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ÀÍÎÒÀÖIß

Ëèñåöüêà (Ñîáîëü) Î. Þ. Êîìïàêòíi òà áëèçüêi äî íèõ íàïiâ ðàòêè,

íàïiâãðóïè òà ¨õíi ðîçøèðåííÿ. � Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ

ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà ñïå-

öiàëüíiñòþ 111 � �Ìàòåìàòèêà� (Ãàëóçü çíàíü � 11 �Ìàòåìàòèêà òà ñòà-

òèñòèêà�). � Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

Ëüâiâ, 2023.

Òîïîëîãi÷íà àëãåáðà � öå îäíà iç òèõ îáëàñòåé ìàòåìàòèêè, ÿêi ìà-

þòü äîâîëi ñòðiìêèé ðîçâèòîê. Iç ñïèñêó ðiçíîìàíiòíèõ ïðîáëåì öi¹¨ ãàëóçi

ìîæíà âèîêðåìèòè çàäà÷ó ïðî äîñëiäæåííÿ âçà¹ìîâïëèâó òîïîëîãi÷íî¨ òà

àëãåáðè÷íî¨ ñòðóêòóð. Äî âiäîìèõ ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ öi¹¨ òåìà-

òèêè íàëåæàòü òàêi: T0-ïðîñòið òîïîëîãi÷íî¨ ãðóïè ¹ öiëêîì ðåãóëÿðíèì;

iíâåðñiÿ â iíâåðñíié êîìïàêòíié íàïiâãðóïi íåïåðåðâíà, à â çëi÷åííî êîì-

ïàêòíié � ñåêâåíöiàëüíî íåïåðåðâíà; ãàóñäîðôîâi êîìïàêòíà òîïîëîãi÷íà

íàïiâãðóïà çi ñêîðî÷åííÿìè òà íàïiâòîïîëîãi÷íà ëîêàëüíî êîìïàêòíà ãðóïà

¹ òîïîëîãi÷íèìè ãðóïàìè.

Îäíèì iç öåíòðàëüíèõ îá'¹êòiâ çàãàëüíî¨ òîïîëîãi¨ ¹ êîìïàêòíi ïðîñ-

òîðè, ÿêi ìîæíà âèçíà÷èòè çà äîïîìîãîþ áàãàòüîõ åêâiâàëåíòíèõ îçíà-

÷åíü äëÿ ðiçíèõ òèïiâ ïðîñòîðiâ (ìåòðè÷íèõ òà ií.): íà ìîâi çàìêíåíîñòi,

ïîâíîòè, çáiæíèõ ïîñëiäîâíîñòåé, îáìåæåíîñòi òà ií. Òàêå ðîçìà¨òòÿ

ïðèçâåëî äî âèíèêíåííÿ ðiçíèõ òèïiâ òîïîëîãi÷íèõ ïðîñòîðiâ, ÿêi ¹ áëèçü-

êèìè äî êîìïàêòíèõ: çëi÷åííî êîìïàêòíi, ïñåâäîêîìïàêòíi, çëi÷åííî ïðà-

êîìïàêòíi, ñëàáêî êîìïàêòíi, H-çàìêíåíi, R-êîìïàêòíi i ò. ä. Ìiæ óñiìà

ïåðåëi÷åíèìè áëèçüêèìè äî êîìïàêòíèõ òîïîëîãi÷íèìè ïðîñòîðàìè ìîæíà

âñòàíîâèòè âçà¹ìîçâ'ÿçêè.
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Äîñëiäæóþ÷è i¹ðàðõiþ áëèçüêèõ äî êîìïàêòíèõ ïðîñòîðiâ, ïðèðîäíèì

÷èíîì ïîñòàþòü òàêi çàïèòàííÿ. Ïåðøå: ÿêèé âïëèâ ìà¹ àëãåáðè÷íà ÷àñ-

òèíà òîïîëîãî-àëãåáðè÷íî¨ ñòðóêòóðè íà áëèçüêi äî êîìïàêòíèõ âëàñ-

òèâîñòi? Äðóãå: ÿêi àëãåáðè÷íi ðîçøèðåííÿ òîïîëîãî-àëãåáðè÷íèõ ñòðóê-

òóð çáåðiãàþòü êîìïàêòíiñòü i çà ÿêèõ óìîâ öi êîìïàêòíi ðîçøèðåííÿ

¹äèíi?

