìè òà âèðîäæåííÿìè íà
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ïî÷àòêîâié ãiïåðïëîùèíi (Ñ.Ä. Iâàñèøåí, Î. Ã. Âîçíÿê, I. Ï.Ìåäèíñüêèé [15�

18,131,133,141]);

2) ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì ðiâíÿííÿ i ñèñòåìè ç îïåðàòîðîì Áåñ-

ñåëÿ (Ñ.Ä. Iâàñèøåí, Â.Ï.Ëàâðåí÷óê, Ò.Ì.Áàëàáóøåíêî, Ë.Ì.Ìåëüíè÷óê

[172�175]);

3) ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì òà çà Ñ.Ä.Åéäåëüìàíîì ñèñòåìè çi

çðîñòàþ÷èìè êîåôiöi¹íòàìè çà âiäñóòíîñòi òà íàÿâíîñòi âèðîäæåíü íà ïî÷àò-

êîâié ãiïåðïëîùèíi (Ñ.Ä. Iâàñèøåí, Ã.Ñ.Ïàñi÷íèê [176�178]);

4) êëàñè âèðîäæåíèõ ðiâíÿíü òèïó Êîëìîãîðîâà, ÿêi ìiñòÿòü çà îñ-

íîâíèìè çìiííèìè äèôåðåíöiàëüíi âèðàçè, ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì

òà çà Ñ.Ä.Åéäåëüìàíîì (Ñ.Ä. Iâàñèøåí, Ë.Ì.Àíäðîñîâà, Î. Ã. Âîçíÿê,

Â.Ñ.Äðîíü, Â.Â.Ëàþê, Ã.Ñ.Ïàñi÷íèê, I. Ï.Ìåäèíñüêèé [21,22,24,26�

28,31,33,36,112,115,151,166�171,179�185]);

5) ïàðàáîëi÷íi ðiâíÿííÿ, ÿêi ìiñòÿòü ïñåâäîäèôåðåíöiàëüíi âèðàçè

(Ñ.Ä.Åéäåëüìàí, ß.Ì.Äðiíü, Â.Â. Ãîðîäåöüêèé, Â.À.Ëiòîâ÷åíêî [186�193])

Äëÿ ïåðøèõ ÷îòèðüîõ êëàñiâ ðiâíÿíü i ñèñòåì ðiâíÿíü ðîçðîáëåíà òåîðiÿ

¨õ ðîçâ'ÿçíîñòi çà çâè÷àéíèõ i âàãîâèõ ïî÷àòêîâèõ óìîâ òà áåç ïî÷àòêîâèõ óìîâ

çàëåæíî âiä òîãî, ÷è âiäñóòíi, à ÿêùî ïðèñóòíi, òî ÿêîãî õàðàêòåðó âèðîäæåí-

íÿ íà ïî÷àòêîâié ãiïåðïëîùèíi. Çîêðåìà, äëÿ îäíîðiäíèõ ñëàáêî âèðîäæåíèõ

ñèñòåì iç ïåðøîãî êëàñó, ñèñòåì iç äðóãîãî êëàñó, à òàêîæ ðiâíÿíü iç ÷åòâåðòîãî

êëàñó, êîåôiöi¹íòè ÿêèõ ìîæóòü çàëåæàòè ëèøå âiä ÷àñîâî¨ çìiííî¨, i ðiâíÿíü

iç öüîãî êëàñó äðóãîãî ïîðÿäêó iç çàëåæíèìè âiä óñiõ çìiííèõ êîåôiöi¹íòà-

ìè çíàéäåíî íåîáõiäíi é äîñòàòíi óìîâè òîãî, ùî ñïåöiàëüíî ïîáóäîâàíi âàãîâi

Lp-ïðîñòîðè ôóíêöié òà âiäïîâiäíi ïðîñòîðè óçàãàëüíåíèõ ìið ¹ ìíîæèíàìè

ïî÷àòêîâèõ çíà÷åíü i ùî ðîçâ'ÿçêè çîáðàæóþòüñÿ ÷åðåç ¨õ ïî÷àòêîâi çíà÷åííÿ

ó âèãëÿäi iíòåãðàëiâ Ïóàññîíà. Îñòàííi ðåçóëüòàòè ¹ ïîøèðåííÿì âiäïîâiäíèõ

êëàñè÷íèõ ðåçóëüòàòiâ òåîði¨ ãàðìîíi÷íèõ ôóíêöié íà ðîçâ'ÿçêè âèùåâêàçà-

íèõ ðiâíÿíü i ñèñòåì ðiâíÿíü. Çàçíà÷èìî, ùî â ðàìêàõ ðîçðîáëåíî¨ òåîði¨ äëÿ

ñèñòåì ç ïåðøîãî êëàñó äîâåäåíî òåîðåìè ïðî àïðiîðíi îöiíêè òà ïiäâèùåííÿ
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ãëàäêîñòi ðîçâ'ÿçêiâ, êîðåêòíó ðîçâ'ÿçíiñòü ëiíiéíèõ ñèñòåì, à òàêîæ ëîêàëüíó

ðîçâ'ÿçíiñòü êâàçiëiíiéíèõ ñèñòåì. Ó ðàìêàõ äîñëiäæåíü ðiâíÿíü ç ÷åòâåðòî-

ãî êëàñó, êîåôiöi¹íòè ÿêèõ çàëåæàòü âiä óñiõ çìiííèõ, ïîáóäîâàíî òà âèâ÷åíî

âëàñòèâîñòi äåùî îñëàáëåíîãî ïîðiâíÿíî ç êëàñè÷íèì Ëi-ÔÐÇÊ. Äëÿ ðiâíÿíü

äðóãîãî ïîðÿäêó ç îäíi¹þ ãðóïîþ çìiííèõ âèðîäæåííÿ â [21,24,25] çíàéäåíî

óìîâè íà êîåôiöi¹íòè, çà ÿêèõ ïîáóäîâàíî êëàñè÷íèé ÔÐÇÊ, îäåðæàíî òî÷íi

îöiíêè éîãî ïîõiäíèõ òà ¨õ ïðèðîñòiâ çà ïðîñòîðîâèìè çìiííèìè. Ïðè öüîìó

âèêîðèñòàíî çàïðîïîíîâàíó ðàíiøå àâòîðàìè ìîäèôiêàöiþ êëàñè÷íîãî ìåòî-

äó Ëåâi, ÿêà ¹ ôàêòè÷íî ïîåòàïíèì çàñòîñóâàííÿì ìåòîäó ïàðàìåòðèêñó Ëåâi.

Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíî äëÿ ðiâíÿíü ç äâîìà ãðóïàìè çìiííèõ âèðîä-

æåííÿ [27,28,31,33,36].

Äëÿ âèïàäêó, êîëè ïî÷àòêîâi äàíi ¹ óçàãàëüíåíèìè ôóíêöiÿìè òèïó óëü-

òðàðîçïîäiëiâ Æåâðå, äîâåäåíî òåîðåìè ïðî îäíîçíà÷íó ðîçâ'ÿçíiñòü òà âëà-

ñòèâîñòi ëîêàëiçàöi¨ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ åâîëþöiéíèõ ïàðàáîëi÷íèõ ðiâ-

íÿíü, ïàðàáîëi÷íèõ çà Ã.�.Øèëîâèì òà çà I. Ã.Ïåòðîâñüêèì ðiâíÿíü iç âè-

ðîäæåííÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi é ïàðàáîëi÷íèõ çà I. Ã.Ïåòðîâñüêèì

ðiâíÿíü ç îïåðàòîðîì Áåññåëÿ (Â.ÂÃîðîäåöüêèé, I. Â.Æèòàðþê [194�197]),

à òàêîæ âèðîäæåíèõ ðiâíÿíü òèïó À.Ì.Êîëìîãîðîâà (Ñ.Ä. Iâàñèøåí,

Ë.Ì.Àíäðîñîâà [198])

Çíà÷íà óâàãà ïðèäiëÿëàñü äîñëiäæåííÿì ðiâíÿíü iç ï'ÿòîãî êëàñó, à òàêîæ

äåÿêèì iíøèì äîñëiäæåííÿì.

Çàóâàæèìî, ùî áiëüøiñòü âèùåíàçâàíèõ ðåçóëüòàòiâ óâiéøëè ïîâíiñòþ,

àáî ÷àñòêîâî äî ìîíîãðàôié [6,14,191,201,202], à îãëÿäè ðåçóëüòàòiâ ìiñòÿòüñÿ

â [19,20,23,29,203].

Êëàñè âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü, ÿêi âèâ÷àþòüñÿ â äèñåðòàöiéíié

ðîáîòi, ¹ óçàãàëüíåííÿì ó ðiçíèõ íàïðÿìêàõ ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì

ðiâíÿíü. Çîêðåìà êëàñè K1 , K2 i K3 , ÿê óæå áóëî çàçíà÷åíî â ïiäðîçäiëi 1.3,

óçàãàëüíþþòü êëàñè÷íå ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ À.Ì.Êîëìîãîðîâà. Öå

ðiâíÿííÿ âïåðøå âèíèêëî ïðè âèâ÷åííi ìîäåëåé áðîóíiâñüêîãî ðóõó.
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Ó êëàñè÷íié òåîði¨ áðîóíiâñüêîãî ðóõó, ÿêó ðîçâèíóëè À. Åéíøòåéí i

Ì. Ñìîëóõîâñüêèé [204,205] íåõòó¹òüñÿ iíåðöi¹þ áðîóíiâñüêî¨ ÷àñòèíêè, òîá-

òî ôàêòè÷íî ââàæà¹òüñÿ, ùî ìàñà öi¹¨ ÷àñòèíêè äîðiâíþ¹ íóëþ. Ó öié òåîði¨

áðîóíiâñüêà ÷àñòèíêà íå ìà¹ ñêií÷åííî¨ øâèäêîñòi. Òàê, íàïðèêëàä, â îêðåìî-

ìó âèïàäêó áðîóíiâñüêîãî ðóõó âiëüíî¨ ÷àñòèíêè Í. Âiíåðîì [206] áóëî ñòðîãî

äîâåäåíî, ùî áðîóíiâñüêà òðà¹êòîðiÿ ç iìîâiðíiñòþ îäèíèöÿ ¹ íåïåðåðâíîþ, àëå

íiäå íå äèôåðåíöiéîâíîþ ëiíi¹þ. Çà òàêîãî ïðèïóùåííÿ ìîäåëëþ áðîóíiâñü-

êîãî ðóõó âiëüíî¨ ÷àñòèíêè ¹ âiíåðiâñüêèé âèïàäêîâèé ïðîöåñ, à äëÿ ôiçè÷íî¨

ñèñòåìè � íåïåðåðâíèé ìàðêîâñüêèé ïðîöåñ ó ïðîñòîði ¨¨ êîîðäèíàò.

Íåäèôåðåíöiéîâíiñòü áðîóíiâñüêèõ òðà¹êòîðié â òåîði¨ Åéíøòåéíà�

Ñìîëóõîâñêîãî òiñíî ïîâ'ÿçàíà iç ââåäåíîþ ó öié òåîði¨ iäåàëiçàöi¹þ (íåõòó-

âàííÿì iíåðöi¹þ), ùî ðîáèòü âiäïîâiäíó òåîðiþ íåïðèäàòíîþ íà äóæå ìàëèõ

ïðîìiæêàõ ÷àñó ∆t. Ó çàñòîñóâàííi äî íàéïðîñòiøîãî âèïàäêó áðîóíiâñüêîãî

ðóõó âiëüíî¨ ÷àñòèíêè òåîðiÿ, ùî âðàõîâó¹ âæå é iíåðöiþ ÷àñòèíêè, áóëà â

1930 ð. ðîçâèíóòà Ã.Å. Óëåíáåêîì i Ë.Ñ. Îðíøòåéíîì [207] (äèâ. òàêîæ ïðàöi

Äæ.Ë. Äóáà [208] òà Ñ. ×àíäðàñåêàðà [209]). Ó öié óòî÷íåíié òåîði¨ òðà¹êòîði¨

÷àñòèíîê âèÿâëÿþòüñÿ âæå äèôåðåíöiéîâíèìè (àëå âîíè íå ìàþòü äðóãî¨ ïî-

õiäíî¨, òàê ùî òåïåð íåñêií÷åííèì âèÿâëÿ¹òüñÿ ïðèñêîðåííÿ ÷àñòèíêè).

Ó 1934 ð. À.Ì.Êîëìîãîðîâ [95] óçàãàëüíþ¹ óòî÷íåíó òåîðiþ áðîóíiâñüêî-

ãî ðóõó äëÿ äîâiëüíî¨ ôiçè÷íî¨ ñèñòåìè ç n ñòåïåíÿìè âiëüíîñòi. Âðàõóâàííÿ

iíåðöi¨ çà À.Ì.Êîëìîãîðîâèì äîñÿãà¹òüñÿ òèì, ùî ñòàí ñèñòåìè çàäà¹òüñÿ çíà-

÷åííÿìè n êîîðäèíàò q1, ..., qn i n ¨õ ïîõiäíèõ çà ÷àñîì (øâèäêîñòåé) q̇1, ..., q̇n.

Ìîäåëëþ áðîóíiâñüêîãî ðóõó ñèñòåìè òóò ¹ íåïåðåðâíèé ìàðêîâñüêèé ïðîöåñ

â 2n-âèìiðíîìó ôàçîâîìó ïðîñòîði êîîðäèíàò i øâèäêîñòåé. Êîðîòêî âèêëà-

äåìî çìiñò öi¹¨ îñíîâíî¨ äëÿ íàñ ïðàöi À.Ì.Êîëìîãîðîâà [95]. Âîíà iñòîòíî

âèêîðèñòîâó¹ äâi éîãî áiëüø ðàííi ïðàöi [210,211], â ÿêèõ âèêëàäåíà êëàñè÷íà

òåîðiÿ ìàðêîâñüêèõ âèïàäêîâèõ ïðîöåñiâ, ùî ôóíêöiîíóþòü ó íåïåðåðâíîìó

÷àñi. Ïåðøèé âàðiàíò ñó÷àñíî¨ êîíöåïöi¨ öèõ ïðîöåñiâ ðîçðîáëåíèé Äæ.Äóáîì

[212] i �. Á.Äèíêiíèì [213].
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Îòæå, ðîçãëÿäà¹òüñÿ ñèñòåìà ç n ñòåïåíÿìè âiëüíîñòi. Íåõàé q1, ..., qn �

êîîðäèíàòè ñèñòåìè. Ââàæà¹òüñÿ, ùî ó âèïàäêó, êîëè âiäîìi çíà÷åííÿ q :=

= (q1, ..., qn) i q̇ := (q̇1, ..., q̇n) ó ìîìåíò ÷àñó t, ìîæå áóòè âèçíà÷åíà ãóñòèíà

éìîâiðíîñòi G(t, q, q̇; t′, q′, q̇′) ìîæëèâèõ çíà÷åíü q′ i q̇′ êîîðäèíàò ñèñòåìè òà

¨õ ïîõiäíèõ çà ÷àñîì ó äîâiëüíèé ìîìåíò t′ > t. Ïðèïóñêà¹òüñÿ, ùî G íå

çàëåæèòü âiä ïîâåäiíêè ñèñòåìè ïåðåä ìîìåíòîì t (âiäñóòíÿ ïiñëÿäiÿ, ïðîöåñ

¹ ìàðêîâñüêèì). Äîâîäèòüñÿ, ùî ôóíêöiÿ G ¹ ÔÐÇÊ äëÿ äèôåðåíöiàëüíîãî

ðiâíÿííÿ Ôîêêåðà�Ïëàíêà

∂t′g = −
n∑
j=1

q̇
′

j∂q′jg −
n∑
j=1

∂q̇′j(fj(t
′, q′, q̇′)g) +

n∑
j,l=1

∂q̇′j∂q̇
′
l
(kjl(t

′, q′, q̇
′
)g), (1.64)

â ÿêîìó åëåìåíòè kjl, {j, l} ⊂ Nn, ìàòðèöi äèôóçi¨ i êîîðäèíàòè fj, j ∈ Nn,

âåêòîðà ïåðåíîñó âèçíà÷àþòüñÿ ç ðiâíîñòåé

M(∆q̇j)
2 = kjj(t, q, q̇)∆t+ o(∆t),

M(∆q̇j∆q̇l)
2 = kjl(t, q, q̇)∆t+ o(∆t),

M(∆q̇j) = fj(t, q, q̇)∆t+ o(∆t),

äå M � ñèìâîë ìàòåìàòè÷íîãî ñïîäiâàííÿ.

Òåîðiÿ Óëåíáåêà�Îðíøòåéíà áðîóíiâñüêîãî ðóõó âiëüíî¨ ÷àñòèíêè îäåð-

æó¹òüñÿ iç çàãàëüíî¨ òåîði¨ À.Ì.Êîëìîãîðîâà ïðè n = 1 (òàê ùî îñíîâíå

ðiâíÿííÿ öi¹¨ òåîði¨ ìà¹ âèãëÿä (1.37)), f = −αq (äå α = β/m, m � ìàñà

÷àñòèíêè, β � êîåôiöi¹íò ïðè ñèëi â'ÿçêîãî òåðòÿ, ÿêèé äîðiâíþ¹ 6πσµ äëÿ

ñôåðè÷íî¨ ÷àñòèíêè ðàäióñà σ), à k = k0T/mβ.

Ðiâíÿííÿ (1.37) ¹ ïðîòîòèïîì ñiì'¨ åâîëþöiéíèõ ðiâíÿíü, ÿêi âèíèêàþòü ó

êiíåòè÷íié òåîði¨ ãàçó. Ó íàéáiëüø çàãàëüíîìó âèïàäêó òàêi ðiâíÿííÿ çàïèñó-

þòü ó ôîðìi

Su = I(u). (1.65)

Òóò ôóíêöiÿ R2n 3 x→ u(x, t) ∈ R ¹ ãóñòèíîþ ÷àñòèíîê, ùî ìàþòü ó ìîìåíò
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÷àñó t øâèäêîñòi (x1, ..., xn) i êîîðäèíàòè (xn+1, ..., x2n);

Su :=
n∑
j=1

xj∂xn+j
u+ ∂tu

¹ òàê çâàíîþ ïîâíîþ ïîõiäíîþ âiä u, à I(u) îïèñó¹ ðiçíîãî ðîäó çiòêíåííÿ.

Âèðàç I(u) ìîæå ìàòè ÿê ëiíiéíó, òàê i íåëiíiéíó ôîðìó. Íàïðèêëàä, ó âèïàäêó

çâè÷àéíîãî ðiâíÿííÿ Ôîêêåðà�Ïëàíêà ìà¹ìî

I(u) = −
n∑

j,l=1

ajl∂xj∂xlu+
n∑
j=1

aj∂xju+ au, (1.66)

äå ajl, aj, a � ôóíêöi¨ âiä (t, x). Òðàïëÿ¹òüñÿ, ùî I(u) ìà¹ äèâåðãåíòíó ôîðìó

I(u) = −
n∑

j,l=1

∂xj

(
ajl∂xlu+ bju

)
+

n∑
j=1

aj∂xju+ cu, (1.67)

Ó ðiâíÿííi Ôîêêåðà�Ïëàíêà�Ëàíäàó íåëiíiéíèé îïåðàòîð çiòêíåíü I(u)

ìà¹ âèãëÿä

I(u) =
n∑

j,l=1

∂xj

(
ajl(z, u)∂xlu+ bj(z, u)

)
, (1.68)

â ÿêîìó êîåôiöi¹íòè ajl i bj çàëåæàòü âiä z ∈ R2n+1 òà íåâiäîìî¨ ôóíêöi¨ u ÷å-

ðåç äåÿêi iíòåãðàëüíi âèðàçè. Öåé îïåðàòîð ¹ ñïðîùåíèì âàðiàíòîì îïåðàòîðà

çiòêíåíü Áîëüöìàíà (ìîäåëi íàâåäåíi â [214�216]).

Ó ïðàöi À.Ì. Iëü¨íà i Ð. Ç.Õàñüìiíñüêîãî [217] ðîçãëÿäà¹òüñÿ ôiçè÷íà çà-

äà÷à, ìàòåìàòè÷íèé àïàðàò ðîçâ'ÿçóâàííÿ ÿêî¨ áëèçüêèé äî çàïðîïîíîâàíîãî

â ïðàöi [209]. Ó íié âèâ÷à¹òüñÿ ðóõ ÷àñòèíêè ìàñèm â ïîëi ñèë F . Ââàæà¹òüñÿ,

ùî ñåðåäîâèùå, â ÿêîìó âiäáóâà¹òüñÿ ðóõ, çàïîâíåíå îäíîðiäíèìè ÷àñòèíêàìè

ìàñè µ, ç ÿêèìè ðîçãëÿäóâàíà ÷àñòèíêà ìîæå çiøòîâõóâàòèñÿ, çìiíþþ÷è ñâîþ

øâèäêiñòü çà çàêîíîì ïðóæíîãî óäàðó. Ââàæà¹òüñÿ, ùî ðîçïîäië øâèäêîñòåé

÷àñòèíîê ñåðåäîâèùà çàäàíèé i íå çàëåæèòü âiä ðóõó ÷àñòèíêè ìàñè m, à âè-

ïàäêîâå ÷èñëî çiòêíåíü çà ÷àñ t ¹ ïðîöåñîì Ïóàññîíà ç ïàðàìåòðîì a. Ïðè

öèõ ïðèïóùåííÿõ ìiñöåçíàõîäæåííÿ Xµ(t) i øâèäêiñòü Ẋµ(t) ÷àñòèíêè ìàñè

m â ìîìåíò t óòâîðþþòü ó ñóêóïíîñòi ìàðêîâñüêèé ïðîöåñ {Xµ(t), Ẋµ(t)}.

Äîâîäèòüñÿ, ùî ïðè a → ∞, aµ → A/2 = const i íåçìiííié òåìïåðàòóði ñå-

ðåäîâèùà T öåé ïðîöåñ çáiãà¹òüñÿ äî ïðîöåñó áðîóíiâñüêîãî ðóõó â ôàçîâîìó
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ïðîñòîði, ãóñòèíà ïåðåõiäíèõ iìîâiðíîñòåé ÿêîãî ¹ ÔÐÇÊ äëÿ ðiâíÿííÿ

∂tu =
n∑
j=1

ẋj∂xju+
n∑
j=1

Fj(x)∂ẋju+
A

m

(
T

9m

n∑
j=1

∂2
ẋj
u− 1

3

n∑
j=1

ẋj∂ẋju

)
. (1.69)

Ó ïðàöi [217] äîâåäåíî iñíóâàííÿ ÔÐÇÊ G(t, x, y; ξ, η) äëÿ ðiâíÿííÿ

∂tu = y∂xu+ a∂2
yu+ g(x, y)∂yu, {x, y} ⊂ R, (1.70)

äå a � äîäàòíà ñòàëà, à ôóíêöiÿ g ¹ îáìåæåíîþ i ìà¹ íåïåðåðâíi òà îáìå-

æåíi ïîõiäíi çà x i y. Äëÿ ôóíêöi¨ G i ¨ ¨ ïîõiäíèõ îäåðæàíi îöiíêè òà äîâåäå-

íî, ùî öÿ ôóíêöiÿ ¹ ãóñòèíîþ ïåðåõiäíèõ iìîâiðíîñòåé ìàðêîâñüêîãî ïðîöåñó

{X(t), Y (t)}, âèçíà÷åíîãî ÿê ðîçâ'ÿçîê ñèñòåìè ñòîõàñòè÷íèõ äèôåðåíöiàëü-

íèõ ðiâíÿíü Iòî [218] dX = Y (t)dt,

dY = g(X(t), Y (t))dt+
√
adξ(t),

äå {ξ(t)} � âiíåðiâñüêèé ïðîöåñ.

Êðiì òîãî, â ïðàöi [217] äîñëiäæåíà àñèìïòîòè÷íà ïîâåäiíêà ðîçâ'ÿçêiâ

çàäà÷i Êîøi äëÿ ðiâíÿííÿ (1.70) çà ðiçíèõ ïðèïóùåíü ùîäî ïîðÿäêó âåëè÷èí

A, T i m. Îäåðæàíî ÷ëåíè àñèìïòîòè÷íèõ ðîçêëàäiâ çà ñòåïåíÿìè ìàëîãî ïà-

ðàìåòðà, çîêðåìà ïðè A→∞ i m/A→ 0.

Âiäîìî [212, 213], ùî íåâèðîäæåíi äèôóçiéíi ïðîöåñè ç äîñèòü ðåãóëÿðíè-

ìè õàðàêòåðèñòèêàìè ìàþòü ãëàäêó ïåðåõiäíó ãóñòèíó. Âèðîäæåííÿ ìàòðèöi

äèôóçi¨, âçàãàëi êàæó÷è, ïðèçâîäÿòü äî âiäñóòíîñòi ãóñòèíè â ïåðåõiäíî¨ ôóíê-

öi¨. Ïðîòå, iñíóþòü äåÿêi êëàñè âèðîäæåíèõ ïðîöåñiâ, ó ÿêèõ ¹ ãëàäêà ãóñòèíà.

Äî òàêèõ ïðîöåñiâ, ÿê óêàçàíî âèùå, âiäíîñÿòüñÿ ïðîöåñè áðîóíiâñüêîãî ðóõó

ç iíåðöi¹þ, ðîçãëÿíóòi À.Ì.Êîëìîãîðîâèì, À.Ì. Iëü¨íèì i Ð. Ç.Õàñüìiíñüêèì,

à òàêîæ âèðîäæåíi ïðîöåñè I.Ì.Ñîíiíà [98].

Ðîçãëÿíåìî çàãàëüíó ôiíàíñîâó ìîäåëü ìàðêîâñüêîãî òèïó, â ÿêié äèíà-

ìiêà âèçíà÷à¹òüñÿ ñòîõàñòè÷íèì äèôåðåíöiàëüíèì ðiâíÿííÿì â N -âèìiðíîìó

ïðîñòîði ñòàíiâ

dXt = (BXt + b(t,Xt))dt+ σ(t,Xt)dWt, (1.71)
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äå W � d-âèìiðíèé ñòàíäàðòíèé âiíåðiâñüêèé ïðîöåñ, d ≤ N , σ = σ(t, x) �

ìàòðèöÿ ðîçìiðó N × d, B = (bjl)
N
j,l=1 � ñòàëà ìàòðèöÿ , âåêòîð b = (b1, ..., bN)

òàêèé, ùî 0 = bd+1 = ... = bN .

Òàêi ðiâíÿííÿ âèíèêàþòü ïðè âèâ÷åííi ìàòåìàòè÷íèõ ìîäåëåé îïöiîíiâ

(âiäîìèõ ìîäåëåé Áëåêà�Øîóëçà, Ðîäæåðñà; äèâ. îãëÿä [153] i íàâåäåíi òàì

ïîñèëàííÿ).

Çà ïåâíèõ ïðèïóùåíü íà ìàòðèöi σ, B, b â ïðàöi [219] äîâåäåíî iñíóâàí-

íÿ òà ¹äèíiñòü ñëàáêîãî ðîçâ'ÿçêó ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿí-

íÿ (1.71), à òàêîæ óñòàíîâëåíî, ùî ãóñòèíà éìîâiðíîñòåé ïåðåõîäó ñëàáêîãî

ðîçâ'ÿçêó öüîãî ðiâíÿííÿ ¹ ÔÐÇÊ äëÿ ðiâíÿííÿ âèãëÿäó

1

2

d∑
j,l=1

ajl(t, x)∂xj∂xlu(t, x) +
N∑

j,l=1

bjlxj∂xlu(t, x)+

+
d∑
j=1

bj(t, x)∂xju(t, x) + ∂tu(t, x) = 0.

Îñòàííiì ÷àñîì äîñëiäæåííþ ìàòåìàòè÷íèõ ìîäåëåé îïöiîíiâ ïðèñâÿ÷åíà

âåëèêà êiëüêiñòü ïðàöü (äèâ. [154, 220�226]). Ó öèõ ïðàöÿõ âèâ÷àþòüñÿ àíàëi-

òè÷íèìè, éìîâiðíiñíèìè i ÷èñëîâèìè ìåòîäàìè ðiçíîìàíiòíi çàäà÷i, ïîâ'ÿçàíi

ç òàêèìè ìîäåëÿìè.

Óëüòðàïàðàáîëi÷íi äèôåðåíöiàëüíi ðiâíÿííÿ ç íåëiíiéíîþ ïîâíîþ ïîõiä-

íîþ âèãëÿäó

∆xu+ ∂yg(u)− ∂tu = f, x := (x1, ..., xn) ∈ Rn, {y, t} ⊂ R, (1.72)

âèíèêàþòü ïðè âèâ÷åííi ìîäåëåé êîíâåêöi¨-äèôóçi¨ [227,228] òà ìîäåëåé öiíè

îïöiîíiâ ç ïàì'ÿòòþ [229]. Òàê, ëiíåàðèçîâàíå ðiâíÿííÿ (1.72)

g′(u)∂yv − ∂tv = −∆xv,

ÿêùî ïîõiäíà g′(u) 6= 0 i äîñèòü ãëàäêà, ìîæå áóòè çâåäåíå äî ðiâíÿííÿ Êîë-

ìîãîðîâà
n∑
j=1

∂2
xj
u+ x1∂xn+1

u− ∂tu = 0.
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Êëàñ K4 ¹ òàêîæ óçàãàëüíåííÿì ðiâíîìiðíî ïàðàáîëi÷íèõ çà Ïåòðîâñü-

êèì ðiâíÿíü. Ó 1960 ð. Ñ.Ä.Åéäåëüìàí [230] âèäiëèâ i ïî÷àâ äîñëiäæóâàòè íî-

âèé êëàñ ñèñòåì �êëàñ
−→
2b-ïàðàáîëi÷íèõ ñèñòåì. Öi ñèñòåìè ¹ ïðèðîäíèì óçà-

ãàëüíåííÿì ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ñèñòåì íà âèïàäîê, êîëè ïðîñòîðîâi

çìiííi íåðiâíîïðàâíi. Äëÿ òàêèõ ñèñòåì Ñ.Ä.Åéäåëüìàíîì i Ñ.Ä. Iâàñèøåíèì

[140,230] ïîáóäîâàíèé i äåòàëüíî äîñëiäæåíèé ÔÐÇÊ â ïðèïóùåííi, ùî êîå-

ôiöi¹íòè ¹ îáìåæåíèìè íåïåðåðâíèìè ôóíêöiÿìè, ÿêi çàäîâîëüíÿþòü çà ïðî-

ñòîðîâèìè çìiííèìè óìîâó Ãåëüäåðà âiäíîñíî ñïåöiàëüíî¨
−→
2b-ïàðàáîëi÷íî¨ âiä-

ñòàíi.

Ïîáóäîâi òà âèâ÷åííþ âëàñòèâîñòåé ÔÐÇÊ äëÿ
−→
2b-ïàðàáîëi÷íî¨ ñèñòå-

ìè çà óìîâè, ùî ¨¨ êîåôiöi¹íòè çàäîâîëüíÿþòü óìîâó Äiíi, ïðèñâÿ÷åíi ïðàöi

Ì. I.Ìàòié÷óêà [231] òà Ì. I.Ìàòié÷óêà i Ñ.Ä.Åéäåëüìàíà [232].

Ïîáóäîâàíèé é äîñëiäæåíèé ÔÐÇÊ çíàéøîâ ðiçíîìàíiòíi âàæëèâi çàñòî-

ñóâàííÿ äî âèâ÷åííÿ âíóòðiøíiõ âëàñòèâîñòåé ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ çà Ïåò-

ðîâñüêèì i çà Åéäåëüèàíîì ñèñòåì, äîñëiäæåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çà-

äà÷i Êîøi â øèðîêèõ êëàñàõ ôóíêöié, îäåðæàííÿ iíòåãðàëüíîãî çîáðàæåííÿ

ðîçâ'ÿçêiâ çàäà÷i Êîøi òà ðîçâ'ÿçêiâ, ÿêi âèçíà÷åíi ó âiäêðèòîìó øàði Π(0,T ],

âñòàíîâëåííÿ ëîêàëüíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ êâàçiëiíiéíèõ i íåëiíié-

íèõ ñèñòåì, äîñëiäæåííÿ ìîæëèâîñòi ïðîäîâæåííÿ ¨õ ðîçâ'ÿçêiâ íà øèðøèé

÷àñîâèé iíòåðâàë òà ií. Öi ðåçóëüòàòè äåòàëüíî âèêëàäåíi â ìîíîãðàôiÿõ

[2,3,4,14] òà ñòàòòÿõ [7,11,14,233].

Äåòàëüíiøå çóïèíèìîñü íà ïðàöi Ñ.Ä. Iâàñèøåíà i Ñ.Ä.Åéäåëüìàíà [140],

â ÿêié ïiäâåäåíî ïåâíèé ïiäñóìîê äîñëiäæåíü
−→
2b-ïàðàáîëi÷íèõ ñèñòåì äî

1968 ð. Ó íié ïðîâåäåíî äîñèòü ïîâíå i òî÷íå äîñëiäæåííÿ ÔÐÇÊ Z çàäà÷i

Êîøi òà ¨¨ âëàñòèâîñòåé, âëàñòèâîñòåé ïîðîäæåíèõ Z ïîòåíöiàëiâ, , çíàéäåíî

êëàñè êîðåêòíîñòi çàäà÷i Êîøi äëÿ ëiíiéíèõ ñèñòåì ïðè ðiçíèõ ïðèïóùåííÿõ

ùîäî êîåôiöi¹íòiâ i íåîäíîðiäíîñòi ñèñòåì òà ïî÷àòêîâèõ ôóíêöié, âñòàíîâ-

ëåíî ëîêàëüíó ðîçâ'ÿçíiñòü íåëiíiéíèõ ñèñòåì i âèâ÷åíî ïèòàííÿ ïðî ïðîäîâ-

æåííÿ ¨¨ ðîçâ'ÿçêiâ íà øèðøèé ÷àñîâèé iíòåðâàë, îäåðæàíî âíóòðiøíi îöiíêè
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ðîçâ'ÿçêiâ òà äîâåäåíî ãiïîåëiïòè÷íiñòü
−→
2b-ïàðàáîëi÷íèõ ñèñòåì. Öi ðåçóëüòà-

òè, ç îäíîãî áîêó, óçàãàëüíþþòü ðåçóëüòàòè ç [3] äëÿ ïàðàáîëi÷íèõ çà Ïåò-

ðîâñüêèì ñèñòåì, à ç äðóãîãî�óòî÷íþþòü i äîïîâíþþòü ¨õ. Âàæëèâèì ¹ òà-

êîæ òå, ùî â [140], ç íàëåæíîþ ïîâíîòîþ, âèêëàäåíî âñi åòàïè äîñëiäæåííÿ

êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷ Êîøi, ÿêå ãðóíòó¹òüñÿ íà ìåòîäàõ òåîði¨ ïîòåí-

öiàëó. Êîðîòêî îõàðàêòåðèçó¹ìî ¨õ. Íàñàìïåðåä íåîáõiäíî ìàòè ïîâíèé îïèñ

ÔÐÇÊ Z òàêî¨ ñèñòåìè, âêëþ÷àþ÷è îöiíêè Z òà ¨¨ ïîõiäíèõ, à òàêîæ îöií-

êè ¨õ ïðèðîñòiâ çà âñiìà çìiííèìè. Öi ðåçóëüòàòè äëÿ Z âèêîðèñòîâóþòüñÿ

ïðè äîñëiäæåííi âëàñòèâîñòåé ïîòåöiàëiâ, ïîðîäæåíèõ ÔÐÇÊ. Â îñíîâíîìó öå

âëàñòèâîñòi, ÿêi ïîâ'ÿçàíi ç ãëàäêiñòþ iíòåãðàëiâ Ïóàññîíà òà îá'¹ìíèõ ïîòåí-

öiàëiâ çà ðiçíèõ ïðèïóùåíü ùîäî ¨õ ãóñòèí. Ïîòðiáíà òàêîæ iíôîðìàöiÿ ïðî

iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi, à ñàìå ïðî òå, äî ÿêîãî ïðî-

ñòîðó ïîâèíåí íàëåæàòè ðîçâ'ÿçîê çàäà÷i Êîøi, ùîá éîãî ìîæíà áóëî ïîäàòè

ó âèãëÿäi ñóìè iíòåãðàëà Ïóàññîíà òà îá'¹ìíîãî ïîòåíöiàëó. Ïðîñòîðè, äî ÿêèõ

íàëåæàòü ðîçâ'ÿçêè,�öå áàíàõîâi ïðîñòîðè ôóíêöié, ùî ìîæóòü çðîñòàòè åêñ-

ïîíåíöiàëüíî ïðè |x| → ∞ i ñòåïåíåâèì ñïîñîáîì ïðè t → 0. Çà äîïîìîãîþ

çàçíà÷åíèõ âëàñòèâîñòåé äîâîäèòüñÿ, ùî âñÿêèé ðåãóëÿðíèé ðîçâ'ÿçîê, òîáòî

òàêèé, ùî ìà¹ íåïåðåðâíi ïîõiäíi, ÿêi âõîäÿòü ó ñèñòåìó, íàëåæèòü äî äåÿêîãî

ãåëüäåðîâîãî ïðîñòîðó i íîðìà ðîçâ'ÿçêó â öüîìó ïðîñòîði îöiíþ¹òüñÿ ÷åðåç

âiäïîâiäíi íîðìè íåîäíîðiäíîñòi ñèñòåìè òà ïî÷àòêîâî¨ ôóíêöi¨. Àëå äîñÿã-

òè âiäðàçó ãëàäêîñòi, ÿêà äîïóñêà¹òüñÿ äîñëiäæóâàíîþ ñèñòåìîþ íå âäà¹òü-

ñÿ. Ñïî÷àòêó äîâîäèòüñÿ, ùî ðîçâ'ÿçîê íàëåæèòü äî ãåëüäåðîâîãî ïðîñòîðó ç

ïîêàçíèêîì Ãåëüäåðà, íèæ÷èì âiä âiäïîâiäíîãî ïîêàçíèêà äëÿ êîåôiöi¹íòiâ i

íåîäíîðiäíîñòi ñèñòåìè. Ïîòiì, âèêîðèñòàâøè iíøå çîáðàæåííÿ ðîçâ'ÿçêó òà

ñïåöiàëüíó òåõíiêó, äîâîäèòüñÿ, ùî ðîçãëÿäóâàíèé ðîçâ'ÿçîê íàëåæèòü äî ïî-

òðiáíîãî ïðîñòîðó. Îöiíêè øàóäåðîâîãî òèïó äëÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi îäåð-

æàíi â [140] i äëÿ âèïàäêó ïî÷àòêîâèõ ôóíêöié, ãëàäêiñòü ÿêèõ íå ¹ äîñòàòíüîþ

äëÿ òîãî, ùîá ¨õ ïiäñòàâëÿòè â ñèñòåìó. Îäåðæàíi çà äîïîìîãîþ òàêîãî ïiä-

õîäó ðåçóëüòàòè ¹ ïîâíèìè, òî÷íèìè i â ïåâíîìó ðîçóìiííi îñòàòî÷íèìè äëÿ
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ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì i çà Åéäåëüìàíîì ñèñòåì ðiâíÿíü, êîåôiöi¹íòè

ÿêèõ çàäîâîëüíÿþòü óìîâó Ãåëüäåðà çà ñóêóïíiñòþ çìiííèõ.

Ó ïðàöi [234] Â.Î.Cîëîííèêîâèì ïîáóäîâàíà øàóäåðîâà òà Lp-òåîði¨

ðîçâ'çíîñòi êðàéîâèõ çàäà÷ i, çîêðåìà, çàäà÷i Êîøi, äëÿ çàãàëüíèõ ïàðàáîëi÷-

íèõ ñèñòåì, ç ðiâíîïðàâíèìè ïðîñòîðîâèìè çìiííèìè, àëå âèêîðèñòàíà íèì

ìåòîäèêà íå ïîâ'ÿçàíà áåçïîñåðåäíüî ç ÔÐÇÊ, ¨õ âëàñòèâîñòÿìè òà iíøèìè

ñïåöèôi÷íèìè ìåòîäàìè òåîði¨ ïîòåíöiàëó.

Çàçíà÷èìî, ùî â ïðàöÿõ [3,140,233] òà iíøèõ ïðè îäåðæàííi iíòåãðàëü-

íîãî çîáðàæåííÿ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì i
−→
2b-ïàðàáîëi÷íèõ

ñèñòåì äîñòàòíi óìîâè, ùî íàêëàäàëèñü íà ðîçâ'ÿçêè, íå çàâæäè çáiãàëèñü ç

íåîáõiäíèìè. Ó ïðàöÿõ [141,235] Ñ.Ä. Iâàñèøåíèì âïåðøå çíàéäåíî íåîáõiäíi é

äîñòàòíi óìîâè, çà ÿêèõ ðîçâ'ÿçêè îäíîðiäíèõ
−→
2b-ïàðàáîëi÷íèõ (i, îòæå, ïàðà-

áîëi÷íèõ çà Ïåòðîâñüêèì) ñèñòåì, ÿêi âèçíà÷åíi â øàði Π(0,T ], çîáðàæóþòüñÿ ó

âèãëÿäi iíòåãðàëiâ Ïóàññîíà ôóíêöié àáî óçàãàëüíåíèõ ìið çi ñïåöiàëüíèõ âà-

ãîâèõ ïðîñòîðiâ. Ç'ÿñîâàíî òàêîæ, â ÿêîìó ñåíñi öi ðîçâ'ÿçêè çàäîâîëüíÿþòü

ïî÷àòêîâi óìîâè.

Ó äèñåðòàöiéíié ðîáîòi ðîçãëÿäàþòüñÿ êëàñè ðiâíÿíü, ÿêi ìàþòü âè-

ðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi. Òîìó çóïèíèìîñü íà îãëÿäi ïðàöü,

ïîâ'ÿçàíèõ ç òàêèìè ðiâíÿííÿìè i ñèñòåìàìè.

Ó ïðàöÿõ À.Ñ.Êàëàøíèêîâà [236,237] çíàéäåíî êëàñè êîðåêòíîñòi äëÿ

âèðîäæåíèõ çà ÷àñîâîþ çìiííîþ ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó, ùî

âêëþ÷àþòü çðîñòàþ÷i ôóíêöi¨. Öi ðåçóëüòàòè îäåðæàíi áåç âèêîðèñòàííÿ

ÔÐÇÊ. À.Â. Ãëóøàê òà Ñ.Ä.Øìóëåâè÷ [238] ïîáóäóâàëè ÔÐÇÊ äëÿ âèðîä-

æåíèõ íà ïî÷àòêîâié ãiïåðïëîùèíi {t = 0} ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ðiâ-

íÿíü äîâiëüíîãî ïîðÿäêó. Íèìè âèçíà÷åíî òàêîæ êëàñ êîðåêòíîñòi çàäà÷i áåç

ïî÷àòêîâèõ óìîâ. Öåé êëàñ, ïîáóäîâàíèé çà äîïîìîãîþ ÔÐÇÊ, âèÿâèâñÿ øèð-

øèì, íiæ êëàñ, îäåðæàíèé â [236]. Âií ìiñòèòü ôóíêöi¨, ÿêi çðîñòàþòü ÿê ïðè

|x| → ∞, òàê i ïðè t → 0. Ó ïðàöi Â.Ï. Ãëóøêà [239] äîâåäåíî, ùî äëÿ ñèëü-

íî âèðîäæåíîãî ðiâíÿííÿ íå ìîæíà ðîçãëÿäàòè êëàñè÷íó çàäà÷ó Êîøi ç ïî-
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÷àòêîâèìè äàíèìè, ÿêi çàäàíi â òî÷öi âèðîäæåííÿ. Òîìó ïðèðîäíî çàäàâàòè

ïî÷àòêîâó óìîâó ç äåÿêîþ âàãîþ. Ñàìå òàêi ðîçâ'ÿçêè áóëè çíàéäåíi â [238].

Ó ïðàöÿõ Â.Â. Ãîðîäåöüêîãî òà I. Â.Æèòàðþêà [196,197] âèâ÷åíi âëàñòèâî-

ñòi ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi ñëàáêèì âèðîäæåííÿì

íà ïî÷àòêîâié ãiïåðïëîùèíi òà ïî÷àòêîâèìè äàíèìè çi ñïåöiàëüíèõ ïðîñòîðiâ

óçàãàëüíåíèõ ôóíêöié.

Ó ïiäðîçäiëi 1.3 âæå àíàëiçóâàëîñü, ùî áóëî çðîáëåíî Ñ.Ä. Iâàñèøåíèì,

Î. Ã.Âîçíÿê i I. Ï.Ìåäèíñüêèì ó ïðàöÿõ [131�139] äëÿ ïàðàáîëi÷íèõ

çà Ïåòðîâñüêèì ñèñòåì ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîøèíi òà

Ñ.Ä. Iâàñèøåíèì i Ë.Ï.Áåðåçàí ó ïðàöÿõ [142�145] äëÿ
−→
2b-ïàðàáîëi÷íèõ ñè-

ñòåì ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîøèíi. Òàêîæ îáãîâîðþâàëèñü ðå-

çóëüòàòè Ñ.Ä. Iâàñèøåíà i Î. Ã.Âîçíÿê ç [119,151,152] äëÿ âèðîäæåíèõ ðiâíÿíü

òèïó Êîëìîãîðîâà.

Äëÿ êâàçiëiíiéíèõ ðiâíÿíü äðóãîãî ïîðÿäêó âiäîìi äîñèòü ïîâíi ðåçóëü-

òàòè. Áiëüøiñòü ç íèõ âèêëàäåíi ó ìîíîãðàôi¨ [4] i ñòàòòi [240]. Äîñëiäæåííÿ

çàäà÷i Êîøi äëÿ êâàçiëiíiéíî¨ ïàðàáîëi÷íî¨ ñèñòåìè, ùî ìiñòèòü ãðóïó ñòàð-

øèõ ÷ëåíiâ, êîåôiöi¹íòè ÿêèõ çàëåæàòü âiä óñiõ íåçàëåæíèõ çìiííèõ, íåâiäîìî¨

ôóíêöi¨ òà ¨¨ ïîõiäíèõ ìîëîäøèõ ïîðÿäêiâ, ïðîâîäèëèñü Ñ.Ä. Åéäåëüìàíîì i

Ñ.Ä. Iâàñèøåíèì. Ðåçóëüòàòè öèõ äîñëiäæåíü äëÿ êâàçiëiíiéíèõ ïàðàáîëi÷íèõ

çà Ïåòðîâñüêèì ñèñòåì íàâåäåíî â [3], äëÿ êâàçiëiíiéíèõ ïàðàáîëi÷íèõ çà Ïåò-

ðîâñüêèì ñèñòåì i âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîøèíi â [138,139], äëÿ
−→
2b-ïàðàáîëi÷íèõ ñèñòåì� â [140]. Ó ïðàöÿõ [3,140] ðîçãëÿäàëèñü i íåëiíiéíi ïà-

ðàáîëi÷íi ñèñòåìè çàãàëüíîãî âèãëÿäó. Äîâåäåíî, ùî òàêi ñèñòåìè åêâiâàëåíòíi

êâàçiëiíiéíèì ïàðàáîëi÷íèì ñèñòåìàì îïèñàíî¨ âèùå ñòðóêòóðè.

Îñêiëüêè ðîçâ'ÿçîê íåëiíiéíî¨ ÷è êâàçiëiíiéíî¨ ïàðàáîëi÷íî¨ ñèñòåìè îäåð-

æó¹òüñÿ âèçíà÷åíèì íà äåÿêîìó ÷àñîâîìó iíòåðâàëi, ÿêèé, âçàãàëi êàæó÷è, ¹

âóæ÷èì, íiæ òîé, íà ÿêîìó çàäàíi ôóíêöi¨, ùî âèçíà÷àþòü ñèñòåìó, òî ïðèðîä-

íî âèíèêà¹ ïèòàííÿ ïðî ïðîäîâæåííÿ òàêèõ ðîçâ'ÿçêiâ íà øèðøèé ÷è íà ââåñü

÷àñîâèé iíòåðâàë, íà ÿêîìó âèçíà÷åíà ñèñòåìà. Ó [3,140] âèâ÷åíî ïèòàííÿ ïðî
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ìîæëèâiñòü ïðîäîâæåííÿ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì, à òàêîæ
−→
2b-ïàðàáîëi÷íèõ êâàçiëiíiéíèõ i íåëiíiéíèõ ñèñòåì. Çíàéäåíî óìîâè, çà ÿêèõ

òàêå ïðîäîâæåííÿ ìîæå áóòè çäiéñíåíèì, òà îïèñàíî âiäïîâiäíi êëàñè ñèñòåì.

Îêðåìî â [3] âèâ÷àëèñü ìàéæå ëiíiéíi ñèñòåìè, â ÿêèõ íåëiíiéíîþ ¹ òiëüêè

ïðàâà ÷àñòèíà. Ó öié ïðàöi äîâîäÿòüñÿ òàêîæ i äåÿêi íåëîêàëüíi òåîðåìè.

Ã.Ôóäæiòîþ [241] òà Æ.-Ë.Ëiîíñîì [242] ðîçãëÿäàëàñü çàäà÷à Êîøi äëÿ

êâàçiëiíiéíîãî ðiâíÿííÿ ∂tu = 4nu + u1+β, äå 4n� n-âèìiðíèé îïåðàòîð Ëà-

ïëàñà, β > 0. Ó öèõ ïðàöÿõ äîâåäåíî, ùî äëÿ β ≥ 2
n çàäà÷à Êîøi äëÿ òàêîãî

ðiâíÿííÿ ìà¹ ¹äèíèé ðîçâ'ÿçîê, ÿêùî ïî÷àòêîâà ôóíêöiÿ áåðåòüñÿ äîñèòü ìà-

ëîþ çà äåÿêîþ íîðìîþ. Öåé ðåçóëüòàò âèÿâèâñÿ òî÷íèì, áî, ÿê áóëî ïîêàçàíî

Ê.Õàÿêàâîþ [243], äëÿ β < 2
n ðîçâ'ÿçîê çà ñêií÷åííèé ÷àñ äîñÿãà¹ íåñêií÷åí-

íîñòi, ÿêîþ ìàëîþ íå áóëà á ïî÷àòêîâà ôóíêöiÿ. Äëÿ äîâåäåííÿ öüîãî çàäà-

÷i Êîøi ñòàâèëîñü ó âiäïîâiäíiñòü iíòåãðàëüíå ðiâíÿííÿ, ÿêå ðîçâ'ÿçóâàëîñü

ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü. Ó ïîäàëüøîìó öÿ ìåòîäèêà âèêîðèñòîâóâà-

ëàñü ó [244�246] äëÿ âñòàíîâëåííÿ ãëîáàëüíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi é äëÿ

iíøèõ ðiâíÿíü. Ó ïðàöi [247] äîâåäåíî çàãàëüíó òåîðåìó, ÿêà äëÿ øèðîêîãî

êëàñó ðiâíÿíü âèçíà÷à¹ óìîâè, çà ÿêèõ iñíó¹ ãëîáàëüíèé ðîçâ'ÿçîê çàäà÷i Êî-

øi. Ïðèðîäíèì ¹ áàæàííÿ çàñòîñóâàòè öþ òåîðåìó äî ðiâíÿíü ç ðîçãëÿäóâàíèõ

ó äèñåðòàöi¨ êëàñiâ.

Ç âèùåíàâåäåíîãî îãëÿäó ïðàöü âèïëèâàþòü òàêi âèñíîâêè òà àêòóàëüíi

ïðîáëåìè, âèðiøåííþ ÿêèõ ïðèñâÿ÷åíà äèñåðòàöiéíà ðîáîòà:

1) äëÿ ðiâíÿíü ç êëàñiâ K1 , K2 i K3 â ïðàöÿõ iíøèõ àâòîðiâ íåìà¹ ïî-

âíiñòþ îá ðóíòîâàíèõ ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ iñíóâàííÿ, òî÷íèõ îöiíîê i

âëàñòèâîñòåé êëàñè÷íèõ ÔÐÇÊ; òîìó àêòóàëüíîþ ¹ ïðîáëåìà ïðî çíàõîäæåí-

íÿ óìîâ íà êîåôiöi¹íòè ðiâíÿíü, çà ÿêèõ iñíóþòü êëàñè÷íi ÔÐÇÊ ç ïîòðiáíèìè

ïðèðîäíèìè âëàñòèâîñòÿìè, â òîìó ÷èñëi ç òî÷íèìè îöiíêàìè, ïðè öüîìó ïå-

ðåäáà÷à¹òüñÿ äåòàëüíà ðîçðîáêà ìåòîäiâ ïîâíîãî îá ðóíòóâàííÿ ðåçóëüòàòiâ;

2) äëÿ ðiâíÿíü ç êëàñó K4 ó âiäîìèõ ïðàöÿõ iíøèõ àâòîðiâ âiäñóòí¹ äå-

òàëüíå äîñëiäæåííÿ âëàñòèâîñòåé ÔÐÇÊ äëÿ êîæíîãî iç òèïiâ âèðîäæåíü íà
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ïî÷àòêîâié ãiïåðïëîùèíi; â öüîìó ïîëÿãà¹ äðóãà íåâèðiøåíà ïðîáëåìà;

3) òðåòüîþ ïðîáëåìîþ ¹ çíàõîäæåííÿ ðiçíîìàíiòíèõ çàñòîñóâàíü äëÿ ðiâ-

íÿíü ç êëàñiâ K1 , K2 , K3 i K4 , õî÷à áè àíàëîãi÷íèõ äî çàñòîñóâàíü ÔÐÇÊ

äëÿ íåâèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü.



ÐÎÇÄIË 2

ÄÎÏÎÌIÆÍI ÂIÄÎÌÎÑÒI

Ó öüîìó ðîçäiëi íàâîäÿòüñÿ îçíà÷åííÿ i âëàñòèâîñòi îöiíþâàëüíèõ ôóíê-

öié òà äåÿêèõ iíòåãðàëiâ, ùî ìiñòÿòü îöiíþâàëüíi ôóíêöi¨; ëåìè ïðî iñíóâàííÿ

òà îöiíêè ðîçâ'ÿçêiâ äåÿêèõ iíòåãðàëüíèõ ðiâíÿíü; ëåìè ïðî âëàñòèâîñòi ií-

òåãðàëiâ òèïó ïîõiäíèõ âiä îá'¹ìíèõ ïîòåíöiàëiâ; òåîðåìè ïðî âëàñòèâîñòi é

îöiíêè ÔÐÇÊ äëÿ äîïîìiæíèõ ðiâíÿíü ç êëàñiâ K1 , K2 , K3 i K4 . Ðåçóëüòàòè

ðîçäiëó îïóáëiêîâàíî â ïðàöÿõ [15,21,24,27,28,30,31,33,34,36].

2.1. Îçíà÷åííÿ i âëàñòèâîñòi îöiíþâàëüíèõ ôóíêöié

Äëÿ êîæíîãî êëàñó Kl , l ∈ N4, âèêîðèñòîâóâàòèìåìî âiäïîâiäíó îöiíþ-

âàëüíó ôóíêöiþ E
(1)
c (t− τ, x, ξ), E(2)

c (t− τ, x, ξ), E(3)
c (t, τ, x, ξ) i E(4)

c (t, τ, x− ξ),

äå c�äîäàòíà ñòàëà, 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. Óâåäåìî ôóíêöi¨

Eq,j
c (t, zj) := exp{−ct1−qj|zj|q}, c > 0, t > 0, q > 0, zj ∈ Rnj , j ∈ N3; (2.1)

Eq,n
c (t, x) := exp{−ct1−q|x|q}, c > 0, t > 0, q > 0, x ∈ Rn; (2.2)

E2
c (t, x, ξ) :=

3∏
j=1

E2,j
c (t,Xj(t)− ξj), c > 0, t > 0, q > 0, {x, ξ} ⊂ Rn; (2.3)

En
c (t, x− ξ) :=

n∏
j=1

Eqj ,n
c (t, x− ξ), c > 0, t > 0, qj > 0, j ∈ Nn, {x, ξ} ⊂ Rn. (2.4)

Çà äîïîìîãîþ (2.3) i (2.4) îçíà÷èìî òàêi îöiíþâàëüíi ôóíêöi¨:

E(1)
c (t− τ, x, ξ) := E2

c (t− τ, x, ξ); (2.5)

E(3)
c (t, τ, x, ξ) := E2

c (B(t, τ), x, ξ); (2.6)

E(4)
c (t, τ, x− ξ) := En

c (B(t, τ), x− ξ), (2.7)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. Ó (2.6) i (2.7) τ > 0, ÿêùî B(t, 0) =∞.

Îöiíþâàëüíà ôóíêöiÿ E(2)
c (t, τ, x, ξ) ìà¹ ñêëàäíiøó ñòðóêòóðó. Çà äîïîìî-
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ãîþ ôóíêöi¨ (2.1) îçíà÷èìî ùå òàêi îöiíþâàëüíi ôóíêöi¨:

E(2,1)
c (t, x1, ξ1) := Eq,1

c (t,X1(t)− ξ1),

E(2,2)
c (t, x1, x2, ξ1, ξ2) :=

2∏
j=1

Eq,j
c (t,Xj(t)− ξj),

E(2,3)
c (t, x, ξ) :=

3∏
j=1

Eq,j
c (t,Xj(t)− ξj),

t > 0, {xj, ξj} ⊂ Rnj , j ∈ N3, {x, ξ} ⊂ Rn; (2.8)

a
(χ,Ĉ)
j (t) := (ĈΓ(χ)tχ)j(Γ(jχ+ 1))−1, t > 0, Ĉ > 0, χ ∈ (0, 1), j ∈ N ∪ {0},

(ó ôîðìóëi (2.9) Γ( · ) � àììà-ôóíêöiÿ Åéëåðà); (2.9)

E
(2,χ,1)

c,Ĉ
(t, x1, ξ1) := E(2,1)

c (t, x1, ξ1)F
(2,χ,1)

c,Ĉ
(t, x1, ξ1),

F
(2,χ,1)

c,Ĉ
(t, x1, ξ1) :=

∞∑
j=0

a
(χ,Ĉ)
j (t)E

(2,1)
cδj (t, x1, ξ1), t > 0, {x1, ξ1} ⊂ Rn1; (2.10)

E
(2,χ,2)

c,Ĉ
(t, x1, x2, ξ1, ξ2) := E(2,1)

c (t, x1, ξ1)F
(2,χ,2)

c,Ĉ
(t, x1, x2, ξ1, ξ2),

F
(2,χ,2)

c,Ĉ
(t, x1, x2, ξ1, ξ2) :=

∞∑
j=0

a
(χ,Ĉ)
j (t)E

(2,2)
cδj (t, x1, x2, ξ1, ξ2),

t > 0, {xj, ξj} ⊂ Rnj , j ∈ N2; (2.11)

E
(2,χ,3)

c,Ĉ
(t, x, ξ) := E(2,1)

c (t, x1, ξ1)F
(2,χ,3)

c,Ĉ
(t, x, ξ),

F
(2,χ,3)

c,Ĉ
(t, x, ξ) :=

∞∑
j=0

a
(χ,Ĉ)
j (t)E

(2,3)
cδj (t, x, ξ), t > 0, {x, ξ} ⊂ Rn, (2.12)

(ó ôîðìóëàõ (2.10)� (2.21) Ĉ i δ � äåÿêi äîäàòíi ñòàëi, ïðè÷îìó δ < 1).

Îòæå,

E(2)
c (t, τ, x, ξ) := E

(2,χ,3)

c,Ĉ
(t− τ, x, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (2.13)

Ðîçãëÿíåìî ôóíêöiþ

E(0)
c (t, x, ξ) := exp{−c[(4t)−1|x1 − ξ1|2 + 3t−3|x2 + 2−1t(x̂1 + ξ̂1)− ξ2|2+

+180t−5|x3 +2−1t(x′2 +ξ′2)+(12)−1t2(x′1−ξ′1)−ξ3|2]}, t > 0, {x, ξ} ⊂ Rn. (2.14)

Çàóâàæèìî, ùî ôóíêöiÿ E
(0)
c (t − τ, x, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, ç
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òî÷íiñòþ äî ñòàëîãî ìíîæíèêà âèçíà÷à¹ ÔÐÇÊ äëÿ ìîäåëüíîãî ðiâíÿííÿ ç

êëàñó K1 (òîáòî ðiâíÿííÿ çi ñòàëèìè êîåôiöi¹íòàìè). Àíàëîãi÷íî ôóíêöiÿ

E
(0)
c (B(t, τ), x, ξ), 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, âèçíà÷à¹ ÔÐÇÊ äëÿ ìîäåëüíî-

ãî ðiâíÿííÿ ç êëàñó K3 .

Ðîçãëÿäàòèìåìî òàêîæ iíòåãðàëè âiä îöiíþâàëüíèõ ôóíêöié, ÿêi çàëåæàòü

âiä ïàðàìåòðè÷íèõ òî÷îê. Âîíè âèçíà÷àþòüñÿ òàêèìè ñïiââiäíîøåííÿìè:

I
(1,sl)
0 (x; ξ) := ((t− β)(β − τ))−M

∫
Rn

E(1)
c (t− β, x, λ)E(1)

c (β − τ,Λsl(t− β), ξ)dλ,

(2.15)

I
(1,sr)
1 (x; ξ) := (t− β)−m̂1n1×

×
∫
Rn1

E2,1
c (t− β, x1 − λ1)E

(1)
c (β − τ,Λsr(t− β), ξ)dλ1, (2.16)

I
(1,s2)
2 (x1, x2; ξ) := (t− β)−m̂1n1−m̂2n2

∫
Rn1+n2

E2,1
c (t− β, x1 − λ1)×

×E2,2
c (t− β,X2(t− β)− λ2)E

(1)
c (β − τ,Λs2(t− β), ξ)dλ1dλ2, (2.17)

I
(3,sl)
0 (x; ξ) := (B(t, β)B(β, τ))−M ×

×
∫
Rn

E(3)
c (t, β, x, λ)E(3)

c (β, τ,Λsl(B(t, β)), ξ)dλ, (2.18)

I
(3,sr)
1 (x; ξ) := (B(t, β))−m̂1n1×

×
∫
Rn1

E2,1
c (B(t, β), x1 − λ1)E

(1)
c (B(β, τ),Λsr(B(t, β)), ξ)dλ1, (2.19)

I
(3,s2)
2 (x1, x2; ξ) := (B(t, β))−m̂1n1−m̂2n2

∫
Rn1+n2

E2,1
c (B(t, β), x1 − λ1)×

×E2,2
c (B(t, β), X2(B(t, β))− λ2)E

(1)
c (B(t, β),Λs2(B(t, β)), ξ)dλ1dλ2, (2.20)

I(2)
c (t, τ, x, ξ) :=

∫
Rn

E(2,3)
c (B(t, β), x, λ)E(2,3)

c (B(β, τ), λ, ξ)(B(t, β)B(β, τ))−M dλ,

c > 0, 0 < τ < β < t, {x, ξ} ⊂ Rn; (2.21)

I(2,χ,Ĉ)
c (t, τ, x, ξ) :=

∫
Rn

E(2,3)
c (t−β, x, λ)E

(2,χ,3)

c,Ĉ
(β−τ, λ, ξ) ((t− β)(β − τ))−M dλ,
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χ ∈ (0, 1], c > 0, Ĉ > 0, 0 ≤ τ < β < t, {x, ξ} ⊂ Rn; (2.22)

I
(2,sl)
0 :=

∫
Rn

E(2,3)
c (t− β, x− λ)E(2,3)

c (β − τ,Λsl(t− β), ξ)((t− β)(β − τ))−Mdλ;

(2.23)

I
(2,sr)
1 := (t−β)−m̂1n1

∫
Rn1

E(2,1)
c (t−β, x1, λ1)E

(2,3)
c (β−τ,Λsr(t−β), ξ) dλ1; (2.24)

I
(2,sr)
2 := (t− β)−m̂1n1−m̂2n2×

×
∫

Rn1+n2

E(2,2)
c (t− β, x1, x2, λ1, λ2)E

(2,3)
c (β − τ,Λsr(t− β), ξ) dλ1dλ2; (2.25)

I
(2,χ,Ĉ,sl)
0 :=

=

∫
Rn

E(2,3)
c (t− β, x−λ)E

(2,χ,3)

c,Ĉ
(β− τ,Λsl(t− β), ξ)((t− β)(β− τ))−Mdλ; (2.26)

I
(2,χ,Ĉ,sr)
1 := (t− β)−m̂1n1×

×
∫
Rn1

E(2,1)
c (t− β, x1, λ1)E

(2,χ,3)

c,Ĉ
(β − τ,Λsr(t− β), ξ) dλ1; (2.27)

I
(2,χ,Ĉ,s2)
2 := (t− β)−m̂1n1−m̂2n2×

×
∫

Rn1+n2

E(2,3)
c (t− β, x1, x2, λ1, λ2)E

(2,χ,3)

c,Ĉ
(β − τ,Λs2(t− β), ξ) dλ1dλ2. (2.28)

J
(2,χ,3)

0,c,Ĉ
(x, ξ) := ((t− β)(β − τ))−M×

×
∫
Rn

E
(2,χ,3)

c,Ĉ
(t− β, x− λ)E

(2,χ,3)

c,Ĉ
(β − τ,Λsl(t− β), ξ)dλ; (2.29)

J
(2,χ,sr)

1,c,Ĉ
:= (t− β)−m̂1n1×

×
∫
Rn1

E
(2,χ,1)

c,Ĉ
(t− β, x1, λ1)E

(2,χ,3)

c,Ĉ
(β − τ,Λsr(t− β), ξ) dλ1; (2.30)

J
(2,χ,s2)

2,c,Ĉ
:= (t− β)−m̂1n1−m̂2n2×

×
∫

Rn1+n2

E
(2,χ,2)

c,Ĉ
(t− β, x1, x2, λ1, λ2)E

(2,χ,3)

c,Ĉ
(β − τ,Λs2(t− β), ξ) dλ1dλ2. (2.31)
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Ó ôîðìóëàõ (2.15)�(2.31)

Λs0(t) := Z(s)(t), Λs1(t) := (λ1, Z
(s)
2 (t), Z

(s)
3 (t)), Λs2(t) := (λ1, λ2, Z

(s)
3 (t)),

Λs3(t) := λ, s ∈ Z3, r ∈ {2, 3}, 0 ≤ τ < β < t ≤ T, {x, z, ξ} ⊂ Rn.

Âëàñòèâîñòi îöiíþâàëüíèõ ôóíêöié íàâîäÿòüñÿ ó íàñòóïíèõ ëåìàõ.

Ëåìà 2.1. Ïðàâèëüíi òàêi òâåðäæåííÿ:

E(1)
c (t, x, ξ) ≤ E(0)

c1
(t, x, ξ) ≤ E(1)

c2
(t, x, ξ),

t > 0, {x, ξ} ⊂ Rn, 0 < c2 < c1 < c; (2.32)

E2,1
c (t− β, x1 − λ1)E

2,1
c (β − τ, λ1 − ξ1) ≤ E2,1

c (t− τ, x1 − ξ1),

0 ≤ τ < β < t, {x1, λ1, ξ1} ⊂ Rn1; (2.33)

E2,2
c (t− β,X2(t− β)− λ2)E

2,2
c (β − τ,Λ2(β − τ)− ξ2) ≤ E2,1

−c/2(t− β, x1 − λ1)×

×E2,2
c/4(t− τ,X2(t− τ)− ξ2), 0 ≤ τ < β < t, {xs, λs, ξs} ⊂ Rns, s ∈ N2; (2.34)

|Xs(t)− ξs|αE2,s
c (t,Xs(t)− ξs) ≤ C tm̂sαE2,s

c0
(t,Xs(t)− ξs),

t > 0, {xs, ξs} ⊂ Rns, s ∈ N3; (2.35)

|Xs(t)− ξs|αsE(1)
c (t, x, ξ) ≤ Ctm̂sαE(1)

c0
(t, x, ξ), t > 0, {x, ξ} ⊂ Rn, s ∈ N3; (2.36)

t−M
∫
Rn

E(1)
c (t, x, ξ) dξ = C, t > 0, x ∈ Rn; (2.37)

t−M
∫

Rn2+n3

E(1)
c (t, x, ξ)dξ2dξ3 ≤ C t−m̂1n1E2,1

c (t− τ, x1 − ξ1),

t > 0, x ∈ Rn, ξ1 ∈ Rn1; (2.38)

t−M
∫
Rn3

E(1)
c (t, x, ξ)dξ3 ≤ C t−m̂1n̂1−m̂2n2E2,1

c (t, x1 − ξ1)E
2,2
c (t,X2(t)− ξ2),

t > 0, x ∈ Rn, {xs, ξs} ⊂ Rns, s ∈ N2; (2.39)

t−m̂sns

∫
Rns

E2,s
c (t,Xs(t)− ξs)dξs = C, t > τ ≥ 0, xs ∈ Rns, s ∈ N3; (2.40)

E(1)
c (t− τ, y(s), ξ) ≤ E(1)

c0
(t− τ, x, ξ), 0 ≤ τ < t, {x, ξ} ⊂ Rn; (2.41)

E(1)
c (β − τ, Z(l)(t− β), ξ) ≤ CE

(1)
c/8(β − τ,X(t− β), ξ),
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0 ≤ τ < t1 ≤ β < t, {x, z, ξ} ⊂ Rn, l ∈ N3; (2.42)

E(1)
c (β − τ,X(t− β), ξ) ≤ E(1)

c (t− τ, x, ξ), 0 ≤ τ < β < t, {x, ξ} ⊂ Rn; (2.43)

E(1)
c (β−τ, (λ1, Z

(l)
2 (t−β), Z

(l)
3 (t−β), ξ) ≤ E

(1)
c/4(β−τ, (λ1, X2(t−β), X3(t−β)), ξ),

0 ≤ τ < t1 ≤ β < t, {x, z, ξ} ⊂ Rn, λ1 ∈ Rn1, l ∈ N3; (2.44)

E(1)
c (β − τ, (λ1, X2(t− β), X3(t− β)), ξ) ≤ E2,1

−9c/4(t− β, x1 − λ1)E
(l)
c/2(t− τ, x, ξ),

0 ≤ τ < t1 ≤ β < t, {x, ξ} ⊂ Rn, λ1 ∈ Rn1; (2.45)

E(1)
c (β − τ, (λ1, λ2, Z

(l)
3 (t− β)), ξ) ≤ CE

(1)
c/2(β − τ, (λ1, λ2, X3(t− β)), ξ),

0 ≤ τ < t1 ≤ β < t, {x, z, ξ} ⊂ Rn, λj ∈ Rnj , j ∈ N2, l ∈ Z3; (2.46)

E(1)
c (β−τ, (λ1, λ2, X3(t−β)), ξ) ≤ CE2,1

c (β−τ, λ1−ξ1)E
2,2
c (β−τ,Λ2(β−τ)−ξ2)×

×E2,1
−c/4(t− β, x1 − λ1)E

2,2
−c/2(t− β,X2(t− β)− λ2)E

2,3
c/4(t− τ,X3(t− τ)− ξ3),

0 ≤ τ < t1 ≤ β < t, {x, ξ} ⊂ Rn, λj ∈ Rnj , j ∈ N2; (2.47)

I
(1,sl)
0 (z(r); ξ) ≤ C(t− τ)−ME(1)

c0
(t− τ, x, ξ),

0 ≤ τ < t1 ≤ β < t, {x, ξ, z(s)} ⊂ Rn, {s, l, r} ⊂ Z3; (2.48)

I
(1,sl)
1 (z1; ξ) ≤ CI

(1,sl)
1 (x1; ξ) ≤ CE(1)

c0
(t− τ, x, ξ),

0 ≤ τ < t1 ≤ β < t, {x1, z1} ⊂ Rn1, ξ ∈ Rn, l ∈ Z1, {s, r} ⊂ Z3; (2.49)

I
(1,sl)
2 (z1, z2; ξ) ≤ CI

(1,sl)
2 (x1, z2; ξ) ≤ CI

(1,sl)
2 (x1, x2; ξ) ≤ CE(1)

c0
(t− τ, x, ξ),

0 ≤ τ < t1 ≤ β < t, {xr, zr} ⊂ Rnr , r ∈ N2 {x, ξ} ⊂ Rn, s ∈ Z3, (2.50)

äå C, c i c0 � äîäàòíi ñòàëi, ïðè÷îìó c0 < c, â (2.41) y(s) � òî÷êà íà âiäðiçêó

ïðÿìî¨, ùî ñïîëó÷à¹ òî÷êè x i z(s), s ∈ N3, ó ôîðìóëàõ (2.41)�(2.47) |xs −

− zs|1/m̂s ≤ (t− τ)/4, s ∈ N3, à t1 := (t+ τ)/2.

Ëåìà 2.2. Ïðàâèëüíi òàêi òâåðäæåííÿ:

E(2,3)
c (t, x, ξ) ≤ E(2,3)

c1
(t, x, ξ), {x, ξ} ⊂ Rn, 0 < c1 < c; (2.51)

E
(2,χ,3)

c,Ĉ
(t, x, ξ) ≤ F

(2,χ,3)

c,Ĉ
(t, x, ξ),

t > 0, {x, ξ} ⊂ Rn, c > 0, Ĉ > 0, χ ∈ (0, 1]; (2.52)
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E(2,1)
c (t− β, x1, λ1)E

(2,1)
c (β − τ, λ1, ξ1) ≤ E(2,1)

c (t− τ, x1, ξ1),

0 ≤ τ < β < t ≤ T, {x1, λ1, ξ1} ⊂ Rn1; (2.53)

E(2,2)
c (t− β, x1, x2, λ1, λ2)E

(2,2)
c (β − τ, λ1, λ2, ξ1, ξ2) ≤ E(2,2)

c1
(t− τ, x1, x2, ξ1, ξ2),

0 ≤ τ < β < t ≤ T, {xs, λs, ξs} ⊂ Rns, s ∈ N2,

c1 = cδ1, δ1 = min{1− 2−2/(2b−1), 2−2/(2b−1)}; (2.54)

E(2,3)
c (t− β, x, λ)E(2,3)

c (β − τ, λ, ξ) ≤ E(2,3)
c2

(t− τ, x, ξ), 0 ≤ τ < β < t ≤ T,

{x, λ, ξ} ⊂ Rn, c2 = cδ2, δ2 = min {(1− 2−2/(2b−1))δ1, 2
−2/(2b−1)}; (2.55)

E
(2,3)
2c (t, x, ξ) ≤ E(2,1)

c (t, x1, ξ1)E
(2,3)
c (t, x, ξ), c > 0, t > 0,

{x1, ξ1} ⊂ Rn1, {x, ξ} ⊂ Rn; (2.56)

|Xs(t)− ξs|αs E2,s
c (t,Xs(t)− ξs) ≤ Ctm̂sαsE2,s

c0
(t,Xs(t)− ξs),

t > 0, c0 < c, {xs, ξs} ⊂ Rns, s ∈ N3; (2.57)

|Xs(t)− ξs|αs E(2,3)
c (t, x, ξ) ≤ Ctm̂sαsE(2,3)

c0
(t, x, ξ),

t > 0, c0 < c, {xs, ξs} ⊂ Rns, s ∈ N3; (2.58)

E(3)
c (t− τ, y(s), ξ) ≤ CE(3)

c0
(t− τ, x, ξ),

0 ≤ τ < β < t, {x, ξ} ⊂ Rn, c0 < c; (2.59)

E(2,3)
c (β − τ, Z(l)(t− β), ξ) ≤ CE(2,3)

c0
(t− τ, x, ξ),

0 ≤ τ < t1 ≤ β < t ≤ T, {x, z, ξ} ⊂ Rn, c0 < c, l ∈ N3; (2.60)

E(2,3)
c (β − τ, (λ1, Z

(l)
2 (t− β), Z

(l)
3 (t− β)), ξ) ≤

≤ E2,1
−c0(t− β, x1 − λ1)E

(2,3)
c0

(t− β, x, ξ), 0 ≤ τ < t1 ≤ β < t,

{x, z, ξ} ⊂ Rn, λ1 ∈ Rn1, l ∈ N3, {c0, c1} ⊂ (0, c); (2.61)

E(2,3)
c (β − τ, (λ1, λ2, Z

(l)
3 (t− β)), ξ) ≤

≤ CE(2,1)
c (β − τ, λ1, ξ1)E

2,2
c (β − τ,Λ2(β − τ)− ξ2)×

×E2,1
−c1(t− β, x1 − λ1)E

2,2
−c2(t− β,X2(t− β)− λ2)×

×E2,3
c3

(t− τ,X3(t− τ)− ξ3), 0 ≤ τ < t1 ≤ β < t,
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{x, ξ} ⊂ Rn, λj ∈ Rnj , j ∈ N2, l ∈ N3, {c0, c1, c2} ⊂ (0, c); (2.62)

t−M
∫
Rn

E(2,3)
c (t, x, ξ) dξ = C, t > 0, x ∈ Rn; (2.63)

t−m̂2n2−m̂3n3

∫
Rn2+n3

E(2,3)
c (t, x, ξ)dξ2dξ3 ≤ C E2,1

c (t, x1 − ξ1),

t > 0, x ∈ Rn, {x1, ξ1} ⊂ Rn1; (2.64)

t−m̂3n3

∫
Rn3

E(2,3)
c (t, x, ξ) dξ3 ≤ CE(2,2)

c (t, x1, x2, ξ1, ξ2),

t > 0, x ∈ Rn, {xs, ξs} ⊂ Rns, s ∈ N2; (2.65)

t−m̂sns

∫
Rns

E2,s
c (t,Xs(t)− ξs) dξs = Cs, t > 0, {xs, ξs} ⊂ Rns, s ∈ N3; (2.66)

t−M
∫
Rn

E
(2,χ,3)

c,Ĉ
(t, x, ξ) dξ ≤ C, t > 0, x ∈ Rn; (2.67)

t−m̂2n2−m̂3n3

∫
Rn2+n3

E
(2,χ,3)

c,Ĉ
(t, x, ξ) dξ2dξ3 ≤ C E

(2,χ,1)

c,Ĉ
(t, x1, ξ1),

t > 0, x ∈ Rn, {x1, ξ1} ⊂ Rn1; (2.68)

t−m̂3n3

∫
Rn3

E
(2,χ,3)

c,Ĉ
(t, x, ξ)dξ3 ≤ CE

(2,χ,2)

c,Ĉ
(t, x1, x2, ξ1, ξ2),

t > 0, x ∈ Rn, {xs, ξs} ⊂ Rns, s ∈ N2; (2.69)

I(2)
c ≤ C1(t− τ)−ME(3)

c1
(t− τ, x, ξ), 0 ≤ τ ≤ β < t, {x, ξ} ⊂ Rn,

ε > 0, c1 = c(1− ε)δ2, C1 = 2nε−nC; (2.70)

I(2,χ,Ĉ)
c ≤ C1(t− τ)−ME

(2,χ,3)

c1,Ĉ
(t− τ, x, ξ), 0 ≤ τ ≤ β < t, {x, ξ} ⊂ Rn,

c1 i C1 � òàêi, ÿê ó (2.70); (2.71)

I
(2,sl)
0 ≤ C (t− τ)−ME(3)

c0
(t− τ, x, ξ), 0 ≤ τ < t1 ≤ β < t,

{x, ξ} ⊂ Rn, {s, l} ⊂ Z3, ïðè÷îìó β ∈ (τ, t) äëÿ l = 3; (2.72)

I
(2,sl)
1 ≤ C E(2,3)

c0
(t− τ, x, ξ), 0 ≤ τ < t1 ≤ β < t,

{x, ξ} ⊂ Rn, s ∈ Z3; (2.73)

I
(2,sl)
2 ≤ C E(2,3)

c0
(t− τ, x, ξ), 0 ≤ τ < t1 ≤ β < t,
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{x, ξ} ⊂ Rn, s ∈ Z3; (2.74)

I(2,χ,Ĉ)
c ≤ C1(t− τ)−ME

(2,χ,3)

c1,Ĉ1
(t− τ, x, ξ), 0 ≤ τ ≤ β < t, {x, ξ} ⊂ Rn,

ε > 0, c1 = c(1− ε), Ĉ1 = δ−nĈ, C1 = 2nε−nC; (2.75)

I
(2,sl)
0 ≤ C(t− τ)−ME

(2,χ,3)

c0,Ĉ
(t− τ, x, ξ), 0 ≤ τ < t1 ≤ β < t,

{x, ξ} ⊂ Rn, {s, l} ⊂ Z3, χ ∈ (0, 1), ïðè÷îìó β ∈ (τ, t) äëÿ l = 3; (2.76)

I
(2,sl)
1 ≤ C E

(2,χ,3)

c0,Ĉ
(t− τ, x, ξ), 0 ≤ τ < t1 ≤ β < t,

{x, ξ} ⊂ Rn, s ∈ Z3, χ ∈ (0, 1); (2.77)

I
(2,s2)
2 ≤ CE

(2,χ,3)

c0,Ĉ
(t− τ, x, ξ), 0 ≤ τ < t1 ≤ β < t,

{x, ξ} ⊂ Rn, s ∈ Z3, χ ∈ (0, 1); (2.78)

J
(2,χ,3)

0,c,Ĉ
(x, ξ) ≤ C(t− τ)−ME

(2,χ,3)

c0,Ĉ0
(t− τ, x, ξ), 0 ≤ τ < t1 ≤ β < t,

{x, ξ} ⊂ Rn, s ∈ Z3, χ ∈ (0, 1), c0 < c, Ĉ0 > Ĉ. (2.79)

J
(2,χ,1)

0,c,Ĉ
(x1, ξ1) ≤ C(t− τ)−ME

(2,χ,3)

c0,Ĉ0
(t− τ, x, ξ), 0 ≤ τ < t1 ≤ β < t,

{x, ξ} ⊂ Rn, s ∈ Z3, χ ∈ (0, 1), c0 < c, Ĉ0 > Ĉ. (2.80)

J
(2,χ,2)

0,c,Ĉ
(x, ξ) ≤ C(t− τ)−ME

(2,χ,3)

c0,Ĉ0
(t− τ, x, ξ), 0 ≤ τ < t1 ≤ β < t,

{x, ξ} ⊂ Rn, s ∈ Z3, χ ∈ (0, 1), c0 < c, Ĉ0 > Ĉ. (2.81)

Òóò C > 0, ó íåðiâíîñòi (2.59) y(s) � òî÷êà âiäðiçêó ïðÿìî¨, ùî ñïîëó÷à¹

òî÷êè x i z(s), s ∈ N3, ó íåðiâíîñòÿõ (2.59)�(2.62) |xs − zs |1/m̂s ≤ (t − τ)/4,

s ∈ N3, à t1 := (t+τ)/2. Ó íåðiâíîñòi (2.70) ñòàëà δ2 òàêà, ÿê â îöiíöi (2.55),

à ñòàëà C ç ðiâíîñòi (2.63).

Ëåìà 2.3. Ïðàâèëüíi òàêi òâåðäæåííÿ:

E(3)
c (t, τ, x, ξ) ≤ E(0)

c1
(B(t, τ), x, ξ) ≤ E(3)

c2
(t, τ, x, ξ),

t > τ, {x, ξ} ⊂ Rn, 0 < c2 < c1 < c; (2.82)

E2,1
c (B(t, β), x1 − λ1)E

2,1
c (B(β, τ), λ1 − ξ1) ≤ E2,1

c (B(t, τ), x1 − ξ1),

0 ≤ τ < β < t, {x1, λ1, ξ1} ⊂ Rn1; (2.83)
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E2,2
c (B(t, β), X2(B(t, β))− λ2)E

2,2
c (B(β, τ),Λ2(B(β, τ))− ξ2) ≤

≤ E2,1
−c/2(B(t, β), x1 − λ1)E

2,2
c/4(B(t, β), X2(B(t, β))− ξ2),

0 ≤ τ < β < t, {xs, λs, ξs} ⊂ Rns, s ∈ N2; (2.84)

|Xs(B(t, τ))− ξs|αEs
c (B(t, τ), Xs(B(t, τ))− ξs) ≤

≤ C(B(t, τ))m̂sαEs
c0

(B(t, τ), Xs(B(t, τ))− ξs),

t > 0, {xs, ξs} ⊂ Rns, s ∈ N3; (2.85)

|Xs(B(t, τ))− ξs|αsE(3)
c (t, τ, x, ξ) ≤ C(B(t, τ))m̂sα×

×E(3)
c0

(t, τ, x, ξ), t > 0, {x, ξ} ⊂ Rn, s ∈ N3; (2.86)

(B(t, τ))−M
∫
Rn

E(3)
c (t, τ, x, ξ) dξ = C, 0 ≤ τ < t, x ∈ Rn; (2.87)

(B(t, τ))−M
∫

Rn2+Rn3

E(3)
c (t, τ, x, ξ)dξ2dξ3 ≤ C(B(t, τ))−m̂1n1E2,1

c (B(t, τ), x1 − ξ1),

t > 0, x ∈ Rn, x1 ∈ Rn1; (2.88)

(B(t, τ))−M
∫
Rn3

E(3)
c (t, τ, x, ξ)dξ3 ≤ C(B(t, τ))−m̂1n1−m̂2n2×

×E2,1
c (B(t, τ), x1 − ξ1)E

2,2
c (B(t, τ), X2(B(t, τ))− ξ2),

t > 0, x ∈ Rn, {xs, ξs} ⊂ Rns, s ∈ N2; (2.89)

(B(t, τ))−m̂sns

∫
Rns

E2,s
c (B(t, τ), Xs(B(t, τ))− ξs)dξs = C,

0 ≤ τ < t, xs ∈ Rns, s ∈ N3; (2.90)

E(3)
c (t, τ, y(s), ξ) ≤ E(3)

c0
(t, τ, x, ξ), 0 ≤ τ < β < t, {x, ξ} ⊂ Rn; (2.91)

E(3)
c (β, τ, Z(r)(B(t, τ)), ξ) ≤ CE

(3)
c/8(t, τ,X(B(t, β)), ξ),

0 ≤ τ < t1 ≤ β < t, {x, z, ξ} ⊂ Rn, r ∈ N3; (2.92)

E(3)
c (β, τ,X(B(t, τ)), ξ) ≤ E(3)

c (t, τ, x, ξ),

0 ≤ τ < β < t, {x, ξ} ⊂ Rn; (2.93)

E(3)
c (β, τ, (λ1, Z

(r)
2 (B(t, β)), Z

(r)
3 (B(t, β))), ξ) ≤
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≤ E
(3)
c/4(β, τ, (λ1, X2(B(t, β)), X3(B(t, β))), ξ),

0 ≤ τ < t1 ≤ β < t, {x, z, ξ} ⊂ Rn, λ1 ∈ Rn1, r ∈ N3; (2.94)

E(3)
c (β, τ, (λ1, X2(B(t, β)), X3(B(t, β))), ξ) ≤ E2,1

−9c/4(B(t, β), x1 − λ1)×

×E(3)
c/2(B(t, τ), x, ξ), 0 ≤ τ < t1 ≤ β < t, {x, ξ} ⊂ Rn, λ1 ∈ Rn1; (2.95)

E(3)
c (β, τ, (λ1, λ2, Z

(r)
3 (B(t, β))), ξ) ≤ CE

(3)
c/2(B(β, τ), (λ1, λ2, X3(B(t, β))), ξ),

0 ≤ τ < t1 ≤ β < t, {x, z, ξ} ⊂ Rn, λj ∈ Rnj , j ∈ N2, r ∈ Z3; (2.96)

E(3)
c (B(β, τ), (λ1, λ2, X3(B(t, β))), ξ) ≤ CE2,1

c (B(β, τ), λ1 − ξ1)×

×E2,2
c (B(β, τ),Λ2(B(β, τ))− ξ2)E

2,1
−c/4(B(t, β), x1 − λ1)×

×E2,2
−c/2(B(t, β), X2(B(t, β))− λ2)E

2,3
c/4(B(t, τ), X3(B(t, τ))− ξ3),

0 ≤ τ < t1 ≤ β < t, {x, ξ} ⊂ Rn, λj ∈ Rnj , j ∈ N2; (2.97)

I
(3,sl)
0 (z(r); ξ) ≤ C(B(t, β))−ME(3)

c0
(t, τ, x, ξ),

0 ≤ τ < t1 ≤ β < t, {x, ξ, z(s)} ⊂ Rn, {s, l, r} ⊂ Z3; (2.98)

I
(3,sl)
1 (z1; ξ) ≤ CI

(3,sl)
1 (x1; ξ) ≤ CE(3)

c0
(t, τ, x, ξ),

0 ≤ τ < t1 ≤ β < t, {x1, z1} ⊂ Rn1, ξ ∈ Rn, l ∈ Z1, {s, r} ⊂ Z3; (2.99)

I
(3,s2)
2 (z1, z2; ξ) ≤ CI

(3,s2)
2 (x1, z2; ξ) ≤ CI

(3,s2)
2 (x1, x2; ξ) ≤ CE(3)

c0
(t, τ, x, ξ),

0 ≤ τ < t1 ≤ β < t, {xr, zr} ⊂ Rnr , r ∈ N2 {x, ξ} ⊂ Rn, s ∈ Z3, (2.100)

äå C, c i c0 � äîäàòíi ñòàëi, ïðè÷îìó c0 < c, â (2.91) y(s)� òî÷êà íà âiäðiçêó

ïðÿìî¨, ùî ñïîëó÷à¹ òî÷êè x i z(s), s ∈ N3, ó ôîðìóëàõ (2.91)�(2.97) |xs −

− zs|1/m̂s ≤ B(t, τ)/4, s ∈ N3, à t1 ÷èñëî ç óìîâè B(t, t1) = B(t1, τ).

Äîâåäåííÿ ëåì 2.1 i 2.2 íàâåäåíî â äîäàòêó Ä.1. Òâåðäæåííÿ ëåìè 2.3

äîâîäÿòüñÿ ÿê âiäïîâiäíi òâåðäæåííÿ ç ëåìè 2.1, ç óðàõóâàííÿì âëàñòèâîñòåé

îöiíþâàëüíèõ ôóíêöié (2.1), (2.3) i (2.6).

Âëàñòèâîñòi ôóíêöi¨ E(4)
c (t, τ, x − ξ), 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, îïèñó-

þòüñÿ â íàñòóïíié ëåìi, òâåðäæåííÿ ÿêî¨ äîâåäåíî â ìîíîãðàôi¨ [14].
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Ëåìà 2.4. Ïðàâèëüíi òàêi òâåðäæåííÿ:

(B(t, τ))−M0

∫
Rn

E(4)
c (t, τ, x− ξ)dξ = C, t > τ, x ∈ Rn; (2.101)

E(4)
c (t, τ, y − ξ) ≤ C E(4)

c0
(t, τ, x− ξ),

0 < τ < θ < t ≤ T, {x, ξ} ⊂ Rn; (2.102)

(p0(x, ξ))
γE(4)

c (t, τ, x− ξ) ≤ C (B(t, τ))γ/2bE(4)
c1

(t, τ, x− ξ),

0 < τ < θ < t ≤ T, {x, ξ} ⊂ Rn, γ ∈ (0, 1), (2.103)

äå C, c i c0� äîäàòíi ñòàëi, ïðè÷îìó c0 < c, â (2.102) y� òî÷êà íà âiäðiçêó

ïðÿìî¨, ùî ñïîëó÷à¹ òî÷êè x i z, p0(x, ξ) :=
( n∑
j=1

|xj−ξj|2/mj
)1/2

,M0 :=
n∑
j=1

mj.

2.2. Iñíóâàííÿ òà îöiíêè ðîçâ'ÿçêiâ äåÿêèõ iíòåãðàëüíèõ ðiâíÿíü

Ïðè çàñòîñóâàííi ìåòîäó Ëåâi äî ïîáóäîâè ÔÐÇÊ äëÿ ðiâíÿíü iç êëàñiâ

K1 i K2 âèíèêàþòü iíòåãðàëüíi ðiâíÿííÿ äðóãîãî ðîäó âîëüòåððiâñüêîãî òèïó

âèãëÿäó

u(t, x) = f(t, x) +

t∫
t0

dτ

∫
Rn

K(t, x; τ, ξ)u(τ, ξ) dξ, (t, x) ∈ Π[t0,T ], (2.104)

àáî

u(t, x) = f(t, x) +

t∫
t0

dτ

α(τ)

∫
Rn

K(t, x; τ, ξ)u(τ, ξ) dξ, (t, x) ∈ Π[t0,T ], (2.105)

ÿêùî ðiâíÿííÿ íàëåæàòü äî êëàñiâ K3 , K4 , òîáòî ìàþòü âèðîäæåííÿ íà ïî-

÷àòêîâié ãiïåðïëîùèíi.

ßäðîì iíòåãðàëüíèõ ðiâíÿíü (2.104), (2.105) ¹ íåïåðåðâíà ôóíêöiÿ

K : P 0
[t0,T ] → C, P 0

[t0,T ] :=

{
(t, x; τ, ξ) ∈

(
Π[t0,T ] × Π[t0,T ]

) ∣∣∣∣t− τ > 0

}
. (2.106)

Âiäîìî, ùî çà âiäïîâiäíèõ óìîâ íà ÿäðî K iñíó¹ ¹äèíèé ðîçâ'ÿçîê ðiâíÿí-

íÿ (2.104) äëÿ äîâiëüíî¨ ïiäõîäÿùî¨ ôóíêöi¨ f , ÿêèé âèçíà÷à¹òüñÿ ôîðìóëîþ

u(t, x) = f(t, x) +

t∫
t0

dτ

∫
Rn

R(t, x; τ, ξ)f(τ, ξ) dξ, (t, x) ∈ Π[t0,T ], (2.107)
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àáî äëÿ ðiâíÿííÿ (2.105) � ôîðìóëîþ

u(t, x) = f(t, x) +

t∫
t0

dτ

α(τ)

∫
Rn

R(t, x; τ, ξ)f(τ, ξ) dξ, (t, x) ∈ Π[t0,T ], (2.108)

Òóò

R(t, x; τ, ξ) :=
∞∑
m=1

Km(t, x; τ, ξ), (t, x; τ, ξ) ∈ P 0
[t0,T ], (2.109)

K1 := K, à Km, m > 1,� ïîâòîðíi ÿäðà, ÿêi âèçíà÷àþòüñÿ âiäïîâiäíèìè ðåêó-

ðåíòíèìè ñïiââiäíîøåííÿìè

Km(t, x; τ, ξ) =

t∫
τ

dβ

∫
Rn

K(t, x; β, y)Km−1(β, y; τ, ξ)dy, (t, x; τ, ξ) ∈ P 0
[t0,T ],

(2.110)

àáî

Km(t, x; τ, ξ) =

t∫
τ

dβ

α(β)

∫
Rn

K(t, x; β, y)Km−1(β, y; τ, ξ)dy, (t, x; τ, ξ) ∈ P 0
[t0,T ].

(2.111)

Ôóíêöiÿ R íàçèâà¹òüñÿ ðåçîëüâåíòîþ ðiâíÿííÿ (2.104) àáî (2.105), çàëåæíî

âiä òîãî, çà ÿêîþ ôîðìóëîþ (2.110) ÷è (2.111) âèçíà÷àþòüñÿ ïîâòîðíi ÿäðà.

Ó äèñåðòàöiéíié ðîáîòi ÔÐÇÊ áóäóþòüñÿ äëÿ òàêèõ êëàñiâ âèðîäæåíèõ

ïàðàáîëi÷íèõ ðiâíÿíü: K1 , K2 i K3 . Òîìó â ëåìàõ, ÿêi íàâîäÿòüñÿ íèæ÷å,

ôîðìóëþþòüñÿ óìîâè íà âiäïîâiäíi êëàñè ÿäåð, ùî âèíèêàþòü ïðè ïîáóäîâi

ÔÐÇÊ äëÿ ðiâíÿíü ç âiäïîâiäíîãî êëàñó. Äëÿ öèõ ÿäåð ðÿä (2.109) çáiãà¹òü-

ñÿ àáñîëþòíî i ðiâíîìiðíî â P δ
[t0,T ] äëÿ äîâiëüíîãî δ ∈ (0, T − t0). Òîìó, iñíó¹

ðåçîëüâåíòà (2.109) ðiâíÿííÿ (2.104) àáî (2.105) i éîãî ðîçâ'ÿçîê âèçíà÷à¹òü-

ñÿ âiäïîâiäíîþ ôîðìóëîþ (2.107) ÷è (2.108). Äëÿ ïîáóäîâè ÔÐÇÊ âèêîðèñòî-

âó¹òüñÿ ïîåòàïíèé ìåòîä Ëåâi.

Äëÿ ðiâíÿíü ç êëàñó K1 íà âñiõ (òðüîõ) åòàïàõ ìåòîäó Ëåâi âèêîðèñòî-

âó¹òüñÿ íàñòóïíà ëåìà.

Ëåìà 2.5. Íåõàé ÿäðî (2.106) ¹ íåïåðåðâíèì i çàäîâîëüíÿ¹ íåðiâíiñòü

|K(t, x; τ, ξ)| ≤ C1 (t− τ)−M+χ−1E(0)
c (t− τ, x, ξ), (t, x; τ, ξ) ∈ P 0

[t0,T ], (2.112)
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äå C1 > 0, c > 0, M = (n1 + 3n2 + 5n3)/2 i χ ∈ (0, 1). Òîäi äëÿ ðåçîëüâåíòè

ñïðàâäæó¹òüñÿ îöiíêà

|R(t, x; τ, ξ)| ≤ C (t− τ)−M+χ−1E(0)
c (t− τ, x, ξ). (2.113)

Äîâåäåííÿ. Äëÿ îöiíêè ïîâòîðíèõ ÿäåð âèêîðèñòîâó¹òüñÿ ðiâíiñòü∫
Rn

E(0)
c (t− β, x, λ)E(0)

c (β − τ, λ, ξ)
(
(t− β)(β − τ)

)−M
dλ =

= C0 (t− τ)−M E(0)
c (t− τ, x, ξ), t > τ, {x, ξ} ⊂ Rn. (2.114)

ßê óæå çãàäóâàëîñü âèùå, ôóíêöiÿ (2.14) ç òî÷íiñòþ äî ñòàëîãî ìíîæíèêà

çáiãà¹òüñÿ ç ÔÐÇÊ äëÿ ìîäåëüíîãî ðiâíÿííÿ (äèâ. [14,ñ. 188]). Äëÿ öüîãî ÔÐÇÊ

ñïðàâäæó¹òüñÿ ôîðìóëà çãîðòêè, íàñëiäêîì ÿêî¨ ¹ ðiâíiñòü (2.114).

Âèêîðèñòîâóþ÷è íåðiâíiñòü (2.112), ðiâíîñòi (2.114) i
t∫

τ

(
(t− β)(β − τ)

)χ−1
dβ = (t− τ)2χ−1 B̂(χ, χ), (2.115)

äå B̂ � áåòà-ôóíêöiÿ Åéëåðà, îòðèìó¹ìî

|K2(t, x; τ, ξ)| ≤ C2
1

t∫
τ

(
(t− β)(β − τ)

)χ−1
dβ

∫
Rn

E(0)
c (t− β, x, λ)×

×E(0)
c (β − τ, λ, ξ)

(
(t− β)(β − τ)

)−M
dλ = C2

1 C0 B̂(χ, χ)(t− τ)−M+2χ−1×

×E(0)
c (t− τ, x, ξ) = C2

1 C0 (Γ(χ))2 (Γ(2χ))−1 (t− τ)−M+2χ−1E(0)
c (t− τ, x, ξ).

Àíàëîãi÷íî îöiíþ¹ìî é íàñòóïíi ïîâòîðíi ÿäðà. Ìåòîäîì iíäóêöi¨ äîâîäèòüñÿ,

ùî äëÿ äîâiëüíîãî m ≥ 2 ñïðàâäæóþòüñÿ îöiíêè

|Km(t, x; τ, ξ)| ≤ Cm
1 Cm−1

0 (Γ(χ))m (Γ(mχ))−1 (t− τ)−M+mχ−1E(0)
c (t− τ, x, ξ).

Ç öèõ îöiíîê âèïëèâà¹ òâåðäæåííÿ ëåìè 2.5. I

Äëÿ ðiâíÿíü ç êëàñóK2 íà ïåðøîìó åòàïi ïîáóäîâè ÔÐÇÊ çàñòîñîâó¹òüñÿ

ëåìà 1.9 ç [14, ñ. 41�43], òîáòî òàêà ëåìà.

Ëåìà 2.6. ßêùî ÿäðî (2.106) ¹ íåïåðåðâíèì i äëÿ íüîãî ñïðàâäæó¹òüñÿ

íåðiâíiñòü

|K(t, x; τ, ξ)| ≤ C1 (t− τ)−M+χ−1E(2,3)
c1

(t− τ, x, ξ), (t, x; τ, ξ) ∈ P 0
[t0,T ], (2.116)
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ç äåÿêèìè ñòàëèìè C1 > 0,c1 > 0 i χ ∈ (0, 1), òî iñíó¹ ðåçîëüâåíòà (2.109),

ÿêà ¹ íåïåðåðâíîþ ôóíêöi¹þ i äëÿ ÿêî¨ ñïðàâäæó¹òüñÿ îöiíêà

|R(t, x; τ, ξ)| ≤ C2 (t− τ)−M+χ−1E
(2,χ,3)

c,Ĉ2
(t− τ, x, ξ). (2.117)

Òóò C2 > 0, Ĉ2 > 0 i c2 ∈ (0, c1) � äåÿêi äîäàòíi ñòàëi.

Îñêiëüêè íà äðóãîìó åòàïi ïîáóäîâè ÔÐÇÊ îöiíþâàëüíà ôóíêöiÿ äëÿ ÿä-

ðà K âiäïîâiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ ìà¹ âèãëÿä ñóìè ðÿäó, òî âèêîðè-

ñòîâóâàòèìåìî íàñòóïíó ëåìó.

Ëåìà 2.7. ßêùî ÿäðî (2.106) ¹ íåïåðåðâíèì i äëÿ íüîãî ñïðàâäæó¹òüñÿ

íåðiâíiñòü

|K(t, x; τ, ξ)| ≤ C3(t− τ)−M+χ−1E
(χ,3)

c3,Ĉ3
(t, x; τ, ξ), (t, x; τ, ξ) ∈ P 0

[t0,T ], (2.118)

ç äåÿêèìè ñòàëèìè C3 > 0, Ĉ3 > 0, c3 > 0 i χ ∈ (0, 1), òî iñíó¹ ðåçîëüâåíòà

(2.109), ÿêà ¹ íåïåðåðâíîþ ôóíêöi¹þ i äëÿ ÿêî¨ ñïðàâäæó¹òüñÿ îöiíêà

|R(t, x; τ, ξ)| ≤ C4(t− τ)−M+χ−1E
(χ,3)

c4,Ĉ4
(t− τ, x, ξ), (t, x; τ, ξ) ∈ P 0

[t0,T ], (2.119)

â ÿêié C4 > 0, Ĉ4 > 0, c4 > 0 � äåÿêi ñòàëi, ïðè÷îìó Ĉ4 > Ĉ3, à c4 < c3.

Äîâåäåííÿ. Ïîäiáíî äî äîâåäåííÿ ëåìè 2.6 îòðèìó¹ìî, ùî ðÿä (2.109)

ìàæîðó¹òüñÿ ðÿäîì

C0 (t− τ)−M−1

 m
0∑

m=1

(t− τ)mχE
(χ,3)

c,Ĉ1
(t, x; τ, ξ)+

+
∞∑

l=1

a
(χ,Ĉ2)
l (t− τ)E

(χ,3)

c,Ĉ1
(t, x; τ, ξ)

 =

=: C0 (t− τ)−M−1 (R1 +R2). (2.120)

Äîäàíîê R1 ìà¹ ïîòðiáíó îöiíêó

R1 ≤ (t− τ)χ

 m
0∑

m=1

T (m−1)χ

E
(χ,3)

c,Ĉ1
(t, x; τ, ξ) =

= C1 (t− τ)χE
(2,χ,3)

c,Ĉ1
(t, x; τ, ξ). (2.121)
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Äëÿ îöiíêè R2 âèêîðèñòîâó¹ìî íåðiâíîñòi (2.51), (Ä1.3)�(Ä1.5):

R2 = E2,1
c (t− τ, x1 − ξ1)

∞∑
l=1

a
(χ,Ĉ2)
l (t− τ)

∞∑
j=0

a
(2,χ,Ĉ1)
j (t− τ)E

(2,3)
cδj (t− τ, x, ξ) ≤

≤ E2,1
c (t − τ, x1 − ξ1)a

(χ,Ĉ3)
0 (t − τ)

∞∑
l=1

a
(χ,Ĉ3)
l (t − τ)E(2,3)

c (t − τ, x, ξ)+

+E2,1
c (t − τ, x1 − ξ1)

∞∑
j=1

∞∑
l=1

a
(χ,Ĉ2)
l (t − τ)a

(χ,Ĉ1)
j−l+1(t − τ)×

×E(2,3)

cδj−l+1(t − τ, x, ξ) ≤ C2E
1
c (t − τ, x1 − ξ1)(t − τ)χ

∞∑
l=0

a
(χ,Ĉ3)
l (t − τ)×

×E(2,3)

cδl
(t− τ, x, ξ) + E1

c (t− τ, x1 − ξ1)
∞∑
j=1

a
(χ,2Ĉ3)
j+1 (t− τ)×

×E(2,3)
cδj+1(t− τ, x, ξ)

j∑
l=1

2−l ≤ (C2 + C(χ))(t− τ)χE1
c (t− τ, x1 − ξ1)×

×
∞∑
j=0

a
(χ,2Ĉ3)
j (t− τ)E

(3)
c2,1δj

(t− τ, x, ξ) =

= (C2 + C(χ)) (t− τ)χE
(2,χ,3)

c1,2Ĉ3
(t− τ, x, ξ), c1 = cδ. (2.122)

Ç (2.120)�(2.122) âèïëèâà¹ îöiíêà (2.119), â ÿêié C4 = C0 max {C1, C2 +

+ C(χ)}, Ĉ4 = 2Ĉ3, à c4 = cδ, c < c3, 0 < δ < 1. I

Äëÿ ðiâíÿíü ç êëàñó K3 âèêîðèñòîâó¹òüñÿ íàñòóïíà ëåìà.

Ëåìà 2.8. Íåõàé ÿäðî (2.106) ¹ íåïåðåðâíèì i çàäîâîëüíÿ¹ íåðiâíiñòü

|K(t, x; τ, ξ)| ≤ C1 β(τ)(B(t, τ))−M+χ−1E(0)
c (B(t, τ), x, ξ), (t, x; τ, ξ) ∈ P 0

[t0,T ],

(2.123)

äå C1 > 0, c > 0, M = (n1 + 3n2 + 5n3)/2 i χ ∈ (0, 1) � äåÿêi ñòàëi. Òîäi äëÿ

ðåçîëüâåíòè ñïðàâäæó¹òüñÿ îöiíêà

|R(t, x; τ, ξ)| ≤ C (B(t, τ))−M+χ−1E(0)
c (t− τ, x, ξ). (2.124)

Äîâåäåííÿ ëåìè àíàëîãi÷íå äîâåäåííþ ëåìè 2.5, òiëüêè çàìiñòü (2.114),
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(2.115) âèêîðèñòîâóþòüñÿ âiäïîâiäíî ðiâíîñòi∫
Rn

E(0)
c (B(t, β), x, λ)E(0)

c (B(β, τ), λ, ξ)
(
B(t, β)B(β, τ)

)−M
dλ =

= C0 (B(t, τ))−M E(0)
c (B(t, τ), x, ξ), t > τ, {x, ξ} ⊂ Rn, (2.125)

i
t∫

τ

(
B(t, β)B(β, τ)

)χ−1
dβ = (B(t, τ))2χ−1 B̂(χ, χ), (2.126)

äå B̂ � áåòà-ôóíêöiÿ Åéëåðà. I

2.3. ÔÐÇÊ äëÿ äîïîìiæíèõ ðiâíÿíü

Ó öüîìó ïiäðîçäiëi íàâîäÿòüñÿ ðåçóëüòàòè ïîáóäîâè ÔÐÇÊ äëÿ ðiâíÿíü

ç êëàñiâ K1 , K2 i K3 , êîåôiöi¹íòè ÿêèõ çàëåæàòü âiä t i ïàðàìåòðà y, òîáòî

äîïîìiæíèõ ðiâíÿíü ç âiäïîâiäíèõ êëàñiâ. Äëÿ ïîáóäîâè ÔÐÇÊ ó öèõ âèïàäêàõ

çàñòîñîâó¹òüñÿ ïåðåòâîðåííÿ Ôóð'¹.

Ðîçãëÿíåìî çàäà÷ó Êîøi

L(t,y)
s u(t, x) = 0, (t, x) ∈ Π(0,T ], s ∈ N3, (2.127)

u(t, x)
∣∣
t=τ

= ϕ(x), x ∈ Rn, τ ∈ [0, T ), (2.128)

äå s ∈ N3 i ϕ �íåïåðåðâíà òà îáìåæåíà ôóíêöiÿ.

Áóäåìî ïðèïóñêàòè, ùî êîåôiöi¹íòè ç Al çàäîâîëüíÿþòü óìîâó (Al1) òà

óìîâó Ãåëüäåðà çà çìiííîþ y ó ñåíñi îçíà÷åííÿ (Al2), l ∈ N3. Ïiñëÿ çàñòîñóâàí-

íÿ ïåðåòâîðåííÿ Ôóð'¹ Fx→σ çà ïðîñòîðîâèìè çìiííèìè çàäà÷à (2.127), (2.128)

ïåðåòâîðþ¹òüñÿ â çàäà÷ó Êîøi ç ïî÷àòêîâîþ óìîâîþ

v
∣∣
t=τ

= ψ := Fx→σ[ϕ] (2.129)

äëÿ âiäïîâiäíîãî ðiâíÿííÿ ïåðøîãî ïîðÿäêó(
∂t −

n2∑
j=1

σ2j∂σ1j
−

n3∑
j=1

σ3j∂σ2j
+

n1∑
j,l=1

ajl(t, y)σjσl−

−i
n1∑
j=1

aj(t, y)σj − a0(t, y)
)
v = 0, êîëè s = 1; (2.130)
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∂t−

n2∑
j=1

σ2j∂σ1j
−

n3∑
j=1

σ3j∂σ2j
−
∑
|k1|≤2b

ak1
(t, y)(iσ1)

k1
)
v = 0, êîëè s = 2; (2.131)

[
α(t)∂t − β(t)

( n2∑
j=1

σ2j∂σ1j
+

n3∑
j=1

σ3j∂σ2j
+

n1∑
j,l=1

ajl(t, y)σjσl
)
−

−iβ(t)

n1∑
j=1

aj(t, y)σj − a0(t, y)
]
v = 0, êîëè s = 3. (2.132)

Òóò, ÿê i âèùå, i � óÿâíà îäèíèöÿ.

Ðîçâ'ÿçàâøè çàäà÷i (2.129)�(2.132) i çàñòîñóâàâøè äî ¨õ ðîçâ'ÿçêiâ îáåð-

íåíå ïåðåòâîðåííÿ Ôóð'¹ F−1
σ→z, îòðèìó¹ìî òàêi ôîðìóëè äëÿ ÔÐÇÊ:

Zs0(t, x; τ, ξ; y) =
(
F−1
σ→z
[
Vs(t, τ, y, σ)

])
(t, τ, y, z)|z=X̂s(t,τ)−ξ,

0 ≤ τ < t ≤ T, {x, y, ξ} ⊂ Rn, s ∈ N3, (2.133)

äå X̂s(t, τ) := X(t− τ), ÿêùî s ∈ N2, i X̂3(t, τ) := X(B(t, τ)),

V1(t, τ, y, σ)=exp

{
−

t∫
τ

( n1∑
j,l=1

ajl(s,y)
(
σ1k+(s−τ)η(n2−k)σ2k+

1

2
(s−τ)2η(n3−k)σ3k

)
×

×
(
σ1j + (s− τ)η(n2 − j)σ2j +

1

2
(s− τ)2η(n3 − j)σ3j

)
+

+i

n1∑
j=1

aj(t, y)
(
σ1j + (s− τ)η(n2− j)σ2j +

1

2
(s− τ)2η(n3− j)σ3j

)
− a0(t, y)

)
ds

}
,

0 ≤ τ < t ≤ T, {y, σ} ⊂ Rn, (2.134)

V2(t, τ, y, σ) = exp

{
−

t∫
τ

( ∑
|k1|≤2b

ak1
(s, y)×

×
(
σ′1 + (s− τ)σ′2 +

1

2
(s− τ)2σ3k

)k′1(σ′′1 + (s− τ)σ′′2
)k′′1 (σ′′′1 )k

′′′
1

)
ds

}
,

0 ≤ τ < t ≤ T, {y, σ} ⊂ Rn, (2.135)

V3(t, τ, y, σ) = exp

{
−

t∫
τ

β(s)
( n1∑
j,l=1

ajl(s, y)
(
σ1k +B(s, τ)η(n2 − k)σ2k+

+
1

2
(B(s, τ))2η(n3− k)σ3k

)(
σ1j +B(s, τ)η(n2− j)σ2j +

1

2
(B(s, τ))2η(n3−j)σ3j

)
+
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+i

n1∑
j=1

β(s)aj(s, y)
(
σ1j+B(s, τ)η(n2−j)σ2j+

1

2
(B(s, τ))2η(n3−j)σ3j

)
−a0(s, y)

) ds

α(s)

}
,

0 ≤ τ < t ≤ T, {y, σ} ⊂ Rn, (2.136)

Ó ôîðìóëàõ (2.134) i (2.136) η(·) � õàðàêòåðèñòè÷íà ôóíêöiÿ ìíîæèíè

[0,∞), à â (2.135) σ′1 := (σ11, . . . , σ1n3
), σ′′1 := (σ1(n3+1), . . . , σ1n2

) i σ′′′1 :=

= (σ1(n2+1), . . . , σ1n1
).

Âèêîíàâøè ïåðåòâîðåííÿ i âñòàíîâèâøè îöiíêè ôóíêöié (2.134), (2.135) i

(2.136), ïîäiáíî äî äîâåäåííÿ òåîðåìè 3.1 i âëàñòèâîñòi 3.2 ç [14, Ñ. 185, 191],

îòðèìó¹ìî âëàñòèâîñòi ÔÐÇÊ Zs0(t, x; τ, ξ; y), 0 ≤ τ < t ≤ T, {x, ξ, y} ⊂ Rn,

äëÿ ðiâíÿíü (2.127) ç s ∈ N3, ÿêi îïèñàíi â íàñòóïíèõ òåîðåìàõ.

Òåîðåìà 2.1. Íåõàé êîåôiöi¹íòè A1 ðiâíÿííÿ (2.127), ÿê ôóíêöi¨ t i y, çà-

äîâîëüíÿþòü óìîâè (A11) i (A12). Òîäi iñíó¹ êëàñè÷íèé ÔÐÇÊ Z10, äëÿ ÿêîãî

ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ10(t, x; τ, ξ; y)| ≤ Ck(t− τ)−M−MkE(1)
c (t− τ, x, ξ), (2.137)

|∆zs
ys
∂kxZ10(t, x; τ, ξ; y)| ≤ Csk(t− τ)−M−MkE(1)

c (t− τ, x, ξ)×

×

|y1 − z1|γ1, ÿêùî s = 1;

(hm̂sαs + |Ys(h)− zs|γs), ÿêùî s ∈ {2, 3},
(2.138)

à òàêîæ ðiâíîñòi

∂kx

∫
Rn

Z10(t, x; τ, ξ; y)dξ = 0,

∫
Rn

∂kxZ10(t, x; τ, ξ; y)dx = 0, k ∈ Zn+ \ {0},

(2.139)

∂k2
x2
∂k3
x3

∫
Rn2+n3

Z10(t, x; τ, ξ; y)dξ2dξ3 = 0, {k2, k3} ∈ Zn2+n3
+ \ {0}, (2.140)

∂k3
x3

∫
Rn3

Z10(t, x; τ, ξ; y)dξ3 = 0, k3 ∈ Zn3
+ \ {0}, (2.141)

∂kxZ10(t, x; τ, ξ; y) = (−∂ξ)kZ10(t, x; τ, ξ; y), (2.142)

äå 0 ≤ τ < t ≤ T, {x, ξ, y} ⊂ Rn, {xs, zs} ⊂ Rns, k := (k1, k2, k3) ∈ Zn+, s ∈ N3,

Ck, Csk� äîäàòíi ñòàëi, Mk :=
3∑
j=1

m̂j|kj|, h i γs � ÷èñëà ç âiäïîâiäíèõ óìîâ
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(1.12) � (1.14).

Òåîðåìà 2.2. Íåõàé êîåôiöi¹íòè A2 ðiâíÿííÿ (2.127), ÿê ôóíêöi¨ t i y, çà-

äîâîëüíÿþòü óìîâè (A21) i (A22). Òîäi iñíó¹ êëàñè÷íèé ÔÐÇÊ Z20, äëÿ ÿêîãî

ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ20(t, x; τ, ξ; y)| ≤ Ck(t− τ)−M−MkE(2,3)
c (t− τ, x, ξ), (2.143)

|∆zs
ys
∂kxZ20(t, x; τ, ξ; y)| ≤ Csk(t− τ)−M−MkE(2,3)

c (t− τ, x, ξ)×

×

|y1 − z1|γ1, ÿêùî s = 1;

(hm̂sαs + |Ys(h)− zs|γs), ÿêùî s ∈ {2, 3},
(2.144)

à òàêîæ ðiâíîñòi

∂kx

∫
Rn

Z20(t, x; τ, ξ; y)dξ = 0,

∫
Rn

∂kxZ20(t, x; τ, ξ; y)dx = 0, k ∈ Zn+ \ {0},

(2.145)

∂k2
x2
∂k3
x3

∫
Rn2+n3

Z20(t, x; τ, ξ; y)dξ2dξ3 = 0, {k2, k3} ∈ Zn2+n3
+ \ {0}, (2.146)

∂k3
x3

∫
Rn3

Z20(t, x; τ, ξ; y)dξ3 = 0, k3 ∈ Zn3
+ \ {0}, (2.147)

∂kxZ20(t, x; τ, ξ; y) = (−∂ξ)kZ20(t, x; τ, ξ; y), (2.148)

äå 0 ≤ τ < t ≤ T, {x, ξ, y} ⊂ Rn, {xs, zs} ⊂ Rns, k := (k1, k2, k3) ∈ Zn+, s ∈ N3,

Ck, Csk � äîäàòíi ñòàëi, ÷èñëà Mk, h i γs � òàêi, ÿê ó òåîðåìi 2.1.

Òåîðåìà 2.3. Íåõàé êîåôiöi¹íòè A3 ðiâíÿííÿ (2.127), ÿê ôóíêöi¨ t i y, çà-

äîâîëüíÿþòü óìîâè (A31) i (A32). Òîäi iñíó¹ êëàñè÷íèé ÔÐÇÊ Z30, äëÿ ÿêîãî

ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ30(t, x; τ, ξ; y)| ≤ Ck(B(t, τ))−M−MkE
(3)
c,d (t, τ, x, ξ), (2.149)

|∆zs
ys
∂kxZ2,0(t, x; τ, ξ; y)| ≤ Csk(B(t, τ))−M−MkE

(3)
c,d (t, τ, x, ξ)×

×

|y1 − z1|γ1, ÿêùî s = 1;

(B(h, τ))m̂sαs + |Ys(B(h, τ))− zs|γs), ÿêùî s ∈ {2, 3},
(2.150)
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à òàêîæ ðiâíîñòi

∂kx

∫
Rn

Z30(t, x; τ, ξ; y)dξ = 0,

∫
Rn

∂kxZ30(t, x; τ, ξ; y)dx = 0, k ∈ Zn+ \ {0},

(2.151)

∂k2
x2
∂k3
x3

∫
Rn2+n3

Z30(t, x; τ, ξ; y)dξ2dξ3 = 0, {k2, k3} ∈ Zn2+n3
+ \ {0}, (2.152)

∂k3
x3

∫
Rn3

Z30(t, x; τ, ξ; y)dξ3 = 0, k3 ∈ Zn3
+ \ {0}, (2.153)

∂kxZ30(t, x; τ, ξ; y) = (−∂ξ)kZ30(t, x; τ, ξ; y), (2.154)

äå E
(3)
c,d (t, τ, x, ξ) := E

(3)
c (t, τ, x, ξ)Ed(t, τ), Ed(t, τ) := exp{dA(t, τ)},

0 < τ < t ≤ T, {x, ξ, y} ⊂ Rn, {xs, zs} ⊂ Rns, k := (k1, k2, k3) ∈ Zn+, s ∈ N3,

Ck, Csk � äîäàòíi ñòàëi, ÷èñëà Mk, h i γs � òàêi, ÿê â òåîðåìi 2.1.

