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Àíîòàöiÿ

Ñêiðà I. Â. Çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ôóíêöiîíàëüíî-

äèôåðåíöiàëüíèõ ðiâíÿíü òà âàðiàöiéíèõ íåðiâíîñòåé. � Êâàëiôiêàöiéíà íàó-

êîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà ñïåöiàëü-

íiñòþ 111 � ¾Ìàòåìàòèêà¿ (Ãàëóçü çíàíü 11 � ¾Ìàòåìàòèêà òà ñòàòèñòèêà¿).

� Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ, 2021.

Ó ñó÷àñíié ôiçèöi, áiîëîãi¨, åêîíîìiöi äîñëiäæóþòü îïèñóâàíi äèôåðåíöi-

àëüíèìè ðiâíÿííÿìè äèíàìi÷íi ïðîöåñè, ïî÷àòîê ÿêèõ íàñòiëüêè âiääàëåíèé

âiä àêòóàëüíîãî ìîìåíòó, ùî ïî÷àòêîâi äàíi ïðàêòè÷íî íå âïëèâàþòü íà ¨õ

ïðîõîäæåííÿ â öåé ìîìåíò. Áóäü-ÿêèé òàêèé ïðîöåñ, ÿê ïðàâèëî, ìîäåëþ¹òüñÿ

åâîëþöiéíèì äèôåðåíöiàëüíèì ðiâíÿííÿì ç ÷àñòèííèìè ïîõiäíèìè, êðàéîâè-

ìè óìîâàìè òà íàÿâíiñòþ ÷è âiäñóòíiñòþ îáìåæåíü íà ïîâåäiíêó ðîçâ'ÿçêó,

êîëè ÷àñîâà çìiííà ïðÿìó¹ äî ïî÷àòêîâîãî ìîìåíòó, ÿêèé ââàæà¹òüñÿ ðiâíèì

−∞ . Òàêîãî ðîäó çàäà÷ó íàçèâàþòü çàäà÷åþ áåç ïî÷àòêîâèõ óìîâ àáî, iíøè-

ìè ñëîâàìè, çàäà÷åþ Ôóð'¹ äëÿ âiäïîâiäíèõ ðiâíÿíü. Çàóâàæèìî, ùî çàäà÷à

Ôóð'¹ äëÿ åâîëþöiéíèõ ðiâíÿíü òiñíî ïîâ'ÿçàíà iç çàäà÷àìè íà çíàõîäæåííÿ

ïåðiîäè÷íèõ òà ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ öèõ ðiâíÿíü.

Ìåòîþ ðîáîòè ¹ äîñëiäæåííÿ óìîâ iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ

ðîçâ'ÿçêiâ çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü òà âàðiàöié-

íèõ íåðiâíîñòåé ç äåÿêèõ ðàíiøå íå âèâ÷åíèõ êëàñiâ.

Îá'¹êòîì äîñëiäæåííÿ ¹ çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ ïàðàáîëi÷íèõ i

åëiïòè÷íî-ïàðàáîëi÷íèõ íåëiíiéíèõ äèôåðåíöiàëüíèõ òà iíòåãðî-äèôåðåíöi-

àëüíèõ ðiâíÿíü i ¨õ ñèñòåì, à òàêîæ íåëiíiéíèõ åâîëþöiéíèõ âàðiàöiéíèõ

íåðiâíîñòåé ç ôóíêöiîíàëàìè.

Ïðåäìåòîì äîñëiäæåííÿ ¹ ïèòàííÿ iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ

ðîçâ'ÿçêiâ çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ ïàðàáîëi÷íèõ i åëiïòè÷íî-ïàðàáî-
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ëi÷íèõ íåëiíiéíèõ äèôåðåíöiàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü òà

¨õ ñèñòåì, à òàêîæ íåëiíiéíèõ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé ç ôóí-

êöiîíàëàìè.

Ó ðîáîòi âèêîðèñòîâóþòüñÿ ìåòîäè òà iäå¨ òåîði¨ ðiâíÿíü ç ÷àñòèííèìè ïî-

õiäíèìè, ôóíêöiîíàëüíîãî àíàëiçó, çîêðåìà, ìåòîäè Ãàëüîðêiíà, ìîíîòîííîñòi

i êîìïàêòíîñòi, ïðèíöèï ñòèñêóþ÷èõ âiäîáðàæåíü òà iíøi.

Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó, ÷îòèðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó ëi-

òåðàòóðè òà äâîõ äîäàòêiâ. Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äîñëi-

äæåííÿ, ñôîðìóëüîâàíî ìåòó, çàâäàííÿ, ïðåäìåò, îá'¹êò òà ìåòîäè äîñëiäæå-

ííÿ, âêàçàíî íàóêîâó íîâèçíó, ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ,

çâ'ÿçîê ðîáîòè ç äåðæàâíîþ íàóêîâî-äîñëiäíîþ òåìîþ, îñîáèñòèé âíåñîê çäî-

áóâà÷à òà àïðîáàöiþ i ïóáëiêàöi¨ îñíîâíèõ ðåçóëüòàòiâ äèñåðòàöi¨.

Ó ðîçäiëi 1 íàâåäåíî îãëÿä ëiòåðàòóðè çà òåìàòèêîþ äèñåðòàöi¨ òà îïèñ

îñíîâíèõ ðåçóëüòàòiâ äèñåðòàöi¨. Ó ïiäðîçäiëi 1.1 ðîçãëÿíóòî âiäîìi ðåçóëüòà-

òè, ùî ñòîñóþòüñÿ çàäà÷i Ôóð'¹ äëÿ ïàðàáîëi÷íèõ òà åëiïòè÷íî-ïàðàáîëi÷íèõ

ðiâíÿíü i ñèñòåì. Ïiäðîçäië 1.2 ïðèñâÿ÷åíèé îãëÿäó ðåçóëüòàòiâ ñòîñîâíî çà-

äà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ îïåðàòîðíî-äèôåðåíöiàëüíèõ ðiâíÿíü òà âàði-

àöiéíèõ íåðiâíîñòåé. Ó ïiäðîçäiëi 1.3 íàâåäåíî îïèñ ðåçóëüòàòiâ äèñåðòàöi¨.

Ðîçäië 2 ïðèñâÿ÷åíèé çàäà÷i Ôóð'¹ äëÿ ïàðàáîëi÷íèõ i åëiïòè÷íî-ïàðàáî-

ëi÷íèõ ñëàáêî òà ñèëüíî íåëiíiéíèõ äèôåðåíöiàëüíèõ òà iíòåãðî-äèôåðåíöi-

àëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ. Îáëàñòi çàäàííÿ ðiâíÿíü ¹ öèëiíäðè÷íèìè ç

ïàðàëåëüíèìè ÷àñîâié îñi òâiðíèìè i íåîáåæåíèìè çíèçó çà ÷àñîâîþ òà îáìå-

æåíèìè çà ïðîñòîðîâèìè çìiííèìè. Ïîêàçíèêè íåëiíiéíîñòi ðîçãëÿíóòèõ ó

ïiäðîçäiëàõ 2.1 � 2.3 ðiâíÿíü ¹ çìiííèìè, à ó ïiäðîçäiëi 2.4 � ñòàëèé.

Ó ïiäðîçäiëi 2.1 äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíèõ ðîçâ'ÿçêiâ

çàäà÷i Ôóð'¹ äëÿ ïàðàáîëi÷íèõ ñèëüíî íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

áåç áóäü-ÿêèõ îáìåæåíü íà ïîâåäiíêó ðîçâ'ÿçêó íà íåñêií÷åííîñòi. Îòðèìà-

íî îöiíêè öèõ ðîçâ'ÿçêiâ. Âèäiëåíî êëàñ àíiçîòðîïíèõ ïàðàáîëi÷íèõ ðiâíÿíü

âèùèõ ïîðÿäêiâ, äëÿ ÿêèõ âñòàíîâëåíî iñíóâàííÿ îáìåæåíèõ, ïåðiîäè÷íèõ òà

ìàéæå ïåðiîäè÷íèõ óçàãàëüíåíèõ ðîçâ'ÿçêiâ öèõ ðiâíÿíü. Ïàðàáîëi÷íi ñèëüíî

íåëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ âèùèõ ïîðÿäêiâ çi çìiííèìè ïîêàçíèêàìè

íåëiíiéííîñòi ðîçãëÿíóòî âïåðøå.

Ó ïiäðîçäiëi 2.2 îòðèìàíî óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîç-
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â'ÿçêiâ çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèëüíî íåëiíiéíèõ ðiâíÿíü

ç ìîíîòîííèìè ïðîñòîðîâèìè ÷àñòèíàìè ïðè âiäñóòíîñòi îáìåæåíü íà çðî-

ñòàííÿ âõiäíèõ äàíèõ òà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè ïðÿìóâàííi ÷àñîâî¨ çìiííî¨

äî −∞ . Ïðè äîäàòêîâèõ ïðèïóùåííÿõ íà êîåôiöi¹íòè òà ïðàâi ÷àñòèíè ðiâ-

íÿíü äîâåäåíî iñíóâàííÿ îáìåæåíèõ, ïåðiîäè÷íèõ òà ìàéæå ïåðiîäè÷íèõ óçà-

ãàëüíåíèõ ðîçâ'ÿçêiâ öèõ ðiâíÿíü. Çàäà÷à Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ

ñèëüíî íåëiíiéíèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi ðàíiøå íå

äîñëiäæóâàëàñÿ.

Ó ïiäðîçäiëi 2.3 äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíèõ ðîçâ'ÿçêiâ

çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèëüíî íåëiíiéíèõ iíòåãðî-äèôåðåí-

öiàëüíèõ ðiâíÿíü, à òàêîæ äîñëiäæåíî ïèòàííÿ iñíóâàííÿ ïåðiîäè÷íèõ òà ìàé-

æå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ òàêèõ ðiâíÿíü.

Ðàíiøå çàäà÷à Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèëüíî íåëiíiéíèõ iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ çi çìiííèìè ïîêàçíèêàìè íåëiíié-

íîñòi íå âèâ÷àëàñÿ.

Ó ïiäðîçäiëi 2.4 çíàéäåíî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëü-

íåíèõ ðîçâ'ÿçêiâ çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñëàáêî íåëiíiéíèõ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ïðè äåÿêèõ îáìåæåííÿõ íà çðîñòàííÿ âõiä-

íèõ äàíèõ òà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè ïðÿìóâàííi ÷àñîâî¨ çìiííî¨ äî −∞ .

Çàäà÷à Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñëàáêî íåëiíiéíèõ iíòåãðî-äèôå-

ðåíöiàëüíèõ ðiâíÿíü ðàíiøå íå ðîçãëÿäàëèñÿ.

Ó ðîçäiëi 3 äîñëiäæåíî çàäà÷ó Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì

ïðè ðiçíèõ òèïàõ íåëiíiéíîñòi. Îáëàñòi çàäàííÿ ðiâíÿíü ñèñòåì ¹ öèëiíäðè-

÷íèìè ç ïàðàëåëüíèìè ÷àñîâié îñi òâiðíèìè i íåîáåæåíèìè çíèçó çà ÷àñîâîþ

òà îáìåæåíèìè çà ïðîñòîðîâèìè çìiííèìè. Ó ïiäðîçäiëi 3.1 âèâ÷åíî óìîâè

iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-

ïàðàáîëi÷íèõ ñèñòåì ñèëüíî íåëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü çi

çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi. Ïðè öüîìó íå íàêëàäàþòüñÿ îáìåæåííÿ

íà çðîñòàííÿ âõiäíèõ äàíèõ òà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè ïðÿìóâàííi ÷àñîâî¨

çìiííî¨ äî −∞ . Ó ïiäðîçäiëi 3.2 äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ

çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì ñëàáêî íåëiíiéíèõ iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü ïðè íàÿâíîñòi îáìåæåíü íà çðîñòàííÿ âõiäíèõ äà-

íèõ òà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè ïðÿìóâàííi ÷àñîâî¨ çìiííî¨ äî −∞ . Çàäà-
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÷à Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì ñèëüíî òà ñëàáêî íåëiíiéíèõ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó ðàíiøå íå äîñëiäæóâàëè-

ñÿ.

Ó ðîçäiëi 4 âèâ÷åíî çàäà÷ó áåç ïî÷àòêîâèõ óìîâ äëÿ ñëàáêî íåëiíiéíèõ

åâîëþöiéíèõ âêëþ÷åíü ç ôóíêöiîíàëàìè. Îòðèìàíî äîñòàòíi óìîâè iñíóâàííÿ

òà ¹äèíîñòi ðîçâ'ÿçêiâ òàêî¨ çàäà÷i. Çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ ñëàáêî

íåëiíiéíèõ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé ç ôóíêöiîíàëàìè ðàíiøå íå

âèâ÷àëàñÿ.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåðòàöi¨

ìàþòü òåîðåòè÷íå çíà÷åííÿ i ìîæóòü áóòè âèêîðèñòàíi äëÿ ðîçâèòêó òåîði¨

ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè òà çàñòîñîâàíi ïðè äîñëiäæåíi çàäà÷ ãàçî-

òà ãiäðîäèíàìiêè, òåîði¨ áiîëîãi÷íèõ ïîïóëÿöié, îïòèìàëüíîãî êåðóâàííÿ, õi-

ìi÷íî¨ êiíåòèêè, òîùî.

Êëþ÷îâi ñëîâà: åâîëþöiéíå ðiâíÿííÿ, ïàðàáîëi÷íå ðiâíÿííÿ, åëiïòè÷íî-

ïàðàáîëi÷íå ðiâíÿííÿ, iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ, åâîëþöiéíà âàðià-

öiéíà íåðiâíiñòü, âàðiàöiéíà íåðiâíiñòü ç ôóíêöiîíàëîì, çàäà÷à áåç ïî÷àòêî-

âèõ óìîâ, çàäà÷à Ôóð'¹.

Ñïèñîê ïóáëiêàöié çäîáóâà÷à çà òåìàòèêîþ äèñåðòàöi¨
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Abstract

Skira I. V. Problem without initial condition for evolution functional-di�eren-

tial equations and variational inequalities. � Qualifying scienti�c work on the

rights of the manuscript.

The thesis presented for the degree of Doctor of Philosophy in speciality 111 �

"Mathematics"(�eld of studies 11 � "Mathematics and statistics"). � Ivan Franko

National University of Lviv, Lviv, 2021.

In modern physics, biology, economics there are studied dynamic processes, the

beginning of which is so far from the actual moment that the initial conditions do

not a�ect on them in the actual time moment. Any such process is usually modeled

by an evolutionary di�erential equation with partial derivatives, boundary condi-

tions, and the presence or absence of constraints on the behavior of the solution,

when the time variable converges to the initial moment, which is considered equal

to −∞ . Such problem is called a problem without initial conditions or, in other

words, a Fourier problem for the corresponding equations.

Note that the Fourier problems for evolution equations are closely related to

the problems for �nding periodic and almost periodic solutions of these equations.

The purpose of the work is to study the conditions of existence and uniqueness

of weak solutions of the problems without initial conditions for evolutional equati-

ons and variational inequalities from some classes not studied to date.

Object of research are problems without initial conditions for parabolic and

elliptic-parabolic nonlinear di�erential and integro-di�erential equations and sys-

tem of these equation, and also nonlinear evolutional variational inequalities with

functionals.

The subject of the study is the question of the existence and uniqueness of

solutions of the problems without initial conditions for parabolic and elliptic-

parabolic nonlinear di�erential and integro-di�erential equations and system of

8
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these equation, and also nonlinear evolutional variational inequalities with functi-

onals.

In the paper there are used methods and ideas of the theory of partial di�erenti-

al equations, functional analysis, in particular, Galorkin's method, methods of

monotonicity and compactness, the principle of contraction mapping and others.

The thesis consists of an introduction, four chapters, conclusions and the

references. The introduction substantiates the relevance of research topic. The

purpose, subject, object and methods of the research are listed there. Scienti�c

novelty, the practical signi�cance of the results, the relation to scienti�c topic and

applicant's contribution are also indicated in the introduction.

Chapter 1 provides an literature review concerning on the topic of the thesis

and an overview of the main results of this work. In Section 1.1 we considered

the known results related to the problems without initial conditions for parabolic

and elliptic-parabolic equations and system of equations. In Section 1.2 publicati-

ons and results concerning the problems without initial conditions for functional-

di�erential equations and evolution variational inequalities are examined. Section

1.3 is an overview of the results of this work.

In Chapter 2 we consider the Fourier problem for higher-order parabolic

and elliptic-parabolic weakly and strongly nonlinear di�erential and integro-

di�erential equations. These equations are de�ned on cylindrical domains which

are Cartesian products of unbounded from the bottom time axis and bounded

space domains. The exponents of nonlinearity of the equations considered in

subsections 2.1 - 2.3 are variable, and in subsection 2.4 are constant.

Section 2.1 proves the existence and uniqueness of weak solutions of the Fou-

rier problem for parabolic strongly nonlinear di�erential equations without any

restrictions on the behavior of the solution at in�nity.

Estimates of these solutions are obtained. A class of anisotropic parabolic

equations of higher orders is distinguished, for which the existence of bounded,

periodic, and almost periodic weak solutions of these equations is established.

Higher-order parabolic strongly nonlinear di�erential equations of with variable

exponents of nonlinearity are considered for the �rst time.

In Section 2.2 the condition for the existence and for the uniqueness of weak

solution of the Fourier problem for elliptic-parabolic strongly nonlinear di�erential



10

equations monotone spatial parts without any restrictions on the growth of input

data and on the behavior of the solutions at in�nity are found. With additional

assumptions on the coe�cients and the right-hand side of the equations the exi-

stence of bounded, periodic and almost periodic weak solutions of these equations

is proved. The Fourier problem for elliptic-parabolic strongly nonlinear equations

with variable exponents of nonlinearity has not been studied before.

Subsection 2.3 proves the existence and uniqueness of weak solutions of the

Fourier problem for elliptic-parabolic strongly nonlinear integro-di�erential equati-

ons, and also investigates the existence of periodic and almost periodic solutions of

the problem without initial conditions for such equations. Previously, the Fourier

problem for higher-order elliptic-parabolic strongly nonlinear integral-di�erential

equations with variable nonlinearities was not studied.

In Section 2.4 there are found su�cient conditions for the existence and uni-

queness of weak solutions of the Fourier problem for elliptic-parabolic weakly

nonlinear integro-di�erential equations with some restrictions on the growth of

input data and the behavior of solutions when the time variable is converges

to −∞ . The Fourier problem for elliptic-parabolic weakly nonlinear integro-

di�erential equations has not been considered before.

Chapter 3 is devoted the Fourier problem for elliptic-parabolic systems of

equations for di�erent types of nonlinearity. The domains of the equations are

cylindrical with generators parallel to the time axis and unbounded from the

bottom in time and bounded by the spatial variables.

In Section 3.1 there are studied the conditions for the existence and uniqueness

of weak solutions of the Fourier problem for strongly nonlinear elliptic-parabolic

systems integro-di�erential equations with variable exponents of nonlinearity. At

the same time, there are no restrictions on the growth of input data and the

behavior of solutions when the time variable converges to −∞ . Section 3.2 proves

the existence and uniqueness of solutions of the Fourier problem for weakly nonli-

near elliptic-parabolic systems integro-di�erential equations in the presence of

constraints on the growth of input data and the behavior of solutions when the ti-

me variable converges to −∞ . The Fourier problem for elliptic-parabolic systems

of strongly and weakly nonlinear second-order integro-di�erential equations has

not been studied before.
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Chapter 4 deals the problem without initial conditions for weakly nonlinear

evolution inclusions with functionals. Su�cient conditions for the existence and

uniqueness of solutions of such a problem are obtained. The problem without

initial conditions for weakly nonlinear evolutionary variational inequalities has

not been studied before.

The practical signi�cance of the results. The results of the thesis have

theoretical signi�cance and can be used for the development of the theory of

partial di�erential equations and applied in problems of gas- and hydrodynamics,

the theory of biological populations, optimal control, chemical kinetics and more.

Keywords: parabolic equation, evolution equation, elliptic-parabolic equati-

on, integro-di�erential equation, elliptic-parabolic variational inequality, evoluti-

onary variational inequality, variational inequality with functionals, problem wi-

thout initial conditions, the Fourier problem.
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• N � êiëüêiñòü ìóëüòèiíäåêñiâ ðîçìiðíîñòi n (âïîðÿäêîâàíèõ íàáîðiâ α =

(α1, . . . , αn) ç öiëèõ íåâiä'¹ìíèõ ÷èñåë), äîâæèíè ÿêèõ ( |α| = α1 + . . .+αn )

¹ åëåìåíòàìè ìíîæèíè M ;

• Rn � ëiíiéíèé ïðîñòið, ñêëàäåíèé ç âïîðÿäêîâàíèõ íàáîðiâ x = (x1, . . . , xn)

äiéñíèõ ÷èñåë, ç íîðìîþ |x| := (|x1|2 + . . .+ |xn|2)1/2 ;

• RN � ëiíiéíèé ïðîñòið âïîðÿäêîâàíèõ íàáîðiâ ç N äiéñíèõ ÷èñåë ξ =

(ξ0̂ , . . . , ξα, . . .) ≡ (ξα : |α| ∈ M) , êîìïîíåíòè ÿêèõ ïðîíóìåðîâàíi ìóëüòè-

iíäåêñàìè ðîçìiðíîñòi n , ùî ìàþòü äîâæèíè ç M i âïîðÿäêîâàíi ëåêñèêî-

ãðàôi÷íî (öå îçíà÷à¹, ùî α = (α1, . . . , αn) ïåðåäó¹ β = (β1, . . . , βn) , êîëè

àáî |α| < |β| , àáî |α| = |β| i αk > βk , äå k = min
{
j : αj 6= βj

}
);

• 0̂ � ìóëüòèiíäåêñ, ñêëàäåíèé ç íóëiâ;

• MN×(n+1)(R) � ëiíiéíèé ïðîñòið, ñêëàäåíèé ç ìàòðèöü ζ = (ζkl) = (ζkl :

k = 1, N, l = 0, n) ðîçìiðíîñòi N × (n + 1) ç äiéñíèìè åëåìåíòàìè i íàäi-

ëåíèé íîðìîþ |ζ| =
( N∑
i=1

n∑
j=0

|ζij|2
)1/2

.

• Ω � îáìåæåíà îáëàñòü â Rn ;

• Γ = ∂Ω � ìåæà Ω ;

• mesnΩ � ìiðà Ëåáåãà ìíîæèíè Ω ;

• ν = (ν1, . . . , νn) � îäèíè÷íèé âåêòîð çîâíiøíüî¨ äî Γ íîðìàëi;

• Γ0, Γ1 � ÷àñòèíè ïîâåðõíi Γ òàêi, ùî Γ0 ∪ Γ1 = Γ i Γ0 ∩ Γ1 = ∅ ;

• S := (−∞, 0] àáî R ;

• Q := Ω× S ;

16
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• Qt1,t2 := Ω× (t1, t2) ;

• Σ := Γ× S ;

• Σ0 := Γ0 × S, Σ1 := Γ1 × S ;

• C(F ) , äå F � äîâiëüíà ìíîæèíà â Rn , � ïðîñòið íåïåðåðâíèõ äiéñíîçíà-

÷íèõ ôóíêöié íà F ;

• Ck(Ω) , äå k ∈ N, � ïðîñòið k -ðàç íåïåðåðâíî-äèôåðåíöiéîâíèõ äiéñíî-

çíà÷íèõ ôóíêöié íà Ω ;

• C∞c (Ω) � ëiíiéíèé ïðîñòið, ùî ñêëàäà¹òüñÿ ç íåñêií÷åííî äèôåðåíöiéîâíèõ

íà Ω ôóíêöié, ÿêi ìàþòü êîìïàêòíèé íîñié;

• C1(R) � ïðîñòið íåïåðåðâíî-äèôåðåíöiéîâíèõ ôóíêöié íà R ;

• C1
c (a, b), äå −∞ ≤ a < b ≤ +∞, � ëiíiéíèé ïðîñòið íåïåðåðâíî äèôåðåí-

öiéîâíèõ íà (a, b) ôóíêöié ç êîìïàêòíèì íîñi¹ì;

• Lqloc(S) , äå q ∈ [1,∞] , � ïðîñòið äiéñíîçíà÷íèõ ôóíêöié íà S , çâóæåííÿ

ÿêèõ íà áóäü-ÿêèé âiäðiçîê [t1, t2] ⊂ S íàëåæàòü ïðîñòîðó Lq
(
t1, t2

)
;

• Lq
loc

(F ) , äå q ∈ [1,∞] , F � íåîáìåæåíà âèìiðíà ìíîæèíà â Rn , � ëiíié-

íèé ïðîñòið âèìiðíèõ íà F ôóíêöié òàêèõ, ùî ¨õ çâóæåííÿ íà äîâiëüíó

îáìåæåíó âèìiðíó ïiäìíîæèíó F ′ ⊂ F íàëåæàòü ïðîñòîðó Lq(F ′) ;

• Lr(·)(G) := {v ∈ L1(G)
∣∣ ρG,r(v) < ∞} , äå r ∈ L∞(Ω), ïðè÷îìó r(x) > 1 ,

ρG,r(v) :=
∫

Ω |v(x)|r(x)dx, ÿêùî G = Ω, i ρG,r(v) :=
∫
G |v(x, t)|r(x)dxdt ,

ÿêùî G = Ω× I , äå I ⊂ R � ÷èñëîâèé ïðîìiæîê, � óçàãàëüíåíèé ïðîñòið

Ëåáåãà;

• Lr(·),loc(F ) , äå F � íåîáìåæåíà âèìiðíà ìíîæèíà â Rk , � ëiíiéíèé ïðî-

ñòið âèìiðíèõ íà F ôóíêöié òàêèõ, ùî ¨õ çâóæåííÿ íà äîâiëüíó îáìåæåíó

âèìiðíó ïiäìíîæèíó F ′ ⊂ F íàëåæàòü ïðîñòîðó Lr(·)(F
′) ;

• ∇u := (ux1, . . . , uxn) � ãðàäi¹íò ôóíêöi¨ u = u(x1, . . . , xn) ;

• Hm(Ω) := {v ∈ L2(Ω)
∣∣Dαv ∈ L2(Ω) ∀α ∈ Zn+, |α| ≤ m} � ãiëüáåðòiâ

ïðîñòið Ñîáîë¹âà çi ñêàëÿðíèì äîáóòêîì

(v, w)Hm(Ω) :=

∫
Ω

∑
|α|≤m

Dαv(x)Dαw(x) dx;
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•
◦
Hm(Ω) � çàìèêàííÿ ïðîñòîðó C∞c (Ω) â Hm(Ω) ;

• W m
p(·)(Ω) := {v ∈ L1(Ω)

∣∣Dαv ∈ Lpα(·)(Ω) ∀α, |α| ∈ M} , äå p(x) = (pα(x) :

|α| ∈ M), x ∈ Ω, � âïîðÿäêîâàíèé íàáið âèìiðíèõ íà Ω ôóíêöié pα > 1 ,

|α| ∈M, � óçàãàëüíåíèé àíiçîòðîïíèé ïðîñòið Ñîáîë¹âà;

•
◦
W m

p(·)(Ω) � çàìèêàííÿ ïðîñòîðó C∞c (Ω) â W m
p(·)(Ω) ;

• Hb(Ω) , äå b : Ω→ R � âèìiðíà îáìåæåíà ôóíêöiÿ, 0 6 b 6 1 , � ëiíiéíèé

ïðîñòið ôóíêöié âèãëÿäó w = b̃−1/2v, äå v ∈ L2(Ω) , b̃(x) = b(x), ÿêùî

x ∈ Ω0 := {x ∈ Ω
∣∣ b(x) > 0} , i b̃(x) = 1, ÿêùî x ∈ Ω \ Ω0, íàäiëåíèé

ïiâíîðìîþ ‖w‖Hb(Ω) :=
( ∫

Ω b(x)|w(x)|2 dx
)1/2

.

Äëÿ äîâiëüíîãî áàíàõîâîãî (ãiëüáåðòîâîãî) ïðîñòîðó X :

• ‖ · ‖X � íîðìà íà X ;

• (·, ·)X � ñêàëÿðíèé äîáóòîê íà X ;

• X ′ � ñïðÿæåíèé äî X ïðîñòið;

• Lq
loc

(S;X) , äå q ∈ [1,∞] , � ëiíiéíèé ïðîñòið ôóíêöié, ÿêi âèçíà÷åíi íà S

i ïðèéìàþòü çíà÷åííÿ â X , à ¨õ çâóæåííÿ íà áóäü-ÿêèé iíòåðâàë (a, b) ⊂ S

íàëåæàòü ïðîñòîðó Lq(a, b;X) ;

• C(S;X) � ïðîñòið íåïåðåðâíèõ ôóíêöié, ÿêi âèçíà÷åíi íà S i ïðèéìàþòü

çíà÷åííÿ â X .



Âñòóï

Àêòóàëüíiñòü òåìè. Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ çà-

äà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü òà âàðiàöiéíèõ íåðiâíîñòåé

ç ðàíiøå íå âèâ÷åíèõ êëàñiâ.

Ó ñó÷àñíié ôiçèöi, áiîëîãi¨, åêîíîìiöi äîñëiäæóþòü îïèñóâàíi äèôåðåíöi-

àëüíèìè ðiâíÿííÿìè äèíàìi÷íi ïðîöåñè, ïî÷àòîê ÿêèõ íàñòiëüêè âiääàëåíèé

âiä àêòóàëüíîãî ìîìåíòó, ùî ïî÷àòêîâi äàíi ïðàêòè÷íî íå âïëèâàþòü íà ¨õ

ïðîõîäæåííÿ â öåé ìîìåíò. Òîäi ââàæàþòü, ùî ïî÷àòêîâèé ìîìåíò ñïiâïàäà¹

ç −∞ , i âèâ÷àþòü äàíèé ïðîöåñ â çàëåæíîñòi âiä ðåæèìó íà ìåæi îáëàñòi, â

ÿêié âií âiäáóâà¹òüñÿ, òà çîâíiøíiõ âïëèâiâ. Çàìiñòü ñòàíäàðòíî¨ ïî÷àòêîâî¨

óìîâè çàäàþòü óìîâó íà ïîâåäiíêó ðîçâ'ÿçêó ïðè t→ −∞ àáî íi÷îãî íå çàäà-

þòü. Òàêîãî ðîäó çàäà÷ó íàçèâàþòü çàäà÷åþ áåç ïî÷àòêîâèõ óìîâ àáî, iíøè-

ìè ñëîâàìè, çàäà÷åþ Ôóð'¹ äëÿ âiäïîâiäíèõ ðiâíÿíü. Çàóâàæèìî, ùî çàäà÷à

Ôóð'¹ äëÿ åâîëþöiéíèõ ðiâíÿíü òiñíî ïîâ'ÿçàíà iç çàäà÷àìè íà çíàõîäæåííÿ

ïåðiîäè÷íèõ òà ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ öèõ ðiâíÿíü.

Ñèñòåìàòè÷íå âèâ÷åííÿ çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâ-

íÿíü ðîçïî÷àâ À.Ì. Òèõîíîâ â 1935 ðîöi, ÿêèé äîâiâ, ùî äëÿ ¹äèíîñòi êëà-

ñè÷íîãî ðîçâ'ÿçêó îäíîâèìiðíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi ïîòðiáíî âèìà-

ãàòè ïåâíi îáìåæåííÿ íà ïîâåäiíêó ðîçâ'ÿçêó íà íåñêií÷åííîñòi, íàïðèêëàä,

éîãî îáìåæåíiñòü. Ïiçíiøå öÿ òåìàòèêà àêòèâíî ðîçâèâàëàñÿ áàãàòüìà ìàòå-

ìàòèêàìè, ñåðåä ÿêèõ Ñ.Ä. Åéäåëüìàí, Î.À. Îëiéíèê, Ñ.Ä. Iâàñèøåí, Î.À.

Ïàíêîâ, Ì.Ä. Ìàðòèíåíêî, Ë.Ô. Áîéêî, Â.Ï. Ëàâðåí÷óê, Ì.I. Ìàòié÷óê,

Ì.Ì. Áîêàëî, Ñ.Ï. Ëàâðåíþê, Í.Ï. Ïðîöàõ, Ï.ß. Ïóêà÷, Î.Ì. Áóãðié, Ò.Ì.

Áàëàáóøåíêî, Þ.Á. Äìèòðèøèí, �.I. Ìîiñ¹¹â, Æ.-Ë. Ëiîíñ (J.-L. Lions),

Ð. Øîâàëüòåð (Showalter R.E.) òà iíøi. Ó ¨õ ðîáîòàõ áóëî äîñëiäæåíî ðîçâ'ÿç-

íiñòü çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ ëiíiéíèõ òà íåëiíiéíèõ ïàðàáîëi÷íèõ

ðiâíÿíü ç ðiçíèõ êëàñiâ, êîëè, êðiì êðàéîâèõ óìîâ, çàäà¹òüñÿ ïåâíà ïîâåäií-
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êà ðîçâ'ÿçêiâ ïðè ïðÿìóâàííi ÷àñîâî¨ çìiííî¨ äî −∞ .

Â 1984 ðîöi Ì. Ì. Áîêàëî âïåðøå âñòàíîâèâ, ùî iñíóþòü íåëiíiéíi ïàðà-

áîëi÷íi ðiâíÿííÿ, ÿêi ïðè çàäàíèõ êðàéîâèõ óìîâàõ ìàþòü íå áiëüøå îäíîãî

ðîçâ'ÿçêó áåç áóäü-ÿêèõ ïðèïóùåíü ùîäî ¨õ ïîâåäiíêè, êîëè ÷àñîâà çìiííà

ïðÿìó¹ äî −∞. Ïiçíiøå íèì æå áóëî ïîêàçàíî, ùî ðîçâ'ÿçêè çàäà÷i Ôóð'¹

äëÿ òàêèõ ðiâíÿíü iñíóþòü ïðè äîâiëüíîìó çðîñòàííi âiëüíèõ ÷ëåíiâ, êîëè

÷àñîâà çìiííà ïðÿìó¹ äî −∞, òà íåïåðåðâíî çàëåæàòü âiä âõiäíèõ äàíèõ.

Ïîäiáíi ðåçóëüòàòè äëÿ ïàðàáîëi÷íèõ íåëiíiéíèõ ðiâíÿíü òà ¨õ ñèñòåì, à òà-

êîæ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîâíîñòåé ç ðiçíèõ êëàñiâ îòðèìàëè Ñ.Ï.

Ëàâðåíþê, Ï. ß. Ïóêà÷, Î.Ì. Áóãðié, Â.Ì. Ñiêîðñüêèé, Â.Ì. Äìèòðiâ, Þ.Á.

Äìèòðèøèí òà iíøi.

Âiäçíà÷èìî, ùî çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü, çà-

äàíèõ íà âñié ÷èñëîâié îñi, ìîæå âèêîðèñòîâóâàòèñü äëÿ âñòàíîâëåííÿ iñíó-

âàííÿ ïåðiîäè÷íèõ òà ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ öèõ ðiâíÿíü, áî òàêi

ðîçâ'ÿçêè ¹ ðîçâ'ÿçêàìè çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ öèõ ðiâíÿíü.

Çi ñêàçàíîãî âèäíî, ùî çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâ-

íÿíü òà âàðiàöiéíèõ íåðiâíîñòåé äîñèòü àêòèâíî âèâ÷àëèñÿ. Ïðîòå çàëèøè-

ëîñÿ áàãàòî âàæëèâèõ êëàñiâ åâîëþöiéíèõ ðiâíÿíü òà âàðiàöiéíèõ íåðiâíî-

ñòåé, äëÿ ÿêèõ çàäà÷i áåç ïî÷àòêîâèõ óìîâ íåäîñòàòíüî ïîâíî àáî çîâñiì íå

äîñëiäæåíi. Çîêðåìà, äî òàêèõ íàëåæàòü êëàñè ïàðàáîëi÷íèõ òà åëiïòè÷íî-

ïàðàáîëi÷íèõ íåëiíiéíèõ äèôåðåíöiàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâ-

íÿíü âèùèõ ïîðÿäêiâ çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi, ñèñòåìè òàêèõ

ðiâíÿíü äðóãîãî ïîðÿäêó, à òàêîæ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé ç

ôóíêöiîíàëàìè. Âiäìiòèìî, ùî åâîëþöiéíi iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ

òà ¨õ ñèñòåìè øèðîêî âèêîðèñòîâóþòüñÿ ïðè ìàòåìàòè÷íîìó ìîäåëþâàííi

ñêëàäíèõ ÿâèù â ñó÷àñíîìó ïðèðîäîçíàâñòâi, åêîíîìiöi òà òåõíiöi, íàïðè-

êëàä, â òåîði¨ ÿäåðíèõ ðåàêöié ïðè âèâ÷åííi ïðîöåñó óïîâiëüíåííÿ íåéòðîíiâ,

â äèôóçi¨ çàðÿäæåíèõ ÷àñòèíîê â ïëàçìi. Â äàíié äèñåðòàöiéíié ðîáîòi âèâ÷à-

þòüñÿ çàäà÷i áåç ïî÷àòêîâèõ óìîâ ñàìå äëÿ òàêèõ ðiâíÿíü i ¨õ ñèñòåì, à òàêîæ

âàðiàöiéíèõ íåðiâíîñòåé ç ôóíêöiîíàëàìè. Òîìó òåìà ðîáîòè ¹ àêòóàëüíîþ.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Ðå-

çóëüòàòè äèñåðòàöi¨ îòðèìàíî â ðàìêàõ âèêîíàííÿ íàóêîâî-äîñëiäíî¨ äåðæàâ-

íî¨ òåìè "Ðîçðîáêà ìåòîäiâ äîñëiäæåííÿ êîðåêòíîñòi ïðÿìèõ òà îáåðíåíèõ
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çàäà÷ äëÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ"(íîìåð äåðæðå¹ñòðàöi¨ 0117U001228),

ÿêà âèêîíóâàëàñÿ íà êàôåäði äèôåðåíöiàëüíèõ ðiâíÿíü Ëüâiâñüêîãî íàöiî-

íàëüíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà.

Ìåòà i çàâäàííÿ äîñëiäæåííÿ.Ìåòîþ ðîáîòè ¹ äîñëiäæåííÿ óìîâ iñíó-

âàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ

åâîëþöiéíèõ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ðiâíÿíü òà âàðiàöiéíèõ íåðiâ-

íîñòåé ç ðàíiøå íå âèâ÷åíèõ êëàñiâ.

Çàâäàííÿìè äèñåðòàöiéíîãî äîñëiäæåííÿ ¹:

� âñòàíîâèòè óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i áåç ïî÷àòêîâèõ

óìîâ äëÿ ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè

íåëiíiéíîñòi;

� äîñëiäèòè êîðåêòíiñòü çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åëiïòè÷íî-ïàðàáî-

ëi÷íèõ ñèëüíî òà ñëàáêî íåëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü;

� âiäøóêàòè óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷i

Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì ñëàáêî òà ñèëüíî íåëiíiéíèõ iíòåã-

ðî-äèôåðåíöiàëüíèõ ðiâíÿíü;

� âèâ÷èòè ïèòàííÿ iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ çàäà÷i áåç ïî÷àòêîâèõ

óìîâ äëÿ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé ç ôóíêöiîíàëàìè.

Îá'¹êò i ïðåäìåò äîñëiäæåííÿ.

Îá'¹êòîì äîñëiäæåííÿ ¹ çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ ïàðàáîëi÷íèõ

i åëiïòè÷íî-ïàðàáîëi÷íèõ íåëiíiéíèõ äèôåðåíöiàëüíèõ òà iíòåãðî-äèôåðåíöi-

àëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ, åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì íåëiíiéíèõ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó, à òàêîæ íåëiíiéíèõ åâî-

ëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé ç ôóíêöiîíàëàìè.

Ïðåäìåòîì äîñëiäæåíü ¹ óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ

ðîçâ'ÿçêiâ çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ïàðàáîëi÷íèõ i åëiïòè÷íî-ïàðàáî-

ëi÷íèõ íåëiíiéíèõ äèôåðåíöiàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü âè-

ùèõ ïîðÿäêiâ, åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì íåëiíiéíèõ iíòåãðî-äèôåðåí-

öiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó, à òàêîæ íåëiíiéíèõ åâîëþöiéíèõ âàðiàöié-

íèõ íåðiâíîñòåé ç ôóíêöiîíàëàìè.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóþòüñÿ ìåòîäè òà iäå¨ òåîði¨

ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, ôóíêöiîíàëüíîãî àíàëiçó, çîêðåìà, ìåòîäè

Ãàëüîðêiíà, ìîíîòîííîñòi i êîìïàêòíîñòi, ïðèíöèï ñòèñêóþ÷èõ âiäîáðàæåíü
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òà iíøi.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Ó äèñåðòàöiéíié ðîáîòi

âïåðøå:

• îòðèìàíî óìîâè iñíóâàííÿ i ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷i

Ôóð'¹ äëÿ ïàðàáîëi÷íèõ i åëiïòè÷íî-ïàðàáîëi÷íèõ íåëiíiéíèõ äèôåðåí-

öiàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ, ïðè÷îìó

ó âèïàäêó ñèëüíî íåëiíiéíèõ ðiâíÿíü � áåç îáìåæåíü íà çðîñòàííÿ âõi-

äíèõ äàíèõ i ïîâåäiíêó ðîçâ'ÿçêiâ íà íåñêií÷åííîñòi, à ó âèïàäêó ñëàáêî

íåëiíiéíèõ ðiâíÿíü � ïðè íàÿâíîñòi óìîâ íà íà çðîñòàííÿ âõiäíèõ äàíèõ

i ïîâåäiíêó ðîçâ'ÿçêiâ íà íåñêií÷åííîñòi;

• çíàéäåíî óìîâè iñíóâàííÿ i ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷i Ôó-
ð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì íåëiíiéíèõ iíòåãðî-äèôåðåíöiàëü-

íèõ ðiâíÿíü äðóãîãî ïîðÿäêó, ïðè÷îìó ó âèïàäêó ñèëüíî íåëiíiéíèõ ðiâ-

íÿíü � áåç îáìåæåíü íà çðîñòàííÿ âõiäíèõ äàíèõ i ïîâåäiíêó ðîçâ'ÿçêiâ

íà íåñêií÷åííîñòi, à ó âèïàäêó ñëàáêî íåëiíiéíèõ ðiâíÿíü � ïðè íàÿâíî-

ñòi óìîâ íà íà çðîñòàííÿ âõiäíèõ äàíèõ i ïîâåäiíêó ðîçâ'ÿçêiâ íà íåñêií-

÷åííîñòi;

• îòðèìàíî óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêiâ çàäà÷i áåç ïî÷àòêîâèõ

óìîâ äëÿ ñëàáêî íåëiíiéíèõ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé ç ôóí-

êöiîíàëàìè ïðè íàÿâíîñòi óìîâ íà íà çðîñòàííÿ âõiäíèõ äàíèõ i ïîâåäií-

êó ðîçâ'ÿçêiâ íà íåñêií÷åííîñòi.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåðòàöi¨

ìàþòü òåîðåòè÷íå çíà÷åííÿ i ìîæóòü áóòè âèêîðèñòàíi äëÿ ðîçâèòêó òåî-

ði¨ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, à òàêîæ ïðè äîñëiäæåíi ìàòåìàòè÷íèõ

ìîäåëåé ãàçî- òà ãiäðîäèíàìiêè, áiîëîãi÷íèõ ïîïóëÿöié, îïòèìàëüíîãî êåðó-

âàííÿ, õiìi÷íî¨ êiíåòèêè, òîùî.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Óñi ðåçóëüòàòè äèñåðòàöi¨ îòðèìàíi àâòî-

ðîì ñàìîñòiéíî. Ó ïðàöÿõ, íàïèñàíèõ ó ñïiâàâòîðñòâi ç íàóêîâèì êåðiâíèêîì,

Ì. Ì. Áîêàëó íàëåæàòü ïîñòàíîâêà çàäà÷, âèáið ìåòîäiâ äîñëiäæåíü òà àíàëiç

îäåðæàíèõ ðåçóëüòàòiâ. Ó ïðàöi, íàïèñàíié ó ñïiâàâòîðñòâi ç Ì.Ì. Áîêàëîì

i ß.Ã. Ïðèòóëîþ, ñïiâàâòîðàì íàëåæàòü ïîñòàíîâêà çàäà÷i i âèáið ìåòîäèêè

äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ.
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Àïðîáàöiÿ ðåçóëüòàòiâ ðîáîòè. Ðåçóëüòàòè äîñëiäæåíü äîïîâiäàëèñü

òà îáãîâîðþâàëèñü íà

• Ëüâiâñüêîìó ìiñüêîìó ñåìiíàði ç äèôåðåíöiàëüíèõ ðiâíÿíü (êåðiâíèêè:
ïðîô. Áîêàëî Ì.Ì., ïðîô. Êàëåíþê Ï.I.),

à òàêîæ íà íàóêîâèõ êîíôåðåíöiÿõ:

• International V. Skorobohatko mathematical conference (Äðîãîáè÷, 2015);
• International Conference on Di�erential Equations dedicated to the 110th
anniversary of Ya. B. Lopatynsky (Ëüâiâ, 2016);

• International Scienti�c Conference �Di�erential- Functional Equations and their
Application� dedicated to the 80th anniversary of Professor V.I. Fodchuk

(×åðíiâöi, 2016);

• 5th International Conference for Young Scientists on Di�erential Equations and
Applications dedicated to Ya.B. Lopatynsky (Êè¨â, 2016);

• International scienti�c conference "Modern problems of mathematics and its

application in natural sciences and information technologies dedicated to the

50th anniversary of the Faculty of Mathematics and Informatics

(×åðíiâöi, 2018);

• VI âñåóêðà¨íñüêà ìàòåìàòè÷íà êîíôåðåíöiÿ iìåíi Á.Â. Âàñèëèøèíà
"Íåëiíiéíi ïðîáëåìè àíàëiçó"(Iâàíî-Ôðàíêiâñüê - Ìèêóëè÷èí, 2018);

• 6th Ya. B. Lopatynsky International School-Workshop on Di�erential Equations

and Applications (Âiííèöÿ, 2019);

• Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ �Ñó÷àñíi ïðîáëåìè äèôåðåíöiàëüíèõ

ðiâíÿíü òà ¨õ çàñòîñóâàííÿ�, ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ

ïðîôåñîðà Ñ.Ä. Åéäåëüìàíà (×åðíiâöi, 2020);

• XI International Skorobohatko mathematical conference (Ëüâiâ, 2020).
Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî â 7-ìè íàóêî-

âèõ ïðàöÿõ ó ôàõîâèõ íàóêîâèõ âèäàííÿõ, ïðè÷îìó 5 âèäàíü çi ñïèñêó ÌÎÍ

Óêðà¨íè, äâà ç ÿêèõ âõîäÿòü äî ìiæíàðîäíî¨ íàóêîìåòðè÷íî¨ áàçè Scopus, 2 �

ïåðiîäè÷íi çàêîðäîííi âèäàííÿ. Äîäàòêîâî ðåçóëüòàòè ðîáîòè âèñâiòëåíî â 1-

íié ñòàòòi ó çáiðíèêó íàóêîâèõ ïðàöü òà ó 8-ìè òåçàõ íàóêîâèõ ìàòåìàòè÷íèõ

êîíôåðåíöié.

Ñòðóêòóðà òà îáñÿã ðîáîòè.Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó, ÷îòèðüîõ

ðîçäiëiâ, âèñíîâêiâ, ñïèñêó ëiòåðàòóðè, ùî íàëi÷ó¹ 89 íàéìåíóâàíü i ðîçìi-
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ùåíèé íà 10 ñòîðiíêàõ, òà äîäàòêiâ. Çàãàëüíèé îáñÿã ðîáîòè � 180 ñòîðiíîê,

îáñÿã îñíîâíîãî òåêñòó ñòàíîâèòü 134 ñòîðiíêè.



Ðîçäië 1

Îãëÿä ëiòåðàòóðè òà îñíîâíèõ

ðåçóëüòàòiâ äèñåðòàöi¨

1.1 Çàäà÷à Ôóð'¹ äëÿ ïàðàáîëi÷íèõ òà åëiïòè÷íî-ïàðà-

áîëi÷íèõ ðiâíÿíü i ñèñòåì

Ó ñó÷àñíié ôiçèöi, áiîëîãi¨, åêîíîìiöi äîñëiäæóþòü îïèñóâàíi åâîëþöiéíèìè

ðiâíÿííÿìè äèíàìi÷íi ïðîöåñè, ïî÷àòîê ÿêèõ íàñòiëüêè âiääàëåíèé âiä àêòó-

àëüíîãî ìîìåíòó, ùî ïî÷àòêîâi äàíi ïðàêòè÷íî íå âïëèâàþòü íà ¨õ ïðîõîäæå-

ííÿ â öåé ìîìåíò. Òîäi ìîæíà ââàæàòè, ùî ïî÷àòêîâèé ìîìåíò ñïiâïàäà¹ ç

−∞ , i âèâ÷àòè äàíèé ïðîöåñ â çàëåæíîñòi âiä ðåæèìó íà ìåæi îáëàñòi, â ÿêié

âií âiäáóâà¹òüñÿ, i çîâíiøíiõ âïëèâiâ. Âiäïîâiäíà ïî÷àòêîâà óìîâà ìîæå áóòè

çàìiíåíà óìîâîþ íà ïîâåäiíêó ðîçâ'ÿçêó ïðè t → −∞ àáî áóòè âiäñóòíüîþ

âçàãàëi. Òàêó ìàòåìàòè÷íó ìîäåëü íàçèâàþòü çàäà÷åþ áåç ïî÷àòêîâèõ óìîâ

àáî, iíøèìè ñëîâàìè, çàäà÷åþ Ôóð'¹ äëÿ âiäïîâiäíîãî åâîëþöiéíîãî ðiâíÿ-

ííÿ. Çàóâàæèìî, ùî çàäà÷à Ôóð'¹ äëÿ åâîëþöiéíèõ ðiâíÿíü òiñíî ïîâ'ÿçàíà

iç çàäà÷àìè íà çíàõîäæåííÿ ïåðiîäè÷íèõ òà ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ

òàêèõ ðiâíÿíü. Ñàìå çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü, ¨õ

ñèñòåì òà âàðiàöiéíèõ íåðiâíîñòåé ïðè óìîâi, ùî çà ïðîñòîðîâèìè çìiííèìè

îáëàñòi çàäàííÿ ðiâíÿíü ¹ îáìåæåíèìè, ¹ îá'¹êòîì äàíîãî äîñëiäæåííÿ, à ïðå-

äìåòîì ¹ ïèòàííÿ iñíóâàííÿ, ¹äèíîñòi òà âëàñòèâîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ

öèõ çàäà÷.

Âèâ÷åííÿ çàäà÷i çàäà÷i Ôóð'¹ (çàäà÷i áåç ïî÷àòêîâèõ óìîâ) äëÿ åâîëþöié-

íèõ ðiâíÿíü áåðå ñâié ïî÷àòîê ç ðîáîòè À. Ì. Òiõîíîâà [89]. Ó íié ðîçãëÿäà¹-
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òüñÿ çàäà÷à

ut − uxx = 0, x > 0, t > −∞, (1.1)

u(0, t) = µ(t), t > −∞, (1.2)

äå u : [0,+∞) × R → R � íåâiäîìà ôóíêöiÿ, à µ : R → R � äåÿêà çàäàíà

ôóíêöiÿ. Òàì äîâåäåíî, ùî äëÿ ¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i

äîñòàòíüî âèìàãàòè éîãî îáìåæåíîñòi, òîáòî çàäàòè äîäàòêîâó óìîâó

lim
|x|+|t|→+∞

|u(x, t)| <∞ . (1.3)

Òàêîæ âñòàíîâëåíî, ùî çàäà÷à (1.1) � (1.3) ìà¹ ðîçâ'ÿçîê äëÿ äîâiëüíî¨ îáìå-

æåíî¨ íåïåðåðâíî¨ ôóíêöi¨ µ ç êðàéîâî¨ óìîâè (1.2) i âií ïðåäñòàâëÿ¹òüñÿ ó

âèãëÿäi:

u(x, t) =
1

2
√
π

∫ t

−∞

x

(t− τ)3/2
exp

(
− x2

4(t− τ)

)
µ(τ) dτ, x > 0, t > −∞.

Ç ñåðåäèíè XX ñòîëiòòÿ ðåãóëÿðíî ïîÿâëÿþòüñÿ ðîáîòè, â ÿêèõ çãàäàíi

âèùå ðåçóëüòàòè òà iäå¨ À. Ì. Òiõîíîâà ïîøèðþþòüñÿ íà áiëüø ñêëà-

äíi îá'¹êòè � çàäà÷i Ôóð'¹ äëÿ çàãàëüíèõ ëiíiéíèõ ïàðàáîëi÷íèõ ñèñòåì.

Ïåðøèìè â öüîìó ðÿäó ¹ ðîáîòè Ñ. Ä. Åéäåëüìàíà [78], â ÿêèõ ðîçãëÿäà-

ëîñÿ ïèòàííÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ ëiíiéíèõ

ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ñèñòåì, çàäàíèõ â Q = {(x, t) | t ≤ 0} àáî

Q = {(x, t) |x1 > 0, t ≤ 0} . Ïðè îáìåæåííÿõ íà çðîñòàííÿ ðîçâ'ÿçêó íà íå-

ñêií÷åííîñòi Ñ. Ä. Åéäåëüìàí äîâiâ ¹äèíiñòü ðîçâ'ÿçêó äîñëiäæóâàíî¨ çàäà÷i.

Îáìåæåííÿ íà çðîñòàííÿ ðîçâ'ÿçêiâ ¹ ïðèíöèïîâèìè i çóñòði÷àþòüñÿ ó ðiçíèõ

ôîðìàõ ó âñiõ íàñòóïíèõ ïóáëiêàöiÿõ, ïðèñâÿ÷åíèõ äîñëiäæåííþ ìåòîäîì À.

Ì. Òiõîíîâà êëàñè÷íî¨ ðîçâ'ÿçíîñòi çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ çàãàëüíèõ

ëiíiéíèõ ïàðàáîëi÷íèõ ñèñòåì. Â öüîìó íàïðÿìêó Ñ.Ä. Iâàñèøåíèì â ðîáîòi

[79] áóëî äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ çà-

ãàëüíèõ ëiíiéíèõ ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ñèñòåì ç ðiçíèìè êðàéîâèìè

óìîâàìè. Öi ðåçóëüòàòè áóëè âñòàíîâëåíi â ïðîñòîðàõ Ãåëüäåðà ÿê îáìåæå-

íèõ, òàê i çðîñòàþ÷èõ ôóíêöié. Òàêîæ áóëî îòðèìàíî iíòåãðàëüíi çîáðàæåííÿ

ðîçâ'ÿçêiâ.

Î. À. Îëiéíèê òà Ã. À. Iîñèô'ÿí â ðîáîòi [85] çàïðîïîíóâàëè ìåòîä äîñëi-

äæåííÿ êðàéîâèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü, ÿêèé áàçó¹òüñÿ íà àïði-
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îðíèõ iíòåãðàëüíèõ îöiíêàõ íåâiäîìî¨ ôóíêöi¨, ÿêi àíàëîãi÷íi ïðèíöèïó Ñåí-

Âåíàíà â òåîði¨ ïðóæíîñòi. Öèì ìåòîäîì, ÿêèé ÷àñòî íàçèâàþòü àíàëîãîì

ïðèíöèïó Ñåí-Âåíàíà, àâòîðè çãàäàíî¨ ðîáîòè äîâåëè ¹äèíiñòü óçàãàëüíåíèõ

ðîçâ'ÿçêiâ çàäà÷i Êîøi, ìiøàíèõ çàäà÷ i çàäà÷i áåç ïî÷àòêîâèõ óìîâ (ÿê â

îáìåæåíèõ, òàê i íåîáìåæåíèõ çà ïðîñòîðîâèìè çìiííèìè îáëàñòÿõ) äëÿ çà-

ãàëüíèõ ëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü.

Ó ðîáîòàõ [58, 59] âïåðøå äîâåäåíî, ùî çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ

äåÿêèõ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó â

êëàñi ôóíêöié ç äîâiëüíîþ ïîâåäiíêîþ ïðè t→ −∞ . Öå, çîêðåìà, ñòîñó¹òüñÿ

çàäà÷i

ut −
n∑
i=1

(∣∣uxi∣∣p−2
uxi
)
xi

= 0, (x, t) ∈ Q,

u|Σ = 0,

äå Q := Ω × (−∞, 0], Σ := ∂Ω × (−∞, 0], Ω � îáìåæåíà îáëàñòü â Rn

(n ∈ N) , ∂Ω � ìåæà Ω, p > 2 .

Iñíóâàííÿ i ¹äèíiñòü òà äåÿêi ÿêiñíi õàðàêòåðèñòèêè ðîçâ'ÿçêiâ çàäà÷i Ôóð'¹

äëÿ áàãàòüîõ êëàñiâ åâîëþöiéíèõ ðiâíÿíü ç ðiçíèìè êðàéîâèìè óìîâàìè äîâå-

äåíî â ðîáîòàõ [60, 63, 12, 13, 15, 16] òà ií. Çîêðåìà, â ïðàöi [60] âñòàíîâëåíî

óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷i Ôóð'¹ äëÿ ïà-

ðàáîëi÷íèõ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ, ÷àñòêîâèì

âèïàäêîì ÿêèõ ¹ ðiâíÿííÿ

ut +
∑
|α|≤m

(−1)|α|Dα
(
âα(x, t)|Dαu|p−2Dαu

)
=
∑
|α|6m

(−1)|α|Dαfα(x, t),

(x, t) ∈ Q,
∂ju

∂νj

∣∣∣
Σ
= 0 , j = 0,m− 1,

äå Dαu := ∂|α|u
∂x

α1
1 ... ∂xαnn

(
α = (α1 . . . αn) � ìóëüòèiíäåêñ, |α| = α1+· · ·+αn � äîâ-

æèíà α
)
� α -îâà ÷àñòèííà ïîõiäíà ôóíêöi¨ u çà ïðîñòîðîâèìè çìiííèìè,

âα ∈ L∞,loc(Q) i ess inf
Q

âα > 0, |α| ≤ m , p = const > 2 � ïîêàçíèê íåëiíié-

íîñòi, ν = (ν1, . . . , νn) � îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî ∂Ω . Ïðè

öüîìó íå íàêëàäàþòüñÿ îáìåæåííÿ íà çðîñòàííÿ ðîçâ'ÿçêiâ i âõiäíèõ äàíèõ

ïðè ïðÿìóâàííi ÷àñîâî¨ çìiííî¨ äî −∞ . Îòðèìàíî òàêîæ îöiíêè óçàãàëüíå-

íîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i.
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Ó ðîáîòi [66] ðåçóëüòàòè ðîáîòè [60] óçàãàëüíåíî íà âèïàäîê àíiçîòðîïíèõ

ïðîñòîðiâ Ñîáîë¹âà.

Â äàíié äèñåðòàöiéíié ðîáîòi, çîêðåìà, ðåçóëüòàòè ðîáiò [66], [60] ïåðåíî-

ñÿòüñÿ íà íîâi êëàñè ðiâíÿíü, â òîìó ÷èñëi íà åëiïòè÷íî-ïàðàáîëi÷íi íåëi-

íiéíi iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ ñèñòåìè. Åëiïòè÷íî-ïàðàáîëi÷íi

íåëiíiéíi ðiâíÿííÿ äîñëiäæóâàëèñü, íàïðèêëàä, â [14], [16], [52], [53]. Iíòåãðî-

äèôåðåíöiàëüíi ðiâíÿííÿ âèíèêàþòü ïðè ìîäåëþâàííi ñêëàäíèõ ÿâèù â ñó÷à-

ñíîìó ïðèðîäîçíàâñòâi, åêîíîìiöi òà òåõíiöi, ÿê íàïðèêëàä, ïðè îïèñi áiðæî-

âèõ êîëèâàíü âàðòîñòi îïöiîíiâ, â òåîði¨ ÿäåðíèõ ðåàêöié ïðè âèâ÷åííi ïðîöåñó

óïîâiëüíåííÿ íåéòðîíiâ â äèôóçi¨ çàðÿäæåíèõ ÷àñòèíîê â ïëàçìi òà â iíøèõ

ðiçíîìàíiòíèõ çàäà÷àõ (äèâ. [24], [25], [43]).

Çàóâàæèìî, ùî çàäà÷i Ôóð'¹ äëÿ åâîëþöiéíèõ ðiâíÿíü, çàäàíèõ äëÿ âñiõ

çíà÷åíü ÷àñîâî¨ çìiííî¨, ìîæíà âèêîðèñòîâóâàòè äëÿ äîñëiäæåííÿ iñíóâàííÿ

òà ¹äèíîñòi ïåðiîäè÷íèõ òà ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ öèõ ðiâíÿíü. Áiëüø

äåòàëüíó ìàéæå ïåðiîäè÷íi ôóíêöi¨ ðîçãëÿäàëèñü â ìîíîãðàôiÿõ [ 72, 82, 86].

