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ÇÀÃÀËÜÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÎÁÎÒÈ

Àêòóàëüíiñòü òåìè äîñëiäæåííÿ. Ìàòåìàòèêà i òåîðåòè÷íà ôiçèêà � äâi íå-
ðîçäiëüíi ñôåðè iíòåëåêòóàëüíî¨ äiÿëüíîñòi ëþäèíè. Ôiçèêà ¹ íåâè÷åðïíèì äæåðå-
ëîì ñêëàäíèõ çàäà÷ äëÿ ìàòåìàòèêiâ, à ìàòåìàòèêà ñòàëà äëÿ ôiçèêiâ ÷è íå îñíîâ-
íèì iíñòðóìåíòîì, ïåðåäóñiì ó äîñëiäæåííÿõ ìiêðîñâiòó. Òàê âèâ÷åííÿ äèôåðåí-
öiàëüíèõ îïåðàòîðiâ Øðåäèí åðà äà¹ íàì iíôîðìàöiþ ïðî ïðîòiêàííÿ êâàíòîâî-
ìåõàíi÷íèõ ïðîöåñiâ. Ìåòîþ òàêîãî àíàëiçó ¹ îïèñ ñïåêòðiâ îïåðàòîðiâ � çíàõî-
äæåííÿ åíåðãåòè÷íèõ ðiâíiâ êâàíòîâèõ ñèñòåì, îïèñ äàíèõ ðîçñiþâàííÿ � îá÷èñ-
ëåííÿ éìîâiðíîñòi ïðîõîäæåííÿ åëåìåíòàðíèõ ÷àñòèíîê ÷åðåç åíåðãåòè÷íi ïîòåí-
öiàëè, çíàõîäæåííÿ ðîçâ'ÿçêiâ îáåðíåíèõ ñïåêòðàëüíèõ çàäà÷ òà çàäà÷ ðîçñiþâàí-
íÿ � âiäíîâëåííÿ ôîðìè ïîòåíöiàëiâ çà ñïåêòðàëüíèìè äàíèìè ÷è äàíèìè ðîçñi-
þâàííÿ. Ó òàêèõ çàäà÷àõ òðåáà ïðîâåñòè íå ëèøå ÿêiñíå äîñëiäæåííÿ, àëå é îòðè-
ìàòè ÿêîìîãà òî÷íiøèé êiëüêiñíèé ðåçóëüòàò � îá÷èñëèòè åíåðãåòè÷íi ðiâíi ÷è
éìîâiðíiñòü ïðîõîäæåííÿ. Òîìó ôiçèêà ñòàâèòü ïåðåä ìàòåìàòè÷íèìè ìîäåëÿìè
äâi íà ïåðøèé ïîãëÿä êîíôëiêòóþ÷i âèìîãè: ìîäåëü ïîâèííà àäåêâàòíî îïèñóâàòè
ðåàëüíèé ïðîöåñ i âîäíî÷àñ ìàòè ÿâíi ðîçâ'ÿçêè. Òàêi ìîäåëi íàçèâàþòü òî÷íèìè.

Çàçâè÷àé âçà¹ìîäi¨ ó êâàíòîâî-ìåõàíi÷íèõ ïðîöåñàõ ìàþòü ëîêàëüíèé õàðàê-
òåð i âiäáóâàþòüñÿ â ìàëèõ çîíàõ. Â îäíîâèìiðíîìó âèïàäêó ëîêàëüíi âçà¹ìîäi¨
çàìiíÿþòü òàê çâàíèìè òî÷êîâèìè âçà¹ìîäiÿìè � óìîâàìè ñïðÿæåííÿ äëÿ õâè-
ëüîâèõ ôóíêöié â îêðåìèõ òî÷êàõ. Çàãàëîì ïîòåíöiàëè, ëîêàëiçîâàíi â îêîëi ïiäì-
íîãîâèäiâ ìåíøî¨ âèìiðíîñòi, ìîæíà çàìiíèòè óìîâàìè ñïðÿæåííÿ ÷è êðàéîâèìè
óìîâàìè íà öèõ ïiäìíîãîâèäàõ, çíà÷íî ñïðîñòèâøè ìîäåëü. Îñíîâíà ìàòåìàòè÷íà
ïðîáëåìà ïîëÿãà¹ ó âìîòèâîâàíîìó âèáîði óìîâ. Ëîêàëiçîâàíèé ïîòåíöiàë òðåáà
çàìiíèòè òàêèìè óìîâàìè, ùîá îòðèìàíà òî÷íà ìîäåëü íàéêðàùå àïðîêñèìóâàëà,
ÿê ÿêiñíî, òàê i êiëüêiñíî, ðåàëüíèé ïðîöåñ.

Ïîáóäîâà òî÷íèõ ìîäåëåé ó êâàíòîâié ìåõàíiöi òà ¨õ äîñëiäæåííÿ � öå îêðå-
ìèé ðîçäië òåîði¨ îïåðàòîðiâ Øðåäèí åðà, ÿêèé âèâ÷à¹ îïåðàòîðè ç ïîòåíöiàëà-
ìè-ðîçïîäiëàìè, çîñåðåäæåíèìè íà ìíîæèíàõ ìiðè íóëü, îïåðàòîðè iç çáóðåííÿ-
ìè ñêií÷åííîãî ðàíãó, à òàêîæ çáiæíiñòü ñiìåé îïåðàòîðiâ iç ñèíãóëÿðíî çáóðå-
íèìè ïîòåíöiàëàìè. Ïåðøèé ðåçóëüòàò ùîäî ãàìiëüòîíiàíiâ, ÿêi ìiñòèëè ñóìó δ-
ôóíêöié, R. Kronig i W. Penny îòðèìàëè ùå â 1931 ðîöi, ôàêòè÷íî â ÷àñè ïîÿâè
óçàãàëüíåíèõ ôóíêöié. Ïðîòå iíòåíñèâíèé ðîçâèòîê öi¹¨ òåîði¨ ðîçïî÷àâñÿ ó 80-õ
ðîêàõ ìèíóëîãî ñòîëiòòÿ i òðèâà¹ äîíèíi. Âàãîìèé íàóêîâèé âíåñîê òóò çðîáèëè
òàêi äîñëiäíèêè: S. Albeverio, F. Gesztesy, R. Høegh-Krohn, H. Holden, P. Cherno�,
R. Hughes, M. Klaus, P. Exner, A. Zettl, P. �Seba, H. Neidhardt, V. Zagrebnov,
P. Kurasov, J. F. Brasche, C. Cacciapuoti, J. Derezi�nski, D. Finco, S. Hassi, M. Gadella,
L. Nieto, R. Figari, A. Posilicano, A. Teta, J. Behrndt, M. Holzmann, V. Lotorei-
chik, M. Znojil, Ë. Ä. Ôàää¹¹â, Ô. Î. Áåðåçií, À. Í. Êî÷óáåé, Â. Ä. Êîøìàíåíêî,
Ë. Ï. Íèæíèê, Â. À. Ìèõàéëåöü, Î. Â. Çîëîòàðþê, Ì. Ì. Ìàëàìóä, Î. Êîñòåí-
êî, Â. Î. Äåðêà÷, Ñ. Î. Êóæåëü, Â. Ë. Êóëèíñüêèé, Â. �. Ëÿíöå, Ð. Î. Ãðèíiâ,
ß. Â. Ìèêèòþê, À. À. Øêàëèêîâ, À. Ì. Ñàâ÷óê, Ð. Ð. Ãàäèëüøèí, Ä. I. Áîðè-
ñîâ òà ií. Ïîçàÿê íå iñíó¹ çàãàëüíî¨ òåîði¨ ëiíiéíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ ç
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óçàãàëüíåíèìè ôóíêöiÿìè â êîåôiöi¹íòàõ, òî çàëèøà¹òüñÿ áàãàòî âiäêðèòèõ ïðîá-
ëåì. Öi ïðîáëåìè íàñàìïåðåä ïîâ'ÿçàíi çi çáiæíiñòþ îïåðàòîðiâ Øðåäèí åðà iç
çáóðåíèìè ïîòåíöiàëàìè, ÿêi çàçâè÷àé ¹ ðåãóëÿðèçàöiÿìè ðîçïîäiëiâ ç âèñîêèì
ïîðÿäêîì ñèíãóëÿðíîñòi.

Îïåðàòîðè Øðåäèí åðà ç ïîòåíöiàëàìè òèïó Êóëîíà � ïîòåíöiàëàìè, ÿêi ìà-
þòü ñòåïåíåâi îñîáëèâîñòi � íå ìåíø öiêàâi ç ïîãëÿäó ôiçèêè. Çîêðåìà, ¨õ äîñëi-
äæåííÿ ïîâ'ÿçàíi ç ïðîáëåìîþ îäíîâèìiðíîãî àòîìà âîäíþ, ÿêà â îñòàííi ïiâñòî-
ëiòòÿ ïîðîäèëà ãîñòði íàóêîâi äèñêóñi¨ òà áiëüøå äâîõ òèñÿ÷ ïóáëiêàöié. Ñèíãó-
ëÿðíiñòü ïîòåíöiàëiâ ñïðè÷èíÿ¹ íåãëàäêiñòü ðîçâ'ÿçêiâ, ÿêi ¹ âèçíà÷åíèìè ëèøå â
îäíîñòîðîííiõ îêîëàõ îñîáëèâî¨ òî÷êè i ¨õ òðåáà ïî¹äíàòè äîäàòêîâèìè óìîâàìè.
Ùîá ïîáóäóâàòè ãàìiëüòîíiàí àòîìà âîäíþ ïîòðiáíî âêàçàòè öi óìîâè ÿâíî. Äîñëi-
äæåííÿ îäíîâèìiðíèõ ìîäåëåé àòîìà âîäíþ ïðîâîäèëè R. Loudon, M. Moshinsky,
R. G. Newton, W. Fischer, H. Leschke, P. M�uller, P. Kurasov, F. Gesztesy, M. Klaus,
B. Bodenstorfer, A. Dijksma, H. Langer, C. R. de Oliveira, A. A. Verri, I. Î. Âàêàð÷óê,
Â. Ì. Òêà÷óê òà ií.

Ó ñïåêòðàëüíié òåîði¨ îïåðàòîðiâ Øðåäèí åðà âàæëèâèì ¹ âñòàíîâëåííÿ óìîâ,
ïðè âèêîíàííi ÿêèõ iñíóþòü âiä'¹ìíi âëàñíi çíà÷åííÿ, òà óìîâ, êîëè öi âëàñíi çíà-
÷åííÿ ïîãëèíà¹ íèæíÿ ìåæà íåïåðåðâíîãî ñïåêòðó ïðè íåñêií÷åííî ìàëèõ ñòà-
ëèõ âçà¹ìîäi¨. Âèâ÷åííÿ òàê çâàíî¨ ïîðîãîâî¨ ïîâåäiíêè âëàñíèõ çíà÷åíü ìà¹ ñà-
ìîñòiéíó öiííiñòü äëÿ ñïåêòðàëüíî¨ òåîði¨, àëå âîäíî÷àñ ïîðîãîâà ïîâåäiíêà ìà¹
ñòîñóíîê äî ïèòàíü ñòiéêîñòi ðîçâ'ÿçêiâ ðiâíÿííÿ Êîðòåâåãà-äå-Âðiçà òà iñíóâà-
ííÿ �áðiçåðiâ� � ïóëüñóþ÷èõ ëîêàëiçîâàíèõ íåëiíiéíèõ õâèëü � äëÿ äèñêðåòíèõ
íåëiíiéíèõ îïåðàòîðiâ Øðåäèí åðà. Òàêi ïðîáëåìè âèâ÷àëè B. Simon, M. Klaus,
M. L. Goldberger, J. Rauch, S. Albeverio, F. Gesztesy, R. Høegh-Krohn, H. Holden,
A. Jensen, M. Melgaard, Ð. Ð. Ãàäèëüøèí òà ií.

Ïîÿâà íîâèõ òåõíîëîãié, ïîâ'ÿçàíèõ ç êîìïîçèòíèìè ìàòåðiàëàìè, ñïðèÿëà
àêòèâíîìó ðîçâèòêó òåîði¨ ñèëüíî íåîäíîðiäíèõ ñåðåäîâèù òà òåîði¨ óñåðåäíåííÿ.
Øëÿõîì ïðîöåäóðè óñåðåäíåííÿ ÷è ç äîïîìîãîþ iíøèõ àñèìïòîòè÷íèõ ìåòîäiâ
êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ iç øâèäêîçìiííèìè êîåôiöi¹íòà-
ìè â îáëàñòÿõ iç ñêëàäíîþ ãåîìåòði¹þ ìîæíà àïðîêñèìóâàòè çàäà÷àìè äëÿ óñå-
ðåäíåíèõ îïåðàòîðiâ â îáëàñòÿõ ç ïðîñòîþ ãåîìåòði¹þ. Âàãîìèé âíåñîê â òåîðiþ
óñåðåäíåííÿ çðîáèëè J.-L. Lions, Î. À. Îëiéíèê, Â. Â. Æèêîâ, Â. Î. Ìàð÷åíêî,
�. ß. Õðóñëîâ òà ií. Çîêðåìà, òåîðiÿ ñèëüíî íåîäíîðiäíèõ ñåðåäîâèù äîñëiäæó¹
âëàñòèâîñòi ñèñòåì iç íåîäíîðiäíèì ðîçïîäiëîì ìàñè ÷è ç ïðè¹äíàíèìè ìàñàìè
íà ìíîæèíàõ ìåíøîãî âèìiðó. Òàêi ìîäåëi âèâ÷àëè ó ñâî¨õ ðîáîòàõ E. S�anchez-
Palencia, Î. À. Îëiéíèê, M. Lobo, E. P�erez, Ñ. À. Íàçàðîâ, Ò. À. Ìåëüíèê, Ã. À. ×å-
÷êèí, Â. Î. Ðèáàëêî òà ií.

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ ñòîñóþòüñÿ îäíîâèìiðíèõ òà äâîâèìiðíèõ ôi-
çè÷íèõ ìîäåëåé. Öi ìîäåëi íå ¹ ñïðîùåííÿì áàãàòîâèìiðíèõ, à âiäiãðàþòü ðîëü
ïåðâèííèõ ìàòåìàòè÷íèõ ìîäåëåé â ðiçíèõ ãàëóçÿõ ñó÷àñíî¨ ôiçè÷íî¨ íàóêè. Ìî-
äåëi îäíîâèìiðíî¨ ôiçèêè ñòàëè àêòóàëüíèìè ñàìå îñòàííiìè äåñÿòèëiòòÿìè, áî
ëèøå òåïåð ¨õ ìîæíà åêñïåðèìåíòàëüíî ðåàëiçóâàòè. Îáìåæèòè ðóõ àòîìiâ äî
îäíîãî íàïðÿìêó ìîæíà, ïiääàâøè ¨õ äi¨ äóæå ñèëüíèõ ïîëiâ ÷è �óòðèìóþ÷è� â
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òîíêèõ ñòðóêòóðàõ, òàêèõ ÿê íàïiâïðîâiäíèêîâi êâàíòîâi äðîòè ÷è âóãëåöåâi íà-
íîòðóáêè. Äåÿêi çàäà÷i îäíîâèìiðíî¨ ôiçèêè ¹ íàáàãàòî ñêëàäíiøèìè ç ïîãëÿäó
ìàòåìàòèêè, íiæ ¨õ àíàëîãè ó âèùèõ ðîçìiðíîñòÿõ. Çîêðåìà, öå ñòîñó¹òüñÿ çàäà-
÷i ïðî àòîì âîäíþ. Ìàòåìàòèêà îäíîâèìiðíèõ ìîäåëåé òàêîæ ëåæèòü â îñíîâi
ñó÷àñíî¨ òåîði¨ êâàíòîâèõ ãðàôiâ, ÿêà îïèñó¹ ïðîöåñè ó êâàíòîâèõ õâèëåâîäàõ.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Äèñåðòàöiÿ
íàïèñàíà ó Ëüâiâñüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà ó ïðîöå-
ñi âèêîíàííÿ êàôåäðîþ äèôåðåíöiàëüíèõ ðiâíÿíü íàóêîâî-äîñëiäíèõ äåðæàâíèõ
òåì �Äîñëiäæåííÿ êîðåêòíîñòi êëàñè÷íèõ òà íåêëàñè÷íèõ çàäà÷ äëÿ ðiâíÿíü ó
÷àñòèííèõ ïîõiäíèõ� � 0108U004134, �Äîñëiäæåííÿ êîðåêòíîñòi ïðÿìèõ i îáåð-
íåíèõ çàäà÷ òà çàäà÷ ç âiëüíèìè ìåæàìè äëÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ� �
0111U001085, �Ðîçðîáêà ìåòîäiâ äîñëiäæåííÿ êîðåêòíîñòi ïðÿìèõ òà îáåðíåíèõ
çàäà÷ äëÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ� � 0117U001228.

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Ìåòîþ äèñåðòàöiéíî¨ ðîáîòè áóëà ïîáóäîâà
òà äîñëiäæåííÿ ìàòåìàòè÷íèõ ìîäåëåé, ÿêi îïèñóþòü ÿâèùà êâàíòîâî¨ ìåõàíiêè.
À ñàìå, ïîáóäîâà òàê çâàíèõ òî÷íèõ ìîäåëåé, ÿêi äàþòü íå ëèøå ÿêiñíèé îïèñ
ðåàëüíîãî ïðîöåñó, àëå é ÿêi ìîæíà âiäíîñíî ïðîñòî ðîçâ'ÿçàòè, îòðèìàâøè êiëü-
êiñíi õàðàêòåðèñòèêè � ñïåêòðè ÷è äàíi ðîçñiþâàííÿ. Ìàòåìàòè÷íî i ôiçè÷íî îá-
 ðóíòîâàíi òî÷íi ìîäåëi îòðèìóþòü øëÿõîì äîñëiäæåííÿ çáiæíîñòi äèôåðåíöiàëü-
íèõ îïåðàòîðiâ iç ëîêàëüíèìè ñèíãóëÿðíèìè çáóðåííÿìè êîåôiöi¹íòiâ òà âèâ÷åííÿ
àñèìïòîòè÷íî¨ ïîâåäiíêè ¨õíiõ ñïåêòðiâ. Çàâäàííÿì ðîáîòè áóëî:

◦ ðîçâ'ÿçàòè ïðîáëåìó δ′-ïîòåíöiàëó, ïîáóäóâàâøè òåîðiþ îäíîâèìiðíèõ îïå-
ðàòîðiâ Øðåäèí åðà ç (aδ′ + bδ)-ïîäiáíèìè ïîòåíöiàëàìè; çíàéòè òî÷íi ìî-
äåëi � ãàìiëüòîíiàíè ç òî÷êîâèìè âçà¹ìîäiÿìè, ÿêi íàéêðàùå àïðîêñèìóþòü
ñèñòåìè ç ëîêàëiçîâàíèìè äèïîëÿìè;

◦ òðàêòóþ÷è δ′-ïîòåíöiàë ÿê çáóðåííÿ ñêií÷åííîãî ðàíãó, ïîáóäóâàòè òåîðiþ
îäíîâèìiðíèõ îïåðàòîðiâ Øðåäèí åðà iç ñèíãóëÿðíèìè çáóðåííÿìè ðàíãó
äâà òà çíàéòè êëàñ òî÷íèõ ìîäåëåé;

◦ ðîçâ'ÿçàòè ïðîáëåìó îäíîâèìiðíîãî àòîìà âîäíþ, çíàéøîâøè êëàñ ãàìiëü-
òîíiàíiâ, ùî âiäïîâiäàþòü îïåðàòîðàì Øðåäèí åðà ç ïîòåíöiàëàìè òèïó Êó-
ëîíà;

◦ âèâ÷èòè âïëèâ ìàãíiòíèõ ïîòåíöiàëiâ íà ãðàíè÷íi òî÷êîâi âçà¹ìîäi¨ äëÿ îïå-
ðàòîðiâ Øðåäèí åðà ç îäíî÷àñíèì (aδ′+bδ)-ïîäiáíèì çáóðåííÿì ìàãíiòíîãî
i åëåêòðè÷íîãî ïîòåíöiàëiâ;

◦ ïîáóäóâàòè òî÷íi ìîäåëi i àñèìïòîòèêó ñïåêòðiâ äëÿ äâîâèìiðíèõ îïåðàòî-
ðiâ Øðåäèí åðà iç ñèíãóëÿðíèìè çáóðåííÿìè ïîòåíöiàëiâ, çîñåðåäæåíèìè
âçäîâæ êðèâèõ;
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◦ äëÿ îïåðàòîðiâ Øðåäèí åðà iç çàëåæíèìè âiä ïàðàìåòðà ïîòåíöiàëàìè çíà-
éòè óìîâè iñíóâàííÿ âiä'¹ìíèõ âëàñíèõ çíà÷åíü, ÿêi ïîãëèíàþòüñÿ íåïåðåðâ-
íèì ñïåêòðîì ïðè ïðÿìóâàííi ïàðàìåòðà äî íóëÿ;

◦ âèâ÷èòè âïëèâ δ′-ïîäiáíèõ çáóðåíü âàãîâèõ ôóíêöié íà ñïåêòðè îïåðàòîðiâ
Øòóðìà-Ëióâiëëÿ, à òàêîæ âïëèâ çáóðåíü âàãîâèõ ôóíêöié â îêîëi çàìêíå-
íèõ êðèâèõ íà ñïåêòðè åëiïòè÷íèõ êðàéîâèõ çàäà÷.