Òîïîëîãi÷íi âëàñòèâîñòi íåñêií÷åííî¨ (íàïiâ)òîïîëîãi÷íî¨ íàïiâãðóïè

λ × λ-ìàòðè÷íèõ îäèíèöü äîñëiäæóâàëèñü Ãóòiêîì, Ïàâëèê òà Ðåéòåðîì

â [94,95,100]. Ó [95] äîâåäåíî, ùî äëÿ íåñêií÷åííî¨ íàïiâòîïîëîãi÷íî¨ íàïiâ-

ãðóïè λ×λ-ìàòðè÷íèõ îäèíèöü Bλ iñíó¹ ¹äèíà ãàóñäîðôîâà òðàíñëÿöiéíî-

íåïåðåðâíà êîìïàêòíà òîïîëîãiÿ τc i êîæíà ïñåâäîêîìïàêòíà ãàóñäîðôîâà

òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ íà Bλ ¹ êîìïàêòíîþ. Òàêîæ Ãóòiê i

Ïàâëèê â [95] äîâåëè, ùî êîæåí íåíóëüîâèé åëåìåíò ãàóñäîðôîâî¨ íàïiâòî-

ïîëîãi÷íî¨ íàïiâãðóïè λ× λ-ìàòðè÷íèõ îäèíèöü Bλ ¹ içîëüîâàíîþ òî÷êîþ

â òîïîëîãi÷íîìó ïðîñòîði Bλ. Â [94] äîâåäåíî, ùî íåñêií÷åííà íàïiâãðóïà

λ× λ-ìàòðè÷íèõ îäèíèöü Bλ íå âêëàäà¹òüñÿ â êîìïàêòíó ãàóñäîðôîâó òî-

ïîëîãi÷íó íàïiâãðóïó, êîæíà ãàóñäîðôîâà òîïîëîãi÷íà iíâåðñíà íàïiâãðóïà

S, ÿêà ìiñòèòü Bλ ÿê ïiäíàïiâãðóïó, ìiñòèòü Bλ ÿê çàìêíåíó ïiäíàïiâãðóïó,

òîáòî Bλ ¹ àëãåáðè÷íî ïîâíîþ â êëàñi ãàóñäîðôîâèõ òîïîëîãi÷íèõ iíâåðñ-

íèõ íàïiâãðóï. Çãîäîì öåé ðåçóëüòàò áóâ ïîøèðåíèé Ãóòiêîì, Ëîóñîíîì

òà Ðåïîâøåì â [88] íà òàê çâàíi iíâåðñíi íàïiâãðóïè çi ùiëüíèìè ðÿäàìè

iäåàëiâ i, ÿê íàñëiäîê, íà íàïiâãðóïó I n
λ . Òàêîæ â [106] äîâåäåíî, ùî äëÿ

äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n íàïiâãðóïà I n
λ ¹ àëãåáðè÷íî h-ïîâíîþ â

êëàñi ãàóñäîðôîâèõ òîïîëîãi÷íèõ iíâåðñíèõ íàïiâãðóï, òîáòî êîæåí ãîìî-

ìîðôíèé îáðàç I n
λ ¹ àëãåáðè÷íî ïîâíèì ó êëàñi ãàóñäîðôîâèõ òîïîëîãi÷-

íèõ iíâåðñíèõ íàïiâãðóï. Ó ñòàòòi [11] Ãóòiêîì òà Ðåéòåðîì öåé ðåçóëüòàò

áóâ ïîøèðåíèé íà êëàñ ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ iíâåðñíèõ íàïiâ-

ãðóï, à òàêîæ áóëî ïîêàçàíî, ùî äëÿ äîâiëüíîãî íåñêií÷åííîãî êàðäèíàëà λ

íàïiâãðóïà I n
λ äîïóñêà¹ ¹äèíó ãàóñäîðôîâó òðàíñëÿöiéíî-íåïåðåðâíó òî-
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ïîëîãiþ τc. Òàì æå æ áóëî äîâåäåíî, ùî êîìïàêòíîþ ¹ êîæíà çëi÷åííî

êîìïàêòíà ãàóñäîðôîâà òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ τ íà Bλ.