1.2 Çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ îïåðàòîðíî-äèôå-

ðåíöiàëüíèõ ðiâíÿíü òà âàðiàöiéíèõ íåðiâíîñòåé

Çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ àáñòðàêòíîãî åâîëþöiéíîãî ðiâíÿííÿ

u′(t) + A(t, u(t)) = f(t), t ∈ S := (−∞, 0], (1.4)

äå A(t, ·) : V → V ′ , t ∈ S , � ñiì'ÿ ìîíîòîííèõ îïåðàòîðiâ, ùî äiþòü ç

áàíàõîâîãî ïðîñòîðó V ó ñïðÿæåíèé äî íüîãî V ′ , f : S → V ′ � äåÿêà

ôóíêöiÿ, âèâ÷àëàñÿ â ðîáîòàõ [53, 60, 82, 83, 86] òà ií. Òàê, Ì. Ì. Áîêàëî

ó ïðàöi [60] äîâiâ ¹äèíiñòü ðîçâ'ÿçêó u ∈ Lploc(S;V ) çàäà÷i (1.4) òàêîãî, ùî

u′ ∈ Lp
′

loc(S;V ′) , äå p > 2 � äåÿêà ñòàëà, p′ := p/(p− 1) , êîëè A(t, ·) , t ∈ S ,
� ñiì'ÿ îáìåæåíèõ îïåðàòîðiâ, ùî çàäîâîëüíÿþòü ïåâíó óìîâó ìîíîòîííîñòi.

Òàì æå ïîêàçàíî, ùî ó âèïàäêó p = 2 äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1.4)

äîäàòêîâî ïîòðiáíî íàêëàäàòè ïåâíi îáìåæåííÿ íà ïîâåäiíêó ðîçâ'ÿçêó òà

âõiäíèõ äàíèõ ïðè t → −∞ . Ó [60] òàêîæ äîâåäåíî iñíóâàííÿ ðîçâ'ÿçêó çà-

äà÷i (1.4) â ïðèïóùåííi, ùî îïåðàòîðè A(t, ·) , t ∈ S , ¹ ñèëüíî ìîíîòîííèìè,
îáìåæåíèìè, ñåìiíåïåðåðâíèìè òà êîåðöèòèâíèìè. Ó ìîíîãðàôi¨ [83, ñ. 522-

525] âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi îáìåæåíîãî ðîçâ'ÿçêó çàäà÷i
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(1.4), à ó [53, ñ. 131-132] � ðîçâ'ÿçêó ç ïðîñòîðó L2(S;V ) . Ïèòàííÿ iñíóâàííÿ

òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1.4) â êëàñi îáìåæåíèõ òà ìàéæå ïåðiîäè÷íèõ

ôóíêöié áóëî äîñëiäæåíå â [82, ñ. 156-162] òà [86, ñ. 104-113]. Âiäìiòèìî, ùî

çàäà÷ó íà çíàõîäæåííÿ ïåðiîäè÷íèõ (ìàéæå ïåðiîäè÷íèõ) ðîçâ'ÿçêiâ ìîæíà

òðàêòóâàòè, ÿê îäèí ç âèïàäêiâ çàäà÷ áåç ïî÷àòêîâèõ óìîâ, ïðî ÿêi ãîâîðè-

ëîñÿ âèùå, áî â öié çàäà÷i âèçíà÷à¹òüñÿ ñòðóêòóðà ðîçâ'ÿçêó íà âñié ÷èñëîâié

îñi (ïåðiîäè÷íiñòü ÷è ìàéæå ïåðiîäè÷íiñòü). Ïðàöü, â ÿêèõ äîñëiäæó¹òüñÿ ïè-

òàííÿ iñíóâàííÿ ïåðiîäè÷íèõ ÷è ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ åâîëþöiéíèõ

ðiâíÿíü, ¹ äóæå áàãàòî, ñåðåä íèõ ìîíîãðàôiÿ Î. À. Ïàíêîâà [46] òà ñòàòòi Z.

Hu [35], Ì. Ì. Áîêàëà [15, 16].

Ð. Å. Øîâàëüòåð ó ðîáîòi [52] äîâiâ iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó u ∈
e2ω·W 1,2(−∞, 0;H) , çàäà÷i áåç ïî÷àòêîâèõ óìîâ

u′(t) + µu(t) + A
(
u(t)

)
3 f(t), t ∈ (−∞, 0],

äå H � ãiëüáåðòiâ ïðîñòið, ω + µ > 0 , f ∈ e2ω·W 1,2(−∞, 0;H) , A : H →
2H � ìàêñèìàëüíèé ìîíîòîííèé îïåðàòîð òàêèé, ùî 0 ∈ A(0) . Êðiì òîãî,

ÿêùî A = ∂ϕ , äå ϕ : H → (−∞,+∞] � âëàñíèé îïóêëèé íàïiâíåïåðåðâíèé

çíèçó ôóíêöiîíàë òàêèé, ùî ϕ(0) = 0 = min {ϕ(v) : v ∈ H} , òî öÿ çàäà÷à ¹

îäíîçíà÷íî ðîçâ'ÿçíîþ i äëÿ êîæíèõ µ > 0 , f ∈ L2(−∞, 0;H) òà ω = 0 .

Â ìîíîãðàôi¨ Æ.-Ë. Ëiîíñà [83, ñò. 525-530] äîñëiäæó¹òüñÿ ñåðåä áàãàòüîõ

iíøèõ i òàêà çàäà÷à. Íåõàé V,H � ãiëüáåðòîâi ïðîñòîðè (âiäïîâiäíî ç íîðìàìè

‖ · ‖ i | · | ), ïðè÷îìó V ùiëüíî i íåïåðåðâíî âêëàäåíèé â H . Ââàæà¹òüñÿ, ùî

V ⊂ H ⊂ V ′ , äå V ′ � ñïðÿæåíèé äî V ïðîñòið (ç íîðìîþ ‖ · ‖∗ ). ×åðåç (·, ·)
ïîçíà÷à¹òüñÿ ñêàëÿðíèé äîáóòîê H i êàíîíi÷íèé äîáóòîê íà V ′ × V . Íåõàé

A ∈ L(V, V ′) i (A(v), v) ≥ α‖v‖2 ∀v ∈ V , äå α > 0. Ïðèïóñêà¹òüñÿ, ùî K �

îïóêëà i çàìêíåíà ìíîæèíà â V , 0 ∈ V , à f ∈ L2(R;V ′) � çàäàíà ôóíêöiÿ.

Çàäà÷à ïîëÿãà¹ ó âiäøóêàííi ôóíêöi¨ u ∈ L2,loc(R;V ), ÿêà ìà¹ ïîõiäíó u′ ∈
L2,loc(R;V ′) i çàäîâîëüíÿ¹ óìîâó u(t) ∈ K äëÿ ìàéæå âñiõ t ∈ R , íåðiâíiñòü

(u′(t), v − u(t)) + (Au(t), v − u(t)) ≥ (f(t), v − u(t)) (1.5)

äëÿ áóäü-ÿêèõ v ∈ V i ìàéæå âñiõ t ∈ R òà àíàëîã ïî÷àòêîâî¨ óìîâè

sup
t∈R
|u(t)| <∞. (1.6)
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Çà ïåâíèõ äîäàòêîâèõ ïðèïóùåíü ùîäî âèõiäíèõ äàíèõ, çîêðåìà, ùî âêëàäå-

ííÿ V ⊂ H ¹ êîìïàêòíèì, äîâåäåíî iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i

òà îòðèìàíî äåÿêó éîãî îöiíêó.

Â ïðàöÿõ Ñ. Ï. Ëàâðåíþêà i Î. Ì. Áóãðiÿ [41], [75], [80], [81] ðîçãëÿäàëèñÿ

âàðiàöiéíi íåðiâíîñòi, ÿêi àñîöiþþòüñÿ ç ëiíiéíèìè ([80], [81], [73]) òà íåëiíié-

íèìè äèôåðåíöiàëüíèìè ðiâíÿííÿìè i ñèñòåìàìè, çàäàíèìè â íåîáìåæåíèõ

çíèçó çà ÷àñîâîþ çìiííîþ òà îáìåæåíèõ i íåîáìåæåíèõ ([73]) çà ïðîñòîðîâèìè

çìiííèìè îáëàñòÿõ. Â öèõ ðîáîòàõ äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ

âiäïîâiäíèõ âàðiàöiéíèõ íåðiâíîñòåé, ÿêi çàäîâîëüíÿþòü ïåâíi îáìåæåííÿ íà

ïîâåäiíêó íà íåñêií÷åííîñòi.

1.3 Îïèñ ðåçóëüòàòiâ äèñåðòàöi¨

Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó, ÷îòèðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó ëiòå-

ðàòóðè òà äâîõ äîäàòêiâ. Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äîñëiäæå-

ííÿ, ñôîðìóëüîâàíî ìåòó, çàâäàííÿ, ïðåäìåò, îá'¹êò òà ìåòîäè äîñëiäæåííÿ,

âêàçàíî íàóêîâó íîâèçíó, ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ, çâ'ÿçîê

ðîáîòè ç äåðæàâíîþ íàóêîâî-äîñëiäíîþ òåìîþ, îñîáèñòèé âíåñîê çäîáóâà÷à

òà àïðîáàöiþ i ïóáëiêàöi¨ îñíîâíèõ ðåçóëüòàòiâ äèñåðòàöi¨.

Ó ðîçäiëi 1 íàâåäåíî îãëÿä ëiòåðàòóðè çà òåìàòèêîþ äèñåðòàöi¨ i îïèñ

îñíîâíèõ ðåçóëüòàòiâ ðîáîòè. Ó ïiäðîçäiëi 1.1 ðîçãëÿíóòî ðåçóëüòàòè, ùî

ñòîñóþòüñÿ çàäà÷i Ôóð'¹ äëÿ ïàðàáîëi÷íèõ òà åëiïòè÷íî-ïàðàáîëi÷íèõ ðiâ-

íÿíü òà ñèñòåì ðiâíÿíü. Ïiäðîçäië 1.2 ïðèñâÿ÷åíèé îãëÿäó ðåçóëüòàòiâ ñòî-

ñîâíî çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ äëÿ îïåðàòîðíî-äèôåðåíöiàëüíèõ ðiâ-

íÿíü òà âàðiàöiéíèõ íåðiâíîñòåé. Ó ïiäðîçäiëi 1.3 íàâåäåíî îïèñ ðåçóëüòàòiâ

äèñåðòàöi¨.

Ðîçäië 2 (ñêëàäåíèé ç ÷îòèðüîõ ïiäðîçäiëiâ) ïðèñâÿ÷åíèé äîñëiäæåííþ

çàäà÷i Ôóð'¹ äëÿ ïàðàáîëi÷íèõ i åëiïòè÷íî-ïàðàáîëi÷íèõ ñëàáêî òà ñèëüíî

íåëiíiéíèõ äèôåðåíöiàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïî-

ðÿäêiâ. Îáëàñòi çàäàííÿ ðiâíÿíü ¹ öèëiíäðè÷íèìè ç ïàðàëåëüíèìè ÷àñîâié

îñi òâiðíèìè i, êðiì òîãî, ¹ íåîáåæåíèìè çíèçó çà ÷àñîâîþ òà îáìåæåíèìè çà

ïðîñòîðîâèìè çìiííèìè. Ïîêàçíèêè íåëiíiéíîñòi ðîçãëÿíóòèõ ó ïiäðîçäiëàõ

2.1 � 2.3 ðiâíÿíü ¹ çìiííèìè, à â ïiäðîçäiëi 2.4 � ñòàëèìè.
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Îïèøåìî êîíêðåòíiøå ðåçóëüòàòè öüîãî ðîçäiëó. Äëÿ öüîãî ñïî÷àòêó ââå-

äåìî ïîòðiáíi ïîçíà÷åííÿ i ïîíÿòòÿ. Íåõàé n � äîâiëüíå ôiêñîâàíå íàòó-

ðàëüíå ÷èñëî, Rn � ëiíiéíèé íîðìîâàíèé ïðîñòið, ñêëàäåíèé ç âïîðÿäêî-

âàíèõ íàáîðiâ äiéñíèõ ÷èñåë x = (x1, . . . , xn) , íàäiëåíèõ íîðìîþ |x| :=(
|x1|2+. . .+|xn|2

)1/2
. Ââàæà¹ìî, ùî Z+ � ìíîæèíà öiëèõ íåâiä'¹ìíèõ ÷èñåë, à

Zn+ � ìíîæèíà âïîðÿäêîâàíèõ íàáîðiâ α = (α1, . . . , αn) ç öiëèõ íåâiä'¹ìíèõ

÷èñåë, ÿêi íàçèâàþòü ìóëüòèiíäåêñàìè (ðîçìiðíîñòi n ), i |α| = α1 + . . . + αn

� äîâæèíà ìóëüòèiíäåêñó.

Íåõàé m � äåÿêå ôiêñîâàíå íàòóðàëüíå ÷èñëî i M � ïiäìíîæèíà ìíî-

æèíè {0, 1, . . . , m} òàêà, ùî {0,m} ⊂ M . Ïîçíà÷èìî ÷åðåç N êiëüêiñòü

ìóëüòèiíäåêñiâ ðîçìiðíîñòi n , äîâæèíè ÿêèõ ¹ åëåìåíòàìè ìíîæèíè M ,

à ÷åðåç RN � ëiíiéíèé ïðîñòið âïîðÿäêîâàíèõ íàáîðiâ ç N äiéñíèõ ÷èñåë

ξ = (ξ0̂ , . . . , ξα, . . .) ≡ (ξα : |α| ∈ M) , êîìïîíåíòè ÿêèõ ïðîíóìåðîâàíi ìóëü-

òèiíäåêñàìè ðîçìiðíîñòi n , ùî ìàþòü äîâæèíè ç M i âïîðÿäêîâàíi ëåêñè-

êîãðàôi÷íî (öå îçíà÷à¹, ùî α = (α1, . . . , αn) ïåðåäó¹ β = (β1, . . . , βn) , êî-

ëè àáî |α| < |β| , àáî |α| = |β| i αk > βk , äå k = min{j : αj 6= βj} ).
Òóò i äàëi 0̂ = (0, . . . , 0) � ìóëüòèiíäåêñ, ñêëàäåíèé ç íóëiâ. Ïîêëàäåìî

|ξ| :=
( ∑
|α|∈M

|ξα|2
)1/2

äëÿ äîâiëüíîãî ξ ∈ RN .

Íåõàé Ω � îáìåæåíà îáëàñòü â ïðîñòîði Rn . Ââàæàòèìåìî, ùî Γ := ∂Ω

� ìåæà îáëàñòi Ω , ïðè÷îìó âîíà ¹ êóñêîâî-ãëàäêîþ ïîâåðõíåþ, i ïîçíà÷èìî

÷åðåç ν = (ν1, . . . , νn) îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî Γ . ×åðåç

mesnΩ ïîçíà÷àòèìåìî ìiðó Ëåáåãà Ω .

Íåõàé S � ÷èñëîâà âiñü R àáî çàìêíåíèé ïðîìiíü (−∞, 0] , intS := R ,

ÿêùî S = R , òà intS := (−∞, 0) , ÿêùî S = (−∞, 0] , Q := Ω×S, Σ := Γ×S.
Ó ïiäðîçäiëi 2.1 äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíèõ ðîçâ'ÿçêiâ

çàäà÷i Ôóð'¹ äëÿ ïàðàáîëi÷íèõ ñèëüíî íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

âèùèõ ïîðÿäêiâ áåç áóäü-ÿêèõ îáìåæåíü íà çðîñòàííÿ âõiäíèõ äàíèõ òà ïîâå-

äiíêó ðîçâ'ÿçêó íà íåñêií÷åííîñòi. Îòðèìàíî îöiíêè óçàãàëüíåíèõ ðîçâ'ÿçêiâ.

Äëÿ àíiçîòðîïíèõ ïàðàáîëi÷íèõ ðiâíÿíü âèùèõ ïîðÿäêiâ ç äåÿêîãî ïiäêëàñó

ðîçãëÿäóâàíîãî êëàñó äîâåäåíî iñíóâàííÿ ¨õ îáìåæåíèõ, ïåðiîäè÷íèõ òà ìàé-

æå ïåðiîäè÷íèõ óçàãàëüíåíèõ ðîçâ'ÿçêiâ.

Òèïîâèì ïðèêëàäîì äîñëiäæóâàíèõ â öüîìó ïiäðîçäiëi çàäà÷ ¹ òàêà: çíà-
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éòè ôóíêöiþ u : Q → R , ÿêà çàäîâîëüíÿ¹ (â ñåíñi iíòåãðàëüíî¨ òîòîæíîñòi)

ðiâíÿííÿ

ut +
∑
|α|∈M

(−1)|α|Dα(âα(x, t)|Dαu|pα(x)−2Dαu) =
∑
|α|∈M

(−1)|α|Dαfα(x, t), (1.7)

(x, t) ∈ Q, òà (â ñåíñi íàëåæíîñòi äî âiäïîâiäíîãî ôóíêöiéíîãî ïðîñòîðó)

êðàéîâi óìîâè
∂ju

∂νj

∣∣∣
Σ
= 0 , j = 0,m− 1, (1.8)

äå âα ∈ L∞,loc(Q) i ess inf
Q

âα > 0, fα ∈ Lp ′α(·),loc(Q) , Dα ≡ ∂α1+...+αn

∂x
α1
1 ...∂xαnn

, |α| ∈M,

òà äëÿ êîæíîãî α, |α| ∈ M, ôóíêöiÿ pα : Ω → R � âèìiðíà i 2 6 p−α :=

ess inf
x∈Ω

pα(x) 6 ess sup
x∈Ω

pα(x) =: p+
α < +∞, ÿêùî |α| ∈M, ïðè÷îìó p−

0̂
> 2.

Ïiä óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1.7), (1.8) ðîçóìi¹ìî åëåìåíò ëiíié-

íîãî ëîêàëüíî îïóêëîãî ïðîñòîðó

Up,loc(Q) :=
◦
W

m,0
p (·),loc(Q) ∩ C(S;L2(Ω)),

ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (1.7) â ñåíñi âiäïîâiäíî¨ iíòåãðàëüíî¨ òîòîæíîñòi

(êðàéîâi óìîâè (1.8) "çàõîâàíi"â îçíà÷åííi ïðîñòîðó
◦
W

m,0
p (·),loc(Q) ).

Íàñëiäêîì âñòàíîâëåíèõ â öüîìó ïiäðîçäiëi ðåçóëüòàòiâ ¹ òàêå òâåðäæåííÿ

ñòîñîâíî çàäà÷i (1.7), (1.8).

Íàñëiäîê 1.1. Íåõàé âèêîíóþòüñÿ âêàçàíi óìîâè ùîäî âõiäíèõ äàíèõ ðiâíÿ-

ííÿ (1.7). Òîäi çàäà÷à (1.7), (1.8) ìà¹ i òiëüêè îäèí óçàãàëüíåíèé ðîçâ'ÿçîê.

Êðiì òîãî, äëÿ áóäü-ÿêèõ R,R0, t0 òàêèõ, ùî R0 > 0, R > max{1, 2R0}, t0 ∈
S , âèêîíó¹òüñÿ îöiíêà

max
t∈[t0−R0,t0]

∫
Ω

|u(x, t)|2 dx+

t0∫
t0−R0

∫
Ω

∑
|α|∈M

|Dαu(x, t)|pα(x) dxdt 6

6 C1

(
R−2/(p+

0̂
−2) +

t0∫
t0−R

∫
Ω

∑
|α|∈M

|fα(x, t)|p ′α(x) dxdt
)
, (1.9)

äå C1 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä ïàðàìåòðiâ âõiäíèõ äàíèõ.
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ßêùî æ äîäàòêîâî ïðèïóñòèòè, ùî ôóíêöi¨ âα, fα, |α| ∈M, ¹ ïåðiîäè÷íè-

ìè ÷è ìàéæå ïåðiîäè÷íèìè çà çìiííîþ t , òî i óçàãàëüíåíèé ðîçâ'ÿçîê áóäå,

âiäïîâiäíî, ïåðiîäè÷íèì ÷è ìàéæå ïåðiîäè÷íèì çà çìiííîþ t .

Òóò âïåðøå ðîçãëÿíóòî ïàðàáîëi÷íi ñèëüíî íåëiíiéíi äèôåðåíöiàëüíi ðiâ-

íÿííÿ âèùèõ ïîðÿäêiâ çi çìiííèìè ïîêàçíèêàìè íåëiíiéííîñòi.

Ó ïiäðîçäiëi 2.2 îòðèìàíî àíàëîãi÷íi äî îòðèìàíèõ â ïiäðîçäiëi 2.1 ðå-

çóëüòàòè ñòîñîâíî çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèëüíî íåëiíié-

íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, òèïîâèì ïðèêëàäîì ÿêèõ ¹ ðiâíÿííÿ

(b(x)u)t +
∑
|α|∈M

(−1)|α|Dα(âα(x, t)|Dαu|pα(x)−2Dαu) =
∑
|α|∈M

(−1)|α|Dαfα(x, t),

(1.10)

(x, t) ∈ Q, äå ôóíêöi¨ âα, fα, pα, |α| ∈ M, òàêi æ ÿê â ðiâíÿííi (1.7), à

b : Ω → R � âèìiðíà îáìåæåíà ôóíêöiÿ òàêà, ùî 0 < b(x) 6 1 äëÿ

x ∈ Ω0 ⊂ Ω i b(x) = 0 äëÿ x ∈ Ω \ Ω0, äå Ω0 6= ∅ � âiäêðèòà ìíîæèíà.

Òóò íà âiäìiíó âiä ïiäðîçäiëó 2.1 óçàãàëüíåíi ðîçâ'ÿçêè äîñëiäæóâàíèõ çàäà÷

áåðóòüñÿ ç ïðîñòîðó

U b
p,loc(Q) :=

◦
W

m,0
p (·),loc(Q) ∩ C(R;Hb(Ω)).

Çàäà÷à Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèëüíî íåëiíiéíèõ äèôåðåíöi-

àëüíèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi ðàíiøå íå äîñëiäæóâà-

ëàñÿ.

Ó ïiäðîçäiëi 2.3 äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíèõ ðîçâ'ÿçêiâ

çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèëüíî íåëiíiéíèõ iíòåãðî-äèôåðåí-

öiàëüíèõ ðiâíÿíü áåç áóäü-ÿêèõ îáìåæåíü íà çðîñòàííÿ âõiäíèõ äàíèõ òà ïîâå-

äiíêó ðîçâ'ÿçêó íà íåñêií÷åííîñòi. Îòðèìàíî îöiíêè óçàãàëüíåíèõ ðîçâ'ÿçêiâ.

Òàêîæ äîñëiäæåíî ïèòàííÿ ïåðiîäè÷íîñòi òà ìàéæå ïåðiîäè÷íîñòi óçàãàëüíå-

íèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü. Òèïîâèì ïðèêëàäîì òàêèõ ðiâíÿíü ¹

(b(x)u)t +
∑
|α|∈M

(−1)|α|Dα(âα(x, t)|Dαu|pα(x)−2Dαu) + ã0(x, t)h(u)+

+

∫
Ω

ĉ(x, y, t)g(u(y, t)) dy =
∑
|α|∈M

(−1)|α|Dαfα(x, t), (x, t) ∈ Q. (1.11)
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äå h ∈ C1(R), h(0) = 0, 0 < inf
R
h′ 6 sup

R
h′ < +∞, íàïðèêëàä, h(ρ) =

2ρ + cos ρ, ρ ∈ R ; g ∈ C1(R), g(0) = 0, sup
R
|g′| < +∞, íàïðèêëàä, g(ρ) =

sin ρ, ρ ∈ R ; âα, fα, pα, |α| ∈ M, i b òàêi æ ÿê â ðiâíÿííi (1.10); ã0 ∈
L∞,loc(Q) , ess inf

Q
ã0 > 0 òà ĉ ∈ L∞(Ω× Ω× R) , ïðè÷îìó

ess inf
Q

ã0 · inf
R
h′ > mesnΩ · ess sup

Ω×Ω×S
|ĉ | · sup

R
|g′| .

Çîêðåìà, ðiâíÿííÿ (1.11) ìîæå ìàòè âèãëÿä

(b(x)u)t+(−∆)mu+ â0(x, t)|u|p0(x)−2 + ã0(x, t)u+

∫
Ω

ĉ(x, y, t)u(y, t)dy = f(x, t),

(x, t) ∈ Q, äå ∆ � îïåðàòîð Ëàïëàñà.

Ðàíiøå çàäà÷à Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèëüíî íåëiíiéíèõ iíòåã-

ðî-äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ çi çìiííèìè ïîêàçíèêàìè íåëi-

íiéíîñòi íå âèâ÷àëàñÿ.

Ó ïiäðîçäiëi 2.4 çíàéäåíî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëü-

íåíèõ ðîçâ'ÿçêiâ çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñëàáêî íåëiíiéíèõ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ïðè äåÿêèõ îáìåæåííÿõ íà çðîñòàííÿ âõi-

äíèõ äàíèõ òà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè ïðÿìóâàííi ÷àñîâî¨ çìiííî¨ äî −∞ .

Òèïîâèì ïðèêëàäîì ðîçãëÿíóòèõ ó ïiäðîçäiëi 2.4 ðiâíÿíü ¹

(b(x)u)t +
∑
|α|∈M

(−1)|α|Dαãα(x, t,Dαu) +

∫
Ω

c̃(x, y, t, u(y, t)) dy =

=
∑

|α|∈{0,m}

(−1)|α|Dαfα(x, t), (x, t) ∈ Q. (1.12)

äå

• äëÿ êîæíîãî α, |α| ∈ M, ôóíêöiÿ ãα(x, t, ζ), (x, t, ζ) ∈ Q × R, � êà-

ðàòåîäîðiâñüêà, ïðè÷îìó äëÿ ì.â. (x, t) ∈ Q ôóíêöiÿ ãα(x, t, ·) : R → R
� äèôåðåíöiéîâíà, à ôóíêöiÿ ∂

∂ζ ãα(x, t, ζ), (x, t, ζ) ∈ Q × R, � îáìåæåíà i
∂
∂ζ ãα, (x, t, ζ) > γα(t) > 0 äëÿ ì.â. (x, t) ∈ Q òà âñiõ ζ ∈ R, γα ∈ C(S); êðiì

òîãî, ãα(x, t, 0) = 0 äëÿ ì.â. (x, t) ∈ Q , |α| ∈M ;

• ôóíêöiÿ c̃(x, y, t, ζ), (x, y, t, ζ) ∈ Ω×Ω×S×R, � êàðàòåîäîðiâñüêà, ïðè÷îìó
äëÿ ì.â. (x, y, t) ∈ Ω×Ω×S ôóíêöiÿ c̃(x, y, t, ·) : R→ R � äèôåðåíöiéîâíà i∣∣∣ ∂

∂ζ
c̃(x, y, t, ζ)

∣∣∣ 6 Lγ(t) äëÿ ì.â. (x, y, t) ∈ Ω× Ω× S òà âñiõ ζ ∈ R,
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äå L > 0 � ñòàëà, γ(t) :=
∑
|α|∈M

Kαγα(t), t ∈ S, à Kα > 0 , |α| 6 m, � ñòàëi

òàêi, ùî

∀α, |α| 6 m :

∫
Ω

|Dαv|2 dx > Kα

∫
Ω

|v|2 dx ∀ v ∈
◦
H

m(Ω)

(iñíóâàííÿ ñòàëèõ Kα ïðè |α| 6= 0 ëåãêî âèïëèâà¹ ç íåðiâíîñòi Ôðiäðiõñà, à

K0̂ = 1 ); êðiì òîãî, c̃(x, y, t, 0) = 0 äëÿ ì.â. (x, y, t) ∈ Ω× Ω× S ;
• fα ∈ L2

loc(Q), |α| ∈M.

Çàóâàæèìî, ùî çàäà÷à (1.12), (1.8), ÿê ïîêàçóþòü âiäïîâiäíi ïðèêëàäè,

ìîæå ìàòè áàãàòî (íàâiòü áåçëi÷) óçàãàëüíåíèõ ðîçâ'ÿçêiâ ç ïðîñòîðó

U b
2,loc(Q) :=

◦
W

m,0
2,loc(Q) ∩ C(S;Hb(Ω)).

Òîìó ïîòðiáíî íàêëàñòè íà ¨¨ óçàãàëüíåíèé ðîçâ'ÿçîê äîäàòêîâó óìîâó ó âè-

ãëÿäi îáìåæåííÿ íà éîãî ïîâåäiíêó ïðè t→ −∞ :

lim
t→−∞

e
ω

t∫
0

γ(s)ds
‖u(·, t)‖Hb(Ω) = 0, (1.13)

äå ω ∈ R.
Ñôîðìóëþ¹ìî äëÿ çàäà÷i (1.12), (1.8), (1.13) òâåðäæåííÿ, ÿêå ¹ íàñëiäêîì

ç îòðèìàíèõ ó ïiäðîçäiëi 2.4 ðåçóëüòàòiâ. Äëÿ öüîãî ââåäåìî ïîçíà÷åííÿ

b0 := ess inf
x∈Ω

b(x)

i ëiíiéíèé ïðîñòið

L2
ω,β(S;L2(Ω)) :=

{
f ∈ L2

loc
(S;L2(Ω))

∣∣∣ ∫
S

β(t)e
2ω

t∫
0

γ(s)ds
‖f(·, t)‖2

L2(Ω) dt <∞
}

ç íîðìîþ

‖f‖L2
ω,β(S;L2(Ω)) :=

(∫
S

β(t) e
2ω

t∫
0

γ(s) ds
‖f(·, t)‖2

L2(Ω) dt
)1/2

,

äå ω ∈ R, β ∈ C(S), β(t) > 0 äëÿ âñiõ t ∈ S.

Íàñëiäîê 1.2. Íåõàé âèêîíóþòüñÿ âêàçàíi óìîâè ñòîñîâíî âõiäíèõ äàíèõ

ðiâíÿííÿ (1.12) i, êðiì òîãî, ó âèïàäêó b0 = 0 ìà¹ìî

LmesnΩ < 1. (1.14)
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Ïðèïóñòèìî, ùî ω < 1 − LmesnΩ, êîëè âèêîíó¹òüñÿ óìîâà (1.14), i ω <

(1− LmesnΩ)/b0 â iíøîìó âèïàäêó, i ìà¹ìî âêëþ÷åííÿ

fα ∈ L2
ω,1/γα

(S;L2(Ω)) ∀α, |α| = m, f0̂ ∈ L
2
ω,1/γ(S;L2(Ω)). (1.15)

Òîäi iñíó¹ i òiëüêè îäèí óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1.12), (1.8), (1.13),

ïðè÷îìó äëÿ íüîãî ïðàâèëüíà îöiíêà

e
ω
τ∫
0

γ(s) ds
‖u(·, τ)‖Hb(Ω) + ‖u‖L2

ω,γ(Sτ ;L2(Ω)) +
∑
α∈M

‖Dαu‖L2
ω,γα(Sτ ;L2(Ω)) 6

6 C2

[
‖f0̂‖L2

ω,1/γ(Sτ ;L2(Ω)) +
∑
|α|=m

‖fα‖L2
ω,1/γα

(Sτ ;L2(Ω))

]
, τ ∈ S, (1.16)

äå Sτ := (−∞, τ ] ∀τ ∈ (−∞, 0] (S0 = S) , C2 > 0 � ñòàëà, ùî çàëåæàòü

ëèøå âiä L , mesnΩ , b0 òà ω .

Çàäà÷à Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñëàáêî íåëiíiéíèõ iíòåãðî-äèôå-

ðåíöiàëüíèõ ðiâíÿíü ðàíiøå íå ðîçãëÿäàëèñÿ.

Ó ðîçäiëi 3 äîñëiäæåíî çàäà÷ó Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì

ñèëüíî òà ñëàáêî íåëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïî-

ðÿäêó. Îáëàñòi çàäàííÿ ðiâíÿíü ¹ öèëiíäðè÷íèìè ç ïàðàëåëüíèìè ÷àñîâié îñi

òâiðíèìè i, êðiì òîãî, ¹ íåîáìåæåíèìè çíèçó çà ÷àñîâîþ òà îáìåæåíèìè çà

ïðîñòîðîâèìè çìiííèìè. Ó ïiäðîçäiëi 3.1 âèâ÷åíî óìîâè iñíóâàííÿ òà ¹äèíî-

ñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì

ñèëüíî íåëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè

íåëiíiéíîñòi áåç îáìåæåíü íà çðîñòàííÿ âõiäíèõ äàíèõ òà ïîâåäiíêó ðîçâ'ÿçêiâ

ïðè ïðÿìóâàííi ÷àñîâî¨ çìiííî¨ äî −∞ . Ðåçóëüòàòè, îòðèìàíi òóò, ïîäiáíi äî

ðåçóëüòàòiâ ïiäðîçäiëó 2.3. Ó ïiäðîçäiëi 3.2 äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü

ðîçâ'ÿçêiâ çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì ñëàáêî íåëiíiéíèõ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ïðè íàÿâíîñòi îáìåæåíü íà çðîñòàííÿ âõi-

äíèõ äàíèõ òà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè ïðÿìóâàííi ÷àñîâî¨ çìiííî¨ äî −∞ .

Ðåçóëüòàòè, îòðèìàíi òóò, ïîäiáíi äî ðåçóëüòàòiâ ïiäðîçäiëó 2.4.

Çàäà÷à Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì ñèëüíî òà ñëàáêî íåëi-

íiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó ðàíiøå íå äîñëi-

äæóâàëèñÿ.
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Ó ðîçäiëi 4 âèâ÷åíî çàäà÷ó áåç ïî÷àòêîâèõ óìîâ äëÿ ñëàáêî íåëiíiéíèõ

åâîëþöiéíèõ âêëþ÷åíü ç ôóíêöiîíàëàìè. Îòðèìàíî äîñòàòíi óìîâè iñíóâàííÿ

òà ¹äèíîñòi ðîçâ'ÿçêiâ òàêî¨ çàäà÷i.

Îïèøåìî êîíêðåòíiøå ðåçóëüòàòè öüîãî ðîçäiëó. Äëÿ öüîãî ñïî÷àòêó íà-

âåäåìî ïðèêëàä çàäà÷i, ùî áóäå ðîçãëÿäàòèñü.

Íåõàé Ω � îáìåæåíà îáëàñòü â Rn (n ∈ N) ç êóñêîâî-ãëàäêîþ ìåæåþ ∂Ω .

Ïîçíà÷èìî S := (−∞, 0] , Q := Ω× S , Σ := ∂Ω× S , Ωt := Ω× {t} ∀ t ∈ R .

Íåõàé L2
loc(Q) � ïðîñòið âèçíà÷åíèõ íà Q âèìiðíèõ ôóíêöié òàêèõ, ùî ¨õ

çâóæåííÿ íà áóäü-ÿêó âèìiðíó îáìåæåíó ìíîæèíó Q′ ⊂ Q íàëåæèòü ïðî-

ñòîðó L2(Q′) ; H1(Ω) = {v ∈ L2(Ω) | vxi ∈ L2(Ω), i = 1, n} , � ñòàíäàðòíèé
ïðîñòið Ñîáîë¹âà ç ç ñêàëÿðíèì äîáóòêîì (v, w)H1(Ω) =

∫
Ω[∇v∇w + vw] dx ,

äå ∇u := (ux1, . . . , uxn) , ∇w := (wx1, . . . , wxn) .

Íåõàé K � îïóêëà çàìêíåíà ìíîæèíà â H1(Ω) , ùî ìiñòèòü 0 . Çàäà÷à:

çíàéòè ôóíêöiþ u ∈ L2
loc(Q) , òàêó, ùî uxi ∈ L2

loc(Q) , i = 1, n , ut ∈ L2
loc(Q) ,

òà äëÿ ìàéæå âñiõ t ∈ S ìà¹ìî u(·, t) ∈ K i∫
Ωt

{
ut(v − u) +∇u∇(v − u) + u(v − u) +

+(v − u)

∫
Ω

b(x, y, t)u(y, t) dy
}
dx ≥

∫
Ωt

f(v − u) dx ∀ v ∈ K, (1.17)

lim
t→−∞

||u(·, t)||L2(Ω) = 0, (1.18)

äå f ∈ L2
loc(Q), a ∈ L∞(Ω), b ∈ L∞(Ω × Ω × (−∞, 0)) � çàäàíi ôóíêöi¨,

∇u := (ux1, . . . , uxn) .

ßê âèïëèâà¹ ç ðåçóëüòàòiâ öüîãî ðîçäiëó, êîëè

f ∈ L2(Q), ess sup
(x,y,t)∈Ω×Ω×(−∞,0]

|b(x, y, t)|
√
mesnΩ < K,

äå K > 0 � ñòàëà ç íåðiâíîñòi

K‖v‖L2(Ω) ≤ ‖v‖H1(Ω) ∀v ∈ H1(Ω),

òî çàäà÷à (4.1), (4.2) ìà¹ ðîçâ'ÿçîê i òiëüêè îäèí.

Â öüîìó ðîçäiëi íàâåäåíèé ïðèêëàä óçàãàëüíþ¹ìî i ðîçãëÿäà¹ìî òàêó çàäà-

÷ó äëÿ àáñòðàêòíî¨ åâîëþöiéíî¨ âàðiàöiéíî¨ íåðiâíîñòi ç ôóíêöiîíàëîì: çíà-

éòè ôóíêöiþ u ∈ Lploc(S;V ) òàêó, ùî u′ ∈ L2
loc(S;H) òà äëÿ ìàéæå âñiõ t ∈ S
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ìà¹ìî u(t) ∈ K ,

(u′(t) + A(u(t)) +B(t, u(t)), v − u(t)) ≥ (f(t), v − u(t)) ∀ v ∈ K, (1.19)

äå B(t, ·) : H → H, t ∈ S, � çàäàíà ñiì'ÿ îïåðàòîðiâ, f ∈ L2
loc(S;H) � çàäàíà

ôóíêöiÿ, òà

lim
t→−∞

eγt|u(t)| = 0, (1.20)

äå γ ∈ R � çàäàíå ÷èñëî.

Òóò V i H � ãiëüáåðòîâi ïðîñòîðè, V ′ � ñïðÿæåíèé äî V ïðîñòið, ïðè-

÷îìó V ⊂ H ⊂ V ′ i âñi âêëàäåííÿ ¹ ùiëüíèìè òà íåïåðåðâíèìè, à ïåðøå ùå

¹ êîìïàêòíèì.

Âiäìiòèìî, ùî âàðiàöiéíó íåðiâíiñòü (1.19) ìîæíà çàïèñàòè ó âèãëÿäi ñó-

áäèôåðåíöiàëüíîãî âêëþ÷åííÿ: çíàéòè ôóíêöiþ u ∈ Lploc(S;V ) òàêó, ùî

u′ ∈ L2
loc(S;H) òà äëÿ ìàéæå âñiõ t ∈ S ìà¹ìî u(t) ∈ D(∂Φ) i

u′(t) + ∂Φ(u(t)) +B(t, u(t)) 3 f(t) â H. (1.21)

Çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ ñëàáêî íåëiíiéíèõ åâîëþöiéíèõ âàðiàöié-

íèõ íåðiâíîñòåé ðàíiøå íå âèâ÷àëàñÿ.



Ðîçäië 2

Çàäà÷à Ôóð'¹ äëÿ ïàðàáîëi÷íèõ òà

åëiïòè÷íî-ïàðàáîëi÷íèõ íåëiíiéíèõ

ðiâíÿíü âèùèõ ïîðÿäêiâ

Öåé ðîçäië ïðèñâÿ÷åíèé âèâ÷åííþ çàäà÷i Ôóð'¹ äëÿ ïàðàáîëi÷íèõ òà åëiï-

òè÷íî-ïàðàáîëi÷íèõ ñèëüíî òà ñëàáêî íåëiíiéíèõ äèôåðåíöiàëüíèõ òà iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ.

Ìàòåðiàëè ðîçäiëó âèêëàäåíî â ïðàöÿõ [17, 18, 68, 71].

Ââåäåìî ïîòðiáíi íàì äàëi ïîçíà÷åííÿ i ïîíÿòòÿ. Íåõàé n � äîâiëüíå ôi-

êñîâàíå íàòóðàëüíå ÷èñëî, Rn � ëiíiéíèé íîðìîâàíèé ïðîñòið, ñêëàäåíèé

ç âïîðÿäêîâàíèõ íàáîðiâ äiéñíèõ ÷èñåë x = (x1, . . . , xn) , íàäiëåíèõ íîð-

ìîþ |x| :=
(
|x1|2 + . . . + |xn|2

)1/2
. Ââàæà¹ìî, ùî Z+ � ìíîæèíà öiëèõ íå-

âiä'¹ìíèõ ÷èñåë, à Zn+ � ìíîæèíà âïîðÿäêîâàíèõ íàáîðiâ α = (α1, . . . , αn)

ç öiëèõ íåâiä'¹ìíèõ ÷èñåë, ÿêi íàçèâàþòü ìóëüòèiíäåêñàìè (ðîçìiðíîñòi n ), i

|α| = α1 + . . . + αn � äîâæèíà ìóëüòèiíäåêñó.

Íåõàé m � äåÿêå ôiêñîâàíå íàòóðàëüíå ÷èñëî i M � ïiäìíîæèíà ìíî-

æèíè {0, 1, . . . , m} òàêà, ùî {0,m} ⊂ M . Ïîçíà÷èìî ÷åðåç N êiëüêiñòü

ìóëüòèiíäåêñiâ ðîçìiðíîñòi n , äîâæèíè ÿêèõ ¹ åëåìåíòàìè ìíîæèíè M ,

à ÷åðåç RN � ëiíiéíèé ïðîñòið âïîðÿäêîâàíèõ íàáîðiâ ç N äiéñíèõ ÷èñåë

ξ = (ξ0̂ , . . . , ξα, . . .) ≡ (ξα : |α| ∈ M) , êîìïîíåíòè ÿêèõ ïðîíóìåðîâàíi ìóëü-

òèiíäåêñàìè ðîçìiðíîñòi n , ùî ìàþòü äîâæèíè ç M i âïîðÿäêîâàíi ëåêñè-

êîãðàôi÷íî (öå îçíà÷à¹, ùî α = (α1, . . . , αn) ïåðåäó¹ β = (β1, . . . , βn) , êî-

ëè àáî |α| < |β| , àáî |α| = |β| i αk > βk , äå k = min{j : αj 6= βj} ).
Òóò i äàëi 0̂ = (0, . . . , 0) � ìóëüòèiíäåêñ, ñêëàäåíèé ç íóëiâ. Ïîêëàäåìî

39
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|ξ| :=
( ∑
|α|∈M

|ξα|2
)1/2

äëÿ äîâiëüíîãî ξ ∈ RN .

Íåõàé Ω � îáìåæåíà îáëàñòü â ïðîñòîði Rn . Ââàæàòèìåìî, ùî ìåæà

Γ := ∂Ω îáëàñòi Ω ¹ êóñêîâî-ãëàäêîþ i ïîçíà÷èìî ÷åðåç ν = (ν1, . . . , νn)

îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî Γ . ×åðåç mesnΩ ïîçíà÷àòèìåìî

ìiðó Ëåáåãà Ω .

Íåõàé r ∈ L∞(Ω), ïðè÷îìó r(x) > 1 äëÿ ìàéæå âñiõ x ∈ Ω, i íåõàé àáî

G = Ω , àáî G = Ω × I , äå I � iíòåðâàë ÷èñëîâî¨ îñi R . Ïîçíà÷èìî ÷åðåç

Lr(·)(G) óçàãàëüíåíèé ïðîñòið Ëåáåãà, ÿêèé ñêëàäà¹òüñÿ ç âèìiðíèõ ôóíêöié

v : G→ R òàêèõ, ùî ρG,r(v) <∞ , äå

ρG,r(v) :=

∫
Ω

|v(x)|r(x)dx, ÿêùî G = Ω, i

ρG,r(v) :=

∫
G

|v(x, t)|r(x)dxdt, ÿêùî G = Ω× I.

Íà öüîìó ïðîñòîði ðîçãëÿíåìî íîðìó

‖v‖Lr(·)(G) := inf{λ > 0 | ρG,r(v/λ) 6 1},

ç ÿêîþ âií ¹ áàíàõîâèì [12].

ßêùî ess inf
x∈Ω

r(x) > 1 , òî ñïðÿæåíèé ïðîñòið (Lr(·)(G))′ ìîæå áóòè îòîòî-

æíåíèì ç Lr′(·)(G) , äå r′ � ôóíêöiÿ, ÿêà âèçíà÷åíà ðiâíiñòþ 1
r(x) + 1

r′(x) = 1

äëÿ ìàéæå âñiõ x ∈ Ω .

Íåõàé G = Ω× I , äå I ¹ íåîáìåæåíèì iíòåðâàëîì â R (çîêðåìà, I = R ).

Ïîçíà÷èìî ÷åðåç Lr(·),loc(G) ëiíiéíèé ïðîñòið âèìiðíèõ ôóíêöié g : G → R
òàêèõ, ùî çâóæåííÿ g íà Ω× (t1, t2) íàëåæèòü äî Lr(·)(Ω× (t1, t2)) äëÿ áóäü-

ÿêèõ t1, t2 ∈ I . Öåé ïðîñòið ¹ ïîâíèì ëîêàëüíî îïóêëèì iç ñèñòåìîþ ïiâíîðì{
‖ · ‖Lr(·)(Ω×(t1,t2))

∣∣ t1, t2 ∈ I} . Ïîñëiäîâíiñòü {gm} ¹ ñèëüíî çáiæíîþ (âiäïîâiä-

íî, ñëàáêî çáiæíîþ) â Lr(·),loc(G) , ÿêùî ïîñëiäîâíiñòü çâóæåíü {gm|Ω×(t1,t2)}
¹ ñèëüíî çáiæíîþ (âiäïîâiäíî, ñëàáêî çáiæíîþ) â Lr(·)(Ω× (t1, t2)) äëÿ áóäü-

ÿêèõ t1, t2 ∈ I . Àíàëîãi÷íî âèçíà÷à¹ìî ïðîñòið L∞,loc(G) .

Íåõàé Hm(Ω) := {v ∈ L2(Ω)
∣∣Dαv ∈ L2(Ω) ∀α ∈ Zn+, |α| 6 m} � ïðîñòið

Ñîáîë¹âà, ÿêèé ¹ ãiëüáåðòîâèì ïðîñòîðîì çi ñêàëÿðíèì äîáóòêîì òà íîðìîþ

(v, w)Hm(Ω) :=

∫
Ω

∑
|α|6m

DαvDαw dx, ‖v‖Hm(Ω) :=
(∫

Ω

∑
|α|6m

|Dαv|2 dx
)1/2

.



41

Ïiä
◦
Hm(Ω) áóäåìî ðîçóìiòè çàìèêàííÿ â Hm(Ω) ïðîñòîðó C∞c (Ω) (C∞c (Ω) �

ëiíiéíèé ïðîñòið, ùî ñêëàäà¹òüñÿ ç íåñêií÷åííî äèôåðåíöiéîâíèõ íà Ω ôóí-

êöié, ÿêi ìàþòü êîìïàêòíèé íîñié).

Ââåäåìî ùå ïðîñòið

Wm
q (Ω) := {v ∈ Lq(Ω)

∣∣Dαv ∈ Lq(Ω) ∀α ∈ Zn+, |α| 6 m},

ÿêèé ¹ áàíàõîâèì ç íîðìîþ ‖v‖Wm
q (Ω) :=

∑
|α|6m

‖Dαv‖Lq(Ω) , äå q > 1 � ÿêå-

íåáóäü ÷èñëî.

Íåõàé p(·) =
(
pα(·) : |α| ∈ M

)
� âïîðÿäêîâàíèé òàê ñàìî, ÿê åëåìåíòè

ïðîñòîðó RN , íàáið çàäàíèõ i âèìiðíèõ íà Ω , ùî çàäîâîëüíÿþòü óìîâó:

1 < ess inf
x∈Ω

pα(x) 6 ess sup
x∈Ω

pα(x) <∞, |α| ∈M.

×åðåç p ′(·) = (p ′α(·) : |α| ∈M) ïîçíà÷àòèìåìî âïîðÿäêîâàíèé íàáið ôóíêöié

òàêèõ, ùî 1/pα(x) + 1/p ′α(x) = 1 äëÿ ì.â. x ∈ Ω , |α| ∈M .

Íåõàé W m
p (·)(Ω) := {v ∈ Lp0̂(·)(Ω)

∣∣Dαv ∈ Lpα(·)(Ω) ∀α, |α| ∈ M} � áàíàõiâ

ïðîñòið ç íîðìîþ ‖v‖W m
p (·)(Ω) :=

∑
|α|∈M

‖Dαv‖Lpα(·)(Ω) . Ïiä
◦
W m

p (·)(Ω) ðîçóìi¹ìî

çàìèêàííÿ ïðîñòîðó C∞c (Ω) çà íîðìîþ ‖·‖W m
p (·)(Ω) . Äëÿ çðó÷íîñòi âèêëàäåííÿ

ìàòåðiàëó ïîçíà÷èìî

Vp :=
◦
W

m
p (·)(Ω).

Íåõàé G = Ω × I , äå I � iíòåðâàë ÷èñëîâî¨ îñi R . Ââåäåìî ïðîñòið

Wm,0
p (·) (G) ÿê ïiäïðîñòið ïðîñòîðó Lp0̂(·)(G), ñêëàäåíèé ç òèõ ôóíêöié h , äëÿ

ÿêèõ Dαh ∈ Lpα(·)(G) , ÿêùî |α| ∈M, iç íîðìîþ

‖h‖Wm,0
p (·) (G) :=

∑
|α|∈M

‖Dαh‖Lpα(·)(G).

×åðåç
◦
W

m,0
p (·)(G) ïîçíà÷èìî ïiäïðîñòið ïðîñòîðó Wm,0

p (·) (G) , ñêëàäåíèé ç òàêèõ

ôóíêöié h , ùî h(·, t) ∈
◦
W m

p (·)(Ω) äëÿ ìàéæå âñiõ t ∈ (t1, t2) .

Íåõàé G = Ω × I , äå I � ÷èñëîâèé ïðîìiíü àáî âñÿ ÷èñëîâà âiñü. Ââå-

äåìî ïðîñòið
◦
W

m,0
p (·),loc(G) ÿê ïiäïðîñòið ïðîñòîðó Lp0̂(·),loc(G), ñêëàäåíèé ç

ôóíêöié h , çâóæåííÿ ÿêèõ íà Ω × (t1, t2) íàëåæèòü
◦
W

m,0
p (·)(Ω × (t1, t2)) äëÿ
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áóäü-ÿêèõ t1, t2 ∈ I . Öåé ïðîñòið ¹ ïîâíèì ëîêàëüíî îïóêëèì iç ñiì'¹þ ïiâ-

íîðì
{
‖h‖Wm,0

p (·) (Ω×(t1,t2)) :=
∑
|α|∈M

‖Dαh‖Lpα(·)(Ω×(t1,t2))

∣∣ t1, t2 ∈ I} .
Ïîñëiäîâíiñòü {hm} ¹ ñèëüíî çáiæíîþ (âiäïîâiäíî, ñëàáêî çáiæíîþ)

â
◦
W

m,0
p (·),loc(G) , ÿêùî ïîñëiäîâíiñòü çâóæåíü {hm|Ω×(t1,t2)} ¹ ñèëüíî çáiæíîþ

(âiäïîâiäíî, ñëàáêî çáiæíîþ) â
◦
W

m,0
p (·)(Ω× (t1, t2)) äëÿ áóäü-ÿêèõ t1, t2 ∈ I .

×åðåç C(I;B) , äå B � áàíàõiâ ïðîñòið ç íîðìîþ ‖ · ‖B , I � âiäêðèòèé

÷èñëîâèé ïðîìiíü àáî âñÿ ÷èñëîâà âiñü, ïîçíà÷èìî ëiíiéíèé ïðîñòið ôóíêöié

v : I → B òàêèõ, ùî çâóæåííÿ v íà äîâiëüíèé âiäðiçîê [t1, t2] ⊂ I íàëåæèòü

äî C([t1, t2];B) . Ïðîñòið C(I;B) ¹ ïîâíèì ëîêàëüíî îïóêëèì iç ñèñòåìîþ ïiâ-

íîðì
{

maxt∈[t1,t2] ‖v(t)‖B
∣∣ t1, t2 ∈ I

}
. Îòîæ, ïîñëiäîâíiñòü {vm} ¹ çáiæíîþ

â C(I;B) , ÿêùî ïîñëiäîâíiñòü çâóæåíü {vm|[t1,t2]} ¹ çáiæíîþ â C([t1, t2];B)

äëÿ áóäü-ÿêèõ t1, t2 ∈ I .
Ïiä C1

c (I), äå I � iíòåðâàë ÷èñëîâî¨ îñi R , ðîçóìi¹ìî ëiíiéíèé ïðîñòið

íåïåðåðâíî äèôåðåíöiéîâíèõ íà I ôóíêöié ç êîìïàêòíèì íîñi¹ì, ïðè÷îìó

ÿêùî I = (t1, t2) , òî ïèñàòèìåìî C1
c (t1, t2) çàìiñòü C1

c ((t1, t2)) .

Ïðèéìåìî Qt1,t2 := Ω× (t1, t2) äëÿ äîâiëüíèõ t1 i t2 (òóò i äàëi ïðèïóñêà-

¹ìî, ùî t1 < t2 ).

Íåõàé S � ÷èñëîâà âiñü R àáî çàìêíåíèé ïðîìiíü (−∞, 0] , intS := R ,

ÿêùî S = R , òà intS := (−∞, 0) , ÿêùî S = (−∞, 0] . Ïðèéìåìî

Q := Ω× S, Σ := Γ× S.

2.1 Ïàðàáîëi÷íi ñèëüíî íåëiíiéíi äèôåðåíöiàëüíi ðiâíÿ-

ííÿ

2.1.1 Ïîñòàíîâêà çàäà÷i i ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ

Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u : Q→ R , ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó

ñåíñi) ðiâíÿííÿ

ut +
∑
|α|∈M

(−1)|α|Dαaα(x, t, δu) =
∑
|α|∈M

(−1)|α|Dαfα(x, t), (x, t) ∈ Q, (2.1)

òà êðàéîâi óìîâè
∂ju

∂νj
∣∣
Σ
= 0 , j = 0,m− 1, (2.2)
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äå aα : Q × RN → R, fα : Q → R, |α| ∈ M, � çàäàíi ôóíêöi¨, δu � âïî-

ðÿäêîâàíèé (ïðàâèëî âïîðÿäêóâàííÿ òàêå æ, ÿê äëÿ êîìïîíåíòiâ âåêòîðiâ

ξ ∈ RN ) íàáið ç âñåìîæëèâèõ ïîõiäíèõ Dαu ≡ ∂α1+...+αn

∂x
α1
1 ...∂xαnn

u ôóíêöi¨ u ïîðÿä-

êiâ |α| ∈M.

Côîðìóëüîâàíó çàäà÷ó íàçèâàþòü çàäà÷åþ Ôóð'¹ äëÿ ðiâíÿííÿ (2.1) ç êðà-

éîâèìè óìîâàìè (2.2) i äàëi ìè ¨¨ êîðîòêî íàçèâà¹ìî çàäà÷åþ (2.1), (2.2).

Òóò âèâ÷àòèìåìî óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (2.1), (2.2), à äëÿ öüîãî ââå-

äåìî íåîáõiäíi ïîçíà÷åííÿ i çðîáèìî âiäïîâiäíi ïðèïóùåííÿ ùîäî âõiäíèõ

äàíèõ öi¹¨ çàäà÷i.

Íåõàé âèêîíó¹òüñÿ óìîâà

(P) p = (pα : |α| ∈ M) � âåêòîð-ôóíêöiÿ òàêà, ùî äëÿ êîæíîãî α,

|α| ∈M, ôóíêöiÿ pα : Ω→ R � âèìiðíà i

2 6 p−α := ess inf
x∈Ω

pα(x) 6 ess sup
x∈Ω

pα(x) =: p+
α < +∞, ÿêùî |α| ∈M,

ïðè÷îìó p−
0̂
> 2.

Ïiä Ap ðîçóìiòèìåìî ìíîæèíó, ñêëàäåíó ç âïîðÿäêîâàíèõ íàáîðiâ

(aα : |α| ∈M) , âèçíà÷åíèõ íà Q×RN äiéñíîçíà÷íèõ ôóíêöié, ÿêi ïðîíóìåðî-

âàíi òàê ñàìî, ÿê êîìïîíåíòè åëåìåíòiâ ïðîñòîðó RN , i ôóíêöi¨ ç áóäü-ÿêîãî

òàêîãî íàáîðó çàäîâîëüíÿþòü òàêi òðè óìîâè:

(A1) äëÿ êîæíîãî α (|α| ∈ M) ôóíêöiÿ aα(x, t, ξ) , (x, t, ξ) ∈ Q× RN , ¹

êàðàòåîäîðiâñüêîþ, òîáòî ôóíêöiÿ aα(x, t, · ) : RN → R ¹ íåïåðåðâíîþ äëÿ

ìàéæå âñiõ (x, t) ∈ Q , à äëÿ âñiõ ξ ∈ RN ôóíêöiÿ aα(·, · , ξ) : Q → R ¹

âèìiðíîþ çà Ëåáåãîì; êðiì òîãî, aα(x, t, 0) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q ;

(A2) äëÿ êîæíîãî α, |α| ∈ M , áóäü-ÿêèõ ξ ∈ RN òà ìàéæå âñiõ (x, t) ∈ Q
ìà¹ìî

|aα(x, t, ξ)| 6 hα(x, t)
∑
|β|∈M

|ξβ|pβ(x)/p ′α(x) + gα(x, t),

äå hα ∈ L∞,loc(Q) , gα ∈ Lp ′α(·),loc(Q) ;

(A3) äëÿ äîâiëüíèõ ξ, η ∈ RN òà ìàéæå âñiõ (x, t) ∈ Q âèêîíó¹òüñÿ íåðiâ-

íiñòü ∑
|α|∈M

(aα(x, t, ξ)− aα(x, t, η))(ξα − ηα) > Ka

∑
|α|∈M

|ξα − ηα|pα(x),
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äå Ka>0 � ñòàëà, ÿêà çàëåæèòü âiä íàáîðó a ≡ (aα : |α| ∈M) .

Ðîçãëÿäàòèìåìî òàêîæ ïiäìíîæèíó A∗p ìíîæèíè Ap , ñêëàäåíó ç åëåìåíòiâ

âèãëÿäó

(aα(x, t, ξ) ≡ âα(x, t)|ξα|pα(x)−2ξα : |α| ∈M),

äå âα ∈ L∞,loc(Q) i

âα(x, t) > K̂a = const > 0 äëÿ ì.â. (x, t) ∈ Q , |α| ∈M.

Òå, ùî

A∗p ⊂ Ap

ëåãêî ïåðåâiðèòè, îïèðàþ÷èñü íà íåðiâíiñòü (äèâ. [60]):

(|s1|q−2s1 − |s2|q−2s2)(s1 − s2) > 22−q|s1 − s2|q,

ÿêà ïðàâèëüíà äëÿ áóäü-ÿêèõ q > 2, s1, s2 ∈ R .

Âiäìiòèìî, ùî ÿêùî (aα : |α| ∈ M) íàëåæèòü A∗p , òî ðiâíÿííÿ (2.1) ìà¹

âèãëÿä

ut +
∑
|α|∈M

(−1)|α|Dα(âα(x, t)|Dαu|pα(x)−2Dαu) =

=
∑
|α|∈M

(−1)|α|Dαfα(x, t), (x, t) ∈ Q, (2.3)

×àñòêîâèì âèïàäêîì ðiâíÿííÿ (2.3), à îòæå, i ðiâíÿííÿ (2.1), ¹

ut + (−∆)mu+ â0̂(x, t)|u|
p0(x)−2u = f(x, t), (x, t) ∈ Q.

Âèçíà÷èìî ëiíiéíèé ïðîñòið

Up,loc(Q) :=
◦
W

m,0
p (·),loc(Q) ∩ C(S;L2(Ω))

iç ñèñòåìîþ ïiâíîðì
{∑

|α|∈M ‖Dαh‖Lpα(·)(Qt1,t2) + ‖h‖C([t1,t2];L2(Ω))

∣∣ t1, t2 ∈ S
}

íà íüîìó, ç ÿêîþ âií ¹ ïîâíèì ëîêàëüíî îïóêëèì.