Îá'¹êòîì äîñëiäæåííÿ áóëè îïåðàòîðè Øðåäèí åðà iç ëîêàëüíèìè ñèíãóëÿð-
íèìè çáóðåííÿìè ïîòåíöiàëiâ, à òàêîæ îïåðàòîðè Øòóðìà-Ëióâiëëÿ òà îïåðàòîðè
åëiïòè÷íèõ êðàéîâèõ çàäà÷ iç ñèíãóëÿðíèìè çáóðåííÿìè âàãîâèõ ôóíêöié.

Ïðåäìåòîì äîñëiäæåíü áóëè óìîâè çáiæíîñòi ñiìåé ñàìîñïðÿæåíèõ îïåðàòîðiâ
â ðiâíîìiðíié òà ñèëüíié ðåçîëüâåíòíèõ òîïîëîãiÿõ, àñèìïòîòèêà ñïåêòðiâ, óìîâè
iñíóâàííÿ âiä'¹ìíèõ âëàñíèõ çíà÷åíü ç ïîðîãîâîþ ïîâåäiíêîþ.

Ìåòîäè äîñëiäæåííÿ. Ó äîñëiäæåííÿõ îñíîâíèìè áóëè àñèìïòîòè÷íi ìåòî-
äè äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü. Â ïî¹äíàííi ç ìåòîäàìè òåîði¨ îïåðàòîðiâ i
ôóíêöiîíàëüíîãî àíàëiçó âîíè ñòàëè åôåêòèâíèì iíñòðóìåíòîì âèâ÷åííÿ çáiæíî-
ñòi ñàìîñïðÿæåíèõ îïåðàòîðiâ, êîíñòðóêòèâíî¨ ïîáóäîâè ãðàíè÷íèõ îïåðàòîðiâ òà
àñèìïòîòè÷íîãî îïèñó ñïåêòðiâ.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Â äèñåðòàöi¨ âïåðøå îòðèìàíi
òàêi íàóêîâi ðåçóëüòàòè ç òåîði¨ òî÷íèõ ìîäåëåé äëÿ îïåðàòîðiâ Øðåäèí åðà òà
ñïåêòðàëüíî¨ òåîði¨ äèôåðåíöiàëüíèõ îïåðàòîðiâ:

◦ ìàòåìàòè÷íî êîðåêòíî ñôîðìóëüîâàíî i ðîçâ'ÿçàíî ïðîáëåìó δ′-ïîòåíöiàëó,
äîâåäåíî ðiâíîìiðíó ðåçîëüâåíòíó çáiæíiñòü îïåðàòîðiâ Øðåäèí åðà çi çáó-
ðåííÿìè (aδ′ + bδ)-ïîäiáíèìè ïîòåíöiàëàìè, îïèñàíî êëàñ òî÷êîâèõ âçà¹ìî-
äié, ÿêi âèíèêàþòü ó ñèñòåìàõ ç ëîêàëiçîâàíèìè äèïîëÿìè, âèâ÷åíî âïëèâ
íà òî÷êîâi âçà¹ìîäi¨ øâèäêîñòåé çáiæíîñòi δ- òà δ′-ïîäiáíèõ ïîñëiäîâíîñòåé;

◦ äîâåäåíî, ùî òðàêòóâàííÿ δ′-ïîòåíöiàëó ÿê çáóðåííÿ ñêií÷åííîãî ðàíãó âåäå
äî öiëêîâèòî íîâî¨ ôiçè÷íî¨ ìîäåëi, îïèñàíî âñi ÿêiñíî ðiçíi âèïàäêè ãðàíè÷-
íî¨ ïîâåäiíêè îïåðàòîðiâ Øðåäèí åðà iç ñèíãóëÿðíèìè ëîêàëüíèìè çáóðåí-
íÿìè ðàíãó äâà, ïîáóäîâàíî íîâèé øèðîêèé êëàñ òî÷íèõ ìîäåëåé;

◦ âïåðøå ïðîáëåìó δ′-ïîòåíöiàëó óçàãàëüíåíî íà äâîâèìiðíèé âèïàäîê, âèâ÷å-
íî àñèìïòîòè÷íó ïîâåäiíêó ñïåêòðiâ îïåðàòîðiâ Øðåäèí åðà ç äèïîëüíèìè
çáóðåííÿìè ïîòåíöiàëiâ â îêîëi çàìêíåíèõ êðèâèõ, êîíñòðóêòèâíî îïèñàíî
âïëèâ ãåîìåòði¨ êðèâèõ i ðåçîíàíñiâ íóëüîâî¨ åíåðãi¨ íà ãðàíè÷íi âçà¹ìîäi¨;

◦ ïîáóäîâàíî ìàòåìàòè÷íó òåîðiþ îäíîâèìiðíîãî àòîìà âîäíþ, çíàéäåíî óìî-
âè çáiæíiñòü îïåðàòîðiâ Øðåäèí åðà ç ïîòåíöiàëàìè òèïó Êóëîíà, ÿêi çáó-
ðåíi (aδ′ + bδ)-ïîäiáíèìè ïîòåíöiàëàìè; ïîáóäîâàíî êëàñ òî÷íèõ ìîäåëåé i
äîâåäåíî, ùî âèáið òî÷íî¨ ìîäåëi êðèòè÷íî çàëåæèòü âiä ôîðìè ðåãóëÿðè-
çàöi¨ ïîòåíöiàëó Êóëîíà;
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◦ çíàéäåíî íîâi óìîâè iñíóâàííÿ âiä'¹ìíèõ âëàñíèõ çíà÷åíü äëÿ îäíîâèìið-
íèõ îïåðàòîðiâ Øðåäèí åðà ç ïîòåíöiàëàìè, ùî ìàþòü êîìïàêòíèé íîñié,
à òàêîæ óìîâè, êîëè öi âëàñíi çíà÷åííÿ ïîãëèíà¹ íåïåðåðâíèé ñïåêòð ïðè
äåÿêèõ ïîðîãîâèõ ñòàëèõ âçà¹ìîäi¨, ïîáóäîâàíî àñèìïòîòèêè òàêèõ âëàñíèõ
çíà÷åíü;

◦ ïîáóäîâàíî àñèìïòîòèêó ñïåêòðiâ îïåðàòîðiâ Øòóðìà-Ëióâiëëÿ ç ëîêàëü-
íèìè çáóðåííÿìè âàãîâèõ ôóíêöié òà îïåðàòîðiâ äâîâèìiðíèõ åëiïòè÷íèõ
êðàéîâèõ çàäà÷, êîëè âàãîâi ôóíêöi¨ çáóðåíi â îêîëi çàìêíåíèõ êðèâèõ; â
îáîõ âèïàäêàõ ãðàíè÷íi îïåðàòîðè ¹ íåñàìîñïðÿæåíèìè i âîëîäiþòü æîðäà-
íîâèìè ëàíöþãàìè äîâæèíè 2, ùî ¹ íàñëiäêîì ñèíãóëÿðíî¨ ãåîìåòði¨ âàãîâèõ
ïðîñòîðiâ Ëåáåãà.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Îòðèìàíi â äèñåðòàöi¨ ìàòå-
ìàòè÷íi ðåçóëüòàòè ìàþòü áåçïîñåðåäíié ñòîñóíîê äî ñó÷àñíèõ ïðîáëåì êâàíòîâî¨
ìåõàíiêè, à òîìó ìîæóòü çíàéòè çàñòîñóâàííÿ ó íàíîòåõíîëîãiÿõ, â ÿêèõ äîìiíó¹
êâàíòîâà ïðèðîäà ïðîöåñiâ.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Íàóêîâi ðåçóëüòàòè äèñåðòàöi¨ àâòîð îòðèìàâ
ñàìîñòiéíî. Â ñòàòi [1] àâòîðîâi íàëåæàòü ðîçäië 3.1 òà ëåìè 6.3, 6.4, â [2] � ðîçäiëè
2-5, â [3] � ðîçäiëè 2-5, â [14] ðîçäië 2, à â [15] � ðîçäiëè 4-6.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Çà ðåçóëüòàòàìè äîñëiäæåíü, ùî óâiéøëè
ó äèñåðòàöiþ, çðîáëåíi äîïîâiäi íà òàêèõ íàóêîâèõ ñåìiíàðàõ i êîíôåðåíöiÿõ.

◦ Workshop �Asymptotic and Numerical Analysis of Structures and Heterogeneous
Media�. Saint-Petersburg, Russia, December 2000.

◦ Research seminar on Di�erential Equations and Homogenization Theory by Prof.
M. Lobo and Prof. M. E. P�erez. University of Cantabria, Spain (2000, 2009).

◦ Research seminar on Homogenization Theory by Prof. A. Piatnitsky. Narvik
University College, Narvik, Norway (2004, 2006, 2010).

◦ Workshop �Mathematical Techniques for Multiscale-Analysis�. Heidelberg Uni-
versity, Heidelberg, Germany, October 2005.

◦ Research seminar of The Bath Institute for Complex Systems by Prof. V. Smy-
shlyaev. University of Bath, Bath, United Kingdom, July 2009.

◦ Research seminar on Partial Di�erential Equations by Prof. W. J�ager. Heidelberg
University, Heidelberg, Germany, June 2010.

◦ Workshop �Mathematical Challenges of Zero Range Physics: Rigorous Results
and Open Problems�. Sapienza University, Rome, Italy, July 2018.
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◦ Ëüâiâñüêèé ìiæâóçiâñüêèé ñåìiíàð ç ôóíêöiîíàëüíîãî àíàëiçó iìåíi ïðîô.
Â. Å. Ëÿíöå (êåðiâíèê ïðîô. O. Ã. Ñòîðîæ), Ëüâiâñüêèé íàöiîíàëüíèé óíi-
âåðñèòåò iì. Iâàíà Ôðàíêà, Ëüâiâ, áåðåçåíü 2009.

◦ Êè¨âñüêèé ñåìiíàð ç ôóíêöiîíàëüíîãî àíàëiçó (êåðiâíèêè ïðîôåñîðè À. Í.
Êî÷óáåé, Â. À. Ìèõàéëåöü, Â. Ë. Îñòðîâñüêèé, Þ. Ñ. Ñàìîéëåíêî), Iíñòèòóò
ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, ëèñòîïàä 2012.

◦ Ëüâiâñüêèé ìiñüêèé ñåìiíàð ç äèôåðåíöiàëüíèõ ðiâíÿíü (êåðiâíèêè ïðîôå-
ñîðè Ì. I. Iâàí÷îâ, Ï. I. Êàëåíþê, Á. É. Ïòàøíèê), Ëüâiâñüêèé íàöiîíàëüíèé
óíiâåðñèòåò iì. Iâàíà Ôðàíêà, Ëüâiâ, (2000�2019).

◦ Ðiçäâÿíi äèñêóñi¨. Êîíôåðåíöiÿ êàôåäðè òåîðåòè÷íî¨ ôiçèêè, Ëüâiâñüêèé íà-
öiîíàëüíèé óíiâåðñèòåò iì. Iâàíà Ôðàíêà, Ëüâiâ, ãðóäåíü 2018 òà 2019 ðð.

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíi â 15 ïðàöÿõ ó ôàõîâèõ
íàóêîâèõ âèäàííÿõ, ñåðåä íèõ 12 ñòàòåé � ó âèäàííÿõ, ÿêi iíäåêñóþòüñÿ ó íàó-
êîìåòðè÷íié áàçi Scopus. Â ïåðåëiêó � 10 ïóáëiêàöié ó æóðíàëàõ, âiäíåñåíèõ äî
ïåðøîãî i äðóãîãî êâàðòèëiâ (Q1 i Q2) âiäïîâiäíî äî êëàñèôiêàöi¨ SCImago Journal

and Country Rank. Òàêi ñòàòòi ïðèðiâíþþòüñÿ äî òðüîõ ïóáëiêàöié, òîìó çàãàëüíà
êiëüêiñòü ïóáëiêàöié ç ðåéòèíãîâèìè ìíîæíèêàìè � 35.

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó, äåâ'ÿòè
ðîçäiëiâ, âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë òà äîäàòêó. Ïåðåëiê âèêîðèñòà-
íèõ äæåðåë ìiñòèòü 271 áiáëiîãðàôi÷íó ïîçèöiþ. Ïîâíèé îáñÿã äèñåðòàöi¨ ñòàíî-
âèòü 339 ñòîðiíîê, ç íèõ 289 ñòîðiíîê îñíîâíîãî òåêñòó.

ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äèñåðòàöi¨, âêàçàíî çâ'ÿçîê ðîáîòè ç
íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè, ñôîðìóëüîâàíî ìåòó i çàâäàííÿ äîñëi-
äæåííÿ, âèçíà÷åíî îá'¹êò i ïðåäìåò äîñëiäæåííÿ, îïèñàíî ìåòîäè äîñëiäæåííÿ,
îõàðàêòåðèçîâàíî íàóêîâó íîâèçíó i ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ,
âêàçàíî ïóáëiêàöi¨ òà àïðîáàöiþ ðåçóëüòàòiâ äîñëiäæåííÿ.

Ïåðøèé ðîçäië i äâà íàñòóïíi ñòîñóþòüñÿ âiäîìî¨ â êâàíòîâié ìåõàíiöi ïðîá-
ëåìè δ′-ïîòåíöiàëó. Âîíà ïîëÿãà¹ ó ïîáóäîâi òî÷íèõ ìîäåëåé äëÿ ëîêàëiçîâàíîãî
äèïîëþ � ïîòåíöiàëó, ïîðîäæåíîãî ïàðîþ áëèçüêî ðîçòàøîâàíèõ ÷àñòèíîê iç çà-
ðÿäàìè ðiçíîãî çíàêó. Òàêèé ïîòåíöiàë ¹ ïî¹äíàííÿì âèñîêî¨ åíåðãåòè÷íî¨ ñòiíè
i ãëèáîêî¨ åíåðãåòè÷íî¨ ÿìè, ëîêàëiçîâàíèõ â îêîëi îäíi¹¨ òî÷êè. Ïðîáëåìà ñòàëà
ïðåäìåòîì íàóêîâèõ äèñêóñié â ìèíóëîìó ñòîëiòòi i äîâãèé ÷àñ ââàæàëè, ùî âîíà
áóëà ðîçâ'ÿçàíà Ï. Øåáîþ â ñåðåäèíi 80-õ ðîêiâ. Ïðîòå öåé ðåçóëüòàò âèÿâèâñÿ ïî-
ìèëêîâèì. Äî òîãî æ ñàìå ôîðìóëþâàííÿ ïðîáëåìè � çíàéòè ¹äèíó òî÷íó ìîäåëü
äëÿ îïåðàòîðà Øðåäèí åðà ç δ′-ïîòåíöiàëîì � áóëî ìàòåìàòè÷íî íåêîðåêòíèì.
Íà âiäìiíó âiä δ-ïîòåíöiàëó îïåðàòîð Øðåäèí åðà ç δ′-ïîòåíöiàëîì ¹ ÷óòëèâèì äî
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ôîðìè ðåãóëÿðèçàöi¨. ßêùî δ′-ïîòåíöiàë â îïåðàòîði Øðåäèí åðà çàìiíèòè éîãî
ðåãóëÿðèçàöi¹þ ε−2V (ε−1x), òî íà âèáið òî÷íî¨ ìîäåëi ìàòèìå âïëèâ ïðîôiëü V ,
à ñàìå, òî÷êîâi âçà¹ìîäi¨ çàëåæàòèìóòü âiä ñïåêòðàëüíèõ âëàñòèâîñòåé îïåðàòîðà
Øðåäèí åðà ç ïîòåíöiàëîì V . Çà ôîðìàëüíèì ãàìiëüòîíiàíîì ç δ′-ïîòåíöiàëîì
õîâà¹òüñÿ áàãàòîìàíiòòÿ êâàíòîâî-ìåõàíi÷íèõ ïðîöåñiâ ç ðiçíèìè âëàñòèâîñòÿìè.

Â öüîìó ðîçäiëi ìè äîñëiäæóâàëè îïåðàòîðè Øðåäèí åðà

Hε = − d2

dx2
+ V0(x) + ε−2V (ε−1x)

â ïðîñòîði L2(R), ÿêi ¹ çáóðåííÿì îïåðàòîðàH = − d2

dx2 +V0 òàê çâàíîþ δ′-ïîäiáíîþ
ïîñëiäîâíiñòþ ε−2V (ε−1 · ). Ïîòåíöiàë V0 ¹ äiéñíèì, ëîêàëüíî îáìåæåíèì i òàêèì,
ùî îïåðàòîð H ñàìîñïðÿæåíèé. Ôóíêöiÿ V � äiéñíà i îáìåæåíà, à ε � äîäàòíèé
ïàðàìåòð. Êàçàòèìåìî, ùî îïåðàòîð− d2

dx2 +V â L2(R) âîëîäi¹ ðåçîíàíñîì íóëüîâî¨
åíåðãi¨, ÿêùî ðiâíÿííÿ −u′′ + V u = 0 ìà¹ íåíóëüîâèé ðîçâ'ÿçîê, ÿêèé îáìåæåíèé
íà óñié ïðÿìié. Öåé ðîçâ'ÿçîê íàçèâà¹ìî íàïiâçâ'ÿçíèì ñòàíîì îïåðàòîðà. Âií
¹äèíèé ç òî÷íiñòü äî ÷èñëîâîãî ìíîæíèêà.

Íåõàé ïiäïðîñòið V0 â L2(R) ñêëàäà¹òüñÿ ç ôóíêöié f òàêèõ, ùî f = f− ïðè
x < 0 i f = f+ ïðè x > 0 äëÿ äåÿêèõ f− i f+ ç domH. Íåõàé V− òà V+ � ïiäïðî-
ñòîðè â L2(R−) òà L2(R+) âiäïîâiäíî, ÿêi ìiñòÿòü çâóæåííÿ åëåìåíòiâ ïðîñòîðó
V0 íà âiäïîâiäíi ïiâîñi. Ââåäåìî îïåðàòîðè

Sθ = − d2

dx2
+ V0, domSθ = {f ∈ V0 : f(+0) = θf(−0), θf ′(+0) = f ′(−0)},

D± = − d2

dx2
+ V0, domD± = {f ∈ V± : f(0) = 0}

i ñôîðìóëþ¹ìî îñíîâíèé ðåçóëüòàò ïiäðîçäiëó 1.2. Òóò i íàäàëi Rλ(A) = (A−λ)−1

� ðåçîëüâåíòà îïåðàòîðà A.

Òåîðåìà 1.1. Äëÿ êîæíîãî ïîòåíöiàëó V ç êîìïàêòíèì íîñi¹ì îïåðàòîðè Hε

çáiãàþòüñÿ â ñåíñi ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi ïðè ε→ 0.
ßêùî îïåðàòîð − d2

dx2 +V âîëîäi¹ ðåçîíàíñîì íóëüîâî¨ åíåðãi¨ ç íàïiâçâ'ÿçíèì
ñòàíîì u, òî ãðàíè÷íèì äëÿ ñiì'¨ Hε ¹ îïåðàòîð Sθ ç ïàðàìåòðîì θ = u+/u−,
äå u± = lim

x→±∞
u(x). Êîëè æ ïîòåíöiàë V íå ìà¹ ðåçîíàíñó íóëüîâî¨ åíåðãi¨, òî

îïåðàòîðè Hε çáiãàþòüñÿ äî ïðÿìî¨ ñóìè D− ⊕D+.
Â îáîõ âèïàäêàõ äëÿ êîæíîãî λ ∈ C \ R ñïðàâåäëèâi íåðiâíîñòi

‖Rλ(Hε)−Rλ(Sθ)‖ 6 Cε1/2, ‖Rλ(Hε)−Rλ(D− ⊕D+)‖ 6 Cε1/2

çi ñòàëîþ C, íåçàëåæíîþ âiä ε.

Çáiæíiñòü îïåðàòîðiâ Hε íå ïîâ'ÿçàíà çi çáiæíiñòþ ïîòåíöiàëiâ ε−2V (ε−1·) â
ïðîñòîði óçàãàëüíåíèõ ôóíêöié. Çáóðåííÿ ìàþòü ãðàíèöþ â D′(R) ëèøå äëÿ ïðî-
ôiëiâ V ç íóëüîâèì ñåðåäíiì. Öåé ðåçóëüòàò âiäðiçíÿ¹òüñÿ âiä ðåçóëüòàòó Ï. Øåáè
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âàæëèâèìè ç ïîãëÿäó ôiçèêè ðåçîíàíñàìè, ÿêi âií íå ïîìiòèâ. Ïîòåíöiàëè ç ðå-
çîíàíñîì íóëüîâî¨ åíåðãi¨ íå ¹ ÷èìîñü ðiäêiñíèì. Ðåçîíàíñíîþ ìíîæèíîþ R(V )

ïîòåíöiàëó V íàçâåìî ìíîæèíó äiéñíèõ α, äëÿ ÿêèõ îïåðàòîð − d2

dx2 + αV ìà¹
ðåçîíàíñ íóëüîâî¨ åíåðãi¨.

