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ÀÍÎÒÀÖIß

Ëèñåöüêà (Ñîáîëü) Î. Þ. Êîìïàêòíi òà áëèçüêi äî íèõ íàïiâ ðàòêè,

íàïiâãðóïè òà ¨õíi ðîçøèðåííÿ. � Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ

ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà ñïå-

öiàëüíiñòþ 111 � �Ìàòåìàòèêà� (Ãàëóçü çíàíü � 11 �Ìàòåìàòèêà òà ñòà-

òèñòèêà�). � Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

Ëüâiâ, 2023.

Òîïîëîãi÷íà àëãåáðà � öå îäíà iç òèõ îáëàñòåé ìàòåìàòèêè, ÿêi ìà-

þòü äîâîëi ñòðiìêèé ðîçâèòîê. Iç ñïèñêó ðiçíîìàíiòíèõ ïðîáëåì öi¹¨ ãàëóçi

ìîæíà âèîêðåìèòè çàäà÷ó ïðî äîñëiäæåííÿ âçà¹ìîâïëèâó òîïîëîãi÷íî¨ òà

àëãåáðè÷íî¨ ñòðóêòóð. Äî âiäîìèõ ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ öi¹¨ òåìà-

òèêè íàëåæàòü òàêi: T0-ïðîñòið òîïîëîãi÷íî¨ ãðóïè ¹ öiëêîì ðåãóëÿðíèì;

iíâåðñiÿ â iíâåðñíié êîìïàêòíié íàïiâãðóïi íåïåðåðâíà, à â çëi÷åííî êîì-

ïàêòíié � ñåêâåíöiàëüíî íåïåðåðâíà; ãàóñäîðôîâi êîìïàêòíà òîïîëîãi÷íà

íàïiâãðóïà çi ñêîðî÷åííÿìè òà íàïiâòîïîëîãi÷íà ëîêàëüíî êîìïàêòíà ãðóïà

¹ òîïîëîãi÷íèìè ãðóïàìè.

Îäíèì iç öåíòðàëüíèõ îá'¹êòiâ çàãàëüíî¨ òîïîëîãi¨ ¹ êîìïàêòíi ïðîñ-

òîðè, ÿêi ìîæíà âèçíà÷èòè çà äîïîìîãîþ áàãàòüîõ åêâiâàëåíòíèõ îçíà-

÷åíü äëÿ ðiçíèõ òèïiâ ïðîñòîðiâ (ìåòðè÷íèõ òà ií.): íà ìîâi çàìêíåíîñòi,

ïîâíîòè, çáiæíèõ ïîñëiäîâíîñòåé, îáìåæåíîñòi òà ií. Òàêå ðîçìà¨òòÿ

ïðèçâåëî äî âèíèêíåííÿ ðiçíèõ òèïiâ òîïîëîãi÷íèõ ïðîñòîðiâ, ÿêi ¹ áëèçü-

êèìè äî êîìïàêòíèõ: çëi÷åííî êîìïàêòíi, ïñåâäîêîìïàêòíi, çëi÷åííî ïðà-

êîìïàêòíi, ñëàáêî êîìïàêòíi, H-çàìêíåíi, R-êîìïàêòíi i ò. ä. Ìiæ óñiìà

ïåðåëi÷åíèìè áëèçüêèìè äî êîìïàêòíèõ òîïîëîãi÷íèìè ïðîñòîðàìè ìîæíà

âñòàíîâèòè âçà¹ìîçâ'ÿçêè.
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Äîñëiäæóþ÷è i¹ðàðõiþ áëèçüêèõ äî êîìïàêòíèõ ïðîñòîðiâ, ïðèðîäíèì

÷èíîì ïîñòàþòü òàêi çàïèòàííÿ. Ïåðøå: ÿêèé âïëèâ ìà¹ àëãåáðè÷íà ÷àñ-

òèíà òîïîëîãî-àëãåáðè÷íî¨ ñòðóêòóðà íà áëèçüêi äî êîìïàêòíèõ âëàñòè-

âîñòi? Äðóãå: ÿêi àëãåáðè÷íi ðîçøèðåííÿ òîïîëîãî-àëãåáðè÷íèõ ñòðóêòóð

çáåðiãàþòü êîìïàêòíiñòü i çà ÿêèõ óìîâ öi êîìïàêòíi ðîçøèðåííÿ ¹äèíi?