Íåõàé Fp ′,loc(Q) � ìíîæèíà, åëåìåíòàìè ÿêî¨ ¹ âïîðÿäêîâàíi íàáîðè

(fα : |α| ∈ M) ç N âèçíà÷åíèõ íà Q äiéñíîçíà÷íèõ ôóíêöié, ÿêi ïðîíó-

ìåðîâàíi òàê ñàìî, ÿê åëåìåíòè ïðîñòîðó RN , i äëÿ êîæíîãî α , |α| ∈ M,

ôóíêöiÿ fα íàëåæèòü ïðîñòîðó Lp ′α(·),loc(Q) .
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Îçíà÷åííÿ 2.1. Íåõàé (aα : |α| ∈ M) ∈ Ap , (fα : |α| ∈ M) ∈ Fp ′,loc . Óçà-

ãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.1),(2.2) íàçèâà¹ìî ôóíêöiþ u ∈ Up,loc(Q) ,

ÿêà çàäîâîëüíÿ¹ ðiâíiñòü∫∫
Q

[
−uvϕ′+

∑
|α|∈M

aα(x, t, δu)Dαvϕ
]
dxdt =

∫∫
Q

∑
|α|∈M

fα(x, t)Dαvϕ dxdt (2.4)

äëÿ áóäü-ÿêèõ v ∈ Vp , ϕ ∈ C1
c (intS).

Òåîðåìà 2.1. Íåõàé (aα : |α| ∈ M) ∈ Ap , (fα : |α| ∈ M) ∈ Fp ′,loc . Òîäi çà-

äà÷à (2.1), (2.2) ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê i òiëüêè îäèí. Êðiì òîãî, äëÿ

áóäü-ÿêèõ R,R0, t0 òàêèõ, ùî R0 > 0, R > max{1, 2R0}, t0 ∈ S , âèêîíó¹-

òüñÿ îöiíêà

max
t∈[t0−R0,t0]

∫
Ω

|u(x, t)|2 dx+

t0∫
t0−R0

∫
Ω

∑
|α|∈M

|Dαu(x, t)|pα(x) dxdt 6

6 C1

(
R−2/(p+

0̂
−2) +

t0∫
t0−R

∫
Ω

∑
|α|∈M

|fα(x, t)|p ′α(x) dxdt
)
, (2.5)

äå C1 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä Ka i p−α , |α| ∈M .

Ðîçâ'ÿçîê u çàäà÷i (2.1),(2.2) íàçèâàþòü îáìåæåíèì, ÿêùî

sup
t∈S

∫
Ω

|u(x, t)|2 dx <∞.

Íàñëiäîê 2.1. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.1 òà fα ∈ Lp ′α(·)(Q) ,

|α| ∈ M. Òîäi óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2.1),(2.2) ¹ îáìåæåíèì òà

íàëåæèòü ïðîñòîðó
◦
W

m,0
p (·)(Q) i çàäîâîëüíÿ¹ îöiíêó

sup
t∈S

∫
Ω

|u(x, t)|2 dx+

∫∫
Q

∑
|α|∈M

|Dαu(x, t)|pα(x) dxdt 6

6 C1

∫∫
Q

∑
|α|∈M

|fα(x, t)|p ′α(x) dxdt. (2.6)
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Íàñëiäîê 2.2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.1 òà

sup
τ∈S

τ∫
τ−1

∫
Ω

∑
|α|∈M

|fα(x, t)|p ′α(x) dxdt 6 C2,

äå C2 > 0 � ñòàëà. Òîäi ðîçâ'ÿçîê çàäà÷i (2.1),(2.2) ¹ îáìåæåíèì i çàäîâîëü-

íÿ¹ îöiíêó

sup
τ∈S

τ∫
τ−1

∫
Ω

∑
|α|∈M

|Dαu(x, t)|pα(x) dxdt 6 C3,

äå C3 > 0 � ñòàëà, ÿêà çàëåæèòü ëèøå âiä Ka , C2 i p−α , |α| ∈M.

Íàñëiäîê 2.3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.1 òà

lim
τ→−∞(+∞)

τ∫
τ−1

∫
Ω

∑
|α|∈M

|fα(x, t)|p ′α(x) dxdt = 0

(ñèìâîë +∞ áåðåìî ó âèïàäêó S = R ). Òîäi, ÿêùî u � óçàãàëüíåíèé

ðîçâ'ÿçîê çàäà÷i (2.1), (2.2), òî

lim
t→−∞(+∞)

‖u(·, t)‖L2(Ω) = 0,

lim
τ→−∞(+∞)

τ∫
τ−1

∫
Ω

∑
|α|∈M

|Dαu(x, t)|pα(x) dxdt = 0.

Òåîðåìà 2.2. Íåõàé S = R , (aα : |α| ∈ M) ∈ Ap , (fα : |α| ∈ M) ∈
Fp ′,loc . Êðiì òîãî, ïðèïóñòèìî, ùî iñíó¹ ÷èñëî σ > 0 òàêå, ùî ôóíêöi¨

aα, |α| ∈M, i fα, |α| ∈M, ¹ ïåðiîäè÷íèìè çà çìiííîþ t ç ïåðiîäîì σ . Òîäi

çàäà÷à (2.1), (2.2) ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê i òiëüêè îäèí, ïðè÷îìó âií ¹

ïåðiîäè÷íèì çà çìiííîþ t ç ïåðiîäîì σ .

Òåîðåìà 2.3. Íåõàé S = R i âèêîíóþòüñÿ óìîâè òåîðåìè 2.1. Êðiì òîãî,

ïðèïóñòèìî, ùî äëÿ êîæíîãî α, |α| ∈M, ôóíêöiÿ aα íàëåæàòü ïðîñòîðó

C(R;L∞(Ω)) i ¹ ìàéæå ïåðiîäè÷íîþ çà Áîðîì ÿê åëåìåíò öüîãî ïðîñòîðó,

à ôóíêöiÿ fα ¹ ìàéæå ïåðiîäè÷íîþ çà Ñòåïàíîâèì ÿê åëåìåíò ïðîñòîðó

Lpα(·),loc(Q) , ïðè÷îìó äëÿ äîâiëüíîãî ε > 0 ìíîæèíà

Fε := {σ | sup
τ∈R

∫ τ

τ−1

∫
Ω

∑
|α|∈M

|fα(x, t+ σ)− fα(x, t)|pα′(x) dxdt 6 ε,
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max
|α|∈M

sup
t∈R
‖aα(·, t+ σ)− aα(·, t)‖L∞(Ω) 6 ε}

¹ âiäíîñíî ùiëüíîþ.

Òîäi çàäà÷à (2.1), (2.3) ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê i òiëüêè îäèí, ïðè÷î-

ìó âií ¹ ìàéæå ïåðiîäè÷íèì çà Áîðîì ÿê åëåìåíò ïðîñòîðó C(R;L2(Ω))

òà ìàéæå ïåðiîäè÷íèì çà Ñòåïàíîâèì ÿê åëåìåíò ïðîñòîðó
◦
W

m,0
p (·),loc(Q) .

2.1.2 Äîïîìiæíi òâåðäæåííÿ

Òóò íàâåäåìî ïîòðiáíi íàì äëÿ îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó äîïîìi-

æíi òâåðäæåííÿ.

Ëåìà 2.1. Íåõàé äëÿ áóäü-ÿêèõ t1, t2 ∈ R ôóíêöiÿ w ∈
◦
W

m,0
p (·)(Qt1,t2) òàêà,

ùî âèêîíó¹òüñÿ òîòîæíiñòü

t2∫
t1

∫
Ω

[
− wvϕ′ +

( ∑
|α|∈M

gαD
αv
)
ϕ
]
dxdt = 0, v ∈ Vp, ϕ ∈ C1

c (t1, t2), (2.7)

äëÿ äåÿêèõ gα ∈ Lp ′α(·)(Q) ( |α| ∈ M ). Òîäi w ∈ C
(
[t1, t2];L2(Ω)

)
i äëÿ áóäü-

ÿêèõ θ ∈ C1([t1, t2]) , v ∈ Vp òà τ1, τ2 ∈ [t1, t2] , τ1 < τ2 , ìà¹ìî

θ(τ2)

∫
Ω

w(x, τ2)v(x) dx− θ(τ1)

∫
Ω

w(x, τ1)v(x) dx+

+

τ2∫
τ1

∫
Ω

{( ∑
|α|∈M

gαD
αv
)
θ − wvθ′

}
dxdt = 0, (2.8)

1

2
θ(τ2)‖w(·, τ2)‖2

L2(Ω) −
1

2
θ(τ1)‖w(·, τ1)‖2

L2(Ω) −
1

2

τ2∫
τ1

‖w(·, t)‖2
L2(Ω)θ

′(t) dt+

+

τ2∫
τ1

∫
Ω

( ∑
|α|∈M

gαD
αw
)
θ dxdt = 0. (2.9)

Äîâåäåííÿ. Îá ðóíòóâàííÿ öi¹¨ ëåìè ïîäiáíå äî äîâåäåííÿ ëåìè 1 ðîáîòè

[10].
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Ëåìà 2.2. Íåõàé (aα : |α| ∈ M) ∈ Ap i äëÿ äåÿêèõ äiéñíèõ ÷èñåë t1, t2,

t2−t1 > 1, òà êîæíîãî l ∈ {1, 2} ôóíêöi¨ ul ∈
◦
W

m,0
p (·)(Qt1,t2)∩C([t1, t2];L2(Ω)) ,

fα,l ∈ Lp ′α(·)(Qt1,t2) , |α| ∈M , òàêi, ùî âèêîíó¹òüñÿ ðiâíiñòü

t2∫
t1

∫
Ω

{
−ulvϕ′ +

∑
|α|∈M

aα(x, t, δul)D
αvϕ

}
dxdt =

t2∫
t1

∫
Ω

∑
|α|∈M

fα,l(x, t)D
αvϕ dxdt

(2.10)

äëÿ áóäü-ÿêèõ v ∈ Vp i ϕ ∈ C1
c (t1, t2) .

Òîäi äëÿ äîâiëüíèõ ÷èñåë R,R0, t0 òàêèõ, ùî R0 > 0, R > max{1, 2R0},
t1 6 t0 −R < t0 6 t2, ïðàâèëüíà íåðiâíiñòü

max
t∈[t0−R0,t0]

∫
Ω

|u1(x, t)− u2(x, t)|2 dx+

t0∫
t0−R0

∫
Ω

( ∑
|α|∈M

|Dαu1 −Dαu2|pα(x)
)
dxdt 6

6 C4

{
R−2/(p+0 −2) +

t0∫
t0−R

∫
Ω

∑
|α|∈M

|fα,1(x, t)− fα,2(x, t)|p
′
α(x) dxdt

}
, (2.11)

äå C4 > 0 � ñòàëà, ÿêà çàëåæàòü òiëüêè âiä Ka , p
−
α , |α| ∈M .

Äîâåäåííÿ. Âèêîðèñòà¹ìî iäåþ ðîáîòè [8]. Íåõàé R,R0, t0 òàêi, ÿê ó ôîðìó-

ëþâàííi ëåìè, i η(t) := t− t0 +R, t ∈ R . Äëÿ çàäàíèõ v ∈ Vp i ϕ ∈ C1
0(t1, t2)

ðîçãëÿíåìî ðiâíiñòü (2.10) ïðè l = 1 òà öþ æ ðiâíiñòü ïðè l = 2 i âiäíiìåìî

öi ðiâíîñòi. Ïðèéíÿâøè äëÿ ìàéæå âñiõ (x, t) ∈ Q

u12(x, t) := u1(x, t)− u2(x, t) ,

fα,12(x, t) := fα,1(x, t)− fα,2(x, t) , |α| ∈M,

aα,12(x, t) := aα(x, t, δu1(x, t))− aα(x, t, δu2(x, t)) , |α| ∈M,

ó ïiäñóìêó îòðèìà¹ìî ðiâíiñòü
t2∫
t1

∫
Ω

{( ∑
|α|∈M

aα,12D
αv
)
ϕ− u12vϕ

′} dxdt =

t2∫
t1

∫
Ω

∑
|α|∈M

fα,12D
αvϕ dxdt,

äî ÿêî¨ çàñòîñó¹ìî ëåìó 2.1 ç τ1 = t0 − R, τ2 = τ ∈ (t0 − R, t0], w = u12,

gα = aα,12 − fα,12 (|α| ∈ M), θ = ηs , s := p−0 /(p
−
0 − 2) . Çâiäñè çäîáóâà¹ìî

ðiâíiñòü

ηs(τ)

∫
Ω

|u12(x, τ)|2dx+ 2

τ∫
t0−R

∫
Ω

∑
|α|∈M

aα,12D
αu12η

s dxdt =
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= s

τ∫
t0−R

∫
Ω

|u12|2ηs−1 dxdt+ 2

τ∫
t0−R

∫
Ω

∑
|α|∈M

fα,12D
αu12η

s dxdt. (2.12)

Çðîáèìî âiäïîâiäíi îöiíêè ÷ëåíiâ ðiâíîñòi (2.12). Çãiäíî ç óìîâîþ (A3)

ìà¹ìî
τ∫

t0−R

∫
Ω

∑
|α|∈M

aα,12D
αu12η

s dxdt > Ka

τ∫
t0−R

∫
Ω

∑
|α|∈M

|Dαu12|pα(x)ηs dxdt. (2.13)

Äàëi íàì áóäå ïîòðiáíà íåðiâíiñòü:

a b 6 ε|a|q + ε−1/(q−1) |b| q′, a, b ∈ R, q > 1, 1/q + 1/q′ = 1, ε > 0, (2.14)

ÿêà ¹ íàñëiäêîì ñòàíäàðòíî¨ íåðiâíîñòi Þíãà: a b 6 |a|q/q + |b|q′/q′ .
Âèáèðàþ÷è (äëÿ ìàéæå êîæíîãî x ∈ Ω ) q = p0(x)/2 , q′ = p0(x)/(p0(x)−

2) , a = |u12|2ηs/q , b = ηs/q
′−1 , ε = ε1 > 0 , íà ïiäñòàâi (2.14) îòðèìà¹ìî

τ∫
t0−R

∫
Ω

|u12|2ηs−1dxdt 6 ε1

τ∫
t0−R

∫
Ω

|u12|p0(x)ηs dxdt+

+ε
−2/(p−0 −2)
1

τ∫
t0−R

∫
Ω

ηs−p0(x)/(p0(x)−2) dxdt, (2.15)

äå ε1 ∈ (0, 1) � äîâiëüíå ÷èñëî.

Çíîâó âèêîðèñòîâóþ÷è íåðiâíiñòü (2.14), îäåðæó¹ìî
τ∫

t0−R

∫
Ω

∑
|α|∈M

fα,12D
αu12η

s dxdt 6

6 ε2

τ∫
t0−R

∫
Ω

∑
|α|∈M

|Dαu12|pα(x)ηs dxdt+

τ∫
t0−R

∫
Ω

∑
|α|∈M

ε
−1/(p−α−1)
2 |f12|p

′
α(x)ηs dxdt,

(2.16)

äå ε2 ∈ (0, 1) � äîâiëüíå ÷èñëî.

Ç (2.12) íà ïiäñòàâi (2.13), (2.15), (2.16) çà äîñòàòíüî ìàëèõ çíà÷åíü ε1 i

ε2 îòðèìà¹ìî

ηs(τ)

∫
ΩR

|u12(x, τ)|2 dx+

τ∫
t0−R

∫
Ω

∑
|α|∈M

|Dαu12|pα(x)ηs dxdt 6
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6 C5

[ τ∫
t0−R

∫
Ω

ηs−p0(x)/(p0(x)−2) dxdt+

τ∫
t0−R

∫
Ω

∑
|α|∈M

|f12|p
′
α(x)ηs dxdt

]
, (2.17)

äå C5 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä Ka i p−α , |α| ∈ M , à τ ∈
(t0 −R, t0] � äîâiëüíå ÷èñëî.

Îñêiëüêè 0 6 η(t) 6 R , êîëè t ∈ [t0 − R, t0], òà η(t) > R − R0 , êîëè

t ∈ [t0 −R0, t0], òî ç íåðiâíîñòi (2.17) îòðèìà¹ìî íåðiâíiñòü

(R−R0)
s

∫
Ω

|u12(x, τ)|2 dx+ (R−R0)
s

τ∫
t0−R0

∫
Ω

∑
|α|∈M

|Dαu12|pα(x) dxdt 6

6 C5

[ τ∫
t0−R

∫
Ω

Rs−p0̂(x)/(p0̂(x)−2) dxdt+Rs

τ∫
t0−R

∫
Ω

∑
|α|∈M

|f12|p
′
α(x) dxdt

]
. (2.18)

Ïîäiëèìî îòðèìàíó íåðiâíiñòü íà (R − R0)
s . Çàóâàæèìî, ùî îñêiëüêè R >

max{1; 2R0}, òî ìà¹ìî R/(R − R0) = 1 + R0/(R − R0) 6 2 . Âðàõóâàâøè öå

òà íåðiâíiñòü R−p0̂(x)/(p0̂(x)−2) 6 R−p
+

0̂
/(p+

0̂
−2) , îòðèìà¹ìî∫

ΩR

|u12(x, τ)|2 dx+

τ∫
t0−R0

∫
Ω

∑
|α|∈M

(Dαu12)
pα(x) dxdt 6

6 C6

[
R−p

+

0̂
/(p+

0̂
−2)

τ∫
t0−R

∫
Ω

dxdt+

τ∫
t0−R

∫
Ω

∑
|α|∈M

|f12|p
′
α(x) dxdt

]
, (2.19)

äå C6 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä Ka i p−α , |α| ∈ M , à

τ ∈ (t0 −R, t0] � äîâiëüíå ÷èñëî.

Çâiäñè, âðàõóâàâøè, ùî
t0∫

t0−R

∫
Ω

dxdt = R ·mesnΩ , îòðèìà¹ìî (2.11).

2.1.3 Îá ðóíòóâàííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Äîâåäåííÿ òåîðåìè 2.1. Ñïî÷àòêó äîâåäåìî, ùî çàäà÷à (2.1), (2.2) ìà¹

íå áiëüøå îäíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó, âèêîðèñòîâóþ÷è ìåòîä äîâåäåííÿ

âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ïðàâèëüíèì ¹ ïðîòèëåæíå òâåðäæåííÿ.

Íåõàé u1, u2 � (ðiçíi) óçàãàëüíåíi ðîçâ'ÿçêè öi¹¨ çàäà÷i. Òîäi íà ïiäñòàâi ëåìè

2.2 ìà¹ìî

max
t∈[t0−R0,t0]

∫
Ω

|u1(x, t)− u2(x, t)|2 dx 6 C4R
−2/(p+

0̂
−2), (2.20)
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äå R, R0, t0 � äîâiëüíi ÷èñëà òàêi, ùî R0 > 0 , R > max{1, 2R0} , t0 ∈ R .

Çàôiêñó¹ìî ÷èñëà R0 > 0 i t0 ∈ R òà ïåðåéäåìî â (2.20) äî ãðàíèöi ïðè

R → +∞ . Ó ðåçóëüòàòi îòðèìà¹ìî, ùî u1 = u2 ìàéæå ñêðiçü íà Qt0−R0,t0 .

Îñêiëüêè R0, t0 � äîâiëüíi ÷èñëà, òî çâiäñè îäåðæó¹ìî, ùî u1 = u2 ìàéæå

âñþäè íà Q . Îòðèìàíå ïðîòèði÷÷ÿ äîâîäèòü íàøå òâåðäæåííÿ.

Òåïåð ïåðåéäåìî äî äîâåäåííÿ iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i

(2.1), (2.2).

Äëÿ êîæíîãî m ∈ N ïîêëàäåìî Sm := S ∩ (−m,+∞) , Qm := Ω × Sm ,
fα,m(x, t) := fα(x, t) , ÿêùî (x, t) ∈ Qm, i fα,m(x, t) := 0 , ÿêùî (x, t) ∈ Q\Qm ,

i ðîçãëÿíåìî ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ (2.1) â îáëàñòi Qm ç îäíîðiäíîþ

ïî÷àòêîâîþ óìîâîþ i êðàéîâèìè óìîâàìè òèïó (2.2), à òî÷íiøå, çàäà÷ó íà

çíàõîäæåííÿ ôóíêöi¨ um ∈
◦
W

m,0
p (·),loc(Qm)∩C(Sm;L2(Ω)) , ÿêà çàäîâîëüíÿ¹ ïî-

÷àòêîâó óìîâó:

um|t=−m = 0

òà iíòåãðàëüíó ðiâíiñòü∫
Qm

{
−umvϕ′ +

∑
|α|∈M

aα(x, t, δum)Dαvϕ
}
dxdt =

∫
Qm

∑
|α|∈M

fα,m(x, t)Dαvϕ dxdt

(2.21)

äëÿ áóäü-ÿêèõ v ∈ Vp, ϕ ∈ C1
c (intSm).

Iñíóâàííÿ òà ¹äèíiñòü ôóíêöi¨ um äîâåäåíî â ðîáîòi [67]. Ïðîäîâæèìî um
íóëåì íà Q i çà öèì ïðîäîâæåííÿì çáåðåæåìî ïîçíà÷åííÿ um . Ïîêàæåìî, ùî

ïîñëiäîâíiñòü {um} çáiãà¹òüñÿ â Up,loc(Q) äî óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i

(2.1), (2.2). Äëÿ öüîãî ñïî÷àòêó çàóâàæèìî, ùî äëÿ êîæíîãî m ∈ N ôóíêöiÿ

um ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i, ÿêà âiäðiçíÿ¹òüñÿ âiä çàäà÷i (2.1),(2.2)

òiëüêè òèì, ùî çàìiñòü fα ñòî¨òü fα,m äëÿ êîæíîãî α , |α| ∈ M . Îòîæ, íà

ïiäñòàâi ëåìè 2.2 äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë m i k ìà¹ìî

max
t∈[t0,t0−R0]

∫
Ω

|um(x, t)−uk(x, t)|2dx+

t0∫
t0−R0

∫
Ω

( ∑
|α|∈M

|Dαum−Dαuk|pα(x)
)
dxdt 6

6 C4

{
R−2/(p+0 −2) +

t0∫
t0−R0

∫
Ω

∑
|α|∈M

|fα,m(x, t)− fα,k(x, t)|pα
′(x) dxdt

}
, (2.22)
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äå R,R0, t0 � äîâiëüíi ÷èñëà òàêi, ùî t0 ∈ R, R > 1, 0 < R0 < R/2.

Ïîêàæåìî, ùî ïðè ôiêñîâàíèõ t0 i R0 ëiâà ÷àñòèíà íåðiâíîñòi (2.22) ïðÿ-

ìó¹ äî íóëÿ ïðè m, k → +∞ . Ñïðàâäi, íåõàé ε > 0 � äîâiëüíå ÿê çàâãîäíî

ìàëå ÷èñëî. Âèáåðåìî R > max{1, 2R0} íàñòiëüêè âåëèêèì, ùîá âèêîíóâà-

ëàñü íåðiâíiñòü

C4R
−2/(p+0 −2) < ε. (2.23)

Öå ìîæíà çðîáèòè, îñêiëüêè p+
0 −2 > 0 . Òîäi äëÿ áóäü-ÿêèõ m i k ç N òàêèõ,

ùî max{−m,−k} 6 t0 − R , ìà¹ìî fα,m = fα,k (|α| ∈ M) ìàéæå âñþäè íà

Ω × (t0 − R, t0) i, îòæå, ïðàâà ÷àñòèíà íåðiâíîñòi (2.22) íà ïiäñòàâi (2.23) ¹

ìåíøîþ çà ε . Çâiäñè âèïëèâà¹, ùî çâóæåííÿ ÷ëåíiâ ïîñëiäîâíîñòi {um} íà

Qt0−R0,t0 óòâîðþ¹ ôóíäàìåíòàëüíó ïîñëiäîâíiñòü â ïðîñòîði
◦
W

m,0
p (·)(Qt0−R0,t0)∩

C([t0 − R0, t0];L2(Ω)). Îòæå, â ñèëó äîâiëüíîñòi t0 i R0 iñíó¹ ôóíêöiÿ u ∈
Up,loc(Q) òàêà, ùî um → u â Up,loc(Q) . Çàóâàæèâøè, ùî â (2.21) ìîæíà

çàìiíèòè iíòåãðóâàííÿ ïî Qm íà iíòåãðóâàííÿ ïî Q , ïåðåéäåìî â öié ðiâíîñòi

äî ãðàíèöi ïðè m→∞ . Ó ðåçóëüòàòi îòðèìà¹ìî (2.4) äëÿ äîâiëüíèõ v ∈ Vp

i ϕ ∈ C1
0(R) . Öå îçíà÷à¹, ùî ôóíêöiÿ u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i

(2.1),(2.2). Îöiíêà (2.5) áåçïîñåðåäíüî âèïëèâà¹ ç ëåìè 2 ïðè u1 = u, u2 =

0, fα,1 = fα, fα,2 = 0 , |α| ∈M.

Äîâåäåííÿ íàñëiäêiâ 2.1�2.3. Öi òâåðäæåííÿ íåâàæêî îòðèìàòè, âèêîðè-

ñòîâóþ÷è îöiíêó (2.5).

Äîâåäåííÿ òåîðåìè 2.2. Íåõàé u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2.1),

(2.2). Ââåäåìî ïîçíà÷åííÿ: u(µ)(x, t) := u(x, t + µ), f
(µ)
α (x, t) := fα(x, t + µ),

a
(µ)
α (x, t, ξ) := aα(x, t + µ, ξ), (x, t) ∈ Q , äå µ ∈ R . Çðîáèìî â (2.4) çàìiíó t

íà t+ µ (µ ∈ R � ïîêè ùî äîâiëüíå) . Ó ðåçóëüòàòi çäîáóâà¹ìî òîòîæíiñòü∫∫
Q

{∑
|α|∈M

a(µ)
α (x, t, δu(µ))Dαvϕ− u(µ)vϕ′

}
dxdt =

=

∫∫
Q

∑
|α|∈M

f (µ)
α (x, t)Dαvϕ dxdt

äëÿ áóäü-ÿêèõ v ∈ Vp, ϕ ∈ C1
0(R). Çâiäñè, çðîáèâøè î÷åâèäíi ïåðåòâîðåííÿ,

îòðèìà¹ìî iíòåãðàëüíó òîòîæíiñòü∫
Q

{∑
|α|∈M

a(0)
α (x, t, δu(µ))Dαvϕ− u(µ)vϕ′

}
dxdt =
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=

∫
Q

∑
|α|∈M

{a(0)
α (x, t, δu(µ))− a(µ)

α (x, t, δu(µ))}Dαvϕ dxdt+

+

∫
Q

∑
|α|∈M

f (µ)
α (x, t)Dαvϕ dxdt, v ∈ Vp, ϕ ∈ C1

0(R). (2.24)

Ïiäñòàâèâøè µ = σ â (2.24) i âðàõóâàâøè ïåðiîäè÷íiñòü aα i fα (|α| ∈M),

ïðèõîäèìî äî âèñíîâêó, ùî u(σ) � óçàãàëüíåíèé ðîçâ'ÿçîê (2.1),(2.2). Â ñèëó

¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i ìà¹ìî, ùî u(0) = u(σ) ìàéæå

ñêðiçü íà Q , òîáòî ôóíêöiÿ u ¹ ïåðiîäè÷íîþ çà t ç ïåðiîäîì σ .

Äîâåäåííÿ òåîðåìè 2.3. Ïðèéìåìî

a(µ)
α [w](x, t) := âα(x, t+ µ)|Dαw(x, t)|pα(x)−2Dαw(x, t),

(x, t) ∈ Q (|α| ∈M).

Ìiðêóþ÷è òàê ÿê ïðè îòðèìàííi òîòîæíîñòi (2.24), ïðèõîäèìî äî òîòîæíîñòi∫
Q

{∑
|α|∈M

a(0)
α [u(µ)]Dαv ϕ− u(µ) v ϕ′

}
dxdt =

=

∫
Q

∑
|α|∈M

{
a(0)
α [u(µ)]− a(µ)

α [u(µ)]
}
Dαv ϕ dxdt+

∫
Q

∑
|α|∈M

f (µ)
α Dαv ϕ dxdt (2.25)

äëÿ áóäü-ÿêèõ v ∈ Vp, ϕ ∈ C1
0(R).

Íåõàé δ∗ := min{1;Ka/2} i σ ∈ Fδ∗, äå Fε âèçíà÷åíî ó ôîðìóëþâàííi

òåîðåìè. Ðîçãëÿíåìî òîòîæíiñòü (2.25) ñïî÷àòêó äëÿ µ = 0 , à ïîòiì äëÿ

µ = σ . Òîäi, âèêîðèñòîâóþ÷è ëåìó 2.2 ç u1 = u(0), u2 = u(σ), aα(x, t, ξ) =

âα(x, t)|ξα|pα(x)−2ξα (|α| ∈ M), fα,1 = f
(0)
α , fα,2 = a

(σ)
α [u(0)] − a

(σ)
α [u(σ)] + f

(σ)
α

(|α| ∈M) , t0 = τ ∈ R � äîâiëüíå, R0 = 1, R = l ∈ N (l > 2), îòðèìà¹ìî

max
t∈[τ−1,τ ]

∫
Ω

|u(σ)(x, t)−u(0)(x, t)|2 dx+

τ∫
τ−1

∫
Ω

( ∑
|α|∈M

|Dαu(σ)−Dαu(0)|pα(x)
)
dxdt 6

6 C4

{
l−2/(p+0 −2) +

τ∫
τ−l

∫
Ω

∑
|α|∈M

|a(0)
α [uσ]− a(σ)

α [uσ] + f (σ)
α − f (0)

α |pα
′(x) dxdt

}
. (2.26)

Íà ïiäñòàâi íåðiâíîñòi

(a+ b)ν 6 2ν−1(aν + bν), a > 0, b > 0, ν > 1,
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ìà¹ìî
τ∫

τ−l

∫
Ω

∑
|α|∈M

|a(0)
α [u(σ)]− a(σ)

α [u(σ)] + f (σ)
α − f (0)

α |pα
′(x) dxdt 6

6
∑
|α|∈M

21/(p−α−1)

τ∫
τ−l

∫
Ω

(
|f (σ)
α − f (0)

α |p
′
α(x) + |a(σ)

α [uσ]− a(0)
α [uσ]|p′α(x)

)
dxdt. (2.27)

Çäîáóâà¹ìî
τ∫

τ−l

∫
Ω

|a(σ)
α [uσ]− a(0)

α [uσ]|p′α(x)dxdt =

=

τ∫
τ−l

∫
Ω

|âα(x, t+ σ)− âα(x, t)|p′α(x)|Dαu(σ)|pα(x)dxdt 6

6
(

sup
t∈R
||âα(·, t+ σ)− âα(·, t)||L∞(Ω)

)(p+α )′ ×
τ∫

τ−l

∫
Ω

|Dαu(σ)|pα(x)dxdt. (2.28)

Íà ïiäñòàâi ëåìè 2.2 îòðèìà¹ìî

∑
|α|∈M

τ∫
τ−l

∫
Ω

|Dαu(σ)|pα(x)dxdt 6 C4

{
(2l)−2/(p+0 −2) +

τ∫
τ−2l

∫
Ω

∑
|α|∈M

|f (σ)
α |pα

′(x) dxdt
}
.

(2.29)

Òîäi ç (2.26), âðàõîâóþ÷è (2.27), (2.28) i (2.29) çäîáóâà¹ìî∫
Ω

|u(σ)(x, τ)− u(0)(x, τ)|2 dx+

τ∫
τ−1

∫
Ω

( ∑
|α|∈M

|Dαu(σ) −Dαu(0)|pα(x)
)
dxdt 6

6 C7

{
l−2/(p+0 −2) +

l∑
k=1

τ−k+1∫
τ−k

∫
Ω

∑
|α|∈M

(
|f (σ)
α − f (0)

α |p
′
α(x) dxdt+

+ max
|α|∈M

(
sup
t∈R
||a(σ)

α (·, t)− aα(·, t)||L∞(Ω)

)(p+α )′×

×
(
l−2/(p+0 −2) +

2l∑
k=1

τ−k+1∫
τ−k

∫
Ω

∑
|α|∈M

|f (σ)
α |pα

′(x) dxdt
)}
, (2.30)

äå C7 � ñòàëà, ÿêà âiä τ, σ i l íå çàëåæèòü.
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Îñêiëüêè ôóíêöi¨ fα (|α| ∈ M) ¹ ìàéæå ïåðiîäè÷íèìè çà Ñòåïàíîâèì ÿê

åëåìåíòè ïðîñòîðó Lpα′(·),loc(Q) , òî ïðàâèëüíà îöiíêà

sup
τ∈R

τ−1∫
τ

∫
Ω

∑
|α|∈M

|f (σ)
α |pα

′(x) dxdt 6 C8, (2.31)

äå C8 = const > 0 .

Íåõàé ε > 0 � äîâiëüíå ÿê çàâãîäíî ìàëå ôiêñîâàíå ÷èñëî. Ïîêàæåìî, ùî

ìíîæèíà

Uε :=
{
σ ∈ R

∣∣ sup
t∈R

∫
Ω

|u(x, t+ σ)− u(x, t)|2 dx 6 ε,

sup
|τ |∈R

τ∫
τ−1

∫
Ω

[ ∑
|α|∈M

|Dαu(x, t+ σ)−Dαu(x, t)|pα(x)
]
dxdt 6 ε

}
ìiñòèòü ìíîæèíó Fδ äëÿ äåÿêîãî δ ∈ (0, δ∗] , òîáòî ¹ âiäíîñíî ùiëüíîþ.

Ñïðàâäi, âèáåðåìî l ∈ N (l > 2) íàñòiëüêè âåëèêèì, ùîáè âèêîíóâàëàñÿ íå-

ðiâíiñòü

C7l
−2/(p+0 −2) 6 ε/2, (2.32)

i çàôiêñó¹ìî öå çíà÷åííÿ l . Òåïåð âiçüìåìî δ ∈ (0, δ∗] òàêèì, ùîá âèêîíóâà-

ëàñü íåðiâíiñòü

C7

(
l · δ + max

|α|∈M
δ(p+α )′

(
l−2/(p+0 −2) + 2lC8

))
6
ε

2
. (2.33)

Îòæå, ÿêùî σ ∈ Fδ , òî ïðàâà ÷àñòèíà íåðiâíîñòi (2.30) íà ïiäñòàâi (2.31),

(2.32), (2.33) ìåíøà àáî ðiâíà ε . Çâiäñè âèïëèâà¹, ùî Fδ ⊂ Uε , ùî i òðåáà

áóëî äîâåñòè.

2.2 Åëiïòè÷íî-ïàðàáîëi÷íi ñèëüíî íåëiíiéíi äèôåðåíöi-

àëüíi ðiâíÿííÿ

2.2.1 Ïîñòàíîâêà çàäà÷i i ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ

Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u : Q→ R ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó

ñåíñi) ðiâíÿííÿ

(b(x)u)t +
∑
|α|∈M

(−1)|α|Dαaα(x, t, δu) =
∑
|α|∈M

(−1)|α|Dαfα(x, t), (x, t) ∈ Q,

(2.34)
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òà êðàéîâi óìîâè
∂ju

∂νj

∣∣∣
Σ

= 0 , j = 0,m− 1, (2.35)

äå aα : Q × RN → R, fα : Q → R, |α| ∈ M, � çàäàíi ôóíêöi¨, ÿêi çàäîâîëü-

íÿþòü âêàçàíi íèæ÷å óìîâè, δu òàêå æ, ÿê â ðiâíÿííi (2.1).

Òóò i äàëi áóäåìî ââàæàòè, ùî âèêîíó¹òüñÿ óìîâà:

(B ) b : Ω→ R � âèìiðíà îáìåæåíà ôóíêöiÿ, 0 < b(x) 6 1 äëÿ x ∈ Ω0 ⊂ Ω

i b(x) = 0 äëÿ x ∈ Ω \ Ω0, äå Ω0 � âiäêðèòà ìíîæèíà.

Âiäìiòèìî, ùî âèêîíàííÿ íåðiâíîñòi 0 < b(x) 6 1 íàì ïîòðiáíå äëÿ äîâå-

äåííÿ îñíîâíèõ ðåçóëüòàòiâ. ßêùî æ sup
x∈Ω

b(x) > 1 , òî, ïîäiëèâøè ðiâíÿííÿ

íà sup
x∈Ω

b(x) , îòðèìà¹ìî äàíó óìîâó.

Íåõàé p(·) = (pα(·) : |α| ∈ M) � âåêòîð-ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó

(P) ç ïiäðîçäiëó 2.1. Ïiä Ap ðîçóìiòèìåìî ìíîæèíó, ñêëàäåíó ç âïîðÿäêîâà-

íèõ íàáîðiâ (aα : |α| ∈ M) , âèçíà÷åíèõ íà Q × RN äiéñíîçíà÷íèõ ôóíêöié,

ÿêi ïðîíóìåðîâàíi òàê ñàìî, ÿê êîìïîíåíòè åëåìåíòiâ ïðîñòîðó RN , i ôóíêöi¨

ç áóäü-ÿêîãî òàêîãî íàáîðó çàäîâîëüíÿþòü òàêi òðè óìîâè:

(A1) äëÿ êîæíîãî α, |α| ∈ M, ôóíêöiÿ aα(x, t, ξ) , (x, t, ξ) ∈ Q× RN , ¹

êàðàòåîäîðiâñüêîþ i, êðiì òîãî, aα(x, t, 0) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q ;

(A2) äëÿ êîæíîãî α (|α| ∈ M) , äëÿ ìàéæå âñiõ (x, t) ∈ Q i âñiõ ξ ∈ RN

ìà¹ìî

|aα(x, t, ξ)| 6 hα(x, t)
∑
|β|∈M

|ξβ|pβ(x)/p ′α(x) + gα(x, t),

äå hα ∈ L∞,loc(Q) , gα ∈ Lpα′( · )(Q) ;

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà âñiõ ξ, η ∈ RN âèêîíó¹òüñÿ íåðiâíiñòü∑
|α|∈M

(aα(x, t, ξ)− aα(x, t, η))(ξα − ηα) > K1

∑
|α|∈M

|ξα − ηα|pα(x),

äå K1>0 � ñòàëà, ÿêà çàëåæèòü âiä íàáîðó (aα : |α| ∈M ).

Ðîçãëÿäàòèìåìî òàêîæ ïiäìíîæèíó A∗p ìíîæèíè Ap , ñêëàäåíó ç åëåìåíòiâ

âèãëÿäó (
aα(x, t, ξ) ≡ âα(x, t)|ξα|pα(x)−2ξα : |α| ∈M

)
,
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äå äëÿ âñiõ α, |α| ∈M , âα ∈ L∞,loc(Q) òà

âα(x, t) > K2 > 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q, (2.36)

äå K2 > 0 � ñòàëà, ùî çàëåæèòü âiä ( âα : |α| ∈M ).

Âêëþ÷åííÿ A∗p ⊂ Ap ëåãêî ïåðåâiðèòè îïèðàþ÷èñü íà íåðiâíiñòü

(|s1|q−2s1 − |s2|q−2s2)(s1 − s2) > 22−q|s1 − s2|q,

äå q > 2, s1, s2 ∈ R � äîâiëüíi.

Âiäìiòèìî, ùî ÿêùî (aα : |α| ∈ M) íàëåæèòü A∗p , òî ðiâíÿííÿ (2.34) ìà¹
âèãëÿä

(b(x)u)t +
∑
|α|∈M

(−1)|α|Dα(âα(x, t)|Dαu|pα(x)−2Dαu) =

=
∑
|α|∈M

(−1)|α|Dαfα(x, t), (x, t) ∈ Q. (2.37)

×àñòêîâèì âèïàäêîì ðiâíÿííÿ (2.37) (à îòæå, i ðiâíÿííÿ (2.34)) ¹

(b(x)u)t + (−∆)mu+ |u|p0̂(x)−2u = f(x, t), (x, t) ∈ Q.

Íåõàé b̃(x) = b(x), ÿêùî x ∈ Ω0, i b̃(x) = 1, ÿêùî x ∈ Ω \Ω0. Ïîçíà÷èìî

÷åðåç Hb(Ω) ëiíiéíèé ïðîñòið ôóíêöié âèãëÿäó w = b̃−1/2v, äå v ∈ L2(Ω) ,

íàäiëåíèé ïiâíîðìîþ

‖w‖Hb(Ω) =
( ∫

Ω

b(x)|w(x)|2 dx
)1/2

.

Ëåãêî ïåðåâiðèòè, ùî ïðîñòið Hb(Ω) ¹ ïîïîâíåííÿì ëiíiéíîãî ïðîñòîðó Vp

çà ïiâíîðìîþ ‖ · ‖Hb(Ω) (äèâ. [7]).

Ïîêëàäåìî

U b
p,loc(Q) :=

◦
W

m,0
p (·),loc(Q) ∩ C(R;Hb(Ω)).

Ïðîñòið U b
p,loc(Q) ¹ ïîâíèì ëiíiéíèì ëîêàëüíî îïóêëèì ç ñiì'¹þ ïiâíîðì{ ∑

|α|∈M

‖Dαh‖Lpα(·)(Qt1,t2) + ‖h‖C([t1,t2];Hb(Ω))

∣∣ t1, t2 ∈ R
}
, h ∈ U b

p,loc(Q).

Ïîñëiäîâíiñòü {gm} çáiæíà â ïðîñòîði U b
p,loc , ÿêùî âîíà çáiæíà â ïðîñòîðàõ

◦
W

m,0
p (·),loc(Q) òà C(S;Hb(Ω)) .
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Íåõàé Fp ′,loc(Q) � ââåäåíèé â ïiäðîçäiëi 2.1 ôóíêöiéíèé ïðîñòið, òîáòî

ëiíiéíèé ïðîñòið, åëåìåíòàìè ÿêî¨ ¹ âïîðÿäêîâàíi íàáîðè (fα : |α| ∈ M) ç

N âèçíà÷åíèõ íà Q äiéñíîçíà÷íèõ ôóíêöié, ÿêi ïðîíóìåðîâàíi òàê ñàìî, ÿê

åëåìåíòè ïðîñòîðó RN , i äëÿ êîæíîãî α , |α| ∈ M, ôóíêöiÿ fα íàëåæèòü

ïðîñòîðó Lp ′α(·),loc(Q) .

Îçíà÷åííÿ 2.2. Íåõàé ôóíêöi¨ b , p çàäîâîëüíÿþòü óìîâè (B) , (P) , âiä-

ïîâiäíî, i (aα : |α| ∈M) ∈ Ap , (fα : |α| ∈M) ∈ Fp ′,loc(Q) .

Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.34), (2.35) íàçèâàòèìåìî ôóíêöiþ

u ∈ U b
p,loc(Q) , ÿêà çàäîâîëüíÿ¹ iíòåãðàëüíà ðiâíiñòü∫∫

Q

[
−buvϕ′ +

∑
|α|∈M

aα(x, t, δu)Dαvϕ
]
dxdt =

∫∫
Q

∑
|α|∈M

fαD
αvϕ dxdt (2.38)

äëÿ áóäü-ÿêèõ v ∈ Vp , ϕ ∈ C1
c (R).

Òåîðåìà 2.4. Íåõàé ôóíêöi¨ b , p çàäîâîëüíÿþòü óìîâè (B) , (P) , âiäïî-

âiäíî, i (aα : |α| ∈M) ∈ Ap , (fα : |α| ∈M) ∈ Fp ′,loc(Q) .

Òîäi çàäà÷à (2.34), (2.35) ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê i òiëüêè îäèí. Êðiì

òîãî, äëÿ áóäü-ÿêèõ R,R0, t0 òàêèõ, ùî R0 > 0, R > max{1, 2R0}, t0 ∈ R
âèêîíó¹òüñÿ îöiíêà

max
t∈[t0−R0,t0]

∫
Ω

b(x)|u(x, t)|2 dx+

t0∫
t0−R0

∫
Ω

∑
|α|∈M

|Dαu(x, t)|pα(x) dxdt 6

6 C
(
R−2/(p+0 −2) +

t0∫
t0−R

∫
Ω

∑
|α|∈M

|fα(x, t)|p ′α(x) dxdt
)
, (2.39)

äå C > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1 , mesnΩ , p−α , |α| ∈M .

Íàñëiäîê 2.4. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.4 òà fα ∈ Lp ′α(·)(Q)

äëÿ êîæíîãî α, |α| ∈ M . Òîäi óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2.34), (2.35)

çàäîâîëüíÿ¹ îöiíêó

sup
t∈S

∫
Ω

b(x)|u(x, t)|2 dx+

∫∫
Q

∑
|α|∈M

|Dαu(x, t)|pα(x) dxdt 6

6 C

∫∫
Q

∑
|α|∈M

|fα(x, t)|p ′α(x) dxdt. (2.40)
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Íàñëiäîê 2.5. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.4 òà

sup
τ∈S

τ∫
τ−1

∫
Ω

∑
|α|∈M

|fα(x, t)|p ′α(x) dxdt 6 C1

äå C1 � ñòàëà, òîäi óçàãàëüíåíèé ðîçâ'ÿçîê u çàäà÷i (2.34), (2.35) çàäîâîëü-

íÿ¹ îöiíêó

sup
t∈S

∫
Ω

b(x)|u(x, t)|2 dx 6 C2, sup
τ∈R

τ∫
τ−1

∫
Ω

∑
|α|∈M

|Dαu(x, t)|pα(x) dxdt 6 C2,

äå C2 > 0 � ñòàëà, ÿêà çàëåæèòü ëèøå âiä K1 , C1 òà p−α , |α| ∈M.

Íàñëiäîê 2.6. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.4 òà

lim
τ→−∞(+∞)

τ∫
τ−1

∫
Ω

∑
|α|∈M

|fα(x, t)|p ′α(x) dxdt = 0

(ñèìâîë +∞ áåðåòüñÿ, ÿêùî S = R ). Òîäi, ÿêùî u � óçàãàëüíåíèé ðîçâ'ÿ-

çîê çàäà÷i (2.34), (2.35), òî

lim
t→−∞(+∞)

‖u(·, t)‖Hb(Ω) = 0, lim
τ→−∞(+∞)

τ∫
τ−1

∫
Ω

∑
|α|∈M

|Dαu(x, t)|pα(x) dxdt = 0.

Òåîðåìà 2.5. Íåõàé S = R i âèêîíóþòüñÿ óìîâè òåîðåìè 2.4. Ïðèïóñòè-

ìî, ùî ôóíêöi¨ aα i fα , |α| ∈ M, ¹ ïåðiîäè÷íèìè çà çìiííîþ t ç ïåðiîäîì

σ . Òîäi çàäà÷à (2.34), (2.35) ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê i òiëüêè îäèí, ïðè-

÷îìó âií ¹ ïåðiîäè÷íèì çà çìiííîþ t ç ïåðiîäîì σ .

Òåîðåìà 2.6. Íåõàé S = R i âèêîíóþòüñÿ óìîâè òåîðåìè 2.4. Ïðèïóñòè-

ìî, ùî
(
aα(x, t, ξ) ≡ âα(x, t)|ξα|pα(x)−2ξα : |α| ∈ M

)
∈ A∗p òà äëÿ êîæíîãî

α , |α| ∈M, ôóíêöiÿ âα íàëåæèòü ïðîñòîðó C(R;L∞(Ω)) i ¹ ìàéæå ïåði-

îäè÷íîþ çà Áîðîì ÿê åëåìåíò öüîãî ïðîñòîðó, à ôóíêöiÿ fα ¹ ìàéæå ïå-

ðiîäè÷íîþ çà Ñòåïàíîâèì ÿê åëåìåíò ïðîñòîðó Lp ′α(·),loc(Q) , i, êðiì òîãî,

äëÿ äîâiëüíîãî δ > 0 ìíîæèíà

Fδ := {σ | sup
τ∈R

∫ τ

τ−1

∫
Ω

∑
|α∈M

|fα(x, t+ σ)− fα(x, t)|p ′α(x) dxdt 6 δ,



60

max
|α|∈M

sup
t∈R
‖aα(·, t+ σ)− aα(·, t)‖L∞(Ω) 6 δ}

¹ âiäíîñíî ùiëüíîþ.

Òîäi çàäà÷à (2.37), (2.35) ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê i òiëüêè îäèí, ïðè-

÷îìó âií ¹ ìàéæå ïåðiîäè÷íèì çà Áîðîì ÿê åëåìåíò ïðîñòîðó C(R;Hb(Ω))

òà ìàéæå ïåðiîäè÷íèì çà Ñòåïàíîâèì ÿê åëåìåíò ïðîñòîðó
◦
W

m,0
p (·),loc(Q) .

2.2.2 Äîïîìiæíi òâåðäæåííÿ

Ëåìà 2.3. Ïðèïóñòèìî, ùî ôóíêöi¨ b , p çàäîâîëüíÿþòü óìîâè (B) , (P) ,

âiäïîâiäíî, à t1, t2 ∈ R � ÿêi-íåáóäü, ïðè÷îìó t2 − t1 > 1 . Íåõàé ôóíêöiÿ

w ∈
◦
W

m,0
p (·)(Qt1,t2) òàêà, ùî âèêîíó¹òüñÿ òîòîæíiñòü

t2∫
t1

∫
Ω

{
− bwvϕ′+

( ∑
|α|∈M

gαD
αv
)
ϕ
}
dxdt = 0, v ∈ Vp , ϕ ∈ C1

c (t1, t2), (2.41)

äëÿ äåÿêèõ gα ∈ Lp ′α(·)(Qt1,t2) , |α| ∈M .

Òîäi w ∈ C
(
[t1, t2];Hb(Ω)

)
i äëÿ áóäü-ÿêèõ θ ∈ C1([t1, t2]) , v ∈ Vp , τ1, τ2 ∈

[t1, t2] , τ1 < τ2, ìà¹ìî

θ(τ2)

∫
Ω

b(x)w(x, τ2)v(x) dx− θ(τ1)

∫
Ω

b(x)w(x, τ1)v(x) dx+

+

τ2∫
τ1

∫
Ω

[
− bwvθ′ +

( ∑
|α|∈M

gαD
αv
)
θ
]
dxdt = 0, (2.42)

1

2
θ(τ2)‖w(·, τ2)‖2

Hb(Ω) −
1

2
θ(τ1)‖w(·, τ1)‖2

Hb(Ω)−

−1

2

τ2∫
τ1

‖w(·, t)‖2
Hb(Ω)θ

′(t) dt+

τ2∫
τ1

∫
Ω

( ∑
|α|∈M

gαD
αw
)
θ dxdt = 0. (2.43)

Äîâåäåííÿ. Îá ðóíòóâàííÿ öi¹¨ ëåìè ïîäiáíå äî äîâåäåííÿ ëåìè 1 ðîáîòè

[14].

Ëåìà 2.4. Ïðèïóñòèìî, ùî ôóíêöi¨ b , p çàäîâîëüíÿþòü óìîâè (B) , (P) ,

âiäïîâiäíî, (aα : |α| ∈ M) ∈ Ap i äëÿ äåÿêèõ ÷èñåë t1, t2 ∈ R, t2 − t1 > 1,
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òà êîæíîãî l ∈ {1, 2} ôóíêöi¨ ul ∈
◦
W

m,0
p (·)(Qt1,t2) ∩ C([t1, t2];Hb(Ω)) , fα,l ∈

Lpα′(·)(Qt1,t2) ( |α| ∈M ) òàêi, ùî âèêîíó¹òüñÿ ðiâíiñòü

t2∫
t1

∫
Ω

[
− bulvϕ′ +

∑
|α|∈M

aα(x, t, δul)D
αvϕ

]
dxdt =

t2∫
t1

∫
Ω

∑
|α|∈M

fα,lD
αvϕ dxdt

(2.44)

äëÿ áóäü-ÿêèõ v ∈ Vp and ϕ ∈ C1
c (t1, t2) .

Òîäi äëÿ äîâiëüíèõ ÷èñåë R,R0, t0 òàêèõ, ùî R0 > 0, R > max{1, 2R0},
t1 6 t0 −R < t0 6 t2, ïðàâèëüíà íåðiâíiñòü

max
t∈[t0−R0,t0]

∫
Ω

b(x)|u1(x, t)− u2(x, t)|2 dx+

+

t0∫
t0−R0

∫
Ω

∑
|α|∈M

|Dαu1 −Dαu2|pα(x) dxdt

6 C
[
R−2/(p+0 −2) +

t0∫
t0−R

∫
Ω

∑
|α|∈M

|fα,1 − fα,2|p
′
α(x) dxdt

]
, (2.45)

äå C4 > 0 � òàêà æ ñòàëà, ÿê â òåîðåìi 2.4.

Äîâåäåííÿ. Îá ðóíòóâàííÿ öi¹¨ ëåìè ïîäiáíå äî äîâåäåííÿ ëåìè 2.2 i íàâå-

äåíå â ðîáîòi [18].

2.2.3 Îá ðóíòóâàííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Äîâåäåííÿ òåîðåìè 2.4. Ñïî÷àòêó äîâåäåìî, ùî çàäà÷à (2.34), (2.35) ìà¹

íå áiëüøå îäíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó, âèêîðèñòîâóþ÷è ìåòîä äîâåäåííÿ

âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ïðàâèëüíèì ¹ ïðîòèëåæíå òâåðäæåííÿ.

Íåõàé u1, u2 � (ðiçíi) óçàãàëüíåíi ðîçâ'ÿçêè öi¹¨ çàäà÷i. Òîäi íà ïiäñòàâi ëåìè

2.4 äëÿ äîâiëüíèõ ÷èñåë R, R0, t0 òàêèõ, ùî R0 > 0 , R > max{1, 2R0} ,
t0 ∈ R , ìà¹ìî

t0∫
t0−R0

∫
Ω

∑
|α|∈M

|Dα(u1 − u2)|pα(x) dxdt 6 CR−2/(p+0 −2). (2.46)
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Çàôiêñó¹ìî ÷èñëà R0 > 0 i t0 ∈ R òà ïåðåéäåìî â (2.46) äî ãðàíèöi ïðè

R → +∞ .Ó ðåçóëüòàòi îòðèìà¹ìî, ùî u1 = u2 ìàéæå ñêðiçü íà Qt0−R0,t0 .

Îñêiëüêè R0, t0 � äîâiëüíi ÷èñëà, òî çâiäñè îäåðæó¹ìî, ùî u1 = u2 ìàéæå

âñþäè íà Q . Îòðèìàíå ïðîòèði÷÷ÿ äîâîäèòü íàøå òâåðäæåííÿ.

Òåïåð ïåðåéäåìî äî äîâåäåííÿ iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i

(2.34), (2.35). Äëÿ öüîãî äëÿ êîæíîãî m ∈ N ïîêëàäåìî Sm := S∩(−m,+∞)

i ðîçãëÿíåìî ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ (2.34) â îáëàñòi Qm := Ω ×
(−m,+∞) ç îäíîðiäíîþ ïî÷àòêîâîþ óìîâîþ i êðàéîâèìè óìîâàìè òèïó

(2.35), à òî÷íiøå, çàäà÷ó íà çíàõîäæåííÿ ôóíêöi¨ um ∈
◦
W

m,0
p (·),loc(Qm) ∩

C(Sm;Hb(Ω)) , ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó:

||um(·,−m)||Hb(Ω) = 0

òà iíòåãðàëüíó ðiâíiñòü∫∫
Qm

[
−bumvϕ′ +

∑
|α|∈M

aα(x, t, δum)Dαvϕ
]
dxdt =

∫∫
Qm

∑
|α|∈M

fα,mD
αvϕ dxdt,

v ∈ Vp, ϕ ∈ C1
c (intSm), (2.47)

äå fα,m(x, t) := fα(x, t) , ÿêùî (x, t) ∈ Qm, i fα,m(x, t) := 0 , ÿêùî (x, t) ∈
Q \Qm .

Iñíóâàííÿ òà ¹äèíiñòü ôóíêöi¨ um äîâåäåíî â ðîáîòi [67] (äèâ. òàêîæ [53]

òà [14]). Ïðîäîâæèìî um íóëåì íà Q i çà öèì ïðîäîâæåííÿì çáåðåæåìî ïî-

çíà÷åííÿ um . Ïîêàæåìî, ùî ïîñëiäîâíiñòü {um} çáiãà¹òüñÿ â U b
p,loc(Q) äî

óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2.34), (2.35). Äëÿ öüîãî ñïî÷àòêó çàóâàæè-

ìî, ùî äëÿ êîæíîãî m ∈ N ôóíêöiÿ um ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i,

ÿêà âiäðiçíÿ¹òüñÿ âiä çàäà÷i (2.34), (2.35) òiëüêè òèì, ùî çàìiñòü fα ñòî¨òü

fα,m äëÿ êîæíîãî α (|α| ∈ M) . Îòîæ, íà ïiäñòàâi ëåìè 2.4 äëÿ áóäü-ÿêèõ

íàòóðàëüíèõ ÷èñåë m i k ìà¹ìî

max
t∈[t0,t0−R0]

∫
Ω

b(x)|um(x, t)− uk(x, t)|2 dx+

+

t0∫
t0−R0

∫
Ω

∑
|α|∈M

|Dαum −Dαuk|pα(x) dxdt 6



63

6 C
{
R−2/(p+0 −2) +

t0∫
t0−R

∫
Ω

∑
|α|∈M

|fα,m(x, t)− fα,k(x, t)|pα
′(x) dxdt

}
, (2.48)

äå R,R0, t0 � äîâiëüíi ÷èñëà òàêi, ùî t0 ∈ R, R0 > 0, R > max{1, 2R0}.
Ïîêàæåìî, ùî ïðè ôiêñîâàíèõ t0 i R0 ëiâà ÷àñòèíà íåðiâíîñòi (2.48) ïðÿ-

ìó¹ äî íóëÿ ïðè m, k → +∞ . Ñïðàâäi, íåõàé ε > 0 � äîâiëüíå ÿê çàâãîäíî

ìàëå ÷èñëî. Âèáåðåìî R íàñòiëüêè âåëèêèì, ùîá âèêîíóâàëàñü íåðiâíiñòü

CR−2/(p+0 −2) < ε. (2.49)

Öå ìîæíà çðîáèòè, îñêiëüêè p+
0 − 2 > 0 . Ç (2.49) äëÿ áóäü-ÿêèõ m, k ∈ N òà-

êèõ, ùî max{−m,−k} 6 t0 −R , ìà¹ìî fα,m = fα,k (|α| ∈M) ìàéæå âñþäè

Ω× (t0−R, t0) i, îòæå, ïðàâà ÷àñòèíà íåðiâíîñòi (2.48) ¹ ìåíøîþ çà ε . Çâiäñè

âèïëèâà¹, ùî çâóæåííÿ ÷ëåíiâ ïîñëiäîâíîñòi {um} íà Qt0−R0,t0 óòâîðþ¹ ôóí-

äàìåíòàëüíó ïîñëiäîâíiñòü â ïðîñòîði
◦
W

m,0
p (·)(Qt0−R0,t0)∩C([t0−R0, t0];Hb(Ω)).

Îòæå, â ñèëó äîâiëüíîñòi t0 i R0 iñíó¹ ôóíêöiÿ u ∈ U b
p,loc òàêà, ùî um → u

â U b
p,loc . Çàóâàæèâøè, ùî â (2.47) ìîæíà çàìiíèòè iíòåãðóâàííÿ ïî Qm íà

iíòåãðóâàííÿ ïî Q , ïåðåéäåìî â öié ðiâíîñòi äî ãðàíèöi ïðè m → ∞ . Ó

ðåçóëüòàòi îòðèìà¹ìî∫∫
Q

∑
|α|∈M

aα(x, t, δum)Dαvϕdxdt→
∫∫
Q

∑
|α|∈M

aα(x, t, δu)Dαvϕdxdt

(öåé ôàêò âèïëèâà¹ ç ëåìè 2.2 ìîíîãðàôi¨ [34]), çâiäêè âèïëèâà¹ (2.38) äëÿ

äîâiëüíèõ v ∈ Vp i ϕ ∈ C1
c (intS) . Öå îçíà÷à¹, ùî ôóíêöiÿ u ¹ óçàãàëüíåíèì

ðîçâ'ÿçêîì çàäà÷i (2.34), (2.35). Îöiíêà (2.39) áåçïîñåðåäíüî âèïëèâà¹ ç ëåìè

(2.4) ïðè u1 = u, u2 = 0, fα,1 = fα, fα,2 = 0 , |α| ∈M.

Äîâåäåííÿ íàñëiäêiâ 2.4�2.6. Öi òâåðäæåííÿ ëåãêî âèïëèâàþòü ç îöiíêè

(2.39).

Äîâåäåííÿ òåîðåìè 2.5. Íåõàé u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2.34),

(2.35). Ââåäåìî ïîçíà÷åííÿ:

u(µ)(x, t) := u(x, t+ µ), f (µ)
α (x, t) := fα(x, t+ µ),

a(µ)
α (x, t, ξ) := aα(x, t+ µ, ξ), (x, t) ∈ Q, ξ ∈ RN , µ ∈ R.
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Çðîáèìî çàìiíó t íà t+µ (µ ∈ R � ïîêè ùî äîâiëüíå) â (2.38). Ó ðåçóëüòàòi

çäîáóâà¹ìî òîòîæíiñòü∫∫
Q

{∑
|α|∈M

a(µ)
α (x, t, δu(µ))Dαvϕ− bu(µ)vϕ′

}
dxdt =

=

∫∫
Q

∑
|α|∈M

f (µ)
α Dαvϕ dxdt, v ∈ Vp, ϕ ∈ C1

c (R).