ßê âiäçíà÷àëîñü ó ïiäðîçäiëi 1.3, ó ïðàöÿõ [17,137,142�145] âèâ÷àëèñü

ÔÐÇÊ äëÿ ðiâíÿíü ç êëàñó K4 . Íàâåäåìî âiäïîâiäíi ðåçóëüòàòè ç ïðàöü

[142,145] ïðî âëàñòèâîñòi ÔÐÇÊ äëÿ òàêèõ ðiâíÿíü.

Òåîðåìà 2.4. Íåõàé êîåôiöi¹íòè A4 ðiâíÿííÿ (1.9) çàäîâîëüíÿþòü óìîâè

(A41) i (A42). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ ÔÐÇÊ Z4(t, x; τ, ξ), 0 < τ < t ≤

T, {x, ξ} ⊂ Rn, äëÿ ÿêîãî ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ4(t, x; τ, ξ) ≤ C(B(t, τ))−(M0+‖k‖)/(2b)E
(4)
c,d (t, τ, x− ξ), (2.155)

|∆x′

x ∂
k
xZ4(t, x; τ, ξ)| ≤ C

(
p0(x, x

′)
)γ4×

×(B(t, τ))−(M0+‖k‖+γ4)/(2b)
(
E

(4)
c,d (t, τ, x− ξ) + E

(4)
c,d (t, τ, x′ − ξ)

)
, (2.156)

0 < τ < t ≤ T, {x, x′, ξ} ⊂ Rn, ‖k‖ ≤ 2b,

äå E
(4)
c,d (t, τ, x− ξ) := E

(4)
c (t, τ, x− ξ)Ed(t, τ), Ed(t, τ) := exp{dA(t, τ)};

C > 0, c > 0, d ∈ R � äåÿêi ñòàëi; ÷èñëî M0 òàêå, ÿê ó ëåìi 2.4; γ4 � ñòàëà

ç óìîâè (1.14).

ßêùî äîäàòêîâî âèêîíó¹òüñÿ óìîâà (1.16), òî äëÿ Z4 ïðàâèëüíi îöiíêè

|∆t′

t ∂
k
xZ4(t, x; τ, ξ)| ≤ C

(
A(t′, t)

)1−(‖k‖−γ4)/(2b)(
B(t, τ)

)1−(M0+γ4)/(2b)×
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×
(
E

(4)
c,d (t′, τ, x− ξ) + E

(4)
c,d (t, τ, x− ξ)

)
, 0 < τ < t < t′ ≤ T,

{x, ξ} ⊂ Rn, 0 < ‖k‖ ≤ 2b. (2.157)

Íàñëiäêîì îöiíîê (2.155)�(2.157) ¹ îöiíêè

|∆t′,x′

t,x ∂
k
xZ4(t, x; τ, ξ)| ≤ C

(
p(t, x; t′, x′)

)γ4×

×(B(t, τ))−(M0+‖k‖+γ4)/(2b)
(
E

(4)
c,d (t, τ, x− ξ) + E

(4)
c,d (t′, τ, x′ − ξ)

)
,

0 < τ < t < t′ ≤ T, {x, x′, ξ} ⊂ Rn, 0 < ‖k‖ ≤ 2b, (2.158)

à òàêîæ îöiíêè∣∣∣∣∂kx ∫
Rn

Z4(t, x; τ, ξ)dξ

∣∣∣∣ ≤ C
(
B(t, τ)

)−(‖k‖−γ4)/(2b)
Ed(t, τ),

∣∣∣∣∆t′,x′

t,x ∂
k
x

∫
Rn

Z4(t, x; τ, ξ)dξ

∣∣∣∣ ≤ C
(
p(t, x; t′, x′)

)γ4
(
B(t, τ)

)−‖k‖/(2b)×
×Ed(t̃, τ), 0 < τ < t < t′ ≤ T, {x, x′, ξ} ⊂ Rn, 0 < ‖k‖ ≤ 2b, (2.159)

äå t̃ := t ïðè d ≤ 0 i t̃ := t′ ïðè d > 0.

ßêùî äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1.9), êðiì óêàçàíèõ âèùå óìîâ, âè-

êîíóþòüñÿ ùå óìîâè (A43) i (A44), òî ÔÐÇÊ Z4 ìà¹ âëàñòèâiñòü íîð-

ìàëüíîñòi, äëÿ íüîãî ïðàâèëüíà ôîðìóëà çãîðòêè òà iñíóþòü ïîõiäíi

∂k0
t ∂

k
x∂

s0
τ ∂

s
ξZ4(t, x; τ, ξ), 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, 2bk0 + ‖k‖ ≤ 2b, 2bs0 +

+ ‖s‖ ≤ 2b, äëÿ ÿêèõ ñïðàâäæóþòüñÿ îöiíêè∣∣(α(t)∂t)
k0∂kx(α(τ)∂τ)

s0∂sξZ4(t, x; τ, ξ)
∣∣ ≤

≤ C
(
B(t, τ)

)−(M0+‖k‖+‖s‖)/(2b)−k0−s0E
(4)
c,d (t, τ, x− ξ). (2.160)

2.4. Âëàñòèâîñòi îá'¹ìíèõ ïîòåíöiàëiâ

Ó öüîìó ïiäðîçäiëi îïèñóþòüñÿ âëàñòèâîñòi iíòåãðàëiâ òèïó

ul(t, x) :=

t∫
0

dτ

∫
Rn

Kl(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ], l ∈ N2, (2.161)

i

ul(t, x) :=

t∫
0

dτ

α(τ)

∫
Rn

Kl(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ], l ∈ N4 \N2. (2.162)
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ßäðîKl ¹ êîìïëåêñíîçíà÷íîþ ôóíêöi¹þ, ÿêà ìà¹ âëàñòèâîñòi ïîõiäíèõ âiä

ÔÐÇÊ Zl0, l ∈ N3, äëÿ âiäïîâiäíîãî ðiâíÿííÿ (2.127) ÷è ÔÐÇÊ Z4 äëÿ ðiâíÿííÿ

(1.9). Îöiíêè òà âëàñòèâîñòi ÔÐÇÊ Zl0, l ∈ N3, i Z4 íàâåäåíî â ïiäðîçäiëi 2.3.

Âëàñòèâîñòi iíòåãðàëiâ (2.161) i (2.162) îïèñóþòüñÿ íàëåæíiñòþ ôóíêöié ul äî

âiäïîâiäíèõ ôóíêöiîíàëüíèõ ïðîñòîðiâ çàëåæíî âiä òîãî, äî ÿêèõ ïðîñòîðiâ

íàëåæèòü ôóíêöiÿ f , à òàêîæ äîäàòêîâèõ ïðèïóùåíü ñòîñîâíî ôóíêöié, ùî

ñïðè÷èíÿþòü âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi.

Îïèøåìî âëàñòèâîñòi ÿäåð Kl, l ∈ N4. Äëÿ öüîãî ïîçíà÷èìî:

d(x;x′) :=
3∑
j=1

|xj − x′j|1/(2b(j−1)+1), d̂(x;x′) :=
3∑
j=1

|xj − x′j|1/(2j−1),

d1(x;x′;λ) := |x1 − x′1|λ +
3∑
j=2

|xj − x′j|(λ+1)/(2b(j−1)+1),

d̂1(x;x′;λ) := |x1 − x′1|λ +
3∑
j=2

|xj − x′j|(λ+1)/(2j−1),

d2(x;x′;λ) := |x1 − x′1|λ + |x2 − x′2|(λ+1)/(2b+1) + |x3 − x′3|(λ+2b+1)/(4b+1),

d̂2(x;x′;λ) := |x1 − x′1|λ + |x2 − x′2|(λ+1)/3 + |x3 − x′3|(λ+3)/5, ÿêùî t ∈ (0, T ],

{x, x′, ξ} ⊂ Rn, λ ∈ (0, 1]. Çàóâàæèìî, ùî ÿêùî d(x;x′) < 1 i d̂(x;x′) < 1, òî

d2(x;x′;λ) ≤ d1(x;x′;λ) ≤ 41−λd(x;x′)λ, {x, x′} ⊂ Rn, λ ∈ (0, 1],

i

d̂2(x;x′;λ) ≤ d̂1(x;x′;λ) ≤ 41−λd̂(x;x′)λ, {x, x′} ⊂ Rn, λ ∈ (0, 1].

Çà ÿäðà â iíòåãðàëàõ (2.161) i (2.162) áðàòèìåìî ôóíêöi¨ Kl, ÿêi ìîæóòü áóòè

ïîäàíi ó âèãëÿäi

Kl(t, x; τ, ξ) := (t− τ)−ν−MΩl(t, x; τ, ξ), l ∈ N2, (2.163)

K3(t, x; τ, ξ) := (B(t, τ))−ν−MΩ3(t, x; τ, ξ), (2.164)

K4(t, x; τ, ξ) := (B(t, τ))−ν−M0/(2b)Ω4(t, τ, z), (2.165)

äå 0 ≤ τ < t ≤ T i 0 < τ < t ≤ T, ÿêùî B(t, 0) = ∞, {x, ξ} ⊂ Rn, z :=

= (z1, ..., zn), zj := (B(t, τ))−1/(2bj)(xj − ξj), j ∈ Nn, ν ∈ (δl1 + δl3)(0, m̂2] ∪

δl2(0, 2 + 1/(2b)] ∪ δl4(0, 1], M , M0 i δlj � òàêi, ÿê âèùå.

Ôóíêöiÿ Ωl çi çíà÷åííÿìè â C äëÿ l ∈ N3 i âiäïîâiäíî â CNN äëÿ l = 4 ¹
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íåïåðåðâíîþ i çàäîâîëüíÿ¹ òàêi óìîâè:

(Bl1) ∀{t, τ} ⊂ (0, T ], τ < t, ∀x ∈ Rn, ∀l ∈ N3 :∫
Rn

Ωl(t, x; τ, ξ)dξ = 0 äëÿ ν ∈ (δl1 + δl3)(1/2, 1] ∪ δl2(1− 1/(2b), 1],

∫
Rn2+n3

Ωl(t, x; τ, ξ)dξ2dξ3 = 0 äëÿ ν ∈ (δl1 + δl3)(1, m̂2] ∪ δl2(1, 1 + 1/(2b)],

∫
Rn3

Ωl(t, x; τ, ξ)dξ3 = 0 äëÿ ν ∈ (δl1 + δl3)(m̂2, m̂3] ∪ δl21 + 1/(2b), 2 + 1/(2b)],

(B41) ∀{t, τ} ⊂ (0, T ], τ < t :∫
Rn

Ω4(t, τ, x)dx = 0;

(Bl2) ∃C > 0 ∀{t, τ} ⊂ (0, T ], τ < t, ∀{x, ξ} ⊂ Rn, ∀l ∈ N4 :

|Ωl(t, x; τ, ξ)| ≤ C[(δl1 + δl2) + (δl3 + δl4)E
d(t, τ)]Ê(l)

c (t, τ, x, ξ)},

Ω4(t, x; τ, ξ) := Ω4(t, τ, x− ξ);

(Bl3) ∃C > 0 ∀{t, τ} ⊂ (0, T ], τ < t, ∀{x, x′, ξ} ⊂ Rn, ∀l ∈ N4 :

|∆x′

x Ωl(t, x; τ, ξ)| ≤ C[(d(x;x′))γ(t− τ)−γ/(2b)δl2 + (d̂(x;x′))γ(t− τ)−γ/(2)δl1+

+(d̂(x;x′))γ(B(t, τ))−γ/(2)δl3 + (p0(x;x′))γδl4][Ê
(l)
c (t, τ, x, ξ)}+ Ê(l)

c (t, τ, x′, ξ)}];

(B44) ∃C > 0 ∀{t, t′, τ} ⊂ (0, T ], τ < t < t′, ∀x ∈ Rn :

|∆t′

t Ω4(t, τ, x)| ≤ C(A(t′, t))γ/(2b)(B(t, τ))−γ/(2b)Ed(t̃, τ)Ê(4)
c (t, τ, x, ξ};

(B45) ∃γ0 ∈ (0, γ) ∃C > 0 ∀t ∈ (0, T ] :
t∫

0

(∆(t, τ))−1+γ0/(2b) dτ
α(τ) ≤ C.

Â óìîâàõ (Bl2)�(Bl4) ïîçíà÷åíî Ê
(2)
c (t, τ, x, ξ) := E

(2,3)
c (t− τ, x, ξ),

Ê
(3)
c (t, τ, x, ξ) := E2

c (B(t, τ), x, ξ), Ê(4)
c (t, τ, x, ξ) := exp{−c

n∑
j=1

|xj|qj},

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, ÷èñëî t̃ òàêå, ÿê ó òåîðåìi 2.4. Â óìîâi (B45)

∆(t, τ) :=
t∫
τ

δ(θ)
α(θ)dθ, äå δ : [0, T ] → [0,∞) � íåïåðåðâíà ôóíêöiÿ òàêà, ùî

∆(T, 0) <∞.

Â îçíà÷åííÿ ôóíêöié Kl, l ∈ N4, âõîäÿòü ÷èñëà ν, d, c i γ, ÿêi ââàæàþòüñÿ

çàäàíèìè. ×åðåç Nl(ν, d, c, γ) ïîçíà÷èìî ñóêóïíiñòü óñiõ ôóíêöié Kl, l ∈ N3,
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âèçíà÷åíèõ ôîðìóëîþ (2.163) ÷è (2.164), â ÿêié ôóíêöiÿ Ωl çàäîâîëüíÿ¹ óìî-

âè (Bl1) � (Bl3), l ∈ N3, ïðè çàäàíèõ ν, d, c i γ. Âiäïîâiäíî Ml(ν, d, c, γ) �

ñóêóïíiñòü óñiõ ôóíêöié K4, âèçíà÷åíèõ ôîðìóëîþ (2.165), â ÿêié ôóíêöiÿ Ω4

çàäîâîëüíÿ¹ óìîâè (B41), . . . , (B4(5−l)), l ∈ {0, 1, 2}, ïðè çàäàíèõ ν, d, c, γ.

Çàóâàæèìî, ùî äëÿ ν ∈ (δl1+δl2)[1, m̂2]∪δl3[1, 2b+1/(2b)]∪δl4{1} iíòåãðàëè

(2.161) i (2.162) iç ôóíêöiÿìè Kl ∈ Nl(ν, d, c, γ), l ∈ N3, i K4 ∈ Ml(ν, d, c, γ),

l ∈ {0, 1, 2}, ðîçóìiþòüñÿ ÿê ãðàíèöi

lim
h→0

t−h∫
0

dτ

∫
Rn

Kl(t, τ, x− ξ)f(τ, ξ)dξ, l ∈ N2,

lim
h→0

t−h∫
0

dτ

α(τ)

∫
Rn

Kl(t, τ, x− ξ)f(τ, ξ)dξ, l ∈ N4 \ N2,

ÿêi äëÿ ïiäõîäÿùèõ f iñíóþòü íà ïiäñòàâi óìîâ (Bl1), l ∈ N4, àáî (B45).

Îçíà÷èìî ïðîñòîðè, äî ÿêèõ ôóíêöi¨ f i u íàëåæèòèìóòü. Öå ïðîñòîðè

ôóíêöié, ÿêi ¹ íåïåðåðâíèìè àáî çàäîâîëüíÿþòü óìîâó Ãåëüäåðà i ìàþòü ïåâíi

îáìåæåííÿ ïðè |x| → ∞. �õ ïîâåäiíêà ïðè |x| → ∞ îïèñóâàòèìåòüñÿ ôóíê-

öiÿìè

ϕ1(t, x) := exp
3∑
j=1

k1j(t, a1j)|xj|2,

ϕ2(t, x) := exp
3∑
j=1

k2j(t, a2j)|xj|q,

ϕ3(t, x) := exp
3∑
j=1

k3j(t, a3j)|xj|2,

àáî

ψ1(t, x) := exp
3∑
j=1

s1j(t)|xj|2, t ∈ [0, T ], x ∈ Rn,

ψ2(t, x) := exp
3∑
j=1

s2j(t)|xj|q, t ∈ [0, T ], x ∈ Rn,

ψ3(t, x) := exp
3∑
j=1

s3j(t)|xj|2, t ∈ [0, T ], x ∈ Rn.
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Òóò äëÿ ôiêñîâàíîãî ÷èñëà c0 ç iíòåðâàëó (0, c), äå c � ñòàëà ç óìîâ (Bl2) i (Bl3),

i äëÿ ìíîæèíè al := (al1, al2, al3) íåâiä'¹ìíèõ ÷èñåë alj, {l, j} ⊂ N3, òàêèõ, ùî

T < min
j∈N3

(c0/a1j), ÿêùî l ∈ {1, 3} i T < min
j∈N3

(c0/a1j)
(2b−1)/(2b(l−1)+1), ÿêùî l = 2.

k1j(t, a1j) := c0a1j(c0 − a1jt
2j−1)−1, j ∈ N3;

k2j(t, a2j) := c0a2j(c
2b−1
0 − a2b−1

2j t2b(j−1)+1)1−q, j ∈ N3;

k3j(t, a3j) := c0a3j(c0 − a3j(T −B(T, t))(2j−1))−1, j ∈ N3;

s11(t) := k11(t, a11) + 2t2k12(t, a12) + t4k13(t, a13),

s12(t) := 2k12(t, a12) + 4t2k13(t, a13), s13(t) := 4k13(t, a13), t ∈ [0, T ].

s21(t) := k21(t, a21) + 2q−1tqk22(t, a22) + 2q−2t2qk23(t, a23),

s22(t) := 2q−1k22(t, a22) + 4q−1tqk23(t, a23), s23(t) := 4q−1k23(t, a23), t ∈ [0, T ].

s31(t) := k31(t, a31) + 2t2k32(t, a32) + t4k33(t, a33),

s32(t) := 2k32(t, a32) + 4t2k33(t, a33), s33(t) := 4k33(t, a33), t ∈ [0, T ].

Ôóíêöi¨ kl(t) := (kl1(t, al1), kl2(t, al2), kl3(t, al3)) i sl(t) := (sl1(t), sl2(t), sl3(t)),

t ∈ [0, T ], ìàþòü òàêi âëàñòèâîñòi [14, ñ.209]:

kl(0) = al, alj ≤ klj(τ, alj) < klj(t, alj) < slj(t), 0 ≤ τ < t ≤ T, {l, j} ⊂ N3;

(2.166)

klj(t− τ, klj(τ, alj)) ≤ klj(t, alj), 0 ≤ τ < t ≤ T, {l, j} ⊂ N3; (2.167)

Ê(l)
c0
ϕl(0, ξ) ≤ ϕl(t,X(t)) ≤ ψl(t, x),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, l ∈ N3. (2.168)

Ç öèõ âëàñòèâîñòåé âèïëèâà¹, ùî

ϕl(τ,X(t− τ)) ≤ ϕl(t,X(t)) ≤ ψl(t, x),

Ê(l)
c0
ϕl(τ, ξ) ≤ ψl(t, x), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, l ∈ N3. (2.169)

Äëÿ çàäàíèõ ÷èñåë λ ∈ (0, 1] i l ∈ N3 ïîçíà÷èìî ÷åðåç C0
ϕl
, Cλ

ϕl
, Cλ

1,ϕl
i Cλ

2,ϕl

ïðîñòîðè íåïåðåðâíèõ ôóíêöié u : Π[0,T ] → C, äëÿ ÿêèõ ñêií÷åííi âiäïîâiäíi

íîðìè ||u||0ϕl, ||u||
λ
ϕl

:= ||u||0ϕl + [u]λϕl, ||u||
λ
1,ϕl

:= ||u||0ϕl + [u]λ1,ϕl and ||u||
λ
2,ϕl

:=
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= ||u||0ϕl + [u]λ2,ϕl, äå

||u||0ϕl := sup
(t,x)∈Π[0,T ]

|u(t, x)|
ϕl(t, x)

,

[u]λϕl := sup
{(t,x),(t,x′)}⊂Π[0,T ]

(t,x)6=(t,x′)

|∆x′
x u(t, x)|

(d̃(x;x′))λ(ϕl(t, x) + ϕl(t, x′))
,

[u]λ1,ϕl := sup
{(t,x),(t,x′)}⊂Π[0,T ]

(t,x) 6=(t,x′)

|∆x′
x u(t, x)|

d̃1(x;x′;λ)(ϕl(t, x) + ϕl(t, x′))
,

[u]λ2,ϕl := sup
{(t,x),(t,x′)}⊂Π[0,T ]

(t,x) 6=(t,x′)

|∆x′
x u(t, x)|

d̃2(x;x′;λ)(ϕl(t, x) + ϕl(t, x′))
.

Òóò d̃(x;x′) := d(x;x′)δl2 + d̂(x;x′)(δl1 + δl3), d̃1(x;x′;λ) := d1(x;x′;λ)δl2 +

+ d̂1(x;x′;λ)(δl1 + δl3), d̃2(x;x′;λ) := d2(x;x′;λ)δl2 + d̂2(x;x′;λ)(δl1 + δl3).

Êðiì öèõ ïðîñòîðiâ, âèêîðèñòîâóâàòèìåìî ïðîñòið Cλ
ψl
. Îçíà÷åííÿ öüîãî

ïðîñòîðó îòðèìó¹òüñÿ, ÿêùî â îçíà÷åííi ïðîñòîðó Cλ
ϕl
ôóíêöiþ ϕl çàìiíèòè

ôóíêöi¹þ ψl, l ∈ N3.

Âëàñòèâîñòi iíòåãðàëiâ (2.161), (2.162) äëÿ l ∈ N3 íàâåäåíî â íàñòóïíié

ëåìi.

Ëåìà 2.9. Íåõàé Kl ∈ Nl(ν, d, c, γ) i ôóíêöiÿ ul âèçíà÷åíà âiäïîâiäíîþ ôîð-

ìóëîþ (2.161) àáî (2.162). Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ:

a) ÿêùî ν ≤ (1− 1/(2b))δl2 + (δl1 + δl3)/2 i f ∈ C0
ϕl
, òî u ∈ Cγ

ψl
i

||ul||γψl ≤ Cl||f ||0ϕl; (2.170)

b) ÿêùî ν ∈ (1− 1/(2b), 1]δl2 + (1/2, 1](δl1 + δl3) i f ∈ Cλ
ϕl
, λ ∈ (0, 1], òîäi

ïðè (ν + (γ − λ)/(2b))δl2 + (ν + (γ − λ)/2)(δl1 + δl3) < 1 ìà¹ìî u ∈ Cγ
ψl
i

||ul||γψl ≤ Cl||f ||λϕl, (2.171)

à ïðè (ν + (γ − λ)/(2b))δl2 + (ν + (γ − λ)/2)(δl1 + δl3) > 1 ìà¹ìî ul ∈ Cλ
ψl
i

||ul||λψl ≤ Cl||f ||λϕl; (2.172)

c) ÿêùî ν ∈ (1, 1 + 1/(2b)]δl2 + (1, m̂2](δl1 + δl3) i f ∈ Cλ
1,ϕl

, λ ∈ (0, 1], òî
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ïðè (ν + (γ − λ)/(2b))δl2 + (ν + (γ − λ)/2)(δl1 + δl3) < 1 îòðèìó¹ìî ul ∈ Cγ
ψl
i

||ul||γψl ≤ C||f ||λ1,ϕl, (2.173)

à ïðè (ν+ (γ−λ)/(2b))δl2 + (ν+ (γ−λ)/2)(δl1 + δl3) > 1 îòðèìó¹ìî ul ∈ Cλ
ψl
i

||ul||λψl ≤ C||f ||λ1,ϕl; (2.174)

d) ÿêùî ν ∈ (1 + 1/(2b), 2 + 1/(2b)]δl2 + (m̂2, m̂3](δl1 + δl3) i f ∈ Cλ
2,ϕl

, λ ∈

∈ (0, 1], òîäi ïðè (ν−1+(γ−1−λ)/(2b))δl2+(ν−1+(γ−1−λ)/2)(δl1+δl3) < 1

ìà¹ìî ul ∈ Cγ
ψl
i

||ul||γψl ≤ C||f ||λ2,ϕl, (2.175)

à ïðè (ν− 1 + (γ− 1−λ)/(2b))δl2 + (ν− 1 + (γ− 1−λ)/2)(δl1 + δl3) > 1 ìà¹ìî

ul ∈ Cλ
ψl
i

||ul||λψl ≤ Cl||f ||λ2,ϕl. (2.176)

Ñòàëi Cl â íåðiâíîñòÿõ (2.170)�(2.176) çàëåæàòü òiëüêè âiä ñòàëî¨ C

ç óìîâ (Bl2) i (Bl3), l ∈ N3, à òàêîæ âiä ÷èñåë n1, n2, n3, b, ν, c, γ i λ.

Äîâåäåííÿ ëåìè íàâåäåíî ó äîäàòêó Ä.1.

Âëàñòèâîñòi iíòåãðàëà (2.162) ïðè l = 4 òàêîæ îïèñóâàòèìóòüñÿ íàëåæ-

íiñòþ ôóíêöi¨ u4 äî âiäïîâiäíèõ ôóíêöiîíàëüíèõ ïðîñòîðiâ çàëåæíî âiä òîãî,

äî ÿêèõ ïðîñòîðiâ íàëåæèòü ôóíêöiÿ f , à òàêîæ äîäàòêîâèõ ïðèïóùåíü ñòî-

ñîâíî ôóíêöié, ùî ñïðè÷èíÿþòü âèðîäæåííÿ. Îçíà÷èìî ïðîñòîðè, äî ÿêèõ

íàëåæàòü ôóíêöi¨ f i u. Öå ïðîñòîðè ôóíêöié, ÿêi ¹ íåïåðåðâíèìè ÷è çàäî-

âîëüíÿþòü óìîâó Ãåëüäåðà òà ìàþòü ïåâíi îáìåæåííÿ ïðè t → 0 i |x| → ∞.

�õ ïîâåäiíêà ïðè t→ 0 îïèñó¹òüñÿ ôóíêöi¹þ

(δ(t))µ(∆(t, 0))rE−d(T, t), t ∈ (0, T ],

à ïðè |x| → ∞ � ôóíêöi¹þ

Ψ(t, x) := exp

{
n∑
j=1

k̂j(t)|xj|qj
}
, t ∈ [0, T ], x ∈ Rn,

äå µ � öiëå íåâiä'¹ìíå ÷èñëî, r ∈ R; k̂j(t) := c0aj(c
2bj−1
0 −(T−B(T, t))a

2bj−1
j )1−qj

äëÿ t ∈ (0, T ] i kj(0) := 0, ÿêùî B(T, 0) =∞; c0� ôiêñîâàíå ÷èñëî ç ïðîìiæêó



101

(0, c), c � ñòàëà ç óìîâ (B42), (B43), (B44), à ÷èñëà aj òàêi, ùî 0 ≤ aj < c0T
1−qj .

Êîæíà ç ôóíêöié k̂j(·), j ∈ Nn, ìîíîòîííî çðîñòà¹ i ìà¹ òàêó âëàñòèâiñòü:

∀{τ, t} ⊂ [0, T ], τ < t, ∀{x, ξ} ⊂ R :

−c0(B(t, τ))1−qj |x− ξ|qj + k̂j(τ)|ξ|qj ≤ k̂j(t)|x|qj ,

çà äîïîìîãîþ ÿêî¨ äîâîäèòüñÿ íåðiâíiñòü

E(4)
c0

(t, τ, x− ξ)Ψ(τ, ξ) ≤ Ψ(t, x), 0 < τ < t ≤ T, {x, ξ} ⊂ Rn.

Äëÿ çàäàíèõ ÷èñåë λ ∈ (0, 1], µ ∈ {0, 1, ...} i r ∈ R ïîçíà÷èìî ÷åðåç

C
λ,λ/(2b)
µ,r , Cλ,0

µ,r i C
0,0
µ,r ïðîñòîðè íåïåðåðâíèõ ôóíêöié u : Π(0,T ] → CN1, äëÿ ÿêèõ

ñêií÷åííi âiäïîâiäíî íîðìè

||u||λ,λ/(2b)µ,r := ||u||0,0µ,r + [u]λ,λ/(2b)µ,r , ||u||λ,0µ,r := ||u||0,0µ,r + [u]λ,0µ,r i ||u||0,0µ,r,

äå

||u||0,0µ,r := sup
(t,x)∈Π(0,T ]

(
|u(t, x)|Ed(T, t)

Ψ(t, x)(δ(t))µ(∆(t, 0))r

)
,

[u]λ,λ/(2b)µ,r :=

= sup
{(t,x),(t′,x′)}⊂Π(0,T ]

(t,x)6=(t′,x′)

(
|∆t′,x′

t,x u(t, x)|(p(t, x; t′, x′))−λ

(δ(t))µ(∆(t, 0))r−λ/(2b)E−d(T, t̃)
(Ψ(t, x) + Ψ(t′, x′))−1

)
,

||u||λ,0µ,r := sup
{(t,x),(t,x′)}⊂Π(0,T ]

x6=x′

(
|∆x′

x u(t, x)|(Ψ(t, x) + Ψ(t, x′))−1

(d(x;x′))λ(δ(t))µ(∆(t, 0))r−λ/(2b)E−d(T, t)

)
.

Òóò t := t+ (t′− t)η(r− λ/(2b)) i t̃ := t+ (t′− t)η(d), äå η � õàðàêòåðèñòè÷íà

ôóíêöiÿ ïðîìiæêó [0,∞).

Âëàñòèâîñòi iíòåãðàëiâ (2.162) ïðè l = 4 îïèñóþòüñÿ â íàñòóïíèõ ëåìàõ.

Ëåìà 2.10. Íåõàé K ∈ Ml(ν, d, c, γ) i ôóíêöiÿ u4 âèçíà÷à¹òüñÿ ôîðìóëîþ

(2.162). Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ:

a) ÿêùî l ∈ {0, 1, 2}, ν + γ/(2b) < 1 i f ∈ C0,0
µ,r

(
ïðè r < ν + γ/(2b) − 1

äîäàòêîâî ïðèïóñêà¹òüñÿ, ùî

Fµl :=

T∫
0

W0[f ; τ ](∆(τ, 0))−ν−γ/(2b)Ed(T, τ)(δ(τ))−µl
dτ

α(τ)
<∞,
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W0[f ; τ ] := sup
x∈Rn

( |f(τ,x)|
Ψ(τ,x)

))
, òî u ∈ Cζl,ζ

′
l/(2b)

µl,r−νl+1 i ñïðàâäæó¹òüñÿ íåðiâíiñòü

||u4||
ζl,ζ
′
l/(2b)

µl,r−νl+1 ≤ C(||f ||0,0µ′l,r + κrlFµl), (2.177)

äå νl := ν + η(−l)γ0/(2b), κrl := η(νl + γ/(2b) − 1 − r), ζl := γ − γ0η(−l)κ0l,

ζ ′l := ζlη(1− l), µl := µη(l − 2), µ′l := (µl + 1)η(l − 1);

á) ÿêùî l ∈ {0, 1}, f ∈ Cλ,0
µ′l,r

, λ ∈ (0, 1], i âèêîíó¹òüñÿ äîäàòêîâî ïðè-

ïóùåííÿ ç òâåðäæåííÿ à), òî ïðè 1 − ν + (γ − λ)/(2b) > 0 u4 ∈ Cζl,ζl/(2b)
µl,r−νl+1

i

||u4||
ζl,ζ
′
l/(2b)

µl,r−νl+1 ≤ C(||f ||λ,0µ′l,r + κrlFµl), (2.178)

à ïðè 1− ν + (γ − λ)/(2b) < 0 u ∈ Cλl,λl/(2b)
µl,r−νl+1 i

||u4||
λl,λ

′
l/(2b)

µl,r−νl+1 ≤ C(||f ||λ,0µ′l,r + κrlFµl), (2.179)

äå λl := λ− γ0η(−l).

Ñòàëi C â íåðiâíîñòÿõ (2.177) � (2.179) çàëåæàòü ëèøå âiä ñòàëèõ C

ç óìîâ (B42),...,(B45), à òàêîæ ÷èñåë n, b1, ..., bn, r, ν, d, c, γ, γ0, λ, β(T ) i

δ(T ).

Äîâåäåííÿ ëåìè íàâåäåíî ó äîäàòêó Ä.1.

Ëåìà 2.11. Íåõàé ÿäðîì iíòåãðàëà (2.162) ¹ ìàòðèöÿ

K(t, τ, x− ξ; t, x) := (B(t, τ))−ν−M0/(2b)Ω(t, τ, z; t, x), ν ∈ (0, 1],

zj := (B(t, τ))−1/(2bj)(xj − ξj), j ∈ {1, ..., n}, 0 < τ < t ≤ T, {x, ξ} ⊂ Rn,

à ìàòðèöÿ Ω(t, τ, z; θ, y) ÿê ôóíêöiÿ t, τ i z çàäîâîëüíÿ¹ óìîâè (B41) � (B44)

ðiâíîìiðíî ñòîñîâíî (θ, y) ∈ Π(0,T ] òà óìîâó

∃C > 0 ∀{t, τ} ⊂ (0, T ], τ < t, ∀z ∈ Rn ∀{(θ, y), (θ′, y′)} ⊂ Π(0,T ] :

|∆θ′,y′

θ,y Ω(t, τ, z; θ, y)| ≤ C(p(θ, y; θ′, y′))γEd(t, τ) exp

{
−c

n∑
j=1

|zj|qj
}
,

c > 0, d ∈ R, 0 < λ < γ ≤ 1, 1− ν − (γ − λ)/(2b) < 0, l ∈ {0, 1}.

Òîäi ÿêùî f çàäîâîëüíÿ¹ óìîâè á) ç ëåìè 2.10, òî u4 ∈ C
λl,λl/(2b)
µl,r−νl+1 i

ñïðàâäæó¹òüñÿ íåðiâíiñòü (2.179).
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Äîâåäåííÿ ïðîâîäèòüñÿ òàê ñàìî, ÿê i ëåìè 2.10, òiëüêè ïðè îöiíþâàííi

∆t′,x′

t,x u ç'ÿâëÿþòüñÿ òàêi äîäàòêîâi äîäàíêè:
t1∫

0

dτ

α(τ)

∫
Rn

(K(t, τ, x− ξ; t, x)−K(t, τ, x− ξ; t′, x′))f(τ, ξ)dξ,

t∫
t1

dτ

α(τ)

∫
Rn

(K(t, τ, x− ξ; t, x)−K(t, τ, x− ξ; t′, x′))∆x
ξf(τ, ξ)dξ,

ïîòðiáíi îöiíêè ÿêèõ îäåðæóþòüñÿ àíàëîãi÷íî.

Ëåìà 2.12. Òâåðäæåííÿ à) ëåìè 2.10 ïðàâèëüíå äëÿ iíòåãðàëà (2.162), â

ÿêîìó çàìiñòü K4 âçÿòî ìàòðèöþ L, ÿêà çàäîâîëüíÿ¹ íåðiâíîñòi

|L(t, x; τ, ξ)| ≤ C(B(t, τ))−ν−M/(2b)E
(4)
c,d (t, τ, x− ξ),

|∆t′,x′

t,x L(t, x; τ, ξ)| ≤ C(p(t, x; t′, x′))γ
(

(B(t, τ))−ν−(M+γ)/(2b)E
(4)
c,d (t, τ, x− ξ)+

+(B(t′, τ))−ν−(M+γ)/(2b)E
(4)
c,d (t′, τ, x′ − ξ)

)
, 0 < τ < t ≤ t′ ≤ T, {x, x′, ξ} ⊂ Rn.

ßêùî æ L çàäîâîëüíÿ¹ ùå é óìîâè∣∣∣∣∣∣
∫
Rn

L(t, x; τ, ξ)dξ

∣∣∣∣∣∣ ≤ (B(t, τ))−ν+γ/(2b)Ed(t, τ),

∣∣∣∣∣∣∆t′,x′

t,x

∫
Rn

L(t, x; τ, ξ)dξ

∣∣∣∣∣∣ ≤ C(p(t, x; t′, x′))γ(B(t, τ))−ν−(γ−λ)/(2b)Ed(t̃, τ),

0 < τ < t ≤ t′ ≤ T, {x, x′, ξ} ⊂ Rn,

òî äëÿ òàêîãî iíòåãðàëà ïðàâèëüíå òâåðäæåííÿ á) ëåìè 2.10.

Äîâåäåííÿ ëåìè 2.12  ðóíòó¹òüñÿ íà çîáðàæåííi

u4(t, x) =

t1∫
0

dτ

α(τ)

∫
Rn

L(t, x; τ, ξ)f(τ, ξ)dξ+

+

t∫
t1

dτ

α(τ)

∫
Rn

L(t, x; τ, ξ)∆x
ξf(τ, ξ)dξ +

t∫
t1

∫
Rn

L(t, x; τ, ξ)dξ

 f(τ, x)

α(τ)
dτ.
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Ðîçãëÿíåìî âëàñòèâîñòi îá'¹ìíîãî ïîòåíöiàëà

Wl0(t, x; τ, ξ; y) :=

t∫
τ

dβ

∫
Rn

Gl0(t, x; β, λ; y)f(β, λ; τ, ξ; y)dλ, (2.180)

ÿêi îïèñóþòüñÿ ó ëåìàõ, íàâåäåíèõ íèæ÷å.

Äëÿ íåïåðåðâíî¨ ôóíêöi¨ f âèêîðèñòîâóâàòèìåìî òàêi óìîâè:

1)

|f(t, x; τ, ξ; y)| ≤ C(t− τ)−M−1+γÊ(l)
c (t, τ, x, ξ); (2.181)

2)

|∆zs
xs
f(t, x; τ, ξ; y)| ≤ C |xs − zs|γs(t− τ)−M−1+γ−msγs×

×(Ê(l)
c (t, x; τ, ξ) + Ê(l)

c (t, z(s); τ, ξ)); (2.182)

3) iñíóþòü íåïåðåðâíi ïîõiäíi ∂x2j
f, äëÿ ÿêèõ ñïðàâäæóþòüñÿ îöiíêè

|∂x2j
f(t, x; τ, ξ; y)| ≤ C (t− τ)−M−1+γ−m̂2Ê(l)

c (t, τ, x, ξ), j ∈ Nn2
. (2.183)

4) iñíóþòü íåïåðåðâíi ïîõiäíi ∂x3j
f, äëÿ ÿêèõ ñïðàâäæóþòüñÿ îöiíêè

|∂x3j
f(t, x; τ, ξ; y)| ≤ C (t− τ)−M−1+γ−m̂3Ê(l)

c (t, τ, x, ξ), j ∈ Nn3
. (2.184)

Â óìîâàõ (2.181) � (2.184) 0 ≤ τ < t ≤ T, {x, ξ, y} ⊂ Rn, {xs, zs} ⊂ Rns,

s ∈ N3, {γ, γs, s ∈ N3} ⊂ (0, 1], l ∈ Nn3
, Ê

(1)
c (t, x; τ, ξ) := E

(1)
c (t− τ, x, ξ),

Ê
(2)
c (t, x; τ, ξ) := E

(2,3)
c (t− τ, x, ξ), Ê(3)

c (t, x; τ, ξ) := Ed(t, τ)E
(3)
c (t, τ, x, ξ).

Ëåìà 2.13. Íåõàé ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâè 1 i 2. Òîäi ïðàâèëüíi òàêi

òâåðäæåííÿ:

1) ôóíêöiþ (2.180) ìîæíà äèôåðåíöiþâàòè ïiä çíàêàìè iíòåãðàëiâ çà

x1 ∈ Rn1 i ïðàâèëüíi ôîðìóëè

∂x1j
Wl0(t, x; τ, ξ; y) =

=

t∫
τ

dβ

∫
Rn

∂x1j
Gl0(t, x; β, λ; y)f(β, λ; τ, ξ; y)dλ; (2.185)

∂x1k
∂x1j

Wl0(t, x; τ, ξ; y) =
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=

t1∫
τ

dβ

∫
Rn

∂x1k
∂x1j

Gl0(t, x; β, λ; y)f(β, λ; τ, ξ; y)dλ+

+

t∫
t1

dβ

∫
Rn

∂x1k
∂x1j

Gl0(t, x; β, λ; y)∆
X(t−β)
λ f(β, λ; τ, ξ)dλ+

+

t∫
t1

(∫
Rn

∂x1k
∂x1j

Gl0(t, x; β, λ; y)dλ

)
f(β,X(t− β); τ, ξ; y)dβ; (2.186)

2) îïåðàòîð S ìîæíà çàñòîñîâóâàòè ïiä çíàêàìè iíòåãðàëiâ, ïðè öüîìó

SWl0(t, x; τ, ξ; y) = f(t, x; τ, ξ; y)+

+

t1∫
τ

dβ

∫
Rn

SGl0(t, x; β, λ; y)f(β, λ; τ, ξ; y)dλ+

+

t∫
t1

dβ

∫
Rn

SGl0(t, x; β, λ; y)∆
X(t−β)
λ f(β, λ; τ, ξ; y)dλ+

+

t∫
t1

(∫
Rn

SGl0(t, x; β, λ; y)dλf(β,X(t− β); τ, ξ; y)
)
dβ, (2.187)

3) îïåðàòîð Ll := L
(t,y)
l ìîæíà çàñòîñîâóâàòè ïiä çíàêàìè iíòåãðàëiâ, ïðè

öüîìó

LlWl0(t, x; τ, ξ; y) = f(t, x; τ, ξ; y) +

t∫
τ

dβ

∫
Rn

LlGl0(t, x; β, λ; y)f(β, λ; τ, ξ; y)dλ,

4) äëÿ ïîõiäíèõ (2.185)�(2.187) ñïðàâäæóþòüñÿ îöiíêè

|∂k1
x1
Wl0(t, x; τ, ξ; y)| ≤ C(t− τ)−M−m̂1|k1|+γÊ(l)

c (t, x; τ, ξ), (2.188)

|SWl0(t, x; τ, ξ; y)| ≤ C(t− τ)−M−1+γÊ(l)
c0

(t, x; τ, ξ). (2.189)

Ó ôîðìóëàõ (2.185)�(2.189) 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y ∈ Rn, {k, j} ⊂

⊂ Nn1
, m̂1|k1| ≤ (δl1 + δl3) + δl32b, l ∈ Nn3

, t1 := (t+ τ)/2.

Äîâåäåííÿ ëåìè 2.13 íàâåäåíî â äîäàòêó Ä.1.

Ëåìà 2.14. Íåõàé ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâè 3, 4. Òîäi ïðàâèëüíi òàêi
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òâåðäæåííÿ:

1) ôóíêöiþ (2.180) ìîæíà äèôåðåíöiþâàòè ïiä çíàêàìè iíòåãðàëiâ çà

x2 ∈ Rn2 i x2 ∈ Rn2 i ïðàâèëüíi ôîðìóëè

∂x2k
∂x3j

Wl0(t, x; τ, ξ; y) =

t1∫
τ

dτ

∫
Rn

∂x2k
∂x3j

Gl0(t, x; β, λ; y)f(β, λ; τ, ξ; y)dλ+

+

t∫
t1

dβ

∫
Rn

Gl0(t, x; τ, ξ; y)∂λ2k
∂λ3j

f(β, λ; τ, ξ; y)dλ; (2.190)

2) ñïðàâäæóþòüñÿ îöiíêè

|∂k2
x2
∂k3
x3
Wl0(t, x; τ, ξ; y)| ≤ C(t− τ)−M−m̂2|k2|−m̂3|k3|+γÊ(l)

c0
(t, x; τ, ξ), (2.191)

â ÿêèõ 0 ≤ τ < t ≤ T, {x, ξ, y} ⊂ Rn, ks ∈ Zns+ , k ∈ Nn2
, j ∈ Nn3

, c0 ∈ (0, c),

÷èñëî t1 i ôóíêöi¨ Ê
(l)
c0 , l ∈ Nn3

, òàêi, ÿê ó ëåìi 2.13.

Iñíóâàííÿ âiäïîâiäíèõ íåâëàñíèõ iíòåãðàëiâ äîâîäèòüñÿ àíàëîãi÷íî äî òî-

ãî, ÿê öå ðîáèòüñÿ â ëåìi 2.13. Ìîæëèâiñòü ïåðåâåäåííÿ ïîõiäíèõ íà äðóãèé

ìíîæíèê çàáåçïå÷ó¹òüñÿ âiäïîâiäíèìè âëàñòèâîñòÿìè (2.142), (2.148), (2.160)

ôóíêöi¨ Zl0, îçíà÷åííÿì ïàðàìåòðèêñó Gl0, âèêîíàííÿì ïðèïóùåííÿ 3 ÷è 4

äëÿ ôóíêöi¨ f òà ¨õ îöiíêàìè (2.184) i (2.191).

Çðîáèìî êiëüêà çàóâàæåíü.

1) Ç ìiðêóâàíü, ÿêi íàâåäåíi â ëåìi 2.13 âèïëèâà¹, ùî äîâåäåííÿ çáiæíîñòi

íåâëàñíèõ iíòåãðàëiâ ðiâíîñèëüíî âñòàíîâëåííþ ¨õ îöiíîê ÷åðåç îöiíþâàëüíó

ôóíêöiþ. Íàäàëi öå áóäå ïîñòiéíî âèêîðèñòîâóâàòèñü.

2) Òâåðäæåííÿ ëåì 2.12, 2.13 çàëèøàþòüñÿ ïðàâèëüíèìè, ÿêùî ôóíêöiÿ f

çàëåæèòü âiä îñíîâíî¨ (t, x) i ïàðàìåòðè÷íî¨ (τ, ξ) òî÷îê òà ïàðàìåòðiâ (y2, y3),

÷è y3, ÿêùî y2 ∈ Rn2, y3 ∈ Rn3 àáî ëèøå âiä îñíîâíî¨ òî÷êè (t, x), òîáòî ÿêùî

f = f(t, x; τ, ξ; (y2, y3)), f = f(t, x; τ, ξ; y3) àáî f = f(t, x).

3) Òâåðäæåííÿ ëåì 2.12, 2.13 çàëèøàþòüñÿ ïðàâèëüíèìè, ÿêùî çàìiñòü

óìîâ (2.181))�(2.183) ïðèïóñêàòè, ùî ôóíêöiÿ f ¹ íåïåðåðâíîþ i îáìåæåíîþ

ðàçîì iç ïîõiäíèìè çà x2 i x3 òà çàäîâîëüíÿ¹ çà ïðîñòîðîâèìè çìiííèìè ëî-

êàëüíó óìîâó Ãåëüäåðà ç ïîêàçíèêîì γ ∈ (0, 1].



ÐÎÇÄIË 3

ÊËÀÑÈ×ÍI ÔÐÇÊ ÄËß ÐIÂÍßÍÜ Ç ÊËÀÑÓ K1

Â ðîçäiëi íàâåäåíî îñíîâíi ðåçóëüòàòè ïîáóäîâè i äîñëiäæåííÿ êëàñè÷íîãî

ÔÐÇÊ äëÿ ðiâíÿíü ç êëàñó K1, ÿêi îïóáëiêîâàíî â ïðàöÿõ [24,25,27,28].

3.1. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L
(t,x1(y))
1

Ïàðàìåòðèêñ G11 íà ïåðøîìó åòàïi âèçíà÷à¹òüñÿ ôîðìóëîþ (1.55). Íàâå-

äåìî éîãî âëàñòèâîñòi.

Ëåìà 3.1. Çà óìîâ òåîðåìè 2.1 äëÿ ôóíêöi¨ G11 ñïðàâäæóþòüñÿ îöiíêè

|∂kxG11(t, x; τ, ξ; y′)| ≤ Ck(t− τ)−M−MkE(1)
c (t− τ, x, ξ), (3.1)

|∆zs
xs
∂kxG11(t, x; τ, ξ; y′)| ≤ Ck|xs − zs|γ

0
s (t− τ)−M−Mk−m̂sγ

0
s×

×(E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)), (3.2)

|∆zs
ys
∂kxG11(t, x; τ, ξ; y′)| ≤ Ck(t− τ)−M−MkE(1)

c (t− τ, x, ξ)×

×(hmsγs + |Ys(h)− zs|γs), s ∈ {2, 3}, (3.3)∣∣∣∣∣∣
∫
Rn

∂kxG11(t, x; τ, ξ; y′)dξ

∣∣∣∣∣∣ ≤ C(t− τ)−Mk+m̂1γ1, k 6= 0, (3.4)

∣∣∣∣∣∣∆zs
xs

∫
Rn

∂kxG11(t, x; τ, ξ; y′)dξ

∣∣∣∣∣∣ ≤ C|xs − zs|γ
0
s (t− τ)−Mk−m̂sγ

0
s+m̂1γ1, k 6= 0, (3.5)

∣∣∣∣∣∣
∫

Rn2+n3

∂kxG11(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣∣∣ ≤
≤ C(t− τ)−m̂1n1−Mk′+m̂2γ2E2,1

c0
(t− τ, x1 − ξ1), k′ 6= 0, (3.6)∣∣∣∣∣∣∆zs

xs

∫
Rn2+n3

∂kxG11(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣∣∣ ≤ C(t− τ)−m̂1n1−Mk′−m̂sγ
0
s+m̂2γ2×

×|xs − zs|γ
0
s (E2,1

c0
(t− τ, x1 − ξ1) + E2,1

c0
(t− τ, z1 − ξ1)), k′ 6= 0, (3.7)
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108∣∣∣∣∣∣
∫
Rn3

∂k3
x3
G11(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣∣∣ ≤ C(t− τ)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)×

×E2,1
c0

(t− τ, x1 − ξ1)E
2,2
c0

(t− τ,X2(t− τ)− ξ2), k3 6= 0, (3.8)∣∣∣∣∣∣∆zs
xs

∫
Rn3

∂k3
x3
G11(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣∣∣ ≤ C(t− τ)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)−m̂sγ
0
s×

×|xs − zs|γ
0
sE2,1

c0
(t− τ, x1 − ξ1)E

2,2
c0

(t− τ,X2(t− τ)− ξ2), k3 6= 0, (3.9)

à òàêîæ ðiâíîñòi

∂k
′

x G11(t, x; τ, ξ; y′) = (−∂ξ)k
′
G11(t, x; τ, ξ; y′), (3.10)

∂k
′

x

∫
Rn2+n3

G11(t, x; τ, ξ; y′)dξ2dξ3 = 0, k′ 6= 0, (3.11)

∂k3
x3

∫
Rn3

G11(t, x; τ, ξ; y′)dξ3 = 0, k3 6= 0, (3.12)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y′ := (y2, y3) ∈ Rn2+n3, {xs, ys, zs, ξs} ⊂ Rns, k :=

= (k1, k2, k3) ∈ Zn+, k′ := (0, k2, k3) ∈ Zn+, γ0
s ∈ (0, 1], s ∈ N3, h i γs � ÷èñëà ç

óìîâ (1.11) � (1.13).

Ïðèïóñòèìî, ùî ôóíêöiÿ Q11 ç (1.54) çàäîâîëüíÿ¹ óìîâè ëåìè 2.13. Òîäi

äëÿ öi¹¨ ôóíêöi¨ îòðèìà¹ìî òàêå iíòåãðàëüíå ðiâíÿííÿ:

Q11(t, x; τ, ξ; y′) = K11(t, x; τ, ξ; y′)+

+

t∫
τ

dβ

∫
Rn

K11(t, x; β, λ; y′)Q11(β, λ; τ, ξ; y′)dλ, (3.13)

â ÿêîìó ÿäðî K11 âèçíà÷à¹òüñÿ ôîðìóëîþ

K11(t, x; τ, ξ; y′) :=

( n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+

∆ξ1
x1
a0(t, x

1(y))

)
G11(t, x; τ, ξ; y′), 0 ≤ τ < t ≤ T, y′ ∈ Rn2+n3, {x, ξ} ⊂ Rn.

Ç öi¹¨ ôîðìóëè âèïëèâàþòü äëÿ k′ ∈ Zn+ \ {0} òàêi ðiâíîñòi:

∂k
′

x K11(t, x; τ, ξ; y′) =

( n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+
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+∆ξ1
x1
a0(t, x

1(y))

)
∂k
′

x G11(t, x; τ, ξ; y′), (3.14)

∆zs
xs
∂k
′

x K11(t, x; τ, ξ; y′)=

( n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+

+∆ξ1
x1
a0(t, x

1(y))

)
∆zs
xs
∂k
′

x G11(t, x; τ, ξ; y′), s ∈ {2, 3}, (3.15)

∆zs
ys
∂k
′

x K1(t, x; τ, ξ; y′)=

( n1∑
j,l=1

∆zs
ys
ajl(t, x

1(y))∂x1j
∂x1l

+

n1∑
j=1

∆zs
ys
aj(t, x

1(y))∂x1j
+

+∆zs
ys
a0(t, (x1, y

′))

)
∂k
′

x G11(t, x; τ, ξ; y′)−
( n1∑
j,l=1

∆zs
ys
ajl(t, ξ

1(y))∂x1j
∂x1l

+

+

n1∑
j=1

∆zs
ys
aj(t, ξ

1(y))∂x1j
+ ∆zs

ys
a0(t, ξ

1(y))

)
∂k
′

x G11(t, x; τ, ξ; y′)+

+

( n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+ ∆ξ1

x1
a0(t, x

1(y))

)∣∣∣∣
ys=zs

×

×∆zs
ys
∂k
′

x G11(t, x; τ, ξ; y′), s ∈ {2, 3}, ξ1(y) := (ξ1, y2, y3). (3.16)

Çà äîïîìîãîþ iíòåãðóâàííÿ (3.16) i ôîðìóë (3.11), (3.12), ìà¹ìî ùå òàêi

ðiâíîñòi:∫
Rn2+n3

∆zs
ys
∂k
′

x K11(t, x; τ, ξ; y′)dξ2dξ3 =

( n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

+

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+ ∆ξ1

x1
a0(t, x

1(y))

) ∫
Rn2+n3

∆zs
ys
∂k
′

x G11(t, x; τ, ξ; y′)dξ2dξ3,

∫
Rn3

∆zs
ys
∂k
′

x K11(t, x; τ, ξ; y′)dξ3 =

( n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

+

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+∆ξ1

x1
a0(t, x

1(y))

)∫
Rn3

∆zs
ys
∂k
′

x G11(t, x;τ,ξ; y′)dξ3. (3.17)

Âèêîðèñòîâóþ÷è ðiâíîñòi (3.15)�(3.17), îöiíêè (3.1)�(3.4), óìîâè (1.11)�

(1.13), íåðiâíîñòi (2.35),(2.36) i (2.38) òà ðiâíiñòü (2.37), îòðèìó¹ìî îöiíêè

|∂k′x K11(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−Mk′−1+m̂1γ1E(1)
c (t− τ, x, ξ), (3.18)

|∆zs
xs
∂k
′

x K11(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ
0
s (t− τ)−M−Mk′−1+m̂1γ1−m̂sγ

0
s×
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×
(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)

)
, (3.19)

|∆zs
ys
∂k
′

x K11(t, x; τ, ξ; y′)| ≤ C(hmsγs + |Ys(h)− zs|γs)(t− τ)−M−Mk′−1×

×E(1)
c (t− τ, x, ξ), (3.20)∣∣∣∣ ∫

Rn2+n3

∆zs
ys
∂k
′

x K11(t, x; τ, ξ; y′)dξ2dξ3

∣∣∣∣ ≤ C(hmsγs + |Ys(h)− zs|γs)×

×(t− τ)−m̂1n1−Mk′−1+m̂1γ1E2,1
c0

(t− τ, x1 − ξ1), (3.21)∣∣∣∣∫
Rn3

∆zs
ys
∂k
′

x K1(t, x; τ, ξ; y′)dξ3

∣∣∣∣ ≤ C(hmsγs + |Ys(h)− zs|γs)×

×(t−τ)−m̂1n1−m̂2n2−Mk′−1+m̂1γ1E2,1
c0

(t−τ, x1−ξ1)E
2,2
c0

(t−τ,X2(t−τ)−ξ2), (3.22)∣∣∣∣ ∫
Rn

∆zs
ys
∂k
′

x K11(t, x; τ, ξ; y′)dξ

∣∣∣∣≤ C(hm̂sγs+|Ys(h)−zs|γs)(t−τ)−Mk′−1+m̂1γ1. (3.23)

Â îöiíêàõ (3.18)� (3.23) 0 ≤ τ < t ≤ T, h ∈ [0, T ], {x, ξ} ⊂ Rn, zs ∈ Rns, s ∈

∈ {2, 3}, y′ ∈ Rn2+n3, k′ ∈ Zn+, ïðè÷îìó â îöiíêàõ (3.21)� (3.23) k′ 6= 0, à ÷èñëà

γ0
s i γs òàêi, ÿê âèùå.

Îöiíêà (3.20) íå ¹ äîñòàòíüîþ äëÿ âñòàíîâëåííÿ òî÷íèõ ïîêàçíèêiâ Ãåëü-

äåðà ïðèðîñòiâ ôóíêöié Q1j, j ∈ N3, çà ïðîñòîðîâèìè çìiííèìè, àëå ¹ äî-

ñòàòíüîþ äëÿ äîâåäåííÿ iñíóâàííÿ êëàñè÷íîãî ÔÐÇÊ. Òîìó, íàäàëi äîäàòêîâî

ïðèïóñêàòèìåìî âèêîíàííÿ óìîâè (A15). Ñïiââiäíîøåííÿ (3.16) ìîæíà ïåðå-

ïèñàòè ó âèãëÿäi

∆zs
ys
∂k
′

x K11(t, x; τ, ξ; y′)=

( n1∑
j,l=1

∆ξ1
x1

∆zs
ys
ajl(t, x

1(y))∂x1j
∂x1l

+

+

n1∑
j=1

∆ξ1
x1

∆zs
ys
aj(t, x

1(y))∂x1j
+ ∆ξ1

x1
∆zs
ys
a0(t, (x1, y

′))

)
∂k
′

x G11(t, x; τ, ξ; y′)+

+

( n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+ ∆ξ1

x1
a0(t, x

1(y))

)∣∣∣∣
ys=zs

×

×∆zs
ys
∂k
′

x G11(t, x; τ, ξ; y′), s ∈ {2, 3}, ξ1(y) := (ξ1, y2, y3).
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Îöiíèâøè äîäàíêè öüîãî çîáðàæåííÿ, îòðèìà¹ìî îöiíêó

|∆zs
ys
∂k
′

x K11(t, x; τ, ξ; y′)| ≤ C(hm̂sγs + |Ys(h)− zs|γs)(t− τ)−M−Mk′−1+m̂1γ1×

×E(1)
c (t− τ, x, ξ), s ∈ {2, 3}. (3.24)

Íàâåäåìî âëàñòèâîñòi ôóíêöi¨ Q11.

Ëåìà 3.2. Çà óìîâ (A11), (A12) i (A15) äëÿ ôóíêöi¨ Q11 ïðàâèëüíi îöiíêè

|∂k′x Q11(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−Mk′−1+m̂1γ1E(1)
c (t− τ, x, ξ); (3.25)

|∆zs
xs
∂k
′

x Q11(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ
0
s (t− τ)−M−Mk′−1+m̂1γ1−m̂sγ

0
s×

×(E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)), γ0
1 ∈ (0, γ1], {γ0

2 , γ
0
3} ⊂ (0, 1]; (3.26)∣∣∣∣∆zs

ys
∂k
′

x Q11(t, x; τ, ξ; y′)

∣∣∣∣ ≤ C(hm̂sγs + |Ys(h)− zs|γs)×

×(t− τ)−M−Mk′−1+m̂1γ1E(1)
c (t− τ, x, ξ); (3.27)∣∣∣∣∂k′x ∫

Rn

Q11(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤ C(t− τ)−Mk′−1+m̂1γ1, k′ ∈ Zn+, (3.28)

∣∣∣∣∆z1
x1
∂k
′

x

∫
Rn

Q11(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤
≤ C|x1 − z1|γ

0
1 (t− τ)−M1k′−1+m̂1(γ1−γ0

1), γ0
1 ∈ (0, γ1], k

′ ∈ Zn+. (3.29)∣∣∣∣∂k′x ∫
Rn2+n3

Q11(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣ ≤
≤ C(t− τ)−m1n1−Mk′−1+m̂2γ2E2,1

c (t− τ, x1 − ξ1), k
′ ∈ Zn+ \ {0}, (3.30)∣∣∣∣∂k3

x3

∫
Rn3

Q11(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ ≤ C(t− τ)−m̂1(n1−γ1)−m̂2n2−m̂3(|k3|−γ3)−1×

×E2,1
c (t− τ, x1 − ξ1)E

2,2
c (t− τ,X2(t− τ)− ξ2), k3 ∈ Zn3

+ \ {0}. (3.31)

Ó ôîðìóëi (3.26) s ∈ N3, à â (3.27)� s ∈ {2, 3}.

Ïåðåéäåìî äî äîñëiäæåííÿ îá'¹ìíîãî ïîòåíöiàëó (1.54).

Ëåìà 3.3. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 3.2. Òîäi ïðàâèëüíi òàêi òâåð-

äæåííÿ:

(A) ôóíêöiÿ (1.54), ìà¹ íåïåðåðâíi ïîõiäíi ∂kxW11, m̂1|k1| ≤ 1, k1 ∈
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∈ Zn1
+ , k

′ = (0, k2, k3) ∈ Zn+, ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

∂k1
x1
W11(t, x; τ, ξ; y′) =

t∫
τ

dβ

∫
Rn

∂k1
x1
G11(t, x; β, λ; y′)Q11(β, λ; τ, ξ; y′)dλ, |k1| = 1;

(3.32)

∂k1
x1
W11(t, x; τ, ξ; y′) =

t1∫
τ

dβ

∫
Rn

∂k1
x1
G11(t, x; β, λ; y′)Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

dβ

∫
Rn

∂k1
x1
G11(t, x; β, λ; y′)∆

X(t−β)
λ Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

∫
Rn

∂k1
x1
G11(t, x; β, λ; y′)dλ

Q11(β,X(t− β); τ, ξ; y′)dβ =:

=:
3∑
j=1

W 1k
11j, |k1| = 2; (3.33)

∂k
′

xW11(t, x; τ, ξ; y′) =

t1∫
τ

dβ

∫
Rn

∂k
′

x G11(t, x; β, λ; y′)Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

dβ

∫
Rn

G11(t, x; β, λ; y′)∂k
′

λ Q11(β, λ; τ, ξ; y′)dλ =:
2∑
j=1

W k
1j; (3.34)

(B) ñïðàâäæóþòüñÿ îöiíêè

|∂kxW11(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−Mk+m̂1γ1E(1)
c (t− τ, x, ξ), (3.35)

|∆zs
xs
∂kxW11(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk+m̂1γ1−m̂sγ

0
s×

×
(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)

)
, γ0

s ∈ (0, 1], s ∈ {2, 3}, (3.36)∣∣∣∆zs
ys
∂k
′

xW11(t, x; τ, ξ; y′)
∣∣∣ ≤ C(|h|msγs + |Ys(h)− zs|γs)×

×(t− τ)−M−Mk′+m̂1γ1E(1)
c (t− τ, x, ξ), s ∈ {2, 3}, k ∈ Zn+, (3.37)∣∣∣∣∫

Rn

∂kxW11(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤ C(t− τ)−Mk+m̂1γ1, k ∈ Zn+ \ {0}, (3.38)

∣∣∣∣∆zs
xs

∫
Rn

∂kxW11(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤
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≤ C|xs − zs|γ
0
s (t− τ)−Mk−m̂sγ

0
s+m̂1γ1, k ∈ Zn+ \ {0}, (3.39)∣∣∣∣ ∫

Rn2+n3

∂kxW11(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣ ≤
≤ C(t− τ)−m̂1n1−Mk′+m̂2γ2E2,1

c0
(t− τ, x1 − ξ1), k′ ∈ Zn+ \ {0}, (3.40)∣∣∣∣∆zs

xs

∫
Rn2+n3

∂kxW11(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣ ≤ C|xs − zs|γ
0
s×

×(t−τ)−m̂1n1−Mk−m̂sγ
0
s+m̂2γ2

(
E2,1
c0

(t− τ, x1 − ξ1)+E2,1
c0

(t− τ, z1 − ξ1)
)
, k′∈Zn+\{0},

(3.41)∣∣∣∣∫
Rn3

∂kxW11(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ ≤ C(t− τ)−m̂1n1−m̂2n2−Mk+m̂3γ3×

×E2,1
c0

(t− τ, x1 − ξ1)E
2,2
c0

(t− τ,X2(t− τ)− ξ2), k3 ∈ Zn3
+ \ {0}, (3.42)∣∣∣∣∆zs

xs

∫
Rn3

∂kxW11(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ ≤ C|xs− zs|γ
0
s (t− τ)−m̂1n1−m̂2n2−Mk−m̂sγ

0
s+m̂3γ3×

×E2,1
c0

(t− τ, x1 − ξ1)E
2,2
c0

(t− τ,X2(t− τ)− ξ2), k3 ∈ Zn3
+ \ {0}. (3.43)

Ó ôîðìóëàõ (3.36), (3.39), (3.41) i (3.43) γ0
1 ∈ (0, γ1], γ

0
s ∈ (0, 1], s ∈ {2, 3}.

Äîâåäåííÿ ëåì 3.1, 3.2 i 3.3 íàâåäåíî ó äîäàòêó Ä.2.

Íàâåäåìî îñíîâíèé ðåçóëüòàò ïåðøîãî åòàïó.

Òåîðåìà 3.1. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1.52) âèêîíóþòüñÿ óìîâè

(A11), (A12) i (A15). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z11 i ¹

ïðàâèëüíèìè òàêi òâåðäæåííÿ:

|∂kxZ11(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−MkE(1)
c (t− τ, x, ξ); (3.44)

|∆zs
xs
∂kxZ11(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk−m̂sγ

0
s×

×
(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)
)
; (3.45)

|∆zs
ys
∂kxZ11(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−MlkE(1)

c (t− τ, x, ξ)×

×(hm̂sγs + |Ys(h)− zs|γs), s ∈ {2, 3}; (3.46)

|
∫
Rn

∂kxZ11(t, x; τ, ξ; y′)dξ| ≤ C(t− τ)−Mk+m̂1γ1, k ∈ Zn+ \ {0}; (3.47)
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|∆zs
xs

∫
Rn

∂kxZ11(t, x; τ, ξ; y′)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mk+m̂1γ1−m̂sγ

0
s , k ∈ Zn+ \ {0};

(3.48)

|
∫

Rn2+n3

∂k
′

x Z11(t, x; τ, ξ; (ξ2, ξ3))dξ2dξ3| ≤

≤ C(t− τ)−m̂1n1−Mk′+m̂2γ2E2,1
c0

(t− τ, x1 − ξ1), k
′ ∈ Zn+ \ {0}, (3.49)

|
∫
Rn3

∂k3
x3
Z11(t, x; τ, ξ; (ξ2, ξ3))dξ3| ≤ C(t− τ)−m̂1n1−m̂2n2−Mk+m̂3γ3×

×E2,1
c0

(t− τ, x1 − ξ1)E
2,2
c0

(t− τ,X2(t− τ)− ξ2), k3 ∈ Zn3
+ \ {0}, (3.50)

à òàêîæ ðiâíîñòi

∂k
′

x

∫
Rn2+n3

Z11(t, x; τ, ξ; y′)dξ2dξ3 = 0, k′ ∈ Zn+ \ {0}; (3.51)

∂k3
x3

∫
Rn3

Z11(t, x; τ, ξ; y′)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (3.52)

∂k
′

x Z11(t, x; τ, ξ; y′) = (−∂ξ)k
′
Z11(t, x; τ, ξ; y′), k′ ∈ Zn+ \ {0}, (3.53)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3, {ys, zs} ⊂ Rns, s ∈ N3, γ
0
1 ∈

∈ (0, γ1], {γ0
2 , γ

0
3} ⊂ (0, 1], k ∈ Zn+, |k1| ≤ 2.

Äîâåäåííÿ. Îöiíêè (3.44)� (3.53) âèïëèâàþòü ç îçíà÷åííÿ (1.53) i âiäïîâiäíèõ

îöiíîê ïàðàìåòðèêñó G11 i îá'¹ìíîãî ïîòåíöiàëó W11.I

3.2. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L
(t,x2(y))
1

Íà äðóãîìó åòàïi ïàðàìåòðèêñ G12 âèçíà÷à¹òüñÿ çà ôîðìóëîþ (1.59). Íà-

âåäåìî îöiíêè i âëàñòèâîñòi ïàðàìåòðèêñó G12.

Ëåìà 3.4. Çà óìîâ ëåìè 3.3 äëÿ ôóíêöi¨ G12 ¹ ïðàâèëüíèìè òàêi òâåðäæåí-

íÿ:

|∂kxG12(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−MkE(1)
c (t− τ, x, ξ); (3.54)

|∆zs
xs
∂kxG12(t, x; τ, ξ; y3)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk−m̂sγ

0
s×

×
(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)
)

; (3.55)∣∣∆z3
y3
∂kxG12(t, x; τ, ξ; y3)

∣∣ ≤ C
(
hm̂3γ

0
3 + |Y3(h)− z3|γ

0
3
)
×
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×(t− τ)−M−MkE(1)
c (t− τ, x, ξ); (3.56)

|
∫
Rn

∂kxG12(t, x; τ, ξ; ξ3)dξ| ≤ C(t− τ)−Mk+m(k), (3.57)

m(k) :=


m̂1γ1, ÿêùî k1 6= 0, à k2 = 0 i k3 = 0,

m̂2γ2, ÿêùî k2 6= 0, à k1 = 0 i k3 = 0,

m̂2γ2, ÿêùî k3 6= 0, à k1 = 0 i k2 = 0,

k = (k1, k2, k3) ∈ Zn+ \ {0};

|∆zs
xs

∫
Rn

∂kxG12(t, x; τ, ξ; y3)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mk+m(k)−m̂sγ

0
s , k ∈ Zn+ \ {0};

(3.58)

|
∫

Rn2+n3

∂kxG12(t, x; τ, ξ; ξ3)dξ2dξ3| ≤ C(t− τ)−Mk−m̂1n1+m′(k)E2,1
c (t− τ, x1 − ξ1),

(3.59)

m′(k) :=

0, ÿêùî k′ = 0;

m̂2γ2, ÿêùî k′ 6= 0,
k ∈ Zn+ \ {0};

|∆zs
xs

∫
Rn2+n3

∂kxG12(t, x; τ, ξ; y3)dξ2dξ3| ≤ C|xs − zs|γ
0
s (t− τ)−Mlk−m̂1n1+m′(k)−m̂sγ

0
s×

×
(
E2,1
c (t− τ, x1 − ξ1) + E2,1

c (t− τ, z1 − ξ1)
)

; (3.60)

∂k3
x3

∫
Rn3

G12(t, x; τ, ξ; y3)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (3.61)

∂k3
x3
G2(t, x; τ, ξ; y3) = (−∂ξ3)k3G2(t, x; τ, ξ; y3), k3 ∈ Zn3

+ \ {0}, (3.62)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3, {xs, zs} ⊂ Rns, s ∈ N3, k ∈ Zn+, |k1| ≤ 2.

Ó ôîðìóëàõ (3.55), (3.58) i (3.60) γ0
1 ∈ (0, γ1], γ

0
2 ∈ (0, 1], γ0

3 ∈ (0, 1].

Äîâåäåííÿ. Îöiíêè (3.54)� (3.61), ðiâíîñòi (3.62) áåçïîñåðåäíüî âèïëèâàþòü

ç îöiíîê (3.44)� (3.50), îçíà÷åííÿ ïàðàìåòðèêñó (1.59) i ðiâíîñòåé (3.53). I

Iíòåãðàëüíå ðiâíÿííÿ äëÿ ãóñòèíè Q12 îòðèìó¹ìî àíàëîãi÷íî äî ðiâíÿííÿ

(3.13) äëÿ ãóñòèíè Q11. Öå ðiâíÿííÿ ìà¹ âèãëÿä

Q12(t, x; τ, ξ; y3) = K12(t, x; τ, ξ; y3)+
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+

t∫
τ

dβ

∫
Rn

K12(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ. (3.63)

ßäðî K12 âèçíà÷à¹òüñÿ ôîðìóëîþ

K12(t, x; τ, ξ; y3) :=

( n1∑
j,l=1

∆ξ2
x2
ajl(t, x

2(y))∂x1j
∂x1l

+

+

n1∑
j=1

∆ξ2
x2
aj(t, x

2(y))∂x1j
+ ∆ξ2

x2
a0(t, x

2(y))

)
G12(t, x; τ, ξ; y3),

0 ≤ τ < t ≤ T, y3 ∈ Rn3, {x, ξ} ⊂ Rn. (3.64)

Ç (3.64) âèïëèâàþòü òàêi ðiâíîñòi:

∂k3
x3
K12(t, x; τ, ξ; y3) :=

( n1∑
j,l=1

∆ξ2
x2
ajl(t, x

2(y))∂x1j
∂x1l

+

+

n1∑
j=1

∆ξ2
x2
aj(t, x

2(y))∂x1j
+ ∆ξ2

x2
a0(t, x

2(y))

)
∂k3
x3
G12(t, x; τ, ξ; y3),

0 ≤ τ < t ≤ T, y3 ∈ Rn3, {x, ξ} ⊂ Rn. (3.65)

∆z3
y3
∂k3
x3
K12(t, x; τ, ξ; y3) :=

(
n1∑
j,l=1

∆ξ2
x2

∆z3
y3
ajl(t, x

2(y))∂x1j
∂x1l

+

+

n1∑
j=1

∆ξ2
x2

∆z3
y3
aj(t, x

2(y))∂x1j
+ ∆ξ2

x2
∆z3
y3
a0(t, x

2(y))

)
∂k3
x3
G12(t, x; τ, ξ; y3)+

+

(
n1∑
j,l=1

∆ξ2
x2
ajl(t, x

2(y))∂x1j
∂x1l

+

n1∑
j=1

∆ξ2
x2
aj(t, x

2(y))∂x1j
+

+∆ξ2
x2
a0(t, x

2(y))

)∣∣∣∣∣
y3=z3

∆z3
y3
∂k3
x3
G12(t, x; τ, ξ; y3),

0 ≤ τ < t ≤ T, y3 ∈ Rn3, {x, ξ} ⊂ Rn. (3.66)

Äîäàíêè ç (3.65), (3.66) îöiíþ¹ìî ïîäiáíî äî îöiíþâàííÿ äîäàíêiâ ç (3.14),

(3.15). Îòðèìà¹ìî

|∂k3
x3
K12(t, x; τ, ξ; y3)| ≤ C(t−τ)−M−1+m̂2γ2−m̂3|k3|E(1)

c (t−τ, x, ξ), k3 ∈ Zn3
+ ; (3.67)

|∆z3
y3
∂k3
x3
K12(t, x; τ, ξ; y3)| ≤ C

(
hm̂3γ3 + |Y3(h)− z3|γ3

)
(t− τ)−M−1+m̂2γ2−m̂3(|k3|+γ3)×

×
(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(3), ξ)
)
, γ0

3 ∈ (0, 1], k3 ∈ Zn3
+ . (3.68)
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Ç (3.67) i âëàñòèâîñòi (3.62) ïàðàìåòðèêñó âèïëèâà¹ ðiâíiñòü

∂k3
x3
K12(t, x; τ, ξ; y3) = (−∂ξ3)k3K12(t, x; τ, ξ; y3), k3 ∈ Zn3

+ . (3.69)

Ïåðåéäåìî äî îöiíêè ïðèðîñòiâ çà çìiííîþ x1 ïîõiäíèõ âiä ÿäðà K12. Äëÿ

öüîãî âèêîðèñòîâó¹ìî çîáðàæåííÿ

∆z1
x1
∂k3
x3
K12(t, x; τ, ξ; y3) =

n1∑
j,l=1

∆z1
x1

∆ξ2
x2
ajl(t, x2(y))∂x1j

∂x1l
∂k3
x3
G12(t, x; τ, ξ; y3)+

+

(
n1∑
j=1

∆z1
x1

∆ξ2
x2
aj(t, x

2(y))∂x1j
+ ∆z1

x1
∆ξ2
x2
a0(t, x

2(y))

)
∂k3
x3
G12(t, x; τ, ξ; y3)+

+

n1∑
j,l=1

∆ξ2
x2
ajl(t, x

2(y))

∣∣∣∣
x1=z1

∆z1
x1
∂x1j

∂x1l
∂k3
x3
G12(t, x; τ, ξ; y3)+

+

n1∑
j=1

∆ξ2
x2
aj(x

2(y))

∣∣∣∣
x1=z1

∆z1
x1
∂x1j

∂k3
x3
G12(t, x; τ, ξ; y3)+

+∆ξ2
x2
a0(t, x

2(y))

∣∣∣∣
x1=z1

∆z1
x1
∂k3
x3
G12(t, x; τ, ξ; y3). (3.70)

Îöiíèâøè äîäàíêè ç (3.70) çà äîïîìîãîþ óìîâ (1.11), (1.12), îöiíîê (3.54) i

(3.55) ïðè s = 1, îòðèìà¹ìî òàêi îöiíêè:

|∆z1
x1
∂k3
x3
K12(t, x; τ, ξ; y3)| ≤ C|x1 − z1|γ

0
1 (t− τ)−M−1−m̂3|k3|−m̂1(γ0

1−γ1)+m̂2γ2×

×
(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(1), ξ)

)
, γ0

1 ∈ (0, γ1]. (3.71)

|∆z1
x1
∂k3
x3

∫
Rn

K12(t, x; τ, ξ; y3)dξ| ≤ C|x1 − z1|γ
0
1 (t− τ)−1−m̂3|k3|+m̂1(γ1−γ0

1). (3.72)

Ó (3.71) i (3.72) ìóëüòèiíäåêñ k3 ∈ Zn3
+ � äîâiëüíèé.

Äëÿ ïðèðîñòiâ çà çìiííîþ x2 ìà¹ìî òàêå çîáðàæåííÿ:

∆z2
x2
∂k3
x3
K12(t, x; τ, ξ; y3) =

n1∑
j,l=1

∆z2
x2
ajl(t, x

2(y))∂x1j
∂x1l

∂k3
x3
G12(t, x; τ, ξ; y3)+

+

n1∑
j=1

∆z2
x2
aj(t, x

2(y))∂x1j
∂k3
x3
G12(t, x; τ, ξ; y3)+∆z2

x2
a0(t, x

2(y))∂k3
x3
G12(t, x; τ, ξ; y3)+

+

n1∑
j,l=1

∆ξ2
z2
ajl(t, (x1, z2, y3))∆

z2
x2
∂x1j

∂x1l
∂k3
x3
G12(t, x; τ, ξ; y3)+

n1∑
j=1

∆ξ2
z2
aj(t, (x1,z2,y3))×
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×∆z2
x2
∂x1j

∂k
′

x G12(t, x; τ, ξ; y3)+∆ξ2
z2
a0(t, (x1, z2, y3))∆

z2
x2
∂k3
x3
G12(t, x; τ, ξ; y3); (3.73)

Äîäàíêè â (3.73) îöiíþ¹ìî àíàëîãi÷íî äî (3.71) çà äîïîìîãîþ óìîâè (1.12),

îöiíîê (3.54), (3.55) ïðè s = 2. Îòðèìà¹ìî îöiíêè

|∆z2
x2
∂k3
x3
K12(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−1−m̂3|k3|×

×
(
|x2 − z2|γ2 + |x2 − z2|γ

0
2 (t− τ)−m̂2(γ0

2−γ2)
)
×(

E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(2), ξ)
)
, |k3| ∈ Zn3

+ , γ
0
2 ∈ (0, 1]. (3.74)

Òóò γ0
2 � äîâiëüíå ÷èñëî ç ïðîìiæêó (0, 1], à γ2 ÷èñëî ç óìîâè (1.12). Iíòåãðóþ÷è

îöiíêè (3.74) çà âiäïîâiäíèìè ãðóïàìè çìiííèõ, îòðèìó¹ìî

|∆z2
x2

∫
Rn

∂k3
x3
K12(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−1−m̂3|k3|+m(k)×

×
(
|x2 − z2|γ2 + |x2 − z2|γ

0
2 (t− τ)−m̂2(γ0

2−γ2)
)

; (3.75)

|∆z2
x2

∫
Rn2+n3

∂k3
x3
K12(t, x; τ, ξ; y3)dξ2dξ3| ≤ C(t− τ)−m̂1n1−1−m̂3|k3|(|x2 − z2|γ2+

+|x2− z2|γ
0
2 (t− τ)−m̂2(γ0

2−γ2))
(
E2,1
c (t− τ, x1 − ξ1) + E2,1

c (t− τ, z1 − ξ1)
)

; (3.76)

|∆z2
x2

∫
Rn3

∂k3
x3
K12(t, x; τ, ξ; y3)dξ3| ≤ C(t− τ)−m̂1n1−m̂2n2−1−m̂3|k3|(|x2 − z2|γ2+

+|x2 − z2|γ
0
2 (t− τ)−m̂2(γ0

2−γ2))
(
E2,1
c (t− τ, x1 − ξ1)E

2,2
c (t− τ,X2(t− τ)− ξ2)+

+E2,1
c (t− τ, z1 − ξ1)E

2,2
c (t− τ, Z2(t− τ)− ξ2)

)
. (3.77)

Äëÿ îöiíêè ïðèðîñòiâ çà çìiííîþ x3 âèêîðèñòîâó¹ìî çîáðàæåííÿ

∆z3
x3
∂k3
x3
K12(t, x; τ, ξ; y3) =

n3∑
j=1

z3j∫
x3j

∂k3
x3
∂ζ3jK12(t, ζ

(j)
3 ; τ, ξ; y3)dζ3j,

äå òî÷êè ζ(j)
3 , j ∈ Nn3

� òàêi ÿê âèùå.

|∆z3
x3
∂k3
x3
K12(t, x; τ, ξ; y3)| = |

n3∑
j=1

z3j∫
x3j

∂k3
x3
∂ζ3jK12(t, ζ

(j)
3 ; τ, ξ; y3)dζ3j| ≤

≤
∣∣∣∣ n3∑
j=1

∣∣ z3j∫
x3j

|∂k3
x3
∂ζ3jK12(t, ζ

(j)
3 ; τ, ξ; y3)|dζ3j

∣∣∣∣∣∣ ≤
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≤ C

n3∑
j=1

|xsj − zsj|(t− τ)−M−1−m̂3(|k3|−1)+m̂2γ2

(
E(1)
c0

(t− τ, x, ξ)+

+E(1)
c0

(t−τ, z(3), ξ)

)
≤ C|x3−z3|γ

0
3 (t−τ)−M−1−m̂3|k3|+m̂2γ2−m̂3γ

0
3

(
E(1)
c0

(t−τ, x, ξ)+

+E(1)
c0

(t− τ, z(3), ξ)

)
, k3 ∈ Zn3

+ , γ
0
3 ∈ (0, 1]; (3.78)

|∆z3
x3

∫
Rn

∂k3
x3
K12(t, x; τ, ξ; y3)dξ| ≤ C|x3 − z3|γ

0
3 (t− τ)−1−m̂3|k3|+m̂2γ2−m̂3γ

0
3 ,

k3 ∈ Zn3
+ , γ

0
3 ∈ (0, 1]; (3.79)

|∆z3
x3

∫
Rn2+n3

∂k3
x3
K12(t, x; τ, ξ; y3)dξ2dξ3|≤C|x3− z3|γ

0
3 (t− τ)−m̂1n1−1−m̂3|k3|+m2γ2−m3γ

0
3×

×
(
E2,1
c (t− τ, x1 − ξ1) + E2,1

c (t− τ, z1 − ξ1)
)
, k3 ∈ Zn3

+ , γ
0
3 ∈ (0, 1]; (3.80)

|∆z3
x3

∫
Rn3

∂k3
x3
K12(t, x; τ, ξ; y3)dξ3|≤C|x2−z2|γ

0
2 (t−τ)−m̂1n1−m̂2n2−1−m̂3|k3|+m̂2γ2−m̂3γ

0
3×

×
(
E2,1
c (t− τ, x1 − ξ1)E

2,2
c (t− τ,X2(t− τ)− ξ2)+

+E2,1
c (t− τ, z1 − ξ1)E

2,2
c (t− τ, Z2(t− τ)− ξ2)

)
, k3 ∈ Zn3

+ , γ
0
3 ∈ (0, 1]. (3.81)

Íàâåäåìî âëàñòèâîñòi ôóíêöi¨ Q12.

Ëåìà 3.5. Äëÿ ôóíêöi¨ Q12 ñïðàâäæóþòüñÿ îöiíêè

|∂k3
x3
Q12(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−1−m̂3|k3|+m̂2γ2E(1)

c (t− τ, x, ξ); (3.82)

|∆zs
xs
∂k3
x3
Q12(t, x; τ, ξ; y3)| ≤ C|xs − zs|γ

0
s (t− τ)−M−1−m̂3|k3|+m̂s(γs−γ0

s )×

×
(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)
)
, γ0

s ∈ (0, γs), s ∈ N2, k3 ∈ Zn3
+ ; (3.83)

|∆z3
y3
∂k3
x3
Q12(t, x; τ, ξ; y3)| ≤ C(hm̂3γ3 + |Y3(h)− z3|γ3)×

×(t− τ)−M−m̂3|k3|−1E(1)
c (t− τ, x, ξ); (3.84)

|∂k3
x3

∫
Rn

Q12(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−1−m̂3|k3|+m̂2γ2; (3.85)

|∂k3
x3

∫
Rn2+n3

Q12(t, x; τ, ξ; y3)dξ2dξ3| ≤ C(t−τ)−m̂1n1−1−m̂3|k3|+m̂2γ2E2,1
c (t−τ, x1−ξ1);

(3.86)
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|∂k3
x3

∫
Rn3

Q12(t, x; τ, ξ; ξ3)dξ3| ≤ C(t− τ)−m̂1n1−m̂2n2−1−m̂3|k3|+m̂2γ2×

×E2,1
c (t− τ, x1 − ξ1)E

2,2
c (t− τ,X2(t− τ)− ξ2); (3.87)

∂k3
x3

∫
Rn3

Q2(t, x; τ, ξ; y3)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (3.88)

|∂k3
x3

∫
Rn3

Q12(t, x; τ, ξ; ξ3)dξ3| ≤ C(t− τ)−m̂1n1−m̂2n2−1+m̂2γ2+m̂3(γ3−|k3|)×

×E2,1
c0

(t− τ, x1 − ξ1)E
2,2
c0

(t− τ,X2(t− τ)− ξ2), (3.89)

äå 0 ≤ τ < t ≤ T, {x, ξ, z(s)} ⊂ Rn, s ∈ N3, k3 ∈ Zn3
+ , ïðè÷îìó k3 ∈

∈ Zn3
+ \ {0} â (3.85)�(3.89), γ0

l ∈ (0, γl], l ∈ N2, γ
0
3 ∈ (0, 1], γl, l ∈ N2� ÷èñëà ç

óìîâ (1.11), (1.12) i (1.13).

Äîâåäåííÿ ëåìè íàâåäåíî ó äîäàòêó 2.

Îòðèìàíi âëàñòèâîñòi ïàðàìåòðèêñó G12 òà ãóñòèíè ïîòåíöiàëó Q12 äîç-

âîëÿþòü äîñëiäèòè îá'¹ìíèé ïîòåíöiàë (1.58), îòðèìàòè éîãî îöiíêè i äîâåñòè

òàêó ëåìó.

Ëåìà 3.6. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 3.4 i ëåìè 3.5. Òîäi äëÿ ôóíêöi¨

(1.58) ïðàâèëüíi òàêi òâåðäæåííÿ:

(A) äëÿ k′′′ := (k1, k2, 0) ∈ Zn+, 2|k1| + |k2| ≤ 1, iñíóþòü ïîõiäíi ∂k
′′′

x W12,

ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

∂k
′′

x W12(t, x; τ, ξ; y3) =

t1∫
τ

dβ

∫
Rn

∂k
′′

x G12(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ+

+

t∫
t1

dβ

∫
Rn

∂k
′′

x G12(t, x; β, λ; y3)∆
X(t−β)
λ Q12(β, λ; τ, ξ; y3)dλ+

+

t∫
t1

∫
Rn

∂k
′′

x G12(t, x; β, λ; y3)dλ

Q12(β,X(t− β); τ, ξ; y3)dβ; (3.90)

∂k2
x2
W12(t, x; τ, ξ; y3) =

t1∫
τ

dβ

∫
Rn

∂k2
x2
G12(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ+
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+

t∫
t1

dβ

∫
Rn1

( ∫
Rn2+n3

∂k2
x2
G12(t, x; β, λ; y3)dλ2dλ3

)
×

×∆
X(t−τ)
Λ01(t−β)Q12(β,Λ

01(t− β); τ, ξ; y3)dλ1 +

t∫
t1

dβ

∫
Rn

∂k2
x2
G12(t, x; β, λ; y3)×

×
(

∆
Λ01(t−β)
Λ02(t−β)Q12(β,Λ

02(t− β); τ, ξ; y3) + ∆Λ02

λ Q12(β, λ; τ, ξ; y3)
)
dλ

+

t∫
t1

∫
Rn

∂k2
x2
G12(t, x; β, λ; y3)dλ

Q12(β,X(t− τ); τ, ξ; y3)dβ =:
4∑
j=1

W k′′′

12j ,

(3.91)

(B) äëÿ k3 ∈ Zn3
+ , k1 ∈ Zn1

+ , |k1| = 1 iñíóþòü ïîõiäíi ∂k3
x3
∂k1
x1
W12, ÿêi âèçíà÷à-

þòüñÿ ôîðìóëàìè

∂k3
x3
∂k1
x1
W12(t, x; τ, ξ; y3) :=

t1∫
τ

dβ

∫
Rn

∂k3
x3
∂k1
x1
G12(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ+

+

t∫
t1

dβ

∫
Rn

∂k1
x1
G12(t, x; β, λ; y3)∂

k3

λ3
Q12(β, λ; τ, ξ; y3)dλ =:

2∑
j=1

W k′

12j; (3.92)

(C) ñïðàâäæóþòüñÿ îöiíêè

|∂kxW12(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−Mk+mkE(1)
c (t− τ, x, ξ), (3.93)

|∆zs
xs
∂kxW12(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk+m̄s(γs−γ0

s )×

×
(
E(1)
c (t− τ, x, ξ)+E(1)

c (t− τ, z(s), ξ)
)
,

m̄s = m̂s, s ∈ N2, m̄3 = m̂2, γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]. (3.94)

Äîâåäåííÿ ëåìè 3.6 íàâåäåíî ó äîäàòêó 2.

Ðåçóëüòàòè äðóãîãî åòàïó ïîáóäîâè êëàñè÷íîãî ÔÐÇÊ íàâåäåíi â íàñòóï-

íié òåîðåìi.

Òåîðåìà 3.2. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1.52) âèêîíóþòüñÿ óìîâè

(A11), (A12) i (A15). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z12 i ¹
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ïðàâèëüíèìè òàêi òâåðäæåííÿ:

|∂kxZ12(t, x; τ, ξ; y3| ≤ C(t− τ)−M−MkE(1)
c (t− τ, x, ξ),

k ∈ {(k1, k2, k3) ∈ Zn+ | m̂1|k1|+ |k2| ≤ 1}; (3.95)

|∆zs
xs
∂kxZ12(t, x; τ, ξ; y3)| ≤ C|xs−zs|γ

0
s (t−τ)−M−Mk−m̂sγ

0
s (E(1)

c (t−τ, x, ξ)+E(1)
c (t−τ, z(s), ξ))

γ0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]; (3.96)

|
∫
Rn

∂kxZ12(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−Mk+m(k), k ∈ {Zn+|0 < m̂1|k1|+ |k2| ≤ 1};

(3.97)

|∆zs
xs

∫
Rn

∂kxZ12(t, x; τ, ξ; y3)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mk+m(k)−m̂sγ

0
s ,

k ∈ {Zn+ | m̂1|k1|+ |k2| ≤ 1}, γ0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]; (3.98)

|
∫

Rn2+n3

∂kxZ12(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−Mk−m̂1n1+m(k′)E2,1
c (t− τ, x1 − ξ1), k 6= 0;

(3.99)

|∆zs
xs

∫
Rn2+n3

∂kxZ12(t, x; τ, ξ; y3)dξ2dξ3| ≤ C|xs − zs|γ
0
s (t− τ)−Mk−m̂1n1+m(k′)−m̂sγ

0
s×

×(E2,1
c (t− τ, x1−ξ1)+E2,1

c (t− τ, z1−ξ1)), γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1];

(3.100)

∂k3
x3

∫
Rn3

Z12(t, x; τ, ξ; y3)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (3.101)

∂k3
x3
Z12(t, x; τ, ξ; y3) = (−∂ξ3)k3Z12(t, x; τ, ξ; y3), k3 ∈ Zn3

+ \ {0}, (3.102)

Ó ôîðìóëàõ (3.95)�(3.102) 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3.

Äîâåäåííÿ. Îöiíêè (3.95), (3.96) âèïëèâàþòü ç îçíà÷åííÿ ÔÐÇÊ (1.57) i âiä-

ïîâiäíèõ îöiíîê (3.54), (3.55), (3.93) i (3.94).

Ùîá îòðèìàòè îöiíêè (3.97)� (3.100) ïîòðiáíî ñïåðøó îòðèìàòè òàêi îöií-

êè äëÿ iíòåãðàëiâ âiä ïîõiäíèõ W2 òà ¨õ ïðèðîñòiâ. Iíòåãðóþ÷è îöiíêè (3.93) i

(3.94) âiäïîâiäíî çà (ξ1, ξ2, ξ3) ∈ Rn i (ξ2, ξ3) ∈ Rn2+n3, iç óðàõóâàííÿì ðiâíîñòåé
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(??), (??), îòðèìà¹ìî òàêi íåðiâíîñòi:

|
∫
Rn

∂kxW12(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−Mk+m(k); (3.103)

|∆zs
xs

∫
Rn

∂kxW12(t, x; τ, ξ; y3)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mk+m(k)−m̂sγ

0
s ; (3.104)

|
∫

Rn2+n3

∂kxW12(t, x; τ, ξ; y3)dξ| ≤ C(t−τ)−Mk−m̂1n1+m(k′)E2,1
c (t−τ, x1−ξ1); (3.105)

|∆zs
xs

∫
Rn2+n3

∂kxW12(t, x; τ, ξ; y3)dξ2dξ3| ≤ C|xs − zs|γ
0
s (t− τ)−Mk−m̂1n1+m(k′)−m̂sγ

0
s×,

×(E2,1
c (t− τ, x1 − ξ1) + E2,1

c (t− τ, z1 − ξ1)). (3.106)

Â íåðiâíîñòÿõ (3.103)�(3.105) 0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn, y3 ∈ Rn3, à ÷èñëà

m(k) i m(k)′ �òàêi ÿê âèùå. Ç íåðiâíîñòåé (3.103)�(3.105), (3.57)�(3.59) âèïëè-

âàþòü îöiíêè (3.97)� (3.100).

Ðiâíîñòi (3.101) ¹ íàñëiäêîì ðiâíîñòåé (3.61) i (3.88). Àíàëîãi÷íî, çà äîïî-

ìîãîþ (3.62) i (3.88) äîâîäèòüñÿ ðiâíîñòi (3.102). I

3.3. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ

Îöiíêè ïàðàìåòðèêñó G13, ÿêèé íà òðåòüîìó åòàïi âèçíà÷à¹òüñÿ çà ôîð-

ìóëîþ (??) íàâîäÿòüñÿ â íàñòóïíié ëåìi.

Ëåìà 3.7. Äëÿ ôóíêöi¨ G13 ñïðàâäæóþòüñÿ îöiíêè

|∂kxG13(t, x; τ, ξ)| ≤ C(t− τ)−M−MkE(1)
c (t− τ, x, ξ); (3.107)

|∆zs
xs
∂kxG13(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk−m̂sγ

0
s×

×(E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)); (3.108)

|
∫
Rn

∂ksxsG13(t, x; τ, ξ)dξ| ≤ C(t− τ)−Mks+m̂sγs, ks ∈ Zns+ \ {0}, s ∈ N3; (3.109)

|∆zs
xs

∫
Rn

∂klxlG13(t, x; τ, ξ)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mkl

+m̂lγl−m̂sγ
0
s ; (3.110)

|
∫

Rn2+n3

∂klxlG13(t, x; τ, ξ)dξ2dξ3| ≤ C(t−τ)−Mkl
−m̂1n1+m̂lγlE1

c (t−τ, x1−ξ1); (3.111)
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|∆zs
xs

∫
Rn2+n3

∂klxlG13(t, x; τ, ξ)dξ2dξ3| ≤ C|xs − zs|γ
0
s (t− τ)−Mkl

−m̂1n1+m̂lγl−m̂sγ
0
s×

×(E1
c (t− τ, x1 − ξ1) + E1

c (t− τ, z1 − ξ1)); (3.112)

|
∫
Rn3

∂k3
x3
G13(t, x; τ, ξ)dξ3| ≤ C(t− τ)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)×

×E1
c (t− τ, x1 − ξ1)E

2
c (t− τ,X2(t− τ)− ξ2); (3.113)

|∆zs
xs

∫
Rn3

∂klxlG13(t, x; τ, ξ)dξ2dξ3| ≤ C|xs − zs|γ
0
s (t− τ)−m̂1n1−m̂2n2−Mkl

+m̂lγl−m̂sγ
0
s×

×(E1
c (t−τ, x1−ξ1)E

2
c (t−τ,X2(t−τ)−ξ2)+E

1
c (t−τ, z1−ξ1)E

2
c (t−τ,X2(t−τ)−ξ2)+

+E1
c (t−τ, z1−ξ1)E

2
c (t−τ, Z

(s)
2 (t−τ)−ξ2)+E1

c (t−τ, x1−ξ1)E
2
c (t−τ, Z

(s)
2 (t−τ)−ξ2));

(3.114)

äå 0 ≤ τ < t ≤ T, k ∈ {(k1, k2, k3) ∈ Zn+, m̂1|k1| + |k2| + |k3| ≤ 1}, {x, ξ} ⊂

⊂ Rn, {xs, zs} ⊂ Rns, s ∈ N3, γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1].

Äîâåäåííÿ. Îöiíêè (3.107)�(3.113) áåçïîñåðåäíüî âèïëèâàþòü ç îöiíîê

(3.95)�(3.100) ÔÐÇÊ Z2(t, x; τ, ξ; y3), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3.

I

Ðîçãëÿíåìî âëàñòèâîñòi ãóñòèíè Q13 ïîòåíöiàëó W13.

Ëåìà 3.8. Äëÿ ôóíêöi¨ Q13 ñïðàâäæóþòüñÿ îöiíêè

|Q13(t, x; τ, ξ)| ≤ C(t− τ)−M−1+m̂3γ3E(1)
c0

(t− τ, x, ξ), (3.115)

|∆zs
xs
Q13(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
s (t− τ)−M−1+m̂s(γs−γ0

s )×

×
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(s), ξ)
)
, 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn,

{xs, zs} ⊂ Rns, s ∈ N3, γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (3/5, γ3]. (3.116)

Äîâåäåííÿ. Çà çðîáëåíèõ ïðèïóùåíü ôóíêöiÿ Q13 çàäîâîëüíÿ¹ iíòåãðàëüíå

ðiâíÿííÿ

Q13(t, x; τ, ξ) = K13(t, x; τ, ξ) +

t∫
τ

dβ

∫
Rn

K13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ, (3.117)
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â ÿêîìó ÿäðî K13 âèçíà÷à¹òüñÿ ôîðìóëîþ

K13(t, x; τ, ξ) :=

(
n1∑
j,l=1

∆ξ3
x3
ajl(t, x)∂x1j

∂x1l
+

n1∑
j=1

∆ξ3
x3
aj(t, x)∂x1j

+ ∆ξ3
x3
a0(t, x)

)
×

×G13(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (3.118)

Îöiíèìî äîäàíêè ç (3.118) çà äîïîìîãîþ óìîâè (A12), íåðiâíîñòåé (??), (3.107),

(2.36) i (2.48). Ìà¹ìî

|K13(t, x; τ, ξ)| ≤ C(t− τ)−M−1+m̂3γ3E(1)
c0

(t− τ, x, ξ), (3.119)

äå c0�ñòàëà ç îöiíêè (2.36).

Ç îòðèìàíî¨ îöiíêè âèïëèâà¹, ùî ÿäðî K13 iíòåãðàëüíîãî ðiâíÿííÿ (4.129)

çàäîâîëüíÿ¹ óìîâè ëåìè 2.6. Íà ïiäñòàâi öi¹¨ ëåìè äëÿ ôóíêöi¨ Q13 ñïðàâä-

æó¹òüñÿ îöiíêà (3.115). Äëÿ ôóíêöi¨ Q13 ñïðàâäæóþòüñÿ òàêîæ îöiíêè (3.116).

Ç (3.118) âèïëèâàþòü òàêi ðiâíîñòi:

∆zs
xs
K13(t, x; τ, ξ) =

( n1∑
j,l=1

∆zs
xs

∆ξ3
x3
ajl(t, x)∂x1j

∂x1l
+

n1∑
j=1

∆zs
xs

∆ξ3
x3
aj(t, x)∂x1j

+

+∆zs
xs

∆ξ3
x3
a0(t, x)

)
G13(t, x; τ, ξ) +

( n1∑
j,l=1

∆ξ3
x3
ajl(t, x)∂x1j

∂x1l
+

n1∑
j=1

∆ξ3
x3
aj(t, x∂x1j

+

+∆ξ3
x3
a0(t, x)

)∣∣∣∣
xs=zs

∆zs
xs
G13(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, s ∈ N2.

(3.120)

∆z3
x3
K13(t, x; τ, ξ) =

( n1∑
j,l=1

∆z3
x3
ajl(t, x)∂x1j

∂x1l
+

n1∑
j=1

∆z3
x3
aj(t, x)∂x1j

+∆z3
x3
a0(t, x)

)
×

×G13(t, x; τ, ξ)

∣∣∣∣
xs=zs

+

( n1∑
j,l=1

∆ξ3
x3
ajl(t, x)∂x1j

∂x1l
+

n1∑
j=1

∆ξ3
x3
aj(t, x)∂x1j

+

+∆ξ3
x3
a0(t, x)

)
∆z3
x3
G13(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (3.121)

Îöiíêè äîäàíêiâ çîáðàæåíü (3.120),(3.121) äîñèòü âñòàíîâèòè ó âèïàäêó

|xs−zs|1/ms ≤ (t−τ)/4, s ∈ N3. Çà äîïîìîãîþ óìîâ (A12), (A15), îöiíîê (3.107),

(3.108) i íåðiâíîñòåé (2.36) îòðèìà¹ìî îöiíêè

|∆zs
xs
K13(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
s (t− τ)−M−1+m̂s(γs−γ0

s )×
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×
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(s), ξ)
)
, 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn,

{xs, zs} ⊂ Rns, s ∈ N3, γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (3/5, γ3]. (3.122)

Iíòåãðóþ÷è (3.120),(3.121) iç óðàõóâàííÿì (A12), (A15) i îöiíîê (3.109),

(3.110), ìà¹ìî

|∆zs
xs

∫
Rn

K13(t, x; τ, ξ)dξ| ≤ C|xs − zs|γs(t− τ)−1+m̂3γ3−m̂sγs,

0 ≤ τ < t ≤ T, x ⊂ Rn, {xs, zs} ⊂ Rns, s ∈ N2. (3.123)

|∆z3
x3

∫
Rn

K13(t, x; τ, ξ)dξ| ≤

≤ C

(
|x3 − z3|γ3(t− τ)−1+m̂1γ1 + |x3 − z3|γ

0
3 (t− τ)−1+m̂3(γ3−γ0

3)

)
,

0 ≤ τ < t ≤ T, x ∈ Rn, {x3, z3} ⊂ Rn3. (3.124)

Ó ôîðìóëàõ (3.123),(3.124) γs, s ∈ N3, � ÷èñëà ç óìîâè (A12), à γ0
3 �

äîâiëüíå ÷èñëî ç ïðîìiæêó (0, 1]. Ùîá îöiíèòè ïðèðîñòè ôóíêöi¨ Q13 çà äîïî-

ìîãîþ (4.129) çàïèøåìî çîáðàæåííÿ

∆zs
xs
Q13(t, x; τ, ξ) = ∆zs

xs
K13(t, x; τ, ξ) +

t1∫
τ

dβ

∫
Rn

∆zs
xs
K13(t, x; β, λ)×

×Q13(β, λ; τ, ξ)dλ+

ηs∫
t1

dβ

∫
Rn

∆zs
xs
K13(t, x; β, λ)×

×Q13(β, λ; τ, ξ)dλ+

t∫
ηs

dβ

∫
Rn

K13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ−

−
t∫

ηs

dβ

∫
Rn

K13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ =:
5∑
j=1

Q13j, (3.125)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, {xs, zs} ⊂ Rns, ηs := t − |xs − zs|1/m̂s, s ∈ N3, à

÷èñëî t1� òàêå ÿê ðàíiøå. Äàëi äëÿ ηs = t − |xs − zs|1/m̂s, |xs − zs|1/m̂s ≤ (t −
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− τ)/4, s ∈ N3, âèêîðèñòîâóâàòèìåìî íåðiâíîñòi

Js(γ) :=

ηs∫
t1

(t− β)−1+γdβ ≤

C(t− τ)γ, ÿêùî γ > 0,

C|xs − zs|γ/m̂s, ÿêùî γ < 0, s ∈ N3.
(3.126)

Îöiíèìî äîäàíêè Q13j, j ∈ N5. Äëÿ Q131 ñïðàâäæóþòüñÿ îöiíêè (3.122).

Çà äîïîìîãîþ îöiíîê (3.115), (3.122) i (2.48) îòðèìà¹ìî

|Q132| ≤
t1∫
τ

dβ

∫
Rn

|∆zs
xs
K13(t, x; β, λ)||Q13(β, λ; τ, ξ)|dλ ≤

≤ C|xs−zs|γ
0
s (t−t1)−1+m̂s(γs−γ0

s )

t1∫
τ

(β−τ)−1+m̂3γ3dβ(I
(1,s3)
0 (x, ξ)+I

(1,s3)
0 (z(3), ξ)) ≤

≤ C|xs − zs|γ
0
s (t− τ)−M−1+m̂3γ3+m̂s(γs−γ0

3)E(1)
c0

(t− τ, x, ξ).

|Q133| ≤
ηs∫
t1

dβ

∫
Rn

|∆zs
xs
K13(t, x; β, λ)||Q13(β, λ; τ, ξ)|dλ ≤

≤ C|xs − zs|γ
0
sJs(m̂s(γs − γ0

s))(t1 − τ)−1+m̂3γ3(I
(1,s3)
0 (x, ξ) + I

(1,s3)
0 (z(3), ξ)) ≤

≤ C|xs − zs|γ
0
s (t− τ)−1−M+m̂3γ3+m̂s(γs−γ0

s )E(1)
c0

(t− τ, x, ξ).

Äîäàíêè Q134 i Q135 îöiíþ¹ìî îäíàêîâî. Òîìó îöiíèìî ïåðøèé ç íèõ. Çà äîïî-

ìîãîþ (3.119), (3.115) i (2.48) ìà¹ìî

|Q134| ≤
t∫

ηs

dβ

∫
Rn

|K13(t, x; β, λ)||Q13(β, λ; τ, ξ)|dλ ≤

≤ C(t1 − τ)−1+m̂3γ3

t∫
ηs

(t− β)−1+m̂3γ3dβ(I
(1,s3)
0 (x, ξ) + I

(1,s3)
0 (z(3), ξ)) ≤

≤ C|xs − zs|m̂3γ3m̂
−1
s (t− τ)−1−M+m̂3γ3E(1)

c0
(t− τ, x, ξ).

Îöiíêà Q135 âiäðiçíÿ¹òüñÿ âiä öi¹¨ îöiíêè ëèøå òèì, ùî â íié x çàìiíåíî íà

z(s), s ∈ N2.

Îòæå, âñòàíîâëåíî îöiíêè (3.116) äëÿ âèïàäêó, êîëè γ0
s ∈ (0, γs). Öi îöiíêè

ñïðàâäæóþòüñÿ i äëÿ γ0
s = γs, s ∈ N3. Ùîá ó öüîìó ïåðåêîíàòèñÿ, óòî÷íèìî
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îöiíêó iíòåãðàëà Q133, çàïèñàâøè éîãî ó âèãëÿäi

Q133 =

ηs∫
t1

dβ

∫
Rn

∆zs
xs
K13(t, x; β, λ)∆

X(t−β)
λ Q13(β, λ; τ, ξ)dλ+

+

ηs∫
t1

∫
Rn

∆zs
xs
K13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ =: Q′133 +Q′′133.

Çà äîïîìîãîþ íåðiâíîñòåé (2.38), (2.48), îöiíîê (3.122) ïðè γ0
s = γs i (3.116)

ïðè γ0
s < γs é (Ä2.10), îòðèìó¹ìî

|Q′133| ≤ C

ηs∫
t1

dβ

∫
Rn

(t− β)−1|xs − zs|γsE(1)
c (t− β, x, λ)×

×
3∑
s=1

|Xs(t− β)− λs|γ
0
s (β − τ)−M−1+m̂s(γs−γ0

s )
s∑

j=s−1

E(1)
c (β − τ,Λ0j(t− β), ξ)dλ ≤

≤ C|xs − zs|γs
3∑
s=1

Js(m̂sγ
0
s)(t1 − τ)−M−1+m̂s(γs−γ0

s )
s∑

j=s−1

I
(1,0j)
0 (x; ξ)

)
≤

≤ C|xs − zs|γs(t− τ)−M−1+m̂sγsE(1)
c0

(t− τ, x, ξ).

Äëÿ îöiíêè äîäàíêà Q′′133 ó âèïàäêó s ∈ N2, âèêîðèñòîâó¹ìî îöiíêè (3.123),

(2.43), (3.115) i (Ä2.10). Ìà¹ìî

|Q′′133| ≤ C

ηs∫
t1

|xs − zs|γs(t− β)−1+m̂3γ3−m̂sγs(β − τ)−M−1+m̂3γ3×

×E(1)
c (t− τ,X(t− β), ξ)dβ ≤ C|xs − zs|γsJs(m̂3γ3 − m̂sγs)×

×(t1 − τ)−M−1+m̂3γ3E(1)
c (t− τ, x, ξ) ≤

≤ C|xs − zs|γs(t− τ)−M−1+2m̂3γ3−m̂sγsE(1)
c (t− τ, x, ξ).

Ó âèïàäêó s = 3 âèêîðèñòîâó¹ìî îöiíêè (3.124) ïðè γ0
3 > γ3, (2.43), (3.115) i

(Ä2.10). Îòðèìà¹ìî

|Q′′133| ≤ C

η3∫
t1

(
|x3 − z3|γ3(t− β)−1+m̂1γ1 + |x3 − z3|γ

0
3 (t− β)−1−m̂3(γ0

3−γ3)
)
×

×(β − τ)−M−1+m̂3γ3E(1)
c (t− τ,X(t− β), ξ)dβ ≤ C

(
|x3 − z3|γ3J3(m̂1γ1)+
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+|x3 − z3|γ
0
3J3(−m̂3(γ

0
3 − γ3))

)
(t1 − τ)−M−1+m̂3γ3E(1)

c (t− τ, x, ξ) ≤

≤ C|x3 − z3|γ3(t− τ)−M−1+m̂3γ3E(1)
c (t− τ, x, ξ).

Ç öèõ îöiíîê òà îöiíîê Q13j, j ∈ N5, âèïëèâàþòü îöiíêè (3.116), â ÿêèõ

γ0
s = γs, s ∈ N3. I

Ïåðåéäåìî äî äîñëiäæåííÿ îá'¹ìíîãî ïîòåíöiàëó (??).

Ëåìà 3.9. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 3.7 äëÿ ïàðàìåòðèêñó G13 i ëå-

ìè 3.8 äëÿ ôóíêöi¨ Q13. Òîäi äëÿ îá'¹ìíîãî ïîòåíöiàëó (??) ïðàâèëüíi òàêi

òâåðäæåííÿ:

(A) äëÿ k ∈ {Zn+ |m1|k1| + |k2| + |k3| ≤ 1}, iñíóþòü ïîõiäíi ∂kxW3, ÿêi

âèçíà÷àþòüñÿ ôîðìóëàìè

∂k
′′

x W13(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∂k
′′

x G13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn

∂k
′′

x G13(t, x; β, λ)∆
X(t−β)
λ Q13(β, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

∂k
′′

x G13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ =:
3∑
j=1

W 11
3j ; (3.127)

∂k2
x2
W13(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∂k2
x2
G13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn1

 ∫
Rn2+n3

∂k2
x2
G13(t, x; β, λ)dλ2dλ3

∆
X(t−τ)
Λ01(t−β)Q13(β,Λ

01(t−β); τ, ξ)dλ1+

+

t∫
t1

dβ

∫
Rn

∂k2
x2
G13(t, x; β, λ)∆

Λ01(t−β)
Λ02(t−β)Q13(β,Λ

02(t− β); τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn

∂k2
x2
G13(t, x; β, λ)∆

Λ02(t−β)
λ Q13(β, λ; τ, ξ)dλ+
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+

t∫
t1

∫
Rn

∂k2
x2
G13(t, x; β, λ)dλ

Q13(β,X(t− τ); τ, ξ)dβ =:
5∑
j=1

W 12
3j , (3.128)

∂k3
x3
W13(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∂k3
x3
G13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn1

 ∫
Rn2+n3

∂k3
x3
G13(t, x; β, λ)dλ2dλ3

∆
X(t−τ)
Λ01(t−β)Q13(β,Λ

01(t−β); τ, ξ)dλ1+

+

t∫
t1

dβ

∫
Rn1+n2

∫
Rn3

∂k3
x3
G13(t, x; β, λ)dλ3

∆
Λ01(t−β)
Λ02(t−β)Q13(β,Λ

02(t−β); τ, ξ)dλ1dλ2+

+

t∫
t1

dβ

∫
Rn

∂k3
x3
G13(t, x; β, λ)∆

Λ02(t−β)
λ Q3(β, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

∂k3
x3
G13(t, x; β, λ)dλ

Q13(β,X(t− τ); τ, ξ)dβ =:
5∑
j=1

W 13
3j , (3.129)

(B) ñïðàâäæóþòüñÿ îöiíêè

|∂kxW13(t, x; τ, ξ)| ≤ C(t− τ)−M−Mk+γE(1)
c (t− τ, x, ξ). (3.130)

Ó ôîðìóëàõ (3.127)�(3.130) 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, γ =

= min{m1γ1,m2γ2,m3γ3}, k ∈ Zn+, m1|k1|+ |k2|+ |k3| ≤ 1, k′′ = (k1, 0, 0).

Äîâåäåííÿ. Iñíóâàííÿ ïîõiäíèõ âiä W13 òà ¨õ îöiíêè âñòàíîâëþ¹òüñÿ àíàëî-

ãi÷íî äî ïîïåðåäíüîãî. Âiäìiííiñòü ïîëÿãà¹ â òîìó, ùî ïåðåêèäàííÿ ïîõiäíèõ

çà çìiííîþ x3 ç ÿäðà íà ãóñòèíó Q13 íåìîæëèâå. Ðîçãëÿíåìî iíòåãðàëè

V k,s
β (t, x; τ, ξ) :=

∫
Rn

∂ksxsG13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ,

0 ≤ τ ≤ β ≤ t ≤ T, {x, ξ} ⊂ Rn, ks ∈ Zns+ , s ∈ N3.

Îöiíèìî ¨õ çà äîïîìîãîþ îöiíîê (3.107), (3.115) i íåðiâíîñòi (2.48). Ìà¹ìî

|V k,s
β (t, x; τ, ξ)| ≤ |

∫
Rn

|∂ksxsG13(t, x; β, λ)||Q13(β, λ; τ, ξ)|dλ| ≤
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≤ C

∫
Rn

(t− β)−M−m̂s|ks|E(1)
c (t− β, x, λ)(β − τ)−M−1+m̂3γ3E(1)

c (β − τ, λ, ξ)dλ ≤

≤ C(t− β)−m̂s|ks|(β − τ)−1+m̂3γ3I
(1,03)
0 (x, ξ) ≤

≤ C(t− τ)−M(t− β)−m̂s|ks|(β − τ)−1+m̂3γ3E(1)
c (t− τ, x, ξ),

0 ≤ τ ≤ β ≤ t ≤ T, {x, ξ} ⊂ Rn, k ∈ Zn+, s ∈ N3. (3.131)

Ïåðåéäåìî äî äîâåäåííÿ òâåðäæåííÿ A. Íåõàé m1|k1| + |k2| + |k3| = 1. Äîâå-

äåìî ôîðìóëó (3.127). Âîíà äîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ âiäïîâiäíî¨

ôîðìóëè ç ëåìè 3.6. Îöiíèìî äîäàíêè W 11
3j , j ∈ N4. Çàóâàæèìî, ùî îöiíêà

(3.131) ¹ äîñòàòíüîþ äëÿ âñòàíîâëåííÿ îöiíîê äîäàíêiâ W 1s
31 , s ∈ N3. Ñïðàâäi

|W 1s
31 | ≤

t1∫
τ

|V k,s
β (t, x; τ, ξ)|dβ ≤ C(t− τ)−ME(1)

c (t− τ, x, ξ)×

×
t1∫
τ

(t− β)−m̂s|ks|(β − τ)−1+m̂3γ3dβ ≤ C(t− τ)−M(t− t1)−m̂s|ks|E(1)
c (t− τ, x, ξ)×

≤ C(t− τ)−M−m̂s|ks|+m̂3γ3E(1)
c (t− τ, x, ξ), s ∈ N3, m̂1|k1|+ |k2|+ |k3| = 1. (3.132)

Äëÿ âñòàíîâëåííÿ îöiíêè äðóãîãî äîäàíêà ïîòðiáíà ôîðìóëà äëÿ ïîâíîãî ïðè-

ðîñòó ∆
X(t−β)
λ Q3. Çà äîïîìîãîþ îöiíîê (3.116) ìà¹ìî

|∆X(t−β)
λ Q13(β, λ; τ, ξ)| ≤ |∆X(t−β)

Λ01(t−β)Q13(β, λ; τ, ξ)|+

+|∆Λ01(t−β)
Λ02(t−β)Q13(β, λ; τ, ξ)|+ |∆Λ02(t−β)

λ Q13(β, λ; τ, ξ)| ≤ C

3∑
s=1

|Xs(t− β)− λs|γ
0
s×

≤ C
3∑
s=1

|Xs(t− β)− λs|γ
0
s (β − τ)−M−1+m̂s(γs−γ0

s )
s∑

j=s−1

E(1)
c (β − τ,Λ0j(t− β), ξ).

(3.133)

|W 11
32 | ≤

t∫
t1

dβ

∫
Rn

|∂k′′x G3(t, x; β, λ)||∆X(t−β)
λ Q13(β, λ; τ, ξ)|dλ ≤

≤
t∫

t1

dβ

∫
Rn

(t−β)−M−1E(1)
c (t−β, x, λ)

3∑
s=1

|Xs(t−β)−λs|γ
0
s (β−τ)−M−1+m̂s(γs−γ0

s )×
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×
s∑

j=s−1

E(1)
c (β−τ,Λ0j(t−β), ξ)dλ ≤ C

3∑
s=1

(t1−τ)−1+m̂s(γs−γ0
s )

t∫
t1

(t−β)−1+m̂sγ
0
sdβ×

×
s∑

j=s−1

I
(1,0j)
0 (x, ξ) ≤ C

3∑
s=1

(t1−τ)−1+m̂s(γs−γ0
s )(t−t1)m̂sγs(t−τ)−MEc0(t−τ, x, ξ) ≤

≤ C
3∑
s=1

(t− τ)−M−1+m̂sγsE(1)
c0

(t− τ, x, ξ) ≤ C(t− τ)−M−1+γE(1)
c0

(t− τ, x, ξ),

äå γ = min{m1γ1,m2γ2,m3γ3}, 0 < c0 < c.

|W 11
33 | ≤

t∫
t1

|
∫
Rn

∂k
′′

x G13(t, x; β, λ)dλ||Q13(β,X(t− β); τ, ξ)|dβ ≤

≤ C

t∫
t1

(t− β)−1+m̂1γ1(β − τ)−M−1+m̂3γ3E(1)
c (β − τ,X(t− β), ξ)dβ ≤

≤ C(t− τ)−M−1+m̂3γ3+m̂1γ1E(1)
c (t− τ, x, ξ).

Ç îöiíîê äîäàíêiâ W 11
3j , j ∈ N3, ìà¹ìî

|∂kxW13(t, x; τ, ξ)| ≤ C(t− τ)−M−Mk+γE(1)
c (t− τ, x, ξ), 0 ≤ τ < t ≤ T,

{x, ξ} ⊂ Rn, k ∈ Zn+,m1|k1| = 1, |k2| = |k3| = 0, γ = min{m1γ1,m2γ2,m3γ3}.