Ó [100] Ãóòiê, Ïàâëèê i Ðåéòåð äîâåëè, ùî òîïîëîãi÷íà íàïiâãðóïà I n
λ , ó

ÿêî¨ ïiäíàïiâãðóïà iäåìïîòåíòiâ ¹ êîìïàêòíîþ, ¹ àáñîëþòíî H-çàìêíåíîþ

i êîæíà çëi÷åííî êîìïàêòíà òîïîëîãi÷íà íàïiâãðóïà íå ìiñòèòü I n
λ , ÿê ïiä-

íàïiâãðóïè äëÿ äîâiëüíîãî íåñêií÷åíîãî êàðäèíàëà λ. Ó [100] áóëè ñôîðìó-

ëüîâàíi äîñòàòíi óìîâè äëÿ òîãî, ùîá òîïîëîãi÷íà íàïiâãðóïà I 1
λ íå áóëà

H-çàìêíåíîþ. Ãóòiê ó [84] äîâiâ, ùî íåñêií÷åííà íàïiâòîïîëîãi÷íà íàïiâ-

ãðóïà λ × λ-ìàòðè÷íèõ îäèíèöü Bλ ¹ H-çàìêíåíîþ â êëàñi ãàóñäîðôîâèõ

íàïiâòîïîëîãi÷íèõ íàïiâãðóï òîäi i òiëüêè òîäi, êîëè ïðîñòið Bλ ¹ êîìïàêò-

íèì.

Ìåòîþ äèñåðòàöiéíî¨ ðîáîòè ¹ äîñëiäæåííÿ ãàóñäîðôîâèõ òðàíñëÿöié-

íî-íåïåðåðâíèõ ñëàáêî êîìïàêòíèõ òîïîëîãié íà íàïiâ ðàòöi expn λ; âñòà-

íîâëåííÿ àëãåáðè÷íèõ i òîïîëîãi÷íèõ âëàñòèâîñòåé ðîçøèðåíü íàïiâãðóï

ñèìåòðè÷íèìè iíâåðñíèìè íàïiâãðóïàìè îáìåæåíîãî ñêií÷åííîãî ðàíãó; äî-

ñëiäæåííÿ ñëàáêî êîìïàêòíèõ òîïîëîãié íà íàïiâãðóïiBF1
ω ó âèïàäêó, êîëè

ñiì'ÿ F1 ñêëàäà¹òüñÿ ç ïîðîæíüî¨ ìíîæèíè òà âñiõ îäíîòî÷êîâèõ ïiäìíî-

æèí îðäèíàëà ω.

Îá'¹êòîì äîñëiäæåííÿ ¹ íàïiâòîïîëîãi÷íà íàïi ðàòêà expn λ, íàïiâãðó-

ïîâå ðîçøèðåííÿ I n
λ (S), à òàêîæ íàïiâãðóïà BF1

ω .

Ïðåäìåò äèñåðòàöiéíèõ äîñëiäæåíü � êîìïàêòíi òà áëèçüêi äî íèõ

ãàóñäîðôîâi òðàíñëÿöiéíî-íåïåðåðâíi òà íàïiâãðóïîâi òîïîëîãi¨ òà ¨õíi âëà-

ñòèâîñòi íà íàïiâ ðàòöi expn λ òà íàïiâãðóïàõ BF1
ω òà I n

λ (S), à òàêîæ àë-

ãåáðè÷íi òà òîïîëîãi÷íi âëàñòèâîñòi íàïiâãðóïè I n
λ (S).

Ó ïðîöåñi äîñëiäæåííÿ äèñåðòàöiéíî¨ ïðîáëåìàòèêè çàñòîñîâóþòüñÿ ìå-

òîäè çàãàëüíî¨ òîïîëîãi¨, òîïîëîãi÷íî¨ àëãåáðè òà àëãåáðè÷íî¨ òåîði¨ íàïiâ-

ãðóï.
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Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöié óêðà¨íñüêîþ é àíãëiéñüêîþ ìîâàìè,

âñòóïó, ÷îòèðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó ëiòåðàòóðè òà äîäàòêà.

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè, çàçíà÷åíî ìåòó, çàâäàííÿ,

ïðåäìåò, îá'¹êò òà ìåòîäè äîñëiäæåííÿ, âêàçàíî íàóêîâó íîâèçíó, ïðàêòè÷-

íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ, çâ'ÿçîê ðîáîòè ç äåðæàâíîþ íàóêîâî-

äîñëiäíèöüêîþ òåìîþ, îñîáèñòèé âíåñîê çäîáóâà÷à, àïðîáàöiþ òà ïóáëiêàöi¨

îñíîâíèõ ðåçóëüòàòiâ äèñåðòàöi¨.