Ëåìà 1.4. Íåõàé ïîòåíöiàë V ìà¹ êîìïàêòíèé i çâ'ÿçíèé íîñié. Òîäi R(V ) ¹
çëi÷åííîþ ìíîæèíîþ áåç ñêií÷åííèõ ãðàíè÷íèõ òî÷îê. ßêùî V çìiíþ¹ çíàê, òî
R(V ) çàâæäè ìà¹ äâi ãðàíè÷íi òî÷êè α = −∞ òà α = +∞.

Ñòàöiîíàðíà çàäà÷à ðîçñiþâàííÿ íà ïîòåíöiàëi αε−2V (ε−1·) ïîëÿãà¹ ó çíàõî-
äæåííi êîåôiöi¹íòà âiäáèòòÿ Rε(α, k) òà êîåôiöi¹íòà ïðîíèêíåííÿ Tε(α, k). Êâà-
äðàòè ìîäóëiâ öèõ âåëè÷èí ìàþòü ñåíñ éìîâiðíîñòåé âiäáèòòÿ òà ïðîíèêíåííÿ ÷à-
ñòèíîê ÷åðåç ïîòåíöiàë, áî |Rε(α, k)|2 + |Tε(α, k)|2 = 1. Òðåáà çíàéòè ðîçâ'ÿçîê yε
ðiâíÿííÿ −y′′ + αε−2V (ε−1x)y = k2y, ÿêèé ìà¹ âèãëÿä yε(x) = eikx +Rε(α, k)e−ikx

çëiâà âiä íîñiÿ çáóðåííÿ òà yε(x) = Tε(α, k)eikx � ñïðàâà, äå Im k > 0.
Ìè îòðèìàëè àñèìïòîòèêó êîåôiöi¹íòiâ Rε(α, k) òà Tε(α, k). Çîêðåìà, ïðè

εk → 0 ìà¹ìî, ùî Tε(α, k) = O(εk), êîëè α 6∈ R(V ), òà

Tε(α, k) =
2θα

1 + θ2
α

+O(ε2k2),

êîëè α ∈ R(V ). Òóò θ : R(V ) → R � ôóíêöiÿ íà ðåçîíàíñíié ìíîæèíi, äå
θ(α) = θα = u+

α/u
−
α i uα � íàïiâçâ'ÿçíèé ñòàí. Íà ðèñ. 1 çîáðàæåíî ãðàôiê éìî-

âiðíîñòi ïðîíèêíåííÿ |Tε(α, k)|2 ÿê ôóíêöi¨ ñòàëî¨ âçà¹ìîäi¨ α. Ãðàôiê ìà¹ øïè-
ëÿñòó ñòðóêòóðó, à éìîâiðíiñòü ñóòò¹âî âiäìiííà âiä íóëÿ â îêîëàõ òî÷îê ðåçî-
íàíñíî¨ ìíîæèíè. Ó âèïàäêó ðåçîíàíñó ÷àñòèíêè ïðîíèêàþòü ÷åðåç ïîòåíöiàë
αε−2V (ε−1·) ç éìîâiðíiñòþ, áëèçüêîþ äî ÷èñëà |T (α, k)|2 = 4θ2

α(1 + θ2
α)−2, ÿêå íå

çàëåæàòü âiä åíåðãi¨ ÷àñòèíîê k2. Ðèñóíîê 1 ðåàáiëiòó¹ δ′-ïîòåíöiàë, ÿêèé áàãàòî
ðîêiâ ââàæàëè àáñîëþòíî íåïðîíèêíèì.

a2

2|T (a,k)|e

0 a1a-1a-2

Ðèñ. 1: Ðåçîíàíñè ó éìîâiðíîñòi ïðîíèêíåííÿ ÷åðåç ïîòåíöiàë αε−2V (ε−1·).

Â ïiäðîçäiëi 1.3 öi ðåçóëüòàòè óçàãàëüíåíi íà ïîòåíöiàëè V êëàñó Ôàää¹¹âà-
Ìàð÷åíêà, ÿêi çàäîâîëüíÿþòü óìîâó

∫
R(1 + |x|)|V (x)| dx < ∞. Âiäñóòíiñòü êîì-

ïàêòíîãî íîñiÿ ïîòåíöiàëó V íå âïëèâà¹ íà âèãëÿä ãðàíè÷íèõ îïåðàòîðiâ, ïðîòå
çìiíþ¹ i çíà÷íî óñêëàäíþ¹ òåõíiêó äîâåäåíü, ÿêà òåïåð ñïèðà¹òüñÿ íà âëàñòèâîñòi
òà òîíêi àñèìïòîòèêè ðîçâ'ÿçêiâ Éîñòà. Òàêîæ íåìà¹ êâàëiôiêîâàíî¨ îöiíêè äëÿ
ðiçíèöi ðåçîëüâåíò â óñüîìó êëàñi Ôàää¹¹âà-Ìàð÷åíêà.



9

Òåîðåìà 1.2. Íåõàé V � äiéñíîçíà÷íèé ïîòåíöiàë ç êëàñó Ôàää¹¹âà-Ìàð÷åíêà.
Òîäi ñiì'ÿ îïåðàòîðiâ Øðåäèí åðà Hε = − d2

dx2 + ε−2V (ε−1·) çáiãà¹òüñÿ â ñåíñi
ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi ïðè ε → 0. Ïðè âiäñóòíîñòi ðåçîíàíñó
ãðàíè÷íèé îïåðàòîð ¹ ïðÿìîþ ñóìîþ D−0 ⊕ D+

0 . ßêùî V ìà¹ ðåçîíàíñ íóëüîâî¨
åíåðãi¨ ç íàïiâçâ'ÿçíèì ñòàíîì u, òî Hε çáiãàþòüñÿ äî îïåðàòîð S0,θ ç ïàðàìå-
òðîì θ = u+/u−. Òóò D±0 i S0,θ � öå îïåðàòîðè D± i Sθ ïðè V0 = 0.

Öåé ðåçóëüòàò ñïðàâåäëèâèé i äëÿ íåçáóðåíîãî îïåðàòîðà H = − d2

dx2 + V0 ç
ïîòåíöiàëîì V0 ïðè óìîâi, ùî âií íå çìiíþ¹ àñèìïòîòèê ðîçâ'ÿçêiâ Éîñòà ïðè
|x| → ∞, ïîáóäîâàíèõ äëÿ ïîòåíöiàëó V .

Òåîðåìà 1.5. Íåõàé V0 òà V � äiéñíîçíà÷íi ôóíêöi¨, ïðè÷îìó V0 ¹ îáìåæåíîþ
i ç êîìïàêòíèì íîñi¹ì, à V íàëåæèòü äî êëàñó Ôàää¹¹âà-Ìàð÷åíêà. Òîäi ñiì'ÿ
îïåðàòîðiâ Hε = − d2

dx2 + V0 + ε−2V (ε−1·) çáiãà¹òüñÿ â ñåíñi ðiâíîìiðíî¨ ðåçîëü-
âåíòíî¨ çáiæíîñòi ïðè ε → 0. Ïðè âiäñóòíîñòi ðåçîíàíñó ãðàíè÷íèé îïåðàòîð
ñiì'¨ Hε ¹ ïðÿìîþ ñóìîþ D− ⊕ D+. ßêùî V ìà¹ ðåçîíàíñ íóëüîâî¨ åíåðãi¨ ç
íàïiâçâ'ÿçíèì ñòàíîì u, òî Hε çáiãàþòüñÿ äî Sθ ç ïàðàìåòðîì θ = u+/u−.

Áà÷èìî, ùî ôîðìàëüíi âèðàçè − d2

dx2 + V0 + αδ′ ¹ ëèøå ñèìâîëi÷íèì ïîçíà÷å-
ííÿì êëàñó ôiçè÷íèõ ïðîöåñiâ ç ðiçíèìè âëàñòèâîñòÿìè. Íàñïðàâäi âèáið òî÷íî¨
ìîäåëi � ãàìiëüòîíiàíà â êëàñi òî÷êîâèõ âçà¹ìîäié � ¹ íåîäíîçíà÷íèì i çàëåæèòü
âiä ñïåêòðàëüíèõ âëàñòèâîñòåé ïðîôiëþ V . Â ðîçäiëi 2 ìè äîñëiäæóâàëè âçà¹-
ìîäiþ δ-ïîäiáíèõ òà δ′-ïîäiáíèõ ïîòåíöiàëiâ i äîâåëè, ùî íà âèáið òî÷íî¨ ìîäåëi
âïëèâàþòü íå ëèøå ïðîôiëi çáóðåíü, àëå é øâèäêîñòi ¨õ ëîêàëiçàöi¨. Ðîçãëÿíåìî
â ïðîñòîði L2(R) ñiì'þ îïåðàòîðiâ Øðåäèí åðà

Hε,ν = − d2

dx2
+ V0 + αε−2V (ε−1·) + βν−1U(ν−1·),

ÿêi ìîæíà òðàêòóâàòè ÿê ðåãóëÿðèçàöiþ ôîðìàëüíîãî âèðàçó − d2

dx2 +V0 +αδ′+βδ.
Îêðiì äiéñíèõ ñòàëèõ âçà¹ìîäi¨ α i β ðåãóëÿðèçîâàíi ïîòåíöiàëè òàêîæ ìiñòÿòü
äâà äîäàòíi ïàðàìåòðè ε i ν. Ïîòåíöiàë V0 ¹ ëîêàëüíî îáìåæåíèì, äiéñíîçíà÷íèì
i òàêèì, ùî íåçáóðåíèé îïåðàòîð H = − d2

dx2 + V0 ñàìîñïðÿæåíèé. Ôóíêöi¨ V òà U
� îáìåæåíi, äiéñíîçíà÷íi òà ç êîìïàêòíèìè íîñiÿìè.

Íåõàé S(a, b) � îïåðàòîð, ùî äi¹ çà ïðàâèëîì S(a, b)v = −v′′+V0v íà ôóíêöiÿõ
ç êëàñó V0, ÿêi â ïî÷àòêó êîîðäèíàò ïiäïîðÿäêîâàíi óìîâàì(

v+

v′+

)
=

(
a 0
b a−1

)(
v−
v′−

)
.

Äëÿ ñïðîùåííÿ ôîðìóë âèêîðèñòîâó¹ìî ïîçíà÷åííÿ v± = v(±0), v′± = v′(±0).
ßêùî ïàðàìåòðè ε òà ν ïðÿìóþòü îäíî÷àñíî äî íóëÿ, òî äëÿ çáiæíîñòi ñiì'¨

îïåðàòîðiâ Hε,ν äîñòàòíüî, ùîá âiäíîøåííÿ ν/ε ìàëî ñêií÷åííó ÷è íåñêií÷åííó
ãðàíèöþ. Ñïåðøó ðîçãëÿíåìî ñèòóàöiþ, êîëè δ′-ïîäiáíà ïîñëiäîâíiñòü ëîêàëiçó¹-
òüñÿ ïðè ε→ 0 øâèäøå, íiæ δ-ïîäiáíà ïîñëiäîâíiñòü ïðè ν → 0.
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Òåîðåìà 2.1. Íåõàé ε−1ν → +∞ ïðè ε → 0 òà ν → 0. ßêùî α ∈ R(V ),
òî ñiì'ÿ îïåðàòîðiâ Hε,ν çáiãà¹òüñÿ äî îïåðàòîðà S(θα, βζα) â ñåíñi ðiâíîìiðíî¨
ðåçîëüâåíòíî¨ çáiæíîñòi, äå

ζα = θα

∫
R+

U dx+ θ−1
α

∫
R−

U dx.

Êðiì òîãî, âèêîíó¹òüñÿ íåðiâíiñòü ‖Rλ(Hε,ν) − Rλ(S)‖ 6 C1(ν
1/2 + εν−1) äëÿ

êîæíîãî λ ∈ C \ R . ßêùî æ α 6∈ R(V ), òî Hε,ν → D− ⊕ D+ ïðè ν → 0 òà
ε→ 0, ïðè÷îìó ‖Rλ(Hε,ν)−Rλ(D− ⊕D+)‖ 6 C2ν

1/2.

Òåïåð ðîçãëÿíåìî âèïàäîê, êîëè øâèäêîñòi ëîêàëiçàöi¨ δ′-ïîäiáíî¨ òà δ-ïîäiáíî¨
ïîñëiäîâíîñòåé ¹ îäíàêîâîãî ïîðÿäêó ìàëîñòi.

Òåîðåìà 2.2. Íåõàé ε−1ν → ω ïðè ε → 0, ν → 0 i ω > 0. ßêùî α ∈ R(V ) i
uα ¹ íàïiâçâ'ÿçíèì ñòàíîì − d2

dx2 + αV , òî ñiì'ÿ îïåðàòîðiâ Hε,ν çáiãà¹òüñÿ äî
îïåðàòîðà S(θα, βζα) â ñåíñi ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi, äå

ζα = θ−1
α

∫
R
U(x)u2

α(ωx) dx.

Äî òîãî æ ‖Rλ(Hε,ν)−Rλ(S)‖ 6 C1(ε
1/2+|ε−1ν−ω|) äëÿ êîæíîãî λ ∈ C\R. ßêùî

æ α 6∈ R(V ), òî ãðàíè÷íèì îïåðàòîðîì äëÿ ñiì'¨ Hε,ν ¹ ïðÿìà ñóìà D− ⊕ D+,
ïðè÷îìó ‖Rλ(Hε,ν)−Rλ(D− ⊕D+)‖ 6 C2ε

1/2.

Íàðåøòi ðîçãëÿíåìî çáóðåííÿ, â ÿêîìó δ′-ïîäiáíà ïîñëiäîâíiñòü ïîâiëüíiøå
ëîêàëiçó¹òüñÿ â ïî÷àòêó êîîðäèíàò ïðè ε→ 0, íiæ δ-ïîäiáíà ïðè ν → 0.

Òåîðåìà 2.3. Íåõàé ε−1ν ïðÿìó¹ äî íóëÿ ïðè ε→ 0 òà ν → 0. ßêùî α ∈ R(V ),
òî Hε,ν çáiãàþòüñÿ â ðiâíîìiðíié ðåçîëüâåíòíié òîïîëîãi¨ äî S(θα, βζα), äå

ζα = θ−1
α u2

α(0)

∫
R
U dx.

Êðiì òîãî, ‖Rλ(Hε,ν)−Rλ(S)‖ 6 C1(ε
1/2 +ε−1ν) äëÿ λ ∈ C\R. Â iíøîìó âèïàäêó

Hε,ν çáiãàþòüñÿ äî D− ⊕D+, ïðè÷îìó ‖Rλ(Hε,ν)−Rλ(D− ⊕D+)‖ 6 C2ε
1/2.

Ïñåâäîïîòåíöiàëè, ÿêi ¹ óçàãàëüíåíèìè ôóíêöiÿìè ç òî÷êîâèìè íîñiÿìè, ÷àñòî
ðîçóìiþòü ÿê çáóðåííÿ ñêií÷åííîãî ðàíãó. Íàïðèêëàä, δ′-ïîòåíöiàë ¹ çáóðåííÿì
ðàíãó äâà, áî δ′(x)y(x) = y(0)δ′(x)−y′(0)δ(x). Â ðîçäiëi 3 ìè âèâ÷àëè ïîâåäiíêó
iíòåãðî-äèôåðåíöiàëüíèõ îïåðàòîðiâ

Hε = − d2

dx2
+ V0 + ε−3Kε + ε−1q(ε−1x),

äå Kε � ñiì'ÿ îïåðàòîðiâ ðàíãó äâà

(Kεφ)(x) =

∫
R

(
ḡ(ε−1t)f(ε−1x) + f̄(ε−1t)g(ε−1x)

)
φ(t) dt,
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ïîðîäæåíà ïàðîþ ôóíêöié f i g ç êîìïàêòíèìè íîñiÿìè.
ßê i ó ïîïåðåäíiõ ðîçäiëàõ, íà ñòðóêòóðó ãðàíè÷íèõ òî÷êîâèõ âçà¹ìîäié ìàþòü

âïëèâ ðåçîíàíñè íóëüîâî¨ åíåðãi¨ îïåðàòîðiâ, ïîâ'ÿçàíèõ iç ëîêàëüíèìè çáóðåííÿ-
ìè. Íåõàé T = − d2

dx2 + 〈g, · 〉 f + 〈f, · 〉 g � ñàìîñïðÿæåíèé îïåðàòîð â L2(R) ç
îáëàñòþ âèçíà÷åííÿ domT = W 2

2 (R). Òóò 〈·, ·〉 � ñêàëÿðíèé äîáóòîê â L2(R), à
‖ · ‖ � âiäïîâiäíà íîðìà. Îïåðàòîð T âîëîäi¹ ðåçîíàíñîì íóëüîâî¨ åíåðãi¨, ÿêùî
iñíó¹ íåíóëüîâèé ðîçâ'ÿçîê ðiâíÿííÿ −u′′ + 〈g, u〉f + 〈f, u〉g = 0, ÿêèé îáìåæåíèé
íà âñié äiéñíié îñi. Öåé ðîçâ'ÿçîê íàçèâà¹ìî íàïiâçâ'ÿçíèì ñòàíîì. Äîòåïåð ïðî-
ñòið íàïiâçâ'ÿçíèõ ñòàíiâ áóâ îäíîâèìiðíèì. Äëÿ îïåðàòîðà T öåé ïðîñòið ìîæå
áóòè i äâîâèìiðíèì. Ââåäåìî ïîçíà÷åííÿ

h0 =

∫
R
h(x) dx, h1 =

∫
R
xh(x) dx, h(−k)(x) =

1

(k − 1)!

∫ x

−∞
(x− t)k−1h(t) dt.

Íåõàé π = ‖f (−1)‖ · ‖g(−1)‖ − |〈f (−1), g(−1)〉+ 1|.
Ëåìà 3.1. Îïåðàòîð T ìà¹ ðåçîíàíñ íóëüîâî¨ åíåðãi¨ òîäi i ëèøå òîäi, êîëè
âåëè÷èíà λ = ‖g0f

(−1) − f0g
(−1)‖2 − 2 Re (f0ḡ0) äîðiâíþ¹ íóëþ.

◦ ßêùî λ = 0 i f0g0 6= 0, òî öåé íàïiâçâ'ÿçíèé ñòàí ìà¹ âèãëÿä

σ = |g0|2
(
f̄0f

(−2) − 〈f, f (−2)〉
)
− |f0|2

(
ḡ0g

(−2) − 〈g, g(−2)〉
)
. (1)

◦ ßêùî f0 = 0, g0 = 0 i π 6= 0, òî íàïiâçâ'ÿçíèì ñòàíîì ¹ ñòàëà ôóíêöiÿ.

◦ ßêùî f0 = 0, g0 = 0 i π = 0, òî iñíóþòü äâà ëiíiéíî íåçàëåæíi íàïiâçâ'ÿçíi
ñòàíè îïåðàòîð T , à ñàìå, ñòàëà ôóíêöiÿ i ôóíêöiÿ âèãëÿäó

ω = ei arg ϑ‖g(−1)‖ f (−2) − ‖f (−1)‖ g(−2),

äå ϑ = arg(〈f (−1), g(−1)〉+ 1).

×èñëî λ ñêií÷åííå, áî g0f
(−1)−f0g

(−1) ìà¹ êîìïàêòíèé íîñié ÿê ïåðâiñíà ôóíê-
öi¨ ç íóëüîâèì ñåðåäíiì. Âåëè÷èíà π òà ôóíêöiÿ ω êîðåêòíî âèçíà÷åíi ëèøå äëÿ
f i g ç íóëüîâèì ñåðåäíiì. Íåõàé κ = lim

x→+∞
ω(x), σ± = lim

x→±∞
σ(x), à òàêîæ

σ∗ =

∫
R
q(t)|σ(t)|2 dt, a0 =

∫
R
q(t) dt, a1 =

∫
R
q(t)ω(t) dt, a2 =

∫
R
q(t)|ω(t)|2 dt.

Ïîçíà÷èìî ÷åðåç H îïåðàòîð, ùî äi¹ çà ïðàâèëîì H v = −v′′ + V0v íà ôóíêöi¨
v ∈ V0, ÿêi â íóëi ïiäïîðÿäêîâàíi óìîâàì ñïðÿæåííÿ(

v+

v′+

)
= eiϕ

(
c11 c12

c21 c22

)(
v−
v′−

)
.

Öåé îïåðàòîð ¹ ñàìîñïðÿæåíèì, êîëè ϕ, ckl ∈ R òà c11c22 − c12c21 = 1.
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Ïåðøèé ðåçóëüòàò ñòîñó¹òüñÿ òàêî¨ ïîâåäiíêè îïåðàòîðiâ Hε, êîëè â ãðàíèöi
âèíèêàþòü çâ'ÿçàíi òî÷êîâi âçà¹ìîäi¨.