(3.134)

Ïåðåéäåìî äî îöiíîê äîäàíêiâ çîáðàæåííÿ (3.128). Ïî÷íåìî ç äðóãîãî

äîäàíêà. Çà äîïîìîãîþ îöiíîê (3.111), (3.116), íåðiâíîñòåé (2.35), (2.49) i (2.50)

îòðèìó¹ìî

|W 12
32 | ≤

≤
t∫

t1

dβ

∫
Rn1

∣∣∣∣∣∣
∫

Rn2+n3

∂k2
x2
G3(t, x; β, λ)dλ2dλ3

∣∣∣∣∣∣
∣∣∣∆X(t−β)

Λ01(t−β)Q3(β,Λ
01(t− β); τ, ξ)

∣∣∣ dλ1 ≤

≤ C

t∫
t1

dβ

∫
Rn1

(t− β)−m̂1n1−m̂2(1−γ2)E1
c (t− β, x1 − λ1)|x1 − λ1|γ

0
1×

×(β − τ)−M−1+m̂1(γ1−γ0
1)
(
E(1)
c (β − τ,Λ01(t− β), ξ)+

+E(1)
c (β − τ,Λ00(t− β), ξ)

)
dλ1 ≤ C(t1 − τ)−M−1+m̂1(γ1−γ0

1)×
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×
t∫

t1

(t− β)−m̂2(1−γ2)+m̂1γ
0
1dβ

(
I

(1,00)
1 (x, ξ) + I

(1,01)
1 (x, ξ)

)
≤

≤ C(t− τ)−M−m̂2(1−γ2)+m̂1γ1Ec0(t− τ, x, ξ),

áî 1− m̂2(1− γ2) +m1γ
0
1 > 0 äëÿ äîâiëüíîãî γ0

1 ∈ [0, γ1] i γ2 > 1/3.

Àíàëîãi÷íî, âèêîðèñòîâóþ÷è îöiíêè (3.107), (3.116) òà íåðiâíîñòi (2.35) i

(2.48), îöiíþ¹ìî äîäàíêè W 12
23 i W 12

24 . Ìà¹ìî

|W 12
23 | ≤

t∫
t1

dβ

∫
Rn

|∂k2
x2
G13(t, x; β, λ)||∆Λ01(t−β)

Λ02(t−β)Q13(β,Λ
02(t− β); τ, ξ)|dλ ≤

≤ C

t∫
t1

dβ

∫
Rn

(t−β)−M−m2E(1)
c (t−β, x, λ)(β−τ)−M−1

2∑
j=1

E(1)
c (β−τ,Λ0j(t−β), ξ)×

×|X2(t− β)− λ2|γ
0
2 (β − τ)m̂2(γ2−γ0

2)dλ ≤

≤ C(t1 − τ)−1+m2(γ2−γ0
2)

t∫
t1

(t− β)−m2(1−γ0
2)dβ

2∑
j=1

I
(1,0j))
0 (x, ξ) ≤

≤ C(t− τ)−M−m̂2+γ1E(1)
c0

(t− τ, x, ξ).

|W 12
24 | ≤

t∫
t1

dβ

∫
Rn

|∂k2
x2
G13(t, x; β, λ)||∆Λ02(t−β)

λ Q13(β, λ; τ, ξ)|dλ ≤

≤ C

t∫
t1

dβ

∫
Rn

(t−β)−M−m̂2E(1)
c (t−β, x, λ)(β−τ)−M−1

2∑
j=1

E(1)
c (β−τ,Λ0j(t−β), ξ)×

×|X3(t− β)− λ3|γ
0
3 (β − τ)m3(γ3−γ0

3)dλ ≤

≤ C(t1 − τ)−1+m̂3(γ3−γ0
3)

t∫
t1

(t− β)−m̂2+m̂3γ
0
sdβ3

3∑
j=1

I
(1,0j)
0 (x, ξ) ≤

≤ C(t− τ)−M−m̂2+m̂3γ3E(1)
c0

(t− τ, x, ξ).

Äëÿ îöiíêè äîäàíêà W 12
35 âèêîðèñòîâó¹ìî (3.109), (3.115) i (2.43). Çäîáó-

äåìî

|W 12
35 | ≤

t∫
t1

∣∣∣∣∫
Rn

∂k2
x2
G13(t, x; β, λ)dλ

∣∣∣∣∣∣∣∣Q13(β,X(t− β); τ, ξ)

∣∣∣∣dβ ≤
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≤ C

t∫
t1

(t− β)−m̂2(1−γ2)(β − τ)−M−1+m̂3γ3E(1)
c (β − τ,X(β − τ), ξ)dβ

≤ C(t1 − τ)−M−1+m̂3γ3

t∫
t1

(t− β)−m̂2(1−γ2)dβE(1)
c (t− τ, x, ξ) ≤

≤ C(t− τ)−M−m̂2(1−γ2)+m̂3γ3E(1)
c (t− τ, x, ξ).

Ç îòðèìàíèõ îöiíîê äîäàíêiâ âèïëèâà¹ îöiíêà

|∂k2
x2
W13(t, x; τ, ξ)| ≤ C(t− τ)−M−m2+γ̄E(1)

c (t− τ, x, ξ), (3.135)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, |k2| = 1 γ̄ = min{m2γ2,m3γ3}.

Çàëèøèëîñü îöiíèòè äîäàíêè W 13
3j , j ∈ N5. Äëÿ ïåðøîãî äîäàíêà ñïðàâ-

äæó¹òüñÿ îöiíêà (3.132). Çà äîïîìîãîþ îöiíîê (3.111), (3.116), íåðiâíîñòåé

(2.35), (2.49) i (2.50) îòðèìó¹ìî

|W 13
32 | ≤

≤
t∫

t1

dβ

∫
Rn1

∣∣∣∣ ∫
Rn2+n3

∂k3
x3
G13(t, x; β, λ)dλ2dλ3

∣∣∣∣∣∣∣∣∆X(t−β)
Λ01(t−β)Q13(β,Λ

01(t− β); τ, ξ)

∣∣∣∣dλ1 ≤

≤ C

t∫
t1

dβ

∫
Rn1

(t− β)−m̂1n1−m̂3(1−γ3)E2,1
c (t− β, x1 − λ1)|x1 − λ1|γ1(β − τ)−M−1×

×
(
E(1)
c (β − τ,Λ01(t− β), ξ) + E(1)

c (β − τ,Λ00(t− β), ξ)
)
dλ1 ≤

≤ C(t1 − τ)−M−1

t∫
t1

(t− β)−m̂3(1−γ3)+m̂1γ
0
1dβ

(
I

(1,00)
1 (x, ξ) + I

(1,01)
1 (x, ξ)

)
≤

≤ C(t− τ)−M−m̂3(1−γ3)+m̂1γ1E(1)
c0

(t− τ, x, ξ),

áî −m̂3(1− γ3) + m̂1γ1 > 0 äëÿ äîâiëüíîãî γ1 ∈ [0, 1] i γ2 > 1/3.

Àíàëîãi÷íî, âèêîðèñòîâóþ÷è îöiíêè (3.107), (3.116) òà íåðiâíîñòi (2.35) i

(2.50), îöiíþ¹ìî äîäàíêè W 13
33 i W 13

34 . Ìà¹ìî

|W 13
33 | ≤

t∫
t1

dβ

∫
Rn1+n2

∣∣∣∫
Rn3

∂k3
x3
G13(t, x; β, λ)dλ3

∣∣∣×
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×
∣∣∣∆Λ01(t−β)

Λ02(t−β)Q13(β,Λ
02(t− β); τ, ξ)

∣∣∣ dλ1dλ2 ≤ C

t∫
t1

dβ×

×
∫

Rn1+n2

E2,1
c (t− β, x1 − λ1)E

2,2
c (t− β,X2(t− β)− λ2)|X2(t− β)− λ2|γ2×

×(t− β)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)(β − τ)−M−1
2∑
j=1

E(1)
c (β − τ,Λ0j(t− β), ξ)dλ1dλ2 ≤

≤ C(t1 − τ)−M−1

t∫
t1

(t− β)−m̂3(|k3|−γ3)+m̂2γ2dβ
2∑
j=1

I
(1,0j)
2 (x1, x2, ξ) ≤

≤ C(t− τ)−M−m̂3(|k3|−γ3)+m̂2γ2E(1)
c0

(t− τ, x, ξ).

|W 13
34 | ≤

t∫
t1

dβ

∫
Rn

∣∣∣∂k3
x3
G13(t, x; β, λ)dλ3

∣∣∣∣∣∣∆Λ02(t−β)
λ Q13(β, λ; τ, ξ)

∣∣∣dλ ≤
≤ C

t∫
t1

dβ

∫
Rn

(t− β)−M−m̂3E(1)
c (t− β, x, λ)|X3(t− β)− λ3|γ3×

×(β − τ)−M−1
3∑
j=2

E(1)
c (β − τ,Λ0j(t− β), ξ)dλ ≤

≤ C(t1 − τ)−M−1

t∫
t1

(t− β)−m̂3(1−γ3)dβ

3∑
j=2

I
(1,0j)
0 (x, ξ) ≤

≤ C(t− τ)−M+m̂3γ3Ec0(t− τ, x, ξ).

Äëÿ îöiíêè äîäàíêà W 13
35 âèêîðèñòîâó¹ìî (3.109), (3.115) i (2.43). Çäîáóäåìî

|W 13
35 | ≤

t∫
t1

∣∣∣∫
Rn

∂k3
x3
G3(t, x; β, λ)dλ

∣∣∣ |Q3(β,X(t− β); τ, ξ)| dβ ≤

≤ C

t∫
t1

(t− β)−m̂3(1−γ3)(β − τ)−M−1+m̂3γ3E(1)
c (β − τ,X(β − τ), ξ)dβ
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≤ C(t1 − τ)−M−1+m̂3γ3

t∫
t1

(t− β)−m̂3(1−γ3)dβE(1)
c (t− τ, x, ξ) ≤

≤ C(t− τ)−M−m̂3(1−γ3)+m̂3γ3E(1)
c (t− τ, x, ξ),

îñêiëüêè −m̂3(1− γ3) > 0, ÿêùî γ3 > 3/5.

Ç îòðèìàíèõ îöiíîê äîäàíêiâ âèïëèâà¹ îöiíêà

|∂k3
x3
W13(t, x; τ, ξ)| ≤ C(t− τ)−M−m3|k3|+γE(1)

c (t− τ, x, ξ), (3.136)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, k ∈ Zn+, k1 = k2 = 0, |k3| = 1, γ =

= min{m1γ1,m2γ2,m3γ3}.

Îöiíêè (3.129) âñòàíîâëåíî. Ç îòðèìàíèõ îöiíîê (3.135)�(3.136) âèïëèâà-

þòü îöiíêè (3.127).I

Ðåçóëüòàòè çàêëþ÷íîãî åòàïó ïîáóäîâè êëàñè÷íîãî ÔÐÇÊ ïiäñóìîâàíî â

íàñòóïíié òåîðåìi.

Òåîðåìà 3.3. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1.60) âèêîíóþòüñÿ óìîâè

(A11), (A12) i (A15). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z13 i

ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ13(t, x; τ, ξ)| ≤ C(t− τ)−M−MkE(1)
c (t− τ, x, ξ),

{(k1, k2, k3) ∈ Zn+, m̂1|k1|+ |k2|+ |k3| ≤ 1}; (3.137)

|SZ13(t, x; τ, ξ| ≤ C(t− τ)−M−1E(1)
c (t− τ, x, ξ), (3.138)

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn.

Äîâåäåííÿ. Iñíóâàííÿ êëàñè÷íîãî ÔÐÇÊ Z13 äëÿ ðiâíÿííÿ (1.60), éîãî îöiíêè

i îöiíêè ïîõiäíèõ âiä Z13 çà ïðîñòîðîâèìè çìiííèìè i ïîõiäíî¨ S âèïëèâàþòü

iç îçíà÷åííÿ (1.61) òà ëåìè 3.7 i ëåìè 3.9. I

Ðîçãëÿíåìî ïèòàííÿ iñíóâàííÿ Ëi-ÔÐÇÊ. Äëÿ öüîãî ñëiä ïîêàçàòè, ùî

ïîõiäíà Ëi SL âiä Z13 iñíó¹ â êîæíié òî÷öi t, x) ∈ Π(0,T ]. Îñêiëüêè âèêîðèñòî-

âó¹òüñÿ ïîåòàïíèé ìåòîä Ëåâi, çãiäíî ç ÿêèì çà ïàðàìåòðèêñ íà êîæíîìó åòàïi

áåðåòüñÿ ÔÐÇÊ, ÿêèé ïîáóäîâàíèé íà ïîïåðåäíüîìó åòàïi. Çà âèêîíàííÿ óìîâ
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(A11) i (A12) íà ïiäñòàâi òåîðåìè 2.1 iñíó¹ SLZ10, à, îòæå, iñíó¹ ïîõiäíà Ëi âiä

ïàðàìåòðèêñó G11. Ïðèïóñòèìî, çà iíäóêöi¹þ, ùî äëÿ ïàðàìåòðèêñó G13 iñíó¹

SG13 ñïðàâäæó¹òüñÿ îöiíêà

|SG13(t, x; τ, ξ)| ≤ C(t− τ)−M−1E(1)
c (t− τ, x, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (3.139)

Äîâåäåìî iñíóâàííÿ ïîõiäíî¨ Ëi âiä îá'¹ìíîãî ïîòåíöiàëó W13. Iñíóâàí-

íÿ ïîõiäíèõ Ëi âiä ïîòåíöiàëiâ W11 i W12 ïðîâîäÿòüñÿ àíàëîãi÷íî. Äëÿ öüîãî

ðîçãëÿíåìî ìíîæèíó ôóíêöié, ÿêi çàëåæàòü âiä ïàðàìåòðà ε:

W ε
13(t, x; τ, ξ) :=

t−ε∫
τ

dβ

∫
Rn

G13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ,

0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn. (3.140)

Çàïèøåìî

h−1 (W ε
13(t+ h,X(h); τ, ξ)−W ε

13(t, x; τ, ξ)) =

=

t−ε∫
τ

dβ

∫
Rn

h−1 (G13(t+ h,X(h); β, λ)−G13(t, x; β, λ))Q13(β, λ; τ, ξ)dλ+

+

t+h−ε∫
t−ε

dβ

∫
Rn

h−1G13(t+ h,X(h); β, λ)Q13(β, λ; τ, ξ)dλ =: Jh1 + Jh2

i çíàéäåìî ãðàíèöi iíòåãðàëiâ Jh1 , J
h
2 ïðè h→ 0. Ìà¹ìî

lim
h→0

Jh1 =

t−ε∫
τ

dβ

∫
Rn

SG13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ.

Â iíòåãðàëi Jh2 çðîáèìî çàìiíó çìiííî¨ çà ôîðìóëîþ γ = h−1(β − t + ε),

òîäi

Jh2 =

1∫
0

dγ

∫
Rn

G13(t+ h,X(h);hγ + t− ε, λ)Q13(hγ + t− ε, λ; τ, ξ)dλ

i

lim
h→0

Jh2 =

∫
Rn

SG13(t, x; t− ε, λ)Q13(t− ε, λ; τ, ξ)dλ.
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Îòæå,

SLW
ε
13(t, x; τ, ξ) =

∫
Rn

SG13(t, x; t− ε, λ)Q13(t− ε, λ; τ, ξ)dλ+

+

t1(ε)∫
τ

dβ

∫
Rn

SG13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

t−ε∫
t1(ε)

dβ

∫
Rn

(A1(t, (x1, x2, λ3), ∂x1
)− A1(t, x, ∂x1

))×

×G13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

t−ε∫
t1(ε)

dβ

∫
Rn

A1(t, x, ∂x1
)G13(t, x; β, λ)∆

X(t−β)
λ Q13(β, λ; τ, ξ)dλ+

+

t−ε∫
t1(ε)

∫
Rn

A1(t, x, ∂x1
)G13(t, x; β, λ)dλQ13(β,X(t− β); τ, ξ)

 dβ =:

=:
5∑
j=1

Kε
3j, 0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn, t1(ε) := (t+ τ − ε)/2. (3.141)

Âðàõîâóþ÷è âëàñòèâiñòü ïàðàìåòðèêñó G13, ìà¹ìî

lim
ε→0

Kε
31 = Q13(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (3.142)

Îöiíèìî äîäàíêèKε
3j, j ∈ N5. Çà äîïîìîãîþ îöiíîê (3.139), (3.115) i íåðiâíîñòi

(2.48), ìà¹ìî

|Kε
32| ≤C

t1(ε)∫
τ

dβ

∫
Rn

(t−β)−M−1E(1)
c (t−β, x, λ)(β− τ)−1+m̂3γ3E(1)

c (β− τ, λ, ξ)dλ ≤

≤ C(t− t1(ε))−1

t1(ε)∫
τ

(β − τ)−1+m̂3γ3I
(1,00)
0 (x; ξ)dβ ≤ C(t− τ + ε)−1(t− τ)−M×

×(t− τ − ε)m̂3γ3E(1)
c1

(t− τ, x, ξ), 0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c1 < c.

(3.143)

Çà äîïîìîãîþ óìîâè (1.13), îöiíîê (3.107), (3.115) i íåðiâíîñòåé (2.35),
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(2.48) îòðèìà¹ìî

|Kε
33| ≤ C

t−ε∫
t1(ε)

dβ

∫
Rn

(
(t− β)−M−1+(t− β)−M−1/2+(t− β)−M

)
(β−τ)−M−1+m̂3γ3×

×
(
|t− β|m̂3γ3 + |X3(t− β)− λ3|γ3

)
E(1)
c (t− β, x, λ)E(1)

c (β − τ, λ, ξ)dλ ≤

≤ C

t−ε∫
t1(ε)

((t− β)(β − τ))−1+m̂3γ3 I
(1,00)
0 (x; ξ)dβ ≤ C(t− τ)−ME(1)

c1
(t− τ, x, ξ)×

×
t−ε∫

t1(ε)

((t− β)(β − τ))−1+m̂3γ3 dβ, 0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn 0 < c1 < c.

(3.144)

Áåðó÷è äî óâàãè îáìåæåíiñòü êîåôiöi¹íòiâ, îöiíêè (3.107), (5.144) i íåðiâíîñòi

(2.35), (2.48) îäåðæó¹ìî

|Kε
34| ≤ C

t−ε∫
t1(ε)

dβ

∫
Rn

(
(t− β)−M−1+(t− β)−M−1/2+(t− β)−M

)
(β−τ)−M−1+m̂3γ3×

×E(1)
c (t− β, x, λ)

3∑
s=1

|Xs(t− β)− λs|γs
s∑

j=s−1

E(1)
c (β − τ,Λ0j(t− β), ξ)dλ ≤

≤ C

t−ε∫
t1(ε)

3∑
s=1

(t− β)−1+m̂sγs(β − τ)−1+m̂3γ3

s∑
j=s−1

I
(1,0j)
0 (x; ξ)dβ ≤

≤ C

t−ε∫
t1(ε)

(t− β)γ(β − τ)−1+m̂3γ3dβ(t− τ)−ME(1)
c1

(t− τ, x, ξ),

0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c1 < c, γ = min{m̂1γ1, m̂2γ2, m̂3γ3.}

(3.145)

Îöiíêó äîäàíêà Kε
35 ïðîâîäèìî àíàëîãi÷íî çà äîïîìîãîþ ïðèïóùåííÿ

(A11), îöiíîê (3.109),(3.115) i íåðiâíîñòi (2.43). Ìà¹ìî

|Kε
35| ≤ C

t−ε∫
t1(ε)

(t− β)−1+m̂1γ1(β − τ)−M−1+m̂3γ3E(1)
c (β − τ,X(t− β), ξ)dβ ≤
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≤ C(t− τ)−M
t−ε∫

t1(ε)

(t− β)−1+m̂1γ1(β − τ)−1+m̂3γ3dβE(1)
c1

(t− τ, x, ξ),

0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c1 < c. (3.146)

Ç îöiíîê (3.143) � (4.157), ñïiââiäíîøåííÿ (3.142) âèïëèâà¹ iñíóâàííÿ

lim
ε→0

Kε
3j, j ∈ N5, ôîðìóëà äëÿ ïîõiäíî¨ Ëi âiä W13

SLW13(t, x; τ, ξ) = Q13(t, x; τ, ξ) +

t1∫
τ

dβ

∫
Rn

SG13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn

SG13(t, x; β, λ)∆
X(t−β)
λ Q13(β, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

SG13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ (3.147)

òà îöiíêè

|SLW13(t, x; τ, ξ)| ≤ C(t− τ)−M−1+m̂3γ3E(1)
c1

(t− τ, x, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c1 < c. (3.148)

Òàêèì ÷èíîì äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 3.4. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1.60) âèêîíóþòüñÿ óìîâè

(A11) i (A12) â ÿêèõ ÷èñëà γ1, γ2 i γ3 �äîâiëüíi ç ïðîìiæêó (0, 1). Òîäi äëÿ

öüîãî ðiâíÿííÿ iñíó¹ Ëi-ÔÐÇÊ Z13 i ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ13(t, x; τ, ξ; y3| ≤ C(t− τ)−M−MkE(1)
c (t− τ, x, ξ),

{(k1, k2, k3) ∈ Zn+, m̂1|k1|+ m̂2|k2|+ m̂3|k3| ≤ 1}; (3.149)

|SLZ13(t, x; τ, ξ| ≤ C(t− τ)−M−1E(1)
c (t− τ, x, ξ), (3.150)

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn.

Çàóâàæèìî, ùî àíàëîãi÷íî äî äîâåäåííÿ iñíóâàííÿ ïîõiäíî¨ Ëi âiä Z13

äîâîäèòüñÿ iñíóâàííÿ òà îöiíêè ∂tZ13. Ïðàâèëüíå òàêå òâåðäæåííÿ:

Òåîðåìà 3.5. Çà óìîâ òåîðåìè 3.3 iñíó¹ ïîõiäíà ∂tW13 ÿêà âèçíà÷à¹òüñÿ
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ôîðìóëîþ

∂tW13(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∂tG13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn1

 ∫
Rn2+n3

∂tG13(t, x; β, λ)dλ2dλ3

∆
X(t−τ)
Λ01(t−β)Q13(β,Λ

01(t− β); τ, ξ)dλ1+

+

t∫
t1

dβ

∫
Rn1+n2

∫
Rn3

∂tG13(t, x; β, λ)dλ3

∆
Λ01(t−β)
Λ02(t−β)Q13(β,Λ

02(t− β); τ, ξ)dλ1dλ2+

+

t∫
t1

dβ

∫
Rn

∂tG13(t, x; β, λ)∆
Λ02(t−β)
λ Q3(β, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

∂tG13(t, x; β, λ)dλ

Q13(β,X(t− τ); τ, ξ)dβ +Q3(t, x; τ, ξ), (3.151)

i ñïðàâäæóþòüñÿ îöiíêè

∂tZ13(t, x; τ, ξ| ≤ C(t− τ)−M−1
(
1 + (t− τ)−m̂1|x1|+ (t− τ)−m̂1|x2|

)
×

|E(1)
c (t− τ, x, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (3.152)

3.4. Îöiíêè ïðèðîñòiâ ïîõiäíèõ ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ

Îñíîâíi ðåçóëüòàòè ïiäðîçäiëó ìiñòÿòüñÿ â íàñòóïíié òåîðåìi.

Òåîðåìà 3.6. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1.60) âèêîíóþòüñÿ óìîâè

(A11), (A12) i (A15). Òîäi ñïðàâäæóþòüñÿ òàêi îöiíêè:

|∆zs
xs
∂klxlZ13(t, x; τ, ξ)| ≤ C|xs − zs|(m̂s)

−1(m̂lγl−m̂l−1)(t− τ)−M−Mk−m̂sγs×

×
(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)

)
, 0 < τ < t ≤ T, {x, ξ} ⊂ Rn,

ks ∈ Zns+ , {l, s} ⊂ N3, m̂1|k1| = |k2| = |k3| = 1, m̂0 ≡ 0; (3.153)

Äîâåäåííÿ.Êëàñè÷íèé ÔÐÇÊ Z13 äëÿ ðiâíÿííÿ (1.60) âèçíà÷à¹òüñÿ ôîð-

ìóëîþ (1.61), òîáòî Z13 = G13 + W13. Îöiíêè ïðèðîñòiâ ïîõiäíèõ çà ïðîñòî-

ðîâèìè çìiííèìè ïàðàìåòðèêñó G13 âèçíà÷àþòüñÿ ôîðìóëàìè (3.108). Òîìó

äëÿ äîâåäåííÿ òåîðåìè äîñèòü âñòàíîâèòè îöiíêè äëÿ ïîõiäíèõ âiä îá'¹ìíîãî
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ïîòåíöiàëó W13.

Îöiíêè ïðèðîñòiâ ñòàðøèõ ïîõiäíèõ çà ïðîñòîðîâèìè çìiííèìè äîñèòü

ïðîâåñòè çà óìîâè |xs−zs|1/ms < (t−τ)/4, s ∈ N3. Íà ïiäñòàâi (3.127) çàïèøåìî

çîáðàæåííÿ

∆z1
x1
∂k1
x1
W13(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∆z1
x1
∂k1
x1
G13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

η1∫
t1

dβ

∫
Rn

∆z1
x1
∂k1
x1
G13(t, x; β, λ)∆

X(t−β)
λ Q13(β, λ; τ, ξ)dλ+

+

t∫
η1

dβ

∫
Rn

∂k1
x1
G13(t, x; β, λ)∆

X(t−β)
λ Q13(β, λ; τ, ξ)dλ−

−
t∫

η1

dβ

∫
Rn

∂k1
z1
G13(t, z

(1); β, λ)∆
Z(1)(t−β)
λ Q13(β, λ; τ, ξ)dλ−

+

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
G13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ+

+

t∫
η1

∫
Rn

∆z1
x1
∂k1
x1
G13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ+

−
t∫

η1

∫
Rn

∂k1
x1
G13(t, z

(1); β, λ)dλ

Q13(β, Z
(1)(t− β); τ, ξ)dβ =:

7∑
j=1

D1
3j; (3.154)

|D1
31| ≤ C|x1− z1|γ1

t∫
τ

dβ

∫
Rn

(t− β)−M−1−m̂1γ1E(1)
c (t− β, x, λ)(β − τ)−M−1+m̂3γ3×

×E(1)
c (β−τ, λ, ξ)dλ ≤ C|x1−z1|γ1(t−t1)−1−m̂1γ1

t∫
τ

(β−τ)−1+m̂3γ3dβI
(1,03)
0 (x, ξ) ≤

≤ C|x1 − z1|γ1(t− τ)−M−1+m̂3γ3−m̂1γ1E(1)
c (t− τ, x, ξ).
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Âèêîðèñòîâóþ÷è çîáðàæåííÿ

G13(t, x; β, λ)=G11(t, x; β, λ; (λ2, λ3))+W11(t, x; β, λ; (λ2, λ3))+W12(t, x; β, λ;λ3),

(3.155)

ïîäàìî äðóãèé äîäàíîê ç (3.154) ó âèãëÿäi ñóìè

D1
32 = D11

32 +D12
32 +D13

32,

äå

D11
32 :=

η1∫
t1

dβ

∫
Rn

∆z1
x1
∂k1
x1
G11(t, x; β, λ; (λ2, λ3))∆

X(t−β)
λ Q13(β, λ; τ, ξ)dλ;

D12
32 :=

η1∫
t1

dβ

∫
Rn

∆z1
x1
∂k1
x1
W11(t, x; β, λ; (λ2, λ3))∆

X(t−β)
λ Q13(β, λ; τ, ξ)dλ;

D13
32 :=

η1∫
t1

dβ

∫
Rn

∆z1
x1
∂k1
x1
W12(t, x; β, λ;λ3)∆

X(t−β)
λ Q13(β, λ; τ, ξ)dλ.

Îöiíèìî D11
32 çà äîïîìîãîþ îöiíîê (3.2) ïðè γ0

1 > γ1 i îöiíîê (3.116) ïðè

γ0
s = m̂−1

s m̂1γ1, s ∈ N3.

|D11
32| ≤ C|x1−z1|γ

0
1

η1∫
t1

dβ

∫
Rn

(t−β)−M−1−m̂1γ
0
1
(
E(1)
c (t−β, x, λ)+E(1)

c (t−β, z(1), λ)
)
×

×
3∑
s=1

|Xs(t−β)−λs|m̂
−1
s m̂1γ1(β−τ)−M−1+m̂sγs−m̂1γ1

s∑
j=s−1

E(1)
c (β−τ,Λ0j(t−β); ξ) ≤

≤C|x1−z1|γ
0
1J1(m̂1(γ1−γ0

1))
3∑
s=1

(t1−τ)−1+m̂sγs−m̂1γ1

2∑
j=0

(
I

(1,0j)
0 (x, ξ)+I

(1,0j)
0 (z(1), ξ)

)
≤

≤ C|x1 − z1|γ1(t− τ)−M−1
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(1), ξ)
)
.

Äîäàíîê D12
32 îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (3.36) ïðè γ0

1 = γ1 i îöiíîê

(3.116) ïðè γ0
s = m̂−1

s m̂1γ1, s ∈ N3. Ìà¹ìî

|D12
32| ≤ C|x1 − z1|γ1

η1∫
t1

dβ

∫
Rn

(t− β)−M−1
(
E(1)
c (t− β, x, λ) + E(1)

c (t− β, z(1), λ)
)
×

×
3∑
s=1

|Xs(t−β)−λs|m̂
−1
s m̂1γ1(β−τ)−M−1+m̂sγs−m̂1γ1

s∑
j=s−1

E(1)
c (β−τ,Λ0j(t−β); ξ) ≤
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≤ C|x1− z1|γ1J1(m̂1γ1)
3∑
s=1

(t1− τ)−1+m̂sγs−m̂1γ1

2∑
j=0

(
I

(1,0j)
0 (x, ξ)+I

(1,0j)
0 (z(1), ξ)

)
≤

≤ C|x1 − z1|γ1(t− τ)−M−1+γ
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(1), ξ)
)
,

äå γ � òàêå ÿê âèùå.

Äîäàíîê D13
32 îöiíþ¹ìî àíàëîãi÷íî äî D12

32, òiëüêè çàìiñòü îöiíîê (3.36)

âèêîðèñòîâó¹ìî îöiíêè (3.94) ïðè τ = β, ξ = λ, y3 = λ3. Ç îöiíîê äîäàíêiâ

D1j
32, j ∈ N3, âèïëèâà¹ îöiíêà

|D1
32| ≤ C|x1 − z1|γ1(t− τ)−M−1

(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(1), ξ)
)

(3.156)

Äîäàíêè D1
33 i D

1
34 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî ïåðøèé ç íèõ.

|D1
33| ≤ C

t∫
η1

dβ

∫
Rn

(t− β)−M−1E(1)
c (t− β, x, λ)

3∑
s=1

|Xs(t− β)− λs|m̂
−1
s m̂1γ1×

×(β − τ)−M−1+m̂sγs−m̂1γ1

s∑
j=s−1

E(1)
c (β − τ,Λ0j(t− β); ξ) ≤

≤ C

t∫
η1

(t− β)−1+m̂1γ1dβ

3∑
s=1

(t1 − τ)−1+m̂sγs−m̂1γ1

2∑
j=0

(
I

(1,0j)
0 (x, ξ)+

+I
(1,0j)
0 (z(1), ξ)

)
≤ C|x1 − z1|γ1(t− τ)−M−1

(
E(1)
c0

(t− τ, x, ξ) +E(1)
c0

(t− τ, z(1), ξ)
)
,

Äîäàíîê D1
35 îöiíþ¹ìî ïîäiáíî äî D

1
32. Çà äîïîìîãîþ (3.155) ïîäàìî öåé

äîäàíîê ó âèãëÿäi ñóìè

D1
35 = D11

35 +D12
35 +D13

35,

äå

D11
35 :=

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
G11(t, x; β, λ; (λ2, λ3))dλ

Q13(β,X(t− β); τ, ξ)dβ;

D12
35 :=

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
W11(t, x; β, λ; (λ2, λ3))dλ

Q13(β,X(t− β); τ, ξ)dβ;

D13
35 :=

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
W12(t, x; β, λ;λ3)dλ

Q13(β,X(t− β); τ, ξ)dβ.
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Îöiíèìî D11
35 çà äîïîìîãîþ îöiíîê (3.2) ïðè γ0

1 > γ1 i îöiíîê (3.115). Ìà¹ìî

|D11
35| ≤ C|x1 − z1|γ

0
1

η1∫
t1

dβ

∫
Rn

(t− β)−M−1−m̂1(γ1−γ0
1)
(
E(1)
c (t− β, x, λ)+

+E(1)
c (t− β, z(1), λ)

)
dλ(β − τ)−M−1+m̂3γ3E(1)

c (β − τ,X(t− β), ξ) ≤

≤ C|x1 − z1|γ
0
1J1(m̂1(γ1 − γ0

1))(t1 − τ)−1+m̂3γ3E(1)
c (t− τ, x, ξ) ≤

≤ C|x1 − z1|γ1(t− τ)−M−1m̂3γ3
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(1), ξ)
)
.

Çàóâàæèìî, ùî ïðè β ∈ [t1, η1] ñïðàâäæó¹òüñÿ îöiíêà

|∆z1
x1
∂k1
x1
W11(t, x; β, λ; (λ2, λ3))| ≤ C|x1 − z1|γ1(t− τ)−M−1m̂1γ1E(1)

c (t− τ, x, ξ).

Çà äîïîìîãîþ öi¹¨ îöiíêè îöiíþ¹ìî äîäàíîê D12
35

|D12
35| ≤ C|x1 − z1|γ1

η1∫
t1

dβ

∫
Rn

(t− β)−M−1+m̂1γ1E(1)
c (t− τ, x, ξ)dλ×

×E(1)
c (β − τ,X(t− β); ξ) ≤

≤ C|x1 − z1|γ1J1(m̂1γ1)(t1 − τ)−M−1+m̂3γ3E(1)
c (t− τ, x, ξ) ≤

≤ C|x1 − z1|γ1(t− τ)−M−1+m̂3γ3+m̂1γ1E(1)
c (t− τ, x, ξ).

Äîäàíîê D13
35 îöiíþ¹ìî àíàëîãi÷íî äî D12

35, òiëüêè çàìiñòü îöiíîê (3.36) âè-

êîðèñòîâó¹ìî îöiíêè (3.94) ïðè τ = β, ξ = λ, y3 = λ3. Ç îöiíîê äîäàíêiâ

D1j
35, j ∈ N3, âèïëèâà¹

|D1
35| ≤ C|x1−z1|γ1(t−τ)−M−1+m̂3γ3

(
E(1)
c0

(t−τ, x, ξ)+E(1)
c0

(t−τ, z(1), ξ)
)
(3.157)

Äîäàíêè D1
36, D

1
37 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî ïåðøèé ç íèõ.

|D1
36| ≤ C

t∫
η1

dβ

∫
Rn

(t− β)−1+m̂1γ1(β − τ)−M−1+m̂3γ3E(1)
c (β − τ,X(t− β), ξ)dβ ≤

≤ C(t1 − τ)−1+m̂3γ3

t∫
η1

(t− β)−1+m̂1γ1dβE(1)
c (t− τ, x, ξ) ≤

≤ C|x1 − z1|γ1(t− τ)−M−1+m̂3γ3E(1)
c (t− τ, x, ξ).
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Ç îöiíîê äîäàíêiâ D1
3j, j ∈ N7, âèïëèâà¹ òàêà îöiíêà:

∆z1
x1
∂k1
x1
W13(t, x; τ, ξ)| ≤

≤ C|x1 − z1|γ1(t− τ)−M−1
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(1), ξ)
)
. (3.158)

Ïåðåéäåìî äî îöiíîê ïðèðîñòiâ çà çìiííîþ x2. Çàïèøåìî òàêå çîáðàæåííÿ:

∆z2
x2
∂k1
x1
W13(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∆z2
x2
∂k1
x1
G13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

η2∫
t1

dβ

∫
Rn1

( ∫
Rn2+n3

∆z2
x2
∂k1
x1
G13(t, x; β, λ)dλ2dλ3

)
∆
X(t−β)
Λ01(t−β)Q13(β,Λ

01(t− β); τ, ξ)dλ1+

+

η2∫
t1

dβ

∫
Rn

∆z2
x2
∂k1
x1
G13(t, x; β, λ)

(
∆

Λ01(t−β)
Λ02(t−β)Q13(β, λ; τ, ξ)dλ+

+∆
X(t−β)
λ Q13(β, λ; τ, ξ)

)
dλ+

t∫
η2

dβ

∫
Rn

∂k1
x1
G13(t, x; β, λ)∆

X(t−β)
λ Q13(β, λ; τ, ξ)dλ−

−
t∫

η2

dβ

∫
Rn

∂k1
z1
G13(t, z

(2); β, λ)∆
Z(2)(t−β)
λ Q13(β, λ; τ, ξ)dλ−

+

η2∫
t1

∫
Rn

∆z1
x1
∂k1
x1
G13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ+

+

t∫
η2

∫
Rn

∆z2
x2
∂k1
x1
G13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ+

−
t∫

η2

∫
Rn

∂k1
x1
G13(t, z

(2); β, λ)dλ

Q13(β, Z
(2)(t− β); τ, ξ)dβ =:

8∑
j=1

D2
3j; (3.159)

|D2
31| ≤ C|x2− z2|γ2

t1∫
τ

dβ

∫
Rn

(t− β)−M−1−m̂2γ2E(1)
c (t− β, x, λ)(β − τ)−M−1+m̂3γ3×

×E(1)
c (β−τ, λ, ξ)dλ ≤ C|x2−z2|γ2(t−t1)−1−m̂2γ2

t∫
τ

(β−τ)−1+m̂3γ3dβI
(1,03)
0 (x, ξ) ≤
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≤ C|x2 − z2|γ2(t− τ)−M−1+m̂3γ3−m̂2γ2E(1)
c (t− τ, x, ξ).

Äðóãèé äîäàíîê îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (3.112), (3.116) ïðè γ0
2 = γ2 i

íåðiâíîñòåé (2.49). Ìà¹ìî

|D2
32| ≤ C|x2 − z2|γ2

η2∫
t1

dβ

∫
Rn1

(t− β)−m̂1n1−1−m̂2γ2E2,1
c (t− β, x1 − λ1)|x1 − z1|γ1×

≤ (β − τ)−M−1
1∑
j=0

E(1)
c (β − τ,Λ0j(t− β); ξ)dλ1 ≤

≤ C|x2 − z2|γ2(t1 − τ)−1J2(m̂1γ1 − m̂2γ2)
1∑
s=0

I
(1,0j)
1 (x1, ξ) ≤

≤ C|x2 − z2|(m̂2)−1m̂1γ1(t− τ)−M−1
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(2), ξ)
)
.

Çà äîïîìîãîþ ðiâíîñòi

G13(t, x; β, λ) = G12(t, x; β, λ;λ3) +W12(t, x; β, λ;λ3),

ìà¹ìî D2
33 = D21

33 +D22
33.

Ïåðøèé äîäàíîê ñóìè îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (3.108) ïðè γ0
2 > γ2

i (3.116) ïðè γ0
s = (m̂s)

−1m̂2γ2, s ∈ {2, 3}.

D21
33 ≤ C|x2 − z2|γ

0
2

η2∫
t1

dβ

∫
Rn

(t− β)−M−1−m̂2γ
0
2E(1)

c (t− β, x, λ)(β − τ)−M−1×

×
3∑
s=2

|Xs(t− β)− λs|(m̂s)
−1m̂2γ2

s∑
j=s−1

(
E(1)
c (β − τ,Λ0j(t− β), ξ)+

+E(1)
c (β − τ,Λ2j(t− β), ξ)

)
≤

≤ C|x2 − z2|γ
0
2 (t1 − τ)−1J2(m̂2(γ2 − γ0

2))
s∑

j=s−1

(
I

(1,0j)
0 (x, ξ) + I

(1,0j)
0 (z(2), ξ)

)
≤

≤ C|x2 − z2|γ2(t− τ)−M−1
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(2), ξ)
)
.

Àíàëîãi÷íî çà äîïîìîãîþ îöiíîê (3.94) ïðè γ0
2 = γ2 i (3.116) ïðè γ0

s =



148

= (m̂s)
−1m̂2γ2, s ∈ {2, 3}, îöiíþ¹ìî äðóãèé äîäàíîê.

D22
33 ≤ C|x2 − z2|γ2

η2∫
t1

dβ

∫
Rn

(t− β)−M−1E(1)
c (t− β, x, λ)(β − τ)−M−1×

×
3∑
s=2

|Xs(t− β)− λs|(m̂s)
−1m̂2γ2

s∑
j=s−1

(
E(1)
c (β − τ,Λ0j(t− β), ξ)+

+E(1)
c (β − τ,Λ2j(t− β), ξ)

)
≤

≤ C|x2 − z2|γ2(t1 − τ)−1J2(m̂2γ2)
s∑

j=s−1

(
I

(1,0j)
0 (x, ξ) + I

(1,0j)
0 (z(2), ξ)

)
≤

≤ C|x2 − z2|γ2(t− τ)−M−1+m̂2γ2
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(2), ξ)
)
.

Îòæå, ñïðàâäæó¹òüñÿ îöiíêà

|D2
33| ≤ C|x2 − z2|γ2(t− τ)−M−1

(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(2), ξ)
)
.

Îöiíèìî D2
34. Çà äîïîìîãîþ îöiíîê (3.107) i (3.116) ïðè γ0

s = (m̂s)
−1m̂2γ2, s ∈

∈ {2, 3}, ìà¹ìî

D22
34 ≤ C

t∫
η2

dβ

∫
Rn

(t− β)−M−1E(1)
c (t− β, x, λ)(β − τ)−M−1×

×
3∑
s=1

|Xs(t− β)− λs|(m̂s)
−1m̂2γ2

s∑
j=s−1

(
E(1)
c (β − τ,Λ0j(t− β), ξ)+

+E(1)
c (β − τ,Λ2j(t− β), ξ)

)
≤

≤ C(t1 − τ)−1J2(m̂1γ1)
s∑

j=s−1

(
I

(1,0j)
0 (x, ξ) + I

(1,0j)
0 (z(2), ξ)

)
≤

≤ C|x2 − z2|(m̂2)−1m̂1γ1(t− τ)−M−1+m̂2γ2
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(2), ξ)
)
.

Äîäàíîê D2
35 ìà¹ àíàëîãi÷íó îöiíêó. Îöiíèìî D2

36 çà äîïîìîãîþ (3.112) ïðè

γ0
2 < γ2 i (3.115).

D2
36 ≤ C|x2 − z2|γ

0
2

t∫
η2

(t− β)−M−1+m̂2(γ2−γ0
2)(β − τ)−M−1+m̂3γ3×

×E(1)
c (β − τ,X(t− β), ξ)dβ ≤ C|x2 − z2|γ

0
2 (t1 − τ)−1+m̂3γ3×
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×
t∫

η2

(t− β)−M−1+m̂2(γ2−γ0
2)dβE(1)

c (t− τ, x, ξ) ≤

≤ C|x2 − z2|γ2(t− τ)−M−1+m̂3γ3E(1)
c (t− τ, x, ξ).

Çà äîïîìîãîþ îöiíîê (3.112) i (3.115) îöiíèìî D2
37

D2
37 ≤ C

t∫
η2

(t− β)−M−1+m̂1γ1(β − τ)−M−1+m̂3γ3E(1)
c (β − τ,X(t− β), ξ)dβ ≤

≤ C(t1 − τ)−1+m̂3γ3

t∫
η2

(t− β)−M−1+m̂1γ1dβE(1)
c (t− τ, x, ξ) ≤

≤ C|x2 − z2|(m̂2)−1m̂1γ1(t− τ)−M−1+m̂3γ3E(1)
c (t− τ, x, ξ).

Äîäàíîê D2
38 ìà¹ àíàëîãi÷íó îöiíêó. Ç îöiíîê äîäàíêiâ D2

3j, j ∈ N8, âèïëèâà¹

òàêà îöiíêà:

|∆z2
x2
∂k1
x1
W13(t, x; τ, ξ)| ≤ C|x2 − z2|(m̂2)−1m̂1γ1×

×(t− τ)−M−1
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(2), ξ)
)
. (3.160)

Äëÿ òîãî, ùîá âñòàíîâèòè îöiíêè ïðèðîñòiâ çà çìiííîþ x3, âèêîðèñòîâóâàòè-

ìåìî òàêå çîáðàæåííÿ:

∆z3
x3
∂k1
x1
W13(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∆z3
x3
∂k1
x1
G13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

η3∫
t1

dβ

∫
Rn1

( ∫
Rn2+n3

∆z3
x3
∂k1
x1
G13(t, x; β, λ)dλ2dλ3

)
∆
X(t−β)
Λ01(t−β)Q13(β,Λ

01(t− β); τ, ξ)dλ1+

+

η3∫
t1

dβ

∫
Rn1+n2

(∫
Rn3

∆z3
x3
∂k1
x1
G13(t, x; β, λ)dλ3

)
∆

Λ01(t−β)
Λ02(t−β)Q13(β,Λ

02(t− β); τ, ξ)dλ1+

+

t∫
η3

dβ

∫
Rn

∂k1
x1
G13(t, x; β, λ)∆

X(t−β)
λ Q13(β, λ; τ, ξ)dλ−

−
t∫

η3

dβ

∫
Rn

∂k1
x1
G13(t, z

(3); β, λ)∆
Z(3)(t−β)
λ Q13(β, λ; τ, ξ)dλ+



150

+

η3∫
t1

∫
Rn

∆z3
x3
∂k1
x1
G13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ+

+

t∫
η3

∫
Rn

∂k1
x1
G13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ−

−
t∫

η3

∫
Rn

∂k1
x1
G13(t, z

(3); β, λ)dλ

Q13(β, Z
(3)(t− β); τ, ξ)dβ =:

8∑
j=1

D3
3j; (3.161)

|D3
31| ≤ C|x3− z3|γ3

t1∫
τ

dβ

∫
Rn

(t− β)−M−1−m̂3γ3E(1)
c (t− β, x, λ)(β − τ)−M−1+m̂3γ3×

×E(1)
c (β−τ, λ, ξ)dλ ≤ C|x3−z3|γ3(t−t1)−1−m̂3γ3

t∫
τ

(β−τ)−1+m̂3γ3dβI
(1,03)
0 (x, ξ) ≤

≤ C|x3 − z3|γ3(t− τ)−M−1E(1)
c (t− τ, x, ξ).

Äðóãèé äîäàíîê îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (3.112), (3.116) ïðè γ0
3 = γ3 i

íåðiâíîñòåé (2.49). Ìà¹ìî

|D3
32| ≤ C|x3 − z3|γ3

η3∫
t1

dβ

∫
Rn1

(t− β)−m̂1n1−1−m̂3γ3E2,1
c (t− β, x1 − λ1)|x1 − z1|γ1×

≤ (β − τ)−M−1
1∑
j=0

E(1)
c (β − τ,Λ0j(t− β); ξ)dλ1 ≤

≤ C|x3 − z3|γ3(t1 − τ)−1J3(m̂1γ1 − m̂3γ3)
1∑
s=0

I
(1,0j)
1 (x1, ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(2), ξ)
)
.

Äîäàíîê D3
33 îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (3.114) ïðè γ0

3 = γ3, (3.116) ïðè

γ0
2 = γ2 i íåðiâíîñòåé (2.49).

|D3
33| ≤ C|x3 − z3|γ3

η3∫
t1

dβ

∫
Rn1+n2

(t− β)−m̂1n1−m̂2n2−1E2,1
c (t− β, x1 − λ1)×

×E2,2
c (t− β,X2(t− β)− λ2)|X2(t− β)− λ2|γ2(β − τ)−M−1×
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×
2∑
s=1

E(1)
c (β − τ,Λ0j(t− β); ξ)dλ1dλ2 ≤

≤ C|x3 − z3|γ3(t1 − τ)−1J3(m̂2γ2)
2∑
s=1

I
(1,0j)
2 (x1, x2; ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1+m̂2γ2
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(3), ξ)
)
.

Äîäàíêè D3
34 i D

3
35 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî D3

34. Çà äîïîìîãîþ îöiíîê

(3.107) i (3.116) ïðè γ0
s = (m̂s)

−1m̂1γ1, s ∈ N3, ìà¹ìî

|D3
34| ≤ C

t∫
η3

dβ

∫
Rn

(t− β)−M−1E(1)
c (t− β, x, λ)(β − τ)−M−1×

×
3∑
s=1

|Xs(t− β)− λs|(m̂s)
−1m̂1γ1

s∑
j=s−1

E(1)
c (β − τ,Λ0j(t− β); ξ)dλ ≤

≤ C(t1 − τ)−1

t∫
η3

(t− β)−1+m̂1γ1dβ

3∑
s=1

s∑
j=s−1

I
(1,0j)
0 (x; ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1E(1)
c0

(t− τ, x, ξ).

Äîäàíîê D3
36 îöiíþ¹ìî àíàëîãi÷íî çà äîïîìîãîþ îöiíîê (3.112) ïðè γ0

3 > γ3 i

(3.115). Ìà¹ìî

|D3
36| ≤ C|x3 − z3|γ

0
3

η3∫
t1

dβ

∫
Rn

(t− β)−M−1+m̂3(γ3−γ0
3)E(1)

c (β − τ,X(t− β), ξ) ≤

≤ C|x3 − z3|γ
0
3 (t1 − τ)−M−1+m̂3γ3J3(m̂3(γ3 − γ0

3))E(1)
c (t− τ, x, ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1E(1)
c0

(t− τ, x, ξ).

Äîäàíêè D3
37 i D

3
38 îöiíþþòüñÿ îäíàêîâî. Çà äîïîìîãîþ îöiíîê (3.107) i (3.115)

îöiíèìî ïåðøèé ç íèõ.

|D3
37| ≤ C

t∫
η3

(t− β)−1+m̂1γ1(β − τ)−M−1+m̂3γ3dβE(1)
c (β − τ,X(t− β), ξ)dβ ≤

≤ C

t∫
η3

(t− β)−1+m̂1γ1dβ(t1 − τ)−M−1+m̂3γ3E(1)
c (t− τ, x), ξ) ≤
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≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1+m̂3γ3E(1)
c (t− τ, x, ξ).

Ç îöiíîê äîäàíêiâ D3
3j, j ∈ N8, âèïëèâà¹ îöiíêà

|∆z3
x3
∂k1
x1
W13(t, x; τ, ξ)| ≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1×

×
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(1), ξ)
)
. (3.162)

Çà äîïîìîãîþ ôîðìóë (3.128) i (3.129) çàïèøåìî çîáðàæåííÿ

∆zs
xs
∂klxlW13(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∆zs
xs
∂klxlG13(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

ηs∫
t1

dβ

∫
Rn1

( ∫
Rn2+n3

∆zs
xs
∂klxlG13(t, x; β, λ)dλ2dλ3

)
∆
X(t−β)
Λ01(t−β)Q13(β,Λ

01(t− β); τ, ξ)dλ1+

+

t∫
ηs

dβ

∫
Rn1

( ∫
Rn2+n3

∂klxlG13(t, x; β, λ)dλ2dλ3

)
∆
X(t−β)
Λ01(t−β)Q13(β,Λ

01(t− β); τ, ξ)dλ1

−
t∫

ηs

dβ

∫
Rn1

( ∫
Rn2+n3

∂klxlG13(t, z
(s); β, λ)dλ2dλ3

)
∆
Z(s)(t−β)
Λs1(t−β) Q13(β,Λ

s1(t− β); τ, ξ)dλ1+

+

ηs∫
t1

dβ

∫
Rn1+n2

(∫
Rn3

∆zs
xs
∂klxlG13(t, x; β, λ)dλ3

)
∆

Λ01(t−β)
Λ02(t−β)Q13(β,Λ

02(t− β); τ, ξ)dλ1+

+

t∫
ηs

dβ

∫
Rn1+n2

(∫
Rn3

∂klxlG13(t, x; β, λ)dλ3

)
∆

Λ01(t−β)
Λ02(t−β)Q13(β,Λ

02(t− β); τ, ξ)dλ1−

−
t∫

ηs

dβ

∫
Rn1+n2

(∫
Rn3

∂klxlG13(t, z
(s); β, λ)dλ3

)
∆

Λs1(t−β)
Λs2(t−β)Q13(β,Λ

s2(t− β); τ, ξ)dλ1+

+

ηs∫
t1

dβ

∫
Rn

∆zs
xs
∂klxlG13(t, x; β, λ)∆

Λ02(t−β)
λ Q13(β, λ; τ, ξ)dλ+

+

t∫
ηs

dβ

∫
Rn

∂klxlG13(t, x; β, λ)∆
Λ02(t−β)
λ Q13(β, λ; τ, ξ)dλ−
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−
t∫

ηs

dβ

∫
Rn

∂klxlG13(t, z
(s); β, λ)∆

Λs2(t−β)(t−β)
λ Q13(β, λ; τ, ξ)dλ+

+

ηs∫
t1

∫
Rn

∆zs
xs
∂klxlG13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ+

+

t∫
ηs

∫
Rn

∂klxlG13(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ−

−
t∫

ηs

∫
Rn

∂klxlG13(t, z
(s); β, λ)dλ

Q13(β, Z
(s)(t− β); τ, ξ)dβ =:

=:
13∑
j=1

Dls
3j, l ∈ {2, 3}, s ∈ N3.

ÄîäàíîêDls
31 îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (3.112), (3.115) i íåðiâíîñòåé (2.49).

Ìà¹ìî äëÿ l ∈ {2, 3}, s ∈ N3

|Dls
31| ≤ C|xs− zs|γs

t1∫
τ

dβ

∫
Rn

(t−β)−M−m̂l−m̂sγsE(1)
c (t−β, x, λ)(β− τ)−M−1+m̂3γ3×

×E(1)
c (β − τ, λ, ξ)dλ ≤ C|xs − zs|γs(t− t1)−m̂l−m̂sγs

t∫
τ

(β − τ)−m̂l+m̂3γ3dβ×

×I(1,03)
0 (x, ξ) ≤ C|xs − zs|γs(t− τ)−M−m̂l−m̂sγs+m̂3γ3E(1)

c (t− τ, x, ξ).

Äðóãèé äîäàíîê îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (3.112), (3.116) ïðè γ0
s = γs i

íåðiâíîñòåé (2.49).

|Dls
32| ≤ C|xs−zs|γs

ηs∫
t1

dβ

∫
Rn1

(t−β)−m̂1n1−m̂l(1−γl)−m̂sγsE2,1
c (t−β, x1−λ1)|x1−λ1|γ1×

×(β − τ)−M−1

(
E(1)
c (β − τ,Λ01(t− τ), ξ) + E(1)

c (β − τ,X(t− τ), ξ)

)
dλ1 ≤

≤ C|xs − zs|γs(t1 − τ)−lJs(γls)

(
I

(1,01)
1 (x1, ξ) + I

(1,00)
1 (x1, ξ)

)
, (3.163)

äå γls = 1 + m̂1γ1 − m̂l(1− γl)− m̂sγs, l ∈ {2, 3}, s ∈ N3.
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Ùîá îöiíèòè (3.163) âèêîðèñòîâóâàòèìåìî íåðiâíîñòi

|xs − zs|γsJs(γls) ≤ C|xs − zs|γs−(m̂s)
−1m̂s−1(t− τ)m̂s−1+γls, {l, s} ⊂ N3 (3.164)

Çà óìîâ (A12) ñïðàâäæóþòüñÿ íåðiâíîñòi γs− (m̂s)
−1m̂s−1 > 0, s ∈ N3, m̂0 ≡ 0

i m̂s−1 + γls > 0, {l, s} ⊂ N3. Òîìó |xs − zs|γsJs(γls) ≤ C|xs − zs|γs|xs − zs|γls =

= C|xs−zs|γs−(m̂s)
−1m̂s−1|xs−zs|(m̂s)

−1m̂s−1+γls ≤ |xs−zs|γs−(m̂s)
−1m̂s−1(t−τ)m̂s−1+γls,

i íåðiâíiñòü (3.164) äîâåäåíî. Îòæå, ç (3.163) i (3.164), ìà¹ìî

|Dls
32| ≤ C|xs − zs|γs−(m̂s)

−1m̂s−1(t− τ)−M−1+m̂s−1+γlsE(1)
c0

(t− τ, x, ξ).

Äîäàíêè Dls
33, D

ls
34 îöiíþþòüñÿ îäíàêîâî. Çà äîïîìîãîþ îöiíîê (3.111), (3.116)

i íåðiâíîñòåé (2.49) îöiíèìî ïåðøèé ç íèõ.

|Dls
33| ≤ C

t∫
ηs

dβ

∫
Rn

(t− β)−m̂1n1−m̂l(1−γl)|x1 − z1|γ1E2,1
c (t− β, x1 − λ1)×

×(β− τ)−M−1+m̂3γ3×
(
E(1)
c (β− τ,Λ01(t− τ), ξ) +E(1)

c (β− τ,X(t− τ), ξ)

)
dλ1 ≤

≤ C(t1 − τ)−1+m̂3γ3

(
I

(1,01)
1 (x1, ξ) + I

(1,00)
1 (x1, ξ)

) t∫
ηs

(t− β)−m̂l(1−γl)+m̂1γ1dβ ≤

≤ C|xs − zs|γs−(m̂s)
−1m̂s−1(t− τ)−M−1+m̂s−1+γlsE(1)

c0
(t− τ, x, ξ).

Îöiíèìî Dls
35. Äëÿ öüîãî âèêîðèñòà¹ìî îöiíêè (3.114), (3.116) i (2.50). Äëÿ s ∈

∈ N3 ìà¹ìî äëÿ l = 2 i s ∈ N3

|D2s
35| ≤ C|xs − zs|γs

ηs∫
t1

dβ

∫
Rn1+n2

(t− β)−m̂1n1−m̂2n2−m̂2−m̂sγsE2,1
c (t− β, x1 − λ1)×

×(β − τ)−M−1|X2(t− β)− λ2|γ2E2,2
c (t− β,X2(t− β)− λ2)dλ1dλ2 ≤

≤ C|xs − zs|γs(t1 − τ)−1Js(m̂2γ2 − m̂1 − m̂sγs)×

×
(
I

(1,01)
2 (x1, x2; ξ) + I

(1,00)
2 (x1, x2; ξ)

)
≤

≤ C|xs − zs|(m̂s)
−1(m̂2γ2−m̂1)(t− τ)−M−1+m̂3γ3E(1)

c (t− τ, x, ξ).
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Àíàëîãi÷íî îöiíþ¹ìî ó âèïàäêó l = 3 i s ∈ N3

|D3s
35| ≤ C|xs−zs|γs

ηs∫
t1

dβ

∫
Rn1+n2

(t−β)−m̂1n1−m̂2n2−m̂3(1−γ3)−m̂sγsE2,1
c (t−β, x1−λ1)×

×(β − τ)−M−1|X2(t− β)− λ2|γ2E2,2
c (t− β,X2(t− β)− λ2)dλ1dλ2 ≤

≤ C|xs − zs|γs(t1 − τ)−1Js(1− m̂3(1− γ3) + m̂2γ2 − m̂sγs)×

×
(
I

(1,01)
2 (x1, x2; ξ) + I

(1,00)
2 (x1, x2; ξ)

)
≤

≤ C

|x2 − z2|γ2(t− τ)−M−1−m̂2+m̂3γ3+m̂2γ2E
(1)
c (t− τ, x, ξ), ïðè l = 2,

|x3 − z3|(m̂s)
−1(m̂3γ3−m̂2)(t− τ)−M−1+m̂3γ3+m̂2γ2E

(1)
c (t− τ, x, ξ), ïðè l = 3.

Äîäàíêè Dls
36 i D

ls
37 òàêîæ îöiíþþòüñÿ îäíàêîâî. Îöiíèìî ïåðøèé ç íèõ.

|D2s
36| ≤ C

t∫
ηs

dβ

∫
Rn1+n2

(t− β)−m̂1n1−m̂2n2−m̂2E2,1
c (t− β, x1 − λ1)×

×(β − τ)−M−1|X2(t− β)− λ2|γ2E2,2
c (t− β,X2(t− β)− λ2)dλ1dλ2 ≤

≤ C|xs−zs|γs(t1−τ)−1

(
I

(1,01)
2 (x1, x2; ξ)+I

(1,02)
2 (x1, x2; ξ)

) t∫
ηs

(t−β)−m̂2(1−γ2)dβ ≤

≤ C|xs − zs|(m̂s)
−1(m̂2γ2−m̂1)(t− τ)−M−1E(1)

c (t− τ, x, ξ).

|D3s
36| ≤ C

t∫
ηs

dβ

∫
Rn1+n2

(t− β)−m̂1n1−m̂2n2−m̂3(1−γ3)E2,1
c (t− β, x1 − λ1)×

×(β − τ)−M−1|X2(t− β)− λ2|γ2E2,2
c (t− β,X2(t− β)− λ2)dλ1dλ2 ≤

≤ C|xs − zs|γs(t1 − τ)−1

t∫
ηs

(t− β)−m̂3(1−γ3)+m̂2γ2dβ×

×
(
I

(1,01)
2 (x1, x2; ξ) + I

(1,02)
2 (x1, x2; ξ)

)
≤

≤ C|xs − zs|(m̂s)
−1(m̂3γ3−m̂2)(t− τ)−M−1+m̂2γ2E(1)

c (t− τ, x, ξ).

Îöiíèìî òåïåð Dls
38. Äëÿ öüîãî âèêîðèñòà¹ìî îöiíêè (3.108), (3.116) i (2.48).
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Îòðèìà¹ìî

|Dls
38| ≤ C|xs − zs|γs

ηs∫
t1

dβ

∫
Rn

(t− β)−M−m̂l−m̂sγsE(1)
c (t− β, x, λ)×

×(β − τ)−M−1|X3(t− β)− λ3|γ3E(1)
c (β − τ, λ, ξ)dλ ≤

≤ C|xs − zs|γs(t1 − τ)−1Js(m̂3γ3 − m̂l−1 − m̂sγs)×

×
(
I

(1,03)
2 (x1, x2; ξ) + I

(1,00)
2 (x1, x2; ξ)

)
≤

≤ C|xs − zs|(m̂s)
−1(m̂3γ3−m̂l−1)(t− τ)−M−1E(1)

c (t− τ, x, ξ).

Äîäàíêè Dls
39 i D

ls
310 òàêîæ îöiíþþòüñÿ îäíàêîâî. Îöiíèìî ïåðøèé ç íèõ.

|Dls
39| ≤ C

t∫
ηs

dβ

∫
Rn

(t− β)−M−m̂lE(1)
c (t− β, x, λ)|X3(t− β)− λ3|γ3×

×(β − τ)−M−1E(1)
c (β − τ, λ, ξ)dλ ≤ (t1 − τ)−1I

(1,00)
0 (x, ξ)

t∫
ηs

(t− β)−m̂l+m̂3γ3)dβ ≤

≤ C|xs − zs|(m̂s)
−1(m̂3γ3−m̂l−1)(t− τ)−M−1E(1)

c0
(t− τ, x, ξ).

Îöiíèìî Dls
311. Äëÿ öüîãî âèêîðèñòà¹ìî îöiíêè (3.110), (3.115) i (2.43). Îòðè-

ìà¹ìî

|D3s
311| ≤ C|xs − zs|γs

ηs∫
t1

(t− β)−m̂l(1−γl)−m̂sγs(β − τ)−M−1+m̂3γ3×

×E(1)
c (β−τ,X(t−β), ξ)dβ ≤ C|xs−zs|γs(t1−τ)−M−1+m̂3γ3Js(m̂lγl−m̂l−1−m̂sγs)×

×E(1)
c (t− τ, x, ξ) ≤ C|xs − zs|(m̂s)

−1(m̂lγl−m̂l−1)(t− τ)−M−1+m̂3γ3E(1)
c (t− τ, x, ξ).

Äîäàíêè Dls
312 i Dls

313 òàêîæ îöiíþþòüñÿ àíàëîãi÷íî. Îöiíèìî ïåðøèé ç íèõ.

Âèêîðèñòîâóþ÷è îöiíêè (3.109), (3.115) i (2.43), îòðèìó¹ìî

|D3s
312| ≤ C

t∫
ηs

(t− β)−m̂l(1−γl)(β − τ)−M−1+m̂3γ3E(1)
c (β − τ,X(t− β), ξ)dβ ≤

≤ C(t1 − τ)−M−1+m̂3γ3

t∫
ηs

(t− β)−m̂l(1−γl)dβE(1)
c (t− τ, x, ξ) ≤
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≤ C|xs − zs|(m̂s)
−1(m̂lγl−m̂l−1)(t− τ)−M−1+m̂3γ3E(1)

c (t− τ, x, ξ).

Ç îöiíîê äîäàíêiâDls
3j, j ∈ N13, íåðiâíîñòåé (3.158), (4.171) i (3.162), îçíà÷åííÿ

(1.61) i îöiíîê (3.108) âèïëèâàþòü îöiíêè (3.153). I



ÐÎÇÄIË 4

ÊËÀÑÈ×ÍI ÔÐÇÊ ÄËß ÐIÂÍßÍÜ Ç ÊËÀÑÓ K2

Â ðîçäiëi íàâåäåíî ðåçóëüòàòè ïîáóäîâè i äîñëiäæåííÿ êëàñè÷íîãî ÔÐÇÊ

äëÿ ðiâíÿíü ç êëàñó K2, îñíîâíi ç ÿêèõ îïóáëiêîâàíî â ïðàöi [33].

4.1. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L
(t,x1(y))
2

Íà ïåðøîìó åòàïi ÔÐÇÊ äëÿ ðiâíÿííÿ

L
(t,x(1)(y))
2 u(t, x) = 0, (t, x) ∈ Π(0,T ], y′ ∈ Rn1+n2, (4.1)

øóêà¹ìî ó âèãëÿäi

Z21(t, x; τ, ξ; y′) = G21(t, x; τ, ξ; y′) +W21(t, x; τ, ξ; y′), (4.2)

äå

W21(t, x; τ, ξ; y′) :=

t∫
τ

dβ

∫
Rn

G21(t, x; β, λ; y′)Q21(β, λ; τ, ξ; y′)dλ, (4.3)

G21 � ïàðàìåòðèêñ, àQ21 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñG21 íà ïåðøîìó

åòàïi ïîáóäîâè ÔÐÇÊ áåðåìî ôóíêöiþ

G21(t, x; τ, ξ; y′) := Z20(t, x; τ, ξ; (ξ1, y
′)),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y′ := (y2, y3) ∈ Rn2+n3,

äå Z20 � ÔÐÇÊ ç òåîðåìè 2.2. Íàâåäåìî âëàñòèâîñòi ïàðàìåòðèêñó.

Ëåìà 4.1. Çà óìîâ òåîðåìè 2.2 äëÿ ôóíêöi¨ G21 ñïðàâäæóþòüñÿ îöiíêè

|∂kxG21(t, x; τ, ξ; y′)| ≤ Ck(t− τ)−M−MkE(2,3)
c (t− τ, x, ξ), (4.4)

|∆zs
xs
∂kxG21(t, x; τ, ξ; y′)| ≤ Ck|xs − zs|γ

0
s (t− τ)−M−Mk−m̂sγ

0
s×

×(E(2,3)
c (t− τ, x, ξ) + E(2,3)

c (t− τ, z(s), ξ)), (4.5)

|∆zs
ys
∂kxG21(t, x; τ, ξ; y′)| ≤ Ck(t− τ)−M−MkE(2,3)

c (t− τ, x, ξ)×

×(hmsγs + |Ys(h)− zs|γs), s ∈ {2, 3}, (4.6)
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159∣∣∣∣∣∣
∫
Rn

∂kxG21(t, x; τ, ξ; y′)dξ

∣∣∣∣∣∣ ≤ C(t− τ)−Mk+m̂1γ1, k 6= 0, (4.7)

∣∣∣∣∣∣∆zs
xs

∫
Rn

∂kxG21(t, x; τ, ξ; y′)dξ

∣∣∣∣∣∣ ≤ C|xs − zs|γ
0
s (t− τ)−Mk−m̂sγ

0
s+m̂1γ1, k 6= 0, (4.8)

∣∣∣∣∣∣
∫

Rn2+n3

∂kxG21(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣∣∣ ≤
≤ C(t− τ)−m̂1n1−Mk′+m̂2γ2E(2,1)

c0
(t− τ, x1, ξ1), k′ 6= 0, (4.9)∣∣∣∣∣∣∆zs

xs

∫
Rn2+n3

∂kxG21(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣∣∣ ≤ C(t− τ)−m̂1n1−Mk′−m̂sγ
0
s+m̂2γ2×

×|xs − zs|γ
0
s (E(2,1)

c0
(t− τ, x1, ξ1) + E(2,1)

c0
(t− τ, z1, ξ1)), k′ 6= 0, (4.10)∣∣∣∣∣∣

∫
Rn3

∂k3
x3
G21(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣∣∣ ≤ C(t− τ)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)×

×E(2,1)
c0

(t− τ, x1, ξ1)E
2,2
c0

(t− τ, x1, x2, ξ1, ξ2), k3 6= 0, (4.11)∣∣∣∣∣∣∆zs
xs

∫
Rn3

∂k3
x3
G21(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣∣∣ ≤ C(t− τ)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)−m̂sγ
0
s×

×|xs − zs|γ
0
sE(2,1)

c0
(t− τ, x1, ξ1)E

(2,2)
c0

(t− τ, x1, x2, ξ1, ξ2), k3 6= 0, (4.12)

à òàêîæ ðiâíîñòi

∂k
′

x G21(t, x; τ, ξ; y′) = (−∂ξ)k
′
G21(t, x; τ, ξ; y′), (4.13)

∂k
′

x

∫
Rn2+n3

G21(t, x; τ, ξ; y′)dξ2dξ3 = 0, k′ 6= 0, (4.14)

∂k3
x3

∫
Rn3

G21(t, x; τ, ξ; y′)dξ3 = 0, k3 6= 0, (4.15)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y′ := (y2, y3) ∈ Rn2+n3, {xs, ys, zs, ξs} ⊂ Rns, k :=

= (k1, k2, k3) ∈ Zn+, k′ := (0, k2, k3) ∈ Zn+, γ0
s ∈ (0, 1], s ∈ N3, h i γs � ÷èñëà ç

óìîâ (1.11) � (1.13).

Ïðèïóñòèìî, ùî ôóíêöiÿ Q21 çàäîâîëüíÿ¹ óìîâè ëåìè 2.13. Òîäi äëÿ öi¹¨
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ôóíêöi¨ îòðèìà¹ìî òàêå iíòåãðàëüíå ðiâíÿííÿ:

Q21(t, x; τ, ξ; y′) = K21(t, x; τ, ξ; y′)+

+

t∫
τ

dβ

∫
Rn

K21(t, x; β, λ; y′)Q21(β, λ; τ, ξ; y′)dλ,

(4.16)

â ÿêîìó ÿäðî K21 âèçíà÷à¹òüñÿ ôîðìóëîþ

K21(t, x; τ, ξ; y′) :=
∑
|k1|≤2b

∆ξ1
x1
ak1

(t, x1(y))∂k1
x1
G21(t, x; τ, ξ; y′),

0 ≤ τ < t ≤ T, y′ ∈ Rn2+n3, {x, ξ} ⊂ Rn.

Ç öi¹¨ ôîðìóëè âèïëèâàþòü äëÿ k′ ∈ Zn+ \ {0} òàêi ðiâíîñòi:

∂k
′

x K21(t, x; τ, ξ; y′) =
∑
|k1|≤2b

∆ξ1
x1
ak1

(t, x1(y))∂k1
x1
∂k
′

x G21(t, x; τ, ξ; y′), (4.17)

∆zs
xs
∂k
′

xK21(t, x; τ, ξ; y′)=
∑
|k1|≤2b

∆ξ1
x1
ak1

(t, x1(y))∆zs
xs
∂k1
x1
∂k
′

xG21(t, x; τ, ξ; y′),s ∈ {2, 3},

(4.18)

∆zs
ys
∂k
′

x K21(t, x; τ, ξ; y′)=
∑
|k1|≤2b

∆ξ1
x1
ak1

(t, x1(y))∂k1
x1
∂k
′

x G21(t, x; τ, ξ; y′)+

+
∑
|k1|≤2b

∆ξ1
x1
ak1

(t, x1(y))

∣∣∣∣
ys=zs

∆zs
ys
∂k1
x1
∂k
′

x G21(t, x; τ, ξ; y′), s ∈ {2, 3}. (4.19)

Çà äîïîìîãîþ iíòåãðóâàííÿ (4.19) i ôîðìóë (4.14), (4.15), ìà¹ìî ùå òàêi

ðiâíîñòi: ∫
Rn2+n3

∆zs
ys
∂k
′

x K21(t, x; τ, ξ; y′)dξ2dξ3 =
∑
|k1|≤2b

∆ξ1
x1
ak1

(t, x1(y))∂k1
x1
×

×
∫

Rn2+n3

∆zs
ys
∂k
′

x G21(t, x;τ,ξ; y′)dξ2dξ3, s ∈ {2, 3}. (4.20)

∫
Rn3

∆zs
ys
∂k
′

x K21(t, x; τ, ξ; y′)dξ3 =
∑
|k1|≤2b

∆ξ1
x1
ak1

(t, x1(y))∂k1
x1
×

×
∫
Rn3

∆zs
ys
∂k
′

x G21(t, x;τ,ξ; y′)dξ3, s ∈ {2, 3}. (4.21)

Âèêîðèñòîâóþ÷è ðiâíîñòi (4.18)�(4.20), îöiíêè (4.4)�(4.7), óìîâè (1.11)�
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(1.13), íåðiâíîñòi (2.54),(2.55) i (2.57) òà ðiâíiñòü (2.56), îòðèìó¹ìî îöiíêè

|∂k′x K21(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−Mk′−1+m̂1γ1E(2,3)
c (t− τ, x, ξ), (4.22)

|∆zs
xs
∂k
′

x K21(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ
0
s (t− τ)−M−Mk′−1+m̂1γ1−m̂sγ

0
s×

×
(
E(2,3)
c (t− τ, x, ξ) + E(2,3)

c (t− τ, z(s), ξ)

)
, (4.23)

|∆zs
ys
∂k
′

x K21(t, x; τ, ξ; y′)| ≤ C(hmsγs + |Ys(h)− zs|γs)(t− τ)−M−Mk′−1×

×E(2,3)
c (t− τ, x, ξ), (4.24)∣∣∣∣ ∫

Rn2+n3

∆zs
ys
∂k
′

x K21(t, x; τ, ξ; y′)dξ2dξ3

∣∣∣∣ ≤ C(hmsγs + |Ys(h)− zs|γs)×

×(t− τ)−m̂1n1−Mk′−1+m̂1γ1E(2,1)
c0

(t− τ, x1, ξ1), (4.25)∣∣∣∣∫
Rn3

∆zs
ys
∂k
′

x K1(t, x; τ, ξ; y′)dξ3

∣∣∣∣ ≤ C(hmsγs + |Ys(h)− zs|γs)×

×(t− τ)−m̂1n1−m̂2n2−Mk′−1+m̂1γ1E(2,1)
c0

(t− τ, x1, ξ1)E
(2,2)
c0

(t− τ, x1, x2, ξ1, ξ2), (4.26)∣∣∣∣ ∫
Rn

∆zs
ys
∂k
′

x K21(t, x; τ, ξ; y′)dξ

∣∣∣∣≤ C(hm̂sγs+|Ys(h)−zs|γs)(t−τ)−Mk′−1+m̂1γ1. (4.27)

Â îöiíêàõ (4.22) � (4.27) 0 ≤ τ < t ≤ T, h ∈ [0, T ], {x, ξ} ⊂ Rn, zs ∈ Rns, s ∈

∈ {2, 3}, y′ ∈ Rn2+n3, k′ ∈ Zn+, ïðè÷îìó â îöiíêàõ (4.25)� (4.27) k′ 6= 0, à ÷èñëà

γ0
s i γs òàêi, ÿê âèùå.

Îöiíêà (4.24) íå ¹ äîñòàòíüîþ äëÿ âñòàíîâëåííÿ òî÷íèõ ïîêàçíèêiâ Ãåëü-

äåðà ïðèðîñòiâ ôóíêöié Q21, çà ïðîñòîðîâèìè çìiííèìè, àëå ¹ äîñòàòíüîþ

äëÿ äîâåäåííÿ iñíóâàííÿ êëàñè÷íîãî ÔÐÇÊ. Òîìó, íàäàëi äîäàòêîâî ïðèïóñ-

êàòèìåìî âèêîíàííÿ óìîâè (A25). Ñïiââiäíîøåííÿ (4.19) ìîæíà ïåðåïèñàòè ó

âèãëÿäi

∆zs
ys
∂k
′

x K21(t, x; τ, ξ; y′)=
∑
|k1|≤2b

∆ξ1
x1

∆zs
ys
ak1

(t, x1(y))∂k1
x1
∂k
′

x G21(t, x; τ, ξ; y′)+

+

( ∑
|k1|≤2b

∆ξ1
x1
ak1

(t, x1(y))

)∣∣∣∣
ys=zs

∆zs
ys
∂k
′

x G21(t, x; τ, ξ; y′), s ∈ {2, 3}.
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Îöiíèâøè äîäàíêè öüîãî çîáðàæåííÿ, îòðèìà¹ìî îöiíêó

|∆zs
ys
∂k
′

x K21(t, x; τ, ξ; y′)| ≤ C(hm̂sγs + |Ys(h)− zs|γs)(t− τ)−M−Mk′−1+m̂1γ1×

×E(2,3)
c (t− τ, x, ξ), s ∈ {2, 3}. (4.28)

Íàâåäåìî âëàñòèâîñòi ôóíêöi¨ Q21.

Ëåìà 4.2. Çà óìîâ (A21), (A22) i (A25) äëÿ ôóíêöi¨ Q21 ïðàâèëüíi îöiíêè

|∂k′x Q21(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−Mk′−1+m̂1γ1E
(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, x, ξ); (4.29)

|∆zs
xs
∂k
′

x Q11(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ
0
s (t− τ)−M−Mk′−1+m̂1γ1−m̂sγ

0
s×

×(E
(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, x, ξ) +E

(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, z(s), ξ)), γ0

1 ∈ (0, γ1], {γ0
2 , γ

0
3} ⊂ (0, 1];

(4.30)∣∣∣∣∆zs
ys
∂k
′

x Q21(t, x; τ, ξ; y′)

∣∣∣∣ ≤ C(hm̂sγs + |Ys(h)− zs|γs)×

×(t− τ)−M−Mk′−1+m̂1γ1E
(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, x, ξ); (4.31)∣∣∣∣∂k′x ∫

Rn

Q21(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤ C(t− τ)−Mk′−1+m̂1γ1, k′ ∈ Zn+, (4.32)

∣∣∣∣∆z1
x1
∂k
′

x

∫
Rn

Q21(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤
≤ C|x1 − z1|γ

0
1 (t− τ)−M1k′−1+m̂1(γ1−γ0

1), γ0
1 ∈ (0, γ1], k

′ ∈ Zn+. (4.33)∣∣∣∣∂k′x ∫
Rn2+n3

Q21(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣ ≤
≤ C(t− τ)−m1n1−Mk′−1+m̂2γ2E

(2,m̂1γ1,1)

c1,Ĉ1
(t− τ, x1, ξ1), k

′ ∈ Zn+ \ {0}, (4.34)∣∣∣∣∂k3
x3

∫
Rn3

Q21(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ ≤ C(t− τ)−m̂1(n1−γ1)−m̂2n2−m̂3(|k3|−γ3)−1×

×E(2,m̂1γ1,2)

c1,Ĉ1
(t− τ, x1, x1, ξ2), k3 ∈ Zn3

+ \ {0}. (4.35)

Ó ôîðìóëi (4.30) s ∈ N3, à â (4.31) � s ∈ {2, 3}, ïðè÷îìó c1 < c, äå c ñòàëà

ç îöiíîê ïàðàìåòðèêñó G21 iç òåîðåìè 4.1.

Ïåðåéäåìî äî äîñëiäæåííÿ îá'¹ìíîãî ïîòåíöiàëó (4.3), âëàñòèâîñòi i îöií-

êè ÿäðà G21 ÿêîãî íàâåäåíî â ëåìi 4.1, à ãóñòèíè Q21 � â ëåìi 4.2.
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Ëåìà 4.3. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 4.2. Òîäi ïðàâèëüíi òàêi òâåð-

äæåííÿ:

(A) ôóíêöiÿ (4.3), ìà¹ íåïåðåðâíi ïîõiäíi ∂kxW21, |k1| ≤ 2b, k1 ∈ Zn1
+ , k

′ =

= (0, k2, k3) ∈ Zn+, ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

∂k1
x1
W21(t, x; τ, ξ; y′) =

t∫
τ

dβ

∫
Rn

∂k1
x1
G21(t, x; β, λ; y′)Q21(β, λ; τ, ξ; y′)dλ, |k1| < 2b;

(4.36)

∂k1
x1
W21(t, x; τ, ξ; y′) =

t1∫
τ

dβ

∫
Rn

∂k1
x1
G21(t, x; β, λ; y′)Q21(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

dβ

∫
Rn

∂k1
x1
G21(t, x; β, λ; y′)∆

X(t−β)
λ Q21(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

∫
Rn

∂k1
x1
G21(t, x; β, λ; y′)dλ

Q21(β,X(t− β); τ, ξ; y′)dβ =:

=:
3∑
j=1

W 1k
11j, |k1| = 2b; (4.37)

∂k
′

xW21(t, x; τ, ξ; y′) =

t1∫
τ

dβ

∫
Rn

∂k
′

x G21(t, x; β, λ; y′)Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

dβ

∫
Rn

G21(t, x; β, λ; y′)∂k
′

λ Q21(β, λ; τ, ξ; y′)dλ =:
2∑
j=1

W k
1j; (4.38)

(B) ñïðàâäæóþòüñÿ îöiíêè

|∂kxW21(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−Mk+m̂1γ1E
(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, x, ξ), (4.39)

|∆zs
xs
∂kxW21(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk+m̂1γ1−m̂sγ

0
s×

×
(
E

(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, x, ξ) + E

(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, z(s), ξ)

)
, s ∈ {2, 3}, (4.40)∣∣∣∆zs

ys
∂k
′

xW21(t, x; τ, ξ; y′)
∣∣∣ ≤ C(|h|msγs + |Ys(h)− zs|γs)×

×(t− τ)−M−Mk′+m̂1γ1E
(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, x, ξ), s ∈ {2, 3}, k ∈ Zn+, (4.41)
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Rn

∂kxW21(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤ C(t− τ)−Mk+m̂1γ1, k ∈ Zn+ \ {0}, (4.42)

∣∣∣∣∆zs
xs

∫
Rn

∂kxW21(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤
≤ C|xs − zs|γ

0
s (t− τ)−Mk−m̂sγ

0
s+m̂1γ1, k ∈ Zn+ \ {0}, (4.43)∣∣∣∣ ∫

Rn2+n3

∂k
′

xW21(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣ ≤
≤ C(t− τ)−m̂1n1−Mk′+m̂2γ2E

(2,m̂1γ1,1)

c1,Ĉ1
(t− τ, x1, ξ1), k′ ∈ Zn+ \ {0}, (4.44)∣∣∣∣∆zs

xs

∫
Rn2+n3

∂k
′

xW21(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣ ≤ C|xs − zs|γ
0
s (t−τ)−m̂1n1−Mk′×

×(t−τ)−m̂sγ
0
s+m̂2γ2

(
E

(2,m̂1γ1,1)

c1,Ĉ1
(t− τ, x1, ξ1)+E

(2,m̂1γ1,1)

c1,Ĉ1
(t− τ, z1, ξ1)

)
, k′∈Zn+\{0},

(4.45)∣∣∣∣∫
Rn3

∂k3
x3
W21(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ ≤ C(t− τ)−m̂1n1−m̂2n2−|m̂3|(1−γ3)×

×E(2,m̂1γ1,2)

c1,Ĉ1
(t− τ, x1, x2, ξ1, ξ2), k3 ∈ Zn3

+ \ {0}, (4.46)∣∣∣∣∆zs
xs

∫
Rn3

∂kxW21(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ ≤ C|xs− zs|γ
0
s (t− τ)−m̂1n1−m̂2n2−Mk−m̂sγ

0
s+m̂3γ3×

×E(2,m̂1γ1,2)

c1,Ĉ1
(t− τ, x1, x2, ξ1, ξ2), k3 ∈ Zn3

+ \ {0}. (4.47)

Ó ôîðìóëàõ (4.40), (4.43), (4.45) i (4.47) γ0
1 ∈ (0, γ1], γ

0
s ∈ (0, 1], s ∈ {2, 3}.

Äîâåäåííÿ ëåì 4.1, 4.2 i 4.3 íàâåäåíî ó äîäàòêó Ä.2.

Íàâåäåìî îñíîâíèé ðåçóëüòàò ïåðøîãî åòàïó.

Òåîðåìà 4.1. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (4.1) âèêîíóþòüñÿ óìîâè

(A21), (A22) i (A25). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z21 i

¹ ïðàâèëüíèìè òàêi òâåðäæåííÿ:

|∂kxZ21(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−MkE
(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, x, ξ); (4.48)

|∆zs
xs
∂kxZ21(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk−m̂sγ

0
s×

×
(
E

(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, x, ξ) + E

(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, z(s), ξ)

)
; (4.49)



165

|∆zs
ys
∂kxZ21(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−MlkE

(2,m̂1γ1,3)

c1,Ĉ1
(t− τ, x, ξ)×

×(hm̂sγs + |Ys(h)− zs|γs), s ∈ {2, 3}; (4.50)

|
∫
Rn

∂kxZ21(t, x; τ, ξ; y′)dξ| ≤ C(t− τ)−Mk+m̂1γ1, k ∈ Zn+ \ {0}; (4.51)

|∆zs
xs

∫
Rn

∂kxZ21(t, x; τ, ξ; y′)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mk+m̂1γ1−m̂sγ

0
s , k ∈ Zn+ \ {0};

(4.52)

|
∫

Rn2+n3

∂k
′

x Z21(t, x; τ, ξ; (ξ2, ξ3))dξ2dξ3| ≤

≤ C(t− τ)−m̂1n1−Mk′+m̂2γ2E
(2,m̂1γ1,1)

c1,Ĉ1
(t− τ, x1, ξ1), k

′ ∈ Zn+ \ {0}, (4.53)

|
∫
Rn3

∂k3
x3
Z21(t, x; τ, ξ; (ξ2, ξ3))dξ3| ≤ C(t− τ)−m̂1n1−m̂2n2−Mk+m̂3γ3×

×E(2,m̂1γ1,2)

c1,Ĉ1
(t− τ, x1, x2, ξ1, ξ2), k3 ∈ Zn3

+ \ {0}, (4.54)

à òàêîæ ðiâíîñòi

∂k
′

x

∫
Rn2+n3

Z21(t, x; τ, ξ; y′)dξ2dξ3 = 0, k′ ∈ Zn+ \ {0}; (4.55)

∂k3
x3

∫
Rn3

Z21(t, x; τ, ξ; y′)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (4.56)

∂k
′

x Z21(t, x; τ, ξ; y′) = (−∂ξ)k
′
Z21(t, x; τ, ξ; y′), k′ ∈ Zn+ \ {0}, (4.57)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3, {ys, zs} ⊂ Rns, s ∈ N3,

γ0
1 ∈ (0, γ1], {γ0

2 , γ
0
3} ⊂ (0, 1], k ∈ Zn+, |k1| ≤ 2b.

Äîâåäåííÿ. Îöiíêè (4.48)� (4.57) âèïëèâàþòü ç îçíà÷åííÿ (4.2) i âiäïîâiäíèõ

îöiíîê ïàðàìåòðèêñó G21 i îá'¹ìíîãî ïîòåíöiàëó W21.I

4.2. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L
(t,x2(y))
2

Íà äðóãîìó åòàïi ðiâíÿííÿ ìà¹ âèãëÿä

L
(t,x(2)(y))
2 u(t, x) := (S−A1(t, x

(2)(y)), ∂x1
))u(t, x) = 0, (t, x) ∈ Π(0,T ], y3 ∈ Rn3,

(4.58)



166

i ÔÐÇÊ øóêà¹ìî ó âèãëÿäi

Z22(t, x; τ, ξ; y3) = G22(t, x; τ, ξ; y3) +W22(t, x; τ, ξ; y3), (4.59)

äå

W22(t, x; τ, ξ; y3) :=

t∫
τ

dβ

∫
Rn

G22(t, x; β, λ; y3)Q22(β, λ; τ, ξ; y3)dλ, (4.60)

G22 � ïàðàìåòðèêñ, à Q22 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñ áåðåìî ôóíê-

öiþ

G22(t, x; τ, ξ; y3) := Z21(t, x; τ, ξ; (ξ2, y3)), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3.

(4.61)

Íàâåäåìî ñïî÷àòêó îöiíêè i âëàñòèâîñòi ïàðàìåòðèêñó G22.

Ëåìà 4.4. Çà óìîâ ëåìè 4.3 äëÿ ôóíêöi¨ G22 ¹ ïðàâèëüíèìè òàêi òâåðäæåí-

íÿ:

|∂kxG22(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−MkE
(2,m̂1γ1,3)

c,Ĉ
(t− τ, x, ξ); (4.62)

|∆zs
xs
∂kxG22(t, x; τ, ξ; y3)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk−m̂sγ

0
s×

×
(
E(2,3)
c (t− τ, x, ξ) + E(2,3)

c (t− τ, z(s), ξ)
)

; (4.63)∣∣∆z3
y3
∂kxG22(t, x; τ, ξ; y3)

∣∣ ≤ C
(
hm̂3γ3 + |Y3(h)− z3|γ3

)
×

×(t− τ)−M−MkE
(2,m̂1γ1,2)

c,Ĉ
(t− τ, x, ξ); (4.64)

|
∫
Rn

∂kxG22(t, x; τ, ξ; ξ3)dξ| ≤ C(t− τ)−Mk+m(k), (4.65)

m(k) :=


m̂1γ1, ÿêùî k1 6= 0, à k2 = 0 i k3 = 0,

m̂2γ2, ÿêùî k2 6= 0, à k1 = 0 i k3 = 0,

m̂2γ2, ÿêùî k3 6= 0, à k1 = 0 i k2 = 0,

k = (k1, k2, k3) ∈ Zn+ \ {0};

|∆zs
xs

∫
Rn

∂kxG22(t, x; τ, ξ; y3)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mk+m(k)−m̂sγ

0
s , k ∈ Zn+ \ {0};

(4.66)
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|
∫

Rn2+n3

∂kxG22(t, x; τ, ξ; ξ3)dξ2dξ3| ≤ C(t− τ)−Mk−m̂1n1+m′(k)E
(2,m̂1γ1,1)

c,Ĉ
(t− τ, x1, ξ1),

(4.67)

m′(k) :=

0, ÿêùî k′ = 0;

m̂2γ2, ÿêùî k′ 6= 0,
k ∈ Zn+ \ {0};

|∆zs
xs

∫
Rn2+n3

∂kxG22(t, x; τ, ξ; y3)dξ2dξ3| ≤ C|xs − zs|γ
0
s (t− τ)−Mlk−m̂1n1+m′(k)−m̂sγ

0
s×

×
(
E

(2,m̂1γ1,1)

c,Ĉ
(t− τ, x1, ξ1) + E

(2,m̂1γ1,1)

c,Ĉ
(t− τ, z1, ξ1)

)
; (4.68)

∂k3
x3

∫
Rn3

G22(t, x; τ, ξ; y3)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (4.69)

∂k3
x3
G22(t, x; τ, ξ; y3) = (−∂ξ3)k3G22(t, x; τ, ξ; y3), k3 ∈ Zn3

+ \ {0}, (4.70)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3, {xs, zs} ⊂ Rns, s ∈ N3, k ∈ Zn+, |k1| ≤

2b. Ó ôîðìóëàõ (4.63), (4.66) i (4.68) γ0
1 ∈ (0, γ1], γ

0
2 ∈ (0, 1], γ0

3 ∈ (0, 1], ñòàëi

c, Ĉ òàêi, ÿê âiäïîâiäíi ñòàëi ç îöiíîê ÔÐÇÊ Z21 ó òåîðåìi 4.1.

Äîâåäåííÿ. Îöiíêè (4.62)� (4.69), ðiâíîñòi (4.70) áåçïîñåðåäíüî âèïëèâàþòü

ç îöiíîê (4.48)� (4.54), îçíà÷åííÿ ïàðàìåòðèêñó (4.61) i ðiâíîñòåé (4.57). I

Iíòåãðàëüíå ðiâíÿííÿ äëÿ ãóñòèíè Q22 îòðèìó¹ìî àíàëîãi÷íî äî ðiâíÿííÿ

(4.16) äëÿ ãóñòèíè Q21. Öå ðiâíÿííÿ ìà¹ âèãëÿä

Q22(t, x; τ, ξ; y3) = K22(t, x; τ, ξ; y3)+

+

t∫
τ

dβ

∫
Rn

K22(t, x; β, λ; y3)Q22(β, λ; τ, ξ; y3)dλ. (4.71)

ßäðî K22 âèçíà÷à¹òüñÿ ôîðìóëîþ

K22(t, x; τ, ξ; y3) :=
∑
|k1|≤2b

∆ξ2
x2
ak1

(t, x2(y))∂k1
x1
G22(t, x; τ, ξ; y3),

0 ≤ τ < t ≤ T, y3 ∈ Rn3, {x, ξ} ⊂ Rn. (4.72)

Ç (4.72) âèïëèâàþòü òàêi ðiâíîñòi:

∂k3
x3
K22(t, x; τ, ξ; y3) :=

∑
|k1|≤2b

∆ξ2
x2
ak1

(t, x2(y))∂k1
x1
∂k3
x3
G22(t, x; τ, ξ; y3),
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0 ≤ τ < t ≤ T, y3 ∈ Rn3, {x, ξ} ⊂ Rn. (4.73)

∆z3
y3
∂k3
x3
K22(t, x; τ, ξ; y3) :=

∑
|k1|≤2b

∆ξ2
x2

∆z3
y3
ak1

(t, x2(y))∂k1
x1
∂k3
x3
G22(t, x; τ, ξ; y3)+

+

( ∑
|k1|≤2b

∆ξ2
x2
ak1

(t, x2(y))

)∣∣∣∣
y3=z3

∆z3
y3
∂k3
x3
G22(t, x; τ, ξ; y3),

0 ≤ τ < t ≤ T, y3 ∈ Rn3, {x, ξ} ⊂ Rn. (4.74)

Äîäàíêè ç (4.73), (4.74) îöiíþ¹ìî ïîäiáíî äî îöiíþâàííÿ äîäàíêiâ ç (4.17),

(4.18). Îòðèìà¹ìî

|∂k3
x3
K22(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−1+m̂2γ2−m̂3|k3|E

(2,m̂1γ1,3)

c,Ĉ
(t− τ, x, ξ), k3 ∈ Zn3

+ ;

(4.75)

|∆z3
y3
∂k3
x3
K22(t, x; τ, ξ; y3)| ≤ C

(
hm̂3γ3 + |Y3(h)− z3|γ3

)
(t− τ)−M−1+m̂2γ2−m̂3(|k3|+γ3)×

×
(
E

(2,m̂1γ1,2)

c,Ĉ
(t− τ, x, ξ) + E

(2,m̂1γ1,2)

c,Ĉ
(t− τ, z(3), ξ)

)
, γ0

3 ∈ (0, 1], k3 ∈ Zn3
+ .

(4.76)

Ç (4.75) i âëàñòèâîñòi (4.70) ïàðàìåòðèêñó âèïëèâà¹ ðiâíiñòü

∂k3
x3
K22(t, x; τ, ξ; y3) = (−∂ξ3)k3K22(t, x; τ, ξ; y3), k3 ∈ Zn3

+ . (4.77)

Ïåðåéäåìî äî îöiíêè ïðèðîñòiâ çà çìiííîþ x1 ïîõiäíèõ âiä ÿäðà K22. Äëÿ

öüîãî âèêîðèñòîâó¹ìî çîáðàæåííÿ

∆z1
x1
∂k3
x3
K22(t, x; τ, ξ; y3) =

∑
|k1|≤2b

∆z1
x1

∆ξ2
x2
ak1

(t, x2(y))∂k1
x1
∂k3
x3
G22(t, x; τ, ξ; y3)+

+

( ∑
|k1|≤2b

∆z1
x1

∆ξ2
x2
ak1

(t, x2(y))

)∣∣∣∣
x1=z1

∆z1
x1
∂k1
x1
∂k3
x3
G22(t, x; τ, ξ; y3). (4.78)

Îöiíèâøè äîäàíêè ç (4.78) çà äîïîìîãîþ óìîâ (1.11), (1.12), îöiíîê (4.62) i

(4.63) ïðè s = 1, îòðèìà¹ìî òàêi îöiíêè:

|∆z1
x1
∂k3
x3
K22(t, x; τ, ξ; y3)| ≤ C|x1 − z1|γ

0
1 (t− τ)−M−1−m̂3|k3|−m̂1(γ0

1−γ1)+m̂2γ2×

×
(
E

(2,m̂1γ1,3)

c,Ĉ
(t− τ, x, ξ) + E

(2,m̂1γ1,3)

c,Ĉ
(t− τ, z(1), ξ)

)
, γ0

1 ∈ (0, γ1]. (4.79)

|∆z1
x1
∂k3
x3

∫
Rn

K22(t, x; τ, ξ; y3)dξ| ≤ C|x1 − z1|γ
0
1 (t− τ)−1−m̂3|k3|+m̂1(γ1−γ0

1). (4.80)
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Ó (4.79) i (4.80) ìóëüòèiíäåêñ k3 ∈ Zn3
+ � äîâiëüíèé.

Äëÿ ïðèðîñòiâ çà çìiííîþ x2 ìà¹ìî òàêå çîáðàæåííÿ:

∆z2
x2
∂k3
x3
K22(t, x; τ, ξ; y3) =

∑
|k1|≤2b

∆z2
x2
ak1

(t, x2(y))∂k1
x1
∂k3
x3
G22(t, x; τ, ξ; y3)+

+
∑
|k1|≤2b

∆ξ2
z2
ak1

(t, (x1, z2, y3))∆
z2
x2
∂k3
x3
G22(t, x; τ, ξ; y3); (4.81)

Äîäàíêè â (4.81) îöiíþ¹ìî àíàëîãi÷íî äî (4.79) çà äîïîìîãîþ óìîâè (1.12),

îöiíîê (4.62), (4.63) ïðè s = 2. Îòðèìà¹ìî îöiíêè

|∆z2
x2
∂k3
x3
K22(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−1−m̂3|k3|×

×
(
|x2 − z2|γ2 + |x2 − z2|γ

0
2 (t− τ)−m̂2(γ0

2−γ2)
)
×(

E
(2,m̂1γ1,3)

c,Ĉ
(t− τ, x, ξ) + E

(2,m̂1γ1,3)

c,Ĉ
(t− τ, z(2), ξ)

)
, |k3| ∈ Zn3

+ . (4.82)

Òóò γ0
2 � äîâiëüíå ÷èñëî ç ïðîìiæêó (0, 1], à γ2 � ÷èñëî ç óìîâè (1.12). Iíòå-

ãðóþ÷è îöiíêè (4.82) çà âiäïîâiäíèìè ãðóïàìè çìiííèõ, îòðèìó¹ìî

|∆z2
x2

∫
Rn

∂k3
x3
K22(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−1−m̂3|k3|+m(k)×

×
(
|x2 − z2|γ2 + |x2 − z2|γ

0
2 (t− τ)−m̂2(γ0

2−γ2)
)

; (4.83)

|∆z2
x2

∫
Rn2+n3

∂k3
x3
K22(t, x; τ, ξ; y3)dξ2dξ3| ≤ C(t− τ)−m̂1n1−1−m̂3|k3|×

×
(
|x2 − z2|γ2 + |x2 − z2|γ

0
2 (t− τ)−m̂2(γ0

2−γ2)

)
E

(2,m̂1γ1,1)

c,Ĉ
(t− τ, x1, ξ1); (4.84)

|∆z2
x2

∫
Rn3

∂k3
x3
K22(t, x; τ, ξ; y3)dξ3| ≤ C(t− τ)−m̂1n1−m̂2n2−1−m̂3|k3|×

×
(
|x2 − z2|γ2 + |x2 − z2|γ

0
2 (t− τ)−m̂2(γ0

2−γ2)

)
×

×
(
E

(2,m̂1γ1,2)

c,Ĉ
(t− τ, x1, x2, ξ1, ξ2)) + E

(2,m̂1γ1,2)

c,Ĉ
(t− τ, x1, z2, ξ1, ξ2)

)
. (4.85)

Äëÿ îöiíêè ïðèðîñòiâ çà çìiííîþ x3 âèêîðèñòîâó¹ìî çîáðàæåííÿ

∆z3
x3
∂k3
x3
K22(t, x; τ, ξ; y3) =

n3∑
j=1

z3j∫
x3j

∂k3
x3
∂ζ3jK22(t, ζ

(j)
3 ; τ, ξ; y3)dζ3j,
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äå òî÷êè ζ(j)
3 , j ∈ Nn3

� òàêi ÿê âèùå.

|∆z3
x3
∂k3
x3
K22(t, x; τ, ξ; y3)| = |

n3∑
j=1

z3j∫
x3j

∂k3
x3
∂ζ3jK22(t, ζ

(j)
3 ; τ, ξ; y3)dζ3j| ≤

≤
∣∣∣∣ n3∑
j=1

∣∣ z3j∫
x3j

|∂k3
x3
∂ζ3jK22(t, ζ

(j)
3 ; τ, ξ; y3)|dζ3j

∣∣∣∣∣∣ ≤
≤ C

n3∑
j=1

|xsj − zsj|(t− τ)−M−1−m̂3(|k3|−1)+m̂2γ2

(
E

(2,m̂1γ1,3)

c1,Ĉ
(t− τ, x, ξ)+

+E
(2,m̂1γ1,3)

c1,Ĉ
(t− τ, z(3), ξ)

)
≤ C|x3 − z3|γ

0
3 (t− τ)−M−1−m̂3|k3|+m̂2γ2−m̂3γ

0
3×

×
(
E

(2,m̂1γ1,3)

c1,Ĉ
(t−τ, x, ξ)+E

(2,m̂1γ1,3)

c1,Ĉ
(t−τ, z(3), ξ)

)
, k3 ∈ Zn3

+ , γ
0
3 ∈ (0, 1]; (4.86)

|∆z3
x3

∫
Rn

∂k3
x3
K22(t, x; τ, ξ; y3)dξ| ≤ C|x3 − z3|γ

0
3 (t− τ)−1−m̂3|k3|+m̂2γ2−m̂3γ

0
3 ,

k3 ∈ Zn3
+ , γ

0
3 ∈ (0, 1]; (4.87)

|∆z3
x3

∫
Rn2+n3

∂k3
x3
K22(t, x; τ, ξ; y3)dξ2dξ3|≤C|x3− z3|γ

0
3 (t− τ)−m̂1n1−1−m̂3|k3|+m2γ2−m3γ

0
3×

×E(2,m̂1γ1,1)

c1,Ĉ
(t− τ, x1, ξ1), k3 ∈ Zn3

+ , γ0
3 ∈ (0, 1]; (4.88)

|∆z3
x3

∫
Rn3

∂k3
x3
K22(t, x; τ, ξ; y3)dξ3|≤C|x2−z2|γ

0
2 (t−τ)−m̂1n1−m̂2n2−1−m̂3|k3|+m̂2γ2−m̂3γ

0
3×

×E(2,m̂1γ1,2)

c1,Ĉ
(t− τ, x1, x2, ξ1, ξ2), k3 ∈ Zn3

+ , γ
0
3 ∈ (0, 1]. (4.89)

Âëàñòèâîñòi ôóíêöi¨ Q22 íàâåäåìî â íàñòóïíié ëåìi.

Ëåìà 4.5. Äëÿ ôóíêöi¨ Q22 ñïðàâäæóþòüñÿ îöiíêè

|∂k3
x3
Q22(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−1−m̂3|k3|+m̂2γ2E

(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x, ξ); (4.90)

|∆zs
xs
∂k3
x3
Q22(t, x; τ, ξ; y3)| ≤ C|xs − zs|γ

0
s (t− τ)−M−1−m̂3|k3|+m̂s(γs−γ0

s )×

×
(
E

(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x, ξ) + E

(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, z(s), ξ)

)
; (4.91)

|∆z3
y3
∂k3
x3
Q22(t, x; τ, ξ; y3)| ≤ C(hm̂3γ3 + |Y3(h)− z3|γ3)×

×(t− τ)−M−m̂3|k3|−1E
(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x, ξ); (4.92)
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|∂k3
x3

∫
Rn

Q22(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−1−m̂3|k3|+m̂2γ2; (4.93)

|∂k3
x3

∫
Rn2+n3

Q22(t, x; τ, ξ; y3)dξ2dξ3| ≤

≤ C(t− τ)−m̂1n1−1−m̂3|k3|+m̂2γ2E
(2,m̂2γ2,1)

c1,Ĉ1
(t− τ, x1, ξ1); (4.94)

|∂k3
x3

∫
Rn3

Q22(t, x; τ, ξ; y3)dξ3| ≤ C(t− τ)−m̂1n1−m̂2n2−1−m̂3|k3|+m̂2γ2×

×E(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x1, x2, ξ1, ξ2); (4.95)

∂k3
x3

∫
Rn3

Q22(t, x; τ, ξ; y3)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (4.96)

|∂k3
x3

∫
Rn3

Q22(t, x; τ, ξ; ξ3)dξ3| ≤ C(t− τ)−m̂1n1−m̂2n2−1+m̂2γ2+m̂3(γ3−|k3|)×

×E2,1
c0

(t− τ, x1 − ξ1)E
2,2
c0

(t− τ,X2(t− τ)− ξ2), (4.97)

äå 0 ≤ τ < t ≤ T, {x, ξ, z(s)} ⊂ Rn, s ∈ N3, k3 ∈ Zn3
+ , ïðè÷îìó k3 ∈

∈ Zn3
+ \ {0} â (4.93)�(4.97), γ0

l ∈ (0, γl], l ∈ N2, γ
0
3 ∈ (0, 1], γl, l ∈ N2 � ÷èñëà

ç óìîâ (1.11), (1.12) i (1.13).

Äîâåäåííÿ ëåìè íàâåäåíî ó äîäàòêó 2.

Îòðèìàíi âëàñòèâîñòi ïàðàìåòðèêñó G22 òà ãóñòèíè ïîòåíöiàëó Q22 äîç-

âîëÿþòü äîñëiäèòè îá'¹ìíèé ïîòåíöiàë (4.60), îòðèìàòè éîãî îöiíêè i äîâåñòè

òàêó ëåìó.

Ëåìà 4.6. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 4.4 i ëåìè 4.5. Òîäi äëÿ ôóíêöi¨

(4.60) ïðàâèëüíi òàêi òâåðäæåííÿ:

(A) äëÿ k′′′ := (k1, k2, 0) ∈ Zn+, |k1|/(2b) + |k2| ≤ 1, iñíóþòü ïîõiäíi

∂k
′′′

x W22, ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

∂k
′′

x W22(t, x; τ, ξ; y3) =

t1∫
τ

dβ

∫
Rn

∂k
′′

x G22(t, x; β, λ; y3)Q22(β, λ; τ, ξ; y3)dλ+
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+

t∫
t1

dβ

∫
Rn

∂k
′′

x G22(t, x; β, λ; y3)∆
X(t−β)
λ Q22(β, λ; τ, ξ; y3)dλ+

+

t∫
t1

∫
Rn

∂k
′′

x G22(t, x; β, λ; y3)dλ

Q22(β,X(t− β); τ, ξ; y3)dβ; (4.98)

∂k2
x2
W22(t, x; τ, ξ; y3) =

t1∫
τ

dβ

∫
Rn

∂k2
x2
G22(t, x; β, λ; y3)Q22(β, λ; τ, ξ; y3)dλ+

+

t∫
t1

dβ

∫
Rn1

( ∫
Rn2+n3

∂k2
x2
G22(t, x; β, λ; y3)dλ2dλ3

)
×

×∆
X(t−τ)
Λ01(t−β)Q22(β,Λ

01(t− β); τ, ξ; y3)dλ1 +

t∫
t1

dβ

∫
Rn

∂k2
x2
G22(t, x; β, λ; y3)×

×
(

∆
Λ01(t−β)
Λ02(t−β)Q22(β,Λ

02(t− β); τ, ξ; y3) + ∆Λ02

λ Q22(β, λ; τ, ξ; y3)
)
dλ

+

t∫
t1

∫
Rn

∂k2
x2
G22(t, x; β, λ; y3)dλ

Q22(β,X(t− τ); τ, ξ; y3)dβ =:
4∑
j=1

W k′′′

12j ,

(4.99)

(B) äëÿ k3 ∈ Zn3
+ , k1 ∈ Zn1

+ , |k1| = 1 iñíóþòü ïîõiäíi ∂k3
x3
∂k1
x1
W22, ÿêi âèçíà÷à-

þòüñÿ ôîðìóëàìè

∂k3
x3
∂k1
x1
W22(t, x; τ, ξ; y3) :=

t1∫
τ

dβ

∫
Rn

∂k3
x3
∂k1
x1
G22(t, x; β, λ; y3)Q22(β, λ; τ, ξ; y3)dλ+

+

t∫
t1

dβ

∫
Rn

∂k1
x1
G22(t, x; β, λ; y3)∂

k3

λ3
Q22(β, λ; τ, ξ; y3)dλ =:

2∑
j=1

W k′

12j; (4.100)

(C) ñïðàâäæóþòüñÿ îöiíêè

|∂kxW22(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−Mk+mkE
(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x, ξ), (4.101)

|∆zs
xs
∂kxW22(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk+m̄s(γs−γ0

s )×

×
(
E

(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x, ξ)+E

(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, z(s), ξ)

)
,

m̄s = m̂s, s ∈ N2, m̄3 = m̂2, γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]. (4.102)
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Äîâåäåííÿ ëåìè 4.6 íàâåäåíî ó äîäàòêó 2.

Ðåçóëüòàòè äðóãîãî åòàïó ïîáóäîâè êëàñè÷íîãî ÔÐÇÊ íàâåäåíi â íàñòóï-

íié òåîðåìi.

Òåîðåìà 4.2. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (4.58) âèêîíóþòüñÿ óìîâè

(A21), (A22) i (A25). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z22 i ¹

ïðàâèëüíèìè òàêi òâåðäæåííÿ:

|∂kxZ22(t, x; τ, ξ; y3| ≤ C(t− τ)−M−MkE
(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x, ξ),

k ∈ {(k1, k2, k3) ∈ Zn+ | |k1|/(2b) + |k2| ≤ 1}; (4.103)

|∆zs
xs
∂kxZ22(t, x; τ, ξ; y3)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk−m̂sγ

0
s×

×
(
E

(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x, ξ) + E

(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, z(s), ξ)

)
,

γ0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]; (4.104)

|
∫
Rn

∂kxZ22(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−Mk+m(k), k ∈ {Zn+| 0 < |k1|/(2b) + |k2| ≤ 1};

(4.105)

|∆zs
xs

∫
Rn

∂kxZ22(t, x; τ, ξ; y3)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mk+m(k)−m̂sγ

0
s ,

k ∈ {Zn+ | |k1|/(2b) + |k2| ≤ 1}, γ0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]; (4.106)

|
∫

Rn2+n3

∂kxZ22(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−Mk−m̂1n1+m(k′)E
(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x1 − ξ1);

(4.107)

|∆zs
xs

∫
Rn2+n3

∂kxZ22(t, x; τ, ξ; y3)dξ2dξ3| ≤ C|xs − zs|γ
0
s (t− τ)−Mk−m̂1n1+m(k′)−m̂sγ

0
s×

×(E
(2,m̂2γ2,1)

c1,Ĉ1
(t− τ, x1, ξ1) + E

(2,m̂2γ2,1)

c1,Ĉ1
(t− τ, z1, ξ1)),

γ0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]; (4.108)

∂k3
x3

∫
Rn3

Z22(t, x; τ, ξ; y3)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (4.109)

∂k3
x3
Z22(t, x; τ, ξ; y3) = (−∂ξ3)k3Z22(t, x; τ, ξ; y3), k3 ∈ Zn3

+ \ {0}, (4.110)

Ó ôîðìóëàõ (4.103)�(4.110) 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3.
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Äîâåäåííÿ. Îöiíêè (4.103), (4.104) âèïëèâàþòü ç îçíà÷åííÿ ÔÐÇÊ (4.59) i

âiäïîâiäíèõ îöiíîê (4.62), (4.63), (4.101) i (4.102).

Ùîá îòðèìàòè îöiíêè (4.105) � (4.108) ïîòðiáíî ñïåðøó îòðèìàòè òàêi

îöiíêè äëÿ iíòåãðàëiâ âiä ïîõiäíèõ W2 òà ¨õ ïðèðîñòiâ. Iíòåãðóþ÷è îöiíêè

(4.101) i (4.102) âiäïîâiäíî çà (ξ1, ξ2, ξ3) ∈ Rn i (ξ2, ξ3) ∈ Rn2+n3, iç óðàõóâàííÿì

ðiâíîñòåé (??), (??), îòðèìà¹ìî òàêi íåðiâíîñòi:

|
∫
Rn

∂kxW22(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−Mk+m(k); (4.111)

|∆zs
xs

∫
Rn

∂kxW22(t, x; τ, ξ; y3)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mk+m(k)−m̂sγ

0
s ; (4.112)

|
∫

Rn2+n3

∂kxW22(t, x; τ, ξ; y3)dξ| ≤ C(t− τ)−Mk−m̂1n1+m(k′)E
(2,m̂2γ2,1)

c,Ĉ
(t− τ, x1, ξ1);

(4.113)

|∆zs
xs

∫
Rn2+n3

∂kxW22(t, x; τ, ξ; y3)dξ2dξ3| ≤ C|xs − zs|γ
0
s (t− τ)−Mk−m̂1n1+m(k′)−m̂sγ

0
s×

×(E
(2,m̂2γ2,1)

c,Ĉ
(t− τ, x1, ξ1) + E

(2,m̂2γ2,1)

c,Ĉ
(t− τ, z1, ξ1)). (4.114)

Â íåðiâíîñòÿõ (4.111)�(4.113) 0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn, y3 ∈ Rn3, à ÷èñëà

m(k) i m(k′) �òàêi ÿê âèùå. Ç íåðiâíîñòåé (4.111)�(4.113), (4.65)�(4.67) âèïëè-

âàþòü îöiíêè (4.105)� (4.108).

Ðiâíîñòi (4.109) ¹ íàñëiäêîì ðiâíîñòåé (4.69) i (4.96). Àíàëîãi÷íî, çà äîïî-

ìîãîþ (4.70) i (4.96) äîâîäèòüñÿ ðiâíîñòi (4.110). I

4.3. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ

Íà òðåòüîìó åòàïi ðîçãëÿäà¹ìî ðiâíÿííÿ

L
(t,x(3)(y))
2 u(t, x) := (S − A2(t, x, ∂x1

))u(t, x) = 0, (t, x) ∈ Π(0,T ], (4.115)

äå äèôåðåíöiàëüíi âèðàçè S i A2(t, x, ∂x1
) � òàêi, ÿê âèùå. Àíàëîãi÷íî äî ïî-

ïåðåäíüîãî ÔÐÇÊ äëÿ ðiâíÿííÿ (4.115) øóêà¹ìî ó âèãëÿäi

Z23(t, x; τ, ξ) = G23(t, x; τ, ξ) +W23(t, x; τ, ξ), (4.116)
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äå

W23(t, x; τ, ξ) :=

t∫
τ

dβ

∫
Rn

G23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ, (4.117)

G23 � ïàðàìåòðèêñ, à Q23 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñ áåðåìî ôóíê-

öiþ

G23(t, x; τ, ξ) := Z22(t, x; τ, ξ; ξ3), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (4.118)

Îöiíêè ïàðàìåòðèêñó G23 íàâîäÿòüñÿ â íàñòóïíié ëåìi.

Ëåìà 4.7. Äëÿ ôóíêöi¨ G23 ñïðàâäæóþòüñÿ îöiíêè

|∂kxG23(t, x; τ, ξ)| ≤ C(t− τ)−M−MkE
(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x, ξ); (4.119)

|∆zs
xs
∂kxG23(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk−m̂sγ

0
s×

×(E
(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, x, ξ) + E

(2,m̂2γ2,3)

c1,Ĉ1
(t− τ, z(s), ξ); (4.120)

|
∫
Rn

∂ksxsG23(t, x; τ, ξ)dξ| ≤ C(t− τ)−Mks+m̂sγs, ks ∈ Zns+ \ {0}, s ∈ N3; (4.121)

|∆zs
xs

∫
Rn

∂klxlG23(t, x; τ, ξ)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mkl

+m̂lγl−m̂sγ
0
s ; (4.122)

|
∫

Rn2+n3

∂klxlG23(t, x; τ, ξ)dξ2dξ3| ≤ C(t−τ)−Mkl
−m̂1n1+m̂lγlE1

c (t−τ, x1−ξ1); (4.123)

|∆zs
xs

∫
Rn2+n3

∂klxlG23(t, x; τ, ξ)dξ2dξ3| ≤ C|xs − zs|γ
0
s (t− τ)−Mkl

−m̂1n1+m̂lγl−m̂sγ
0
s×

×
(
E

(2,m̂2γ2,1)

c1,Ĉ1
(t− τ, x1, ξ1) + E

(2,m̂2γ2,1)

c1,Ĉ1
(t− τ, z1, ξ1)

)
; (4.124)

|
∫
Rn3

∂k3
x3
G23(t, x; τ, ξ)dξ3| ≤ C(t− τ)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)×

×E(2,m̂2γ2,2)

c1,Ĉ1
(t− τ, x1, x2, ξ1, ξ2); (4.125)

|∆zs
xs

∫
Rn3

∂klxlG23(t, x; τ, ξ)dξ2dξ3| ≤ C|xs − zs|γ
0
s (t− τ)−m̂1n1−m̂2n2−Mkl

+m̂lγl−m̂sγ
0
s×

×
(
E

(2,m̂2γ2,2)

c1,Ĉ1
(t− τ, x1, x2, ξ1, ξ2) + E

(2,m̂2γ2,2)

c1,Ĉ1
(t− τ, z1, z2, ξ1, ξ2)

)
; (4.126)
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äå 0 ≤ τ < t ≤ T, k ∈ {(k1, k2, k3) ∈ Zn+, |k1|/(2b) + |k2|+ |k3| ≤ 1},

{x, ξ} ⊂ Rn, {xs, zs} ⊂ Rns, s ∈ N3, γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]. Â

îöiíêàõ (4.119)�(??) ñòàëi c1 i Ĉ1 � òàêi, ÿê â òåîðåìi 4.2.

Äîâåäåííÿ. Îöiíêè (4.119)�(4.125) áåçïîñåðåäíüî âèïëèâàþòü ç îöiíîê

(4.103)�(4.108) ÔÐÇÊ Z22(t, x; τ, ξ; y3), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3. I

Ðîçãëÿíåìî âëàñòèâîñòi ãóñòèíè Q23 ïîòåíöiàëó W23.

Ëåìà 4.8. Äëÿ ôóíêöi¨ Q23 ñïðàâäæóþòüñÿ îöiíêè

|Q23(t, x; τ, ξ)| ≤ C(t− τ)−M−1+m̂3γ3E
(2,m̂3γ3,3)

c1,Ĉ1
(t− τ, x, ξ), (4.127)

|∆zs
xs
Q23(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
s (t− τ)−M−1+m̂s(γs−γ0

s )×

×
(
E

(2,m̂3γ3,3)

c1,Ĉ1
(t− τ, x, ξ) + E

(2,m̂3γ3,2)

c1,Ĉ1
(t− τ, z(s), ξ)

)
, 0 ≤ τ < t ≤ T,

{x, ξ} ⊂ Rn, {xs, zs} ⊂ Rns, s ∈ N3, γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (3/5, γ3].

(4.128)

Äîâåäåííÿ. Çà çðîáëåíèõ ïðèïóùåíü ôóíêöiÿ Q23 çàäîâîëüíÿ¹ iíòåãðàëüíå

ðiâíÿííÿ

Q23(t, x; τ, ξ) = K23(t, x; τ, ξ) +

t∫
τ

dβ

∫
Rn

K23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ, (4.129)

â ÿêîìó ÿäðî K23 âèçíà÷à¹òüñÿ ôîðìóëîþ

K23(t, x; τ, ξ) :=
∑
|k1|≤2b

∆ξ3
x3
ak1

(t, x)∂k1
x1
G23(t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (4.130)

Îöiíèìî äîäàíêè ç (4.130) çà äîïîìîãîþ óìîâè (A22), íåðiâíîñòåé (4.119),

(2.55) i (2.67). Ìà¹ìî

|K23(t, x; τ, ξ)| ≤ C(t− τ)−M−1+m̂3γ3E
(2,m̂3γ3,3)

c1,Ĉ1
(t− τ, x, ξ), c1 < c0, (4.131)

äå c0 � ñòàëà ç îöiíêè (2.55).