Òîïîëîãi÷íi âëàñòèâîñòi íåñêií÷åííî¨ (íàïiâ)òîïîëîãi÷íî¨ íàïiâãðóïè

λ × λ-ìàòðè÷íèõ îäèíèöü äîñëiäæóâàëèñü Ãóòiêîì, Ïàâëèê òà Ðåéòåðîì

â [94,95,100]. Ó [95] äîâåäåíî, ùî äëÿ íåñêií÷åííî¨ íàïiâòîïîëîãi÷íî¨ íàïiâ-

ãðóïè λ×λ-ìàòðè÷íèõ îäèíèöü Bλ iñíó¹ ¹äèíà ãàóñäîðôîâà òðàíñëÿöiéíî-

íåïåðåðâíà êîìïàêòíà òîïîëîãiÿ τc i êîæíà ïñåâäîêîìïàêòíà ãàóñäîðôîâà

òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ íà Bλ ¹ êîìïàêòíîþ. Òàêîæ Ãóòiê i

Ïàâëèê â [95] äîâåëè, ùî êîæåí íåíóëüîâèé åëåìåíò ãàóñäîðôîâî¨ íàïiâòî-

ïîëîãi÷íî¨ íàïiâãðóïè λ× λ-ìàòðè÷íèõ îäèíèöü Bλ ¹ içîëüîâàíîþ òî÷êîþ

â òîïîëîãi÷íîìó ïðîñòîði Bλ. Â [94] äîâåäåíî, ùî íåñêií÷åííà íàïiâãðóïà

λ× λ-ìàòðè÷íèõ îäèíèöü Bλ íå âêëàäà¹òüñÿ â êîìïàêòíó ãàóñäîðôîâó òî-

ïîëîãi÷íó íàïiâãðóïó, êîæíà ãàóñäîðôîâà òîïîëîãi÷íà iíâåðñíà íàïiâãðóïà

S, ÿêà ìiñòèòü Bλ ÿê ïiäíàïiâãðóïó, ìiñòèòü Bλ ÿê çàìêíåíó ïiäíàïiâãðóïó,

òîáòî Bλ ¹ àëãåáðè÷íî ïîâíîþ â êëàñi ãàóñäîðôîâèõ òîïîëîãi÷íèõ iíâåðñ-

íèõ íàïiâãðóï. Çãîäîì öåé ðåçóëüòàò áóâ ïîøèðåíèé Ãóòiêîì, Ëîóñîíîì

òà Ðåïîâøåì â [88] íà òàê çâàíi iíâåðñíi íàïiâãðóïè çi ùiëüíèìè ðÿäàìè

iäåàëiâ i, ÿê íàñëiäîê, íà íàïiâãðóïó I n
λ . Òàêîæ â [106] äîâåäåíî, ùî äëÿ

äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n íàïiâãðóïà I n
λ ¹ àëãåáðè÷íî h-ïîâíîþ â

êëàñi ãàóñäîðôîâèõ òîïîëîãi÷íèõ iíâåðñíèõ íàïiâãðóï, òîáòî êîæåí ãîìî-

ìîðôíèé îáðàç I n
λ ¹ àëãåáðè÷íî ïîâíèì ó êëàñi ãàóñäîðôîâèõ òîïîëîãi÷-

íèõ iíâåðñíèõ íàïiâãðóï. Ó ñòàòòi [11] Ãóòiêîì òà Ðåéòåðîì öåé ðåçóëüòàò

áóâ ïîøèðåíèé íà êëàñ ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ iíâåðñíèõ íàïiâ-

ãðóï, à òàêîæ áóëî ïîêàçàíî, ùî äëÿ äîâiëüíîãî íåñêií÷åííîãî êàðäèíàëà λ

íàïiâãðóïà I n
λ äîïóñêà¹ ¹äèíó ãàóñäîðôîâó òðàíñëÿöiéíî-íåïåðåðâíó òî-

ïîëîãiþ τc. Òàì æå æ áóëî äîâåäåíî, ùî êîìïàêòíîþ ¹ êîæíà çëi÷åííî
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êîìïàêòíà ãàóñäîðôîâà òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ τ íà Bλ.