Òåîðåìà 3.1. Íåõàé f i g � êîìïëåêñíîçíà÷íi ôóíêöi¨ ç êîìïàêòíèìè íîñiÿìè,
ÿêi íàëåæàòü äî ïðîñòîðó L2(R) i ëiíiéíî íåçàëåæíi. Äiéñíîçíà÷íà ôóíêöiÿ q
¹ îáìåæåíîþ i ìà¹ êîìïàêòíèé íîñié.

◦ ßêùî f0 = 0, g0 = 0, π = 0 òà a2 6= κa1, òî îïåðàòîðè Hε çáiãàþòüñÿ â ðiâ-
íîìiðíié ðåçîëüâåíòíié òîïîëîãi¨ ïðè ε→ 0 äî îïåðàòîðà H, ïîðîäæåíîãî
óìîâàìè ñïðÿæåííÿ

(
v+

v′+

)
= ei arg(a2−κā1)


|κ|2a0 − 2Re(κa1) + a2

|a2 − κa1|
|κ|2

|a2 − κa1|
a0a2 − |a1|2

|a2 − κa1|
a2

|a2 − κa1|

(v−v′−
)
.

◦ Íåõàé λ = 0, f0g0 6= 0 òà σ−σ+ 6= 0. Òîäi Hε → H â ñåíñi ðiâíîìiðíî¨
ðåçîëüâåíòíî¨ çáiæíîñòi, äå ôóíêöié v ∈ domH çàäîâîëüíÿþòü óìîâè

(
v+

v′+

)
= e−i arg σ−


σ+

|σ−|
0

σ∗
σ+|σ−|

|σ−|
σ+

(v−v′−
)
.

Â öüîìó ðàçi ÷èñëî σ+ äiéñíå, à òîìó îïåðàòîð H � ñàìîñïðÿæåíèé.

◦ Íåõàé f0 = 0, g0 = 0 i âèêîíó¹òüñÿ îäíà iç óìîâ: àáî π 6= 0, àáî π = 0,
κ = 0, a1 = 0 i a2 = 0. Òîäi ðåçîëüâåíòè Hε çáiãàþòüñÿ çà íîðìîþ ïðè
ε→ 0 äî ðåçîëüâåíòè îïåðàòîðà H, âèçíà÷åíîãî óìîâàìè ñïðÿæåííÿ(

v+

v′+

)
=

(
1 0
a0 1

)(
v−
v′−

)
.

Â íàñòóïíié òåîðåìi çiáðàíi âèïàäêè ðîçäiëåíèõ óìîâ, êîëè ãðàíè÷íèé îïåðà-
òîð ¹ ïðÿìîþ ñóìîþ îïåðàòîðiâ, ÿêi äiþòü íåçàëåæíî íà ïiâîñÿõ. Äëÿ äiéñíèõ µ
ââåäåìî îïåðàòîðè R±µ = − d2

dx2 + V0, domR±µ = {v ∈ V± : v′(0) = µv(0)}.
Òåîðåìà 3.2.Íåõàé f i g � ëiíiéíî íåçàëåæíi êîìïëåêñíîçíà÷íi ôóíêöi¨ â L2(R)
ç êîìïàêòíèìè íîñiÿìè, à q � äiéñíîçíà÷íà, îáìåæåíà i ç êîìïàêòíèì íîñi¹ì.

◦ ßêùî f0 = 0, g0 = 0, π = 0, κ 6= 0 i a2 = κa1, òî Hε → R−µ−
⊕R+

µ+
â ñåíñi

ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi, äå µ− = |κ|−2a2 − a0 i µ+ = |κ|−2a2.

◦ ßêùî λ = 0, f0g0 6= 0, f1g0 6= f1g0 i σ−σ+ = 0, òî ïðè ε→ 0

Hε →

{
D− ⊕R+

ν+
, êîëè σ− = 0,

R−ν− ⊕D
+, êîëè σ+ = 0

â ðiâíîìiðíié ðåçîëüâåíòíié òîïîëîãi¨, äå ν− = −σ∗|σ−|−2 i ν+ = σ∗|σ+|−2.
Â öüîìó ðàçi ÷èñëà σ− i σ+ íå ìîæóòü áóòè íóëÿìè îäíî÷àñíî.
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◦ Îïåðàòîðè Hε çáiãàþòüñÿ äî ïðÿìî¨ ñóìè D− ⊕ D+ â ðiâíîìiðíié ðåçîëü-
âåíòíié òîïîëîãi¨, ÿêùî âèêîíó¹òüñÿ îäèí ç íàáîðiâ óìîâ: àáî λ 6= 0, àáî
λ = 0, f0g0 6= 0, f0g1 = f1g0, σ− = 0 i σ+ = 0, àáî æ f0 = 0, g0 = 0, π = 0,
κ = 0, a2 = 0 i a1 6= 0.

Òåîðåìè 3.1 i 3.2 îïèñóþòü âñåìîæëèâi âèïàäêè ãðàíè÷íî¨ ïîâåäiíêè ñiì'¨ îïå-
ðàòîðiâ Hε, ïðè÷îìó óñi öi âèïàäêè ðåàëiçóþòüñÿ äëÿ äåÿêèõ f , g òà q.

Òåîðåìà 3.3. Íåõàé ôóíêöi¨ f , g i q òàêi, ÿê â òåîðåìi 3.1. Òîäi ñiì'ÿ îïåðàòîðiâ
Hε çáiãà¹òüñÿ â ðiâíîìiðíié ðåçîëüâåíòíié òîïîëîãi¨ i äëÿ âñiõ ζ ∈ C\R âèêîíó-
¹òüñÿ îöiíêà ‖Rζ(Hε)−Rζ(H0)‖ 6 Cε1/2, äå ãðàíè÷íèé îïåðàòîð H0 = H0(f, g, q)
îïèñàíèé â òåîðåìàõ 3.1 i 3.2.

Ó ðîçäiëi 4 ìè âèâ÷àëè îïåðàòîðè Øðåäèí åðà ç îäíî÷àñíèì ëîêàëüíèì
çáóðåííÿì ÿê åëåêòðè÷íîãî, òàê i ìàãíiòíîãî ïîòåíöiàëiâ. Âïëèâ ñèíãóëÿðíèõ ìàã-
íiòíèõ ïîëiâ íà òî÷íi ìîäåëi ñóòò¹âî âiäðiçíÿ¹òüñÿ âiä âïëèâó íåïåðåðâíèõ ïîëiâ,
ÿêi ìîæíà âèêëþ÷èòè êàëiáðóâàííÿì. Ðîçãëÿíåìî ñiì'þ îïåðàòîðiâ

Mε,ν =
(
i
d

dx
+ bε

)2

+ V0 + αε−2V (ε−1·) + βν−1U(ν−1·)

ç ìàãíiòíèì ïîòåíöiàëîì bε = ε−2b1(ε
−1·) + ε−1b0(ε

−1·), äå b0 i b1 � àáñîëþòíî
íåïåðåðâíi ôóíêöi¨ ç êîìïàêòíèì íîñi¹ì. Ðåøòà ïîòåíöiàëiâ òàêi æ, ÿê â ðîçäiëi 2.

Òåîðåìà 4.1. Íåõàé ïîñëiäîâíiñòü ïîòåíöiàëiâ bε ¹ çáiæíîþ â ïðîñòîði óçàãàëü-
íåíèõ ôóíêöié, à ÷èñëîâà äîäàòíà ïîñëiäîâíiñòü {νε}ε>0 ¹ òàêîþ, ùî νε → 0 i
âiäíîøåííÿ ε−1νε ìà¹ ñêií÷åííó ÷è íåñêií÷åííó ãðàíèöþ ïðè ε→ 0.

ßêùî α ∈ R(V ), òî îïåðàòîðèMενε çáiãàþòüñÿ ïðè ε→ 0 â ñèëüíié ðåçîëü-
âåíòíié òîïîëîãi¨. Ãðàíè÷íèé îïåðàòîðM äi¹ çà ïðàâèëîìMv = −v′′ + V0v íà
ôóíêöiÿõ ç êëàñó V0, ÿêi ïiäïîðÿäêîâàíi â íóëi óìîâàì ñïðÿæåííÿ(

v+

v′+

)
= eiµ

(
θα 0
βζα θ−1

α

)(
v−
v′−

)
.

Òóò µ =
∫
R b0 dx, à âåëè÷èíè θα i ζα âèçíà÷åíi â òåîðåìàõ 2.1�2.3 çàëåæíî âiä

ãðàíèöi âiäíîøåííÿ ε−1νε. ßêùî æ α 6∈ R(V ), òî Mενε → D− ⊕ D+ â ñåíñi
ñèëüíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi.

Òåïåð ðîçãëÿíåìî ñiì'þ ñàìîñïðÿæåíèõ îïåðàòîðiâ

Tε =
(
i
d

dx
+ ε−1b(ε−1·)

)2

+ V0 + ε−3Kα,ε + βε−1q(ε−1·),

äå b � àáñîëþòíî íåïåðåðâíà ôóíêöiÿ ç êîìïàêòíèì íîñi¹ì, à

(Kα,εφ)(x) = ᾱ〈g(ε−1 ·), φ〉 f(ε−1x) + α〈f(ε−1 ·), φ〉 g(ε−1x)
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� îïåðàòîð ðàíãó äâà â ïðîñòîði L2(R), α ∈ C, β ∈ R. Ôóíêöi¨ f , g òà q ìà-
þòü òàêi æ âëàñòèâîñòi, ÿê â òåîðåìi 3.1. ×åðåç R(f, g) ïîçíà÷èìî ìíîæèíó óñiõ
êîìïëåêñíèõ ÷èñåë α, äëÿ ÿêèõ iíòåãðî-äèôåðåíöiàëüíèé îïåðàòîð

Kα = − d2

dx2
+ α 〈g, · 〉 f(x) + α 〈f, · 〉 g(x)

âîëîäi¹ ðåçîíàíñîì íóëüîâî¨ åíåðãi¨. Ç îãëÿäó íà ëåìó 3.1 öÿ ìíîæèíà ìîæå ìiñòè-
òè òðè ïiäìíîæèíè. Íåõàé Rc(f, g) � ìíîæèíà óñiõ ñòàëèõ âçà¹ìîäi¨, ïðè ÿêèõ
îïåðàòîð Kα ìà¹ ïðîñòèé ðåçîíàíñ íóëüîâî¨ åíåðãi¨ çi ñòàëîþ ôóíêöi¹þ ÿê íà-
ïiâçâ'ÿçíèì ñòàíîì; Rσ(f, g) � ìíîæèíà óñiõ çíà÷åíü α, ïðè ÿêèõ îïåðàòîð Kα

ìà¹ ïðîñòèé ðåçîíàíñ ç íàïiâçâ'ÿçíèì ñòàíîì σ âèãëÿäó (1); Rω(f, g) � ìíîæèíà
ñòàëèõ âçà¹ìîäi¨, äëÿ ÿêèõ îïåðàòîð âîëîäi¹ ðåçîíàíñîì êðàòíîñòi 2.

Ââåäåìî ïîçíà÷åííÿ nf = ‖f (−1)‖, ng = ‖g(−1)‖ i p = 〈f (−1), g(−1)〉.
Ëåìà 4.3. Íåõàé f òà g � ëiíiéíî íåçàëåæíi ôóíêöi¨ â L2(R), ÿêi ìàþòü êîì-
ïàêòíi íîñi¨.

◦ ßêùî f0g0 6= 0, òî R(f, g) = Rσ(f, g) = {α ∈ C : |α − α0| = |α0|}, äå
α0 = f0g0 ‖g0f

(−1) − f0g
(−1)‖−2, òîáòî ðåçîíàíñíîþ ìíîæèíîþ ¹ êîëî íà

ïëîùèíi C ç öåíòðîì â òî÷öi α0, ÿêå ïðîõîäèòü ÷åðåç ïî÷àòîê êîîðäèíàò.

◦ ßêùî f0 = 0 i g0 = 0, òî R(f, g) = C, ïðè÷îìó R(f, g) = Rc(f, g)∪Rω(f, g).
Ìíîæèíà ïîäâiéíèõ ðåçîíàíñiâ ¹ êîëîì Rω(f, g) = {α ∈ C : |α − α1| = ρ},
äå α1 = p̄(n2

fn
2
g − |p|2)−1 òà ρ = nfng(n

2
fn

2
g − |p|2)−1.

◦ ßêùî ëèøå îäíà ç âåëè÷èí f0 ÷è g0 âiäìiííà âiä íóëÿ, òî R(f, g) = {0}.

Îïåðàòîð Tε óíiòàðíî åêâiâàëåíòíèé îïåðàòîðó

Hε = − d2

dx2
+ V0(x) + ε−3

(
ᾱ〈gb(ε−1 ·), ·〉 fb(xε ) + α〈fb(ε−1 ·), ·〉 gb(xε )

)
+ βε−1q(xε ),

äå fb = e−iBf , gb = e−iBg i B(x) =
∫ x
−∞ b(t) dt. Áà÷èìî, ùî Hε �ïàì'ÿòà¹� ïðî

ìàãíiòíèé ïîòåíöiàë b, îñêiëüêè îïåðàòîð Kα íà âiäìiíó âiä ïîòåíöiàëüíèõ äî-
äàíêiâ íå ¹ iíâàðiàíòíèì âiäíîñíî êàëiáðóâàííÿ. Ââåäåìî ïîçíà÷åííÿ, ïîâ'ÿçàíi ç
ïåðåòâîðåíèì îïåðàòîðîì ðàíãó äâà:

ωα,b = ei arg(α−1+〈f (−1)
b , g

(−1)
b 〉)‖g(−1)

b ‖ f (−2)
b − ‖f (−1)

b ‖ g(−2)
b , κ = lim

x→+∞
ωα,b(x),

µ =

∫
R
b dx, mb,f =

∫
R
e−iBf dx, mb,g =

∫
R
e−iBg dx,

a0 =

∫
R
qdx, a1 =

∫
R
qωα,b dx, a2 =

∫
R
q|ωα,b|2 dx.

(2)

Òåîðåìà 4.2. Íåõàé äëÿ ëiíiéíî íåçàëåæíèõ â L2(R) ôóíêöié f i g âèêîíóþòüñÿ
óìîâè: α ∈ Rω(e−iBf, e−iBg), mb,f = 0 , mb,g = 0, a2 6= κ̄a1 òà β 6= 0. Òîäi îïåðà-
òîðè Tε çáiãàþòüñÿ ïðè ε → 0 â ñèëüíié ðåçîëüâåíòíié òîïîëîãi¨ äî îïåðàòîðà
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T , ùî äi¹ çà ïðàâèëîì T v = −v′′ + V0v íà ôóíêöiÿõ ç V0, ÿêi ïiäïîðÿäêîâàíi â
ïî÷àòêó êîîðäèíàò óìîâàì

(
v+

v′+

)
= eiϑ


a0|κ|2 − 2Re(κa1) + a2

|a2 − κa1|
|κ|2

β|a2 − κa1|
β(a0a2 − |a1|2)
|a2 − κa1|

a2

|a2 − κa1|

(v−v′−
)
.

Òóò ϑ = µ+ arg(a2 − κā1), à ðåøòà âåëè÷èí âèçíà÷åíi ôîðìóëàìè (2).

×åðåç íåiíâàðiàíòíiñòü Kα âiäíîñíî êàëiáðóâàëüíèõ ïåðåòâîðåíü ôóíêöiÿ ωα,b
i âåëè÷èíè a1, a2, κ çàëåæàòü âiä ìàãíiòíîãî ïîòåíöiàëó b. Òîìó îòðèìàíi òî÷êîâi
âçà¹ìîäi¨ ñõåìàòè÷íî ìîæíà çàïèñàòè òàê(

v+

v′+

)
= eiµ(b)

(
c11(b) c12(b)
c21(b) c22(b)

)(
v−
v′−

)
,

àêöåíòóþ÷è íà çàëåæíîñòi âiä ïîòåíöiàëà b íå ëèøå ôàçîâîãî ìíîæíèêà.
ßêùî α ∈ Rσ(fb, gb), òî íàïiâçâ'ÿçíèé ñòàí ìà¹ âèãëÿä

σb(x) = |mb,g|2
(
mb,ff

(−2)
b (x)− 〈fb, fb(−2)〉

)
− |mb,f |2

(
mb,gg

(−2)
b (x)− 〈gb, gb(−2)〉

)
,

êîëè α 6= 0, i σb(x) = 1, êîëè α = 0. Íåõàé σ±b = lim
x→±∞

σb(x) i σ∗ =
∫
R q|σb|

2 dx.

Òåîðåìà 4.3. Íåõàé äëÿ ëiíiéíî íåçàëåæíèõ â L2(R) ôóíêöié f i g âèêîíóþòüñÿ
óìîâè: α ∈ Rσ(e−iBf, e−iBg), mb,fmb,g 6= 0, σ−σ+ 6= 0. Òîäi ñiì'ÿ îïåðàòîðiâ Tε
çáiãà¹òüñÿ ïðè ε → 0 â ñèëüíié ðåçîëüâåíòíié òîïîëîãi¨ äî îïåðàòîðà T , äå
T v = −v′′ + V0v i ôóíêöi¨ v ∈ V0 çàäîâîëüíÿþòü óìîâè

(
v+

v′+

)
= eµ−i arg σ−


σ+

|σ−|
0

βσ∗
σ+|σ−|

|σ−|
σ+

(v−v′−
)
.

Òåîðåìà 4.4. Íåõàé f i g � ëiíiéíî íåçàëåæíi ôóíêöi¨ â L2(R), ÷èñëà mb,f i
mb,g äîðiâíþþòü íóëåâi òà âèêîíó¹òüñÿ îäíà iç óìîâ: àáî α 6∈ Rω(e−iBf, e−iBg),
àáî æ α ∈ Rω(e−iBf, e−iBg), κ = 0, a1 = 0 i a2 = 0. Òîäi Tε → T â ñåíñi
ñèëüíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi, äå T v = −v′′ + V0v, à ôóíêöi¨ v ∈ dom T
çàäîâîëüíÿþòü óìîâè (

v+

v′+

)
= e

i
∫
R
b dt

(
1 0

β
∫
R
q dt 1

)(
v−
v′−

)
.

Â ðîçäiëi 5 âñòàíîâëåíî óìîâè iñíóâàííÿ âiä'¹ìíèõ âëàñíèõ çíà÷åíü äëÿ îäíî-
âèìiðíèõ îïåðàòîðiâ Øðåäèí åðà òà óìîâè, ïðè ÿêèõ öi âëàñíi çíà÷åííÿ ïîãëèíà¹
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íåïåðåðâíèé ñïåêòð, êîëè ñòàëà âçà¹ìîäi¨ ïðÿìó¹ äî íóëÿ. Öi ðåçóëüòàòiâ ïîâ'ÿçàíi
ç iñíóâàííÿì ðåçîíàíñiâ íóëüîâî¨ åíåðãi¨, à äåÿêi ç íèõ âèïëèâàþòü ç ðiâíîìiðíî¨
ðåçîëüâåíòíî¨ çáiæíîñòi îïåðàòîðiâ Hε,ν ç ðîçäiëó 2. Â ïiäðîçäiëi 5.1 ìè âèâ÷àëè
ñïåêòðàëüíi âëàñòèâîñòi îïåðàòîðiâ Øðåäèí åðà

Hλ = − d2

dx2
+ V (x) + λαλU(αλx), domHλ = W 2

2 (R),

äå U i V � äiéñíi ïîòåíöiàëè êëàñó L∞(R) ç êîìïàêòíèì íîñi¹ì, òà {αλ}λ>0 � ïî-
ñëiäîâíiñòü äiéñíèõ äîäàòíèõ ÷èñåë. Îïåðàòîðà Hλ ìà¹ íåïåðåðâíèé ñïåêòð [0,∞)
i ìîæëèâî ùå âiä'¹ìíi âëàñíi çíà÷åííÿ. ßêùî äëÿ âñiõ λ > 0 iñíó¹ âiä'¹ìíå âëàñíå
çíà÷åííÿ eλ îïåðàòîðà Hλ òàêå, ùî eλ → 0 ïðè λ → 0, òî λ = 0 íàçèâà¹ìî ïîðî-
ãîâèì çíà÷åííÿì ñòàëî¨ âçà¹ìîäi¨. Ïðî âëàñíå çíà÷åííÿ eλ êàæåìî, ùî âîíî ìà¹
ïîðîãîâó ïîâåäiíêó ïðè λ→ 0.

Íàäàëi ââàæàòèìåìî, ùî íàïiâçâ'ÿçíi ñòàíè u îïåðàòîðà H0 = − d2

dx2 + V íîð-
ìîâàíi óìîâîþ lim

x→−∞
u(x) = 1. Íåõàé θ = lim

x→+∞
u(x).