Ç îòðèìàíî¨ îöiíêè âèïëèâà¹, ùî ÿäðî K23 iíòåãðàëüíîãî ðiâíÿííÿ (??)

çàäîâîëüíÿ¹ óìîâè ëåìè 2.7. Íà ïiäñòàâi öi¹¨ ëåìè äëÿ ôóíêöi¨ Q23 ñïðàâä-

æó¹òüñÿ îöiíêà (4.127). Äëÿ ôóíêöi¨ Q23 ñïðàâäæóþòüñÿ òàêîæ îöiíêè (4.128).



177

Ç (4.130) âèïëèâàþòü òàêi ðiâíîñòi:

∆zs
xs
K23(t, x; τ, ξ) =

∑
|k1|≤2b

∆zs
xs

∆ξ3
x3
ak1

(t, x)∂k1
x1
G23(t, x; τ, ξ)+

+
∑
|k1|≤2b

∆ξ3
x3
ak1

(t, z(s))∂k1
x1

∆zs
xs
G23(t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, s ∈ N2. (4.132)

∆z3
x3
K23(t, x; τ, ξ) =

∑
|k1|≤2b

∆z3
x3
ak1

(t, x)∂k1
x1
G23(t, z

(3); τ, ξ)+

+
∑
|k1|≤2b

∆ξ3
x3
ak1

(t, x)∆z3
x3
∂k1
x1
G23(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (4.133)

Îöiíêè äîäàíêiâ çîáðàæåíü (4.132),(4.133) äîñèòü âñòàíîâèòè ó âèïàäêó

|xs−zs|1/ms ≤ (t−τ)/4, s ∈ N3. Çà äîïîìîãîþ óìîâ (A22), (A25), îöiíîê (4.119),

(4.120) i íåðiâíîñòåé (??) îòðèìà¹ìî îöiíêè

|∆zs
xs
K23(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
s (t− τ)−M−1+m̂s(γs−γ0

s )×

×
(
E

(2,m̂3γ3,3)

c1,Ĉ1
(t− τ, x, ξ) + E

(2,m̂3γ3,3)

c1,Ĉ1
(t− τ, z(s), ξ)

)
, 0 ≤ τ < t ≤ T,

{x, ξ} ⊂ Rn, {xs, zs} ⊂ Rns, γ0
s ∈ (m̂s−1/m̂s, γs], s ∈ N3, m̂0 = 0. (4.134)

Iíòåãðóþ÷è (4.132),(4.133) iç óðàõóâàííÿì (A22), (A25) i îöiíîê (4.121),

(4.122), ìà¹ìî

|∆zs
xs

∫
Rn

K23(t, x; τ, ξ)dξ| ≤ C|xs − zs|γs(t− τ)−1+m̂3γ3−m̂sγs,

0 ≤ τ < t ≤ T, x ⊂ Rn, {xs, zs} ⊂ Rns, s ∈ N2. (4.135)

|∆z3
x3

∫
Rn

K23(t, x; τ, ξ)dξ| ≤

≤ C

(
|x3 − z3|γ3(t− τ)−1+m̂1γ1 + |x3 − z3|γ

0
3 (t− τ)−1+m̂3(γ3−γ0

3)

)
,

0 ≤ τ < t ≤ T, x ∈ Rn, {x3, z3} ⊂ Rn3. (4.136)

Ó ôîðìóëàõ (4.135),(4.136) γs, s ∈ N3, � ÷èñëà ç óìîâè (A22), à γ0
3 �

äîâiëüíå ÷èñëî ç ïðîìiæêó (0, 1]. Ùîá îöiíèòè ïðèðîñòè ôóíêöi¨ Q23 çà äîïî-
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ìîãîþ (??) çàïèøåìî çîáðàæåííÿ

∆zs
xs
Q23(t, x; τ, ξ) = ∆zs

xs
K23(t, x; τ, ξ) +

t1∫
τ

dβ

∫
Rn

∆zs
xs
K23(t, x; β, λ)×

×Q23(β, λ; τ, ξ)dλ+

ηs∫
t1

dβ

∫
Rn

∆zs
xs
K23(t, x; β, λ)×

×Q23(β, λ; τ, ξ)dλ+

t∫
ηs

dβ

∫
Rn

K23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ−

−
t∫

ηs

dβ

∫
Rn

K23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ =:
5∑
j=1

Q23j, (4.137)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, {xs, zs} ⊂ Rns, ηs := t − |xs − zs|1/m̂s, s ∈ N3, à

÷èñëî t1� òàêå, ÿê ðàíiøå.

Îöiíèìî äîäàíêè Q23j, j ∈ N5. Äëÿ Q231 ñïðàâäæóþòüñÿ îöiíêè (4.134).

Çà äîïîìîãîþ îöiíîê (4.127), (4.134) i (2.79) îòðèìà¹ìî

|Q232| ≤
t1∫
τ

dβ

∫
Rn

|∆zs
xs
K23(t, x; β, λ)||Q23(β, λ; τ, ξ)|dλ ≤

≤ C|xs − zs|γ
0
s (t− t1)−1+m̂s(γs−γ0

s )

t1∫
τ

(β − τ)−1+m̂3γ3dβ×

×
(
J

(2,m̂3γ3,s3)

0,c,Ĉ
(x, ξ) + J

(2,m̂3γ3,s3)

0,c,Ĉ
(z(3), ξ)

)
≤

≤ C|xs − zs|γ
0
s (t− τ)−M−1+m̂3γ3+m̂s(γs−γ0

3)E
(2,m̂3γ3,3)

c1,Ĉ1
(t− τ, x, ξ).

|Q233| ≤
ηs∫
t1

dβ

∫
Rn

|∆zs
xs
K23(t, x; β, λ)||Q23(β, λ; τ, ξ)|dλ ≤

≤ C|xs − zs|γ
0
sJs(m̂s(γs − γ0

s))(t1 − τ)−1+m̂3γ3×

×
(
J

(2,m̂3γ3,s3)

0,c,Ĉ
(x, ξ) + J

(2,m̂3γ3,s3)

0,c,Ĉ
(z(3), ξ)

)
≤

≤ C|xs − zs|γ
0
s (t− τ)−1−M+m̂3γ3+m̂s(γs−γ0

s )E(2)
c0

(t, τ, x, ξ).

Äîäàíêè Q234 i Q235 îöiíþ¹ìî îäíàêîâî. Òîìó îöiíèìî ïåðøèé ç íèõ. Çà äîïî-
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ìîãîþ (4.131), (4.127) i (2.79) ìà¹ìî

|Q234| ≤
t∫

ηs

dβ

∫
Rn

|K23(t, x; β, λ)||Q23(β, λ; τ, ξ)|dλ ≤

≤ C(t1 − τ)−1+m̂3γ3

t∫
ηs

(t− β)−1+m̂3γ3dβ×

×
(
J

(2,m̂3γ3,s3)

0,c,Ĉ
(x, ξ) + J

(2,m̂3γ3,s3)

0,c,Ĉ
(z(3), ξ)

)
≤

≤ C|xs − zs|m̂3γ3m̂
−1
s (t− τ)−1−M+m̂3γ3E(2)

c0
(t, τ, x, ξ).

Îöiíêà Q235 âiäðiçíÿ¹òüñÿ âiä öi¹¨ îöiíêè ëèøå òèì, ùî â íié x çàìiíåíî íà

z(s), s ∈ N2.

Îòæå, âñòàíîâëåíî îöiíêè (4.128) äëÿ âèïàäêó, êîëè γ0
s ∈ (0, γs). Öi îöiíêè

ñïðàâäæóþòüñÿ i äëÿ γ0
s = γs, s ∈ N3. Ùîá ó öüîìó ïåðåêîíàòèñÿ, óòî÷íèìî

îöiíêó iíòåãðàëà Q233, çàïèñàâøè éîãî ó âèãëÿäi

Q233 =

ηs∫
t1

dβ

∫
Rn

∆zs
xs
K23(t, x; β, λ)∆

X(t−β)
λ Q23(β, λ; τ, ξ)dλ+

+

ηs∫
t1

∫
Rn

∆zs
xs
K23(t, x; β, λ)dλ

Q23(β,X(t− β); τ, ξ)dβ =: Q′233 +Q′′233.

Çà äîïîìîãîþ íåðiâíîñòåé (2.57), (2.67), îöiíîê (4.134) ïðè γ0
s = γs i (4.128)

ïðè γ0
s < γs é (Ä2.10), îòðèìó¹ìî

|Q′233| ≤ C

ηs∫
t1

dβ

∫
Rn

(t− β)−1|xs − zs|γsE(2)
c (t− β, x, λ)×

×
3∑
s=1

|Xs(t− β)− λs|γ
0
s (β − τ)−M−1+m̂s(γs−γ0

s )
s∑

j=s−1

E(2)
c (β, τ,Λ0j(t− β), ξ)dλ ≤

≤ C|xs − zs|γs
3∑
s=1

Js(m̂sγ
0
s)(t1 − τ)−M−1+m̂s(γs−γ0

s )
s∑

j=s−1

J
(2,m̂3γ3,0j)

0,c,Ĉ
(x; ξ)

)
≤

≤ C|xs − zs|γs(t− τ)−M−1+m̂sγsE(2)
c0

(t, τ, x, ξ).

Äëÿ îöiíêè äîäàíêà Q′′233 ó âèïàäêó s ∈ N2, âèêîðèñòîâó¹ìî îöiíêè (4.135),
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(2.43), (4.127) i (Ä2.10). Ìà¹ìî

|Q′′233| ≤ C

ηs∫
t1

|xs − zs|γs(t− β)−1+m̂3γ3−m̂sγs(β − τ)−M−1+m̂3γ3×

×E(2)
c (t, τ,X(t− β), ξ)dβ ≤ C|xs − zs|γsJs(m̂3γ3 − m̂sγs)×

×(t1 − τ)−M−1+m̂3γ3E(2)
c (t− τ, x, ξ) ≤

≤ C|xs − zs|γs(t− τ)−M−1+2m̂3γ3−m̂sγsE(2)
c (t, τ, x, ξ).

Ó âèïàäêó s = 3 âèêîðèñòîâó¹ìî îöiíêè (4.136) ïðè γ0
3 > γ3, (2.62), (4.127) i

(Ä2.10). Îòðèìà¹ìî

|Q′′233| ≤ C

η3∫
t1

(
|x3 − z3|γ3(t− β)−1+m̂1γ1 + |x3 − z3|γ

0
3 (t− β)−1−m̂3(γ0

3−γ3)
)
×

×(β − τ)−M−1+m̂3γ3E(2)
c (t, τ,X(t− β), ξ)dβ ≤ C

(
|x3 − z3|γ3J3(m̂1γ1)+

+|x3 − z3|γ
0
3J3(−m̂3(γ

0
3 − γ3))

)
(t1 − τ)−M−1+m̂3γ3E(2)

c (t− τ, x, ξ) ≤

≤ C|x3 − z3|γ3(t− τ)−M−1+m̂3γ3E(2)
c (t, τ, x, ξ).

Ç öèõ îöiíîê òà îöiíîê Q23j, j ∈ N5, âèïëèâàþòü îöiíêè (4.128), â ÿêèõ

γ0
s = γs, s ∈ N3. I

Ïåðåéäåìî äî äîñëiäæåííÿ îá'¹ìíîãî ïîòåíöiàëó (4.117).

Ëåìà 4.9. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 4.7 äëÿ ïàðàìåòðèêñó G23 i ëå-

ìè 4.8 äëÿ ôóíêöi¨ Q23. Òîäi äëÿ îá'¹ìíîãî ïîòåíöiàëó (4.117) ïðàâèëüíi òàêi

òâåðäæåííÿ:

(A) äëÿ k ∈ {Zn+ | |k1|/(2b) + |k2|+ |k3| ≤ 1}, iñíóþòü ïîõiäíi ∂kxW23, ÿêi

âèçíà÷àþòüñÿ ôîðìóëàìè

∂k
′′

x W23(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∂k
′′

x G23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn

∂k
′′

x G23(t, x; β, λ)∆
X(t−β)
λ Q23(β, λ; τ, ξ)dλ+
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+

t∫
t1

∫
Rn

∂k
′′

x G23(t, x; β, λ)dλ

Q23(β,X(t− β); τ, ξ)dβ =:
3∑
j=1

W 21
3j ; (4.138)

∂k2
x2
W23(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∂k2
x2
G23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn1

 ∫
Rn2+n3

∂k2
x2
G23(t, x; β, λ)dλ2dλ3

∆
X(t−τ)
Λ01(t−β)Q23(β,Λ

01(t−β); τ, ξ)dλ1+

+

t∫
t1

dβ

∫
Rn

∂k2
x2
G23(t, x; β, λ)∆

Λ01(t−β)
Λ02(t−β)Q23(β,Λ

02(t− β); τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn

∂k2
x2
G23(t, x; β, λ)∆

Λ02(t−β)
λ Q23(β, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

∂k2
x2
G23(t, x; β, λ)dλ

Q23(β,X(t− τ); τ, ξ)dβ =:
5∑
j=1

W 22
3j , (4.139)

∂k3
x3
W23(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∂k3
x3
G23(t, x; β, λ)Q13(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn1

 ∫
Rn2+n3

∂k3
x3
G23(t, x; β, λ)dλ2dλ3

∆
X(t−τ)
Λ01(t−β)Q23(β,Λ

01(t−β); τ, ξ)dλ1+

+

t∫
t1

dβ

∫
Rn1+n2

∫
Rn3

∂k3
x3
G23(t, x; β, λ)dλ3

∆
Λ01(t−β)
Λ02(t−β)Q23(β,Λ

02(t−β); τ, ξ)dλ1dλ2+

+

t∫
t1

dβ

∫
Rn

∂k3
x3
G23(t, x; β, λ)∆

Λ02(t−β)
λ Q23(β, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

∂k3
x3
G23(t, x; β, λ)dλ

Q23(β,X(t− τ); τ, ξ)dβ =:
5∑
j=1

W 23
3j , (4.140)

(B) ñïðàâäæóþòüñÿ îöiíêè

|∂kxW23(t, x; τ, ξ)| ≤ C(t− τ)−M−Mk+γE(2)
c (t, τ, x, ξ). (4.141)
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Ó ôîðìóëàõ (4.138)�(4.141) 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, γ =

= min{m1γ1,m2γ2,m3γ3}, k ∈ Zn+, |k1|/(2b) + |k2|+ |k3| ≤ 1, k′′ = (k1, 0, 0).

Äîâåäåííÿ. Iñíóâàííÿ ïîõiäíèõ âiä W23 òà ¨õ îöiíêè âñòàíîâëþ¹òüñÿ àíàëî-

ãi÷íî äî ïîïåðåäíüîãî. Âiäìiííiñòü ïîëÿãà¹ â òîìó, ùî ïåðåêèäàííÿ ïîõiäíèõ

çà çìiííîþ x3 ç ÿäðà íà ãóñòèíó Q23 íåìîæëèâå. Ðîçãëÿíåìî iíòåãðàëè

V k,s
β (t, x; τ, ξ) :=

∫
Rn

∂ksxsG23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ,

0 ≤ τ ≤ β ≤ t ≤ T, {x, ξ} ⊂ Rn, ks ∈ Zns+ , s ∈ N3.

Îöiíèìî ¨õ çà äîïîìîãîþ îöiíîê (4.119), (4.127). Ìà¹ìî

|V k,s
β (t, x; τ, ξ)| ≤ |

∫
Rn

|∂ksxsG23(t, x; β, λ)||Q23(β, λ; τ, ξ)|dλ| ≤

≤ C

∫
Rn

(t− β)−M−m̂s|ks|E(2)
c (t− β, x, λ)(β − τ)−M−1+m̂3γ3E(2)

c (β − τ, λ, ξ)dλ ≤

≤ C(t− β)−m̂s|ks|(β − τ)−1+m̂3γ3J
(2,m̂3γ3,03)

0,c,Ĉ
(x, ξ) ≤

≤ C(t− τ)−M(t− β)−m̂s|ks|(β − τ)−1+m̂3γ3E(2)
c0

(t, τ, x, ξ),

0 ≤ τ ≤ β ≤ t ≤ T, {x, ξ} ⊂ Rn, k ∈ Zn+, s ∈ N3. (4.142)

Ïåðåéäåìî äî äîâåäåííÿ òâåðäæåííÿ A. Íåõàé |k1|/(2b)+ |k2|+ |k3| = 1. Äîâå-

äåìî ôîðìóëó (4.138). Âîíà äîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ âiäïîâiäíî¨

ôîðìóëè ç ëåìè 4.6. Îöiíèìî äîäàíêè W 21
3j , j ∈ N4. Çàóâàæèìî, ùî îöiíêà

(4.142) ¹ äîñòàòíüîþ äëÿ âñòàíîâëåííÿ îöiíîê äîäàíêiâ W 2s
31 , s ∈ N3. Ñïðàâäi

|W 2s
31 | ≤

t1∫
τ

|V k,s
β (t, x; τ, ξ)|dβ ≤ C(t− τ)−ME(2)

c (t, τ, x, ξ)×

×
t1∫
τ

(t− β)−m̂s|ks|(β − τ)−1+m̂3γ3dβ ≤ C(t− τ)−M(t− t1)−m̂s|ks|E(2)
c (t− τ, x, ξ)×

≤ C(t−τ)−M−m̂s|ks|+m̂3γ3E(2)
c (t−τ, x, ξ), s ∈ N3, |k1|/(2b)+|k2|+|k3| = 1. (4.143)

Äëÿ âñòàíîâëåííÿ îöiíêè äðóãîãî äîäàíêà ïîòðiáíà ôîðìóëà äëÿ ïîâíîãî ïðè-

ðîñòó ∆
X(t−β)
λ Q23. Çà äîïîìîãîþ îöiíîê (4.128) ìà¹ìî
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|∆X(t−β)
λ Q23(β, λ; τ, ξ)| ≤ |∆X(t−β)

Λ01(t−β)Q23(β, λ; τ, ξ)|+

+|∆Λ01(t−β)
Λ02(t−β)Q23(β, λ; τ, ξ)|+ |∆Λ02(t−β)

λ Q23(β, λ; τ, ξ)| ≤ C
3∑
s=1

|Xs(t− β)− λs|γ
0
s×

≤ C
3∑
s=1

|Xs(t− β)− λs|γ
0
s (β − τ)−M−1+m̂s(γs−γ0

s )
s∑

j=s−1

E(2)
c (β − τ,Λ0j(t− β), ξ).

(4.144)

|W 21
32 | ≤

t∫
t1

dβ

∫
Rn

|∂k′′x G23(t, x; β, λ)||∆X(t−β)
λ Q23(β, λ; τ, ξ)|dλ ≤

≤
t∫

t1

dβ

∫
Rn

(t− β)−M−1E(2)
c (t− β, x, λ)

3∑
s=1

|Xs(t− β)− λs|γ
0
s×

×(β − τ)−M−1+m̂s(γs−γ0
s )

s∑
j=s−1

E(2)
c (β − τ,Λ0j(t− β), ξ)dλ ≤

≤ C

3∑
s=1

(t1 − τ)−1+m̂s(γs−γ0
s )

t∫
t1

(t− β)−1+m̂sγ
0
sdβ

s∑
j=s−1

J
(2,m̂3γ3,0j)

0,c,Ĉ
(x, ξ) ≤

≤ C

3∑
s=1

(t1 − τ)−1+m̂s(γs−γ0
s )(t− t1)m̂sγs(t− τ)−ME(2)

c0
(t− τ, x, ξ) ≤

≤ C
3∑
s=1

(t− τ)−M−1+m̂sγsE(2)
c0

(t− τ, x, ξ) ≤ C(t− τ)−M−1+γE(2)
c0

(t− τ, x, ξ),

äå γ = min{m̂1γ1, m̂2γ2, m̂3γ3}, 0 < c0 < c.

|W 21
33 | ≤

t∫
t1

|
∫
Rn

∂k
′′

x G23(t, x; β, λ)dλ||Q23(β,X(t− β); τ, ξ)|dβ ≤

≤ C

t∫
t1

(t− β)−1+m̂1γ1(β − τ)−M−1+m̂3γ3E(1)
c (β − τ,X(t− β), ξ)dβ ≤

≤ C(t− τ)−M−1+m̂3γ3+m̂1γ1E(2)
c (t− τ, x, ξ).

Ç îöiíîê äîäàíêiâ W 21
3j , j ∈ N3, ìà¹ìî

|∂kxW23(t, x; τ, ξ)| ≤ C(t− τ)−M−Mk+γE(2)
c (t− τ, x, ξ), 0 ≤ τ < t ≤ T,
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{x, ξ} ⊂ Rn, k ∈ Zn+, |k1| = 2b, |k2| = |k3| = 0. (4.145)

Ó ôîðìóëi (4.145) ñòàëà γ � òàêà, ÿê âèùå.

Ïåðåéäåìî äî îöiíîê äîäàíêiâ çîáðàæåííÿ (4.139). Ïî÷íåìî ç äðóãîãî

äîäàíêà. Çà äîïîìîãîþ îöiíîê (4.123), (4.128), íåðiâíîñòåé (2.54), (2.68) i (2.69)

îòðèìó¹ìî

|W 22
32 | ≤

t∫
t1

dβ

∫
Rn1

∣∣∣∣∣∣
∫

Rn2+n3

∂k2
x2
G23(t, x; β, λ)dλ2dλ3

∣∣∣∣∣∣×
×
∣∣∣∆X(t−β)

Λ01(t−β)Q23(β,Λ
01(t− β); τ, ξ)

∣∣∣ dλ1 ≤

≤ C

t∫
t1

dβ

∫
Rn1

(t− β)−m̂1n1−m̂2(1−γ2)E1
c (t− β, x1 − λ1)|x1 − λ1|γ

0
1×

×(β − τ)−M−1+m̂1(γ1−γ0
1)
(
E(2)
c (β, τ,Λ01(t− β), ξ)+

+E(2)
c (β, τ,Λ00(t− β), ξ)

)
dλ1 ≤ C(t1 − τ)−M−1+m̂1(γ1−γ0

1)×

×
t∫

t1

(t− β)−m̂2(1−γ2)+m̂1γ
0
1dβ

(
I

(1,00)
1 (x, ξ) + I

(1,01)
1 (x, ξ)

)
≤

≤ C(t− τ)−M−m̂2(1−γ2)+m̂1γ1E(2)
c0

(t, τ, x, ξ),

áî 1− m̂2(1− γ2) +m1γ
0
1 > 0 äëÿ äîâiëüíîãî γ0

1 ∈ [0, γ1] i γ2 > 1/3.

Àíàëîãi÷íî, âèêîðèñòîâóþ÷è îöiíêè (4.119), (4.128) òà íåðiâíîñòi (2.54) i

(2.67), îöiíþ¹ìî äîäàíêè W 22
23 i W 22

24 . Ìà¹ìî

|W 22
23 | ≤

t∫
t1

dβ

∫
Rn

|∂k2
x2
G23(t, x; β, λ)||∆Λ01(t−β)

Λ02(t−β)Q23(β,Λ
02(t− β); τ, ξ)|dλ ≤

≤ C

t∫
t1

dβ

∫
Rn

(t−β)−M−m2E(2)
c (t−β, x, λ)(β−τ)−M−1

2∑
j=1

E(2)
c (β−τ,Λ0j(t−β), ξ)×

×|X2(t− β)− λ2|γ
0
2 (β − τ)m̂2(γ2−γ0

2)dλ ≤

≤ C(t1 − τ)−1+m2(γ2−γ0
2)

t∫
t1

(t− β)−m2(1−γ0
2)dβ

2∑
j=1

J
(2,m̂3γ3,0j))

0,c,Ĉ
(x, ξ) ≤

≤ C(t− τ)−M−m̂2+γ1E(2)
c0

(t, τ, x, ξ).
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|W 22
24 | ≤

t∫
t1

dβ

∫
Rn

|∂k2
x2
G23(t, x; β, λ)||∆Λ02(t−β)

λ Q23(β, λ; τ, ξ)|dλ ≤

≤ C

t∫
t1

dβ

∫
Rn

(t−β)−M−m̂2E(2)
c (t−β, x, λ)(β−τ)−M−1

2∑
j=1

E(2)
c (β−τ,Λ0j(t−β), ξ)×

×|X3(t− β)− λ3|γ
0
3 (β − τ)m3(γ3−γ0

3)dλ ≤

≤ C(t1 − τ)−1+m̂3(γ3−γ0
3)

t∫
t1

(t− β)−m̂2+m̂3γ
0
sdβ3

3∑
j=1

J
(2,m̂3γ3,0j))

0,c,Ĉ
(x, ξ) ≤

≤ C(t− τ)−M−m̂2+m̂3γ3E(2)
c0

(t− τ, x, ξ).

Äëÿ îöiíêè äîäàíêà W 22
35 âèêîðèñòîâó¹ìî (4.121), (4.127) i (2.52). Çäîáó-

äåìî

|W 22
35 | ≤

t∫
t1

∣∣∣∣∫
Rn

∂k2
x2
G23(t, x; β, λ)dλ

∣∣∣∣∣∣∣∣Q23(β,X(t− β); τ, ξ)

∣∣∣∣dβ ≤
≤ C

t∫
t1

(t− β)−m̂2(1−γ2)(β − τ)−M−1+m̂3γ3E(2)
c (β − τ,X(β − τ), ξ)dβ

≤ C(t1 − τ)−M−1+m̂3γ3

t∫
t1

(t− β)−m̂2(1−γ2)dβE(2)
c (t− τ, x, ξ) ≤

≤ C(t− τ)−M−m̂2(1−γ2)+m̂3γ3E(2)
c (t− τ, x, ξ).

Ç îòðèìàíèõ îöiíîê äîäàíêiâ âèïëèâà¹ îöiíêà

|∂k2
x2
W23(t, x; τ, ξ)| ≤ C(t− τ)−M−m2+γ̄E(2)

c (t− τ, x, ξ), (4.146)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, |k2| = 1 γ̄ = min{m̂2γ2, m̂3γ3}.

Çàëèøèëîñü îöiíèòè äîäàíêè W 23
3j , j ∈ N5. Äëÿ ïåðøîãî äîäàíêà ñïðàâ-

äæó¹òüñÿ îöiíêà (4.143). Çà äîïîìîãîþ îöiíîê (4.123), (4.128), íåðiâíîñòåé

(2.54), (2.68) i (2.69) îòðèìó¹ìî

|W 23
32 | ≤
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≤
t∫

t1

dβ

∫
Rn1

∣∣∣∣ ∫
Rn2+n3

∂k3
x3
G23(t, x; β, λ)dλ2dλ3

∣∣∣∣∣∣∣∣∆X(t−β)
Λ01(t−β)Q23(β,Λ

01(t− β); τ, ξ)

∣∣∣∣dλ1 ≤

≤ C

t∫
t1

dβ

∫
Rn1

(t− β)−m̂1n1−m̂3(1−γ3)E2,m̂3γ3,1

c,Ĉ
(t− β, x1, λ1)|x1 − λ1|γ1(β − τ)−M−1×

×
(
E(2)
c (β − τ,Λ01(t− β), ξ) + E(2)

c (β − τ,Λ00(t− β), ξ)
)
dλ1 ≤

≤ C(t1 − τ)−M−1

t∫
t1

(t− β)−m̂3(1−γ3)+m̂1γ
0
1dβ

(
J

(2,m̂3γ3,00))

0,c,Ĉ
(x, ξ)+

+J
(2,m̂3γ3,01))

0,c,Ĉ
(x, ξ)

)
≤ C(t− τ)−M−m̂3(1−γ3)+m̂1γ1E(2)

c0
(t− τ, x, ξ),

áî −m̂3(1− γ3) + m̂1γ1 > 0 äëÿ äîâiëüíîãî γ1 ∈ [0, 1] i γ2 > 1/3.

Àíàëîãi÷íî, âèêîðèñòîâóþ÷è îöiíêè (4.119), (4.128) òà íåðiâíîñòi (2.54) i

(2.68), îöiíþ¹ìî äîäàíêè W 23
33 i W 23

34 . Ìà¹ìî

|W 13
33 | ≤

t∫
t1

dβ

∫
Rn1+n2

∣∣∣∫
Rn3

∂k3
x3
G23(t, x; β, λ)dλ3

∣∣∣×
×
∣∣∣∆Λ01(t−β)

Λ02(t−β)Q23(β,Λ
02(t− β); τ, ξ)

∣∣∣ dλ1dλ2 ≤ C

t∫
t1

dβ×

×
∫

Rn1+n2

E2,m̂3γ3,2

c,Ĉ
(t− β, x1, x2, λ1, λ2)|X2(t− β)− λ2|γ2×

×(t− β)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)(β − τ)−M−1
2∑
j=1

E(2)
c (β − τ,Λ0j(t− β), ξ)dλ1dλ2 ≤

≤ C(t1 − τ)−M−1

t∫
t1

(t− β)−m̂3(|k3|−γ3)+m̂2γ2dβ
2∑
j=1

J
(2,m̂3γ3,0j)

2,c,Ĉ
(x1, x2, ξ) ≤

≤ C(t− τ)−M−m̂3(|k3|−γ3)+m̂2γ2E(2)
c0

(t, τ, x, ξ).

|W 23
34 | ≤

t∫
t1

dβ

∫
Rn

∣∣∣∂k3
x3
G23(t, x; β, λ)dλ3

∣∣∣∣∣∣∆Λ02(t−β)
λ Q23(β, λ; τ, ξ)

∣∣∣dλ ≤
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≤ C

t∫
t1

dβ

∫
Rn

(t− β)−M−m̂3E(2,3)
c (t− β, x, λ)|X3(t− β)− λ3|γ3×

×(β − τ)−M−1
3∑
j=2

E(2,3)
c (β − τ,Λ0j(t− β), ξ)dλ ≤

≤ C(t1 − τ)−M−1

t∫
t1

(t− β)−m̂3(1−γ3)dβ
3∑
j=2

J
(2,m̂3γ3,0j)

0,c,Ĉ
(x, ξ) ≤

≤ C(t− τ)−M+m̂3γ3E(2)
c0

(t, τ, x, ξ).

Äëÿ îöiíêè äîäàíêà W 23
35 âèêîðèñòîâó¹ìî (4.121), (4.127) i (2.62). Çäîáóäåìî

|W 23
35 | ≤

t∫
t1

∣∣∣∫
Rn

∂k3
x3
G3(t, x; β, λ)dλ

∣∣∣ |Q23(β,X(t− β); τ, ξ)| dβ ≤

≤ C

t∫
t1

(t− β)−m̂3(1−γ3)(β − τ)−M−1+m̂3γ3E(2,3)
c (β − τ,X(β − τ), ξ)dβ

≤ C(t1 − τ)−M−1+m̂3γ3

t∫
t1

(t− β)−m̂3(1−γ3)dβE(2,3)
c (t− τ, x, ξ) ≤

≤ C(t− τ)−M−m̂3(1−γ3)+m̂3γ3E(2)
c (t− τ, x, ξ),

îñêiëüêè −m̂3(1− γ3) > 0, ÿêùî γ3 > 3/5.

Ç îòðèìàíèõ îöiíîê äîäàíêiâ âèïëèâà¹ îöiíêà

|∂k3
x3
W23(t, x; τ, ξ)| ≤ C(t− τ)−M−m3|k3|+γE(2)

c (t− τ, x, ξ), (4.147)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, k ∈ Zn+, k1 = k2 = 0, |k3| = 1, γ � òàêå, ÿê âèùå.

Îöiíêè (4.140) âñòàíîâëåíî. Ç îòðèìàíèõ îöiíîê (4.146)�(4.147) âèïëè-

âàþòü îöiíêè (4.138).I Ðåçóëüòàòè çàêëþ÷íîãî åòàïó ïîáóäîâè êëàñè÷íîãî

ÔÐÇÊ ïiäñóìîâàíî â íàñòóïíié òåîðåìi.

Òåîðåìà 4.3. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (4.115) âèêîíóþòüñÿ óìîâè

(A21), (A22) i (A25). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z23 i

ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ23(t, x; τ, ξ)| ≤ C(t− τ)−M−MkE(2,3)
c (t− τ, x, ξ),
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{(k1, k2, k3) ∈ Zn+, |k1|/(2b) + |k2|+ |k3| ≤ 1}; (4.148)

|SZ23(t, x; τ, ξ| ≤ C(t− τ)−M−1E(2)
c (t− τ, x, ξ), (4.149)

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn.

Äîâåäåííÿ. Iñíóâàííÿ êëàñè÷íîãî ÔÐÇÊ Z23 äëÿ ðiâíÿííÿ (4.115), éîãî îöií-

êè i îöiíêè ïîõiäíèõ âiä Z23 çà ïðîñòîðîâèìè çìiííèìè i ïîõiäíî¨ S âèïëèâàþòü

iç îçíà÷åííÿ (4.116) òà ëåìè 4.7 i ëåìè 4.9. I

Ðîçãëÿíåìî ïèòàííÿ iñíóâàííÿ Ëi-ÔÐÇÊ. Äëÿ öüîãî ñëiä ïîêàçàòè, ùî

ïîõiäíà Ëi SL âiä Z23 iñíó¹ â êîæíié òî÷öi t, x) ∈ Π(0,T ]. Îñêiëüêè âèêîðèñòî-

âó¹òüñÿ ïîåòàïíèé ìåòîä Ëåâi, çãiäíî ç ÿêèì çà ïàðàìåòðèêñ íà êîæíîìó åòàïi

áåðåòüñÿ ÔÐÇÊ, ÿêèé ïîáóäîâàíèé íà ïîïåðåäíüîìó åòàïi. Çà âèêîíàííÿ óìîâ

(A21) i (A22) íà ïiäñòàâi òåîðåìè 2.2 iñíó¹ SLZ10, à, îòæå, iñíó¹ ïîõiäíà Ëi âiä

ïàðàìåòðèêñó G21. Ïðèïóñòèìî, çà iíäóêöi¹þ, ùî äëÿ ïàðàìåòðèêñó G23 iñíó¹

SG23 i ñïðàâäæó¹òüñÿ îöiíêà

|SG23(t, x; τ, ξ)| ≤ C(t− τ)−M−1E(2,3)
c (t− τ, x, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (4.150)

Äîâåäåìî iñíóâàííÿ ïîõiäíî¨ Ëi âiä îá'¹ìíîãî ïîòåíöiàëó W23. Iñíóâàí-

íÿ ïîõiäíèõ Ëi âiä ïîòåíöiàëiâ W21 i W22 ïðîâîäÿòüñÿ àíàëîãi÷íî. Äëÿ öüîãî

ðîçãëÿíåìî ìíîæèíó ôóíêöié, ÿêi çàëåæàòü âiä ïàðàìåòðà ε:

W ε
23(t, x; τ, ξ) :=

t−ε∫
τ

dβ

∫
Rn

G23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ,

0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn. (4.151)

Çàïèøåìî

h−1 (W ε
23(t+ h,X(h); τ, ξ)−W ε

23(t, x; τ, ξ)) =

=

t−ε∫
τ

dβ

∫
Rn

h−1 (G23(t+ h,X(h); β, λ)−G23(t, x; β, λ))Q23(β, λ; τ, ξ)dλ+
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+

t+h−ε∫
t−ε

dβ

∫
Rn

h−1G23(t+ h,X(h); β, λ)Q23(β, λ; τ, ξ)dλ =: Jh1 + Jh2

i çíàéäåìî ãðàíèöi iíòåãðàëiâ Jh1 , J
h
2 ïðè h→ 0. Ìà¹ìî

lim
h→0

Jh1 =

t−ε∫
τ

dβ

∫
Rn

SG23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ.

Â iíòåãðàëi Jh2 çðîáèìî çàìiíó çìiííî¨ çà ôîðìóëîþ γ = h−1(β − t + ε),

òîäi

Jh2 =

1∫
0

dγ

∫
Rn

G23(t+ h,X(h);hγ + t− ε, λ)Q23(hγ + t− ε, λ; τ, ξ)dλ

i

lim
h→0

Jh2 =

∫
Rn

SG23(t, x; t− ε, λ)Q23(t− ε, λ; τ, ξ)dλ.

Îòæå,

SLW
ε
23(t, x; τ, ξ) =

∫
Rn

SG23(t, x; t− ε, λ)Q23(t− ε, λ; τ, ξ)dλ+

+

t1(ε)∫
τ

dβ

∫
Rn

SG23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ+

+

t−ε∫
t1(ε)

dβ

∫
Rn

(A2(t, (x1, x2, λ3), ∂x1
)− A2(t, x, ∂x1

))×

×G23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ+

+

t−ε∫
t1(ε)

dβ

∫
Rn

A2(t, x, ∂x1
)G23(t, x; β, λ)∆

X(t−β)
λ Q23(β, λ; τ, ξ)dλ+

+

t−ε∫
t1(ε)

∫
Rn

A2(t, x, ∂x1
)G23(t, x; β, λ)dλQ23(β,X(t− β); τ, ξ)

 dβ =:

=:
5∑
j=1

Kε
3j, 0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn, t1(ε) := (t+ τ − ε)/2. (4.152)
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Âðàõîâóþ÷è âëàñòèâiñòü ïàðàìåòðèêñó G23, ìà¹ìî

lim
ε→0

Kε
31 = Q23(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (4.153)

Îöiíèìî äîäàíêèKε
3j, j ∈ N5. Çà äîïîìîãîþ îöiíîê (4.150), (4.127) i íåðiâíîñòi

(2.79), ìà¹ìî

|Kε
32| ≤C

t1(ε)∫
τ

dβ

∫
Rn

(t−β)−M−1E(2)
c (t−β, x, λ)(β− τ)−1+m̂3γ3E(2)

c (β− τ, λ, ξ)dλ ≤

≤ C(t− t1(ε))−1

t1(ε)∫
τ

(β−τ)−1+m̂3γ3J
(2,m̂3γ3,00)

0,c,Ĉ
(x; ξ)dβ ≤ C(t−τ +ε)−1(t−τ)−M×

×(t− τ − ε)m̂3γ3E(2)
c1

(t− τ, x, ξ), 0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c1 < c.

(4.154)

Çà äîïîìîãîþ óìîâè (1.13), îöiíîê (4.119), (4.127) i íåðiâíîñòåé (2.54),

(2.79) îòðèìà¹ìî

|Kε
33|≤C

t−ε∫
t1(ε)

dβ

∫
Rn

(
(t−β)−M−1+(t−β)−M−1/(2b)+(t− β)−M

)
(β−τ)−M−1+m̂3γ3×

×
(
|t− β|m̂3γ3 + |X3(t− β)− λ3|γ3

)
E(2)
c (t− β, x, λ)E(2,3)

c (β − τ, λ, ξ)dλ ≤

≤ C

t−ε∫
t1(ε)

((t− β)(β − τ))−1+m̂3γ3 J
(2,m̂3γ3,00)

0,c,Ĉ
(x; ξ)dβ ≤ C(t− τ)−ME(2)

c1
(t, τ, x, ξ)×

×
t−ε∫

t1(ε)

((t− β)(β − τ))−1+m̂3γ3 dβ, 0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c1 < c.

(4.155)

Áåðó÷è äî óâàãè îáìåæåíiñòü êîåôiöi¹íòiâ, îöiíêè (4.119), (5.144) i íåðiâíîñòåé

(2.54), (2.79) îäåðæó¹ìî

|Kε
34| ≤ C

t−ε∫
t1(ε)

dβ

∫
Rn

(
(t− β)−M−1+(t− β)−M−1/2+(t− β)−M

)
(β−τ)−M−1+m̂3γ3×

×E(2)
c (t− β, x, λ)

3∑
s=1

|Xs(t− β)− λs|γs
s∑

j=s−1

E(2)
c (β, τ,Λ0j(t− β), ξ)dλ ≤
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≤ C

t−ε∫
t1(ε)

3∑
s=1

(t− β)−1+m̂sγs(β − τ)−1+m̂3γ3

s∑
j=s−1

J
(2,m̂3γ3,0j)

0,c,Ĉ
(x; ξ)dβ ≤

≤ C

t−ε∫
t1(ε)

(t− β)γ(β − τ)−1+m̂3γ3dβ(t− τ)−ME(2)
c1

(t, τ, x, ξ),

0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c1 < c, γ = min{m̂1γ1, m̂2γ2, m̂3γ3.}

(4.156)

Îöiíêó äîäàíêà Kε
35 ïðîâîäèìî àíàëîãi÷íî çà äîïîìîãîþ ïðèïóùåííÿ

(A21), îöiíîê (4.121),(4.127) i íåðiâíîñòi (2.60). Ìà¹ìî

|Kε
35| ≤ C

t−ε∫
t1(ε)

(t− β)−1+m̂1γ1(β − τ)−M−1+m̂3γ3E(2)
c (β, τ,X(t− β), ξ)dβ ≤

≤ C(t− τ)−M
t−ε∫

t1(ε)

(t− β)−1+m̂1γ1(β − τ)−1+m̂3γ3dβE(2)
c1

(t− τ, x, ξ),

0 < ε < τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c1 < c. (4.157)

Ç îöiíîê (4.154) � (??), ñïiââiäíîøåííÿ (4.153) âèïëèâà¹ iñíóâàííÿ

lim
ε→0

Kε
3j, j ∈ N5, ôîðìóëà äëÿ ïîõiäíî¨ Ëi âiä W23

SLW23(t, x; τ, ξ) = Q23(t, x; τ, ξ) +

t1∫
τ

dβ

∫
Rn

SG23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn

SG23(t, x; β, λ)∆
X(t−β)
λ Q23(β, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

SG23(t, x; β, λ)dλ

Q23(β,X(t− β); τ, ξ)dβ (4.158)

òà îöiíêè

|SLW23(t, x; τ, ξ)| ≤ C(t− τ)−M−1+m̂3γ3E(2)
c1

(t, τ, x, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c1 < c. (4.159)

Òàêèì ÷èíîì äîâåäåíî íàñòóïíó òåîðåìó.
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Òåîðåìà 4.4. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (4.115) âèêîíóþòüñÿ óìîâè

(A21) i (A22), â ÿêèõ ÷èñëà γ1, γ2 i γ3 �äîâiëüíi ç ïðîìiæêó (0, 1). Òîäi äëÿ

öüîãî ðiâíÿííÿ iñíó¹ Ëi-ÔÐÇÊ Z23 i ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ23(t, x; τ, ξ; y3| ≤ C(t− τ)−M−MkE(2)
c (t− τ, x, ξ),

{(k1, k2, k3) ∈ Zn+, |k1|/(2b) + m̂2|k2|+ m̂3|k3| ≤ 1}; (4.160)

|SLZ23(t, x; τ, ξ| ≤ C(t− τ)−M−1E(2,3)
c (t− τ, x, ξ), (4.161)

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn.

Çàóâàæèìî, ùî àíàëîãi÷íî äî äîâåäåííÿ iñíóâàííÿ ïîõiäíî¨ Ëi âiä Z23

äîâîäèòüñÿ iñíóâàííÿ òà îöiíêè ∂tZ23. Ïðàâèëüíå òàêå òâåðäæåííÿ:

Òåîðåìà 4.5. Çà óìîâ òåîðåìè 4.3 iñíó¹ ïîõiäíà ∂tW23, ÿêà âèçíà÷à¹òüñÿ

ôîðìóëîþ

∂tW23(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∂tG23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn1

 ∫
Rn2+n3

∂tG23(t, x; β, λ)dλ2dλ3

∆
X(t−τ)
Λ01(t−β)Q23(β,Λ

01(t− β); τ, ξ)dλ1+

+

t∫
t1

dβ

∫
Rn1+n2

∫
Rn3

∂tG23(t, x; β, λ)dλ3

∆
Λ01(t−β)
Λ02(t−β)Q23(β,Λ

02(t− β); τ, ξ)dλ1dλ2+

+

t∫
t1

dβ

∫
Rn

∂tG23(t, x; β, λ)∆
Λ02(t−β)
λ Q23(β, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

∂tG23(t, x; β, λ)dλ

Q23(β,X(t− τ); τ, ξ)dβ +Q23(t, x; τ, ξ), (4.162)

i ñïðàâäæóþòüñÿ îöiíêè

∂tZ23(t, x; τ, ξ| ≤ C(t− τ)−M−1
(
1 + (t− τ)−m̂1|x1|+ (t− τ)−m̂1|x2|

)
×

|E(2)
c (t− τ, x, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (4.163)
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4.4. Îöiíêè ïðèðîñòiâ ïîõiäíèõ ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ

Îñíîâíi ðåçóëüòàòè ïiäðîçäiëó ìiñòÿòüñÿ â íàñòóïíié òåîðåìi.

Òåîðåìà 4.6. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (4.115) âèêîíóþòüñÿ óìîâè

(A21), (A22) i (A25). Òîäi ñïðàâäæóþòüñÿ òàêi îöiíêè:

|∆zs
xs
∂klxlZ23(t, x; τ, ξ)| ≤ C|xs − zs|(m̂s)

−1(m̂lγl−m̂l−1)(t− τ)−M−Mk−m̂sγs×

×
(
E(2)
c (t− τ, x, ξ) + E(2)

c (t− τ, z(s), ξ)

)
, 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn,

ks ∈ Zns+ , {l, s} ⊂ N3, |k1| = 2b, |k2| = |k3| = 1, m̂0 ≡ 0; (4.164)

Äîâåäåííÿ. Êëàñè÷íèé ÔÐÇÊ Z23 äëÿ ðiâíÿííÿ (4.115) âèçíà÷à¹òüñÿ

ôîðìóëîþ (4.116), òîáòî Z23 = G23 + W23. Îöiíêè ïðèðîñòiâ ïîõiäíèõ çà

ïðîñòîðîâèìè çìiííèìè ïàðàìåòðèêñó G23 âèçíà÷àþòüñÿ ôîðìóëàìè (4.120).

Òîìó äëÿ äîâåäåííÿ òåîðåìè äîñèòü âñòàíîâèòè îöiíêè äëÿ ïîõiäíèõ âiä

îá'¹ìíîãî ïîòåíöiàëó W23.

Îöiíêè ïðèðîñòiâ ñòàðøèõ ïîõiäíèõ çà ïðîñòîðîâèìè çìiííèìè äîñèòü

ïðîâåñòè çà óìîâè |xs−zs|1/ms < (t−τ)/4, s ∈ N3. Íà ïiäñòàâi (4.138) çàïèøåìî

çîáðàæåííÿ

∆z1
x1
∂k1
x1
W23(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∆z1
x1
∂k1
x1
G23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ+

+

η1∫
t1

dβ

∫
Rn

∆z1
x1
∂k1
x1
G23(t, x; β, λ)∆

X(t−β)
λ Q23(β, λ; τ, ξ)dλ+

+

t∫
η1

dβ

∫
Rn

∂k1
x1
G23(t, x; β, λ)∆

X(t−β)
λ Q23(β, λ; τ, ξ)dλ−

−
t∫

η1

dβ

∫
Rn

∂k1
z1
G23(t, z

(1); β, λ)∆
Z(1)(t−β)
λ Q23(β, λ; τ, ξ)dλ−

+

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
G23(t, x; β, λ)dλ

Q23(β,X(t− β); τ, ξ)dβ+
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+

t∫
η1

∫
Rn

∆z1
x1
∂k1
x1
G23(t, x; β, λ)dλ

Q23(β,X(t− β); τ, ξ)dβ+

−
t∫

η1

∫
Rn

∂k1
x1
G23(t, z

(1); β, λ)dλ

Q23(β, Z
(1)(t− β); τ, ξ)dβ =:

7∑
j=1

D1
3j; (4.165)

|D1
31| ≤ C|x1 − z1|γ1

t∫
τ

dβ

∫
Rn

(t− β)−M−1−m̂1γ1E(2)
c (t, β, x, λ)(β − τ)−M−1+m̂3γ3×

×E(2)
c (β − τ, λ, ξ)dλ ≤ C|x1 − z1|γ1(t− t1)−1−m̂1γ1

t∫
τ

(β − τ)−1+m̂3γ3dβ×

×J (2,m̂3γ3,03)

0,c,Ĉ
(x, ξ) ≤ C|x1 − z1|γ1(t− τ)−M−1+m̂3γ3−m̂1γ1E(2)

c (t, τ, x, ξ).

Âèêîðèñòîâóþ÷è çîáðàæåííÿ

G23(t, x; β, λ)=G21(t, x; β, λ; (λ2, λ3))+W21(t, x; β, λ; (λ2, λ3))+W22(t, x; β, λ;λ3),

(4.166)

ïîäàìî äðóãèé äîäàíîê ç (4.165) ó âèãëÿäi ñóìè

D1
32 = D11

32 +D12
32 +D13

32,

äå

D11
32 :=

η1∫
t1

dβ

∫
Rn

∆z1
x1
∂k1
x1
G21(t, x; β, λ; (λ2, λ3))∆

X(t−β)
λ Q23(β, λ; τ, ξ)dλ;

D12
32 :=

η1∫
t1

dβ

∫
Rn

∆z1
x1
∂k1
x1
W21(t, x; β, λ; (λ2, λ3))∆

X(t−β)
λ Q23(β, λ; τ, ξ)dλ;

D13
32 :=

η1∫
t1

dβ

∫
Rn

∆z1
x1
∂k1
x1
W22(t, x; β, λ;λ3)∆

X(t−β)
λ Q23(β, λ; τ, ξ)dλ.

Îöiíèìî D11
32 çà äîïîìîãîþ îöiíîê (4.5) ïðè γ0

1 > γ1 i îöiíîê (4.128) ïðè

γ0
s = m̂−1

s m̂1γ1, s ∈ N3.

|D11
32| ≤ C|x1− z1|γ

0
1

η1∫
t1

dβ

∫
Rn

(t− β)−M−1−m̂1γ
0
1
(
E(2)
c (t, β, x, λ) +E(2)

c (t, β, z(1), λ)
)
×
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×
3∑
s=1

|Xs(t−β)−λs|m̂
−1
s m̂1γ1(β−τ)−M−1+m̂sγs−m̂1γ1

s∑
j=s−1

E(2)
c (β−τ,Λ0j(t−β); ξ) ≤

≤C|x1 − z1|γ
0
1J1(m̂1(γ1−γ0

1))
3∑
s=1

(t1−τ)−1+m̂sγs−m̂1γ1×

×
2∑
j=0

(
J

(2,m̂1γ1,0j)

0,c,Ĉ
(x, ξ)+J

(2,m̂1γ1,0j)

0,c,Ĉ
(z(1), ξ)

)
≤

≤ C|x1 − z1|γ1(t− τ)−M−1
(
E(1)
c0

(t− τ, x, ξ) + E(2)
c0

(t− τ, z(1), ξ)
)
.

Äîäàíîê D12
32 îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (4.40) ïðè γ0

1 = γ1 i îöiíîê

(4.128) ïðè γ0
s = m̂−1

s m̂1γ1, s ∈ N3. Ìà¹ìî

|D12
32| ≤ C|x1− z1|γ1

η1∫
t1

dβ

∫
Rn

(t−β)−M−1
(
E(2,3)
c (t−β, x, λ) +E(2,3)

c (t−β, z(1), λ)
)
×

×
3∑
s=1

|Xs(t−β)−λs|m̂
−1
s m̂1γ1(β−τ)−M−1+m̂sγs−m̂1γ1

s∑
j=s−1

E(2)
c (β−τ,Λ0j(t−β); ξ) ≤

≤ C|x1 − z1|γ1J1(m̂1γ1)
3∑
s=1

(t1 − τ)−1+m̂sγs−m̂1γ1×

×
2∑
j=0

(
J

(1,m̂3γ3,0j)

0,c,Ĉ
(x, ξ)+J

(1,m̂3γ3,0j)

0,c,Ĉ
(z(1), ξ)

)
≤

≤ C|x1 − z1|γ1(t− τ)−M−1+γ
(
E(2)
c0

(t− τ, x, ξ) + E(2)
c0

(t− τ, z(1), ξ)
)
,

äå γ � òàêå ÿê âèùå.

Äîäàíîê D13
32 îöiíþ¹ìî àíàëîãi÷íî äî D12

32, òiëüêè çàìiñòü îöiíîê (4.40)

âèêîðèñòîâó¹ìî îöiíêè (4.102) ïðè τ = β, ξ = λ, y3 = λ3. Ç îöiíîê äîäàíêiâ

D1j
32, j ∈ N3, âèïëèâà¹ îöiíêà

|D1
32| ≤ C|x1 − z1|γ1(t− τ)−M−1

(
E(2)
c0

(t, τ, x, ξ) + E(2)
c0

(t, τ, z(1), ξ)
)
. (4.167)

Äîäàíêè D1
33 i D

1
34 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî ïåðøèé ç íèõ.

|D1
33| ≤ C

t∫
η1

dβ

∫
Rn

(t− β)−M−1E(2)
c (t− β, x, λ)

3∑
s=1

|Xs(t− β)− λs|m̂
−1
s m̂1γ1×
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×(β − τ)−M−1+m̂sγs−m̂1γ1

s∑
j=s−1

E(2)
c (β, τ,Λ0j(t− β); ξ) ≤

≤ C

t∫
η1

(t− β)−1+m̂1γ1dβ
3∑
s=1

(t1 − τ)−1+m̂sγs−m̂1γ1

2∑
j=0

(
J

(2,m̂3γ3,0j)

0,c,Ĉ
(x, ξ)+

+J
(2,m̂3γ3,0j)

0,c,Ĉ
(z(1), ξ)

)
≤ C|x1−z1|γ1(t− τ)−M−1

(
E(2)
c0

(t, τ, x, ξ)+E(2)
c0

(t, τ, z(1), ξ)
)
.

Äîäàíîê D1
35 îöiíþ¹ìî ïîäiáíî äî D

1
32. Çà äîïîìîãîþ (4.166) ïîäàìî öåé

äîäàíîê ó âèãëÿäi ñóìè

D1
35 = D11

35 +D12
35 +D13

35,

äå

D11
35 :=

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
G21(t, x; β, λ; (λ2, λ3))dλ

Q23(β,X(t− β); τ, ξ)dβ;

D12
35 :=

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
W21(t, x; β, λ; (λ2, λ3))dλ

Q23(β,X(t− β); τ, ξ)dβ;

D13
35 :=

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
W22(t, x; β, λ;λ3)dλ

Q23(β,X(t− β); τ, ξ)dβ.

Îöiíèìî D11
35 çà äîïîìîãîþ îöiíîê (4.5) ïðè γ0

1 > γ1 i îöiíîê (4.127). Ìà¹ìî

|D11
35| ≤ C|x1 − z1|γ

0
1

η1∫
t1

dβ

∫
Rn

(t− β)−M−1−m̂1(γ1−γ0
1)×

×
(
E(2)
c (t, β, x, λ) + E(2)

c (t, β, z(1), λ)
)
dλ(t1 − τ)−1+m̂3γ3(β − τ)−M−1+m̂3γ3×

×E(2)
c (β, τ,X(t− β), ξ)≤C|x1 − z1|γ

0
1J1(m̂1(γ1 − γ0

1))E(2)
c (t− τ, x, ξ)≤

≤ C|x1 − z1|γ1(t− τ)−M−1m̂3γ3
(
E(2)
c0

(t− τ, x, ξ) + E(2)
c0

(t− τ, z(1), ξ)
)
.

Çàóâàæèìî, ùî ïðè β ∈ [t1, η1] ñïðàâäæó¹òüñÿ îöiíêà

|∆z1
x1
∂k1
x1
W21(t, x; β, λ; (λ2, λ3))| ≤ C|x1 − z1|γ1(t− τ)−M−1m̂1γ1E(2)

c (t− τ, x, ξ).

Çà äîïîìîãîþ öi¹¨ îöiíêè îöiíþ¹ìî äîäàíîê D12
35

|D12
35| ≤ C|x1 − z1|γ1

η1∫
t1

dβ

∫
Rn

(t− β)−M−1+m̂1γ1E(2)
c (t, τ, x, ξ)dλ×
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×E(2)
c (β, τ,X(t− β); ξ) ≤ C|x1 − z1|γ1J1(m̂1γ1)(t1 − τ)−M−1+m̂3γ3×

×E(2)
c (t− τ, x, ξ) ≤ C|x1 − z1|γ1(t− τ)−M−1+m̂3γ3+m̂1γ1E(2)

c (t− τ, x, ξ).

Äîäàíîê D13
35 îöiíþ¹ìî àíàëîãi÷íî äî D12

35, òiëüêè çàìiñòü îöiíîê (4.40) âèêî-

ðèñòîâó¹ìî îöiíêè (4.102) ïðè τ = β, ξ = λ, y3 = λ3.

Ç îöiíîê äîäàíêiâ D1j
35, j ∈ N3, âèïëèâà¹

|D1
35| ≤ C|x1− z1|γ1(t− τ)−M−1+m̂3γ3

(
E(2)
c0

(t, τ, x, ξ) +E(2)
c0

(t, τ, z(1), ξ)
)
. (4.168)

Äîäàíêè D1
36, D

1
37 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî, íàïðèêëàä, ïåðøèé ç íèõ.

|D1
36| ≤ C

t∫
η1

dβ

∫
Rn

(t− β)−1+m̂1γ1(β − τ)−M−1+m̂3γ3E(2)
c (β, τ,X(t− β), ξ)dβ ≤

≤ C(t1 − τ)−1+m̂3γ3

t∫
η1

(t− β)−1+m̂1γ1dβE(2)
c (t− τ, x, ξ) ≤

≤ C|x1 − z1|γ1(t− τ)−M−1+m̂3γ3E(2)
c (t− τ, x, ξ).

Ç îöiíîê äîäàíêiâ D1
3j, j ∈ N7, âèïëèâà¹ òàêà îöiíêà:

∆z1
x1
∂k1
x1
W23(t, x; τ, ξ)| ≤

≤ C|x1 − z1|γ1(t− τ)−M−1
(
E(2)
c0

(t, τ, x, ξ) + E(2)
c0

(t, τ, z(1), ξ)
)
. (4.169)

Ïåðåéäåìî äî îöiíîê ïðèðîñòiâ çà çìiííîþ x2. Çàïèøåìî òàêå çîáðàæåííÿ:

∆z2
x2
∂k1
x1
W23(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∆z2
x2
∂k1
x1
G23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ+

+

η2∫
t1

dβ

∫
Rn1

( ∫
Rn2+n3

∆z2
x2
∂k1
x1
G23(t, x; β, λ)dλ2dλ3

)
∆
X(t−β)
Λ01(t−β)Q23(β,Λ

01(t− β); τ, ξ)dλ1+

+

η2∫
t1

dβ

∫
Rn

∆z2
x2
∂k1
x1
G23(t, x; β, λ)

(
∆

Λ01(t−β)
Λ02(t−β)Q23(β, λ; τ, ξ)dλ+

+∆
X(t−β)
λ Q23(β, λ; τ, ξ)

)
dλ+

t∫
η2

dβ

∫
Rn

∂k1
x1
G23(t, x; β, λ)∆

X(t−β)
λ Q23(β, λ; τ, ξ)dλ−
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−
t∫

η2

dβ

∫
Rn

∂k1
z1
G23(t, z

(2); β, λ)∆
Z(2)(t−β)
λ Q23(β, λ; τ, ξ)dλ−

+

η2∫
t1

∫
Rn

∆z1
x1
∂k1
x1
G23(t, x; β, λ)dλ

Q23(β,X(t− β); τ, ξ)dβ+

+

t∫
η2

∫
Rn

∆z2
x2
∂k1
x1
G23(t, x; β, λ)dλ

Q13(β,X(t− β); τ, ξ)dβ+

−
t∫

η2

∫
Rn

∂k1
x1
G23(t, z

(2); β, λ)dλ

Q23(β, Z
(2)(t− β); τ, ξ)dβ =:

8∑
j=1

D2
3j; (4.170)

|D2
31| ≤ C|x2 − z2|γ2

t1∫
τ

dβ

∫
Rn

(t− β)−M−1−m̂2γ2E(2)
c (t, β, x, λ)(β − τ)−M−1+m̂3γ3×

×E(2)
c (β − τ, λ, ξ)dλ ≤ C|x2 − z2|γ2(t− t1)−1−m̂2γ2

t∫
τ

(β − τ)−1+m̂3γ3dβ×

×J (2,m̂3γ3,03)

0,c,Ĉ
(x, ξ) ≤ C|x2 − z2|γ2(t− τ)−M−1+m̂3γ3−m̂2γ2E(2)

c (t− τ, x, ξ).

Äðóãèé äîäàíîê îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (4.124), (4.128) ïðè γ0
2 = γ2 i

íåðiâíîñòåé (2.79). Ìà¹ìî

|D2
32| ≤ C|x2 − z2|γ2

η2∫
t1

dβ

∫
Rn1

(t− β)−m̂1n1−1−m̂2γ2E2,1
c (t− β, x1 − λ1)|x1 − z1|γ1×

≤ (β − τ)−M−1
1∑
j=0

E(2)
c (β − τ,Λ0j(t− β); ξ)dλ1 ≤

≤ C|x2 − z2|γ2(t1 − τ)−1J2(m̂1γ1 − m̂2γ2)
1∑
j=0

J
(2,m̂3γ3,0j)

1,c,Ĉ
(x1, ξ) ≤

≤ C|x2 − z2|(m̂2)−1m̂1γ1(t− τ)−M−1
(
E(2)
c0

(t− τ, x, ξ) + E(2)
c0

(t− τ, z(2), ξ)
)
.

Çà äîïîìîãîþ ðiâíîñòi

G23(t, x; β, λ) = G22(t, x; β, λ;λ3) +W22(t, x; β, λ;λ3),

ìà¹ìî D2
33 = D21

33 +D22
33.
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Ïåðøèé äîäàíîê ñóìè îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (4.120) ïðè γ0
2 > γ2

i (4.128) ïðè γ0
s = (m̂s)

−1m̂2γ2, s ∈ {2, 3}.

D21
33 ≤ C|x2 − z2|γ

0
2

η2∫
t1

dβ

∫
Rn

(t− β)−M−1−m̂2γ
0
2E(2,3)

c (t− β, x, λ)(β − τ)−M−1×

×
3∑
s=2

|Xs(t− β)− λs|(m̂s)
−1m̂2γ2

s∑
j=s−1

(
E(2)
c (β − τ,Λ0j(t− β), ξ)+

+E(2)
c (β − τ,Λ2j(t− β), ξ)

)
≤ C|x2 − z2|γ

0
2 (t1 − τ)−1J2(m̂2(γ2 − γ0

2))×

×
s∑

j=s−1

(
J

(2,m̂3γ3,0j)

0,c,Ĉ
(x, ξ) + J

(2,m̂3γ3,0j)

0,c,Ĉ
(z(2), ξ)

)
≤

≤ C|x2 − z2|γ2(t− τ)−M−1
(
E(2)
c0

(t− τ, x, ξ) + E(2)
c0

(t− τ, z(2), ξ)
)
.

Àíàëîãi÷íî çà äîïîìîãîþ îöiíîê (4.102) ïðè γ0
2 = γ2 i (4.128) ïðè γ0

s =

= (m̂s)
−1m̂2γ2, s ∈ {2, 3}, îöiíþ¹ìî äðóãèé äîäàíîê.

D22
33 ≤ C|x2 − z2|γ2

η2∫
t1

dβ

∫
Rn

(t− β)−M−1E(2)
c (t− β, x, λ)(β − τ)−M−1×

×
3∑
s=2

|Xs(t− β)− λs|(m̂s)
−1m̂2γ2

s∑
j=s−1

(
E(2)
c (β − τ,Λ0j(t− β), ξ)+

+E(2)
c (β − τ,Λ2j(t− β), ξ)

)
≤

≤ C|x2 − z2|γ2(t1 − τ)−1J2(m̂2γ2)
s∑

j=s−1

(
J

(2,m̂3γ3,0j)

0,c,Ĉ
(x, ξ) + J

(2,m̂3γ3,0j)

0,c,Ĉ
(z(2), ξ)

)
≤

≤ C|x2 − z2|γ2(t− τ)−M−1+m̂2γ2
(
E(2)
c0

(t− τ, x, ξ) + E(2)
c0

(t− τ, z(2), ξ)
)
.

Îòæå, ñïðàâäæó¹òüñÿ îöiíêà

|D2
33| ≤ C|x2 − z2|γ2(t− τ)−M−1

(
E(2)
c0

(t− τ, x, ξ) + E(2)
c0

(t− τ, z(2), ξ)
)
.

Îöiíèìî D2
34. Çà äîïîìîãîþ îöiíîê (4.119) i (4.128) ïðè γ0

s = (m̂s)
−1m̂2γ2, s ∈

∈ {2, 3}, ìà¹ìî

D22
34 ≤ C

t∫
η2

dβ

∫
Rn

(t− β)−M−1E(2)
c (t− β, x, λ)(β − τ)−M−1×
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×
3∑
s=1

|Xs(t− β)− λs|(m̂s)
−1m̂2γ2

s∑
j=s−1

(
E(2)
c (β − τ,Λ0j(t− β), ξ)+

+E(2)
c (β − τ,Λ2j(t− β), ξ)

)
≤

≤ C(t1 − τ)−1J2(m̂1γ1)
s∑

j=s−1

(
J

(2,m̂3γ3,0j)

0,c,Ĉ
(x, ξ) + J

(2,m̂3γ3,0j)

0,c,Ĉ
(z(2), ξ)

)
≤

≤ C|x2 − z2|(m̂2)−1m̂1γ1(t− τ)−M−1+m̂2γ2
(
E(2)
c0

(t, τ, x, ξ) + E(2)
c0

(t, τ, z(2), ξ)
)
.

Äîäàíîê D2
35 ìà¹ àíàëîãi÷íó îöiíêó. Îöiíèìî D2

36 çà äîïîìîãîþ (4.124) ïðè

γ0
2 < γ2 i (4.127).

D2
36 ≤ C|x2 − z2|γ

0
2

t∫
η2

(t− β)−M−1+m̂2(γ2−γ0
2)(β − τ)−M−1+m̂3γ3×

×E(2,3)
c (β − τ,X(t− β), ξ)dβ ≤ C|x2 − z2|γ

0
2 (t1 − τ)−1+m̂3γ3×

×
t∫

η2

(t− β)−M−1+m̂2(γ2−γ0
2)dβE(2)

c (t− τ, x, ξ) ≤

≤ C|x2 − z2|γ2(t− τ)−M−1+m̂3γ3E(2)
c (t− τ, x, ξ).

Çà äîïîìîãîþ îöiíîê (4.124) i (4.127) îöiíèìî D2
37

D2
37 ≤ C

t∫
η2

(t− β)−M−1+m̂1γ1(β − τ)−M−1+m̂3γ3E(2)
c (β, τ,X(t− β), ξ)dβ ≤

≤ C(t1 − τ)−1+m̂3γ3

t∫
η2

(t− β)−M−1+m̂1γ1dβE(2)
c (t, τ, x, ξ) ≤

≤ C|x2 − z2|(m̂2)−1m̂1γ1(t− τ)−M−1+m̂3γ3E(2)
c (t, τ, x, ξ).

Äîäàíîê D2
38 ìà¹ àíàëîãi÷íó îöiíêó. Ç îöiíîê äîäàíêiâ D2

3j, j ∈ N8, âèïëèâà¹

òàêà îöiíêà:

|∆z2
x2
∂k1
x1
W23(t, x; τ, ξ)| ≤ C|x2 − z2|(m̂2)−1m̂1γ1×

×(t− τ)−M−1
(
E(2)
c0

(t− τ, x, ξ) + E(2)
c0

(t− τ, z(2), ξ)
)
. (4.171)

Äëÿ òîãî, ùîá âñòàíîâèòè îöiíêè ïðèðîñòiâ çà çìiííîþ x3, âèêîðèñòîâóâàòè-



201

ìåìî òàêå çîáðàæåííÿ:

∆z3
x3
∂k1
x1
W23(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∆z3
x3
∂k1
x1
G23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ+

+

η3∫
t1

dβ

∫
Rn1

( ∫
Rn2+n3

∆z3
x3
∂k1
x1
G23(t, x; β, λ)dλ2dλ3

)
∆
X(t−β)
Λ01(t−β)Q23(β,Λ

01(t− β); τ, ξ)dλ1+

+

η3∫
t1

dβ

∫
Rn1+n2

(∫
Rn3

∆z3
x3
∂k1
x1
G23(t, x; β, λ)dλ3

)
∆

Λ01(t−β)
Λ02(t−β)Q23(β,Λ

02(t− β); τ, ξ)dλ1+

+

t∫
η3

dβ

∫
Rn

∂k1
x1
G23(t, x; β, λ)∆

X(t−β)
λ Q13(β, λ; τ, ξ)dλ−

−
t∫

η3

dβ

∫
Rn

∂k1
x1
G23(t, z

(3); β, λ)∆
Z(3)(t−β)
λ Q23(β, λ; τ, ξ)dλ+

+

η3∫
t1

∫
Rn

∆z3
x3
∂k1
x1
G23(t, x; β, λ)dλ

Q23(β,X(t− β); τ, ξ)dβ+

+

t∫
η3

∫
Rn

∂k1
x1
G23(t, x; β, λ)dλ

Q23(β,X(t− β); τ, ξ)dβ−

−
t∫

η3

∫
Rn

∂k1
x1
G23(t, z

(3); β, λ)dλ

Q23(β, Z
(3)(t− β); τ, ξ)dβ =:

8∑
j=1

D3
3j; (4.172)

|D3
31| ≤ C|x3− z3|γ3

t1∫
τ

dβ

∫
Rn

(t− β)−M−1−m̂3γ3E(2)
c (t− β, x, λ)(β − τ)−M−1+m̂3γ3×

×E(2)
c (β − τ, λ, ξ)dλ ≤ C|x3 − z3|γ3(t− t1)−1−m̂3γ3

t∫
τ

(β − τ)−1+m̂3γ3dβ×

×J (2,m̂3γ3,03)

0,c,Ĉ
(x, ξ) ≤ C|x3 − z3|γ3(t− τ)−M−1E(2)

c (t− τ, x, ξ).

Äðóãèé äîäàíîê îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (4.124), (4.128) ïðè γ0
3 = γ3 i
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íåðiâíîñòåé (??). Ìà¹ìî

|D3
32| ≤ C|x3 − z3|γ3

η3∫
t1

dβ

∫
Rn1

(t− β)−m̂1n1−1−m̂3γ3E2,1
c (t− β, x1 − λ1)|x1 − z1|γ1×

≤ (β − τ)−M−1
1∑
j=0

E(2,3)
c (β − τ,Λ0j(t− β); ξ)dλ1 ≤

≤ C|x3 − z3|γ3(t1 − τ)−1J3(m̂1γ1 − m̂3γ3)
1∑
s=0

J
(2,m̂3γ3,0s)

1,c,Ĉ
(x1, ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1
(
E(2)
c0

(t− τ, x, ξ) + E(2)
c0

(t− τ, z(2), ξ)
)
.

Äîäàíîê D3
33 îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (4.126) ïðè γ0

3 = γ3, (4.128) ïðè

γ0
2 = γ2 i íåðiâíîñòåé (2.81).

|D3
33| ≤ C|x3− z3|γ3

η3∫
t1

dβ

∫
Rn1+n2

(t−β)−m̂1n1−m̂2n2−1E2,m̂3γ3,2

c,Ĉ
(t−β, x1, x2, λ1, λ2)×

×|X2(t− β)− λ2|γ2(β − τ)−M−1
2∑
s=1

E(2)
c (β − τ,Λ0j(t− β); ξ)dλ1dλ2 ≤

≤ C|x3 − z3|γ3(t1 − τ)−1J3(m̂2γ2)
2∑
s=1

I
(1,0j)
2 (x1, x2; ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1+m̂2γ2
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(3), ξ)
)
.

Äîäàíêè D3
34 i D

3
35 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî D3

34. Çà äîïîìîãîþ îöiíîê

(4.119) i (4.128) ïðè γ0
s = (m̂s)

−1m̂1γ1, s ∈ N3, ìà¹ìî

|D3
34| ≤ C

t∫
η3

dβ

∫
Rn

(t− β)−M−1E(2)
c (t− β, x, λ)(β − τ)−M−1×

×
3∑
s=1

|Xs(t− β)− λs|(m̂s)
−1m̂1γ1

s∑
j=s−1

E(2)
c (β − τ,Λ0j(t− β); ξ)dλ ≤

≤ C(t1 − τ)−1

t∫
η3

(t− β)−1+m̂1γ1dβ
3∑
s=1

s∑
j=s−1

J
(2,m̂1γ1,0j)

0,c,Ĉ
(x; ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1E(2)
c0

(t, τ, x, ξ).

Äîäàíîê D3
36 îöiíþ¹ìî àíàëîãi÷íî çà äîïîìîãîþ îöiíîê (4.124) ïðè γ0

3 > γ3 i
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(4.127). Ìà¹ìî

|D3
36| ≤ C|x3 − z3|γ

0
3

η3∫
t1

dβ

∫
Rn

(t− β)−M−1+m̂3(γ3−γ0
3)E(2)

c (β, τ,X(t− β), ξ) ≤

≤ C|x3 − z3|γ
0
3 (t1 − τ)−M−1+m̂3γ3J3(m̂3(γ3 − γ0

3))E(2)
c (t− τ, x, ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1E(2)
c0

(t, τ, x, ξ).

Äîäàíêè D3
37 i D

3
38 îöiíþþòüñÿ îäíàêîâî. Çà äîïîìîãîþ îöiíîê (4.119) i (4.127)

îöiíèìî ïåðøèé ç íèõ.

|D3
37| ≤ C

t∫
η3

(t− β)−1+m̂1γ1(β − τ)−M−1+m̂3γ3dβE(2)
c (β − τ,X(t− β), ξ)dβ ≤

≤ C

t∫
η3

(t− β)−1+m̂1γ1dβ(t1 − τ)−M−1+m̂3γ3E(2)
c (t, τ, x), ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1+m̂3γ3E(2)
c (t, τ, x, ξ).

Ç îöiíîê äîäàíêiâ D3
3j, j ∈ N8, âèïëèâà¹ îöiíêà

|∆z3
x3
∂k1
x1
W23(t, x; τ, ξ)| ≤ C|x3 − z3|(m̂3)−1m̂1γ1(t− τ)−M−1×

×
(
E(2)
c0

(t− τ, x, ξ) + E(2)
c0

(t, τ, z(1), ξ)
)
. (4.173)

Çà äîïîìîãîþ ôîðìóë (4.139) i (4.140) çàïèøåìî çîáðàæåííÿ

∆zs
xs
∂klxlW23(t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∆zs
xs
∂klxlG23(t, x; β, λ)Q23(β, λ; τ, ξ)dλ+

+

ηs∫
t1

dβ

∫
Rn1

( ∫
Rn2+n3

∆zs
xs
∂klxlG23(t, x; β, λ)dλ2dλ3

)
∆
X(t−β)
Λ01(t−β)Q23(β,Λ

01(t− β); τ, ξ)dλ1+

+

t∫
ηs

dβ

∫
Rn1

( ∫
Rn2+n3

∂klxlG23(t, x; β, λ)dλ2dλ3

)
∆
X(t−β)
Λ01(t−β)Q23(β,Λ

01(t− β); τ, ξ)dλ1

−
t∫

ηs

dβ

∫
Rn1

( ∫
Rn2+n3

∂klxlG23(t, z
(s); β, λ)dλ2dλ3

)
∆
Z(s)(t−β)
Λs1(t−β) Q23(β,Λ

s1(t− β); τ, ξ)dλ1+
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+

ηs∫
t1

dβ

∫
Rn1+n2

(∫
Rn3

∆zs
xs
∂klxlG23(t, x; β, λ)dλ3

)
∆

Λ01(t−β)
Λ02(t−β)Q23(β,Λ

02(t− β); τ, ξ)dλ1+

+

t∫
ηs

dβ

∫
Rn1+n2

(∫
Rn3

∂klxlG23(t, x; β, λ)dλ3

)
∆

Λ01(t−β)
Λ02(t−β)Q23(β,Λ

02(t− β); τ, ξ)dλ1−

−
t∫

ηs

dβ

∫
Rn1+n2

(∫
Rn3

∂klxlG23(t, z
(s); β, λ)dλ3

)
∆

Λs1(t−β)
Λs2(t−β)Q23(β,Λ

s2(t− β); τ, ξ)dλ1+

+

ηs∫
t1

dβ

∫
Rn

∆zs
xs
∂klxlG23(t, x; β, λ)∆

Λ02(t−β)
λ Q23(β, λ; τ, ξ)dλ+

+

t∫
ηs

dβ

∫
Rn

∂klxlG23(t, x; β, λ)∆
Λ02(t−β)
λ Q23(β, λ; τ, ξ)dλ−

−
t∫

ηs

dβ

∫
Rn

∂klxlG23(t, z
(s); β, λ)∆

Λs2(t−β)(t−β)
λ Q23(β, λ; τ, ξ)dλ+

+

ηs∫
t1

∫
Rn

∆zs
xs
∂klxlG23(t, x; β, λ)dλ

Q23(β,X(t− β); τ, ξ)dβ+

+

t∫
ηs

∫
Rn

∂klxlG23(t, x; β, λ)dλ

Q23(β,X(t− β); τ, ξ)dβ−

−
t∫

ηs

∫
Rn

∂klxlG23(t, z
(s); β, λ)dλ

Q23(β, Z
(s)(t− β); τ, ξ)dβ =:

=:
13∑
j=1

Dls
3j, l ∈ {2, 3}, s ∈ N3.

ÄîäàíîêDls
31 îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (4.124), (4.127) i íåðiâíîñòåé (2.79).

Ìà¹ìî äëÿ l ∈ {2, 3}, s ∈ N3

|Dls
31| ≤ C|xs − zs|γs

t1∫
τ

dβ

∫
Rn

(t− β)−M−m̂l−m̂sγsE(2)
c (t, β, x, λ)(β − τ)−M−1+m̂3γ3×
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×E(2)
c (β, τ, λ, ξ)dλ ≤ C|xs − zs|γs(t− t1)−m̂l−m̂sγs

t∫
τ

(β − τ)−m̂l+m̂3γ3dβ×

×J (2,m̂3γ3,03)

0,c,Ĉ
(x, ξ) ≤ C|xs − zs|γs(t− τ)−M−m̂l−m̂sγs+m̂3γ3E(2)

c (t, τ, x, ξ).

Äðóãèé äîäàíîê îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (4.124), (4.128) ïðè γ0
s = γs i

íåðiâíîñòåé (2.68).

|Dls
32| ≤ C|xs−zs|γs

ηs∫
t1

dβ

∫
Rn1

(t−β)−m̂1n1−m̂l(1−γl)−m̂sγsE2,1
c (t−β, x1−λ1)|x1−λ1|γ1×

×(β − τ)−M−1

(
E(2)
c (β − τ,Λ01(t− τ), ξ) + E(2)

c (β − τ,X(t− τ), ξ)

)
dλ1 ≤

≤ C|xs − zs|γs(t1 − τ)−lJs(γls)

(
J

(2,m̂3γ3,03)

1,c,Ĉ
(x1, ξ) + J

(2,m̂3γ3,03)

1,c,Ĉ
(x1, ξ)

)
, (4.174)

äå γls = 1 + m̂1γ1 − m̂l(1− γl)− m̂sγs, l ∈ {2, 3}, s ∈ N3.

Ç íåðiâíîñòåé (4.174) i (3.164), âèïëèâà¹

|Dls
32| ≤ C|xs − zs|γs−(m̂s)

−1m̂s−1(t− τ)−M−1+m̂s−1+γlsE(2)
c0

(t, τ, x, ξ).

Äîäàíêè Dls
33, D

ls
34 îöiíþþòüñÿ îäíàêîâî. Çà äîïîìîãîþ îöiíîê (4.123), (4.128)

i íåðiâíîñòåé (2.80) îöiíèìî ïåðøèé ç íèõ.

|Dls
33| ≤ C

t∫
ηs

dβ

∫
Rn

(t− β)−m̂1n1−m̂l(1−γl)|x1 − z1|γ1E2,1
c (t− β, x1 − λ1)×

×(β − τ)−M−1+m̂3γ3

(
E(2)
c (β, τ,Λ01(t− τ), ξ) + E(2)

c (β, τ,X(t− τ), ξ)

)
dλ1 ≤

≤ C

(
J

(2,m̂3γ3,01)

1,c,Ĉ
(x1, ξ) + J

(2,m̂3γ3,00)

1,c,Ĉ
(x1, ξ)

) t∫
ηs

(t− β)−m̂l(1−γl)+m̂1γ1dβ×

×(t1 − τ)−1+m̂3γ3 ≤ C|xs − zs|γs−(m̂s)
−1m̂s−1(t− τ)−M−1+m̂s−1+γlsE(2)

c0
(t− τ, x, ξ).

Îöiíèìî Dls
35. Äëÿ öüîãî âèêîðèñòà¹ìî îöiíêè (4.126), (4.128) i (2.81). Äëÿ s ∈

∈ N3 ìà¹ìî äëÿ l = 2 i s ∈ N3

|D2s
35| ≤ C|xs − zs|γs

ηs∫
t1

dβ

∫
Rn1+n2

(t− β)−m̂1n1−m̂2n2−m̂2−m̂sγs×

×(β − τ)−M−1|X2(t− β)− λ2|γ2E2,m̂3γ3,2

c,Ĉ
(t− β, x1, x2, λ1, λ2)dλ1dλ2 ≤
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≤ C|xs − zs|γs(t1 − τ)−1Js(m̂2γ2 − m̂1 − m̂sγs)×

×
(
J

(2,m̂3γ3,01)

2,c,Ĉ
(x1, x2; ξ) + J

(2,m̂3γ3,00)

2,c,Ĉ
(x1, x2; ξ)(x1, x2; ξ)

)
≤

≤ C|xs − zs|(m̂s)
−1(m̂2γ2−m̂1)(t− τ)−M−1+m̂3γ3E(2)

c (t− τ, x, ξ).

Àíàëîãi÷íî îöiíþ¹ìî ó âèïàäêó l = 3 i s ∈ N3

|D3s
35| ≤ C|xs − zs|γs

ηs∫
t1

dβ

∫
Rn1+n2

(t− β)−m̂1n1−m̂2n2−m̂3(1−γ3)−m̂sγs×

×(β − τ)−M−1|X2(t− β)− λ2|γ2E2,m̂3γ3,2

c,Ĉ
(t− β, x1, x2, λ1, λ2)dλ1dλ2 ≤

≤ C|xs − zs|γs(t1 − τ)−1Js(1− m̂3(1− γ3) + m̂2γ2 − m̂sγs)×

×
(
J

(2,m̂3γ3,01)

2,c,Ĉ
(x1, x2; ξ) + J

(2,m̂3γ3,00)

2,c,Ĉ
(x1, x2; ξ)(x1, x2; ξ)

)
≤

≤ C

|x2 − z2|γ2(t− τ)−M−1−m̂2+m̂3γ3+m̂2γ2E
(2)
c (t, τ, x, ξ), ïðè l = 2,

|x3 − z3|(m̂s)
−1(m̂3γ3−m̂2)(t− τ)−M−1+m̂3γ3+m̂2γ2E

(2)
c (t, τ, x, ξ), ïðè l = 3.

Äîäàíêè Dls
36 i D

ls
37 òàêîæ îöiíþþòüñÿ îäíàêîâî. Îöiíèìî ïåðøèé ç íèõ.

|D2s
36| ≤ C

t∫
ηs

dβ

∫
Rn1+n2

(t− β)−m̂1n1−m̂2n2−m̂2×

×(β − τ)−M−1|X2(t− β)− λ2|γ2E2,m̂3γ3,2

c,Ĉ
(t− β, x1, x2, λ1, λ2))dλ1dλ2 ≤

≤ C|xs − zs|γs(t1 − τ)−1

(
J

(2,m̂3γ3,01)

2,c,Ĉ
(x1, x2; ξ) + J

(2,m̂3γ3,02)

2,c,Ĉ
(x1, x2; ξ)

)
×

×
t∫

ηs

(t− β)−m̂2(1−γ2)dβ ≤≤ C|xs − zs|(m̂s)
−1(m̂2γ2−m̂1)(t− τ)−M−1E(2)

c (t− τ, x, ξ).

|D3s
36| ≤ C

t∫
ηs

dβ

∫
Rn1+n2

(t− β)−m̂1n1−m̂2n2−m̂3(1−γ3)×

×(β − τ)−M−1|X2(t− β)− λ2|γ2E2,m̂3γ3,2

c,Ĉ
(t− β, x1, x2, λ1, λ2)dλ1dλ2 ≤

≤ C|xs − zs|γs(t1 − τ)−1

t∫
ηs

(t− β)−m̂3(1−γ3)+m̂2γ2dβ×
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×
(
J

(2,m̂3γ3,01)

2,c,Ĉ
(x1, x2; ξ) + J

(2,m̂3γ3,02)

2,c,Ĉ
(x1, x2; ξ)

)
≤

≤ C|xs − zs|(m̂s)
−1(m̂3γ3−m̂2)(t− τ)−M−1+m̂2γ2E(2)

c (t− τ, x, ξ).

Îöiíèìî òåïåð Dls
38. Äëÿ öüîãî âèêîðèñòà¹ìî îöiíêè (4.120), (4.128) i (2.81).

Îòðèìà¹ìî

|Dls
38| ≤ C|xs − zs|γs

ηs∫
t1

dβ

∫
Rn

(t− β)−M−m̂l−m̂sγsE(2,3)
c (t− β, x, λ)×

×(β − τ)−M−1|X3(t− β)− λ3|γ3E(2)
c (β, τ, λ, ξ)dλ ≤ C|xs − zs|γs(t1 − τ)−1×

×Js(m̂3γ3 − m̂l−1 − m̂sγs)

(
J

(2,m̂3γ3,01)

2,c,Ĉ
(x1, x2; ξ) + J

(2,m̂3γ3,00)

2,c,Ĉ
(x1, x2; ξ)

)
≤

≤ C|xs − zs|(m̂s)
−1(m̂3γ3−m̂l−1)(t− τ)−M−1E(2)

c (t, τ, x, ξ).

Äîäàíêè Dls
39 i D

ls
310 òàêîæ îöiíþþòüñÿ îäíàêîâî. Îöiíèìî ïåðøèé ç íèõ.

|Dls
39| ≤ C

t∫
ηs

dβ

∫
Rn

(t− β)−M−m̂lE(2)
c (t, β, x, λ)|X3(t− β)− λ3|γ3×

×(β−τ)−M−1E(2)
c (β, τ, λ, ξ)dλ ≤ C(t1−τ)−1J

(2,m̂1γ1,00)

0,c,Ĉ
(x; ξ)

t∫
ηs

(t−β)m̂3γ3−m̂ldβ ≤

≤ C|xs − zs|(m̂s)
−1(m̂3γ3−m̂l−1)(t− τ)−M−1E(2)

c0
(t, τ, x, ξ).

Îöiíèìî Dls
311. Äëÿ öüîãî âèêîðèñòà¹ìî îöiíêè (4.122), (4.127) i (2.62). Îòðè-

ìà¹ìî

|D3s
311| ≤ C|xs − zs|γs

ηs∫
t1

(t− β)−m̂l(1−γl)−m̂sγs(β − τ)−M−1+m̂3γ3×

×E(2,3)
c (β − τ,X(t− β), ξ)dβ ≤ C|xs − zs|γs(t1 − τ)−M−1+m̂3γ3×

×Js(m̂lγl − m̂l−1 − m̂sγs)E
(2)
c (t, τ, x, ξ) ≤

≤ C|xs − zs|(m̂s)
−1(m̂lγl−m̂l−1)(t− τ)−M−1+m̂3γ3E(2)

c (t− τ, x, ξ).

Äîäàíêè Dls
312 i Dls

313 òàêîæ îöiíþþòüñÿ àíàëîãi÷íî. Îöiíèìî ïåðøèé ç íèõ.
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Âèêîðèñòîâóþ÷è îöiíêè (4.121), (4.127) i (2.62), îòðèìó¹ìî

|D3s
312| ≤ C

t∫
ηs

(t− β)−m̂l(1−γl)(β − τ)−M−1+m̂3γ3E(2)
c (β − τ,X(t− β), ξ)dβ ≤

≤ C(t1 − τ)−M−1+m̂3γ3

t∫
ηs

(t− β)−m̂l(1−γl)dβE(2)
c (t− τ, x, ξ) ≤

≤ C|xs − zs|(m̂s)
−1(m̂lγl−m̂l−1)(t− τ)−M−1+m̂3γ3E(2)

c (t− τ, x, ξ).

Ç îöiíîê äîäàíêiâ Dls
3j, j ∈ N13, íåðiâíîñòåé (4.169), (??) i (4.173), îçíà÷åííÿ

(4.116) i îöiíîê (4.120) âèïëèâàþòü îöiíêè (4.164). I



ÐÎÇÄIË 5

ÊËÀÑÈ×ÍI ÔÐÇÊ ÄËß ÐIÂÍßÍÜ Ç ÊËÀÑÓ K3

Â ðîçäiëi íàâåäåíî îñíîâíi ðåçóëüòàòè ïîáóäîâè i äîñëiäæåííÿ êëàñè÷íîãî

ÔÐÇÊ äëÿ ðiâíÿíü ç êëàñó K3 , ÿêi îïóáëiêîâàíî â ïðàöÿõ [22,30,31,36].

5.1. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L
(t,x1(y))
3

Íà ïåðøîìó åòàïi ÔÐÇÊ äëÿ ðiâíÿííÿ

L
(t,x(1)(y))
3 u(t, x) = 0, (t, x) ∈ Π(0,T ], y′ ∈ Rn1+n2, (5.1)

øóêà¹ìî ó âèãëÿäi

Z31(t, x; τ, ξ; y′) = G31(t, x; τ, ξ; y′) +W31(t, x; τ, ξ; y′), (5.2)

äå

W31(t, x; τ, ξ; y′) :=

t∫
τ

dθ

α(θ

∫
Rn

G31(t, x; θ, λ; y′)Q31(θ, λ; τ, ξ; y′)dλ, (5.3)

G31 � ïàðàìåòðèêñ, àG31 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñG31 íà ïåðøîìó

åòàïi ïîáóäîâè ÔÐÇÊ áåðåìî ôóíêöiþ

G31(t, x; τ, ξ; y′) := Z30(t, x; τ, ξ; (ξ1, y
′)),

0 < τ < t ≤ T, {x, ξ} ⊂ Rn, y′ := (y2, y3) ∈ Rn2+n3,

äå Z30 � ÔÐÇÊ ç òåîðåìè 2.3.

Â öüîìó ðîçäiëi i äàëi áóäåìî âèêîðèñòîâóâàòè òàêi ïîçíà÷åííÿ:

E
(3)
c,d (t, τ, x, ξ) := Ed(t, τ)E(3)

c (t, τ, x, ξ),

E
(2,1)
c,d (t, τ, x1, ξ1) := Ed(t, τ)E(2,1)

c (B(t, τ), x1, ξ1),

E
(2,2)
c,d (t, τ, x1, x2, ξ1, ξ2) := Ed(t, τ)E(2,2)

c (B(t, τ), x1, x2, ξ1, ξ2),

Ed(t, τ) := exp{dA(t, τ)}, ôóíêöi¨ A(t, τ) i B(t, τ) � òàêi, ÿê îçíà÷åíi ó

ðîçäiëi 1. Òóò 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, {xs, ξs} ⊂ Rns, s ∈ N2, c >

> 0, d ∈ R.

Íàâåäåìî âëàñòèâîñòi ïàðàìåòðèêñó.
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Ëåìà 5.1. Çà óìîâ òåîðåìè 2.3 äëÿ ôóíêöi¨ G31 ñïðàâäæóþòüñÿ îöiíêè

|∂kxG31(t, x; τ, ξ; y′)| ≤ Ck(B(t, τ))−M−MkE
(3)
c,d (t, τ, x, ξ), (5.4)

|∆zs
xs
∂kxG31(t, x; τ, ξ; y′)| ≤ Ck|xs − zs|γ

0
s (B(t, τ))−M−Mk−m̂sγ

0
s×

×(E
(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)), (5.5)

|∆zs
ys
∂kxG31(t, x; τ, ξ; y′)| ≤ Ck(B(t, τ)−M−MkE

(3)
c,d (t, τ, x, ξ)×

×
(
(B(h, τ))msγs + |Ys((B(h, τ)))− zs|γs

)
, s ∈ {2, 3}, (5.6)∣∣∣∣∣∣

∫
Rn

∂kxG31(t, x; τ, ξ; y′)dξ

∣∣∣∣∣∣ ≤ C(t− τ)−Mk+m̂1γ1, k 6= 0, (5.7)

∣∣∣∣∣∣∆zs
xs

∫
Rn

∂kxG31(t, x; τ, ξ; y′)dξ

∣∣∣∣∣∣ ≤ C|xs− zs|γ
0
s (B(t, τ))−Mk−m̂sγ

0
s+m̂1γ1, k 6= 0, (5.8)

∣∣∣∣∣∣
∫

Rn2+n3

∂kxG31(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣∣∣ ≤
≤ C(B(t, τ))−m̂1n1−Mk′+m̂2γ2E

(2,1)
c0,d

(t, τ, x1, ξ1), k′ 6= 0, (5.9)∣∣∣∣∣∣∆zs
xs

∫
Rn2+n3

∂kxG31(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣∣∣ ≤ C(B(t, τ))−m̂1n1−Mk′−m̂sγ
0
s+m̂2γ2×

×|xs − zs|γ
0
s (E

(2,1)
c0,d

(t, τ, x1, ξ1) + E
(2,1)
c0,d

(t, τ, z1, ξ1)), k′ 6= 0, (5.10)∣∣∣∣∣∣
∫
Rn3

∂k3
x3
G31(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣∣∣ ≤ C(B(t, τ))−m̂1n1−m̂2n2−m̂3(|k3|−γ3)×

×E(2,1)
c0,d1

(t, τ, x1, ξ1)E
(2,2)
c0,d2

(t, τ, x1, x2, ξ1, ξ2), k3 6= 0, (5.11)∣∣∣∣∣∣∆zs
xs

∫
Rn3

∂k3
x3
G31(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣∣∣ ≤ C(B(t, τ))−m̂1n1−m̂2n2−m̂3(|k3|−γ3)−m̂sγ
0
s×

×|xs − zs|γ
0
sE

(2,1)
c0,d1

(t, τ, x1, ξ1)E
(2,2)
c0,d2

(t, τ, x1, x2, ξ1, ξ2), k3 6= 0, (5.12)

à òàêîæ ðiâíîñòi

∂k
′

x G31(t, x; τ, ξ; y′) = (−∂ξ)k
′
G31(t, x; τ, ξ; y′), (5.13)
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∂k
′

x

∫
Rn2+n3

G31(t, x; τ, ξ; y′)dξ2dξ3 = 0, k′ 6= 0, (5.14)

∂k3
x3

∫
Rn3

G31(t, x; τ, ξ; y′)dξ3 = 0, k3 6= 0, (5.15)

äå 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, y′ := (y2, y3) ∈ Rn2+n3, {xs, ys, zs, ξs} ⊂ Rns, k :=

= (k1, k2, k3) ∈ Zn+, k′ := (0, k2, k3) ∈ Zn+, γ0
s ∈ (0, 1], s ∈ N3, h i γs � ÷èñëà ç

óìîâ (1.11) � (1.13), d1 + d2 = d.

Çà çðîáëåíèõ ïðèïóùåíü ôóíêöiÿ Q31 çàäîâîëüíÿ¹ òàêå iíòåãðàëüíå ðiâ-

íÿííÿ:

Q31(t, x; τ, ξ; y′) = K31(t, x; τ, ξ; y′)+

+

t∫
τ

dθ

α(θ)

∫
Rn

K31(t, x; θ, λ; y′)Q31(θ, λ; τ, ξ; y′)dλ, (5.16)

â ÿêîìó ÿäðî K31 âèçíà÷à¹òüñÿ ôîðìóëîþ

K31(t, x; τ, ξ; y′) :=
(
β(t)

n1∑
j, l=1

∆ξ1
x1
ajl(t, (x1, y

′))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆ξ1
x1
aj(t, (x1, y

′))∂x1j
+ ∆ξ1

x1
a0(t, (x1, y

′))
)
G31(t, x; τ, ξ; y′),

0 < τ < t ≤ T, {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3.

Ç öi¹¨ ôîðìóëè âèïëèâàþòü äëÿ k′ ∈ Zn+ \ {0} òàêi ðiâíîñòi:

∂k
′

x K31(t, x; τ, ξ; y′) =

(
β(t)

n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+ ∆ξ1

x1
a0(t, x

1(y))

)
∂k
′

x G31(t, x; τ, ξ; y′), (5.17)

∆zs
xs
∂k
′

x K31(t, x; τ, ξ; y′)=

(
β(t)

n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+∆ξ1

x1
a0(t, x

1(y))

)
∆zs
xs
∂k
′

x G31(t, x; τ, ξ; y′), s ∈ {2, 3},

(5.18)
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∆zs
ys
∂k
′

x K31(t, x; τ, ξ; y′)=

(
β(t)

n1∑
j,l=1

∆zs
ys
ajl(t, x

1(y))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆zs
ys
aj(t, x

1(y))∂x1j
+ ∆zs

ys
a0(t, (x1, y

′))

)
×

×∂k′x G31(t, x; τ, ξ; y′)−
(
β(t)

n1∑
j,l=1

∆zs
ys
ajl(t, ξ

1(y))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆zs
ys
aj(t, ξ

1(y))∂x1j
+ ∆zs

ys
a0(t, ξ

1(y))

)
∂k
′

x G31(t, x; τ, ξ; y′)+

+

( n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+ ∆ξ1

x1
a0(t, x

1(y))

)∣∣∣∣
ys=zs

×

×∆zs
ys
∂k
′

x G31(t, x; τ, ξ; y′), s ∈ {2, 3}, ξ1(y) := (ξ1, y2, y3). (5.19)

Çà äîïîìîãîþ iíòåãðóâàííÿ (5.19) i ôîðìóë (5.14), (5.15), ìà¹ìî ùå òàêi

ðiâíîñòi:∫
Rn2+n3

∆zs
ys
∂k
′

x K31(t, x; τ, ξ; y′)dξ2dξ3 =

(
β(t)

n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+∆ξ1

x1
a0(t, x

1(y))

) ∫
Rn2+n3

∆zs
ys
∂k
′

x G31(t, x; τ, ξ; y′)dξ2dξ3,

∫
Rn3

∆zs
ys
∂k
′

x K31(t, x; τ, ξ; y′)dξ3 =

(
β(t)

n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+∆ξ1

x1
a0(t, x

1(y))

)∫
Rn3

∆zs
ys
∂k
′

x G31(t, x;τ,ξ; y′)dξ3.

(5.20)

Âèêîðèñòîâóþ÷è ðiâíîñòi (5.18)�(5.20), îöiíêè (5.4)�(5.7), óìîâè (1.11)�

(1.13), íåðiâíîñòi (2.85),(2.86) i (2.88) òà ðiâíiñòü (2.87), îòðèìó¹ìî îöiíêè

|∂k′x K31(t, x; τ, ξ; y′)| ≤ Cβ(t)(B(t, τ))−M−Mk′−1+m̂1γ1E
(3)
c,d (t, τ, x, ξ), (5.21)

|∆zs
xs
∂k
′

x K31(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ
0
sβ(t)(B(t, τ))−M−Mk′−1+m̂1γ1−m̂sγ

0
s×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
, (5.22)
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|∆zs
ys
∂k
′

x K31(t, x; τ, ξ; y′)| ≤ C(hmsγs + |Ys(h)− zs|γs)×

×β(t)(B(t, τ))−M−Mk′−1E
(3)
c,d (t, τ, x, ξ), (5.23)∣∣∣∣ ∫

Rn2+n3

∆zs
ys
∂k
′

x K31(t, x; τ, ξ; y′)dξ2dξ3

∣∣∣∣ ≤ C

(
(B(h, τ))msγs + |Ys(B(h, τ))− zs|γs

)
×

×β(t)(B(t, τ))−m̂1n1−Mk′−1+m̂1γ1E(2,1)
c0

(t, τ, x1, ξ1), (5.24)∣∣∣∣∫
Rn3

∆zs
ys
∂k
′

x K31(t, x; τ, ξ; y′)dξ3

∣∣∣∣ ≤ C(hmsγs + |Ys(h)− zs|γs)×

×β(t)(B(t, τ))−m̂1n1−m̂2n2−Mk′−1+m̂1γ1E
(2,1)
c0,d1

(t, τ, x1, ξ1)×

×E(2,2)
c0,d2

(t, τ, x1, x2, ξ1, ξ2), d1 + d2 = d, (5.25)∣∣∣∣ ∫
Rn

∆zs
ys
∂k
′

x K31(t, x; τ, ξ; y′)dξ

∣∣∣∣≤ Cβ(t)(B(t, τ))−Mk′−1+m̂1γ1×

×
(
(B(h, τ))m̂sγs + |Ys(B(h, τ))− zs|γs

)
. (5.26)

Â îöiíêàõ (5.21) � (5.26) 0 < τ < t ≤ T, h ∈ [0, T ], {x, ξ} ⊂ Rn, zs ∈ Rns, s ∈

∈ {2, 3}, y′ ∈ Rn2+n3, k′ ∈ Zn+, ïðè÷îìó â îöiíêàõ (5.24)� (5.26) k′ 6= 0, à ÷èñëà

γ0
s i γs òàêi, ÿê âèùå.

Îöiíêà (5.23) íå ¹ äîñòàòíüîþ äëÿ âñòàíîâëåííÿ òî÷íèõ ïîêàçíèêiâ Ãåëü-

äåðà ïðèðîñòiâ ôóíêöié Q31, çà ïðîñòîðîâèìè çìiííèìè, àëå ¹ äîñòàòíüîþ

äëÿ äîâåäåííÿ iñíóâàííÿ êëàñè÷íîãî ÔÐÇÊ. Òîìó, íàäàëi äîäàòêîâî ïðèïóñ-

êàòèìåìî âèêîíàííÿ óìîâè (A35). Ñïiââiäíîøåííÿ (5.19) ìîæíà ïåðåïèñàòè ó

âèãëÿäi

∆zs
ys
∂k
′

x K31(t, x; τ, ξ; y′)=

(
β(t)

n1∑
j,l=1

∆ξ1
x1

∆zs
ys
ajl(t, x

1(y))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆ξ1
x1

∆zs
ys
aj(t, x

1(y))∂x1j
+ ∆ξ1

x1
∆zs
ys
a0(t, (x1, y

′))

)
∂k
′

x G31(t, x; τ, ξ; y′)+

+

(
β(t)

n1∑
j,l=1

∆ξ1
x1
ajl(t, x

1(y))∂x1j
∂x1l

+ β(t)

n1∑
j=1

∆ξ1
x1
aj(t, x

1(y))∂x1j
+

+∆ξ1
x1
a0(t, x

1(y))

)∣∣∣∣
ys=zs

∆zs
ys
∂k
′

x G31(t, x; τ, ξ; y′), s ∈ {2, 3}, ξ1(y) := (ξ1, y2, y3).
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Îöiíèâøè äîäàíêè öüîãî çîáðàæåííÿ, îòðèìà¹ìî îöiíêó

|∆zs
ys
∂k
′

x K31(t, x; τ, ξ; y′)| ≤ C
(
(B(h, τ))m̂sγs + |Ys(B(h, τ))− zs|γs

)
×

×β(t)(B(t, τ))−M−Mk′−1+m̂1γ1E
(3)
c,d (t, τ, x, ξ), s ∈ {2, 3}. (5.27)

Íàâåäåìî âëàñòèâîñòi ôóíêöi¨ Q31.

Ëåìà 5.2. Çà óìîâ (A31), (A32) i (A35) äëÿ ôóíêöi¨ Q31 ïðàâèëüíi îöiíêè

|∂k′x Q31(t, x; τ, ξ; y′)| ≤ Cβ(t)(B(t, τ))−M−Mk′−1+m̂1γ1E
(3)
c,d (t, τ, x, ξ); (5.28)

|∆zs
xs
∂k
′

x Q31(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ
0
sβ(t)(B(t, τ))−M−Mk′−1+m̂1γ1−m̂sγ

0
s×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
, γ0

1 ∈ (0, γ1], {γ0
2 , γ

0
3} ⊂ (0, 1]; (5.29)∣∣∣∣∆zs

ys
∂k
′

x Q31(t, x; τ, ξ; y′)

∣∣∣∣ ≤ C((B(h, τ))m̂sγs + |Ys(B(h, τ))− zs|γs)×

×β(t)(B(t, τ))−M−Mk′−1+m̂1γ1E
(3)
c,d (t, τ, x, ξ); (5.30)∣∣∣∣∂k′x ∫

Rn

Q31(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤ Cβ(t)(B(t, τ))−Mk′−1+m̂1γ1, k′ ∈ Zn+, (5.31)

∣∣∣∣∆z1
x1
∂k
′

x

∫
Rn

Q31(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤
≤ C|x1 − z1|γ

0
1β(t)(B(t, τ))−M1k′−1+m̂1(γ1−γ0

1), γ0
1 ∈ (0, γ1], k

′ ∈ Zn+. (5.32)∣∣∣∣∂k′x ∫
Rn2+n3

Q31(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣ ≤
≤ Cβ(t)(B(t, τ))−m1n1−Mk′−1+m̂2γ2E

(2,1)
c,d (t, τ, x1, ξ1), k

′ ∈ Zn+ \ {0}, (5.33)∣∣∣∣∂k3
x3

∫
Rn3

Q31(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ ≤ Cβ(t)(B(t, τ))−m̂1(n1−γ1)−m̂2n2−m̂3(|k3|−γ3)−1×

×E(2,1)
c,d1

(t, τ, x1, ξ1)E
(2,2)
c,d2

(t, τ, x1, x2, ξ1, ξ2), k3 ∈ Zn3
+ \ {0}. (5.34)

Ó ôîðìóëi (5.29) s ∈ N3, à â (5.30) � s ∈ {2, 3}.

Ïåðåéäåìî äî äîñëiäæåííÿ îá'¹ìíîãî ïîòåíöiàëó (5.3), âëàñòèâîñòi i îöií-

êè ÿäðà G31 ÿêîãî íàâåäåíî â ëåìi 5.1, à ãóñòèíè Q31 � â ëåìi 5.2.

Ëåìà 5.3. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 5.2. Òîäi ïðàâèëüíi òàêi òâåð-
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äæåííÿ:

(A) ôóíêöiÿ (5.3), ìà¹ íåïåðåðâíi ïîõiäíi ∂kxW31, |k1| ≤ 2, k1 ∈ Zn1
+ , k

′ =

= (0, k2, k3) ∈ Zn+, ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

∂k1
x1
W31(t, x; τ, ξ; y′) =

t∫
τ

dθ

α(θ)

∫
Rn

∂k1
x1
G31(t, x; β, λ; y′)Q31(β, λ; τ, ξ; y′)dλ, |k1| < 2;

(5.35)

∂k1
x1
W31(t, x; τ, ξ; y′) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k1
x1
G31(t, x; β, λ; y′)Q31(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn

∂k1
x1
G31(t, x; β, λ; y′)∆

X(t−β)
λ Q31(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

∫
Rn

∂k1
x1
G31(t, x; β, λ; y′)dλ

Q31(β,X(t− β); τ, ξ; y′)
dθ

α(θ)
=:

=:
3∑
j=1

W 1k
11j, |k1| = 2; (5.36)

∂k
′

xW31(t, x; τ, ξ; y′) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k
′

x G31(t, x; β, λ; y′)Q31(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn

G31(t, x; β, λ; y′)∂k
′

λ Q31(β, λ; τ, ξ; y′)dλ =:
2∑
j=1

W k
1j; (5.37)

(B) ñïðàâäæóþòüñÿ îöiíêè

|∂kxW31(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−Mk+m̂1γ1E
(3)
c,d (t, τ, x, ξ), (5.38)

|∆zs
xs
∂kxW31(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ

0
s (B(t, τ))−M−Mk+m̂1γ1−m̂sγ

0
s×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
, s ∈ {2, 3}, (5.39)∣∣∣∆zs

ys
∂k
′

xW31(t, x; τ, ξ; y′)
∣∣∣ ≤ C

(
(B(h, τ))m̂sγs + |Ys(B(h, τ))− zs|γs

)
×

×(B(t, τ))−M−Mk′+m̂1γ1E
(3)
c,d (t, τ, x, ξ), s ∈ {2, 3}, k ∈ Zn+, (5.40)
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Rn

∂kxW31(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤ C(B(t, τ))−Mk+m̂1γ1, k ∈ Zn+ \ {0}, (5.41)

∣∣∣∣∆zs
xs

∫
Rn

∂kxW31(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤
≤ C|xs − zs|γ

0
s (t− τ)−Mk−m̂sγ

0
s+m̂1γ1, k ∈ Zn+ \ {0}, (5.42)∣∣∣∣ ∫

Rn2+n3

∂k
′

xW31(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣ ≤
≤ C(t− τ)−m̂1n1−Mk′+m̂2γ2E

(2,1)
c,d (t, τ, x1, ξ1), k′ ∈ Zn+ \ {0}, (5.43)∣∣∣∣∆zs

xs

∫
Rn2+n3

∂k
′

xW31(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣ ≤ C|xs − zs|γ
0
s (B(t, τ))−m̂1n1−Mk′×

×(B(t, τ))−m̂sγ
0
s+m̂2γ2

(
E

(2,1)
c,d (t, τ, x1, ξ1)+E

(2,1)
c,d (t, τ, z1, ξ1)

)
, k′∈Zn+\{0}, (5.44)∣∣∣∣∫

Rn3

∂k3
x3
W31(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ ≤ C(B(t, τ))−m̂1n1−m̂2n2−|m̂3|(1−γ3)×

×E(2,1)
c,d1

(t, τ, x1, ξ1)E
(2,2)
c,d2

(t, τ, x1, x2, ξ1, ξ2), k3 ∈ Zn3
+ \ {0}, (5.45)∣∣∣∣∆zs

xs

∫
Rn3

∂kxW31(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ ≤ C|xs − zs|γ
0
s (B(t, τ))−m̂1n1−m̂2n2−Mk×

×(B(t, τ))−m̂sγ
0
s+m̂3γ3E

(2,1)
c,d1

(t, τ, x1, ξ1)E
(2,2)
c,d2

(t, τ, x1, x2, ξ1, ξ2), k3 ∈ Zn3
+ \ {0}.

(5.46)

Ó ôîðìóëàõ (5.39), (5.42), (5.44) i (5.46) γ0
1 ∈ (0, γ1], γ

0
s ∈ (0, 1], s ∈ {2, 3}, à

t1 òàêå, ùî B(t, t1) = B(t1, τ).

Äîâåäåííÿ ëåì 5.1, 5.2 i 5.3 àíàëîãi÷íî äî äîâåäåííÿ âiäïîâiäíèõ ëåì 3.1,

3.2 i 3.3.

Íàâåäåìî îñíîâíèé ðåçóëüòàò ïåðøîãî åòàïó.

Òåîðåìà 5.1. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (5.1) âèêîíóþòüñÿ óìîâè

(A31), (A32) i (A35). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z31 i

¹ ïðàâèëüíèìè òàêi òâåðäæåííÿ:

|∂kxZ31(t, x; τ, ξ; y′)| ≤ C(B(t, τ))−M−MkE
(3)
c,d (t, τ, x, ξ); (5.47)
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|∆zs
xs
∂kxZ31(t, x; τ, ξ; y′)| ≤ C|xs − zs|γ

0
s (t− τ)−M−Mk−m̂sγ

0
s×

×
(
E

(3)
c,d (t− τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
; (5.48)

|∆zs
ys
∂kxZ31(t, x; τ, ξ; y′)| ≤ C(B(t, τ))−M−MlkE

(3)
c,d (t, τ, x, ξ)×

×
(
(B(h, τ))m̂sγs + |Ys(B(h, τ))− zs|γs

)
, s ∈ {2, 3}; (5.49)

|
∫
Rn

∂kxZ31(t, x; τ, ξ; y′)dξ| ≤ C(t− τ)−Mk+m̂1γ1, k ∈ Zn+ \ {0}; (5.50)

|∆zs
xs

∫
Rn

∂kxZ31(t, x; τ, ξ; y′)dξ| ≤ C|xs − zs|γ
0
s (t− τ)−Mk+m̂1γ1−m̂sγ

0
s , k ∈ Zn+ \ {0};

(5.51)

|
∫

Rn2+n3

∂k
′

x Z31(t, x; τ, ξ; (ξ2, ξ3))dξ2dξ3| ≤

≤ C(B(t, τ))−m̂1n1−Mk′+m̂2γ2E
(2,1)
c,d (t, τ, x1, ξ1), k

′ ∈ Zn+ \ {0}, (5.52)

|
∫
Rn3

∂k3
x3
Z31(t, x; τ, ξ; (ξ2, ξ3))dξ3| ≤ C(B(t, τ))−m̂1n1−m̂2n2−Mk+m̂3γ3×

×E(2,1)
c,d1

(t, τ, x1, ξ1)E
(2,2)
c,d2

(t, τ, x1, x2, ξ1, ξ2), k3 ∈ Zn3
+ \ {0}, (5.53)

à òàêîæ ðiâíîñòi

∂k
′

x

∫
Rn2+n3

Z31(t, x; τ, ξ; y′)dξ2dξ3 = 0, k′ ∈ Zn+ \ {0}; (5.54)

∂k3
x3

∫
Rn3

Z31(t, x; τ, ξ; y′)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (5.55)

∂k
′

x Z31(t, x; τ, ξ; y′) = (−∂ξ)k
′
Z31(t, x; τ, ξ; y′), k′ ∈ Zn+ \ {0}, (5.56)

äå 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3, {ys, zs} ⊂ Rns, s ∈ N3,

γ0
1 ∈ (0, γ1], {γ0

2 , γ
0
3} ⊂ (0, 1], k ∈ Zn+, |k1| ≤ 2.

Äîâåäåííÿ. Îöiíêè (5.47)� (5.56) âèïëèâàþòü ç îçíà÷åííÿ (5.2) i âiäïîâiäíèõ

îöiíîê ïàðàìåòðèêñó G31 i îá'¹ìíîãî ïîòåíöiàëó W31.I

5.2. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îïåðàòîðà L
(t,x2(y))
3

Íà äðóãîìó åòàïi ðiâíÿííÿ ìà¹ âèãëÿä

L
(t,x(2)(y))
3 u(t, x) = 0, (t, x) ∈ Π(0,T ], y3 ∈ Rn3, (5.57)
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i ÔÐÇÊ øóêà¹ìî ó âèãëÿäi

Z32(t, x; τ, ξ; y3) = G32(t, x; τ, ξ; y3) +W32(t, x; τ, ξ; y3), (5.58)

äå

W32(t, x; τ, ξ; y3) :=

t∫
τ

dθ

α(θ)

∫
Rn

G32(t, x; θ, λ; y3)Q32(θ, λ; τ, ξ; y3)dλ, (5.59)

G32 � ïàðàìåòðèêñ, à Q32 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñ áåðåìî ôóíê-

öiþ

G32(t, x; τ, ξ; y3) := Z31(t, x; τ, ξ; (ξ2, y3)), 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3.

(5.60)

Íàâåäåìî ñïî÷àòêó îöiíêè i âëàñòèâîñòi ïàðàìåòðèêñó G32.

Ëåìà 5.4. Çà óìîâ ëåìè 5.3 äëÿ ôóíêöi¨ G32 ¹ ïðàâèëüíèìè òàêi òâåðäæåí-

íÿ:

|∂kxG32(t, x; τ, ξ; y3)| ≤ C(B(t, τ))−M−MkE
(3)
c,d (t, τ, x, ξ); (5.61)

|∆zs
xs
∂kxG32(t, x; τ, ξ; y3)| ≤ C|xs − zs|γ

0
s (B(t, τ))−M−Mk−m̂sγ

0
s×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
; (5.62)∣∣∆z3

y3
∂kxG32(t, x; τ, ξ; y3)

∣∣ ≤ C
(
(B(h, τ))m̂3γ3 + |Y3(B(h, τ))− z3|γ3

)
×

×(B(t, τ))−M−MkE
(3)
c,d (t, τ, x, ξ); (5.63)

|
∫
Rn

∂kxG32(t, x; τ, ξ; ξ3)dξ| ≤ C(t− τ)−Mk+m(k), (5.64)

m(k) :=


m̂1γ1, ÿêùî k1 6= 0, à k2 = 0 i k3 = 0,

m̂2γ2, ÿêùî k2 6= 0, à k1 = 0 i k3 = 0,

m̂2γ2, ÿêùî k3 6= 0, à k1 = 0 i k2 = 0,

k = (k1, k2, k3) ∈ Zn+ \ {0};

|∆zs
xs

∫
Rn

∂kxG32(t, x; τ, ξ; y3)dξ| ≤ C|xs− zs|γ
0
s (B(t, τ))−Mk+m(k)−m̂sγ

0
s , k ∈ Zn+ \ {0};

(5.65)
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|
∫

Rn2+n3

∂kxG32(t, x; τ, ξ; ξ3)dξ2dξ3| ≤ C(B(t, τ))−Mk−m̂1n1+m′(k)E
(2,1)
c,d (t, τ, x1, ξ1),

(5.66)

m′(k) :=

0, ÿêùî k′ = 0;

m̂2γ2, ÿêùî k′ 6= 0,
k ∈ Zn+ \ {0};

|∆zs
xs

∫
Rn2+n3

∂kxG32(t, x; τ, ξ; y3)dξ2dξ3| ≤ C|xs−zs|γ
0
s (B(t, τ))−Mlk−m̂1n1+m′(k)−m̂sγ

0
s×

×
(
E

(2,1)
c,d (t, τ, x1, ξ1)(t, τ, x1, ξ1) + E

(2,1)
c,d (t, τ, x1, ξ1)(t, τ, z1, ξ1)

)
; (5.67)

∂k3
x3

∫
Rn3

G32(t, x; τ, ξ; y3)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (5.68)

∂k3
x3
G32(t, x; τ, ξ; y3) = (−∂ξ3)k3G32(t, x; τ, ξ; y3), k3 ∈ Zn3

+ \ {0}, (5.69)

äå 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3, {xs, zs} ⊂ Rns, s ∈ N3, k ∈ Zn+, |k1| ≤ 2.

Ó ôîðìóëàõ (5.62), (5.65) i (5.67) γ0
1 ∈ (0, γ1], γ

0
2 ∈ (0, 1], γ0

3 ∈ (0, 1].