Ó ðîçäiëi 1 ïðîâåäåíî îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨, íàâåäåíî

iñòîðè÷íó äîâiäêó, ìîòèâàöiþ äîñëiäæåíü, à òàêîæ ñôîðìóëüîâàíî îçíà÷åí-

íÿ òà äîïîìiæíi òâåðäæåííÿ ç àëãåáðè òà çàãàëüíî¨ òîïîëîãi¨.

Ðîçäië 2 ñêëàäà¹òüñÿ ç òðüîõ ïiäðîçäiëiâ ïðèñâÿ÷åíèõ äîñëiäæåííþ ñëàá-

êî êîìïàêòíî¨ T1-íàïiâòîïîëîãi÷íî¨ íàïiâ ðàòêè expn λ äëÿ äîâiëüíîãî íà-

òóðàëüíîãî ÷èñëà n ⩾ 2 òà áóäü-ÿêîãî íåñêií÷åííîãî êàðäèíàëà λ. Äîâåäå-

íî, ùî êîæíà çëi÷åííî êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ,

êîæíà ñëàáêî êîìïàêòíà íàïiâãðóïîâà T1-òîïîëîãiÿ òà êîæíà íàïiâðåãó-

ëÿðíà ñëàáêî êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ íà expn λ ¹

ãàóñäîðôîâîþ íàïiâãðóïîâîþ êîìïàêòíîþ, à òàêîæ îïèñàíî öþ òîïîëîãiþ

(òåîðåìè 2.1.7, 2.1.18, ïðèêëàä 2.1.4). Öÿ òîïîëîãi¹ ¹ òîïîëîãi¹þ Ëîâñîíà

íà íàïiâ ðàòöi expn λ, à òîìó ¹ ¹äèíîþ.

Ðàçîì ç òèì ó ðîçäiëi 2 ïîáóäîâàíî íåíàïiâðåãóëÿðíó ãàóñäîðôîâó çëi-

÷åííî ïðàêîìïàêòíó, à îòæå, ñëàáêî êîìïàêòíó, íåêîìïàêòíó òðàíñëÿöiéíî-

íåïåðåðâíó òîïîëîãiþ τ 2
fc
íà exp2 λ (ïðèêëàä 2.1.9) òà äîâåäåíî (òåîðå-

ìà 2.3.5), ùî äëÿ òðàíñëÿöiéíî-íåïåðåðâíî¨ T1-òîïîëîãi¨ τ íà expn λ òàêi

óìîâè åêâiâàëåíòíi: (i) τ � ñåêâåíöiàëüíî ïðàêîìïàêòíà; (ii) τ � öiëêîì

çëi÷åííî ïðàêîìïàêòíà; (iii) τ � çëi÷åííî ïðàêîìïàêòíà; (iv) τ � ñëàáêî

êîìïàêòíà, (v) τ � D(ω)-êîìïàêòíà.

Ó ðîçäiëi 3 ââåäåíî òà äîñëiäæó¹òüñÿ ñòðóêòóðà òà òîïîëîãiçàöiÿ íàïiâ-

ãðóïîâîãî ðîçøèðåííÿ I n
λ (S) ìîíî¨äà S ñèìåòðè÷íîþ iíâåðñíîþ íàïiâãðó-

ïîþ îáìåæåíîãî ñêií÷åííîãî ðàíãó I n
λ . Ó ïiäðîçäiëi 3.1 îïèñàíà êîíñòðóê-
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öiÿ öüîãî ðîçøèðåííÿ, à ïiäðîçäië 3.2 ïðèñâÿ÷åíèé âèâ÷åííþ àëãåáðè÷íèõ

âëàñòèâîñòåé ðîçøèðåííÿ I n
λ (S) çà ìîäóëåì ìîíî¨äà S. Çîêðåìà, îïèñà-

íî iäåìïîòåíòè òà ðåãóëÿðíi åëåìåíòè íàïiâãðóïè I n
λ (S)(òâåðäæåííÿ 3.2.1,

3.2.2), à òàêîæ âiäíîøåííÿ �ðiíà íà íàïiâãðóïîâîìó ðîçøèðåííi I n
λ (S) äëÿ

ìîíî¨äà S (òâåðäæåííÿ 3.2.7).