Òåîðåìà 5.1. Íåõàé îïåðàòîð H0 ìà¹ ðåçîíàíñ íóëüîâî¨ åíåðãi¨ ç íàïiâçâ'ÿçíèì
ñòàíîì u. ßêùî ïðè λ→ 0 âèêîíó¹òüñÿ îäíà ç óìîâ

◦ αλ → 0, λ−1αλ →∞ òà
∫
R−
U dx+ θ2

∫
R+
U dx < 0;

◦ αλ → α äëÿ äåÿêîãî äîäàòíîãî α òà
∫
R U(αx)u2(x) dx < 0;

◦ αλ → +∞, u(0) 6= 0 òà
∫
R U dx < 0,

òî çíà÷åííÿ λ = 0 ¹ ïîðîãîâèì äëÿ Hλ = H0 + λαλU
(
αλx

)
. Êðiì òîãî, ïîðîãîâå

âëàñíå çíà÷åííÿ âîëîäi¹ àñèìïòîòèêîþ eλ = −λ2(k2 + o(1)) ïðè λ→ 0, äå

k =
1

θ2 + 1

∫
R−

U dx+
θ2

θ2 + 1

∫
R+

U dx, êîëè αλ → 0;

k =
α

θ2 + 1

∫
R
U(αx)u2(x) dx, êîëè αλ → α i α > 0;

k =
u2(0)

θ2 + 1

∫
R
U dx, êîëè αλ → +∞.

Íàñëiäîê 5.1. Íåõàé V = 0. ßêùî
∫
R U dx < 0 i ïîñëiäîâíiñòü αλ ìà¹ ãðàíèöþ

ïðè λ → 0 (ñêií÷åííó ÷è íåñêií÷åííó), òî îïåðàòîð − d2

dx2 + λαλU(αλ·) âîëîäi¹
âiä'¹ìíèì âëàñíèì çíà÷åííÿì eλ ç ïîðîãîâîþ ïîâåäiíêîþ

eλ = −λ
2

4

(∫
R
U dx

)2

+ o(λ2), λ→ 0.
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Íàñëiäîê 5.2. ßêùî u(0) 6= 0 i
∫
R U dx < 0, òî ÷èñëî λ = 0 ¹ ïîðîãîâèì çíà÷å-

ííÿì äëÿ îïåðàòîðiâ

− d2

dx2
+ V (x) +

1

λκ−1
U
( x
λκ

)
, κ > 1.

Âiäïîâiäíå âëàñíå çíà÷åííÿ ìà¹ àñèìïòîòèêó

eλ = −λ2

(
u2(0)

θ2 + 1

∫
R
U dx

)2

+ o(λ2), λ→ 0.

Òåîðåìà 5.1 îïèñó¹ ïîãëèíàííÿ âëàñíèõ çíà÷åíü íåïåðåðâíèì ñïåêòðîì çi øâèä-
êiñòþ O(λ2). Ïðè ïåâíèõ óìîâàõ òàêà àáñîðáöiÿ ìîæëèâà i ç áiëüøîþ øâèäêiñòþ.

Òåîðåìà 5.2. Íåõàé U ∈ W 1
2 (R), αλ → α, (αλ − α)λ−1/3 → ∞ ïðè λ → 0, äå

α > 0, à H0 ìà¹ ðåçîíàíñ íóëüîâî¨ åíåðãi¨ ç íàïiâçâ'ÿçíèì ñòàíîì u. ßêùî∫
R
U(αx)u2(x) dx = 0,

∫
R
xU ′(αx)u2(x) dx < 0,

òî îïåðàòîð Hλ = H0 +λαλU
(
αλx

)
ìà¹ âiä'¹ìíå âëàñíå çíà÷åííÿ eλ ç ïîðîãîâîþ

ïîâåäiíêîþ

eλ = −λ2(αλ − α)2
(( α

θ2 + 1

∫
R
xU ′(αx)u2(x) dx

)2

+ o(1)
)
, λ→ 0.

Òåîðåìà 5.3. Íåõàé αλ → +∞, àëå αλ = o(λ−1/3) ïðè λ → 0. ßêùî H0 âîëîäi¹
ðåçîíàíñîì íóëüîâî¨ åíåðãi¨ ç íàïiâçâ'ÿçíèì ñòàíîì u òà∫

R
U(x) dx = 0, u(0)u′(0)

∫
R
xU(x) dx < 0,

òî λ = 0 ¹ ïîðîãîâèì çíà÷åííÿì äëÿ Hλ. Âëàñíå çíà÷åííÿ ç ïîðîãîâîþ ïîâåäií-
êîþ ìà¹ àñèìïòîòèêó

eλ = −λ
2

α2
λ

((
2u(0)u′(0)

θ2 + 1

∫
R
xU(x) dx

)2

+ o(1)

)
, λ→ 0.

Ââåäåìî ôóíêöiþ Θ òàêó, ùî Θ(x) = 1 ïðè x < 0 i Θ(x) = θ ïðè x > 0.

Òåîðåìà 5.4. Ïðèïóñòèìî, ùî αλ → 0, àëå αλλ−1/4 → +∞ ïðè λ → 0. Íåõàé
ïîòåíöiàë U ¹ íåïåðåðâíèì â îêîëi íóëÿ, à îïåðàòîð H0 ìà¹ ðåçîíàíñ íóëüîâî¨
åíåðãi¨ ç íàïiâçâ'ÿçíèì ñòàíîì u. ßêùî âèêîíóþòüñÿ óìîâè∫

R−

U dx+ θ2

∫
R+

U dx = 0, U(0)

∫
R
(u2 −Θ2) dx < 0,
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òî Hλ âîëîäi¹ ïðè âñiõ λ > 0 âiä'¹ìíèì âëàñíèì çíà÷åííÿì eλ ç àñèìïòîòèêîþ

eλ = −λ2α2
λ

((
U(0)

θ2 + 1

∫
R
(u2 −Θ2) dx

)2

+ o(1)

)
, λ→ 0.

Â ïiäðîçäiëi 5.2 ìè çíàéøëè óìîâè iñíóâàííÿ âiä'¹ìíèõ âëàñíèõ çíà÷åíü òà
ïîáóäóâàëè äâî÷ëåííó àñèìïòîòèêó ïîðîãîâèõ âëàñíèõ çíà÷åíü äëÿ îïåðàòîðiâ

Hλ = − d2

dx2
+ V + λUλ,

äå Uλ = U + λU1 + o(λ) ïðè λ → 0. Íåõàé V , U òà U1 � ôóíêöi¨ êëàñó L∞(R) ç
êîìïàêòíèì íîñi¹ì, à òàêîæ ‖Uλ−U −λU1‖L2(R) = o(λ) ïðè λ→ 0. Íàïiâçâ'ÿçíèé
ñòàí u îïåðàòîðà H0 = − d2

dx2 + V âèáðàíî òàê, ùî u(−∞) = 1. Òîäi θ = u(+∞).
Íåõàé u1 � ðîçâ'ÿçîê ðiâíÿííÿ −y′′+V y = 0, ÿêèé ëiíiéíî íåçàëåæíèé ç u i òàêèé,
ùî u1(x) = x çëiâà âiä íîñiÿ V . Òîäi u1(x) = θ−1x + θ1 ñïðàâà âiä íîñiÿ ç äåÿêîþ
ñòàëîþ θ1. Íåõàé òàêîæ v∗ � ðîçâ'ÿçîê ðiâíÿííÿ −v′′+V v = −Uu, ÿêèé äîðiâíþ¹
íóëþ çëiâà âiä íîñi¨â V òà U .

Òåîðåìà 5.5. Íåõàé îïåðàòîð H0 ìà¹ ðåçîíàíñ íóëüîâî¨ åíåðãi¨ ç íàïiâçâ'ÿçíèì
ñòàíîì u. ßêùî ∫

R
Uu2 dx < 0, (3)

òî λ = 0 ¹ ïîðîãîâèì çíà÷åííÿì äëÿ îïåðàòîðiâ Hλ = − d2

dx2 +V +λUλ, òîáòî äëÿ
âñiõ ÿê çàâãîäíî ìàëèõ äîäàòíèõ λ iñíó¹ âiä'¹ìíå âëàñíå çíà÷åííÿ eλ, ÿêå ïðÿìó¹
äî íóëÿ ïðè λ → 0. Êðiì òîãî, ïîðîãîâå âëàñíå çíà÷åííÿ ìà¹ àñèìïòîòèêó
eλ = −λ2 (ω0 + ω1λ+ o(λ))2 ïðè λ→ 0, äå

ω0 =
1

θ2 + 1

∫
R
Uu2 dx, ω1 =

1

θ2 + 1

(∫
R
U
(
v∗ + ω0(θ

2 − 1)u1

)
u dx+

+ω2
0

∫
R
(u2 −Θ2) dx− ω2

0θ
3θ1 +

∫
R
U1u

2 dx

)
.

(4)

Ïîðîãîâà ïîâåäiíêà âëàñíèõ çíà÷åíü ñïîñòåðiãà¹òüñÿ i ó âèïàäêó, êîëè íåðiâ-
íiñòü (3) îáåðòà¹òüñÿ â ðiâíiñòü. Òîäi ïîãëèíàííÿ âëàñíîãî çíà÷åííÿ íèæíiì êðà¹ì
íåïåðåðâíîãî ñïåêòðó âiäáóâà¹òüñÿ çi øâèäêiñòþ O(λ4).

Òåîðåìà 5.6. Íåõàé u � íàïiâçâ'ÿçíèé ñòàí îïåðàòîðà H0. Ïðèïóñòèìî, ùî∫
R
Uu2 dx = 0,

∫
R
(Uv∗ + U1u)u dx < 0.

Òîäi îïåðàòîðè Hλ ìàþòü âiä'¹ìíå ïîðîãîâå âëàñíå çíà÷åííÿ ç àñèìïòîòèêîþ

eλ = − λ4

(θ2 + 1)2

(∫
R
Uv∗u dx+

∫
R
U1u

2 dx

)2

+ o(λ4), λ→ 0.
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Îòðèìàíî íîâèé ðåçóëüòàò i òî÷íiøó àñèìïòîòèêó ïîðîãîâîãî âëàñíîãî çíà÷å-
ííÿ äëÿ îïåðàòîðiâ − d2

dx2 + V + λU , ÿêi ðàíiøå âèâ÷àâ Ì. Êëàóñ.

Òåîðåìà 5.7. Íåõàé H0 ìà¹ ðåçîíàíñ íóëüîâî¨ åíåðãi¨ ç íàïiâçâ'ÿçíèì ñòàíîì
u. ßêùî

∫
R Uu

2 dx < 0, òî çíà÷åííÿ λ = 0 ¹ ïîðîãîâèì äëÿ − d2

dx2 + V + λU , à
ïîðîãîâå âëàñíå çíà÷åííÿ eλ ìà¹ àñèìïòîòèêó eλ = −λ2(ω0 + λω1 + o(λ))2 ïðè
λ→ 0, äå ω0 òàêå æ ÿê ó ôîðìóëi (4), à

ω1 =
1

θ2 + 1

(∫
R
U
(
v∗ + ω0(θ

2 − 1)u1

)
u dx+ ω2

0

∫
R
(u2 −Θ2) dx− ω2

0θ
3θ1

)
.

ßêùî ïîòåíöiàë U âiäìiííèé âiä íóëÿ i
∫
R Uu

2 dx = 0, òî îïåðàòîð − d2

dx2 +V +λU
ìà¹ âiä'¹ìíå âëàñíå çíà÷åííÿ eλ ç àñèìïòîòèêîþ

eλ = − λ4

(θ2 + 1)2

(∫∫
R2

U(x)u(x)EV (x− y)U(y)u(y) dx dy + o(1)

)2

,

äå EV � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê îïåðàòîðà d2

dx2 −V , ÿêèé ¹ òîòîæíî íóëüî-
âèì ïðè x < 0.

Ïîðiâíÿ¹ìî òåîðåìó ç ðåçóëüòàòîì Á. Ñàéìîíà, êîëè íåçáóðåíèì îïåðàòîðîì
áóâ âiëüíèé îïåðàòîð Øðåäèí åðà.

Íàñëiäîê 5.3. Íåõàé V = 0. ßêùî
∫
R U dx < 0, òî îïåðàòîð Hλ = − d2

dx2 + λUλ
ìà¹ âiä'¹ìíå âëàñíå çíà÷åííÿ ç àñèìïòîòèêîþ eλ = −λ2(ω0 + λω1 + o(λ))2, äå

ω0 =
1

2

∫
R
U dx, ω1 =

1

4

∫∫
R2

U(x) |x− y|U(y) dx dy +
1

2

∫
R
U1 dx.

Ïðè Uλ = U öÿ àñèìïòîòè÷íà ôîðìóëà çáiãà¹òüñÿ ç ôîðìóëîþ Àáàðáàíåëÿ-
Êàëàíà-Ãîëüäáåðãåðà.

ßêùî ïîòåíöiàë U íåíóëüîâèé,
∫
R U dx = 0 i

∫
R U1 dx 6 0, òî äëÿ âñiõ äî-

ñòàòíüî ìàëèõ λ (äîäàòíèõ ÷è âiä'¹ìíèõ) îïåðàòîð Hλ âîëîäi¹ âëàñíèì çíà÷å-
ííÿì ç àñèìïòîòèêîþ

eλ = −λ
4
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(∫∫
R2

U(x) |x− y|U(y) dx dy + 2

∫
R
U1 dx+ o(1)

)2

, λ→ 0.

Â ðîçäiëi 6 ìè äîñëiäæóâàëè îïåðàòîðè Øðåäèí åðà ç ïîòåíöiàëàìè Êóëî-
íà, ÿêi ñïðè÷èíèëè áàãàòî íàóêîâèõ äèñêóñié, ïî÷èíàþ÷è ç ðîáîòè Ð. Ëàóäîíà
1959 ðîêó. Ïðåäìåòîì öèõ äèñêóñié ñòàëà ìîäåëü îäíîâèìiðíîãî àòîìà âîäíþ, äå
âàæëèâîþ ¹ ñòðóêòóðà ñïåêòðiâ òà ïèòàííÿ ïðî ïðîíèêíîñòi ÷àñòèíîê ÷åðåç ïî-
òåíöiàë Êóëîíà â çàäà÷àõ ðîçñiþâàííÿ. Ìè âèâ÷àëè îïåðàòîðè iç çàãàëüíiøèìè
çáóðåííÿìè, ÿêi ìiñòèëè ïîòåíöiàëè òèïó Êóëîíà. Íàñëiäêîì îòðèìàíèõ ðåçóëü-
òàòiâ ñòàâ ìàòåìàòè÷íèé ðîçâ'ÿçîê ïðîáëåìè îäíîâèìiðíîãî àòîìà âîäíþ.
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Íåõàé Q � äiéñíîçíà÷íà ôóíêöiÿ íà ïðÿìié, ÿêà ëîêàëüíî îáìåæåíà ïîçà íó-
ëåì, à â íóëi ìà¹ ñòåïåíåâó îñîáëèâiñòü âèãëÿäó

Q(x) =

{
q−
x , êîëè x ∈ (−x0, 0),
q+
x , êîëè x ∈ (0, x0)

ç äiéñíèìè q−, q+ òà x0 > 0, i äî òîãî æ îïåðàòîð − d2

dx2 + Q(x)(1 − χ(x)), äå χ
� õàðàêòåðèñòè÷íà ôóíêöiÿ âiäðiçêà [−1, 1], ¹ ñàìîñïðÿæåíèì â L2(R). Ââåäåìî
äëÿ Q ëîêàëüíî iíòåãðîâíi ðåãóëÿðèçàöi¨

Qε(x) =

{
Q(x), êîëè |x| > ε,
ln ε
ε κ

(
x
ε

)
, êîëè |x| < ε,

(5)

ÿêi ïðè ε → 0 çáiãàþòüñÿ äî Q ìàéæå ñêðiçü. Òóò κ � ôóíêöiÿ ç L∞(R), ÿêà
äîðiâíþ¹ íóëþ ïîçà âiäðiçêîì [−1, 1]. Ìè âèâ÷àëè îïåðàòîðè

Hε = − d2

dx2
+Qε(x) + ε−2V (ε−1x) + ε−1U(ε−1x),

äå V òà U � äiéñíîçíà÷íi îáìåæåíi ôóíêöi¨ ç êîìïàêòíèì íîñi¹ì. Íåõàé

U± =
{
ψ ∈ L2(R±) : ψ, ψ′ ∈ ACloc(R±), −ψ′′ +Qψ ∈ L2(R±)

}
à ïðîñòið U ñêëàäà¹òüñÿ ç òàêèõ L2(R)-ôóíêöié φ, ùî φ|R± ∈ U±.

Òåîðåìà 6.1. Ïðèïóñòèìî, ùî îïåðàòîð − d2

dx2 +V âîëîäi¹ íàïiâçâ'ÿçíèì ñòàíîì
u. Íåõàé òàêîæ θ = u(+∞) ïðè óìîâi, ùî u(−∞) = 1. ßêùî

θ2q+ − q− =

∫
R
κu2 dx,

òî îïåðàòîðè Hε çáiãàþòüñÿ â ðiâíîìiðíié ðåçîëüâåíòíié òîïîëîãi¨ äî îïåðàòî-
ðà H, ÿêèé äi¹ çà ïðàâèëîì Hφ = −φ′′ +Qφ íà ôóíêöiÿõ φ ∈ U òàêèõ, ùî

φ(+0) = θφ(−0), lim
x→+0

(
θφ′(x)−φ′(−x)−(θ2q+−q−)φ(−0) lnx

)
= φ(−0)

∫
R
Uu2 dx.

Êðiì òîãî, ‖Rλ(Hε)−Rλ(H)‖ 6 Cε1/4 äëÿ êîæíîãî λ ∈ C \ R.
Ïåðøi ïîõiäíi ôóíêöié ç îáëàñòi âèçíà÷åííÿ îïåðàòîðà H ìîæóòü ìàòè ëîãà-

ðèôìi÷íi îñîáëèâîñòi â íóëi. Çàòå ðåãóëÿðíó ïîâåäiíêó ïðè ïiäõîäi çëiâà i ñïðàâà
äî íóëÿ ìàþòü âèðàçè b−(φ) = φ′(x)− q−φ(x) ln |x| i b+(φ) = φ′(x)− q+φ(x) ln |x|.
Ââiâøè òàêîæ ïîçíà÷åííÿ µ =

∫
R Uh

2 dx, óìîâè ñïðÿæåííÿ äëÿ φ ∈ domH ìîæíà
çàïèñàòè òàê

φ(+0) = θφ(−0), θb+(φ)− b−(φ) = µφ(−0). (6)
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Ââåäåìî îïåðàòîðè D± = − d2

dx2 +Q, domD± = {ψ ∈ U± : ψ(0) = 0}.
Òåîðåìà 6.2. ßêùî îïåðàòîð − d2

dx2 + V íå ìà¹ ðåçîíàíñó íóëüîâî¨ åíåðãi¨, òî
Hε çáiãàþòüñÿ â ðiâíîìiðíié ðåçîëüâåíòíié òîïîëîãi¨ äî ïðÿìî¨ ñóìè D− ⊕D+.
Êðiì òîãî, äëÿ êîæíîãî λ ∈ C\R ìà¹ìî îöiíêó ‖Rλ(Hε)−Rλ(D−⊕D+)‖ 6 Cε1/4.

Íàñòóïíà ëåìà äà¹ êðèòåðié çáiæíîñòi ðåãóëÿðèçàöié Qε â D′(R).

Ëåìà 6.3. Ïîñëiäîâíiñòü ôóíêöié Qε, çàäàíèõ ôîðìóëîþ (5), çáiãà¹òüñÿ â ïðî-
ñòîði óçàãàëüíåíèõ ôóíêöié òîäi i ëèøå òîäi, êîëè q+ − q− =

∫
I κ dx.

Iñòîðè÷íî ñêëàëîñÿ, ùî îñíîâíà íàóêîâà ñóïåðå÷êà ùîäî ïîòåíöiàëiâ Êóëîíà
ñòîñóâàëàñÿ ïèòàííÿ, ÷è ìîæóòü ÷àñòèíêè ïðîíèêàòè ÷åðåç íèõ ç íåíóëüîâîþ éìî-
âiðíiñòþ. Ïîòåíöiàëè Qε+ ε−2V (ε−1 ·) + ε−1U(ε−1 ·) íàçèâàòèìåìî àñèìïòîòè÷íî
ïðîíèêíèìè ïðè ε → 0, ÿêùî âiäïîâiäíi îïåðàòîðè Hε çáiãàþòüñÿ äî îïåðàòîðà
H, ïîðîäæåíîãî óìîâàìè (6). ßêùî æ öi îïåðàòîðè çáiãàþòüñÿ äî ïðÿìî¨ ñóìè
D− ⊕D+, òî êàçàòèìåìî, ùî ïîòåíöiàëè ¹ àñèìïòîòè÷íî âiäáèâíèìè.

Òåîðåìà 6.3. ßêùî ðåãóëÿðèçàöi¨ Qε ïîòåíöiàëó òèïó Êóëîíà çáiãàþòüñÿ â
ïðîñòîði óçàãàëüíåíèõ ôóíêöié, òîáòî âèêîíó¹òüñÿ óìîâà q+ − q− =

∫
I κ dx,

òî ïîòåíöiàëè Qε + ε−1U(ε−1 ·) ¹ àñèìïòîòè÷íî ïðîíèêíèìè ïðè ε→ 0.