Äîâåäåííÿ. Îöiíêè (5.61)� (5.68), ðiâíîñòi (5.69) áåçïîñåðåäíüî âèïëèâàþòü

ç îöiíîê (5.47)� (5.53), îçíà÷åííÿ ïàðàìåòðèêñó (5.60) i ðiâíîñòåé (5.56). I

Iíòåãðàëüíå ðiâíÿííÿ äëÿ ãóñòèíè Q32 îòðèìó¹ìî àíàëîãi÷íî äî ðiâíÿííÿ

(5.16) äëÿ ãóñòèíè Q31. Öå ðiâíÿííÿ ìà¹ âèãëÿä

Q32(t, x; τ, ξ; y3) = K32(t, x; τ, ξ; y3)+

+

t∫
τ

dθ

α(θ)

∫
Rn

K32(t, x; θ, λ; y3)Q32(θ, λ; τ, ξ; y3)dλ. (5.70)

ßäðî K32 âèçíà÷à¹òüñÿ ôîðìóëîþ

K32(t, x; τ, ξ; y3) :=

(
β(t)

n1∑
j,l=1

∆ξ2
x2
ajl(t, x

2(y))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆ξ2
x2
aj(t, x

2(y))∂x1j
+ ∆ξ2

x2
a0(t, x

2(y))

)
G32(t, x; τ, ξ; y3),

0 < τ < t ≤ T, y3 ∈ Rn3, {x, ξ} ⊂ Rn. (5.71)
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Ç (5.71) âèïëèâàþòü òàêi ðiâíîñòi:

∂k3
x3
K32(t, x; τ, ξ; y3) :=

(
β(t)

n1∑
j,l=1

∆ξ2
x2
ajl(t, x

2(y))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆ξ2
x2
aj(t, x

2(y))∂x1j
+ ∆ξ2

x2
a0(t, x

2(y))

)
∂k3
x3
G32(t, x; τ, ξ; y3),

0 < τ < t ≤ T, y3 ∈ Rn3, {x, ξ} ⊂ Rn. (5.72)

∆z3
y3
∂k3
x3
K32(t, x; τ, ξ; y3) :=

(
β(t)

n1∑
j,l=1

∆ξ2
x2

∆z3
y3
ajl(t, x

2(y))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆ξ2
x2

∆z3
y3
aj(t, x

2(y))∂x1j
+ ∆ξ2

x2
∆z3
y3
a0(t, x

2(y))

)
∂k3
x3
G32(t, x; τ, ξ; y3)+

+

(
β(t)

n1∑
j,l=1

∆ξ2
x2
ajl(t, x

2(y))∂x1j
∂x1l

+ β(t)

n1∑
j=1

∆ξ2
x2
aj(t, x

2(y))∂x1j
+

+∆ξ2
x2
a0(t, x

2(y))

)∣∣∣∣∣
y3=z3

∆z3
y3
∂k3
x3
G32(t, x; τ, ξ; y3),

0 < τ < t ≤ T, y3 ∈ Rn3, {x, ξ} ⊂ Rn. (5.73)

Äîäàíêè ç (5.72), (5.73) îöiíþ¹ìî ïîäiáíî äî îöiíþâàííÿ äîäàíêiâ ç (5.17),

(5.18). Îòðèìà¹ìî

|∂k3
x3
K32(t, x; τ, ξ; y3)| ≤ Cβ(t)(B(t, τ))−M−1+m̂2γ2−m̂3|k3|E

(3)
c,d (t, τ, x, ξ); (5.74)

|∆z3
y3
∂k3
x3
K32(t, x; τ, ξ; y3)| ≤ C

(
(B(h, τ))m̂3γ3 + |Y3(B(h, τ))− z3|γ3

)
×

×(B(t, τ))−M−1+m̂2γ2−m̂3(|k3|+γ3)
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(3), ξ)

)
. (5.75)

Ó ôîðìóëàõ (5.74), (5.75) ìóëüòèiíäåêñ k3 ∈ Rn3 � äîâiëüíèé.

Ç (5.74) i âëàñòèâîñòi (5.69) ïàðàìåòðèêñó âèïëèâà¹ ðiâíiñòü

∂k3
x3
K32(t, x; τ, ξ; y3) = (−∂ξ3)k3K32(t, x; τ, ξ; y3), k3 ∈ Zn3

+ . (5.76)

Ïåðåéäåìî äî îöiíêè ïðèðîñòiâ çà çìiííîþ x1 ïîõiäíèõ âiä ÿäðà K32. Äëÿ

öüîãî âèêîðèñòîâó¹ìî çîáðàæåííÿ

∆z1
x1
∂k3
x3
K32(t, x; τ, ξ; y3)=β(t)

n1∑
j,l=1

∆z1
x1

∆ξ2
x2
ajl(t, x2(y))∂x1j

∂x1l
∂k3
x3
G32(t, x; τ, ξ; y3)+
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+

(
β(t)

n1∑
j=1

∆z1
x1

∆ξ2
x2
aj(t, x

2(y))∂x1j
+ ∆z1

x1
∆ξ2
x2
a0(t, x

2(y))

)
∂k3
x3
G32(t, x; τ, ξ; y3)+

+β(t)

n1∑
j,l=1

∆ξ2
x2
ajl(t, x

2(y))

∣∣∣∣
x1=z1

∆z1
x1
∂x1j

∂x1l
∂k3
x3
G32(t, x; τ, ξ; y3)+

+β(t)

n1∑
j=1

∆ξ2
x2
aj(x

2(y))

∣∣∣∣
x1=z1

∆z1
x1
∂x1j

∂k3
x3
G32(t, x; τ, ξ; y3)+

+∆ξ2
x2
a0(t, x

2(y))

∣∣∣∣
x1=z1

∆z1
x1
∂k3
x3
G32(t, x; τ, ξ; y3). (5.77)

Îöiíèâøè äîäàíêè ç (5.77) çà äîïîìîãîþ óìîâ (1.11), (1.12), îöiíîê (5.61) i

(5.62) ïðè s = 1, îòðèìà¹ìî òàêi îöiíêè:

|∆z1
x1
∂k3
x3
K32(t, x; τ, ξ; y3)| ≤ C|x1 − z1|γ

0
1β(t)(B(t, τ))−M−1−m̂3|k3|−m̂1(γ0

1−γ1)+m̂2γ2×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(1), ξ)

)
, γ0

1 ∈ (0, γ1]. (5.78)

|∆z1
x1
∂k3
x3

∫
Rn

K32(t, x; τ, ξ; y3)dξ| ≤ C|x1 − z1|γ
0
1β(t)(B(t, τ))−1−m̂3|k3|+m̂1(γ1−γ0

1).

(5.79)

Ó (5.78) i (5.79) ìóëüòèiíäåêñ k3 ∈ Zn3
+ � äîâiëüíèé.

Äëÿ ïðèðîñòiâ çà çìiííîþ x2 ìà¹ìî òàêå çîáðàæåííÿ:

∆z2
x2
∂k3
x3
K32(t, x; τ, ξ; y3) = β(t)

n1∑
j,l=1

∆z2
x2
ajl(t, x

2(y))∂x1j
∂x1l

∂k3
x3
G32(t, x; τ, ξ; y3)+

+β(t)

n1∑
j=1

∆z2
x2
aj(t, x

2(y))∂x1j
∂k3
x3
G32(t, x; τ, ξ; y3)+∆z2

x2
a0(t, x

2(y))×

×∂k3
x3
G32(t, x; τ, ξ; y3)+β(t)

n1∑
j,l=1

∆ξ2
z2
ajl(t, (x1, z2, y3))×

×∆z2
x2
∂x1j

∂x1l
∂k3
x3
G32(t, x; τ, ξ; y3)+ β(t)

n1∑
j=1

∆ξ2
z2
aj(t, (x1,z2,y3))×

×∆z2
x2
∂x1j

∂k
′

x G32(t, x; τ, ξ; y3)+∆ξ2
z2
a0(t, (x1, z2, y3))∆

z2
x2
∂k3
x3
G32(t, x; τ, ξ; y3); (5.80)

Äîäàíêè â (5.80) îöiíþ¹ìî àíàëîãi÷íî äî (5.78) çà äîïîìîãîþ óìîâè (1.12),
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îöiíîê (5.61), (5.62) ïðè s = 2. Îòðèìà¹ìî îöiíêè

|∆z2
x2
∂k3
x3
K32(t, x; τ, ξ; y3)| ≤ Cβ(t)(B(t, τ))−M−1−m̂3|k3|×

×
(
|x2 − z2|γ2 + |x2 − z2|γ

0
2 (t− τ)−m̂2(γ0

2−γ2)
)
×(

E
(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(2), ξ)

)
, |k3| ∈ Zn3

+ . (5.81)

Òóò γ0
2 � äîâiëüíå ÷èñëî ç ïðîìiæêó (0, 1], à γ2 � ÷èñëî ç óìîâè (1.12). Iíòå-

ãðóþ÷è îöiíêè (5.81) çà âiäïîâiäíèìè ãðóïàìè çìiííèõ, îòðèìó¹ìî

|∆z2
x2

∫
Rn

∂k3
x3
K32(t, x; τ, ξ; y3)dξ| ≤ Cβ(t)(B(t, τ))−1−m̂3|k3|+m(k)×

×
(
|x2 − z2|γ2 + |x2 − z2|γ

0
2 (t− τ)−m̂2(γ0

2−γ2)
)

; (5.82)

|∆z2
x2

∫
Rn2+n3

∂k3
x3
K32(t, x; τ, ξ; y3)dξ2dξ3| ≤ Cβ(t)(B(t, τ))−m̂1n1−1−m̂3|k3|×

×
(
|x2 − z2|γ2 + |x2 − z2|γ

0
2β(t)(B(t, τ))−m̂2(γ0

2−γ2)

)
E

(2,1)
c,d (t, τ, x1, ξ1); (5.83)

|∆z2
x2

∫
Rn3

∂k3
x3
K32(t, x; τ, ξ; y3)dξ3| ≤ Cβ(t)(B(t, τ))−m̂1n1−m̂2n2−1−m̂3|k3|×

×
(
|x2 − z2|γ2 + |x2 − z2|γ

0
2 (t− τ)−m̂2(γ0

2−γ2)

)
×

×E(2,1)
c,d1

(t, τ, x1, ξ1)

(
E

(2,2)
c,d2

(t, τ, x1, x2, ξ1, ξ2) + E
(2,2)
c,d2

(t− τ, x1, z2, ξ1, ξ2)

)
. (5.84)

Äëÿ îöiíêè ïðèðîñòiâ çà çìiííîþ x3 âèêîðèñòîâó¹ìî çîáðàæåííÿ

∆z3
x3
∂k3
x3
K32(t, x; τ, ξ; y3) = β(t)

n3∑
j=1

z3j∫
x3j

∂k3
x3
∂ζ3jK32(t, ζ

(j)
3 ; τ, ξ; y3)dζ3j,

äå òî÷êè ζ(j)
3 , j ∈ Nn3

� òàêi ÿê âèùå.

|∆z3
x3
∂k3
x3
K32(t, x; τ, ξ; y3)| = β(t)|

n3∑
j=1

z3j∫
x3j

∂k3
x3
∂ζ3jK12(t, ζ

(j)
3 ; τ, ξ; y3)dζ3j| ≤

≤ β(t)

∣∣∣∣ n3∑
j=1

∣∣ z3j∫
x3j

|∂k3
x3
∂ζ3jK12(t, ζ

(j)
3 ; τ, ξ; y3)|dζ3j

∣∣∣∣∣∣ ≤
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≤ Cβ(t)

n3∑
j=1

|xsj − zsj|(t− τ)−M−1−m̂3(|k3|−1)+m̂2γ2

(
E

(3)
c0,d

(t, τ, x, ξ)+

+E
(3)
c0,d

(t, τ, z(3), ξ)

)
≤ Cβ(t)|x3 − z3|γ

0
3 (t− τ)−M−1−m̂3|k3|+m̂2γ2−m̂3γ

0
3×

×
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(3), ξ)

)
, k3 ∈ Zn3

+ , γ
0
3 ∈ (0, 1]; (5.85)

|∆z3
x3

∫
Rn

∂k3
x3
K32(t, x; τ, ξ; y3)dξ| ≤ C|x3 − z3|γ

0
3×

×β(t)(B(t, τ))−1−m̂3|k3|+m̂2γ2−m̂3γ
0
3 , k3 ∈ Zn3

+ , γ
0
3 ∈ (0, 1]; (5.86)

|∆z3
x3

∫
Rn2+n3

∂k3
x3
K32(t, x; τ, ξ; y3)dξ2dξ3|≤C|x3 − z3|γ

0
3β(t)×

×(B(t, τ))−m̂1n1−1−m̂3|k3|+m2γ2−m3γ
0
3E

(2,1)
c,d (t, τ, x1, ξ1), k3 ∈ Zn3

+ , γ
0
3 ∈ (0, 1]; (5.87)

|∆z3
x3

∫
Rn3

∂k3
x3
K32(t, x; τ, ξ; y3)dξ3|≤C|x2 − z2|γ

0
2×

×β(t)(B(t, τ))−m̂1n1−m̂2n2−1−m̂3|k3|+m̂2γ2−m̂3γ
0
3×

×E(2,1)
c,d1

(t, τ, x1, ξ1)E
(2,2)
c,d2

(t− τ, x1, x2, ξ1, ξ2), k3 ∈ Zn3
+ , γ

0
3 ∈ (0, 1]. (5.88)

Âëàñòèâîñòi ôóíêöi¨ Q32 íàâîäÿòüñÿ ó íàñòóïíié ëåìi.

Ëåìà 5.5. Äëÿ ôóíêöi¨ Q32 ñïðàâäæóþòüñÿ îöiíêè

|∂k3
x3
Q32(t, x; τ, ξ; y3)| ≤ Cβ(t)(B(t, τ))−M−1−m̂3|k3|+m̂2γ2E

(3)
c,d (t, τ, x, ξ); (5.89)

|∆zs
xs
∂k3
x3
Q32(t, x; τ, ξ; y3)| ≤ C|xs − zs|γ

0
sβ(t)(B(t, τ))−M−1−m̂3|k3|+m̂s(γs−γ0

s )×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
; (5.90)

|∆z3
y3
∂k3
x3
Q32(t, x; τ, ξ; y3)| ≤ C(hm̂3γ3 + |Y3(h)− z3|γ3)×

×β(t)(B(t, τ))−M−m̂3|k3|−1E
(3)
c,d (t, τ, x, ξ); (5.91)

|∂k3
x3

∫
Rn

Q32(t, x; τ, ξ; y3)dξ| ≤ Cβ(t)(B(t, τ))−1−m̂3|k3|+m̂2γ2; (5.92)

|∂k3
x3

∫
Rn2+n3

Q32(t, x; τ, ξ; y3)dξ2dξ3| ≤

≤ Cβ(t)(B(t, τ))−m̂1n1−1−m̂3|k3|+m̂2γ2E
(2,1)
c,d (t, τ, x1, ξ1); (5.93)
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|∂k3
x3

∫
Rn3

Q32(t, x; τ, ξ; y3)dξ3| ≤ Cβ(t)(B(t, τ))−m̂1n1−m̂2n2−1−m̂3|k3|+m̂2γ2×

×E(2,1)
c,d1

(t, τ, x1, ξ1)E
(2,2)
c,d2

(t, τ, x1, x2, ξ1, ξ2); (5.94)

∂k3
x3

∫
Rn3

Q32(t, x; τ, ξ; y3)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (5.95)

|∂k3
x3

∫
Rn3

Q32(t, x; τ, ξ; ξ3)dξ3| ≤ Cβ(t)(B(t, τ))−m̂1n1−m̂2n2−1+m̂2γ2+m̂3(γ3−|k3|)×

×E(2,1)
c,d1

(t, τ, x1, ξ1)E
(2,2)
c,d2

(t, τ, x1, x2, ξ1, ξ2), (5.96)

äå 0 ≤ τ < t ≤ T, {x, ξ, z(s)} ⊂ Rn, s ∈ N3, k3 ∈ Zn3
+ , ïðè÷îìó k3 ∈

∈ Zn3
+ \ {0} â (5.92)�(5.96), γ0

l ∈ (0, γl], l ∈ N2, γ
0
3 ∈ (0, 1], γl, l ∈ N2 � ÷èñëà

ç óìîâ (1.11), (1.12) i (1.13).

Îòðèìàíi âëàñòèâîñòi ïàðàìåòðèêñó G32 òà ãóñòèíè ïîòåíöiàëó Q32 äîç-

âîëÿþòü äîñëiäèòè îá'¹ìíèé ïîòåíöiàë (5.59), îòðèìàòè éîãî îöiíêè i äîâåñòè

òàêó ëåìó.

Ëåìà 5.6. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 5.4 i ëåìè 5.5. Òîäi äëÿ ôóíêöi¨

(5.59) ïðàâèëüíi òàêi òâåðäæåííÿ:

(A) äëÿ k′′′ := (k1, k2, 0) ∈ Zn+, |k1|/2 + |k2| ≤ 1, iñíóþòü ïîõiäíi ∂k
′′′

x W32,

ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

∂k
′′

x W32(t, x; τ, ξ; y3) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k
′′

x G32(t, x; θ, λ; y3)Q32(β̂, λ; τ, ξ; y3)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn

∂k
′′

x G32(t, x; θ, λ; y3)∆
X(t−β)
λ Q32(θ, λ; τ, ξ; y3)dλ+

+

t∫
t1

∫
Rn

∂k
′′

x G32(t, x; θ, λ; y3)dλ

Q32(θ,X(t− β); τ, ξ; y3)
dθ

α(θ)
; (5.97)

∂k2
x2
W32(t, x; τ, ξ; y3) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k2
x2
G32(t, x; θ, λ; y3)Q32(θ, λ; τ, ξ; y3)dλ+
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+

t∫
t1

dθ

α(θ)

∫
Rn1

( ∫
Rn2+n3

∂k2
x2
G32(t, x; θ, λ; y3)dλ2dλ3

)
×

×∆
X(t−τ)
Λ01(t−β)Q32(θ,Λ

01(t− β); τ, ξ; y3)dλ1 +

t∫
t1

dθ

α(θ)

∫
Rn

∂k2
x2
G32(t, x; θ, λ; y3)×

×
(

∆
Λ01(t−β)
Λ02(t−β)Q32(θ,Λ

02(t− β); τ, ξ; y3) + ∆Λ02

λ Q32(θ, λ; τ, ξ; y3)
)
dλ

+

t∫
t1

∫
Rn

∂k2
x2
G32(t, x; θ, λ; y3)dλ

Q32(θ,X(t− τ); τ, ξ; y3)
dθ

α(θ)
=:

4∑
j=1

W k′′′

12j ,

(5.98)

(B) äëÿ k3 ∈ Zn3
+ , k1 ∈ Zn1

+ , |k1| = 1 iñíóþòü ïîõiäíi ∂k3
x3
∂k1
x1
W32, ÿêi âèçíà÷à-

þòüñÿ ôîðìóëàìè

∂k3
x3
∂k1
x1
W32(t, x; τ, ξ; y3) :=

t1∫
τ

dθ

α(θ)

∫
Rn

∂k3
x3
∂k1
x1
G32(t, x; θ, λ; y3)Q32(θ, λ; τ, ξ; y3)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn

∂k1
x1
G32(t, x; θ, λ; y3)∂

k3

λ3
Q32(θ, λ; τ, ξ; y3)dλ =:

2∑
j=1

W k′

12j; (5.99)

(C) ñïðàâäæóþòüñÿ îöiíêè

|∂kxW32(t, x; τ, ξ; y3)| ≤ C(B(t, τ))−M−Mk+mkE
(3)
c,d (t, τ, x, ξ), (5.100)

|∆zs
xs
∂kxW32(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
s (B(t, τ))−M−Mk+m̄s(γs−γ0

s )×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
,

m̄s = m̂s, s ∈ N2, m̄3 = m̂2, γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]. (5.101)

Äîâåäåííÿ ëåìè 5.5 i ëåìè 5.6 ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåíü âiäïîâiäíèõ

ëåì ç ðîçäiëó 3.

Ðåçóëüòàòè äðóãîãî åòàïó ïîáóäîâè êëàñè÷íîãî ÔÐÇÊ íàâåäåíi â íàñòóï-

íié òåîðåìi.

Òåîðåìà 5.2. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (5.57) âèêîíóþòüñÿ óìîâè

(A31), (A32) i (A35). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z32 i ¹
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ïðàâèëüíèìè òàêi òâåðäæåííÿ:

|∂kxZ32(t, x; τ, ξ; y3| ≤ C(B(t, τ))−M−MkE
(3)
c,d (t, τ, x, ξ),

k ∈ {(k1, k2, k3) ∈ Zn+ | |k1|/2 + |k2| ≤ 1}; (5.102)

|∆zs
xs
∂kxZ32(t, x; τ, ξ; y3)| ≤ C|xs − zs|γ

0
s (B(t, τ))−M−Mk−m̂sγ

0
s×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
, γ0

1 ∈ (0, γ1], γ
0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1];

(5.103)

|
∫
Rn

∂kxZ32(t, x; τ, ξ; y3)dξ| ≤ C(B(t, τ))−Mk+m(k), k ∈ {Zn+| 0 < |k1|/2 + |k2| ≤ 1};

(5.104)

|∆zs
xs

∫
Rn

∂kxZ32(t, x; τ, ξ; y3)dξ| ≤ C|xs − zs|γ
0
s (B(t, τ))−Mk+m(k)−m̂sγ

0
s ,

k ∈ {Zn+ |k1|/2 + |k2| ≤ 1}, γ0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]; (5.105)

|
∫

Rn2+n3

∂kxZ32(t, x; τ, ξ; y3)dξ| ≤ C(B(t, τ))−Mk−m̂1n1+m(k′)E
(2,1)
c,d (t, τ, x1, ξ1);

(5.106)

|∆zs
xs

∫
Rn2+n3

∂kxZ32(t, x; τ, ξ; y3)dξ2dξ3| ≤ C|xs − zs|γ
0
s (B(t, τ))−Mk−m̂1n1+m(k′)−m̂sγ

0
s×

×E(2,1)
c,d (t, τ, x1, ξ1), γ

0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1]; (5.107)

∂k3
x3

∫
Rn3

Z32(t, x; τ, ξ; y3)dξ3 = 0, k3 ∈ Zn3
+ \ {0}; (5.108)

∂k3
x3
Z32(t, x; τ, ξ; y3) = (−∂ξ3)k3Z32(t, x; τ, ξ; y3), k3 ∈ Zn3

+ \ {0}, (5.109)

Ó ôîðìóëàõ (5.102)�(5.109) 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3.

Äîâåäåííÿ. Îöiíêè (5.102), (5.103) âèïëèâàþòü ç îçíà÷åííÿ ÔÐÇÊ (5.58) i

âiäïîâiäíèõ îöiíîê (5.61), (5.62), (5.100) i (5.101).

Ùîá îòðèìàòè îöiíêè (5.104) � (5.107) ïîòðiáíî ñïåðøó îòðèìàòè òàêi

îöiíêè äëÿ iíòåãðàëiâ âiä ïîõiäíèõ W2 òà ¨õ ïðèðîñòiâ. Iíòåãðóþ÷è îöiíêè

(5.100) i (5.101) âiäïîâiäíî çà (ξ1, ξ2, ξ3) ∈ Rn i (ξ2, ξ3) ∈ Rn2+n3, iç óðàõóâàííÿì
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ðiâíîñòåé (??), (??), îòðèìà¹ìî òàêi íåðiâíîñòi:

|
∫
Rn

∂kxW32(t, x; τ, ξ; y3)dξ| ≤ C(B(t, τ))−Mk+m(k); (5.110)

|∆zs
xs

∫
Rn

∂kxW32(t, x; τ, ξ; y3)dξ| ≤ C|xs − zs|γ
0
s (B(t, τ))−Mk+m(k)−m̂sγ

0
s ; (5.111)

|
∫

Rn2+n3

∂kxW32(t, x; τ, ξ; y3)dξ| ≤ C(B(t, τ))−Mk−m̂1n1+m(k′)E
(2,1)
c,d (t, τ, x1, ξ1);

(5.112)

|∆zs
xs

∫
Rn2+n3

∂kxW32(t, x; τ, ξ; y3)dξ2dξ3| ≤ C|xs−zs|γ
0
s (B(t, τ))−Mk−m̂1n1+m(k′)−m̂sγ

0
s×

×(E
(2,1)
c,d (t, τ, x1, ξ1) + E

(2,1)
c,d (t, τ, z1, ξ1)). (5.113)

Â íåðiâíîñòÿõ (5.110)�(5.112) 0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn, y3 ∈ Rn3, à ÷èñëà

m(k) i m(k′) �òàêi ÿê âèùå. Ç íåðiâíîñòåé (5.110)�(5.112), (5.64)�(5.66) âèïëè-

âàþòü îöiíêè (5.104)� (5.107).

Ðiâíîñòi (5.108) ¹ íàñëiäêîì ðiâíîñòåé (5.68) i (5.95). Àíàëîãi÷íî, çà äîïî-

ìîãîþ (5.69) i (5.95) äîâîäèòüñÿ ðiâíîñòi (5.109). I

5.3. Ïîáóäîâà òà âëàñòèâîñòi ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ

Íà òðåòüîìó åòàïi ðîçãëÿäà¹ìî ðiâíÿííÿ

L
(t,x(3)(y))
3 u(t, x) = 0, (t, x) ∈ Π(0,T ], (5.114)

Àíàëîãi÷íî äî ïîïåðåäíüîãî ÔÐÇÊ äëÿ ðiâíÿííÿ (5.114) øóêà¹ìî ó âèãëÿäi

Z33(t, x; τ, ξ) = G33(t, x; τ, ξ) +W33(t, x; τ, ξ), (5.115)

äå

W33(t, x; τ, ξ) :=

t∫
τ

dθ

α(θ)

∫
Rn

G33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ, (5.116)

G33 � ïàðàìåòðèêñ, à Q33 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñ áåðåìî ôóíê-

öiþ

G33(t, x; τ, ξ) := Z32(t, x; τ, ξ; ξ3), 0 < τ < t ≤ T, {x, ξ} ⊂ Rn. (5.117)

Îöiíêè ïàðàìåòðèêñó G33 íàâîäÿòüñÿ â íàñòóïíié ëåìi.
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Ëåìà 5.7. Äëÿ ôóíêöi¨ G33 ñïðàâäæóþòüñÿ îöiíêè

|∂kxG33(t, x; τ, ξ)| ≤ C(B(t, τ))−M−MkE
(3)
c,d (t, τ, x, ξ); (5.118)

|∆zs
xs
∂kxG33(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
s (B(t, τ))−M−Mk−m̂sγ

0
s×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
; (5.119)

|
∫
Rn

∂ksxsG33(t, x; τ, ξ)dξ| ≤ C(B(t, τ))−Mks+m̂sγs, ks ∈ Zns+ \ {0}, s ∈ N3; (5.120)

|∆zs
xs

∫
Rn

∂klxlG33(t, x; τ, ξ)dξ| ≤ C|xs − zs|γ
0
s (B(t, τ))−Mkl

+m̂lγl−m̂sγ
0
s ; (5.121)

|
∫

Rn2+n3

∂klxlG33(t, x; τ, ξ)dξ2dξ3| ≤ C(B(t, τ))−Mkl
−m̂1n1+m̂lγlE

(2,1)
c,d (t, τ, x1 − ξ1);

(5.122)

|∆zs
xs

∫
Rn2+n3

∂klxlG33(t, x; τ, ξ)dξ2dξ3| ≤ C|xs − zs|γ
0
s (B(t, τ))−Mkl

−m̂1n1+m̂lγl−m̂sγ
0
s×

×
(
E

(2,1)
c,d (t, τ, x1, ξ1) + E

(2,1)
c,d (t, τ, z1, ξ1)

)
; (5.123)

|
∫
Rn3

∂k3
x3
G33(t, x; τ, ξ)dξ3| ≤ C(B(t, τ))−m̂1n1−m̂2n2−m̂3(|k3|−γ3)×

×E(2,1)
c,d1

(t, τ, x1, ξ1)E
(2,2)
c,d2

(t, τ, x1, x2, ξ1, ξ2); (5.124)

|∆zs
xs

∫
Rn3

∂klxlG33(t, x; τ, ξ)dξ2dξ3| ≤ C|xs − zs|γ
0
s (B(t, τ))−m̂1n1−m̂2n2−Mkl

+m̂lγl−m̂sγ
0
s×

×E(2,1)
c,d1

(t, τ, x1, ξ1)E
(2,2)
c,d2

(t, τ, x1, x2, ξ1, ξ2); (5.125)

äå 0 < τ < t ≤ T, k ∈ {(k1, k2, k3) ∈ Zn+, |k1|/2 + |k2|+ |k3| ≤ 1},

{x, ξ} ⊂ Rn, {xs, zs} ⊂ Rns, s ∈ N3, γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (0, 1].

Äîâåäåííÿ. Îöiíêè (5.118)�(5.124) áåçïîñåðåäíüî âèïëèâàþòü ç îöiíîê

(5.102)�(5.107) ÔÐÇÊ Z32(t, x; τ, ξ; y3), 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3. I

Ðîçãëÿíåìî òåïåð âëàñòèâîñòi ãóñòèíè Q33 ïîòåíöiàëó W33.

Ëåìà 5.8. Äëÿ ôóíêöi¨ Q33 ñïðàâäæóþòüñÿ îöiíêè

|Q33(t, x; τ, ξ)| ≤ Cβ(t)(B(t, τ))−M−1+m̂3γ3E
(3)
c,d (t, τ, x, ξ), (5.126)
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|∆zs
xs
Q33(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
sβ(t)(B(t, τ))−M−1+m̂s(γs−γ0

s )×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
, 0 ≤ τ < t ≤ T,

{x, ξ} ⊂ Rn, {xs, zs} ⊂ Rns, s ∈ N3, γ
0
1 ∈ (0, γ1], γ

0
2 ∈ (1/3, γ2], γ

0
3 ∈ (3/5, γ3].

(5.127)

Äîâåäåííÿ. Çà çðîáëåíèõ ïðèïóùåíü ôóíêöiÿ Q33 çàäîâîëüíÿ¹ iíòåãðàëüíå

ðiâíÿííÿ

Q33(t, x; τ, ξ) = K33(t, x; τ, ξ) +

t∫
τ

dθ

α(θ)

∫
Rn

K33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ,

(5.128)

â ÿêîìó ÿäðî K33 âèçíà÷à¹òüñÿ ôîðìóëîþ

K33(t, x; τ, ξ) :=

(
β(t)

n1∑
j,l=1

∆ξ3
x3
ajl(t, x)∂x1j

∂x1l
+ β(t)

n1∑
j=1

∆ξ3
x3
aj(t, x)∂x1j

+

+∆ξ3
x3
a0(t, x)

)
G33(t, x; τ, ξ), 0 < τ < t ≤ T, {x, ξ} ⊂ Rn. (5.129)

Îöiíèìî äîäàíêè ç (5.129) çà äîïîìîãîþ óìîâè (A32), íåðiâíîñòåé (5.118),

(2.86) i (2.98). Ìà¹ìî

|K33(t, x; τ, ξ)| ≤ Cβ(t)(B(t, τ))−M−1+m̂3γ3E
(3)
c0,d

(t, τ, x, ξ), (5.130)

äå c0 �ñòàëà ç îöiíêè (2.86).

Ç îòðèìàíî¨ îöiíêè âèïëèâà¹, ùî ÿäðî K33 iíòåãðàëüíîãî ðiâíÿííÿ (5.128)

çàäîâîëüíÿ¹ óìîâè ëåìè 2.8. Íà ïiäñòàâi öi¹¨ ëåìè äëÿ ôóíêöi¨ Q33 ñïðàâä-

æó¹òüñÿ îöiíêà (5.126). Äëÿ ôóíêöi¨ Q33 ñïðàâäæóþòüñÿ òàêîæ îöiíêè (5.127).

Ç (5.129) âèïëèâàþòü òàêi ðiâíîñòi:

∆zs
xs
K33(t, x; τ, ξ) =

(
β(t)

n1∑
j,l=1

∆zs
xs

∆ξ3
x3
ajl(t, x)∂x1j

∂x1l
+

+β(t)

n1∑
j=1

∆zs
xs

∆ξ3
x3
aj(t, x)∂x1j

+ ∆zs
xs

∆ξ3
x3
a0(t, x)

)
G33(t, x; τ, ξ)+

+

(
β(t)

n1∑
j,l=1

∆ξ3
x3
ajl(t, x)∂x1j

∂x1l
+ β(t)

n1∑
j=1

∆ξ3
x3
aj(t, x∂x1j

+
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+∆ξ3
x3
a0(t, x)

)∣∣∣∣
xs=zs

∆zs
xs
G33(t, x; τ, ξ), 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, s ∈ N2.

(5.131)

∆z3
x3
K33(t, x; τ, ξ) =

(
β(t)

n1∑
j,l=1

∆z3
x3
ajl(t, x)∂x1j

∂x1l
+ β(t)

n1∑
j=1

∆z3
x3
aj(t, x)∂x1j

+

+∆z3
x3
a0(t, x)

)
G33(t, x; τ, ξ)

∣∣∣∣
xs=zs

+

(
β(t)

n1∑
j,l=1

∆ξ3
x3
ajl(t, x)∂x1j

∂x1l
+

+β(t)

n1∑
j=1

∆ξ3
x3
aj(t, x)∂x1j

+ ∆ξ3
x3
a0(t, x)

)
∆z3
x3
G33(t, x; τ, ξ),

0 < τ < t ≤ T, {x, ξ} ⊂ Rn. (5.132)

Îöiíêè äîäàíêiâ çîáðàæåíü (5.131),(5.132) äîñèòü âñòàíîâèòè ó âèïàäêó

|xs−zs|1/ms ≤ B(t, τ)/4, s ∈ N3. Çà äîïîìîãîþ óìîâ (A32), (A35), îöiíîê (5.118),

(5.119) i íåðiâíîñòåé (2.86) îòðèìà¹ìî îöiíêè

|∆zs
xs
K33(t, x; τ, ξ)| ≤ C|xs − zs|γ

0
sβ(t)(B(t, τ)−M−1+m̂s(γs−γ0

s )×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
, 0 < τ < t ≤ T,

{x, ξ} ⊂ Rn, {xs, zs} ⊂ Rns, γ0
s ∈ (m̂s−1/m̂s, γs], s ∈ N3, m̂0 = 0. (5.133)

Iíòåãðóþ÷è (5.131),(5.132) iç óðàõóâàííÿì (A32), (A35) i îöiíîê (5.120),

(5.121), ìà¹ìî

|∆zs
xs

∫
Rn

K33(t, x; τ, ξ)dξ| ≤ C|xs − zs|γsβ(t)(B(t, τ)−1+m̂3γ3−m̂sγs,

0 < τ < t ≤ T, x ⊂ Rn, {xs, zs} ⊂ Rns, s ∈ N2. (5.134)

|∆z3
x3

∫
Rn

K33(t, x; τ, ξ)dξ| ≤

≤ Cβ(t)

(
|x3 − z3|γ3(B(t, τ)−1+m̂1γ1 + |x3 − z3|γ

0
3 (B(t, τ)−1+m̂3(γ3−γ0

3)

)
,

0 ≤ τ < t ≤ T, x ∈ Rn, {x3, z3} ⊂ Rn3. (5.135)

Ó ôîðìóëàõ (5.134),(5.135) γs, s ∈ N3, � ÷èñëà ç óìîâè (A32), à γ0
3 �

äîâiëüíå ÷èñëî ç ïðîìiæêó (0, 1]. Ùîá îöiíèòè ïðèðîñòè ôóíêöi¨ Q33 çà äîïî-
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ìîãîþ (5.128) çàïèøåìî çîáðàæåííÿ

∆zs
xs
Q33(t, x; τ, ξ) = ∆zs

xs
K33(t, x; τ, ξ) +

t1∫
τ

dθ

α(θ)

∫
Rn

∆zs
xs
K33(t, x; θ, λ)×

×Q33(θ, λ; τ, ξ)dλ+

ηs∫
t1

dθ

α(θ)

∫
Rn

∆zs
xs
K33(t, x; θ, λ)×

×Q33(θ, λ; τ, ξ)dλ+

t∫
ηs

dθ

α(θ)

∫
Rn

K33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ−

−
t∫

ηs

dθ

α(θ)

∫
Rn

K33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ =:
5∑
j=1

Q33j, (5.136)

äå 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, {xs, zs} ⊂ Rns, ηs �÷èñëî ç óìîâè B(t, ηs) =

= |xs − zs|1/m̂s, à ÷èñëî t1 � òàêå, ÿê ðàíiøå.

Äàëi äëÿ |xs−zs|1/m̂s ≤ B(t, τ)/4, s ∈ N3, âèêîðèñòîâóâàòèìåìî íåðiâíîñòi

Ĵs(γ) :=

ηs∫
t1

(B(t, θ))−1+γ d(θ)

α(θ)
≤

C(B(t, τ))γ, ÿêùî γ > 0,

C|xs − zs|γ/m̂s, ÿêùî γ < 0, s ∈ N3.

(5.137)

Îöiíèìî äîäàíêè Q33j, j ∈ N5. Äëÿ Q331 ñïðàâäæóþòüñÿ îöiíêè (5.133).

Çà äîïîìîãîþ îöiíîê (5.126), (5.133) i (2.98) îòðèìà¹ìî

|Q332| ≤
t1∫
τ

dθ

α(θ)

∫
Rn

|∆zs
xs
K33(t, x; θ, λ)||Q33(θ, λ; τ, ξ)|dλ ≤

≤ C|xs − zs|γ
0
s (t− t1)−1+m̂s(γs−γ0

s )

t1∫
τ

β(θ)(B(θ, τ))−1+m̂3γ3
dθ

α(θ)
×

×
(
I

(3,s3)
0 (x, ξ) + I

(3,s3)
0 (z(3), ξ)

)
≤

≤ C|xs − zs|γ
0
s (B(t, τ))−M−1+m̂3γ3+m̂s(γs−γ0

3)E
(3)
c,d (t, τ, x, ξ).

|Q333| ≤
ηs∫
t1

dθ

α(θ)

∫
Rn

|∆zs
xs
K33(t, x; θ, λ)||Q33(θ, λ; τ, ξ)|dλ ≤
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≤ C|xs − zs|γ
0
s Ĵs(m̂s(γs − γ0

s))(B(t1, τ))−1+m̂3γ3

(
I

(3,03)
0 (x, ξ)+

+I
(3,s3)
0 (z(s), ξ)

)
≤ C|xs − zs|γ

0
s (B(t, τ))−1−M+m̂3γ3+m̂s(γs−γ0

s )E
(3)
c0,d

(t, τ, x, ξ).

Äîäàíêè Q334 i Q335 îöiíþ¹ìî îäíàêîâî. Òîìó îöiíèìî ïåðøèé ç íèõ. Çà äîïî-

ìîãîþ (5.130), (5.126) i (2.98) ìà¹ìî

|Q334| ≤
t∫

ηs

dθ

α(θ)

∫
Rn

|K33(t, x; θ, λ)||Q33(θ, λ; τ, ξ)|dλ ≤

≤ C(B(t1, τ))−1+m̂3γ3

t∫
ηs

(B(t, θ)−1+m̂3γ3
β(θ)dθ

α(θ)
×

×
(
I

(3,s3)
0 (x, ξ) + I

(3,s3)
0 (z(s), ξ)

)
≤

≤ C|xs − zs|m̂3γ3m̂
−1
s (B(t, τ)−1−M+m̂3γ3E

(3)
c0,d

(t, τ, x, ξ).

Îöiíêà Q335 âiäðiçíÿ¹òüñÿ âiä öi¹¨ îöiíêè ëèøå òèì, ùî â íié x çàìiíåíî íà

z(s), s ∈ N2.

Îòæå, âñòàíîâëåíî îöiíêè (5.127) äëÿ âèïàäêó, êîëè γ0
s ∈ (0, γs). Öi îöiíêè

ñïðàâäæóþòüñÿ i äëÿ γ0
s = γs, s ∈ N3. Ùîá ó öüîìó ïåðåêîíàòèñÿ, óòî÷íèìî

îöiíêó iíòåãðàëà Q333, çàïèñàâøè éîãî ó âèãëÿäi

Q333 =

ηs∫
t1

dθ

α(θ)

∫
Rn

∆zs
xs
K33(t, x; θ, λ)∆

X(B(t,β)
λ Q33(θ, λ; τ, ξ)dλ+

+

ηs∫
t1

∫
Rn

∆zs
xs
K33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ); τ, ξ)
dθ

α(θ)
=: Q′233 +Q′′233.

Çà äîïîìîãîþ íåðiâíîñòåé (2.88), (2.98), îöiíîê (5.133) ïðè γ0
s = γs i (5.127)

ïðè γ0
s < γs é (5.137), îòðèìó¹ìî

|Q′333| ≤ C

ηs∫
t1

dθ

α(θ)

∫
Rn

(B(t, θ))−1|xs − zs|γsE(3)
c (t, θ, x, λ)×

×
3∑
s=1

|Xs(B(t, θ))−λs|γ
0
s (B(θ, τ))−M−1+m̂s(γs−γ0

s )
s∑

j=s−1

E
(3)
c,d (θ, τ,Λ0j(B(t, θ), ξ)dλ≤
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≤ C|xs − zs|γs
3∑
s=1

Ĵs(m̂sγ
0
s)(B(t1,τ)−M−1+m̂s(γs−γ0

s )
s∑

j=s−1

I
(3,0j)
0 (x; ξ) ≤

≤ C|xs − zs|γs(B(t, τ))−M−1+m̂sγsE
(2)
c0,d

(t, τ, x, ξ).

Äëÿ îöiíêè äîäàíêà Q′′333 ó âèïàäêó s ∈ N2, âèêîðèñòîâó¹ìî îöiíêè (5.134),

(2.93), (5.126) i (5.137). Ìà¹ìî

|Q′′333| ≤ C

ηs∫
t1

|xs − zs|γs(B(t, θ))−1+m̂3γ3−m̂sγs(B(θ, τ))−M−1+m̂3γ3×

×E(3)
c,d (t, τ,X(B(t, θ)), ξ)

β(θ)dθ

α(θ)
≤ C|xs − zs|γsĴs(m̂3γ3 − m̂sγs)×

×(B(t1, τ))−M−1+m̂3γ3E
(3)
c,d (t, τ, x, ξ) ≤

≤ C|xs − zs|γs(B(t, τ))−M−1+2m̂3γ3−m̂sγsE
(3)
c,d (t, τ, x, ξ).

Ó âèïàäêó s = 3 âèêîðèñòîâó¹ìî îöiíêè (5.135) ïðè γ0
3 > γ3, (2.93), (5.126) i

(5.137). Îòðèìà¹ìî

|Q′′233| ≤ C

η3∫
t1

(
|x3 − z3|γ3(B(t, θ))−1+m̂1γ1 + |x3 − z3|γ

0
3 (B(t, θ))−1−m̂3(γ0

3−γ3)
)
×

×(B(θ, τ))−M−1+m̂3γ3E
(3)
c,d (t, τ,X(B(t, θ)), ξ)

β(θ)dθ

α(θ)
≤ C

(
|x3 − z3|γ3Ĵ3(m̂1γ1)+

+|x3 − z3|γ
0
3 Ĵ3(−m̂3(γ

0
3 − γ3))

)
(B(t1, τ))−M−1+m̂3γ3E

(3)
c,d (t− τ, x, ξ) ≤

≤ C|x3 − z3|γ3(B(t, τ))−M−1+m̂3γ3E
(3)
c,d (t, τ, x, ξ).

Ç öèõ îöiíîê òà îöiíîê Q33j, j ∈ N5, âèïëèâàþòü îöiíêè (5.127), â ÿêèõ

γ0
s = γs, s ∈ N3. I

Ïåðåéäåìî äî äîñëiäæåííÿ îá'¹ìíîãî ïîòåíöiàëó (5.116).

Ëåìà 5.9. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 5.7 äëÿ ïàðàìåòðèêñó G33 i ëå-

ìè 5.8 äëÿ ôóíêöi¨ Q33. Òîäi äëÿ îá'¹ìíîãî ïîòåíöiàëó (5.116) ïðàâèëüíi òàêi

òâåðäæåííÿ:

(A) äëÿ k ∈ {Zn+ | |k1|/2 + |k2| + |k3| ≤ 1}, iñíóþòü ïîõiäíi ∂kxW33, ÿêi
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âèçíà÷àþòüñÿ ôîðìóëàìè

∂k
′′

x W33(t, x; τ, ξ) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k
′′

x G33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn

∂k
′′

x G33(t, x; θ, λ)∆
X(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

∂k
′′

x G33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
=:

3∑
j=1

W 21
3j ; (5.138)

∂k2
x2
W33(t, x; τ, ξ) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k2
x2
G33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn1

 ∫
Rn2+n3

∂k2
x2
G33(t, x; θ, λ)dλ2dλ3

×
×∆

X(B(t,θ))
Λ01(B(t,θ))Q33(θ,Λ

01(B(t, θ)); τ, ξ)dλ1+

+

t∫
t1

dθ

α(θ)

∫
Rn

∂k2
x2
G33(t, x; θ, λ)∆

Λ01(B(t,θ))
Λ02(B(t,θ))Q33(θ,Λ

02(B(t, θ)); τ, ξ)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn

∂k2
x2
G33(t, x; θ, λ)∆

Λ02(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

∂k2
x2
G33(t, x; θ, λ)dλ

Q33(θ,X(B(t, τ)); τ, ξ)
dθ

α(θ)
=:

5∑
j=1

W 22
3j , (5.139)

∂k3
x3
W33(t, x; τ, ξ) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k3
x3
G33(t, x; θ, λ)Q13(θ, λ; τ, ξ)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn1

 ∫
Rn2+n3

∂k3
x3
G33(t, x; θ, λ)dλ2dλ3

×
×∆

X(B(t,θ))
Λ01(B(t,τ))Q33(β,Λ

01(B(t, θ)); τ, ξ)dλ1+



235

+

t∫
t1

dθ

α(θ)

∫
Rn1+n2

∫
Rn3

∂k3
x3
G33(t, x; θ, λ)dλ3

×
×∆

Λ01(B(t,θ))
Λ02(B(t,θ))Q33(β,Λ

02(B(t, θ)); τ, ξ)dλ1dλ2+

+

t∫
t1

dθ

α(θ)

∫
Rn

∂k3
x3
G33(t, x; θ, λ)∆

Λ02(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

∂k3
x3
G33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
=:

5∑
j=1

W 23
3j , (5.140)

(B) ñïðàâäæóþòüñÿ îöiíêè

|∂kxW33(t, x; τ, ξ)| ≤ C(B(t, τ))−M−Mk+γE(3)
c (t, τ, x, ξ). (5.141)

Ó ôîðìóëàõ (5.138)�(5.141) 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, γ =

= min{m1γ1,m2γ2,m3γ3}, k ∈ Zn+, |k1|/2 + |k2|+ |k3| ≤ 1, k′′ = (k1, 0, 0).

Äîâåäåííÿ. Iñíóâàííÿ ïîõiäíèõ âiä W33 òà ¨õ îöiíêè âñòàíîâëþ¹òüñÿ àíàëî-

ãi÷íî äî ïîïåðåäíüîãî. Âiäìiííiñòü ïîëÿãà¹ â òîìó, ùî ïåðåêèäàííÿ ïîõiäíèõ

çà çìiííîþ x3 ç ÿäðà íà ãóñòèíó Q33 íåìîæëèâå. Ðîçãëÿíåìî iíòåãðàëè

V k,s
β (t, x; τ, ξ) :=

∫
Rn

∂ksxsG33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ,

0 < τ ≤ θ ≤ t ≤ T, {x, ξ} ⊂ Rn, ks ∈ Zns+ , s ∈ N3.

Îöiíèìî ¨õ çà äîïîìîãîþ îöiíîê (5.118), (5.126) i íåðiâíîñòi (2.98). Ìà¹ìî

|V k,s
β (t, x; τ, ξ)| ≤ |

∫
Rn

|∂ksxsG33(t, x; θ, λ)||Q33(θ, λ; τ, ξ)|dλ| ≤

≤Cβ(θ)

∫
Rn

(B(t, θ))−M−m̂s|ks|E
(3)
c,d (t, θ, x, λ)(B(θ, τ))−M−1+m̂3γ3E

(3)
c,d (θ, τ, λ, ξ)dλ≤

≤ Cβ(θ)(B(t, β))−m̂s|ks|(β − τ)−1+m̂3γ3I
(3,03)
0 (x, ξ) ≤

≤ Cβ(θ)(B(t, τ))−M(B(t, θ))−m̂s|ks|(B(θ, τ))−1+m̂3γ3E
(3)
c0,d

(t, τ, x, ξ),

0 < τ ≤ θ ≤ t ≤ T, {x, ξ} ⊂ Rn, k ∈ Zn+, s ∈ N3. (5.142)

Ïåðåéäåìî äî äîâåäåííÿ òâåðäæåííÿ A. Íåõàé |k1|/2 + |k2| + |k3| = 1. Äîâå-
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äåìî ôîðìóëó (5.138). Âîíà äîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ âiäïîâiäíî¨

ôîðìóëè ç ëåìè 5.6. Îöiíèìî äîäàíêè W 21
3j , j ∈ N4. Çàóâàæèìî, ùî îöiíêà

(5.142) ¹ äîñòàòíüîþ äëÿ âñòàíîâëåííÿ îöiíîê äîäàíêiâ W 2s
31 , s ∈ N3. Ñïðàâäi

|W 2s
31 | ≤

t1∫
τ

|V k,s
β (t, x; τ, ξ)| dθ

α(θ)
≤

≤ C(B(t, τ)−ME(3)
c (t, τ, x, ξ)

t1∫
τ

(B(t, θ))−m̂s|ks|(B(θ, τ))−1+m̂3γ3
β(θ)dθ

α(θ)
≤

≤ C(B(t, τ))−M(B(t, t1))
−m̂s|ks|E(3)

c (t, τ, x, ξ)×

≤ C(B(t, τ))−M−m̂s|ks|+m̂3γ3E(3)
c (t, τ, x, ξ), s ∈ N3, |k1|/2+ |k2|+ |k3| = 1. (5.143)

Äëÿ âñòàíîâëåííÿ îöiíêè äðóãîãî äîäàíêà ïîòðiáíà ôîðìóëà äëÿ ïîâíîãî ïðè-

ðîñòó ∆
X(B(t,θ))
λ Q33. Çà äîïîìîãîþ îöiíîê (5.127) ìà¹ìî

|∆X(B(t,θ))
λ Q33(θ, λ; τ, ξ)| ≤ |∆X(B(t,θ))

Λ01(B(t,θ))Q33(θ, λ; τ, ξ)|+

+|∆Λ01(B(t,θ))
Λ02(B(t,θ))Q33(θ, λ; τ, ξ)|+ |∆Λ02(B(t,θ))

λ Q33(θ, λ; τ, ξ)| ≤

≤ Cβ(θ)
3∑
s=1

|Xs(B(t, θ))− λs|γ
0
s (B(θ, τ))−M−1+m̂s(γs−γ0

s )×

×
s∑

j=s−1

E
(3)
c,d (θ, τ,Λ0j(B(t, θ)), ξ). (5.144)

|W 21
32 | ≤

t∫
t1

dθ

α(θ)

∫
Rn

|∂k′′x G33(t, x; β, λ)||∆X(t−β)
λ Q33(β, λ; τ, ξ)|dλ ≤

≤
t∫

t1

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−1E(3)
c (B(t, θ), x, λ)

3∑
s=1

|Xs(B(t, θ))− λs|γ
0
s×

×(B(θ, τ)−M−1+m̂s(γs−γ0
s )

s∑
j=s−1

E
(3)
c,d (θ,Λ0j(B(t, θ)), ξ)dλ ≤

≤ C
3∑
s=1

(B(t1, τ))−1+m̂s(γs−γ0
s )

t∫
t1

(B(t, θ))−1+m̂sγ
0
s
β(θ)dθ

α(θ)

s∑
j=s−1

I
(3,0j)
0 (x, ξ) ≤
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≤ C
3∑
s=1

(B(t1, τ))−1+m̂s(γs−γ0
s )(B(t, t1))

m̂sγs(B(t, τ))−ME
(3)
c0,d

(t, τ, x, ξ) ≤

≤ C
3∑
s=1

(B(t, τ))−M−1+m̂sγsE
(3)
c0,d

(t, τ, x, ξ) ≤ C(B(t, τ))−M−1+γE
(3)
c0,d

(t, τ, x, ξ),

äå γ = min{m̂1γ1, m̂2γ2, m̂3γ3}, 0 < c0 < c.

|W 21
33 | ≤

t∫
t1

|
∫
Rn

∂k
′′

x G33(t, x; θ, λ)dλ||Q33(θ,X(B(t, θ)); τ, ξ)| dθ
α(θ)

≤

≤ C

t∫
t1

(B(t, θ)−1+m̂1γ1(B(θ, τ))−M−1+m̂3γ3E
(3)
c,d (θ, τ,X(B(t, θ)), ξ)

β(θ)dθ

α(θ)
≤

≤ C(B(t, τ))−M−1+m̂3γ3+m̂1γ1E
(3)
c,d (t, τ, x, ξ).

Ç îöiíîê äîäàíêiâ W 21
3j , j ∈ N3, ìà¹ìî

|∂kxW33(t, x; τ, ξ)| ≤ C(B(t, τ))−M−Mk+γE(3)
c (t, τ, x, ξ), 0 < τ < t ≤ T,

{x, ξ} ⊂ Rn, k ∈ Zn+, |k1| = 2, |k2| = |k3| = 0. (5.145)

Ó ôîðìóëi (5.145) ñòàëà γ � òàêà, ÿê âèùå.

Ïåðåéäåìî äî îöiíîê äîäàíêiâ çîáðàæåííÿ (5.139). Ïî÷íåìî ç äðóãîãî äî-

äàíêà. Çà äîïîìîãîþ îöiíîê (5.122), (5.127), íåðiâíîñòåé (2.85), (2.99) i (2.100)

îòðèìó¹ìî

|W 22
32 | ≤

t∫
t1

dθ

α(θ)

∫
Rn1

∣∣∣∣∣∣
∫

Rn2+n3

∂k2
x2
G33(t, x; θ, λ)dλ2dλ3

∣∣∣∣∣∣×
×
∣∣∣∆X(B(t,θ))

Λ01(B(t,θ))Q33(θ,Λ
01(B(t, θ)); τ, ξ)

∣∣∣ dλ1 ≤

≤ C

t∫
t1

dθ

α(θ)

∫
Rn1

(B(t, θ))−m̂1n1−m̂2(1−γ2)E
(2,1)
c,d (B(t, θ), x1, λ1)|x1 − λ1|γ

0
1×

×β(θ)(B(θ, τ))−M−1+m̂1(γ1−γ0
1)
(
E

(3)
c,d (θ, τ,Λ01(B(t, θ)), ξ)+

+E(3)
c (θ, τ,Λ00(B(t, θ)), ξ)

)
dλ1 ≤ C(B(t1, τ))−M−1+m̂1(γ1−γ0

1)×

×
t∫

t1

(B(t, θ))−m̂2(1−γ2)+m̂1γ
0
1
β(θ)dθ

α(θ)

(
I

(3,00)
1 (x, ξ) + I

(3,01)
1 (x, ξ)

)
≤
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≤ C(B(t, τ))−M−m̂2(1−γ2)+m̂1γ1E
(3)
c0,d

(t, τ, x, ξ),

áî 1− m̂2(1− γ2) +m1γ
0
1 > 0 äëÿ äîâiëüíîãî γ0

1 ∈ [0, γ1] i γ2 > 1/3.

Àíàëîãi÷íî, âèêîðèñòîâóþ÷è îöiíêè (5.118), (5.127) òà íåðiâíîñòi (2.85) i

(2.98), îöiíþ¹ìî äîäàíêè W 22
33 i W 22

34 . Ìà¹ìî

|W 22
33 | ≤

t∫
t1

dθ

α(θ)

∫
Rn

|∂k2
x2
G33(t, x; θ, λ)||∆Λ01(B(t,θ))

Λ02(B(t,θ))Q33(θ,Λ
02(B(t, θ)); τ, ξ)|dλ ≤

≤ C

t∫
t1

dθ

α(θ)

∫
Rn

(B(t, θ))−M−m2E(3)
c (t, θ, x, λ)(B(θ, τ))−M−1×

×
2∑
j=1

E
(3)
c,d (θ, τ,Λ0j(B(t, θ)), ξ)|X2(B(t, θ))− λ2|γ

0
2 (β − τ)m̂2(γ2−γ0

2)dλ ≤

≤ C(t1 − τ)−1+m2(γ2−γ0
2)

t∫
t1

(B(t, θ))−m2(1−γ0
2) dθ

α(θ)

2∑
j=1

I
(3,0j))
0 (x, ξ) ≤

≤ C(B(t, τ))−M−m̂2+γ1E
(3)
c0,d

(t, τ, x, ξ).

|W 22
34 | ≤

t∫
t1

β(θ)dθ

α(θ)

∫
Rn

|∂k2
x2
G33(t, x; θ, λ)||∆Λ02(B(t,θ))

λ Q33(θ, λ; τ, ξ)|dλ ≤

≤ C

t∫
t1

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−m̂2E
(3)
c,d (t, θ, x, λ)(B(θ, τ))−M−1×

×
2∑
j=1

E
(3)
c,d (θ, τ,Λ0j(B(t, θ)), ξ)|X3(B(t, θ))− λ3|γ

0
3 (B(θ, τ))m3(γ3−γ0

3)dλ ≤

≤ C(B(t1, τ))−1+m̂3(γ3−γ0
3)

t∫
t1

(B(t, θ))−m̂2+m̂3γ
0
s
β(θ)dθ

α(θ)

3∑
j=1

I
(3,0j))
0 (x, ξ) ≤

≤ C(B(t, τ))−M−m̂2+m̂3γ3E
(3)
c0,d

(t, τ, x, ξ).

Äëÿ îöiíêè äîäàíêà W 22
35 âèêîðèñòîâó¹ìî (5.120), (5.126) i (2.93). Çäîáó-

äåìî

|W 22
35 | ≤

t∫
t1

∣∣∣∣∫
Rn

∂k2
x2
G33(t, x; θ, λ)dλ

∣∣∣∣∣∣∣∣Q33(θ,X(B(t, θ)); τ, ξ)

∣∣∣∣ dθα(θ)
≤
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≤ C

t∫
t1

(B(t, θ))−m̂2(1−γ2)(B(θ, τ))−M−1+m̂3γ3E(3)
c (θ, τ,X(B(θ, τ), ξ)

β(θ)dθ

α(θ)
≤

≤ C(B(t1, τ))−M−1+m̂3γ3

t∫
t1

(B(t, θ))−m̂2(1−γ2)β(θ)dθ

α(θ)
E

(3)
c,d (t, τ, x, ξ) ≤

≤ C(B(t, τ))−M−m̂2(1−γ2)+m̂3γ3E
(3)
c,d (t, τ, x, ξ).

Ç îòðèìàíèõ îöiíîê äîäàíêiâ âèïëèâà¹ îöiíêà

|∂k2
x2
W33(t, x; τ, ξ)| ≤ C(B(t, τ))−M−m2+γ̄E

(3)
c,d (t, τ, x, ξ), (5.146)

äå 0 < τ < t ≤ T, {x, ξ} ⊂ Rn, |k2| = 1 γ̄ = min{m̂2γ2, m̂3γ3}.

Çàëèøèëîñü îöiíèòè äîäàíêè W 23
3j , j ∈ N5. Äëÿ ïåðøîãî äîäàíêà ñïðàâ-

äæó¹òüñÿ îöiíêà (5.143). Çà äîïîìîãîþ îöiíîê (5.122), (5.127), íåðiâíîñòåé

(2.85), (2.99) i (2.100) îòðèìó¹ìî

|W 23
32 | ≤

t∫
t1

dθ

α(θ)

∫
Rn1

∣∣∣∣ ∫
Rn2+n3

∂k3
x3
G33(t, x; θ, λ)dλ2dλ3

∣∣∣∣×
×
∣∣∣∣∆X(B(t,θ))

Λ01(B(t,θ))Q33(θ,Λ
01(B(t, θ)); τ, ξ)

∣∣∣∣dλ1 ≤ C(B(t1, τ))−M−1

t∫
t1

β(θ)dθ

α(θ)
×

×
∫
Rn1

(B(t, θ))−m̂1n1−m̂3(1−γ3)E
(2,1)
c,d (t, θ, x1, λ1)|x1 − λ1|γ1×

×
(
E

(3)
c,d (θ, τ,Λ01(B(t, θ)), ξ) + E

(3)
c,d (θ, τ,Λ00(B(t, θ)), ξ)

)
dλ1 ≤

≤ C(B(t1, τ))−M−1

t∫
t1

(B(t, θ))−m̂3(1−γ3)+m̂1γ
0
1
β(θ)dθ

α(θ)

(
I

(3,00)
0 (x, ξ)+

+I
(3,01)
0 (x, ξ)

)
≤ C(B(t, τ))−M−m̂3(1−γ3)+m̂1γ1E

(3)
c0,d

(t, τ, x, ξ),

áî −m̂3(1− γ3) + m̂1γ1 > 0 äëÿ äîâiëüíîãî γ1 ∈ [0, 1] i γ2 > 1/3.

Àíàëîãi÷íî, âèêîðèñòîâóþ÷è îöiíêè (5.118), (5.127) òà íåðiâíîñòi (2.85) i
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(2.100), îöiíþ¹ìî äîäàíêè W 23
33 i W 23

34 . Ìà¹ìî

|W 13
33 | ≤

t∫
t1

dθ

α(θ)

∫
Rn1+n2

∣∣∣∫
Rn3

∂k3
x3
G33(t, x; β, λ)dλ3

∣∣∣×
×
∣∣∣∆Λ01(B(t,θ))

Λ02(B(t,θ))Q33(θ,Λ
02(B(t, θ)); τ, ξ)

∣∣∣ dλ1dλ2 ≤ C

t∫
t1

dθ

α(θ)
×

×
∫

Rn1+n2

E
(2,2)
c,d (t, θ, x1, x2, λ1, λ2)|X2(B(t, θ)− λ2|γ2(B(θ, τ))−M−1×

×(B(t, θ))−m̂1n1−m̂2n2−m̂3(|k3|−γ3)
2∑
j=1

E
(3)
c,d (θ, τ,Λ0j(B(t, θ), ξ)dλ1dλ2 ≤

≤ C(B(t1, τ))−M−1

t∫
t1

(B(t, θ))−m̂3(|k3|−γ3)+m̂2γ2
dθ

α(θ)

2∑
j=1

I
(3,0j)
2 (x1, x2, ξ) ≤

≤ C(B(t, τ))−M−m̂3(|k3|−γ3)+m̂2γ2E
(3)
c0,d

(t, τ, x, ξ).

|W 23
34 | ≤

t∫
t1

dθ

α(θ)

∫
Rn

∣∣∣∂k3
x3
G33(t, x; θ, λ)dλ3

∣∣∣∣∣∣∆Λ02(t−θ)
λ Q33(θ, λ; τ, ξ)

∣∣∣dλ ≤
≤ C

t∫
t1

dθ

α(θ)

∫
Rn

(B(t, θ))−M−m̂3E
(3)
c,d (t, θ, x, λ)|X3(t− β)− λ3|γ3×

×(B(θ, τ))−M−1
3∑
j=2

E
(3)
c,d (θ, τ,Λ0j(B(t, θ)), ξ)dλ ≤

≤ C(B(t1, τ))−M−1

t∫
t1

(B(t, θ))−m̂3(1−γ3) dθ

α(θ)

3∑
j=2

I
(3,0j)
0 (x, ξ) ≤

≤ C(B(t, τ))−M+m̂3γ3E
(3)
c0,d

(t, τ, x, ξ).

Äëÿ îöiíêè äîäàíêà W 23
35 âèêîðèñòîâó¹ìî (5.120), (5.126) i (2.93). Çäîáóäåìî

|W 23
35 | ≤

t∫
t1

∣∣∣∫
Rn

∂k3
x3
G3(t, x; θ, λ)dλ

∣∣∣ |Q33(θ,X(B(t, θ)); τ, ξ)| dθ
α(θ)

≤
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≤ C

t∫
t1

(B(t, θ))−m̂3(1−γ3)(B(θ, τ))−M−1+m̂3γ3E
(3)
c,d (θ, τ,X(B(θ, τ)), ξ)

β(θ)dθ

α(θ)

≤ C(B(t1, τ))−M−1+m̂3γ3

t∫
t1

(B(t, θ))−m̂3(1−γ3)β(θ)dθ

α(θ)
E

(3)
c,d (t, τ, x, ξ) ≤

≤ C(B(t, τ)−M−m̂3(1−γ3)+m̂3γ3E
(3)
c,d (t− τ, x, ξ),

îñêiëüêè −m̂3(1− γ3) > 0, ÿêùî γ3 > 3/5.

Ç îòðèìàíèõ îöiíîê äîäàíêiâ âèïëèâà¹ îöiíêà

|∂k3
x3
W33(t, x; τ, ξ)| ≤ C(t− τ)−M−m3|k3|+γE(2)

c (t− τ, x, ξ), (5.147)

äå 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, k ∈ Zn+, k1 = k2 = 0, |k3| = 1, γ � òàêå, ÿê âèùå.

Îöiíêè (5.140) âñòàíîâëåíî. Ç îòðèìàíèõ îöiíîê (5.146)�(5.147) âèïëèâà-

þòü îöiíêè (5.138).I

Ðåçóëüòàòè çàêëþ÷íîãî åòàïó ïîáóäîâè êëàñè÷íîãî ÔÐÇÊ ïiäñóìîâàíî â

íàñòóïíié òåîðåìi.

Òåîðåìà 5.3. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (5.114) âèêîíóþòüñÿ óìîâè

(A31), (A32) i (A35). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z33 i

ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ33(t, x; τ, ξ)| ≤ C(B(t, τ))−M−MkE
(3)
c,d (t, τ, x, ξ),

{(k1, k2, k3) ∈ Zn+, |k1|/2 + |k2|+ |k3| ≤ 1}; (5.148)

Äîâåäåííÿ. Iñíóâàííÿ êëàñè÷íîãî ÔÐÇÊ Z33 äëÿ ðiâíÿííÿ (5.114), éîãî îöií-

êè i îöiíêè ïîõiäíèõ âiä Z33 çà ïðîñòîðîâèìè çìiííèìè âèïëèâàþòü iç îçíà-

÷åííÿ (5.115) òà ëåì 5.7 i 5.9. I

Ðîçãëÿíåìî ïèòàííÿ iñíóâàííÿ ïîõiäíî¨ S(t)Z33. Ïîäàìî îïåðàòîð L
(t,x)
3 ç

(1.8) ó âèãëÿäi

L
(t,x)
3 u(t, x) := S(t)− β(t)A0

1(t, x, ∂x1
)− a0(t, x),
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äå

S(t) :=
(
α(t)∂t − β(t)

( n2∑
j=1

x1j∂x2j
+

n3∑
j=1

x2j∂x3j

))
,

à

A0
1(t, x, ∂x1

) :=

n1∑
j,l=1

ajl(t, x)∂x1j
∂x1l

+

n1∑
j=1

aj(t, x)∂x1j
, (t, x) ∈ Π(0,T ].

Îòæå, ñïðàâäæó¹òüñÿ òîòîæíiñòü

S(t)Z33(t, x; τ, ξ) =
(
β(t)A0

1(t, x, ∂x1
)− a0(t, x)

)
Z33(t, x; τ, ξ),

0 < τ < t ≤ T, {x, ξ} ⊂ Rn.

Öÿ òîòîæíiñòü ¹ âèçíà÷àëüíîþ äëÿ äîâåäåííÿ iñíóâàííÿ òà îòðèìàííÿ îöiíîê

äèôåðåíöiàëüíîãî âèðàçó S(t)Z33.

Ðîçãëÿíåìî ïèòàííÿ iñíóâàííÿ S(t)Z10. Îñêiëüêè âèêîðèñòîâó¹òüñÿ ïîå-

òàïíèé ìåòîä Ëåâi, çãiäíî ç ÿêèì çà ïàðàìåòðèêñ íà êîæíîìó åòàïi áåðåòüñÿ

ÔÐÇÊ, ÿêèé ïîáóäîâàíèé íà ïîïåðåäíüîìó åòàïi. Çà âèêîíàííÿ óìîâ (A31) i

(A32) íà ïiäñòàâi òåîðåìè 2.3 iñíó¹ S(t)Z10, à, îòæå, iñíó¹ ïîõiäíà S(t)G31. Çà

iíäóêöi¹þ äîâîäèìî, ùî äëÿ ïàðàìåòðèêñó G33 iñíó¹ S(t)G33 i ñïðàâäæó¹òüñÿ

îöiíêà

|S(t)G33(t, x; τ, ξ)| ≤ C(B(t, τ)−M−1E
(3)
c,d (t, τ, x, ξ),

0 < τ < t ≤ T, {x, ξ} ⊂ Rn. (5.149)

Äîâåäåííÿ iñíóâàííÿ S(t)W33 ïðîâîäèòüñÿ àíàëîãi÷íî äî âiäïîâiäíîãî äî-

âåäåííÿ ó âèïàäêó ðiâíÿíü ç êëàñó K1 íà îñíîâi îöiíîê (5.149) i ôîðìóëè äëÿ

ïîõiäíî¨ S(t)W33

S(t)W33(t, x; τ, ξ) = Q33(t, x; τ, ξ)+

+

t1∫
τ

dθ

α(θ)

∫
Rn

S(t)G33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn

S(t)G33(t, x; θ, λ)∆
X(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ+
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+

t∫
t1

∫
Rn

S(t)G33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
. (5.150)

Îöiíèâøè äîäàíêè ç (5.150), îòðèìó¹ìî îöiíêè

|S(t)W33(t, x; τ, ξ)| ≤ C(B(t, τ))−M−1+m̂3γ3E
(3)
c1,d

(t, τ, x, ξ),

0 < τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c1 < c. (5.151)

Òàêèì ÷èíîì äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 5.4. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (5.114) âèêîíóþòüñÿ óìîâè

(A21) i (A22), â ÿêèõ ÷èñëà γ1, γ2 i γ3 �äîâiëüíi ç ïðîìiæêó (0, 1). Òîäi äëÿ

öüîãî ðiâíÿííÿ iñíó¹ ÔÐÇÊ Z33 i ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ33(t, x; τ, ξ; y3| ≤ C(t− τ)−M−MkE
(3)
c,d (t, τ, x, ξ),

{(k1, k2, k3) ∈ Zn+, |k1|/(2) + m̂2|k2|+ m̂3|k3| ≤ 1}; (5.152)

|S(t)Z33(t, x; τ, ξ| ≤ C(t− τ)−M−1E
(3)
c,d (t, τ, x, ξ), (5.153)

0 < τ < t ≤ T, {x, ξ} ⊂ Rn.

Çàóâàæèìî, ùî àíàëîãi÷íî äî äîâåäåííÿ iñíóâàííÿ ïîõiäíî¨ S(t)Z33 äîâî-

äèòüñÿ iñíóâàííÿ òà îöiíêè α(t)∂tZ33. Ïðàâèëüíå òàêå òâåðäæåííÿ:

Òåîðåìà 5.5. Çà óìîâ òåîðåìè 5.3 iñíó¹ ïîõiäíà α(t)∂tW33, ÿêà âèçíà÷à¹òü-

ñÿ ôîðìóëîþ

α(t)∂tW33(t, x; τ, ξ) =

t1∫
τ

dθ

α(θ)

∫
Rn

α(t)∂tG33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn1

 ∫
Rn2+n3

α(t)∂tG33(t, x; θ, λ)dλ2dλ3

×
×∆

X(B(t,θ))
Λ01(B(t,θ))Q33(θ,Λ

01(B(t, θ)); τ, ξ)dλ1+

+

t∫
t1

dθ

α(θ)

∫
Rn1+n2

∫
Rn3

α(t)∂tG33(t, x; θ, λ)dλ3

×
×∆

Λ01(B(t,θ,β))
Λ02(B(t,θ)) Q33(θ,Λ

02(B(t, θ)); τ, ξ)dλ1dλ2+
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+

t∫
t1

dθ

α(θ)

∫
Rn

α(t)∂tG33(t, x; θ, λ)∆
Λ02(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ+

+

t∫
t1

∫
Rn

α(t)∂tG33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ); τ, ξ)
dθ

α(θ)
+Q33(t, x; τ, ξ),

(5.154)

i ñïðàâäæóþòüñÿ îöiíêè

α(t)∂tZ33(t, x; τ, ξ| ≤ C(b(t, τ)−M−1
(
1 + (t− τ)−m̂1|x1|+ (t− τ)−m̂1|x2|

)
×

|E(3)
c,d (t, τ, x, ξ), 0 < τ < t ≤ T, {x, ξ} ⊂ Rn. (5.155)

5.4. Îöiíêè ïðèðîñòiâ ïîõiäíèõ ÔÐÇÊ äëÿ îñíîâíîãî ðiâíÿííÿ

Îñíîâíi ðåçóëüòàòè ïiäðîçäiëó ìiñòÿòüñÿ â íàñòóïíié òåîðåìi.

Òåîðåìà 5.6. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (5.114) âèêîíóþòüñÿ óìîâè

(A31), (A32) i (A35). Òîäi ñïðàâäæóþòüñÿ òàêi îöiíêè:

|∆zs
xs
∂klxlZ33(t, x; τ, ξ)| ≤ C|xs − zs|(m̂s)

−1(m̂lγl−m̂l−1)(B(t, τ)−M−Mk−m̂sγs×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
, 0 < τ < t ≤ T, {x, ξ} ⊂ Rn,

ks ∈ Zns+ , {l, s} ⊂ N3, |k1| = 2, |k2| = |k3| = 1, m̂0 ≡ 0; (5.156)

Äîâåäåííÿ. Êëàñè÷íèé ÔÐÇÊ Z33 äëÿ ðiâíÿííÿ (5.114) âèçíà÷à¹òüñÿ

ôîðìóëîþ (5.115). Îöiíêè ïðèðîñòiâ ïîõiäíèõ çà ïðîñòîðîâèìè çìiííèìè ïàðà-

ìåòðèêñó G33 âèçíà÷àþòüñÿ ôîðìóëàìè (5.119). Òîìó äëÿ äîâåäåííÿ òåîðåìè

çâîäèòüñÿ äî âñòàíîâëåííÿ îöiíîê ïðèðîñòiâ ïîõiäíèõ âiä îá'¹ìíîãî ïîòåíöiàëó

W33.

Îöiíêè ïðèðîñòiâ ñòàðøèõ ïîõiäíèõ çà ïðîñòîðîâèìè çìiííèìè äîñèòü

ïðîâåñòè çà óìîâè |xs − zs|1/ms < B(t, τ)/4, s ∈ N3. Íà ïiäñòàâi (5.138) çàïè-

øåìî çîáðàæåííÿ

∆z1
x1
∂k1
x1
W33(t, x; τ, ξ) =

t1∫
τ

dθ

α(θ)

∫
Rn

∆z1
x1
∂k1
x1
G33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ+
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+

η1∫
t1

dθ

α(θ)

∫
Rn

∆z1
x1
∂k1
x1
G33(t, x; θ, λ)∆

X(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ+

+

t∫
η1

dθ

α(θ)

∫
Rn

∂k1
x1
G33(t, x; θ, λ)∆

X(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ−

−
t∫

η1

dθ

α(θ)

∫
Rn

∂k1
z1
G33(t, z

(1); θ, λ)∆
Z(1)(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ−

+

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
G33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
+

+

t∫
η1

∫
Rn

∆z1
x1
∂k1
x1
G33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
+

−
t∫

η1

∫
Rn

∂k1
x1
G33(t, z

(1); θ, λ)dλ

Q33(θ, Z
(1)(B(t, θ)); τ, ξ)

dθ

α(θ)
=:

7∑
j=1

D1
3j;

(5.157)

|D1
31| ≤ C|x1 − z1|γ1

t∫
τ

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−1−m̂1γ1E
(3)
c,d (t, θ, x, λ)×

×(B(θ, τ))−M−1+m̂3γ3E
(3)
c,d (θ, τ, λ, ξ)dλ ≤ C|x1 − z1|γ1×

×(B(t, t1))
−1−m̂1γ1I

(3,03)
0 (x, ξ)

t∫
τ

(B(θ, τ))−1+m̂3γ3
β(θ)dθ

α(θ)
≤

≤ C|x1 − z1|γ1(B(t, τ))−M−1+m̂3γ3−m̂1γ1E
(3)
c,d (t, τ, x, ξ).

Âèêîðèñòîâóþ÷è çîáðàæåííÿ

G33(t, x; β, λ)=G31(t, x; β, λ; (λ2, λ3))+W31(t, x; β, λ; (λ2, λ3))+W32(t, x; β, λ;λ3),

(5.158)

ïîäàìî äðóãèé äîäàíîê ç (5.157) ó âèãëÿäi ñóìè

D1
32 = D11

32 +D12
32 +D13

32,
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äå

D11
32 :=

η1∫
t1

dθ

α(θ)

∫
Rn

∆z1
x1
∂k1
x1
G31(t, x; θ, λ; (λ2, λ3))∆

X(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ;

D12
32 :=

η1∫
t1

dθ

α(θ)

∫
Rn

∆z1
x1
∂k1
x1
W31(t, x; θ, λ; (λ2, λ3))∆

X(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ;

D13
32 :=

η1∫
t1

dθ

α(θ)

∫
Rn

∆z1
x1
∂k1
x1
W32(t, x; θ, λ;λ3)∆

X(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ.

Îöiíèìî D11
32 çà äîïîìîãîþ îöiíîê (5.5) ïðè γ0

1 > γ1 i îöiíîê (5.127) ïðè

γ0
s = m̂−1

s m̂1γ1, s ∈ N3.

|D11
32| ≤ C|x1−z1|γ

0
1

η1∫
t1

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−1−m̂1γ
0
1

3∑
s=1

|Xs(B(t, θ))−λs|m̂
−1
s m̂1γ1×

×
(
E

(3)
c,d (t, θ, x, λ) + E

(3)
c,d (t, θ, z(1), λ)

)
×

×(B(θ, τ))−M−1+m̂sγs−m̂1γ1

s∑
j=s−1

E
(3)
c,d (θ, τ,Λ0j(B(t, θ)); ξ) ≤

≤C|x1 − z1|γ
0
1J1(m̂1(γ1−γ0

1))
3∑
s=1

(B(t1,τ))−1+m̂sγs−m̂1γ1×

×
2∑
j=0

(
I

(3,0j)
0 (x, ξ)+I

(3,0j)
0 (z(1), ξ)

)
≤

≤ C|x1 − z1|γ1(B(t, τ))−M−1
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(1), ξ)
)
.

Äîäàíîê D12
32 îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (5.39) ïðè γ0

1 = γ1 i îöiíîê

(5.127) ïðè γ0
s = m̂−1

s m̂1γ1, s ∈ N3. Ìà¹ìî

|D12
32| ≤ C|x1 − z1|γ1

η1∫
t1

dθ

α(θ)

∫
Rn

(B(t, θ))−M−1
(
E

(3)
c,d (t, θ, x, λ) + E

(3)
c,d (t, θ, z(1), λ)

)
×

×
3∑
s=1

|Xs(B(t, θ))− λs|m̂
−1
s m̂1γ1(B(θ, τ))−M−1+m̂sγs−m̂1γ1×

×
s∑

j=s−1

E
(3)
c,d (B(θ, τ,Λ0j(B(t, θ)); ξ) ≤
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≤ C|x1 − z1|γ1J1(m̂1γ1)
3∑
s=1

(B(t1, τ))−1+m̂sγs−m̂1γ1×

×
2∑
j=0

(
I

(3,0j)
0 (x, ξ)+I

(3,0j)
0 (z(1), ξ)

)
≤

≤ C|x1 − z1|γ1(B(t, τ))−M−1+γ
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(1), ξ)
)
,

äå γ � òàêå ÿê âèùå.

Äîäàíîê D13
32 îöiíþ¹ìî àíàëîãi÷íî äî D12

32, òiëüêè çàìiñòü îöiíîê (5.39)

âèêîðèñòîâó¹ìî îöiíêè (5.101) ïðè τ = β, ξ = λ, y3 = λ3. Ç îöiíîê äîäàíêiâ

D1j
32, j ∈ N3, âèïëèâà¹ îöiíêà

|D1
32| ≤ C|x1 − z1|γ1(B(t, τ))−M−1

(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(1), ξ)
)
. (5.159)

Äîäàíêè D1
33 i D

1
34 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî ïåðøèé ç íèõ.

|D1
33| ≤ C

t∫
η1

dθ

α(θ)

∫
Rn

(B(t, θ))−M−1E
(3)
c,d (t, θ, x, λ)

3∑
s=1

|Xs(B(t, θ))− λs|m̂
−1
s m̂1γ1×

×(B(θ, τ))−M−1+m̂sγs−m̂1γ1

s∑
j=s−1

E
(3)
c,d (θ, τ,Λ0j(B(t, θ)); ξ) ≤

≤ C

t∫
η1

(B(t, θ))−1+m̂1γ1
dθ

α(θ)

3∑
s=1

(B(t1, τ)−1+m̂sγs−m̂1γ1

s∑
j=s−1

(
I

(3,0j)
0 (x, ξ)+

+I
(3,0j)
0 (z(1), ξ)

)
≤ C|x1 − z1|γ1(B(t, τ)−M−1

(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(1), ξ)
)
.

Äîäàíîê D1
35 îöiíþ¹ìî ïîäiáíî äî D

1
32. Çà äîïîìîãîþ (5.158) ïîäàìî öåé

äîäàíîê ó âèãëÿäi ñóìè

D1
35 = D11

35 +D12
35 +D13

35,

äå

D11
35 :=

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
G31(t, x; θ, λ; (λ2, λ3))dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
;

D12
35 :=

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
W31(t, x; θ, λ; (λ2, λ3))dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
;
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D13
35 :=

η1∫
t1

∫
Rn

∆z1
x1
∂k1
x1
W32(t, x; θ, λ;λ3)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
.

Îöiíèìî D11
35 çà äîïîìîãîþ îöiíîê (5.5) ïðè γ0

1 > γ1 i îöiíîê (5.126). Ìà¹ìî

|D11
35| ≤ C|x1 − z1|γ

0
1

η1∫
t1

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−1−m̂1(γ1−γ0
1)×

×
(
E

(3)
c,d (t, θ, x, λ) + E

(3)
c,d (t, θ, z(1), λ)

)
dλ(B(t1, τ))−1+m̂3γ3(B(θ, τ))−M−1+m̂3γ3×

×E(2)
c (β, τ,X(B(t, θ)), ξ)≤C|x1 − z1|γ

0
1J1(m̂1(γ1 − γ0

1))E
(3)
c,d (t, τ, x, ξ)≤

≤ C|x1 − z1|γ1(t− τ)−M−1m̂3γ3
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(1), ξ)
)
.

Çàóâàæèìî, ùî ïðè θ ∈ [t1, η1] ñïðàâäæó¹òüñÿ îöiíêà

|∆z1
x1
∂k1
x1
W31(t, x; θ, λ; (λ2, λ3))| ≤ C|x1 − z1|γ1(B(t, τ))−M−1m̂1γ1E

(3)
c,d (t, τ, x, ξ).

Çà äîïîìîãîþ öi¹¨ îöiíêè îöiíþ¹ìî äîäàíîê D12
35

|D12
35| ≤ C|x1 − z1|γ1

η1∫
t1

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−1+m̂1γ1E
(3)
c,d (t, τ, x, ξ)dλ×

×E(3)
c,d (θ, τ,X(B(t, θ)); ξ) ≤ C|x1 − z1|γ1J1(m̂1γ1)(B(t1, τ))−M−1+m̂3γ3×

×E(3)
c,d (t, τ, x, ξ) ≤ C|x1 − z1|γ1(t− τ)−M−1+m̂3γ3+m̂1γ1E

(3)
c,d (t, τ, x, ξ).

Äîäàíîê D13
35 îöiíþ¹ìî àíàëîãi÷íî äî D12

35, òiëüêè çàìiñòü îöiíîê (5.39) âèêî-

ðèñòîâó¹ìî îöiíêè (5.101) ïðè τ = β, ξ = λ, y3 = λ3.

Ç îöiíîê äîäàíêiâ D1j
35, j ∈ N3, âèïëèâà¹

|D1
35| ≤ C|x1 − z1|γ1(B(t, τ))−M−1+m̂3γ3

(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(1), ξ)
)
.

(5.160)

Äîäàíêè D1
36, D

1
37 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî, íàïðèêëàä, ïåðøèé ç íèõ.

|D1
36| ≤ C

t∫
η1

dθ

α(θ)

∫
Rn

(B(t, θ))−1+m̂1γ1(B(θ, τ))−M−1+m̂3γ3×

×E(3)
c,d (β, τ,X(B(t, θ)), ξ)β(θ)

dθ

α(θ)
≤
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≤ C(B(t1, τ))−1+m̂3γ3

t∫
η1

(B(t, θ))−1+m̂1γ1β(θ)
dθ

α(θ)
E

(3)
c,d (t, τ, x, ξ) ≤

≤ C|x1 − z1|γ1(B(t, τ))−M−1+m̂3γ3E
(3)
c,d (t, τ, x, ξ).

Ç îöiíîê äîäàíêiâ D1
3j, j ∈ N7, âèïëèâà¹ òàêà îöiíêà:

∆z1
x1
∂k1
x1
W33(t, x; τ, ξ)| ≤

≤ C|x1 − z1|γ1(B(t, τ)−M−1
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(1), ξ)
)
. (5.161)

Ïåðåéäåìî äî îöiíîê ïðèðîñòiâ çà çìiííîþ x2. Çàïèøåìî òàêå çîáðàæåííÿ:

∆z2
x2
∂k1
x1
W33(t, x; τ, ξ) =

t1∫
τ

dθ

α(θ)

∫
Rn

∆z2
x2
∂k1
x1
G33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ+

+

η2∫
t1

dθ

α(θ)

∫
Rn1

( ∫
Rn2+n3

∆z2
x2
∂k1
x1
G33(t, x; θ, λ)dλ2dλ3

)
×

×∆
X(B(t,θ))
Λ01(B(t,θ))Q33(θ,Λ

01(B(t, θ)); τ, ξ)dλ1+

+

η2∫
t1

dθ

α(θ)

∫
Rn

∆z2
x2
∂k1
x1
G33(t, x; θ, λ)

(
∆

Λ01(B(t,θ))
Λ02(B(t,θ))Q33(θ, λ; τ, ξ)dλ+

+∆
X(B(t,θ))
λ Q33(θ, λ; τ, ξ)

)
dλ+

t∫
η2

dθ

α(θ)

∫
Rn

∂k1
x1
G33(t, x; θ, λ)∆

X(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ−

−
t∫

η2

dθ

α(θ)

∫
Rn

∂k1
z1
G33(t, z

(2); θ, λ)∆
Z(2)(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ−

+

η2∫
t1

∫
Rn

∆z1
x1
∂k1
x1
G33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
+

+

t∫
η2

∫
Rn

∆z2
x2
∂k1
x1
G33(t, x; θ, λ)dλ

Q13(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
+

−
t∫

η2

∫
Rn

∂k1
x1
G33(t, z

(2); θ, λ)dλ

Q33(β, Z
(2)((t, θ)); τ, ξ)

dθ

α(θ)
=:

8∑
j=1

D2
3j;

(5.162)
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|D2
31| ≤ C|x2 − z2|γ2

t1∫
τ

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−1−m̂2γ2E
(3)
c,d (t, θ, x, λ)×

×(B(θ, τ))−M−1+m̂3γ3E
(3)
c,d (θ, τ, λ, ξ)dλ ≤

≤ C|x2 − z2|γ2(B(t, t1))
−1−m̂2γ2

t∫
τ

(B(θ, τ))−1+m̂3γ3
β(θ)dθ

α(θ)
×

×I(3,03)
0 (x, ξ) ≤ C|x2 − z2|γ2(B(t, τ))−M−1+m̂3γ3−m̂2γ2E

(3)
c,d (t, τ, x, ξ).

Äðóãèé äîäàíîê îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (5.123), (5.127) ïðè γ0
2 = γ2 i

íåðiâíîñòåé (2.79). Ìà¹ìî

|D2
32| ≤ C|x2 − z2|γ2

η2∫
t1

β(θ)dθ

α(θ)

∫
Rn1

E
(2,1)
c,d (t, θ, x1, λ1)|x1 − z1|γ1×

×(B(t, θ))−m̂1n1−1−m̂2γ2(B(θ, τ))−M−1
1∑
j=0

E
(3)
c,d (θ, τ,Λ0j(B(t, θ)); ξ)dλ1 ≤

≤ C|x2 − z2|γ2(B(t1, τ))−1J2(m̂1γ1 − m̂2γ2)
1∑
j=0

I
(3,0j)
1 (x1, ξ) ≤

≤ C|x2 − z2|(m̂2)−1m̂1γ1(B(t, τ))−M−1
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(2), ξ)
)
.

Çà äîïîìîãîþ ðiâíîñòi

G33(t, x; θ, λ) = G32(t, x; θ, λ;λ3) +W32(t, x; θ, λ;λ3),

ìà¹ìî D2
33 = D21

33 +D22
33.

Ïåðøèé äîäàíîê ñóìè îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (5.119) ïðè γ0
2 > γ2

i (5.127) ïðè γ0
s = (m̂s)

−1m̂2γ2, s ∈ {2, 3}.

D21
33 ≤ C|x2−z2|γ

0
2

η2∫
t1

dβ(θ)θ

α(θ)

∫
Rn

(B(t, θ))−M−1−m̂2γ
0
2E(2,3)

c (t−β, x, λ)(β−τ)−M−1×

×
3∑
s=2

|Xs(B(t, θ))− λs|(m̂s)
−1m̂2γ2

s∑
j=s−1

(
E

(3)
c,d (θ, τ,Λ0j(t− β), ξ)+

+E
(3)
c,d (θ, τ,Λ2j(B(t, θ)), ξ)

)
≤ C|x2 − z2|γ

0
2 (B(t1, τ))−1J2(m̂2(γ2 − γ0

2))×
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×
s∑

j=s−1

(
I

(3,0j)
0 (x, ξ) + I

(3,0j)
0 (z(2), ξ)

)
≤

≤ C|x2 − z2|γ2(B(t, τ))−M−1
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(3), ξ)
)
.

Àíàëîãi÷íî çà äîïîìîãîþ îöiíîê (5.101) ïðè γ0
2 = γ2 i (5.127) ïðè γ0

s =

= (m̂s)
−1m̂2γ2, s ∈ {2, 3}, îöiíþ¹ìî äðóãèé äîäàíîê.

D22
33 ≤ C|x2 − z2|γ2

η2∫
t1

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−1E
(3)
c,d (t, θ, x, λ)(B(θ, τ))−M−1×

×
3∑
s=2

|Xs(B(t, θ))− λs|(m̂s)
−1m̂2γ2

s∑
j=s−1

(
E

(3)
c,d (θ, τ,Λ0j(B(t, θ), ξ)+

+E(2)
c (β − τ,Λ2j(t− β), ξ)

)
dλ ≤

≤ C|x2 − z2|γ2(t1 − τ)−1J2(m̂2γ2)
s∑

j=s−1

(
I

(3,0j)
0 (x, ξ) + I

(3,0j)
0 (z(2), ξ)

)
≤

≤ C|x2 − z2|γ2(B(t, τ))−M−1+m̂2γ2
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(2), ξ)
)
.

Îòæå, ñïðàâäæó¹òüñÿ îöiíêà

|D2
33| ≤ C|x2 − z2|γ2(B(t, τ))−M−1

(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(2), ξ)
)
.

Îöiíèìî D2
34. Çà äîïîìîãîþ îöiíîê (5.118) i (5.127) ïðè γ0

s = (m̂s)
−1m̂2γ2, s ∈

∈ {2, 3}, ìà¹ìî

D22
34 ≤ C

t∫
η2

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−1E
(3)
c,d (t, θ, x, λ)(B(θ, τ))−M−1×

×
3∑
s=1

|Xs(B(t, θ))− λs|(m̂s)
−1m̂2γ2

s∑
j=s−1

(
E

(3)
c,d (θ, τ,Λ0j(t− β), ξ)+

+E(2)
c (β − τ,Λ2j(t− β), ξ)

)
dλ ≤

≤ C(t1 − τ)−1J2(m̂1γ1)
s∑

j=s−1

(
I

(3,0j)
0 (x, ξ) + I

(3,0j)
0 (z(2), ξ)

)
≤

≤ C|x2 − z2|(m̂2)−1m̂1γ1(B(t, τ))−M−1+m̂2γ2
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(2), ξ)
)
.

Äîäàíîê D2
35 ìà¹ àíàëîãi÷íó îöiíêó. Îöiíèìî D2

36 çà äîïîìîãîþ (5.123) ïðè
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γ0
2 < γ2 i (5.126).

D2
36 ≤ C|x2 − z2|γ

0
2

t∫
η2

(B(t, θ))−M−1+m̂2(γ2−γ0
2)(B(θ, τ))−M−1+m̂3γ3×

×E(3)
c,d (θ, τ,X(B(t, θ)), ξ)β(θ)

dθ

α(θ)
≤ C|x2 − z2|γ

0
2 (B(t1, τ))−1+m̂3γ3×

×
t∫

η2

(B(t, θ))−M−1+m̂2(γ2−γ0
2)β(θ)dθ

α(θ)
E

(3)
c,d (t− τ, x, ξ) ≤

≤ C|x2 − z2|γ2(B(t, τ))−M−1+m̂3γ3E
(3)
c,d (t, τ, x, ξ).

Çà äîïîìîãîþ îöiíîê (5.123) i (5.126) îöiíèìî D2
37

D2
37 ≤ C

t∫
η2

(B(t, θ))−M−1+m̂1γ1(B(θ, τ))−M−1+m̂3γ3×

×E(3)
c,d (θ, τ,X(B(t, θ)), ξ)

β(θ)dθ

α(θ)
≤

≤ C(t1 − τ)−1+m̂3γ3

t∫
η2

(B(t, θ))−M−1+m̂1γ1
β(θ)dθ

α(θ)
E

(3)
c,d (t, τ, x, ξ) ≤

≤ C|x2 − z2|(m̂2)−1m̂1γ1(B(t, τ)−M−1+m̂3γ3E
(3)
c,d (t, τ, x, ξ).

Äîäàíîê D2
38 ìà¹ àíàëîãi÷íó îöiíêó. Ç îöiíîê äîäàíêiâ D2

3j, j ∈ N8, âèïëèâà¹

òàêà îöiíêà:

|∆z2
x2
∂k1
x1
W33(t, x; τ, ξ)| ≤ C|x2 − z2|(m̂2)−1m̂1γ1×

×(B(t, τ)−M−1
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(2), ξ)
)
. (5.163)

Äëÿ òîãî, ùîá âñòàíîâèòè îöiíêè ïðèðîñòiâ çà çìiííîþ x3, âèêîðèñòîâóâàòè-

ìåìî òàêå çîáðàæåííÿ:

∆z3
x3
∂k1
x1
W33(t, x; τ, ξ) =

t1∫
τ

dθ

α(θ)

∫
Rn

∆z3
x3
∂k1
x1
G33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ+

+

η3∫
t1

dθ

α(θ)

∫
Rn1

( ∫
Rn2+n3

∆z3
x3
∂k1
x1
G33(t, x; θ, λ)dλ2dλ3

)
×

×∆
X(B(t,θ))
Λ01(B(t,θ))Q33(θ,Λ

01(B(t, θ)); τ, ξ)dλ1+
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+

η3∫
t1

dθ

α(θ)

∫
Rn1+n2

(∫
Rn3

∆z3
x3
∂k1
x1
G33(t, x; θ, λ)dλ3

)
×

×∆
Λ01(B(t,θ))
Λ02(B(t,θ))Q33(θ,Λ

02(B(t, θ)); τ, ξ)dλ1+

+

t∫
η3

dθ

α(θ)

∫
Rn

∂k1
x1
G33(t, x; θ, λ)∆

X(B(t,θ))
λ Q13(θ, λ; τ, ξ)dλ−

−
t∫

η3

dθ

α(θ)

∫
Rn

∂k1
x1
G33(t, z

(3); θ, λ)∆
Z(3)(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ+

+

η3∫
t1

∫
Rn

∆z3
x3
∂k1
x1
G33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
+

+

t∫
η3

∫
Rn

∂k1
x1
G33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
−

−
t∫

η3

∫
Rn

∂k1
x1
G33(t, z

(3); θ, λ)dλ

Q33(θ, Z
(3)(B(t, θ)); τ, ξ)

dθ

α(θ)
=:

8∑
j=1

D3
3j;

(5.164)

|D3
31| ≤ C|x3 − z3|γ3

t1∫
τ

dθ

α(θ)

∫
Rn

(B(t, θ))−M−1−m̂3γ3E
(3)
c,d (t, θ, x, λ)×

×β(θ)(B(θ, τ))−M−1+m̂3γ3E
(3)
c,d (θ, τ, λ, ξ)dλ ≤

≤ C|x3 − z3|γ3(B(t, t1))
−1−m̂3γ3

t∫
τ

(B(θ, τ))−1+m̂3γ3
dθ

α(θ)
I

(3,03)
0 (x, ξ) ≤

≤ C|x3 − z3|γ3(B(t, τ))−M−1E
(3)
c,d (t, τ, x, ξ).

Äðóãèé äîäàíîê îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (5.123), (5.127) ïðè γ0
3 = γ3 i

íåðiâíîñòåé (??). Ìà¹ìî

|D3
32| ≤ C|x3 − z3|γ3

η3∫
t1

β(θ)dθ

α(θ)

∫
Rn1

E
(2,1)
c,d (t, θ, x1, λ1)|x1 − z1|γ1×
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×(B(t, θ))−m̂1n1−1−m̂3γ3(B(θ, τ)))−M−1
1∑
j=0

E
(3)
c,d (θ, τ,Λ0j(B(t, θ)); ξ)dλ1 ≤

≤ C|x3 − z3|γ3(B(t1, τ))−1J3(m̂1γ1 − m̂3γ3)
1∑
s=0

I
(3,0s)
1 (x1, ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(B(t, τ)−M−1
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(2), ξ)
)
.

Äîäàíîê D3
33 îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (5.125) ïðè γ0

3 = γ3, (5.127) ïðè

γ0
2 = γ2 i íåðiâíîñòåé (2.81).

|D3
33| ≤ C|x3− z3|γ3

η3∫
t1

β(θ)dθ

α(θ)

∫
Rn1+n2

|X2(B(t, θ))−λ2|γ2E
(2,2)
c,d (t, θ, x1, x2, λ1, λ2)×

×(B(t, θ))−m̂1n1−m̂2n2−1(B(θ, τ))−M−1
2∑
s=1

E
(3)
c,d (θ, τ,Λ0j(B(t, θ)); ξ)dλ1dλ2 ≤

≤ C|x3 − z3|γ3(B(t1, τ))−1J3(m̂2γ2)
2∑
s=1

I
(3,0j)
2 (x1, x2; ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(B(t, τ))−M−1+m̂2γ2
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(3), ξ)
)
.

Äîäàíêè D3
34 i D

3
35 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî D3

34. Çà äîïîìîãîþ îöiíîê

(5.118) i (5.127) ïðè γ0
s = (m̂s)

−1m̂1γ1, s ∈ N3, ìà¹ìî

|D3
34| ≤ C

t∫
η3

β(θ)dθ

α(θ)

∫
Rn

(B(t, β))−M−1E
(3)
c,d (t, θ, x, λ)(B(θ, τ))−M−1×

×
3∑
s=1

|Xs(B(t, θ))− λs|(m̂s)
−1m̂1γ1

s∑
j=s−1

E
(3)
c,d (θ, τ,Λ0j(B(t, θ)); ξ)dλ ≤

≤ C(t1 − τ)−1

t∫
η3

(B(t, θ))−1+m̂1γ1β(θ)
dθ

α(θ)

3∑
s=1

s∑
j=s−1

I
(3,0j)
0 (x; ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(B(t, τ))−M−1E
(3)
c0,d

(t, τ, x, ξ).

Äîäàíîê D3
36 îöiíþ¹ìî àíàëîãi÷íî çà äîïîìîãîþ îöiíîê (5.123) ïðè γ0

3 > γ3 i

(5.126). Ìà¹ìî

|D3
36| ≤ C|x3− z3|γ

0
3

η3∫
t1

(B(t, θ))−M−1+m̂3(γ3−γ0
3)E

(3)
c,d (θ, τ,X(B(t, θ)), ξ)β(θ)

dθ

α(θ)
≤
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≤ C|x3 − z3|γ
0
3 (B(t1, τ))−M−1+m̂3γ3J3(m̂3(γ3 − γ0

3))E
(3)
c,d (t, τ, x, ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(B(t, τ))−M−1E
(3)
c0,d

(t, τ, x, ξ).

Äîäàíêè D3
37 i D

3
38 îöiíþþòüñÿ îäíàêîâî. Çà äîïîìîãîþ îöiíîê (5.118) i (5.126)

îöiíèìî ïåðøèé ç íèõ.

|D3
37| ≤ C

t∫
η3

(B(t, θ))−1+m̂1γ1(B(θ, τ))−M−1+m̂3γ3E
(3)
c,d (θ, τ,X(B(t, θ)), ξ)

β(θ)dθ

α(θ)
≤

≤ C

t∫
η3

(B(t, θ))−1+m̂1γ1
β(θ)dθ

α(θ)
(B(t1, τ))−M−1+m̂3γ3E

(3)
c,d (t, τ, x), ξ) ≤

≤ C|x3 − z3|(m̂3)−1m̂1γ1(B(t, τ))−M−1+m̂3γ3E
(3)
c,d (t, τ, x, ξ).

Ç îöiíîê äîäàíêiâ D3
3j, j ∈ N8, âèïëèâà¹ îöiíêà

|∆z3
x3
∂k1
x1
W33(t, x; τ, ξ)| ≤ C|x3 − z3|(m̂3)−1m̂1γ1(B(t, τ))−M−1×

×
(
E

(3)
c0,d

(t, τ, x, ξ) + E
(3)
c0,d

(t, τ, z(3), ξ)
)
. (5.165)

Çà äîïîìîãîþ ôîðìóë (5.139) i (5.140) çàïèøåìî çîáðàæåííÿ

∆zs
xs
∂klxlW33(t, x; τ, ξ) =

t1∫
τ

dθ

α(θ)

∫
Rn

∆zs
xs
∂klxlG33(t, x; θ, λ)Q33(θ, λ; τ, ξ)dλ+

+

ηs∫
t1

dθ

α(θ)

∫
Rn1

( ∫
Rn2+n3

∆zs
xs
∂klxlG33(t, x; θ, λ)dλ2dλ3

)
×

×∆
X(B(t,θ))
Λ01(B(t,θ))Q33(θ,Λ

01(B(t, θ)); τ, ξ)dλ1+

+

t∫
ηs

dθ

α(θ)

∫
Rn1

( ∫
Rn2+n3

∂klxlG33(t, x; θ, λ)dλ2dλ3

)
×

×∆
X(B(t,θ))
Λ01(B(t,θ))Q33(θ,Λ

01(B(t, θ)); τ, ξ)dλ1−

−
t∫

ηs

dθ

α(θ)

∫
Rn1

( ∫
Rn2+n3

∂klxlG33(t, z
(s); θ, λ)dλ2dλ3

)
×

×∆
Z(s)(B(t,θ))
Λs1(B(t,θ)) Q33(θ,Λ

s1(B(t, θ)); τ, ξ)dλ1+
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+

ηs∫
t1

dθ

α(θ)

∫
Rn1+n2

(∫
Rn3

∆zs
xs
∂klxlG33(t, x; θ, λ)dλ3

)
×

×∆
Λ01(B(t,θ))
Λ02(B(t,θ))Q33(θ,Λ

02(B(t, θ)); τ, ξ)dλ1+

+

t∫
ηs

dθ

α(θ)

∫
Rn1+n2

(∫
Rn3

∂klxlG33(t, x; β, λ)dλ3

)
∆

Λ01(B(t,θ))
Λ02(B(t,θ))Q33(θ,Λ

02(B(tθ)); τ, ξ)dλ1−

−
t∫

ηs

dθ

α(θ)

∫
Rn1+n2

(∫
Rn3

∂klxlG33(t, z
(s); θ, λ)dλ3

)
×

×∆
Λs1(B(t,θ))
Λs2(B(t,θ))Q33(θ,Λ

s2(B(t, θ)); τ, ξ)dλ1+

+

ηs∫
t1

dθ

α(θ)

∫
Rn

∆zs
xs
∂klxlG33(t, x; θ, λ)∆

Λ02(B(t,θ))
λ Q33(β, λ; τ, ξ)dλ+

+

t∫
ηs

dθ

α(θ)

∫
Rn

∂klxlG33(t, x; θ, λ)∆
Λ02(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ−

−
t∫

ηs

dθ

α(θ)

∫
Rn

∂klxlG33(t, z
(s); θ, λ)∆

Λs2(B(t,θ))(B(t,θ))
λ Q33(θ, λ; τ, ξ)dλ+

+

ηs∫
t1

∫
Rn

∆zs
xs
∂klxlG33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
+

+

t∫
ηs

∫
Rn

∂klxlG33(t, x; θ, λ)dλ

Q33(θ,X(B(t, θ)); τ, ξ)
dθ

α(θ)
−

−
t∫

ηs

∫
Rn

∂klxlG33(t, z
(s); θ, λ)dλ

Q33(β, Z
(s)(B(t, θ)); τ, ξ)

dθ

α(θ)
=:

=:
13∑
j=1

Dls
3j, l ∈ {2, 3}, s ∈ N3.

ÄîäàíîêDls
31 îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (5.123), (5.126) i íåðiâíîñòåé (2.79).
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Ìà¹ìî äëÿ l ∈ {2, 3}, s ∈ N3

|Dls
31| ≤ C|xs − zs|γs

t1∫
τ

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−m̂l−m̂sγsE
(3)
c,d (t, θ, x, λ)×

×(B(θ, τ))−M−1+m̂3γ3E
(3)
c,d (θ, τ, λ, ξ)dλ ≤ C|xs − zs|γs(B(t, t1))

−m̂l−m̂sγs×

×
t∫

τ

(β − τ)−m̂l+m̂3γ3β(θ)
dθ

α(θ)
I

(3,03)
0 (x, ξ) ≤

≤ C|xs − zs|γs(B(t, τ))−M−m̂l−m̂sγs+m̂3γ3E
(3)
c,d (t, τ, x, ξ).

Äðóãèé äîäàíîê îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (5.123), (5.127) ïðè γ0
s = γs i

íåðiâíîñòåé (2.68).

|Dls
32| ≤ C|xs − zs|γs

ηs∫
t1

β(θ)
dθ

α(θ)

∫
Rn1

(B(t, θ))−m̂1n1−m̂l(1−γl)−m̂sγs×

×E(2,1)
c, (t, θ, x1, λ1)|x1 − λ1|γ1(B(θ, τ)−M−1×

×
(
E

(3)
c,d (θ, τ,Λ01(B(t, τ)), ξ) + E

(3)
c,d (θ, τ,X(B(t, τ)), ξ)

)
dλ1 ≤

≤ C|xs − zs|γs(B(t1, τ))−lJs(γls)

(
I

(3,03)
1 (x1, ξ) + I

(3,03)
1 (x1, ξ)

)
, (5.166)

äå γls = 1 + m̂1γ1 − m̂l(1− γl)− m̂sγs, l ∈ {2, 3}, s ∈ N3.

Ç íåðiâíîñòåé (5.166) i (??), âèïëèâà¹

|Dls
32| ≤ C|xs − zs|γs−(m̂s)

−1m̂s−1(B(t, τ))−M−1+m̂s−1+γlsE
(3)
c0,d

(t, τ, x, ξ).

Äîäàíêè Dls
33, D

ls
34 îöiíþþòüñÿ îäíàêîâî. Çà äîïîìîãîþ îöiíîê (5.122), (5.127)

i íåðiâíîñòåé (2.80) îöiíèìî ïåðøèé ç íèõ.

|Dls
33| ≤ C

t∫
ηs

dθ

α(θ)

∫
Rn

(B(t, θ))−m̂1n1−m̂l(1−γl)|x1 − z1|γ1E2,1
c (t, θ, x1 − λ1)×

×(B(θ, τ))−M−1+m̂3γ3

(
E

(3)
c,d (θ, τ,Λ01(B(t, θ)), ξ) +E

(3)
c,d (θ, τ,X(B(t, θ)), ξ)

)
dλ1 ≤

≤ C

(
I

(3,01)
1 (x1, ξ) + I

(3,00)
1 (x1, ξ)

) t∫
ηs

(B(t, θ))−m̂l(1−γl)+m̂1γ1
dθ

α(θ)
×

×(B(t1, τ))−1+m̂3γ3 ≤ C|xs− zs|γs−(m̂s)
−1m̂s−1(B(t, τ))−M−1+m̂s−1+γlsE

(3)
c0,d

(t, τ, x, ξ).



258

Îöiíèìî Dls
35. Äëÿ öüîãî âèêîðèñòà¹ìî îöiíêè (5.125), (5.127) i (2.81). Äëÿ s ∈

∈ N3 ìà¹ìî äëÿ l = 2 i s ∈ N3

|D2s
35| ≤ C|xs − zs|γs

ηs∫
t1

β(θ)dθ

α(θ)

∫
Rn1+n2

(B(t, θ))−m̂1n1−m̂2n2−m̂2−m̂sγs×

×(B(θ, τ)−M−1|X2(B(t, θ))− λ2|γ2E
(2,2)
c,d (t, θ, x1, x2, λ1, λ2)dλ1dλ2 ≤

≤ C|xs − zs|γs(B(t1, τ))−1Js(m̂2γ2 − m̂1 − m̂sγs)×

×
(
I

(3,01)
2 (x1, x2; ξ) + I

(3,00)
2 (x1, x2; ξ)(x1, x2; ξ)

)
≤

≤ C|xs − zs|(m̂s)
−1(m̂2γ2−m̂1)(B(t, τ))−M−1+m̂3γ3E

(3)
c,d (t, τ, x, ξ).

Àíàëîãi÷íî îöiíþ¹ìî ó âèïàäêó l = 3 i s ∈ N3

|D3s
35| ≤ C|xs − zs|γs

ηs∫
t1

dθ

α(θ)

∫
Rn1+n2

(B(t, θ))−m̂1n1−m̂2n2−m̂3(1−γ3)−m̂sγs×

×(B(θ, τ))−M−1|X2(B(t, θ))− λ2|γ2E
(2,2)
c,d (t, θ, x1, x2, λ1, λ2)dλ1dλ2 ≤

≤ C|xs − zs|γs(B(t1, τ))−1Js(1− m̂3(1− γ3) + m̂2γ2 − m̂sγs)×

×
(
I

(3,01)
2 (x1, x2; ξ) + I

(3,00)
2 (x1, x2; ξ)(x1, x2; ξ)

)
≤

≤ C

|x2 − z2|γ2(B(t, τ))−M−1−m̂2+m̂3γ3+m̂2γ2E
(3)
c,d (t, τ, x, ξ), ïðè s = 2,

|x3 − z3|(m̂s)
−1(m̂3γ3−m̂2)(B(t, τ))−M−1+m̂3γ3+m̂2γ2E

(3)
c,d (t, τ, x, ξ), ïðè s = 3.

Äîäàíêè Dls
36 i D

ls
37 òàêîæ îöiíþþòüñÿ îäíàêîâî. Îöiíèìî ïåðøèé ç íèõ.

|D2s
36| ≤ C

t∫
ηs

β(θ)dθ

α(θ)

∫
Rn1+n2

(B(t, θ))−m̂1n1−m̂2n2−m̂2×

×(B(θ, τ)−M−1|X2(B(t, θ))− λ2|γ2E
(2,2)
c,d (t, θ, x1, x2, λ1, λ2))dλ1dλ2 ≤

≤ C|xs − zs|γs(B(t1, τ))−1

(
I

(3,01)
2 (x1, x2; ξ) + I

(3,02)
2 (x1, x2; ξ)

)
×

×
t∫

ηs

(B(t, θ))−m̂2(1−γ2) dθ

α(θ)
≤ C|xs−zs|(m̂s)

−1(m̂2γ2−m̂1)(B(t, τ))−M−1E
(3)
c,d (t, τ, x, ξ).
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|D3s
36| ≤ C

t∫
ηs

β(θ)dθ

α(θ)

∫
Rn1+n2

(B(t, θ))−m̂1n1−m̂2n2−m̂3(1−γ3)×

×(B(θ, τ))−M−1|X2(B(t, θ))− λ2|γ2E
(2,2)
c,d (t, θ, x1, x2, λ1, λ2)dλ1dλ2 ≤

≤ C|xs − zs|γs(B(t1, τ))−1

t∫
ηs

(B(t, θ))−m̂3(1−γ3)+m̂2γ2β(θ)
β(θ)dθ

α(θ)
×

×
(
I

(3,01)
2 (x1, x2; ξ) + I

(3,02)
2 (x1, x2; ξ)

)
≤

≤ C|xs − zs|(m̂s)
−1(m̂3γ3−m̂2)(B(t, τ))−M−1+m̂2γ2E

(3)
c,d (t, τ, x, ξ).

Îöiíèìî òåïåð Dls
38. Äëÿ öüîãî âèêîðèñòà¹ìî îöiíêè (5.119), (5.127) i (2.81).

Îòðèìà¹ìî

|Dls
38| ≤ C|xs − zs|γs

ηs∫
t1

dθ

α(θ)

∫
Rn

(B(t, θ))−M−m̂l−m̂sγsE(2,3)
c (t− β, x, λ)×

×(B(θ, τ))−M−1|X3(B(t, θ))− λ3|γ3E
(3)
c,d (θ, τ, λ, ξ)dλ ≤ C|xs − zs|γs(B(t1, τ))−1×

×Js(m̂3γ3 − m̂l−1 − m̂sγs)

(
I

(3,01)
2 (x1, x2; ξ) + I

(3,00)
2 (x1, x2; ξ)

)
≤

≤ C|xs − zs|(m̂s)
−1(m̂3γ3−m̂l−1)(B(t, τ))−M−1E

(3)
c,d (t, τ, x, ξ).

Äîäàíêè Dls
39 i D

ls
310 òàêîæ îöiíþþòüñÿ îäíàêîâî. Îöiíèìî ïåðøèé ç íèõ.

|Dls
39| ≤ C

t∫
ηs

β(θ)dθ

α(θ)

∫
Rn

(B(t, θ))−M−m̂lE
(3)
c,d (t, θ, x, λ)|X3(B(t, θ))− λ3|γ3×

×(B(θ, τ))−M−1E
(3)
c,d (θ, τ, λ, ξ)dλ ≤ C(B(t1, τ))−1I

(3,00)
0 (x; ξ)×

×
t∫

ηs

(B(t, β))m̂3γ3−m̂lβ(θ)
dθ

α(θ)
≤

≤ C|xs − zs|(m̂s)
−1(m̂3γ3−m̂l−1)(B(t, τ))−M−1E

(3)
c0,d

(t, τ, x, ξ).

Îöiíèìî Dls
311. Äëÿ öüîãî âèêîðèñòà¹ìî îöiíêè (5.121), (5.126) i (2.93). Îòðè-

ìà¹ìî

|D3s
311| ≤ C|xs − zs|γs

ηs∫
t1

(B(t, θ))−m̂l(1−γl)−m̂sγs(B(θ, τ))−M−1+m̂3γ3×
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×E(3)
c,d (θ, τ,X(B(t, θ)), ξ)

dθ

α(θ)
≤ C|xs − zs|γs(B(t1, τ))−M−1+m̂3γ3×

×Js(m̂lγl − m̂l−1 − m̂sγs)E
(3)
c,d (t, τ, x, ξ) ≤

≤ C|xs − zs|(m̂s)
−1(m̂lγl−m̂l−1)(B(t, τ))−M−1+m̂3γ3E

(3)
c,d (t, τ, x, ξ).

Äîäàíêè Dls
312 i Dls

313 òàêîæ îöiíþþòüñÿ àíàëîãi÷íî. Îöiíèìî ïåðøèé ç íèõ.

Âèêîðèñòîâóþ÷è îöiíêè (5.120), (5.126) i (2.93), îòðèìó¹ìî

|D3s
312| ≤ C

t∫
ηs

(B(t, θ))−m̂l(1−γl)(B(θ, τ))−M−1+m̂3γ3×

×E(3)
c,d (θ, τ,X(B(t, θ), ξ)

β(θ)dθ

α(θ)
≤

≤ C(B(t1, τ))−M−1+m̂3γ3

t∫
ηs

(B(t, θ))−m̂l(1−γl)β(θ)dθ

α(θ)
E

(3)
c,d (t, τ, x, ξ) ≤

≤ C|xs − zs|(m̂s)
−1(m̂lγl−m̂l−1)(B(t, τ))−M−1+m̂3γ3E

(3)
c,d (t, τ, x, ξ).

Ç îöiíîê äîäàíêiâDls
3j, j ∈ N13, íåðiâíîñòåé (5.161), (5.163) i (5.165), îçíà÷åííÿ

(5.115) i îöiíîê (5.119) âèïëèâàþòü îöiíêè (5.156). I



ÐÎÇÄIË 6

ÄÅßÊI ÇÀÑÒÎÑÓÂÀÍÍß ÔÐÇÊ

Â öüîìó ðîçäiëi íàâîäÿòüñÿ çàñòîñóâàííÿ ÔÐÇÊ äëÿ âèðîäæåíèõ ïàðà-

áîëi÷íèõ ðiâíÿíü ç êëàñiâ K1 , K2 , K3 i K4 , ÿêi ïîáóäîâàíî i äîñëiäæåíî ó

ïîïåðåäíiõ ðîçäiëàõ 3, 4 i 5. Îñíîâíi ðåçóëüòàòè ðîçäiëó îïóáëiêîâàíî â ïðàöÿõ

[16 �20,22,32,35,37].

6.1. Çàäà÷à Êîøi äëÿ âèðîäæåíèõ ðiâíÿíü òèïó Êîëìîãîðîâà

Ñ. Ä. Åéäåëüìàíîì i Ñ. Ä. Iâàñèøåíèì çàïðîïîíîâàíî ïiäõiä Å-I, ÿêèé

äîçâîëÿ¹ ïîâíiñòþ õàðàêòåðèçóâàòè øèðîêi êëàñè U ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ

ðiâíÿíü. Ðîçâ'ÿçêè ç öèõ êëàñiâ âèçíà÷åíi â îáëàñòÿõ Π(0,T ] i QT := (0, T ]×Ω,

äå T > 0, Ω � íåîáìåæåíà îáëàñòü â Rn, i ÿê ôóíêöi¨ ïðîñòîðîâî¨ çìiííî¨ x

ìàþòü ïðè |x| → ∞ åêñïîíåíöiàëüíèé ðiñò ìàêñèìàëüíî ìîæëèâîãî ïîðÿäêó

iç çàëåæíèì âiä ÷àñîâî¨ çìiííî¨ t òèïîì. Ïðè ðåàëiçàöi¨ ïiäõîäó Å-I äëÿ êëàñó

U âèðiøóþòüñÿ òàêi ïèòàííÿ : 1) çà ÿêèõ óìîâ iñíó¹ i ¹ ¹äèíèì ðîçâ'ÿçîê iç

êëàñó U ; 2) ÿêèìè ¹ ìíîæèíè ïî÷àòêîâèõ çíà÷åíü (ïðè t = 0) ðîçâ'ÿçêó i â

ÿêîìó ñåíñi ðîçâ'ÿçîê çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó; 3) çà ÿêèõ óìîâ ïðàâèëüíå

iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêó ÷åðåç éîãî ïî÷àòêîâi çíà÷åííÿ? Ïiäõiä Å-I

áàãàòîêðàòíî ðåàëiçîâóâàâñÿ áàãàòüìà àâòîðàìè (äèâ. îãëÿä â [203]).

Îòðèìàíà â ðîçäiëàõ 3, 4 i 5 iíôîðìàöiÿ ïðî ÔÐÇÊ äëÿ ðiâíÿíü ç êëàñiâ

K1 , K2 i K3 äà¹ çìîãó îòðèìàòè äëÿ öèõ ðiâíÿíü â îáëàñòi Π(0,T ] ðåçóëüòàòè,

ïîäiáíi äî ðåçóëüòàòiâ ç [203]. Íàâåäåííþ òàêèõ ðåçóëüòàòiâ ïðèñâÿ÷åíèé öåé

ïiäðîçäië.

Îçíà÷èìî ïðîñòîðè, ÿêi áóäóòü âèêîðèñòîâóâàòèñü äàëi.

Íåõàé p ∈ [1,∞] i u(t, x), (t, x) ∈ Π[0,T ], � çàäàíà êîìïëåêñíîçíà÷íà ôóíê-

öiÿ, âèìiðíà ïðè áóäü-ÿêîìó t ∈ [0, T ]. Äëÿ êîæíîãî t ∈ [0, T ] îçíà÷èìî íîðìè

261
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‖u(t, · )‖kl(t)p :=

∥∥∥∥ u(t, x)

ϕl(t,X(t))

∥∥∥∥
Lp(Rn)

,

‖u(t, · )‖sl(t)p :=

∥∥∥∥ u(t, x)

ψl(t, x)

∥∥∥∥
Lp(Rn)

, l ∈ N3,

äå ôóíêöi¨ ϕl, ψl, kl i sl, l ∈ N3 � òàêi, ÿê îçíà÷åíi â ïiäðîçäiëi 2.4. Çà äîïî-

ìîãîþ öèõ íîðì îçíà÷èìî ïðîñòîðè.