Ó [100] Ãóòiê, Ïàâëèê i Ðåéòåð äîâåëè, ùî òîïîëîãi÷íà íàïiâãðóïà I n
λ , ó

ÿêî¨ ïiäíàïiâãðóïà iäåìïîòåíòiâ ¹ êîìïàêòíîþ, ¹ àáñîëþòíî H-çàìêíåíîþ

i êîæíà çëi÷åííî êîìïàêòíà òîïîëîãi÷íà íàïiâãðóïà íå ìiñòèòü I n
λ , ÿê ïiä-

íàïiâãðóïè äëÿ äîâiëüíîãî íåñêií÷åíîãî êàðäèíàëà λ. Ó [100] áóëè ñôîðìó-

ëüîâàíi äîñòàòíi óìîâè äëÿ òîãî, ùîá òîïîëîãi÷íà íàïiâãðóïà I 1
λ íå áóëà

H-çàìêíåíîþ. Ãóòiê ó [84] äîâiâ, ùî íåñêií÷åííà íàïiâòîïîëîãi÷íà íàïiâ-

ãðóïà λ × λ-ìàòðè÷íèõ îäèíèöü Bλ ¹ H-çàìêíåíîþ â êëàñi ãàóñäîðôîâèõ

íàïiâòîïîëîãi÷íèõ íàïiâãðóï òîäi i òiëüêè òîäi, êîëè ïðîñòið Bλ ¹ êîìïàêò-

íèì.

Ìåòîþ äèñåðòàöiéíî¨ ðîáîòè ¹ äîñëiäæåííÿ ãàóñäîðôîâèõ òðàíñëÿöié-

íî-íåïåðåðâíèõ ñëàáêî êîìïàêòíèõ òîïîëîãié íà íàïiâ ðàòöi expn λ; âñòà-

íîâëåííÿ àëãåáðè÷íèõ i òîïîëîãi÷íèõ âëàñòèâîñòåé ðîçøèðåíü íàïiâãðóï

ñèìåòðè÷íèìè iíâåðñíèìè íàïiâãðóïàìè îáìåæåíîãî ñêií÷åííîãî ðàíãó; äî-

ñëiäæåííÿ ñëàáêî êîìïàêòíèõ òîïîëîãié íà íàïiâãðóïiBF1
ω ó âèïàäêó, êîëè

ñiì'ÿ F1 ñêëàäà¹òüñÿ ç ïîðîæíüî¨ ìíîæèíè òà âñiõ îäíîòî÷êîâèõ ïiäìíî-

æèí îðäèíàëà ω.

Îá'¹êòîì äîñëiäæåííÿ ¹ íàïiâòîïîëîãi÷íà íàïi ðàòêà expn λ, íàïiâãðó-

ïîâå ðîçøèðåííÿ I n
λ (S), à òàêîæ íàïiâãðóïà BF1

ω .

Ïðåäìåò äèñåðòàöiéíèõ äîñëiäæåíü � êîìïàêòíi òà áëèçüêi äî íèõ

ãàóñäîðôîâi òðàíñëÿöiéíî-íåïåðåðâíi òà íàïiâãðóïîâi òîïîëîãi¨ òà ¨õíi âëà-

ñòèâîñòi íà íàïiâ ðàòöi expn λ òà íàïiâãðóïàõ BF1
ω òà I n

λ (S), à òàêîæ àë-

ãåáðè÷íi òà òîïîëîãi÷íi âëàñòèâîñòi íàïiâãðóïè I n
λ (S).

Ó ïðîöåñi äîñëiäæåííÿ äèñåðòàöiéíî¨ ïðîáëåìàòèêè çàñòîñîâóþòüñÿ ìå-

òîäè çàãàëüíî¨ òîïîëîãi¨, òîïîëîãi÷íî¨ àëãåáðè òà àëãåáðè÷íî¨ òåîði¨ íàïiâ-

ãðóï.
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Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöié óêðà¨íñüêîþ é àíãëiéñüêîþ ìîâàìè,

âñòóïó, ÷îòèðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó ëiòåðàòóðè òà äîäàòêà.

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè, çàçíà÷åíî ìåòó, çàâäàííÿ,

ïðåäìåò, îá'¹êò òà ìåòîäè äîñëiäæåííÿ, âêàçàíî íàóêîâó íîâèçíó, ïðàêòè÷-

íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ, çâ'ÿçîê ðîáîòè ç äåðæàâíîþ íàóêîâî-

äîñëiäíèöüêîþ òåìîþ, îñîáèñòèé âíåñîê çäîáóâà÷à, àïðîáàöiþ òà ïóáëiêàöi¨

îñíîâíèõ ðåçóëüòàòiâ äèñåðòàöi¨.