Â òîìó ðàçi, êîëè ïðèïóùåííÿ òåîðåìè 6.3 íå âèêîíóþòüñÿ, ìîæíà äîâåñòè
óìîâíèé ðåçóëüòàò. Ââåäåìî ïîçíà÷åííÿ H0,ε = − d2

dx2 +Qε + ε−1U(ε−1 ·).
Òåîðåìà 6.4. Íåõàé q+− q− 6=

∫
I κ dx. ßêùî îïåðàòîðè H0,ε çáiãàþòüñÿ â ñèëü-

íié ðåçîëüâåíòíié òîïîëîãi¨, òî ãðàíè÷íèì îïåðàòîðîì ¹ ïðÿìà ñóìà D−⊕D+.

Ç îãëÿäó íà òåîðåìè 6.3 òà 6.4 ìîæåìî çðîáèòè òàêèé âèñíîâîê.

Òåîðåìà 6.5 (Êðèòåðié ïðîíèêíîñòi). Íåõàé Qε òàêi ðåãóëÿðèçàöi¨ âèãëÿäó (5)
ïîòåíöiàëó Q, ùî âiäïîâiäíi îïåðàòîðè H0,ε ìàþòü ãðàíèöþ â ñèëüíié ðåçîëü-
âåíòíié òîïîëîãi¨. Ïîòåíöiàëè Qε àñèìïòîòè÷íî ïðîíèêíi ïðè ε → 0 òîäi i
ëèøå òîäi, êîëè âîíè çáiãàþòüñÿ â D′(R).

Ïîòåíöiàëè òèïó Êóëîíà, ÿê i δ′-ïîòåíöiàëè, ¹ ÷óòëèâèìè äî ñïîñîáó ¨õ ðå-
ãóëÿðèçàöi¨ i ìîæóòü ìàòè ðiçíi ñàìîñïðÿæåíi ðåàëiçàöi¨ çàëåæíî âiä ñïåöèôiêè
êâàíòîâî-ìåõàíi÷íî¨ ìîäåëi. Ìè äîâåëè, ùî äëÿ êîæíîãî ïîòåíöiàëó Q, çîêðåìà
i äëÿ êëàñè÷íèõ ïàðíîãî 1/|x| i íåïàðíîãî 1/x ïîòåíöiàëiâ Êóëîíà, iñíóþòü òà-
êi ðåãóëÿðèçàöi¨ Qε, ÿêi ¹ àñèìïòîòè÷íî âiäáèâíèìè, i òàêi, ùî ïîòåíöiàëè Qε ¹
ïðîíèêíèì äëÿ ÷àñòèíîê â ãðàíèöi.

Â ðîçäiëi 7 ìè óçàãàëüíèëè íà äâîâèìiðíèé âèïàäîê ðåçóëüòàòè ïåðøèõ äâîõ
ðîçäiëiâ. Òóò ìè âèâ÷àëè ñïåêòðàëüíi âëàñòèâîñòi äâîâèìiðíèõ îïåðàòîðiâ Øðå-
äèí åðà ç ïîòåíöiàëàìè äèïîëüíîãî òèïó, ÿêi êîíöåíòðóþòüñÿ â îêîëi ãëàäêèõ çà-
ìêíåíèõ êðèâèõ. Íåõàé γ � çàìêíåíà ãëàäêà êðèâà áåç òî÷îê ñàìîïåðåòèíó, à ωε
� ¨¨ ε-îêië. Ïðè ìàëèõ ε öåé îêië ¹ îáëàñòþ ç ãëàäêîþ ãðàíèöåþ. Ââåäåìî â ωε ëî-
êàëüíi êîîðäèíàòè (s, r), äå s � íàòóðàëüíèé ïàðàìåòð γ, à r � îði¹íòîâàíà âiäñòàíü
äî γ. Ðîçãëÿíåìî ñiì'þ ïîòåíöiàëiâ Vε(x) = ε−2 V (ε−1r)+ε−1 U(s, ε−1r), äå V òà U
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� ãëàäêi ôóíêöi¨ ç êîìïàêòíèìè íîñiÿìè. Ïðèïóñòèìî, ùî íîñi¨ V i U(s, · ) ëåæàòü
â [−1, 1] äëÿ âñiõ s. Òîäi íîñi¨ Vε ìiñòÿòüñÿ â îáëàñòi ωε. Ìè îïèñàëè àñèìïòîòè÷-
íó ïîâåäiíêó ñïåêòðiâ îïåðàòîðiâ Øðåäèí åðà Hε = −∆ +W + Vε. Öi îïåðàòîðè
ìîæíà òðàêòóâàòè ÿê ðåãóëÿðèçàöiþ ôîðìàëüíi âèðàçiâ −∆ +W +a∂rδγ + bδγ, äå
δγ � ôóíêöiÿ Äiðàêà, çîñåðåäæåíà íà êðèâié γ, a i b � ôóíêöi¨ êëàñó L1(γ). Òóò
W � ïîòåíöiàë êëàñó L∞loc(R2), ÿêèé çðîñòà¹ ïðè |x| → +∞ i ¹ ãëàäêèì â äåÿêîìó
îêîëi γ. Òîìó íåçáóðåíèé îïåðàòîð H0 = −∆ +W ñàìîñïðÿæåíèé â L2(R2), à éî-
ãî ñïåêòð äèñêðåòíèé. Ïîáóäóâàâøè àñèìïòîòèêó ïðè ε → 0 âëàñíèõ çíà÷åíü λε

îïåðàòîðiâ Hε ìè âîäíî÷àñ çíàéøëè ãðàíè÷íèé îïåðàòîð â ñèëüíié ðåçîëüâåíòíié
òîïîëîãi¨, à îòæå, i òî÷íi ìîäåëi ç ìàòåìàòè÷íî âìîòèâîâàíèìè âçà¹ìîäiÿìè íà
êðèâié γ.

Êðèâà γ äiëèòü ïëîùèíó íà äâi îáëàñòi Ωin òà Ωout, ïðè÷îìó Ωout � íåîáìåæåíà.
Êàæåìî, ùî f íàëåæèòü äî ïðîñòîðó W+ ⊂ L2(Ωout), ÿêùî â îáëàñòi Ωout âîíà
çáiãà¹òüñÿ ç äåÿêîþ ôóíêöi¹þ ç domH0. Íåõàé òàêîæ W = {f ∈ L2(R2) : f |Ωin ∈
W 2

2 (Ωin), f |Ωout ∈ W+}. ×åðåç E ïîçíà÷èìî íåñêií÷åííó ïiäìíîæèíó â (0, 1), äëÿ
ÿêî¨ íóëü ¹ ãðàíè÷íîþ òî÷êîþ, à ÷åðåç v± � îäíîñòîðîííi ñëiäè ôóíêöi¨ v íà γ.

Òåîðåìà 7.1. Ïðèïóñòèìî, ùî îïåðàòîð − d2

dr2 + V â L2(R) âîëîäi¹ ðåçîíàíñîì
íóëüîâî¨ åíåðãi¨ ç íàïiâçâ'ÿçíèì ñòàíîì h. Íåõàé θ = h(+∞), êîëè h(−∞) = 1.

(i) Íåõàé {λε}ε∈E � ïîñëiäîâíiñòü âëàñíèõ çíà÷åíü îïåðàòîðà Hε, à {uε}ε∈E
� âiäïîâiäíà ïîñëiäîâíiñòü íîðìîâàíèõ â L2(R2) âëàñíèõ ôóíêöié. ßêùî

λε → λ, uε → u ñëàáêî â L2(R2) (7)

ïðè E 3 ε → 0 i ãðàíè÷íà ôóíêöiÿ u íåíóëüîâà, òî λ ¹ âëàñíèì çíà÷åííÿì ç
âëàñíîþ ôóíêöi¹þ u îïåðàòîðà H = −∆ +W â L2(R2), âèçíà÷åíîãî íà îáëàñòi

domH =
{
v ∈ W : v+ = θ v−, θ ∂rv

+ − ∂rv− =
(

1
2(θ2 − 1)κ + µ

)
v− íà γ

}
.

Òóò κ = κ(s) � êðèâèíà êðèâî¨ γ òà µ(s) =
∫
R U(s, r)h2(r) dr.

(ii) ßêùî âèêîíóþòüñÿ óìîâè (7) i λ íå íàëåæèòü äî ñïåêòðó σ(H), òî
ïîñëiäîâíiñòü âëàñíèõ ôóíêöié uε çáiãà¹òüñÿ äî íóëÿ ïðè E 3 ε → 0 â ñëàáêié
òîïîëîãi¨ ïðîñòîðó L2(R2).

(iii) Äëÿ êîæíîãî âëàñíîãî çíà÷åííÿ λ îïåðàòîðà H òà âñiõ ìàëèõ ε iñíó¹
òàêå âëàñíå çíà÷åííÿ λε îïåðàòîðà Hε, ùî âèêîíó¹òüñÿ íåðiâíiñòü |λε−λ| 6 cε
çi ñòàëîþ c, íåçàëåæíîþ âiä ε.

Â óìîâàõ ñïðÿæåííÿ, ùî âèçíà÷àþòü îïåðàòîð H áà÷èìî çàëåæíiñòü ìiæ ãåî-
ìåòði¹þ êðèâî¨ òà ñïåêòðàëüíèìè õàðàêòåðèñòèêàìè ∂rδγ-ïîäiáíîãî ïîòåíöiàëó V .
Çàóâàæèìî, ùî κ � öå îði¹íòîâàíà êðèâèíà γ, ÿêà çìiíþ¹ çíàê çi çìiíîþ íàïðÿì-
êó íàòóðàëüíî¨ ïàðàìåòðèçàöi¨.

Ëåìà 7.1. Îïåðàòîð H ¹ iíâàðiàíòíèì ùîäî âèáîðó íàòóðàëüíî¨ ïàðàìåòðèçà-
öi¨ êðèâî¨ γ.
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Ââåäåìî îïåðàòîðè

D− = −∆ +W â L2(Ωin), domD− = {v ∈ W 2
2 (Ωin) : v = 0 íà γ},

D+ = −∆ +W â L2(Ωout), domD+ = {v ∈ W+ : v = 0 íà γ}.

Òåîðåìà 7.2. Íåõàé {λε}ε∈E � ïîñëiäîâíiñòü âëàñíèõ çíà÷åíü îïåðàòîðà Hε, à
{uε}ε∈E � âiäïîâiäíà ïîñëiäîâíiñòü âëàñíèõ ôóíêöié, íîðìîâàíèõ â L2(R2). Ïðè-
ïóñòèìî, ùî îïåðàòîð − d2

dr2 + V íå ìà¹ ðåçîíàíñó íóëüîâî¨ åíåðãi¨.
(i) ßêùî λε → λ, uε → u ñëàáêî â L2(R2) ïðè E 3 ε→ 0 i ãðàíè÷íà ôóíêöiÿ u

¹ íåíóëüîâîþ, òî λ � âëàñíå çíà÷åííÿ ïðÿìî¨ ñóìè D− ⊕ D+, à u � âiäïîâiäíà
âëàñíà ôóíêöiÿ.

(ii) Ó âèïàäêó, êîëè λε → λ ïðè E 3 ε → 0 i λ 6∈ σ(D− ⊕ D+), òî âëàñíi
ôóíêöi¨ uε çáiãàþòüñÿ äî íóëÿ ñëàáêî â L2(R2).

(iii) ßêùî λ ∈ σ(D− ⊕ D+), òî äëÿ ìàëèõ ε ìîæíà çíàéòè òàêå âëàñíå
çíà÷åííÿ λε îïåðàòîðà Hε, ùî |λε − λ| 6 cε, äå ñòàëà c íå çàëåæèòü âiä ε.

Â ðîçäiëi 8 ìè äîñëiäæóâàëè ñïåêòðàëüíi âëàñòèâîñòi îïåðàòîðiâ Øòóðìà-
Ëióâiëëÿ iç çàãàëüíèìè êðàéîâèìè óìîâàìè i ñèíãóëÿðíî çáóðåíîþ âàãîâîþ ôóíê-
öi¹þ. Íåõàé I = (a, b) � ñêií÷åííèé iíòåðâàë, ùî ìiñòèòü ïî÷àòîê êîîðäèíàò. Ìè
ïîáóäóâàëè àñèìïòîòèêó âëàñíèõ çíà÷åíü λε òà âëàñíèõ ôóíêöié yε çàäà÷i

−y′′ε + q(x)yε = λεrε(x)yε, x ∈ (a, b), (8)
yε(a) cosα + y′ε(a) sinα = 0, yε(b) cos β + y′ε(b) sin β = 0 (9)

ç äiéñíèìè α, β òà âàãîâîþ ôóíêöi¹þ

rε(x) =

{
r(x), x ∈ (a,−ε) ∪ (ε, b),

ε−2p(ε−1x), x ∈ (−ε, ε).

Òóò q, r òà p� îáìåæåíi ôóíêöi¨, ïðè÷îìó äâi îñòàííi ñòðîãî äîäàòíi. Íàäàëi ÷åðåç
L2(h, ω) ïîçíà÷àòèìåìî âàãîâèé ïðîñòið Ëåáåãà ç äîäàòíà âàãîþ h íà ìíîæèíi ω,
à ÷åðåç `aφ = 0 òà `bφ = 0 � êðàéîâi óìîâè (9). Çàäà÷à (8), (9) ìà¹ ñàìîñïðÿæåíó
ðåàëiçàöiþ â L2(rε, I). Íåõàé τ(φ) = −φ′′ + qφ. Ââåäåìî îïåðàòîð Tε, ùî äi¹ çà
ïðàâèëîì Tεφ = r−1

ε τ(φ) íà ìíîæèíi domTε = {φ ∈ W 2
2 (I) : `aφ = 0, `bφ = 0}.

Äîñëiäæåííÿ îïåðàòîðiâ Tε ó çàëåæíèõ âiä ïàðàìåòðà ïðîñòîðàõ L2(rε, I) ïî-
â'ÿçàíå ç ïåâíèìè òðóäíîùàìè. Âiäìîâèâøèñü âiä ñàìîñïðÿæåíîñòi, ìè ðåàëiçóâà-
ëè çàäà÷ó ÿê ñiì'þ íåñàìîñïðÿæåíèõ ìàòðè÷íèõ îïåðàòîðiâAε, ùî äiþòü â îäíîìó
ãiëüáåðòîâîìó ïðîñòîði, i äîâåëè ¨õ ðiâíîìiðíó ðåçîëüâåíòíó çáiæíiñòü. Ââåäåìî
ïîçíà÷åííÿ Ia = (a, 0), Ib = (0, b) òà I = (−1, 1). Íåõàé Åa i Åb � îïåðàòîðè â
ïðîñòîðàõ L2(r, Ia) i L2(r, Ib) âiäïîâiäíî òàêi, ùî

Åaφ = r−1τ(φ), dom Åa =
{
φ ∈ W 2

2 (Ia) : `aφ = 0
}
,

Åbφ = r−1τ(φ), dom Åb =
{
φ ∈ W 2

2 (Ib) : `bφ = 0
}
.
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Ââåäåìî â L2(p, I) îïåðàòîð B̊ = −p−1 d2

dt2 ç îáëàñòþ dom B̊ = W 2
2 (I), à òàêîæ éîãî

ïîòåíöiàëüíå çáóðåííÿ B̊ε = B̊+ε2 q(εt)
p(t) . Â ïðîñòîði L = L2(r, Ia)×L2(p, I)×L2(r, Ib)

ðîçãëÿíåìî ìàòðè÷íèé îïåðàòîð

Aε =

Åa 0 0

0 B̊ε 0

0 0 Åb


ç îáëàñòþ âèçíà÷åííÿ domAε =

{
(φa, ψ, φb) ∈ dom Åa × dom B̊ε × dom Åb :

φa(−ε) = ψ(−1), φb(ε) = ψ(1), εφ′a(−ε) = ψ′(−1), εφ′b(ε) = ψ′(1)
}
.

Ëåìà 8.1. Îïåðàòîðè Aε i Tε ìàþòü îäíàêîâi ñïåêòðè, σ(Aε) = σ(Tε).

Ââåäåìî â ïðîñòîði L ìàòðè÷íèé îïåðàòîð

A =

Åa 0 0
0 B 0

0 0 Åb

 ,

domA =
{

(φa, ψ, φb) ∈ dom Åa× domB× dom Åb : φa(0) = ψ(−1), φb(0) = ψ(1)
}
,

äå B � çâóæåííÿ îïåðàòîðà B̊ íà domB =
{
ψ ∈ dom B̊ : ψ′(−1) = ψ′(1) = 0

}
.

Îïåðàòîð A ïîâ'ÿçàíèé iç ãðàíè÷íîþ ñïåêòðàëüíîþ çàäà÷åþ

− u′′ + q(x)u = λr(x)u, x ∈ Ia, `au = 0, (10)
− w′′ = λp(t)w, t ∈ I, w′(−1) = 0, w′(1) = 0, (11)
− v′′ + q(x)v = λr(x)v x ∈ Ib, `bv = 0, (12)
u(0) = w(−1), v(0) = w(1). (13)

Òåîðåìà 8.1. Îïåðàòîðè Aε çáiãàþòüñÿ äî A ïðè ε → 0 â ñåíñi ðiâíîìiðíî¨
ðåçîëüâåíòíî¨ çáiæíîñòi, ïðè÷îìó ‖Rλ(Aε)− Rλ(A)‖ 6 c

√
ε äëÿ óñiõ λ ∈ C \ R

ç íåçàëåæíîþ âiä ε ñòàëîþ c .

Õî÷à óñi îïåðàòîðè Aε ¹ ïîäiáíèìè äî ñàìîñïðÿæåíèõ, ãðàíè÷íèé îïåðàòîð
A òàêîþ âëàñòèâiñòþ íå âîëîäi¹, áî ìà¹ êðàòíi âëàñíi çíà÷åííÿ ç æîðäàíîâè-
ìè ëàíöþãàìè äîâæèíè 2. Íåõàé Xλ = span

{
ker(A− λ)k : k ∈ N

}
� êîðåíåâèé

ïiäïðîñòið îïåðàòîðà A, ùî âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λ. ×åðåç Aa i Ab ïî-
çíà÷èìî çâóæåííÿ îïåðàòîðiâ Åa i Åb íà domAa = {φ ∈ dom Åa : φ(0) = 0} i
domAb = {φ ∈ dom Åb : φ(0) = 0} âiäïîâiäíî.
Òåîðåìà 8.2. (i) Ñïåêòð îïåðàòîðà A äiéñíèé äèñêðåòíèé i ¹ îá'¹äíàííÿì ñïåêò-
ðiâ òðüîõ îïåðàòîðiâ, à ñàìå, σ(A) = σ(Aa) ∪ σ(Ab) ∪ σ(B).

(ii) ßêùî λ íàëåæèòü ëèøå äî îäíi¹¨ ç ìíîæèí σ(Aa), σ(B) ÷è σ(Ab), òî λ
¹ ïðîñòèì âëàñíèì çíà÷åííÿì îïåðàòîðà A.

(iii) Êîëè λ ∈ σ(Aa) ∩ σ(Ab), àëå λ íå ¹ òî÷êîþ ñïåêòðó îïåðàòîðà B, òî λ
¹ äâîêðàòíèì âëàñíèì çíà÷åííÿì i Xλ = ker(A− λE).
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(iv) Ïðèïóñòèìî, ùî λ íàëåæèòü äî ïåðåòèíó σ(Aa) ∩ σ(B) (âiäïîâiäíî
σ(Ab) ∩ σ(B)), àëå λ íå ¹ âëàñíèì çíà÷åííÿì Ab (âiäïîâiäíî Aa), òîäi λ ¹ äâî-
êðàòíèì âëàñíèì çíà÷åííÿì îïåðàòîðà A. Êîëè æ λ ∈ σ(Aa) ∩ σ(Ab) ∩ σ(B),
òî λ ¹ âëàñíèì çíà÷åííÿì A êðàòíîñòi 3. Â óñiõ öèõ âèïàäêàõ, îêðiì âëàñíèõ,
ïðîñòið Xλ ìiñòèòü ùå êîðåíåâi âåêòîðè: Xλ = ker(A− λ)2 i Xλ 6= ker(A− λ).

Îïåðàòîðè Tε ¹ ïðèêëàäîì ñiì'¨ ñàìîñïðÿæåíèõ îïåðàòîðiâ ó çìiííèõ ãiëü-
áåðòîâèõ ïðîñòîðàõ, ñïåêòðè ÿêèõ çáiãàþòüñÿ çà Ãàóñäîðôîì äî ñïåêòðó íåñà-
ìîñïðÿæåíîãî îïåðàòîðà A, à ãðàíè÷íå ðîçòàøóâàííÿ âëàñíèõ ïiäïðîñòîðiâ Tε
âèçíà÷àþòü êîðåíåâi ïiäïðîñòîðè îïåðàòîðà A.

Íåõàé λε1 < λε2 < · · · < λεn < · · · � ïîñëiäîâíiñòü âëàñíèõ çíà÷åíü çàäà÷i (8),
(9). Âñi âëàñíi çíà÷åííÿ λεn ¹ ïðîñòèìè. Íåõàé òàêîæ λ1 6 λ2 6 · · · 6 λn 6 · · · �
âëàñíi çíà÷åííÿ çàäà÷i (10)�(13), ïåðåðàõîâàíi iç âðàõóâàííÿ ¨õíüî¨ êðàòíîñòi.