Ó ïiäðîçäiëi 3.3 ââåäåíî ïîíÿòòÿ íàïiâãðóïè iç ñèëüíî ùiëüíèì ðÿäîì

iäåàëiâ, çíàéäåíî óìîâè çà ÿêèõ íàïiâãðóïîâå ðîçøèðåííÿI n
λ (S) ìà¹ (ñèëü-

íî) ùiëüíèé ðÿä iäåàëiâ çà ìîäóëåì ìîíî¨äà S (òåîðåìà 3.3.11).

Ïiäðîçäië 3.4 ïðèñâÿ÷åíèé òîïîëîãiçàöi¨ íàïiâãðóïîâîãî ðîçøèðåííÿ

I n
λ (S). Äîâåäåíî, ùî äëÿ êîæíîãî êîìïàêòíîãî ãàóñäîðôîâîãî íàïiâòî-

ïîëîãi÷íîãî ìîíî¨äà (S, τS) iñíó¹ ¹äèíå éîãî êîìïàêòíå òîïîëîãi÷íå ðîç-

øèðåííÿ (I n
λ (S), τ

c
I ) ó êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï

(òåîðåìà 3.4.14) òà îïèñàíà éîãî òîïîëîãiÿ.

Ó ðîçäiëi 4 äîñëiäæó¹òüñÿ áiöèêëi÷íå íàïiâãðóïîâå ðîçøèðåííÿ BF1
ω ,

ââåäåíå Î. Ãóòiêîì òà Ì. Ìèõàëåíè÷åì â ñòàòòi [8], ó âèïàäêó, êîëè ñiì'ÿ

F1 ñêëàäà¹òüñÿ ç ïîðîæíüî¨ ìíîæèíè òà âñiõ îäíîòî÷êîâèõ ïiäìíîæèí îð-

äèíàëà ω.

Ïiäðîçäiëè 4.1 i 4.2 ïðèñâÿ÷åíi îçíà÷åííþ íàïiâãðóïè BF1
ω òà âèâ÷åí-

íþ ¨¨ àëãåáðè÷íèõ âëàñòèâîñòåé. Çîêðåìà, äîâåäåíî, ùî áiöèêëi÷íå íàïiâ-

ãðóïîâå ðîçøèðåííÿ BF1
ω içîìîðôíå íàïiâãðóïi B↱

ω(ωmin) � ïiäíàïiâãðóïi

ω-ðîçøèðåííÿ Áðàíäòà íàïiâ ðàòêè (ω,min) (òåîðåìà 4.2.4).

Ó ïiäðîçäiëi 4.3 äîñëiäæóþòüñÿ òðàíñëÿöiéíî-íåïåðåðâíi ñëàáêî êîì-

ïàêòíi T1-òîïîëîãi¨ íà íàïiâãðóïi B↱
ω(ωmin). Çîêðåìà, äîâåäåíî, ùî êîæíà

D(ω)-êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ τ íà íàïiâãðóïi

B↱
ω(ωmin) ¹ êîìïàêòíîþ òà ñåêâåíöiàëüíî êîìïàêòíîþ, i, áiëüøå òîãî, çáiãà¹-

òüñÿ ç îäíîòî÷êîâîþ êîìïàêòèôiêàöi¹þ Àë¹êñàíäðîâà çëi÷åííîãî

äèñêðåòíîãî ïðîñòîðó (òåîðåìà 4.3.6).

Äîäàòîê ìiñòèòü ñïèñîê ïóáëiêàöié çäîáóâà÷à çà òåìîþ äèñåðòàöi¨ òà

âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ äîñëiäæåííÿ.
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Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåðòà-

öi¨ ìàþòü òåîðåòè÷íèé õàðàêòåð i ìîæóòü áóòè çàñòîñîâàíi ó òîïîëîãi÷íié

àëãåáði, ôóíêöiîíàëüíîìó àíàëiçi, òåîði¨ íàïiâãðóï òà êîìï'þòåðíié àëãåá-

ði.

Êëþ÷îâi ñëîâà: òîïîëîãi÷íà íàïiâ ðàòêà, íàïiâòîïîëîãi÷íà íàïiâ-

 ðàòêà, íàïiâãðóïà çi ùiëüíèìè ðÿäàìè iäåàëiâ, íàïiâòîïîëîãi÷íà íàïiâ-

ãðóïà, êîìïàêòíà íàïiâãðóïà, ñëàáêî êîìïàêòíèé ïðîñòið.
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Abstract

Lysetska (Sobol) O.Yu. Compact and compact-like semilattices, semigroups

and their extensions. � Qualifying scienti�c work on the rights of the manu-

script.