Çâiäñè, çðîáèâøè î÷åâèäíi ïåðåòâîðåííÿ, îòðèìà¹ìî iíòåãðàëüíó òîòîæíiñòü∫∫
Q

{∑
|α|∈M

a(0)
α (x, t, δu(µ))Dαvϕ− bu(µ)vϕ′

}
dxdt =

=

∫∫
Q

∑
|α|∈M

{
a(0)
α (x, t, δu(µ))− a(µ)

α (x, t, δu(µ))
}
Dαvϕ dxdt+

+

∫∫
Q

∑
|α|∈M

f (µ)
α Dαvϕ dxdt, v ∈ Vp , ϕ ∈ C1

c (R). (2.50)

Ç (2.50), ïðè µ = σ , âðàõóâàâøè ïåðiîäè÷íiñòü ôóíêöié aα òà fα (|α| ∈
M), ïðèõîäèìî äî âèñíîâêó, ùî u(σ) � óçàãàëüíåíèé ðîçâ'ÿçîê (2.34), (2.35).

Â ñèëó ¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i ìà¹ìî, ùî u(0) = u(σ)

ìàéæå ñêðiçü íà Q , òîáòî ôóíêöiÿ u ¹ ïåðiîäè÷íîþ çà t ç ïåðiîäîì σ .

Äîâåäåííÿ òåîðåìè 2.6. Äëÿ âñiõ µ ∈ R ïðèéìåìî

a(µ)
α [w](x, t) := âα(x, t+ µ)|Dαw(x, t)|pα(x)−2Dαw(x, t), (x, t) ∈ Q, |α| ∈M.

Ìiðêóþ÷è òàê ÿê ïðè îòðèìàííi òîòîæíîñòi (2.50), ïðèõîäèìî äî òîòîæíîñòi∫∫
Q

{
−bu(µ)vϕ′ +

∑
|α|∈M

a(0)
α [u(µ)]Dαv ϕ

}
dxdt =

=

∫∫
Q

∑
|α|∈M

{
a(0)
α [u(µ)]− a(µ)

α [u(µ)] + f (µ)
α

}
Dαv ϕ dxdt, v ∈ Vp, ϕ ∈ C1

c (R).

(2.51)

Íåõàé δ∗ := min{1;K1/2} > 0 i σ ∈ Fδ∗, äå Fδ âèçíà÷åíî ó ôîðìóëþâàííi
òåîðåìè. Ðîçãëÿíåìî òîòîæíiñòü (2.51) ñïî÷àòêó äëÿ µ = 0 , à ïîòiì äëÿ

µ = σ . Òîäi, âèêîðèñòîâóþ÷è ëåìó 2.4 ç

u1 = u(0), u2 = u(σ), aα(x, t, ξ) = âα(x, t)|ξα|pα(x)−2ξα,
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fα,1 = f (0)
α , fα,2 = a(0)

α [u(σ)]− a(σ)
α [u(σ)] + f (σ)

α , |α| ∈M),

t0 = τ ∈ R � äîâiëüíå, R0 = 1, R = l ∈ N, l > 2,

îòðèìà¹ìî

max
t∈[τ−1,τ ]

∫
Ω

b(x)|u(σ)(x, t)− u(0)(x, t)|2 dx+

+

τ∫
τ−1

∫
Ω

( ∑
|α|∈M

|Dαu(σ) −Dαu(0)|pα(x)
)
dxdt 6

6 C
{
l−2/(p+0 −2)+

τ∫
τ−l

∫
Ω

∑
|α|∈M

∣∣|a(0)
α [uσ]−a(σ)

α [uσ]|+|f (σ)
α −f (0)

α |
∣∣pα′(x)

dxdt
}
. (2.52)

Íà ïiäñòàâi íåðiâíîñòi

(a+ c)ν 6 2ν−1(aν + cν), a > 0, c > 0, ν > 1,

îòðèìà¹ìî

τ∫
τ−l

∫
Ω

∑
|α|∈M

∣∣|a(0)
α [u(σ)]− a(σ)

α [u(σ)]|+ |f (σ)
α − f (0)

α |
∣∣pα′(x)

dxdt 6

6
∑
|α|∈M

21/(p−α−1)

τ∫
τ−l

∫
Ω

(
|a(σ)
α [uσ]− a(0)

α [uσ]|p′α(x) + |f (σ)
α − f (0)

α |p
′
α(x)
)
dxdt. (2.53)

Äëÿ áóäü-ÿêîãî α, |α| ∈M, ìà¹ìî

τ∫
τ−l

∫
Ω

|a(σ)
α [uσ]− a(0)

α [uσ]|p′α(x)dxdt =

=

τ∫
τ−l

∫
Ω

|âα(x, t+ σ)− âα(x, t)|p′α(x)|Dαu(σ)|pα(x)dxdt 6

6
(

sup
t∈R
||âα(·, t+ σ)− âα(·, t)||L∞(Ω)

)(p+α )′
τ∫

τ−l

∫
Ω

|Dαu(σ)|pα(x)dxdt. (2.54)

Îñêiëüêè u(σ) � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i, ÿêà âiäðiçíÿ¹òüñÿ âiä (2.34),

(2.35) òiëüêè òèì, ùî ìè ìà¹ìî aα(x, t+σ, ξ) çàìiñòü aα(x, t, ξ) òà f (σ)
α çàìiñòü
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fα , |α| ∈M , òî u(σ) çàäîâîëüíÿ¹ îöiíêó (2.39) ç çàìiíîþ u íà u(σ) òà fα íà

f
(σ)
α , |α| ∈M . Ç öi¹¨ îöiíêè ïðè t0 = τ, R0 = l, R = 2l îäåðæó¹ìî

∑
|α|∈M

τ∫
τ−l

∫
Ω

|Dαu(σ)|pα(x)dxdt 6 C4

[
(2l)−2/(p+0 −2) +

τ∫
τ−2l

∫
Ω

∑
|α|∈M

|f (σ)
α |pα

′(x) dxdt
]
.

(2.55)

Òîäi ç (2.52), âðàõîâóþ÷è (2.53) � (2.55), çäîáóâà¹ìî∫
Ω

b(x)|u(σ)(x, τ)− u(0)(x, τ)|2 dx+

τ∫
τ−1

∫
Ω

( ∑
|α|∈M

|Dαu(σ) −Dαu(0)|pα(x)
)
dxdt 6

6 C5

(
l−2/(p+0 −2) +

l∑
k=1

τ−k+1∫
τ−k

∫
Ω

∑
|α|∈M

(
|f (σ)
α − f (0)

α |p
′
α(x) dxdt+ (2.56)

+ max
|α|∈M

(
sup
t∈R
||a(σ)

α (·, t)− aα(·, t)||L∞(Ω)

)(p+α )′[
l−2/(p+0 −2)+

+
2l∑
k=1

τ−k+1∫
τ−k

∫
Ω

∑
|α|∈M

|f (σ)
α |pα

′(x) dxdt
])
,

äå C5 > 0 � ñòàëà, ÿêà âiä τ, σ i l íå çàëåæèòü.

Îñêiëüêè ôóíêöi¨ fα , |α| ∈ M, ¹ ìàéæå ïåðiîäè÷íèìè çà Ñòåïàíîâèì ÿê

åëåìåíòè ïðîñòîðó Lp′α(·),loc(Q) , òî ïðàâèëüíà îöiíêà

sup
τ∈R

τ−1∫
τ

∫
Ω

∑
|α|∈M

|f (σ)
α |pα

′(x) dxdt 6 C6, (2.57)

äå C6 > 0 � ñòàëà, ÿêà âiä τ, σ i l íå çàëåæèòü.

Íåõàé ε > 0 � äîâiëüíå ÿê çàâãîäíî ìàëå ôiêñîâàíå ÷èñëî. Ïîêàæåìî, ùî

ìíîæèíà

Uε :=
{
σ ∈ R

∣∣ sup
t∈R

∫
Ω

b(x)|u(x, t+ σ)− u(x, t)|2 dx 6 ε,

sup
t∈R

τ∫
τ−1

∫
Ω

[ ∑
|α|∈M

|Dαu(x, t+ σ)−Dαu(x, t)|pα(x)
]
dxdt 6 ε

}
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ìiñòèòü ìíîæèíó Fδ äëÿ äåÿêîãî δ ∈ (0, δ∗] , òîáòî ¹ âiäíîñíî ùiëüíîþ.

Ñïðàâäi, âèáåðåìî l ∈ N (l > 2) íàñòiëüêè âåëèêèì, ùîáè âèêîíóâàëàñÿ íå-

ðiâíiñòü

C5l
−2/(p+0 −2) 6 ε/2. (2.58)

Òåïåð âiçüìåìî δ ∈ (0, δ∗] òàêèì, ùîá âèêîíóâàëàñü íåðiâíiñòü

C5

(
lδ + max

|α|∈M
δ(p+α )′

(
l−2/(p+0 −2) + 2lC6

))
6 ε/2. (2.59)

Îòæå, ÿêùî σ ∈ Fδ , òî ïðàâà ÷àñòèíà íåðiâíîñòi (2.56) ìåíøà àáî ðiâíà
ε . Çâiäñè âèïëèâà¹, ùî Fδ ⊂ Uε i ìíîæèíà Uε âiäíîñíî ùiëüíà, ùî i òðåáà

áóëî äîâåñòè.
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2.3 Åëiïòè÷íî-ïàðàáîëi÷íi ñèëüíî íåëiíiéíi iíòåãðî-

äèôåðåíöiàëüíi ðiâíÿííÿ

2.3.1 Ïîñòàíîâêà çàäà÷i i ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u : Q→ R ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó

ñåíñi) ðiâíÿííÿ

(b(x)u)t +
∑
|α|∈M

(−1)|α|Dαaα(x, t, δu) +

∫
Ω

c(x, y, t, u(y, t))dy =

=
∑
|α|∈M

(−1)|α|Dαfα(x, t), (x, t) ∈ Q, (2.60)

òà êðàéîâi óìîâè
∂ju

∂νj

∣∣∣
Σ
= 0 , j = 0,m− 1, (2.61)

äå b � ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó (B) ç ïiäðîçäiëó 2.2, aα : Q×RN →
R, c : Ω × Ω × (0, T ) × R → R, fα : Q → R, |α| ∈ M, � çàäàíi ôóíêöi¨, δu

òàêå æ, ÿê â ðiâíÿííi (2.1).

Íåõàé p = (pα : |α| ∈ M) � âåêòîð-ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó (P)

ç ïiäðîçäiëó 2.1. Ïiä Ap ðîçóìiòèìåìî ìíîæèíó, ñêëàäåíó ç âïîðÿäêîâàíèõ

íàáîðiâ (aα : |α| ∈ M) , âèçíà÷åíèõ íà Q × RN äiéñíîçíà÷íèõ ôóíêöié, ÿêi

ïðîíóìåðîâàíi òàê ñàìî, ÿê êîìïîíåíòè åëåìåíòiâ ïðîñòîðó RN , i ôóíêöi¨ ç

áóäü-ÿêîãî òàêîãî íàáîðó çàäîâîëüíÿþòü òàêi òðè óìîâè:

(A1) äëÿ êîæíîãî α (|α| ∈ M) ôóíêöiÿ aα(x, t, ξ) , (x, t, ξ) ∈ Q× RN , ¹

êàðàòåîäîðiâñüêîþ i, êðiì òîãî, aα(x, t, 0) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q ;

(A2) äëÿ êîæíîãî α (|α| ∈M) , äëÿ ìàéæå âñiõ (x, t) ∈ Q i äëÿ âñiõ ξ ∈ RN

ìà¹ìî

|aα(x, t, ξ)| 6 hα(x, t)
∑
|β|∈M

|ξβ|pβ(x)/p ′α(x) + gα(x, t),

äå hα ∈ L∞,loc(Q) , gα ∈ Lp ′α(·),loc(Q) ;

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà äëÿ êîæíîãî ξ, η ∈ RN âèêîíó¹òüñÿ

íåðiâíiñòü∑
|α|∈M

(aα(x, t, ξ)− aα(x, t, η))(ξα − ηα) > K1|ξ0̂ − η0̂|
2 +K2

∑
|α|∈M

|ξα − ηα|pα(x),
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äå K1, K2 = const > 0.

Ðîçãëÿäàòèìåìî òàêîæ ìíîæèíó A∗p , ñêëàäåíó ç åëåìåíòiâ âèãëÿäó (aα :

|α| ∈M) ≡ (aα) òàêèõ ùî

aα(x, t, ξ) = âα(x, t)|ξα|pα(x)−2ξα ∀α, |α| ∈M/{0},

a0(x, t, ξ) = â0(x, t)|ξ0|p0(x)−2ξ0 + ã0(x, t)ξ0

äëÿ ìàéæå âñiõ (x, t) ∈ Q òà äëÿ âñiõ (ξα) ∈ Rn , äå ã0 ∈ L∞,loc(Q) , âα ∈
L∞,loc(Q) , òà

ess inf
(x,t)∈Q

ã0(x, t) > 0, ess inf
(x,t)∈Q

âα(x, t) > 0 äëÿ âñiõ α, |α| ∈M. (2.62)

Çàóâàæåííÿ 2.1. Ìíîæèíà A∗p ¹ ïiäìíîæèíîþ ìíîæèíè Ap . Ñïðàâäi,

ëåãêî ïåðåâiðèòè, ùî äëÿ êîæíîãî (aα) ∈ A∗p âèêîíóþòüñÿ óìîâè (A1 ) òà

(A2 ). Óìîâà (A3 ) âèïëèâà¹ ç íåðiâíîñòi

(|s1|q−2s1 − |s2|q−2s2)(s1 − s2) > 22−q|s1 − s2|q, q > 2, s1, s2 ∈ R,

(äèâ., íàïðèêëàä, [60]), òà óìîâà (2.62), ç

K1 = ess inf
(x,t)∈Q

ã0(x, t), K2 = min
|α|∈M

[
22−p−α ess inf

(x,t)∈Q
âα(x, t)

]
.

Íåõàé C � ìíîæèíà ôóíêöié c : Ω× Ω× R× R→ R , ÿêi çàäîâîëüíÿþòü

òàêi óìîâè:

(C1) ôóíêöiÿ c(x, y, t, s), (x, y, t, s) ∈ Ω×Ω×R×R, ¹ êàðàòåîäîðiâñüêîþ;
c(x, y, t, 0) = 0 äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω× Ω× R ;

(C2) äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω×Ω×R òà äîâiëüíèõ s1, s2 ∈ R âèêîíó-

¹òüñÿ íåðiâíiñòü

|c(x, y, t, s1)− c(x, y, t, s2)| ≤ L|s1 − s2|,

äå L > 0 � ñòàëà.

Òàêîæ ðîçãëÿíåìî ìíîæèíó C∗ , ñêëàäåíó ç ôóíêöié c : Ω×Ω×R×R→ R
òàêèõ ùî

c(x, y, t, s) = ĉ(x, y, t)s, (x, y, t, s) ∈ Ω× Ω× R× R,

äå ĉ ∈ L∞(Ω× Ω× R) .
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Çàóâàæåííÿ 2.2. Ìíîæèíà C∗ ¹ ïiäìíîæèíîþ ìíîæèíè C . Ñïðàâäi,

äëÿ c ∈ C∗ óìîâè (C1) ¹ î÷åâèäíîþ, à óìîâà (C2) âèêîíó¹òüñÿ ïðè L =

ess sup
(x,y,t)∈Ω×Ω×R

|ĉ(x, y, t)|.

Çàóâàæèìî, ùî ÿêùî (aα) íàëåæèòü A∗p òà c íàëåæèòü C∗ , òî ðiâíÿííÿ
(2.60) ìà¹ âèãëÿä

(b(x)u)t +
∑
|α|∈M

(−1)|α|Dα(âα(x, t)|Dαu|pα(x)−2Dαu) + ã0(x, t)u+

+

∫
Ω

ĉ(x, y, t)u(y, t) dy =
∑
|α|∈M

(−1)|α|Dαfα(x, t), (x, t) ∈ Q. (2.63)

×àñòêîâèì âèïàäêîì ðiâíÿííÿ (2.63) à îòæå, i ðiâíÿííÿ (2.60) ¹

(b(x)u)t + (−∆)mu+ â0(x, t)|u|p0(x)−2 + ã0(x, t)u+

+

∫
Ω

ĉ(x, y, t)u(y, t)dy = f(x, t), (x, t) ∈ Q,

äå ∆ � îïåðàòîð Ëàïëàñà.

Äàëi áóäåìî âèêîðèñòîâóâàòè ââåäåíèé â ïiäðîçäiëi 2.2 ôóíêöiéíèé ïðî-

ñòið U b
p,loc(Q) , òîáòî

U b
p,loc(Q) :=

◦
W

m,0
p (·),loc(Q) ∩ C(R;Hb(Ω)).

ç ñiì'¹þ ïiâíîðì{ ∑
|α|∈M

‖Dαh‖Lpα(·)(Qt1,t2) + ‖h‖C([t1,t2];Hb(Ω))

∣∣ t1, t2 ∈ R
}
, h ∈ U b

p,loc(Q).

Âiäìiòèìî, ùî ïîñëiäîâíiñòü {gm} çáiæíà â ïðîñòîði U b
p,loc(Q) ÿêùî âîíà

çáiæíà â ïðîñòîðàõ
◦
W

m,0
p (·),loc(Q) òà C(R;Hb(Ω)) .

Íåõàé Fp ′,loc(Q) � ââåäåíèé â ïiäðîçäiëi 2.1 ôóíêöiéíèé ïðîñòið, òîáòî

ëiíiéíèé ïðîñòið, åëåìåíòàìè ÿêî¨ ¹ âïîðÿäêîâàíi íàáîðè (fα : |α| ∈ M) ç

N âèçíà÷åíèõ íà Q äiéñíîçíà÷íèõ ôóíêöié, ÿêi ïðîíóìåðîâàíi òàê ñàìî, ÿê

åëåìåíòè ïðîñòîðó RN , i äëÿ êîæíîãî α , |α| ∈ M, ôóíêöiÿ fα íàëåæèòü

ïðîñòîðó Lp ′α(·),loc(Q) .
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Îçíà÷åííÿ 2.3. Íåõàé ôóíêöi¨ b òà p çàäîâîëüíÿþòü óìîâè (B) òà (P) ,

âiäïîâiäíî, i (aα) ∈ Ap , c ∈ C , (fα) ∈ Fp ′,loc(Q) .

Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.60), (2.61) íàçèâàòèìåìî ôóíêöiþ

u ∈ Ub
p,loc , ÿêùî âîíà çàäîâîëüíÿ¹ iíòåãðàëüíó ðiâíiñòü∫∫

Q

[
−buvϕ′ +

∑
|α|∈M

aα(x, t, δu)Dαvϕ+ vϕ

∫
Ω

c(x, y, t, u(y, t)) dy
]
dxdt =

=

∫∫
Q

∑
|α|∈M

fαD
αvϕ dxdt (2.64)

äëÿ áóäü-ÿêèõ v ∈
◦
W m

p (·)(Ω), ϕ ∈ C1
c (intS).

Òåîðåìà 2.7. Íåõàé ôóíêöi¨ b òà p çàäîâîëüíÿþòü óìîâè (B) òà (P) ,

âiäïîâiäíî, i (aα) ∈ Ap , c ∈ C , (fα) ∈ Fp ′,loc(Q) . Ïðèïóñòèìî, ùî

K1 > LmesnΩ . (2.65)

Òîäi çàäà÷à (2.60) � (2.61) ìà¹ i òiëüêè îäèí óçàãàëüíåíèé ðîçâ'ÿçîê. Êðiì

òîãî, äëÿ áóäü-ÿêèõ R,R0, t0 òàêèõ ùî R0 > 0, R > max{1, 2R0}, t0 ∈ R
âèêîíó¹òüñÿ îöiíêà

max
t∈[t0−R0,t0]

∫
Ω

b(x)|u(x, t)|2 dx+

t0∫
t0−R0

∫
Ω

( ∑
|α|∈M

|Dαu(x, t)|pα(x) + |u(x, t)|2
)
dxdt

6 C1

(
R−2/(p+0 −2) +

t0∫
t0−R

∫
Ω

∑
|α|∈M

|fα(x, t)|p ′α(x) dxdt
)
, (2.66)

äå C1 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, L,mesnΩ i p−α , |α| ∈
M .

Òåîðåìà 2.8. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2.7 òà ôóíêöi¨ aα(|α| ∈
M) i fα(|α| ∈ M) ¹ ïåðiîäè÷íèìè çà çìiííîþ t ç ïåðiîäîì σ . Òîäi çàäà-

÷à (2.60), (2.61) ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê i òiëüêè îäèí, ïðè÷îìó âií ¹

ïåðiîäè÷íèì çà çìiííîþ t ç ïåðiîäîì σ .
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Òåîðåìà 2.9. Íåõàé ôóíêöi¨ b , p çàäîâîëüíÿþòü óìîâè (B) òà (P) , âiäïî-

âiäíî, i (aα) ∈ A∗p , c ∈ C∗ , fα ∈ Fp ′,loc . Êðiì òîãî, âèêîíó¹òüñÿ íåðiâíiñòü

ess inf
(x,t)∈Q

ã0(x, t) > ess sup
(x,y,t)∈Ω×Ω×R

|ĉ(x, y, t)| ·mesnΩ .

Ïðèïóñòèìî, ùî ôóíêöiÿ âα (|α| ∈ M) , ã0 ¹ ìàéæå ïåðiîäè÷íîþ çà Áî-

ðîì ÿê åëåìåíò ïðîñòîðó C(R;L∞(Ω)) , ôóíêöiÿ c ¹ ìàéæå ïåðiîäè÷íîþ çà

Áîðîì ÿê åëåìåíò ïðîñòîðó C(R;L∞(Ω × Ω)) , à ôóíêöiÿ fα ¹ ìàéæå ïå-

ðiîäè÷íîþ çà Ñòåïàíîâèì ÿê åëåìåíò ïðîñòîðó Lp ′α,loc(Q) (|α| ∈ M) . Êðiì

òîãî, äëÿ äîâiëüíîãî δ > 0 ìíîæèíà

Fδ :=
{
σ | sup

τ∈R

∫ τ

τ−1

∫
Ω

∑
|α∈M

|fα(x, t+ σ)− fα(x, t)|p ′α(x) dxdt 6 δ,

sup
t∈R
‖ã0(·, t+ σ)− ã0(·, t)‖L∞(Ω) 6 δ,

max
|α|∈M

sup
t∈R
‖âα(·, t+ σ)− âα(·, t)‖L∞(Ω) 6 δ,

sup
t∈R
||ĉ(·, ·, t+ σ)− ĉ(·, ·, t)||L∞(Ω×Ω) 6 δ

}
¹ âiäíîñíî ùiëüíîþ.

Òîäi çàäà÷à (2.63), (2.61) ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê i òiëüêè îäèí, ïðè-

÷îìó âií ¹ ìàéæå ïåðiîäè÷íèì çà Áîðîì ÿê åëåìåíò ïðîñòîðó

C(R;Hb(Ω)) òà ìàéæå ïåðiîäè÷íèì çà Ñòåïàíîâèì ÿê åëåìåíò ïðîñòîðó
◦
W

m,0
p (·),loc(Q) .

2.3.2 Äîïîìiæíå òâåðäæåííÿ

Äàëi íàì áóäå ïîòðiáíå òàêå òâåðäæåííÿ.

Ëåìà 2.5. Ïðèïóñòèìî, ùî b òà p çàäîâîëüíÿþòü óìîâè (B) i (P) , âiä-

ïîâiäíî, (aα) ∈ Ap , c ∈ C òà âèêîíó¹òüñÿ óìîâà (2.65), i äëÿ äåÿêèõ ÷èñåë

t1, t2 ∈ R, t2 − t1 > 1, òà êîæíîãî l ∈ {1, 2} ôóíêöi¨

ul ∈
◦
W

m,0
p (·)(Qt1,t2) ∩ C([t1, t2];Hb(Ω)),

fα,l ∈ Lp ′α(·)(Qt1,t2), |α| ∈M, f̃0,l ∈ L2(Qt1,t2)
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òàêi, ùî âèêîíó¹òüñÿ ðiâíiñòü

t2∫
t1

∫
Ω

[
− bulvϕ′ +

∑
|α|∈M

aα(x, t, δul)D
αvϕ+ vϕ

∫
Ω

c(x, y, t, ul(y, t)) dy
]
dxdt =

=

t2∫
t1

∫
Ω

[ ∑
|α|∈M

fα,lD
αvϕ + f̃0,lvϕ

]
dxdt ∀v ∈

◦
W

m
p (·)(Ω),∀ϕ ∈ C1

c (t1, t2). (2.67)

Òîäi äëÿ äîâiëüíèõ ÷èñåë R,R0, t0 òàêèõ, ùî R0 > 0, R > max{1, 2R0},
t1 6 t0 −R < t0 6 t2, ïðàâèëüíà íåðiâíiñòü

max
t∈[t0−R0,t0]

∫
Ω

b(x)|u1(x, t)− u2(x, t)|2 dx

+

t0∫
t0−R0

∫
Ω

(∑
|α|∈M

|Dαu1−Dαu2|pα(x) +|u1(x, t)−u2(x, t)|2
)
dxdt 6 C4

[
R−2/(p+0 −2)+

+

t0∫
t0−R

∫
Ω

( ∑
|α|∈M

|fα,1(x, t)−fα,2(x, t)|p
′
α(x)+|f̃0,1(x, t)−f̃0,2(x, t)|2

)
dxdt

]
, (2.68)

äå C4 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, L,mesnΩ i p−α , |α| ∈M .

Äîâåäåííÿ. Íåõàé R,R0, t0 òàêi, ÿê ó ôîðìóëþâàííi ëåìè, i η(t) := t −
t0 + R, t ∈ R . Äëÿ çàäàíèõ v ∈

◦
W m

p (·)(Ω) òà ϕ ∈ C1
c (t1, t2) ðîçãëÿíåìî ðiâ-

íiñòü (2.67) ïðè l = 1 òà öþ æ ðiâíiñòü ïðè l = 2 i âiäíiìåìî öi ðiâíîñòi.

Ïðèéíÿâøè äëÿ ìàéæå âñiõ x ∈ Ω, y ∈ Ω, t ∈ R

u12(x, t) := u1(x, t)− u2(x, t) ,

aα,12(x, t) := aα(x, t, δu1(x, t))− aα(x, t, δu2(x, t)) , |α| ∈M,

c12(x, y, t) := c(x, y, t, u1(y, t))− c(x, y, t, u2(y, t)) ,

fα,12(x, t) := fα,1(x, t)− fα,2(x, t) , |α| ∈M,

f̃0,12(x, t) := f̃0,1(x, t)− f̃0,2(x, t),

îòðèìà¹ìî ðiâíiñòü

t2∫
t1

∫
Ω

{( ∑
|α|∈M

aα,12D
αv
)
ϕ+

(∫
Ω

c12(x, y, t) dy
)
vϕ− b(x)u12vϕ

′
}
dxdt =
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=

t2∫
t1

∫
Ω

{∑
|α|∈M

fα,12(x, t)D
αvϕ + f̃0,12(x, t)vϕ

}
dxdt. (2.69)

Çâiäñè, âèêîðèñòîâóþ÷è ëåìó 2.3 ïðè τ1 = t0−R, τ2 = τ ∈ (t0−R, t0], w =

u12, gα = aα,12− fα,12 ∀α, |α| ∈M/{0}, g0 = a0,12 +
( ∫

Ω c12 dy
)
− f0,12− f̃0,12,

θ = ηs , äå s := 2p−0 /(p
−
0 − 2) , îäåðæèìî

ηs(τ)

∫
Ω

b(x)|u12(x, τ)|2dx+

+2

τ∫
t0−R

∫
Ω

( ∑
|α|∈M

aα,12D
αu12 +

(∫
Ω

c12(x, y, t) dy
)
u12

)
ηs dxdt =

= s

τ∫
t0−R

∫
Ω

b(x)|u12|2ηs−1 dxdt+

+2

τ∫
t0−R

∫
Ω

( ∑
|α|∈M

fα,12(x, t)D
αu12 + f̃0,12(x, t)u12

)
ηs dxdt. (2.70)

Çðîáèìî âiäïîâiäíi îöiíêè ÷ëåíiâ ðiâíîñòi (2.70). Çãiäíî ç óìîâîþ (A3)

ìà¹ìî
τ∫

t0−R

∫
Ω

∑
|α|∈M

aα,12D
αu12η

s dxdt >

> K1

τ∫
t0−R

∫
Ω

|u12|2ηs dxdt+K2

τ∫
t0−R

∫
Ω

∑
|α|∈M

|Dαu12|pα(x)ηs dxdt. (2.71)

Âèêîðèñòîâóþ÷è óìîâó (C2) , îäåðæèìî∣∣∣∣∣∣
τ∫

t0−R

∫
Ω

(∫
Ω

c12(x, y, t) dy
)
u12η

s dxdt

∣∣∣∣∣∣ 6
6

τ∫
t0−R

∫
Ω

(∫
Ω

|c(x, y, t, u1)− c(x, y, t, u2)| dy
)
|u12(x, t)| ηs dxdt 6

6 L

τ∫
t0−R

∫
Ω

(∫
Ω

|u12(y, t)| dy
)
|u12(x, t)| ηs dxdt =
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= L

τ∫
t0−R

(∫
Ω

|u12(x, t)| dx
)(∫

Ω

|u12(y, t)| dy
)
ηs dt =

= L

τ∫
t0−R

(∫
Ω

|u12(x, t)| dx
)2

ηsdt 6 LmesnΩ

τ∫
t0−R

∫
Ω

|u12|2 ηsdxdt. (2.72)

Äàëi íàì áóäå ïîòðiáíà íåðiâíiñòü:

ac 6 ε|a|q + ε−1/(q−1) |c| q′, a, c ∈ R, q > 1, 1/q + 1/q′ = 1, ε > 0, (2.73)

ÿêà ¹ íàñëiäêîì ñòàíäàðòíî¨ íåðiâíîñòi Þíãà: ac 6 |a|q/q + |c|q′/q′ .
Âèáèðàþ÷è (äëÿ ìàéæå êîæíîãî x ∈ Ω ) q = p0(x)/2 , q′ = p0(x)/(p0(x)−

2) , a = b|u12|2ηs/q , c = ηs/q
′−1 , ç óìîâè (B) , íà ïiäñòàâi (2.73) îòðèìà¹ìî

τ∫
t0−R

∫
Ω

b|u12|2ηs−1dxdt 6

6 ε1

τ∫
t0−R

∫
Ω

|u12|p0(x)ηs dxdt+ ε
−2/(p−0 −2)
1

τ∫
t0−R

∫
Ω

ηs−p0(x)/(p0(x)−2) dxdt, (2.74)

äå ε1 ∈ (0, 1) � äîâiëüíå ÷èñëî.

Çíîâó âèêîðèñòîâóþ÷è íåðiâíiñòü (2.73), îòðèìà¹ìî

τ∫
t0−R

∫
Ω

∑
|α|∈M

fα,12D
αu12η

s dxdt 6 ε2

τ∫
t0−R

∫
Ω

∑
|α|∈M

|Dαu12|pα(x)ηs dxdt+

+

τ∫
t0−R

∫
Ω

∑
|α|∈M

ε
−1/(p−α−1)
2 |fα,12|p

′
α(x)ηs dxdt, (2.75)

τ∫
t0−R

∫
Ω

f̃0,12 u12η
s dxdt 6 ε3

τ∫
t0−R

∫
Ω

|u12|2ηs dxdt+ ε−1
3

τ∫
t0−R

∫
Ω

|f̃0,12|2ηs dxdt,

(2.76)

äå ε2, ε3 ∈ (0, 1) � äîâiëüíi ÷èñëà.

Ç (2.70) âèêîðèñòîâóþ÷è (2.65), (2.71), (2.72), (2.74) � (2.76), çà äîñòàòíüî
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ìàëèõ çíà÷åíü ε1 , ε2 i ε3 îòðèìà¹ìî

ηs(τ)

∫
ΩR

b(x)|u12(x, τ)|2 dx+

τ∫
t0−R

∫
Ω

( ∑
|α|∈M

|Dαu12|pα(x) + |u12|2
)
ηs dxdt 6

6 C5

[ τ∫
t0−R

∫
Ω

ηs−p0(x)/(p0(x)−2) dxdt+

+

τ∫
t0−R

∫
Ω

∑
|α|∈M

|fα,12|p
′
α(x)ηs dxdt+

τ∫
t0−R

∫
Ω

|f̃0,12|2ηs dxdt
]
, (2.77)

äå C5 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, L,mesnΩ i p−α (|α| ∈M) .

Îñêiëüêè 0 6 η(t) 6 R , êîëè t ∈ [t0 − R, t0] , òà η(t) > R − R0 , êîëè

t ∈ [t0 −R0, t0] , ç (2.77) îòðèìà¹ìî

(R−R0)
s

∫
Ω

b(x)|u12(x, τ)|2 dx+

+ (R−R0)
s

τ∫
t0−R0

∫
Ω

( ∑
|α|∈M

|Dαu12|pα(x) + |u12|2
)
dxdt 6

6 C5

[ τ∫
t0−R

∫
Ω

Rs−p0(x)/(p0(x)−2)dxdt+

+Rs

τ∫
t0−R

∫
Ω

( ∑
|α|∈M

|fα,12|p
′
α(x) + |f̃0,12|2

)
dxdt

]
. (2.78)

Ïîäiëèìî îòðèìàíó íåðiâíiñòü íà (R − R0)
s . Çàóâàæèìî, ùî R >

max{1; 2R0} (çâiäñè, çîêðåìà, R/(R − R0) = 1 + R0/(R − R0) 6 2 ). Âðàõó-

âàâøè öå òà íåðiâíiñòü R−p0(x)/(p0(x)−2) 6 R−p
+
0 /(p

+
0 −2) , äëÿ âñiõ τ ∈ [t0−R0, t0]

îòðèìà¹ìî∫
ΩR

b(x)|u12(x, τ)|2 dx+

τ∫
t0−R0

∫
Ω

( ∑
|α|∈M

|Dαu12|pα(x) + |u12|2
)
dxdt 6

6 C6

[
R−p

+
0 /(p

+
0 −2)

τ∫
t0−R

∫
Ω

dxdt+

τ∫
t0−R

∫
Ω

( ∑
|α|∈M

|fα,12|p
′
α(x) + |f̃0,12|2

)
dxdt

]
,

(2.79)
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äå C6 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, L,mesnΩ òà p−α (|α| ∈
M) ,

Çâiäñè, âðàõóâàâøè, ùî
t0∫

t0−R

∫
Ω

dxdt = RmesnΩ , îòðèìà¹ìî (2.68).

2.3.3 Îá ðóíòóâàííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Äîâåäåííÿ òåîðåìè 2.7. (�äèíiñòü ðîçâ'ÿçêó) Ñïî÷àòêó äîâåäåìî, ùî

çàäà÷à (2.60),(2.61) ìà¹ íå áiëüøå îäíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó, âèêîðè-

ñòîâóþ÷è ìåòîä äîâåäåííÿ âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ïðàâèëüíèì

¹ ïðîòèëåæíå òâåðäæåííÿ. Íåõàé u1, u2 � (ðiçíi) óçàãàëüíåíi ðîçâ'ÿçêè öi-

¹¨ çàäà÷i. Òîäi íà ïiäñòàâi ëåìè 2.5, äëÿ äîâiëüíèõ R, R0, t0 ïðè R0 > 0 ,

R > max{1, 2R0} , t0 ∈ R îòðèìà¹ìî

t0∫
t0−R0

∫
Ω

|u1(x, t)− u2(x, t)|2 dx 6 C4R
−2/(p+0 −2). (2.80)

Çàôiêñó¹ìî ÷èñëà R0 > 0 i t0 ∈ R òà ïåðåéäåìî â (2.80) äî ãðàíèöi ïðè

R → +∞ . Ó ðåçóëüòàòi îòðèìà¹ìî, ùî u1 = u2 ìàéæå ñêðiçü íà Qt0−R0,t0 .

Îñêiëüêè R0 i t0 � äîâiëüíi ÷èñëà, òî çâiäñè îäåðæó¹ìî, ùî u1 = u2 ìàéæå

âñþäè íà Q . Îòðèìàíå ïðîòèði÷÷ÿ äîâîäèòü íàøå òâåðäæåííÿ.

(Iñíóâàííÿ ðîçâ'ÿçêó) Òåïåð ïåðåéäåìî äî äîâåäåííÿ iñíóâàííÿ óçàãàëü-

íåíîãî ðîçâ'ÿçêó çàäà÷i (2.60) � (2.61). Äëÿ öüîãî äëÿ êîæíîãî m ∈ N
ïîêëàäåìî Sm := S ∩ (−m,+∞) i ðîçãëÿíåìî ìiøàíó çàäà÷ó äëÿ ðiâíÿ-

ííÿ (2.60) â îáëàñòi Qm := Ω × Sm ç îäíîðiäíîþ ïî÷àòêîâîþ óìîâîþ i

êðàéîâèìè óìîâàìè òèïó (2.61), à òî÷íiøå, çàäà÷ó íà çíàõîäæåííÿ ôóíêöi¨

um ∈
◦
W

m,0
p (·),loc(Qm) ∩ C(Sm;Hb(Ω)) , ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó:

||um(·,−m)||Hb(Ω) = 0

òà iíòåãðàëüíó ðiâíiñòü∫∫
Qm

{
−bumvϕ′ +

∑
|α|∈M

aα(x, t, δum)Dαvϕ+ vϕ

∫
Ω

c(x, y, t, um(y, t)) dy
}
dxdt =

=

∫∫
Qm

∑
|α|∈M

fα,m(x, t)Dαvϕ dxdt, v ∈
◦
W

m
p (·)(Ω), ϕ ∈ C1

c (−m,+∞), (2.81)
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äå fα,m(x, t) := fα(x, t) , ÿêùî (x, t) ∈ Qm, i fα,m(x, t) := 0 , ÿêùî (x, t) ∈
Q \Qm .

Iñíóâàííÿ òà ¹äèíiñòü ôóíêöi¨ um äîâåäèòüñÿ ïîäiáíî äî äîâåäåííÿ â [67]

(äèâ. òàêîæ [14] òà [53]). Ïðîäîâæèìî um íóëåì íà Q i çà öèì ïðîäîâæåí-

íÿì çáåðåæåìî ïîçíà÷åííÿ um . Ïîêàæåìî, ùî ïîñëiäîâíiñòü {um} çáiãà¹òüñÿ
â Ub

p,loc äî óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2.60)-(2.61). Äëÿ öüîãî ñïî÷àòêó

çàóâàæèìî, ùî äëÿ êîæíîãî m ∈ N ôóíêöiÿ um ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì

çàäà÷i, ÿêà âiäðiçíÿ¹òüñÿ âiä çàäà÷i (2.60)-(2.61) òiëüêè òèì, ùî çàìiñòü fα

ñòî¨òü fα,m äëÿ êîæíîãî α (|α| ∈ M) . Îòîæ, íà ïiäñòàâi ëåìè 2.5 äëÿ áóäü-

ÿêèõ íàòóðàëüíèõ ÷èñåë m i k ìà¹ìî

max
t∈[t0,t0−R0]

∫
Ω

b(x)|um(x, t)− uk(x, t)|2dx+

+

t0∫
t0−R0

∫
Ω

( ∑
|α|∈M

|Dαum −Dαuk|pα(x) + |um(x, t)− uk(x, t)|2
)
dxdt 6

6 C4

{
R−2/(p+0 −2) +

t0∫
t0−R

∫
Ω

∑
|α|∈M

|fα,m(x, t)− fα,k(x, t)|pα
′(x) dxdt

}
, (2.82)

äå t0, R0, R a � äîâiëüíi ÷èñëà òàêi, ùî t0 ∈ R, R0 > 0, R > max{1, 2R0}.
Ïîêàæåìî, ùî ïðè ôiêñîâàíèõ t0 i R0 ëiâà ÷àñòèíà íåðiâíîñòi (2.82) ïðÿ-

ìó¹ äî íóëÿ ïðè m, k → +∞ . Ñïðàâäi, íåõàé ε > 0 � äîâiëüíå ÿê çàâãîäíî

ìàëå ÷èñëî. Âèáåðåìî R íàñòiëüêè âåëèêèì, ùîá âèêîíóâàëàñü íåðiâíiñòü

C4R
−2/(p+0 −2) < ε. (2.83)

Öå ìîæíà çðîáèòè, îñêiëüêè p+
0 − 2 > 0 . Ç (2.83) äëÿ áóäü-ÿêèõ m, k ∈ N

òàêèõ ùî max{−m,−k} 6 t0−R , ìà¹ìî fα,m = fα,k (|α| ∈M) ìàéæå ñêðiçü

íà Ω × (t0 − R, t0) i ïðàâà ÷àñòèíà (2.82) ¹ ìåíøîþ çà ε . Çâiäñè âèïëèâà¹,

ùî çâóæåííÿ ÷ëåíiâ ïîñëiäîâíîñòi
{
um
∣∣
Qt0−R0,t0

}
óòâîðþ¹ ôóíäàìåíòàëüíó

ïîñëiäîâíiñòü â ïðîñòîði
◦
W

m,0
p (·)(Qt0−R0,t0) ∩ C([t0 − R0, t0];Hb(Ω)). Îòæå, â

ñèëó äîâiëüíîñòi t0 i R0 iñíó¹ ôóíêöiÿ u ∈ U b
p,loc òàêà ùî um → u â U b

p,loc .

Îòðèìó¹ìî∫∫
Q

∑
|α|∈M

aα(x, t, δum)Dαvϕ dxdt→
∫∫
Q

∑
|α|∈M

aα(x, t, δu)Dαvϕ dxdt
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(öåé ôàêò âèïëèâà¹ ç ëåìè 2.2 â ìîæíà çàìiíèòè iíòåãðóâàííÿ ïî Qm íà

iíòåãðóâàííÿ ïî Q , ïåðåéäåìî â öié ðiâíîñòi äî ãðàíèöi ïðè m → ∞ . Ó

ðåçóëüòàòi îòðèìà¹ìî (2.64) äëÿ âñiõ v ∈
◦
W m

p (·)(Ω) òà ϕ ∈ C1
c (R) . Öå îçíà÷à¹,

ùî ôóíêöiÿ u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.60), (2.61). Îöiíêà (2.66)

áåçïîñåðåäíüî âèïëèâà¹ ç ëåìè 2.5 ïðè u1 = u, u2 = 0, fα,1 = fα, fα,2 =

0 (|α| ∈M).

Äîâåäåííÿ òåîðåìè 2.8. Íåõàé u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2.60),

(2.61). Ââåäåìî ïîçíà÷åííÿ: u(µ)(x, t) := u(x, t+µ) , c(µ)(x, y, t, s) := c(x, y, t+

µ, s), f
(µ)
α (x, t) := fα(x, t+µ), a

(µ)
α (x, t, ξ) := aα(x, t+µ, ξ), x ∈ Ω, y ∈ Ω, t ∈

R, s ∈ R, ξ ∈ RN , äå µ ∈ R . Çðîáèìî çàìiíó t íà t + µ (µ ∈ R � ïîêè ùî

äîâiëüíå) â (2.64). Ó ðåçóëüòàòi çäîáóâà¹ìî òîòîæíiñòü∫∫
Q

{∑
|α|∈M

a(µ)
α (x, t, δu(µ))Dαvϕ+

+
(∫

Ω

c(µ)(x, y, t, u(µ)(y, t)) dy
)
vϕ− b(x)u(µ)vϕ′

}
dxdt =

=

∫∫
Q

∑
|α|∈M

f (µ)
α (x, t)Dαvϕ dxdt ∀ v ∈

◦
W

m
p (·)(Ω), ϕ ∈ C1

c (R).

Çâiäñè, çðîáèâøè î÷åâèäíi ïåðåòâîðåííÿ, îòðèìà¹ìî iíòåãðàëüíó òîòîæíiñòü∫∫
Q

{∑
|α|∈M

a(0)
α (x, t, δu(µ))Dαvϕ+

+
(∫

Ω

c(0)(x, y, t, u(µ)(y, t)) dy
)
vϕ− b(x)u(µ)vϕ′

}
dxdt =

=

∫∫
Q

[ ∑
|α|∈M

[
a(0)
α (x, t, δu(µ))− a(µ)

α (x, t, δu(µ))
]
Dαvϕ+

+
[ ∫

Ω

(
c(0)(x, y, t, u(µ)(y, t)) − c(µ)(x, y, t, u(µ)(y, t))

)
dy
]
vϕ+

+
∑
|α|∈M

f (µ)
α (x, t)Dαvϕ

]
dxdt ∀ v ∈

◦
W

m
p (·)(Ω), ϕ ∈ C1

c (R). (2.84)

Ç (2.84) ïðè µ = σ , âðàõóâàâøè ïåðiîäè÷íiñòü ôóíêöié aα òà fα (|α| ∈M),

ïðèõîäèìî äî âèñíîâêó, ùî u(σ) � óçàãàëüíåíèé ðîçâ'ÿçîê (2.60), (2.61). Â
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ñèëó ¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i ìà¹ìî, ùî u(0) = u(σ) ìàéæå

ñêðiçü íà Q , òîáòî ôóíêöiÿ u ¹ ïåðiîäè÷íîþ çà t ç ïåðiîäîì σ .

Äîâåäåííÿ òåîðåìè 2.9. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó âèïëèâà¹ ç òåî-

ðåìè 2.7, âðàõîâóþ÷è çàóâàæåííÿ 2.1 i 2.2. Çàëèøà¹òüñÿ äîâåñòè ìàéæå ïåði-

îäè÷íiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2.60), (2.61).

Äëÿ âñiõ µ ∈ R ïðèéìåìî ã(µ)
0 (x, t) := ã0(x, t+µ) , â(µ)

α (x, t) := âα(x, t+µ) ,

f
(µ)
α (x, t) := fα(x, t + µ) (|α| ∈ M) , ĉ(µ)(x, y, t) := ĉ(x, y, t + µ) for x ∈ Ω ,

y ∈ Ω , t ∈ R . Ìiðêóþ÷è òàê ÿê ïðè îòðèìàííi òåîðåìè (2.8), ïðèõîäèìî äî

òîòîæíîñòi∫∫
Q

{∑
|α|∈M

â(0)
α |Dαu(µ)|pα(x)−2Dαu(µ)Dαv ϕ+ ã

(0)
0 u(µ)vϕ+

+
(∫

Ω

ĉ(0)(x, y, t)u(µ)(y, t)dy
)
vϕ− bu(µ)vϕ′

}
dxdt

=

∫∫
Q

(∑
|α|∈M

(
â(0)
α − â(µ)

α

)
|Dαu(µ)|pα(x)−2Dαu(µ)Dαv ϕ+ (ã

(0)
0 − ã

(µ)
0 )u(µ)vϕ

+
(∫

Ω

(
ĉ(0)(x, y, t)− ĉ(µ)(x, y, t)

)
u(µ)(y, t) dy

)
vϕ

+
∑
|α|∈M

f (µ)
α (x, t)Dαv ϕ

)
dxdt ∀ v ∈

◦
W

m
p (·)(Ω), ϕ ∈ C1

c (R). (2.85)

Íåõàé σ ∈ Fδ (σ 6= 0) äëÿ äîâiëüíîãî ôiêñîâàíîãî δ ∈ (0, 1) , äå Fδ âè-

çíà÷åíî â òåîðåìi. Ðîçãëÿíåìî òîòîæíiñòü (2.85) ñïî÷àòêó äëÿ µ = 0 , à ïî-

òiì äëÿ µ = σ . Òîäi, âèêîðèñòîâóþ÷è çàóâàæåííÿ 2.1 òà 2.2 ç ëåìè 2.5 ïðè

u1 = u(0) , u2 = u(σ) , aα(x, t, ξ) = â
(0)
α (x, t)|ξα|pα(x)−2ξα ∀α, |α| ∈ M/{0} ,

a0(x, t, ξ) = â
(0)
0 (x, t)|ξ0|p0(x)−2ξ0 + ã

(0)
0 (x, t)ξ0 , c(x, y, t, s) = ĉ(0)(x, y, t)s , fα,1 =

f
(0)
α , fα,2 = (â

(0)
α − â

(σ)
α )|Dαu(σ)|pα(x)−2Dαu(σ) + f

(σ)
α ∀α, |α| ∈ M , f̃0,1 = 0 ,

f̃0,2 = (ã
(0)
0 − ã

(σ)
0 )u(σ) +

∫
Ω

(ĉ(0)(x, y, t) − ĉ(σ)(x, y, t))u(σ)(y, t)dy , t0 = τ ∈ R �

äîâiëüíå ôiêñîâàíå, R0 = 1, R = l ∈ N and l > 2, îòðèìà¹ìî

max
t∈[τ−1,τ ]

∫
Ω

b(x)|u(σ)(x, t)− u(0)(x, t)|2 dx+

+

τ∫
τ−1

∫
Ω

∑
|α|∈M

|Dαu(σ) −Dαu(0)|pα(x) dxdt 6 C4

{
l−2/(p+0 −2)+
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+

τ∫
τ−l

∫
Ω

∑
|α|∈M

∣∣∣(â(0)
α − â(σ)

α )|Dαu(σ)|pα(x)−2Dαu(σ) + f (σ)
α − f (0)

α

∣∣∣p′α(x)

dxdt+

+

τ∫
τ−l

∫
Ω

∣∣∣(ã(0)
0 − ã

(σ)
0

)
u(σ) +

∫
Ω

(
ĉ(0)(x, y, t)− ĉ(σ)(x, y, t)

)
u(σ)(y, t)dy

∣∣∣2 dxdt}.
(2.86)

Íà ïiäñòàâi íåðiâíîñòi (a+ c)ν 6 2ν−1(aν + cν), a > 0, c > 0, ν > 1, ìà¹ìî

τ∫
τ−l

∫
Ω

∑
|α|∈M

∣∣∣(â(0)
α − â(σ)

α )|Dαu(σ)|pα(x)−2Dαu(σ) + f (σ)
α − f (0)

α

∣∣∣p′α(x)

dxdt 6

6

τ∫
τ−l

∫
Ω

∑
|α|∈M

21/(p−α−1)
[
|f (σ)
α − f (0)

α |p
′
α(x) +

∣∣â(σ)
α − â(0)

α

∣∣p′α(x)
6 |Dαu(σ)|pα(x)

]
dxdt,

(2.87)
τ∫

τ−l

∫
Ω

∣∣∣(ã(0)
0 − ã

(σ)
0 )u(σ) +

∫
Ω

(
ĉ(0)(x, y, t)− ĉ(σ)(x, y, t)

)
u(σ)(y, t)dy

∣∣∣2 dxdt
6 2

τ∫
τ−l

∫
Ω

[∣∣ã(0)
0 −ã

(σ)
0

∣∣2∣∣u(σ)
∣∣2+

(∫
Ω

∣∣ĉ(0)(x, y, t)−ĉ(σ)(x, y, t)
∣∣|u(σ)(y, t)|dy

)2]
dxdt.

(2.88)

Îäåðæó¹ìî

τ∫
τ−l

∫
Ω

∣∣â(σ)
α − â(0)

α

∣∣p′α(x)|Dαu(σ)|pα(x)dxdt =

=

τ∫
τ−l

∫
Ω

|âα(x, t+ σ)− âα(x, t)|p′α(x)|Dαu(σ)|pα(x)dxdt 6

6
(

sup
t∈R
||âα(·, t+ σ)− âα(·, t)||L∞(Ω)

)(p+α )′
τ∫

τ−l

∫
Ω

|Dαu(σ)|pα(x) dxdt, |α| ∈M,

(2.89)
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τ∫
τ−l

∫
Ω

|ã(0)
0 − ã

(σ)
0 |2|u(σ)|2 dxdt =

τ∫
τ−l

∫
Ω

|ã0(x, t+ σ)− ã0(x, t)|2|u(σ)|2 dxdt 6

6
(

sup
t∈R
||ã0(·, t+ σ)− ã0(·, t)||L∞(Ω)

)2
τ∫

τ−l

∫
Ω

|u(σ)|2 dxdt, (2.90)

τ∫
τ−l

∫
Ω

(∫
Ω

∣∣ĉ(x, y, t)− ĉ(x, y, t+ σ)
∣∣|u(σ)(y, t)|dy

)2

dxdt 6

6 mesnΩ

τ∫
τ−l

∫
Ω

(∫
Ω

∣∣ĉ(x, y, t)− ĉ(x, y, t+ σ)
∣∣2∣∣u(σ)(y, t)

∣∣2dy) dxdt 6
6 (mesnΩ)2

(
sup
t∈R
||ĉ(·, ·, t+ σ)− ĉ(·, ·, t)||L∞(Ω×Ω)

)2
τ∫

τ−l

∫
Ω

|u(σ)|2 dxdt. (2.91)

Ç çàóâàæåíü 2.1, 2.2 òà òåîðåìè 2.7 (äèâ. (2.66)) ïðè u = u(σ), fα =

f
(σ)
α (|α| ∈M), t0 = τ , R0 = l , R = 2l îòðèìó¹ìî

τ∫
τ−l

∫
Ω

∑
|α|∈M

|Dαu(σ)|pα(x)dxdt 6 C1

{
(2l)−2/(p+0 −2) +

τ∫
τ−2l

∫
Ω

∑
|α|∈M

|f (σ)
α |p

′
α(x) dxdt

}
,

(2.92)
τ∫

τ−l

∫
Ω

|u(σ)|2dxdt 6 C1

{
(2l)−2/(p+0 −2) +

τ∫
τ−2l

∫
Ω

∑
|α|∈M

|f (σ)
α |p

′
α(x) dxdt

}
. (2.93)

Òîäi ç (2.86), âðàõîâóþ÷è (2.87) � (2.93), îäåðæó¹ìî∫
Ω

b(x)|u(σ)(x, τ)− u(0)(x, τ)|2 dx+

τ∫
τ−1

∫
Ω

( ∑
|α|∈M

|Dαu(σ) −Dαu(0)|pα(x)
)
dxdt 6

6 C7

{
l−2/(p+0 −2) +

l∑
k=1

τ−k+1∫
τ−k

∫
Ω

∑
|α|∈M

|f (σ)
α − f (0)

α |p
′
α(x) dxdt+

+
[

max
|α|∈M

(
sup
t∈R
||âα(·, t+ σ)− âα(·, t)||L∞(Ω)

)(p+α )′
+

+
(

sup
t∈R
||ã0(·, t+ σ)− ã0(·, t)||L∞(Ω)

)2
+
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+(mesnΩ)2
(

sup
t∈R
||ĉ(·, ·, t+ σ)− ĉ(·, ·, t)||L∞(Ω×Ω)

)2
]
×

×
(
l−2/(p+0 −2) +

2l∑
k=1

τ−k+1∫
τ−k

∫
Ω

∑
|α|∈M

|f (σ)
α |p

′
α(x) dxdt

)}
, (2.94)

äå C7 > 0 � ñòàëà, ÿêà âiä τ, σ i l íå çàëåæèòü.

Îñêiëüêè ôóíêöi¨ fα (|α| ∈ M) ¹ ìàéæå ïåðiîäè÷íèìè çà Ñòåïàíîâèì ÿê

åëåìåíòè ïðîñòîðó Lp ′α(·),loc(Q) , òî ïðàâèëüíà îöiíêà

sup
τ∈R

τ−1∫
τ

∫
Ω

∑
|α|∈M

|f (σ)
α |p

′
α(x) dxdt 6 C8, (2.95)

äå C8 > 0 � ñòàëà, ÿêà âiä τ, σ i l íå çàëåæèòü.

Íåõàé ε > 0 � äîâiëüíå ÿê çàâãîäíî ìàëå ôiêñîâàíå ÷èñëî. Ïîêàæåìî, ùî

ìíîæèíà

Uε :=
{
σ ∈ R

∣∣∣ sup
t∈R

∫
Ω

b(x)|u(x, t+ σ)− u(x, t)|2 dx 6 ε,

sup

τ∫
τ−1

∫
Ω

[ ∑
|α|∈M

|Dαu(x, t+ σ)−Dαu(x, t)|pα(x)
]
dxdt 6 ε

}
ìiñòèòü ìíîæèíó Fδ äëÿ äåÿêîãî δ ∈ (0, 1) , òîáòî ¹ âiäíîñíî ùiëüíîþ. Ñïðàâ-

äi, âèáåðåìî l ∈ N (l > 2) òàêèì, ùîáè âèêîíóâàëàñÿ íåðiâíiñòü

C7l
−2/(p+0 −2) 6 ε/2. (2.96)

Òåïåð âiçüìåìî δ ∈ (0, 1) òàêèì, ùîá âèêîíóâàëàñü íåðiâíiñòü

C7

(
lδ +

[
max
|α|∈M

δ(p+α )′ + δ2 + (mesnΩ)2δ2
]
·
(
l−2/(p+0 −2) + 2C8l

))
6
ε

2
. (2.97)

Îòæå, ÿêùî σ ∈ Fδ , òî ç (2.96) i (2.97) âèïëèâà¹, ùî ïðàâà ÷àñòèíà íåðiâ-

íîñòi (2.94) ìåíøà àáî ðiâíà ε . Çâiäñè âèïëèâà¹, ùî Fδ ⊂ Uε , i ìíîæèíà Uε

âiäíîñíî ùiëüíà, ùî i òðåáà áóëî äîâåñòè.
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2.4 Åëiïòè÷íî-ïàðàáîëi÷íi ñëàáêî íåëiíiéíi iíòåãðî-

äèôåðåíöiàëüíi ðiâíÿííÿ

2.4.1 Ïîñòàíîâêà çàäà÷i i ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Ðîçãëÿäà¹ìî çàäà÷ó : çíàéòè ôóíêöiþ u : Q→ R, ÿêà çàäîâîëüíÿ¹ (â ïåâíî-
ìó ñåíñi) ðiâíÿííÿ

(b(x)u)t +
∑
|α|∈M

(−1)|α|Dαaα(x, t, δu) +

∫
Ω

c(x, y, t, u(y, t)) dy =

=
∑

|α|∈{0,m}

(−1)|α|Dαfα(x, t), (x, t) ∈ Q, (2.98)

òà êðàéîâi óìîâè
∂ju

∂νj

∣∣∣
Σ
= 0 , j = 0,m− 1, (2.99)

äå aα : Q× RN → R, c : Ω× Ω× S × R→ R, fα : Q→ R (|α| ∈M) � çàäàíi

ôóíêöi¨, ÿêi çàäîâîëüíÿþòü ïåâíi (íàâåäåíi íèæ÷å) óìîâè, δu òàêå æ, ÿê â

ðiâíÿííi (2.1).

Ïîçíà÷èìî b0 := ess inf
x∈Ω

b(x), à ÷åðåç Kα , |α| 6 m, � äîäàòíi ñòàëi, äëÿ

ÿêèõ ïðàâèëüíi íåðiâíîñòi

∀α, |α| 6 m :

∫
Ω

|Dαv|2 dx > Kα

∫
Ω

|v|2 dx ∀ v ∈
◦
H

m(Ω). (2.100)

Iñíóâàííÿ òàêèõ ñòàëèõ ïðè |α| 6= 0 ëåãêî âèïëèâà¹ ç íåðiâíîñòi Ôðiäðiõñà,

à K0̂ = 1 .

Ìè ðîçãëÿäàòèìåìî óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (2.98), (2.99), à äëÿ öüîãî

çðîáèìî âiäïîâiäíi ïðèïóùåííÿ íà âõiäíi äàíi ðiâíÿííÿ (2.98).

Íåõàé âèêîíóþòüñÿ òàêi óìîâè:

(A1) äëÿ êîæíîãî α, |α| ∈M, ôóíêöiÿ aα(x, t, ξ) , (x, t, ξ) ∈ Q× RN , � êàðà-

òåîäîðiâñüêà i, êðiì òîãî, aα(x, t, 0) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q ;

(A2) äëÿ êîæíîãî α (|α| ∈ M) , ìàéæå âñiõ (x, t) ∈ Q òà áóäü-ÿêèõ ξ ∈ RN

ìà¹ìî

|aα(x, t, ξ)| 6 hα(x, t)|ξ|+ gα(x, t),

äå hα ∈ L∞loc(Q) , gα ∈ L2
loc

(S;L2(Ω)) ;
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(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà äîâiëüíèõ ξ, η ∈ RN âèêîíó¹òüñÿ íåðiâíiñòü∑
|α|∈M

(aα(x, t, ξ)− aα(x, t, η))(ξα − ηα) >
∑
α∈A

γα(t)|ξα − ηα|2,

äå ìíîæèíà A ⊂ Zn+ òàêà, ùî {α | |α| = m} ⊂ A ⊂ {α | |α| ∈ M}, òà
ôóíêöi¨ γα ∈ C(S), α ∈ A, òàêi, ùî γα(t) > 0 ∀t ∈ S, ∀α ∈ A;

(C1) ôóíêöiÿ c(x, y, t, ρ), (x, y, t, ρ) ∈ Ω × Ω × S × R , � êàðàòåîäîðiâñüêà i,

êðiì òîãî, c(x, y, t, 0) = 0 äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω× Ω× (0, T );

(C2) iñíó¹ ñòàëà L > 0 òàêà, ùî äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω × Ω × S òà

äîâiëüíèõ ρ1, ρ2 ∈ R âèêîíó¹òüñÿ íåðiâíiñòü

|c(x, y, t, ρ1)− c(x, y, t, ρ2)| 6 Lγ(t)|ρ1 − ρ2|,

äå

γ(t) :=
∑
α∈A

Kαγα(t) ∀t ∈ S; (2.101)

(F) fα ∈ L2
loc

(S;L2(Ω)) ∀α, |α| ∈ {0,m}.