Ó ðîçäiëi 1 ïðîâåäåíî îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨, íàâåäåíî

iñòîðè÷íó äîâiäêó, ìîòèâàöiþ äîñëiäæåíü, à òàêîæ ñôîðìóëüîâàíî îçíà÷åí-

íÿ òà äîïîìiæíi òâåðäæåííÿ ç àëãåáðè òà çàãàëüíî¨ òîïîëîãi¨.

Ðîçäië 2 ñêëàäà¹òüñÿ ç òðüîõ ïiäðîçäiëiâ ïðèñâÿ÷åíèõ äîñëiäæåííþ ñëàá-

êî êîìïàêòíî¨ T1-íàïiâòîïîëîãi÷íî¨ íàïiâ ðàòêè expn λ äëÿ äîâiëüíîãî íà-

òóðàëüíîãî ÷èñëà n ⩾ 2 òà áóäü-ÿêîãî íåñêií÷åííîãî êàðäèíàëà λ. Äîâåäå-

íî, ùî êîæíà çëi÷åííî êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ,

êîæíà ñëàáêî êîìïàêòíà íàïiâãðóïîâà T1-òîïîëîãiÿ òà êîæíà íàïiâðåãó-

ëÿðíà ñëàáêî êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ íà expn λ ¹

ãàóñäîðôîâîþ íàïiâãðóïîâîþ êîìïàêòíîþ, à òàêîæ îïèñàíî öþ òîïîëîãiþ

(òåîðåìè 2.1.7, 2.1.18, ïðèêëàä 2.1.4). Öÿ òîïîëîãi¹ ¹ òîïîëîãi¹þ Ëîâñîíà

íà íàïiâ ðàòöi expn λ, à òîìó ¹ ¹äèíîþ.

Ðàçîì ç òèì ó ðîçäiëi 2 ïîáóäîâàíî íåíàïiâðåãóëÿðíó ãàóñäîðôîâó çëi-

÷åííî ïðàêîìïàêòíó, à îòæå, ñëàáêî êîìïàêòíó, íåêîìïàêòíó òðàíñëÿöiéíî-

íåïåðåðâíó òîïîëîãiþ τ 2
fc
íà exp2 λ (ïðèêëàä 2.1.9) òà äîâåäåíî (òåîðå-

ìà 2.3.5), ùî äëÿ òðàíñëÿöiéíî-íåïåðåðâíî¨ T1-òîïîëîãi¨ τ íà expn λ òàêi

óìîâè åêâiâàëåíòíi: (i) τ � ñåêâåíöiàëüíî ïðàêîìïàêòíà; (ii) τ � öiëêîì

çëi÷åííî ïðàêîìïàêòíà; (iii) τ � çëi÷åííî ïðàêîìïàêòíà; (iv) τ � ñëàáêî

êîìïàêòíà, (v) τ � D(ω)-êîìïàêòíà.

Ó ðîçäiëi 3 ââåäåíî òà äîñëiäæó¹òüñÿ ñòðóêòóðà òà òîïîëîãiçàöiÿ íàïiâ-

ãðóïîâîãî ðîçøèðåííÿ I n
λ (S) ìîíî¨äà S ñèìåòðè÷íîþ iíâåðñíîþ íàïiâãðó-

ïîþ îáìåæåíîãî ñêií÷åííîãî ðàíãó I n
λ . Ó ïiäðîçäiëi 3.1 îïèñàíà êîíñòðóê-
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öiÿ öüîãî ðîçøèðåííÿ, à ïiäðîçäië 3.2 ïðèñâÿ÷åíèé âèâ÷åííþ àëãåáðè÷íèõ

âëàñòèâîñòåé ðîçøèðåííÿ I n
λ (S) çà ìîäóëåì ìîíî¨äà S. Çîêðåìà, îïèñà-

íî iäåìïîòåíòè òà ðåãóëÿðíi åëåìåíòè íàïiâãðóïè I n
λ (S)(òâåðäæåííÿ 3.2.1,

3.2.2), à òàêîæ âiäíîøåííÿ €ðiíà íà íàïiâãðóïîâîìó ðîçøèðåííi I n
λ (S) äëÿ

ìîíî¨äà S (òâåðäæåííÿ 3.2.7).