Òåîðåìà 8.3. Äëÿ óñiõ n ∈ N âëàñíå çíà÷åííÿ λεn çàäà÷i (8), (9) çáiãà¹òüñÿ ïðè
ε → 0 äî âëàñíîãî çíà÷åííÿ λn çàäà÷i (10)�(13). Çîêðåìà, ÿêùî λ � âëàñíå çíà-
÷åííÿ çàäà÷i (10)�(13) ç àëãåáðà¨÷íîþ êðàòíiñòþ m, òî ïðè ìàëèõ ε â äåÿêîìó
îêîëi λ iñíó¹ ðiâíî m âëàñíèõ çíà÷åíü çàäà÷i (8), (9).

Òåîðåìà 8.4. Íåõàé Xλ � êîðåíåâèé ïðîñòið îïåðàòîðà A, ùî âiäïîâiäà¹ âëàñ-
íîìó çíà÷åííþ λ. Íåõàé òàêîæ Xε

λ � ïðîñòið, ïîðîäæåíèé óñiìà âëàñíèìè
âåêòîðàìè Aε, äëÿ ÿêèõ âëàñíi çíà÷åííÿ ïðÿìóþòü äî λ ïðè ε → 0. Òîäi äëÿ
äîñòàòíüî ìàëèõ ε ïðîñòîðè Xε

λ i Xλ ìàþòü îäíàêîâó âèìiðíiñòü, à ðîçõèë
ìiæ íèìè ¹ íåñêií÷åííî ìàëèì ïðè ε→ 0 â òîìó ñåíñi, ùî∫

Γλ

Rz(Aε) dz →
∫

Γλ

Rz(A) dz

äëÿ êîæíîãî çàìêíåíîãî êîíòóðó Γλ ⊂ %(A), ùî îõîïëþ¹ ëèøå òî÷êó λ çi ñïå-
êòðó A.
Òåîðåìà 8.5. Íåõàé yε � âëàñíà ôóíêöiÿ çàäà÷i (8), (9), ÿêà âiäïîâiäà¹ âëàñíîìó
çíà÷åííþ λε i íîðìîâàíà óìîâîþ ‖yε‖L2(r,I) = 1.

(i) Ïðèïóñòèìî, ùî λε → λ ïðè ε → 0, äå λ � ïðîñòå âëàñíå çíà÷åííÿ îïå-
ðàòîðà A, ÿêå íàëåæèòü äî ìíîæèíè σ(Aa). Òîäi âëàñíà ôóíêöiÿ yε çáiãà¹òüñÿ
â ïðîñòîði L2(I) äî ôóíêöi¨ y(x) = u(x) ïðè x ∈ Ia i y(x) = 0 ïðè x ∈ Ib, äå u �
íîðìîâàíà â L2(r, Ia) âëàñíà ôóíêöiÿ îïåðàòîðà Aa ç âëàñíèì çíà÷åííÿì λ.

ßêùî λ � ïðîñòå âëàñíå çíà÷åííÿ ç ìíîæèíè σ(Ab), òî yε → y â L2(I), äå
y(x) = 0 ïðè x ∈ Ia òà y(x) = v(x) ïðè x ∈ Ib, à v � íîðìîâàíà â L2(r, Ib) âëàñíà
ôóíêöiÿ îïåðàòîðà Ab ç âëàñíèì çíà÷åííÿì λ.

(ii) Íåõàé λε → λ, äå λ � ïðîñòå âëàñíå çíà÷åííÿ îïåðàòîðà A ç ìíîæèíè
σ(B). Òîäi âëàñíà ôóíêöiÿ yε çáiãà¹òüñÿ â L2(I) äî ðîçâ'ÿçêó y çàäà÷i

−y′′ + qy = λry â Ia ∪ Ib, `ay = 0, `by = 0, y(−0) = ϑw(−1), y(+0) = ϑw(1),

äå w � âiäïîâiäíà âëàñíà ôóíêöiÿ îïåðàòîðà B, ‖w‖L2(p,I) = 1, à ϑ � äåÿêèé
íîðìiâíèé ìíîæíèê.
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Â ðîçäiëi 9 ìè óçàãàëüíèëè ìîäåëi ç ïîïåðåäíüîãî ðîçäiëó íà äâîâèìiðíèé
âèïàäîê i âèâ÷èëè ñïåêòðàëüíi âëàñòèâîñòi ìåìáðàí ç òîíêèìè âàæêèìè âêëþ-
÷åííÿìè. Íåõàé Ω � îáìåæåíà îáëàñòü â R2 ç ãëàäêîþ ìåæåþ, à γ � ãëàäêà
çàìêíåíà êðèâà â Ω, à ωε � ¨¨ ε-îêië. Ïðè ìàëèõ ε öåé îêië ëåæèòü â Ω, ¹ îáëàñòþ
ç ãëàäêîþ ìåæåþ, â ÿêié ìîæíà ââåñòè ëîêàëüíi êîîðäèíàòè (s, r) (äèâ. ñ. 21). Ìè
ïîáóäóâàëè àñèìïòîòèêó âëàñíèõ çíà÷åíü êðàéîâî¨ çàäà÷i

−∆uε + a(x)uε = λερε(x,m)uε â Ω, `uε = 0 íà ∂Ω (14)

ç âàãîâîþ ôóíêöi¹þ âèãëÿäó

ρε(x,m) =

{
ρ(x) â Ω \ ωε,
ε−mq(rε) â ωε,

çáóðåíîþ â îêîëi ãëàäêî¨ êðèâî¨. Òóò `v = 0 � îäèí ç êëàñè÷íèõ òèïiâ êðàéîâèõ
óìîâ íà ∂Ω, à ñàìå, óìîâè Äiðiõëå, Íåéìàíà ÷è Ðîáåíà, a ∈ C∞(Ω), ρ � ãëàäêà
ñòðîãî äîäàòíà ôóíêöiÿ â îáëàñòi Ω, à q � ãëàäêà i äîäàòíà íà âiäðiçêó [−1, 1].

Â ïiäðîçäiëi 9.1 ìè äîñëiäèëè çàäà÷ó ó âèïàäêó m = 2. Øóêàþ÷è ôîðìàëüíó
àñèìïòîòèêó ó âèãëÿäi λε ∼ λ + · · · , uε(x) ∼ v(x) + · · · , êîëè x ∈ Ω \ ωε, òà
uε(x) ∼ w(s, rε) + · · · , êîëè x ∈ ωε, îòðèìà¹ìî ãðàíè÷íó ñïåêòðàëüíó çàäà÷ó

−∆v + av = λρv â Ω \ γ, `v = 0 íà ∂Ω,

−∂2
nw = λqw â Q, ∂nw( · ,−1) = 0, ∂nw( · , 1) = 0,

v− = w( · ,−1), v+ = w( · , 1) íà γ,

äå n = r/ε. Íåõàé S � êîëî äîâæèíè |γ|, à Q = S × (−1, 1) � öèëiíäð, ÿêîìó
äèôåîìîðôíà îáëàñòü ωε â êîîðäèíàòàõ (s, n). Ââåäåìî îïåðàòîðè

Å = ρ−1(−∆ + a) â L2(ρ,Ω), dom Å = {f ∈ W 2
2 (Ω \ γ) : `f = 0 íà ∂Ω},

B = −q−1∂2
n â L2(q,Q), domB =

{
g ∈ W 2,0

2 (Q) : ∂ng( · ,−1) = ∂ng( · , 1) = 0
}
,

äå W 2,0
2 (Q) =

{
g ∈ L2(Q) : ∂kng ∈ L2(Q) äëÿ k = 1, 2

}
� àíiçîòðîïíèé ïðîñòið Ñî-

áîë¹âà. Â ïðîñòîði L = L2(ρ,Ω)× L2(q,Q) ðîçãëÿíåìî ìàòðè÷íèé îïåðàòîð

P =

(
Å 0
0 B

)
, domP =

{
(f, g) ∈ dom Å×domB : f− = g( · ,−1), f+ = g( · , 1)

}
,

ÿêèé ïîðîäæåíèé ãðàíè÷íîþ çàäà÷åþ.

Ëåìà 9.1. Ñïåêòð îïåðàòîðà B ñêëàäà¹òüñÿ ç ïîñëiäîâíîñòi äiéñíèõ âëàñíèõ
çíà÷åíü íåñêií÷åííî¨ êðàòíîñòi, ïðè÷îìó λ ∈ σ(B) òîäi i ëèøå òîäi, êîëè λ �
âëàñíå çíà÷åííÿ çàäà÷i Øòóðìà-Ëióâiëëÿ

y′′ + λq(n)y = 0 íà (−1, 1), y′(−1) = 0, y′(1) = 0. (15)
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Òåîðåìà 9.1. Ñïåêòð P äiéñíèé, äèñêðåòíèé, à òàêîæ σ(P) = σ(A) ∪ σ(B).

Íàñëiäîê 9.1. Ðåçîëüâåíòà P ¹ íåêîìïàêòíèì îïåðàòîðîì.

Íàñëiäîê âêàçó¹ íà ïðèíöèïîâó âiäìiííiñòü äâîâèìiðíîãî âèïàäêó � òóò íåìà¹
ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi îïåðàòîðiâ, ÿêi âiäïîâiäàþòü çàäà÷i (14). ßê-
áè âîíà áóëà, òî ãðàíè÷íèé îïåðàòîð ìàâ áè êîìïàêòíó ðåçîëüâåíòó, áî òàêèìè
¹ ðåçîëüâåíòè äîãðàíè÷íèõ îïåðàòîðiâ. Ç öi¹¨ ïðè÷èíè ìè âèâ÷àëè àñèìïòîòèêó
ñïåêòðó i îáìèíóëè ïèòàííÿ çáiæíîñòi ñàìèõ îïåðàòîðiâ.

Òåîðåìà 9.2 Íåõàé Xλ � êîðåíåâèé ïðîñòið, à X0
λ � âëàñíèé ïiäïðîñòið, ùî

âiäïîâiäàþòü λ ∈ σ(P).
(i) ßêùî λ ∈ σ(A) \ σ(B), òî Xλ ñêií÷åííîâèìiðíèé i çáiãà¹òüñÿ ç X0

λ.
(ii) ×àñòèíà σ(B)\σ(A) ñïåêòðó îïåðàòîðà P ñêëàäà¹òüñÿ ç âëàñíèõ çíà÷åíü

λ íåñêií÷åííî¨ êðàòíîñòi, ïðè÷îìó Xλ = X0
λ.

(iii) Ïiäìíîæèíà σ(A) ∩ σ(B) ñïåêòðó P òåæ ñêëàäà¹òüñÿ ç âëàñíèõ çíà-
÷åíü λ íåñêií÷åííî¨ êðàòíîñòi, ïðîòå Xλ 6= X0

λ. Â öüîìó ðàçi iñíó¹ ñêií÷åí-
íà êiëüêiñòü êîðåíåâèõ âåêòîðiâ, ÿêi ðàçîì ç âëàñíèìè âåêòîðàìè óòâîðþþòü
æîðäàíîâi ëàíöþãè äîâæèíè 2.

Â òåêñòi äèñåðòàöi¨ öÿ òåîðåìà äîïîâíåíà iíôîðìàöi¹þ ïðî ñòðóêòóðó ïðî-
ñòîðiâ Xλ, äëÿ ÿêèõ êîíñòðóêòèâíî ïîáóäîâàíî áàçè ç âëàñíèõ òà ïðè¹äíàíèõ
âåêòîðiâ. Äàëi â öüîìó ïiäðîçäiëi â îêîëi êîæíî¨ òî÷êè λ ∈ σ(P) ïîáóäîâàíî i
îá ðóíòîâàíî àñèìïòîòè÷íi ôîðìóëè äëÿ âëàñíèõ çíà÷åíü çàäà÷i (14).

Êðèâà γ ðîçäiëÿ¹ Ω íà äâi ïiäîáëàñòi Ωout òà Ωin, ïðè÷îìó ∂Ωout = ∂Ω ∪ γ− i
∂Ωin = γ+, äå γ− i γ+ � äâà áåðåãè ðîçðiçó γ. Ðîçãëÿíåìî äâi êðàéîâi çàäà÷i

−∆z + az = λρz â Ωout, z = ϕ íà γ, `z = 0 íà ∂Ω,

−∆w + aw = λρw â Ωin, w = ψ íà γ

i ââåäåìî â L2(γ) âiäîáðàæåííÿ Äiðiõëå-Íåéìàíà N−λ ϕ = ∂rz|γ òà N+
λ ψ = −∂rw|γ.

Â òåîðåìi 9.3 äîâåäåíî, ùî â îêîëi âëàñíîãî çíà÷åííÿ λ ∈ σ(B) \ σ(A) iñíó¹
çëi÷åííà ñåðiÿ âëàñíèõ çíà÷åíü λεk, k ∈ N, çàäà÷i (14), ÿêi âîëîäiþòü àñèìïòîòèêîþ
λεk = λ+ ελ

(k)
1 +O(ε2) ïðè ε→ 0. Ïîñëiäîâíiñòü êîðåêòîðiâ {λ(k)

1 }k∈N � öå ñïåêòð
îïåðàòîðà Nλ = π−1

λ

(
N−λ + θ2

λN
+
λ + 1

2 (θ2
λ − 1)κ

)
â L2(γ), ïîðîäæåíîãî çàäà÷åþ

−∆v + av = λρv â Ω \ γ, `v = 0 íà ∂Ω,

v+ − θλv− = 0, θλ∂rv
+ − ∂rv− −

(
1
2 (θ2

λ − 1)κ − λ1πλ
)
v− = 0 íà γ

çi ñïåêòðàëüíèì ïàðàìåòðîì λ1 â óìîâàõ ñïðÿæåííÿ íà êðèâié γ. Òóò κ � êðèâèíà
êðèâî¨ γ, πλ =

∫ 1

−1 qy
2(n, λ) dn i θλ = y(1, λ), äå y = y(n, λ) � âëàñíà ôóíêöiÿ

(15), íîðìîâàíà óìîâîþ y(−1, λ) = 1. Îïåðàòîð Nλ ¹ ñàìîñïðÿæåíèì, îáìåæåíèì
çíèçó i ç êîìïàêòíîþ ðåçîëüâåíòîþ. Ç ïîãëÿäó àñèìïòîòè÷íîãî àíàëiçó òî÷êè
ñïåêòðó îïåðàòîðà B, ÿêi ïîðîäæóþòü íåñêií÷åííîâèìiðíi iíâàðiàíòíi ïðîñòîðè
îïåðàòîðà P , ñõîæi íà ðåçîíàíñè íóëüîâî¨ åíåðãi¨ ç ïîïåðåäíiõ ðîçäiëiâ, à âëàñíi
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ôóíêöi¨ çàäà÷i Øòóðìà-Ëióâiëëÿ (15) â öié ìîäåëi âiäiãðàþòü ðîëü �íàïiâçâ'ÿçíèõ
ñòàíiâ�. Òåîðåìó äîâåäåíî ó ïðèïóùåííi ïðîñòîòè ñïåêòðó Nλ.

Â òåîðåìi 9.4 îïèñàíî äîâîëi ñêëàäíó áiôóðêàöiþ âëàñíèõ çíà÷åíü çàäà÷i (14)
â îêîëi òî÷êè λ ∈ σ(A) ∩ σ(B). Îïåðàòîð A ¹ ïðÿìîþ ñóìîþ äâîõ îïåðàòîðiâ

A− = ρ−1(−∆ + a), domA− = {f ∈ W 2
2 (Ωout) : `f = 0 íà ∂Ω, f = 0 íà γ},

A+ = ρ−1(−∆ + a), domA+ = {f ∈ W 2
2 (Ωin) : f = 0 íà γ}.

Òîìó σ(P) = σ(A−) ∪ σ(A+) ∪ σ(B). Íåõàé λ � âëàñíå çíà÷åííÿ îïåðàòîðà A
êðàòíîñòi K, à V1,. . . ,VK � âëàñíi ôóíêöi¨ òàêi, ùî

∫
Ω ρViVj dx = δij, äå δij �

ñèìâîë Êðîíåêåðà. ×åðåç Hλ ïîçíà÷èìî ïiäïðîñòið â L2(γ), ïîðîäæåíèé ôóíê-
öiÿìè Ψk = θλ∂rV

+
k − ∂rV

−
k , k = 1, . . . , K. Âèìiðíiñòü öüîãî ïðîñòîðó âèçíà÷à¹

êiëüêiñòü ëàíöþãiâ Æîðäàíà â ñòðóêòóði Xλ.

Ëåìà 9.3. Íåõàé λ � âëàñíå çíà÷åííÿ îïåðàòîðà A, à k± � êðàòíîñòi λ â
ñïåêòðàõ îïåðàòîðiâ A± âiäïîâiäíî. Òîäi dimHλ > max(k−, k+).

Òåîðåìà 9.4 ñòâåðäæó¹, ùî ó âèïàäêó λ ∈ σ(A) ∩ σ(B) iñíó¹ çëi÷åííà ñåðiÿ
âëàñíèõ çíà÷åíü çàäà÷i (14) ç àñèìïòîòèêîþ λεk = λ + ελ

(k)
1 + O(ε2), ε → 0. Êî-

ðåêòîðè λ(k)
1 ¹ òî÷êàìè ñïåêòðó îïåðàòîðà Mλ = π−1

λ

(
M−

λ + θ2
λM

+
λ + 1

2 (θ2
λ − 1)κ

)
,

äå M±
λ = (I − Pλ)N±λ (I − Pλ), à Pλ � îðòîãîíàëüíèé ïðîåêòîð íà ïiäïðîñòið Hλ.

Íåõàé d = dimHλ. Òàêîæ çàäà÷à ìîæå ùå ìàòè íå áiëüøå K − d âëàñíèõ çíà-
÷åíü, êîðåêòîðàìè ÿêèõ ¹ òî÷êè ñïåêòðó äåÿêî¨ ìàòðèöi. Âëàñíîìó çíà÷åííþ λ
âiäïîâiäà¹ d æîðäàíîâèõ ëàíöþãiâ äîâæèíè 2, âíàñëiäîê ÷îãî iñíó¹ 2d âëàñíèõ
çíà÷åíü çàäà÷i (14) ç àñèìïòîòèêîþ çà ïiâöiëèìè ñòåïåíÿìè ìàëîãî ïàðàìåòðà
µ±ε,j = λ ± ε1/2ωj + ελ±1,j + O(ε3/2), j = 1, . . . , d. Òóò ω2

j � íåíóëüîâi âëàñíi çíà÷å-
ííÿ ìàòðèöi �ðàìà Gλ ôóíêöié Ψ1,. . . ,ΨK . Â òåîðåìà çðîáëåíi ïðèïóùåííÿ ïðî
ïðîñòîòó ñïåêòðiâ Mλ i Gλ.

Çáóðåííÿ âëàñíîãî çíà÷åííÿ λ ∈ σ(A) \ σ(B) îïèñàíî â òåîðåìi 9.5. Íåõàé
K � êðàòíiñòü öüîãî âëàñíîãî çíà÷åííÿ. Äîâåäåíî iñíóâàííÿ K âëàñíèõ çíà÷åíü
çàäà÷i (14) ç àñèìïòîòèêîþ λεk = λ0 + ελ

(k)
1 + O(ε2) ïðè ε → 0. Êîðåêòîðè îòðè-

ìàíi ñòàíäàðòíîþ àñèìïòîòè÷íîþ ïðîöåäóðîþ äëÿ ñêií÷åííîêðàòíèõ çáóðåíü i ¹
òî÷êàìè ñïåêòðó äåÿêî¨ êâàäðàòíî¨ ìàòðèöi ïîðÿäêó K.