The thesis presented for the degree of Doctor of Philosophy in speciality

111 � �Mathematics� (�eld of studies 11 � �Mathematics and statistics�). �

Ivan Franko National University of Lviv, Lviv, 2023.

Topological algebra is one of those areas of mathematics that has a fair-

ly rapid development. From the list of various problems in this �eld, one can

highlight the problem of studying the interaction of topological and algebraic

structures. Some of the known results related to this topic include: a T0-space of

a topological group is regular; inversion in a compact semigroup is continuous,

and in a countably compact � sequentially continuous; a compact Hausdor�

topological semigroup with cancellations and a locally compact topological

group are topological groups.

One of the central objects of general topology is compact spaces, which

can be de�ned using many equivalent de�nitions for di�erent types of spaces

(metric and others): in terms of closedness, completeness, convergent sequences,

boundedness, etc. Such diversity has led to the emergence of di�erent types

of topological spaces that are close to being compact: countably compact,

pseudocompact, sequentially compact, feebly compact, H-closed, R-compact,

etc. Relationships can be established among all the aforementioned compact-

like spaces.

When studying the hierarchy of compact-like spaces, natural questions arise.

The �rst one is: what is the in�uence of the algebraic part of the topological-

algebraic structure on the compact-like properties? The second one is: which

algebraic extensions of topological-algebraic structures preserve compactness,

and under what conditions are these compact extensions unique?

The topological properties of an in�nite (semi)topological semigroup of



9

λ×λ-matrix units were studied by Gutik, Pavlyk, and Reiter in their papers [94,

95,100]. In the paper [95] it has been proven that for an in�nite topological semi-

group of λ × λ-matrix units Bλ, there exists a unique Hausdor�

shift-continuous compact topology τc, and every pseudocompact Hausdor� shift-

continuous topology on Bλ is compact. In addition, Gutik and Pavlyk also

proved in [95] that every non-zero element of the Hausdor� topological semi-

group of λ×λ-matrix units Bλ is an isolated point in the topological space Bλ.

n [94], it is proved that the in�nite semigroup of λ× λ-matrix units Bλ cannot

be embedded into a compact Hausdor� topological semigroup. Furthermore,

every Hausdor� topological inverse semigroup S that contains Bλ as a subsemi-

group, contains Bλ as a closed subsemigroup, i.e., Bλ is algebraically complete

in the class of Hausdor� topological inverse semigroups. Later, this result was

extended by Gutik, Lawson, and Repovsh in [88] to the so-called inverse semi-

groups with dense ideal series, and as a consequence, to the semigroup I n
λ .

Also, in [106] it is shown that for any positive integer n, the semigroup I n
λ

is algebraically h-complete in the class of Hausdor� topological inverse semi-

groups, i.e., every homomorphic image of I n
λ is algebraically complete in the

class of Hausdor� topological inverse semigroups. In the article [11], Gutik and

Reiter extended this result to the class of Hausdor� semitopological inverse

semigroups and also showed that for any in�nite cardinal λ, the semigroup I n
λ

admits a unique Hausdor� shift-continuous topology τc. In the same paper,

it was also shown that every countably compact Hausdor� shift-continuous

topology τ on Bλ is compact.

In [100], Gutik, Pavlyk, and Reiter showed that the topological semigroup

I n
λ whose idempotent subsemigroup is compact is absolutely H-closed, and

no countably compact topological semigroup contains I n
λ as a subsemigroup

for any in�nite cardinal λ. The paper [100] formulated su�cient conditions for

the topological semigroup I 1
λ not to be H-closed. In [84], Gutik proved that

the in�nite semitopological semigroup of λ× λ-matrix units Bλ is H-closed in
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the class of Hausdor� semitopological semigroups if and only if the space Bλ is

compact.

The purpose of the work is to study feebly compact shift-continuous topolo-

gies on the semilattice expn λ; determining algebraic and topological properties

of the extensions of semigroups by a symmetric inverse semigroup of bounded

�nite rank; investigation of topological properties of the semigroup BF1
ω when

the family F1 consists of the empty set and all singletons of the ordinal ω.

Object of research are semitopological semilattice expn λ, semigroup extensi-

on I n
λ (S) and semigroup BF1

ω .