Îçíà÷åííÿ 2.4. Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.98), (2.99) íàçèâà¹ìî

ôóíêöiþ u ∈ L2
loc(S;

◦
H m(Ω)) ∩ C(S;Hb(Ω)) , ÿêà çàäîâîëüíÿ¹ iíòåãðàëüíó

òîòîæíiñòü∫∫
Q

[
−buvϕ′ +

∑
|α|∈M

aα(x, t, δu)Dαvϕ+ vϕ

∫
Ω

c(x, y, t, u(y, t)) dy
]
dxdt =

=

∫∫
Q

∑
|α|∈{0,m}

fαD
αvϕ dxdt ∀v ∈

◦
H
m(Ω), ∀ϕ ∈ C1

c (−∞, 0). (2.102)

Çàóâàæèìî, ùî çàäà÷à (2.98), (2.99) ìîæå ìàòè áàãàòî óçàãàëüíåíèõ ðîç-

â'ÿçêiâ. Ñïðàâäi, ðîçãëÿíåìî ðiâíÿííÿ

ut + (−∆)mu−
∫
Ω

(λ1 + λm1 )v1(x)v1(y)u(y, t) dy = 0, (2.103)

òà êðàéîâi óìîâè (2.99), äå λ1 òà v1 : Ω → R , âiäïîâiäíî, ïåðøå âëàñíå

çíà÷åííÿ òà âiäïîâiäíà éîìó âëàñíà ôóíêöiÿ, íîðìà ÿêî¨ â L2(Ω) äîðiâíþ¹

îäèíèöi, çàäà÷i íà âëàñíi çíà÷åííÿ

−∆v(x) = λv(x), x ∈ Ω, v
∣∣∣
∂Ω

= 0.
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Î÷åâèäíî, ùî âèõiäíi äàíi ðiâíÿííÿ (2.103) çàäîâîëüíÿþòü óìîâè (A1) , (A2) ,

(A3) , (B) , (C1) , (C2) , (F) i äëÿ äîâiëüíî¨ ñòàëî¨ C ∈ R ôóíêöiÿ uC(x, t) =

Ceλ1tv1(x), (x, t) ∈ Q, ¹ ðîçâ'ÿçêîì çàäà÷i (2.103), (2.99).

Çâiäñè âèïëèâà¹, ùî äëÿ çàáåçïå÷åííÿ ¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó

çàäà÷i (2.98),(2.99) íåîáõiäíî íàêëàäàòè îáìåæåííÿ íà éîãî ïîâåäiíêó ïðè

t→ −∞ .

Ìè áóäåìî ðîçãëÿäàòè çàäà÷ó âiäøóêàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i

(2.98), (2.99), ÿêèé çàäîâîëüíÿ¹ �àíàëîã� ïî÷àòêîâî¨ óìîâè

lim
t→−∞

e
ω

t∫
0

γ(s)ds
‖u(·, t)‖Hb(Ω) = 0, (2.104)

äå ω ∈ R, à γ � ôóíêöiÿ, ÿêà âèçíà÷åíà â (2.101).

Öþ çàäà÷ó êîðîòêî íàçèâàòèìåìî çàäà÷åþ (2.98), (2.99), (2.104), à ôóíêöiþ

u � óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.98), (2.99), (2.104).

Ââåäåìî ùå îäèí ôóíêöiéíèé ïðîñòið. Íåõàé

ω ∈ R, β ∈ C(S), β(t) > 0 äëÿ âñiõ t ∈ S.

Ðîçãëÿäà¹ìî ãiëüáåðòiâ ïðîñòið

L2
ω,β(S;L2(Ω)) :=

{
f ∈ L2

loc
(S;L2(Ω))

∣∣∣ ∫
S

β(t)e
2ω

t∫
0

γ(s)ds
‖f(·, t)‖2

L2(Ω) dt <∞
}

çi ñêàëÿðíèì äîáóòêîì

(f, g)L2
ω,β(S;L2(Ω)) =

∫
S

β(t) e
2ω

t∫
0

γ(s) ds
(f(·, t), g(·, t))L2(Ω) dt

òà íîðìîþ

‖f‖L2
ω,β(S;L2(Ω)) :=

(∫
S

β(t) e
2ω

t∫
0

γ(s) ds
‖f(·, t)‖2

L2(Ω) dt
)1/2

,

äå γ âèçíà÷åíî â (2.101).

Òåîðåìà 2.10. Íåõàé âèêîíóþòüñÿ óìîâè (A1), (A2), (A3), (B), (C1), (C2),

(F) i, êðiì òîãî, ó âèïàäêó b0 = 0 ìà¹ìî

LmesnΩ < 1. (2.105)
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Ïðèïóñòèìî, ùî ω < 1 − LmesnΩ, êîëè âèêîíó¹òüñÿ óìîâà (2.105), i ω <

(1− LmesnΩ)/b0 â iíøîìó âèïàäêó, i ìà¹ìî âêëþ÷åííÿ

fα ∈ L2
ω,1/γα

(S;L2(Ω)) ∀α, |α| = m, f0̂ ∈ L
2
ω,1/γ(S;L2(Ω)). (2.106)

Òîäi iñíó¹ i òiëüêè îäèí óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2.98),(2.99),(2.104),

ïðè÷îìó äëÿ íüîãî ïðàâèëüíà îöiíêà

e
ω
τ∫
0

γ(s) ds
‖u(·, τ)‖Hb(Ω) + ‖u‖L2

ω,γ(Sτ ;L2(Ω)) +
∑
α∈A

‖Dαu‖L2
ω,γα(Sτ ;L2(Ω)) 6

6 C1

[
‖f0̂‖L2

ω,1/γ(Sτ ;L2(Ω)) +
∑
|α|=m

‖fα‖L2
ω,1/γα

(Sτ ;L2(Ω))

]
, τ ∈ S, (2.107)

äå Sτ := (−∞, τ ] ∀τ ∈ (−∞, 0] (S0 = S) , C1 > 0 � ñòàëà, ùî çàëåæàòü

ëèøå âiä L , mesnΩ , b0 òà ω .

2.4.2 Äîïîìiæíi òâåðäæåííÿ

Ïðè äîâåäåííi òåîðåìè 2.10 âàæëèâó ðîëü áóäå âiäiãðàâàòè òâåðäæåííÿ, ÿêå

¹ âiäîìèì (äèâ., íàïðèêëàä, (äèâ. [14]), àëå ìè ñôîðìóëþ¹ìî éîãî ó çðó÷íié

äëÿ íàñ ôîðìi.

Ëåìà 2.6. Íåõàé ôóíêöi¨ w ∈ L2(0, T ;
◦
H m(Ω)) i gα ∈ L2(Ω × (0, T )) (|α| ∈

M), äå T > 0 , òàêi, ùî ïðàâèëüíà òîòîæíiñòü

T∫
0

∫
Ω

{
− bwvϕ′ +

( ∑
|α|∈M

gαD
αv
)
ϕ
}
dxdt = 0 ∀v ∈

◦
H

m(Ω), ∀ϕ ∈ C1
c (0, T ).

(2.108)

Òîäi w íàëåæèòü äî C([0, T ];Hb(Ω)) i äëÿ áóäü-ÿêèõ τ1, τ2 ∈ [0, T ] (τ1 < τ2)

òà äîâiëüíî¨ θ ∈ C1([0, T ]) ìà¹ìî

1

2
θ(τ2)‖w(·, τ2)‖2

Hb(Ω) −
1

2
θ(τ1)‖w(·, τ1)‖2

Hb(Ω) −
1

2

τ2∫
τ1

‖w(·, t)‖2
Hb(Ω)θ

′(t) dt+

+

τ2∫
τ1

∫
Ω

( ∑
|α|∈M

gαD
αw
)
θ dxdt = 0. (2.109)

Òàêîæ íàì áóäå ïîòðiáíå òàêå òâåðäæåííÿ.
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Ëåìà 2.7. Íåõàé âèêîíóþòüñÿ óìîâè (A1), (A2), (A3), (B), (C1), (C2) i ó âè-

ïàäêó b0 = 0 � óìîâà (2.105). Ïðèïóñòèìî, ùî ω < 1 − LmesnΩ, êîëè

âèêîíó¹òüñÿ óìîâà (2.105), i ω < (1− LmesnΩ)/b0 â iíøîìó âèïàäêó (êîëè

b0 > 0 ). Òîäi, ÿêùî u1 òà u2 � äâà óçàãàëüíåíi ðîçâ'ÿçêè, âiäïîâiäíî, çàäà÷,

ÿêi âiäðiçíÿþòüñÿ âiä çàäà÷i (2.98), (2.99), (2.104) òiëüêè òèì, ùî â ïåðøié

ç íèõ fα = fα,1 , à â äðóãié � fα = fα,2 ( |α| ∈ {0,m} ), äå

f0̂,k ∈ L
2
ω,1/γ(S;L2(Ω)) (k ∈ {1, 2}),

fα,k ∈ L2
ω,1/γα

(S;L2(Ω)) (k ∈ {1, 2}; |α| = m), (2.110)

òî ïðàâèëüíà îöiíêà

e
ω
τ∫
0

γ(s) ds
‖u1(·, τ)− u2(·, τ)‖Hb(Ω) + ‖u1 − u2‖L2

ω,γ(Sτ ;L2(Ω))+

+
∑
α∈A

‖Dαu1 −Dαu2‖L2
ω,γα(Sτ ;L2(Ω)) 6

6 C1

[
‖f0̂,1 − f0̂,2‖L2

ω,1/γ(Sτ ;L2(Ω)) +
∑
|α|=m

‖fα,1 − fα,2‖L2
ω,1/γα

(Sτ ;L2(Ω))

]
, τ ∈ S,

(2.111)

äå C1 > 0 � ñòàëà òàêà æ, ÿê ó (2.107)).

Äîâåäåííÿ. Ââîäèìî äëÿ êîæíèõ α (|α| ∈ M), x ∈ Ω, y ∈ Ω, t ∈ S ïîçíà-

÷åííÿ

u12(x, t) := u1(x, t)− u2(x, t),

aα,12(x, t) := aα(x, t, δu1(x, t))− aα(x, t, δu2(x, t)),

c12(x, y, t) := c(x, y, t, u1(y, t))− c(x, y, t, u2(y, t)),

fα,12(x, t) := fα,1(x, t)− fα,2(x, t).

Ç (2.102) îòðèìà¹ìî òàêó iíòåãðàëüíó òîòîæíiñòü∫∫
Q

{
−bu12vϕ

′ +
∑
|α|∈M

aα,12D
αvϕ+

(∫
Ω

c12(x, y, t) dy
)
vϕ
}
dxdt =

=

∫∫
Q

∑
|α|∈{0,m}

fα,12D
αvϕ dxdt ∀v ∈

◦
H

m(Ω), ∀ϕ ∈ C1
c (−∞, 0). (2.112)
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Íà ïiäñòàâi ëåìè 2.6 ç (2.112) âèïëèâà¹, ùî

1

2
θ(t)

∫
Ω

b(x)|u12(x, t)|2 dx
∣∣∣t=τ2
t=τ1
− 1

2

τ2∫
τ1

∫
Ω

b|u12|2θ′ dxdt+

τ2∫
τ1

∫
Ω

{ ∑
|α|∈M

+aα,12D
αu12 +

(∫
Ω

c12(x, y, t) dy
)
u12

}
θ dxdt =

=

τ2∫
τ1

∫
Ω

∑
|α|∈{0,m}

fα,12D
αu12θ dxdt, (2.113)

äå θ ∈ C1(S) , θ(t) > 0 ∀t ∈ S , òà τ1, τ2 ∈ S (τ1 < τ2) � äîâiëüíi.

Âèêîðèñòîâóþ÷è íåðiâíiñòü Êîøi:

ac 6
ε

2
a2 +

1

2ε
c2 ∀a, c ∈ R, ∀ε > 0, (2.114)

îöiíèìî ïðàâó ÷àñòèíó ðiâíîñòi (2.113) òàê

τ2∫
τ1

∫
Ω

∑
|α|=m

fα,12D
αu12θ dxdt6

ε1

2

τ2∫
τ1

∫
Ω

∑
|α|=m

γα|Dαu12|2θ dxdt+ (2.115)

+
1

2ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

1

γ α
|fα,12|2θ dxdt,

τ2∫
τ1

∫
Ω

f0̂,12 u12θ dxdt6
ε2

2

τ2∫
τ1

∫
Ω

γ|u12|2θ dxdt+
1

2ε2

τ2∫
τ1

∫
Ω

1

γ
|f0̂,12|

2θ dxdt, (2.116)

äå ε1, ε2 � äîâiëüíi äîäàòíi ÷èñëà.

Ç óìîâè (A3) îòðèìó¹ìî

τ2∫
τ1

∫
Ω

∑
|α|∈M

aα,12(x, t)D
αu12θ dxdt >

τ2∫
τ1

∫
Ω

∑
α∈A

γα|Dαu12|2θ dxdt. (2.117)

Âèêîðèñòîâóþ÷è óìîâó (C2) òà íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî çäîáóâà¹-
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ìî ∣∣∣∣∣∣
τ2∫
τ1

∫
Ω

(∫
Ω

c12(x, y, t) dy
)
u12θ dxdt

∣∣∣∣∣∣ 6
6

τ2∫
τ1

∫
Ω

(∫
Ω

|c(x, y, t, u1(y, t))− c(x, y, t, u2(y, t))| dy
)
|u12(x, t)| θ(t) dxdt 6

6 L

τ2∫
τ1

∫
Ω

γ(t)
(∫

Ω

|u12(y, t)| dy
)
|u12(x, t)| θ(t) dxdt =

= L

τ2∫
τ1

γ(t)
(∫

Ω

|u12(x, t)| dx
)(∫

Ω

|u12(y, t)| dy
)
θ(t) dt =

= L

τ2∫
τ1

γ(t)
(∫

Ω

|u12(x, t)| dx
)2

θ(t) dt 6 LmesnΩ

τ2∫
τ1

∫
Ω

γ |u12|2 θ dxdt. (2.118)

Ç (2.113), íà ïiäñòàâi (2.115) � (2.4.2), îòðèìó¹ìî íåðiâíiñòü

1

2
θ(τ2)

∫
Ω

b(x)|u12(x, τ2)|2 dx−

−1

2
θ(τ1)

∫
Ω

b(x)|u12(x, τ1)|2 dx−
1

2

τ2∫
τ1

∫
Ω

b|u12|2θ′ dxdt

+

τ2∫
τ1

∫
Ω

∑
α∈A

γα|Dαu12|2θ dxdt− LmesnΩ
τ2∫
τ1

∫
Ω

γ |u12|2 θdxdt 6

6
ε1

2

τ2∫
τ1

∫
Ω

∑
|α|=m

γα|Dαu12|2θ dxdt+
1

2ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

1

γα
|fα,12|2θ dxdt+

+
ε2

2

τ2∫
τ1

∫
Ω

γ|u12|2θ dxdt+
1

2ε2

τ2∫
τ1

∫
Ω

1

γ
|f0̂,12|

2θ dxdt,

äå ε1, ε2 � äîâiëüíi äîäàòíi ÷èñëà.
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Âçÿâøè â öié íåðiâíîñòi θ(t) := 2e
2ω

t∫
0

γ(s) ds
, t ∈ S , ìàòèìåìî

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ2)|2dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ1)|2dx−

−2ω

τ2∫
τ1

∫
Ω

bγe
2ω

t∫
0

γ(s) ds
|u12|2dxdt+

+2(δ + (1− δ))
τ2∫
τ1

∫
Ω

∑
|α|∈M

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt−

−2LmesnΩ

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt 6

6 ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+

+
1

ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
|fα,12|2 dxdt+

+ε2

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt+

1

ε2

τ2∫
τ1

∫
Ω

1

γ
e

2ω
t∫
0

γ(s) ds
|f0̂,12|

2 dxdt, (2.119)

äå δ ∈ (0, 1) � äîâiëüíå ÷èñëî.

Çâiäñè òà ç (2.100) âèïëèâà¹ íåðiâíiñòü

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ2)|2 dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ1)|2 dx−

−2 ess sup
x∈Ω

{ωb(x)}
τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt+

+2(1− δ)
τ2∫
τ1

∫
Ω

∑
α∈A

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+
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+2δ

τ2∫
τ1

∫
Ω

∑
α∈A

Kαγαe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt−

−2LmesnΩ

τ2∫
τ1

∫
Ω

γe
2ω

τ2∫
0

γ(s) ds
|u12|2 dxdt 6

6 ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+

+
1

ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
|fα,12|2 dxdt+

+ε2

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt+

1

ε2

τ2∫
τ1

∫
Ω

1

γ
e

2ω
t∫
0

γ(s) ds
|f0̂,12|

2 dxdt. (2.120)

Ç (2.120), âèêîðèñòàâøè ïîçíà÷åíÿ (2.101), îòðèìà¹ìî

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ2)|2dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ1)|2dx+

+
[
2(1− δ)− ε1

] τ2∫
τ1

∫
Ω

∑
|α|∈M

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+

+(2(δ − LmesnΩ− ess sup
x∈Ω

{ωb(x)})− ε2)

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt 6

6
1

ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
|fα,12|2 dxdt+

1

ε2

τ2∫
τ1

∫
Ω

e
2ω

t∫
0

γ(s) ds 1

γ
|f0̂,12|

2 dxdt.

(2.121)

Âiäìiòèìî, ùî

1− LmesnΩ− ess sup
x∈Ω

{ωb(x)} > 0. (2.122)

Ñïðàâäi, íåõàé 1 − LmesnΩ > 0 . Òîäi ω < 1 − LmesnΩ . Ðîçãëÿíåìî äâà

âèïàäêè: 1) ω 6 0 , 2) 0 < ω < 1 − LmesnΩ . Â ïåðøîìó âèïàäêó (ω 6 0)

ìà¹ìî ess sup
x∈Ω

{ωb(x)} 6 0 , à îòæå, íåðiâíiñòü (2.122) ïðàâèëüíà. Â äðóãîìó

âèïàäêó ìà¹ìî ess sup
x∈Ω

{ωb(x)} = ω ess sup
x∈Ω

b(x) 6 ω < 1 − LmesnΩ , çâiäêè
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âèïëèâà¹ íåðiâíiñòü (2.122). Òåïåð íåõàé 1 − LmesnΩ 6 0 . Òîäi b0 > 0 i

ωb0 < 1 − LmesnΩ . Îñêiëüêè ess sup
x∈Ω

{ωb(x)} = ω ess inf
x∈Ω

b(x) = ωb0 , òî i â öié

ñèòóàöi¨ íåðiâíiñòü (2.122) ïðàâèëüíà.

Âèáåðåìî ó (2.121) δ ∈ (0, 1) òàêå, ùîá âèêîíóâàëàñü íåðiâíiñòü δ −
LmesnΩ − ess sup

x∈Ω
{ωb(x)} > 0 , i âiçüìåìî ε1 = 1 − δ , ε2 = δ − LmesnΩ −

ess sup
x∈Ω

{ωb(x)} . Ó ðåçóëüòàòi çäîáóäåìî

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ2)|2 dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ1)|2 dx+

+C3

[ τ2∫
τ1

∫
Ω

∑
|α|∈M

γα(t)e
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt

]
6

6 C4

[ τ2∫
τ1

∫
Ω

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
|fα,12|2 dxdt+

1

ε2

τ2∫
τ1

∫
Ω

e
2ω

t∫
0

γ(s) ds 1

γ
|f0̂,12|

2 dxdt
]
,

(2.123)

äå C3, C4 � äîäàòíi ñòàëi, ùî çàëåæàòü ëèøå âiä L , mesnΩ, b0 òà ω .

Ç (2.104) âèïëèâà¹ óìîâà

e
2ω

t∫
0

γ(s)ds
∫
Ω

b(x)|u12(x, t)|2 dx→ 0 ïðè t→ −∞. (2.124)

Ôiêñóþ÷è äîâiëüíî âèáðàíå τ2 = τ ∈ S , ñïðÿìó¹ìî τ1 äî −∞ â (2.123),

âðàõîâóþ÷è (2.110) òà (2.124). Ó ðåçóëüòàòi îòðèìà¹ìî

e
2ω

τ∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ)|2 dx+

+C3

τ∫
−∞

∫
Ω

[ ∑
|α|∈M

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+

τ∫
−∞

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2

]
dxdt 6

6 C4

[ τ∫
−∞

∫
Ω

∑
|α|=m

(1/γα)e
2ω

t∫
0

γ(s) ds
|fα,12|2 dxdt+

+

τ∫
−∞

∫
Ω

(1/γ)e
2ω

t∫
0

γ(s) ds
|f0̂,12|

2 dxdt
]
. (2.125)
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Çâiäñè ëåãêî îòðèìó¹ìî îöiíêó (2.111).

2.4.3 Îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó ïiäðîçäiëó

Äîâåäåííÿ òåîðåìè 2.10. Äîâåäåìî ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çà-

äà÷i (2.98), (2.99), (2.104), âèêîðèñòîâóþ÷è ìåòîä äîâåäåííÿ âiä ñóïðîòèâíîãî.

Ïðèïóñòèìî, ùî ïðàâèëüíèì ¹ ïðîòèëåæíå òâåðäæåííÿ. Íåõàé u1, u2 � äâà

óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (2.98), (2.99), (2.104). Çãiäíî ç ëåìîþ 3.4 (äèâ.

(2.111)), ìà¹ìî ∫∫
Q

γ(t)e
2ω

t∫
0

γ(s) ds
|u1(x, t)− u2(x, t)|2 dxdt 6 0. (2.126)

Çâiäêè âèïëèâà¹, ùî u1(x, t) − u2(x, t) = 0 äëÿ ì.â. (x, t) ∈ Q . Îòðèìàíå

ïðîòèði÷÷ÿ äîâîäèòü íàøå òâåðäæåííÿ.

Äîâåäåìî iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2.98), (2.99), (2.104)

òà éîãî îöiíêó. Ïî÷íåìî ç àïðiîðíî¨ îöiíêè óçàãàëüíåíîãî ðîçâ'ÿçêó. Ïðè-

ïóñòèìî, ùî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2.98), (2.99), (2.104). Ëåãêî

áà÷èòè, âèêîðèñòîâóþ÷è óìîâó (A1) , ùî u = 0 ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì

çàäà÷i (2.98), (2.99), (2.104) ïðè fα = 0 , |α| ∈ {0,m} , à òîìó íà ïiäñòàâi

ëåìè 2.7 (äèâ. îöiíêó (2.111)) ïðè u1 = u, fα,1 = fα òà u2 = 0, fα,2 = 0 ,

|α| ∈ {0,m}, ìà¹ìî îöiíêó (2.107).
Òåïåð äëÿ êîæíîãî m ∈ N i α , |α| ∈ {0,m} , âèçíà÷èìî fα,m(·, t) :=

fα(·, t), ÿêùî t > −m, i fα,m(·, t) := 0, ÿêùî t 6 −m, òà ðîçãëÿíåìî çàäà÷ó
íà çíàõîäæåííÿ ôóíêöi¨ um ∈ L2(−m, 0;

◦
H m(Ω))∩ C([−m, 0];Hb(Ω)) , ùî

çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

um(x,−m) = 0, x ∈ Ω, (2.127)

(ÿê åëåìåíò ïðîñòîðó C([−m, 0];Hb(Ω)) ) òà ðiâíÿííÿ (2.98) â Qm â ñåíñi
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iíòåãðàëüíî¨ òîòîæíîñòi∫∫
Qm

[
−bumvϕ′ +

∑
|α|∈M

aα(x, t, δum)Dαvϕ+

+vϕ

∫
Ω

c(x, y, t, um(y, t)) dy
]
dxdt =

=

∫∫
Qm

∑
|α|∈{0,m}

fα,mD
αvϕ dxdt ∀v ∈

◦
H

m(Ω), ∀ϕ ∈ C1
c (−m, 0). (2.128)

Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó öi¹¨ çàäà÷i ëåãêî âèïëèâà¹ ç âiäîìèõ ðå-

çóëüòàòiâ (äèâ., íàïðèêëàä, [34]). Äëÿ êîæíîãî m ∈ N ïðîäîâæèìî íóëåì

um íà âåñü öèëiíäð Q i çàëèøèìî ïîçíà÷åííÿ um äëÿ öüîãî ïðîäîâæåííÿ.

Çàóâàæèìî, ùî äëÿ êîæíîãî m ∈ N ôóíêöiÿ um íàëåæèòü äî ïðîñòîðó

L2
loc(S;

◦
H m(Ω))∩C(S;Hb(Ω)) òà çàäîâîëüíÿ¹ iíòåãðàëüíó òîòîæíiñòü (2.102)

ç fα,m çàìiñòü fα , |α| ∈ {0,m} , òîáòî∫∫
Q

[
−bumvϕ′ +

∑
|α|∈M

aα(x, t, δum)Dαvϕ+ vϕ

∫
Ω

c(x, y, t, um(y, t)) dy
]
dxdt =

=

∫∫
Q

∑
|α|∈{0,m}

fα,mD
αvϕ dxdt ∀v ∈

◦
H

m(Ω), ∀ϕ ∈ C1
c (−∞, 0). (2.129)

Öå îçíà÷à¹, ùî um ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.98), (2.99), (2.104) ç

fα,m çàìiñòü fα , |α| ∈ {0,m} . Çâiäñè òà äîâåäåíîãî âèùå, çîêðåìà, âèïëèâà-
þòü (äèâ. (2.107)) îöiíêè

e
2ω

τ∫
0

γ(s) ds
‖um(·, τ)‖2

Hb(Ω) 6 C5

[ τ∫
−∞

[ ∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
‖fα(·, t)‖2

L2(Ω) dt+

+

τ∫
−∞

1

γ
e

2ω
t∫
0

γ(s) ds
‖f0̂(·, t)‖

2
L2(Ω) dt

]
, τ ∈ S, (2.130)

∑
|α|∈M

‖Dαum‖L2
ω,γα(S;L2(Ω)) + ‖um‖L2

ω,γ(S;L2(Ω)) 6

6 C1

[ ∑
|α|=m

‖fα‖L2
ω,1/γα

(S;L2(Ω)) + ‖f0̂‖L2
ω,1/γ(S;L2(Ω))

]
, (2.131)
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äå C5 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä L,mesnΩ, b0 i ω .

Íåõàé k, l � äîâiëüíi íàòóðàëüíi ÷èñëà, l > k . Çàñòîñó¹ìî òâåðäæåííÿ

ëåìè 2.7 äî ôóíêöié uk i ul . Ó ðåçóëüòàòi îòðèìà¹ìî îöiíêó, ÿêà àíàëîãi÷íà

äî (2.111), à ñàìå

sup
τ∈S

e
2ω

τ∫
0

γ(s) ds
‖uk(·, τ)− ul(·, τ)‖2

Hb(Ω)+

+
∑
|α|∈M

‖Dαuk −Dαul‖2
L2
ω,γα(S;L2(Ω)) + ‖uk − ul‖2

L2
ω,γ(S;L2(Ω)) 6

6 C6

[ −k∫
−l

∑
|α|=m

(1/γα)e
2ω

t∫
0

γ(s) ds
‖fα,k(·, t)− fα,l(·, t)‖2

L2(Ω) dt+

+

−k∫
−l

(1/γ)e
2ω

t∫
0

γ(s) ds
‖f0̂,k(·, t)− f0̂,l(·, t)‖

2
L2(Ω) dt

]
, (2.132)

äå C6 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä L,mesnΩ, b0 i ω .

Ç óìîâè (2.106) âèïëèâà¹, ùî ïðàâà ÷àñòèíà íåðiâíîñòi (2.132) ïðÿìó¹ äî

íóëÿ, êîëè k òà l ïðÿìóþòü äî +∞ . Öå îçíà÷à¹, ùî ïîñëiäîâíiñòü {um}∞m=1

¹ ôóíäàìåíòàëüíîþ â ïðîñòîðàõ L2
ω,γ(S;L2(Ω)) òà C(S;Hb(Ω)) , à ïîñëiäîâ-

íiñòü {Dαum}∞m=1 (α ∈ A) � â L2
ω,γα

(S;L2(Ω)) (α ∈ A) . Îñêiëüêè öi ïðîñòîðè

¹ ïîâíèìè, òî çâiäñè ìà¹ìî iñíóâàííÿ ôóíêöi¨

u ∈ L2
loc(S;

◦
H

m(Ω)) ∩ L2
ω,γ(S;L2(Ω)) ∩ C(S;Hb(Ω))

òàêî¨, ùî Dαu ∈ L2
ω,γα

(S;L2(Ω)) (α ∈ A) , i

um −→
m→∞

u ñèëüíî â C(S;Hb(Ω)) òà L2
loc(S;

◦
H

m(Ω)), (2.133)

Dαum −→
m→∞

Dαu ñèëüíî â L2
ω,γα

(S;L2(Ω)), α ∈ A. (2.134)

Âèêîðèñòîâóþ÷è óìîâó (A2) òà íåðiâíîñòi (2.100) i (2.131), äëÿ áóäü-ÿêèõ

t1, t2 ∈ S (t1 < t2) îòðèìà¹ìî

t2∫
t1

∫
Ω

|aα(x, t, δum)|2 dxdt 6 C7

t2∫
t1

∫
Ω

(
|hα|2

∣∣ ∑
|α̃|∈M

Dα̃um
∣∣2 + |gα|2

)
dxdt 6 C8,

(2.135)
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äå C7 ,C8 � äîäàòíi ñòàëi, ùî íå çàëåæàòü âiä m .

Îòæå, ç (2.135) îòðèìó¹ìî, ùî äëÿ êîæíîãî α , |α| ∈ M , ïîñëiäîâíiñòü

{aα(um)} ¹ îáìåæåíîþ â L2
loc

(S;L2(Ω)). Çâiäñè òà ç (2.134) âèïëèâà¹ iñíóâàí-

íÿ ïiäïîñëiäîâíîñòi ïîñëiäîâíîñòi {um}∞m=1 (ÿêó òàêîæ ïîçíà÷àòèìåìî ÷åðåç

{um}∞m=1) òà ôóíêöié χα∈ L2
loc(S;L2(Ω)) , |α| ∈M , òàêèõ, ùî

Dαum −→
m→∞

Dαu ìàéæå âñþäè íà Q, |α| ∈M, (2.136)

aα(um) −→
m→∞

χα ñëàáêî â L2
loc

(S;L2(Ω)), |α| ∈M. (2.137)

Ç óìîâè (A1) òà (2.136) âèïëèâà¹, ùî

aα(um) −→
m→∞

aα(u) ìàéæå âñþäè íà Q, |α| ∈M. (2.138)

Íà ïiäñòàâi [83, ëåìà 1.3], ç (2.137) òà (2.138) îòðèìó¹ìî, ùî χα = aα(u)

(|α| ∈M) , òîáòî

aα(um) −→
m→∞

aα(u) ñëàáêî â L2
loc

(S;L2(Ω)), |α| ∈M. (2.139)

Âèêîðèñòîâóþ÷è óìîâó (C2) , âñòàíîâëþ¹ìî

t2∫
t1

∫
Ω

∣∣∫
Ω

c(x, y, t, um(y, t)) dy −
∫
Ω

c(x, y, t, u(y, t)) dy
∣∣2 dxdt 6

6

t2∫
t1

∫
Ω

∣∣∫
Ω

[c(x, y, t, um(y, t))− c(x, y, t, u(y, t))] dy
∣∣2 dxdt 6

6 L2

t2∫
t1

∫
Ω

γ2(t)
(∫

Ω

|um(y, t)− u(y, t)| dy
)2
dxdt 6

6 L2(mesnΩ)2 max
t∈[t1,t2]

γ2(t)

t2∫
t1

∫
Ω

|um − u|2 dxdt −→
m→∞

0.

Çâiäñè âèïëèâà¹, ùî∫
Ω

c(◦, y, ·, um(y, ·)) dy −→
m→∞

∫
Ω

c(◦, y, ·, u(y, ·)) dy ñèëüíî â L2
loc

(S;L2(Ω)).

(2.140)

Ïîêàæåìî, ùî ôóíêöiÿ u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.98), (2.99),

(2.104). Äëÿ öüîãî ñïðÿìó¹ìî m äî +∞ â òîòîæíîñòi (2.129), áåðó÷è äî
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óâàãè (2.133), (2.139), (2.140) òà îçíà÷åííÿ ôóíêöié fα,m, |α| ∈ {0,m} . Ó
ðåçóëüòàòi îòðèìà¹ìî òîòîæíiñòü (2.102). Òåïåð, âðàõóâàâøè (2.133), ñïðÿìó-

¹ìî m äî +∞ â (2.130). Ç îòðèìàíî¨ íåðiâíîñòi òà óìîâè (2.106) çäîáóâà¹ìî

âèêîíàííÿ óìîâè (2.104). Îòîæ, ìè äîâåëè, ùî u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì

çàäà÷i (2.98), (2.99), (2.104).

Âèñíîâêè äî ðîçäiëó 2

Ó ðîçäiëi 2 çíàéäåíî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ çàäà÷ áåç ïî÷à-

òêîâèõ óìîâ äëÿ ñëàáêî òà ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ òà åëiïòè÷íî-

ïàðàáîëi÷íèõ äèôåðåíöiàëüíèõ i iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü.



Ðîçäië 3

Çàäà÷à Ôóð'¹ äëÿ åëiïòè÷íî-

ïàðàáîëi÷íèõ ñèñòåì íåëiíiéíèõ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü

Ó öüîìó ðîçäiëi äîñëiäæåíî çàäà÷i Ôóð'¹ äëÿ åëiïòè÷íî-ïàðàáîëi÷íèõ ñè-

ñòåì ñèëüíî òà ñëàáêî íåëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü çi çìií-

íèìè ïîêàçíèêàìè íåëiíiéíîñòi.

Ìàòåðiàëè ðîçäiëó âèêëàäåíî â ïðàöÿõ [70, 19].

Íàâåäåìî îñíîâíi ïîçíà÷åííÿ, ÿêi âèêîðèñòîâóþòüñÿ â öüîìó ðîçäiëi. Íå-

õàé n,N � íàòóðàëüíi ÷èñëà, Rn (âiäïîâiäíî, RN ) � ëiíiéíèé ïðîñòið, ñêëà-

äåíèé ç âïîðÿäêîâàíèõ íàáîðiâ ó âèãëÿäi âåêòîð-ðÿäêiâ x = (x1, ..., xn) (âiä-

ïîâiäíî, âåêòîð-ñòîâï÷èêiâ y = col(y1, ..., yN) ) äiéñíèõ ÷èñåë i íàäiëåíèé íîð-

ìîþ |x| := (|x1|2 + ... + |xn|2)1/2 (âiäïîâiäíî, |y| := (|y1|2 + ... + |yN |2)1/2 ).

Ïîçíà÷à¹ìî ÷åðåç MN×(n+1)(R) � ëiíiéíèé ïðîñòið, ñêëàäåíèé ç ìàòðèöü

ζ = (ζkl) = (ζkl; k = 1, N, l = 0, n) ðîçìiðíîñòi N × (n + 1) ç äiéñíèìè

åëåìåíòàìè i íàäiëåíèé íîðìîþ |ζ| = (
N∑
i=1

n∑
j=0

|ζij|2)1/2 .

Ââàæà¹ìî, ùî Ω � îáìåæåíà îáëàñòü â Rn, à Γ := ∂Ω (¨¨ ìåæà) ¹ êóñêîâî-

ãëàäêîþ ïîâåðõíåþ, ïðè÷îìó Γ = Γ0 ∪ Γ1, äå Γ0 � çàìèêàííÿ âiäêðèòî¨

ìíîæèíè íà ∂Ω (çîêðåìà, Γ0 ìîæå áóòè ïîðîæíüîþ ìíîæèíîþ àáî çáiãàòèñÿ

ç Γ ), Γ1 := ∂Ω \ Γ0 ; ν = (ν1, ..., νn) � îäèíè÷íèé âåêòîð çîâíiøíüî¨ äî ∂Ω

íîðìàëi.

Ïîçíà÷à¹ìî S := (−∞, 0] , Q := Ω × S, Σ0 := Γ0 × S, Σ1 := Γ1 × S,

Qt1,t2 := Ω× (t1, t2) äëÿ äîâiëüíèõ t1, t2 ∈ R (t1 < t2) .
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3.1 Ñèëüíî íåëiíiéíi ñèñòåìè

3.1.1 Ïîñòàíîâêà çàäà÷i i ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Ðîçãëÿäà¹ìî çàäà÷ó : çíàéòè âåêòîðíó ôóíêöiþ u = col(u1 . . . uN) : Q→ RN ,

ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó ñåíñi) ñèñòåìó ðiâíÿíü

(bi(x)ui)t −
n∑
j=1

d

dxj
aij(x, t, δu) + ai0(x, t, δu) +

∫
Ω

ci(x, y, t, u(y, t))dy =

= −
n∑
j=1

∂

∂xj
fij(x, t) + fi0(x, t), (x, t) ∈ Q , i = 1, N , (3.1)

òà êðàéîâi óìîâè

ui

∣∣∣
Σ0

= 0,
∂ui
∂νa

∣∣∣
Σ1

= 0, i = 1, N , (3.2)

äå bi : Ω → R, aij : Q × MN×(n+1)(R) → R (i = 1, N, j = 0, n),

ci : Ω × Ω × S × R → R (i = 1, N), fij : Q → R (i = 1, N, j = 0, n) �

çàäàíi äiéñíîçíà÷íi ôóíêöi¨, ïðè÷îìó bi(x) > 0 äëÿ ì. â. x ∈ Ω (i = 1, N).

Òóò i äàëi âèêîðèñòîâó¹ìî ïîçíà÷åííÿ ∇u := (ux1, . . . , uxn), δu := (u,∇u),

∂ui(x, t)/∂νa :=
n∑
j=1

aij(x, t, δu) νj(x), (x, t) ∈ Σ1, � ïîõiäíà ïî "êîíîðìàëi".

Ïðèêëàäîì ñèñòåì âèãëÿäó (3.1), ÿêi òóò âèâ÷àþòüñÿ, ¹ ñèñòåìà

ui,t −
n∑
j=1

(
âij(x, t)|ui,xj |pij(x)−2ui,xj

)
xj

+ âi0(x, t)|ui|pi0(x)−2ui+

+

∫
Ω

N∑
k=1

ĉik(x, y, t)uk(y, t)dy = fi(x, t), (x, t) ∈ Q, i = 1, N, (3.3)

äå âij (i = 1, N, j = 0, n) � âèìiðíi, îáìåæåíi, äîäàòíi i âiääiëåíi âiä íóëÿ

ôóíêöi¨, ĉik (i, k = 1, N) � âèìiðíi i îáìåæåíi ôóíêöi¨, fi (i = 1, N) �

iíòåãðîâíi ç äåÿêèì ñòåïåíåì ôóíêöi¨, pij > 1 (i = 1, N, j = 0, n) � âèìiðíi

òà îáìåæåíi ôóíêöi¨, ÿêi íàçèâàþòü ïîêàçíèêàìè íåëiíiéíîñòi.

Íåõàé

(P) p = (pij; i = 1, N, j = 0, n) ≡ (pij) � ìàòðè÷íà ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹

óìîâó 2 6 p−ij := ess inf
x∈Ω

pij(x) 6 ess sup
x∈Ω

pij(x) =: p+
ij < +∞,
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p−i0 := ess inf
x∈Ω

pi0(x) > 2 (i = 1, N, j = 0, n);

(B ) äëÿ êîæíîãî i ∈ {1, . . . , N} ôóíêöiÿ bi : Ω→ R � âèìiðíà i 0 6 bi(x) 6

1 äëÿ ì. â. x ∈ Ω.

×åðåç p ′ = (p ′ij; i = 1, N, j = 0, n) ≡ (p ′ij) ïîçíà÷àòèìåìî ìàòðè÷íó ôóí-

êöiþ òàêó, ùî 1/pij(x) + 1/p ′ij(x) = 1 äëÿ ì. â. x ∈ Ω (i = 1, N, j = 0, n) .

Íåõàé

W 1
p(·)(Ω;RN) := {v = col(v1, . . . , vN) : Ω→ RN | ∂jvi ∈ Lpij(·)(Ω),

i = 1, N, j = 0, n}

� ëiíiéíèé ïðîñòið ç íîðìîþ

‖v‖W 1
p(·)(Ω;RN ) :=

N∑
i=1

n∑
j=0

‖ ∂jvi‖Lpij(·)(Ω),

äå òóò i äàëi

∂0w := w, ∂jw := wxj , j = 1, n, äëÿ w : Ω→ R.

Öåé ïðîñòið ¹ áàíàõîâèì i éîãî íàçèâàþòü óçàãàëüíåíèì ïðîñòîðîì Ñîáîë¹âà.

Ïiä
◦
W 1

p(·)(Ω;RN) ðîçóìi¹ìî çàìèêàííÿ ïðîñòîðó C∞c (Ω;RN) â W 1
p(·)(Ω;RN) .

Òóò i äàëi ÷åðåç C∞c (Ω;RN) ïîçíà÷à¹ìî ïðîñòið ôiíiòíèõ íåñêií÷åííî äèôå-

ðåíöiéîâíèõ íà Ω ôóíêöié çi çíà÷åííÿìè â RN . Äëÿ çðó÷íîñòi âèêëàäåííÿ

ìàòåðiàëó ïîçíà÷èìî Vp(Ω;RN) :=
◦
W 1

p(·)(Ω;RN) .

Äëÿ äîâiëüíèõ t1, t2 ∈ R, t1 < t2, ââåäåìî ïðîñòið W 1,0
p(·)(Qt1,t2;RN) :=

{
w :

Qt1,t2 → RN − âèìiðíà|∂jwi ∈ Lpij(·)(Qt1,t2) (i = 1, N, j = 0, n)
}

ç íîðìîþ

‖w‖W 1,0
p(·)(Qt1,t2 ;RN ) :=

N∑
i=1

n∑
j=0

‖∂jwi‖Lpij(·)(Qt1,t2 ;RN ).

×åðåç
◦
W

1,0
p(·)(Qt1,t2;RN) ïîçíà÷èìî ïiäïðîñòið ïðîñòîðó W 1,0

p(·),(Qt1,t2;RN) ,

ñêëàäåíèé ç ôóíêöié w òàêèõ, ùî w(·, t) ∈ Vp(Ω;RN) äëÿ ìàéæå âñiõ t ∈
[t1, t2] .

Ââåäåìî ëiíiéíèé ïðîñòið
◦
W

1,0
p(·),loc(Q;RN) , ñêëàäåíèé ç âèçíà÷åíèõ íà Q

âèìiðíèõ ôóíêöié, çâóæåííÿ ÿêèõ íà Qt1,t2 íàëåæèòü äî
◦
W

1,0
p(·)(Qt1,t2;RN)

äëÿ áóäü-ÿêèõ t1, t2 ∈ S (t1 < t2) . Öåé ïðîñòið ¹ ïîâíèì ëîêàëüíî îïóêëèì iç

ñiì'¹þ ïiâíîðì
{
‖h‖W 1,0

p(·)(Qt1,t2) :=
∑N

i=1

∑n
j=0 ‖|∂jhi‖Lpij(·)(Qt1,t2)

∣∣ t1, t2 ∈ S (t1 <

t2)
}
.
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Íåõàé Ω0 := {x ∈ Ω
∣∣ bi(x) > 0} i b̃i(x) := bi(x), ÿêùî x ∈ Ω0, òà

b̃i(x) := 1, ÿêùî x ∈ Ω\Ω0 . Ïîçíà÷èìî b := col(b1, . . . , bN) i íåõàé Hb(Ω;RN)

ëiíiéíèé ïðîñòið ôóíêöié âèãëÿäó w = col(w1, . . . , wN), äå wi = b̃
−1/2
i vi ,

vi ∈ L2(Ω) äëÿ êîæíîãî i ∈ {1, . . . , N}. Ââåäåìî íà Hb(Ω;RN) ïiâíîðìó

‖w‖Hb(Ω;RN ) =
( ∫

Ω

N∑
i=1

bi(x)|wi(x)|2dx
)1/2

. Ëåãêî ïåðåâiðèòè, ùî Hb(Ω;RN) ¹

ïîïîâíåííÿì ëiíiéíîãî ïðîñòîðó Vp(Ω;RN) çà ïiâíîðìîþ ‖ · ‖Hb(Ω;RN ) ([7]).

Âèçíà÷èìî ïðîñòið

Ub
p,loc(Q;RN) :=

◦
W

1,0
p(·),loc(Q;RN) ∩ C(S;Hb(Ω;RN)),

ÿêèé ¹ ïîâíèì ëiíiéíèì ëîêàëüíî îïóêëèì ç ñiì'¹þ ïiâíîðì{ N∑
i=1

n∑
j=0

‖∂jhi‖Lpij(·)(Qt1,t2) + ‖h‖C([t1,t2];Hb(Ω;RN ))

∣∣ t1, t2 ∈ S, t1 < t2

}
.

Ïåðø çà âñå äàìî îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (3.1) � (3.2),

à äëÿ öüîãî ââåäåìî âiäïîâiäíi îáìåæåííÿ íà âèõiäíi äàíi, òîáòî âèçíà÷èìî

êëàñè âèõiäíèõ äàíèõ.

Ïiä Ap ðîçóìiòèìåìî ìíîæèíó ìàòðè÷íèõ ôóíêöié (aij; i = 1, N, j =

0, n) ≡ (aij) , ÿêi çàäîâîëüíÿþòü óìîâè:

(A1) äëÿ êîæíèõ i ∈ {1, . . . , N} òà j ∈ {0, . . . , n} ôóíêöiÿ aij(x, t, ξ) ,

(x, t) ∈ Q, ξ = (ξkl) ∈ MN×(n+1)(R), ¹ êàðàòåîäîðiâñüêîþ; êðiì òîãî,

aij(x, t, 0) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q (i = 1, N, j = 0, n) ;

(A2) äëÿ êîæíèõ i ∈ {1, . . . , N} òà j ∈ {0, . . . , n}, ìàéæå âñiõ (x, t) ∈ Q i

áóäü-ÿêèõ ξ ∈MN×(n+1)(R) âèêîíó¹òüñÿ íåðiâíiñòü

|aij(x, t, ξ)| 6 hij(x, t)
( N∑
k=1

n∑
l=0

|ξkl|pkl(x)/p ′ij(x)
)

+ gij(x, t),

äå hij ∈ L∞,loc(Q), gij ∈ Lp ′ij(·),loc(Q).

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà äîâiëüíèõ ξ1, ξ2 ∈ MN×(n+1)(R) âèêîíó¹-

òüñÿ íåðiâíiñòü
N∑
i=1

n∑
j=0

(aij(x, t, ξ
1)− aij(x, t, ξ2))(ξ1

ij − ξ2
ij) >

> K1

N∑
k=1

|ξ1
k0 − ξ2

k0|2 +K2

N∑
k=1

n∑
l=0

|ξ1
kl − ξ2

kl|pkl(x),
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äå K1 > 0 , K2 > 0 � ñòàëi.

Íåõàé C � ìíîæèíà âåêòîðíèõ ôóíêöié col(c1 . . . cN) ÿêi çàäîâîëüíÿþòü

òàêi óìîâè:

(C1) äëÿ êîæíîãî i ∈ {1, . . . , N} ôóíêöiÿ ci(x, y, t, s), (x, y, t, s) ∈ Ω ×
Ω × S × R, ¹ êàðàòåîäîðiâñüêîþ, ïðè÷îìó ci(x, y, t, 0) = 0 äëÿ ìàéæå âñiõ

(x, y, t) ∈ Ω× Ω× S .
(C2) äëÿ êîæíîãî i ∈ {1, . . . , N}, äîâiëüíèõ s1, s2 ∈ R òà ìàéæå âñiõ

(x, y, t) ∈ Ω× Ω× S âèêîíó¹òüñÿ íåðiâíiñòü

|ci(x, y, t, s1)− ci(x, y, t, s2)| ≤ L|s1 − s2|,

äå L > 0 � ñòàëà.

×åðåç Fp ′(·),loc ïîçíà÷àòèìåìî ìíîæèíó ìàòðè÷íèõ ôóíêöié (fij ; i =

1, N, j = 0, n) ≡ (fij) òàêèõ, ùî fij ∈ Lp ′ij(·),loc(Q), i = 1, N, j = 0, n, i

äëÿ êîæíèõ i ∈ {1, . . . , N}, j ∈ {1, . . . , n} ôóíêöiÿ fij çàíóëÿ¹òüñÿ â îêîëi

Σ1 .

Îçíà÷åííÿ 3.1. Íåõàé b = col(b1, . . . , bN) çàäîâîëüíÿ¹ óìîâó (B), p = (pij)

çàäîâîëüíÿ¹ óìîâó (P) , (aij) ∈ Ap, col(c1, . . . , cN) ∈ C, (fij) ∈ Fp ′,loc. Óçà-

ãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (3.1), (3.2) íàçâåìî âåêòîðíó ôóíêöiþ u ∈
Ub
p,loc(Q;RN) , ÿêà çàäîâîëüíÿ¹ iíòåãðàëüíó òîòîæíiñòü∫∫

Q

N∑
i=1

{ n∑
j=0

aij(x, t, δu)∂jviϕi+

+viϕi

∫
Ω

ci(x, y, t, u(y, t)) dy − bi(x)uiviϕi
′
}
dxdt =

∫∫
Q

N∑
i=1

n∑
j=0

fij∂jviϕi dxdt

(3.4)

∀v = col(v1, . . . , vN) ∈ Vp(Ω;RN), ∀ϕ = col(ϕ1, . . . , ϕN) ∈ C1
c ((−∞, 0);RN).

Òåîðåìà 3.1. Íåõàé b = col(b1, . . . , bN) çàäîâîëüíÿ¹ óìîâó (B) , (aij) ∈ Ap ,

col(c1, . . . , cN) ∈ C , (fij) ∈ Fp′,loc i, êðiì òîãî, âèêîíó¹òüñÿ íåðiâíiñòü

K1 > LmesnΩ. (3.5)
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Òîäi iñíó¹ i òiëüêè îäèí óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3.1), (3.2), ïðè÷îìó

äëÿ áóäü-ÿêèõ R,R0, t0 òàêèõ, ùî R0 > 0, R > max{1, 2R0} , t0 < 0 , âèêî-

íó¹òüñÿ îöiíêà

max
t∈[t0−R0,t0]

∫
Ω

N∑
i=1

bi(x)|ui(x, t)|2 dx+

+

t0∫
t0−R0

∫
Ω

N∑
i=1

[ n∑
j=1

|∂jui(x, t)|pij(x) + |ui(x, t)|2
]
dxdt 6

6 C1

{ N∑
i=1

R−2/(p+i0−2) +

t0∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|fij|p
′
ij(x) dxdt

}
, (3.6)

äå C1 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, L,mesnΩ i p−ij (i =

1, N, j = 0, n) .

3.1.2 Äîïîìiæíi òâåðäæåííÿ

Ñôîðìóëþ¹ìî i äîâåäåìî òâåðäæåííÿ, ÿêi âèêîðèñòà¹ìî ïðè äîâåäåííi òåî-

ðåìè 3.1.

Ëåìà 3.1. Íåõàé b = col(b1, . . . , bN) çàäîâîëüíÿ¹ óìîâó (B) i t1, t2 ∈ R �

äîâiëüíi ÷èñëà, ïðè÷îìó t1 < t2. Ïðèïóñòèìî, ùî ôóíêöiÿ w ∈
◦
W

m,0
p(·)(Qt1,t2)

çàäîâîëüíÿ¹ iíòåãðàëüíó òîòîæíiñòü

t2∫
t1

∫
Ω

{
−biwiviϕ′i +

N∑
i=1

n∑
j=0

gij∂jviϕi

}
dxdt = 0 (3.7)

∀v ∈ Vp(Ω;RN),∀ϕ ∈ C1
c ((t1, t2);RN) (3.8)

äëÿ äåÿêèõ gij ∈ Lp′ij(·), loc(Q) (i = 1, N, j = 0, n) .

Òîäi w ∈ C
(
[t1, t2];Hb(Ω;RN)

)
i äëÿ áóäü-ÿêèõ θ ∈ C1([t1, t2]) , v ∈

Vp(Ω;RN) i τ1, τ2 ∈ [t1, t2] (τ1 < τ2) âèêîíó¹òüñÿ ðiâíiñòü

θ(τ2)

∫
Ω

N∑
i=1

bi(x)wi(x, τ2)vi(x) dx− θ(τ1)

∫
Ω

N∑
i=1

bi(x)wi(x, τ1)vi(x) dx+

+

τ2∫
τ1

∫
Ω

N∑
i=1

{( n∑
j=0

gijvi,xj

)
θ − biwiviθ′

}
dxdt = 0, (3.9)
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1

2
θ(t2)‖w(·, t2)‖2

Hb(Ω;RN ) −
1

2
θ(t1)‖w(·, t1)‖2

Hb(Ω;RN ) −

−1

2

t2∫
t1

N∑
i=1

‖w(·, t)‖2
Hb(Ω;RN )θ

′(t) dt+

t2∫
t1

∫
Ω

( N∑
i=1

n∑
j=0

gij∂jwi

)
θ dxdt = 0. (3.10)

Äîâåäåííÿ. Öå òâåðäæåííÿ äîâîäèòüñÿ àíàëîãi÷íî ÿê ëåìà 2 ðîáîòè [14].

Ëåìà 3.2. Íåõàé b = col(b1, . . . , bN) çàäîâîëüíÿ¹ óìîâó (B) , p = (pij) çà-

äîâîëüíÿ¹ óìîâó (P) , (aij) ∈ Ap , col(c1, . . . , cN) ∈ C i êîæíîãî l ∈ {1, 2}
ôóíêöi¨ ul ∈ Ub

p,loc(Q;RN), (f lij) ∈ Fp′,loc òàêi, ùî ïðàâèëüíà òîòîæíiñòü∫∫
Q

N∑
i=1

{ n∑
j=0

aij(x, t, δu
l)∂jviϕi+

+viϕi

∫
Ω

ci(x, y, t, u
l(y, t)) dy − bi(x)uliviϕ

′
i

}
dxdt =

=

∫∫
Q

N∑
i=1

n∑
j=0

f lij∂jviϕidxdt ∀v ∈ Vp(Ω;RN), ∀ϕ ∈ C1
c ((−∞, 0);RN). (3.11)

Òîäi äëÿ äîâiëüíèõ ÷èñåë R, R0, t0 òàêèõ, ùî R0 > 0, R > max{1, 2R0},
t0 6 0, ïðàâèëüíà íåðiâíiñòü

max
t∈[t0−R0,t0]

∫
Ω

N∑
i=1

bi(x)|u1
i (x, t)− u2

i (x, t)|2 dx+

+

t0∫
t0−R0

∫
Ω

N∑
i=1

[ n∑
j=0

|∂ju1
i − ∂ju2

i |pij(x) + |u1
i − u2

i |2
]
dxdt 6 C1

{ N∑
i=1

R−2/(p+i0−2)+

+

t0∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|f 1
ij − f 2

ij|p
′
ij(x)dxdt

}
, (3.12)

äå C1 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, L,mesnΩ i p−ij (i =

1, N, j = 0, n) .

Äîâåäåííÿ. Íåõàé R,R0, t0 òàêi, ÿê ó ôîðìóëþâàííi ëåìè, i η(t) := t− t0 +

R, t ∈ R . Äëÿ çàäàíèõ v ∈ Vp(Ω;RN) i ϕ ∈ C1
c ((−∞, 0);RN) ðîçãëÿíåìî
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òîòîæíiñòü (3.11) ïðè l = 1 òà öþ æ òîòîæíiñòü ïðè l = 2 i âiäíiìåìî öi

òîòîæíîñòi. Ïðèéíÿâøè äëÿ ìàéæå âñiõ (x, t) ∈ Q

u12
i (x, t) := u1

i (x, t)− u2
i (x, t) (i = 1, N),

a12
ij (x, t) := aij(x, t, δu

1(x, t))− aij(x, t, δu2(x, t)) (i = 1, N, j = 0, n),

c12
i (x, y, t) := ci(x, y, t, u

1(y, t))− ci(x, y, t, u2(y, t)) (i = 1, N),

f 12
ij (x, t) := f 1

ij(x, t)− f 2
ij(x, t) (i = 1, N, j = 0, n),

ó ðåçóëüòàòi îòðèìà¹ìî ðiâíiñòü∫∫
Q

N∑
i=1

{ n∑
j=0

a12
ij ∂jviϕi + viϕi

∫
Ω

c12
i dy − biu

12
i viϕ

′
i

}
dxdt =

=

∫∫
Q

N∑
i=1

n∑
j=0

f 12
ij (x, t)∂jviϕi dxdt, (3.13)

äî ÿêî¨ çàñòîñó¹ìî ëåìó 3.3 ç τ1 = t0 − R, τ2 = τ ∈ (t0 − R, t0], wi = u12
i ,

gij = a12
ij − f 12

ij (i = 1, N, j = 0, N), θ = ηs , s := max
i={1,...,N}

p−i0/(p
−
i0 − 2) . Ó

ðåçóëüòàòi çäîáóäåìî ðiâíiñòü

ηs(τ)

∫
Ω

N∑
i=1

bi(x)|u12
i (x, τ)|2dx+

+2

τ∫
t0−R

∫
Ω

N∑
i=1

( n∑
j=0

a12
ij ∂ju

12
i + u12

i

∫
Ω

c12
i dy

)
ηs dxdt =

= s

τ∫
t0−R

∫
Ω

N∑
i=1

bi|u12
i |2ηs−1 dxdt+ 2

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

f 12
ij ∂ju

12 ηs dxdt. (3.14)

Çðîáèìî âiäïîâiäíi îöiíêè ÷ëåíiâ ðiâíîñòi (3.14). Çãiäíî ç óìîâîþ (A3)

ìà¹ìî
τ∫

t0−R

∫
Ω

N∑
i=1

n∑
j=0

a12
ij ∂ju

12
i η

s dxdt >

> K1

τ∫
t0−R

∫
Ω

N∑
i=1

|u12
i |2ηs dxdt+K2

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|∂ju12
i |pij(x)ηs dxdt. (3.15)
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Âèêîðèñòîâóþ÷è óìîâó (C2) i íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, îòðèìó¹ìî

îöiíêó ∣∣∣∣∣∣
τ∫

t0−R

∫
Ω

N∑
i=1

u12
i (x, t)

(∫
Ω

c12
i (x, y, t) dy

)
ηs(t) dxdt

∣∣∣∣∣∣ 6
6

N∑
i=1

τ∫
t0−R

∫
Ω

∣∣u12
i (x, t)

∣∣ ( ∫
Ω

∣∣c12
i (x, y, t)

∣∣ dy)ηs(t) dxdt 6
6 L

N∑
i=1

τ∫
t0−R

∫
Ω

∣∣u12
i (x, t)

∣∣ ( ∫
Ω

∣∣u12
i (y, t)

∣∣ dy)ηs(t) dxdt =

= L
N∑
i=1

τ∫
t0−R

(∫
Ω

∣∣u12
i (x, t)

∣∣ dx)2

ηs(t) dt 6

6 LmesnΩ

τ∫
t0−R

∫
Ω

∣∣u(x, t)12
∣∣2 η(t)s dxdt.

Çâiäñè ìà¹ìî
τ∫

t0−R

∫
Ω

N∑
i=1

u12
i

(∫
Ω

c12
i dy

)
ηs dxdt > −LmesnΩ

τ∫
t0−R

∫
Ω

|u12|2ηs dxdt. (3.16)

Äàëi ìè áóäåìî âèêîðèñòîâóâàòè íåðiâíiñòü

ad 6 ε|a|r(x) + ε−1/(r(x)−1) |d| r′(x) (3.17)

äëÿ ì. â. x ∈ Ω i áóäü-ÿêèõ a, d ∈ R, ε > 0, äå r ∈ L∞(Ω), r(x) > 1, 1/r(x)+

1/r′(x) = 1 äëÿ ì. â. x ∈ Ω, ÿêà ¹ íàñëiäêîì ñòàíäàðòíî¨ íåðiâíîñòi Þíãà:

a d 6 |a|q/q + |d|q′/q′, a, d ∈ R, q > 1, 1/q + 1/q′ = 1.