L
kl(t)
p , t ∈ [0, T ], p ∈ [1,∞], � ïðîñòîðè âèìiðíèõ ôóíêöié ϕ : Rn → C,

äëÿ ÿêèõ ¹ ñêií÷åííèìè íîðìè ‖ϕ‖kl(t)p , i Lalp := L
kl(0)
p , l ∈ N3;

Mal � ïðîñòið çëi÷åííî-àäèòèâíèõ ôóíêöié µ : B → C (óçàãàëüíåíèõ

áîðåëåâèõ ìið â Rn), ÿêi çàäîâîëüíÿþòü óìîâè

‖µ‖al :=

∫
Rn

(ϕl(0, x))−1 d |µ| (x) <∞, l ∈ N3,

äå B � σ-àëãåáðà áîðåëåâèõ ìíîæèí ïðîñòîðó Rn, à |µ| � ïîâíà âàðià-

öiÿ µ;

L
−sl(T )
1 � ïðîñòið âèìiðíèõ ôóíêöié ψ : Rn → C çi ñêií÷åííîþ íîðìîþ

‖ψ‖−sl(T )
1 :=

∥∥∥∥ ψ(x)

ψl(T, x)

∥∥∥∥
L1(Rn)

, l ∈ N3;

C
−sl(T )
0 � ïðîñòið íåïåðåðâíèõ ôóíêöié ψ : Rn → C òàêèõ, ùî ïðè |x| →

→ ∞ ìà¹ìî |ψ(x)|ψl(T, x)→ 0. Íîðìó â C−sl(T )
0 îçíà÷èìî ÿê

‖ψ‖−sl(T )
∞ := sup

x∈Rn
( |ψ(x)|ψl(T, x)), l ∈ N3.

Çàóâàæèìî, ùî

‖u(t, · )‖sl(t)p ≤ ‖u(t, · )‖kl(t)p , t ∈ [0, T ], p ∈ [1,∞], l ∈ N3. (6.1)

Îñêiëüêè, çâàæàþ÷è íà (2.166), sl(t) ≥ al, òî äëÿ ϕ ∈ Lalp , l ∈ N3, ìà¹ìî
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‖ϕ‖sl(t)p ≤ ‖ϕ‖alp , t ∈ [0, T ], p ∈ [1,∞], l ∈ N3. (6.2)

Íåõàé iñíóþòü âèðàçè L∗l , ÿêi ¹ ñïðÿæåíèìè çà Ëà ðàíæåì äî âèðàçiâ Ll.

Òîäi ñïðÿæåíi ðiâíÿííÿ ìàòèìóòü âèãëÿä

L∗1v(τ, ξ) :=

 − ∂τ +

n2∑
j=1

ξ1j∂ξ2j +

n3∑
j=1

ξ2j∂ξ3j

 v(τ, ξ)−

−
n1∑

j,`=1

∂ξ1j∂ξ1`(aj`(τ, ξ) v(τ, ξ)) +

n1∑
j=1

∂ξ1j(aj(τ, ξ) v(τ, ξ))−

−a0(τ, ξ) v(τ, ξ) = 0, (τ, ξ) ∈ [0, T )× Rn. (6.3)

L∗2v(τ, ξ) :=

 − ∂τ +

n2∑
j=1

ξ1j∂ξ2j +

n3∑
j=1

ξ2j∂ξ3j

 v(τ, ξ)−

−
∑
|k|≤2b

∂k1

ξk1
(aj`(τ, ξ) v(τ, ξ))

−a0(τ, ξ) v(τ, ξ) = 0, (τ, ξ) ∈ [0, T )× Rn. (6.4)

L∗3v(τ, ξ) :=

 − ∂τ +
β(τ)

α(τ)

n2∑
j=1

ξ1j∂ξ2j +
β(τ)

α(τ)

n3∑
j=1

ξ2j∂ξ3j

 v(τ, ξ)−

−β(τ)

α(τ)

n1∑
j,`=1

∂ξ1j∂ξ1`(aj`(τ, ξ) v(τ, ξ)) +
β(τ)

α(τ)

n1∑
j=1

∂ξ1j(aj(τ, ξ) v(τ, ξ))−

−a0(τ, ξ)

α(τ)
v(τ, ξ) = 0, (τ, ξ) ∈ Π[t0,T ). (6.5)

Òóò i äàëi ðèñêà íàä âèðàçîì îçíà÷à¹ ïåðåõiä ó íüîìó äî êîìïëåêñíîãî

ñïðÿæåííÿ. Ó ôîðìóëi (6.5) t0 = 0, ÿêùî âèðîäæåííÿ ñëàáêå i t0 > 0, ÿêùî

âèðîäæåííÿ ñèëüíå.

Íåõàé γ1, γ2 i γ3 � ÷èñëà ç óìîâ (Al1), l ∈ N3. Ïîçíà÷èìî ÷åðåç γ :=

= min{γ1, 3γ2 − 1, 5γ3 − 3}. Äëÿ çðó÷íîñòi ñôîðìóëþ¹ìî îñíîâíi ðåçóëüòàòè
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ïîáóäîâè ÔÐÇÊ äëÿ ðiâíÿíü ç êëàñiâ Kl â òåðìiíàõ âiäñòàíåé pl(x, ξ), l ∈ N3,

äå pl(x, ξ) = d̂(x, ξ), ÿêùî l ∈ {1, 3} i p2(x, ξ) = d(x, ξ), {x, ξ} ⊂ Rn, à âiäñòàíi

d i d̂ îçíà÷åíi ó ïiäðîçäiëi 2.4.

Ñïðàâäæóþòüñÿ òàêi òâåðäæåííÿ:

Òåîðåìà 6.1. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1.1) âèêîíóþòüñÿ óìîâè

(A11), (A12) i (A15). Òîäi ñïðàâäæóþòüñÿ òàêi îöiíêè:

∂klxlZ1(t, x; τ, ξ)| ≤ E(1)
c (t− τ, x, ξ); (6.6)

|∆z
x∂

kl
xl
Z1(t, x; τ, ξ)| ≤ Cp1(x, z)

γ(t− τ)−M−Mk−γ/2×

×
(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)

)
. (6.7)

Ó ôîðìóëàõ (6.6) i (6.7) Z1(t, x; τ, ξ) = Z13(t, x; τ, ξ), 0 ≤ τ < t ≤ T,

{x, z, ξ} ⊂ Rn, ks ∈ Zns+ , {l, s} ⊂ N3, m̂1|k1| = |k2| = |k3| = 1.

Òåîðåìà 6.2. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1.6) âèêîíóþòüñÿ óìîâè

(A21), (A22) i (A25). Òîäi ñïðàâäæóþòüñÿ òàêi îöiíêè:

∂klxlZ2(t, x; τ, ξ)| ≤ E(2)
c (t− τ, x, ξ); (6.8)

|∆z
x∂

kl
xl
Z2(t, x; τ, ξ)| ≤ Cp1(x, z)

γ(t− τ)−M−Mk−γ/(2b)×

×
(
E(2)
c (t− τ, x, ξ) + E(2)

c (t− τ, z(s), ξ)

)
. (6.9)

Ó ôîðìóëàõ (6.8) i (6.9) Z2(t, x; τ, ξ) = Z23(t, x; τ, ξ), 0 ≤ τ < t ≤ T,

{x, z, ξ} ⊂ Rn, ks ∈ Zns+ , {l, s} ⊂ N3, |k1| ≤ 2b, |k2| = |k3| = 1.

Òåîðåìà 6.3. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1.8) âèêîíóþòüñÿ óìîâè

(A31), (A32) i (A35). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z3 i ñïðàâ-

äæóþòüñÿ îöiíêè

|∂klxlZ3(t, x; τ, ξ)| ≤ C(B(t, τ))−M−MkE
(3)
c,d (t, τ, x, ξ); (6.10)

|∆z
x∂

kl
xl
Z3(t, x; τ, ξ)| ≤ Cp3(x, z)

γ(B(t, τ)−M−Mk−γ/2×

×
(
E

(3)
c,d (t, τ, x, ξ) + E

(3)
c,d (t, τ, z(s), ξ)

)
. (6.11)
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Ó ôîðìóëàõ (6.10) i (6.11) Z3(t, x; τ, ξ) = Z33(t, x; τ, ξ), 0 < τ < t ≤ T,

{x, z, ξ} ⊂ Rn, ks ∈ Zns+ , {l, s} ⊂ N3, m̂1|k1| = |k2| = |k3| = 1.

Ñïî÷àòêó íàâåäåìî äîäàòêîâi âëàñòèâîñòi ÔÐÇÊ.

Òåîðåìà 6.4. Íåõàé äëÿ êîåôiöi¹íòiâ Al ðiâíÿííÿ ç êëàñó Kl âèêîíóþòüñÿ

âiäïîâiäíi óìîâè (Al1)�(Al4), l ∈ N3. Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ:

1) iñíó¹ êëàñè÷íèé ÔÐÇÊ Z∗l , l ∈ N3 äëÿ âiäïîâiäíîãî ñïðÿæåíîãî ðiâ-

íÿííÿ (6.3), (6.4) ÷è (6.5), ÿêèé çâ'ÿçàíèé iç ÔÐÇÊ Zl ðiâíiñòþ

Z∗l (τ, ξ; t, x) = Zl(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, l ∈ N3. (6.12)

Êëàñè÷íèé ÔÐÇÊ Zl, l ∈ N3, äëÿ ÿêîãî ñïðàâäæó¹òüñÿ öÿ ðiâíiñòü, íàçèâà-

þòü íîðìàëüíèì;

2) êëàñè÷íèé ÔÐÇÊ Zl ¹ ðîçâ'ÿçêîì ôóíêöiîíàëüíîãî ðiâíÿííÿ

Zl(t, x; τ, ξ) =

∫
Rn

Zl(t, x; β, λ)Zl(β, λ; τ, ξ)dλ,

0 ≤ τ < β < t ≤ T, {x, ξ} ⊂ Rn, l ∈ N3; (6.13)

3) iñíó¹ ëèøå îäèí íîðìàëüíèé êëàñè÷íèé ÔÐÇÊ Zl, l ∈ N3, äëÿ ÿêîãî

ñïðàâäæóþòüñÿ îöiíêè (6.6) i (6.7), (6.8) i (6.9) ÷è (6.10) i (6.11).

Äîâåäåííÿ.Óñi òâåðäæåííÿ òåîðåìè äîâîäÿòüñÿ îêðåìî äëÿ êîæíîãî l ∈

∈ N3. Ïî÷íåìî ç äîâåäåííÿ òâåðäæåííÿ 1) òåîðåìè. Çàóâàæèìî, ùî ðiâíÿííÿ

(6.3),(6.4) i (6.5) ¹ ðiâíÿííÿìè òîãî òèïó, ùî é ðiâíÿííÿ ç âiäïîâiäíèõ êëàñiâ

Kl , l ∈ N3, ÿêùî çàìiñòü τ ââåñòè íîâó çìiííó τ ′ = −τ . Òîìó ïðè âèêîíàííi

óìîâ (Al1)�(Al4) iñíó¹ ÊÔÐÇÊ Z∗l (τ, ξ; t, x), 0 ≤ τ < t ≤ T, {ξ, x} ∈ Rn, l ∈

∈ N3. Ðåøòà òâåðäæåíü òåîðåìè äîâîäÿòüñÿ ïîäiáíî äëÿ êîæíîãî l ∈ N3. Òîìó

ïðîâåäåìî äîâåäåííÿ äëÿ âèïàäêó l = 1.

Äàëi ñêîðèñòà¹ìîñü òàêîþ ôîðìóëîþ �ðiíà � Îñòðîãðàäñüêîãî:
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t2∫
t1

dθ

∫
BR

(
v̄Lu− uL∗v

)
(θ, y)dy =

∫
BR

(v̄u) (θ, y)|t2θ=t1 dy−

−
t2∫
t1

dθ

∫
ΓR

(
n2∑
j=1

y1jµ2j +

n3∑
j=1

y2jµ3j

)
(v̄u) (θ, y)dSy+

−
t2∫
t1

dθ

∫
ΓR

n1∑
j=1

Bj[v, u](θ, y)µ1jdSy,

äå 0 ≤ t1 < t2 ≤ T , BR � êóëÿ â Rn ðàäióñà R ç öåíòðîì ó ïî÷àòêó êîîð-

äèíàò, ΓR� ¨¨ ìåæà, (µ11, . . . , µ1n1
, µ21, . . . , µ2n2

, µ31, . . . , µ3n3
) � îðò çîâíiøíüî¨

íîðìàëi äî ΓR.L i L∗ � ñïðÿæåíi äèôåðåíöiàëüíi âèðàçè ç (1.1) i (6.3),

Bj[v, u] := −
n1∑
l=1

(ajl∂y1l
uv̄ − u∂y1l

(ajlv̄)) + ajuv̄, j ∈ Nn1
,

u i v � äîñèòü ãëàäêi ôóíêöi¨. Ïåðåõiä ó öié ôîðìóëi äî ãðàíèöi äëÿ

ïiäõîäÿùèõ ôóíêöié u i v ïðèâîäèòü äî ôîðìóëè

t2∫
t1

dθ

∫
Rn

(
v̄Lu− uL∗v

)
(θ, y)dy =

∫
Rn

(v̄u) (θ, y)
∣∣t2
θ=t1

dy. (6.14)

Íà ïiäñòàâi îöiíîê (6.6) òà àíàëîãi÷íèõ îöiíîê äëÿ Z∗ ¹ ïðàâèëüíîþ ôîð-

ìóëà , â ÿêié u(θ, y) = Z(θ, y; τ, ξ), v(θ, y) = Z∗(θ, y; t, x), t1 = τ +ε i t2 = t−ε,

äå ε � äîñèòü ìàëå äîäàòíå ÷èñëî, òîáòî ôîðìóëà

∫
Rn

Z∗1(τ + ε, y; t, x)Z1(τ + ε, y; τ, ξ)dy =

∫
Rn

Z∗1(t− ε, y; t, x)Z1(t− ε, y; τ, ξ)dy,

ç ÿêî¨ ïiñëÿ ïåðåõîäó äî ãðàíèöi ïðè ε→ 0 âèïëèâà¹ ðiâíiñòü (6.12).

Àíàëîãi÷íî äî ïîïåðåäíüîãî îäåðæó¹ìî ðiâíiñòü

∫
Rn

Z∗1(β, y; t, x)Z(β, y; τ, ξ)dy =

∫
Rn

Z∗1(t− ε, y; t, x)Z1(t− ε, y; τ, ξ)dy. (6.15)
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Ðiâíiñòü (6.13) îäåðæó¹òüñÿ, ÿêùî â (6.15) ïåðåéòè äî ãðàíèöi ïðè ε→ 0

i ñêîðèñòàòèñü ôîðìóëîþ (6.12) i âëàñòèâiñòþ êëàñè÷íîãî ÔÐÇÊ Z1.

Ïåðåéäåìî äî äîâåäåííÿ òâåðäæåííÿ 3) òåîðåìè 1. Íåõàé Z11 i Z12 �

äâà íîðìàëüíi êëàñè÷íi ÊÔÐÇÊ äëÿ ðiâíÿííÿ (1.1). Ñêîðèñòà¹ìîñü ôîðìó-

ëîþ (6.15), ïîêëàâøè â íié u(θ, y) = Z11(θ, y; τ, ξ), v(θ, y) = Z2(t, x; θ, y). Òîäi

îäåðæèìî ðiâíiñòü

∫
Rn

Z11(t2, y; τ, ξ)Z12(t, x; t2, y)dy =

∫
Rn

Z11(t1, y; τ, ξ)Z12(t, x; t1, y)dy.

Íà ïiäñòàâi äîâiëüíîñòi âèáîðó t1 i t2 ç iíòåðâàëó (τ, t) îñòàííÿ ðiâíiñòü

îçíà÷à¹, ùî ôóíêöiÿ

∫
Rn

Z11(θ, y; τ, ξ)Z12(t, x; θ, y)dy, θ ∈ (τ, t), {x, ξ} ⊂ Rn,

íå çàëåæèòü âiä θ. Ïîçíà÷èìî öþ ôóíêöiþ ÷åðåç Φ1(t, x; τ, ξ). Îòæå

Φ1(t, x; τ, ξ) =

∫
Rn

Z11(θ, y; τ, ξ)Z12(t, x; θ, y)dy, θ ∈ (τ, t), {x, ξ} ⊂ Rn. (6.16)

Ñïðÿìóâàâøè â ðiâíîñòi (6.16) θ ñïî÷àòêó äî τ , à ïîòiì äî t, îäåðæèìî,

ùî

Φ1(t, x; τ, ξ) = Z12(t, x; τ, ξ) = Z11(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn.

I

Òåîðåìà 6.5. Íåõàé äëÿ êîåôiöi¹íòiâ Al ðiâíÿííÿ ç êëàñó Kl âèêîíóþòüñÿ

âiäïîâiäíi óìîâè (Al1)�(Al4), l ∈ N3. Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ:

1) äëÿ áóäü-ÿêèõ ôóíêöié ϕ ∈ Lalp òà óçàãàëüíåíî¨ ìiðè µ ∈Mal ôîðìóëè

ul1(t, x) := (Plϕ)(t, x), (t, x) ∈ Π(0,T ], l ∈ N3; (6.17)

ul0(t, x) := (Plµ)(t, x), (t, x) ∈ Π(0,T ], l ∈ N3; (6.18)
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âèçíà÷àþòü ¹äèíi â øàði Π(0,T ] êëàñè÷íi ðîçâ'ÿçêè âiäïîâiäíîãî îäíîðiä-

íîãî ðiâíÿííÿ;

2)iñíó¹ ñòàëà Cl > 0, ÿêà íå çàëåæèòü âiä ϕ ∈ Lalp òà µ ∈ Mal, òàêà,

ùî äëÿ äîâiëüíîãî t ∈ (0, T ] ñïðàâäæóþòüñÿ îöiíêè

‖ul1(t, · )‖k(t,a)
p ≤ Cl ‖ϕ‖alp , l ∈ N3,

‖ul0(t, · )‖kl(t)1 ≤ Cl ‖µ‖a , l ∈ N3;

3) ïðè p ∈ [1,∞) ñïðàâäæó¹òüñÿ ðiâíiñòü lim
t→∞
‖ul1(t, · )− ϕ( · )‖sl(t)p =

= 0, à ïðè p = ∞ � ãðàíè÷íi ñïiâââiäíîøåííÿ ul1(t, · ) →
t→0

ϕ i ul0(t, · ) →
t→0

µ

ó ñëàáêîìó ñåíñi, òîáòî äëÿ áóäü-ÿêèõ ôóíêöié ψ : Rn → C âiäïîâiäíî ç

ïðîñòîðiâ L
−sl(T )
1 i C

−sl(T )
0 âèêîíóþòüñÿ ñïiââiäíîøåííÿ

lim
t→0

∫
Rn

ψ(x)ul1(t, x) dx =

∫
Rn

ψ(x)ϕ(x) dx

i

lim
t→0

∫
Rn

ψ(x)ul1(t, x) dx =

∫
Rn

ψ(x) dµ(x), l ∈ N3.

Íàñòóïíà òåîðåìà ¹ â ïåâíîìó ñåíñi îáåðíåíîþ äî òåîðåìè 6.5.

Òåîðåìà 6.6. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 6.5 i ul � êëàñè÷íèé

ðîçâ'ÿçîê â Π(0,T ] îäíîðiäíîãî ðiâíÿííÿ ç âiäïîâiäíîãî êëàñó Kl , ÿêèé çàäî-

âîëüíÿ¹ óìîâó

‖ul(t, · )‖kl(t)p ≤ Cl, t ∈ (0, T ], l ∈ N3. (6.19)

ç äåÿêèìè ñòàëîþ Cl > 0 i p ∈ [1,∞]. Òîäi ïðè p ∈ (1,∞] iñíó¹ ¹äèíà ôóíêöiÿ

ϕ ∈ Lalp , à ïðè p = 1 � ¹äèíà óçàãàëüíåíà ìiðà µ ∈ Mal, òàêi, ùî ðîçâ'ÿçîê

ul, l ∈ N3 çîáðàæó¹òüñÿ âiäïîâiäíî ó âèãëÿäi (6.1) i (6.15).

Äîâåäåííÿ òåîðåì 6.5 i 6.6 ïðîâîäèòè íå áóäåìî, îñêiëüêè, ïî-ïåðøå, âîíè



269

¹ äîñèòü ãðîìiçäêèìè, à, ïî-äðóãå, âîíè ïîâòîðþþòü äîâåäåííÿ, ÿêi íàâåäå-

íî â ïðàöÿõ [14, 180]. ßê i â çãàäàíèõ ïðàöÿõ ïðè äîâåäåííÿõ iñòîòíó ðîëü

âiäiãðàþòü âàãîâi ôóíêöi¨, ¨õ âëàñòèâîñòi, ÿêi íàâåäåíî ó ïiäðîçäiëi 2.4.

Òåîðåìè 6.5 i 6.6 ¹ ðåàëiçàöi¹þ âèùåîïèñàíîãî ïiäõîäó Å-I äî êëàñó óëüòðà-

ïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìií-

íèõ âèðîäæåííÿ i êîåôiöi¹íòàìè, çàëåæíèìè âiä óñiõ çìiííèõ.

Íåõàé Ulp, p ∈ [1,∞], � êëàñè óñiõ êëàñè÷íèõ ðîçâ'ÿçêiâ ðiâíÿíü ç êëàñiâ

Kl , ÿêi ïðè êîæíîìó t ∈ (0, T ] íàëåæàòü äî âiäïîâiäíèõ ïðîñòîðiâ Lkl(t)p , l ∈ N3

ÿê ôóíêöi¨ x i äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà (6.19). Ç òåîðåì 2 i 3 âèïëèâàþòü

òàêi âàæëèâi íàñëiäêè.

Íàñëiäîê 6.1. Ìíîæèíàìè ïî÷àòêîâèõ çíà÷åíü ðîçâ'ÿçêiâ iç êëàñiâ Ulp,

p ∈ (1,∞], òà U1 ¹ âiäïîâiäíî ïðîñòîðè Lalp òà Mal, l ∈ N3 i òiëüêè âîíè.

Íàñëiäîê 6.2. Êëàñè Ulp, p ∈ (1,∞], i Ul1 ¹ ìíîæèíàìè çíà÷åíü îïåðà-

òîðiâ Ïóàññîíà, âèçíà÷åíèõ ôîðìóëàìè (6.17) i (6.18) íà ïðîñòîðàõ âiäïîâiäíî

Lalp i Mal, l ∈ N3, ïðè÷îìó öi îïåðàòîðè ¹ içîìîðôiçìàìè.

Äîñëiäæåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ ðiâíÿíü ç êëàñiâKl ,

l ∈ N3 ðîçïî÷íåìî ç äîñëiäæåííÿ îá'¹ìíîãî ïîòåíöiàëó. Ó âèïàäêó ðiâíÿíü ç

êëàñó K3 áóäåìî ââàæàòè, ùî ìà¹ ìiñöå ñëàáêå âèðîäæåííÿ.

ul(t, x) :=

t∫
0

dτ

∫
Rn

Zl(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ], l ∈ N2; (6.20)

u3(t, x) :=

t∫
0

dτ

α(τ)

∫
Rn

Z3(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ]. (6.21)

Äëÿ ôóíêöi¨ f : Π(0,T ] → C áóäåìî âèêîðèñòîâóâàòè íàñòóïíi óìîâè:

(F0) ôóíêöiÿ f ¹ íåïåðåðâíîþ, ëîêàëüíî ãåëüäåðîâîþ çà x1, x2 i x3 ç

âiäïîâiäíèìè ïîêàçíèêàìè γ1, γ2 i γ3 ðiâíîìiðíî ñòîñîâíî t i äëÿ äîâiëüíîãî

t ∈ (0, T ] ñêií÷åííèìè ¹ âåëè÷èíè ‖f(t, ·)‖kl(t)0 := sup
x∈Rn

(
|u(t, x)|
ϕl(t, x)

)
i F0(t) :=

=

t∫
0

‖f(τ, ·)‖kl(τ)
0 dτ, l ∈ N3;
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(Fp) ôóíêöiÿ f ¹ íåïåðåðâíîþ, ëîêàëüíî ãåëüäåðîâîþ çà x1, x2 i x3 ç

âiäïîâiäíèìè ïîêàçíèêàìè γ1, γ2 i γ3 ðiâíîìiðíî ñòîñîâíî t i äëÿ äîâiëüíîãî

t ∈ (0, T ] ñêií÷åííèìè ¹ âåëè÷èíè ‖f(t, ·)‖kl(t)p è Fp(t) :=

t∫
0

‖f(τ, ·)‖kl(τ)
p dτ , äå

p ∈ [1,∞], l ∈ N3.

Â óìîâàõ (F0) i (Fp) ÷èñëà γ1, γ2 i γ3 � òàêi, ÿê â óìîâi (Al1), l ∈ N3.

Ëåìà 6.1. ßêùî ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó (F0) àáî (Fp), òî ôóíêöiÿ

(6.20) ìà¹ íåïåðåðâíi ïîõiäíi ∂ksxsul, ks ∈ Zns+ , s ∈ N3, (δ1l2 + δ2l2b)
−1|k1| +

+ |k2| + |k3| ≤ 1, i Sul, äëÿ l ∈ N2. Ó âèïàäêó l = 3 ôóíêöiÿ (6.21) ìà¹

íåïåðåðâíi ïîõiäíi ∂ksxsu3, ks ∈ Zns+ , s ∈ N3, |k1|/2 + |k2| + |k3| ≤ 1, i S(t)ul.

Äëÿ öèõ ïîõiäíèõ ñïðàâäæóþòüñÿ ôîðìóëè

∂k1
x1
ul(t, x) =

t∫
0

dτ

∫
Rn

∂k1
x1
Zl(t, x; τ, λ)f(τ, λ)dλ, (δ1l2 + δ2l2b)

−1|k1| < 1;

∂k1
x1
u3(t, x) =

t∫
0

dτ

α(τ)

∫
Rn

∂k1
x1
Zl(t, x; τ, λ)f(τ, λ)dλ, |k1| = 1;

∂ksxsul(t, x)=

t∫
0

dβ

∫
Rn1

( ∫
Rn2+n3

∂ksxsZl(t, x; τ, λ)dλ2dλ3

)
∆
X(t−τ)
Λ01(t−τ)f(β,Λ01(t− τ))dλ1+

+

t∫
0

dτ

∫
Rn1+n2

∫
Rn3

∂ksxsZl(t, x; τ, λ)dλ3

∆
Λ01(t−τ)
Λ02(t−τ)f(τ,Λ02(t− τ))dλ1dλ2+

+

t∫
0

dτ

∫
Rn

∂ksxsZl(t, x; τ, λ)∆
Λ02(t−τ)
λ Q3(τ, λ)dλ+

+

t∫
0

∫
Rn

∂ksxsZl(t, x; τ, λ)dλ

 f(τ,X(t− τ))dτ.

∂ksxsu3(t, x)=

t∫
0

dτ

α(τ)

∫
Rn1

( ∫
Rn2+n3

∂ksxsZl(t, x; τ, λ)dλ2dλ3

)
∆
X(t−τ)
Λ01(t−τ)f(β,Λ01(t− τ))dλ1+
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+

t∫
0

dτ

∫
Rn1+n2

∫
Rn3

∂ksxsZl(t, x; τ, λ)dλ3

∆
Λ01(t−τ)
Λ02(t−τ)f(τ,Λ02(t− τ))dλ1dλ2+

+

t∫
0

dτ

∫
Rn

∂ksxsZl(t, x; τ, λ)∆
Λ02(t−τ)
λ Q3(τ, λ)dλ+

+

t∫
0

∫
Rn

∂ksxsZl(t, x; τ, λ)dλ

 f(τ,X(t− τ))dτ.

Sul(t, x) =

t∫
0

dτ

∫
Rn

SZl(t, x; τ, λ)∆
X(t−τ)
λ f(τ, λ)dλ+

+

t∫
0

∫
Rn

SZl(t, x; τ, λ)dλ

 f(τ,X(t− τ))dτ ;

S(t)u3(t, x) =

t∫
0

dτ

α(τ)

∫
Rn

S(t)Z3(t, x; τ, λ)∆
X(t−τ)
λ f(τ, λ)dλ+

+

t∫
0

∫
Rn

S(t)Z3(t, x; τ, λ)dλ

 f(τ,X(t− τ))
dτ

α(τ)
,

0 < t ≤ T, x ∈ Rn.

Äîâåäåííÿ.Ëåìà äîâîäèòüñÿ çà äîïîìîãîþ îöiíîê êëàñè÷íèõ ÔÐÇÊ

(6.6)�(6.11) i ñòàíäàðòíî¨ ìåòîäèêè, ÿêà âèêîðèñòîâóâàëàñü ïðè äîâåäåííi âiä-

ïîâiäíèõ ëåì 3.9, 4.9 i 5.9.I

Ëåìà 6.2. Íåõàé äëÿ ôóíêöi¨ f âèêîíàíà óìîâà F0. Òîäi ôóíêöiÿ (6.20) ÷è

(6.21) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ âiäïîâiäíîãî ðiâíÿííÿ (1.1), (1.6) ÷è (1.8), äëÿ

ÿêîãî ñïðàâäæó¹òüñÿ îöiíêà

‖ul(t, ·)‖kl(t)0 ≤ CF0(t), t ∈ (0, T ], l ∈ N3, (6.22)

è äëÿ äîâiëüíîãî êîìïàêòó K ⊂ Rn

ul(t, x) →
t→0

0 ðiâíîìiðíî ïî x ∈ K, l ∈ N3. (6.23)

Äîâåäåííÿ. Òå, ùî ôóíêöi¨ (6.20) i (6.21) ¹ ðîçâ'ÿçêîì âiäïîâiäíèõ ðiâ-
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íÿíü îáãðóíòîâó¹òüñÿ ÿê ó ïîïåðåäíié ëåìi. Îöiíêè (6.22) äîâîäÿòüñÿ àíàëîãi÷-

íî äî äîâåäåíü ç ëåìè 2.9. Ñïiââiäíîøåííÿ (6.23) ¹ íàñëiäêîì îöiíîê (6.22).I

Ëåìà 6.3. ßêùî ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó Fp, òî ôóíêöiÿ (6.20) ÷è

(6.21) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ âiäïîâiäíîãî ðiâíÿííÿ (1.1), (1.6) ÷è (1.8), ÿêà

ìà¹ òàêi âëàñòèâîñòi:

‖ul(t, ·)‖kl(t)p ≤ CFp(t), t ∈ (0, T ], l ∈ N3, (6.24)

lim
t→0
‖ul(t, ·)‖sl(t)p = 0, l ∈ N3. (6.25)

Äîâåäåííÿ. Äëÿ äîâåäåííÿ ëåìè äîñòàòíüî óñòàíîâèòè ïðàâèëüíiñòü îöi-

íîê (6.24). Ç öi¹¨ îöiíêè i òîãî, ùî Fp(t) →
t→0

0, âèïëèâà¹ (6.25).

Çàóâàæèìî, ùî ñïðàâäæó¹òüñÿ íåðiâíiñòü

‖u(t, ·)‖kl(t)p ≤
t∫

0

‖Pl(t, τ, ·)‖k(t)
p dτ, t ∈ (0, T ], l ∈ N3, (6.26)

äå

Pl(t, τ, x) :=

∫
Rn

Z(t, x; τ, ξ)f(τ, ξ)dξ l ∈ N3.

Äëÿ p ∈ {1,∞} íåðâíiñòü (6.26) î÷åâèäíî ñïðàâäæó¹òüñÿ, à äëÿ p ∈ (1,∞) âî-

íà ñïðàâäæó¹òüñÿ íà ïiäñòàâi íåðiâíîñòi Ìiíêîâñüêîãî. Àíàëîãi÷íî äîâîäèòüñÿ

íåðiâíiñòü

‖Pl(t, τ, ·)‖kl(t)p ≤ C‖f(τ, ·)‖kl(τ)
p , 0 ≤ τ < t ≤ T, l ∈ N3.

Ç íå¨ i íåðiâíîñòi (6.26) âèïëèâàþòü îöiíêè (6.24). I

Ñôîðìóëþ¹ìî îñíîâíi òåîðåìè äëÿ íåîäíîðiäíèõ ðiâíÿíü ç êëàñiâ Kl ,

l ∈ N3, ÿêi ¹ àíàëîãàìè òåîðåì 6.5, 6.6 äëÿ îäíîðiäíèõ ðiâíÿíü.

Òåîðåìà 6.7. Íåõàé äëÿ êîåôiöi¹íòiâ Al ðiâíÿííÿ ç êëàñó Kl âèêîíóþòüñÿ

âiäïîâiäíi óìîâè (Al1)�(Al4), l ∈ N3. Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ:

1) äëÿ äîâiëüíèõ ôóíêöi¨ ϕ ∈ Lalp è ôóíêöi¨ f , ÿêà çàäîâîëüíÿ¹ óìîâó Fp,
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p ∈ [1,∞], ôîðìóëàìè

ul(t, x)=

∫
Rn

Zl(t, x; 0, ξ)ϕ(ξ)dξ+

t∫
0

dτ

∫
R

Zl(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ], l ∈ N2,

(6.27)

u3(t, x) =

∫
Rn

Z3(t, x; 0, ξ)ϕ(ξ)dξ+

t∫
0

dτ

α(τ)

∫
R

Z3(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ],

(6.28)

âèçíà÷àþòü ¹äèíi ðîçâ'ÿçêè ðiâíÿíü (1.1), (1.6) i (1.8), äëÿ ÿêèõ ñïðàâäæó-

þòüñÿ îöiíêè

‖ul(t, ·)‖kl(tp ≤ C(‖ϕ‖alp + Fp(t)), t ∈ (0, T ], l ∈ N3,

i ñïiââiäíîøåííÿ 3) ç òåîðåìè 6.5 âiäïîâiäíî äëÿ p ∈ [1,∞) i p =∞;

2) äëÿ äîâiëüíèõ óçàãàëüíåíî¨ ìiðè µ ∈Mal i ôóíêöi¨ f , ÿêà çàäîâîëüíÿ¹

óìîâó F1, ôîðìóëàìè

ul(t, x)=

∫
Rn

Zl(t, x; 0, ξ)dµ(ξ)+

t∫
0

dτ

∫
R

Zl(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ], l ∈ N2,

(6.29)

u3(t, x) =

∫
Rn

Z3(t, x; 0, ξ)dµ(ξ) +

t∫
0

dτ

α(τ)

∫
R

Z3(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ],

(6.30)

âèçíà÷àþòü ¹äèíi ðîçâ'ÿçêè ðiâíÿíü (1.1), (1.6) i (1.8), äëÿ ÿêèõ ñïðàâä-

æóþòüñÿ îöiíêè

‖ul(t, ·)‖kl(t)1 ≤ C(‖µ‖al + F1(t)), t ∈ (0, T ], l ∈ N3

i âiäïîâiäíi ñïiââiäíîøåííÿ ç òåîðåìè 6.5.

Òåîðåìà 6.8. Íåõàé äëÿ êîåôiöi¹íòiâ Al ðiâíÿííÿ ç êëàñó Kl âèêîíóþòüñÿ

âiäïîâiäíi óìîâè (Al1)�(Al4), l ∈ N3, äëÿ ïðàâî¨ ÷àñòèíè f � óìîâà Fp, à äëÿ

ðîçâ'ÿçêó ul, âèçíà÷åíîãî â øàði Π(0,T ], ñïðàâäæó¹òüñÿ íåðiâíiñòü

‖ul(t, ·)‖kl(t)p ≤ C, t ∈ (0, T ], l ∈ N3
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ç äåÿêèìè ñòàëîþ C > 0 i p ∈ [1,∞]. Òîäi ïðè p ∈ (1,∞] iñíó¹ ¹äèíà ôóíêöiÿ

ϕ ∈ Lalp , à ïðè p = 1 � ¹äèíà óçàãàëüíåíà ìiðà µ ∈Mal òàêi, ùî ðîçâ'ÿçîê ul

çîáðàæà¹òüñÿ ó âèãëÿäi (6.27), (6.28), (6.29) i (6.30).

Äîâåäåííÿ òåîðåì 6.7 i 3.11 iç óðàõóâàííÿì ëåìè 6.3 ¹ ôàêòè÷íî ïîâòî-

ðåííÿì äîäîâåäåíü òåîðåì 6.5 i 6.6.

Çàóâàæåííÿ. Òåîðåìè 6.7 i 6.8 ìàþòü òàêi æ íàñëiäêè, ùî i íàñëiäêè 1

i 2 ç òåîðåì 6.5 i 6.6. Îòæå, äëÿ ðiâíÿíü (1.1), (1.6) i (1.8), êîåôiöi¹íòè ÿêèõ

çàëåæàòü âiä óñiõ çìiííèõ, ðåàëiçîâàíî ïiäõiä Å-I.

Íàâåäåìî ùå òåîðåìó ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ ðiâíÿíü

ç êëàñiâ Kl , l ∈ N3, çà ïðèïóùåííÿ, ùî ïî÷àòêîâà ôóíêöiÿ íàëåæèòü äî ïðî-

ñòîðó Cal
0 , l ∈ N3, íåïðåðûâíûõ ôóíêöèé ϕ : Rn → C.

Òåîðåìà 6.9. ßêùî âèêîíàíi óìîâè (Al1)�(Al4) äëÿ êîåôiöi¹íòiâ Al ðiâíÿííÿ

ç êëàñó Kl , óìîâà Fp äëÿ ïðàâî¨ ÷àñòèíè f i ϕ ∈ Cal
0 , l ∈ N3, òî ôîðìóëàìè

(6.27) i (6.28) âèçíà÷àþòüñÿ ¹äèíi ðîçâ'ÿçêè âiäïîâiäíèõ ðiâíÿíü, äëÿ ÿêèõ

ñïðàâäæóþòüñÿ îöiíêè

‖ul(t, ·)‖kl(t)0 ≤ C(‖ϕ‖al0 + F0(t)), t ∈ (0, T ], , l ∈ N3

i äëÿ äîâiëüíîãî êîìïàêòó K ⊂ Rn ñïiââiäíîøåííÿ

ul(t, x) →
t→0

ϕ(x) ðàâíîìåðíî ïî x ∈ K.

Äîâåäåííÿ. Äîâåäåííÿ öi¹¨ òåîðåìè ïðîâîäèòüñÿ àíàëîãi÷íî. Ïðè öüîìó

âèêîðèñòîâó¹òüñÿ ëåìà 6.2 äëÿ îá'¹ìíîãî ïîòåíöiàëó.I

6.2. Çàäà÷à Êîøi äëÿ ðiâíÿíü ç êëàñó K4

Äëÿ ôóíêöié u : Π(0,T ] → CN âèêîðèñòîâóþòüñÿ ïðîñòîðè C ·,··,· ç ðîçäiëó 2

ó âèïàäêó δ = β. Çà äîïîìîãîþ öèõ ïðîñòîðiâ îçíà÷èìî ïðîñòîðè Uγ,λ
µ,r i Uγ,λ

d

äëÿ çàäàíèõ ÷èñåë {γ, λ} ⊂ (0, 1], µ ∈ {0, 1, ...} i {d, r} ⊂ R. Âîíè ñêëàäàþòüñÿ

âiäïîâiäíî ç ôóíêöié u ∈ C0,0
µ,r+1 i u ∈ C

0,0
d , ÿêi ìàþòü ïîõiäíi ∂kxu, 0 < ||k|| ≤ 2b,

ùî íàëåæàòü âiäïîâiäíî äî ïðîñòîðiâ Cζ,ζ/(2b)
µ,r+1−||k||/(2b) i C

ζ,ζ/(2b)
d , äå ζ = γ äëÿ

||k|| < 2b i ζ = λ äëÿ ||k|| = 2b. Íîðìè â ïðîñòîðàõ âèçíà÷àþòüñÿ âiäïîâiäíî



275

ôîðìóëàìè

||u||Uγ,λµ,r
:= ||u||0,0µ,r+1 +

∑
0<||k||<2b

||∂kxu||
γ,γ/(2b)
µ,r+1−||k||/(2b) +

∑
||k||=2b

||∂kxu||λ,λ/(2b)µ,r ,

||u||U
dγ,λ

:= ||u||0,0d +
∑

0<||k||<2b

||∂kxu||
γ,γ/(2b)
d +

∑
||k||=2b

||∂kxu||
λ,λ/(2b)
d .

ÔÐÇÊ Z4 ïîðîäæó¹ îá'¹ìíèé ïîòåíöiàë

u4(t, x) ≡
t∫

0

dτ

α(τ)

∫
Rn

Z(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ], (6.31)

âëàñòèâîñòi ÿêîãî îïèñàíi â íàñòóïíèõ ëåìàõ.

Ëåìà 6.4. Íåõàé äëÿ êîåôiöi¹íòiâ ñèñòåìè (1.9) âèêîíóþòüñÿ óìîâè

(A41)i(A42). Òîäi ïðàâèëüíi òâåðäæåííÿ:

à) ÿêùî f ∈ Cλ,0
µ+1,r, λ ≤ γ, µ ∈ {0, 1, ...}, r ≥ 0, òî ôóíêöiÿ (6.31) ìà¹

íåïåðåðâíi ïîõiäíi, ÿêi âõîäÿòü ó ñèñòåìó (1.9) i îá÷èñëþþòüñÿ çà òàêèìè

ôîðìóëàìè:

∂kxu4(t, x) =

t∫
0

dτ

α(τ)

∫
Rn

∂kxZ4(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ], ||k|| < 2b,

(6.32)

∂kxu4(t, x) =

t∫
0

dτ

α(τ)

∫
Rn

∂kxZ4(t, x; τ, ξ)∆x
ξf(τ, ξ)dξ+

+

t∫
0

∫
Rn

∂kxZ(t, x; τ, ξ)dξ

 f(τ, x)
dτ

α(τ)
, (t, x) ∈ Π(0,T ], ||k|| = 2b, (6.33)

α(t)∂tu4(t, x) = f(t, x) +

t∫
0

dτ

α(τ)

∫
Rn

α(t)∂tZ4(t, x; τ, ξ)∆x
ξf(τ, ξ)dξ+

+

t∫
0

∫
Rn

α(t)∂tZ(t, x; τ, ξ)dξ

 f(τ, x)
dτ

α(τ)
, (t, x) ∈ Π(0,T ]; (6.34)

á) ÿêùî f ∈ Cλ,0
0,0 , λ ≤ γ, i äîäàòêîâî ïðèïóñêà¹òüñÿ âèêîíàííÿ óìîâè

(1.17) ç äåÿêèì γ0 < λ, òî äëÿ ôóíêöi¨ (6.31) ìà¹ ìiñöå òå ñàìå, ùî é ó

òâåðäæåííi à);
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â) ÿêùî f ∈ C0,0
µ+1,r, µ ∈ {0, 1, ...}, r ≥ 0, òî äëÿ ôóíêöi¨ (6.31) òà ¨¨

ïîõiäíèõ, ÿêi îá÷èñëþþòüñÿ çà ôîðìóëàìè (6.32) � (6.34), ñïðàâäæóþòüñÿ

îöiíêè

||∂kxu||
0,0
µ,1+r−||k||/(2b) ≤ C||f ||0,0µ+1,r, ||k|| < 2b, (6.35)

[∂kxu]γ,0µ,1+r−||k||/(2b) ≤ C||f ||0,0µ+1,r, ||k|| < 2b. (6.36)

Ç îöiíîê (6.35), (6.36) âèïëèâà¹, ùî ∂kxu ∈ C
γ,0
µ,1+r−||k||/(2b), ||k|| < 2b, äëÿ äîâiëü-

íèõ µ ∈ {0, 1, ...} i r ≥ 0 i, îòæå, ∂kxu ∈ Cγ,0
µ,r , ||k|| < 2b.

Ëåìà 6.5. Íåõàé ó ñèñòåìi (1.9) êîåôiöi¹íòè ak, ||k|| ≤ 2b, çàëåæàòü òiëü-

êè âiä ïàðàìåòðiâ (θ, y) ∈ Π[0,T ], ïðè÷îìó âîíè, ÿê ôóíêöi¨ öèõ ïàðàìåò-

ðiâ, çàäîâîëüíÿþòü óìîâè (A41),(A42)i (1.16). Íåõàé, äàëi, Z40(·, ·; ·, ·; θ, y) �

ÔÐÇÊ äëÿ òàêî¨ ñèñòåìè.

ßêùî f ∈ Cγ,0
1,r , r > γ/(2b), òî äëÿ iíòåãðàëà

v(t, x; θ, y) ≡
t∫

0

dτ

α(τ)

∫
Rn

G0(t, x; τ, ξ; θ, y)f(τ, ξ)dξ, {(t, x), (θ, y)} ⊂ Π(0,T ],

ïðàâèëüíå òàêå òâåðäæåííÿ: ôóíêöi¨

vk(t, x) ≡ ∂kxv(t, x; θ, y)|(θ,y)=(t,x), (t, x) ∈ Π(0,T ],

íàëåæàòü äî ïðîñòîðiâ C
γ,γ/(2b)
0,r+1−||k||/(2b), 0 < ||k|| ≤ 2b, i ñïðàâäæóþòüñÿ îöií-

êè

||vk||γ,γ/(2b)0,1+r−||k||/(2b) ≤ C||f ||γ,01,r , 0 < ||k|| ≤ 2b.

ßêùî f ∈ Cγ,0
0,0 i äîäàòêîâî âèêîíó¹òüñÿ óìîâà 5 ç γ0 < γ, òî vk, 0 <

< ||k|| ≤ 2b, íàëåæèòü äî ïðîñòîðiâ C
γ1,γ1/(2b)
0,0 i ñïðàâäæóþòüñÿ îöiíêè

||vk||γ1,γ1/(2b)
0,0 ≤ C||f ||γ,00,0 , 0 < ||k|| ≤ 2b,

äå γ1 = γ, ÿêùî ||k|| < 2b i γ1 = γ − γ0, ÿêùî ||k|| = 2b.

Ëåìè äîâîäÿòüñÿ çà äîïîìîãîþ âiäïîâiäíèõ òâåðäæåíü ç ðîçäiëó 2.

Íàâåäåìî âëàñòèâîñòi iíòåãðàëà Ïóàññîíà ôóíêöi¨ ϕ, òîáòî

uϕ(t, x) :=

∫
Rn

Z4(t, x; 0, ξ)ϕ(ξ)dξ, (t, x) ∈ Π(0,T ], (6.37)
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òà iíòåãðàëà Ïóàññîíà óçàãàëüíåíî¨ ìiðè µ

uµ(t, x) :=

∫
Rn

Z4(t, x; 0, ξ)dµ(ξ), (t, x) ∈ Π(0,T ], (6.38)

ïîðîäæåíèõ ÔÐÇÊ Z4 ñëàáêî âèðîäæåíî¨ ñèñòåìè (1.9). Ïðè öüîìó ôóíêöiÿ

ϕ òà óçàãàëüíåíà ìiðà µ áåðóòüñÿ çi ñïåöiàëüíèõ âàãîâèõ ïðîñòîðiâ.

Íåõàé c0, a1, ...,an i T � çàäàíi ÷èñëà òàêi, ùî 0 < c0 < c, 0 ≤ aj < c0T
1−qj ,

j ∈ {1, ..., n}, äå c � ñòàëà ç îöiíîê (6.6), (6.7) äëÿ ÔÌÐÇÊ äëÿ ñèñòåìè (1.9),

êîåôiöi¹íòè ÿêî¨ çàäîâîëüíÿþòü òàêi óìîâè, ÿê âèùå. a = (a1, ..., an), k(t) ≡

(k1(t), ..., kn(t)), äå kj, j ∈ {1, ..., n}, i Ψ(t, x), (t, x) ∈ Π[0,T ], � ôóíêöi¨, ÿêi

îçíà÷åíi âèùå; u : Π[0,T ] → CN � çàäàíà ôóíêöiÿ, âèìiðíà çà çìiííîþ x ∈ Rn

ïðè êîæíîìó t ∈ [0, T ].

Äëÿ áóäü-ÿêèõ t ∈ [0, T ] i p ∈ [1,∞] îçíà÷èìî íîðìè

||u(t, ·)||k(t)
p ≡ ||(Ψ(t, ·))−1u(t, ·)||Lp(Rn),

äå Lp(Rn) � Lp-ïðîñòið Ëåáåãà ôóíêöié çi çíà÷åííÿìè â CN , âèçíà÷åíèõ íà Rn.

Ïîçíà÷èìî ÷åðåç Lk(0)
p ïðîñòið óñiõ âèìiðíèõ çà Ëåáåãîì ôóíêöié ϕ :

Rn → CN , äëÿ ÿêèõ ñêií÷åííà íîðìà ||ϕ||k(0)
p .

Íåõàé Bn � σ-àëãåáðà áîðåëüîâèõ ìíîæèí ïðîñòîðó Rn. ×åðåç Mk(0) ïî-

çíà÷èìî ïðîñòið óñiõ çëi÷åííî-àäèòèâíèõ ôóíêöié µ : Bn → CN (óçàãàëüíåíèõ

áîðåëüîâèõ ìið) òàêèõ, ùî

||µ||k(0) :=

∫
Rn

(Ψ(0, x))−1d|µ|(x) <∞,

äå |µ| � ïîâíà âàðiàöiÿ µ.

Íàâåäåìî âëàñòèâîñòi iíòåãðàëiâ (6.37), (6.37), ÿêi îïèñóþòüñÿ ó íàñòóï-

íèõ ëåìàõ, äå ïðèïóñêà¹òüñÿ, ùî êîåôiöi¹íòè ñèñòåìè (1.9) çàäîâîëüíÿþòü

óìîâè (A41), (A42), (1.17) i A(T, 0) <∞.

Ëåìà 6.6. ßêùî ϕ ∈ Lk(0)
p , òî ôóíêöiÿ uϕ, ùî âèçíà÷åíà ôîðìóëîþ (6.37), ¹

ðîçâ'ÿçêîì îäíîðiäíî¨ ñèñòåìè

(α(t)I∂t − β(t)
∑

1≤||k||≤2b

ak(t, x)∂kx − a0(t, x))u(t, x) = 0, (t, x) ∈ Π(0,T ], (6.39)
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äëÿ ÿêîãî:

1) ∃C > 0 ∀t ∈ (0, T ] : ||uϕ(t, ·)||k(t)
p ≤ C||ϕ||k(0)

p ,

ïðè÷îìó ñòàëà C íå çàëåæèòü âiä ϕ;

2) ïðè 1 ≤ p <∞

lim
t→0+
||uϕ(t, ·)− ϕ(·)||k(t)

p = 0,

à ïðè p =∞

∀η ∈ L−k(T )
1 : lim

t→0+

∫
Rn

η′(x)uϕ(t, x)dx =

∫
Rn

η′(x)ϕ(x)dx,

äå L
−k(T )
1 � ìíîæèíà âñiõ âèìiðíèõ çà Ëåáåãîì ôóíêöié η : Rn → CN , äëÿ

ÿêèõ ñêií÷åííà íîðìà

||Ψ(T, ·)η(·)||L(Rn).

Ëåìà 6.7. Íåõàé µ ∈ Mk(0). Òîäi ôóíêöiÿ uµ ç ôîðìóëè (6.37) ¹ ðîçâ'ÿçêîì

ñèñòåìè (6.39), äëÿ ÿêîãî:

1) iñíó¹ òàêà ñòàëà C > 0, ùî

∀t ∈ (0, T ] : ||uµ(t, ·)||k(t)
1 ≤ C||µ||k(0),

ïðè÷îìó C íå çàëåæèòü âiä µ;

2) ∀η ∈ C−k(T )
0 :

lim
t→0+

∫
Rn

η′(x)uµ(t, x)dx =

∫
Rn

η′(x)dµ(x),

äå C
−k(T )
0 � ìíîæèíà âñiõ íåïåðåðâíèõ ôóíêöié η : Rn → CN òàêèõ, ùî

Ψ(T, x)|η(x)| → 0, ÿêùî |x| → ∞.

Çàóâàæåííÿ. Ðîçâ'ÿçêè ñèñòåìè (6.39), ÿêi îïèñàíi â ëåìàõ 6.6 i 6.7,

¹ ¹äèíèìè. Öå äîâîäèòüñÿ çà äîïîìîãîþ ëåì ïðî iíòåãðàëüíå çîáðàæåííÿ

ðîçâ'ÿçêiâ, ÿêi àíàëîãi÷íi íàñòóïíèì äâîì ëåìàì. Äîâåäåííÿ öèõ ëåì ãðóí-

òó¹òüñÿ íà âiäïîâiäíié ôîðìóëi Ãðiíà-Îñòðîãðàäñüêîãî.
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Ëåìà 6.8. Íåõàé ôóíêöiÿ u : Π[0,T ] → CN íåïåðåðâíà, çàäîâîëüíÿ¹ óìîâó

∃C > 0 ∀t ∈ (0, T ] : W0[u; t] ≡ sup
x∈Rn

((Ψ(t, x))−1|u(t, x)|) ≤ C

i ¹ â Π(0,T ] ðîçâ'ÿçêîì ñèñòåìè (1.9), â ÿêié f íåïåðåðâíà â Π(0,T ] i çàäîâîëüíÿ¹

óìîâó
T∫
0

W0[f ; τ ] dτ
α(τ) < ∞. ßêùî âèêîíóþòüñÿ óìîâè (A41), (A42), (1.17) i

A(T, 0) <∞, òî ïðàâèëüíà ôîðìóëà

u(t, x) =

∫
Rn

Z4(t, x; 0, ξ)u(0, ξ)dξ +

t∫
0

dτ

α(τ)

∫
Rn

Z(t, x; τ, ξ)f(τ, ξ)dξ,

(t, x) ∈ Π(0,T ],

äå Z4� ÔÐÇÊ äëÿ ñèñòåìè (1.9).

Ëåìà 6.9. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè (A41), (A42), (1.17) òà

A(T, 0) = ∞ B(T, 0) < ∞. Íåõàé ôóíêöiÿ u : Π(0,T ] → CN íåïåðåðâíà i

çàäîâîëüíÿ¹ óìîâè:

a) ∃C > 0 ∀t ∈ (0, T ] : W0[u; t]Ed(T, t) ≤ C;

á) ôóíêöiÿ u ¹ ðîçâ'ÿçêîì ñèñòåìè (1.9) ç íåïåðåðâíîþ ôóíêöi¹þ

f : Π(0,T ] → CN , äëÿ ÿêî¨ çáiãà¹òüñÿ iíòåãðàë

T∫
0

W0[f ; τ ]Ed(T, τ)
dτ

α(τ)
;

â) lim
t→0

(u(t, x)Ed(T, t)) = ϕ(x), x ∈ Rn.

Òîäi ïðàâèëüíå çîáðàæåííÿ

u(t, x) :=

∫
Rn

Z0(t, x; ξ)ϕ(ξ)dξ +

t∫
0

dτ

α(τ)

∫
Rn

Z4(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ],

äå

Z0(t, x; ξ) := lim
τ→0

(Z4(t, x; τ, ξ)E−d(T, τ)).

Ñïðàâäæóþòüñÿ òåîðåìè.

Òåîðåìà 6.10. Íåõàé êîåôiöi¹íòè A4 çàäîâîëüíÿþòü óìîâè (A41), (A42),

(1.16) i âèêîíó¹òüñÿ óìîâà (1.17), A(T, 0) < ∞, f ∈ Cγ,0
0,0 i ϕ ∈ C2b+γ. Òî-

äi, ÿêùî u� ðåãóëÿðíèé ðîçâ'ÿçîê çàäà÷i Êîøi ç ïðîñòîðó U 0,0
0 , òî u ∈ Uγ,γ1

0



280

i ñïðàâäæó¹òüñÿ îöiíêà

‖u‖Uγ,γ1
0
≤ C

(
‖ϕ‖2b+γ + ‖f |γ,00,0

)
,

äå ÷èñëî γ1 = γ − γ0 òàêå, ÿê â ëåìi 6.5.

Òåîðåìà 6.11. Íåõàé êîåôiöi¹íòè A4 çàäîâîëüíÿþòü óìîâè (A41), (A42),

(1.16) i âèêîíó¹òüñÿ óìîâà (1.17), A(T, 0) = ∞, B(T, 0) < ∞, f ∈ Cγ,0
d i

ϕ ∈ C2b+γ. Òîäi, ÿêùî u� ðåãóëÿðíèé ðîçâ'ÿçîê çàäà÷i Êîøi ç ïðîñòîðó U 0,0
d ,

òî u ∈ Uγ,γ1

0 i ñïðàâäæó¹òüñÿ îöiíêà

‖u‖Uγ,γ1
0
≤ C

(
‖ϕ‖2b+γ + ‖f |γ,0d

)
,

äå γ1 = γ − γ0 ,à ÷èñëî γ0� òàêå ÿê â óìîâi (1.17).

Çà äîïîìîãîþ òåîðåì ïðî àïðiîðíi îöiíêè i ïiäâèùåííÿ ãëàäêîñòi äîâî-

äÿòüñÿ íàñòóïíi òåîðåìè ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi.

Òåîðåìà 6.12. Íåõàé êîåôiöi¹íòè A4 çàäîâîëüíÿþòü óìîâè (A41), (A42),

(1.16) i âèêîíó¹òüñÿ óìîâà (1.17), A(T, 0) < ∞, f ∈ Cγ,0
0 i ϕ ∈ C2b+γ. Òî-

äi ïðîñòið Uγ,γ1

0 ¹ êëàñîì êîðåêòíîñòi çàäà÷i Êîøi, γ1 � òàêå, ÿê âèùå.

Òåîðåìà 6.13. Íåõàé êîåôiöi¹íòè A4 çàäîâîëüíÿþòü óìîâè (A41), (A42),

(1.16) i âèêîíó¹òüñÿ óìîâà (1.17), A(T, 0) = ∞, B(T, 0) < ∞, f ∈ Cγ,0
0 i

ϕ ∈ C2b+γ. Òîäi ïðîñòið Uγ,γ1

d ¹ êëàñîì êîðåêòíîñòi çàäà÷i Êîøi, ç âàãîâîþ

ïî÷àòêîâîþ óìîâîþ, γ1 � òàêå, ÿê âèùå.

Òåîðåìà 6.14. Íåõàé êîåôiöi¹íòè A4 çàäîâîëüíÿþòü óìîâè (A41), (A42),

(1.16) i f ∈ Cγ,0
3,r , r > γ/(2b). Òîäi ïðîñòið Uγ,γ

0,r ¹ êëàñîì êîðåêòíîñòi ñè-

ñòåìè (1.9).

Äîâåäåííÿ öèõ òåîðåì ïðîâîäèòüñÿ çà äîïîìîãîþ ìåòîäèêè, çàïîçè÷åíî¨

ç ïðàöi [3] i âiäïîâiäíî ìîäèôiêîâàíî¨, ùîá ìàòè ìîæëèâiñòü âðàõîâóâàòè âè-

ðîäæåííÿ ñèñòåìè.

6.3. Ëîêàëüíà ðîçâ'ÿçíiñòü êâàçiëiíiéíèõ ðiâíÿíü

Ðîçãëÿíåìî ñèñòåìó N ðiâíÿíü âèãëÿäó
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(α(t)I∂t − β(t)
∑
‖k‖=2b

ak(t, x,D
2b−1
x u)∂kx)u(t, x)

= f(t, x,D2b−1
x u), (t, x) ∈ Π(0,T ], (6.40)

ç ïî÷àòêîâîþ óìîâîþ

u(t, x)
∣∣
t=+0

= 0, x ∈ Rn. (6.41)

Âèêîðèñòîâóâàòèìåìî ùå òàêi ïîçíà÷åííÿ:

Dp
xu := {∂kxuj | |k| ≤ p, j ∈ N0},

ÿêùî u ∈ CN , äå p ∈ N0, N0 := {1, . . . , N}; Lp � êiëüêiñòü åëåìåíòiâ ìíîæèíè

Dp
xu; N

p
1 := {1, . . . , Lp}; Gp(R) := {y ∈ RLp | |yj| ≤ Rj, j ∈ N1}, äå Rj, j ∈ N1

� äîäàòíi ñòàëi,R := (R1, . . . , RLp)i R0 := (R1, . . . , RLp), ÿêùî R1 = . . . =

= RLp = R0, äå R0 > 0 � äåÿêà ñòàëà ; Qp
H(R) := {(t, x, y) | (t, x) ∈ ΠH , y ∈

∈ Gp(R)}, ΠH := H × Rn.

Äëÿ çðó÷íîñòi ñôîðìóëþ¹ìî ïðèïóùåííÿ íà êîåôiöi¹íòè i ïðàâó ÷àñòèíó

ðiâíÿííÿ (6.40).

A1. Âèðàç (I∂t −
∑
‖k‖=2b ak(t, x, y)∂kx) ðiâíîìiðíî ïàðàáîëi÷íèé çà Ïåò-

ðîâñüêèì â Q2b−1
[0,T ] (R0).

A2. Êîåôiöi¹íòè ak : Q[0,T ] → CNN , ‖k‖ = 2b, îáìåæåíi, íåïåðåðâíi çà

çìiííîþ t ðiâíîìiðíî ùîäî x òà y, çàäîâîëüíÿþòü ó Q2b−1
[0,T ] (R0) ðiâíîìiðíó

óìîâó Ãåëüäåðà çà x ç ïîêàçíèêîì λ ∈ (0, 1) òà óìîâó Ëiïøèöÿ çà çìiííîþ y.

A3. ∃ C > 0 ∀ {t, t′} ⊂ [0, T ], t < t′, ∀ x ∈ Rn ∀ y ∈ G2b−1(R0) ∀ k, ‖k‖ =

= 2b: |∆t′
t ak(t, x, y)| := |ak(t′, x, y)− ak(t, x, y)| ≤ CA(t′, t)γ/(2b),γ ∈ (0, 1).

A4.∃ γ0 ∈ (0, 1) ∃M > 0 ∀ t ∈ (0, T ] :∫ t

0

(B(t, τ))−1+γ0/(2b)
dτ

α(τ)
≤M.

Êëàñ ôóíêöié, ùî ðàçîì iç ñâî¨ìè ïîõiäíèìè äî p-ãî ïîðÿäêó âêëþ÷-

íî, çàäîâîëüíÿþòü ñåðiþ óìîâ A1�A3 ç ïåâíèìè λ i γ, ïîçíà÷àþòüñÿ ÷å-

ðåç Ap,λ,γ/(2b)(Q2b−1
[0,T ] (R0)). Ó âèïàäêó, êîëè êîåôiöi¹íòè ñèñòåìè (6.40) ôóíêöi¨

ak : Π[0,T ] → CNN , |k| = 2b íå çàëåæàòü âiä çìiííî¨ y ∈ G2b−1(R0), òî âiäïî-
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âiäíèé êëàñ ôóíêöié ïîçíà÷àòèìåìî ÷åðåç Ap,λ,γ/(2b)(Π[0,T ]). Ñòîñîâíî ôóíêöi¨

f : Q2b−1
[0,T ] (R0)→ CN ïðèïóñêàòèìåìî âèêîíàíèìè íàñòóïíi óìîâè.

F1. Ôóíêöiÿ f íåïåðåðâíà â Q2b−1
[0,T ] (R0).

F2. ∃ C > 0 ∀ (t, x, y) ∈ Q2b−1
[0,T ] (R0) : |f(t, x, y)| ≤ Cσ(t), äå σ : [0, T ] →

→ [0,∞) � íåïåðåðâíà ôóíêöiÿ.

F3. ∃ C > 0 ∀ {(t, x, y), (t, x′, y)} ⊂ Q2b−1
[0,T ] (R0) : |∆x′

x f(t, x, y)| :=

= |f(t, x′, y)− f(t, x, y)| ≤ Cσ(t)|x− x′|λ, λ ∈ (0, 1).

F4. ∃ C > 0 ∀ {(t, x, y), (t, x, y′)} ⊂ Q2b−1
[0,T ] (R0) : |∆y′

y f(t, x, y)| :=

= |f(t, x, y′)− f(t, x, y)| ≤ Cσ(t)|y − y′|.

Êëàñ ôóíêöié, ÿêi çàäîâîëüíÿþòü ñåðiþ óìîâ F1�F4 ç ïåâíèìè λ i σ,

ïîçíà÷àþòüñÿ ÷åðåç Fλσ(Q2b−1
[0,T ] (R0)).Ïîçíà÷àòèìåìî ÷åðåç Fp,λσ (Q2b−1

[0,T ] (R0)) êëàñ

ôóíêöié f , ÿêi ðàçîì çi ñâî¨ìè ïîõiäíèìè çà ïðîñòîðîâîþ çìiííîþ äî ïîðÿäêó

p âêëþ÷íî íàëåæàòü äî êëàñó Fλσ(Q2b−1
[0,T ] (R0)).

Îçíà÷èìî ïðîñòîðè ôóíêöié. Ðîçãëÿäàòèìåìî ïðîñòîðè ôóíêöié , ÿêi ¹

íåïåðåðâíèìè ÷è çàäîâîëüíÿþòü óìîâó Ãåëüäåðà òà ìàþòü ïåâíi îáìåæåííÿ

ïðè t→ 0 . �õ ïîâåäiíêà ïðè t→ 0 îïèñóâàòèìåòüñÿ ôóíêöi¹þ

(δ(t))µ(∆(t, 0))rE−d(T, t), t ∈ (0, T ],

äå µ = {0, 1}, r ∈ R, d ∈ R; δ � íåïåðåðâíà ìîíîòîííî íåñïàäíà íà [0, T ] ôóíê-

öiÿ òàêà, ùî 0 < δ(t) ≤ β(t) äëÿ t ∈ (0, T ] òà çáiãà¹òüñÿ iíòåãðàë ∆(T, 0) :=

=
∫ T

0 (δ(θ)/α(θ))dθ. Äëÿ çàäàíèõ ÷èñåë λ ∈ (0, 1], µ ∈ {0, 1} i r ∈ R ïîçíà÷èìî

÷åðåç Cλ,λ/(2b)
µ,r , Cλ,0

µ,r i C
0,0
µ,r ïðîñòîðè íåïåðåðâíèõ ôóíêöié u : Π(0,T ] → CN , äëÿ

ÿêèõ ñêií÷åííi âiäïîâiäíî íîðìè

‖u‖λ,λ/(2b)µ,r := ‖u‖0,0
µ,r + [u]λ,λ/(2b)µ,r ,

‖u‖λ,0µ,r := ‖u‖0,0
µ,r + [u]λ,0µ,r i ‖u‖0,0

µ,r,

äå

‖u‖0,0
µ,r := sup

(t,x)∈Π(0,T ]

(
|u(t, x)|Ed(T, t)

(δ(t))µ(∆(t, 0))r

)
,
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[u]λ,λ/(2b)µ,r := sup
{(t,x),(t′,x′)}⊂Π(0,T ]

(t,x)6=(t′,x′)

(
|∆t′,x′

t,x u(t, x)|
(∆(t̄, 0))r−λ/(2b)

×δ(t)−µp(t′, x′; t, x)−λEd(T, t̃)

)
,

[u]λ,0µ,r := sup
{(t,x),(t,x′)}⊂Π(0,T ]

x 6=x′

(
|∆x′

x u(t, x)|×

×(δ(t))−µ(∆(t, 0))−r+λ/(2b)|x− x′|−λEd(T, t)

)
.

Òóò t̄ := t+(t′−t)η(r−λ/(2b)) i t̃ := t+(t′−t)η(d), à η(·)� õàðàêòåðèñòè÷íà

ôóíêöiÿ ìíîæèíè [0,∞).

Çà äîïîìîãîþ îçíà÷åíèõ ïðîñòîðiâ óâåäåìî ïðîñòið Uγ,λ
r . Âií ñêëàäà¹òüñÿ

ç ôóíêöié u ∈ C0,0
0,r+1, ÿêi ìàþòü ïîõiäíi ∂

k
xu ∈ C

γ,γ/(2b)
0,r+1−|k|/(2b), 0 < |k| < 2b, òà

ïîõiäíi ∂kxu ∈ C
λ,λ/(2b)
0,r , |k| = 2b. Íîðìà â ïðîñòîði Uγ,λ

r âèçíà÷à¹òüñÿ ôîðìóëîþ

‖u‖Uγ,λr
:= ‖u‖0,0

0,r+1 +
∑

0<|k|<2b

‖∂kxu‖
γ,γ/(2b)
0,r+1−|k|/(2b)

+
∑
|k|=2b

‖∂kxu‖
λ,λ/(2b)
0,r .

Ïðîñòîðè Uγ,λ
r , â ÿêèõ ôóíêöi¨ u âèçíà÷åíi â øàði Π(0,T0], T0 ≤ T , ïîçíà÷àòè-

ìåìî ÷åðåç Uγ,λ
r (Π(0,T0]).

Òåîðåìà 6.15. Íåõàé äëÿ ñèñòåìè (6.40) âèêîíóþòüñÿ ïðèïóùåííÿ A1,A2

i A3, ôóíêöiÿ f íàëåæèòü äî êëàñó Fλσ(Q2b−1
[0,T ] (R0)) ç 0 < λ < γ òà σ(·) := δ(·

·)(∆(·, 0))s−1, äå s � òàêå äîäàòíå ÷èñëî, ùî âèêîíó¹òüñÿ óìîâà

β(t)(∆(t, 0))ν ≤ δ(t), ν :=

s+ λ/(2b)− 1 > γ/(2b), (6.42)

ïðèíàéìíi äëÿ ìàëèõ t > 0. Òîäi iñíó¹ òàêå ÷èñëî T0 ∈ (0, T ], ùî çàäà÷à

Êîøi (6.40), (6.41) ìà¹ ¹äèíèé ðîçâ'ÿçîê ç ïðîñòîðó Uγ,λ
ν (Π(0,T0]).

Ðîçãëÿíåìî âèïàäîê, êîëè B(T, 0) < ∞. Ó öüîìó âèïàäêó çà ôóíêöiþ δ
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ìîæíà âçÿòè β. Òîäi íåðiâíiñòü (12) âèêîíó¹òüñÿ äëÿ âñiõ t ∈ (0, T0] òàêèõ, ùî

B(T0, 0) < 1. Ïðîñòið ôóíêöié, äî ÿêîãî íàëåæèòü ðîçâ'ÿçîê ó öüîìó âèïàäêó,

ïîçíà÷èìî ÷åðåç
◦
Uγ,λ
ν (Π(0,T0]).

Òåîðåìà 6.16. Íåõàé äëÿ êîåôiöi¹íòiâ ñèñòåìè (6.40) âèêîíóþòüñÿ ïðè-

ïóùåííÿ òåîðåìè 6.15. i B(T, 0) < ∞. ßêùî f íàëåæèòü äî êëàñó

Fλσ(Q2b−1
[0,T ] (R0)) ç 0 < λ ≤ γ i σ(·) = β(·)(B(t, 0))s−1, s ≥ 1 + (γ − λ)/(2b), òî

iñíó¹ òàêå ÷èñëî T0 > 0, ùî çàäà÷à Êîøi (6.40), (6.41) ìà¹ ¹äèíèé ðîçâ'ÿçîê

ç ïðîñòîðó
◦
Uγ,λ
ν (Π(0,T0]), äå ν òàêå æ, ÿê ó (12).

Ó âèïàäêó ñëàáêîãî âèðîäæåííÿ (A(T, 0) < ∞), ïðèïóñêàþ÷è äîäàòêî-

âî âèêîíàíîþ óìîâó A4, ëîêàëüíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi âñòàíîâëåíî äëÿ

ñèñòåì, ïðàâi ÷àñòèíè ÿêèõ íàëåæàòü äî êëàñó Fλ1 . Öåé êëàñ ¹ òàêèì, ÿê i ó

âèïàäêó êâàçiëiíiéíèõ ïàðàáîëi÷íèõ ñèñòåì áåç âèðîäæåííÿ . Êðiì òîãî, ðîç-

ãëÿíåìî ñèñòåìó (6.40) ç íåîäíîðiäíîþ ïî÷àòêîâîþ óìîâîþ

u(t, x)|t=0 = ϕ(x), x ∈ Rn, (6.43)

äå ôóíêöiÿ ϕ ¹ íåïåðåðâíîþ i îáìåæåíîþ ðàçîì ç óñiìà ïîõiäíèìè äî ïîðÿäêó

2b âêëþ÷íî, êîòði çàäîâîëüíÿþòü óìîâó Ãåëüäåðà ç ïîêàçíèêîì γ ∈ (0, 1),

òîáòî äî êëàñó C2b+γ
0 .

Òåîðåìà 6.17. Íåõàé äëÿ êîåôiöi¹íòiâ ñèñòåìè (6.40) âèêîíóþòüñÿ óìîâè

A1,A2,A3 i A4, ôóíêöiÿ f íàëåæèòü äî êëàñó Fγ1(Q2b−1
[0,T ] (R0)). Òîäi iñíó¹ òàêå

÷èñëî T0 > 0, ùî íåîäíîðiäíà çàäà÷à Êîøi (6.40), (13) ìà¹ ¹äèíèé ðîçâ'ÿçîê

ç ïðîñòîðó Uγ,γ−γ0(Π(0,T0]).ïî÷àòêîâié ãiïåðïëîùòíi.

Äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ çà ìåòîäèêîþ,ÿêà âèêîðèñòîâóâàëàñü äëÿ

ñèñòåì áåç âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùòíi.

Íàâåäåìî ðåçóëüòàòè äîñiäæåííÿ ëîêàëüíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ

êâàçiëiíiéíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà âèãëÿäó

(Lu)(t, x) := (∂t −
n2∑
j=1

x1j∂x2j
−

n3∑
j=1

x2j∂x3j
−

n1∑
k,j=1

akj(t)∂x1k
∂x1j
−
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−
n1∑
j=1

aj(t)∂x1j
−−a0(t))u(t, x) = 0, (t, x) ∈ Π(0,T ], (6.44)

Íåõàé êîåôiöi¹íòè A1 ðiâíÿííÿ (6.44), ÿê ôóíêöi¨ t, çàäîâîëüíÿþòü óìîâè

(A11) i (A12) òîäi, íà ïiäñòàâi òåîðåìè 2.1, iñíó¹ êëàñè÷íèé ÔÐÇÊ Z10 äëÿ ÿêîãî

ñïðàâäæóþòüñÿ îöiíêè (2.137).

Ðîçãëÿíåìî iíòåãðàë

w(t, x) :=

t∫
0

dτ

∫
Rn

Z10(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ], (6.45)

äå Z10� ÔÐÇÊ äëÿ ðiâíÿííÿ (6.44).

Éîãî ãëàäêiñòü âèâ÷àòèìåìî â òåðìiíàõ ñïåöiàëüíèõ ãåëüäåðîâèõ íîðì i

ïðîñòîðiâ. Äëÿ ôóíêöié w : Π[0,T ] → C ïîêëàäåìî ||w|| := sup
(t,x)∈Π[0,T ]

(|w(t, x)|),

[w](α1,α2,α3) := sup
{(t,x),(t,x′)}⊂Π[0,T ]

x 6=x′

|∆x′
x w(t, x)|d[x, x′;α1, α2, α3]

−1, ||w||(α1,α2,α3) :=

= ||w|| + [w](α1,α2,α3), äå α1 ∈ (0, 1), α2 ∈ (0, 3), α3 ∈ (0, 5); d[x, x′;α1, α2, α3] :=

= (
3∑
l=1

nl∑
j=1

|xlj − x′lj|2αl/(2l−1))1/2 � ñïåöiàëüíà âiäñòàíü ìiæ òî÷êàìè x i x′ ç Rn.

Âèêîðèñòîâóâàòèìåìî òàêîæ ïîçíà÷åííÿ: d[x, x′;α] := d[x, x′;α, α, α],

||w||(p1+α1,3p2+α2,5p3+α3) := ||w||(α1,α2,α3)+
∑3

l=1

∑
0<|ml|≤pl ||∂

ml
xl
w||(α1,α2,α3)

k(·) , p1 ∈

∈ {0, 1, 2}, p2 ∈ {0, 1}, p3 ∈ {0, 1}.

Îçíà÷èìî òàêi ïðîñòîðè ôóíêöié:

C(Π[0,T ]) � ïðîñòið óñiõ íåïåðåðâíèõ ôóíêöié w : Π[0,T ] → C, äëÿ ÿêèõ

ñêií÷åííîþ ¹ íîðìà ||w||;

C(α1,α2,α3)(Π[0,T ]), α1 ∈ (0, 1), α2 ∈ (0, 3), α3 ∈ (0, 5), � ïðîñòið óñiõ ôóíêöié

w : Π[0,T ] → C, äëÿ ÿêèõ ñêií÷åííîþ ¹ íîðìà ||w||(α1,α2,α3);

C(p1+α1,3p2+α2,5p3+α3)(Π[0,T ]) � ïðîñòið ôóíêöié w : Π[0,T ] → C, ÿêi ðà-

çîì çi ñâî¨ìè ïîõiäíèìè ∂ml
xl
w, |ml| ≤ pl, l ∈ M, íàëåæàòü äî ïðîñòîðó

C(α1,α2,α3)(Π[0,T ]), òîáòî ¹ ñêií÷åííîþ íîðìà ||w||(p1+α1,3p2+α2,5p3+α3). Ðîçãëÿäà-

òèìåìî ïðîñòîðè ôóíêöié â ÿêèõ p1 = 2, p2 = 1, p3 = 1.

Ç ðåçóëüòàòiâ ïiäðîçäiëó 6.1 âèïëèâà¹ òàêå òâåðäæåííÿ.

Òåîðåìà 6.18. Íåõàé êîåôiöi¹íòè ðiâíÿííÿ (6.44) çàäîâîëüíÿþòü óìîâè
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(A11), (A12) i f ∈ C(α,α+1,α+3), α ∈ (0, 1). Òîäi ôîðìóëîþ (6.45) âèçíà÷à¹òüñÿ

¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (Lu)(t, x) = f(t, x), (t, x) ∈ Π(0,T ] ,ÿêèé íàëåæèòü

äî ïðîñòîðó C(2+α,3+α,5+α) i äëÿ ÿêîãî ñïðàâäæóþòüñÿ îöiíêè

||w||(2+α,3+α,5+α) ≤ C||f ||(α,α+1,α+3), (6.46)

|w(t, x)| ≤ Ct, (6.47)

|∂ml
xl
w(t, x)| ≤ Ct1+(2l−1)(αl−|ml|)/2, (6.48)

|∆x′

x ∂
ml
xl
w(t, x)| ≤ Cd(x, x′;α), l ∈M, (6.49)

äå α1 = α, α2 = (1 +α)/3, α3 = (3 +α)/5. Ïðè÷îìó ñòàëà C â îöiíêàõ (6.46)�

(6.51) çàëåæèòü âiä ñòàëèõ ç óìîâ (A11), (A12), ç îöiíîê ÔÐÇÊ (2.137) òà

iíøèõ ñòàëèõ iç îçíà÷åííÿ êëàñó C(α,α+1,α+3)(Π[0,T ]).

Ðîçãëÿíåìî òåïåð çàäà÷ó Êîøi

(Lu)(t, x) = f(t, x,D1
x1
u(t, x)), (t, x) ∈ Π(0,T ], (6.50)

u(t, x)|t=+0 = 0, x ∈ Rn. (6.51)

Ñòîñîâíî ôóíêöi¨ f : Q1
[0,T ](R0)→ C ïðèïóñêàòèìåìî âèêîíàíèìè óìîâè

F1, F2, F4 òà óìîâó

F̂3. ∃ C > 0 ∀ {(t, x, y), (t, x′, y)} ⊂ Q1
[0,T ](R0) :

|∆x′
x f(t, x, y)| ≤ Cσ(t)d(x, x′;λ), λ ∈ (0, 1). , λ ∈ (0, 1).

Êëàñ ôóíêöié, ÿêi çàäîâîëüíÿþòü ñåðiþ óìîâ F1,F2,F̂3 i F4 ç ïåâíèìè λ

i σ, ïîçíà÷àòèìåìî ÷åðåç F̂
λ

σ(Q1
[0,T ](R0)).

Íàâåäåìî òåîðåìó ïðî ëîêàëüíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi (6.50),(6.51).

Òåîðåìà 6.19. Íåõàé êîåôiöi¹íòè ðiâíÿííÿ (6.50) çàäîâîëüíÿþòü óìîâè

(A11) i (A12), ôóíêöiÿ f íàëåæèòü äî êëàñó F̂
λ

1(Q1
[0,T ](R0)) ç äåÿêèì 0 <

< λ < 1. Òîäi iñíó¹ òàêå ÷èñëî T0 ∈ (0, T ], ùî çàäà÷à Êîøi (6.50),(6.51) ìà¹

¹äèíèé ðîçâ'ÿçîê ç ïðîñòîðó6.52 C(2+λ,3+λ,5+λ)(Π(0,T0]).

Äîâåäåííÿ. Ðîçãëÿíåìî ïîñëiäîâíiñòü ôóíêöié {us : s ≥ 0}, ÿêi çàäîâîëüíÿ-
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þòü ðiâíÿííÿ

(Lus)(t, x) = f(t, x,D1
x1
us−1(t, x)), (t, x) ∈ Π(0,T ], s ≥ 1, (6.52l)

(Lu0)(t, x) = f(t, x, 0), (t, x) ∈ Π(0,T ], (6.520)

i ïî÷àòêîâi óìîâè

us(t, x)|t=0 = 0, x ∈ Rn, (6.53l)

òà âèçíà÷àþòüñÿ ôîðìóëàìè

us(t, x) =

∫ t

0

dτ

∫
Rn
Z10(t, x; τ, ξ)f(τ, ξ,D1

ξ1
us−1(τ, ξ))dξ,

(t, x) ∈ Π(0,T ], l ≥ 0, u−1 := 0. (6.54l)

Ðîçãëÿíåìî çàäà÷ó (6.520), (6.530). Ç óìîâ òåîðåìè 6.19. âèïëèâà¹, ùî

ôóíêöiÿ u0, ÿêà âèçíà÷åíà ôîðìóëîþ (6.540) ¹ ðîçâ'ÿçêîì öi¹¨ çàäà÷i. Îñêiëüêè

âèêîíàíi óìîâè òåîðåìè 6.18., òî íà ïiäñòàâi öi¹¨ òåîðåìè ìà¹ìî, ùî u0 ∈

∈ C(2+λ,3+λ,5+λ)(Π(0,T ]) i ñïðàâäæóþòüñÿ îöiíêè

|u0(t, x)| ≤ C0t, (t, x) ∈ Π(0,T ],

|∂ml
xl
u0(t, x)| ≤ C0t

1+(2l−1)(λl−|ml|)/2,

|∆x′

x ∂
ml
xl
u0(t, x)| ≤ C0d(x, x′;λ), l ∈M,

Âèáåðåìî T0 < 1 òàêèì, ùîá

C0 max
ml≤pl,l∈M

(T
1+(2l−1)(λl−|ml|)/2
0 ) < R0

Òîäi îäåðæèìî òàêi îöiíêè:

|∂m1
x1
u0(t, x)| ≤ R0, |m1| < p1, (6.550)

|∂ml
xl
u0(t, x)| ≤ R1T

λ/2
0 , (6.560)

|∆x′

x ∂
ml
xl
u0(t, x)| ≤ R1d(x, x′;λ) (6.570)

Çàóâàæèìî, ùî ïðîñòið C(2+λ,3+λ,5+λ)(Π(0,T0]), ÿê âèïëèâà¹ ç òåîðåìè 6.17., ¹

êëàñîì ¹äèíîñòi ðîçâ'ÿçêó.

Ðîçãëÿíåìî òåïåð ðîçâ'ÿçîê u1 çàäà÷i (6.521), (6.531). Êîåôiöi¹íòè ðiâíÿí-

íÿ (6.521) òàêi æ ÿê i ó ðiâíÿííÿ (6.520), íà ïiäñòàâi çðîáëåíèõ ïðèïóùåíü iñíó¹

ÔÐÇÊ Z10 äëÿ òàêîãî ðiâíÿííÿ i äëÿ Z10 ïðàâèëüíèìè ¹ îöiíêè (??). Îñêiëüêè
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âèêîíàíi â øàði Π(0,T0] óìîâè òåîðåìè 6.17., òî ¹äèíèé ðîçâ'ÿçîê çàäà÷i (6.521),

(6.531) âèçíà÷à¹òüñÿ ôîðìóëîþ (6.5411).

Íà ïiäñòàâi òåîðåìè 6.18. ìà¹ìî, ùî äëÿ òàêîãî ðîçâ'ÿçêó ñïðàâäæóþòüñÿ

íåðiâíîñòi

|u(t, x)1| ≤ C1t, (t, x) ∈ Π(0,T ],

|∂ml
xl
u1(t, x)| ≤ C1t

1+(2l−1)(λl−|ml|)/2,

|∆x′

x ∂
ml
xl
u1(t, x)| ≤ C1d(x, x′;λ), l ∈M,

äå λ � òàêå æ, ÿê ðàíiøå, à C1 � äåÿêà ñòàëà, ÿêà çàëåæèòü âiä R0, R1, T0.

Çìåíøèâøè, ÿêùî ïîòðiáíî, T0 îäåðæèìî îöiíêè

|∂m1
x1
u1(t, x)| ≤ R0, |m1| < p1, (6.551)

|∂ml
xl
u1(t, x)| ≤ R1T

λ/2
0 , (6.561)

|∆x′

x ∂
ml
xl
u1(t, x)| ≤ R1d(x, x′;λ) (6.571)

ç òàêèìè æ, ÿê i â (6.550) � (6.570), ñòàëèìè R0, R1. Ðîçâ'ÿçîê u1(t, x) çàäà÷i

Êîøi (6.521), (6.531) íàëåæèòü äî ïðîñòîðó C(2+λ,3+λ,5+λ)(Π(0,T0]).

Çà iíäóêöi¹þ âñòàíîâëþ¹ìî iñíóâàííÿ ïîñëiäîâíîñòi ðîçâ'ÿçêiâ {us : s ≥

1} çàäà÷ (6.52s), (6.53s), ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè (6.54s) i äëÿ ÿêèõ ó

øàði Π(0,T0] ñïðàâäæóþòüñÿ íåðiâíîñòi

|∂m1
x1
us(t, x)| ≤ R0, |m1| < p1, (6.55s)

|∂ml
xl
us(t, x)| ≤ R1T

λ/2
0 , (6.56s)

|∆x′

x ∂
ml
xl
us(t, x)| ≤ R1d(x, x′;λ) (6.57s)

Öi ðîçâ'ÿçêè áóäóòü ¹äèíèìè ðîçâ'ÿçêàìè çàäà÷ Êîøi (6.52s), (6.53s) ç

ïðîñòîðó C(2+λ,3+λ,5+λ)(Π(0,T0]).

Äîâåäåìî çáiæíiñòü ïîñëiäîâíîñòi {us : s ≥ 0}. Äëÿ öüîãî ðîçãëÿíåìî

ôóíêöi¨ {εs(t) : s ≥ 0}, ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

εs(t) := sup
x∈Rn

∑
|m1|<2

|∂m1
x1

(us(t, x)− us−1(t, x))|,



289

ε0(t) := sup
x∈Rn

∑
|m1|<2

|∂m1
x1
u0(t, x)|, t ∈ (0, T0].

Âèêîðèñòîâóþ÷è (6.52s), (6.52s+1), çàïèøåìî ðiâíÿííÿ äëÿ ðiçíèöi vs :=

= us+1 − us:

(Lvs)(t, x) = f(t, x,D1
x1
us)− f(t, x,D1

x1
us−1) := Φs,s−1(t, x), (t, x) ∈ Π(0,T0],

vs(t, x)|t=0 = 0, x ∈ Rn,

ïðè÷îìó äëÿ ôóíêöi¨ vs ïðàâèëüíå çîáðàæåííÿ

vs(t, x) =

∫ t

0

dτ

∫
Rn
Z10(t, x; τ, ξ)Φs,s−1(τ, ξ)dξ, (t, x) ∈ Π(0,T0]. (6.58)

Îöiíèìî |Φs,s−1|. Çà äîïîìîãîþ óìîâè F4 ìà¹ìî

|Φs,s−1(t, x)| ≤ |f(t, x,D1
x1
us)−−f(t, x,D1

x1
us−1)| ≤ Cεs(t), (t, x) ∈ Π(0,T0], s ≥ 0.

(6.59)

Âèêîðèñòàâøè (6.58) i (6.59), îäåðæèìî íåðiâíiñòü

εs+1(t) ≤ C

∫ t

0

(t− τ)−1+1/2εs(τ)dτ,

t ∈ (0, T0], s ≥ 0. (6.60)

Ç (34) çà iíäóêöi¹þ âèïëèâàþòü íåðiâíîñòi

εs(t) ≤ (C(T0)
1/2)s sup

t∈(0,T0]

ε0(t),

s ≥ 1, t ∈ (0, T0]. (6.61)

Ðÿä
∑∞

s=0 εs ¹ ðiâíîìiðíî çáiæíèì íà (0, T0], ÿêùî ÷èñëî T0 âèáðàòè òàêèì,

ùîá C(T0)
1/2 < 1. Îñêiëüêè

∑∞
s=0 |∂m1

x1
(us − us−1)| ≤

∑∞
s=0 εs, òî ïîñëiäîâíîñòi

{∂m1
x1
us : s ≥ 0}, |m1| < p1, ¹ ðiâíîìiðíî çáiæíèìè â øàði Π(0,T0].

Ðîçãëÿíåìî òåïåð ïîñëiäîâíîñòi ñòàðøèõ ïîõiäíèõ {∂ml
xl
us : s ≥ 0}, |ml| =

= pl, l ∈M. Ç îöiíîê (30s) i (31s) âèïëèâà¹ ¨õ êîìïàêòíiñòü â êîæíîìó öèëiíäði

Vr,τ := {(t, x) ∈ Π(0,T0] | |x| ≤ r, t ∈ (0, τ)}. Òîìó iñíóþòü ïiäïîñëiäîâíîñòi

{∂ml
xl
usj : j ≥ 1},|ml| = pl,l ∈ M , ÿêi ¹ ðiâíîìiðíî çáiæíèìè â êîæíîìó

öèëiíäði Vr,τ . Íåõàé v∗ � ãðàíè÷íà ôóíêöiÿ. Îñêiëüêè {∂m1
x1
us : s ≥ 0}, |m1| <

< p1, ðiâíîìiðíî çáiãàþòüñÿ äî ∂m1
x1
u, |m1| < p1, òî, íà ïiäñòàâi çàìêíåíîñòi

îïåðàöi¨ äèôåðåíöiþâàííÿ v∗ = ∂ml
xl
u, |ml| = pl,l ∈M.
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Àíàëîãi÷íî äîâîäèìî ðiâíîìiìiðíó â öèëiíäði Vr,τ çáiæíiñòü ïiäïîñëi-

äîâíîñòi {∂tusj : j ≥ 1}. Ñïðÿìó¹ìî â (6.22sj) j äî íåñêií÷åííîñòi, òîäi

îäåðæèìî, ùî ãðàíè÷íà ôóíêöiÿ u ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (6.20) ç ïðîñòîðó

C(2+λ,3+λ,5+λ)(Π(0,T0]).

Äîâåäåìî ¹äèíiñòü îäåðæàíîãî ðîçâ'ÿçêó. Íåõàé, êðiì ïîáóäîâàíîãî

ðîçâ'ÿçêó u, ¹ ùå ðîçâ'ÿçîê ū çàäà÷i Êîøi (6.20), (6.21). Òîäi äëÿ ¨õ ðiçíèöi

w̄ := u− ū ìà¹ìî çàäà÷ó

L(w̄)(t, x) = Φ(t, x), (t, x) ∈ Π(0,T0],

w̄(t, x)|t=0 = 0, x ∈ Rn, (6.62)

äå

Φ(t, x) := f(t, x,D1
x1
u)− f(t, x,D1

x1
ū).

Äëÿ ðîçâ'ÿçêó w̄ çàäà÷i (6.62) ïðàâèëüíèì ¹ òàêå çîáðàæåííÿ:

w̄(t, x) =

∫ t

0

dτ

∫
Rn
Z10(t, x; τ, ξ)Φ(τ, ξ)dξ, (t, x) ∈ Π(0,T0]. (6.63)

Çà äîïîìîãîþ (??) i F4 iç (6.63) îäåðæèìî íåðiâíîñòi

|∂kxw̄(t, x)| ≤ C

∫ t

0

(t− τ)−|ml|/2w0(τ)dτ,

(t, x) ∈ Π(0,T0], |ml| < pl, l ∈M, (6.64)

äå

w0(τ) := sup
x∈Rn

∑
|ml|<pl

|∂ml
xl
w̄(τ, x)|.

Ç (38) âèïëèâà¹ íåðiâíiñòü

w0(t) ≤ C

∫ t

0

(t− τ)−1/2w0(τ)dτ.

Çiíòåãðóâàâøè îáèäâi ÷àñòèè öi¹¨ íåðiâíîñòi ïî t, ïiñëÿ çìiíè ïîðÿäêó

iíòåãðóâàííÿ îäåðæèìî∫ t

0

w0(τ)dτ ≤ C1t
1/2

∫ t

0

w0(τ)dτ, t ∈ (0, T0].

Çâiäñè âèïëèâà¹, ùî w0(t) := 0 äëÿ òèõ çíà÷åíü t ∈ (0, T0], ÿêi çàäîâîëüíÿþòü

óìîâó C1(t)
1/(2) < 1, òîáòî w(t) = 0 äëÿ òàêèõ t. Ïîâòîðþþ÷è, ÿêùî ïîòðiáíî,

öi ìiðêóâàííÿ ïîòðiáíó êiëüêiñòü ðàçiâ, îäåðæèìî, ùî w := 0 â øàði Π(0,T0]. I
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Ïåðåéäåìî äî ãëîáàëüíèõ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ äåÿêèõ êâàçiëiíié-

íèõ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü. Òàê íàçèâàþòü ðîçâ'ÿçêè, ÿêi âèçíà÷åíi äëÿ

âñiõ çíà÷åíü t > 0. Ó øàði Π := (0,∞)× Rn ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi

(Lcu)(t, x) = f(t, u(t, x)), (t, x) ∈ Π, (6.65)

u(t, x)|t=0 = ϕ(x), x ∈ Rn, (6.66)

äå Lc := ∂t−
n2∑
j=1

x1j∂x2j
−

n3∑
j=1

x2j∂x3j
−−

n1∑
k,j=1

akj∂x1k
∂x1j
−

n1∑
j=1

aj∂x1j
−a0 � óëüòðà-

ïàðàáîëi÷íèé äèôåðåíöiàëüíèé âèðàç òèïó Êîëìîãîðîâà, â ÿêîìó êîåôiöi¹íòè

akj, aj, {j, k} ⊂ Nn1
, i a0 ¹ äiéñíèìè ÷èñëàìè, ïðè÷îìó ìàòðèöÿ (akj)

n1

k,j=1 ¹

ñèìåòðè÷íîþ i ìà¹ äîäàòíi âëàñíi ÷èñëà.

Íåõàé F � ïðîñòið íåïåðåðâíèõ ôóíêöié f : [0,∞) × R → R, ÿêi çàäî-

âîëüíÿþòü óìîâó

∃ C > 0 ∀ t ∈ [0,∞) ∀ {u, u1, u2} ⊂ R :

|f(t, u)| ≤ C|u|1+β,

|f(t, u1)− f(t, u2)| ≤

≤ C|u1 − u2|max{|u1|β, |u2|β},

äå β � äîäàòíà ñòàëà.

ÔÐÇÊ äëÿ ëiíiéíîãî ðiâíÿííÿ ç îïåðàòîðîì Lc âèçíà÷à¹òüñÿ òàêîþ ôîð-

ìóëîþ :

Z(t, x; τ, ξ) := 2−n13n2/2180n3/2π−n/2×

(detA1 detA2 detA3)
−1/2(t− τ)−N×

× exp{− 1

4(t− τ)

n1∑
j,s=1

ajs1 (x1j+

+aj(t− τ)− ξ1j)(x1s + as(t− τ)− ξ1s)−
3

(t− τ)3
×

×
n2∑

j,s=1

ajs2 (x2j +
1

2
(t− τ)(x1j + ξ1j)− ξ2j)×

×(x2s +
1

2
(t− τ)(x1s + ξ1s)− ξ2s)−

180

(t− τ)5
×
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×
n3∑

j,s=1

ajs3 (x3j +
1

2
(t− τ)(x2j + ξ2j)+

+
1

12
(t− τ)2(x1j − ξ1j)− ξ3j)(x3s +

1

2
(t− τ)×

×(x2s + ξ2s) +
1

12
(t− τ)2(x1s − ξ1s)− ξ3s)+

+a(t− τ)}, t > τ, {x, ξ} ⊂ Rn, (6.67)

äå ajsl � åëåìåíòè ìàòðèöi, îáåðíåíî¨ äî ìàòðèöi Al := (ajs)
nl
j,s=1, l ∈M .

ßâíèé âèðàç (6.67) äîçâîëÿ¹ îäåðæàòè äëÿ Z îöiíêó

|Z(t, x; τ, ξ)| ≤ CEµ(t, x; τ, ξ), 0 ≤ τ < t <∞, {x, ξ} ⊂ Rn,

äå C � äîäàòíà ñòàëà, à

Eµ(t, x; τ, ξ) := (t− τ)−N exp{−c0(
1

4(t− τ)
|x1 − ξ1|2+

+
3

(t− τ)3
|x2 +

1

2
(x′′1 + ξ′′1 )− ξ2|2 +

180

(t− τ)5
|x3 +

1

2
(t− τ)(x′2 + ξ′2)+

+
1

12
(t− τ)2(x′1 + ξ′1)− ξ3|2 − µ(t− τ)},

x′1 := (x11, . . . , x1n3
), x′2 := (x21, . . . , x2n3

), ξ′1 := (ξ11, . . . , ξ1n3
), ξ′2 :=

= (ξ21, . . . , ξ2n3
), x′′1 := (x11, . . . , x1n2

), ξ′′1 := (ξ11, . . . , ξ1n2
), c0 := c1(1 − ε),

µ := −c+ 1
4c1|a|2(1− 1/ε), 0 < ε < 1.

Òóò a := (a1, . . . , an1
), c1 := min

l∈N3

((max
j∈Nn1

λ
(l)
j ))−1, äå λ(l)

j � âëàñíi ÷èñëà

ìàòðèöi Al.

Çàóâàæèìî, ùî ïîòðiáíi âëàñòèâîñòi ôóíêöi¨ Eµ âèïëèâàþòü ç òîãî, ùî

âîíà ¹ ç òî÷íiñòþ äî ñòàëîãî ìíîæíèêà ÔÐÇÊ äëÿ ìîäåëüíîãî ðiâíÿííÿ

(∂t −
n2∑
j=1

x1j∂x2j
−

n3∑
j=1

x2j∂x3j
− a2

n1∑
j=1

∂2
x1j
− µ)u = 0.

Âèêîðèñòà¹ìî òàêîæ ôóíêöiþ

Vµ(t, x) := (t+ γ)−N exp{−c0(
1

4(t+ γ)
|x1|2+

+
3

(t+ γ)3
|x2 +

1

2
(t+ γ)x′′1|2 +

180

(t+ γ)5
|x3 +

1

2
(t+ γ)x′2+

+
1

12
(t+ γ)2x′1|2 − µ(t+ γ)}, t ≥ 0, x ∈ Rn,
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äå γ � ôiêñîâàíå äîäàòíå ÷èñëî.

Ïîçíà÷èìî ÷åðåç U ïðîñòið íåïåðåðâíèõ ôóíêöié u : Π → R, äëÿ ÿêèõ

ñêií÷åííîþ ¹ íîðìà

‖u‖1 := sup
(t,x)∈Π

(
|u(t, x)|
Vµ(t, x)

)
,

i ÿêi ðiâíîìiðíî ùîäî t çàäîâîëüíÿþòü ëîêàëüíó óìîâó Ãåëüäåðà çà çìiííèìè

x1, x2, x3 ç ïîêàçíèêàìè âiäïîâiäíî λ1 ∈ (0, 1], λ2 ∈ (1
3 , 1], λ3 ∈ (3

5 , 1].

Ìíîæèíó íåïåðåðâíèõ ôóíêöié ϕ : Rn → R, äëÿ ÿêèõ ñêií÷åííîþ ¹ íîðìà

‖ϕ‖0 := sup
x∈Rn

(
|ϕ(x)|
Vµ(0, x)

)
,

ïîçíà÷èìî ÷åðåç Φ. Ïîêëàäåìî Φ+ := {ϕ ∈ Φ |ϕ(x) ≥ 0, x ∈ Rn}. Îñíîâíèì

ðåçóëüòàòîì ¹ òàêà òåîðåìà.

Òåîðåìà 6.20. Ïðàâèëüíi òàêi òâåðäæåííÿ:

1) ÿêùî µ > 0, β > 0, f ∈ F, òî çàäà÷à Êîøi (6.65), (6.66) ìà¹ ¹äèíèé

ãëîáàëüíèé ðîçâ'ÿçîê u ∈ U äëÿ áóäü-ÿêî¨ ïî÷àòêîâî¨ ôóíêöi¨ ϕ ∈ Φ;

2) ÿêùî µ = 0, β > 1/N , f ∈ F, òî çàäà÷à Êîøi (6.65), (6.66) ìà¹ ¹äèíèé

ãëîáàëüíèé ðîçâ'ÿçîê u ∈ U äëÿ äåÿêî¨ äîñòàòíüî ìàëî¨ ôóíêöi¨ ϕ ∈ Φ;

3) ÿêùî µ ≤ 0, β ∈ (0, 1/N ], f = u1+β i ϕ ∈ Φ+, òî iñíó¹ ÷èñëî T ∗ ∈

∈ (0,∞) òàêå, ùî äëÿ êîæíîãî x ∈ Rn u(t, x) → ∞ ïðè t → T ∗ − 0, äå u �

ðîçâ'ÿçîê çàäà÷i Êîøi (6.65), (6.66).

Äëÿ äîâåäåííÿ ïåðøèõ äâîõ òâåðäæåíü òåîðåìè âèêîðèñòîâó¹òüñÿ çàãàëüíà

òåîðåìà ïðî ãëîáàëüíó ðîçâ'ÿçíiñòü ç ïðàöi [247], à òàêîæ âëàñòèâîñòi âiäïî-

âiäíèõ ïîòåíöiàëiâ.

Çàóâàæèìî,ùî òâåðäæåííÿ 3) òåîðåìè ôàêòè÷íî îçíà÷à¹, ùî â êëàñi

íåâiä'¹ìíèõ ôóíêöié (çà çðîáëåíèõ ïðèïóùåíü) u ≡ 0 ¹ ¹äèíèì ãëîáàëüíèì

ðîçâ'ÿçêîì çàäà÷i Êîøi (6.65), (6.66). Iñòîòíó ðîëü ïðè äîâåäåííi âiäiãðà¹ ïðèí-

öèï ìàêñèìóìó.
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6.4. ÔÐÇÊ äëÿ ðiâíÿííÿ Ôîêêåðà�Ïëàíêà�Êîëìîãîðîâà

Â öüîìó ïiäðîçäiëi áóäåìî ðîçãëÿäàòè ðiâíÿííÿ ç äiéñíîçíà÷íèìè êîåôi-

öi¹íòàìè, ùî íàëåæàòü äî êëàñóK1 . Âæå çàçíà÷àëîñÿ, ùî òàêi ðiâíÿííÿ íàëå-

æàòü äî êëàñó óëüòðàïàðàáîëi÷íèõ ðiâíÿíü i çóñòði÷àþòüñÿ ïðè äîñëiäæåííi

ðiçíèõ ôiçè÷íèõ ÿâèù ó òàê çâàíîìó äèôóçiéíîìó íàáëèæåííi. Öi ìàòåìàòè÷íi

ìîäåëi â áàãàòüîõ âèïàäêàõ (íàïðèêëàä, ïðè âèâ÷åííi áðîóíiâñüêîãî ðóõó) äî-

ñèòü àäåêâàòíî i âiäíîñíî ïðîñòî îïèñóþòü ðåàëüíi ÿâèùà. Çàçâè÷àé öi ðiâíÿí-

íÿ, ÿêi íà ïî÷àòêó ìèíóëîãî ñòîëiòòÿ ïî÷àëè ñèñòåìàòè÷íî çàñòîñîâóâàòèñü äî

âèâ÷åííÿ ôiçè÷íèõ ÿâèù, íàçèâàþòüñÿ ðiâíÿííÿìè Ôîêêåðà�Ïëàíêà. ×àñòî

öi ðiâíÿííÿ âèçíà÷àþòü åâîëþöiþ ìàðêîâñüêîãî âèïàäêîâîãî ïðîöåñó, ÿêèé

ôóíêöiîíó¹ â íåïåðåðâíîìó ÷àñi. Ñàìå ïðè âèâ÷åííi ìîäåëåé áðîóíiâñüêîãî

ðóõó À.Ì.Êîëìîãîðîâ ïî÷àâ âèâ÷àòè ìàðêîâñüêi âèïàäêîâi ïðîöåñè, åâîëþ-

öiÿ ÿêèõ âèçà÷à¹òüñÿ ðiâíÿííÿìè iç êëàñó K1 ç äiéñíîçíà÷íèìè êîåôiöi¹íòà-

ìè. Ïðèðîäíî ¨õ íàçèâàòè ðiâíÿííÿìè Ôîêêåðà�Ïëàíêà�Êîëìîãîðîâà. ÔÐÇÊ

Z(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn � ïðèðîäíî ðîçãëÿäàòè ÿê ãóñòèíó ïå-

ðåõiäíèõ éìîâiðíîñòåé ïåðåõîäó ìàðêîâñüêîãî âèïàäêîâîãî ïðîöåñó äèôóçié-

íîãî òèïó çi çíà÷åííÿìè â ôàçîâîìó ïðîñòîði Rn ç òðüîìà ðiçíèìè ãðóïàìè ôà-

çîâèõ êîîðäèíàò x1 = (x11, . . . , x1n1
), x2 = (x21, . . . , x2n2

) i x3 = (x31, . . . , x3n3
),

n1 + n2 + n3 = n, 1 ≤ n3 ≤ n2 ≤ n1.

Áóäåìî ðîçãëÿäàòè îäíîðiäíå ðiâíÿííÿ (1.1), òîáòî ðiâíÿííÿ

(Lu) (t, x) :=
(
∂t −

n2∑
j=1

x1j∂x2j
−

n3∑
j=1

x2j∂x3j
−

n1∑
j,l=1

ajl(t, x) ∂x1j
∂x1l
−

−
n1∑
j=1

aj(t, x)∂x1j
− a0(t, x)

)
u(t, x) = 0, (t, x) ∈ Π(0,T ], (6.68)

i ñïðÿæåíå äî íüîãî ðiâíÿííÿ

(L∗u) (τ, ξ) :=
(
−∂τ−

n2∑
j=1

ξ1j∂ξ2j−
n3∑
j=1

ξ2j∂ξ3j
)
v(τ, ξ)−

n1∑
j,l=1

∂ξ1j∂ξ1l(ajl(τ, ξ) v(τ, ξ))+
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+

n1∑
j=1

∂ξ1j (aj(τ, ξ) v(τ, ξ))− a0(τ, ξ) v(τ, ξ) = 0, (τ, ξ) ∈ Π[0,T ). (6.69)

Â öüîìó ïiäðîçäiëi áóäåìî âèêîðèñòîâóâàòè ôîðìóëó Ãðiíà � Îñòðî-

ãðàäñüêîãî, ÿêà äëÿ öüîãî âèïàäêó ìà¹ âèãëÿä
t2∫
t1

dθ

∫
BR

(vLu− uL∗v)(θ, y)dy =

∫
BR

(vu)(θ, y)
∣∣∣t2
θ=t1

dy−

−
t2∫
t1

dθ

∫
ΓR

( n2∑
j=1

y1jµ2j +

n3∑
j=1

y2jµ3j

)
(vu)(θ, y)dSy+

+

t2∫
t1

dθ

∫
ΓR

n1∑
j=1

Bj[v, u](θ, y)µ1jdSy, (6.70)

äå t1 < t2, BR � êóëÿ {y ∈ Rn
∣∣ |y| ≤ R}, ΓR � ¨¨ ìåæà,

(µ11, . . . , µ1n1
, µ21, . . . , µ2n2

, µ31, . . . , µ3n3
) � îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîð-

ìàëi äî ΓR, L and L∗ � äèôåðåíöiàëüíi âèðàçè ç (6.68) i (6.69), Bj[v, u], j ∈

∈ Nn1
�áiëiíiéíi ôîðìè, ùî ìiñòÿòü ïîõiäíi âiä v i u çà y1 íå âèùå ïåðøîãî

ïîðÿäêó.

Bj[v, u] := −
n1∑
l=1

(ajl∂y1l
uv − u∂y1l

(ajlv)) + ajuv, j ∈ {1, . . . , n1}.

Ïåðåõiä ó öié ôîðìóëi äî ãðàíèöi ïðè R → ∞, äëÿ ïiäõîäÿùèõ ôóíêöié

u i v ïðèâîäèòü äî ôîðìóëè
t2∫
t1

dθ

∫
Rn

(vLu− uL∗v)(θ, y)dy =

∫
Rn

(vu)(θ, y)
∣∣∣t2
θ=t1

dy. (6.71)

Öÿ ôîðìóëà áóäå ÷àñòî âèêîðèñòîâóâàòèñü äàëi.

Äëÿ äiéñíîçíà÷íèõ êîåôiöi¹íòiâ ðiâíÿííÿ (6.68) ïðèïóñêàòèìåìî âèêîíàí-

íÿ óìîâ (A11) � (A15) ç ðîçäiëó 1.

Ñïðàâäæó¹òüñÿ íàñòóïíà òåîðåìà.

Òåîðåìà 6.21. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (6.68) âèêîíóþòüñÿ óìîâè

(A11) � (A12). Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ êëàñè÷íèé ÔÐÇÊ Z i ñïðàâäæó-
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þòüñÿ îöiíêè ∣∣∂kxZ(t, x; τ, ξ)
∣∣ ≤ C(t− τ)−M−MkEc(t, x; τ, ξ),∣∣SZ(t, x; τ, ξ)
∣∣ ≤ C(t− τ)−M−1Ec(t, x; τ, ξ), (6.72)

äå 0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn, C i c � äîäàòíi ñòàëi.

Äîâåäåííÿ. Äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ

òåîðåìè 1.3.I

ßêùî äîäàòêîâî äî óìîâ òåîðåìè 6.1.âèêîíóþòüñÿ óìîâè (A13), (A14) òî

iñíó¹ êëàñè÷íèé ÔÐÇÊ Z∗ i äëÿ íüîãî ñïðàâäæóþòüñÿ îöiíêè, àíàëîãi÷íi äî

îöiíîê (6.72).

Íàâåäåìî âëàñòèâîñòi Z.

Âëàñòèâiñòü 6.1 (íîðìàëüíiñòü). Íåõàé Z � ÔÐÇÊ äëÿ âèõiäíîãî ðiâ-

íÿííÿ (6.68), à Z∗ �ÔÐÇÊ äëÿ ñïðÿæåíîãî ðiâíÿííÿ (6.69). Òîäi ñïðàâäæó¹òüÿ

ðiâíiñòü

Z∗(τ, ξ; t, x) = Z(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {ξ, x} ⊂ Rn. (6.73)

ÔÐÇÊ Z, äëÿ ÿêîãî ñïðàâäæó¹òüñÿ öÿ ðiâíiñòü, íàçèâà¹òüñÿ íîðìàëüíèì

ÔÐÇÊ (ÍÔÐÇÊ).

Äîâåäåííÿ. Íà ïiäñòàâi îöiíîê (6.72) äëÿ Z i àíàëîãi÷íèõ îöiíîê äëÿ

Z∗ ñïðàâäæó¹òüñÿ ôîðìóëà (6.71). Ïîêëàäåìî â íié u(θ, y) = Z(θ, y; τ, ξ),

v(θ, y) = Z∗(θ, y; t, x), t1 = τ + ε, i t2 = t − ε, äå ε � äîñèòü ìàëå äîäàòíå

÷èñëî. Òîäi îòðèìà¹ìî ðiâíiñòü∫
Rn

Z∗(τ + ε, y; t, x)Z(τ + ε, y; τ, ξ)dy =

∫
Rn

Z∗(t− ε, y; t, x)Z(t− ε, y; τ, ξ)dy,

(6.74)

ç ÿêî¨, ïiñëÿ ïåðåõîäó äî ãðàíèöi ïðè ε→ 0, âèïëèâà¹ ïîòðiáíà ðiâíiñòü (6.73).

I

Âëàñòèâiñòü 6.2 (ôîðìóëà çãîðòêè). Ôóíêöiÿ Z ¹ ðîçâ'ÿçêîì ôóíê-
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öiîíàëüíîãî ðiâíÿííÿ

Z(t, x; τ, ξ) =

∫
Rn

Z(t, x;λ, y)Z(λ, y; τ, ξ)dy, 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn.

(6.75)

Äîâåäåííÿ. Àíàëîãi÷íî äî äîâåäåííÿ âëàñòèâîñòi 6.1, îòðèìó¹ìî ðiâ-

íiñòü∫
Rn

Z∗(λ, y; t, x)Z(λ, y; τ, ξ)dy =

∫
Rn

Z∗(t− ε, y; t, x)Z(t− ε, y; τ, ξ)dy. (6.76)

Ðiâíiñòü (6.75) îäåðæó¹òüñÿ, ÿêùî â (6.76) ïåðåéòè äî ãðàíèöi ïðè ε → 0 i

ñêîðèñòàòèñÿ ôîðìóëîþ (6.73). I

Ðiâíÿííÿ (6.68) ìiñòèòü âàæëèâó iíôîðìàöiþ ïðî òå, ùî âèïàäêîâèé ïðî-

öåñ, ÿêèé ðîçãëÿäà¹òüñÿ, ¹ ìàðêîâñüêèì (ïðîöåñîì áåç ïiñëÿäi¨).

Âëàñòèâiñòü 6.3 (¹äèíiñòü ÍÔÐÇÊ). Iñíó¹ òiëüêè îäèí ÍÔÐÇÊ äëÿ

ðiâíÿííÿ (6.68), äëÿ ÿêîãî ñïðàâäæóþòüñÿ îöiíêè (6.72).

Äîâåäåííÿ. Íåõàé Z1 i Z2 � äâà ÍÔÐÇÊ äëÿ ðiâíÿííÿ (6.68). Ñêîðè-

ñòà¹ìîñü ôîðìóëîþ (6.71), ïîêëàâøè â íié u(θ, y) = Z1(θ, y; τ, ξ), v(θ, y) =

= Z2(t, x; θ, y). Òîäi îòðèìà¹ìî ðiâíiñòü∫
Rn

Z1(t2, y; τ, ξ)Z2(t, x; t2, y)dy =

∫
Rn

Z1(t1, y; τ, ξ)Z2(t, x; t1, y)dy.

Îñêiëüêè òî÷êè t1 i t2 ç ïðîìiæêó (τ, t) ¹ äîâiëüíèìè, òî îñòàííÿ ðiâíiñòü

îçíà÷à¹, ùî ôóíêöiÿ∫
Rn

Z1(θ, y; τ, ξ)Z2(t, x; θ, y)dy, θ ∈ (τ, t), {x, ξ} ⊂ Rn,

íå çàëåæèòü âiä θ. Ïîçíà÷èìî öþ ôóíêöiþ ÷åðåç Φ(t, x; τ, ξ). Îòæå,

Φ(t, x; τ, ξ) =

∫
Rn

Z1(θ, y; τ, ξ)Z2(t, x; θ, y)dy. (6.77)

Ñïðÿìóâàâøè â ðiâíîñòi (6.77) ñïî÷àòêó θ → τ , à ïîòiì θ → t, îòðèìà¹ìî, ùî

Φ(t, x; τ, ξ) = Z2(t, x; τ, ξ) = Z1(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂

⊂ Rn. I

Äîñëiäæóâàíèé ïðîöåñ õàðàêòåðèçó¹òüñÿ ìàòðèöåþ äèôóçi¨ A(t, x) :=
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= (ajl(t, x))n1,n1

j=1,l=1, (t, x) ∈ Π(0,T ], i âåêòîðîì çíåñåííÿ a(t, x) :=

= (a1(t, x), . . . , an1
(t, x)), (t, x) ∈ Π(0,T ], åëåìåíòàìè ÿêèõ ¹ âiäïîâiäíi êîåôi-

öi¹íòè ðiâíÿííÿ (6.68). Ïîäàìî öi âàæëèâi õàðàêòåðèñòèêè ÷åðåç ãóñòèíó ïå-

ðåõiäíèõ éìîâiðíîñòåé âèïàäêîâîãî ïðîöåñó, òîáòî ÔÐÇÊ Z.

Âëàñòèâiñòü 6.4 (çîáðàæåííÿ ìàòðèöi äèôóçi¨ i âåêòîðà çíåñåííÿ

÷åðåç ôóíêöiþ Z. Ñïðàâäæóþòüñÿ íàñòóïíi ôîðìóëè:

a(t, x) = lim
τ→t

(
(t− τ)−1

∫
Rn

(y1 − x1)Z(t, x; τ, y)dy

)
,

A(t, x) =

(
2−1 lim

τ→t

(
(t− τ)−1

∫
Rn

(y1j − x1j)(y1l − x1l)Z(t, x; τ, y)dy

))n1,n1

j=1,l=1

,

Òóò (t, x) ∈ Π(0,T ].

Äîâåäåííÿ.Äîâåäåííÿ äîñèòü ïðîâåñòè äëÿ ïåðøî¨ êîîðäèíàòè a1 âåê-

òîðà a i åëåìåíòà a11 ìàòðèöi A. Âñòàíîâèìî äëÿ (t, x) ∈ Π(0,T ] ôîðìóëè

a1(t, x) = lim
τ→t

(
(t− τ)−1

∫
Rn

(y11 − x11)Z(t, x; τ, y)dy

)
,

a11(t, x) = 2−1 lim
τ→t

(
(t− τ)−1

∫
Rn

(y11 − x11)
2 Z(t, x; τ, y)dy

)
. (6.78)

Äîâåäåííÿ  ðóíòó¹òüñÿ íà ôîðìóëi (6.71). Ïîêëàäåìî â öié ôîðìóëi u(θ, y) =

= y11 − x11 i v(θ, y) = Z(t, x; θ, y), òîäi îòðèìà¹ìî ðiâíiñòü

−
t2∫
t1

dθ

∫
Rn

Z(t, x; θ, y)
(
a1(θ, y) + a0(θ, y)(y11 − x11)

)
dy =

=

∫
Rn

(y11 − x11)Z(t, x; θ, y)
∣∣∣t2
θ=t1

dy. (6.79)

ßêùî â (6.79) ïîêëàäåìî t1 = τ , t2 = t − ε, ïåðåéäåìî äî ãðàíèöi ïðè

ε→ 0, ðîçäiëèìî ðåçóëüòàò íà t− τ i îòðèìà¹ìî ðiâíiñòü

(t− τ)−1

t∫
τ

dθ

∫
Rn

Z(t, x; θ, y) a1(θ, y)dy = (t− τ)−1

∫
Rn

(y11 − x11)Z(t, x; τ, y)dy

−(t− τ)−1

t∫
τ

dθ

∫
Rn
Z(t, x; θ, y) a0(θ, y)(y11 − x11)dy. (6.80)
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Ðiâíiñòü (6.78) áåçïîñåðåäíüî âèïëèâà¹ ç (6.70), îñêiëüêè ãðàíèöÿ ïðè τ →

→ t ëiâî¨ ÷àñòèíè çáiãà¹òüñÿ ç a1(t, x) íà ïiäñòàâi âëàñòèâîñòåé ÔÐÇÊ Z i

òåîðåìè ïðî ñåðåäí¹ çíà÷åííÿ äëÿ iíòåãðàëiâ, à äðóãèé äîäàíîê ïðàâî¨ ÷àñòèíè

ðiâíîñòi (6.70) ïðÿìó¹ äî íóëÿ íà ïiäñòàâi ïðèïóùåíü ïðî ôóíêöiþ a0. Äëÿ

òîãî, ùîá äîâåñòè ðiâíiñòü (6.79), ó ôîðìóëi (6.71) ïîêëàäåìî u(θ, y) = (y11 −

− x11)
2 i v(θ, y) = Z(t, x; θ, y). Òîäi öÿ ôîðìóëà íàáóäå âèãëÿäó

−
t2∫
t1

dθ

∫
Rn

Z(t, x; θ, y)
(
2a11(θ, y) + 2a1(θ, y)(y11−x11) + a0(θ, y)(y11−x11)

2
)
dy

=

∫
Rn

(y11 − x11)
2Z(t, x; θ, y)

∣∣∣t2
θ=t1

dy.

Äàëi, ïîâòîðþþòüñÿ ìiðêóâàííÿ ïîïåðåäíüîãî âèïàäêó i îòðèìó¹òüñÿ ðiâíiñòü

(t−τ)−1

t∫
τ

dθ

∫
Rn

Z(t, x; θ, y)a11(θ, y)dy = (2(t−τ))−1

∫
Rn

(y11−x11)
2Z(t, x; τ, y)dy

− (t− τ)−1

t∫
τ

dθ

∫
Rn

(
a1(θ, y)(y11−x11)+2−1a0(θ, y)(y11−x11)

2
)
Z(t, x; θ, y)dy.