Ó ïiäðîçäiëi 3.3 ââåäåíî ïîíÿòòÿ íàïiâãðóïè iç ñèëüíî ùiëüíèì ðÿäîì

iäåàëiâ, çíàéäåíî óìîâè çà ÿêèõ íàïiâãðóïîâå ðîçøèðåííÿI n
λ (S) ìà¹ (ñèëü-

íî) ùiëüíèé ðÿä iäåàëiâ çà ìîäóëåì ìîíî¨äà S (òåîðåìà 3.3.11).

Ïiäðîçäië 3.4 ïðèñâÿ÷åíèé òîïîëîãiçàöi¨ íàïiâãðóïîâîãî ðîçøèðåííÿ

I n
λ (S). Äîâåäåíî, ùî äëÿ êîæíîãî êîìïàêòíîãî ãàóñäîðôîâîãî íàïiâòî-

ïîëîãi÷íîãî ìîíî¨äà (S, τS) iñíó¹ ¹äèíå éîãî êîìïàêòíå òîïîëîãi÷íå ðîç-

øèðåííÿ (I n
λ (S), τ

c
I ) ó êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï

(òåîðåìà 3.4.14) òà îïèñàíà éîãî òîïîëîãiÿ.

Ó ðîçäiëi 4 äîñëiäæó¹òüñÿ áiöèêëi÷íå íàïiâãðóïîâå ðîçøèðåííÿ BF1
ω ,

ââåäåíå Î. Ãóòiêîì òà Ì. Ìèõàëåíè÷åì â ñòàòòi [8], ó âèïàäêó, êîëè ñiì'ÿ

F1 ñêëàäà¹òüñÿ ç ïîðîæíüî¨ ìíîæèíè òà âñiõ îäíîòî÷êîâèõ ïiäìíîæèí îð-

äèíàëà ω.

Ïiäðîçäiëè 4.1 i 4.2 ïðèñâÿ÷åíi îçíà÷åííþ íàïiâãðóïè BF1
ω òà âèâ÷åí-

íþ ¨¨ àëãåáðè÷íèõ âëàñòèâîñòåé. Çîêðåìà, äîâåäåíî, ùî áiöèêëi÷íå íàïiâ-

ãðóïîâå ðîçøèðåííÿ BF1
ω içîìîðôíå íàïiâãðóïi B↱

ω(ωmin) � ïiäíàïiâãðóïi

ω-ðîçøèðåííÿ Áðàíäòà íàïiâ ðàòêè (ω,min) (òåîðåìà 4.2.4).

Ó ïiäðîçäiëi 4.3 äîñëiäæóþòüñÿ òðàíñëÿöiéíî-íåïåðåðâíi ñëàáêî êîì-

ïàêòíi T1-òîïîëîãi¨ íà íàïiâãðóïi B↱
ω(ωmin). Çîêðåìà, äîâåäåíî, ùî êîæíà

D(ω)-êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ τ íà íàïiâãðóïi

B↱
ω(ωmin) ¹ êîìïàêòíîþ òà ñåêâåíöiàëüíî êîìïàêòíîþ, i, áiëüøå òîãî, çáiãà¹-

òüñÿ ç îäíîòî÷êîâîþ êîìïàêòèôiêàöi¹þ Àë¹êñàíäðîâà çëi÷åííîãî

äèñêðåòíîãî ïðîñòîðó (òåîðåìà 4.3.6).

Äîäàòîê ìiñòèòü ñïèñîê ïóáëiêàöié çäîáóâà÷à çà òåìîþ äèñåðòàöi¨ òà

âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ äîñëiäæåííÿ.
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Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåðòà-

öi¨ ìàþòü òåîðåòè÷íèé õàðàêòåð i ìîæóòü áóòè çàñòîñîâàíi ó òîïîëîãi÷íié

àëãåáði, ôóíêöiîíàëüíîìó àíàëiçi, òåîði¨ íàïiâãðóï òà êîìï'þòåðíié àëãåá-

ði.

Êëþ÷îâi ñëîâà: òîïîëîãi÷íà íàïiâ ðàòêà, íàïiâòîïîëîãi÷íà íàïiâ-

 ðàòêà, íàïiâãðóïà çi ùiëüíèìè ðÿäàìè iäåàëiâ, íàïiâòîïîëîãi÷íà íàïiâ-

ãðóïà, êîìïàêòíà íàïiâãðóïà, ñëàáêî êîìïàêòíèé ïðîñòið.
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Abstract

Lysetska (Sobol) O.Yu. Compact and compact-like semilattices, semigroups

and their extensions. � Qualifying scienti�c work on the rights of the manu-

script.