Âèáèðàþ÷è (äëÿ ìàéæå êîæíîãî x ∈ Ω ) r(x) = pi0(x)/2 , r′(x) =

pi0(x)/(pi0(x) − 2) , a = bi(x)|u12|2ηs/r(x) , d = ηs/r
′(x)−1 , ε = ε1 ∈ (0, 1) ,

íà ïiäñòàâi (3.17) îòðèìà¹ìî
τ∫

t0−R

∫
Ω

N∑
i=1

bi|u12
i |2ηs−1dxdt 6 ε1

τ∫
t0−R

∫
Ω

N∑
i=1

|u12
i |pi0(x)ηs dxdt+

+

τ∫
t0−R

∫
Ω

N∑
i=1

ε
−2/(p−i0−2)
1 ηs−pi0(x)/(pi0(x)−2) dxdt, (3.18)
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äå ε1 ∈ (0, 1) � äîâiëüíå ÷èñëî. Òóò ìè âèêîðèñòàëè óìîâó: 0 6 b(x) 6 1 äëÿ

ì. â. x ∈ Ω .

Çíîâó ñêîðèñòàâøèñü íåðiâíiñòþ (3.17), îäåðæó¹ìî

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

f 12
ij ∂ju

12
i η

s dxdt 6 ε2

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|∂ju12
i |pij(x)ηs dxdt+

+

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

ε
−1/(p−ij−1)

2 |f 12
ij |p

′
ij(x)ηs dxdt, (3.19)

äå ε2 ∈ (0, 1) � äîâiëüíå ÷èñëî.

Ç (3.14) íà ïiäñòàâi (3.15), (3.16), (3.18) (3.19) ïðè äîñòàòíüî ìàëèõ çíà÷å-

ííÿõ ε1 i ε2 îòðèìà¹ìî

ηs(τ)

∫
ΩR

N∑
i=1

bi(x)|u12
i (x, τ)|2 dx+

τ∫
t0−R

∫
Ω

N∑
i=1

[ n∑
j=1

|∂ju12
i |pij(x) + |u12|2

]
ηs dxdt 6

6 C2

{ τ∫
t0−R

∫
Ω

N∑
i=1

ηs−pi0(x)/(pi0(x)−2) dxdt+

+

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|f 12
ij |p

′
ij(x)ηs dxdt

}
, (3.20)

äå C2 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, L,mesnΩ i p−ij ( i = 1, N, j =

1, n ), à τ ∈ (t0 −R, t0] � äîâiëüíå ÷èñëî.
Îñêiëüêè 0 6 η(t) 6 R , êîëè t ∈ [t0 − R, t0] , i η(t) > R − R0 , êîëè

t ∈ [t0 −R0, t0] , òî ç íåðiâíîñòi (3.20) îòðèìà¹ìî íåðiâíiñòü

(R−R0)
s

∫
Ω

N∑
i=1

bi(x)|u12
i (x, τ)|2 dx+

+ (R−R0)
s

τ∫
t0−R0

∫
Ω

N∑
i=1

[ n∑
j=0

|∂ju12
i |pij(x) + |u12

i |2
]
dxdt 6 (3.21)
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6 C2

{ τ∫
t0−R

∫
Ω

N∑
i=1

Rs−pi0(x)/(pi0(x)−2)dxdt+

+Rs

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|f 12
ij |p

′
ij(x) dxdt

}
. (3.22)

Ïîäiëèìî îòðèìàíó íåðiâíiñòü íà (R−R0)
s . Çàóâàæèìî, ùî îñêiëüêè R >

max{1; 2R0}, òî ìà¹ìî R/(R − R0) = 1 + R0/(R − R0) 6 2 . Âðàõóâàâøè öå

òà íåðiâíiñòü R−pi0(x)/(pi0(x)−2) 6 R−p
+
i0/(p

+
i0−2) (ïðàâèëüíó ÷åðåç òå, ùî R > 1 i

−pi0(x)(/pi0(x)− 2) 6 −p+
i0/(p

+
i0 − 2) äëÿ ì. â. x ∈ Ω ), îòðèìà¹ìî∫

ΩR

N∑
i=1

bi(x)|u12
i (x, τ)|2 dx+

τ∫
t0−R0

∫
Ω

N∑
i=1

[ n∑
j=0

|∂ju12
i |pij(x) + |u12

i |2
]
dxdt 6

6 C3

{ N∑
i=1

R−p
+
i0/(p

+
i0−2)

τ∫
t0−R

∫
Ω

dxdt+

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|f 12
ij |p

′
ij(x) dxdt

}
, (3.23)

äå C3 > 0 � ñòàëà, ÿêà çàëåæèòü âiä K1, K2, L,mesnΩ i p−ij ( i = 1, N, j =

1, n ), à τ ∈ (t0 −R, t0] � äîâiëüíå ÷èñëî.

Çâiäñè, âðàõóâàâøè, ùî
t0∫

t0−R

∫
Ω

dxdt = R ·mesnΩ , îòðèìà¹ìî (3.12).

3.1.3 Îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó ïiäðîçäiëó

Äîâåäåííÿ òåîðåìè 3.1. Äëÿ öüîãî ñïî÷àòêó ïåðåêîíà¹ìîñÿ, ùî çàäà÷à

(3.1), (3.2) ìà¹ íå áiëüøå îäíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó, âèêîðèñòîâóþ÷è

ìåòîä äîâåäåííÿ âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ïðàâèëüíèì ¹ ïðîòèëå-

æíå òâåðäæåííÿ. Íåõàé u1 = col(u1
1, . . . , u

1
N), u2 = col(u2

1, . . . , u
2
N) � (ðiçíi)

óçàãàëüíåíi ðîçâ'ÿçêè öi¹¨ çàäà÷i. Òîäi íà ïiäñòàâi ëåìè 3.2 ìà¹ìî

t0∫
t0−R0

∫
Ω

N∑
i=1

|u1
i (x, t)− u2

i (x, t)|2 dxdt 6 C1

N∑
i=1

R−2/(p+i0−2), (3.24)

äå R, R0, t0 � äîâiëüíi ÷èñëà òàêi, ùî R0 > 0 , R > max{1, 2R0} , t0 ∈ R .

Çàôiêñó¹ìî ÷èñëà R0 > 0 i t0 ∈ R òà ïåðåéäåìî â (3.24) äî ãðàíèöi ïðè

R → +∞ . Ó ðåçóëüòàòi îòðèìà¹ìî, ùî u1 = u2 ìàéæå ñêðiçü íà Qt0−R0,t0 .
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Îñêiëüêè R0, t0 � äîâiëüíi ÷èñëà, òî çâiäñè îäåðæó¹ìî, ùî u1 = u2 ìàéæå

âñþäè íà Q . Îòðèìàíå ïðîòèði÷÷ÿ äîâîäèòü íàøå òâåðäæåííÿ.

Òåïåð ïåðåéäåìî äî äîâåäåííÿ iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i

(3.1), (3.2). Äëÿ öüîãî äëÿ êîæíîãî m ∈ N ðîçãëÿíåìî ìiøàíó çàäà÷ó äëÿ

ñèñòåìè (3.1) â îáëàñòi Qm = Ω× (−m, 0) ç îäíîðiäíîþ ïî÷àòêîâîþ óìîâîþ

i êðàéîâèìè óìîâàìè òèïó (2), à òî÷íiøå, çàäà÷ó íà çíàõîäæåííÿ ôóíêöi¨

um ∈
◦
W

1,0
p(·)(Qm;RN)∩C([−m, 0];Hb(Ω;RN)) , ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìî-

âó

umi |t=−m = 0, i = 1, N,

òà iíòåãðàëüíó òîòîæíiñòü∫∫
Qm

N∑
i=1

{ n∑
j=0

aij(x, t, δu
m)∂jviϕi+viϕi

∫
Ω

ci(x, y, t, u
m(y, t)) dy−umi viϕ′i

}
dxdt =

=

∫∫
Qm

N∑
i=1

n∑
j=0

fmij ∂jviϕi dxdt ∀v ∈ Vp(Ω;RN), ∀ϕ ∈ C1
c ((−m, 0);RN), (3.25)

äå fmij (x, t) := fij(x, t) , ÿêùî (x, t) ∈ Qm, i fmij (x, t) := 0 , ÿêùî (x, t) ∈
Q \Qm, äëÿ êîæíèõ i ∈ {1, . . . , N}, j ∈ {0, 1, . . . , n}.

Iñíóâàííÿ òà ¹äèíiñòü ôóíêöi¨ um ìîæíà äîâåñòè àíàëîãi÷íî ÿê öå çðîáëå-

íî â [14] ó âèïàäêó ðiâíÿíü äðóãîãî ïîðÿäêó. Äëÿ êîæíîãî m ∈ N ïðîäîâæè-

ìî um íóëåì íà Q i çà öèì ïðîäîâæåííÿì çáåðåæåìî ïîçíà÷åííÿ um . Ïî-

êàæåìî, ùî ïîñëiäîâíiñòü {um} çáiãà¹òüñÿ â Up,loc(Q;RN) äî óçàãàëüíåíîãî

ðîçâ'ÿçêó çàäà÷i (3.1), (3.2). Äëÿ öüîãî ñïî÷àòêó çàóâàæèìî, ùî äëÿ êîæíîãî

m ∈ N ôóíêöiÿ um ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i, ÿêà âiäðiçíÿ¹òüñÿ âiä

çàäà÷i (3.1), (3.2) òiëüêè òèì, ùî çàìiñòü fij ñòîÿòü fmij (i = 1, N, j = 0, n) .

Îòîæ, íà ïiäñòàâi ëåìè 3.2 äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë m i k ìà¹ìî

max
t∈[t0−R0,t0]

∫
Ω

N∑
i=1

bi(x)|umi (x, t)− uki (x, t)|2 dx+

+

t0∫
t0−R0

∫
Ω

N∑
i=1

[ n∑
j=0

|∂j(umi − uki )|pij(x) + |umi − uki |2
]
dxdt 6
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6 C1

{ N∑
i=1

R−2/(p+i0−2) +

t0∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|fmij (x, t)− fkij(x, t)|pij
′(x) dxdt

}
, (3.26)

äå R,R0, t0 � äîâiëüíi ÷èñëà òàêi, ùî t0 6 0, R0 > 0, R > max{1; 2R0}.
Ïîêàæåìî, ùî ïðè ôiêñîâàíèõ t0 i R0 ëiâà ÷àñòèíà íåðiâíîñòi (3.26) ïðÿ-

ìó¹ äî íóëÿ ïðè m → +∞, k → +∞ . Ñïðàâäi, íåõàé ε > 0 � äîâiëüíå ÿê

çàâãîäíî ìàëå ÷èñëî. Âèáåðåìî R > max{1, 2R0} íàñòiëüêè âåëèêèì, ùîá

âèêîíóâàëàñü íåðiâíiñòü

C1

N∑
i=1

R−2/(p+i0−2) < ε. (3.27)

Öå ìîæíà çðîáèòè, îñêiëüêè p+
i0 − 2 > 0 ∀i ∈ {1, . . . , N} . Òîäi äëÿ áóäü-

ÿêèõ m, k ∈ N òàêèõ, ùî max{−m,−k} 6 t0 − R , ìà¹ìî fmij = fkij

(i = 1, N, j = 0, n) ìàéæå âñþäè íà Ω × (t0 − R, t0), à îòæå, ïðàâà ÷à-

ñòèíà íåðiâíîñòi (3.26) íà ïiäñòàâi (3.27) ¹ ìåíøîþ çà ε . Çâiäñè âèïëèâà¹, ùî

çâóæåííÿ ÷ëåíiâ ïîñëiäîâíîñòi {um} íà Qt0−R0,t0 óòâîðþ¹ ôóíäàìåíòàëüíó

ïîñëiäîâíiñòü â ïðîñòîði
◦
W

m,0
p(·) (Qt0−R0,t0;RN)∩C([t0−R0, t0];Hb(Ω;RN)). Îò-

æå, â ñèëó äîâiëüíîñòi t0 i R0 iñíó¹ ôóíêöiÿ u ∈ Up,loc(Q;RN) òàêà, ùî

um → u â Up,loc(Q;RN) . Çàóâàæèìî, ùî â òîòîæíîñòi (3.25) ìîæíà çàìiíèòè

iíòåãðóâàííÿ ïî Qm íà iíòåãðóâàííÿ ïî Q. Çðîáèâøè öå, ïåðåéäåìî â îòðè-

ìàíié ðiâíîñòi äî ãðàíèöi ïðè m → ∞ . Ó ðåçóëüòàòi îòðèìà¹ìî (3.4) äëÿ

äîâiëüíèõ v ∈ Vp(Ω;RN) i ϕ ∈ C1
c ((−∞; 0);RN) . Öå îçíà÷à¹, ùî ôóíêöiÿ

u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (3.1), (3.2). Îöiíêà (3.6) áåçïîñåðåäíüî

âèïëèâà¹ ç ëåìè 3.2 ïðè u1 = u, u2 = 0, f 1
ij = fij, f

2
ij = 0 (i = 1, N, j = 0, n).
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3.2 Ñëàáêî íåëiíiéíi ñèñòåìè

3.2.1 Ïîñòàíîâêà çàäà÷i i ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Ðîçãëÿäà¹ìî çàäà÷ó : çíàéòè âåêòîðíó ôóíêöiþ u = col(u1 . . . uN) : Q→ RN ,

ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó ñåíñi) ñèñòåìó ðiâíÿíü

∂

∂t
(bi(x)ui)−

n∑
j=1

d

dxj
aij(x, t, u,∇u) + ai0(x, t, u,∇u) +

∫
Ω

ci(x, y, t, u(y, t))dy =

= fi0(x, t)−
n∑
j=1

∂

∂xj
fij(x, t), (x, t) ∈ Q , i = 1, N , (3.28)

òà êðàéîâi óìîâè

ui

∣∣∣
Σ

= 0, i = 1, N , (3.29)

äå aij : Q× RN ×MN×n → R, ci : Ω × Ω× S × RN → R, fij : Q → R, i =

1, N, j = 0, n, � çàäàíi äiéñíîçíà÷íi ôóíêöi¨, ∇u := (ux1, . . . , uxn) ≡ (ui,xj :

i = 1, N, j = 1, n).

Ïðèêëàäîì ñèñòåì âèãëÿäó (3.28), ÿêi òóò âèâ÷àþòüñÿ, ¹ ñèñòåìà

(bi(x)ui)t −
n∑
j=1

( N∑
k=1

n∑
l=1

ãklij(x, t)uk,xl

)
xj

+
N∑
k=1

dik(x, t)uk+

+

∫
Ω

N∑
k=1

c̃ik(x, y, t)uk(y, t) dy = fi(x, t), (x, t) ∈ Q, i = 1, N, (3.30)

äå ãklij , dik, c̃ik, i, k = 1, N, j, l = 1, n, � âèìiðíi i îáìåæåíi ôóíêöi¨, fi, i =

1, N, � iíòåãðîâíi ôóíêöi¨.

Äëÿ êîæíîãî i ∈ {1, . . . , N} ïîçíà÷èìî b̃i(x) := bi(x) ÿêùî x ∈ Ω0
i , i

b̃i(x) := 1 ÿêùî x ∈ Ω \ Ω0
i , òà íåõàé Hbi(Ω) ëiíiéíèé ïðîñòið ôóíêöié âè-

ãëÿäó w = b̃
−1/2
i v, äå v ∈ L2(Ω). Ââåäåìî ïiâíîðìó Hbi(Ω) by ‖w‖Hbi

(Ω) :=( ∫
Ω bi(x)|w(x)|2dx

)1/2
. Ëåãêî ïåðåâiðèòè, ùî äëÿ êîæíîãî i ∈ {1, . . . , N} ïðî-

ñòið Hbi(Ω) ¹ ïîïîâíåííÿì
◦
H 1(Ω) çà ïiâíîðìîþ ‖ · ‖Hbi

(äèâ. [51, I.3.3]).

Äëÿ êîæíîãî i ∈ {1, ..., N} âèçíà÷èìî ëiíiéíèé ïðîñòið C(S;Hbi(Ω)) ôóí-

êöié h : S → Hbi(Ω) òàêèõ ùî b1/2
i h ∈ C(S;L2(Ω)) .
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Ïîçíà÷èìî

K := inf
v∈
◦
H1(Ω), v 6=0

{∫
Ω

|∇v|2 dx
/∫

Ω

|v|2 dx
}
. (3.31)

Âiäîìî, ùî K ñêií÷åííå i çáiãà¹òüñÿ ç ïåðøèì âëàñíèì çíà÷åííÿì çàäà÷i

íà âëàñíi çíà÷åííÿ: −∆v = λv, v|∂Ω = 0. Ç (3.31) âèïëèâà¹ íåðiâíiñòü

Ôðiäðiõñà: ∫
Ω

|∇v|2 dx > K

∫
Ω

|v|2 dx ∀ v ∈
◦
H

1(Ω). (3.32)

Ïiä Ap ðîçóìiòèìåìî ìíîæèíó ìàòðè÷íèõ ôóíêöié (aij; i = 1, N, j =

0, n) ≡ (aij) ÿêi çàäîâîëüíÿþòü óìîâè:

(A1) äëÿ êîæíèõ i ∈ {1, . . . , N} òà j ∈ {0, . . . , n} , ôóíêöiÿ aij : Q× RN ×
MN×n → R ¹ êàðàòåîäîðiâñüêîþ; êðiì òîãî, aij(x, t, 0, 0) = 0 äëÿ ìàéæå âñiõ

(x, t) ∈ Q ;

(A2) äëÿ êîæíèõ i ∈ {1, . . . , N} òà j ∈ {0, . . . , n}, ìàéæå âñiõ (x, t) ∈ Q òà

áóäü-ÿêèõ ρ ∈ RN , ξ ∈MN×n ìà¹ìî

|aij(x, t, ρ, ξ)| 6 hij(x, t)(|ρ|+ |ξ|) + h̃ij(x, t),

äå hij ∈ L∞loc(Q), h̃ij ∈ L2
loc(Q);

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà äîâiëüíèõ (ρ1, ξ1), (ρ2, ξ
2) ∈ RN ×MN×n

âèêîíó¹òüñÿ íåðiâíiñòü

N∑
i=1

n∑
j=0

(aij(x, t, ρ
1, ξ1)− aij(x, t, ρ2, ξ2))(ξ1

ij − ξ2
ij)+

+
N∑
i=1

(ai0(x, t, ρ
1, ξ1)− ai0(x, t, ρ2, ξ2))(ρ1

i − ρ2
i ) >

> γ1(t)
N∑
i=1

n∑
j=1

|ξ1
ij − ξ2

ij|2 + γ2(t)
N∑
i=1

|ρ1
i − ρ2

i |2,

äå γ1, γ2 ∈ C(S), γ1(t) > 0, γ2(t) > 0 ∀t ∈ S .

Íåõàé C � ìíîæèíà âåêòîðíèõ ôóíêöié col(c1 . . . cN) ÿêi çàäîâîëüíÿþòü òàêi

óìîâè:
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(C1) äëÿ êîæíîãî i ∈ {1, . . . , N} ôóíêöiÿ ci : Ω × Ω × S × RN → R ¹

êàðàòåîäîðiâñüêîþ; ci(x, y, t, 0) = 0 äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω× Ω× S .

(C2) äëÿ êîæíîãî i ∈ {1, . . . , N}, ìàéæå âñiõ (x, y, t) ∈ Ω×Ω×S òà äîâiëü-

íèõ ρ1, ρ2 ∈ RN âèêîíó¹òüñÿ íåðiâíiñòü

|ci(x, y, t, ρ1)− ci(x, y, t, ρ2)| 6 Liγ(t)|ρ1 − ρ2|,

äå Li > 0 � ñòàëà,

γ(t) := NKγ1(t) + γ2(t) ∀t ∈ S. (3.33)

×åðåç F ïîçíà÷àòèìåìî ìíîæèíó ìàòðè÷íèõ ôóíêöié (fij; i = 1, N, j =

0, n) ≡ (fij) , äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà

(F) fij ∈ L2,loc(Q) äëÿ êîæíîãî i ∈ {1, . . . , N}, j ∈ {0, . . . , n} .

Îçíà÷åííÿ 3.2. Íåõàé b1, . . . , bN çàäîâîëüíÿ¹ óìîâó (B), (aij) ∈ Ap,

col(c1, . . . , cN) ∈ C, (fij) ∈ F.
Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (3.28),(3.29) íàçâåìî âåêòîðíó ôóíêöiþ

u = col(u1 . . . uN) , ui ∈ L2
loc(S;

◦
H 1(Ω)) ∩ C(S;Hbi(Ω)) , i = 1, N, ÿêà çàäî-

âîëüíÿ¹ iíòåãðàëüíó òîòîæíiñòü∫∫
Q

N∑
i=1

[
−bi(x)uiviϕi

′ +
n∑
j=1

aij(x, t, u,∇u)vi,xjϕi + ai0(x, t, u,∇u)viϕi+

+viϕi

∫
Ω

ci(x, y, t, u(y, t)) dy
]
dxdt =

=

∫∫
Q

N∑
i=1

[
fi0viϕi +

n∑
j=1

fijvi,xjϕi

]
dxdt, vi ∈

◦
H

1(Ω), ϕi ∈ C1
c (intS), i = 1, N.

(3.34)

Çàóâàæèìî, ùî çàäà÷à (3.28),(3.29) ìîæå ìàòè áàãàòî óçàãàëüíåíèõ

ðîçâ'ÿçêiâ Íàïðèêëàä, íåõàé Ω := (0, 2π) , Q := (0, 2π)× (−∞, 0] ,

b(x) :=

{
0, ÿêùî x ∈ (0, π],
1, ÿêùî x ∈ (π, 2π),

ĉ(x, y, t) :=

{
1
π sinx sin y, if x ∈ (0, π], y ∈ (0, 2π), t ∈ S,
c0
π sinx sin y, if x ∈ (π, 2π), y ∈ (0, 2π), t ∈ S,
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äå c0 ∈ R � äîâiëüíå. Ëåãêî ïåðåâiðèòè, ùî çàäà÷à

(b(x)u)t − uxx +

2π∫
0

ĉ(x, y, t)u(y, t) dy = 0, (x, t) ∈ Q, u
∣∣
x=0 ∨x=2π

= 0,

ìà¹ óçàãàëüíåíi ðîçâ'ÿçêè u = Ae−λt sinx, (x, t) ∈ Q, äå λ := c0 + 1, A ∈ R
� äîâiëüíå.

Îòæå, çâiäñè âèïëèâà¹, ùî äëÿ çàáåçïå÷åííÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i

(3.28),(3.29) íåîáõiäíî íàñêëàñòè îáìåæåííÿ íà éîãî ïîâåäiíêó ïðè t→ −∞ .

Ðîçãëÿäà¹ìî çàäà÷ó íà çíàõîäæåííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó (3.28),(3.29),

ÿêèé çàäàâîëüíÿ¹ àíàëîã ïî÷àòêîâî¨ óìîâè

lim
t→−∞

e
ω

t∫
0

γ(s)ds
‖ui(·, t)‖Hbi

(Ω) = 0, i = 1, N. (3.35)

Òóò ω � äåÿêå äiéñíå ÷èñëî, γ � ôóíêöiÿ ç (3.33).

Äëÿ ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó ââåäåìî ïîòðiáíèé

íàì ôóíêöiéíèé ïðîñòið. Íåõàé

L2
ω,β(S;L2(Ω)) :=

{
f ∈ L2

loc(S;L2(Ω))
∣∣ ∫
S

β(t)e
2ω

t∫
0

γ(s)ds
‖f(·, t)‖2

L2(Ω) dt <∞
}

çi ñêàëÿðíèì äîáóòêîì

(f, g)L2
ω,β(S;L2(Ω)) =

∫
S

β(t) e
2ω

t∫
0

γ(s) ds
(f(·, t), g(·, t))L2(Ω) dt

òà íîðìîþ

‖f‖L2
ω,β(S;L2(Ω)) :=

(∫
S

β(t) e
2ω

t∫
0

γ(s) ds
‖f(·, t)‖2

L2(Ω) dt
)1/2

,

äå ω ∈ R , β ∈ C(S) , β(t) > 0 äëÿ âñiõ t ∈ S, ôóíêöiÿ γ âèçíà÷åíà â (3.33).

Ëåãêî ïåðåêîíàòèñü, ùî öåé ïðîñòið ¹ ãiëüáåðòîâèì.

Òåîðåìà 3.2. Íåõàé b1, . . . , bN çàäîâîëüíÿ¹ óìîâó (B), (aij) ∈ A, (fij) ∈ F,
col(c1, . . . , cN) ∈ C, i, êðiì òîãî, ÿêùî min

16i6N
b0
i = 0 , äå b0

i := ess inf
x∈Ω

bi(x) = 0,

ìà¹ìî

LmesnΩ < 1, (3.36)
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äå L :=
( n∑
i=1

L2
i

)1/2

.

Ïðèïóñòèìî, ùî

ω < 1− LmesnΩ,

ÿêùî âèêîíó¹òüñÿ óìîâà (3.36), i

ω < (1− LmesnΩ)/ min
16i6N

b0
i

â iíøîìó âèïàäêó, à òàêîæ

fi0 ∈ L2
ω,1/γ(S;L2(Ω)), fij ∈ L2

ωi,1/γ1
(S;L2(Ω)), i = 1, N, j = 1, n. (3.37)

Òîäi iñíó¹ i òiëüêè îäèí óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3.28), (3.29),

(3.35), i äëÿ íüîãî âèêîíó¹òüñÿ îöiíêà

e
ω
τ∫
0

γ(s) ds
N∑
i=1

‖ui(·, τ)‖Hbi
(Ω) +

N∑
i=1

[
‖ui‖L2

ω,γ(Sτ ;L2(Ω)) +
n∑
j=1

‖ui,xj‖L2
ω,γ1

(Sτ ;L2(Ω))

]
6

6 C1

N∑
i=1

[
‖fi0‖L2

ω,1/γ(Sτ ;L2(Ω)) +
n∑
j=1

‖fij‖L2
ω,1/γ1

(Sτ ;L2(Ω))

]
, τ ∈ S, (3.38)

äå Sτ := (−∞, τ ] ∀τ ∈ (−∞, 0] (S0 = S) , C1 > 0 � ñòàëà, ÿêà çàëåæèòü

òiëüêè âiä mesnΩ , L , ω òà b0
i , i = 1, N .

3.2.2 Äîïîìiæíi òâåðäæåííÿ

Ïîçíà÷èìî

∂0w := w, ∂jw := wxj , j = 1, n.

Ëåìà 3.3. Íåõàé T > 0 � äîâiëüíå ÷èñëî, b1, . . . , bN çàäîâîëüíÿþòü óìî-

âó (B), wi ∈ L2(0, T ;
◦
H 1(Ω)) òà gij ∈ L2(Ω × (0, T )), i = 1, N, j = 0, n .

Ïðèïóñòèìî, ùî ôóíêöiÿ w = col(w1 . . . wN) çàäîâîëüíÿ¹ iíòåãðàëüíó òî-

òîæíiñòü

T∫
0

∫
Ω

N∑
i=1

[
−biwiviϕ′i +

n∑
j=0

gij∂jviϕi

]
dxdt = 0, (3.39)

äëÿ áóäü-ÿêèõ vi ∈
◦
H1(Ω), ϕi ∈ C1

c (0, T ), i = 1, N.
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Òîäi äëÿ êîæíîãî i ∈ {1, . . . , N} ôóíêöiÿ wi íàëåæèòü ïðîñòîðó

C([0, T ];Hbi(Ω)) i äëÿ âñiõ θi ∈ C1([0, T ]), i = 1, N, òà t1, t2 ∈ [0, T ] , t1 < t2,

ïðàâèëüíà ðiâíiñòü

1

2
θi(t2)

N∑
i=1

‖wi(·, t2)‖2
Hbi

(Ω) −
1

2
θi(t1)

N∑
i=1

‖wi(·, t1)‖2
Hbi

(Ω)−

− 1

2

t2∫
t1

N∑
i=1

‖wi(·, t)‖2
Hbi

(Ω)θ
′
i (t) dt+

t2∫
t1

∫
Ω

N∑
i=1

[ n∑
j=0

gij∂jwi

]
θi dxdt = 0. (3.40)

Äîâåäåííÿ ëåìè 3.3. Öå òâåðäæåííÿ ìîæå áóòè äîâåäåíî àíàëîãi÷íî äî

ëåìè 2 â [14].

Ëåìà 3.4. Íåõàé b1, . . . , bN çàäîâîëüíÿþòü óìîâè (B), (aij) ∈ A,
col(c1, . . . , cN) ∈ C òà, êðiì òîãî, ÿêùî min

16i6N
b0
i = 0 , âèêîíó¹òüñÿ óìîâà

(3.36). Ïðèïóñòèìî, ùî

ω < 1− LmesnΩ,

ÿêùî âèêîíó¹òüñÿ (3.36), i

ω < (1− LmesnΩ)/ min
16i6N

b0
i

â iíøîìó âèïàäêó.

Íåõàé äëÿ êîæíîãî k ∈ {1, 2} ôóíêöiÿ uk = col(uk1 . . . u
k
N) � óçàãàëüíåíèé

ðîçâ'ÿçîê çàäà÷i (3.28),(3.29),(3.35) ç fij = fkij , äå

fki0 ∈ L2
ω,1/γ(S;L2(Ω)), fkij ∈ L2

ω,1/γ1
(S;L2(Ω)), k = 1, 2, i = 1, N, j = 0, n.

(3.41)

Òîäi âèêîíó¹òüñÿ íåðiâíiñòü

e
ω
τ∫
0

γ(s) ds
N∑
i=1

‖u1
i (·, τ)− u2

i (·, τ)‖Hbi
(Ω) +

N∑
i=1

[
‖u1

i − u2
i‖L2

ω,γ(Sτ ;L2(Ω))+

+
n∑
j=1

‖u1
i,xj
− u2

i,xj
‖L2

ω,γ1
(Sτ ;L2(Ω))

]
6

6 C1

N∑
i=1

[
‖f 1

i0 − f 2
i0‖L2

ω,1/γ(Sτ ;L2(Ω)) +
n∑
j=1

‖f 1
ij − f 2

ij‖L2
ω,1/γ1

(Sτ ;L2(Ω))

]
, τ ∈ S,

(3.42)

äå Sτ i C1 > 0 òàêå æ ÿê â (3.38).
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Äîâåäåííÿ ëåìè 3.4. Ïîêëàäåìî

ûi(x, t) := u1
i (x, t)− u2

i (x, t), i = 1, N,

âij(x, t) := aij(x, t, u
1(x, t),∇u1(x, t))− aij(x, t,∇u2(x, t)),

i = 1, N, j = 0, n,

ĉi(x, y, t) := ci(x, y, t, u
1(y, t))− ci(x, y, t, u2(y, t)), i = 1, N,

f̂ij(x, t) := f 1
ij(x, t)− f 2

ij(x, t), i = 1, N, j = 0, n,

äëÿ ìàéæå âñiõ (x, t) ∈ Q.
Ç (3.34) îòðèìó¹ìî∫∫

Q

N∑
i=1

[
− biûiviϕ′i +

n∑
j=0

âij∂jviϕi + viϕi

∫
Ω

ĉi(x, y, t) dy
]
dxdt =

=

∫∫
Q

N∑
i=1

[ n∑
j=0

f̂ij∂jviϕi
]
dxdt. (3.43)

Çâiäñè, âèêîðèñòîâóþ÷è 3.3 äëÿ(3.43) ç wi = ûi, θi = θ, gij = âij, gi0 =

âi0 +
∫
Ω

ĉi dy, i = 1, N, j = 1, n , çäîáóäåìî ðiâíiñòü

1

2

∫
Ω

N∑
i=1

bi(x)|ûi(x, t)|2θ(t) dx
∣∣∣t=τ2
t=τ1
− 1

2

τ2∫
τ1

∫
Ω

N∑
i=1

bi|ûi|2θ′ dxdt+

+

τ2∫
τ1

∫
Ω

N∑
i=1

[ n∑
j=0

âij∂jûi + ûi

∫
Ω

ĉi(x, y, t) dy
]
θ dxdt =

=

τ2∫
τ1

∫
Ω

N∑
i=1

[ n∑
j=0

f̂ij∂jûi

]
θ dxdt, (3.44)

äå τ1, τ2 ∈ S, τ1 < τ2, θ ∈ C1(S) � äîâiëüíi.

Âèêîðèñòîâóþ÷è íåðiâíiñòü Êîøi:

ab 6
ε

2
|a|2 +

1

2ε
|b|2, a, b ∈ R, ε > 0, (3.45)
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îöiíèìî ïðàâó ÷àñòèíó ðiâíîñòi (3.44):

τ2∫
τ1

∫
Ω

N∑
i=1

[ n∑
j=1

f̂ij∂jûi

]
θ dxdt 6

ε1

2

τ2∫
τ1

∫
Ω

γ1

[ N∑
i=1

|∇ûi|2
]
θ dxdt+

+
1

2ε1

τ2∫
τ1

∫
Ω

1

γ1

[ N∑
i=1

n∑
j=1

|f̂ij|2
]
θ dxdt, (3.46)

τ2∫
τ1

∫
Ω

N∑
i=1

f̂i0ûiθ dxdt 6
ε2

2

τ2∫
τ1

∫
Ω

γ
[ N∑
i=1

|ûi|2
]
θ dxdt+

1

2ε2

τ2∫
τ1

∫
Ω

1

γ

[ N∑
i=1

|f̂i0|2
]
θ dxdt,

(3.47)

äå ε1, ε2 � äîâiëüíi äîäàòíi ÷èñëà.

Ç óìîâè (A3) îòðèìó¹ìî

τ2∫
τ1

∫
Ω

N∑
i=1

[ n∑
j=0

âij ∂jûi

]
θ dxdt >

>

τ2∫
τ1

∫
Ω

γ1(t)
[ N∑
i=1

n∑
j=1

|∂jûi|2
]
θ dxdt+

τ2∫
τ1

∫
Ω

γ2(t)
[ N∑
i=1

|ûi|2
]
θ dxdt =

=

τ2∫
τ1

∫
Ω

γ1(t)
[ N∑
i=1

|∇ûi|2
]
θ dxdt+

τ2∫
τ1

∫
Ω

γ2(t)|û|2θ dxdt. (3.48)

Âèêîðèñòîâóþ÷è óìîâè (C1) , (C2) òà íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî,

çäîáóâà¹ìî ∣∣∣∣∣∣
τ2∫
τ1

∫
Ω

N∑
i=1

ûi(x, t)
(∫

Ω

ĉi(x, y, t) dy
)
θ(t) dxdt

∣∣∣∣∣∣ 6
6

τ2∫
τ1

∫
Ω

N∑
i=1

|ûi(x, t)|
(∫

Ω

|ĉi(x, y, t)| dy
)
θ(t) dxdt 6

6

τ2∫
τ1

∫
Ω

γ(t)
( N∑

i=1

Li |ûi(x, t)|
)(∫

Ω

|û(y, t)| dy
)
θ(t) dxdt. (3.49)

Îñêiëüêè äëÿ ìàéæå âñiõ (x, t) ∈ Q ç íåðiâíîñòi Êîøi-Áóíÿêîâñüêîãî ìà-
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¹ìî

N∑
i=1

Li|ûi(x, t)| 6
( N∑

i=1

L2
i

)1/2( N∑
i=1

|ûi(x, t)|2
)1/2

= L|û(x, t)|, (3.50)

òî ç (3.49) îòðèìó¹ìî íåðiâíiñòü∣∣∣∣∣∣
τ2∫
τ1

∫
Ω

N∑
i=1

ûi(x, t)
(∫

Ω

ĉi(x, y, t) dy
)
θ(t) dxdt

∣∣∣∣∣∣ 6
6 L

τ2∫
τ1

γ(t)
(∫

Ω

|û(x, t)|dx
)2

θ(t)dt 6 LmesnΩ

τ2∫
τ1

∫
Ω

γ(t) |û(x, t)|2 θ(t) dxdt.

(3.51)

Ç (3.44), âèêîðèñòîâóþ÷è (3.46) �(3.48), (3.51), îòðèìó¹ìî

1

2
θ(τ2)

∫
Ω

N∑
i=1

bi(x)|ûi(x, τ2)|2 dx−
1

2
θ(τ1)

∫
Ω

N∑
i=1

bi(x)|ûi(x, τ1)|2 dx−

−1

2

τ2∫
τ1

∫
Ω

N∑
i=1

bi|ûi|2θ′ dxdt+

τ2∫
τ1

∫
Ω

γ1

[ N∑
i=1

|∇ûi|2
]
θ dxdt+

τ2∫
τ1

∫
Ω

γ2|û|2θ dxdt−

−LmesnΩ
τ2∫
τ1

∫
Ω

γ |û|2 θ dxdt 6

6
ε1

2

τ2∫
τ1

∫
Ω

γ1

[ N∑
i=1

|∇ûi|2
]
θ dxdt+

1

2ε1

τ2∫
τ1

∫
Ω

1

γ1

[ N∑
i=1

n∑
j=1

|f̂ij|2
]
θ dxdt+

+
ε2

2

τ2∫
τ1

∫
Ω

γ|û|2θ dxdt+
1

2ε2

τ2∫
τ1

∫
Ω

1

γ

[ N∑
i=1

|f̂i0|2
]
θ dxdt,

äå ε1, ε2 � äîâiëüíi äîäàòíi ÷èñëà.
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Çâiäñè, ïîêëàâøè θ(t) := 2e
2ω

t∫
0

γ(s) ds
, t ∈ S , îòðèìó¹ìî

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

N∑
i=1

bi(x)|ûi(x, τ2)|2 dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

N∑
i=1

bi(x)|ûi(x, τ1)|2 dx−

−2ω

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds[ N∑
i=1

bi|ûi|2
]
dxdt+

+2(δ + (1− δ))
τ2∫
τ1

∫
Ω

γ1e
2ω

t∫
0

γ(s) ds[ N∑
i=1

|∇ûi|2
]
dxdt+

+2

τ2∫
τ1

∫
Ω

γ2e
2ω

t∫
0

γ(s) ds
|û|2 dxdt− 2LmesnΩ

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|û|2 dxdt 6

6 ε1

τ2∫
τ1

∫
Ω

γ1e
2ω

t∫
0

γ(s) ds[ N∑
i=1

|∇ûi|2
]
dxdt+

+
1

ε1

τ2∫
τ1

∫
Ω

1

γ1
e

2ω
t∫
0

γ(s) ds[ N∑
i=1

n∑
j=1

|f̂ij|2
]
dxdt+

+ε2

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|û|2 dxdt+

1

ε2

τ2∫
τ1

∫
Ω

1

γ
e

2ω
t∫
0

γ(s) ds[ N∑
i=1

|f̂i0|2
]
dxdt,

äå ε1 > 0, ε2 > 0, δ ∈ (0, 1) � äîâiëüíi.

Çâiäñè i ç (3.32) îäåðæó¹ìî íåðiâíiñòü

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

N∑
i=1

bi(x)|ûi(x, τ2)|2 dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

N∑
i=1

bi(x)|ûi(x, τ1)|2 dx−

−2ω

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds[ N∑
i=1

bi|ûi|2
]
dxdt+

+2(1− δ)
τ2∫
τ1

∫
Ω

γ1e
2ω

t∫
0

γ(s) ds[ N∑
i=1

|∇ûi|2
]
dxdt+
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+2δNK

τ2∫
τ1

∫
Ω

γ1e
2ω

t∫
0

γ(s) ds
|û|2 dxdt+ 2δ

τ2∫
τ1

∫
Ω

γ2e
2ω

t∫
0

γ(s) ds
|û|2 dxdt−

−2LmesnΩ

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|û|2 dxdt 6 ε1

τ2∫
τ1

∫
Ω

γ1e
2ω

t∫
0

γ(s) ds[ N∑
i=1

|∇ûi|2
]
dxdt+

+
1

ε1

τ2∫
τ1

∫
Ω

1

γ1
e

2ω
t∫
0

γ(s) ds[ N∑
i=1

n∑
j=1

|f̂ij|2
]
dxdt+

+ε2

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|û|2 dxdt+

1

ε2

τ2∫
τ1

∫
Ω

1

γ
e

2ω
t∫
0

γ(s) ds[ N∑
i=1

|f̂i0|2
]
dxdt. (3.52)

Ç (3.52), âðàõóâàâøè ïîçíà÷åííÿ (3.33), îäåðæó¹ìî

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

N∑
i=1

bi(x)|ûi(x, τ2)|2 dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

N∑
i=1

bi(x)|ûi(x, τ1)|2 dx+

+
[
2(1− δ)− ε1

] τ2∫
τ1

∫
Ω

γ1e
2ω

t∫
0

γ(s) ds
N∑
i=1

|∇ûi|2 dxdt+

+[2(δ − LmesnΩ− max
16i6N

ess sup
x∈Ω

{ωbi(x)})− ε2]

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|û|2 dxdt 6

6
1

ε1

τ2∫
τ1

∫
Ω

1

γ1
e

2ω
t∫
0

γ(s) ds[ N∑
i=1

n∑
j=1

|f̂ij|2
]
dxdt+

1

ε2

τ2∫
τ1

∫
Ω

1

γ
e

2ω
t∫
0

γ(s) ds[ N∑
i=1

|f̂i0|2
]
dxdt.

(3.53)

Çàóâàæèìî, ùî

1− LmesnΩ− max
16i6N

ess sup
x∈Ω

{ωbi(x)} > 0. (3.54)

Ñïðàâäi, íåõàé 1 − LmesnΩ > 0 . Òîäi ω < 1 − LmesnΩ . Ðîçãëÿíåìî äâà

âèïàäêè: 1) ω 6 0 ; 2) 0 < ω < 1 − LmesnΩ . Â ïåðøîìó âèïàäêó ìà¹-

ìî ess sup
x∈Ω

{ωbi(x)} 6 0 , i çâiäñè âèêîíàííÿ (3.54). Â äðóãîìó âèïàäêó ìà-

¹ìî ess sup
x∈Ω

{ωbi(x)} = ω ess sup
x∈Ω

bi(x) 6 ω < 1 − LmesnΩ , çâiäêè âèêîíó¹-

òüñÿ íåðiâíiñòü (3.54). Òåïåð íåõàé 1 − LmesnΩ 6 0 . Òîäi min
16i6N

b0
i > 0 i
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ω min
16i6N

b0
i < 1 − LmesnΩ , çîêðåìà, ω < 0 . Îñêiëüêè max

16i6N
ess sup
x∈Ω

{ωbi(x)} =

ω min
16i6N

ess inf
x∈Ω

bi(x) = ω min
16i6N

b0
i , òîäi â öüîìó âèïàäêó íåðiâíiòü (3.54) âèêî-

íó¹òüñÿ òàêîæ.

Âèáåðåìî â (3.53) δ ∈ (0, 1) òàêå, ùî δ−LmesnΩ− max
16i6N

ess sup
x∈Ω

{ωbi(x)} >

0 , ε1 = 1−δ , ε2 = δ−LmesnΩ− max
16i6N

ess sup
x∈Ω

{ωbi(x)} . Â ðåçóëüòàòi îòðèìà¹ìî

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

N∑
i=1

bi(x)|ûi(x, τ2)|2 dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

N∑
i=1

bi(x)|ûi(x, τ1)|2 dx+

+C3

τ2∫
τ1

∫
Ω

[
γ1e

2ω
t∫
0

γ(s) ds
N∑
i=1

|∇ûi|2 + γe
2ω

t∫
0

γ(s) ds
|û|2
]
dxdt 6

6 C4

τ2∫
τ1

∫
Ω

( 1

γ1
e

2ω
t∫
0

γ(s) ds[ N∑
i=1

n∑
j=1

|f̂ij|2
]

+
1

γ
e

2ω
t∫
0

γ(s) ds[ N∑
i=1

|f̂i0|2
])
dxdt, (3.55)

äå C3, C4 � äîäàòíi ñòàëi, ùî çàëåæàòü òiëüêè âiä mesnΩ, L , ω òà b0
i , i =

1, N .

Ç (3.35) ìà¹ìî óìîâó∫
Ω

e
2ω

t∫
0

γ(s)ds[ N∑
i=1

bi(x)|ûi(x, t)|2
]
dx→ 0 ïðè t→ −∞. (3.56)

Çàôiêñó¹ìî äîâiëüíå τ2 = τ ∈ S , i ïåðåéäåìî äî ãðàíèöi ïðè τ1 → −∞ â

(3.55), âèêîðèñòîâóþ÷è (3.41) i (3.56). Â ðåçóëüòàòi îäåðæèìî

e
2ω

τ∫
0

γ(s) ds
∫
Ω

N∑
i=1

bi(x)|ûi(x, τ)|2 dx+

+C3

τ∫
−∞

∫
Ω

[
γ1e

2ω
t∫
0

γ(s) ds
N∑
i=1

|∇ûi|2 + γe
2ω

t∫
0

γ(s) ds
|û|2
]
dxdt 6

6 C4

τ∫
−∞

∫
Ω

( 1

γ1
e

2ω
t∫
0

γ(s) ds[ N∑
i=1

n∑
j=1

|f̂ij|2
]

+
1

γ
e

2ω
t∫
0

γ(s) ds
N∑
i=1

|f̂i0|2
)
dxdt. (3.57)

Çâiäñè îòðèìó¹ìî îöiíêó (3.42).
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3.2.3 Îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó ïiäðîçäiëó

Äîâåäåííÿ òåîðåìè 3.2. Ñïî÷àòêó äîâåäåìî, ùî çàäà÷à (3.28), (3.29),

(3.35) ìà¹ íå áiëüøå îäíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó, âèêîðèñòàâøè ìåòîä

äîâåäåííÿ âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ïðàâèëüíèì ¹ ïðîòèëåæíå òâåð-

äæåííÿ. Íåõàé u1 = col(u1
1, . . . , u

1
N), u2 = col(u2

1, . . . , u
2
N)� (ðiçíi) óçàãàëüíåíi

ðîçâ'ÿçêè öi¹¨ çàäà÷i. Òîäi íà ïiäñòàâi ëåìè 3.4 (äèâ. (3.42)) ìà¹ìî∫∫
Q

[ N∑
i=1

γe
2ω

t∫
0

γ(s) ds
|u1
i (x, t)− u2

i (x, t)|2
]
dxdt 6 0. (3.58)

Ó ðåçóëüòàòi îòðèìà¹ìî, ùî u1(x, t) = u2(x, t) äëÿ ìàéæå âñiõ (x, t) ∈ Q .

Îòðèìàíå ïðîòèði÷÷ÿ äîâîäèòü íàøå òâåðäæåííÿ.

Òåïåð ïåðåéäåìî äî äîâåäåííÿ iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i

(3.28),(3.29),(3.35) òà éîãî îöiíêè. Ïî÷íåìî ç àïðiîðíî¨ îöiíêè óçàãàëüíåíîãî

ðîçâ'ÿçêó öi¹¨ çàäà÷i.

Ïðèïóñòèìî, ùî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3.28), (3.29), (3.35).

Âèêîðèñòîâóþ÷è óìîâó (A1) , ëåãêî áà÷èòè, ùî u = 0 óçàãàëüíåíèé ðîçâ'ÿçîê

çàäà÷i (3.28),(3.29),(3.35) ïðè fij = 0 , i = 1, N, j = 0, n , òîäi ç îöiíêè (3.42)

(äèâ. ëåìà 3.4) ïðè u1
i = u, f 1

ij = fij òà u2
i = 0, f 2

ij = 0 , i = 1, N, j = 0, n,

îòðèìó¹ìî (3.38).

Òåïåð äëÿ êîæíîãî m ∈ N , i ∈ {1, . . . , N} , j ∈ {0, . . . , n} âèçíà÷èìî

fmij (·, t) := fij(·, t), ÿêùî −m < t 6 0, i fmij (·, t) := 0, ÿêùî t 6 −m, òà
ðîçãëÿíåìî çàäà÷ó íà çíàõîäæåííÿ âåêòîð-ôóíêöi¨ umi ∈ L2(−m, 0;

◦
H 1(Ω))∩

C([−m, 0];Hbi(Ω)), i = 1, N, ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

umi |t=−m = 0, i = 1, N, (3.59)

(ÿê åëåìåíò ïðîñòîðó C([−m, 0];Hbi(Ω)) ) òà ñèñòåìó (3.28) â Qm := Ω ×
(−m, 0] â ñåíñi iíòåãðàëüíî¨ òîòîæíîñòi∫∫

Qm

N∑
i=1

[
−umi viϕ′i +

n∑
j=0

aij(x, t, u
m,∇um)∂jviϕi+
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+viϕi

∫
Ω

ci(x, y, t, u
m(y, t)) dy

]
dxdt =

=

∫∫
Qm

N∑
i=1

n∑
j=0

fmij ∂jviϕi dxdt, vi ∈
◦
H

1(Ω), ϕi ∈ C1
c (−m, 0), i = 1, N. (3.60)

Iñíóâàííÿ òà ¹äèíiñòü ôóíêöi¨ um ¹ äîáðå âiäîìèì ôàêòîì (äèâ., íàïðè-

êëàä, [25]). Äëÿ êîæíîãî m ∈ N ïðîäîâæèìî um íóëåì íà Q i çà öèì ïðîäîâ-

æåííÿì çáåðåæåìî ïîçíà÷åííÿ um . Ïîêàæåìî, ùî ïîñëiäîâíiñòü {um} çáiãà-
¹òüñÿ â ïåâíîìó ñåíñi äî óçàãàëüíåíîãî ðîçâ'ÿçêó íàøî¨ çàäà÷i. Çàóâàæèìî,

ùî äëÿ êîæíîãî m ∈ N ôóíêöiÿ um = col(um1 , . . . , u
m
N) òàêà, ùî äëÿ êîæíîãî

i ∈ {1, . . . , N} ôóíêöiÿ umi íàëåæèòü L2(S;
◦
H 1(Ω)) ∩ C(S;Hbi(Ω)) òà âèêî-

íó¹òüñÿ iíòåãðàëüíà ðiâíiñòü (3.34) ïðè fmij çàìiñòü fij, i = 1, N, j = 0, n,

Îòîæ, ∫∫
Q

N∑
i=1

[
−umi viϕ′i +

n∑
j=0

aij(x, t, u
m,∇um)∂jviϕi+

+viϕi

∫
Ω

ci(x, y, t, u
m(y, t)) dy

]
dxdt =

=

∫∫
Q

N∑
i=1

[ n∑
j=0

fmij ∂jvi

]
ϕi dxdt, vi ∈

◦
H

1(Ω), ϕi ∈ C1
c (−∞, 0), i = 1, N.

(3.61)

Îòîæ, ïðèõîäèìî äî âèñíîâêó, ùî um = col(um1 , . . . , u
m
n ) � óçàãàëüíåíèé

ðîçâ'ÿçîê çàäà÷i (3.28),(3.29),(3.35) ç (fmij ) çàìiñòü (fij) . Çâiäñè òà ñêàçàíîãî

âèùå, çîêðåìà, îäåðæó¹ìî (äèâ. (3.38)) îöiíêó

e
2ω

τ∫
0

γ(s) ds
N∑
i=1

‖umi (·, τ)‖2
Hbi

(Ω) 6 C5

τ∫
−∞

[ 1

γ1
e

2ω
t∫
0

γ(s) ds
N∑
i=1

n∑
j=1

‖fij(·, t)‖2
L2(Ω)+

+
1

γ
e

2ω
t∫
0

γ(s) ds
N∑
i=1

‖fi0(·, t)‖2
L2(Ω)

]
dt, τ ∈ S, (3.62)
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N∑
i=1

[
‖∇umi ‖L2

ω,γ1
(S;L2(Ω)) + ‖umi ‖L2

ω,γ(S;L2(Ω))

]
6

6 C1

N∑
i=1

[ n∑
j=0

‖fij‖L2
ω,1/γ1

(S;L2(Ω)) + ‖fi0‖L2
ω,1/γ(S;L2(Ω))

]
, (3.63)

äå C5 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä mesnΩ, L, ω òà b0
i , i = 1, N.

Íåõàé k, l äîâiëüíi íàòóðàëüíi ÷èñëà, l > k . Âèêîðèñòîâóþ÷è ëåìó 3.4

äëÿ ôóíêöié uk i ul , îòðèìó¹ìî ïîäiáíó äî (3.42) îöiíêó, à ñàìå

sup
τ∈S

[
e

2ω
τ∫
0

γ(s) ds
N∑
i=1

‖uki (·, τ)− uli(·, τ)‖2
Hbi

(Ω)

]
+

+
N∑
i=1

[
‖∇uki −∇uli‖2

L2
ω,γ1

(S;L2(Ω)) + ‖uki − uli‖2
L2
ω,γ(S;L2(Ω))

]
6

6 C6

−k∫
−l

[ 1

γ1
e

2ω
t∫
0

γ(s) ds
N∑
i=1

n∑
j=1

‖fkij(·, t)− fkij(·, t)‖2
L2(Ω)+

+
1

γ
e

2ω
t∫
0

γ(s) ds
‖fki0(·, t)− fki0(·, t)‖2

L2(Ω)

]
dt, (3.64)

äå C6 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä mesnΩ, L, ω òà b0
i , i = 1, N.

Ç óìîâè (3.37) ìà¹ìî, ùî ïðàâà ÷àñòèíà íåðiâíîñòi (3.64) ïðÿìó¹ìî äî

íóëÿ ïðè ïðÿìóâàííi k i l äî +∞ . Çâiäñè âèïëèâà¹ ôóíäàìåíòàëüíiñòü ïî-

ñëiäîâíîñòåé {umi }∞m=1, i = 1, N, â L2
ω,γ(S;L2(Ω)) òà C(S;Hbi(Ω)), i = 1, N,

òà {∂jumi }∞m=1, i = 1, N, j = 0, n, â L2
ω,γ1

(S;L2(Ω)). Öå îçíà÷à¹, ùî iñíó-

þòü ôóíêöi¨ ui ∈ L2
loc

(S;
◦
H 1(Ω)) ∩ L2

ω,γ(S;L2(Ω)) ∩ C(S;Hbi(Ω)) òàêi, ùî

∂jui ∈ L2
ω,γ1

(S;L2(Ω)), i = 1, N, j = 1, n , i

umi −→
m→∞

ui ñèëüíî â C(S;Hbi(Ω)) i L2
ω,γ(S;L2(Ω)), i = 1, N, (3.65)

∂ju
m
i −→

m→∞
∂jui ñèëüíî â L2

ω,γ1
(S;L2(Ω)), i = 1, N, j = 1, n. (3.66)

Âèêîðèñòîâóþ÷è óìîâó (A2) òà îöiíêó (3.63), äëÿ âñiõ t1, t2 ∈ S (t1 < t2)

îäåðæó¹ìî
t2∫
t1

∫
Ω

|aij(um)|2 dxdt 6 C7

t2∫
t1

∫
Ω

(
|hij|2

(
|um|2 +

N∑
k=1

∣∣∇umk ∣∣2)+ |h̃ij|2
)
dxdt 6 C8,

(3.67)
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äå C7 , C8 � äîäàòíi ñòàëi, ùî íå çàëåæàòü âiä m .

Îòæå, ç (3.67) ìà¹ìî, ùî äëÿ êîæíîãî i ∈ {1, . . . , N} i j ∈ {0, . . . , n} ïî-
ñëiäîâíiñòü {aij(um)}∞m=1 îáìåæåíà â L2

loc(S;L2(Ω)). Çâiäñè i (3.66)âèïëèâà¹

iñíóâàííÿ ïiäïîñëiäîâíîñòi ïîñëiäîâíîñòi {um}∞m=1 (ïîçíà÷èìî ¨¨ {um}∞m=1

òàêîæ) òà ôóíêöié

χij∈ L2
loc(S;L2(Ω)), i = 1, N, j = 0, n, òàêèõ, ùî

∂ju
m
i −→

m→∞
∂jui ìàéæå âñþäè íà Q, i = 1, N, j = 0, n, (3.68)

aij(u
m) −→

m→∞
χij ñëàáêî â L2,loc(S;L2(Ω)), i = 1, N, j = 0, n. (3.69)

Ç óìîâè (A1) òà (3.68) âèïëèâà¹, ùî

aij(u
m) −→

m→∞
aij(u) ìàéæå âñþäè íà Q, i = 1, N, j = 0, n. (3.70)

Íà îñíîâi [83, Chapter I, Lemma 1.3], ç (3.69) òà (3.70) îòðèìó¹ìî χij = aij(u)

äëÿ êîæíîãî i ∈ {1, . . . , N}, j ∈ {0, . . . , n}, òîáòî

aij(u
m) −→

m→∞
aij(u) ñëàáêî â L2,loc(S;L2(Ω)), i = 1, N, j = 0, n. (3.71)

Âèêîðèñòîâóþ÷è óìîâó (C2) , äëÿ êîæíîãî i ∈ {1, . . . , n} i äëÿ âñiõ t1, t2 ∈
S ( t1 < t2 ) îäåðæó¹ìî

t2∫
t1

∫
Ω

∣∣∣∫
Ω

ci(x, y, t, u
m(y, t)) dy −

∫
Ω

ci(x, y, t, u(y, t)) dy
∣∣∣2 dxdt 6

6

t2∫
t1

∫
Ω

∣∣∣∫
Ω

|ci(x, y, t, um(y, t))− ci(x, y, t, u(y, t))| dy
∣∣∣2 dxdt 6

6 L2
imesnΩ

t2∫
t1

γ2(t)
(∫

Ω

|um(y, t)− u(y, t)| dy
)2

dt 6

6 L2
i (mesnΩ)2 max

t∈[t1,t2]
γ2(t)

t2∫
t1

∫
Ω

|um − u|2 dxdt. (3.72)

Ç (3.65) ìà¹ìî
t2∫
t1

∫
Ω

|um − u|2 dxdt −→
m→∞

0. (3.73)
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Íà ïiäñòàâi (3.72) i (3.73) äëÿ êîæíîãî i = 1, n çäîáóâà¹ìî∫
Ω

ci(·, y, ◦, um(y, ◦)) dy −→
m→∞

∫
Ω

ci(·, y, ◦, u(y, ◦)) dy ñèëüíî â L2,loc(S;L2(Ω)).

(3.74)

Äîâåäåìî, ùî ôóíêöiÿ u=col(u1 . . . uN) ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i

(3.28),(3.29),(3.35). Ñïðÿìó¹ìî m äî +∞ â òîòîæíîñòi (3.61). Âèêîðèñòîâóþ-

÷è (3.65), (3.71), (3.74) òà îçíà÷åííÿ fmij , i = 1, N, j = 0, n,m ∈ N , îòðèìó¹ìî

òîòîæíiñòü (3.34). Áåðó÷è äî óâàãè (3.65), â (3.62) ïåðåéäåìî äî ãðàíèöi ïðè

m → ∞ . Ç îòðèìàíî¨ íåðiâíîñòi òà óìîâè (3.37) îòðèìó¹ìî âèêîíàííÿ óìî-

âè (3.35). Îòæå, ìè äîâåëè, ùî ôóíêöiÿ u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i

(3.28), (3.29), (3.35).

Âèñíîâêè äî ðîçäiëó 3

Ó ðîçäiëi 3 âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ

çàäà÷ áåç ïî÷àòêîâèõ óìîâ äëÿ ñëàáêî òà ñèëüíî íåëiíiéíèõ ñèñòåì ðiâíÿíü.

Îòðèìàíi òóò ðåçóëüòàòè ¹ óçàãàëüíåííÿì i äîïîâíåííÿì ðåçóëüòàòiâ, îòðè-

ìàíèõ äëÿ ðiâíÿíü äðóãîãî ïîðÿäêó [64].



Ðîçäië 4

Çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ

åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé ç

ôóíêöiîíàëàìè

Ó öüîìó ðîçäiëi ðîçãëÿäà¹ìî çàäà÷ó áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ

âêëþ÷åíü ç ôóíêöiîíàëàìè. Îñíîâíi ðåçóëüòàòè ðîçäiëó îïóáëiêîâàíî â ïðàöi

[20].

Ñïî÷àòêó íàâåäåìî ïðèêëàä çàäà÷i, ùî áóäå ðîçãëÿäàòèñü.

Íåõàé Ω � îáìåæåíà îáëàñòü â Rn (n ∈ N) ç êóñêîâî-ãëàäêîþ ìåæåþ ∂Ω .

Ïîçíà÷èìî S := (−∞, 0] , Q := Ω× S , Σ := ∂Ω× S , Ωt := Ω× {t} ∀ t ∈ R .

Íåõàé L2(F ) , F � âèìiðíà ìíîæèíà â Rk (k = n àáî k = n + 1 ),

� ñòàíäàðòíèé ïðîñòið Ëåáåãà; L2
loc(Q) � ïðîñòið âèçíà÷åíèõ íà Q âèìið-

íèõ ôóíêöié òàêèõ, ùî ¨õ çâóæåííÿ íà áóäü-ÿêó âèìiðíó îáìåæåíó ìíîæèíó

Q′ ⊂ Q íàëåæèòü ïðîñòîðó L2(Q′) ; H1(Ω) = {v ∈ L2(Ω) | vxi ∈ L2(Ω), i =

1, n} , � ñòàíäàðòíèé ïðîñòið Ñîáîë¹âà ç ç ñêàëÿðíèì äîáóòêîì (v, w)H1(Ω) =∫
Ω[∇v∇w + vw] dx , äå ∇u := (ux1, . . . , uxn) , ∇w := (wx1, . . . , wxn) .