Çàäà÷à (14) ïðè m = 2 äà¹ ïðèêëàä ñiì'¨ ñàìîñïðÿæåíèõ îïåðàòîðiâ ó çìiííèõ
ãiëüáåðòîâèõ ïðîñòîðàõ, êîëè ïîâíîòà ñèñòåìè çáóðåíèõ âëàñíèõ ôóíêöié ïåðåõî-
äèòü â ãðàíèöi ó ïåâíîìó ñåíñi â ïîâíîòó ñèñòåìè âëàñíèõ i êîðåíåâèõ âåêòîðiâ
ãðàíè÷íîãî íåñàìîñïðÿæåíîãî îïåðàòîðà. Ôîðìàëüíà àñèìïòîòèêà âêàçó¹ íà òå,
ùî âëàñíi ôóíêöi¨ u(−)

ε,j i u(+)
ε,j , ÿêi âiäïîâiäàþòü ïàði âëàñíèõ çíà÷åíü µ−ε,j i µ

+
ε,j,

õî÷à i çàëèøàþòüñÿ îðòîãîíàëüíèìè ó ïðîñòîði L2(ρε,Ω) çi ñèíãóëÿðíîþ âàãî-
âîþ ôóíêöi¹þ, ïðîòå êóò ìiæ íèìè â ïðîñòîði L2(Ω) ñòà¹ íåñêií÷åííî ìàëèì ïðè
ε → 0. Ãðàíèöi öèõ âëàñíèõ ôóíêöié ¹ ëiíiéíî çàëåæíèìè âíàñëiäîê ÷îãî âòðà-
÷à¹òüñÿ ïîâíîòà â L2(Ω). Äî òîãî æ íåñàìîñïðÿæåíèé îïåðàòîð P ìiñòèòü óñþ
iíôîðìàöiþ, íåîáõiäíó äëÿ îïèñó ñïåêòðó çáóðåíî¨ çàäà÷i: (i) σ(P) � öå ãðàíè÷íà
ìíîæèíà ïðè ε→ 0 äëÿ âëàñíèõ çíà÷åíü λε; (ii) çà êðàòíîñòÿìè âëàñíèõ çíà÷åíü
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P ìîæåìî ðîçáèòè çáóðåíèé ñïåêòð íà ñêií÷åííi i íåñêií÷åííi ìíîæèíè âëàñíèõ
çíà÷åíü ç îäíàêîâèìè ãðàíèöÿìè; (iii) ó âèïàäêó λ ∈ σ(A) ∩ σ(B) âèìiðíiñòü
ïðîñòîðó Hλ àáî æ êiëüêiñòü ëàíöþãiâ Æîðäàíà âèçíà÷àþòü êiëüêiñòü âëàñíèõ
çíà÷åíü ç àñèìïòîòèêîþ çà ïiâöiëèìè ñòåïåíÿìè; (iv) åëåìåíòè æîðäàíîâèõ ëàí-
öþãiâ ç'ÿâëÿþòüñÿ ó êâàçiìîäàõ � ôîðìàëüíié àñèìïòîòèöi âëàñíèõ ôóíêöié.

Â ïiäðîçäiëi 9.2 àñèìïòîòèêà ñïåêòðó çàäà÷i (14) áóëà ïîáóäîâàíà ó âèïàäêó
m = 3. Ãðàíè÷íà çàäà÷à

−∆v + av = 0 â Ω \ γ, `v = 0 íà ∂Ω, (16)

−∂2
nw = µqw â Q, ∂nw( · ,−1) = 0, ∂nw( · , 1) = 0, (17)
v− = w( · ,−1), v+ = w( · , 1) íà γ, (18)

ÿêà âèíèêà¹ äëÿ ãîëîâíèõ ÷ëåíiâ àñèìïòîòèêè λε = εµ+ o(ε), uε(x) = v(x) + o(1)
äëÿ x ∈ Ω\ωε òà uε(x) = w(s, rε)+o(1) äëÿ x ∈ ωε, ìiñòèòü ñïåêòðàëüíèé ïàðàìåòð
µ ëèøå â ðiâíÿííi íà öèëiíäði Q. Âiäñóòíiñòü öüîãî ïàðàìåòðà â ðiâíÿííi äëÿ v
ñóòò¹âî çìiíþ¹ ïðèðîäó ãðàíè÷íî¨ çàäà÷i. Ó ïîçíà÷åííÿõ ïîïåðåäíüîãî ïiäðîçäiëó
¨¨ ìîæíà òðàêòóâàòè ÿê óçàãàëüíåíó çàäà÷ó íà âëàñíi çíà÷åííÿ ç âèðîäæåíîþ
ìàòðèöåþ êîëî ñïåêòðàëüíîãî ïàðàìåòðà(

Å 0
0 B

)(
v
w

)
= µ

(
0 0
0 q

)(
v
w

)
, u =

(
v
w

)
∈ domP . (19)

Òåîðåìà 9.6. ßêùî îïåðàòîð A îáîðîòíèé, òî ìíîæèíà âëàñíèõ çíà÷åíü óçà-
ãàëüíåíî¨ ñïåêòðàëüíî¨ çàäà÷i (19) çáiãà¹òüñÿ çi ñïåêòðîì îïåðàòîðà B, ïðè÷î-
ìó âñi âëàñíi çíà÷åííÿ çàäà÷i ìàþòü íåñêií÷åííó êðàòíiñòü.

Êîëè îïåðàòîðA ìà¹ íóëüîâå âëàñíå çíà÷åííÿ, òî �ñïåêòð� çàäà÷i (19) � ìíîæè-
íà óñiõ µ, äëÿ ÿêèõ iñíóþòü íåòðèâiàëüíi ðîçâ'ÿçêè � çáiãà¹òüñÿ ç óñi¹þ êîìïëåêñ-
íîþ ïëîùèíîþ, áî íàâiòü êîëè µ íå íàëåæèòü ñïåêòðó B, òî iñíóþòü íåíóëüîâi
ðîçâ'ÿçêè (v, 0), äå v ∈ kerA. Íàäàëi ââàæàòèìåìî, ùî îïåðàòîð A îáîðîòíèé.

Íåõàé µ ∈ σ(B). Ââåäåìî îïåðàòîð Kµ = π−1
µ

(
N−0 + θ2

µN
+
0 + 1

2 (θ2
µ − 1)κ

)
,

äå N±0 � îïåðàòîðè Äiðiõëå-Íåéìàí N±λ , âçÿòi ïðè λ = 0, πµ =
∫ 1

−1 qy
2(n, µ) dn,

θµ = y(1, µ), à κ � êðèâèíà êðèâî¨ γ.Îïåðàòîðè N±0 êîðåêòíî âèçíà÷åíi, áî A
îáîðîòíèé.

Òåîðåìà 9.7. Íåõàé êðàéîâà çàäà÷à −∆u+au = 0 â Ω\γ, `u = 0 íà ∂Ω, u = 0 íà
γ ìà¹ ëèøå òðèâiàëüíèé ðîçâ'ÿçîê. Òîäi ñïåêòð çàäà÷i (14) ïðè m = 3 ìiñòèòü
çëi÷åííó êiëüêiñòü ïîñëiäîâíîñòåé âëàñíèõ çíà÷åíü, ÿêi ïðÿìóþòü äî íóëÿ ïðè
ε→ 0, ïðîòå ìàþòü ðiçíó øâèäêiñòü ïðÿìóâàííÿ çàëåæíî âiä ïîñëiäîâíîñòi.

Íåõàé µ � âëàñíå çíà÷åííÿ îïåðàòîðà B, à ñïåêòð {µ(k)
1 }k∈N îïåðàòîðà Kµ

¹ ïðîñòèì. Òîäi iñíó¹ çëi÷åííà ñåðiÿ âëàñíèõ çíà÷åíü λεk, k ∈ N, ÿêi âîëîäiþòü
àñèìïòîòèêîþ λεk = εµ+ ε2µ

(k)
1 +O(ε3) ïðè ε→ 0.
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ÂÈÑÍÎÂÊÈ

Äèñåðòàöiéíà ðîáîòà ¹ äîñëiäæåííÿì â òåîði¨ ëiíiéíèõ ñàìîñïðÿæåíèõ îïåðàòîðiâ
òà ñïåêòðàëüíié òåîði¨ äèôåðåíöiàëüíèõ îïåðàòîðiâ. Âîíà ìiñòèòü íîâi ðåçóëüòàòè
ç òåîði¨ îïåðàòîðiâ Øðåäèí åðà òà Øòóðìà-Ëióâiëëÿ, òåîði¨ êðàéîâèõ çàäà÷ äëÿ
åëiïòè÷íèõ îïåðàòîðiâ, ÿêi ìàþòü áåçïîñåðåäí¹ çàñòîñóâàííÿ ó ñó÷àñíié ôiçè÷íié
íàóöi, çîêðåìà, íåðåëÿòèâiñòñüêié êâàíòîâié ìåõàíiöi òà òåîði¨ ñèëüíî íåîäíîðiä-
íèõ ñåðåäîâèù. Çàïðîïîíîâàíî íîâèé ìåòîä äîñëiäæåííÿ ðiâíîìiðíî¨ i ñèëüíî¨
ðåçîëüâåíòíèõ çáiæíîñòåé ñiìåé ñèíãóëÿðíî çáóðåíèõ îïåðàòîðiâ, ÿêèé  ðóíòó-
¹òüñÿ íà àñèìïòîòè÷íîìó àíàëiçi ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü. Øëÿõîì
äîâåäåííÿ ðiâíîìiðíî¨ ðåçîëüâåíòíî¨ çáiæíîñòi îïåðàòîðiâ Øðåäèí åðà iç ëîêàëü-
íèìè çáóðåííÿìè ïîòåíöiàëiâ ïîáóäîâàíî âàæëèâi ó ôiçèöi òî÷íi ìîäåëi, ÿêi ¹ íàé-
êðàùèìè àïðîêñèìàöiÿìè öèõ ñiìåé îïåðàòîðiâ â êëàñi îïåðàòîðiâ Øðåäèí åðà ç
òî÷êîâèìè âçà¹ìîäiÿìè ÷è âçà¹ìîäiÿìè íà êðèâèõ. Â ðàçi, êîëè íåìà¹ ðiâíîìið-
íî¨ ðåçîëüâåíòíî¨ çáiæíîñòi, òî÷íi ìîäåëi îòðèìàíî ÿê ðåçóëüòàò àñèìïòîòè÷íîãî
àíàëiçó ñïåêòðiâ òàêèõ îïåðàòîðiâ. Ïîáóäîâàíà òåîðiÿ îïåðàòîðiâ Øðåäèí åðà ç
(aδ′+ bδ)-ïîäiáíèìè çáóðåííÿìè ïîòåíöiàëiâ òà ìàòåìàòè÷íà òåîðiÿ îäíîâèìiðíî-
ãî àòîìà âîäíþ. Îáèäâi ôiçè÷íi ïðîáëåìè áóëè ïðåäìåòîì áàãàòîði÷íèõ íàóêîâèõ
äèñêóñié.

Çàïðîïîíîâàíî ïðàâèëüíå ìàòåìàòè÷íå ôîðìóëþâàííÿ òà çíàéäåíî ðîçâ'ÿçîê
ïðîáëåìè δ′-ïîòåíöiàëó. Äîâåäåíî ðiâíîìiðíó ðåçîëüâåíòíó çáiæíiñòü îïåðàòîðiâ
Øðåäèí åðà ç (aδ′+bδ)-ïîäiáíèìè çáóðåííÿìè ïîòåíöiàëiâ i ëîêàëüíèìè ñèíãóëÿð-
íèìè çáóðåííÿìè ðàíãó äâà. Îïèñàíî êëàñ ïîðîäæåíèõ òî÷êîâèìè âçà¹ìîäiÿìè
ñàìîñïðÿæåíèõ îïåðàòîðiâ, ÿêi âèíèêàþòü ÿê îïåðàòîðè åíåðãi¨ ó êâàíòîâèõ ñèñòå-
ìàõ ç ëîêàëiçîâàíèìè äèïîëÿìè. Ðåçóëüòàòè óçàãàëüíåíî íà âèïàäîê äâîâèìiðíèõ
îïåðàòîðiâ Øðåäèí åðà ç ïîòåíöiàëàìè äèïîëüíîãî õàðàêòåðó, ÿêi ñêîíöåíòðîâàíi
â îêîëi çàìêíåíèõ êðèâèõ.

Çíàéäåíî âiäïîâiäü íà îñíîâíå ïèòàííÿ â îäíîâèìiðíié ìîäåëi àòîìà âîäíþ,
à ñàìå, ÷è ïîòåíöiàëè Êóëîíà � ïîòåíöiàëè çi ñòåïåíåâîþ îñîáëèâiñòþ � ¹ ïðî-
íèêíèì äëÿ ÷àñòèíîê. Äëÿ êëàñó îïåðàòîðiâ Øðåäèí åðà ç ïðèðîäíèìè ðåãóëÿ-
ðèçàöiÿìè ïîòåíöiàëiâ òèïó Êóëîíà äîâåäåíà ðiâíîìiðíà ðåçîëüâåíòíà çáiæíiñòü
òà çíàéäåíi òî÷íi ìîäåëi. Ç îòðèìàíèõ ðåçóëüòàòiâ âèïëèâà¹, ùî êîæåí ïîòåíöiàë
òèïó Êóëîíà â çàëåæíîñòi âiä ñïîñîáó ðåãóëÿðèçàöi¨ ìîæå áóòè ÿê ïðîíèêíèì, òàê
i âiäáèâíèì. Òàêîæ âñòàíîâëåíî êðèòåðié ïðîíèêíîñòi.

Äëÿ îïåðàòîðiâ Øðåäèí åðà ç íåëiíiéíîþ çàëåæíiñòþ ïîòåíöiàëiâ âiä ñòàëî¨
âçà¹ìîäi¨ çíàéäåíî óìîâè, ïðè ÿêèõ iñíóþòü âiä'¹ìíi âëàñíi çíà÷åííÿ ç ïîðîãîâîþ
ïîâåäiíêîþ, à ñàìå, êîëè ¨õ ïîãëèíà¹ íèæíÿ ìåæà íåïåðåðâíîãî ñïåêòðó. Ïîáó-
äîâàíi àñèìïòîòè÷íi ôîðìóëè äëÿ ïîðîãîâèõ âëàñíèõ çíà÷åíü. Äîñëiäæåíî òà-
êîæ âïëèâ ëîêàëüíèõ ñèíãóëÿðíèõ çáóðåíü âàãîâèõ ôóíêöié íà ñïåêòðè îïåðàòî-
ðiâ Øòóðìà-Ëióâiëëÿ òà åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ â äâîâèìiðíèõ
îáìåæåíèõ îáëàñòÿõ.
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34

çáóðåííÿì âàãîâèõ ôóíêöié â îêîëi çàìêíåíèõ êðèâèõ. Çíàéäåíî óìîâè iñíóâàííÿ
âiä'¹ìíèõ âëàñíèõ çíà÷åíü äëÿ îäíîâèìiðíèõ îïåðàòîðiâ Øðåäèí åðà òà óìîâè
¨õíüîãî ïîãëèíàííÿ íåïåðåðâíèì ñïåêòðîì ïðè ìàëèõ ñòàëèõ âçà¹ìîäi¨.
Êëþ÷îâi ñëîâà: îïåðàòîð Øðåäèí åðà, ñèíãóëÿðíèé ïîòåíöiàë, δ′-ïîòåíöiàë,
ïîòåíöiàë Êóëîíà, îäíîâèìiðíèé àòîì âîäíþ, çàäà÷à ðîçñiþâàííÿ, àñèìïòîòèêà
ñïåêòðó, òî÷íà ìîäåëü, òî÷êîâà âçà¹ìîäiÿ, çáóðåííÿ ñêií÷åííîãî ðàíãó, ìàãíiò-
íèé ïîòåíöiàë, ðåçîíàíñ íóëüîâî¨ åíåðãi¨, íàïiâçâ'ÿçíèé ñòàí, îïåðàòîð Øòóðìà-
Ëióâiëëÿ, êîíöåíòðîâàíi ìàñè.

ÀÍÍÎÒÀÖÈß

Ãîëîâàòûé Þ. Ä. Ñèíãóëÿðíî âîçìóùåííûå äèôôåðåíöèàëüíûå îïåðàòîðû â
ìîäåëÿõ êâàíòîâîé ìåõàíèêè.� Êâàëèôèêàöèîííàÿ íàó÷íàÿ ðàáîòà íà ïðàâàõ
ðóêîïèñè.

Äèññåðòàöèÿ íà ñîèñêàíèå ó÷åíîé ñòåïåíè äîêòîðà ôèçèêî-ìàòåìàòè÷åñêèõ
íàóê ïî ñïåöèàëüíîñòè 01.01.02 � Äèôôåðåíöèàëüíûå óðàâíåíèÿ (111 Ìàòåìà-
òèêà). � Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî, Ëüâîâ �
2021.

Äèññåðòàöèîííàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ è èññëåäîâàíèþ ìàòåìàòè÷å-
ñêèõ ìîäåëåé, îïèñûâàþùèõ ÿâëåíèÿ êâàíòîâîé ìåõàíèêè. Öåëüþ ðàáîòû ÿâëÿå-
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ÿíèå, îïåðàòîð Øòóðìà-Ëèóâèëëÿ, êîíöåíòðèðîâàííûå ìàññû.

ABSTRACT

Yuriy D. Golovaty. Singularly perturbed di�erential operators in models of quantum
mechanics.� Quali�cation scienti�c paper, manuscript.

The thesis for the degree of Doctor of Sciences in Physics and Mathematics, speci-
alty 01.01.02 � Di�erential Equations (111 � Mathematics).� Ivan Franko National
University of Lviv, Lviv, 2021.

The work is devoted to the study of mathematical models that arose from quantum
mechanics. The main aim is to build so-called exactly solvable models, which not
only provide a qualitative description of the actual process, but can also be relatively
easily solved to obtain quantitative characteristics such as spectra or scattering data.
The object of research is di�erential operators with singularly perturbed coe�cients.
The main tool is asymptotic methods for di�erential equations, which can be used to
prove convergence of families of perturbed operators in the uniform or strong resolvent
topologies. The domains of the limit operators can be described in terms of boundary
conditions or coupling conditions on sets, where the perturbations are localized. These
operators are the solvable models that best approximate an actual physical process in
the class of point interactions or interactions on submanifolds.

A mathematical theory of the one-dimensional hydrogen atom is constructed. The
problem has given rise to many scienti�c discussions and many publications in the
physical and mathematical literature. We have studied Schr�odinger operators wi-
th Coulomb-type potentials, i.e., potentials with power singularities. To construct a
Hamiltonian of the hydrogen atom, i.e., a self-adjoint operator corresponding to the
energy of system, it is necessary to explicitly indicate coupling conditions at the point of
singularity. We have considered more general problem for regularizations of Coulomb-
type potentials and we have proved the convergence of the corresponding operators in
the norm resolvent topology. The consequence of these results is a complete mathemati-
cal description of the one-dimensional model of hydrogen atom.

The Thesis contains a complete mathematical solution to the well known problem of
δ′-potential in quantum mechanics. The problem consists in constructing one-dimen-
sional solvable models for the localized dipole. The norm resolvent convergence of
Schr�odinger operators with δ′-like potentials has been established for the shapes of
perturbation with compact supports. The solvable models have been constructed that
can be used to describe the dipole interactions. These results have been extended to
the shapes of the Faddeev-Marchenko class. Also, we have described the interaction of
δ and δ′ potentials. We have studied the families of Schr�odinger operators, which can
be interpreted as a regularization of Hamiltonians with pseudopotentials αδ′+βδ. The
regularized potentials contain two parameters associated with the localization rate of
the δ-like and δ′-like sequences, respectively. The convergence of such operators has
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been obtained in the norm resolvent topology and it has been shown that the solvable
models depend not only on the potential shapes, but also on the ratio of the localization
rates of each term in the perturbations.

We have generalized the problem of δ′-potential to the two-dimensional case. The
spectral properties of Schr�odinger operators with the dipole type potentials concentra-
ted in a vicinity of a closed curve have been studied. Solvable models with interactions
on the curve have been obtained by construction of the asymptotics of eigenvalues and
eigenfunctions. The coupling conditions on the curve depend in nontrivial way on the
geometry of curve and the spectral characteristics of localized potentials.

Since the product of the �rst derivative of Dirac's function and a smooth function
is always a linear combination of two functionals δ and δ′, the δ′-potential can be
formally treated as a perturbation by an operator of rank two. We have established
convergence in the uniform resolvent topology of Schr�odinger operators with singular
local perturbations of rank two. For such families of operators, several qualitatively
di�erent cases of the limit behavior were obtained and a wide class of solvable models
with point interactions was constructed.

We have also established conditions for the existence of negative eigenvalues and
conditions when these eigenvalues are absorbed by the lower bound of continuous
spectrum as a coupling constant goes to zero. The threshold behavior of negative
eigenvalues has been studied for families of Schr�odinger operators with potentials that
depend on a coupling constant in the nonlinear way. Two-term asymptotics of threshold
eigenvalues have been constructed.

The spectral properties of Sturm-Liouville operators and boundary value problems
for the elliptic operators with singular perturbation of the weight function have been
studied. These asymptotic results give non-trivial examples of self-adjoint operators
acting in variable Hilbert spaces for which the behavior of spectrum and eigenspaces
is described by a non-self-adjoint operator with nontrivial Jordan cells.

The thesis is a mathematical research in �elds of the asymptotic analysis of dif-
ferential operators and the spectral theory of linear operators. The obtained results
are new and have direct application in nonrelativistic quantum mechanics. Most of
them concern one-dimensional physical models, which are not a simpli�cation of 3-
dimensional ones, but play the role of primary mathematical models in various branches
of modern physics. The models of one-dimensional physics have become relevant in
recent decades, because only now can they be implemented experimentally. From the
mathematical viewpoint, some problems of one-dimensional physics are much more
complicated than the corresponding problems in higher dimensions. In particular, this
applies to the problem of hydrogen atom. The mathematics of one-dimensional models
also underlies the modern theory of quantum graphs, which describes the processes in
quantum waveguides.
Key words: Schr�odinger operator, singular potential, δ′-potential, Coulomb poten-
tial, îne-dimensional hydrogen atom, scattering problem, asymptotics of spectrum,
solvable model, point interaction, �nite rank perturbation, magnetic potential, zero-
energy resonance, half-bound state, Sturm-Liouville operator, concentrated masses.
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