Ç öi¹¨ ðiâíîñòi çà äîïîìîãîþ ìiðêóâàíü, ÿêi âèêëàäåíi âèùå, âèïëèâà¹ ôîðìó-

ëà (6.79). I

Çà äîïîìîãîþ àíàëîãi÷íèõ ìiðêóâàíü îòðèìó¹òüñÿ çîáðàæåííÿ ÷åðåç

ôóíêöiþ Z ôóíêöi¨ � a0, êîåôiöi¹íòà iíòåíñèâíîñòi ëiíiéíèõ äæåðåë äè-

ôóçiéíîãî ïðîöåñó, åâîëþöiÿ ÿêîãî îïèñó¹òüñÿ ðiâíÿííÿì Ôîêêåðà�Ïëàíêà�

Êîëìîãîðîâà (6.68).

Âëàñòèâiñòü 6.5 (çîáðàæåííÿ êîåôiöi¹íòà a0 ÷åðåç ôóíêöiþ Z.

Ñïðàâäæó¹òüñÿ ôîðìóëà

a0(t, x) = lim
τ→t

(
(t− τ)−1

( t∫
τ

dθ

∫
Rn

Z(t, x; θ, y)dy − 1
))

, (t, x) ∈ Π(0,T ].

Âëàñòèâiñòü 6.6 (äîäàòíiñòü ôóíêöi¨ Z. Ñïðàâäæó¹òüñÿ íåðiâíiñòü

Z(t, x; τ, ξ) > 0, 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn.

Äîâåäåííÿ.Íåõàé g � íåïåðåðâíà íåâiä'¹ìíà ôóíêöiÿ ç êîìïàêòíèì
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íîñi¹ì. Ðîçãëÿíåìî ôóíêöiþ

v(t, x) :=

∫
Rn

Z(t, x; τ, ξ)g(ξ)dξ, (t, x) ∈ Π(τ,T ]. (6.71)

Äëÿ ôóíêöi¨ v âèêîíàíi óìîâè òåîðåìè 3.16 [14, ñ.208]. Ñïðàâäi, âîíà çàäîâîëü-

íÿ¹ ðiâíÿííÿ (6.68), òîáòî (Lv)(t, x) = 0, (t, x) ∈ Π(τ,T ], çàäîâîëüíÿ¹ óìîâè

v(τ, x) = g(x) ≥ 0, x ∈ Rn, i lim|x|→∞ v(t, x) ≥ 0, t ∈ (τ, T ]. Òîìó, íà ïiäñòàâi

çãàäàíî¨ òåîðåìè, ìà¹ìî v(t, x) ≥ 0, (t, x) ∈ Π(τ,T ].

Âiçüìåìî òåïåð äåëüòàïîäiáíó ïîñëiäîâíiñòü ôóíêöié gν, ν ≥ 1, òàêó,

ùî gν(ξ) = 0 ïðè |ξ − ξ0| > 1/ν i
∫
Rn gν(ξ)dξ = 1, i ïîçíà÷èìî ÷åðåç

vν ôóíêöiþ (6.71), ÿêà âiäïîâiäà¹ öié ôóíêöi¨ ïðè g = gν i τ = τ 0. Òî-

äi äëÿ äîâiëüíî ôiêñîâàíèõ òî÷îê (t0, x0) i (τ 0, ξ0), with τ 0 < t0, ìà¹ìî

limν→∞ vν(t
0, x0) = Z(t0, x0; τ 0, ξ0). Îñêiëüêè vν(t

0, x0) ≥ 0 äëÿ âñiõ ν ≥ 1,

òî Z(t0, x0; τ 0, ξ0) ≥ 0. Çàóâàæèâøè,íàðåøòi,ùî äëÿ êîæíî¨ ôiêñîâàíî¨ òî÷-

êè (τ, ξ) ôóíêöiÿ Z(t, x; τ, ξ), (t, x) ∈ Π(τ,T ], íå ¹ ñòàëîþ, i âèêîðèñòîâóþ÷è

ñèëüíèé ïðèíöèï ìàêñèìóìó, îòðèìó¹ìî ñòðîãó äîäàòíiñòü ôóíêöi¨ Z. I

Âëàñòèâiñòü 6.7 (îöiíêà çíèçó ôóíêöi¨ Z. Iñíó¹ ÷èñëî ∆ ∈ (0, T )

òàêå, ùî áóäü-ÿêèõ t0 ∈ [0, T − ∆], (t, x) ∈ Π(t0,t0+∆], i δ ∈ (0, t − t0) iñíóþòü

÷èñëà ω > 0 i γ > 0, ç ÿêèìè âèêîíóþòüñÿ íåðiâíîñòi

Z(t, x; τ, ξ) ≥ ω exp
{
−γ|ξ|2

}
, (τ, ξ) ∈ Π[t0,t−δ].

Äîâåäåííÿ.Ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ âëàñòèâîñòi 3.13 [14,

ñ. 214�217]. I

Îòðèìàíi ðåçóëüòàòè äëÿ ÔÐÇÊ Z äîçâîëÿþòü ïðîâåñòè äîñëiäæåííÿ ïî-

òåíöiàëiâ, ïîðîäæåíèõ ÔÐÇÊ, i çà äîïîìîãîþ öèõ âëàñòèâîñòåé âñòàíîâèòè

ðiçíi òåîðåìè ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ ðiâíÿííÿ (6.68). Äî-

âåäåííÿ öèõ òåîðåì ïðîâîäÿòüñÿ àíàëîãi÷íî äî âiäïîâiäíèõ òåîðåì ç ïiäðîçäi-

ëó 6.1. Òîáòî â òåîðåìàõ 6.7, 6.9 îïèñàíi êëàñè êîðåêòíîñòi, à, îòæå, i êëàñè

¹äèíîñòi ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ðiâíÿííÿ (6.68).



ÂÈÑÍÎÂÊÈ

Äèñåðòàöiÿ ïðèñâÿ÷åíà ïîáóäîâi i äîñëiäæåííþ âëàñòèâîñòåé êëàñè÷íèõ

ÔÐÇÊ äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç êëàñiâ K1 , K2 , K3 òà K4

i çàñòîñóâàííÿ ¨õ äî äîñëiäæåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi âiäïîâiäíèõ çàäà÷

Êîøi.

Äëÿ öèõ êëàñiâ ðiâíÿíü îòðèìàíî òàêi îñíîâíi ðåçóëüòàòè:

1. Äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç êëàñiâ K1, K2 i K3 çíàéäåíî

óìîâè íà êîåôiöi¹íòè ðiâíÿíü çà ÿêèõ iñíó¹ êëàñè÷íèé ÔÐÇÊ i Ëi-ÔÐÇÊ.

2. Ðîçðîáëåíî íîâèé ïiäõiä äî ïîáóäîâè i äîñëiäæåííÿ ôóíäàìåíòàëüíèõ

ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç êëàñiâ K1, K2

i K3, ÿêèé  ðóíòó¹òüñÿ íà ïîåòàïíîìó çàñòîñóâàííi êëàñè÷íîãî ìåòîäó Ëåâi.

3. Çà äîïîìîãîþ ïîåòàïíîãî ìåòîäó Ëåâi ïîáóäîâàíî i äîñëiäæåíî âëà-

ñòèâîñòi ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ âèðîäæåíèõ ïàðàáîëi÷-

íèõ ðiâíÿíü ç êëàñiâ K1, K2 i K3, îòðèìàíî òî÷íi îöiíêè ôóíäàìåíòàëüíèõ

ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ.

4. Äîñëiäæåíî âëàñòèâîñòi ïàðàáîëi÷íèõ ïîòåíöiàëiâ, ÿäðîì ÿêèõ ¹ âiäïî-

âiäíèé ÔÐÇÊ â øèðîêèõ êëàñàõ âàãîâèõ ôóíêöié.

5. Îòðèìàíî iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ îäíîðiä-

íèõ i íåîäíîðiäíèõ ðiâíÿíü ç êëàñiâ K1, K2 i K3.

6. Ïîáóäîâàíî ÔÐÇÊ äëÿ ðiâíÿííÿì Ôîêêåðà-Ïëàíêà-Êîëìîãîðîâà äåÿ-

êîãî âèðîäæåíîãî äèôóçiéíîãî ïðîöåñó i äîñëiäæåíî äåÿêi éîãî âëàñòèâîñòi.

7. Ðîçøèðåíî êëàñè iñíóâàííÿ, ¹äèíîñòi i êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i

Êîøi äëÿ îäíîðiäíèõ i íåîäíîðiäíèõ ðiâíÿíü ç êëàñiâ K1, K2 i K3. Îòðèìàíî

iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ îäíîðiäíèõ i íåîäíîðiäíèõ

ðiâíÿíü ç îçíà÷åíèõ êëàñiâ.

8. Äîâåäåíî òåîðåìè ïðî ëîêàëüíó i ãëîáàëüíó ðîçâ'ÿçíiñòü âiäïîâiäíèõ

çàäà÷ Êîøi äëÿ íåëiíiéíèõ i êâàçiëiíiéíèõ ðiâíÿíü.
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Äèñåðòàöiéíà ðîáîòà ìà¹ òåîðåòè÷íèé õàðàêòåð. �¨ ðåçóëüòàòè òà ìåòî-

äèêà ¨õ îòðèìàííÿ ìîæóòü áóòè âèêîðèñòàíi ó òåîði¨ ðiâíÿíü ç ÷àñòèííèìè

ïîõiäíèìè òà ó ìàòåìàòè÷íié ôiçèöi ïðè ïîäàëüøèõ äîñëiäæåííÿõ çàäà÷i Êî-

øi òà êðàéîâèõ çàäà÷ äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü, à òàêîæ ó òåîði¨

âèïàäêîâèõ ïðîöåñiâ ïðè âèâ÷åííi äèôóçiéíèõ ïðîöåñiâ, ïåðåõiäíi iìîâiðíîñòi

ÿêèõ ¹ ôóíäàìåíòàëüíèìè ðîçâ'ÿçêàìè âiäïîâiäíèõ âèðîäæåíèõ ïàðàáîëi÷íèõ

ðiâíÿíü.
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ÄÎÄÀÒÊÈ

Ä1. Äîâåäåííÿ òâåðäæåíü ç ðîçäiëó 2

Äîâåäåííÿ ëåìè 2.2. Òâåðäæåííÿ (2.32), (2.33), (2.35) � (2.41) äîâå-

äåíî â [14]. Óñòàíîâèìî îöiíêè (2.34), (2.42) � (2.50). Âèêîðèñòîâóâàòèìåìî

åëåìåíòàðíi íåðiâíîñòi

∀{a, b} ⊂ Rr : 2−1|a|2 − |b|2 ≤ |a+ b|2 ≤ 2
(
|a|2 + |b|2

)
, r ≥ 1,

òà ïðèïóùåííÿ β ∈ [t1, t) i |xl − zl|1/ml ≤ (t− τ)/4, l ∈ N3.

Íåðiâíiñòü (2.34) ñïðàâäæó¹òüñÿ, áî

(t− β)−3|X2(t− β)− λ2|2 + (β − τ)−3|Λ2(β − τ)− ξ2|2 ≥

≥ 2−1(β − τ)−3|x2 + (t− β)x̂1 − λ2 + λ2 + (β − τ)λ̂1 − ξ2|2 =

= 2−1(β − τ)−3|(X2(t− τ)− ξ2) + (β − τ)(λ̂1 − x̂1)|2 ≥

≥ 4−1(t− τ)−3|(X2(t− τ)− ξ2)|2 − 2−1(t− β)−1|x1 − λ1|2.

Îñêiëüêè Z(l)
1 (t) − X1(t) = δ1l(z1 − x1), Z

(l)
2 (t) − X2(t) = δ1lt(ẑ1 − x̂1) +

+ δ2l(z2 − x2), Z
(l)
3 (t) − X3(t) = δ1l2

−1t2(z′1 − x′1) + δ2lt(z
′
2 − x′2) + δ3l(z3 − x3),

δkl�ñèìâîë Êðîíåêåðà, {k, l} ⊂ N3, òî

(β − τ)−1|Z(l)
1 (t− β)−X1(t− β)|2 = (β − τ)−1|z1 − x1|2 ≤

1

2
, l ∈ N3;

(β − τ)−3|Z(l)
2 (t− β)−X2(t− β)|2 ≤ 2(β − τ)−3×

×((t− β)2|ẑ1 − x̂1|2 + |z2 − x2|2) ≤
17

4
, l ∈ N3;

(β − τ)−5|Z(l)
3 (t− β)−X3(t− β)|2 ≤ 4(β − τ)−5(4−1(t− β)4|z′1 − x′1|2+

+(t− β)2|z′2 − x′2|2 + |z3 − x3|2) ≤
81

8
, l ∈ N3;

E(1)
c (β−τ, Z(l)(t−β), ξ) = exp{−c[(β−τ)−1|Z(l)

1 (t−β)−ξ1|2+(β−τ)−3|Z(l)
2 (t−β)+

+(β−τ)Ẑ
(l)
1 (t−β)−ξ2|2+(β−τ)−5|Z(l)

3 (t−β)+(β−τ)Z
(l)′

2 (t−β)+2−1(β−τ)2Z
(l)′

1 −

−ξ3|2]} = exp{−c[(β−τ)−1|(X1(t−β)−ξ1)+(Z
(l)
1 (t−β)−X1(t−β))|2+(β−τ)−3×

×|(X2(t−β)+(β−τ)X̂1(t−β)−ξ2)+(β−τ)(Ẑ
(l)
1 (t−β)−X̂1(t−β))+(Z

(l)
2 (t−β)−
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−X2(t−β))|2+(β−τ)−5|(X3(t−β)+(β−τ)X ′2(t−β)+2−1(β−τ)2X ′1(t−β)−ξ3)+

+(Z
(l)
3 (t− β)−X3(t− β)) + +(β − τ)(Z

(l)′

2 (t− β)−X ′2(t− β)) + 2−1(β − τ)2×

×(Z
(l)′

1 (t− β)−X ′1(t− β))|2]} ≤ exp{−c[(β − τ)−1(2−1|X1(t− β)− ξ1|2−

−|Z(l)
1 (t−β)−X1(t−β)|2) + (β− τ)−3(4−1|X2(t−β) + (β− τ)X̂1(t−β)− ξ2|2−

−2−1(β− τ)2|Ẑ(l)
1 (t− β)− X̂1(t− β)|2− |Z(l)

2 (t− β)−X2(t− β)|2) + (β− τ)−5×

×(8−1|(X3(t− β) + (β − τ)X ′2(t− β) + 2−1(β − τ)2X ′1(t− β)− ξ3|2−

−4−1|Z(l)
3 (t−β)−X3(t−β)|2−2−1(β−τ)2|Z(l)′

2 (t−β)−X ′2(t−β)|2−2−1(β−τ)4×

×|Z(l)′

1 (t− β)−X ′1(t− β)|2)]} ≤ CEc/8(β − τ,X(t− β), ξ)

i íåðiâíiñòü (2.42) äîâåäåíî.

Äëÿ äîâåäåííÿ (2.43) çàïèøåìî

E(1)
c (β − τ,X(t− β), ξ) = exp{−c[(β − τ)−1|x1 − ξ1|2+

+(β − τ)−3|X2(t− β) + (β − τ)x̂1 − ξ2|2 + (β − τ)−5|X3(t− β)+

+(β − τ)X ′2(t− β) + 2−1(β − τ)2x′1 − ξ3|2]} = exp{−c[(β − τ)−1|x1 − ξ1|2+

+(β − τ)−3|X2(t− τ)− ξ2|2 + (β − τ)−5|X3(t− τ)− ξ3|2]} ≤ E(1)
c (t− τ, x, ξ).

Òâåðäæåííÿ (2.44) i (2.46) äîâîäèìî àíàëîãi÷íî äî (2.42). Îñêiëüêè

E(1)
c (β − τ, (λ1, Z

(l)
2 (t− β), Z

(l)
3 (t− β)), ξ) = exp{−c[(β − τ)−1|λ1 − ξ1|2+

+(β − τ)−3|Z(l)
2 (t− β) + (β − τ)λ̂1 − ξ2|2 + (β − τ)−5|Z(l)

3 (t− β)+

+(β − τ)Z
(l)′

2 (t− β) + 2−1(β − τ)2λ′1 − ξ3|2]}

i

E(1)
c (β − τ, (λ1, λ2, Z

(l)
3 (t− β)), ξ) = exp{−c[(β − τ)−1|λ1 − ξ1|2 + (β − τ)−3×

×|Λ2(t−β)+(β−τ)λ̂1−ξ2|2+(β−τ)−5|Z(l)
3 (t−β)+(β−τ)λ′2+2−1(β−τ)2λ′1−ξ3|2]},

òî ç íåðiâíîñòåé

|Z(l)
3 (t− β) + (β − τ)Z

(l)′

2 (t− β) + 2−1(β − τ)2λ′1 − ξ3|2 =

= |Z(l)
3 (t− β) + (β − τ)X ′2(t− β) + 2−1(β − τ)2λ′1 − ξ3 + (β − τ)(Z

(l)′

2 (t− β)−
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−X ′2(t−β))|2 ≥ 2−1|Z(l)
3 (t−β)+(β−τ)X ′2(t−β)+2−1(β−τ)2λ′1−ξ3|2−(β−τ)2×

×|Z(l)′

2 (t−β)−X ′2(t−β)|2 ≥ 4−1|X3(t−β)+(β−τ)X ′2(t−β)+2−1(β−τ)2λ′1−ξ3|2−

−2−1|Z(l)
3 (t− β)−X3(t− β)|2 − (β − τ)2|Z(l)′

2 (t− β)−X ′2(t− β)|2, l ∈ N3,

|Z(l)
2 (t−β)+(β−τ)λ̂1−ξ2|2 = |(X2(t−β)+(β−τ)λ̂1−ξ2)+(Z

(l)
2 (t−β)−X2(t−β))|2≥

≥ 2−1|X2(t− β) + (β − τ)λ̂1 − ξ2|2 − |Z(l)
2 (t− β)−X2(t− β)|2, l ∈ N3,

i

|Z(l)
3 (t− β) + (β − τ)λ′2 + 2−1(β − τ)2λ′1 − ξ3|2 =

= |(X3(t− β) + (β − τ)λ′2 + 2−1(β − τ)2λ′1 − ξ3) + (Z
(l)
3 (t− β)−X3(t− β))|2 ≥

≥ 2−1|X3(t− β) + (β − τ)λ′2 + 2−1(β − τ)2λ′1 − ξ3|2 − |Z(l)
3 (t− β)−X3(t− β)|2,

âèïëèâàþòü íåðiâíîñòi (2.44) i (2.46).

Òâåðäæåííÿ (2.45) ¹ íàñëiäêîì ç íåðiâíîñòåé

(β−τ)−3|X2(t−β)+(β−τ)λ̂1−ξ2|2 = (β−τ)−3|(X2(t−τ)−ξ2)+(β−τ)(λ̂1−x̂1)|2 ≥

≥ 2−1(t− τ)−3|X2(t− τ)− ξ2|2 − (t− β)−1|λ1 − x1|2,

(β − τ)−5|X3(t− β) + (β − τ)X ′2(t− β) + 2−1(β − τ)2λ′1 − ξ3|2 = (β − τ)−5|x3+

+(t− β)x′2 + 2−1(t− β)2x′1 + (β − τ)x′2 + (β − τ)(t− β)x′1 + 2−1(β − τ)2x′1− ξ3+

+2−1(β − τ)2(λ′1− x′1)|2 ≥ 2−1(t− τ)−5|X3(t− τ)− ξ3|2− 4−1(t− β)−1|x1− λ1|2.

Àíàëîãi÷íî ç íåðiâíîñòi

|X3(t− β) + (β − τ)λ′2 + 2−1(β − τ)2λ′1 − ξ3|2 =

= |(X3(t− τ)− ξ3) + (β − τ)(λ′2 −X ′2(t− β)) + 2−1(β − τ)2(λ′1 − x′1)|2 ≥

≥ 4−1|X3(t− τ)− ξ3|2 − 2−1(β − τ)2|λ′2 −X ′2(t− β)|2 − 4−1(β − τ)4|λ′1 − x′1|2

çäîáóäåìî (2.47).

Áåðó÷è äî óâàãè íåðiâíîñòi

E(1)
c (t, z(r), ξ) = exp{−c[t−1|(x1−ξ1)+δr1(z1−x1)|2+t−3|(X2(t)−ξ2)+tδr1(ẑ1−x̂1)+

+δr2(z2−x2)|2+t−5|(X3(t)−ξ3)+2−1t2δr1(z
′
1−x′1)+δr2t(z′2−x′2)+δr3(z3−x3)|2]} ≤
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≤ exp{−c[2−1t−1|x1− ξ1|2− δr1|z1−x1)|2 + 2−1t−3|X2(t)− ξ2|2− t2δr1|ẑ1− x̂1)|2+

+2−1δr2|z2 − x2|2 + 2−1t−5|X3(t)− ξ3|2 − 4−1δr1t
−1|z′1 − x′1|2 + δr2t

−3|z′2 − x′2|2−

−δr3t−5|z3 − x3|2]} ≤ CE
(1)
c/2(t, x, ξ), t > 0, {x, z, ξ} ⊂ Rn, r ∈ N3,

òà íåðiâíîñòi (2.32), îòðèìó¹ìî

E(1)
c (t, z(r), ξ) ≤ CEc/2(t, x, ξ), t > 0, {x, ξ} ⊂ Rn, r ∈ Z3,

Ç öi¹¨ íåðiâíîñòi òà îöiíîê (2.42), (2.44) i (2.46) âèïëèâà¹, ùî òâåð-

äæåííÿ (2.48) äîñèòü äîâåñòè äëÿ r = s = 0, òîáòî îöiíèòè iíòåãðàëè

I
(1,0l)
0 (x; ξ), {x, ξ} ⊂ Rn, l ∈ Z3. ßêùî l = 0, òî ïîòðiáíà îöiíêà âèïëèâà¹

áåçïîñåðåäíüî ç îçíà÷åííÿ (2.15) òà ðiâíîñòi (2.37). Ó âèïàäêó l = 1 çà äîïî-

ìîãîþ íåðiâíîñòi (2.46) i ðiâíîñòi (2.37) çäîáóäåìî

I
(1,01)
0 (x; ξ) ≤ ((t− β)(β − τ))−M×

×
∫
Rn

E(1)
c0

(t− β, x, λ)E2,1
−c0/4(t− β, x1 − λ1)dλE

(1)
c0/10(t− τ, x, ξ) ≤

≤ (t1 − τ)−M(t− β)−M
∫
Rn

E
(1)
3c0/4

(t− β, x, λ)dλE
(1)
c0/10(t− τ, x, ξ) ≤

≤ CE
(1)
c0/10(t, x, ξ), t > 0, {x, ξ} ⊂ Rn. (Ä1.1)

ßêùî l = 2, òî âèêîðèñòîâó¹ìî íåðiâíîñòi (2.33), (2.34), (2.47) i ðiâíîñòi (2.37):

I
(1,02)
0 (x; ξ) ≤ ((t− β)(β − τ))−M

∫
Rn

E(1)
c0

(t− β, x, λ)E2,1
c0/3

(β − τ, λ1 − ξ1)×

×E2,2
c0/3

(β−τ,Λ2(β−τ)−ξ2)E
2,1
−c0/12(t−β, x1−λ1)dλE

2,3
c0/12(t−τ,X3(t−τ)−ξ3) =

= ((t− β)(β − τ))−M
∫
Rn

E
(1)
11c0/12(t− β, x1 − λ1)E

2,1
c0/3

(β − τ, λ1 − ξ1)×

×E2,2
2c0/3

(t−β,X2(t−β)−λ2)(E
2,2
c0/3

(t−β,X2(t−β)−λ2)E
2,2
c0/3

(β−τ,Λ2(β−τ)−ξ2))×

×E2,3
c0

(t− β,X3(t− β)− λ3)dλE
2,3
c0/12(t− τ,X3(t− τ)− ξ3) ≤

≤ ((t−β)(β−τ))−M
∫
Rn

E
(1)
5c0/12(t−β, x1−λ1)E

2,1
c0/3

(t−β, x1−λ1)E
2,1
c0/3

(β−τ, λ1−ξ1)×

×E2,2
2c0/3

(t−β,X2(t−β)−λ2)E
2,3
c0

(t−β,X3(t−β)−λ3)dλE
2,2
c0/12(t−τ,X2(t−τ)−ξ2)×
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×E2,3
c0/12(t− τ,X3(t− τ)− ξ3) ≤ (t1 − τ)−M(t− β)−M

∫
Rn

E
(1)
5c0/12(t− β, x, λ)dλ×

×E(1)
c0/12(t− τ, x, ξ) ≤ CE

(1)
c0/12(t− τ, x, ξ), t > 0, {x, ξ} ⊂ Rn. (Ä1.2)

Ç íåðiâíîñòåé (Ä1.1) i (Ä1.2) âèïëèâà¹ òâåðäæåííÿ (2.48), îñêiëüêè äëÿ âè-

ïàäêó l = 2 îöiíêà âñòàíîâëåíà â [14]. Òâåðäæåííÿ (2.49) i (2.50) äîâîäÿòüñÿ

àíàëîãi÷íî. I

Äîâåäåííÿ ëåìè 2.3. Òâåðäæåííÿ (2.51) � (2.59), (2.63) � (2.66) i (2.70)

äîâåäåíî â [14]. Óñòàíîâèìî îöiíêè (2.60) � (2.62), (2.67) � (2.69) i (2.71) �

(2.78). Äëÿ öüîãî âèêîðèñòîâóâàòèìåìî åëåìåíòàðíi íåðiâíîñòi ç [14,ñ. 25]

∀{a, b, c} ⊂ Rr : 21−p|a|p − |b|p ≤ |a+ b|p ≤ 2P−1 (|a|p + |b|p) , r ≥ 1,

41−p|a|p − 21−p|b|p − |c|p ≤ |a+ b+ c|p ≤ 4p−1 (|a|p + |b|p + |c|p) , p ∈ [1,∞),

òà ïðèïóùåííÿ β ∈ [t1, t) i |xl − zl|1/ml ≤ (t− τ)/4, l ∈ N3.

Îñêiëüêè Z(l)
1 (t) − X1(t) = δ1l(z1 − x1), Z

(l)
2 (t) − X2(t) = δ1lt(ẑ1 − x̂1) +

+ δ2l(z2 − x2), Z
(l)
3 (t) − X3(t) = δ1l2

−1t2(z′1 − x′1) + δ2lt(z
′
2 − x′2) + δ3l(z3 − x3),

δkl�ñèìâîë Êðîíåêåðà, {k, l} ⊂ N3, òî

(β−τ)1−q|Z(l)
1 (t−β)−X1(t−β)|q = (β−τ)1−q|z1−x1|q ≤ 2−1/(2b−1) =: d1, l ∈ N3;

(β−τ)1−2q|Z(l)
2 (t−β)−X2(t−β)|q ≤ 2q−1(β−τ)1−2q((t−β)q|ẑ1−x̂1|q+|z2−x2|q) ≤

≤ 2q−1((β − τ)1−q|z1 − x1|q + (β − τ)1−2q|z2 − x2|q) ≤

≤ 2q−1(2−1/(2b−1) + 2−3(2b+1)/(2b−1)) = 1 + 2−2(3b+1)/(2b−1) =: d2, l ∈ N3;

(β − τ)1−3q|Z(l)
3 (t− β)−X3(t− β)|2 ≤

≤ 4q−1(β − τ)1−3q(2−q(t− β)2q|z′1 − x′1|q + (t− β)q|z′2 − x′2|q + |z3 − x3|q) ≤

≤ 4q−1(2−q(β − τ)1−q|z1 − x1|q + (β − τ)1−2q|z2 − x2|q + (β − τ)1−3q|z3 − x3|q) ≤

≤ 2−1 + 2−(6b−1)/(2b−1) + 2−(4b+1)/(2b−1) =: d3, l ∈ N3;

E(2,3)
c (β − τ, Z(l)(t− β), ξ) = exp{−c[(β − τ)1−q|Z(l)

1 (t− β)− ξ1|q + (β − τ)1−2q×

×|Z(l)
2 (t−β)+(β−τ)Ẑ

(l)
1 (t−β)−ξ2|q+(β−τ)1−3q|Z(l)

3 (t−β)+(β−τ)Z
(l)′

2 (t−β)+

+2−1(β − τ)2Z
(l)′

1 − ξ3|q]} = exp{−c[(β − τ)1−q|(X1(t− β)− ξ1)+
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+(Z
(l)
1 (t− β)−X1(t− β))|q + (β − τ)1−2q|(X2(t− β) + (β − τ)X̂1(t− β)− ξ2)+

+(β − τ)(Ẑ
(l)
1 (t− β)− X̂1(t− β)) + (Z

(l)
2 (t− β)−X2(t− β))|q+

+(β − τ)1−3q|(X3(t− β) + (β − τ)X ′2(t− β) + 2−1(β − τ)2X ′1(t− β)− ξ3)+

+(Z
(l)
3 (t− β)−X3(t− β)) + (β − τ)(Z

(l)′

2 (t− β)−X ′2(t− β))+

+2−1(β − τ)2(Z
(l)′

1 (t− β)−X ′1(t− β))|q]} ≤

≤ exp{−c[(β − τ)1−q(2−1|X1(t− β)− ξ1|q − |Z(l)
1 (t− β)−X1(t− β)|q)+

+(β − τ)1−2q(41−q|X2(t− β) + (β − τ)X̂1(t− β)− ξ2|q − 21−q(β − τ)q×

×|Ẑ(l)
1 (t− β)− X̂1(t− β)|2 − |Z(l)

2 (t− β)−X2(t− β)|q)+

+(β − τ)1−3q(81−q|(X3(t− β) + (β − τ)X ′2(t− β)+

+2−1(β−τ)2X ′1(t−β)−ξ3|2−41−q|Z(l)
3 (t−β)−X3(t−β)|q−21−q(β−τ)2|Z(l)′

2 (t−β)−

−X ′2(t−β)|2−2−q(β−τ)2q|Z(l)′

1 (t−β)−X ′1(t−β)|q)]} ≤ C1E
(2,3)
c1

(β−τ,X(t−β), ξ),

äå C1 = exp{c(d1(1 + 21−q + 2−q) + d2(1 + 21−q) + d3}, à c1 = c81−q.

Äëÿ çàâåðøåííÿ äîâåäåííÿ çàïèøåìî

E(2,3)
c1

(β − τ,X(t− β), ξ) = exp{−c1[(β − τ)1−q|x1 − ξ1|q + (β − τ)1−2q×

×|X2(t− β) + (β − τ)x̂1 − ξ2|q + (β − τ)1−3q|X3(t− β)+

+(β − τ)X ′2(t− β) + 2−1(β − τ)2x′1 − ξ3|q]} = exp{−c1[(β − τ)1−q|x1 − ξ1|q+

+(β − τ)1−2q|X2(t− τ)− ξ2|q + (β − τ)1−3q|X3(t− τ)− ξ3|q]} ≤ E(2,3)
c1

(t− τ, x, ξ)

i íåðiâíiñòü (2.60) äîâåäåíî.Òâåðäæåííÿ (2.61) i (2.62) äîâîäèìî àíàëîãi÷íî äî

(2.60). Îñêiëüêè

E(2,3)
c (β − τ, (λ1, Z

(l)
2 (t− β), Z

(l)
3 (t− β)), ξ) = exp{−c[(β − τ)1−q|λ1 − ξ1|q+

+(β − τ)1−2q|Z(l)
2 (t− β) + (β − τ)λ̂1 − ξ2|q+

+(β − τ)1−3q|Z(l)
3 (t− β) + (β − τ)Z

(l)′

2 (t− β) + 2−1(β − τ)2λ′1 − ξ3|q]}

i

E(2,3)
c (β − τ, (λ1, λ2, Z

(l)
3 (t− β)), ξ) = exp{−c[(β − τ)1−q|λ1 − ξ1|q+
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+(β − τ)1−2qΛ2(t− β) + (β − τ)λ̂1 − ξ2|q+

+(β − τ)1−3q|Z(l)
3 (t− β) + (β − τ)λ′2 + 2−1(β − τ)2λ′1 − ξ3|q]},

òî ç íåðiâíîñòåé

|Z(l)
3 (t− β) + (β − τ)Z

(l)′

2 (t− β) + 2−1(β − τ)2λ′1 − ξ3|q =

= |Z(l)
3 (t− β) + (β − τ)X ′2(t− β) + 2−1(β − τ)2λ′1 − ξ3 + (β − τ)(Z

(l)′

2 (t− β)−

−X ′2(t− β))|q ≥ 21−q|Z(l)
3 (t− β) + (β − τ)X ′2(t− β) + 2−1(β − τ)2λ′1 − ξ3|q−

−(β − τ)q|Z(l)′

2 (t− β)−X ′2(t− β)|q ≥ 41−q|X3(t− β)+

+(β − τ)X ′2(t− β) + 2−1(β − τ)2λ′1 − ξ3|q − 21−q|Z(l)
3 (t− β)−X3(t− β)|q−

−21−q|Z(l)
3 (t− β)−X3(t− β)|q − (β − τ)q|Z(l)′

2 (t− β)−X ′2(t− β)|q, l ∈ N3,

|Z(l)
2 (t− β) + (β − τ)λ̂1 − ξ2|q = |(X2(t− β) + (β − τ)λ̂1 − ξ2)+

+(Z
(l)
2 (t− β)−X2(t− β))|q ≥

≥ 21−q|X2(t− β) + (β − τ)λ̂1 − ξ2|q − |Z(l)
2 (t− β)−X2(t− β)|q, l ∈ N3,

i

|Z(l)
3 (t− β) + (β − τ)λ′2 + 2−1(β − τ)2λ′1 − ξ3|q =

= |(X3(t− β) + (β − τ)λ′2 + 2−1(β − τ)2λ′1 − ξ3) + (Z
(l)
3 (t− β)−X3(t− β))|q ≥

≥ 21−q|X3(t−β)+(β−τ)λ′2+2−1(β−τ)2λ′1−ξ3|q−|Z(l)
3 (t−β)−X3(t−β)|q, l ∈ N3.

Òâåðäæåííÿ (2.61) ¹ íàñëiäêîì ç íåðiâíîñòåé

(β − τ)1−2q|X2(t− β) + (β − τ)λ̂1 − ξ2|q = (β − τ)1−2q|(X2(t− τ)− ξ2)+

+(β − τ)(λ̂1 − x̂1)|q ≥ 21−q(t− τ)1−2q|X2(t− τ)− ξ2|q − (t− β)1−q|λ1 − x1|q,

(β − τ)1−3q|X3(t− β) + (β − τ)X ′2(t− β) + 2−1(β − τ)2λ′1 − ξ3|q =

(β − τ)1−3q|x3 + (t− β)x′2 + 2−1(t− β)2x′1 + (β − τ)x′2+

+(β − τ)(t− β)x′1 + 2−1(β − τ)2x′1 − ξ3 + 2−1(β − τ)2(λ′1 − x′1)|q ≥

≥ 21−q(t− τ)1−3q|X3(t− τ)− ξ3|q − 2−q(t− β)1−q|x1 − λ1|2.
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Àíàëîãi÷íî ç íåðiâíîñòi

|X3(t− β) + (β − τ)λ′2 + 2−1(β − τ)2λ′1 − ξ3|2 =

= |(X3(t− τ)− ξ3) + (β − τ)(λ′2 −X ′2(t− β)) + 2−1(β − τ)2(λ′1 − x′1)|q ≥

≥ 41−q|X3(t− τ)− ξ3|q − 21−q(β − τ)q|λ′2 −X ′2(t− β)|q − 2−q(β − τ)2q|λ′1 − x′1|q

çäîáóäåìî (2.62) ç c1 = c41−q, c2 = c21−q, i c3 = c1.

Íàâåäåìî äåÿêi ñïiââiäíîøåííÿ äëÿ êîåôiöi¹íòiâ ðÿäó, ÿêi âèçíà÷àþòü-

ñÿ ôîðìóëàìè (2.9). Íåõàé Ĉ1 > 0, Ĉ2 > 0� äåÿêi ñòàëi, C = max{Ĉ1, Ĉ2},

à Ĉ3 := 2eC. Äëÿ çàäàíîãî ÷èñëà χ ∈ (0, 1) ïîçíà÷èìî ÷åðåç j0 íàéìåíøå

íàòóðàëüíå ÷èñëî, äëÿ ÿêîãî ñïðàâäæó¹òüñÿ íåðiâíiñòü j0χ ≥ 1. Âèêîðèñòî-

âóâàòèìåìî ùå òàêi ïîçíà÷åííÿ: Ĉχ
0 := max

1≤j≤j0
{Γ(jχ + 1)(Γ((j + 1)χ + 1))−1},

C(χ) := Ĉ1Γ(χ)Ĉχ
0 . Òîäi

Ĉ l
1a

(χ, Ĉ2)
l (t) = a

(χ, Ĉ1Ĉ2)
l (t), t > 0, l ∈ N; (Ä1.3)

a
(χ, Ĉ1)
l+1 (t) ≤ C(χ)tχa

(χ, Ĉ1)
l (t), t > 0, l ∈ N; (Ä1.4)

a
(χ, Ĉ1)
l (t)a

(χ, Ĉ2)
j (t) ≤ a

(χ, Ĉ3)
j+l (t), t > 0, {j, l} ⊂ N. (Ä1.5)

Ñïiââiäíîøåííÿ (Ä1.3), (Ä1.4) áåçïîñåðåäíüî âèïëèâàþòü ç îçíà÷åííÿ

(2.9). Äîâåäåìî íåðiâíiñòü (Ä1.5). Ðîçãëÿíåìî ñïåðøó âèïàäîê l ≤ j. Ìà¹ìî

a
(χ, Ĉ1)
l (t)a

(χ, Ĉ2)
j (t) ≤ a

(χ, Ĉ)
l (t)a

(χ, Ĉ)
j (t) = (ĈΓ(χ)tχ)l+j(Γ(lχ+ 1)Γ(jχ+ 1))−1 =

= (ĈΓ(χ)tχ)j+l(Γ((j + l)χ+ 2))−1(B(lχ+ 1, jχ+ 1))−1 =

= a
(χ, Ĉ))
j+l (t)((j + l)χ+ 1)(B(lχ+ 1, jχ+ 1))−1,

äå B� áåòà-ôóíêöiÿ Åéëåðà. Îöiíèìî çíèçó äîáóòîê

((j + l)χ+ 1)(B(lχ+ 1, jχ+ 1))−1 ≥

≥ ((j + l)χ+ 1)

((j+l)χ+1)−1/(lχ+1)∫
2−1((j+l)χ+1)−1/(lχ+1)

slχ(1− s)jχds ≥

≥ ((j + l)χ+ 1)(2−1((j + l)χ+ 1)−1/(lχ+1))lχ×
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×(1− ((j + l)χ+ 1)−1/(lχ+1))jχ
((j+l)χ+1)−1/(lχ+1)∫

2−1((j+l)χ+1)−1/(lχ+1)

ds ≥

≥ 2−1−lχ(1− ((j + l)χ+ 1)−1/(lχ+1))[(((j+l)χ+1))
1/(lχ+1)]

(1+lχ)

≥

≥ (2e)−(1+lχ) ≥ (2e)−(l+j).

Îòæå, íåðiâíiñòü (Ä1.5) ñïðàâäæó¹òüñÿ äëÿ l ≤ j, ïðè öüîìó Ĉ3 =

= (2e)−(l+j)Ĉ. Ïðîòèëåæíèé âèïàäîê l > j ðîçãëÿäà¹òüñÿ àíàëîãi÷íî.

Çà äîïîìîãîþ îçíà÷åíü(2.8)� (2.22) òà îöiíîê (2.63) � (2.65) ìà¹ìî

t−M
∫
Rn

E
(2,χ,3)

c,Ĉ
(t, x, ξ) dξ ≤ t−M

∫
Rn

F
(2,χ,3)

c,Ĉ
(t, x, ξ) dξ ≤

≤
∞∑
j=0

aχ,Ĉj (t)t−M
∫
Rn

E
(2,3)
cδj (t, x, ξ) dξ =

=
∞∑
j=0

aχ,Ĉj (t)δ−
nj
q t−M

∫
Rn

E(2,3)
c (t, x, ξ) dξ = C F

(χ,Ĉ1)
0 (t), (Ä1.6)

äå F (χ,Ĉ1)
0 (t) =

∞∑
j=0

aχ,Ĉ1

j (t), Ĉ1 = Ĉδ−n/q, à C� ñòàëà ç ðiâíîñòi (2.63).

t−m2n2−m3n3

∫
Rn2+n3

E
(2,χ,3)

c,Ĉ
(t, x, ξ) dξ2dξ3 = E1

c (t, x1 − ξ1)×

×t−m2n2−m3n3

∫
Rn2+n3

F
(2,χ,3)

c,Ĉ
(t, x, ξ) dξ2dξ3 =

= E1
c (t, x1 − ξ1)

∞∑
j=0

aχ,Ĉj (t)(δ−
(n1+n2)

q )jE1
cδj(t, x1 − ξ1)×

×t−m2n2

∫
Rn2

E2,2
c (t,X2(t)− ξ2) dξ2 t

−m3n3

∫
Rn3

E2,3
c (t,X3 − ξ3) dξ3 =

= C E1
c (t, x1 − ξ1)

∞∑
j=0

aχ,Ĉ2

j (t)E1
cδj(t, x1 − ξ1) = C E

(2,χ,1)

c,Ĉ2
(t, x1, ξ1), (Ä1.7)

äå Ĉ2 = Ĉδ−(n1+n2)/q, C = C2C3, à C2, C3� ñòàëi ç âiäïîâiäíèõ ðiâíîñòåé (2.66).

t−m3n3

∫
Rn3

E
(2,χ,3)

c,Ĉ
(t, x, ξ) dξ3 = E1

c (t, x1 − ξ1) t
−m3n3

∫
Rn3

F
(2,χ,3)

c,Ĉ
(t, x, ξ) dξ3 =
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= E1
c (t, x1 − ξ1)

∞∑
j=0

aχ,Ĉj (t)E
(2,2)
cδj (t, x2, x3, ξ2, ξ3) t

−m3n3

∫
Rn3

E2,3
cδj (t,X3 − ξ3) dξ3 =

= C3E
1
c (t, x1 − ξ1)

∞∑
j=0

aχ,Ĉ3

j (t)E
(2,2)
cδj (t, x2, x3, ξ2, ξ3) = C3E

(2,χ,1)

c,Ĉ3
(t, x1, ξ1),

(Ä1.8)

äå Ĉ3 = Ĉδ−m3n3/q, à C3� òàêà ÿê âèùå.

Â îöiíêàõ (Ä1.6)�(Ä1.8) Cj, j ∈ N3, òàêi, ÿê ó (2.63)�(2.65). Ç íåðiâíî-

ñòåé (Ä1.6)�(Ä1.8) âèïëèâàþòü îöiíêè (2.67)�(2.69). Îöiíêà (2.71) ¹ íàñëiäêîì

(2.70).

Ïðè äîâåäåííi (Ä1.6) çàñòîñîâàíî íåðiâíiñòü (2.63) òà ðiâíiñòü

(Ĉ1)
jaχ,Ĉj (t) = a

(χ,ĈĈ1)
j (t), Ĉ > 0, Ĉ1 > 0, t > 0, χ ∈ (0, 1), j ∈ N.

Îñòàííÿ ðiâíiñòü âèêîðèñòîâó¹òüñÿ i ïðè äîâåäåííi (Ä1.7) i (Ä1.8).

Áåðó÷è äî óâàãè íåðiâíîñòi

E(1)
c (t, z(r), ξ) = exp{−c[t1−q|(x1 − ξ1) + δr1(z1 − x1)|q+

+t1−2q|(X2(t)− ξ2) + tδr1(ẑ1 − x̂1) + δr2(z2 − x2)|q+

+t1−3q|(X3(t)− ξ3) + 2−1t2δr1(z
′
1 − x′1) + δr2t(z

′
2 − x′2) + δr3(z3 − x3)|q]} ≤

≤ exp{−c[21−qt1−q|x1 − ξ1|q − δr1t1−q|z1 − x1)|q + 41−qt1−2q|X2(t)− ξ2|q−

−21−qt1−qδr1|ẑ1 − x̂1)|q − δr2t1−2q|z2 − x2|q+

+81−qt1−3q|X3(t)− ξ3|q − 41−qδr1t
1−q|z′1 − x′1|q + δr2t

1−2q|z′2 − x′2|q−

−δr3t1−3q|z3 − x3|q]} ≤ CE
(1)
c/2(t, x, ξ), t > 0, {x, z, ξ} ⊂ Rn, r ∈ N3,

òà íåðiâíîñòi (2.51 îòðèìó¹ìî

E(2,3)
c (t, z(r), ξ) ≤ CE(2,3)

c1
(t, x, ξ), c1 = c21−q, t > 0, {x, ξ} ⊂ Rn, r ∈ Z3.

Ç öi¹¨ íåðiâíîñòi òà îöiíîê (2.60)�(2.62) âèïëèâà¹, ùî òâåðäæåííÿ (2.72)

äîñèòü äîâåñòè äëÿ r = s = 0, òîáòî îöiíèòè iíòåãðàëè I
(2,0l)
0 , l ∈ N3. Äî-

âåäåííÿ îöiíîê (2.72)�(2.74) äëÿ iíòåãðàëiâ I(2,sl)
0 , I

(2,sl)
1 , l ∈ N3 òà I

(2,s2)
2 , s ∈

∈ N3, ïðîâîäèìî àíàëîãi÷íî äî âiäïîâiäíèõ äîâåäåíü ç ëåìè 2.1.. Çà äîïîìîãîþ

öèõ îöiíîê, à òàêîæ îçíà÷åííÿ (2.21) îöiíþâàëüíî¨ ôóíêöi¨ îòðèìó¹ìî îöiíêè
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(2.75)�(2.78). I

Äîâåäåííÿ ëåìè 2.9Äîâåäåííÿ ïðîâåäåìî äëÿ âèïàäêó l ∈ {1, 2}. Òâåð-

äæåííÿ ëåìè ó âèïàäêó l = 3 ðîçãëÿäàþòüñÿ àíàëîãi÷íî äî âèïàäêó l = 1. Ó

âèïàäêó l = 1 ïðèéìà¹ìî b = 1. Äàëi ðiçíi ñòàëi ïîçíà÷àòèìóòüñÿ òèìè ñàìèìè

ëiòåðàìè, ÿêùî íàñ íå öiêàâèòü ¨õí¹ çíà÷åííÿ.

a) Âèêîðèñòîâóþ÷è ðiâíiñòü ç [14]∫
Rn

(t− τ)−M exp{−c′ρl(t− τ, x, ξ)}dξ = C, 0 < τ < t ≤ T, x ∈ Rn, c′ > 0,

(Ä1.9)

íà ïiäñòàâi îçíà÷åííÿ íîðìè ||f ||0ϕl ìà¹ìî

|ul(t, x)| ≤ C

t∫
0

(t− τ)−ν−Ndτ

∫
Rn

exp{−cρl(t− τ, x, ξ)}|f(τ, ξ)|dξ =

= C

t∫
0

(t− τ)−ν−Ndτ

∫
Rn

exp{−c0ρl(t− τ, x, ξ)}ϕl(τ, ξ)
|f(τ, ξ)|
ϕl(τ, ξ)

×

× exp{−(c− c0)ρl(t− τ, x, ξ)}dξ ≤ Cψl(t, x)

t∫
0

(t− τ)−νdτ ||f ||0ϕl =

= Cψl(t, x)t1−ν||f ||0ϕl, (t, x) ∈ Π(0,T ]. (Ä1.10)

Íåõàé x i x′ � äîâiëüíi ôiêñîâàíi òî÷êè ç Rn i d := d(x;x′). Îöiíèìî

ðiçíèöþ ∆x′
x u.

Êîëè d2b > t, çà äîïîìîãîþ îöiíêè (Ä1.10) îòðèìà¹ìî

|∆x′

x ul(t, x)| ≤ |ul(t, x)|+ |ul(t, x′)| ≤ C(ψl(t, x) + ψl(t, x
′))t1−ν||f ||0ϕl

≤ C(ψl(t, x) + ψl(t, x
′))(d(x;x′))γt1−ν−γ/(2b)||f ||0ϕl,

t ∈ (0, T ], {x, x′} ⊂ Rn, γ ∈ (0, 1]. (Ä1.11)

Ðîçãëÿíåìî âèïàäîê d2b < t. Ìà¹ìî

|∆x′

x ul(t, x)| ≤
t∫

0

dτ

∫
Rn

|∆x′

xKl(t, x; τ, ξ)| |f(τ, ξ)|dξ, t ∈ (0, T ], {x, x′} ⊂ Rn.

(Ä1.12)
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Äîâåäåìî äëÿ ðiçíèöi ∆Kl := ∆x′
xKl(t, x; τ, ξ) íåðiâíiñòü

|∆Kl| ≤ Cdγ(t− τ)−γ/(2b)−ν−M exp{−cρl(t− τ, x, ξ)}. (Ä1.13)

Îêðåìî ðîçãëÿíåìî òàêi âèïàäêè: 1) d2b ≥ t− τ , 2) d2b < t− τ .

Ó ïåðøîìó âèïàäêó ìè îäåðæó¹ìî îöiíêó (Ä1.13) áåçïîñåðåäíüî ç íåðiâ-

íîñòi |∆Kl| ≤ |Kl(t, x; τ, ξ)|+ |Kl(t, x
′; τ, ξ)|. Ó âèïàäêó 2) çàóâàæèìî, ùî

∆Kl = (t− τ)−ν−M∆x′

x Ωl(t, x; τ, ξ).

Íà ïiäñòàâi (Bl3) îòðèìó¹ìî îöiíêó (Ä1.13) ó âèïàäêó 2).

Ç äîïîìîãîþ (Ä1.12) i (Ä1.13) ìà¹ìî

|∆x′

x ul(t, x)| ≤ C(ψl(t, x) + ψl(t, x
′))dγt1−ν−γ/(2b)||f ||0ϕl,

t ∈ (0, T ], {x, x′} ⊂ Rn, γ ∈ (0, 1− 1/(2b)]. (Ä1.14)

Ç (Ä1.11) i (Ä1.14) âèïëèâà¹ îöiíêà

[u]γψl ≤ C||f ||0ϕl
i ðàçîì ç (Ä1.10) âîíè äîâîäÿòü a).

b) Íåõàé ν ∈ (1− 1/(2b), 1]. Ïîäàìî iíòåãðàë ó âèãëÿäi

ul(t, x) =

t∫
0

dτ

∫
Rn

Kl(t, x; τ, ξ)∆
X1(t−τ)
ξ f(τ, ξ)dξ, (t, x) ∈ Π(0,T ], (Ä1.15)

äå X1(t) := (x̄1(t), x̄2(t), x̄3(t)).

Îòðèìó¹ìî

|u(t, x)| ≤

≤ C

t∫
0

(t− τ)−ν−Mdτ

∫
Rn

exp{−(c− c0)ρl(t− τ, x, ξ)} exp{−c0ρl(t− τ, x, ξ)}×

×(ϕl(τ, ξ) + ϕl(τ,X1(t− τ)))
|∆X1(t−τ)

ξ f(τ, ξ)|
ϕl(τ, ξ) + ϕl(τ,X1(t− τ))

dξ ≤

≤ C

t∫
0

(t− τ)−ν−Mdτ

∫
Rn

exp{−(c− c0)ρl(t− τ, x, ξ)}×

×(d(ξ,X1(t− τ)))λdξψl(t, x)[f ]λϕ.
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Çàðàç âèêîðèñòà¹ìî íåðiâíiñòü

(d(ξ,X1(t− τ)))λ exp{−c̄ρl(t− τ, x, ξ)} ≤ C(t− τ)λ/(2b) exp{−c̄1ρl(t− τ, x, ξ)},

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c̄1 < c̄, λ ∈ (0, 1]. (Ä1.16)

Äëÿ c̄ = c− c0 ç äîïîìîãîþ (Ä1.9) ìè ìà¹ìî

|ul(t, x)| ≤ C

t∫
0

(t− τ)−ν−M+λ/(2b)dτ

∫
Rn

exp{−c̄1ρl(t− τ, x, ξ)}dξψ(t, x)[f ]λϕ

= Cψ(t, x)[f ]λϕl

t∫
0

(t− τ)−ν+λ/(2b)dτ = Cψ(t, x)[f ]λϕlt
1−ν+λ/(2b), (t, x) ∈ Π(0,T ].

(Ä1.17)

Îòæå,

||ul||0ψl ≤ C[f ]λϕl. (Ä1.18)

Îöiíèìî ðiçíèöþ ∆x′
x u. ßêùî d

2b ≥ t, äå d := d(x;x′), òî çà óìîâè (Ä1.17)

ìà¹ìî îöiíêó

|∆x′

x ul(t, x)| ≤ C(ψl(t, x) + ψl(t, x
′))[f ]λϕlt

1−ν+λ/(2b), t ∈ (0, T ], {x, ξ} ⊂ Rn.

Îäåðæèìî

|∆x′

x ul(t, x)| ≤ C(ψl(t, x) + ψl(t, x
′))[f ]λϕld

λt1−ν ≤

≤ C(ψl(t, x) + ψl(t, x
′))dλ[f ]λϕl, t ∈ (0, T ], {x, ξ} ⊂ Rn; (Ä1.19)

i ç ν + (γ − λ)/(2b) < 1 ìà¹ìî

|∆x′

x ul(t, x)| ≤ C(ψl(t, x) + ψl(t, x
′))[f ]λϕlt

1−ν−(γ−λ)/(2b)tγ/(2b) ≤

≤ C(ψl(t, x) + ψl(t, x
′))[f ]λϕlt

1−ν−(γ−λ)/(2b)dγ ≤

≤ C(ψl(t, x) + ψl(t, x
′))dγ[f ]λϕl, t ∈ (0, T ], {x, ξ} ⊂ Rn. (Ä1.20)

Äîñòàòíüî ðîçãëÿíóòè âèïàäîê, êîëè d2b < t. Ïîäiáíî äî (Ä1.15) çàïèøåìî

∆x′

x ul(t, x) =

t−d2b∫
0

dτ

∫
Rn

∆x′

xKl(t, x; τ, ξ)∆
X1(t−τ)
ξ f(τ, ξ)dξ+
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+

t∫
t−d2b

dτ

∫
Rn

Kl(t, x; τ, ξ)∆
X1(t−τ)
ξ f(τ, ξ)dξ−

−
t∫

t−d2b

dτ

∫
Rn

Kl(t, x
′; τ, ξ)∆

X ′1(t−τ)
ξ f(τ, ξ)dξ =:

3∑
j=1

Klj, (Ä1.21)

äå X ′1(t) := X1(t)|x=x′.

Îäåðæèìî

|Kl1| ≤ C

t−d2b∫
0

(t− τ)−ν−Mdτ

∫
Rn

(d(x;x′))γ(t− τ)−γ/(2b) exp{−cρl(t− τ, x, ξ)}×

×(ϕl(τ, ξ) + ϕl(τ,X1(t− τ)))
|∆X1(t−τ)

ξ f(τ, ξ)|
ϕl(τ, ξ) + ϕl(τ,X1(t− τ))

dξ ≤

≤ C

t−d2b∫
0

(t− τ)−ν−M−γ/(2b)dτ

∫
Rn

ψl(t, x) exp{−(c− c0)ρl(t− τ, x, ξ)}×

×(d(ξ;X1(t− τ)))λdξdγ[f ]λϕl.

Âèêîðèñòà¹ìî íåðiâíiñòü (Ä1.16) i ðiâíiñòü (Ä1.9). Ìà¹ìî

|Kl1| ≤ Cdγ
t−d2b∫
0

(t− τ)−ν−(γ−λ)/(2b)dτψl(t, x)[f ]λϕl. (Ä1.22)

ßêùî ν + (γ − λ)/(2b) < 1, òîäi ç (Ä1.22) îäåðæèìî

|Kl1| ≤ Cdγψl(t, x)[f ]λϕl(t− τ)1−ν−(γ−λ)/(2b)|0τ=t−d2b =

= Cdγψl(t, x)[f ]λϕl(t
1−ν−(γ−λ)/(2b) − d2b(1−ν)−γ+λ) ≤ Cdγψl(t, x)[f ]λϕl.

ßêùî ν + (γ − λ)/(2b) > 1, òîäi ç (Ä1.22) îòðèìà¹ìî

|Kl1| ≤ Cdγψ(t, x)[f ]λϕl(t− τ)1−ν−(γ−λ)/(2b)|t−d2b

τ=0 = Cdγψl(t, x)[f ]λϕ×

×(d2b(1−ν)−γ+λ) − t1−ν−(γ−λ)/(2b)) ≤ Cd2b(1−ν)+λψl(t, x)[f ]λϕ =

= Cdλψl(t, x)[f ]λϕl.

Îöiíèìî Kl2, ìà¹ìî

|Kl2| ≤ C

t∫
t−d2b

(t− τ)−ν−Mdτ

∫
Rn

(d(ξ;X1(t− τ)))λ × exp{−cρl(t− τ, x, ξ)}
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×(ϕl(τ, ξ) + ϕl(τ,X1(t− τ)))dξ[f ]λϕl ≤ C

t∫
t−d2b

(t− τ)−ν−Mdτ×

×
∫
Rn

(d(ξ;X1(t− τ)))λ exp{−(c− c0)ρl(t− τ, x, ξ)}ψl(t, x)dξ[f ]λϕl ≤

≤ C

t∫
t−d2b

(t− τ)−ν−M+λ/(2b)dτ

∫
Rn

exp{−c̄1ρl(t− τ, x, ξ)}ψl(t, x)dξ[f ]λϕl.

Ïðè âèêîðèñòàííi (Ä1.9) ç c′ = c̄1 áóäåìî ìàòè

|Kl2| ≤ C

t∫
t−d2b

(t− τ)−ν+λ/(2b)dτψ(t, x)[f ]λϕl.

Îñêiëüêè −ν + λ/(2b) > −1, òî

|Kl2| ≤ C(t− τ)1−ν+λ/(2b)|t−d2b

τ=t ψl(t, x)[f ]λϕl = Cd2b(1−ν)+λψl(t, x)[f ]λϕl (Ä1.23)

i, îòæå,

|Kl2| ≤ Cdλd2b(1−ν)ψl(t, x)[f ]λϕl ≤ Cdλψl(t, x)[f ]λϕ,

ÿêùî ν+(γ−λ)/(2b) > 1. Ó âèïàäêó, êîëè ν+(γ−λ)/(2b) < 1, ìè îòðèìó¹ìî

ç (Ä1.23) òàêó íåðiâíiñòü:

|Kl2| ≤ Cdγd2b(1−ν)+λ−γψl(t, x)[f ]λϕl ≤ Cdγψl(t, x)[f ]λϕl.

Àíàëîãi÷íî ìîæíà îòðèìàòè

|Kl3| ≤ Cdλψl(t, x
′)[f ]λϕl

ó âèïàäêó, êîëè ν ∈ (1− 1/(2b), 1], i

|Kl3| ≤ Cdγψl(t, x
′)[f ]λϕl

ó âèïàäêó, ÿêùî ν ∈ (1− 1/(2b), 1] i ν − (γ − λ)/(2b) < 1.

Ç (Ä1.18), (Ä1.19), (Ä1.20) i ç îöiíîê äëÿ Kl, j ∈ N3, âèïëèâàþòü ïîòðiáíi

îöiíêè ïðè ν ∈ (1− 1/(2b), 1].

c) Íåõàé ν ∈ (1, 1 + 1/(2b)]. Ïîäàìî iíòåãðàë (2.161) ó âèãëÿäi

ul(t, x) =

t∫
0

dτ

∫
Rn1

( ∫
Rn2+n3

(t− τ)−ν−MΩl(t, x; τ, ξ)∆
X2(t−τ)
ξ f(τ, ξ)dξ2dξ3

)
dξ1,
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(t, x) ∈ Π(0,T ], (Ä1.24)

äå X2(t) := (ξ1, x̄2(t), x̄3(t)), ç x̄l(t), l ∈ {2, 3}, òàêi,ÿê âèùå îçíà÷åíi.

Îòðèìó¹ìî

|ul(t, x)| ≤

≤ C

t∫
0

(t− τ)−ν−Mdτ

∫
Rn

exp{−(c− c0)ρl(t− τ, x, ξ)} exp{−c0ρl(t− τ, x, ξ)}×

×(ϕl(τ, ξ) + ϕl(τ,X2(t− τ))
|∆X2(t−τ)

ξ f(τ, ξ)|
ϕl(τ, ξ) + ϕl(τ,X2(t− τ))

dξ ≤

≤ C

t∫
0

(t− τ)−ν−Mdτ

∫
Rn

exp{−(c− c0)ρl(t− τ, x, ξ)}×

×d1(ξ;X2(t− τ);λ)dξψl(t, x)[f ]λ1,ϕl.

Íàñòóïíi íåðiâíiñòü âèïëèâà¹ ç îçíà÷åíü d, d1 i X2.

d1(ξ;X2(t− τ);λ) =
3∑
j=2

|ξj − x̄j(t− τ)|(λ+1)/(2b(j−1)+1) ≤

≤ C

(
3∑
j=2

|ξj − x̄j(t− τ)|1/(2b(j−1)+1

)λ+1

=

= C (d(ξ;X2(t− τ)))λ+1 , 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, λ ∈ (0, 1].

Òóò C > 0 � äåÿêà ñòàëà. Âðàõîâóþ÷è íåðiâíiñòü (Ä1.16), îòðèìó¹ìî

d1(ξ;X2(t− τ);λ) exp{−c̄ρl(t− τ, x, ξ)} ≤

≤ C(d(ξ;X2(t− τ)))1+λ exp{−c̄ρl(t− τ, x, ξ)} ≤

≤ C(t− τ)(1+λ)/(2b) exp{−c̄1ρl(t− τ, x, ξ)},

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c̄1 < c̄, λ ∈ (0, 1]. (Ä1.25)

Ïðè c̄ = c− c0 íà ïiäñòàâi (Ä1.9) ìà¹ìî

|ul(t, x)| ≤ C

t∫
0

(t− τ)−ν−M+(1+λ)/(2b)dτ

∫
Rn

exp{−c̄1ρl(t− τ, x, ξ)}dξ×
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×ψl(t, x)[f ]λ1,ϕl = Cψl(t, x)[f ]λ1,ϕl

t∫
0

(t− τ)−ν+(1+λ)/(2b)dτ =

= Cψl(t, x)[f ]λ1,ϕlt
1−ν+(1+λ)/(2b), (t, x) ∈ Π(0,T ]. (Ä1.26)

Îòæå,

||ul||0ψl ≤ C[f ]λ1,ϕl. (Ä1.27)

Îöiíèìî ðiçíèöþ ∆x′
x ul. ßêùî d

2b ≥ t, äå d := d(x;x′), òîäi çà äîïîìîãîþ

îöiíêè (Ä1.26) ìà¹ìî íåðiâíiñòü

|∆x′

x ul(t, x)| ≤ C(ψl(t, x) + ψl(t, x
′))[f ]λ1,ϕld

λt1−ν+1/(2b) ≤

≤ C(ψl(t, x) + ψl(t, x
′))dλ[f ]λ1,ϕl, t ∈ (0, T ], {x, ξ} ⊂ Rn, (Ä1.28)

i ç ν + (γ − 1− λ)/(2b) < 1 îäåðæó¹ìî

|∆x′

x ul(t, x)| ≤ C(ψl(t, x) + ψl(t, x
′))[f ]λ1,ϕlt

1−ν−(γ−1−λ)/(2b)tγ/(2b) ≤

≤ C(ψl(t, x) + ψl(t, x
′))[f ]λ1,ϕlt

1−ν−(γ−1−λ)/(2b)dγ ≤

≤ C(ψl(t, x) + ψl(t, x
′))dγ[f ]λ1,ϕl, t ∈ (0, T ], {x, ξ} ⊂ Rn. (Ä1.29)

Äîñòàòíüî ðîçãëÿíóòè âèïàäîê, êîëè d2b < t. Ïîäiáíî äî (Ä1.24) çàïèøåìî

∆x′

x ul(t, x) =

t−d2b∫
0

dτ

∫
Rn1

( ∫
Rn2+n3

∆x′

xKl(t, x; τ, ξ)∆
X2(t−τ)
ξ f(τ, ξ)dξ2dξ3

)
dξ1+

+

t∫
t−d2b

dτ

∫
Rn1

( ∫
Rn2+n3

Kl(t, x; τ, ξ)∆
X2(t−τ)
ξ f(τ, ξ)dξ2dξ3

)
dξ1−

−
t∫

t−d2b

dτ

∫
Rn1

( ∫
Rn2+n3

Kl(t, x
′; τ, ξ)∆

X ′2(t−τ)
ξ f(τ, ξ)dξ2dξ3

)
dξ1 =

=:
3∑
j=1

K ′lj, (Ä1.30)

äå X ′2(t) := X2(t)|x=x′.
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Ìà¹ìî

|K ′l1| ≤ C

t−d2b∫
0

(t− τ)−ν−Mdτ

∫
Rn

(d(x;x′))γ(t− τ)−γ/(2b)×

× exp{−cρl(t− τ, x, ξ)}(ϕl(τ, ξ) + ϕl(τ,X2(t− τ)))×

×
|∆X2(t−τ)

ξ f(τ, ξ)|
ϕl(τ, ξ) + ϕl(τ,X2(t− τ))

dξ ≤ C

t−d2b∫
0

(t− τ)−ν−M−γ/(2b)dτ×

×
∫
Rn

ψl(τ, x) exp{−(c− c0)ρl(t− τ, x, ξ)}d1(ξ;X2(t− τ);λ)dξdγ[f ]λ1,ϕ.

Òåïåð âèêîðèñòà¹ìî íåðiâíiñòü (Ä1.25) i ðiâíiñòü (Ä1.9). Îäåðæèìî

|K ′l1| ≤ Cdγ
t−d2b∫
0

(t− τ)−ν−M−γ/(2b)+(1+λ)/(2b)dτ×

×
∫
Rn

ψ(τ, x) exp{−c̄1ρl(t− τ, x, ξ)}dξdγ[f ]λ1,ϕl =

= Cdγ
t−d2b∫
0

(t− τ)−ν−(γ−1−λ)/(2b)dτψl(t, x)[f ]λ1,ϕl.

ßêùî ν + (γ − 1− λ)/(2b) > 1, òî

|K ′l1| ≤ Cdγψl(t, x)[f ]λ1,ϕl(t− τ)1−ν−(γ−1−λ)/(2b)|t−d2b

τ=0 =

= Cdγψl(t, x)[f ]λ1,ϕl(d
2b(1−ν)−γ+1+λ − t1−ν−(γ−1−λ)/(2b)) ≤

≤ Cd2b(1−ν)+1+λψl(t, x)[f ]λ1,ϕl ≤ Cdλψl(t, x)[f ]λ1,ϕ.

ßêùî ν + (γ − 1− λ)/(2b) < 1, òîäi

|K ′l1| ≤ Cdγψl(t, x)[f ]λ1,ϕl(t− τ)1−ν−(γ−1−λ)/(2b)|0τ=t−d2b = Cdγψl(t, x)[f ]λ1,ϕl×

×(t1−ν−(γ−1−λ)/(2b) − d2b(1−ν)−γ+1+λ) ≤ Cdγψl(t, x)[f ]λ1,ϕl.

Îöiíèìî K ′2. Ç äîïîìîãîþ (Ä1.25) îäåðæèìî

|K ′l2| ≤ C

t∫
t−d2b

(t− τ)−ν−Mdτ

∫
Rn

d1(ξ;X2(t− τ);λ) exp{−cρl(t− τ, x, ξ)}×



353

×(ϕl(τ, ξ) + ϕl(τ,X2(t− τ)))dξ[f ]λ1,ϕl ≤ C

t∫
t−d2b

(t− τ)−ν−Mdτ×

×
∫
Rn

d1(ξ;X2(t− τ);λ) exp{−(c− c0)ρl(t− τ, x, ξ)}ψl(t, x)dξ[f ]λ1,ϕl ≤

≤ C

t∫
t−d2b

(t− τ)−ν−M+(1+λ)/(2b)dτ

∫
Rn

exp{−c̄1ρl(t− τ, x, ξ)}ψl(t, x)dξ[f ]λ1,ϕl.

Âèêîðèñòàâøè (Ä1.9) ç c′ = c̄1, îäåðæèìî

|K ′l2| ≤ C

t∫
t−d2b

(t− τ)−ν+(1+λ)/(2b)dτψl(t, x)[f ]λ1,ϕl.

Îñêiëüêè ν − (1 + λ)/(2b) < 1, òî

|K ′l2| ≤ C(t− τ)1−ν+(1+λ)/(2b)|t−d2b

τ=t ψl(t, x)[f ]λ1,ϕl = Cd2b(1−ν)+1+λψl(t, x)[f ]λ1,ϕl.

(Ä1.31)

Îöiíêà

|K ′l2| ≤ Cdγd2b(1−ν)+1+λ−γψl(t, x)[f ]λ1,ϕl ≤ Cdγψl(t, x)[f ]λ1,ϕl

âèïëèâà¹ ç (Ä1.31) ÿêùî ν + (γ − 1− λ)/(2b) < 1, i ìà¹ ìiñöå îöiíêà

|K ′l2| ≤ Cdλd2b(1−ν)+1ψl(t, x)[f ]λ1,ϕl ≤ Cdλψl(t, x)[f ]λ1,ϕl,

ÿêùî ν + (γ − 1− λ)/(2b) > 1.

Àíàëîãi÷íî îòðèìó¹ìî

|K ′L3| ≤ Cdγψl(t, x
′)[f ]λ1,ϕl

êîëè ν + (γ − 1− λ)/(2b) < 1, i

|K ′l3| ≤ Cdλψl(t, x
′)[f ]λ1,ϕl

ÿêùî ν + (γ − 1− λ)/(2b) > 1.

Ç (Ä1.27), (Ä1.29), (Ä1.30) i ç îöiíîê äëÿ K ′lj, j ∈ N3, âèïëèâàþòü îöiíêè

(??) i (??).
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d) Òâåðäæåííÿ ó öüîìó âèïàäêó äîâîäèòüñÿ òàê ñàìî, ÿê ó âèïàäêó c).

ul(t, x) =

t∫
0

dτ

∫
Rn1+n2

( ∫
Rn3

(t− τ)−ν−MΩl(t, x; τ, ξ)∆
X3(t−τ)
ξ f(τ, ξ)dξ3

)
dξ1dξ2,

(t, x) ∈ Π(0,T ],

äå X3(t) := (ξ1, ξ2, x̄3(t));

d2(ξ;X3(t− τ);λ) exp{−c̄ρ(t− τ, x, ξ)} ≤

≤ C(d(ξ;X3(t− τ)))1+2b+λ exp{−c̄ρ(t− τ, x, ξ)} ≤

≤ C(t− τ)(1+2b+λ)/(2b) exp{−c̄1ρl(t− τ, x, ξ)},

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c̄1 < c̄, λ ∈ (0, 1].

Öi îöiíêè îòðèìóþòüñÿ òàê ñàìî, ÿê îöiíêè (Ä1.25).I

Äîâåäåííÿ ëåìè 2.10. à) Âèêîðèñòîâóâàòèìåìî ïîçíà÷åííÿ

Ir,µν (t1, t2, t3) =

t2∫
t1

(B(t3, τ))−ν(∆(τ, 0))r
(δ(τ))µ

α(τ)
dτ,

t1 ∈ [0, T ), {t2, t3} ⊂ (0, T ]. (Ä1.32)

Â äîâåäåííi ëåìè u := u4. Çà äîïîìîãîþ (2.165), (2.162),(2.101), óìîâè A42

òà îçíà÷åííÿ íîðìè ‖f‖0,0
µ′l,ν

ïðè ν > −1 ìà¹ìî

|u(t, x)| ≤ C

t∫
0

(B(t, τ))−ν−M0/(2b)Ed(t, τ)
dτ

α(τ)

∫
Rn

E(4)
c (t, τ, x, ξ) =

= C

t∫
0

(B(t, τ))−νEd(t, τ)E−d(T, τ)(∆(τ, 0))r
(δ(τ))µ

′
l

α(τ)
dτ×

×
∫
Rn

(
(B(t, τ))−M0/(2b)E

(4)
c−c0(t, τ, x, ξ)

)(
E(4)
c0

(t, τ, x, ξ)Ψ(τ, ξ)
)
×

× |f(τ, ξ)|Ed(T, τ)dξ

Ψ(τ, ξ)(δ(τ))µ
′
l(∆(τ, 0))r

≤ CE−d(T, t)Ψ(t, x)‖f‖0,0
µ′l,ν
Ir,µ

′
l

ν (0, t, t). (Ä1.33)

Äëÿ iíòåãðàëà (Ä1.32) â [136] âñòàíîâëåíî îöiíêó

Ir,1ν (0, t, t) ≤ (∆(t, 0))r−ν+1, r > ν − 1, t ∈ (0, T ]. (Ä1.34)
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Ó âèïàäêó µ > 1, íà ïiäñòàâi ìîíîòîííîñòi ôóíêöi¨ δ, ìà¹ìî

Ir,µν (0, t, t) ≤ (δ(t))µ−1Ir,1ν (0, t, t) ≤

≤ (δ(t))µ−1(∆(t, 0))r−ν+1, r > ν − 1, t ∈ (0, T ]. (Ä1.35)

ßêùî µ = 0, òî çà äîïîìîãîþ óìîâè A45 îäåðæó¹ìî

Ir,0ν (0, t, t) =

t∫
0

(∆(t, τ))−1+γ0/(2b)(B(t, τ))−ν(∆(t, τ))1−γ0/(2b)(∆(τ, 0))r
(dτ

α(τ)
≤

≤ (∆(t, 0))r
t∫

0

(∆(t, τ))−1+γ0/(2b)(∆(t, τ))1−ν−γ0/(2b)
(dτ

α(τ)
≤

≤ (∆(t, 0))1−ν−γ0/(2b)+r, r ≥ 0, t ∈ (0, T ]. (Ä1.36)

ßêùî r ≤ ν − 1, òî ìà¹ìî

|u(t, x)| ≤ CE−d(T, t)Ψ(t, x)

(
(∆(t, 0))r−ν+1(∆(T, 0))−r+ν−γ0/(2b)×

×
t1∫

0

W0[f ; τ ](∆(τ, 0))−ν−γ0/(2b)Ed(T, τ)(δ(τ))µl(δ(τ))−µl
(dτ

α(τ)
+

+(∆(t1, 0))r
t∫

t1

(B(t, τ))−ν
((δ(τ))µ

′
l

α(τ)
dτ‖f‖0,0

µ′l,r

)
≤

≤ CE−d(T, t)Ψ(t, x)(δ(t))µl(∆(t, 0))r−ν1+1(Fµl + ‖f‖0,0
µ′l,r

), (Ä1.37)

äå t1 ∈ (0, t) òàêå, ùî B(t, t1) = ∆(t1, 0).

Ç (Ä1.33)�(Ä1.37) âèïëèâà¹ îöiíêà

‖u‖0,0
µl,r−ν1+1 ≤ C(‖f‖0,0

µ′l,r
+ χ′rlFµl), (Ä1.38)

äå χ′rl := η(ν − 1− r).

Íåõàé (t, x), (t′, x′)� äîâiëüíî ôiêñîâàíi òî÷êè øàðó Π(0,T ], ïðè÷îìó t ≤

t′, i íåõàé p := p(t, x; t′, x′). Îöiíèìî ðiçíèöþ ∆t′,x′

t,x u. Ñïî÷àòêó ðîçãëÿíåìî

âèïàäîê l = 1. Êîëè p2b > ∆(t, 0), òî çà äîïîìîãîþ îöiíêè (Ä1.38) îäåðæó¹ìî

|∆t′,x′

t,x u| ≤ |u(t, x)|+ |u(t′, x′)| ≤ C(‖f‖0,0
µ′l,r

+ χ′r1Fµ1)×

×
(
(∆(t, 0))r−ν1+1E−d(T, t)Ψ(t, x) + (∆(t′, 0))r−ν1+1E−d(T, t′)Ψ(t′, x′)

)
≤
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≤ C(‖f‖0,0
µ′l,r

+ χ′r1Fµ1)p
γ(∆(t̄, 0))r−ν1+1−γ/(2b)E−d(T, t̃)×

× (Ψ(t, x) + Ψ(t′, x′)) , (Ä1.39)

äå t̄ := t + (t′ − t)η(r − ν1 + 1 − γ/(2b)) i t̃ := t + (t′ − t)η(d). Ó âèïàäêó

p2b < ∆(t, 0) ìà¹ìî

|∆t′,x′

t,x u| ≤
t∫

0

dτ

α(τ)

∫
Rn

|∆t′,x′

t,x K4(t, x; τ, ξ)||f(τ, ξ)|dξ+

t′∫
0

dτ

α(τ)

∫
Rn

|K4(t
′, x′; τ, ξ)||f(τ, ξ)|dξ := J1 + J2. (Ä1.40)

Äîäàíîê J2 îöiíþ¹òüñÿ àíàëîãi÷íî äî (Ä1.33). ìà¹ìî

J2 ≤ C

t′∫
t

(B(t, τ))−ν−M0/(2b)Ed(t′, τ)E−d(T, τ)(∆(τ, 0))r
δ(τ)

α(τ)

∫
Rn

dτ×

×
∫
Rn

E
(4)
c−c0(t, τ, x, ξ)

(
E(4)
c0

(t′, τ, x′, ξ)Ψ(τ, ξ)
) |f(τ, ξ)|Ed(T, τ)dξ

Ψ(τ, ξ)(δ(τ))µ
′
l(∆(τ, 0))r

≤ CE−d(T, t′)Ψ(t′, x′)‖f‖0,0
µ′l,ν
Ir,lν (0, t′, t′). (Ä1.41)

Äëÿ iíòåãðàëà (Ä1.32) â [136] âñòàíîâëåíî íåðiâíiñòü

Ir,1ν (0, t′, t′) ≤ pγ(∆(t, 0))r−ν+1−γ/(2b). (Ä1.42)

Ç (Ä1.41) i (Ä1.42) âèïëèâà¹ îöiíêà

J2 ≤ C‖f‖0,0
µ′l,ν
pγ(∆(t, 0))r−ν+1−γ/(2b)E−d(T, t′)Ψ(t′, x′). (Ä1.43)

Ùîá îöiíèòè J1, äëÿ ðiçíèöi ∆K4 := ∆t′,x′

t,x K4(t, x; τ, ξ) äîâîäèìî íåðiâíiñòü

|∆K4| ≤ Cpγ(B(t, τ))−γ/(2b)
(

(B(t, τ))−ν−M0/(2b)E(4)
c1

(t, τ, x, ξ)+

+(B(t′, τ))−ν−M0/(2b)E(4)
c1

(t′, τ, x′, ξ)
)
Ed(t̃, τ), (Ä1.44)

äå c0 < c1 < c, t̃ � òàêå, ÿê ðàíiøå.

Çà äîïîìîãîþ (Ä1.44) ïðè r > ν + γ/(2b)− 1 îäåðæó¹ìî

J1 ≤ C‖f‖0,0
µ′l,ν
pγE−d(T, t̃ (Ψ(t, x) + Ψ(t′, x′)) Ir,lν+γ/(2b)(0, t, t) ≤

≤ C‖f‖0,0
µ′l,ν
pγE−d(T, t̃(∆(t, 0))r−ν1−γ/(2b)+1 (Ψ(t, x) + Ψ(t′, x′)) . (Ä1.45)
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ßêùî r ≤ ν + γ/(2b)− 1, òî àíàëîãi÷íî ìà¹ìî

J1 ≤ CpγE−d(T, t̃ (Ψ(t, x) + Ψ(t′, x′))×

×
(
(∆(t, 0))r−ν−γ/(2b)−1(∆(T, 0))−r+ν1+γ/(2b)+1×

×
t1∫

0

W0[f ; τ ](∆(τ, 0))−ν−γ/(2b)Ed(T, τ)
dτ

α(τ)
+

+‖f‖0,0
µ′l,ν

t∫
t1

(B(t, τ))−ν−γ/(2b)
δ(τ)

α(τ)
dτ(∆(t1, 0))r

)
≤

≤ C
(
Fµ1 + ‖f‖0,0

µ′l,ν

)
pγEd(T, t̃ (Ψ(t, x) + Ψ(t′, x′)) (∆(t̄, 0))r−ν1−γ/(2b)+1.

Ç (Ä1.39) � (Ä1.43) i (Ä1.45) âèïëèâà¹ îöiíêà

[u]
γ,γ/(2b)
µ1,r−ν1+1 ≤ C

(
‖f‖0,0

µ′l,r
+ χr1Fµ1

)
. (Ä1.46)

Íåõàé l = 0 i p2b > ∆(t, 0). Òîäi çà äîïîìîãîþ (Ä1.38) îäåðæó¹ìî

|∆t′,x′

t,x u| ≤ C
(
‖f‖0,0

µ′0,r
+ χ′r0Fµ0

)(
(∆(t, 0))r−ν0+1E−d(T, t)Ψ(t, x)+

+∆(t′, 0))r−ν0+1E−d(T, t′)Ψ(t′, x′)

)
leqC

(
‖f‖0,0

µ′0,r
+ χ′r0Fµ0

)
×

×(∆(t̄, 0))r−ν0+1−(γ−γ0)/(2b)E−d(T, t̃) (Ψ(t, x) + Ψ(t′, x′)) . (Ä1.47)

ßêùî 1− ν − (γ + γ0)/(2b) > 0, òî

|∆t′,x′

t,x u| ≤ C
(
‖f‖0,0

µ′0,r
+ χ′r0Fµ0

)
pγ(∆(t̄, 0))r−ν0+1−γ/(2b)×

×E−d(T, t̃) (Ψ(t, x) + Ψ(t′, x′)) .

Ó âèïàäêó p2b < ∆(t, 0) âèêîðèñòîâó¹ìî çîáðàæåííÿ (Ä1.40). Ïîäiáíî äî

(Ä1.41) äëÿ J2 îäåðæó¹ìî íåðiâíiñòü

J2 ≤ E−d(T, t′)Ψ(t′, x′)‖f‖0,0
µ′0,r

Ir,0ν (t, t′, t′), (Ä1.48)

à äëÿ Ir,0ν (t, t′, t′)�íåðiâíiñòü

Ir,0ν (t, t′, t′) ≤ Cpζ0(∆(t, 0))r−ν0+1−ζ0/(2b), (Ä1.49)

Ç (Ä1.48) i (Ä1.49) âèïëèâà¹ îöiíêà

J2 ≤ C‖f‖0,0
µ′0,r

pζ0(∆(t, 0))r−ν0+1−ζ0/(2b)E−d(T, t′)Ψ(t′, x′). (Ä1.50)
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Ùîá îöiíèòè J1, âèêîðèñòîâó¹ìî (2.179), (Ä1.32), (Ä1.36) i (Ä1.44)

J1 ≤ C
(
Fµ0 + ‖f‖0,0

µ′0,r

)
pζ0Ed(T, t̃)(∆(t̄, 0))r−ν0+1−ζ0/(2b)×

× (Ψ(t, x) + Ψ(t′, x′)) . (Ä1.51)

Ç (Ä1.40), (Ä1.44), (Ä1.47), (Ä1.48), (Ä1.50) i (Ä1.51) âèïëèâà¹ îöiíêà

[u]
ζ0,ζ0/(2b)
µ0,r−ν0−1 ≤ C

(
‖f‖0,0

µ′0,r
+ χr0Fµ0

)
. (Ä1.52)

Ðîçãëÿíåìî âèïàäîê l = 2. Íåõàé p0 := p0(x;x), {} ⊂ Rn. Îöiíèìî ðiçíèöþ

∆t′,x′

t,x u. Êîëè p
2b
0 > ∆(t, 0), òî çà äîïîìîãîþ (Ä1.36) îäåðæó¹ìî

|∆t′,x′

t,x u| ≤ |u(t, x)|+ |u(t′, x′)| ≤ C
(
‖f‖0,0

µ′2,r
+ χ′r2Fµ2

)
E−d(T, t)×

×(δ(t))µ2(∆(t, 0))r−ν2+1 (Ψ(t, x) + Ψ(t′, x′)) ≤

≤ C
(
‖f‖0,0

µ′2,r
+ χ′r2Fµ2

)
E−d(T, t)(δ(t))µ2(∆(t, 0))r−ν2+1−γ/(2b)pγ0×

× (Ψ(t, x) + Ψ(t′, x′)) . (Ä1.53)

ßêùî p2b
0 < ∆(t, 0), òî

|∆x′

x u| ≤
t∫

0

dτ

α(τ)

∫
Rn

|∆x′

xK4(t, x; τ, ξ)||f(τ, ξ)|dξ ≤

≤ C‖f‖0,0
µ′2,r

pγ0E
−d(T, t̃)(δ(t))µ2(∆(t, 0))r−ν2+1−γ/(2b) (Ψ(t, x) + Ψ(t′, x′)) (Ä1.54)

äëÿ r > ν2 + γ/(2b)− 1 i

|∆x′

x u| ≤
(
Fµ2 + ‖f‖0,0

µ′2,r

)
(δ(t))µ2E−d(T, t̃)×

×(∆(t, 0))r−ν2+1−γ/(2b) (Ψ(t, x) + Ψ(t′, x′)) (Ä1.55)

äëÿ r ≤ ν2 + γ/(2b)− 1.

Ç (Ä1.52)�(Ä1.55) âèïëèâà¹ îöiíêà

[u]
ζ,ζ/(2b)
µ2,r−ν2+1 ≤ C

(
‖f‖0,0

µ′2,r
+ χr2Fµ2

)
, (Ä1.56)

à ç (Ä1.37), (Ä1.46), (Ä1.52) i (Ä1.55) � îöiíêà (2.177).

á ) Íà ïiäñòàâi óìîâè A45 iíòåãðàë (2.162) çàïèøåìî ó âèãëÿäi

u(t, x) =

t1∫
0

dτ

α(τ)

∫
Rn

K4(t, x; τ, ξ)f(τ, ξ)dξ +

t∫
t1

dτ

α(τ)

∫
Rn

K4(t, x; τ, ξ)∆x
ξf(τ, ξ)dξ,
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äå ÷èñëî t1 òàêå æ, ÿê i ðàíiøå. Àíàëîãi÷íî îäåðæó¹ìî îöiíêó

‖u‖0,0
µl,r−νl+1 ≤ C

(
‖f‖λ,0µl,r + χ′rlFµl

)
. (Ä1.57)

Îöiíèìî ðiçíèöþ ∆t′,x′

t,x u. Äîñèòü ðîçãëÿíóòè âèïàäîê, êîëè p
2b < ∆(t, 0). ßêùî

æ p2b ≥ ∆(t, 0), òî íà ïiäñòàâi (Ä1.57) ìà¹ìî

|∆t′,x′

t,x u| ≤ C
(
‖f‖λ,0µl,r + χ′rlFµl

)
(∆(t, 0))r−νl+1−ζl/(2b)×

×E−d(T, t̃) (Ψ(t, x) + Ψ(t′, x′)) . (Ä1.58)

Íåõàé òî÷êè t1 i t2 òàêi, ùî B(t, t1) = ∆(t1, 0) i B(t, t2) = p2b . ßêùî

t1 < t2, òî íà ïiäñòàâi óìîâè A41 çàïèøåìî

|∆t′,x′

t,x u| =
t1∫

0

dτ

α(τ)

∫
Rn

∆t′,x′

t,x K4(t, x; τ, ξ)f(τ, ξ)dξ+

+!

t2∫
t1

dτ

α(τ)

∫
Rn

∆t′,x′

t,x K4(t, x; τ, ξ)∆x
ξf(τ, ξ)dξ+

t∫
t2

dτ

α(τ)

∫
Rn

K4(t, x; τ, ξ)∆x
ξf(τ, ξ)dξ−

−
t′∫

t2

dτ

α(τ)

∫
Rn

K4(t
′, x′; τ, ξ)∆x′

ξ f(τ, ξ)dξ =:
4∑
j=1

Kj. (Ä1.59)

Âèêîðèñòîâóþ÷è (2.162), (Ä1.32), (2.101), (Ä1.34), (Ä1.36) i (Ä1.44), îäåð-

æó¹ìî

|K1| ≤ C
(
‖f‖0,0

µ′l,r
+ χrlFµl

)
pζlE−d(T, t̃)(∆(t̄, 0))r−νl+1−ζl/(2b)(Ψ(t, x) + Ψ(t′, x′)) .

ÎöiíèìîK2. Çà äîïîìîãîþ (2.162), (Ä1.32), (2.101),(Ä1.44) i (Ä1.45), îäåð-

æó¹ìî

|K2| ≤ C[f ]λ,0µ′l,r
pγE−d(T, t̃) (Ψ(t, x) + Ψ(t′, x′))

(
I
r−λ/(2b),µ′l
ν+(γ−λ)/(2b)(t1, t2, t)+

+pλI
r−λ/(2b),µ′l
ν+γ/(2b) (t1, t2, t)

)
≤ C[f ]λ,0µ′l,r

E−d(T, t̃) (Ψ(t, x) + Ψ(t′, x′)) pγ×

×Ir−λ/(2b),µ
′
l

ν+(γ−λ)/(2b)(t1, t2, t) ≤ C[f ]λ,0µ′l,r
E−d(T, t̃) (Ψ(t, x) + Ψ(t′, x′))P l

γλ,

P l
γλ :=

p
ζl(∆(t, 0))r−νl+1−ζl/(2b), 1− ν − (γ − λ)/(2b) > 0,

pλl(∆(t, 0))r−νl+1−λl/(2b), 1− ν − (γ − λ)/(2b) < 0.
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Àíàëîãi÷íî îäåðæó¹ìî îöiíêè

|K3| ≤ C[f ]λ,0µ′l,r
pγE−d(T, t)Ψ(t, x)P l

γλ, |K3| ≤ C[f ]λ,0µ′l,r
pγE−d(T, t′)Ψ(t′, x′)P l

γλ.

Ó âèïàäêó, êîëè t1 ≥ t2, çàìiñòü (Ä1.59) âèêîðèñòîâó¹ìî çîáðàæåííÿ

∆t′,x′

t,x u = K1 + K ′3 + K ′4, äå K1 òàêå æ, ÿê ó (Ä1.59), à K ′3 i K ′4 âiäïîâiäíî

âiä K3 i K4 òèì, ùî â íèõ t2 çàìiíåíî íà t1. Îöiíêè K ′3 i K ′4 îäåðæóþòüñÿ

ïîäiáíî äî îöiíîê K3 i K4.

Ç (Ä1.55) � (Ä1.59) òà îöiíîê Kj, j ∈ N4, K ′3 i K ′4 âèïëèâàþòü îöiíêè

(2.178) i (2.179). I

Äîâåäåííÿ ëåìè 2.13. Äëÿ 0 ≤ τ < t ≤ T, β ∈ (τ, t) i k ∈ Zn+ ìà¹ìî

∂kx

∫
Rn

G01(t, x; β, λ; y)f(β, λ; τ, ξ; y)dλ =

=

∫
Rn

∂kxG10t, x; β, λ; y)f(β, λ; τ, ξ; y)dλ := V (k)(t, β, τ ;x, ξ; y). (Ä1.60)

Äëÿ òîãî ùîá äîâåñòè (Ä1.60) òðåáà ïåðåêîíàòèñÿ, ùî iíòåãðàë V (k) çáiãà¹òüñÿ

ðiâíîìiðíî ùîäî {x, ξ} ⊂ BR äëÿ äîâiëüíî ôiêñîâàíèõ y ∈ Rn, t, β, τ i R > 0.

Ìà¹ìî

|V (k)(t, β, τ ;x, ξ; y)| = |
∫
Rn

∂kxG01(t, x; β, λ; y)f(β, λ; τ, ξ; y)dλ| ≤

≤
∫
B2R

|∂kxG01(t, x; β, λ; y)||f(β, λ; τ, ξ; y)|dλ+

+

∫
Rn\B2R

|∂kxG(t, x; β, λ; y)| × |f(β, λ; τ, ξ; y)|dλ ≤ C(t− β)−M−Mk0×

×(β − τ)−M−1+γ

(∫
B2R

E(1)
c (t− β, x, λ)dλ+

+ exp{−c((β − τ)−1 + (β − τ)−3)R2}
∫

Rn\B2R

E(1)
c (t− β, x, λ)dλ

)
≤
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≤ C(t− β)−M−Mk0(β − τ)−M−1+γ

∫
Rn

Ec ∗ (1)(t− β, x, λ)dλ×

×

(
1 + exp{−c((β − τ)−1 + (β − τ)−3)R2

)
≤ C(t− β)−Mk0×

×(β − τ)−M−1+γ

(
1 + exp{−c((β − τ)−1 + (β − τ)−3)R2}

)
.

Äîâåäåíà îöiíêà ãàðàíòó¹ ðiâíîìiðíó çáiæíiñòü iíòåãðàëà (Ä1.60). Îòæå,

îòðèìó¹ìî îöiíêó

|V (k)(t, β, τ ;x, ξ; y)| ≤ C(t− β)−Mk0(β − τ)−1+γE(l)
c (t− τ, x, ξ). (Ä1.61)

Îöiíêà (Ä1.61) äîçâîëÿ¹ iíòåãðóâàòè ôóíêöiþ V (k) çà çìiííîþ β ∈ [τ, t] ëèøå

ó âèïàäêó Mk0 < 1, òîáòî ÿêùî |k1| < 1, îñêiëüêè iíòåãðàë
t∫

τ

(t− β)−Mk0(β − τ)−1+γdβ

¹ çáiæíèì äëÿ äîâiëüíèõ 0 ≤ τ < t ≤ T . Ùîá ïîêðàùèòè îöiíêó (Ä1.60)

çàïèøåìî òàêå çîáðàæåííÿ:

V (k)(t, β, τ ;x, ξ; y) =

∫
Rn

∂kxG10(t, x; β, λ; y)∆
X(t−β)
λ f(β, λ; τ, ξ; y)dλ+

+

(∫
Rn

∂x1i
∂x1j

G01(t, x; β, λ; y)dλ

)
f(β,X(t− β); τ, ξ; y). (Ä1.62)

Îñêiëüêè â îöiíêè ïðèðîñòiâ f âõîäèòü òàêà æ ñàìà îöiííà ôóíêöiÿ, ùî é âõî-

äèòü â îöiíêó f , òî çáiæíiñòü iíòåãðàëiâ ó ôîðìóëi (Ä1.64) äîâîäèìî ïîäiáíî äî

äîâåäåííÿ çáiæíîñòi iíòåãðàëiâ (Ä1.60). Àíàëîãi÷íî äî çîáðàæåííÿ (Ä1.62) îá-

ãðóíòîâó¹òüñÿ çîáðàæåííÿ â ÿêîìó âèêîðèñòîâó¹òüñÿ íå ïîâíèé ïðèðiñò ôóíê-

öi¨ ∆
X(t−β)
λ f , à ÷àñòêîâi ïðèðîñòè ∆

X(t−β)
(λ1,X2(t−β)f i ∆

(λ1,X2(t−β)
λ f . Òîáòî

V (k)(t, β, τ ;x, ξ; y) =

∫
Rn1

( ∫
Rn2

∂kxG10(t, x; β, λ; y)dλ2

)
×

×∆
X(t−β)
(λ1,X2(t−β)f(β, (λ1, X2(t− β); τ, ξ; y)dλ1+
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+

∫
Rn

∂kxG0(t, x; β, λ; y)∆
(λ1,X2(t−β)
λ f(β, (λ1, X2(t− β); τ, ξ; y)dλ+

+

(∫
Rn

∂x1i
∂kxG10(t, x; β, λ; y)dλ

)
f(β,X(t− β); τ, ξ; y). (Ä1.63)

Îöiíèìî (2.185). Çà äîïîìîãîþ îöiíîê (??),(2.181) òà íåðiâíîñòi (??) ìà¹-

ìî

|∂x1j
W10(t, x; τ, ξ; y)| ≤

≤
t∫

τ

dβ

∫
Rn

|∂x1j
G10(t, x; β, λ; y)||f(β, λ; τ, ξ)|dλ ≤

≤ C

t∫
τ

dβ

∫
Rn

(t− β)−M−m1E(l)
c (t− β, x, λ)(β − τ)−M−1+γ×

×E(l)
c (β − τ, λ, ξ)dλ ≤ C

t∫
τ

(t− β)−m1(β − τ)−1+γdβ×

×
∫
Rn

Ec(t− β, x, λ)E(l)
c (β − τ, λ, ξ)dλ((t− β)(β − τ))−M ≤

≤ C(t− τ)−M−1+γE(l)
c0

(t− τ, x, ξ), (Ä1.64)

äå c0� ñòàëà ç îöiíêè (??).

Ïîçíà÷èìî ÷åðåç W j
0 , j ∈ {1, 2, 3}� äîäàíêè ç ïðàâî¨ ÷àñòèíè (2.186).

ÄîäàíîêW 1
0 îöiíþ¹ìî àíàëîãi÷íî äî (Ä1.64) çà äîïîìîãîþ (??),(2.181) òà (??).

Îòðèìà¹ìî îöiíêó

|W 1
01| ≤ C(t− τ)−M−1+γE(l)

c0
(t− τ, x, ξ). (Ä1.65)

Ùîá îöiíèòè W 2
01, ñïåðøó îöiíèìî ïîâíèé ïðèðiñò ∆

X(t−β)
λ f . Çà äîïîìîãîþ

óìîâè (2.182) ìà¹ìî

|∆X(t−β)
λ f(β, λ; τ, ξ; y)| ≤ |∆X(t−β)

(λ1,X2(t−β)f(β, λ; τ, ξ; y)|+

+|∆(λ1,X2(t−β))
λ f(β, λ; τ, ξ; y)| ≤ C|x1 − λ1|α(β − τ)−M−1×

×(E(l)
c (β − τ,X(t− β), ξ) + E(l)

c (β − τ, (λ1, X2(t− β)), ξ))+
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+C|X2(t− β)− λ2|α2(β − τ)−M−1+m1α−m2α2×

×(E(l)
c (β − τ, λ, ξ) + E(l)

c (β − τ, (λ1, X2(t− β)), ξ)). (Ä1.66)

Íà ïiäñòàâi (??) i (Ä1.66) îäåðæó¹ìî

|W 2
01| ≤ C

t∫
t1

dβ

∫
Rn

(t− β)−M−1E(l)
c (t− β, x, λ)|x1 − λ1|α1(β − τ)−M−1×

×E(l)
c (β − τ,X(t− β), ξ)dλ+ C

t∫
t1

dβ

∫
Rn

(t− β)−M−1E(l)
c (t− β, x, λ)×

×|x1 − λ1|α(β − τ)−M−1E(l)
c (β − τ, (λ1, X2(t− β)), ξ)dλ+

+C

t∫
t1

dβ

∫
Rn

(t− β)−M−1E(l)
c (t− β, x, λ)|X2(t− β)− λ2|α2×

×(β − τ)−M−1+m1α−m2α2E(l)
c (β − τ, λ, ξ)dλ+ C

t∫
t1

dβ

∫
Rn

(t− β)−M−1×

×E(l)
c (t− β, x, λ)|X2(t− β)− λ2|α2(β − τ)−M−1+m1α1−m2α2×

×E(l)
c (β − τ, (λ1, X2(t− β), ξ)dλ :=

4∑
k=1

W 2k
0 . (Ä1.67)

Îöiíèìî êîæíèé äîäàíîê îêðåìî, âèêîðèñòîâóþ÷è ðiâíiñòü (??) i íåðiâ-

íîñòi (??) � (??). Ìà¹ìî

W 21
10 ≤ C(t1 − τ)−M−1E(l)

c (t− τ,X(t− τ), ξ)×

×
t∫

t1

(t− β)−1+m1αdβ

∫
Rn

E(l)
c1

(t− β, x, λ)dλ×

×(t− β)−M ≤ C(t− τ)−M−1+m1α1E(l)
c (t− τ, x, ξ), (Ä1.68)

W 22
10 ≤ C(t1 − τ)−M−1

t∫
t1

(t− β)−1+m1α1dβ×

×
∫
Rn

E1
c0

(t− β, x1 − λ1)E
2
c0

(t− β,X2(t− β)− λ2)×

×E1
−c0/3(t− β, x1 − λ1)E

1
c0/3

(β − τ, λ1 − ξ1)dλ×
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×(t− β)−ME2
c0/6

(t− τ,X2(t− τ)− ξ2) = C(t1 − τ)−M−1×

×
t∫

t1

(t−β)−1+m1α1dβ

∫
Rn

E1
c0/3

(t− β, x1−λ1)E
2
c0

(t− β,X2(t− β)− λ2)×

×E1
c0/3

(t− β, x1 − λ1)E
1
c0/3

(β − τ, λ1 − ξ1)dλE
2
c0/6

(t− τ,X2(t− τ)− ξ2)×

×(t− β)−M ≤ C(t1 − τ)−M−1

t∫
t1

(t− β)−1+m1α1dβ×

×(t− β)−M
∫
Rn

E1
c0/3

(t− β, x, λ)dλ×

×E1
c0/6

(t− τ, x, ξ) ≤ C(t− τ)−M−1+m1α1E1
c0/6

(t− τ, x, ξ), (Ä1.69)

W 23
01 ≤ C

t∫
t1

(t− β)−1+m2α2(β − τ)−1+m1αdβ×

×(t1 − τ)−m2α2 ((t− β)(β − τ))−M
∫
Rn

E1
c (t− β, x, λ)×

×E1
c (β − τ, λ, ξ)dλ ≤ C(t− τ)−M−1+m1αEc1(t− τ, x, ξ), (Ä1.70)

W 24
10 ≤ C

t∫
t1

(t− β)−1+m2α2(β − τ)−1+m1αdβ×

×(t1 − τ)−M−m2α2(t− β)−M
∫
Rn

Ec0(t− β, x, λ)×

×E1
−c0/3(t− β, x1 − λ1)E

1
c0/3

(β − τ, λ1 − ξ1)dλ×

×E2
c0/6

(t− τ,X2(t− τ)− ξ2) ≤ C(t− τ)−M−1×

×(t− τ)m1αE
(l)
c0/6

(t− τ, x, ξ). (Ä1.71)

Ç îöiíîê (Ä1.67) � (Ä1.71) âèïëèâà¹ ïîòðiáíà îöiíêà äëÿ W 2
01. Îöiíêà äëÿ

W 3
10 âñòàíîâëþ¹òüñÿ àíàëîãi÷íî. Íàñëiäêîì îöiíîê äëÿ W 1

0 , W
2
0 , W

3
0 ¹ îöiíêà

(2.186).

Äîâåäåííÿ òâåðäæåíü 2 i 3 ëåìè 2.13 ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâå-

äåííÿ âiäïîâiäíèõ òâåðäæåíü äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ ðiâíÿíü [14]. Ïðè

öüîìó, äëÿ îòðèìàííÿ îöiíîê (2.189) âèêîðèñòîâó¹ìî îáìåæåíiñòü êîåôiöi¹íòiâ
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ðiâíÿííÿ, îöiíêè (2.188) òà òîòîæíiñòü

SG10(t, x; τ, ξ; y) = A(t, y, ∂x1
)G10(t, x; τ, ξ; y),

0 ≤ τ < t ≤ T, {x, ξ, y} ⊂ Rn,I

Ä2. Äîâåäåííÿ òâåðäæåíü ç ðîçäiëó 3

Äîâåäåííÿ ëåìè 3.1. Îöiíêè (3.1), (3.3) òà ðiâíîñòi (3.10)�(3.12) âèïëè-

âàþòü ç îçíà÷åííÿ (1.55) i âiäïîâiäíèõ îöiíîê ÔÐÇÊ Z10 ç òåîðåìè 2.1. Îöiíêè

(3.2) ó âèïàäêó |xs − zs|1/ms > (t − τ)/4, s ∈ N3, âèïëèâàþòü áåçïîñåðåäíüî ç

îöiíîê (3.1). Äiéñíî,

|∆zs
xs
∂kxG11(t, x; τ, ξ; y′)| ≤ |∂kxG11(t, x; τ, ξ; y′)|+ |∂kxG11(t, z

(s); τ, ξ; y′)| ≤

≤ C((t− τ)−M−Mk|xs − zs|γ
0
s |xs − zs|−γ

0
sE(1)

c (t− τ, x, ξ)+

+(t− τ)−M−Mk|xs − zs|γ
0
s |xs − zs|−γ

0
sE(1)

c (t− τ, z(s), ξ) ≤

≤ C|xs − zs|γ
0
s (t− τ)−M−Mk−m̂sγ

0
s (E(1)

c (t− τ, x, ξ) + E(1)
c (t− τ, z(s), ξ)).

Ó âèïàäêó |xs − zs|1/ms ≤ (t− τ)/4, s ∈ N3, âèêîðèñòîâó¹ìî çîáðàæåííÿ

∆zs
xs
∂kxG11(t, x; τ, ξ; y′) =

ns∑
j=1

zsj∫
xsj

∂ζsj∂
k
xZ10(t, ζ

(j)
s ; τ, ξ; y)|y1=ξ1dζsj, (Ä2.1)

äå

ζ
(j)
1 := (x11, . . . , x1(j−1), ζ1j, z1(j+1), . . . , z1n1

, x21, . . . , x2n2
, x31, . . . , x3n3

), j ∈ Nn1
,

ζ
(j)
2 := (x11, . . . , x1n1

, x21, . . . , x2(j−1), ζ2j, z2(j+1), . . . , z2n2
, x31, . . . , x3n3

), j ∈ Nn2
,

ζ
(j)
3 := (x11, . . . , x1n1

, x21, . . . , x2n2
), x31, . . . , x3(j−1), ζ3j, z3(j+1), . . . , z3n3

), j ∈ Nn3
,

i çà äîïîìîãîþ îöiíîê (2.41) i (3.1) ìà¹ìî

|∆zs
xs
∂kxG11(t, x; τ, ξ; y′)| ≤

ns∑
j=1

∣∣∣∣
zsj∫

xsj

|∂ζsj∂kxG11(t, ζ
(j)
s ; τ, ξ; y′)|dζsj

∣∣∣∣ ≤
≤ C

ns∑
j=1

∣∣∣∣
zsj∫

xsj

(t− τ)−M−Mk−m̂sE(1)
c (t− τ, ζ(j)

s , ξ)dζsj

∣∣∣∣ ≤
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≤ C(t− τ)−M−Mk−m̂sE(1)
c0

(t− τ, x, ξ)
ns∑
j=1

|zsj − xsj| ≤

≤ C|xs − zs|γ
0
s (t− τ)−M−Mk−m̂sγ

0
sE(1)

c0
(t− τ, x, ξ).

Äëÿ âñòàíîâëåííÿ îöiíîê (3.4), (3.6) i (3.8) âèêîðèñòîâó¹ìî ðiâíîñòi (2.37),

(2.40) i (2.139)� (2.141) òà îöiíêè (2.36) (2.38) i (2.39) i (2.138). Îòðèìà¹ìî∣∣∣∣∫
Rn

∂kxG11(t, x; τ, ξ; y′)dξ

∣∣∣∣ =

∣∣∣∣−∫
Rn

∆ξ1
y1
∂kxZ10(t, x; τ, ξ; y)

∣∣∣∣
y1=x1

dξ

∣∣∣∣ ≤
≤ C(t− τ)−M−Mk

∫
Rn

|x1 − ξ1|γ1E(1)
c (t− τ, x, ξ)dξ ≤

≤ C(t− τ)−M−Mk+m̂1γ1

∫
Rn

E(1)
c0

(t− τ, x, ξ)dξ ≤ C(t− τ)−Mk+m̂1γ1;

∣∣∣∣ ∫
Rn2+n3

∂k
′

x G11(t, x; τ, ξ; y′)

∣∣∣∣
y2=ξ2

dξ2dξ3

∣∣∣∣ =

=

∣∣∣∣− ∫
Rn2+n3

∆ξ2
y2
∂k
′

x Z10(t, x; τ, ξ; y)

∣∣∣∣
y2=x2

dξ

∣∣∣∣ ≤
≤ C(t− τ)−M−Mk′

∫
Rn2+n3

((t− τ)m̂2γ2 + |X2(t− τ)− ξ2|γ2)E(1)
c (t− τ, x, ξ)dξ2dξ3 ≤

≤ C(t− τ)−M−Mk′+m̂2γ2

∫
Rn2+n3

E(1)
c0

(t− τ, x, ξ)dξ ≤

≤ C(t− τ)−m̂1n1−Mk′+m̂2γ2E2,1
c0

(t− τ, x1 − ξ1);∣∣∣∣∫
Rn3

∂k3
x3
G11(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ =

=

∣∣∣∣−∫
Rn3

∆ξ3
y3
∂k3
x3
Z10(t, x; τ, ξ; (ξ1, ξ2, y3))|y3=x3

dξ

∣∣∣∣ ≤
≤ C(t− τ)−M−m̂3|k3|

∫
Rn3

((t− τ)m̂3γ3 + |X3(t− τ)− ξ3|γ3)E(1)
c (t− τ, x, ξ)dξ3 ≤

≤ C(t− τ)−M−m̂3(|k3|−γ3)

∫
Rn3

E(1)
c0

(t− τ, x, ξ)dξ3 ≤ C(t− τ)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)×

×E2,1
c0

(t− τ, x1 − ξ1)E
2,2
c0

(t− τ,X2(t− τ)− ξ2).
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Àíàëîãi÷íî äîâîäèìî îöiíêè (3.5), (3.7) i (3.9). Ó ïðèïóùåííi, ùî |xs −

− zs|1/ms ≤ (t− τ)/4, s ∈ N3, çà äîïîìîãîþ (2.138) i (Ä2.1) ìà¹ìî∣∣∣∣∆zs
xs

∫
Rn

∂kxG11(t, x; τ, ξ; y′)dξ

∣∣∣∣ =

=

∣∣∣∣ ns∑
j=1

zsj∫
xsj

∫
Rn

(
−∆ξ1

y1
∂k
ζ

(j)
s
∂ζsjZ10(t, ζ

(j)
s ; τ, ξ; y)

)∣∣∣∣
y1=x1

dξdζsj

∣∣∣∣ ≤
≤ C

ns∑
j=1

∣∣∣∣
zsj∫

xsj

(t− τ)−Mk−m̂s+m̂1γ1dζsj

∣∣∣∣ ≤
≤ C

ns∑
j=1

|zsj − xsj|(t− τ)−Mk−m̂s+m̂1γ1 ≤ C|xs − zs|γ
0
s (t− τ)−Mk−m̂sγ

0
s+m̂1γ1;

∣∣∣∣∆zs
xs

∫
Rn2+n3

∂k
′

x G11(t, x; τ, ξ; y′)

∣∣∣∣
y2=ξ2

dξ2dξ3

∣∣∣∣ =

=

∣∣∣∣ ns∑
j=1

zsj∫
xsj

∫
Rn2+n3

(
−∆ξ2

y2
∂k
′

ζ
(j)
s
∂ζsjZ10(t, ζ

(j)
s ; τ, ξ; (ξ1, y2, y3))

)∣∣∣∣
y2=x2

dξ2dξ3dζsj

∣∣∣∣ ≤
≤ C

ns∑
j=1

∣∣∣∣
zsj∫

xsj

(t− τ)−m̂1n1−Mk−m̂s+m̂2γ2dζsj

∣∣∣∣E1
c0

(t− τ, x1 − ξ1) ≤

≤ C

ns∑
j=1

|zsj − xsj|(t− τ)−m̂1n1−Mk−m̂s+m̂2γ2E2,1
c0

(t− τ, x1 − ξ1) ≤

≤ C|xs − zs|γ
0
s (t− τ)−m̂1n1−Mk′−m̂sγ

0
s+m̂2γ2E2,1

c0
(t− τ, x1 − ξ1);∣∣∣∣∆zs

xs

∫
Rn3

∂k3
x3
G11(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ =

=

∣∣∣∣ ns∑
j=1

zsj∫
xsj

∫
Rn3

(
−∆ξ3

y3
∂k3

ζ
(j)
3

∂ζsjZ10(t, ζ
(j)
s ; τ, ξ; (ξ1, ξ2, y3))

)∣∣∣∣
y3=x3

dξ3dζsj

∣∣∣∣ ≤
≤ C

ns∑
j=1

∣∣∣∣
zsj∫

xsj

(t− τ)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)−m̂sdζsj

∣∣∣∣E2,1
c0

(t− τ, x1 − ξ1)×
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×E2,2
c0

(t− τ,X2(t− τ)− ξ2) ≤ C

ns∑
j=1

|zsj − xsj|(t− τ)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)−m̂s

×E2,1
c0

(t− τ, x1 − ξ1)E
2,2
c0

(t− τ,X2(t− τ)− ξ2) ≤ C|xs − zs|γ
0
s×

×(t− τ)−m̂1n1−m̂2n2−m̂3(|k3|−γ3)−m̂sγ
0
sE2,1

c0
(t− τ, x1 −ξ1)E

2,2
c0

(t− τ,X2(t− τ)−ξ2). I

Äîâåäåííÿ ëåìè 3.2. Îñêiëüêè ÿäðî K11 iíòåãðàëüíîãî ðiâíÿííÿ (3.13)

çàäîâîëüíÿ¹ óìîâè ëåìè 2.5, òî íà ïiäñòàâi öi¹¨ ëåìè ìà¹ìî

Q11(t, x; τ, ξ; y′) =
∞∑
j=1

K11j(t, x; τ, ξ; y′), (Ä2.2)

äå

K11j(t, x; τ, ξ; y′) =

t∫
τ

dβ

∫
Rn

K11(t, x; β, λ; y′)K11(j−1)(β, λ; τ, ξ; y′)dλ, j > 1,

K111 := K11, 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3.

Ïîâòîðþþ÷è ìiðêóâàííÿ ç ëåìè 2.14, äîâîäèìî ôîðìóëó

∂k
′

x K11j(t, x; τ, ξ; y′) =

t1∫
τ

dβ

∫
Rn

∂k
′

x K11(t, x; β, λ; y′)K11(j−1)(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

dβ

∫
Rn

K11(t, x; β, λ; y′)∂k
′

λ K11(j−1)(β, λ; τ, ξ; y′)dλ, j > 1, t1 :=(t+τ)/2,

(Ä2.3)

òà îöiíêè

|∂k′x K11j(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−Mk′−1+jm̂1γ1E(1)
c (t− τ, x, ξ), j ∈ N. (Ä2.4)

Ç (Ä2.2) i îöiíîê (Ä2.4) âèïëèâàþòü îöiíêè (3.25). Àíàëîãi÷íî äî òîãî, ÿê

äîâîäèòüñÿ ôîðìóëà (Ä2.3), âñòàíîâëþ¹òüñÿ ôîðìóëà

∂k
′

x Q11(t, x; τ, ξ; y′) = ∂k
′

x K11(t, x; τ, ξ; y′) +

t1∫
τ

dβ

∫
Rn

∂k
′

x K11(t, x; β, λ; y′)×

×Q11(β, λ; τ, ξ; y′)dλ+

t∫
t1

dβ

∫
Rn

K11(t, x; β, λ; y′)∂k
′

λ Q11(β, λ; τ, ξ; y′)dλ. (Ä2.5)

Îöiíêè ïðèðîñòiâ çà çìiííèìè x2 i x3 öèõ ïîõiäíèõ îòðèìóþòüñÿ çà äîïî-
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ìîãîþ çîáðàæåííÿ

∆zs
xs
∂k
′

x Q11(t, x; τ, ξ; y′) =

ns∑
j=1

zsj∫
xsj

∂ζsj∂
k′

x Q11(t, ζ
(j)
s ; τ, ξ; y′)dζsj, (Ä2.6)

àíàëîãi÷íîãî äî (Ä2.1). Âèêîðèñòîâóþ÷è îöiíêè (3.25) i íåðiâíiñòü (2.41), ìà¹-

ìî

|∆zs
xs
∂k
′

x Q11(t, x; τ, ξ; y′)| ≤
ns∑
j=1

∣∣∣∣
zsj∫

xsj

|∂ζsj∂k
′

x Q11(t, ζ
(j)
s ; τ, ξ; y′)|dζsj

∣∣∣∣ ≤
≤ C

ns∑
j=1

∣∣∣∣
zsj∫

xsj

(t− τ)−M−Mk′−m̂s+m̂1γ1E(1)
c (t− τ, ζ(j)

s , ξ)dζsj

∣∣∣∣ ≤
≤ C(t− τ)−M−Mk′−m̂s+m̂1γ1E(1)

c0
(t− τ, x, ξ)

ns∑
j=1

|xsj − zsj| ≤

≤ C|xs − zs|γ
0
s (t− τ)−M−Mk′+m̂1γ1−m̂sγ

0
sE(1)

c0
(t− τ, x, ξ).

Òóò ðîçãëÿíóòî âèïàäîê, êîëè |xs − zs|1/ms ≤ (t− τ)/4, s ∈ {2, 3}. Ó ïðî-

òèëåæíîìó âèïàäêó îöiíêè (3.26) áåçïîñåðåäíüî âèïëèâàþòü ç îöiíîê (3.25).

Ïåðåéäåìî äî âñòàíîâëåííÿ îöiíîê ïðèðîñòó ïîõiäíèõ ∂k
′

x Q11 çà çìiííîþ

x1. Äîñèòü ðîçãëÿíóòè âèïàäîê, êîëè |x1 − z1|2 ≤ (t − τ)/4. Ñïåðøó îöiíèìî

ïðèðiñò ∆z1
x1
∂k
′

x K11. Iç ðiâíîñòi (3.14) âèïëèâà¹, ùî

∆z1
x1
∂k
′

x K11(t, x; τ, ξ; y′) =

( n1∑
j,l=1

∆z1
x1
ajl(t, (x1, y

′))∂x1j
∂x1l

+

+

n1∑
j=1

∆z1
x1
aj(t, (x1, y

′))∂x1j
+ ∆z1

x1
a0(t, (x1, y

′))

)
∂k
′

x G11(t, x; τ, ξ; y′)+

+

( n1∑
j,l=1

∆ξ1
z1
ajl(t, (z1, y

′))∆z1
x1
∂x1j

∂x1l
∂k
′

x G11(t, x; τ, ξ; y′)+

+

n1∑
j=1

∆ξ1
z1
aj(t, (z1, y

′))∆z1
x1
∂x1j

∂k
′

x G11(t, x; τ, ξ; y′) + ∆ξ1
z1
a0(t, (z1, y

′)

)
×

×∆z1
x1
∂k
′

x G11(t, x; τ, ξ; y′), 0 ≤ τ < t ≤ T, y′ ∈ Rn2+n3, {x, ξ} ⊂ Rn.
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Çà äîïîìîãîþ óìîâè (1.11), îöiíîê (3.1) i (3.2) òà íåðiâíîñòi (2.35) îòðèìó¹ìî

|∆z1
x1
∂k
′

x K11(t, x; τ, ξ; y′)| ≤ C(t− τ)−M−Mk′−1×

×
(
|x1 − z1|γ1 + |x1 − z1|γ

0
1 (t− τ)−m̂1(γ0

1−γ1)

)
E(1)
c (t− τ, x, ξ), (Ä2.7)

äå γ0
1 � äîâiëüíå ÷èñëî ç ïðîìiæêó (0, 1], à γ1 � ÷èñëî ç óìîâè (1.11). ßêùî

äîäàòêîâî ñêîðèñòàòèñÿ íåðiâíiñòþ (3.4) i ðiâíiñòþ (2.37), òî îòðèìà¹ìî îöiíêó∣∣∣∣∆z1
x1

∫
Rn

∂k
′

x K11(t, x; τ, ξ; y′)dξ

∣∣∣∣ ≤ C(t− τ)−Mk′−1×

×
(
|x1 − z1|γ1 + |x1 − z1|γ

0
1 (t− τ)−m̂1(γ0

1−γ1)

)
, γ0

1 ∈ (0, 1]. (Ä2.8)

Ç íåðiâíîñòi (Ä2.7) âèïëèâàþòü îöiíêè

|∆z1
x1
∂k
′

x K11(t, x; τ, ξ; y′)| ≤ CE(1)
c (t− τ, x, ξ)×

×

|x1 − z1|γ
0
1 (t− τ)−M−Mk′−1−m̂1(γ0

1−γ1), ÿêùî γ0
1 < γ1,

|x1 − z1|γ1(t− τ)−M−Mk′−1, ÿêùî γ0
1 = γ1.