Íåõàé K � îïóêëà çàìêíåíà ìíîæèíà â H1(Ω) , ùî ìiñòèòü 0 . Çàäà÷à:

çíàéòè ôóíêöiþ u ∈ L2
loc(Q) , òàêó, ùî uxi ∈ L2

loc(Q) , i = 1, n , ut ∈ L2
loc(Q) ,

òà äëÿ ìàéæå âñiõ t ∈ S ìà¹ìî u(·, t) ∈ K i∫
Ωt

{
ut(v − u) +∇u∇(v − u) + u(v − u) +

+(v − u)

∫
Ω

b(x, y, t)u(y, t) dy
}
dx ≥

∫
Ωt

f(v − u) dx ∀ v ∈ K, (4.1)

lim
t→−∞

||u(·, t)||L2(Ω) = 0, (4.2)

129
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äå f ∈ L2
loc(Q), a ∈ L∞(Ω), b ∈ L∞(Ω × Ω × (−∞, 0)) � çàäàíi ôóíêöi¨,

∇u := (ux1, . . . , uxn) .

ßê áóäå ïîêàçàíî ïiçíiøå, ÿêùî

f ∈ L2(Q), ess sup
(x,y,t)∈Ω×Ω×(−∞,0]

|b(x, y, t)|
√
mesnΩ < K,

äå K > 0 � ñòàëà ç íåðiâíîñòi K‖v‖L2(Ω) ≤ ‖v‖H1(Ω) ∀v ∈ H1(Ω), òî çàäà÷à,

íàçèâàòèìåìî ¨¨ (4.1), (4.2), ìà¹ ðîçâ'ÿçîê i òiëüêè îäèí.

Çàóâàæèìî, ùî çàäà÷à (4.1), (4.2) ìîæå áóòè çàïèñàíà â áiëüø àáñòðàêòíî-

ìó âèãëÿäi. Ñïðàâäi, ïðîâiâøè âiäïîâiäíi îòîòîæíåííÿ ôóíêöié i ôóíêöiîíà-

ëiâ, ìàòèìåìî íåïåðåðâíi òà ùiëüíi âêëàäåííÿ

H1(Ω) ⊂ L2(Ω) ⊂ (H1(Ω))′,

äå (H1(Ω))′ � ñïðÿæåíèé äî H1(Ω) ïðîñòið. Ëåãêî áà÷èòè, ùî â öüîìó âè-

ïàäêó äëÿ áóäü-ÿêèõ h ∈ L2(Ω) i v ∈ H1(Ω) ìà¹ìî 〈h, v〉 = (h, v) , äå 〈·, ·〉 �
ïîçíà÷åííÿ ñêàëÿðíîãî äîáóòêó íà äóàëüíié ïàði [(H1(Ω))′ , H1(Ω)] , à (·, ·) �
ñêàëÿðíèé äîáóòîê â L2(Ω) . Òîìó áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ (·, ·)
çàìiñòü 〈·, ·〉 .

Ââåäåìî ïîçíà÷åííÿ S := (−∞, 0] , V := H1(Ω) , H := L2(Ω) i âèçíà÷èìî

îïåðàòîðè A : V → V ′ i B(t, ·) : H → H, t ∈ S, çà ïðàâèëîì

(Av,w) =

∫
Ω

[
∇v∇w + vw

]
dx, v, w ∈ V.

B(t, v)(·) =

∫
Ω

b(·, y, t)v(y) dy, v ∈ H.

Òîäi çàäà÷à (4.1), (4.2) åêâiâàëåíòíà çàäà÷i: çíàéòè ôóíêöiþ u ∈ L2
loc(S;V )

òàêó, ùî u′ ∈ L2
loc(S;H) , âèêîíó¹òüñÿ óìîâà (4.2) òà äëÿ ìàéæå âñiõ t ∈ S

ìà¹ìî u(t) ∈ K i

(u′(t) + Au(t) +B(t, u(t)), v − u(t)) ≥ (f(t), v − u(t)) ∀ v ∈ K. (4.3)

äå f ∈ L2
loc(S;H) � çàäàíà ôóíêöiÿ.

Âiäìiòèìî, ùî âàðiàöiéíó íåðiâíiñòü (4.3) ìîæíà çàïèñàòè ó âèãëÿäi ñóáäè-

ôåðåíöiàëüíîãî âêëþ÷åííÿ. Äëÿ öüîãî ïîêëàäåìî IK(v) := 0 , ÿêùî v ∈ K ,
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i IK(v) := +∞ , ÿêùî v ∈ V \K , i âèçíà÷èìî

Φ(v) =
1

2

∫
Ω

(
|∇v|2 + |v|2

)
dx+ IK(v), v ∈ V.

Ëåãêî ïåðåêîíàòèñü, ùî ôóíêöiîíàë Φ : V → R∪{+∞} ¹ âëàñíèì, îïóêëèì
i íàïiâíåïåðåðâíèì çíèçó. Òîäi ç âiäîìèõ ðåçóëüòàòiâ (äèâ., íàïðèêëàä, [53,

ñ. 83]) âèïëèâà¹, ùî çàäà÷ó íà çíàõîäæåííÿ ðîçâ'ÿçêiâ âàðiàöiéíî¨ íåðiâíîñòi

(4.3) ìîæíà çàïèñàòè ó âèãëÿäi çàäà÷i äëÿ ñóáäèôåðåíöiàëüíîãî âêëþ÷åííÿ:

çíàéòè ôóíêöiþ u ∈ L2
loc(S;V ) òàêó, ùî u′ ∈ L2

loc(S;H) , âèêîíó¹òüñÿ óìîâà

(4.2) òà äëÿ ìàéæå âñiõ t ∈ S ìà¹ìî u(t) ∈ D(∂Φ) i

u′(t) + ∂Φ(u(t)) +B(t, u(t)) 3 f(t) in H. (4.4)

Ñàìå çàäà÷àì äëÿ ñóáäèôåðåíöiàëüíîãî âêëþ÷åííÿ òèïó (4.4) i ïðèñâÿ÷å-

íèé öåé ðîçäië. Ïðèíàãiäíî âiäçíà÷èìî, ùî ó âiäîìèõ ìîíîãðàôiÿõ [53] òà

áàãàòüîõ ñòàòòÿõ, ïðèñâÿ÷åíèõ çãàäàíié òåìàòèöi, ñóáäèôåðåíöiàëüíi âêëþ-

÷åííÿ ÷àñòî íàçèâàþòü âàðiàöiéíèìè íåðiâíîñòÿìè. Áóäåìî ïðèòðèìóâàòèñÿ

öi¹¨ òðàäèöi¨.

4.1 Çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ âàði-

àöiéíèõ ñëàáêî íåëiíiéíèõ íåðiâíîñòåé ç ôóíêöiîíà-

ëàìè

4.1.1 Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè

Ïîêëàäåìî S := (−∞, 0] . Íåõàé V òà H ãiëüáåðòîâi ïðîñòîðè çi ñêàëÿðíè-

ìè äîáóòêàìè (·, ·)V , (·, ·) òà íîðìàìè ‖ · ‖ , | · | , âiäïîâiäíî. Ïðèïóñòèìî,
ùî ïðîñòið V êîìïàêòíî, íåïåðåðâíî i ùiëüíî âêëàäåíî â H , òîáòî V òðà-

êòó¹òüñÿ ÿê ïiäìíîæèíà H , çàìèêàííÿ ÿêî¨ â H çáiãà¹òüñÿ ç H , iñíó¹ ñòàëà

λ > 0 òàêà, ùî

λ|v|2 ≤ ‖v‖2 for all v ∈ V, (4.5)

òà äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi {vk}∞k=1 , îáìåæåíî¨ â V , iñíó¹ åëåìåíò v ∈ V
òà ïiäïîñëiäîâíiñòü {vkj}∞j=1 ïîñëiäîâíîñòi {vk}∞k=1 òàêi, ùî vkj −→

j→∞
w ñèëüíî

â H .
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Íåõàé V ′ i H ′ ñïðÿæåíi âiäïîâiäíî äî V òà H ïðîñòîðè i ââàæàòèìåìî

(ïðîâiâøè âiäïîâiäíi îòîòîæíåííÿ ôóíêöiîíàëiâ), ùî ïðîñòið H ′ ¹ ïiäïðî-

ñòîðîì ïðîñòîðó V ′ . Îòîòîæíèâøè (íà ïiäñòàâi òåîðåìè Ðiññà) ïðîñòîðè H

òà H ′ , îòðèìà¹ìî íåïåðåðâíi òà ùiëüíi âêëàäåííÿ

V ⊂ H ⊂ V ′ . (4.6)

Òîìó äàëi âæèâàòèìåìî ïîçíà÷åííÿ (·, ·) çàìiñòü 〈·, ·〉V . Çàóâàæèìî, ùî
â äàíîìó âèïàäêó 〈g, v〉V = (g, v) äëÿ áóäü-ÿêèõ v ∈ V, g ∈ H, äå 〈·, ·〉V
îçíà÷à¹ ñêàëÿðíèé äîáóòîê íà äóàëüíié ïàði [V ′, V ] . Òîìó äàëi âæèâàòèìåìî

ïîçíà÷åííÿ (·, ·) çàìiñòü 〈·, ·〉V .

Ââåäåìî ïîòðiáíi íàì äàëi ïðîñòîðè ôóíêöié i ðîçïîäiëiâ. Íåõàé X �

äîâiëüíèé ãiëüáåðòiâ ïðîñòið ç ñêàëÿðíèì äîáóòêîì (·, ·)X òà íîðìîþ ‖ · ‖X .
×åðåç C(S;X) ïîçíà÷àòèìåìî ïðîñòið âèçíà÷åíèõ i íåïåðåðâíèõ íà S çi

çíà÷åííÿìè â X ôóíêöié. Ñêàæåìî, ùî ïîñëiäîâíiñòü {wm}∞m=1 çáiãà¹òüñÿ

äî w â C(S;X) , ÿêùî äëÿ áóäü-ÿêèõ t1, t2 ∈ S, t1 < t2, ìà¹ìî max
t∈[t1,t2]

‖w(t)−

wm(t)‖X −→
m→∞

0.

Ïîçíà÷èìî ÷åðåç L2
loc

(S;X) ëiíiéíèé ïðîñòið âèìiðíèõ ôóíêöié âèçíà-

÷åíèõ íà S çi çíà÷åííÿììè â X , çâóæåííÿ ÿêèõ íà äîâiëüíèé âiäðiçîê

[t1, t2] ⊂ S íàëåæèòü ïðîñòîðó L2(t1, t2;X). Ñêàæåìî, ùî ïîñëiäîâíiñòü

{wm}∞m=1 îáìåæåíà (âiäïîâiäíî, çáiãà¹òüñÿ äî w ñèëüíî (âiäïîâiäíî, ñëàáêî

÷è ∗ -ñëàáêî)) â L2
loc

(S;X) , ÿêùî äëÿ áóäü-ÿêèõ t1, t2 ∈ S, t1 < t2, ïîñëi-

äîâíiñòü çâóæåíü ÷ëåíiâ ïîñëiäîâíîñòi {wm}∞m=1 íà âiäðiçîê [t1, t2] îáìåæåíà

(âiäïîâiäíî, çáiãà¹òüñÿ äî çâóæåííÿ w íà öåé âiäðiçîê ñèëüíî (âiäïîâiäíî,

ñëàáêî ÷è ∗ -ñëàáêî)) â L2(t1, t2;X).

Íåõàé ν ∈ R . Âèçíà÷èìî

L2
ν(S;X) :=

{
f ∈ L2

loc
(S;X)

∣∣∣ ∫
S

e2νt‖f(t)‖2
X dt <∞

}
.

Öåé ïðîñòið ¹ ãiëüáåðòîâèì çi ñêàëÿðíèì äîáóòêîì

(f, g)L2
ν(S;X) =

∫
S

e2νt(f(t), g(t))X dt

òà íîðìîþ

‖f‖L2
ν(S;X) :=

(∫
S

e2νt‖f(t)‖2
X dt

)1/2

.
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Òàêîæ ââåäåìî ïðîñòið

L∞ν (S;X) := {f ∈ L∞
loc

(S;X) | ess sup
t∈S

[
eνt‖f(t)‖X

]
<∞}.

Ïiä D′(−∞, 0;V ′) ðîçóìiòèìåìî ïðîñòið âèçíà÷åíèõ íà D(−∞, 0) çi çíà-

÷åííÿìè â V ′ ðîçïîäiëiâ, òîáòî ïðîñòið ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ

íà D(−∞, 0) çi çíà÷åííÿìè â V ′w (òóò i äàëi D(−∞, 0) � ïðîñòið íåñêií÷åííî

äèôåðåíöiéîâíèõ i ôiíiòíèõ íà (−∞, 0) ôóíêöié, V ′w � ëiíiéíèé ïðîñòið V ′

ç ñëàáêîþ òîïîëîãi¹þ). Ëåãêî ïåðåêîíàòèñÿ (âðàõîâóþ÷è (4.6)), ùî ïðîñòîðè

L2
loc

(S;V ) , L2
loc(S;H) , L2

loc
(S;V ′) ìîæíà îòîòîæíèòè ç âiäïîâiäíèìè ïiäïðî-

ñòîðàìè ïðîñòîðó ðîçïîäiëiâ D′(−∞, 0;V ′) . Öå, çîêðåìà, äîçâîëÿ¹ ãîâîðè-

òè ïðî ïîõiäíi w′ ôóíêöié w ç L2
loc

(S;V ) ÷è L2
loc(S;H) â ñåíñi ðîçïîäiëiâ

D′(−∞, 0;V ′) i ïðî íàëåæíiñòü òàêèõ ïîõiäíèõ äî L2
loc

(S;V ′) ÷è L2
loc(S;H) .

Ââåäåìî ïðîñòîðè

H1
loc(S;H) := {w ∈ L2

loc(S;H)
∣∣w′ ∈ L2

loc(S;H)},

W2,loc(S;V ) := {w ∈ L2
loc(S;V )

∣∣w′ ∈ L2
loc(S;V ′)}.

Ç âiäîìèõ ðåçóëüòàòiâ (äèâ., íàïðèêëàä, [34, ñ. 177-179]) ëåãêî âèïëèâà¹,

ùî H1
loc(S;H) ⊂ C(S;H) i W 1

2,loc(S;V ) ⊂ C(S;H) òà äëÿ äîâiëüíî¨ ôóíêöi¨

w ç ïðîñòîðó H1
loc(S;H) ÷è W 1

q,loc(S;V ) ôóíêöiÿ t 7→ |w(t)|2 : S → R ¹

àáñîëþòíî íåïåðåðâíîþ íà áóäü-ÿêîìó âiäðiçêó ïðîìåíÿ S òà âèêîíó¹òüñÿ

ðiâíiñòü
d

dt
|w(t)|2 = 2(w′(t), w(t)) äëÿ ìàéæå âñiõ t ∈ S. (4.7)

Ïîçíà÷èìî

H1
ν (S;H) := {w ∈ L2

ν(S;H)
∣∣w′ ∈ L2

ν(S;H)}, ν ∈ R. (4.8)

Â öüîìó ðîçäiëi âèêîðèñòîâóâàòèìåìî òàêi âiäîìi ôàêòè.

Ëåìà 4.1 (íåðiâíiñòü Ãåëüäåðà [34, p. 158]). Ïðèïóñòèìî, ùî t1 , t2 ∈ R ,

t1 < t2 , òà X � ãiëüáåðòiâ ïðîñòið çi ñêàëÿðíèì äîáóòêîì (·, ·)X . Òîäi, äëÿ

v, w ∈ L2(t1, t2;X) , ìà¹ìî (w(·), v(·))X ∈ L1
(
t1, t2

)
òà∫ t2

t1

(w(t), v(t))X dt ≤ ‖w‖L2(t1,t2;X)‖v‖L2(t1,t2;X).
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Ëåìà 4.2 ([55, ñ. 173,179]). Íåõàé Y � áàíàõiâ ïðîñòið ç íîðìîþ ‖ · ‖Y , òà
{vk}∞k=1 ïîñëiäîâíiñòü åëåìåíòiâ ïðîñòîðó Y ,ÿêà ñëàáêî àáî ∗ -ñëàáêî çáiæíà

äî v â X . Òîäi lim
k→∞
‖vk‖Y ≥ ‖v‖Y .

Ëåìà 4.3 (Òåîðåìà Îáåíà [5], [7, ñ. 393]). Íåõàé q > 1, r > 1 , t1, t2 ∈ R, t1 <
t2 , òà W ,L,B � áàíàõîâi ïðîñòîðè òàêi, ùî W

c
⊂L 	 B (òóò

c
⊂ îçíà÷à¹

êîìïàêòíå âêëàäåííÿ, à 	 � íåïåðåðâíå âêëàäåííÿ). Òîäi

{w ∈ Lq(t1, t2;W) | w′ ∈ Lr(t1, t2;B)}
c
⊂
(
Lq(t1, t2;L) ∩ C([t1, t2];B)

)
. (4.9)

Âêëàäåííÿ (4.9) ðîçóìi¹òüñÿ òàê: ÿêùî ïîñëiäîâíiñòü {wm} ¹ îáìåæå-

íîþ ó ïðîñòîði Lq(t1, t2;W) , à ïîñëiäîâíiñòü {w′m} ¹ îáìåæåíîþ ó ïðîñòîði

Lr(t1, t2;B) , òî iñíóþòü ôóíêöiÿ w ∈ C([t1, t2];B)∩Lq(t1, t2;L) i ïiäïîñëiäîâ-

íiñòü {wmj
} ïîñëiäîâíîñòi {wm} òàêi, ùî wmj

−→
j→∞

w â C([0, T ];B) i ñèëüíî

â Lq(t1, t2;L) .

Ëåìà 4.4. ßêùî ïîñëiäîâíiñòü {wm} ¹ îáìåæåíîþ ó ïðîñòîði L2
loc(S;V ) , à

ïîñëiäîâíiñòü {w′m} ¹ îáìåæåíîþ ó ïðîñòîði L2
loc(S;H) , òî iñíóþòü ôóíêöiÿ

w ∈ L2
loc(S;V ) , w′ ∈ L2

loc(S;H) i ïiäïîñëiäîâíiñòü {wmj
} ïîñëiäîâíîñòi {wm}

òàêi, ùî wmj
−→
j→∞

w â C(S;H) i ñëàáêî â L2
loc(S;V ) , w′mj

−→
j→∞

w′ ñëàáêî â

L2
loc(S;H) .

Äîâåäåííÿ ëåìè 4.4. Ç ëåìè 4.3 ïðè q = 2 , r = 2 , W = V , L = B =

H òà ðåôëåêñèâíîñòi ãiëüáåðòîâèõ ïðîñòîðiâ âèïëèâà¹, ùî äëÿ áóäü-ÿêèõ

t1, t2 ∈ S, t1 < t2, ç ïîñëiäîâíîñòi çâóæåíü ÷ëåíiâ ïîñëiäîâíîñòi {wm} íà âiä-
ðiçîê [t1, t2] ìîæíà âèáðàòè ïiäïîñëiäîâíiñòü, ÿêà çáiãà¹òüñÿ â C([t1, t2];H)

i ñëàáêî â L2(t1, t2;V ) , à ïîñëiäîâíiñòü ïîõiäíèõ ÷ëåíiâ öi¹¨ ïiäïîñëiäîâíîñòi

ñëàáêî çáiãà¹òüñÿ â L2(t1, t2;H) . Äëÿ êîæíîãî k ∈ N âèáåðåìî ïiäïîñëiäîâ-

íiñòü {wmk,j
} äàíî¨ ïîñëiäîâíîñòi, ÿêà çáiãà¹òüñÿ â C([−k, 0];H) i ñëàáêî â

L2(−k, 0;V ) äî äåÿêî¨ ôóíêöi¨ ŵk ∈ C([−k, 0];H) ∩ L2(−k, 0;V ), à ïîñëi-

äîâíiñòü {w′mk,j
} ñëàáêî çáiãà¹òüñÿ äî ¨¨ ïîõiäíî¨ ŵ′k â L2(−k, 0;H). Òåïåð

çãiäíî ç äiàãîíàëüíèì ïðîöåñîì âèáèðà¹ìî ïîòðiáíó íàì ïiäïîñëiäîâíiñòü ó

âèãëÿäi {wmj,j
}∞j=1, à ôóíêöiþ w âèçíà÷èìî çà ïðàâèëîì: äëÿ êîæíîãî k ∈ N

ïðèéìà¹ìî w(t) := ŵk(t) äëÿ t ∈ (−k,−k + 1].
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4.1.2 Ïîñòàíîâêà çàäà÷i òà îñíîâíi ðåçóëüòàòè

Íåõàé Φ : V → R∞ := (−∞,+∞] � âëàñíèé ôóíêöiîíàë, òîáòî dom(Φ) :=

{v ∈ V : Φ(v) < +∞} 6= ∅ , ÿêèé çàäîâîëüíÿ¹ òàêi óìîâè:

(A1) Φ
(
αv + (1− α)w

)
≤ αΦ(v) + (1− α)Φ(w) ∀ v, w ∈ V, ∀α ∈ [0, 1],

òîáòî, Φ ¹ îïóêëèì ôóíêöiîíàëîì,

(A2) vk −→
k→∞

v â V =⇒ lim
k→∞

Φ(vk) ≥ Φ(v),

òîáòî, Φ ¹ íàïiâíåïåðåðâíèì çíèçó ôóíêöiîíàëîì.

Íàãàäà¹ìî, ùî ñóáäèôåðåíöiàëîì ôóíêöiîíàëó Φ íàçèâàþòü âiäîáðàæåí-

íÿ ∂Φ : V → 2V
′
, âèçíà÷åíå çà ïðàâèëîì

∂Φ(v) := {v∗ ∈ V ′ | Φ(w) ≥ Φ(v) + (v∗, w − v) ∀ w ∈ V }, v ∈ V,

à îáëàñòþ âèçíà÷åííÿ ñóáäèôåðåíöiàëà ∂Φ � ìíîæèíó D(∂Φ) := {v ∈
V | ∂Φ(v) 6= ∅} . Ìè îòîòîæíþâàòèìåìî ñóáäèôåðåíöiàë ∂Φ ç éîãî ãðàôi-

êîì, ââàæàþ÷è, ùî [v, v∗] ∈ ∂Φ òîäi i ëèøå òîäi, êîëè v∗ ∈ ∂Φ(v) , òîáòî,

∂Φ = {[v, v∗] | v ∈ D(∂Φ), v∗ ∈ ∂Φ(v))} . Ð. Ðîêàôåëëàð (äèâ. [48, Theorem A])

äîâiâ, ùî ñóáäèôåðåíöiàë ∂Φ ¹ ìàêñèìàëüíèì ìîíîòîííèì îïåðàòîðîì,

òîáòî

(v∗1 − v∗2, v1 − v2) ≥ 0 ∀ [v1, v
∗
1], [v2, v

∗
2] ∈ ∂Φ,

i äëÿ áóäü-ÿêîãî åëåìåíòà [v1, v
∗
1] ∈ V × V ′ ïðàâèëüíà iìïëiêàöÿ

(v∗1 − v∗2, v1 − v2) ≥ 0 ∀ [v2, v
∗
2] ∈ ∂Φ =⇒ [v1, v

∗
1] ∈ ∂Φ.

Íåõàé äëÿ êîæíîãî t ∈ S , B(t, ·) : H → H � îïåðàòîð, ùî çàäîâîëüíÿ¹

óìîâó

(B) äëÿ äîâiëüíîãî v ∈ H âiäîáðàæåííÿ B(·, v) : S → S � âèìiðíå, òà iñíó¹

ñòàëà L ≥ 0 òàêà, ùî âèêîíó¹òüñÿ íåðiâíiñòü

|B(t, v1)−B(t, v2)| ≤ L|v1 − v2| (4.10)

äëÿ ìàéæå âñiõ t ∈ S, òà äëÿ âñiõ v1, v2 ∈ H; êðiì òîãî, B(t, 0) = 0 äëÿ

ìàéæå âñiõ t ∈ S .
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Çàóâàæåííÿ 4.1. Ç óìîâè (B ) âèïëèâà¹, ùî äëÿ ìàéæå âñiõ t ∈ S òà äëÿ

êîæíîãî v ∈ H ïðàâèëüíà íåðiâíiñòü

|B(t, v)| ≤ L|v|. (4.11)

Ðîçãëÿíåìî åâîëþöiéíó âàðiàöiéíó íåðiâíiñòü

u′(t) + ∂Φ
(
u(t)

)
+B(t, u(t)) 3 f(t), t ∈ S, (4.12)

äå f : S → V ′ � çàäàíà âèìiðíà ôóíêöiÿ i u : S → V � íåâiäîìà ôóíêöiÿ.

Îçíà÷åííÿ 4.1. Íåõàé âèêîíóþòüñÿ óìîâè (A1) , (A2) , (B) . Êðiì òîãî,

ïðèïóñòèìî, ùî f ∈ L2
loc(S;V ′) .

Ôóíêöiþ u : S → V íàçèâàòèìåìî ðîçâ'ÿçêîì âàðiàöiéíî¨ íåðiâíîñòi

(4.12), ÿêùî âîíà çàäîâîëüíÿ¹ òàêi óìîâè:

1) u ∈ W2,loc(S;V ) ;

2) u(t) ∈ D(∂Φ) äëÿ ìàéæå âñiõ t ∈ S ;

3) iñíó¹ ôóíêöiÿ g ∈ L2
loc(S;V ′) òàêà, ùî äëÿ ìàéæå âñiõ t ∈ S ìà¹ìî

g(t) ∈ ∂Φ
(
u(t)

)
i

u′(t) + g(t) +B(t, u(t)) = f(t) â V ′.

Äëÿ âàðiàöiéíî¨ íåðiâíîñòi (4.12) áóäåìî ðîçãëÿäàòè çàäà÷ó: çíàéòè ðîçâ'ÿ-

çîê íåðiâíîñòi, ÿêèé çàäîâîëüíÿ¹ óìîâó

lim
t→−∞

eγt|u(t)| = 0, (4.13)

äå γ ∈ R � çàäàíå ÷èñëî.

Çàäà÷ó íà çíàõîäæåííÿ ðîçâ'ÿçêó âàðiàöiéíî¨ íåðiâíîñòi (4.12) ïðè çàäàíèõ

Φ, B i f íàçèâàòèìåìî çàäà÷åþ P(Φ, B, f, γ) , à ôóíêöiþ u � ¨¨ ðîçâ'ÿçêîì.

Ïðèïóñòèìî òàêîæ, ùî âèêîíóþòüñÿ óìîâè:

(A3) iñíó¹ ñòàëà K1 > 0 òàêà, ùî

(v∗1 − v∗2, v1 − v2) ≥ K1|v1 − v2|2 ∀ [v1, v
∗
1], [v2, v

∗
2] ∈ ∂Φ;
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(A4) iñíó¹ ñòàëà K2 > 0 òàêà, ùî

Φ(v) ≥ K2‖v‖2 ∀ v∈dom(Φ);

áiëüøå òîãî, Φ(0) = 0.

Çàóâàæåííÿ 4.2. Ç óìîâè (A4) âèïëèâà¹, ùî Φ(v) ≥ Φ(0) + (0, v − 0)

∀v ∈ V , îòæå [0, 0] ∈ ∂Φ . Çâiäñè òà ç óìîâè (A3) ìà¹ìî

(v∗, v) ≥ K1|v|2 ∀ [v, v∗] ∈ ∂Φ. (4.14)

Ñôîðìóëþ¹ìî îñíîâíi ðåçóëüòàòè ðîçäiëó.

Òåîðåìà 4.1. Íåõàé âèêîíóþòüñÿ óìîâè (A1) � (A3) , (B) i γ ∈ R òàêå,

ùî

γ < K1 − L . (4.15)

Òîäi çàäà÷à P(Φ, B, f, γ) ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó.

Òåîðåìà 4.2. Íåõàé âèêîíóþòüñÿ óìîâè (A1) � (A4) , (B) . Êðiì òîãî,

ïðèïóñòèìî, ùî

(F) f ∈ L2
γ(S;H) ,

äå γ ∈ R òàêå, ùî âèêîíó¹òüñÿ íåðiâíiñòü (4.15). Òîäi çàäà÷à P(Φ, B, f, γ)

ìà¹ i òiëüêè îäèí ðîçâ'ÿçîê, âií íàëåæèòü ïðîñòîðó L∞γ (S;V )∩L2
γ(S;V )∩

H1
γ(S;H) òà çàäîâîëüíÿ¹ îöiíêó

e2γσ‖u(σ)‖2 +

σ∫
−∞

e2γt‖u(t)‖2 dt+

σ∫
−∞

e2γt|u′(t)|2 dt

+

σ∫
−∞

e2γtΦ(u(t))dt ≤ C1

∫ σ

−∞
e2γt|f(t)|2 dt, σ ∈ S, (4.16)

äå C1 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1 , K2 , L òà γ .

Çàóâàæåííÿ 4.3. Çàäà÷à P(Φ, B, f, γ) ìîæíà áóòè ïåðåôîðìóëüîâàíà ií-

øèì ñïîñîáîì. Íåõàé K îïóêëà òà çàìêíåíà ìíîæèíà â V , A : V →
V ′ � ìîíîòîííèé, îáìåæåíèé òà íàïiâíåïåðåðâíèé îïåðàòîð òàêèé, ùî

(A(v), v) ≥ K̃1‖v‖2 ∀v ∈ V , äå K̃1 = const > 0 . Çíàéòè ôóíêöiþ u ∈
W2,loc(S;V ) , ùî çàäîâîëüíÿ¹ (4.13) òà, äëÿ ìàéæå âñiõ t ∈ S , u(t) ∈ K i

(u′(t) + A(u(t)) +B(t, u(t)), v − u(t)) ≥ (f(t), v − u(t)) ∀ v ∈ K.
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4.1.3 Îá ðóíòóâàííÿ îñíîâíèõ ðåçóëüòàòiâ ïiäðîçäiëó

Äîâåäåííÿ òåîðåìè 4.1. Âèêîðèñòà¹ìî ìåòîä äîâåäåííÿ âiä ñóïðîòèâíî-

ãî. Ïðèïóñòèìî, ùî ïðàâèëüíèì ¹ ïðîòèëåæíå òâåðäæåííÿ. Íåõàé u1, u2 �

äâà (ðiçíi) ðîçâ'ÿçêè çàäà÷i P(Φ, B, f, γ) . Òîäi äëÿ êîæíîãî i ∈ {1, 2} iñíó-

þòü ôóíêöi¨ gi ∈ L2
loc(S;V ′) òàêà, ùî äëÿ ìàéæå âñiõ t ∈ S , gi(t) ∈ ∂Φ

(
ui(t)

)
i

u′i(t) + gi(t) +B(t, ui(t)) = f(t) âV ′. (4.17)

Ïîêëàäåìî w(t) := u1(t) − u2(t), t ∈ S . Ç ðiâíîñòåé (4.17) äëÿ ìàéæå

âñiõ t ∈ S îòðèìó¹ìî

w′(t) + g1(t)− g2(t) +B(t, u1(t))−B(t, u2(t)) = 0 â V ′. (4.18)

Ç (4.13) âèïëèâà¹ âèêîíàííÿ íåðiâíîñòi

e2γt|w(t)|2 → 0 as t→ −∞. (4.19)

Íåõàé σ1, σ2 ∈ S � äîâiëüíi ÷èñëà òàêi, ùî σ1 < σ2. Ïîìíîæèâøè ðiâíiñòü

(4.18) íà w(t)e2γt , òà ïðîiíòåãðóâàâøè âiä σ1 äî σ2 îòðèìà¹ìî
σ2∫
σ1

e2γt(w′(t), w(t)) dt+

σ2∫
σ1

e2γt(g1(t)− g2(t), u1(t)− u2(t))dt

+

σ2∫
σ1

e2γt
(
B(t, u1(t))−B(t, u2(t)), w(t)

)
dt = 0. (4.20)

Íà ïiäñòàâi óìîâè (A3) òà ç òîãî, ùî gi(t) ∈ ∂Φ(ui(t)) , i = 1, 2 , äëÿ ìàéæå

âñiõ t ∈ S ìà¹ìî

(g1(t)− g2(t), u1(t)− u2(t)) ≥ K1|w(t)|2. (4.21)

Ðîçãëÿíåìî îñòàííié äîäàíîê ëiâîðó÷ âiä ðiâíîñòi (4.20). Âèêîðèñòîâóþ÷è

(4.10) òà íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, ìà¹ìî∣∣∣ σ2∫
σ1

e2γt
(
B(t, u1(t))−B(t, u2(t)), w(t)

)
dt
∣∣∣

≤
σ2∫
σ1

e2γt
∣∣B(t, u1(t))−B(t, u2(t))

∣∣|w(t)| dt ≤ L

σ2∫
σ1

e2γt |w(t)|2 dt. (4.22)
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Ç (4.7), (4.21), (4.22), âðàõóâàâøè (4.20) îòðèìó¹ìî

1

2

σ2∫
σ1

e2γtd|w(t)|2

dt
dt+

(
K1 − L

) σ2∫
σ1

e2γt|w(t)|2dt ≤ 0. (4.23)

Âèêîðèñòîâóþ÷è ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè, ç (4.23) ìà¹ìî

e2γt|w(t)|2
∣∣∣σ2
σ1

+ 2
(
K1 − L− γ

) σ2∫
σ1

e2γt|w(t)|2 dt ≤ 0. (4.24)

Âðàõîâóþ÷è óìîâó (4.15), ç (4.24) îäåðæó¹ìî

e2γσ2|w(σ2)|2 ≤ e2γσ1|w(σ1)|2. (4.25)

Çàôiêñó¹ìî äîâiëüíå σ2 â (4.25), òà ñïðÿìó¹ìî σ1 → −∞ . Ç óìîâè (4.19),

ïðàâà ÷àñòèíà íåðiâíîñòi (4.25) ïðÿìó¹ äî 0. Òàêèì ÷èíîì, îòðèìó¹ìî ðiâíiñòü

e2γσ2|w(σ2)|2 = 0 . Ç äîâiëüíîñòi σ2 ∈ S ìà¹ìî w(t) = 0 äëÿ ìàéæå âñiõ t ∈ S ,
òîáòî, u1 = u2 ìàéæå âñþäè íà S . Îòðèìàíå ïðîòèði÷÷ÿ çàâåðøó¹ äîâåäåííÿ

¹äèíîñòi ðîçâ'ÿçêó çàäà÷i P(Φ, B, f, γ) .

Äîâåäåííÿ òåîðåìè 4.2. Ïðîâåäåìî äîâåäåííÿ ó 5 êðîêiâ.

Êðîê 1 (äîïîìiæíi òâåðäæåííÿ). Âèçíà÷èìî ôóíêöiîíàë ΦH : H → R∞
çà ïðàâèëîì: ΦH(v) := Φ(v) , ÿêùî v ∈ V , i ΦH(v) := +∞ â iíøîìó

âèïàäêó. Âiäçíà÷èìî, ùî ç óìîâ (A1) , (A2) , Ëåìè IV.5.2 òà Òâåðäæåí-

íÿ IV.5.2 ìîíîãðàôi¨ [53] âèïëèâà¹, ùî ΦH ¹ âëàñíèì, îïóêëèì i íàïiâíå-

ïåðåðâíèì çíèçó ôóíêöiîíàëîì íà ïðîñòîði H , dom(ΦH) = dom(Φ) ⊂ V i

∂ΦH = ∂Φ ∩ (V ×H) , äå ∂ΦH : H → 2H ñóáäèôåðåíöiàë ôóíêöiîíàëà ΦH .

Ëåìà 4.5 ([53, Lemma IV.4.3]). Íåõàé −∞ < a < b < +∞, w ∈ H1(a, b;H) ,

òà iñíó¹ g ∈ L2(a, b;H) òàêå, ùî g(t) ∈ ∂ΦH

(
w(t)

)
äëÿ ìàéæå âñiõ t ∈

(a, b) . Òîäi ôóíêöiÿ ΦH

(
w(·)

)
àáñîëþòíî íåïåðåðâíà íà iíòåðâàëi [a, b] i äëÿ

áóäü-ÿêî¨ ôóíêöi¨ h : [a, b] → H òàêî¨, ùî h(t) ∈ ∂ΦH

(
w(t)

)
âèêîíó¹òüñÿ

íåðiâíiñòü

d

dt
ΦH

(
w(t)

)
= (h(t), w′(t)) äëÿ ìàéæå âñiõ t ∈ (a, b).
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Ëåìà 4.6 ([26, Proposition 3.12], [53, Proposition IV.5.2]). Íåõàé T > 0 , f̃ ∈
L2(0, T ;H) i w0 ∈ dom(Φ) . Òîäi iñíó¹ ¹äèíà ôóíêöiÿ w ∈ C([0, T ];H) ∩
H1(0, T ;H) òàêà, ùî w(0) = w0 òà äëÿ ìàéæå âñiõ t ∈ (0, T ] , w(t) ∈
D(∂ΦH) i

w′(t) + ∂ΦH

(
w(t)

)
3 f̃(t) â H. (4.26)

Ëåìà 4.7. Íåõàé t0 < 0 , f̃ ∈ L2(t0, 0;H) , òà w0 ∈ dom(Φ) . Òîäi iñíó¹

¹äèíà ôóíêöiÿ w ∈ C([t0, 0];H) ∩H1(t0, 0;H) òàêà, ùî w(t0) = w0 òà äëÿ

ìàéæå âñiõ t ∈ (t0, 0] , w(t) ∈ D(∂ΦH) i

w′(t) + ∂ΦH

(
w(t)

)
+B(t, w(t)) 3 f̃(t) in H, (4.27)

à ñàìå, iñíó¹ g̃ ∈ L2(t0, 0;H) òàêà, ùî äëÿ ìàéæå âñiõ t ∈ (t0, 0] ìà¹ìî

g̃(t) ∈ ∂ΦH(w(t)) i

w′(t) + g̃(t) +B(t, w(t)) = f̃(t) â H. (4.28)

Äîâåäåííÿ ëåìè 4.7. Íåõàé α > 0 � äîâiëüíå ôiêñîâàíå ÷èñëî òà ìíîæèíà

M := {w ∈ C([t0, 0];H) | w(t0) = w0}.

Ðîçãëÿíåìî M ç ìåòðèêîþ

ρ(w1, w2) = max
t∈[t0,0]

[
e−α(t−t0)|w1(t)− w2(t)|

]
, w1, w2 ∈M.

Î÷åâèäíî, ùî ìåòðè÷íèé ïðîñòið (M,ρ) ¹ ïîâíèé. Òåïåð ðîçãëÿíåìî îïåðà-

òîð A : M → M âèçíà÷åíèé çà ïðàâèëîì: äëÿ çàäàíî¨ ôóíêöi¨ w̃ ∈ M ,

âèçíà÷à¹ìî ôóíêöiþ ŵ ∈M ∩H1(t0, 0;H) òàêó, ùî äëÿ ìàéæå âñiõ t ∈ (t0, 0]

ŵ(t) ∈ D(∂ΦH) i

ŵ′(t) + ∂ΦH(ŵ(t)) 3 f̃(t)−B(t, w̃(t)) in H. (4.29)

Î÷åâèäíî, ùî âàðiàöiéíà íåðiâíiñòü (4.29) çáiãàòüñÿ ç (4.26) ïiñëÿ çàìiíè [0, T ]

íà [t0, 0] , f̃(t) íà f̃(t) − B(t, w̃(t)) , óìîâè w(0) = w0 íà óìîâó ŵ(t0) = w0 .

Îòæå, âèêîðèñòîâóþ÷è ëåìó 4.6, ïðèõîäèìî äî âèñíîâêó, ùî îïåðàòîð A ¹

êîðåêòíî âèçíà÷åíèì. Ïîêàæåìî, ùî îïåðàòîð A ¹ ñòèñêóþ÷èì ïðè äåÿêîìó

çíà÷åííi α > 0 . Çîêðåìà, íåõàé w̃1, w̃2 � äîâiëüíi ôóíêöi¨ ç M i ŵ1 := Aw̃1 ,

ŵ2 := Aw̃2 . Îïèðàþ÷èñü íà (4.29), iñíóþòü ôóíêöi¨ ĝ1 i ĝ2 ç L2(t0, 0;H) òàêi,
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ùî äëÿ êîæíîãî k ∈ {1, 2} òà ìàéæå âñiõ t ∈ (t0, 0] ìà¹ìî ĝk(t) ∈ ∂ΦH(ŵk(t))

i

ŵ′k(t) + ĝk(t) = f̃(t)−B(t, w̃k(t)), (4.30)

ïðè ŵk(t0) = w0 .

Âiäíiìåìî òîòîæíiñòü (4.30) ïðè k = 2 âiä òîòîæíîñòi (4.30) ïðè k = 1 , i

äëÿ ìàéæå âñiõ t ∈ (t0, 0] ïîìíîæèìî îòðèìàíó òîòîæíiñòü íà ŵ1(t)− ŵ2(t) .

Â ðåçóëüòàòi îòðèìà¹ìî(
(ŵ1(t)− ŵ2(t))

′, ŵ1(t)− ŵ2(t)
)

+ (ĝ1(t)− ĝ2(t), ŵ1(t)− ŵ2(t))

= −(B(t, w̃1(t))−B(t, w̃2(t)), ŵ1(t)− ŵ2(t)) äëÿ ìàéæå âñiõ t ∈ (t0, 0],(4.31)

ŵ1(t0)− ŵ2(t0) = 0.(4.32)

Ïðîiíòåãðó¹ìî ðiâíiñòü (4.31) çà t âiä t0 äî σ ∈ (t0, 0] , áåðó÷è äî óâàãó, ùî

äëÿ ìàéæå âñiõ t ∈ (t0, 0] ìà¹ìî(
(ŵ1(t)− ŵ2(t))

′, ŵ1(t)− ŵ2(t)
)

=
1

2

d

dt
|ŵ1(t)− ŵ2(t)|2.

Â ðåçóëüòàòi îòðèìà¹ìî ðiâíiñòü

1

2
|ŵ1(σ)− ŵ2(σ)|2 +

σ∫
t0

(ĝ1(t)− ĝ2(t), ŵ1(t)− ŵ2(t)) dt

= −
σ∫

t0

(
B(t, w̃1(t))−B(t, w̃2(t)), ŵ1(t)− ŵ2(t)

)
dt. (4.33)

Ç óìîâè (A3) äëÿ ìàéæå âñiõ t ∈ (t0, 0] ìà¹ìî íåðiâíiñòü

(ĝ1(t)− ĝ2(t), ŵ1(t)− ŵ2(t)) ≥ K1|ŵ1(t)− ŵ2(t)|2. (4.34)

Áåðó÷è äî óâàãè (B) òà íåðiâíiñòü Êîøi, äëÿ ìàéæå âñiõ t ∈ (t0, 0] îäåð-

æó¹ìî ∣∣(B(t, w̃1(t))−B(t, w̃2(t)), ŵ1(t)− ŵ2(t)
)∣∣

≤
∣∣B(t, w̃1(t))−B(t, w̃2(t))

∣∣ · ∣∣ŵ1(t)− ŵ2(t)
∣∣

≤ L|w̃1(t)− w̃2(t)| · |ŵ1(t)− ŵ2(t)|

≤ ε|ŵ1(t)− ŵ2(t)|2 +
L2

4ε
|w̃1(t)− w̃2(t)|, (4.35)
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äå ε > 0 � äîâiëüíå.

Ç (4.33), çãiäíî ç (4.34) òà (4.35), ìà¹ìî

|ŵ1(σ)− ŵ2(σ)|2 + 2(K1 − ε)
σ∫

t0

|ŵ1(t)− ŵ2(t)|2 dt

≤ (2ε)−1L2

σ∫
t0

∣∣w̃1(t)− w̃2(t)
∣∣2dt. (4.36)

Âèáðàâøè ε = 2−1K1 , ç (4.36) îäåðæó¹ìî

|ŵ1(σ)− ŵ2(σ)|2 ≤ C2

∫ σ

t0

|w̃1(t)− w̃2(t)|2 dt, σ ∈ (t0, 0], (4.37)

äå C2 > 0 � ñòàëà.

Ïîìíîæèâøè (4.37) íà e−2α(σ−t0) , îäåðæó¹ìî

e−2α(σ−t0)|ŵ1(σ)− ŵ2(σ)|2

≤ C2e
−2α(σ−t0)

∫ σ

t0

e2α(t−t0)e−2α(t−t0)|w̃1(t)− w̃2(t)|2 dt

≤ C2e
−2α(σ−t0) max

t∈[t0,0]

[
− eα(t−t0)|w̃1(t)− w̃2(t)|

]2 ∫ σ

t0

e2α(t−t0) dt

=
C2

2α

(
1− e−2α(σ−t0)

)[
ρ(w̃1, w̃2)

]2 ≤ C2

2α

[
ρ(w̃1, w̃2)

]2
, σ ∈ (t0, 0]. (4.38)

Ç (4.38) ëåãêî âèïëèâà¹, ùî

ρ(ŵ1, ŵ2) ≤
√
C2/(2α)ρ(w̃1, w̃2).

Çâiäñè, âèáèðàþ÷è α > 0 òàêå, ùî âèêîíó¹òüñÿ íåðiâíiñòü C2/(2α) < 1 ,

îäåðæó¹ìî, ùî îïåðàòîð A � ñòèñêóþ÷èé. Îòæå, ìè ìîæåìî âèêîðèñòàòè

òåîðåìó Áàíàõà ïðî íåðóõîìó òî÷êó [27, Theorem 5.7] òà îòðèìàëè iñíóâàííÿ

¹äèíî¨ ôóíöi¨ w ∈M òàêî¨, ùî Aw = w . Îòîæ, ëåìà 4.7 äîâåäåíà.

Êðîê 2 (ïîáóäîâà àïðîêñèìàöié ðîçâ'ÿçêó). Ïîáóäó¹ìî ïîñëiäîâíiñòü ôóí-

êöié, ùî â ïåâíîìó ñåíñi àïðîêñèìóþòü ðîçâ'ÿçîê çàäà÷i P(Φ, B, f, γ) .

Äëÿ êîæíîãî k ∈ N ïîêëàäåìî f̂k(t) := f(t) ïðè t ∈ Sk := (−k, 0]

i ðîçãëÿíåìî çàäà÷ó çíàõîäæåííÿ ôóíêöi¨ ûk ∈ C(Sk;H) ∩ H1(Sk;H) , äå
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H1(Sk;H) :=
{
w ∈ L2(Sk;H)

∣∣ w′ ∈ L2(Sk;H)
}
, òàêî¨, ùî äëÿ ìàéæå âñiõ

t ∈ Sk ìà¹ìî ûk(t) ∈ D(∂ΦH) i

û ′k(t) + ∂ΦH

(
ûk(t)

)
+B(t, ûk(t)) 3 f̂k(t) â H, (4.39)

ûk(−k) = 0. (4.40)

Âêëþ÷åííÿ (4.39) îçíà÷à¹ iñíóâàííÿ ôóíêöi¨ ĝk ∈ L2(Sk;H) òàêî¨, ùî äëÿ

ìàéæå âñiõ t ∈ Sk ìà¹ìî ĝk(t) ∈ ∂ΦH(ûk(t)) i

û ′k(t) + ĝk(t) +B(t, ûk(t)) = f̂k(t) â H. (4.41)

Îñêiëüêè D(∂ΦH) ⊂ dom(ΦH) ⊂ V , òî ûk(t) ∈ V äëÿ ìàéæå âñiõ t ∈
Sk . Çãiäíî ç îçíà÷åííÿì ñóáäèôåðåíöiàëó ôóíêöiîíàëó i òîãî, ùî ĝk(t) ∈
∂Φ(ûk(t)) äëÿ ìàéæå âñiõ t ∈ Sk , ìà¹ìî

Φ(0) ≥ Φ(ûk(t)) + (ĝk(t), 0− ûk(t)) äëÿ ì. â. t ∈ Sk.

Çâiäñè òà ç óìîâè (A4) îòðèìà¹ìî

(ĝk(t), ûk(t)) ≥ Φ(ûk(t)) ≥ K2‖ûk(t)‖2 äëÿ ì. â. t ∈ Sk. (4.42)

Îñêiëüêè ëiâà ÷àñòèíà öüîãî ëàíöþæêà íåðiâíîñòåé íàëåæèòü äî L1(Sk) , òî

ûk íàëåæèòü äî L2(Sk;V ) .

Ïðîäîâæèìî äëÿ êîæíîãî k ∈ N ôóíêöi¨ f̂k, ûk i ĝk íóëåì íà âåñü ïðîìi-

æîê S i ïîçíà÷èìî öi ïðîäîâæåííÿ, âiäïîâiäíî, ÷åðåç fk, uk òà gk . Çi ñêàçàíî-

ãî âèùå âèïëèâà¹, ùî äëÿ êîæíîãî k ∈ N ôóíêöiÿ uk íàëåæèòü äî L2(S;V ) ,

¨¨ ïîõiäíà u′k íàëåæèòü äî L2(S;H) i äëÿ ìàéæå âñiõ t ∈ S ïðàâèëüíèìè ¹

âêëþ÷åííÿ gk(t) ∈ ∂ΦH

(
uk(t)

)
i ðiâíiñòü (äèâ. (4.41))

u′k(t) + gk(t) +B(t, uk(t)) = fk(t) â H. (4.43)

Ùîá ïîêàçàòè çáiæíiñòü ôóíêöi¨ {uk}∞k=1 äî ðîçâ'ÿçêó çàäà÷i P(Φ, B, f, γ)

íàì ïîòðiáíi îöiíêè ôóíêöié uk , k ∈ N .

Êðîê 3 (îöiíêè àïðîêñèìàöié ðîçâ'ÿçêó).

Íåõàé σ1, σ2 ∈ S � äîâiëüíi ÷èñëà òàêi, ùî σ1 < σ2 , i k ∈ N . Ïîìíîæèìî

(4.43) äëÿ ìàéæå âñiõ t ∈ S íà e2γtuk(t)òà ïðîiíòåãðó¹ìî âiä σ1 äî σ2 . Â
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ðåçóëüòàòi îòðèìà¹ìî
σ2∫
σ1

e2γt(u′k(t), uk(t)) dt+

σ2∫
σ1

e2γt(gk(t), uk(t)) dt

+

σ2∫
σ1

e2γt
(
B(t, uk(t)), uk(t)

)
dt =

σ2∫
σ1

e2γt(fk(t), uk(t)) dt.

Çâiäñè, áåðó÷è äî óâàãè (4.7) òà iíòåãðóþ÷è ÷àñòèíàìè, îäåðæó¹ìî

e2γt|uk(t)|2
∣∣∣σ2
σ1
− 2γ

∫ σ2

σ1

e2γt|uk(t)|2 dt+ 2

σ2∫
σ1

e2γt(gk(t), uk(t)) dt

+ 2

σ2∫
σ1

e2γt
(
B(t, uk(t)), uk(t)

)
dt = 2

σ2∫
σ1

e2γt(fk(t), uk(t)) dt. (4.44)

Âðàõîâóþ÷è îçíà÷åííÿ uk òà âèêîðèñòîâóþ÷è íåðiâíîñòi (4.42), îòðèìà¹ìî

(gk(t), uk(t)) ≥ Φ
(
uk(t)

)
≥ K2‖uk(t)‖2 äëÿ ìàéæå âñiõ t ∈ S. (4.45)

Îöiíèìî òðåòié äîäàíîê ëiâî¨ ÷àñòèíè íåðiâíîñòi (4.44). Ç (4.14) òà (4.45)

äëÿ äîâiëüíîãî δ ∈ (0, 1) îòðèìó¹ìî∫ σ2

σ1

e2γt(gk(t), uk(t)) dt = (δ + (1− δ))
∫ σ2

σ1

e2γt(gk(t), uk(t)) dt

≥ δK1

∫ σ2

σ1

e2γt|uk(t)|2 dt+ 2−1(1− δ)K2

∫ σ2

σ1

e2γt‖uk(t)‖2 dt

+2−1(1− δ)
∫ σ2

σ1

e2γtΦ
(
uk(t)

)
dt. (4.46)

Âèêîðèñòàâøè íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, (4.11), ìà¹ìî∣∣∣ σ2∫
σ1

e2γt
(
B(t, uk(t)), uk(t)

)
dt
∣∣∣≤ σ2∫

σ1

e2γt
∣∣B(t, uk(t))

∣∣|uk(t)| dt
≤ L

σ2∫
σ1

e2γt|uk(t)|2 dt. (4.47)

Âèêîðèñòîâóþ÷è íåðiâíiñòü Êîøi îöiíèìî ïðàâó ÷àñòèíó (4.44):
σ2∫
σ1

e2γt(fk(t), uk(t)) dt ≤ ε

σ2∫
σ1

e2γt|uk(t)|2 dt+ (4ε)−1

σ2∫
σ1

e2γt|fk(t)|2 dt, (4.48)
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äå ε > 0 � äîâiëüíå ÷èñëî.

Ç (4.44), áåðó÷è äî óâàãè (4.46), (4.47) i (4.48), îäåðæó¹ìî

e2γt|uk(t)|2
∣∣∣σ2
σ1

+ 2[δK1 − L− γ − ε]
∫ σ2

σ1

e2γt|uk(t)|2 dt

+ (1− δ)K2

∫ σ2

σ1

e2γt‖uk(t)‖2 dt+ (1− δ)
∫ σ2

σ1

e2γtΦ
(
uk(t)

)
dt

≤ (2ε)−1

∫ σ2

σ1

e2γt|fk(t)|2 dt, δ ∈ (0, 1), ε ∈ (0,+∞). (4.49)

Îñêiëüêè K1 > 0 , γ çàäîâîëüíÿþòü (4.15), ñïåðøó âèáåðåìî δ ç (0, 1) òàêå,

ùîá δK1−L− γ > 0 , à òîäi âiçüìåìî ε = 2−1[δK1−L− γ] > 0 . Â ðåçóëüòàòi

ç (4.49) îòðèìó¹ìî îöiíêó

e2γt|uk(t)|2
∣∣∣σ2
σ1

+

σ2∫
σ1

e2γt
[
|u(t)|2 + ‖uk(t)‖2

]
dt+

σ2∫
σ1

e2γtΦ
(
uk(t)

)
dt

≤ C3

σ2∫
σ1

e2γt|fk(t)|2 dt, (4.50)

äå C3 > 0 � ñòàëà, ÿêà çàëåæèòü ëèøå âiä K1, K2, L òà γ .

Âiçüìåìî σ2 = σ ∈ S � äîâiëüíå, òà ïåðåéäåìî äî ãðàíèöi â (4.50) ïðè

σ1 → −∞ . Áåðó÷è äî óâàãè (F) òà îçíà÷åííÿ ôóíêöié uk i fk , îòðèìà¹ìî

e2γσ|uk(σ)|2 +

∫ σ

−∞
e2γt
[
|u(t)|2 + ‖uk(t)‖2

]
dt

+

∫ σ

−∞
e2γtΦ

(
uk(t)

)
dt ≤ C3

∫ σ

−∞
e2γt|fk(t)|2 dt, σ ∈ S. (4.51)

Îñêiëüêè σ ∈ S � äîâiëüíå, ç (4.51) âèïëèâà¹, ùî

ïîñëiäîâíiñòü {uk(·)}+∞
k=1 îáìåæåíà â L

∞
γ (S;H), L2

γ(S;H) i L2
γ(S;V ), (4.52)

ïîñëiäîâíiñòü
{
e2γ·Φ

(
uk(·)

)}+∞
k=1

îáìåæåíà â L1(S). (4.53)

Òåïåð çíàéäåìî îöiíêè ôóíêöié u′k, k ∈ N . Äëÿ äîâiëüíîãî ôiêñîâàíîãî

k ∈ N äëÿ ìàéæå êîæíîãî t ∈ S äîìíîæèìî ðiâíiñòü (4.43) íà e2γtu′k(t) òà

ïðîiíòåãðó¹ìî îòðèìàíó ðiâíiñòü âiä σ1 äî σ2 , äå σ1, σ2 ∈ S � äîâiëüíi ÷èñëà
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òàêi, ùî σ1 < σ2 . Çâiäñè îäåðæèìî∫ σ2

σ1

e2γt|u′k(t)|2 dt+

∫ σ2

σ1

e2γt(gk(t), u
′
k(t)) dt

=

∫ σ2

σ1

e2γt(fk(t), u
′
k(t)) dt−

∫ σ2

σ1

e2γt
(
B(t, uk(t)), u

′
k(t)
)
dt. (4.54)

Îñêiëüêè gk ∈ L2(σ1, σ2;H) , òî ç Ëåìè 4.5 âèïëèâà¹, ùî ôóíêöiÿ ΦH

(
uk(·)

)
¹ àáñîëþòíî íåïåðåðâíîþ íà [σ1, σ2] i

d

dt
ΦH

(
uk(t)

)
= (gk(t), u

′
k(t)) äëÿ ìàéæå âñiõ t ∈ (σ1, σ2). (4.55)

Áåðó÷è äî óâàãè (4.55), ìîæåìî ïåðåïèñàòè äðóãèé äîäàòîê ëiâî¨ ÷àñòèíè

ðiâíîñòi (4.54) òàê:∫ σ2

σ1

e2γt(gk(t), u
′
k(t)) dt =

∫ σ2

σ1

e2γt d

dt
ΦH

(
uk(t)

)
dt

= e2γtΦH

(
uk(t)

)∣∣∣σ2
σ1
− 2γ

∫ σ2

σ1

e2γtΦH

(
uk(t)

)
dt. (4.56)

Íà ïiäñòàâi íåðiâíîñi Êîøi òà (4.11), ìà¹ìî∣∣∣ ∫ σ2

σ1

e2γt
(
fk(t), u

′
k(t)
)
dt
∣∣∣ ≤ ∫ σ2

σ1

e2γt|fk(t)||u′k(t)| dt

≤ 1

4

σ2∫
σ1

e2γt|u′k(t)|2 dt+

σ2∫
σ1

e2γt|fk(t)|2 dt, (4.57)

∣∣∣ σ2∫
σ1

e2γt
(
B(t, uk(t)), u

′
k(t)
)
dt
∣∣∣ ≤ σ2∫

σ1

e2γt
∣∣B(t, uk(t))

∣∣|u′k(t)| dt
≤ L

∫ σ2

σ1

e2γt|uk(t)||u′k(t)| dt ≤ L2

σ2∫
σ1

e2γt|uk(t)|2dt+
1

4

σ2∫
σ1

e2γt|u′k(t)|2 dt. (4.58)

Ç (4.54), áåðó÷è äî óâàãè (4.56), (4.57), (4.58), îäåðæó¹ìî

1

2

∫ σ2

σ1

e2γt|u′k(t)|2 dt+ e2γtΦH

(
uk(t)

)∣∣∣σ2
σ1
≤ L2

σ2∫
σ1

e2γt|uk(t)|2 dt

+ 2γ

∫ σ2

σ1

e2γtΦH

(
uk(t)

)
dt+

∫ σ2

σ1

e2γt|fk(t)|2 dt. (4.59)
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Âðàõóâàâøè îçíà÷åííÿ ôóíêöié uk i fk , ïåðåéäåìî äî ãðàíèöi â (4.59) ïðè

σ1 → −∞ . Ç îòðèìàíî¨ íåðiâíîñòi, áåðó÷è äî óâàãè îöiíêó (4.51), ïîêëàâøè

σ2 = σ ∈ S , ìà¹ìî

e2γσΦH

(
uk(σ)

)
+

∫ σ

−∞
e2γt|u′k(t)|2 dt ≤ C4

∫ σ

−∞
e2γt|fk(t)|2 dt, (4.60)

äå C4 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, L òà γ .

Âðàõóâàâøè îçíà÷åííÿ ôóíêöiîíàëó ΦH òà ôóíêöi¨ fk , óìîâó (A4) (íà-

ãàäà¹ìî, ùî uk(t) ∈ V äëÿ ìàéæå âñiõ t ∈ S , ç (4.60) ìà¹ìî

e2γσ‖uk(σ)‖2 +

∫ σ

−∞
e2γt|u′k(t)|2 dt ≤ C5

∫ σ

−∞
e2γt|f(t)|2 dt, (4.61)

äå C5 > 0 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, L, i γ .