The thesis presented for the degree of Doctor of Philosophy in speciality

111 � �Mathematics� (�eld of studies 11 � �Mathematics and statistics�). �

Ivan Franko National University of Lviv, Lviv, 2023.

Topological algebra is one of those areas of mathematics that has a fair-

ly rapid development. From the list of various problems in this �eld, one can

highlight the problem of studying the interaction of topological and algebraic

structures. Some of the known results related to this topic include: a T0-space of

a topological group is regular; inversion in a compact semigroup is continuous,

and in a countably compact � sequentially continuous; a compact Hausdor�

topological semigroup with cancellations and a locally compact topological

group are topological groups.

One of the central objects of general topology is compact spaces, which

can be de�ned using many equivalent de�nitions for di�erent types of spaces

(metric and others): in terms of closedness, completeness, convergent sequences,

boundedness, etc. Such diversity has led to the emergence of di�erent types

of topological spaces that are close to being compact: countably compact,

pseudocompact, sequentially compact, feebly compact, H-closed, R-compact,

etc. Relationships can be established among all the aforementioned compact-

like spaces.

When studying the hierarchy of compact-like spaces, natural questions arise.

The �rst one is: what is the in�uence of the algebraic part of the topological-

algebraic structure on the compact-like properties? The second one is: which

algebraic extensions of topological-algebraic structures preserve compactness,

and under what conditions are these compact extensions unique?

The topological properties of an in�nite (semi)topological semigroup of
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λ×λ-matrix units were studied by Gutik, Pavlyk, and Reiter in their papers [94,

95,100]. In the paper [95] it has been proven that for an in�nite topological semi-

group of λ × λ-matrix units Bλ, there exists a unique Hausdor�

shift-continuous compact topology τc, and every pseudocompact Hausdor� shift-

continuous topology on Bλ is compact. In addition, Gutik and Pavlyk also

proved in [95] that every non-zero element of the Hausdor� topological semi-

group of λ×λ-matrix units Bλ is an isolated point in the topological space Bλ.

n [94], it is proved that the in�nite semigroup of λ× λ-matrix units Bλ cannot

be embedded into a compact Hausdor� topological semigroup. Furthermore,

every Hausdor� topological inverse semigroup S that contains Bλ as a subsemi-

group, contains Bλ as a closed subsemigroup, i.e., Bλ is algebraically complete

in the class of Hausdor� topological inverse semigroups. Later, this result was

extended by Gutik, Lawson, and Repovsh in [88] to the so-called inverse semi-

groups with dense ideal series, and as a consequence, to the semigroup I n
λ .

Also, in [106] it is shown that for any positive integer n, the semigroup I n
λ

is algebraically h-complete in the class of Hausdor� topological inverse semi-

groups, i.e., every homomorphic image of I n
λ is algebraically complete in the

class of Hausdor� topological inverse semigroups. In the article [11], Gutik and

Reiter extended this result to the class of Hausdor� semitopological inverse

semigroups and also showed that for any in�nite cardinal λ, the semigroup I n
λ

admits a unique Hausdor� shift-continuous topology τc. In the same paper,

it was also shown that every countably compact Hausdor� shift-continuous

topology τ on Bλ is compact.

In [100], Gutik, Pavlyk, and Reiter showed that the topological semigroup

I n
λ whose idempotent subsemigroup is compact is absolutely H-closed, and

no countably compact topological semigroup contains I n
λ as a subsemigroup

for any in�nite cardinal λ. The paper [100] formulated su�cient conditions for

the topological semigroup I 1
λ not to be H-closed. In [84], Gutik proved that

the in�nite semitopological semigroup of λ× λ-matrix units Bλ is H-closed in
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the class of Hausdor� semitopological semigroups if and only if the space Bλ is

compact.

The purpose of the work is to study feebly compact shift-continuous topolo-

gies on the semilattice expn λ; determining algebraic and topological properties

of the extensions of semigroups by a symmetric inverse semigroup of bounded

�nite rank; investigation of topological properties of the semigroup BF1
ω when

the family F1 consists of the empty set and all singletons of the ordinal ω.