(Ä2.9)

Òåïåð îöiíèìî ïðèðîñòè ïîõiäíèõ âiä ôóíêöi¨ Q11 çà çìiííîþ x1 . Âèõî-

äÿ÷è ç (Ä2.5), çàïèøåìî çîáðàæåííÿ

∆z1
x1
∂k
′

x Q11(t, x; τ, ξ; y′)=∆z1
x1
∂k
′

x K11(t, x; τ, ξ; y′)+

t1∫
τ

dβ

∫
Rn

∆z1
x1
∂k
′

x K11(t, x; β, λ; y′)×

×Q11(β, λ; τ, ξ; y′)dλ+

η1∫
t1

dβ

∫
Rn

∆z1
x1
K11(t, x; β, λ; y′)∂k

′

λ Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
η1

dβ

∫
Rn

K11(t, x; β, λ; y′)∂k
′

λ Q11(β, λ; τ, ξ; y′)dλ−

−
t∫

η1

dβ

∫
Rn

K11(t, z
(1); β, λ; y′)∂k

′

λ Q11(β, λ; τ, ξ; y′)dλ=:
5∑
j=1

Q11j,

äå η1 := t− |x1 − z1|2, |x1 − z1|2 ≤ (t− τ)/4, à ÷èñëî t1 òàêå, ÿê âèùå.

Äîäàíîê Q111 ìà¹ ïîòðiáíó îöiíêó íà ïiäñòàâi îöiíêè (Ä2.8).
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Çà äîïîìîãîþ îöiíîê (2.48), (3.25) i (Ä2.8) îòðèìó¹ìî

|Q112| ≤ C|x1 − z1|γ1

t1∫
τ

dβ

∫
Rn

(t− β)−M−Mk′−1E(1)
c (t− β, x, λ)×

×(β − τ)−M−1+m̂1γ1E(1)
c (β − τ, λ, ξ)dλ ≤ C|x1 − z1|γ1×

×I(1,03)
0 (x; ξ)(t− t1)−Mk′−1

t∫
τ

(β − τ)−1+m̂1γ1dβ ≤

≤ C|x1 − z1|γ1(t− τ)−M−Mk′−1+m̂1γ1E(1)
c0

(t− τ, x, ξ).

Äàëi äëÿ ηs := t − |xs − zs|1/ms, |xs − zs|1/ms ≤ (t − τ)/4, s ∈ N3, âèêîðè-

ñòîâóâàòèìåìî íåðiâíîñòi

Js(γ) :=

ηs∫
t1

(t− β)−1+γdβ ≤

C(t− τ)γ, ÿêùî γ > 0,

C|xs − zs|γ/ms, ÿêùî γ < 0, s ∈ N3.
(Ä2.10)

Îöiíþâàííÿ iíòåãðàëà Q113 ïðîâîäèìî çà äîïîìîãîþ îöiíîê (2.48), (3.25)

i (Ä2.8) äëÿ γ0
1 < γ1. Ìà¹ìî

|Q113| ≤ C|x1 − z1|γ
0
1

η1∫
t1

dβ

∫
Rn

(t− β)−M−1−m̂1(γ0
1−γ1)E(1)

c (t− β, x, λ)×

×(β − τ)−M−Mk′−1+m̂1γ1E(1)
c (β − τ, λ, ξ)dλ ≤ C|x1 − z1|γ

0
1×

×(t1 − τ)−Mk′−1+m̂1γ1J1(m̂1(γ1 − γ0
1))×

×I(1,03)
0 (x; ξ) ≤ C|x1 − z1|γ

0
1 (t− τ)−M−Mk′−1+γ1−m̂1γ

0
1E(1)

c0
(t− τ, x, ξ), γ0

1 < γ1.

Íà ïiäñòàâi îöiíîê (2.48), (3.18) i (3.25) îòðèìó¹ìî

|Q114| ≤ C

t∫
η1

dβ

∫
Rn

(t− β)−M−1+m̂1γ1E(1)
c (t− β, x, λ)×

×(β − τ)−M−Mk′−1+m̂1γ1E(1)
c (β − τ, λ, ξ)dλ ≤

≤ C(t1 − τ)−Mk′−1+m̂1γ1

t∫
η1

(t− β)−1+m̂1γ1dβI
(1,03)
0 (x; ξ) ≤ C(t− η1)

m̂1γ1×

×(t− τ)−M−Mk′−1+m̂1γ1E(1)
c0

(t− τ, x, ξ) =

= C|x1 − z1|γ1(t− τ)−M−Mk′−1+m̂1γ1E(1)
c0

(t− τ, x, ξ).



372

Îöiíêà Q115 âiäðiçíÿ¹òüñÿ âiä öi¹¨ îöiíêè ëèøå òèì, ùî â íié x çàìiíåíî íà

z(1).

Îòæå, âñòàíîâëåíî îöiíêè (3.25) äëÿ âèïàäêó, êîëè γ0
1 ∈ (0, γ1). Îöiíêè

(3.28) i (3.29) îòðèìóþòüñÿ iíòåãðóâàííÿì âiäïîâiäíî îöiíîê (3.25) i (3.26).

Äëÿ îòðèìàííÿ îöiíîê (3.27) íà ïiäñòàâi (3.13) çàïèøåìî çîáðàæåííÿ

∆zs
ys
Q11(t, x; τ, ξ; y′) = ∆zs

ys
K11(t, x; τ, ξ; y′)+

+

t∫
τ

dβ

∫
Rn

∆zs
ys
K11(t, x; β, λ; y′)Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
τ

dβ

∫
Rn

K11(t, x; β, λ; y′)|ys=zs∆zs
ys
Q11(β, λ; τ, ξ; y′)dλ. (Ä2.11)

Çàïðîâàäèâøè ïîçíà÷åííÿ

Φ11(t, x; τ, ξ; ys, zs) := ∆zs
ys
K11(t, x; τ, ξ; y′)+

+

t∫
τ

dβ

∫
Rn

∆zs
ys
K11(t, x; β, λ; y′)Q11(β, λ; τ, ξ; y′)dλ,

îòðèìà¹ìî äëÿ ôóíêöié ∆zs
ys
Q11, s ∈ {2, 3}, òàêi iíòåãðàëüíi ðiâíÿííÿ:

∆zs
ys
Q11(t, x; τ, ξ; y′) = Φ1(t, x; τ, ξ; ys, zs)+

+

t∫
τ

dβ

∫
Rn

K11(t, x; β, λ; y′)|ys=zs∆zs
ys
Q11(β, λ; τ, ξ; y′)dλ, s ∈ {2, 3}, (Ä2.12)

ÿêi ¹ ðiâíÿííÿìè òàêîãî ñàìîãî òèïó, ùî é (3.13). Îñêiëüêè, ÿäðî K11 çàäî-

âîëüíÿ¹ óìîâè ëåìè 2.5, òî íà ïiäñòàâi öi¹¨ ëåìè ìà¹ìî

∆zs
ys
Q11(t, x; τ, ξ; y′) =

∞∑
j=1

Φ11j(t, x; τ, ξ; ys, zs), (Ä2.13)

äå

Φ11j(t, x; τ, ξ; ys, zs) =

t∫
τ

dβ

∫
Rn

K11(t, x; β, λ; y′)|ys=zsΦ11(j−1)(β, λ; τ, ξ; ys, zs)dλ,

j ≥ 2,Φ111 := Φ11, 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn {ys, zs} ⊂ Rns, s ∈ {2, 3},

(Ä2.14)

ïðè÷îìó ðÿä iç (Ä2.13) ðiâíîìiðíî çáiæíèé. Äèôåðåíöiþþ÷è îáèäâi ÷àñòèíè
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ðiâíîñòi (Ä2.13), îòðèìó¹ìî

∆zs
ys
∂k
′

x Q11(t, x; τ, ξ; y′) =
∞∑
j=1

∂k
′

x Φ11j(t, x; τ, ξ; ys, zs), k
′ ∈ Zn+, s ∈ {2, 3},

(Ä2.15)

äå

∂k
′

x Φ111(t, x; τ, ξ; ys, zs) := ∆zs
ys
∂k
′

x K11(t, x; τ, ξ; y′)+

+

t1∫
τ

dβ

∫
Rn

∆zs
ys
∂k
′

x K11(t, x; β, λ; y′)Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

dβ

∫
Rn

∆zs
ys
K11(t, x; β, λ; y′)∆

X(t−β)
λ ∂k

′

λ Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

(∫
Rn

∆zs
ys
K11(t, x; β, λ; y′)dλ

)
∂k
′

λ Q11(β, λ; τ, ξ; y′)|λ=X(t−β)dβ =:
4∑
j=1

Φj
11,

(Ä2.16)

∂k
′

x Φ11j(t, x; τ, ξ; ys, zs) =

t1∫
τ

dβ

∫
Rn

∂k
′

x K11(t, x; β, λ; y′)|ys=zs×

×Φ11(j−1)(β, λ; τ, ξ; ys, zs)dλ+

+

t∫
t1

dβ

∫
Rn

K11(t, x; β, λ; y′)|ys=zs∂k
′

λ Φ11(j−1)(β, λ; τ, ξ; ys, zs)dλ, j ≥ 2. (Ä2.17)

Ôîðìóëè (Ä2.16) i (Ä2.17) äîâîäÿòüñÿ àíàëîãi÷íî äî äîâåäåííÿ (Ä2.3).

Ïåðåéäåìî äî âñòàíîâëåííÿ îöiíîê. Ùîá îöiíèòè ∂k
′

x Φ11 íåîáõiäíî îöiíèòè

äîäàíêè Φj
11, j ∈ N4. Äëÿ äîäàíêà Φ1

11 ñïðàâäæó¹òüñÿ îöiíêà (??). Çà äîïîìî-

ãîþ îöiíîê (2.48), (3.20) i (3.25) îòðèìó¹ìî

|Φ2
11| ≤ C(hmsγs + |Ys(h)− zs|γs)×

×
t1∫
τ

dβ

∫
Rn

(t−β)−M−Mk′−1Ec(t−β, x, λ)(β−τ)−M−Mk′−1+m̂1γ1E(1)
c (β−τ, λ, ξ)dλ ≤
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≤ C(hm̂sγs + |Ys(h)− zs|γs)(t− t1)−Mk′−1

t∫
τ

(β − τ)−1+m̂1γ1dβI
(1,03)
0 (x; ξ) ≤

≤ C(hm̂sγs + |Ys(h)− zs|γs)(t− τ)−M−Mk′−1+m̂1γ1E(1)
c0

(t− τ, x, ξ).

Ùîá îöiíèòè äîäàíêà Φ3
11 i Φ4

11, ñïî÷àòêó íà ïiäñòàâi îöiíîê (3.26) ìà¹ìî

|∆X(t−β)
λ ∂k

′

λ Q11(β, λ; τ, ξ; y′)| ≤ |∆X(t−β)
Λ01(t−β)∂

k′

λ Q11(β, λ; τ, ξ; y′)|+

+|∆Λ01(t−β)
Λ02(t−β)∂

k′

λ Q11(β, λ; τ, ξ; y′)|+ |∆Λ02(t−β)
λ ∂k

′

λ Q1(β, λ; τ, ξ; y′)| ≤

≤ C
3∑
l=1

|Xl(t− β)− λl|γ
0
l (β − τ)−M−Mk′−1+m̂1γ1−m̂lγ

0
l×

×
l∑

j=l−1

E(1)
c (β − τ,Λ0j(t− β), ξ). (Ä2.18)

Áåðó÷è â îöiíêàõ (Ä2.18) γ0
l = m̂1γ1/m̂l, l ∈ N3, òà âèêîðèñòîâóþ÷è îöiíêè

(2.36), (2.43), (2.48),(3.23), (3.25),(Ä2.8) i (Ä2.10), îäåðæó¹ìî

|Φ3
11| ≤ C(hm̂sγs + |Ys(h)− zs|γs)

t∫
t1

dβ

∫
Rn

(t− β)−M−1
3∑
l=1

|Xl(t− β)−λl|m̂1γ1/m̂l×

×E(1)
c (t− β, x, λ)(β − τ)−M−Mk′−1

l∑
j=l−1

E(1)
c (β − τ,Λ0j(t− β), ξ)dλ ≤

≤ C(hmsγs+|Ys(h)−zs|γs)
3∑
l=1

(t1−τ)−Mk′−1

t∫
τ

(t−β)−1+m̂1γ1dβ

l∑
j=l−1

I
(1,0j)
0 (x; ξ) ≤

≤ C(hm̂sγs + |Ys(h)− zs|γs)(t− τ)−M−Mk′−1+m̂1γ1E(1)
c0

(t− τ, x, ξ);

|Φ4
11| ≤ C(hm̂sγs + |Ys(h)− zs|γs)×

×
t∫

t1

(t− β)−1+m̂1γ1(β − τ)−M−Mk′−1+m̂1γ1E(1)
c (β − τ,X(t− β), ξ)dβ ≤

≤C(hm̂sγs+|Ys(h)−zs|γs)(t1−τ)−M−Mk′−1+m̂1γ1

t∫
τ

(t−β)−1+m̂1γ1dβE(1)
c (t−τ, x, ξ)≤

≤ C(hmsγs + |Ys(h)− zs|γs)(t− τ)−M−Mk′−1+γ1Ec(t− τ, x, ξ).

Ç îöiíîê äîäàíêiâ Φj
11, j ∈ N4, ñóìè (Ä2.16) i òîãî, ùî Φ11 = Φ111, âèïëèâà¹
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îöiíêà

|∂k′x Φ11(t, x; τ, ξ; ys, zs)|≤C(hm̂sγs+|Ys(h)−zs|γs)(t−τ)−M−Mk′−1+m̂1γ1E(1)
c0

(t−τ, x,ξ).

(Ä2.19)

Îöiíþâàííÿ iíøèõ äîäàíêiâ ñóìè ç (Ä2.15) çäiéñíþ¹òüñÿ ìåòîäîì ìàòå-

ìàòè÷íî¨ iíäóêöi¨ ç âèêîðèñòàííÿì ðiâíîñòi (Ä2.17) òà îöiíîê (2.48), (3.18) i

(Ä2.19). Ìà¹ìî

|∂k′x Φ112(t, x; τ, ξ; ys, zs)| ≤
t1∫
τ

dβ

∫
Rn

∣∣∣∣∂k′x K11(t, x; β, λ; y′)
∣∣
ys=zs

∣∣∣∣×
×|Φ111(β, λ; τ, ξ; ys, zs)|dλ+

t∫
t1

dβ

∫
Rn

∣∣∣∣K11(t, x; β, λ; y′)
∣∣
ys=zs

∣∣∣∣×
×|∂k′λ Φ111(β, λ; τ, ξ; ys, zs)|dλ ≤ C(hm̂sγs + |Ys(h)− zs|γs)×

×
( t1∫
τ

dβ

∫
Rn

(t− β)−M−Mk′−1+m̂1γ1E(1)
c (t− β, x, λ)(β − τ)−M−1+m̂1γ1×

×E(1)
c (β − τ, λ, ξ)dλ+

t∫
t1

dβ

∫
Rn

(t− β)−M−1+m̂1γ1E(1)
c (t− β, x, λ)×

×(β − τ)−M−Mk′−1+m1γ1E(1)
c (β − τ, λ, ξ)dλ

)
≤ C(hm̂sγs + |Ys(h)− zs|γs)×

×
(

(t−t1)−Mk′−1+m̂1γ1

t1∫
τ

(β−τ)−1+m̂1γ1dβ+(t1−τ)−Mk′−1+m̂1γ1

t∫
t1

(t−β)−1+m̂1γ1dβ

)
×

× ((t− β)(β − τ))−M
∫
Rn

E(1)
c (t− β, x, λ)E(1)

c (β − τ, λ, ξ)dλ ≤

≤ C(hm̂sγs + |Ys(h)− zs|γs)(t− τ)−M−Mk′−1+2m̂1γ1E(1)
c0

(t− τ, x, ξ),

|∂k′x Φ11(j+1)(t, x; τ, ξ; ys, zs)| ≤
t1∫
τ

dβ

∫
Rn

∣∣∣∣∂k′x K11(t, x; β, λ; y′)
∣∣
ys=zs

∣∣∣∣×
×|Φ11j(β, λ; τ, ξ; ys, zs)|dλ+

t∫
t1

dβ

∫
Rn

∣∣∣∣K11(t, x; β, λ; y′)
∣∣
ys=zs

∣∣∣∣×
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×|∂k′λ Φ11j(β, λ; τ, ξ; ys, zs)|dλ ≤ C(hm̂sγs + |Ys(h)− zs|γs)×

×
( t1∫
τ

dβ

∫
Rn

(t− β)−M−Mk′−1+m̂1γ1E(1)
c (t− β, x, λ)(β − τ)−M−1+jm̂1γ1×

×E(1)
c (β − τ, λ, ξ)dλ+

t∫
t1

dβ

∫
Rn

(t− β)−M−1+m̂1γ1E(1)
c (t− β, x, λ)×

×(β − τ)−M−Mk′−1+jm̂1γ1E(1)
c (β − τ, λ, ξ)dλ

)
≤ C(hm̂sγs + |Ys(h)− zs|γs)×

×
(

(t−t1)−Mk′−1+m̂1γ1

t1∫
τ

(β−τ)−1+jm̂1γ1dβ+(t1−τ)−Mk′−1+m̂1γ1

t∫
t1

(t−β)−1+m1γ1dβ

)
×

× ((t− β)(β − τ))−M
∫
Rn

Ec(t− β, x, λ)E(1)
c (β − τ, λ, ξ)dλ ≤

≤ C(hm̂sγs + |Ys(h)− zs|γs)(t− τ)−M−Mk′−1+(j+1)m̂1γ1E(1)
c0

(t− τ, x, ξ), j ≥ 3.

Ç öèõ îöiíîê i âèïëèâàþòü îöiíêè (3.27). Iíòåãðóâàííÿì ç îöiíîê (3.25) i

(3.26) îòðèìó¹ìî (3.28) i (3.29).

Ïåðåéäåìî äî äîâåäåííÿ îöiíîê (3.30), (3.31). Ñïî÷àòêó, çiíòåãðóâàâøè

ðiâíiñòü (3.14) òà âðàõóâàâøè ðiâíîñòi (3.11) i (3.12), îòðèìà¹ìî òàêi ñïiââiä-

íîøåííÿ:

∂k
′

x

∫
Rn2+n3

K11(t, x; τ, ξ; y′))dξ2dξ3 = 0, k′ ∈ Zn2+n3
+ \ {0},

∂k3
x3

∫
Rn3

K11(t, x; τ, ξ; y′)dξ3 = 0, k3 ∈ Zn3
+ \ {0}.

Ç (Ä2.3) òà öèõ ðiâíîñòåé çà iíäóêöi¹þ îòðèìó¹ìî

∂k
′

x

∫
Rn2+n3

K11j(t, x; τ, ξ; y′)dξ2dξ3 = 0, k′ ∈ Zn+ \ {0}, j ≥ 1,

∂k3
x3

∫
Rn3

K11j(t, x; τ, ξ; (y2, y3))dξ3 = 0, k3 ∈ Zn3
+ \ {0}, j ≥ 1.

Îòæå,

∂k
′

x

∫
Rn2+n3

Q11(t, x; τ, ξ; y′)dξ2dξ3 = 0, k′ ∈ Zn+ \ {0},
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∂k3
x3

∫
Rn3

Q11(t, x; τ, ξ; y′)dξ3 = 0, k3 ∈ Zn3
+ \ {0}.

Çà äîïîìîãîþ öèõ ðiâíîñòåé çàïèøåìî òàêi çîáðàæåííÿ:

∂k
′

x

∫
Rn2+n3

Q11(t, x; τ, ξ; (ξ2, y3))dξ2dξ3 =

= ∂k
′

x

∫
Rn2+n3

(−∆ξ2
y2
Q11(t, x; τ, ξ; y′))

∣∣∣∣
y2=x2

dξ2dξ3, k′ ∈ Zn+ \ {0},

∂k3
x3

∫
Rn3

Q11(t, x; τ, ξ; (ξ2, ξ3))dξ3 =

= ∂k3
x3

∫
Rn3

(−∆ξ3
y3
Q11(t, x; τ, ξ; (ξ2, y3)))

∣∣∣∣
y3=x3

dξ3 = 0, k3 ∈ Zn3
+ \ {0}.

Çà äîïîìîãîþ öèõ çîáðàæåíü òà îöiíîê (2.36), (2.38), (2.39) i (3.27) îòðè-

ìó¹ìî ∣∣∣∣∂k′x ∫
Rn2+n3

Q11(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣∣ ≤
≤ C

∫
Rn2+n3

(
(t−τ)m̂2γ2+|X2(t−τ)−ξ2|γ2

)
(t−τ)−M−Mk′−1+m̂1γ1E(1)

c (t−τ, x, ξ)dξ2dξ3 ≤

≤ C(t− τ)−m̂1(n1−γ1)−Mk′−1+m̂2γ2E2,1
c0

(t− τ, x1 − ξ1), k
′ ∈ Zn+ \ {0},∣∣∣∣∂k3

x3

∫
Rn3

Q11(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣∣ ≤
≤ C

∫
Rn3

((t−τ)m̂3γ3 + |X3(t−τ)−ξ3|γ3)(t−τ)−M−m̂3|k3|−1+m̂1γ1E(1)
c (t−τ, x, ξ)dξ3 ≤

≤ C(t−τ)−m̂1(n1−γ1)−m̂2γ2−1−m̂3(|k3|−γ3)E2,1
c0

(t−τ, x1−ξ1)E
2,2
c0

(t−τ,X2(t−τ)−ξ2).

Òóò k3 ∈ Zn3
+ \ {0}. Îöiíêè (3.30), (3.31) âñòàíîâëåíî i ëåìó 3.2 äîâåäåíî. I

Äîâåäåííÿ ëåìè 3.3 Iñíóâàííÿ ïîõiäíèõ âiäW11 äîâîäèòüñÿ àíàëîãi÷íî

ÿê â ëåìi 2.13. Ðîçãëÿíåìî íåâëàñíi iíòåãðàëè

V k,k̃
1,β (t, x; τ, ξ; y′) :=

∫
Rn

∂kxG11(t, x; β, λ; y′)∂ k̃λQ11(β, λ; τ, ξ; y′)dλ,

0 ≤ τ < β < t ≤ T, {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3, {k, k̃} ⊂ Zn+.
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Îöiíèìî ¨õ çà äîïîìîãîþ îöiíîê (3.1), (3.25) i íåðiâíîñòi (2.48). Ìà¹ìî

|V k,k̃
1,β (t, x; τ, ξ; y′)| ≤

∫
Rn

|∂kxG11(t, x; β, λ; y′)||∂ k̃λQ11(β, λ; τ, ξ; y′)|dλ| ≤

≤ C

∫
Rn

(t− β)−M−MkE(1)
c (t− β, x, λ)(β − τ)−M−Mk̃−1+m̂1γ1E(1)

c (β − τ, λ, ξ)dλ =

= C(t− β)−Mk(β − τ)−Mk̃−1+m̂1γ1I
(1,03)
0 (x; ξ) ≤

≤ C(t− τ)−M(t− β)−Mk(β − τ)−Mk̃−1+m̂1γ1E(1)
c (t− τ, x, ξ). (Ä2.20)

Îöiíêà (Ä2.20) ¹ äîñòàòíüîþ äëÿ îá ðóíòóâàííÿ ôîðìóëè (3.32). Çà äîïîìîãîþ

âëàñòèâîñòi (3.9) äîâîäèìî ôîðìóëó

V k, 0
1,β (t, x; τ, ξ; y′) = V

k′1, k
′

1,β (t, x; τ, ξ; y′), (Ä2.21)

0 ≤ τ < β < t ≤ T, {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3, k′1 := (k1, 0, 0), {k′1, k′} ⊂ Zn+.

Îöiíèìî äîäàíêè â ïðàâié ÷àñòèíi (3.34) çà äîïîìîãîþ (Ä2.20) i (Ä2.21) .

Îòðèìà¹ìî

|∂kxW11(t, x; τ, ξ; y′)| ≤

∣∣∣∣∣∣
t1∫
τ

|V k, 0
1,β (t, x; τ, ξ; y′)|dβ

∣∣∣∣∣∣+

∣∣∣∣∣∣
t∫

t1

|V k′′, k′

1,β (t, x; τ, ξ; y′)|dβ

∣∣∣∣∣∣ ≤
≤ C(t− τ)−M−Mk+m̂1γ1E(1)

c (t− τ, x, ξ), k′ ∈ Zn+, |k′′| ≤ 1. (Ä2.22)

Ïåðåéäåìî äî äîâåäåííÿ (3.33). Äëÿ öüîãî îöiíèìî iíòåãðàëèW 1k
11j, j ∈ N3.

Ìà¹ìî

|W 1k
111| ≤

∣∣∣∣
t1∫
τ

|V k′1, 0
β (t, x; τ, ξ; y′)|dβ

∣∣∣∣ ≤ C(t− τ)−M(t− t1)
−Mk′1×

×
t1∫
τ

(β − τ)−1+m̂1γ1dβE(1)
c (t− τ, x, ξ) ≤ C(t− τ)

−M−Mk′1
+m̂1γ1E(1)

c (t− τ, x, ξ).

Âèêîðèñòîâóþ÷è îöiíêè (3.1) i (Ä2.18) òà íåðiâíîñòi (2.35) i (2.48), îöi-

íþ¹ìî äîäàíîê W 1k
112. Ìà¹ìî

|W 1k
112| ≤ C

t∫
t1

dβ

∫
Rn

(t− β)−M−1E(1)
c (t− β, x, λ)×
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×
( 3∑
s=1

|Xs(t− β)− λs|γ
0
s (β − τ)−M−1+m̂1γ1−m̂sγ

0
s

)
×

×
( 4∑
j=1

E(1)
c (β − τ,Λ0,j−1(t− β), ξ)

)
dλ ≤ C(t1 − τ)−M−1+m̂1γ1−m̂sγ

0
s×

×
3∑
s=1

t∫
t1

(t−β)−1+m̂sγ
0
sdβ

(
4∑
j=1

I
(1,0(j−1))
0 (x, ξ)

)
≤C(t−τ)−M−1+m̂1γ1E(1)

c0
(t−τ, x, ξ).

Äëÿ îöiíêè äîäàíêà W 1k
113 âèêîðèñòîâó¹ìî (3.5) i (3.25) i (2.43). Çäîáóäåìî

|W 1k
113| ≤ C(t− τ)−M−1+m̂1γ1E(1)

c (t− τ, x, ξ)
t∫

t1

(t− β)−1+m̂1γ1dβ ≤

≤ C(t− τ)−M−1+γ1E(1)
c (t− τ, x, ξ).

Ç îòðèìàíèõ îöiíîê äîäàíêiâ âèïëèâà¹ îöiíêà (3.35).

Îöiíèìî ïðèðîñòè ñòàðøèõ ïîõiäíèõ çà ïðîñòîðîâèìè çìiííèìè. Íà ïiä-

ñòàâi ðiâíîñòi (3.33) çàïèøåìî çîáðàæåííÿ

∆z1
x1
∂k1
x1
W11(t, x; τ, ξ; y′) =

t1∫
τ

dβ

∫
Rn

∆z1
x1
∂k1
x1
G11(t, x; β, λ; y′)Q11(β, λ; τ, ξ; y′)dλ+

+

η1∫
t1

dβ

∫
Rn

∆z1
x1
∂k1
x1
G11(t, x; β, λ; y′)∆

X(t−β)
λ Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
η1

dβ

∫
Rn

∂k1
x1
G11(t, x; β, λ; y′)∆

X(t−β)
λ Q11(β, λ; τ, ξ; y′)dλ−

−
t∫

η1

dβ

∫
Rn

∂k1
z1
G11(t, z

(1); β, λ; y′)∆
Z(1)(t−β)
λ Q1(β, λ; τ, ξ; y′)dλ+

+

η1∫
t1

∆z1
x1

∫
Rn

∂k1
x1
G11(t, x; β, λ; y′)dλ

Q11(β,X(t− β); τ, ξ; y′)dβ+

+

t∫
η1

(∫
Rn

∂k1
x1
G11(t, x; β, λ; y′)dλ

)
Q11(β,X(t− β); τ, ξ; y′)dβ−



380

−
t∫

η1

∫
Rn

∂k1
z1
G11(t, z

(1); β, λ; y′)dλ

Q11(β, Z
(1)(t− β); τ, ξ; y′)dβ =:

7∑
j=1

W 1
11j.

(Ä2.23)

Îöiíèìî äîäàíêè â (Ä2.23).W 1
111 îöiíèìî çà äîïîìîãîþ îöiíîê (3.1), (3.25)

i (2.48). Ìà¹ìî

|W 1
111| ≤ C|x1 − z1|γ

0
1

t1∫
τ

dβ

∫
Rn

(t− β)−M−1−m̂1γ
0
1×

×
(
E(1)
c (t− β, x, λ) + E(1)

c (t− β, z(1), λ)
)

(β − τ)−M−1+m̂1γ1×

×Ec(β − τ, λ, ξ)dλ ≤ C|x1 − z1|γ
0
1 (t− t1)−1−m̂1γ

0
1×

×
t1∫
τ

(β − τ)−1+m̂1γ1dβ
(
I

(1,03)
0 (x; ξ) + I

(1,03)
0 (z(1); ξ)

)
≤

≤ C|x1 − z1|γ
0
1 (t− t1)−M−1−m̂1(γ0

1−γ1)
(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(1), ξ)
)
.

Äëÿ îöiíêè äðóãîãî äîäàíêà â îöiíêàõ (3.2) áåðåìî γ0
1 > γ1 , à â íåðiâíîñòi

(Ä2.18) ïîêëàäåìî γ0
s = m̂−1

s m̂1γ
′
1, s ∈ Z3, γ

′
1 < γ1. Îòðèìó¹ìî

|W 1
112| ≤C|x1−z1|γ

0
1

η1∫
t1

dβ

∫
Rn

(t−β)−M−1−m̂1γ
0
1

(
E(1)
c (t−β, x, λ)+E(1)

c (t−β, z(1), λ)

)
×

×(β−τ)−M−1

( 3∑
s=1

|Xs(t− β)− λs|m̂
−1
s m̂1γ

′
1

)( 4∑
j=1

E(1)
c (β − τ,Λ0,j−1(t− β), ξ)

)
≤

≤ C|x1−z1|γ
0
1J(m̂1(γ

′
1−γ0

1))(t1−τ)−1

( 4∑
j=1

I
(1,0(j−1))
0 (x, ξ)+

4∑
j=1

I
(1,0(j−1))
0 (z(1), ξ)

)
≤

≤ C|x1 − z1|γ
0
1 |x1 − z1|γ

′
1−γ0

1 (t− τ)−M−1
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(1), ξ)
)
≤

≤ C|x1 − z1|γ
′
1(t− τ)−M−1

(
E(1)
c0

(tτ, x, ξ) + E(1)
c0

(tτ, z(1), ξ)
)
.

Äîäàíêè W 1
113, W

1
114 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî, íàïðèêëàä, ïåðøèé

ç íèõ. Äëÿ öüîãî ñêîðèñòà¹ìîñÿ îöiíêàìè (3.1) òà íåðiâíiñòþ (Ä2.18).

|W 1
113| ≤ C

t∫
η1

dβ

∫
Rn

(t− β)−M−1E(1)
c (t− β, x, λ)(β − τ)−M−1×
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×
( 3∑
s=1

|Xs(t− β)− λs|m̂
−1
s m1γ

′
1

)( 4∑
j=1

E(1)
c (β − τ,Λ0,j−1(t− β), ξ)

)
≤

≤ C(t1 − τ)−1

t∫
η1

(t− β)−1+m1γ
′
1dβ

( 4∑
j=1

I
(1,0(j−1))
0 (x, ξ)

)
≤

≤ C|x1 − z1|γ
′
1(t− τ)−M−1

(
Ec0(t− τ, x, ξ) + Ec0(t− τ, z(1), ξ)

)
.

Îöiíèìî W 1
115. Äëÿ öüîãî â îöiíêàõ (3.6) ïîêëàäåìî γ0

1 > γ1. Iç óðàõóâàííÿì

îöiíîê (3.1),(??), íåðiâíîñòåé (2.43) i (Ä2.10) îòðèìó¹ìî

|W 1
115|≤C|x1−z1|γ

0
1

η1∫
t1

(t−β)−1+m̂1(γ1−γ0
1)(β−τ)−M−1+m̂1γ1E(1)

c (β−τ,X(t−β), ξ)dβ≤

≤ C(t1 − τ)−M−1+m̂1γ1|x1 − z1|γ
0
1J1(m̂1(γ1−γ0

1))E(1)
c (t− τ, x, ξ) ≤

≤ C|x1 − z1|γ1(t− τ)−M−1+m̂1γ1E(1)
c (t− τ, x, ξ).

Äîäàíêè W 1
116 i W

1
117 òàêîæ îöiíþþòüñÿ îäíàêîâî çà äîïîìîãîþ âiäïîâiä-

íèõ îöiíîê (3.5) i (3.25). Äëÿ ïåðøîãî ç öèõ äîäàíêiâ ìà¹ìî

|W 1
116| ≤ C

t∫
η1

(t− β)−1+m̂1γ1(β − τ)−M−1+m̂1γ1E(1)
c (β − τ,X(t− β), ξ)dβ ≤

≤ C

t∫
η1

(t− β)−1+m̂1γ1dβ(t1 − τ)−M−1+m̂1γ1E(1)
c (t− τ, x, ξ) ≤

≤ C|x1 − z1|γ1(t− τ)−M−1+m̂1γ1E(1)
c (t− τ, x, ξ).

Ç îöiíîê äîäàíêiâ W 1
11j, j ∈ N7 îöiíêè (3.35).

Àíàëîãi÷íî äî äîâåäåííÿ ôîðìóë (3.34), (3.33) äîâîäèòüñÿ ôîðìóëà

∂kxW11(t, x; τ, ξ; y′) =

t1∫
τ

dβ

∫
Rn

∂k1
x1
G11(t, x; β, λ; y′)∂k

′

x Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

dβ

∫
Rn

∂k1
x1
G11(t, x; β, λ; y′)∆

X(t−β)
λ ∂k

′

λ Q11(β, λ; τ, ξ; y′)dλ+
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+

t∫
t1

(∫
Rn

∂k1
x1
G11(t, x; β, λ; y′)dλ

)
∂k
′

λ Q11(β,X(t− β); τ, ξ; y′)dβ. (Ä2.24)

Ó (Ä2.24) |k1| = 2, à k′ ∈ Zn+. Òîáòî ñòàðøi ïîõiäíi çà îñíîâíîþ çìiííîþ

ìàþòü ùå íåïåðåðâíi é îáìåæåíi ïîõiäíi çà çìiííèìè ãðóïè âèðîäæåííÿ. Öå

äîçâîëÿ¹ äëÿ ïðèðîñòiâ çà çìiííèìè x2 i x3 çàïèñàòè çîáðàæåííÿ, ïîäiáíå äî

(Ä2.1)

∆zs
xs
∂kxW11(t, x; τ, ξ; y′) =

ns∑
j=1

zsj∫
xsj

∂ζsj∂
k
xW11(t, ζ

(j)
s ; τ, ξ; y′)dζsj, s ∈ {2, 3},

(Ä2.25)

äå ζ(j)
s , j ∈ Nns, s ∈ {1, 2}� òàêi ÿê âèùå. i îá ðóíòóâàòè îöiíêè (3.36) ó öüîìó

âèïàäêó.

Äëÿ âñòàíîâëåííÿ îöiíîê ïðèðîñòiâ ∆zs
ys
∂k
′

xW11, s ∈ {2, 3}, âèêîðèñòîâó¹ìî

çîáðàæåííÿ

∆zs
ys
∂k
′

xW11(t, x; τ, ξ; y′) =

t1∫
τ

dβ

∫
Rn

∆zs
ys
∂k
′

x G11(t, x; β, λ; y′)Q11(β, λ; τ, ξ; ξ′)dλ+

+

t1∫
τ

dβ

∫
Rn

∂k
′

x G11(t, x; β, λ; y′)|ys=zs∆zs
ys
Q11(β, λ; τ, ξ; ξ′)dλ+

+

t∫
t1

dβ

∫
Rn

∆zs
ys
G11(t, x; β, λ; y′)∂k

′

λ Q11(β, λ; τ, ξ; y′)dλ+

+

t∫
t1

dβ

∫
Rn

G11(t, x; β, λ; y′)∆zs
ys
∂k
′

λ Q11(β,X(t− β); τ, ξ; y′)dλ, s ∈ {2, 3}, k′ ∈ Zn+,

òà îöiíêè (3.3) i (3.27). Iíòåãðóþ÷è îöiíêè (3.38) i (3.39) îäåðæó¹ìî âiäïîâiäíî

îöiíêè (3.38) i (3.39). Äëÿ äîâåäåííÿ (3.40) çiíòåãðó¹ìî çà (ξ2, ξ3) ∈ Rn2+n3

ðiâíiñòü (3.34) ïîïåðåäíüî ïîêëàâøè â íié y′ = (ξ2, ξ3). Îòðèìà¹ìî∫
Rn2+n3

∂k
′

xW11(t, x; τ, ξ; (ξ2, ξ3))dξ2dξ3 =
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=

t1∫
τ

dβ

∫
Rn2+n3

∫
Rn

∂k
′

x G11(t, x; β, λ; (ξ2, ξ3))Q11(β, λ; τ, ξ; (ξ2, ξ3))dλdξ2dξ3+

+

t∫
t1

dβ

∫
Rn2+n3

∫
Rn

G11(t, x; β, λ; (ξ2, ξ3))∂
k′

λ Q11(β, λ; τ, ξ; (ξ2, ξ3))dλdξ2dξ3 =

=

t1∫
τ

dβ

∫
Rn2+n3

∫
Rn

∆
(λ2,λ3)
(ξ2,ξ3) ∂

k′

x G11(t, x; β, λ; (ξ2, ξ3))Q11(β, λ; τ, ξ; (ξ2, ξ3))dλdξ2dξ3+

=

t1∫
τ

dβ

∫
Rn

∂k
′

x G11(t, x; β, λ; (λ2, λ3))

( ∫
Rn2+n3

Q11(β, λ; τ, ξ; (ξ2, ξ3))dξ2dξ3

)
dλ+

+

t1∫
τ

dβ

∫
Rn2+n3

∫
Rn

∆
(λ2,λ3)
(ξ2,ξ3) G11(t, x; β, λ; (ξ2, ξ3))∂

k′

x Q11(β, λ; τ, ξ; (ξ2, ξ3))dλdξ2dξ3+

+

t∫
t1

dβ

∫
Rn

G11(t, x; β, λ; (λ2, λ3))

( ∫
Rn2+n3

∂k
′

x Q11(β, λ; τ, ξ; (ξ2, ξ3))dξ2dξ3

)
dλ;

Äîäàíêè çîáðàæåííÿ îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (3.1), (3.3), (3.25) i

(3.30). Îöiíêè (3.40) âñòàíîâëþþòü àíàëîãi÷íî.I

Äîâåäåííÿ ëåìè 3.4. ßäðî K12 iíòåãðàëüíîãî ðiâíÿííÿ (3.63) çàäîâîëü-

íÿ¹ óìîâè ëåìè 2.5, òî, íà ïiäñòàâi öi¹¨ ëåìè, ìà¹ìî

Q12(t, x; τ, ξ; y3) =
∞∑
j=1

K12j(t, x; τ, ξ; y3), (Ä2.26)

äå

K12j(t, x; τ, ξ; y3) =

t∫
τ

dβ

∫
Rn

K12(t, x; β, λ; y3)K12(j−1)(β, λ; τ, ξ; y3)dλ, j > 1,

K121 := K12, 0 ≤ τ < t ≤ T, y3 ∈ Rn3, {x, ξ} ⊂ Rn.

Ïîâòîðþþ÷è ìiðêóâàííÿ ç ëåìè 2.14, äîâîäèìî äëÿ j > 1 ôîðìóëè

∂k3
x3
K12j(t, x; τ, ξ; y3) =

t∫
τ

dβ

∫
Rn

K12(t, x; β, λ; y3)∂
k3

λ3
K12(j−1)(β, λ; τ, ξ; y3)dλ,

(Ä2.27)
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òà äëÿ j ∈ N îöiíêè

|∂k3
x3
K12j(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−m̂3|k3|−1+jm̂1γ1E(1)

c (t− τ, x, ξ). (Ä2.28)

Ç (Ä2.26) i îöiíîê (Ä2.28) âèïëèâàþòü îöiíêè (3.82).

Àíàëîãi÷íî äî òîãî, ÿê öå ðîáèëîñü äëÿ Q11, äîâîäèìî, ùî äëÿ ïîõiäíèõ

âiä Q12 çà x3 ñïðàâäæó¹òüñÿ ôîðìóëà

∂k3
x3
Q12(t, x; τ, ξ; y3) = ∂k3

x3
K12(t, x; τ, ξ; y3) +

t1∫
τ

dβ

∫
Rn

∂k3
x3
K12(t, x; β, λ; y3)×

×Q12(β, λ; τ, ξ; y3)dλ+

t∫
t1

dβ

∫
Rn

K12(t, x; β, λ; y3)×

×∂k3

λ3
Q12(β, λ; τ, ξ; y3)dλ, k3 ∈ Zn3

+ , t1 = (t+ τ)/2. (Ä2.29)

Ïåðåéäåìî äî îöiíîê ïðèðîñòiâ. Îöiíêè (3.83) äîñèòü äîâåñòè äëÿ âèïàäêó

|xs − zs|1/ms ≤ (t − τ)/4, s ∈ N3, îñêiëüêè äëÿ |xs − zs|1/ms > (t − τ)/2, s ∈

∈ N3 ïîòðiáíà îöiíêà áåçïîñåðåäíüî âèïëèâà¹ ç (3.82). Ïðèðîñòè çà x1, x2

îöiíþþòüñÿ ïîäiáíî. Ñïî÷àòêó äîâîäèìî, ùî ñïðàâäæóþòüñÿ îöiíêè (3.83) ç

γ0
s < γs, s ∈ N2. Äëÿ öüîãî, âèõîäÿ÷è ç (Ä2.29), çàïèøåìî çîáðàæåííÿ

∆zs
xs
∂k3
x3
Q12(t, x; τ, ξ; y3)=∆zs

xs
∂k3
x3
K12(t, x; τ, ξ; y3)+

t1∫
τ

dβ

∫
Rn

∆zs
xs
∂k3
x3
K12(t, x; β, λ; y3)×

×Q12(β, λ; τ, ξ; y3)dλ+

ηs∫
t1

dβ

∫
Rn

∆zs
xs
K12(t, x; β, λ; y3)∂

k3

λ3
Q12(β, λ; τ, ξ; y3)dλ+

+

t∫
ηs

dβ

∫
Rn

K12(t, x; β, λ; y3)∂
k3

λ3
Q12(β, λ; τ, ξ; y3)dλ−

−
t∫

ηs

dβ

∫
Rn

K12(t, z
(1); β, λ; y3)∂

k3

λ3
Q12(β, λ; τ, ξ; y3)dλ=:

5∑
j=1

Q12j, (Ä2.30)

äå ηs := t− |xs − zs|1/m̂s, |xs − zs|1/m̂s ≤ (t− τ)/2, à ÷èñëî t1� òàêå ÿê âèùå.

Ç îöiíîê (3.71) i (3.74) âèïëèâàþòü òàêi îöiíêè ïðèðîñòiâ:

|∆zs
xs
∂k3
x3
K12(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−1−m̂3|k3|−m̂s(γ

0
s−γs)|xs − zs|γ

0
s (t− τ)×
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E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(s), ξ)
)
, |k3| ∈ Zn3

+ , γ
0
s ∈ (0, γs), s ∈ N2.

(Ä2.31)

Äîäàíîê Q121 ìà¹ îöiíêó (Ä2.31).

Äëÿ âñòàíîâëåííÿ îöiíêè äîäàíêà Q122 âèêîðèñòà¹ìî îöiíêè (Ä2.29) i

(Ä2.31). Çà äîïîìîãîþ íåðiâíîñòåé (2.48), îòðèìà¹ìî

|Q122| ≤
∣∣∣∣
t1∫
τ

dβ

∫
Rn

|∆zs
xs
∂k3
x3
K12(t, x; β, λ; y3)||Q2(β, λ; τ, ξ; y3)|dλ

∣∣∣∣ ≤ C|xs − zs|γ
0
s×

×
t1∫
τ

dβ

∫
Rn

(t− β)−M−1−m̂3|k3|−m̂s(γs−γ0
s )

(
E(1)
c (t− β, x, λ) + E(1)

c (t− β, x, λ
)
×

×(β − τ)−M−1+m2γ2E(1)
c (β − τ, λ, ξ)dλ ≤ C|xs − zs|γ

0
s

(
I

(1,03)
0 (x, ξ)+

+I
(1,03)
0 (z(s), ξ)

)
(t− t1)−1−m̂3|k3|+m̂s(γs−γ0

s )

t∫
τ

(β − τ)−1+m̂2γ2dβ ≤

≤C|xs−zs|γ
0
s (t−τ)−M−m̂3|k3|−1+m̂s(γs−γ0

s )+m̂2γ2

(
E(1)
c0

(t−τ, x, ξ)+E(1)
c0

(t−τ, z(s), ξ)

)
.

Äîäàíîê Q123 îöiíþ¹ìî çà äîïîìîãîþ îöiíîê (Ä2.29) i (Ä2.31) ïðè k3 = 0.

Ìà¹ìî

|Q123| ≤
∣∣∣∣
ηs∫
t1

dβ

∫
Rn

|∆zs
xs
K12(t, x; β, λ; y3)||∂k3

λ3
Q12(β, λ; τ, ξ; y3)|dλ

∣∣∣∣ ≤
+C|xs− zs|γ

0
s

ηs∫
t1

dβ

∫
Rn

(t−β)−M−1−m̂s(γs−γ0
s )

(
E(1)
c (t−β, x, λ) +E(1)

c (t−β, x, λ
)
×

×(β−τ)−M−1−m̂3|k3|+m̂2γ2E(1)
c (β−τ, λ, ξ)dλ ≤ C|xs−zs|γ

0
s

(
I

(1,03)
0 (x, ξ)+I

(1,03)
0 (z(s), ξ)

)
×

×(t1 − τ)−m̂3|k3|−1+m̂2γ2

t∫
τ

(t− β)−1+m̂s(γs−γ0
s )dβ ≤

≤ C|xs−zs|γ
0
s (t−τ)−M−m̂3|k3|−1+m̂s(γs−γ0

s )+m̂2γ2

(
E(1)
c0

(t−τ, x, ξ)+Ec0(t−τ, z(s), ξ)

)
.

Äîäàíêè Q124 i Q125 îöiíþþòüñÿ îäíàêîâî, òîìó îöiíèìî ïåðøèé. Çà äî-
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ïîìîãîþ îöiíîê (??), (3.82) i íåðiâíîñòåé (2.48), ìà¹ìî

|Q124| ≤
∣∣∣∣

t∫
ηs

dβ

∫
Rn

|K12(t, x; β, λ; y3)||∂k3

λ3
Q12(β, λ; τ, ξ; y3)|dλ

∣∣∣∣ ≤
≤ C

t∫
ηs

dβ

∫
Rn

(t− β)−M−1+m̂2γ2E(1)
c (t− β, x, λ)(β − τ)−M−m̂3|k3|−1+m̂2γ2×

×E(1)
c (β − τ, λ, ξ)dλ ≤ C(t1 − τ)−m̂3|k3|−1+m̂2γ2

t∫
η1

(t− β)−1+m̂2γ2dβ×

×I(1,03)
0 (x, ξ) ≤ C(t− τ)−M−m̂3|k3|−1+m̂2γ2(t− ηs)m̂2γ2E(1)

c0
(t− τ, x, ξ) =

= C|xs − zs|(m̂s)
−1m̂2γ2(t− τ)−M−m̂3|k3|−1+m̂2γ2E(1)

c0
(t− τ, x, ξ).

Îòæå, âñòàíîâëåíî îöiíêè

|∆zs
xs
∂k
′

x Q12(t, x; τ, ξ; y3)| ≤ C|xs − zs|γ
0
s (t− τ)−M−m̂3|k3|−1+m̂s(γs−γ0

s )×

×
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(1), ξ)

)
, k3 ∈ Zn3

+ , γ
0
s ∈ (0, γs), s ∈ N2.

Çàëèøèëîñü îöiíèòè ïðèðîñòè çà çìiííîþ x3. Äîñèòü ðîçãëÿíóòè âèïàäîê

|x3−z3|1/m3 ≤ (t−τ)/4. Äëÿ îöiíêè ïðèðîñòiâ çà öi¹þ çìiííîþ âèêîðèñòîâó¹ìî

çîáðàæåííÿ

∆z3
x3
∂k3
x3
Q12(t, x; τ, ξ; y3) =

n3∑
j=1

z3j∫
x3j

∂k3
x3
∂ζ3jQ12(t, ζ

(j)
3 ; τ, ξ; y3)dζ3j,

äå ζ(j)
3 , j ∈ Nn3

� òàêi ÿê âèùå.

|∆z3
x3
∂k3
x3
Q12(t, x; τ, ξ; y3)| = |

n3∑
j=1

z3j∫
x3j

∂k3
x3
∂ζ3jQ12(t, ζ

(j)
3 ; τ, ξ; y3)dζ3j| ≤

≤
∣∣∣∣ n3∑
j=1

∣∣ z3j∫
x3j

|∂k3
x3
∂ζ3jQ12(t, ζ

(j)
3 ; τ, ξ; y3)|dζ3j

∣∣∣∣∣∣ ≤
≤ C

n3∑
j=1

|xsj − zsj|(t− τ)−M−1−m̂3(|k3|−1)+m̂2γ2

(
E(1)
c0

(t− τ, x, ξ)+

+E(1)
c0

(t− τ, z(3), ξ)

)
≤ C|x3 − z3|γ

0
3 (t− τ)−M−1−m̂3|k3|+m̂2γ2−m̂3γ

0
3×
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×
(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(3), ξ)
)
, k3 ∈ Zn3

+ , γ
0
3 ∈ (0, 1]; (Ä2.32)

Äëÿ âñòàíîâëåííÿ îöiíîê (Ä2.32) âèêîðèñòàëè îöiíêè (3.82) i íåðiâíiñòü

(2.41).

Ïåðåéäåìî äî âñòàíîâëåííÿ îöiíêè ïîâíîãî ïðèðîñòó ∆
X(t−β)
λ ∂k3

λ3
Q12. Ìà¹-

ìî

|∆X(t−β)
λ ∂k3

λ3
Q12(β, λ; τ, ξ; y3)| ≤ |∆X(t−β)

Λ01(t−β)∂
k3

λ3
Q12(β, λ; τ, ξ; y3)|+

+|∆Λ01(t−β)
Λ02(t−β)∂

k3

λ3
Q12(β, λ; τ, ξ; y3)|+ |∆Λ02(t−β)

λ ∂k3

λ3
Q12(β, λ; τ, ξ; y3)| ≤

≤ C
3∑
s=1

|Xs(t− β)− λs|γ
0
s (β − τ)−M−m̂3|k3|−1+m̂s

4∑
j=1

E(1)
c (β − τ,Λ0,j−1(t− β), ξ),

(Ä2.33)

äå m̄s :=

m̂s(γs − γ0
s), ÿêùî s ∈ N2,

m̂2γ2 − m̂3γ
0
3 , ÿêùî s = 3,

k3 ∈ Zn3
+ .

Îöiíêè (3.83) äîâåäåíî. Äëÿ äîâåäåííÿ îöiíîê (3.84) ïîñòóïèìî ÿê íà

ïîïåðåäíüîìó åòàïi. Ñïî÷àòêó îöiíèìî ïðèðiñò ÿäðà K12

∆z3
y3
∂k3
x3
K12(t, x; τ, ξ; y3) =

( n1∑
j,l=1

∆z3
y3
ajl(t, (x1, x2, y3))∂x1j

∂x1l
+

+

n1∑
j=1

∆z3
y3
aj(t, (x1, x2, y3))∂x1j

+ ∆z3
y3
a0(t, (x1, x2, y3))

)
×

×∂k3
x3
G12(t, x; τ, ξ; y3) +

( n1∑
j,l=1

∆z3
y3
ajl(t, (x1, ξ2, y3))∂x1j

∂x1l
+

+

n1∑
j=1

∆z3
y3
aj(t, (x1, ξ1, y3))∂x1j

+ ∆z3
y3
a0(t, (x1, ξ1, y3))

)
∂k3
x3
G12(t, x; τ, ξ; y3)+

+

( n1∑
j,l=1

∆ξ2
x2
ajl(t, (x1, x2, y3))∂x1j

∂x1l
+

n1∑
j=1

∆ξ2
x2
aj(t, (x1, x2, y3))∂x1j

+

+∆ξ2
x2
a0(t, (x1, x1, y3))

)
∆z3
y3
∂k3
x3
G12(t, x; τ, ξ; y3). (Ä2.34)

Äëÿ äîâåäåííÿ (3.84) íà ïiäñòàâi (Ä2.29) çàïèøåìî çîáðàæåííÿ

∆z3
y3
Q12(t, x; τ, ξ; y3) = ∆z3

y3
K12(t, x; τ, ξ; y3)+
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+

t∫
τ

dβ

∫
Rn

∆z3
y3
K12(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ+

+

t∫
τ

dβ

∫
Rn

K12(t, x; β, λ; y3)∆
z3
y3
Q12(β, λ; τ, ξ; y3)dλ, k3 ∈ Zn3

+ . (Ä2.35)

Ïîçíà÷èâøè ÷åðåç

Φ12(t, x; τ, ξ; y3, z3) := ∆z3
y3
K12(t, x; τ, ξ; y3)+

+

t∫
τ

dβ

∫
Rn

∆z3
y3
K12(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ,

îòðèìà¹ìî äëÿ ôóíêöi¨ ∆z3
y3
Q12 òàêå iíòåãðàëüíå ðiâíÿííÿ:

∆z3
y3
Q12(t, x; τ, ξ; y3) = Φ12(t, x; τ, ξ; y3, z3)+

+

t∫
τ

dβ

∫
Rn

K12(t, x; β, λ; y3)∆
z3
y3
Q12(β, λ; τ, ξ; y3)dλ, k3 ∈ Zn3

+ . (Ä2.36)

Iíòåãðàëüíå ðiâíÿííÿ (Ä2.36) ¹ òàêîãî ñàìîãî òèïó, ùî é (Ä2.12). ßäðî

K11 çàäîâîëüíÿ¹ óìîâè ëåìè 2.5, òî, íà ïiäñòàâi öi¹¨ ëåìè, ìà¹ìî

∆z3
y3
Q12(t, x; τ, ξ; y3) =

∞∑
j=1

Φ12j(t, x; τ, ξ; y3, z3), (Ä2.37)

äå

Φ12j(t, x; τ, ξ; y3, z3) =

t∫
τ

dβ

∫
Rn

K12(t, x; β, λ; y3)Φ12(j−1)(β, λ; τ, ξ; y3, z3)dλ,

äå j > 1, Φ121 := Φ12, 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn {y3, z3} ⊂ Rn3, ïðè÷îìó

ðÿä â ïðàâié ÷àñòèíi (Ä2.37) ¹ ðiâíîìiðíî çáiæíèì. Äèôåðåíöiþþ÷è îáèäâi

÷àñòèíè ðiâíîñòi (Ä2.37), îòðèìà¹ìî

∆z3
y3
∂k
′

x Q12(t, x; τ, ξ; y3) =
∞∑
j=1

∂k
′

x Φ12j(t, x; τ, ξ; y3, z3), k3 ∈ Zn3
+ , (Ä2.38)

äå

∂k3
x3

Φ12(t, x; τ, ξ; y3, z3) := ∆z3
y3
∂k3
x3
K12(t, x; τ, ξ; y3)+
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+

t1∫
τ

dβ

∫
Rn

∆z3
y3
∂k3
x3
K2(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ+

+

t∫
t1

dβ

∫
Rn

∆z3
y3
K12(t, x; β, λ; y3)∆

X(t−β)
λ ∂k3

λ3
Q12(β, λ; τ, ξ; y3)dλ+

+

t∫
t1

(∫
Rn

∆z3
y3
K12(t, x; β, λ; y3)dλ∂

k3

λ3
Q12(β, λ; τ, ξ; y3)|λ=X(t−β)

)
dβ =:

4∑
j=1

Φj
12,

(Ä2.39)

∂k3
x3

Φ12j(t, x; τ, ξ; y3, z3)=

t1∫
τ

dβ

∫
Rn

∂k3
x3
K12(t, x; β, λ; y3)Φ12(j−1)(β, λ; τ, ξ; y3,z3)dλ+

+

t∫
t1

dβ

∫
Rn

K12(t, x; β, λ; y3, z3)∂
k3

λ3
Φ12(j−1)(β, λ; τ, ξ; y3, z3)dλ, j > 1, (Ä2.40)

äå Φ12j, j ≥ 1 îçíà÷åíi âèùå, à ôîðìóëè (Ä2.39),(Ä2.40) äîâîäÿòüñÿ àíàëîãi÷íî

äî (Ä2.16),(Ä2.17).

Îöiíêè äîäàíêiâ Φ12j, j ≥ 1 ïðîâîäèìî àíàëîãi÷íî äî âñòàíîâëåííÿ îöiíîê

Φ11j, j ≥ 1. Çà iíäóêöi¹þ äëÿ j ≥ 1 ìà¹ìî òàêi îöiíêè:

|Φ12j(t, x; τ, ξ; y3, z3)| ≤ C(|h|m̂3γ3 + |Y3(h)− z3|γ3)×

×(t− τ)−M−m̂3|k3|−1+(j−1)m̂2γ2E(1)
c0

(t− τ, x, ξ).

Ç öèõ îöiíîê âèïëèâàþòü îöiíêè (3.84). Iíòåãðóþ÷è îöiíêè (3.82) i (3.83)

îòðèìó¹ìî (3.85) i (??). Äîâåäåííÿ ðåøòè îöiíîê àíàëîãi÷íî äî äîâåäåííÿ âiä-

ïîâiäíèõ îöiíîê ç ëåìè 3.2.I

Äîâåäåííÿ ëåìè 3.6. Iñíóâàííÿ ïîõiäíèõ âiäW112 äîâîäèòüñÿ àíàëîãi÷-

íî. Ñïåðøó äîâåäåìî ôîðìóëó (3.33). Ðîçãëÿíåìî iíòåãðàëè

V k,k3

β (t, x; τ, ξ; y3) :=

∫
Rn

∂kxG12(t, x; β, λ; y3)∂
k3

λ3
Q12(β, λ; τ, ξ; y3)dλ,

0 ≤ τ ≤ β ≤ t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3, k1 ∈ Zn1
+ , k3 ∈ Zn3

+ .
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Îöiíèìî ¨õ çà äîïîìîãîþ îöiíîê (3.54), (3.82) i íåðiâíîñòi (2.48). Ìà¹ìî

|V k,k3

β (t, x; τ, ξ; y3)| ≤ |
∫
Rn

|∂k1
x1
G12(t, x; β, λ; y3)||∂k3

λ3
Q12(β, λ; τ, ξ; y3)|dλ| ≤

≤ C

∫
Rn

(t−β)−M−Mk|E(1)
c (t−β, x, λ)(β− τ)−M−m̂3|k3|−1+m̂2γ2E(1)

c (β− τ, λ, ξ)dλ ≤

= C(t− β)−Mk(β − τ)−Mk̃−1+m̂1γ1I03
0 (x, ξ) ≤

≤ C(t− τ)−M(t− β)−Mk(β − τ)−m̂3|k3|−1+m̂2γ2E(1)
c (t− τ, x, ξ). (Ä2.41)

Ïîäiáíî äî (Ä2.41), âðàõóâàâøè âëàñòèâiñòü (3.62), äîâîäèìî ôîðìóëó

V k, 0
β (t, x; τ, ξ; y3) = V k′′′, k3

β (t, x; τ, ξ; y3), (Ä2.42)

0 ≤ τ ≤ β ≤ t ≤ T, {x, ξ} ⊂ Rn, y3 ∈ Rn3, k′′′ ∈ Zn+, k3 ∈ Zn3
+ .

Îöiíèìî äîäàíêè â ïðàâié ÷àñòèíi (3.92) çà äîïîìîãîþ (Ä2.41) i (Ä2.42) .

Îòðèìà¹ìî

|D1,k
x W12(t, x; τ, ξ; y3)| ≤ C(t− τ)−M−Mk+m̂2γ2E(1)

c (t− τ, x, ξ), k′ ∈ Zn+, |k′′′| < 1.

(Ä2.43)

ÒâåðäæåííÿB ëåìè äîâåäåíî. Ïåðåéäåìî äî äîâåäåííÿ òâåðäæåííÿA. Áóäåìî

éîãî äîâîäèìî îêðåìî äëÿ ðiçíèõ k ∈ Nn
+.

Íåõàé |k1|+ 2|k2| = 2. Íà ïiäñòàâi îöiíîê (3.57) i îöiíîê ïîâíîãî ïðèðîñòó

ãóñòèíè ïîòåíöiàëó (Ä2.33) äîâåäåííÿ ôîðìóëè (3.90) ¹ ïîäiáíèì äî äîâåäåí-

íÿ ôîðìóëè (3.32). Àíàëîãi÷íî âñòàíîâëþ¹ìî i îöiíêè ïîõiäíèõ âiä îá'¹ìíîãî

ïîòåíöiàëó. Ó âèïàäêó |k1| = 0, |k2| = 1 ïîõiäíà âiä ÿäðà çà x2 ìà¹ âèùó

îñîáëèâiñòü, íiæ ïðè äèôåðåíöiþâàííi çà x1. Òîìó äëÿ ïîõiäíèõ çà x2 âèêîðè-

ñòîâó¹ìî çîáðàæåííÿ (3.91) . Îöiíèìî W 1k′′′
121 . Ìà¹ìî

|W 1k′′′

121 | = |
t1∫
τ

V k′′′, 0
β (t, x; τ, ξ; y′)dβ| ≤ C(t− τ)−M−m̂2(1−γ2)E(1)

c (t− τ, x, ξ).

Çà äîïîìîãîþ îöiíîê (3.59), (3.61), (3.83), íåðiâíîñòåé (2.35), (2.49) i (2.50)

îòðèìó¹ìî

|W 1,k′′′

122 | ≤
t∫

t1

dβ

∫
Rn1

∣∣∣∣∣∣
∫

Rn2+n3

D1,k′′′

x G12(t, x; β, λ; y3)dλ2dλ3

∣∣∣∣∣∣×
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×
∣∣∣∆X(t−β)

Λ01(t−β)Q12(β,Λ
01(t− β); τ, ξ; y3)

∣∣∣ dλ1 ≤

≤ C(t− τ)−M−m̂2(1−γ2)+m1γ1E(1)
c0

(t− τ, x, ξ),

áî 1− m̂2(1− γ2) +m1γ
0
1 = m̂2γ2 − m̂1(1− γ0

1) > 0 äëÿ äîâiëüíîãî γ0
1 ∈ [0, γ1)

i γ2 > 1/3.

Àíàëîãi÷íî, âèêîðèñòîâóþ÷è îöiíêè (3.54) i (3.83) ïðè γ0
3 = m̂2(m̂3)

−1γ0
2

òà íåðiâíîñòi (2.35) i (2.48), îöiíþ¹ìî äîäàíîê W 1,k′′′

123 . Ìà¹ìî

|W 1,k′′′

123 | ≤
t∫

t1

dβ

∫
Rn

|D1,k′′′

x G12(t, x; β, λ; y3)|×

×
(
|∆Λ01(t−β)

Λ02(t−β)Q12(β,Λ
02(t− β); τ, ξ; y3)|+ |∆Λ02(t−β)

λ Q12(β, λ; τ, ξ; y3)|
)
dλ ≤

≤ C(t− τ)−M−m̂2(1−γ2)E(1)
c0

(t− τ, x, ξ).

Çàóâàæèìî, ùî ñàìå ïðè âñòàíîâëåííi îöiíêè äîäàíêà W 1,k′′′

123 âèíèêà¹ îá-

ìåæåííÿ çíèçó íà ïîêàçíèê Ãåëüäåðà γ0
2 ïðèðîñòó çà çìiííîþ x2 ãóñòèíè ïî-

òåíöiàëó çà Q2. Îñêiëüêè äëÿ çáiæíîñòi iíòåãðàëà ïîòðiáíî âèáèðàòè ÷èñëî

γ0
2 ∈ (0, γ2) òàêèì, ùîá âèêîíóâàëàñü óìîâà −m̂2(1 − γ0

2) > −1, òîáòî γ0
2 ∈

∈ (1/3, γ2). Äëÿ îöiíêè äîäàíêà W 1,k′′′

124 âèêîðèñòîâó¹ìî (3.57), (3.82) i (2.43).

Çäîáóäåìî

|W 1,k′′

124 | ≤
t∫

t1

∣∣∣∣∣∣
∫
Rn

D1,k′′′

x G12(t, x; β, λ; y3)dλ

∣∣∣∣∣∣ |Q12(β,X(t− β); τ, ξ; y3)|dβ ≤

≤ C(t− τ)−M+γE(1)
c (t− τ, x, ξ), γ := 1− m̂2(1− γ2) > 0.

Ç îòðèìàíèõ îöiíîê äîäàíêiâ âèïëèâà¹ îöiíêà (3.93) äëÿ |k1| = 0, |k2| = 1.

Îöiíêè (3.93) âñòàíîâëåíî.

Ïåðåéäåìî äî îöiíîê ïðèðîñòiâ ñòàðøèõ ïîõiäíèõ (|k1| = 2) çà îñíîâíèìè

ïðîñòîðîâèìè çìiííèìè. Îöiíêè ïðèðîñòiâ ïðîâîäèìî çà óìîâè η1 = |x1 −

− z1|2 < (t− τ)/4. Íà ïiäñòàâi ðiâíîñòi (3.90) çàïèøåìî çîáðàæåííÿ

∆z1
x1
∂k1
x1
W12(t, x; τ, ξ; y3) =

t1∫
τ

dβ

∫
Rn

∆z1
x1
∂k1
x1
G12(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ+
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+

η1∫
t1

dβ

∫
Rn

∆z1
x1
∂k1
x1
G12(t, x; β, λ; y3)∆

X(t−β)
λ Q12(β, λ; τ, ξ; y3)dλ+

+

t∫
η1

dβ

∫
Rn

∂k1
x1
G12(t, x; β, λ; y3)∆

X(t−β)
λ Q12(β, λ; τ, ξ; y3)dλ−

−
t∫

η1

dβ

∫
Rn

∂k1
z1
G12(t, z

(1); β, λ; y3)∆
Z(1)(t−β)
λ Q12(β, λ; τ, ξ; y3)dλ+

+

η1∫
t1

∆z1
x1

∫
Rn

∂k1
x1
G12(t, x; β, λ; y3)dλ

Q12(β,X(t− β); τ, ξ; y3)dβ+

+

t∫
η1

∫
Rn

∂k1
x1
G12(t, x; β, λ; y3)dλ

Q12(β,X(t− β); τ, ξ; y3)dβ−

−
t∫

η1

∫
Rn

∂k1
z1
G12(t, z

(1); β, λ; y3)dλ

Q12(β, Z
(1)(t− β); τ, ξ; y3)dβ =:

7∑
j=1

W 1
12j.

(Ä2.44)

Îöiíèìî äîäàíêè â (Ä2.44). W 1
121 îöiíèìî çà äîïîìîãîþ (3.54), (3.82) i (2.48).

Ìà¹ìî

|W 1
121| ≤

t1∫
τ

dβ

∫
Rn

|∆z1
x1
∂k1
x1
G12(t, x; β, λ; y′)||Q12(β, λ; τ, ξ; y3)|dλ ≤

≤ C|x1−z1|γ
0
1

t1∫
τ

dβ

∫
Rn

(t−β)−M−1−m̂1γ
0
1

(
E(1)
c (t− β, x, λ) + E(1)

c (t− β, z(1), λ)
)
×

×(β − τ)−M−1+m̂2γ2E(1)
c (β − τ, λ, ξ)dλ ≤ C|x1 − z1|γ

0
1 (t− t1)−1−m1γ

0
1×

×
t1∫
τ

(β − τ)−1+m2γ2dβ
(
I03

0 (x, ξ) + I03
0 (z(1), ξ)

)
≤

≤ C|x1 − z1|γ
0
1 (t− t1)−M−1−m̂1γ

0
1+m̂2γ2

(
E(1)
c (t− τ, x, ξ) + E(1)

c (t− τ, z(1), ξ)
)
.

Îöiíèìî äîäàíêè â (Ä2.44). W 1
21 îöiíèìî çà äîïîìîãîþ (3.54), (3.82) i (2.48).
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Ìà¹ìî

|W 1
121| ≤

t1∫
τ

dβ

∫
Rn

|∆z1
x1
∂k1
x1
G12(t, x; β, λ; y′)||Q12(β, λ; τ, ξ; y3)|dλ ≤

≤ C|x1−z1|γ
0
1

t1∫
τ

dβ

∫
Rn

(t−β)−M−1−m̂1γ
0
1

(
E(1)
c (t− β, x, λ) + E(1)

c (t− β, z(1), λ)
)
×

×(β − τ)−M−1+m̂2γ2E(1)
c (β − τ, λ, ξ)dλ ≤ C|x1 − z1|γ

0
1 (t− t1)−1−m1γ

0
1×

×
t1∫
τ

(β − τ)−1+m̂2γ2dβ
(
I03

0 (x, ξ) + I03
0 (z(1), ξ)

)
≤

≤ C|x1 − z1|γ
0
1 (t− t1)−M−1−m̂1γ

0
1+m̂2γ2

(
Ec(t− τ, x, ξ) + Ec(t− τ, z(1), ξ)

)
.

Äëÿ îöiíêè äðóãîãî äîäàíêà â îöiíêàõ (3.55) áåðåìî γ0
1 = γ1 , à â íåðiâíîñòi

(Ä2.33) ïîêëàäåìî γ0
s = m−1

s m1γ
′
1, s ∈ Z3, γ

′
1 < γ0

1 . Îòðèìà¹ìî

|W 1
122| ≤

η1∫
t1

dβ

∫
Rn

|∆z1
x1
∂k1
x1
G12(t, x; β, λ; y3)||∆X(t−τ)

λ Q12(β, λ; τ, ξ; ξ3)|dλ ≤

≤ C|x1 − z1|γ
′
1(t− τ)−M−1+m̂1(γ1−γ′1)

(
E(1)
c0

(t− τ, x, ξ) + E(1)
c0

(t− τ, z(1), ξ)
)
.

Äîäàíêè W 1
123, W

1
124 îöiíþþòüñÿ îäíàêîâî. Îöiíèìî, íàïðèêëàä, ïåðøèé

ç íèõ. Äëÿ öüîãî ñêîðèñòà¹ìîñÿ îöiíêàìè (3.54) òà íåðiâíiñòþ (Ä2.33) ç γ0
s =

= m−1
s m1γ

′
1, s ∈ Z3, γ

′
1 < γ1.

|W 1
123| ≤

t∫
η1

dβ

∫
Rn

|∂k1
x1
G12(t, x; β, λ; y3)||∆X(t−τ)

λ Q12(β, λ; τ, ξ; y3)|dλ ≤

≤ C

t∫
η1

dβ

∫
Rn

(t− β)−M−1E(1)
c (t− β, x, λ)

(
3∑
s=1

|Xs(t− β)− λs|m̂
−1
s m̂1γ

′
1

)
×

×(β − τ)−M−1+m̂1(γ1−γ′1)

(
4∑
j=1

E(1)
c (β − τ,Λ0,j−1(t− β), ξ)

)
dλ ≤

≤ C(t1 − τ)−1+m1(γ1−γ′1)

t∫
η1

(t− β)−1+m1γ
′
1dβ

(
4∑
j=1

I0,j−1
0 (x, ξ)

)
≤

≤ C|x1 − z1|γ
′
1(t− τ)−M−1+m1(γ1−γ′1)

(
Ec0(t− τ, x, ξ) + Ec0(t− τ, z(1), ξ)

)
.
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Îöiíèìî W 1
25. Iç óðàõóâàííÿì îöiíîê (3.58),(3.82), íåðiâíîñòåé (2.43) i (Ä2.10)

îòðèìó¹ìî

|W 1
125| ≤

η1∫
t1

|∆z1
x1

∫
Rn

∂k1
x1
G12(t, x; β, λ; y3dλ||Q12(β,X(t− β); τ, ξ; y3)|dβ ≤

≤ C|x1 − z1|γ
0
1

η1∫
t1

(t− β)−1+m̂1(γ1−γ0
1)(β − τ)−M−1+m̂2γ2Ec(β − τ,X(t− β), ξ)dβ ≤

≤ C(t1 − τ)−M−1+m̂2γ2|x1 − z1|γ
0
1J1(m̂1(γ1 − γ0

1))E(1)
c (t− τ, x, ξ) ≤

≤ C|x1 − z1|γ
0
1 (t− τ)−M−1+m̂1(γ1−γ0

1)+m̂2γ2E(1)
c (t− τ, x, ξ).

ÄîäàíêèW 1
26 iW

1
27 òàêîæ îöiíþþòüñÿ îäíàêîâî çà äîïîìîãîþ âiäïîâiäíèõ

îöiíîê (3.57) i (3.82). Äëÿ ïåðøîãî ç öèõ äîäàíêiâ ìà¹ìî

|W 1
126| ≤

t∫
η1

|
∫
Rn

∂k1
x1
G12(t, x; β, λ; y3)dλ||Q12(β,X(t− β); τ, ξ; y3)|dβ ≤

≤ C

t∫
η1

(t− β)−1+m̂1γ1(β − τ)−M−1+m̂2γ2E(1)
c (β − τ,X(t− β), ξ)dβ ≤

≤ C

t∫
η1

(t− β)−1+m̂1γ1dβ(t1 − τ)−M−1+m̂2γ2E(1)
c (t− τ, x, ξ) ≤

≤ C|x1 − z1|γ1(t− τ)−M−1+m̂2γ2E(1)
c (t− τ, x, ξ).

Ç îöiíîê äîäàíêiâ W 1
12j, j ∈ N7 îöiíêè (3.93) äëÿ âèïàäêó |k1| = 2, |k2| =

= 0, |k3| = 0.

Îöiíèìî òåïåð ïðèðîñòè çà çìiííîþ x2 ∈ Rn2. Îöiíêè ïðèðîñòiâ ïðîâîäè-

ìî çà óìîâè η2 = |x2 − z2|2 < (t − τ)/4. Íà ïiäñòàâi ðiâíîñòi (3.90) çàïèøåìî

çîáðàæåííÿ

∆z2
x2
∂k1
x1
W12(t, x; τ, ξ; y3) =

t1∫
τ

dβ

∫
Rn

∆z2
x2
∂k1
x1
G12(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ+

+

η2∫
t1

dβ

∫
Rn

∆z2
x2
∂k1
x1
G12(t, x; β, λ; y3)∆

X(t−β)
λ Q12(β, λ; τ, ξ; y3)dλ+
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+

t∫
η2

dβ

∫
Rn

∂k1
x1
G12(t, x; β, λ; y3)∆

X(t−β)
λ Q12(β, λ; τ, ξ; y3)dλ−

−
t∫

η2

dβ

∫
Rn

∂k1
z1
G12(t, z

(1); β, λ; y3)∆
Z(2)(t−β)
λ Q12(β, λ; τ, ξ; y3)dλ+

+

η2∫
t1

∆z2
x2

∫
Rn

∂k1
x1
G12(t, x; β, λ; y3)dλ

Q12(β,X(t− β); τ, ξ; y3)dβ+

+

t∫
η2

∫
Rn

∂k1
x1
G12(t, x; β, λ; y3)dλ

Q12(β,X(t− β); τ, ξ; y3)dβ−

−
t∫

η2

∫
Rn

∂k1
z1
G12(t, z

(2); β, λ; y3)dλ

Q12(β, Z
(2)(t− β); τ, ξ; y3)dβ =:

7∑
j=1

W 2
12j.

(Ä2.45)

Äîäàíêè W 2
2j, j ∈ N7 îöiíþ¹ìî àíàëîëi÷íî. Ç îöiíîê öèõ äîäàíêiâ âèï-

ëèâàþòü îöiíêè (3.93) äëÿ âèïàäêó |k1| = 2, |k2| = 0, |k3| = 0. Àíàëîãi÷íî

äî äîâåäåííÿ ôîðìóë (??), (??) äîâîäèòüñÿ äëÿ âèïàäêó |k′′| = 1, k′ ∈ Zn+,

ôîðìóëà

∂kxW12(t, x; τ, ξ; y3) =

t1∫
τ

dβ

∫
Rn

∂kxG12(t, x; β, λ; y3)Q12(β, λ; τ, ξ; y3)dλ+

+

t∫
t1

dβ

∫
Rn

∂k
′′

λ G12(t, x; β, λ; y3)∆
X(t−β)
λ ∂k

′

λ Q12(β, λ; τ, ξ; y3)dλ+

+

t∫
t1

∫
Rn

∂k
′′

λ G12(t, x; β, λ; y3)dλ

 ∂k
′

λ Q12(β,X(t− β); τ, ξ; y3)dβ. (Ä2.46)

Òîáòî ñòàðøi ïîõiäíi çà îñíîâíîþ çìiííîþ ìàþòü íåïåðåðâíi é îáìåæåíi ïî-

õiäíi çà çìiííîþ x3. Öå äîçâîëÿ¹ äëÿ ïðèðîñòiâ çà çìiííîþ x3 ïîáóäóâàòè

çîáðàæåííÿ ïîäiáíå äî (Ä2.1) i îáãðóíòóâàòè îöiíêè (3.94) ó öüîìó âèïàäêó.

Iñíóâàííÿ ïîõiäíî¨ SW2 ¨¨ îöiíêè âèïëèâàþòü iç âëàñòèâîñòåé ïàðàìåòðèêñó

òà äîâåäåíèõ âèùå îöiíîê ïîõiäíèõ ∂kxW2, |k′| = 2 i ¨õ ïðèðîñòiâ.I



396

Ä3. Ñïèñîê ïóáëiêàöié çäîáóâà÷à çà òåìîþ äèñåðòàöi¨

1. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Âëàñòèâîñòi iíòåãðàëiâ òè-

ïó ïîõiäíèõ âiä îá'¹ìíèõ ïîòåíöiàëiâ äëÿ
−→
2b-ïàðàáîëi÷íèõ ñèñòåì

ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi.Ìàò. ìåòîäè òà ôiç.-

ìåõ. ïîëÿ. 2002. Ò. 45,�4.Ñ. 76�86.

2. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ëîêàëüíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi

äëÿ êâàçiëiíiéíî¨
−→
2b-ïàðàáîëi÷íî¨ ñèñòåìè çi ñëàáêèì âèðîäæåííÿì. Ìàò.

ìåòîäè òà ôiç.-ìåõ. ïîëÿ. 2004. Ò. 47,�4.Ñ. 110�114.

3. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Çàäà÷à Êîøi äëÿ
−→
2b-ïàðàáîëi÷íî¨

ñèñòåìè ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi.Ìàò. ìåòîäè òà

ôiç.-ìåõ. ïîëÿ. 2003. Ò. 46,�3.Ñ. 15�24.

4. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ïàðà-

áîëi÷íèõ ñèñòåì ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi òà ¨õ çàñòî-

ñóâàííÿ. Íåëiíiéíèé àíàëiç: Ïðàöi Óêðà¨íñüêîãî ìàòåìàòè÷íîãî êîíãðå-

ñó. 2001.Êè¨â: Ií-ò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 2005. Ñ. 28�41.

5. Ivasyshen S.D., Medynsky I. P. The Fokker-Planñk-Kolmogorov equati-

ons for some degenerate di�usion processes. Theory of stochastic proces-

ses.Vol. 16 (32),�1, 2010. P. 57�66.

6. Ìåäèíñüêèé I.Ï. Äîñëiäæåííÿ Ñ.Ä.Åéäåëüìàíà íåëiíiéíèõ çàäà÷ òà ¨õ

ðîçâèòîê. Íàóê. âiñíèê ×åðíiâåöüêîãî íàö. óí-òó iì. Þ. Ôåäüêîâè÷à.

Ñåð. : ìàò. Ò. 1, �1�2.×åðíiâöi : ×åðíiâåöüêèé íàö. óí-ò, 2011. Ñ. 114�128.

7. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Êëàñè÷íèé ôóíäàìåíòàëüíèé ðîç-

â'ÿçîê âèðîäæåíîãî ðiâíÿííÿ Êîëìîãîðîâà, êîåôiöi¹íòè ÿêîãî íå çàëåæàòü

âiä çìiííèõ âèðîäæåííÿ. Áóêîâèíñüêèé ìàò. æóðí. 2014. Ò. 2,�2�3.Ñ. 94�

106.

8. Âîçíÿê Î. Ã., IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ôóíäàìåíòàëü-

íèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ Êîëìîãî-

ðîâà ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi. Áóêîâèíñüêèé ìàò.



397

æóðí. 2015. Ò. 3,�3�4.Ñ. 41�51.

9. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï., Ïàñi÷íèêÃ.Ñ. Ïàðàáîëi÷íi ðiâ-

íÿííÿ ç âèðîäæåííÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi. Áóêîâèíñüêèé ìàò.

æóðí. 2016. Ò. 4,�3�4.Ñ. 57�68.

10. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Êëàñè÷íi ôóíäàìåíòàëüíi ðîçâ'ÿçêè

äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà ç äâîìà ãðóïà-

ìè ïðîñòîðîâèõ çìiííèõ. Çá. ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨-

íè. 2016. Ò. 13,�1.Ñ. 108�155.

11. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî êëàñè÷íi ôóíäàìåíòàëü-

íi ðîçâ'ÿçêè çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó

Êîëìîãîðîâà ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ. Ìàò. ìåòî-

äè òà ôiç.-ìåõ. ïîëÿ. 2016. Ò. 59,�2.Ñ. 28�42. Òå ñàìå: Ivasyshen S.D. ,

Medyns'kyi I. P.On the classical fundamental solutions of the Cauchy

problem for ultraparabolic Kolmogorov-type equations with two gro-

ups of spatial variables. J.Math. Sci. 2018.Vol.231,�4. P. 507�526. https:

doi.org//10.1007/s10958-018-3830-0.

12. Ivasyshen S.D., Medynsky I. P. On applications of the Levi method

in the theory of parabolic equations.Mat. Stud. 2017.Vol. 47, �1.Ñ. 33�46.

https:doi.org//10.30970/ms.47.1.33-46.

13. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï.Êëàñè÷íèé ôóíäàìåíòàëüíèé ðîç-

â'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà

ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ. I.Ìàò. ìåòî-

äè òà ôiç.-ìåõ. ïîëÿ. 2017. Ò. 60,�3.Ñ. 9�31. Òå ñàìå: Ivasyshen S.D. ,

Medynsky I. P.Classical fundamental solutions of the Cauchy problem

for ultraparabolic Kolmogorov-type equations with two groups of spatial

variables of degeneration. I. J.Math. Sci. 2020.Vol. 246, �2. P. 121�151.

https:doi.org//10.1007/s10958-020-04726-z.

14. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï.Êëàñè÷íèé ôóíäàìåíòàëüíèé ðîç-

â'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðî-



398

âà ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ. II.Ìàò. ìåòî-

äè òà ôiç.-ìåõ. ïîëÿ. 2017. Ò. 60,�4.Ñ. 7�24. Òå ñàìå: Ivasyshen S.D. ,

Medynsky I. P.Classical fundamental solutions of the Cauchy problem for

ultraparabolic Kolmogorov-type equations with two groups of spatial

variables of degeneration. II. J.Math. Sci. 2020.Vol. 247,�1, P. 1�23. https:

doi.org//10.1007/s10958-020-04786-1.

15. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï., Ïàñi÷íèêÃ.Ñ. Ïàðàáîëi÷íi ðiâ-

íÿííÿ ç ðiçíèìè îñîáëèâîñòÿìè òà âèðîäæåííÿìè. Íåêëàñè÷íi çàäà-

÷i òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü.: Çá. íàóê. ïðàöü ïðèñâÿ÷åíèé 80-

ði÷÷þ Áîãäàíà Éîñèïîâè÷à Ïòàøíèêà.Ëüâiâ: Äîñëiäíî-âèäàâíè÷èé öåíòð

ÍÒØ, 2017.Ñ. 68�76.

16. Âîçíÿê Î. Ã., IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ôóíäàìåíòàëü-

íèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìî-

ãîðîâà ç äâîìà ãðóïàìè ïðîñòîðîâèìè çìiííèõ òà âèðîäæåííÿì íà ïî÷àò-

êîâié ãiïåðïëîùèíi.Âiñíèê íàö. óí-òó "Ëüâiâñüêà ïîëiòåõíiêà".: Ñåðiÿ:

ôiç.-ìàò. íàóêè. 2017,�871.Ñ. 46�64.

17. Âîçíÿê Î. Ã., IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðî-

âà ç äâîìà ãðóïàìè ïðîñòîðîâèìè çìiííèõ òà âèðîäæåííÿì íà ïî÷àòêîâié

ãiïåðïëîùèíi. Âiñíèê íàö. óíiâåðñèòåòó "Ëüâiâñüêà ïîëiòåõíiêà".: Ñåðiÿ:

ôiç.-ìàò. íàóêè. 2018,�898.Ñ. 13�21.

18. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Âëàñòèâîñòi ôóíäàìåíòàëüíèõ ðîç-

â'ÿçêiâ, òåîðåìè ïðî iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ i êîðåêòíó

ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìî-

ãîðîâà ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ.Ìàò. ìåòîäè

òà ôiç.-ìåõ. ïîëÿ. 2018. Ò. 61, �4.Ñ. 7�16.

19. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i

Êîøi äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà äîâiëüíîãî

ïîðÿäêó.Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ. 2019. Ò. 62, �1.Ñ. 7�24.



399

20. Dron' V. S., Ivasyshen S. D., Medyns'kyi I. P. Properties of integrals

which have the type of derivatives of volume potentials for one Kolmogorov-

type ultraparabolic arbitrary order equations. Carpatian Math. Publ. 2019.

Vol. 11, �2, P. 268�280. https:doi.org//10.15330/cmp.11.2.268-280.

21. Ìåäèíñüêèé I.Ï. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi òà iíòåãðàëüíi çîá-

ðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó

Êîëìîãîðîâà ç äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ. Ìàò.

ìåòîäè òà ôiç.-ìåõ. ïîëÿ. 2019. Ò. 62, �4.Ñ. 39�48.

22. Âîçíÿê Î. Ã., IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà

ç òðüîìà ãðóïàìè ïðîñòîðîâèìè çìiííèõ òà âèðîäæåííÿì íà ïî÷àòêîâié

ãiïåðïëîùèíi. Âiñíèê Ëüâiâ. óí-òó.: Ñåðiÿ ìåõ.-ìàò. 2019. Âèï. 88. Ñ. 107�

127. https://dx.doi.org/10.30570/vmm.2019.88.107-127.

23. Medynsky I. P. On properties of solutions for Fokker-Planck-Kolmogo-

rov equations. Math.Model. Comp. 2020.Vol. 7,�1. P. 158�168. https: doi.org

//10.23939/mmc2020.01.158.

24. Ivasyshen S., Medynsky I. The well-posedness of problem with weighting

initial conditions for parabolic system with degenerations of the initial

hyperplane in Banach spaces of H�older. Intern. Conf. Func. Anal. and its

Appl., Dedicated to the 110-th anniversary of Stefan Banach.May 28�31, 2002,

Lviv: Book of Abstracts. Lviv, 2002. P. 92�93.

25. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Çàäà÷à Êîøi äëÿ
−→
2b-ïàðàáîëi÷íî¨

ñèñòåìè ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi. VI Ìiæíàð. íàóê.

êîíô. "Ìàòåìàòè÷íi ïðîáëåìè ìåõàíiêè íåîäíîðiäíèõ ñòðóêòóð", 26�

29 òðàâ. 2003 ð., Ëüâiâ: òåçè äîï.: Ëüâiâ, 2003.Ñ.491�492.

26. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Àïðiîðíi îöiíêè ðîçâ`ÿçêiâ
−→
2b-

ïàðàáîëi÷íèõ ñèñòåì ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi òà ¨õ çà-

ñòîñóâàííÿ. Ìiæíàð. íàóê. êîíô. "Øîñòi áîãîëþáîâñüêi ÷èòàííÿ", 26�

30 ñåðï., 2003 ð.,×åðíiâöi: òåçè äîï.: Êè¨â, 2003. Ñ. 84.



400

27. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî êîðåêòíó ðîçâ`ÿçíiñòü çàäà÷i

Êîøi äëÿ
−→
2b-ïàðàáîëi÷íî¨ ñèñòåìè ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåð-

ïëîùèíi. III Âñåóêð. íàóê. êîíô. "Íåëiíiéíi ïðîáëåìè àíàëiçó", 9�12 âå-

ðåñ. 2003 ð., Iâàíî-Ôðàíêiâñüê: òåçè äîï.: Âèä-âî Ïðèêàðï. íàö. óí-òó

iì. Â. Ñòåôàíèêà, 2003. Ñ. 42.

28. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï.
−→
2b-ïàðàáîëi÷íi ñèñòåìè ç âèðîä-

æåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi. Ìiæíàð. êîíôåð. "Äèôåðåí-

öiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ", 6�9 ÷åðâ. 2005 ð.,Êè¨â: òåçè

äîï.:Êè¨â, 2005.Ñ. 32.

29. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ãëîáàëüíi ðîçâ'ÿçêè çàäà÷i Êîøi

äëÿ êâàçiëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ó âàãîâèõ Lp-ïðîñòîðàõ. Ìiæ-

íàð. íàóê. êîíô. ç äèôåðåíöiàëüíèõ ðiâíÿíü, ïðèñâÿ÷åíà 100 ði÷íèöi

ç äíÿ íàðîäæåííÿ ß.Á.Ëîïàòèíñüêîãî, 12�17 âåðåñ. 2006 ð.,Ëüâiâ: òåçè

äîï.:Ëüâiâ, 2006. Ñ. 27�28.

30. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ðîçâèòîê äîñëiäæåíü

Ñ.Ä.Åéäåëüìàíà ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ ðiâíÿíü òà ¨õ

çàñòîñóâàííÿ. Ìiæíàð. íàóê. êîíô. "Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çà-

ñòîñóâàííÿ", 11�14 æîâò., 2006 ð., ×åðíiâöi: òåçè äîï.:×åðíiâöi, 2006. Ñ. 54.

31. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ãëîáàëüíi ðîçâ'ÿçêè çàäà÷i Êî-

øi äëÿ äåÿêèõ êâàçiëiíiéíèõ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü. Ìiæíàð. ìà-

òåì. êîíô. iì. Â.ß.Ñêîðîáàãàòüêà, 24�28 âåðåñ. 2007 ð., Äðîãîáè÷: òåçè

äîï.:Ëüâiâ, 2007. Ñ. 189.

32. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çà-

äà÷i Êîøi äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿìè çà ÷àñîâîþ çìií-

íîþ. XII Ìiæí. íàóê. êîíô. iì. àêàä. Ì.Êðàâ÷óêà, 15�17 òðàâ. 2008 ð.,

Êè¨â: òåçè äîï.:Êè¨â. 2008. Ñ. 162.

33. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî çàäà÷ó Êîøi äëÿ îäíîãî êâà-

çiëiíiéíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà. IV Âñåóêð.

íàóê. êîíô. "Íåëiíiéíi ïðîáëåìè àíàëiçó", 10�12 âåðåñ. 2008 ð., Iâàíî-



401

Ôðàíêiâñüê: òåçè äîï.: Iâàíî-Ôðàíêiâñüê, 2008. Ñ. 39.

34. Ivasyshen S.D., Medynsky I. P.The Fokker-Planck-Kolmogorov equations

for some degenerate di�usion processes. Intern. conf. "Stochastic analysis and

random dynamics", June 14�20, 2009, Lviv: Abstracts. Lviv, 2009. P. 95�96.

35. Ìåäèíñüêèé I.Ï. Çàäà÷à Êîøi äëÿ êâàçiëiíiéíèõ óëüòðàïàðàáîëi÷-

íèõ ðiâíÿíü òèïó Êîëìîãîðîâà. XIII Ìiæíàð. íàóê. êîíô. iì. àêàä.

Ì.Êðàâ÷óêà, 13�15 òðàâíÿ, 2010 ð., Êè¨â: ìàòåðiàëè êîíô. Ò.1. Äèôå-

ðåíöiàëüíi òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.Êè¨â: ÍÒÓÓ "ÊÏI",

2010. Ñ. 271.

36. Ìåäèíñüêèé I.Ï. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ îäíîãî

êâàçiëiíiéíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà. Third

International Conference for Young Mathematicians on Di�erential Equations

and Appliccations dedicated to Yaroslav Lopatynsky , 3�6 November, 2010,

Lviv: Book of Abstracts. Donetsk, 2010. P. 76.

37. Ìåäèíñüêèé I. Ëîêàëüíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ îäíîãî êëà-

ñó êâàçiëiíiéíèõ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü. Ìiæíàð. ìàòåì.

êîíô. iì. Â.ß. Ñêîðîáîãàòüêà, 19�23 âåðåñ. 2011 ð., Äðîãîáè÷: òåçè

äîï.:Ëüâiâ, 2011. Ñ. 134.

38. Ìåäèíñüêèé I.Ï. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ îäíîãî êëàñó

âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü.Ìiæíàð. íàóê. êîíô. "Äèôåðåíöiàëüíi

ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ", ïðèñâÿ÷åíî¨ 65-ði÷÷þ êàôåäðè iíòåãðàëü-

íèõ òà äèôåðåíöiàëüíèõ ðiâíÿíü Êè¨âñüêîãî íàö. óí-òó iì. Òàðàñà Øåâ-

÷åíêà, 8�10 ÷åðâ., 2011 ð.,Êè¨â: ìàòåðiàëè êîíô.:Êè¨â, 2011. Ñ. 120.

39. Medynsky I. Cauchy problem for a semilinear ultraparabolic equations of

Kolmogorov type Intern. Conf. dedicated to the 120-th anniversary of Stefan

Banach, September 17�21, 2012, Lviv: Abstracts of Reports. Lviv, 2012. P. 217.

40. Ìåäèíñüêèé I.Ï. Çàäà÷à Êîøi äëÿ êâàçiëiíiéíîãî ðiâíÿííÿ òèïó Êîë-

ìîãîðîâà ç
−→
2b-ïàðàáîëi÷íîþ ÷àñòèíîþ i âèðîäæåííÿì. Ìiæíàð. íàóê.

êîíô. "Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ", ïðèñâÿ÷åíî¨ 70-



402

ði÷÷þ ïðîô. Â.Â. Ìàðèíöÿ, 26�29 âåðåñ. 2012 ð., Óæãîðîä: ìàòåðiàëè

êîíô.:Óæãîðîä, 2012.Ñ. 60.

41. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïàðàáîëi÷íi ìîäåëi.Ñó÷àñíi ïðî-

áëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòèìiçàöi¨:

òåçè äîï. V Ìiæíàð. íàóê. êîíô. 4�5 êâiò. 2012 ð.Êàì'ÿíåöü-Ïîäiëüñü-

êèé, 2012.Ñ. 35.

42. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çà-

äà÷i Êîøi äëÿ äåÿêèõ êëàñiâ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü. XIV Ìiæ-

íàð. íàóê. êîíô. iì. àêàä. Ì. Êðàâ÷óêà, 19�21 êâiòíÿ 2012 ð., Êè¨â: ìàòåðià-

ëè êîíô. Ò.1. Äèôåðåíöiàëüíi òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.

Êè¨â: ÍÒÓÓ "ÊÏI", 2012. Ñ. 198.

43. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Äåÿêi âèðîäæåíi ïàðàáîëi÷íi ìî-

äåëi. Âñåóêð. íàóê. êîíô. "Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ

â ïðèêëàäíié ìàòåìàòèöi", ïðèñâÿ÷åíà 50-ði÷÷þ êàô. ïðèêëàäíî¨ ìàòå-

ìàòèêè ×åðíiâåöüêîãî íàö. óí-òó iì. Þ. Ôåäüêîâè÷à, 11�23 ÷åðâ. 2012 ð.,

×åðíiâöi: ìàòåðiàëè êîíô.,×åðíiâåöüêèé íàö. óí-ò, 2012.Ñ. 80.

44. Ñ. Iâàñèøåí, I.Ìåäèíñüêèé Ïðî êëàñè÷íèé ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîë-

ìîãîðîâà. Ìiæíàð. íàóê. êîíô. "Ñó÷àñíi ïðîáëåìè ìåõàíiêè i ìàòå-

ìàòèêè", 21�25 òðàâ. 2013 ð.,Ëüâiâ: çá. íàóê. ïðàöü â 3-õ ò. Iíñòèòóò

ïðèêëàäíèõ ïðîáëåì ìåõàíiêè òà ìàòåìàòèêè iì. ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ

Óêðà¨íè, 2013. Ò. 1. Ñ. 36�38.

45. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ìåòîä Ëåâi ïîáóäîâè òà äîñëiä-

æåííÿ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü òè-

ïó Êîëìîãîðîâà. V Âñåóêð. íàóê. êîíô. �Íåëiíiéíi ïðîáëåìè àíàëiçó�, 19�

21 âåðåñ. 2013 ð., Iâàíî-Ôðàíêiâñüê: òåçè äîï., Âèä-âî Ïðèêàðï. íàö. óí-òó

iì. Â. Ñòåôàíèêà, 2013. Ñ. 28.

46. Ìåäèíñüêèé I. Ï., Iâàñèøåí Ñ. Ä. Ïðî äåÿêi âèðîäæåíi ïàðà-

áîëi÷íi ìîäåëi. Ñó÷àñíi ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ïðî-



403

ãíîçóâàííÿ òà îïòèìiçàöi¨: òåçè äîï. VI Ìiæíàð. íàóê. êîíô. 4�5

êâiò. 2014 ð.Êàì'ÿíåöü-Ïîäiëüñüêèé, 2014. Ñ. 106.

47. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî êëàñè÷íèé ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê âèðîäæåíîãî ðiâíÿííÿ Êîëìîãîðîâà, êîåôiöi¹íòè ÿêîãî íå çà-

ëåæàòü âiä çìiííèõ âèðîäæåííÿ. XV Ìiæíàð. íàóê. êîíô. iì. àêàä. Ì.

Êðàâ÷óêà, 15�17 òðàâ. 2014 ð., Êè¨â: ìàòåðiàëè êîíô. Ò.1. Äèôåðåíöiàëüíi

òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.Êè¨â: ÍÒÓÓ "ÊÏI", 2014. Ñ. 123�

124.

48. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Êëàñè÷íèé ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óçàãàëüíåíîãî âèðîäæåíîãî ðiâíÿííÿ Êîë-

ìîãîðîâà. IV Ìiæíàð. ãàíñüêà êîíô., ïðèñâÿ÷åíà 135 ði÷íèöi âiä äíÿ

íàðîäæåíííÿ Ãàíñà Ãàíà, 30 ÷åðâ.�05 ëèï. 2014 ð.,×åðíiâöi: òåçè äîï.:

×åðíiâåöüêèé íàö. óí-ò, 2014. Ñ. 62�63.

49. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî êëàñè÷íèé ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê âèðîäæåíîãî ðiâíÿííÿ Êîëìîãîðîâà. XVI Ìiæíàð. íàóê. êîíô.

iì. àêàä. Ì. Êðàâ÷óêà, 14�15 òðàâ. 2015 ð., Êè¨â: ìàòåðiàëè êîíô. Ò.1.

Äèôåðåíöiàëüíi òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.Êè¨â : ÍÒÓÓ

"ÊÏI", 2015. Ñ. 106�107.

50. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ìåòîä Ëåâi òà éîãî ìîäèôiêàöi¨ ó

äîñëiäæåííÿõ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà. Íà-

óê. êîíô., ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ Ê.Ì. Ôiøìàíà òà

Ì.Ê. Ôàãå, 1�4 ëèï. 2015 ð., ×åðíiâöi: òåçè äîï.: ×åðíiâåöüêèé íàö. óí-ò,

2015. Ñ. 48�49.

51. Medynsky I. On investigations of S.D. Eidelman in the theory of the

degenerate parabolic equations of Kolmogorov type and their development

Intern. V. Skorobohatko Math. Conf.August 25�28, 2015, Drogobych:

Abstracts. Lviv, 2015. P. 104.

52. Voznyak O., Ivasyshen S., Medynsky I. On fundamental solution

of the ultraparabolic Kolmogorov equation with degeneration on the



404

initial hyperplane. Intern. V. Skorobohatko Math. Conf., August 25�28, 2015,

Drogobych: Abstracts. Lviv, 2015. P. 172.

53. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïàñi÷íèê Ã. Ñ. Ïàðàáîëi÷íi ìî-

äåëi ç âèðîäæåííÿìè íà ãiïåðïëîùèíi çàäàííÿ ïî÷àòêîâèõ äàíèõ. Ñó÷àñ-

íi ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòèìi-

çàöi¨: òåçè äîï. VII Ìiæíàð. íàóê. êîíô. 21�22 êâiò. 2016 ð. Êàì'ÿíåöü-

Ïîäiëüñüêèé, 2016. Ñ. 83�84.

54. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî îñòàííi ðåçóëüòàòè ïîáóäîâè òà

äîñëiäæåííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ âèðîäæåíîãî

ïàðàáîëi÷íîãî ðiâíÿííÿ òèïó ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ. XVII Ìiæíàð.

íàóê. êîíô. iì. àêàä. Ì. Êðàâ÷óêà, 19�20 òðàâ. 2016 ð., Êè¨â: ìàòåðiàëè

êîíô. Ò.1. Äèôåðåíöiàëüíi òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.Êè¨â :

ÍÒÓÓ "ÊÏI", 2016. Ñ. 127�128.

55. Dron'V., Ivasyshen S., Medynsky I. On applications of Levi's parametrix

method in Theory of Parabolic equations. Intern. Conf. On Di�. Eq.,

Dedicated to the 110 Anniversary of Ya.B.Lopatynsky, September 20�24, 2016,

Lviv: Book of Abstracts. Lviv, 2016. P. 44.

56. ÄðîíüÂ., IâàñèøåíÑ., Ìåäèíñüêèé I. Âëàñòèâîñòi îá'¹ìíîãî ïîòåí-

öiàëó ëëÿ îäíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ.Ìiæíàð. íàóê. êîíô.

"Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ", ïðèñâÿ-

÷åíà 80-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðîôåñîðà Â.I.Ôîä÷óêà (1936-1992) òà

70-ði÷÷ÿ êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü, 28�30 âåðåñ. 2016 ð., ×åðíiâöi:

ìàòåðiàëè êîíô.×åðíiâöi: ×åðíiâåöüêèé íàö. óí-ò, 2016. Ñ. 44.

57. Iâàñèøåí Ñ., Ìåäèíñüêèé I.,Ïàñi÷íèê Ã. Ïàðàáîëi÷íi ðiâíÿí-

íÿ ç âèðîäæåííÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi.Ìiæíàð. íàóê. êîíô.

"Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ", ïðèñâÿ-

÷åíà 80-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðîôåñîðà Â.I.Ôîä÷óêà (1936-1992) òà

70-ði÷÷ÿ êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü, 28�30 âåðåñ. 2016 ð., ×åðíiâöi:

ìàòåðiàëè êîíô.×åðíiâöi: ×åðíiâåöüêèé íàö. óí-ò, 2016. Ñ. 50�51.
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58. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ôóíäàìåíòàëüíi ðîçâ'ÿçêè çàäà÷i

Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà ç ãëàäêèìè

êîåôiöi¹íòàìè.XVIII Ìiæíàð. íàóê. êîíô. iì. àêàä. Ì. Êðàâ÷óêà, 7�

10æîâò. 2017 ð., Ëóöüê�Êè¨â: ìàòåðiàëè êîíô. Ò.1. Äèôåðåíöiàëüíi òà ií-

òåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.Êè¨â: ÍÒÓÓ "ÊÏI", 2017.Ñ. 60�63.

59. IâàñèøåíÑ., Ìåäèíñüêèé I. Ôóíäàìåíòàëüíi ðîçâ'ÿçêè çàäà÷i Êîøi

äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà.Ìiæíàð. íàóê. êîíô.

"Ñó÷àñíi ïðîáëåìè ìåõàíiêè i ìàòåìàòèêè", 22�25 òðàâ. 2018 ð., Ëüâiâ:

çá. íàóê. ïðàöü ó 3-õ ò./ çà çàã. ðåä. À.Ì.Ñàìîéëåíêà òà Ð.Ì.Êóøíiðà

[Åëåêòðîííèé ðåñóðñ]. Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè òà ìàòåìà-

òèêè iì.ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, 2018. Ò. 1. Ñ. 34�35. Ðåæèì äîñòó-

ïó äî ðåñóðñó: www.iapmm.lviv.ua/mpmm2018.

60. ÂîçíÿêÎ., Ìåäèíñüêèé I. Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êî-

øi äëÿ óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà ç âèðîäæåí-

íÿì íà ïî÷àòêîâié ãiïåðïëîùèíi.Ìiæíàð. íàóê. êîíô. "Ñó÷àñíi ïðî-

áëåìè ìåõàíiêè i ìàòåìàòèêè", 22�25 òðàâ. 2018 ð.: çá. íàóê. ïðà-

öü ó 3-õ ò./ çà çàã. ðåä. À.Ì.Ñàìîéëåíêà òà Ð.Ì.Êóøíiðà [Åëåêòðîí-

íèé ðåñóðñ]. Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè òà ìàòåìàòèêè

iì.ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè. 2018.Ò.3. Ñ. 101�102. Ðåæèì äîñòóïó

äî ðåñóðñó: www.iapmm.lviv.ua/mpmm2018.

61. I.Ìåäèíñüêèé, Ñ. Iâàñèøåí Ïðî ïîáóäîâó òà îöiíêè êëàñè÷íîãî ôóí-

äàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ âèðîäæåíîãî ðiâíÿííÿ òèïó

Êîëìîãîðîâà. Ñó÷àñíi ïðîáëåìè ìàòåìàòèêè òà ¨¨ çàñòîñóâàííÿ â ïðè-

ðîäíè÷èõ íàóêàõ i iíôîðìàöiéíèõ òåõíîëîãiÿõ. Ìiæíàð. íàóê. êîíô. ïðè-

ñâÿ÷åíà 50-ði÷÷þ ôàêóëüòåòó ìàòåìàòèêè òà iíôîðìàòèêè ×åðíiâåöüêî-

ãî íàö. óí-òó iì. Þðiÿ Ôåäüêîâè÷à, 17�19 âåðåñ. 2018, ×åðíiâöi: ìàòåðiàëè

êîíô.×åðíiâöi, 2018. Ñ. 84.

62. IâàñèøåíÑ.Ä., Ìåäèíñüêèé I.Ï. Ïðî ëîêàëüíó ðîçâ'ÿçíiñòü çàäà÷i

Êîøi äëÿ êâàçiëiíiéíîãî âèðîäæåíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òè-
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ïó Êîëìîãîðîâà. VI Âñåóêð. ìàòåì. êîíô. iìåíi Á.Â.Âàñèëèøèíà, 26�

28 âåðåñ. 2018, Iâàíî-Ôðàíêiâñüê�Ìèêóëè÷èí. Iâàíî-Ôðàíêiâñüê: Ãîëiíåé,

2018. Ñ. 18�19.

63. Ivasyshen S.D., Medynsky I. P. Properties of Green operators generated

by fundamental solutions of degenerated parabolic equations.Intern. Conf.

"In�nite Dimensional Analysis and Topology", Dedicated to the 70-th

Anniversary of Professor Oleh Lopushansky. Oktober 15�20, 2019, Ivano-

Frankivsk: Book of Abstracts. Ivano-Frankivsk, 2019. P. 25�26.

64. Ìåäèíñüêèé I., ÄðîíüÂ. Ïðî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êî-

øi äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü äîâiëüíîãî ïîðÿäêó.Ìiæíàð.

íàóê. êîíô. "Ñó÷àñíi ïðîáëåìè äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ çàñòî-

ñóâàííÿ", ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðîôåñîðà Ñàìó¨-

ëà Äàâèäîâè÷à Åéäåëüìàíà, 16�19 âåðåñ. 2020 ð., ×åðíiâöi: ìàòåðiàëè

êîíô. [Åëåêòðîííèé ðåñóðñ]. ×åðíiâåöüêèé íàö. óí-ò, 2020. Ñ. 165�166. Ðå-

æèì äîñòóïó äî ðåñóðñó: www.sde100.fmi.org.ua.

65. Medynsky I., VoznyakO. Fundamental solutions of ultrapa-

rabolic Kolmogorov-type equations with three groups of spatial

variables and degeneration on the initial hyperplane. XI Intern.

Skorobohatko Math. Conf., October 26�30, 2020, Lviv: Abstracts.

[Electronic publication ISBN978-96602-9390-8]. Pidstryhach Institute for

Applied Problems of Mechanics and Mathematics of NAS of Ukraine.

2020. P. 75. https://www.iapmm.lviv.ua/conf_skorob2020.

Ä4. Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ äîïîâiäàëèñü òà îáãîâîðþâàëèñÿ íà:

International Conference on Functional Analysis and its Applications. Dedicated to

the 110-th anniversary of Stefan Banach, (May 28-31, 2002, Lviv, Ukraine), Ìiæ-

íàðîäíà êîíôåðåíöiÿ "Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ (Êè¨â,6-9

÷åðâíÿ 2005 ð.), VI ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ "Ìàòåìàòè÷íi ïðîáëåìè
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ìåõàíiêè íåîäíîðiäíèõ ñòðóêòóð (26-29 òðàâíÿ 2003, Ëüâiâ, Óêðà¨íà), Ìiæ-

íàðîäíà íàóêîâà êîíôåðåíöiÿ "Øîñòi áîãîëþáîâñüêi ÷èòàííÿ ( 26�30 ñåðïíÿ,

2003, ×åðíiâöi, Óêðà¨íà), III Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ �Íåëiíié-

íi ïðîáëåìè àíàëiçó� (9-12 âåðåñíÿ 2003 ð., Iâàíî-Ôðàíêiâñüê), Ìiæíàðîäíà

íàóêîâà êîíôåðåíöiÿ ç äèôåðåíöiàëüíèõ ðiâíÿíü, ïðèñâÿ÷åíà 100 ði÷íèöi ç

äíÿ íàðîäæåííÿ ß.Á.Ëîïàòèíñüêîãî, (12-17 âåðåñíÿ 2006 ð., Ëüâiâ, Óêðà¨-

íà), Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ �Äèôåðåíöiàëüíi. ðiâíÿííÿ òà ¨õ çà-

ñòîñóâàííÿ� (11-14 æîâòíÿ, 2006 ð., ×åðíiâöi, Óêðà¨íà), Ìiæíàðîäíà ìàòå-

ìàòè÷íà êîíôåðåíöiÿ iì. Â.ß.Ñêîðîáàãàòüêà (24-28 âåðåñíÿ 2007, Äðîãîáè÷,

Óêðà¨íà), XII Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iìåíi àêàäåìiêà Ì.Êðàâ÷óêà

(15-17 òðàâíÿ 2008 ð., Êè¨â, Óêðà¨íà), IV Âñåóêðà¨íñüêà íàóêîâà êîíôåðåí-

öiÿ "Íåëiíiéíi ïðîáëåìè àíàëiçó"(10-12 âåðåñíÿ 2008 ð., Iâàíî-Ôðàíêiâñüê),

International conference "Stochastic analysis and random dynamics (June 14-20,

2009, Lviv, Ukraine), XIII Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iìåíi àêàäåìiêà

Ì.Êðàâ÷óêà, (13 � 15 òðàâíÿ, 2010 ð., Êè¨â, Óêðà¨íà), Third International

Conference for Young Mathematicians on Di�erential Equations and Appliccations

dedicated to Yaroslav Lopatynsky, (3 � 6 November, 2010, Lviv, Ukraine), Ìiæíà-

ðîäíà ìàòåìàòè÷íà êîíôåðåíöiÿ iìåíi Â.ß.Ñêîðîáîãàòüêà (Äðîãîáè÷, Óêðà¨-

íà, 19-23 âåðåñíÿ 2011 ð.), Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ "Äèôåðåíöiàëü-

íi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ ïðèñâÿ÷åíà 65-ði÷÷þ êàôåäðè iíòåãðàëüíèõ òà

äèôåðåíöiàëüíèõ ðiâíÿíü Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Òàðà-

ñà Øåâ÷åíêà, (8-10 ÷åðâíÿ 2011 ð., Êè¨â, Óêðà¨íà), International Conference

Dedicated to the 120-th anniversary of Stefan Banach, (17�21.09.2012, Lviv,

Ukraine), Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ: Ìiæíàðîäíà íàóêî-

âà êîíôåðåíöiÿ ïðèñâÿ÷åíî¨ 70-ði÷÷þ ïðîô. Â.Â.Ìàðèíöÿ, (26�29 âåðåñíÿ

2012 ð., Óæãîðîä, Óêðà¨íà), Ñó÷àñíi ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàí-

íÿ, ïðîãíîçóâàííÿ òà îïòèìiçàöi¨: V Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ, (4�

5 êâiòíÿ 2012 ð.,Êàì'ÿíåöü-Ïîäiëüñüêèé), XIV Ìiæíàðîäíà íàóêîâà êîíôå-

ðåíöiÿ iìåíi àêàäåìiêà Ì.Êðàâ÷óêà, (19�21 êâiòíÿ 2012 ð., Êè¨â, Óêðà¨íà),
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Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ â ïðèêëàäíié ìàòåìàòèöi: Âñå-

óêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 50-ði÷÷þ êàôåäðè ïðèêëàäíî¨

ìàòåìàòèêè ×åðíiâåöüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Þ.Ôåäüêîâè÷à,

(11�23 ÷åðâíÿ 2012 ð., ×åðíiâöi, Óêðà¨íà), Ìiæíàðîäíà íàóêîâà êîíôåðåí-

öiÿ "Ñó÷àñíi ïðîáëåìè ìåõàíiêè i ìàòåìàòèêè (21-25 òðàâíÿ 2013 ð., Ëüâiâ,

Óêðà¨íà), V Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ "Íåëiíiéíi ïðîáëåìè àíàëi-

çó (19-21 âåðåñíÿ 2013 ð., Iâàíî-Ôðàíêiâñüê), Ñó÷àñíi ïðîáëåìè ìàòåìàòè÷-

íîãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòèìiçàöi¨: VI Ìiæíàðîäíà íàóêîâà

êîíôåðåíöiÿ, (4�5 êâiòíÿ 2014 ð., Êàì'ÿíåöü-Ïîäiëüñüêèé), XV Ìiæíàðîä-

íà íàóêîâà êîíôåðåíöiÿ iìåíi àêàäåìiêà Ì.Êðàâ÷óêà, (15�17 òðàâíÿ 2014 ð.,

Êè¨â, Óêðà¨íà), IV Ìiæíàðîäíà ãàíñüêà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 135 ði÷íè-

öi âiä äíÿ íàðîäæåííÿ Ãàíñà Ãàíà, (30 ÷åðâíÿ�05 ëèïíÿ 2014 ð., ×åðíiâöi,

Óêðà¨íà), XVI Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iìåíi àêàäåìiêà Ì.Êðàâ÷óêà,

(14�15 òðàâíÿ 2015 ð., Êè¨â, Óêðà¨íà), Íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà

100-ði÷÷þ âiä äíÿ íàðîäæåííÿ Ê.Ì. Ôiøìàíà òà Ì.Ê.Ôàãå, (1�4 ëèï-

íÿ 2015 ð., ×åðíiâöi), International V. Skorobohatko Mathematical Conference.

(August 25�28, 2015, Drogobych, Ukraine), Ñó÷àñíi ïðîáëåìè ìàòåìàòè÷íîãî

ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòèìiçàöi¨: VII Ìiæíàðîäíà íàóêîâà êîí-

ôåðåíöiÿ, (21�22 êâiòíÿ 2016 ð., Êàì'ÿíåöü-Ïîäiëüñüêèé), XVII Ìiæíàðîä-

íà íàóêîâà êîíôåðåíöiÿ iìåíi àêàäåìiêà Ì.Êðàâ÷óêà, (19�20 òðàâíÿ 2016 ð.,

Êè¨â, Óêðà¨íà), International Conference On Di�erential Equations Dedicated

to the 110-th Anniversary of Ya.B.Lopatynsky, (September 20- 24, 2016, Lviv,

Ukraine), Ìiæíàðäíà íàóêîâà êîíôåðåíöiÿ "Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi

ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ ïðèñâÿ÷åíà 80-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðî-

ôåñîðà Â. I.Ôîä÷óêà (1936-1992), (28�30 âåðåñíÿ 2016 ð., ×åðíiâöi, Óêðà¨íà),

XVIII Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iìåíi àêàäåìiêà Ì.Êðàâ÷óêà, (7�10

æîâòíÿ 2017 ð., Ëóöê�Êè¨â, Óêðà¨íà), Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ "Ñó-

÷àñíi ïðîáëåìè ìåõàíiêè i ìàòåìàòèêè (22-25 òðàâíÿ 2018 ð., Ëüâiâ, Óêðà¨íà),

Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ �Ñó÷àñíi ïðîáëåìè ìàòåìàòèêè òà ¨¨ çà-
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ñòîñóâàííÿ â ïðèðîäíè÷èõ íàóêàõ i iíôîðìàöiéíèõ òåõíîëîãiÿõ� ïðèñâÿ÷åíà

50-ði÷÷þ ôàêóëüòåòó ìàòåìàòèêè òà iíôîðìàòèêè ×åðíiâåöüêîãî íàöiîíàëü-

íîãî óíiâåðñèòåòó iìåíi Þðiÿ Ôåäüêîâè÷à, (17�19 âåðåñíÿ 2018 ð., ×åðíiâ-

öi, Óêðà¨íà), Øîñòà Âñåóêðà¨íñüêà êîíôåðåíöiÿ iìåíi Á.Â.Âàñèëèøèíà, (26�

28 âåðåñíÿ 2018 ð., Iâàíî-Ôðàíêiâñüê�Ìèêóëè÷èí), International Conftrence

"In�nite Dimensional Analysis and Topology Dedicated to the 70-th Anniversary

of Professor Oleh Lopushansky, (October 15-20, 2019, Ivano-Frankivsk, Ukraine),

Ìiæíàð. íàóê. êîíô. "Ñó÷àñíi ïðîáëåìè äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ çàñòî-

ñóâàííÿ ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðîôåñîðà Ñàìó¨ëà Äàâè-

äîâè÷à Åéäåëüìàíà, (16�19 âåðåñ. 2020 ð., ×åðíiâöi), XI Intern. Skorobohatko

Math. Conf. (October 26�30, 2020, Lviv), íàóêîâèõ ñåìiíàðàõ Iíñòèòóòó ïðè-

êëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iìåíi ß.Ñ.Ïiäñòðèãà÷à, çàñiäàííi ìà-

òåìàòè÷íî¨ êîìiñi¨ ÍÒØ (Ëüâiâ, 2019 ð.), âiäêðèòèõ íàóêîâî-òåõíi÷íèõ êîí-

ôåðåíöiÿõ Iíñòèòóòó ïðèêëàäíî¨ ìàòåìàòèêè òà ôóíäàìåíòàëüíèõ íàóê Íà-

öiîíàëüíîãî óíiâåðñèòåòó ¾Ëüâiâñüêà ïîëiòåõíiêà¿ (2014 � 2020 ðð.), íàóêî-

âèõ ñåìiíàðàõ êàôåäðè ïðèêëàäíî¨ ìàòåìàòèêè Íàöiîíàëüíîãî óíiâåðñèòåòó

"Ëüâiâñüêà ïîëiòåõíiêà"(êåðiâíèê: ä. ô.-ì. í., ïðîô. Ï.Ï. Êîñòðîáié 2002�

2020 ðîêè), Ëüâiâñüêîìó ìiñüêîìó ñåìiíàði ç äèôåðåíöiàëüíèõ ðiâíÿíü (êåðiâ-

íèêè: ä. ô.-ì. í., ïðîô. Ì.Ì. Áîêàëî, ä. ô.-ì. í., ïðîô. Ï.I. Êàëåíþê, 2014

� 2020 ðð.), íàóêîâîìó ñåìiíàði êàôåäðè ìàòåìàòè÷íî¨ ôiçèêè Íàöiîíàëüíîãî

òåõíi÷íîãî óíiâåðñèòåòó Óêðà¨íè "Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò iìåíi Iãî-

ðÿ Ñiêîðñüêîãî"(êåðiâíèêè: ä. ô.-ì. í., ïðîô. Ñ.Ä. Iâàñèøåí, ä. ô.-ì. í., äîö.

Â.Ì. Ãîðáà÷óê, 17 ëþòîãî 2021 ð.), Êè¨âñüêîìó ìiñüêîìó ñåìiíàði ç ôóíêöiî-

íàëüíîãî àíàëiçó (êåðiâíèêè: Î.Â.Àíòîíþê, À.Í.Êî÷óáåé, Â.À.Ìèõàéëåöü,

Â.Ë.Îñòðîâñüêèé, Þ.Ñ.Ñàìîéëåíêî), 17 ëþòîãî 2021 ð.).