Ç îöiíêè (4.61) âèïëèâà¹, ùî

ïîñëiäîâíiñòü
{
uk
}+∞
k=1

îáìåæåíà â L∞γ (S;V ), (4.62)

ïîñëiäîâíiñòü
{
u′k
}+∞
k=1

îáìåæåíà â L2
γ(S;H). (4.63)

Ïîêàæåìî, ùî

ïîñëiäîâíiñòü {gk}+∞
k=1 îáìåæåíà â L

2
γ(S;H). (4.64)

Ñïðàâäi, âèêîðèñòàâøè (4.11) i (4.51), îòðèìà¹ìî
σ2∫
σ1

e2γt
∣∣∣B(t, uk(t))

∣∣∣2dt ≤ L2

σ2∫
σ1

e2γt|uk(t)|2 dt ≤ C6, (4.65)

äå C6 > 0 � ñòàëà, ùî íå çàëåæèòü âiä k ∈ N, σ1, σ2 ∈ S .
Îòæå, ç (4.43), (4.63), (4.65), (F) òà îçíà÷åííÿ fk îòðèìó¹ìî (4.64).

Êðîê 4 (ãðàíè÷íèé ïåðåõiä ). Îñêiëüêè V òà H � ãiëüáåðòîâi ïðîñòîðè,

ïðè÷îìó V âêëàäåíî â H êîìïàêòíî, ç (4.52), (4.62), (4.63), (4.64) òà Ëåìè 4.4

âèïëèâà¹, ùî iñíóþòü ôóíêöi¨ u ∈ L∞γ (S;V ) ∩ L2
γ(S;V ) ∩ H1

γ(S;H) , òà

ïiäïîñëiäîâíiñòü ïiäïîñëiäîâíîñòi {uk, gk}+∞
k=1 (çà ÿêîþ ìè çáåðåæåìî ïîçíà-

÷åííÿ {uk, gk}+∞
k=1 ) òàêi, ùî

eγ·uk(·) −→
k→∞

eγ·u(·) ∗-ñëàáêî â L∞(S;V ), (4.66)

uk −→
k→∞

u ñëàáêî â L2
γ(S;V ) ñëàáêî â H1

γ(S;H), (4.67)

uk −→
k→∞

u â C(S;H), (4.68)

gk −→
k→∞

g ñëàáêî â L2
γ(S;H). (4.69)
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Çàóâàæèìî, ùî ç (4.67) i (4.69) âèïëèâà¹

uk −→
k→∞

u, u′k −→
k→∞

u′, gk −→
k→∞

g ñëàáêî â L2
loc

(S;H). (4.70)

Âèêîðèñòîâóþ÷è (4.10) i (4.68), äëÿ êîæíîãî σ < 0 îòðèìó¹ìî

0∫
σ

∣∣B(t, uk(t))−B(t, u(t))
∣∣2dt ≤ L2

0∫
σ

|uk(t)− u(t)|2dt −→
k→∞

0. (4.71)

Òàêèì ÷èíîì, ìè îòðèìàëè

B(·, uk(·)) −→
k→∞

B(·, u(·)) ñèëüíî â L2
loc

(S;H). (4.72)

Íåõàé v ∈ H,ϕ ∈ D(−∞, 0) � äîâiëüíi. Äëÿ ìàéæå êîæíîãî t ∈ S ïîìíî-

æèìî ðiâíiñòü (4.43) íà v i ϕ , à ïîòiì îòðèìàíó ðiâíiñòü ïðîiíòåãðó¹ìî çà t

ïî S . Ó ðåçóëüòàòi îòðèìà¹ìî ðiâíiñòü∫
S

(u′k(t), vϕ(t)) dt+

∫
S

(gk(t), vϕ(t)) dt+

∫
S

(
B(t, uk(t)), vϕ(t)

)
dt

=

∫
S

(fk(t), vϕ(t)) dt, k ∈ N. (4.73)

Ïåðåéäåìî â (4.73) äî ãðàíèöi ïðè k → ∞ , áåðó÷è äî óâàãè (4.70), (4.72)

i çáiæíiñòü ïîñëiäîâíîñòi {fk} äî f â L2
loc(S;H) . Ó ðåçóëüòàòi, âðàõóâàâøè,

ùî v ∈ H,ϕ ∈ D(−∞, 0) äîâiëüíi, îòðèìà¹ìî äëÿ ìàéæå âñiõ t ∈ S ðiâíiñòü

u′(t) + g(t) +B(t, u(t)) = f(t) â H.

Êðîê 5 (çàâåðøåííÿ äîâåäåííÿ). Äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðåìè çà-

ëèøèëîñü ëèøå ïîêàçàòè, ùî u(t) ∈ D(∂Φ) i g(t) ∈ ∂Φ
(
u(t)

)
äëÿ ìàéæå âñiõ

t ∈ S .
Íåõàé k ∈ N � ÿêå-íåáóäü ÷èñëî. Îñêiëüêè uk(t) ∈ D(∂ΦH) i gk(t) ∈

∂ΦH

(
uk(t)

)
äëÿ êîæíîãî t ∈ S \ S̃k , äå S̃k ⊂ S � ìíîæèíà íóëüîâî¨ ìiðè,

òî ç ìîíîòîííîñòi ñóáäèôåðåíöiàëó ∂ΦH âèïëèâà¹, ùî äëÿ âñiõ t ∈ S \ S̃k
âèêîíó¹òüñÿ íåðiâíiñòü

(gk(t)− v∗, uk(t)− v) ≥ 0 ∀ [v, v∗] ∈ ∂ΦH . (4.74)

Íåõàé σ ∈ S , h > 0 � äîâiëüíi ÷èñëà. Ïðîiíòåãðó¹ìî (4.74) ïî (σ − h;σ) :∫ σ

σ−h
(gk(t)− v∗, uk(t)− v) dt ≥ 0 ∀ [v, v∗] ∈ ∂ΦH . (4.75)
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Òåïåð, âðàõîâóþ÷è (4.68) òà (4.69), ïåðåéäåìî â (4.75) äî ãðàíèöi ïðè k →∞ .

Â ðåçóëüòàòi îòðèìà¹ìî∫ σ

σ−h
(g(t)− v∗, u(t)− v) dt ≥ 0 ∀ [v, v∗] ∈ ∂ΦH . (4.76)

Ç ìîíîãðàôi¨ [55, Theorem 2, p. 192] i (4.76) âèïëèâà¹, ùî äëÿ êîæíîãî

[v, v∗] ∈ ∂ΦH iñíó¹ ìíîæèíà R[v,v∗] ⊂ S íóëüîâî¨ ìiðè òàêà, ùî äëÿ âñiõ

σ ∈ S \R[v,v∗] ìà¹ìî

0 ≤ lim
h→+0

1

h

∫ σ

σ−h

(
g(t)− v∗, u(t)− v

)
dt =

(
g(σ)− v∗, u(σ)− v

)
. (4.77)

Ïîêàæåìî, ùî iñíó¹ ìíîæèíà íóëüîâî¨ ìiðè R ⊂ S òàêà, ùî

∀σ ∈ S \R :
(
g(σ)− v∗, u(σ)− v

)
≥ 0 ∀[v, v∗] ∈ ∂ΦH . (4.78)

Îñêiëüêè V òà H � ñåïåðàáåëüíi ïðîñòîðè, òî iñíó¹ çëi÷åííà ìíîæèíà

F ⊂ ∂ΦH ⊂ V × H , ÿêà ¹ ùiëüíîþ â ∂ΦH . Ïîçíà÷èìî R := ∪
[v,v∗]∈F

R[v,v∗] .

Îñêiëüêè ìíîæèíà F çëi÷åííà, à çëi÷åííå îá'¹äíàííÿ ìíîæèí ìiðè íóëü ¹

ìíîæèíîþ ìiðè íóëü, òî R ìà¹ íóëüîâó ìiðó. Îòîæ, äëÿ áóäü-ÿêîãî σ ∈
S \ R íåðiâíiñòü

(
g(σ) − v∗, u(σ) − v

)
≥ 0 âèêîíó¹òüñÿ äëÿ âñiõ [v, v∗] ∈ F .

Íåõàé [v̂, v̂∗] � äîâiëüíèé åëåìåíò ç ∂ΦH . Òîäi çi ùiëüíîñòi F ó ∂ΦH ìà¹ìî

iñíóâàííÿ ïîñëiäîâíîñòi {[vl, v∗l ]}∞l=1 òàêî¨, ùî vl → v̂ â V , v∗l → v̂∗ â H i

∀σ ∈ S \R : (g(σ)− v∗l , u(σ)− vl) ≥ 0 ∀ l ∈ N. (4.79)

Ïåðåéøîâøè â öié ðiâíîñòi äî ãðàíèöi ïðè l → ∞ , îòðèìà¹ìî (g(σ) −
v̂∗, u(σ) − v̂) ≥ 0 ∀σ ∈ S \ R . Îòæå, âèêîíó¹òüñÿ íåðiâíiñòü (4.78). Çâiä-

ñè, â ñèëó ìàêñèìàëüíî¨ ìîíîòîííîñòi ∂ΦH , âèïëèâà¹, ùî [u(t), g(t)] ∈ ∂ΦH

äëÿ ìàéæå âñiõ t ∈ S .
Îöiíêà (4.16) ðîçâ'ÿçêó çàäà÷i P(Φ, B, f, γ) áåçïîñåðåäíüî âèïëèâà¹ ç îöi-

íîê (4.51), (4.61), (4.66), (4.67) òà (4.68), ëåìè 4.2, ëåìè Ôàòó òà òîãî, ùî ΦH

� íàïiâíåïåðåðâíèé çíèçó â H .

Ç (4.51) ìà¹ìî

e2γσ|u(σ)|2 ≤ C3

∫ σ

−∞
e2γt|f(t)|2 dt.

Ç öi¹¨ íåðiâíîñòi òà óìîâè (F) âèïëèâà¹, ùî u çàäîâîëüíÿ¹ óìîâó (4.13).

Îòæå, òåîðåìó 4.2 äîâåäåíî.
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Âèñíîâêè äî ðîçäiëó 4

Ó ðîçäiëi 4 îäåðæàíî íåîáõiäíi òà äîñòàòíi óìîâè ðîçâ'ÿçíîñòi çàäà÷ áåç

ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíîñòåé.



Âèñíîâêè

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ çàäà÷ áåç ïî÷àòêîâèõ

óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü òà âàðiàöiéíèõ íåðiâíîñòåé ç äåÿêèõ ðàíiøå íå

âèâ÷åíèõ êëàñiâ. Òàêi çàäà÷i âèíèêàþòü ïðè ìîäåëþâàííi äèíàìi÷íèõ ïðîöå-

ñiâ â ïðèðîäi òà åêîíîìiöi, ïî÷àòîê ÿêèõ íàñòiëüêè âiääàëåíèé âiä àêòóàëü-

íîãî ìîìåíòó, ùî ïî÷àòêîâi äàíi ïðàêòè÷íî íå âïëèâàþòü íà ¨õ ïðîõîäæåííÿ

â öåé ìîìåíò.

Âèâ÷åíî çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ ñèëüíî íåëiíiéíèõ ïàðàáîëi÷íèõ

ðiâíÿíü áåç áóäü-ÿêèõ îáìåæåíü íà ïîâåäiíêó ðîçâ'ÿçêó íà íåñêií÷åííîñòi.

Îòðèìàíî óìîâè iñíóâàííÿ, ¹äèíîñòi, ïåðiîäè÷íîñòi òà ìàéæå ïåðiîäè÷íîñòi

óçàãàëüíåíèõ ðîçâ'ÿçêiâ öèõ çàäà÷.

Âñòàíîâëåíî óìîâè íà êîåôiöi¹íòè åëiïòè÷íî-ïàðàáîëi÷íèõ ñèëüíî íåëi-

íiéíèõ äèôåðåíöiàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü, ïðè ÿêèõ iñíó-

þòü ¹äèíi óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i Ôóð'¹ äëÿ öèõ ðiâíÿíü áåç áóäü-ÿêèõ

îáìåæåíü íà ïîâåäiíêó ðîçâ'ÿçêiâ òà çðîñòàííÿ âõiäíèõ äàíèõ íà íåñêií÷åí-

íîñòi, à òàêîæ âèâ÷åíî âëàñòèâîñòi öèõ ðîçâ'ÿçêiâ. Çíàéäåíî óìîâè iñíóâàííÿ

îáìåæåíèõ, ïåðiîäè÷íèõ òà ìàéæå ïåðiîäè÷íèõ óçàãàëüíåíèõ ðîçâ'ÿçêiâ öèõ

ðiâíÿíü.

Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i Ôóð'¹ äëÿ

åëiïòè÷íî-ïàðàáîëi÷íèõ ñëàáêî íåëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü

âèùèõ ïîðÿäêiâ ïðè íàÿâíîñòi óìîâ íà ïîâåäiíêó ðîçâ'ÿçêiâ íà íåñêií÷åííî-

ñòi. Ïîäiáíi ðåçóëüòàòè îòðèìàíî ó âèïàäêó çàäà÷i Ôóð'¹ äëÿ ñëàáêî íåëi-

íiéíèõ åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ïðè

ïåâíèõ îáìåæåííÿõ íà çðîñòàííÿ ðîçâ'ÿçêiâ i âõiäíèõ äàíèõ ïðè ïðÿìóâàííi

÷àñîâî¨ çìiííî¨ äî −∞ .

Âèäiëåíî êëàñ àíiçîòðîïíèõ åëiïòè÷íî-ïàðàáîëi÷íèõ iíòåãðî-äèôåðåíöià-

ëüíèõ ñèñòåì çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi, äëÿ ÿêîãî çàäà÷à Ôóð'¹
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êîðåêòíà áåç îáìåæåíü íà çðîñòàííÿ ïðè ïðÿìóâàííi ÷àñîâî¨ çìiííî¨ äî −∞ .

Âèâ÷åíî çàäà÷i áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ âàðiàöiéíèõ íåðiâíî-

ñòåé òà îòðèìàíî óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêiâ òàêèõ çàäà÷ ç äåÿêèìè

îáìåæåííÿìè íà ïîâåäiíêó ðîçâ'ÿçêó.

Öi ðåçóëüòàòè ìàþòü òåîðåòè÷íèé õàðàêòåð i ¨õ ìîæíà âèêîðèñòàòè â òå-

îði¨ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, à òàêîæ ïðè îïòèìiçàöi¨ ïðîöåñiâ, ÿêi

ìîäåëþþòüñÿ çàäà÷àìè áåç ïî÷àòêîâèõ óìîâ äëÿ åâîëþöiéíèõ ðiâíÿíü ÷è âà-

ðiàöiéíèõ íåðiâíîñòåé.
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Äîäàòîê À

Ìiøàíà çàäà÷à äëÿ

åëiïòè÷íî-ïàðàáîëi÷íèõ íåëiíiéíèõ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ

ïîðÿäêiâ

Ìàòåðiàëè, ÿêi òóò âèêëàäåíî, îïóáëiêîâàíi â ïðàöi [69].

Íåõàé Ω � îáìåæåíà îáëàñòü ïðîñòîðó Rn . Ââàæàòèìåìî, ùî ìåæà Γ :=

∂Ω îáëàñòi Ω ¹ êóñêîâî-ãëàäêîþ i ïîçíà÷èìî ÷åðåç ν îäèíè÷íèé âåêòîð

çîâíiøíüî¨ íîðìàëi äî Γ . Íåõàé T > 0 � ÿêå-íåáóäü ôiêñîâàíå ÷èñëî,

Q := Ω× (0, T ), Σ := Γ× (0, T ).

Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u : Q → R , ÿêà çàäîâîëüíÿ¹ (â ïåâ-

íîìó ñåíñi) ðiâíÿííÿ

(b(x)u)t +
∑
|α|∈M

(−1)|α|Dαaα(x, t, δu) +

∫
Ω

c(x, y, t, u(y, t))dy =

=
∑
|α|∈M

(−1)|α|Dαfα(x, t), (x, t) ∈ Q, (1)

êðàéîâi óìîâè
∂ju

∂νj

∣∣∣
Σ
= 0 , j = 0,m− 1, (2)

òà ïî÷àòêîâó óìîâó

u(x, 0) = u0(x) , x ∈ Ω0, (3)

äå aα : Q×RN → R, c : Ω×Ω× (0, T )×R→ R, fα : Q→ R (|α| ∈M), u0 :

Ω → R � çàäàíi ôóíêöi¨, ÿêi çàäîâîëüíÿþòü íàâåäåíi íèæ÷å óìîâè. Òóò i

äàëi ÷åðåç δu ïîçíà÷åíî âïîðÿäêîâàíèé íàáið ç ïîõiäíèõ Dαu ≡ ∂α1+...+αn

∂x
α1
1 ...∂xαnn

u
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ôóíêöi¨ u ïîðÿäêiâ |α| ∈M (ïðàâèëî âïîðÿäêóâàííÿ òàêå æ, ÿê äëÿ êîìïî-

íåíòiâ âåêòîðiâ ξ ∈ RN ).

Äàëi ñôîðìóëüîâàíó âèùå ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ (1) ç êðàéîâèìè

óìîâàìè (2) i ïî÷àòêîâîþ óìîâîþ (3) êîðîòêî íàçèâàòèìåìî çàäà÷åþ (1)�(3).

Ìè âèâ÷àòèìåìî óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (1)�(3), à äëÿ öüîãî ââåäåìî

ïîòðiáíi äëÿ öüîãî ïîçíà÷åííÿ i çðîáèìî âiäïîâiäíi ïðèïóùåííÿ ùîäî âèõi-

äíèõ äàíèõ öi¹¨ çàäà÷i.

Íåõàé âèêîíó¹òüñÿ

(P) p−α := ess inf
x∈Ω

pα(x) > 1, p+
α := ess sup

x∈Ω
pα(x) < +∞ ∀α, |α| ∈M.

Íåõàé b̃(x) = b(x), ÿêùî x ∈ Ω0, i b̃(x) = 1, ÿêùî x ∈ Ω \Ω0. Ïîçíà÷èìî

÷åðåç Hb(Ω) ëiíiéíèé ïðîñòið, åëåìåíòàìè ÿêîãî ¹ ôóíêöi¨ w := b̃−1/2v, äå

v ∈ L2(Ω). Ïðîñòið Hb(Ω) ç ïiâíîðìîþ ‖w‖Hb(Ω) =
( ∫

Ω b(x)|w(x)|2dx
)1/2

¹

ïîâíèì ïiâíîðìîâàíèì ïðîñòîðîì. Ëåãêî ïåðåêîíàòèñÿ, ùî Hb(Ω) ¹ ïîïîâ-

íåííÿì ëiíiéíîãî ïðîñòîðó Vp çà ïiâíîðìîþ ‖ · ‖Hb(Ω) (äèâ. [51,[I.3.3]]).

Ââåäåìî ïðîñòið C([0, T ];Hb(Ω)) ÿê ëiíiéíèé ïðîñòið ôóíêöié h : [0, T ]→
Hb(Ω) òàêèõ, ùî b1/2h ∈ C([0, T ];L2(Ω)) , i ïiâíîðìó ‖h‖C([0,T ];Hb(Ω)) :=

max
t∈[0,T ]

‖h(·, t)‖Hb(Ω) íà íüîìó, ç ÿêîþ âií ¹ ïîâíèì ïiâíîðìîâàíèì ïðîñòîðîì.

Âèçíà÷èìî ïðîñòið

U b
p :=

◦
W

m,0
p (·)(Q) ∩ L2(Q) ∩ C([0, T ];Hb(Ω))

i íîðìó ‖h‖U b
p

:= ‖h‖Wm,0
p (·)(Q) + ‖h‖L2(Q) + ‖h‖C([0,T ];Hb(Ω)) íà íüîìó, ç ÿêîþ âií

¹ áàíàõîâèì.

Ïiä Ap ðîçóìiòèìåìî ìíîæèíó, åëåìåíòàìè ÿêî¨ ¹ âïîðÿäêîâàíi íàáîðè

(aα : |α| ∈M) âèçíà÷åíèõ íà Q×RN äiéñíîçíà÷íèõ ôóíêöié, ÿêi ïðîíóìåðî-

âàíi òàê ñàìî, ÿê êîìïîíåíòè åëåìåíòiâ ïðîñòîðó RN , i ôóíêöi¨ ç áóäü-ÿêîãî

òàêîãî íàáîðó çàäîâîëüíÿþòü òàêi ÷îòèðè óìîâè:

(A1) äëÿ êîæíîãî α (|α| ∈ M) ôóíêöiÿ aα(x, t, ξ) , (x, t, ξ) ∈ Q× RN , ¹

êàðàòåîäîðiâñüêîþ i, êðiì òîãî, aα(x, t, 0) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q .

(A2) äëÿ êîæíîãî α (|α| ∈M) , ìàéæå âñiõ (x, t) ∈ Q òà áóäü-ÿêèõ ξ ∈ RN

ìà¹ìî

|aα(x, t, ξ)| 6 hα(x, t)
∑
|β|∈M

|ξβ|pβ(x)/p ′α(x) + gα(x, t),
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äå hα ∈ L∞(Q) , gα ∈ Lp′α( · )(Q) ;

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà äîâiëüíèõ ξ, η ∈ RN âèêîíó¹òüñÿ

íåðiâíiñòü ∑
|α|∈M

(aα(x, t, ξ)− aα(x, t, η))(ξα − ηα) > K1|ξ0 − η0|2, (4)

äå K1 = const > 0 ;

(A4) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà áóäü-ÿêèõ ξ ç RN âèêîíó¹òüñÿ íåðiâ-

íiñòü ∑
|α|∈M

aα(x, t, ξ)ξα > K2

∑
|α|∈M

|ξα|pα(x) − g(x, t),

äå K2 = const > 0 , 0 6 g ∈ L1(Q) .

Íåõàé C � ìíîæèíà ôóíêöié c : Ω×Ω×(0, T )×R→ R , ÿêi çàäîâîëüíÿþòü

òàêi óìîâè:

(C1) ôóíêöiÿ c(x, y, t, s), (x, y, t, s) ∈ Ω × Ω × (0, T ) × R, ¹ êàðàòåîäîðiâ-
ñüêîþ i, êðiì òîãî, c(x, y, t, 0) = 0 äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω× Ω× (0, T ) ;

(C2) äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω×Q òà äîâiëüíèõ s1, s2 ∈ R âèêîíó¹òüñÿ

íåðiâíiñòü

|c(x, y, t, s1)− c(x, y, t, s2)| 6 L|s1 − s2|,

äå L = const > 0 .

Çàóâàæåííÿ 1. Ç óìîâè (C2) âèïëèâà¹, ùî

|c(x, t, y, s)| ≤ L|s| (5)

äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω× Ω× (0, T ) i áóäü-ÿêèõ s ∈ R .

Íåõàé Fp′ � ìíîæèíà, åëåìåíòàìè ÿêî¨ ¹ âïîðÿäêîâàíi íàáîðè (fα : |α| ∈
M) ç N âèçíà÷åíèõ íà Q äiéñíîçíà÷íèõ ôóíêöié, ÿêi ïðîíóìåðîâàíi òàê

ñàìî, ÿê åëåìåíòè ïðîñòîðó RN , i ôóíêöi¨ fα íàëåæàòü ïðîñòîðó Lp′α( · )(Q)

äëÿ êîæíîãî α, |α| ∈M .

Ïiä C1
c (0, T ) ðîçóìiòèìåìî ëiíiéíèé ïðîñòið íåïåðåðâíî äèôåðåíöiéîâíèõ

ôiíiòíèõ ôóíêöié ϕ : (0, T )→ R.

Îçíà÷åííÿ 0.1. Íåõàé (aα : |α| ∈ M) ∈ Ap , c ∈ C, (fα : |α| ∈ M) ∈ Fp′ ,
u0 ∈ Hb(Ω) .
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Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)�(3) íàçèâà¹ìî ôóíêöiþ u ∈ U b
p , ÿêà

çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

‖u(·, 0)− u0(·)‖Hb(Ω) = 0 (6)

òà iíòåãðàëüíó òîòîæíiñòü∫
Q

{∑
|α|∈M

aα(x, t, δu)Dαvϕ+ vϕ

∫
Ω

c(x, y, t, u(y, t)) dy − buvϕ′
}
dxdt =

=

∫
Q

∑
|α|∈M

fαD
αvϕ dxdt ∀ v ∈ Vp, ∀ϕ ∈ C1

c (0, T ). (7)

Îñíîâíèì ðåçóëüòàòîì íàøî¨ ðîáîòè ¹ òàêå òâåðäæåííÿ.

Òåîðåìà 0.1. Íåõàé (aα : |α| ∈ M) ∈ Ap , c ∈ C , (fα : |α| ∈ M) ∈ Fp′ ,
u0 ∈ Hb(Ω) i, êðiì òîãî, âèêîíó¹òüñÿ íåðiâíiñòü

K1 > LmesnΩ. (8)

Òîäi çàäà÷à (1)�(3) ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê i òiëüêè îäèí. Êðiì òîãî,

äëÿ íüîãî âèêîíó¹òüñÿ îöiíêà

max
t∈[0,T ]

∫
Ω

b(x)|u(x, t)|2 dx+

+

∫∫
Q

( ∑
|α|∈M

|Dαu(x, t)|pα(x) + |u(x, t)|2
)
dxdt 6

6 C1

[ ∫∫
Q

( ∑
|α|∈M

|fα(x, t)|p ′α(x) + g(x, t)
)
dxdt+

∫
Ω

b(x)|u0(x)|2 dx
]

(9)

äå C1 > 0 � ñòàëà, ÿêà çàëåæèòü âiä K1, K2, L,mesnΩ i p−α (|α| ∈M) .

Äîâåäåííÿ òåîðåìè 0.1. Äàëi äëÿ çðó÷íîñòi i ñêîðî÷åííÿ çàïèñiâ áóäåìî âè-

êîðèñòîâóâàòè òàêi ïîçíà÷åííÿ:

aα(w)(x, t) := aα(x, t, δw(x, t)), (x, t) ∈ Q, |α| ∈M ;

c(w)(x, y, t) := c(x, y, t, w(y, t)), (x, y, t) ∈ Ω× Ω× (0, T ).
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Äîâåäåííÿ òåîðåìè 0.1. Ïðîâåäåìî äîâåäåííÿ â òðè åòàïè. Ñïî÷àòêó äîâåäå-

ìî ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)�(3) , ïîòiì iñíóâàííÿ òà ïðàâèëüíiñòü îöiíêè

(9).

Ïåðøèé åòàï (¹äèíiñòü ðîçâ'ÿçêó). Ïðèïóñòèìî ñóïðîòèâíå. Íåõàé u1 i

u2 � äâà óçàãàëüíåíi ðîçâ'ÿçêè äàíî¨ çàäà÷i. Ðîçãëÿíåìî ðiçíèöþ ìiæ òîòî-

æíiñòþ (7) ç u = u1 i òîòîæíiñòþ (7) ç u = u2 :∫∫
Q

{∑
|α|∈M

(aα(x, t, δu1)− aα(x, t, δu2))D
αvϕ+

+vϕ

∫
Ω

(c(u1)(x, y, t)− c(u2)(x, y, t))) dy − b(x)(u1 − u2)vϕ
′
}
dxdt = 0.

Çâiäñè íà ïiäñòàâi ëåìè 2.3 ïiäðîçäiëó 2.2 ç w = u1−u2, θ ≡ 1 , t1 = 0 , t2 = T

îòðèìà¹ìî (äèâ. (2.43))

1

2

∫
Ω

b(x)|u1(x, T )− u2(x, T )|2dx+

+

∫∫
Q

{∑
|α|∈M

(aα(u1)− aα(u2)) (Dα(u1 − u2))
}
dxdt+

+

∫∫
Q

(u1 − u2)
(∫

Ω

(c(u1)(x, y, t)− c(u2)(x, y, t)) dy
)
dxdt = 0,

τ ∈ (0, T ]. (10)

Ç óìîâè (A3) âèïëèâà¹, ùî∫∫
Q

{ ∑
|α|∈M

(aα(u1)− aα(u2))(D
αu1 −Dαu2)

}
dxdt >

> K1

∫∫
Q

|u1 − u2|2 dxdt. (11)

Âèêîðèñòîâóþ÷è óìîâó (C2) , îòðèìà¹ìî òàêó îöiíêó:∣∣∣∣∣∣∣
∫∫
Q

(u1(x, t)− u2(x, t))
(∫

Ω

(c(u1)(x, y, t)− c(u2)(x, y, t))dy
)
dxdt

∣∣∣∣∣∣∣ 6
6
∫∫
Q

|u1(x, t)− u2(x, t)|
(∫

Ω

|c(u1)(x, y, t)− c(u2)(x, y, t)| dy
)
dxdt6
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6 L

∫∫
Q

|u1(x, t)− u2(x, t)|
(∫

Ω

|u1(y, t)− u2(y, t)| dy
)
dxdt =

= L

T∫
0

(∫
Ω

|u1(x, t)− u2(x, t)| dx
)2

dt 6

6 LmesnΩ
∫∫
Q

|u1 − u2|2 dxdt. (12)

Òîäi ç (10) íà ïiäñòàâi (11) i (12) çäîáóâà¹ìî

(K1 − LmesnΩ)

∫∫
Q

|u1 − u2|2 dxdt 6 0.

Çâiäñè òà óìîâè (8) îòðèìà¹ìî ðiâíiñòü u1(x, t) − u2(x, t) = 0 äëÿ ìàéæå

âñiõ (x, t) ∈ Q , à îòæå, u1 = u2 ìàéæå ñêðiçü íà Q . Îòðèìàíå ïðîòèði÷÷ÿ

äîâîäèòü íàøå òâåðäæåííÿ.

Äðóãèé åòàï (iñíóâàííÿ ðîçâ'ÿçêó). Äîâåäåìî iñíóâàííÿ óçàãàëüíåíîãî

ðîçâ'ÿçêó çàäà÷i (1)�(3), âèêîðèñòîâóþ÷è êîìáiíàöiþ ìåòîäiâ ðåãóëÿðèçàöi¨

òà Ôàåäî-Ãàëüîðêiíà. Íåõàé {wj}∞j=1 � ïîâíà ëiíiéíî íåçàëåæíà ñèñòåìà ôóí-

êöié â ïðîñòîði Vp . Äëÿ äîâiëüíîãî k ∈ N ïîçíà÷èìî Vk := {d1w1 + . . . +

dkwk
∣∣ d1, ..., dk ∈ R} . Î÷åâèäíî, ùî ìíîæèíà

⋃
k∈N

Vk ¹ ùiëüíîþ â ïðîñòîðàõ

Vp òà Hb(Ω) .

Âèáåðåìî ïîñëiäîâíiñòü
{
u0,k

}∞
k=1

òàêó, ùî u0,k ∈ Vk i

‖u0 − u0,k‖Hb(Ω) =
∥∥b1/2u0 − b1/2u0,k

∥∥∥
L2(Ω)

−→
k→+∞

0. (13)

Çàóâàæèìî, ùî äëÿ êîæíîãî k ∈ N , ìàéæå âñiõ x ∈ Ω i äîâiëüíîãî η ∈
(0, 1] ïðàâèëüíà íåðiâíiñòü∣∣∣b1/2(x)−

(
b(x) + η

)1/2∣∣∣2∣∣∣u0,k(x)
∣∣∣2 6 4(b(x) + 1)

∣∣∣u0,k(x)
∣∣∣2.

Îòîæ, íà ïiäñòàâi òåîðåìè ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà, äëÿ

êîæíîãî ôiêñîâàíîãî k ∈ N ìà¹ìî∥∥∥b1/2u0,k −
(
b+ η

)1/2

u0,k

∥∥∥
L2(Ω)

−→
η→0+

0.
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Çâiäñè âèïëèâà¹ iñíóâàííÿ ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë
{
ηk
}∞
k=1

òàêî¨, ùî

ηk −→
k→+∞

0 i

∥∥b1/2u0,k −
(
b+ ηk

)1/2
u0,k

∥∥
L2(Ω)

−→
k→+∞

0. (14)

Ïðèéìåìî

bk(x) := b(x) + ηk, x ∈ Ω, k ∈ N. (15)

Ç (13)�(15) âèïëèâà¹, ùî∥∥b1/2u0 − b1/2
k u0,k

∥∥∥
L2(Ω)

−→
k→+∞

0. (16)

Äëÿ êîæíîãî k ∈ N øóêà¹ìî ãàëüîðêiíñüêå íàáëèæåííÿ uk ó âèãëÿäi

uk(x, t) =
k∑
i=1

ck,i(t)wi(x), (x, t) ∈ Q, (17)

äå ck,1, ck,2, . . . , ck,k � àáñîëþòíî íåïåðåðâíi íà [0, T ] ôóíêöi¨ òàêi, ùî âèêî-

íóþòüñÿ ðiâíîñòi∫
Ω

{
bk(x)uk,twj +

∑
|α|∈M

aα(uk)D
αwj + wj

∫
Ω

c(uk)(x, y, t)dy
}
dx =

=

∫
Ω

∑
|α|∈M

fαD
αwj dx, t ∈ [0, T ], j = 1, k, (18)

uk(x, 0) = u0,k(x), x ∈ Ω. (19)

Ñïiââiäíîøåííÿ (18), (19) ìîæíà òðàêòóâàòè ÿê çàäà÷ó Êîøi äëÿ ñèñòå-

ìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç íåâiäîìèìè ôóíêöiÿìè ck,1,. . . ,ck,k.

Ñèñòåìó ðiâíÿíü (18) ìîæíà çâåñòè äî íîðìàëüíî¨ ôîðìè. Òîìó íà ïiäñòàâi

òåîðåìè ïðî iñíóâàííÿ, ¹äèíiñòü òà ïðîäîâæåííÿ ðîçâ'ÿçêó öi¹¨ çàäà÷i (äèâ.,

íàïðèêëàä, [28]) iñíó¹ ¹äèíèé ãëîáàëüíèé ¨¨ ðîçâ'ÿçîê c1,k, . . . .., ck,k i âií âè-

çíà÷åíèé íà äåÿêîìó ïðîìiæêó [0, Tk〉 , äå Tk 6 T . Òóò i äàëi äóæêà " 〉" îçíà-
÷à¹ àáî äóæêó ")" àáî äóæêó "]". Îòîæ, ôóíêöiÿ uk âèçíà÷åíà íà ìíîæèíi

Ω × [0, Tk〉. Ïiçíiøå ìè âñòàíîâèìî îöiíêè, ç ÿêèõ áóäå âèïëèâàòè ðiâíiñòü

[0, Tk〉 = [0, T ] .
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Òåïåð îòðèìà¹ìî âiäïîâiäíi îöiíêè ÷ëåíiâ ïîñëiäîâíîñòi {uk}∞k=1 . Äëÿ êî-

æíîãî j ∈ {1, . . . , k} äîìíîæèìî ðiâíiñòü ñèñòåìè (18) ç íîìåðîì j íà ck,j i

ïiäñóìó¹ìî îòðèìàíi ðiâíîñòi. Çäîáóòó ðiâíiñòü ïðîiíòåãðó¹ìî çà t ∈ [0, τ ] ⊂
[0, Tk〉 i âèêîðèñòà¹ìî (17), (19) òà ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè. Ó ðå-

çóëüòàòi çäîáóäåìî

1

2

∫
Ω

bk(x)|uk(x, τ)|2 dx+

τ∫
0

∫
Ω

{ ∑
|α|∈M

aα(uk)D
αuk

}
dxdt =

=

τ∫
0

∫
Ω

{ ∑
|α|∈M

fαD
αuk

}
dxdt−

−
τ∫

0

∫
Ω

uk(x, t)
(∫

Ω

c(uk)(x, y, t)dy
)
dxdt+

1

2

∫
Ω

bk(x)|u0,k(x)|2 dx. (20)

Äàëi íàì áóäå ïîòðiáíà òàêà íåðiâíiñòü, ùî âèïëèâà¹ ç íåðiâíîñòi Þíãà:

äëÿ ìàéæå âñiõ x ∈ Ω

ad 6 ε|a|r(x) + ε−
1

r−−1 |d|r′(x), a, d ∈ R, ε ∈ (0, 1), (21)

äå r ∈ L∞(Ω) , r− := ess inf
x∈Ω

r(x) > 1 , r′(x) := r(x)/(r(x)− 1) äëÿ ìàéæå âñiõ

x ∈ Ω .

Äëÿ äîâiëüíîãî 0 < δ < 1 , âèêîðèñòîâóþ÷è óìîâè (A1), (A3) òà (A4) ,

îòðèìó¹ìî òàêó îöiíêó:

τ∫
0

∫
Ω

{ ∑
|α|∈M

aα(uk)D
αuk

}
dxdt =

= (δ + (1− δ))
τ∫

0

∫
Ω

{ ∑
|α|∈M

aα(uk)D
αuk

}
dxdt ≥

≥ δK1

τ∫
0

∫
Ω

|uk|2 dxdt+ (1− δ)K2

τ∫
0

∫
Ω

∑
|α|∈M

|Dαuk|pα(x) dxdt−

−(1− δ)
τ∫

0

∫
Ω

g dxdt. (22)
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Âèêîðèñòàâøè (21), çäîáóâà¹ìî∣∣∣∣∣∣
τ∫

0

∫
Ω

{ ∑
|α|∈M

fαD
αuk

}
dxdt

∣∣∣∣∣∣ 6
τ∫

0

∫
Ω

{ ∑
|α|∈M

|fα||Dαuk|
}
dxdt 6

6 ε

τ∫
0

∫
Ω

{ ∑
|α|∈M

|Dαuk|pα(x)
}
dxdt+

τ∫
0

∫
Ω

{ ∑
|α|∈M

ε−1/(p−α−1)|fα|p
′
α(x)
}
dxdt, (23)

äå ε ∈ (0, 1) � äîâiëüíå ÷èñëî.

Âèêîðèñòîâóþ÷è íåðiâíiñòü (5) òà íåðiâíiñòü Êîøi�Áóíÿêîâñüêîãî,

îòðèìà¹ìî

∣∣∣ τ∫
0

∫
Ω

uk(x, t)
(∫

Ω

c(uk)(x, y, t) dy
)
dxdt

∣∣∣ 6
6

τ∫
0

∫
Ω

|uk(x, t)|
(∫

Ω

|c(uk)(x, y, t)| dy
)
dxdt 6

6 L

τ∫
0

∫
Ω

|uk(x, t)|
(∫

Ω

|uk(y, t)| dy
)
dxdt =

= L

τ∫
0

(∫
Ω

|uk(x, t)| dx
)2

dt 6 LmesnΩ

τ∫
0

∫
Ω

|uk(x, t)|2 dxdt (24)

Ç ðiâíîñòi (20) íà ïiäñòàâi (22) � (24) îòðèìà¹ìî

1

2

∫
Ω

bk(x)|uk(x, τ)|2 dx+

+ ((1− δ)K2 − ε)
τ∫

0

∫
Ω

{ ∑
|α|∈M

|Dαuk|pα(x)
}
dxdt+

+ (δK1 − LmesnΩ)

τ∫
0

∫
Ω

|uk|2 dxdt 6
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6

τ∫
0

∫
Ω

{ ∑
|α|∈M

ε−1/(p−α−1)|fα|p
′
α(x)
}
dxdt+

+ (1− δ)
τ∫

0

∫
Ω

g dxdt+
1

2

∫
Ω

bk|u0,k|2 dx, τ ∈ [0, Tk〉.

(25)

Â (25) âèáåðåìî çíà÷åííÿ δ ∈ (0, 1) òàêèì, ùîáè âèêîíóâàëàñü íåðiâíiñòü

δK1 − LmesnΩ > 0 (öå ìîæíà çðîáèòè íà ïiäñòàâi (8)), à òîäi âèáåðåìî çíà-

÷åííÿ ε ∈ (0, 1) òàêèì, ùîá âèêîíóâàëàñü íåðiâíiñòü (1 − δ)K2 − ε > 0,

íàïðèêëàä, ε = (1− δ)K2/2. Ó ðåçóëüòàòi îòðèìà¹ìî

∫
Ω

bk(x)|uk(x, τ)|2 dx+ C2

τ∫
0

∫
Ω

( ∑
|α|∈M

|Dαuk|pα(x) + |uk|2
)
dxdt 6

6 C3

τ∫
0

∫
Ω

( ∑
|α|∈M

|fα|p
′
α(x) + g

)
dxdt+

∫
Ω

bk|u0,k|2 dx, τ ∈ [0, Tk〉,

(26)

äå C2, C3 � äîäàòíi ñòàëi ÿêi íå çàëåæàòü âiä r i k .

Ç (16) âèïëèâà¹, ùî ïîñëiäîâíiñòü
{ ∫

Ω bk|u0,k|2 dx
}+∞
k=1

¹ îáìåæåíîþ. Çâiä-

ñè òà ç (26) îòðèìà¹ìî òàêi îöiíêè∫
Ω

bk(x)|uk(x, τ)|2 dx 6 C4 ∀τ ∈ (0, Tk), (27)

τ∫
0

∫
Ω

{ ∑
|α|∈M

|Dαuk|pα(x)
}
dxdt 6 C5 ∀τ ∈ (0, Tk), (28)

τ∫
0

∫
Ω

|uk(x, t)|2 dxdt 6 C6 ∀τ ∈ (0, Tk), (29)

äå C4, C5, C6 � äîäàòíi ñòàëi, ÿêi íå çàëåæàòü âiä τ òà k .

Íà ïiäñòàâi (27) ìà¹ìî, çîêðåìà, ùî Tk = T i [0, Tk〉 = [0, T ]. Îòæå, îöiíêè

(27), (28) ïðàâèëüíi ïðè çàìiíi (0, Tk) íà [0, T ] .



173

Ç óìîâè (A2) , íåðiâíîñòi (5) òà îöiíîê (28), (29), âèêîðèñòîâóþ÷è íåðiâ-

íiñòü Ãåëüäåðà, îòðèìà¹ìî îöiíêè∫∫
Q

|aα(uk)|p
′
α(x) dxdt 6 C7, |α| ∈M, (30)

∫∫
Q

∣∣∣ ∫
Ω

c(uk)(x, y, t)dy
∣∣∣2 dxdt 6 C8, (31)

äå C7, C8 � ñòàëi, ÿêi íå çàëåæèòü âiä k .

Îñêiëüêè ïðîñòîðè Lpα(·)(Q) , Lp ′α(·)(Q) ( |α| ∈M ) ¹ ðåôëåêñèâíèìè

(äèâ. [37,[p. 600]]), òî ç îöiíîê (27) � (31) âèïëèâà¹ iñíóâàííÿ ïiäïîñëiäîâíîñòi

ïîñëiäîâíîñòi {uk} (öþ ïiäïîñëiäîâíiñòü ïîçíà÷àòèìåìî òàê ñàìî ÿê i âñþ

ïîñëiäîâíiñòü), ôóíêöié u ∈
◦
W

m,0
p (·)(Q) ∩ L2(Q) , ũ ∈ L∞(0, T ;L2(Ω)) , χα ∈

Lp ′α(·)(Q) ( |α| ∈M ), ζ ∈ L2(Q) òàêèõ, ùî

b
1/2
k uk −→

k→∞
ũ ∗ −ñëàáêî â L∞(0, T ;L2(Ω)), (32)

uk −→
k→∞

u ñëàáêî â L2(Q), (33)

uk −→
k→∞

u ñëàáêî â
◦
W

m,0
p (·)(Q), (34)

aα(uk) −→
k→∞

χα ñëàáêî â Lp ′α(·)(Q), |α| ∈M, (35)

∫
Ω

c(uk)dy −→
k→∞

ζ ñëàáêî â L2(Q). (36)

Äîâåäåìî, ùî u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)�(3). Äëÿ öüîãî ñïî-

÷àòêó âiäìiòèìî, ùî

b
1/2
k −→

k→∞
b1/2 ñèëüíî â L2(Ω) i ìàéæå âñþäè íà Ω. (37)

Òåïåð ïîêàæåìî, ùî

ũ = b1/2u ìàéæå âñþäè íà Q. (38)

Ñïðàâäi, äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ C(Q) íà ïiäñòàâi (32) ìà¹ìî∫∫
Q

b
1/2
k ukψdxdt −→

k→+∞

∫∫
Q

ũψ dxdt. (39)
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Áåðó÷è äî óâàãè (37), ëåãêî ïîêàçàòè, ùî b1/2
k ψ −→

k→+∞
b1/2ψ â Lp0′(·)(Q) . Îòîæ,

íà ïiäñòàâi (34), ìà¹ìî∫∫
Q

ukb
1/2
k ψ dxdt −→

k→+∞

∫∫
Q

ub1/2ψ dxdt. (40)

Ñïiââiäíîøåííÿ (39), (40) äàþòü ïiäñòàâó ñòâåðäæóâàòè, ùî äëÿ áóäü-ÿêî¨

ψ ∈ C(Q) ïðàâèëüíà ðiâíiñòü∫∫
Q

ũψ dxdt =

∫∫
Q

b1/2uψ dxdt,

çâiäêè âèïëèâà¹ ðiâíiñòü (38). Âèáåðåìî äîâiëüíèì ÷èíîì i çàôiêñó¹ìî ÷èñëà

j, k ∈ N òàêi, ùî k > j . Äîìíîæèìî ðiâíiñòü ñèñòåìè (18) ç íîìåðîì j

íà ôóíêöiþ θ ∈ C1([0, T ]) òàêó, ùî θ(T ) = 0 , i ïðîiíòåãðó¹ìî îòðèìàíó

ðiâíiñòü çà t âiä 0 äî T òà âèêîðèñòà¹ìî ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè.

Ó ðåçóëüòàòi çäîáóäåìî ðiâíiñòü, ç ÿêî¨ ïåðåéøîâøè äî ãðàíèöi ïðè k → ∞
i âçÿâøè äî óâàãè (16), (19), (32)�(38), îòðèìà¹ìî

−θ(0)

∫
Ω

b(x)u0(x)wj(x) dx−
∫∫
Q

buwjθ
′ dxdt+

+

∫∫
Q

( ∑
|α|∈M

(χα − fα)Dαwj + ζwj

)
θ dxdt = 0. (41)

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî äëÿ êîæíèõ v ∈ Vp i θ ∈ C1([0, T ]) , θ(T ) = 0 ,

ïðàâèëüíà ðiâíiñòü

−θ(0)

∫
Q

b(x)u0(x)v(x) dx−
∫∫
Q

buvθ′ dxdt+

+

∫∫
Q

( ∑
|α|∈M

(χα − fα)Dαv + ζv
)
θ dxdt = 0. (42)

Çàóâàæèìî, ùî êîëè âçÿòè θ = ϕ ∈ C1
c (0, T ) â (42), òî îòðèìà¹ìî ðiâíiñòü∫∫

Q

{( ∑
|α|∈M

(χα − fα)Dαv + vζ
)
ϕ− buvϕ′

}
dxdt = 0 (43)

äëÿ êîæíèõ v ∈ Vp i ϕ ∈ C1
c (0, T ) .
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Íà ïiäñòàâi ëåìè (2.3) i (43) ìà¹ìî, ùî

u ∈ C
(
[0, T ];Hb(Ω)

)
(44)

i äëÿ êîæíèõ v ∈ Vp i θ ∈ C1([0, T ]) , θ(T ) = 0 , ïðàâèëüíà ðiâíiñòü

−θ(0)

∫
Ω

b(x)u(x, 0)v(x) dx−
∫∫
Q

buvθ′ dxdt+

+

∫∫
Q

( ∑
|α|∈M

(χα − fα)Dαv + ζv
)
θ dxdt = 0. (45)

Ç (42) i (45) îòðèìó¹ìî (6), à ç (33), (34) i (44) âèïëèâà¹, ùî u ∈ U b
p .

Ìàþ÷è íà óâàçi (43), äëÿ äîâåäåííÿ òîòîæíîñòi (7) äîñòàòíüî ïîêàçàòè,

ùî ïðàâèëüíà ðiâíiñòü∫
Ω

{ ∑
|α|∈M

χα(x, t)Dαv(x) + ζ(x, t)v(x)
}
dx =

=

∫
Ω

{ ∑
|α|∈M

aα(u)(x, t)Dαv(x) + v(x)

∫
Ω

c(u)(x, y, t)dy
}
dx (46)

äëÿ ìàéæå âñiõ t ∈ (0, T ) òà áóäü-ÿêèõ v ∈ Vp . Äëÿ öüîãî âèêîðèñòà¹ìî

ìåòîä ìîíîòîííîñòi (äèâ. [83]). Íåõàé w ∈ Wm,0
p (·) (Q) � äîâiëüíà ôóíêöiÿ.

Ïîçíà÷èìî

Wk :=

∫∫
Q

{ ∑
|α|∈M

(aα(uk)(x, t)− aα(w)(x, t)))×

× (Dαuk(x, t)−Dαw(x, t)) +

+
(∫

Ω

[c(uk)(x, y, t)− c(w)(x, y, t)]dy
)
×

×
(
uk(x, t)− w(x, t)

)}
θ dxdt, ∀k ∈ N,

äå θ(t) = 1− t/T, t ∈ R.
Íà ïiäñòàâi óìîâè (A3) äëÿ êîæíîãî k ∈ N ìà¹ìî

Wk >
∫∫
Q

{
K1|uk(x, t)− w(x, t)|2 + (uk(x, t)− w(x, t))×

×
∫
Ω

[
c(x, t, y, uk(y, t))− c(x, t, y, w(y, t))

]
dy
}
θ dxdt. (47)
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Àíàëîãi÷íî ÿê ìè îòðèìàëè ïðàâèëüíiñòü (12), ìîæåìî âñòàíîâèòè íåðiâ-

íiñòü

∣∣∣∣∣∣∣
∫∫
Q

(uk(x, t)− w(x, t))
(∫

Ω

[c(uk)(x, y, t)− c(w)(x, y, t)] dy
)
θdxdt

∣∣∣∣∣∣∣ 6
6 LmesnΩ

∫∫
Q

|uk − w|2 θdxdt. (48)

Ç (47) i (48), âðàõóâàâøè óìîâó C2, îòðèìó¹ìî

Wk > (K1 − LmesnΩ)

∫∫
Q

|uk(x, t)− w(x, t)|2θ dxdt > 0 ∀k ∈ N.

Ìà¹ìî

Wk =

∫∫
Q

{ ∑
|α|∈M

aα(uk)D
αuk + uk

∫
Ω

c(uk)dy
}
θ dxdt−

−
∫∫
Q

{ ∑
|α|∈M

[
aα(uk)D

αw + aα(w)(Dαuk −Dαw)
]
−

−w
∫
Ω

c(uk)dy −
(
uk − w

) ∫
Ω

c(w)dy
}
θdxdt > 0. (49)

Äëÿ êîæíîãî j ∈ {1, . . . , k} ïîìíîæèìî ðiâíiñòü ñèñòåìè (18) ç íîìåðîì j

íà ck,jθ i ïiäñóìó¹ìî îòðèìàíi ðiâíîñòi çà j . Ðåçóëüòóþ÷ó ðiâíiñòü iíòåãðó¹ìî

çà t ∈ [0, T ] i âèêîðèñòîâó¹ìî ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè òà (17) i (19) .

Ó ðåçóëüòàòi îòðèìà¹ìî∫∫
Q

{ ∑
|α|∈M

aα(uk)D
αuk + uk

∫
Ω

c(uk)dy
}
θ dxdt =

=

∫∫
Q

{ ∑
|α|∈M

fαD
αuk

}
θ dxdt−

− 1

2T

∫∫
Q

bk|uk|2 dxdt+
1

2

∫
Ω

bk|u0,k|2 dx, k ∈ N. (50)
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Íà ïiäñòàâi (49) i (50) çäîáóâà¹ìî

Wk =

∫∫
Q

{ ∑
|α|∈M

fαD
αuk

}
θ dxdt−

− 1

2T

∫∫
Q

bk|uk|2 dxdt+
1

2

∫
Ω

bk|u0,k|2 dx−

−
∫∫
Q

{ ∑
|α|∈M

[
aα(uk)D

αw + aα(w)(Dαuk −Dαw)
]
−

− w
∫
Ω

c(uk)dy − (uk − w)

∫
Ω

c(w)dy
}
θ dxdt > 0. (51)

Iç ñïiââiäíîøåíü (32), (38) âèïëèâà¹

lim
k→∞

inf

∫∫
Q

bk|uk|2 dxdt >
∫∫
Q

b|u|2 dxdt. (52)

Íà ïiäñòàâi (16), (34) � (36) i (52), ç (51) îòðèìà¹ìî

0 6 lim
k→∞

supWk 6
∫∫
Q

{ ∑
|α|∈M

fαD
αu
}
θ dxdt−

− 1

2T

∫∫
Q

b|u|2 dxdt+
1

2

∫
Ω

b|u0|2 dx−

−
∫∫
Q

{ ∑
|α|∈M

[
χαD

αw + aα(w)(Dαu−Dαw)
]
−

−wζ −
(
u− w)

∫
Ω

c(w)(x, y, t)dy
}
θ dxdt. (53)

Ç (43), âèêîðèñòîâóþ÷è ëåìó 1 (äèâ. (9)) i (6), ìàòèìåìî∫∫
Q

{ ∑
|α|∈M

χαD
αu+ uζ

}
θ dxdt =

∫∫
Q

{ ∑
|α|∈M

fαD
αu
}
θ dxdt−

− 1

2T

∫∫
Q

b|u|2 dxdt+
1

2

∫
Ω

b|u0|2 dx. (54)

Òîäi íà ïiäñòàâi (53) i (54) çäîáóâà¹ìî∫∫
Q

{∑
|α|∈M

(χα − aα(w))(Dαu−Dαw)+
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+(u− w)
(
ζ −

∫
Ω

c(w)dy
)}
θ dxdt > 0. (55)

Ïiäñòàâèâøè w = u − λvϕ â (55), äå v ∈ Vp , ϕ ∈ C1
c (0, T ) , λ > 0 �

äîâiëüíi ôiêñîâàíi, i ïîäiëèâøè îòðèìàíó íåðiâíiñòü íà λ , îòðèìà¹ìî∫∫
Q

{ ∑
|α|∈M

(χα − aα(u− λvϕ))Dαv+

+
(
ζ −

∫
Ω

c(u− λvϕ)dy
)
v
}
θϕ dxdt > 0. (56)

Ïåðåõîäÿ÷è â (56) äî ãðàíèöi ïðè λ → 0+ íà ïiäñòàâi óìîâ (A1) i (A2)

òà òåîðåìè ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà, (äèâ. [31,ñ. 648]),

çäîáóâà¹ìî∫∫
Q

{ ∑
|α|∈M

(χα − aα(u))Dαv +
(
ζ −

∫
Ω

c(u)dy
)
v
}
θϕ dxdt = 0,

äå v ∈ Vp i ϕ ∈ C1
c (0, T ) ¹ äîâiëüíèìè ôóíêöiÿìè. Îòîæ, ðiâíiñòü (46) ¹

ïðàâèëüíîþ.

Ç (43), áåðó÷è äî óâàãè (46), îòðèìà¹ìî (7). Òàêèì ÷èíîì, ìè ïîêàçàëè,

ùî u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)�(3).

Òðåòié åòàï (îöiíêà ðîçâ'ÿçêó). Âèêîðèñòîâóþ÷è ëåìó (2.3) ç w = u, θ ≡
1, t1 = 0, t2 = τ ∈ (0, T ], îòðèìà¹ìî (äèâ. (2.43))

1

2

∫
Ω

b(x)|u(x, τ)|2dx+

τ∫
0

∫
Ω

{ ∑
|α|∈M

aα(u)Dαu
}
dxdt =

=

τ∫
0

∫
Ω

{ ∑
|α|∈M

fαD
αu
}
dxdt−

τ∫
0

∫
Ω

u(x, t)
(∫

Ω

c(u)(x, y, t) dy
)
dxdt+

+
1

2

∫
Ω

b(x)|u0(x)|2dx. (57)

Ëåãêî ïîêàçàòè âèêîíàííÿ íåðiâíîñòåé ïîäiáíèõ äî (22), (23) òà (24) ç u

çàìiñòü uk, k ∈ N . Îòæå, ìîæíà îòðèìàòè íåðiâíiñòü àíàëîãi÷íó äî (25), ç

ÿêî¨ ëåãêî âèïëèâà¹ îöiíêà (9) óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)�(3).
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Ñïèñîê îïóáëiêîâàíèõ ïðàöü çäîáóâà÷à

çà òåìîþ äèñåðòàöi¨ òà âiäîìîñòi ïðî

àïðîáàöiþ ðåçóëüòàòiâ

1. Áîêàëî Ì.Ì., Ïðèòóëà ß. Ã., Ñêiðà I. Â.: Ïðî ðîçâ'ÿçêè àíiçîòðîïíèõ ïà-

ðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi â íåîáìåæåíèõ çà

÷àñîâîþ çìiííîþ îáëàñòÿõ. Âiñíèê Íàöiîíàëüíîãî Óíiâåðñèòåòó "Ëüâiâñüêà

ïîëiòåõíiêà". Ôiçèêî-ìàòåìàòè÷íi íàóêè. 807, 7�16 (2014).

2. Áîêàëî Ì.Ì., Ñêiðà I. Â.: Ìiøàíà çàäà÷à äëÿ iíòåãðî-äèôåðåíöiàëüíèõ

åëiïòè÷íî-ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi. Çáið-

íèê ïðàöü Iíñòèòóòó ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè . 14(3),

21�46 (2017).

3. Bokalo M.M., Skira I. V.: Almost Periodic Solutions for Nonlinear Integro-

Di�erential Elliptic-Parabolic Equations with Variable Exponents of Nonlinearty.

International Journal of Evolution Equations. 10(3-4), 297�314 (2017).

4. Áîêàëî Ì.Ì., Ñêiðà I. Â.: Çàäà÷à Ôóð'¹ äëÿ iíòåãðî-äèôåðåíöiàëüíèõ

åëiïòè÷íî-ïàðàáîëi÷íèõ ñèñòåì çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi. Âiñíèê

Ëüâiâñüêîãî óíiâåðñèòåòó. Ñåðiÿ ìåõàíiêî-ìàòåìàòè÷íà. 83, 109�122 (2017).

5. Bokalo M.M., Skira I. V.: Solutions for higher-order anisotropic elliptic-

parabolic equations in time unbounded domains. New Trends in Mathematical

Sciences. 6(2), 29�42 (2018).

6. Áîêàëî Ì.Ì., Ñêiðà I. Â.: Êîðåêòíiñòü çàäà÷i Ôóð'¹ äëÿ ñëàáêî íåëiíié-

íèõ åëiïòè÷íî-ïàðàáîëiíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿä-

êiâ. Âiñíèê Ëüâiâñüêîãî óíiâåðñèòåòó. Ñåðiÿ ìåõàíiêî-ìàòåìàòè÷íà. 85, 91�

116 (2018).

179



180

7. Bokalo M.M., Skira I. V.: The Fourier problem for weakly nonlinear integro-

di�erential eliptic-parabolic systems. Matematychni Studii. 51(1), 59�73 (2019).

8. Bokalo M.M., Skira I. V.: Fourier problem for weakly nonlinear evolution

inclusions with functionals. Journal of Optimization, Di�erential Equations, and

their Applications. 27(1), 3�22 (2019).

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ àïðîáîâàíî

íà òàêèõ êîíôåðåíöiÿõ i ñåìiíàðàõ:

� 10th international Scorobohatko mathematical conference (Äðîãîáè÷, 25-28

ñåðïíÿ 2015 ðîêó;

� international conference on di�erential equations dedicated to the 110th anni-

versary of Ya. B. Lopatynsky (Ëüâiâ, 20-24 ñåðïíÿ 2016 ðîêó);

� 5th international conference of young scientists on di�erential equations and

applications dedicated to Yaroslav Lopatynsky (Êè¨â, 9-11 ëèñòîïàäà 2016 ðîêó);

� international scienti�c conference "Modern problems of mathematics and

its application in natural sciences and information technologies dedicated to the

50th anniversary of the Faculty of Mathematics and Informatics (×åðíiâöi, 17-19

âåðåñíÿ 2018 ðîêó);

� VI âñåóêðà¨íñüêà ìàòåìàòè÷íà êîíôåðåíöiÿ iìåíi Á. Â. Âàñèëèøèíà "Íå-

ëiíiéíi ïðîáëåìè àíàëiçó"(Iâàíî-Ôðàíêiâñüê - Ìèêóëè÷èí, 26-28 âåðåñíÿ 2018

ðîêó);

� 6th Ya. B. Lopatynsky International School-Workshop on Di�erential Equati-

ons and Applications (Âiííèöÿ, 18-20 ÷åðâíÿ 2019 ðîêó);

� ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ "Ñó÷àñíi ïðîáëåìè äèôåðåíöiàëüíèõ

ðiâíÿíü òà ¨õ çàñòîñóâàííÿ ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðîôå-

ñîðà Ñ.Ä. Åéäåëüìàíà (×åðíiâöi, 16-19 âåðåñíÿ 2020 ðîêó);

� XI international Skorobohatko mathematical conference (Ëüâiâ, 26 � 30 æîâ-

òíÿ 2020 ðîêó);

� ëüâiâñüêîìó ìiñüêîìó ñåìiíàði ç äèôåðåíöiàëüíèõ ðiâíÿíü, êåðiâíèêè:

ïðîô. Áîêàëî Ì. Ì., ïðîô. Êàëåíþê Ï. I. (2 æîâòíÿ 2020 ðîêó).