Object of research are semitopological semilattice expn λ, semigroup extensi-

on I n
λ (S) and semigroup BF1

ω .

The subjects of the study are compact and compact-like shift-continuous

and semigroup topologies and their properties on the semilattice expn λ and

the semigroups BF1
ω and I n

λ (S), and algebraic and topological properties of

the semigroup I n
λ (S).

In the thesis there are used methods and ideas of general topology, topologi-

cal algebra and algebraic theory of semigroups.

The thesis consists of an abstract in Ukrainian and in English, an introducti-

on, four chapters, conclusions, references and an appendix.

The introduction explains the relevance of the research topic, the purpose,

subject, object and methods of the research. Scienti�c novelty, the practical

signi�cance of the results, the relation to scienti�c topic and applicant's contri-

bution are also indicated in the introduction.

Chapter 1 provides a literature review concerning the topic of the thesis and

an overview of the main results of this work.

Chapter 2 consists of three sections devoted to studying feebly compact

T1-semitopological semilattice expn λ for any positive integer n ⩾ 2 and any

in�nite cardinal λ. It is proved that every countably compact shift-continuous

T1-topology, every feebly compact semigroup T1-topology and every semiregular

feebly compact shift-continuous T1-topology on expn λ is a Hausdor� semi-

group compact topology, also a description of such topologies are presented
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(Theorems 2.1.7, 2.1.18, Example 2.1.4).

It is constructed a non-semiregular Hausdor� countably pracompact (the-

refore feebly compact) non-compact shift-continuous topology τ 2
fc
on the semi-

lattice exp2 λ (Example 2.1.9) and it is proved that for any shift-continuous T1-

topology τ on expn λ the following conditions are equivalent:

(i) τ is sequentially pracompact; (ii) τ is totally countably pracompact; (iii) τ

is countably pracompact; (iv) τ is feebly compact, (v) τ is D(ω)-compact. This

is the Lowson's topology on the semilattice expn λ, so it is unique.

In Chapter 3 the semigroup extension I n
λ (S) of a monoid S by a symmetric

inverse semigroup of bounded �nite rank I n
λ is studied. Sections 3.1 and 3.2 are

devoted to the construction of this semigroup extension and algebraic properties

of the extension I n
λ (S) of a monoid S. All idempotents, regular elements and

Green's relations of the semigroup I n
λ (S) for any monoid S are described

(Propositions 3.2.1, 3.2.2, 3.2.7).

In Section 3.3 it is introduced the conception of a semigroup with

strongly tight ideal series, and conditions of the semigroup I n
λ (S) to be a

semigroup with (strongly) tight ideal series up to the modulo of the monoid S

are �nded (Theorem 3.3.11).

Section 3.4 is devoted to a topologisation of the semigroup extension I n
λ (S).

It is proved that for any compact Hausdor� semitopological monoid (S, τS)

there exists a unique compact topological extension (I n
λ (S), τ

c
I ) in the class of

the Hausdor� semitopological semigroups (Theorem 3.4.14) and its topology is

described.

In Chapter 4 it is studied the bicyclic semigroup extension BF1
ω introduced

by O. Gutik and M. Mykhalenych in the paper [8] in the case when the family

F1 consists of the empty set and all singleton subsets of ω.

In Sections 4.1 and 4.2 there are represented the de�nition of the semigroup

BF1
ω and investigate its algebraic properties. In particular it is proved that the

semigroup BF1
ω is isomorphic to the semigroup B↱

ω(ωmin) which is a subsemi-
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group of the Brandt ω-extension of the semilattie (ω,min) (Theorem 4.2.4).

In Section 4.3 the shift-continuous feebly compact T1-topologies on the semi-

group B↱
ω(ωmin) are studied. In particular it is proved that each D(ω)-com-

pact shift-continuous T1-topology τ on B↱
ω(ωmin) is compact and sequentially

compact, and moreover it is the Alexandrov one-point compacti�cation of the

countable discrete space (Theorem 4.3.6).

The appendix contains a list of the applicant's publications on the topic of

the thesis and information on the approbation of the research results.

The practical signi�cance of the results. The results of the thesis have

theoretical signi�cance and can be used for the development of the topologi-

cal algebra, the functional analysis, the semigroup theory and the computer

algebra.

Key words: topological semilattice, semitopological semilattice, semigroup

with a tight ideal series, semitopological semigroup, compact semigroup, feebly

compact space.
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