The subjects of the study are compact and compact-like shift-continuous

and semigroup topologies and their properties on the semilattice expn λ and

the semigroups BF1
ω and I n

λ (S), and algebraic and topological properties of

the semigroup I n
λ (S).

In the thesis there are used methods and ideas of general topology, topologi-

cal algebra and algebraic theory of semigroups.

The thesis consists of an abstract in Ukrainian and in English, an introducti-

on, four chapters, conclusions, references and an appendix.

The introduction explains the relevance of the research topic, the purpose,

subject, object and methods of the research. Scienti�c novelty, the practical

signi�cance of the results, the relation to scienti�c topic and applicant's contri-

bution are also indicated in the introduction.

Chapter 1 provides a literature review concerning the topic of the thesis and

an overview of the main results of this work.

Chapter 2 consists of three sections devoted to studying feebly compact

T1-semitopological semilattice expn λ for any positive integer n ⩾ 2 and any

in�nite cardinal λ. It is proved that every countably compact shift-continuous

T1-topology, every feebly compact semigroup T1-topology and every semiregular

feebly compact shift-continuous T1-topology on expn λ is a Hausdor� semi-

group compact topology, also a description of such topologies are presented
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(Theorems 2.1.7, 2.1.18, Example 2.1.4).

It is constructed a non-semiregular Hausdor� countably pracompact (the-

refore feebly compact) non-compact shift-continuous topology τ 2
fc
on the semi-

lattice exp2 λ (Example 2.1.9) and it is proved that for any shift-continuous T1-

topology τ on expn λ the following conditions are equivalent:

(i) τ is sequentially pracompact; (ii) τ is totally countably pracompact; (iii) τ

is countably pracompact; (iv) τ is feebly compact, (v) τ is D(ω)-compact. This

is the Lowson's topology on the semilattice expn λ, so it is unique.

In Chapter 3 the semigroup extension I n
λ (S) of a monoid S by a symmetric

inverse semigroup of bounded �nite rank I n
λ is studied. Sections 3.1 and 3.2 are

devoted to the construction of this semigroup extension and algebraic properties

of the extension I n
λ (S) of a monoid S. All idempotents, regular elements and

Green's relations of the semigroup I n
λ (S) for any monoid S are described

(Propositions 3.2.1, 3.2.2, 3.2.7).

In Section 3.3 it is introduced the conception of a semigroup with

strongly tight ideal series, and conditions of the semigroup I n
λ (S) to be a

semigroup with (strongly) tight ideal series up to the modulo of the monoid S

are �nded (Theorem 3.3.11).

Section 3.4 is devoted to a topologisation of the semigroup extension I n
λ (S).

It is proved that for any compact Hausdor� semitopological monoid (S, τS)

there exists a unique compact topological extension (I n
λ (S), τ

c
I ) in the class of

the Hausdor� semitopological semigroups (Theorem 3.4.14) and its topology is

described.

In Chapter 4 it is studied the bicyclic semigroup extension BF1
ω introduced

by O. Gutik and M. Mykhalenych in the paper [8] in the case when the family

F1 consists of the empty set and all singleton subsets of ω.

In Sections 4.1 and 4.2 there are represented the de�nition of the semigroup

BF1
ω and investigate its algebraic properties. In particular it is proved that the

semigroup BF1
ω is isomorphic to the semigroup B↱

ω(ωmin) which is a subsemi-
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group of the Brandt ω-extension of the semilattie (ω,min) (Theorem 4.2.4).

In Section 4.3 the shift-continuous feebly compact T1-topologies on the semi-

group B↱
ω(ωmin) are studied. In particular it is proved that each D(ω)-com-

pact shift-continuous T1-topology τ on B↱
ω(ωmin) is compact and sequentially

compact, and moreover it is the Alexandrov one-point compacti�cation of the

countable discrete space (Theorem 4.3.6).

The appendix contains a list of the applicant's publications on the topic of

the thesis and information on the approbation of the research results.

The practical signi�cance of the results. The results of the thesis have

theoretical signi�cance and can be used for the development of the topologi-

cal algebra, the functional analysis, the semigroup theory and the computer

algebra.

Key words: topological semilattice, semitopological semilattice, semigroup

with a tight ideal series, semitopological semigroup, compact semigroup, feebly

compact space.
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Òîïîëîãi÷íi âëàñòèâîñòi íåñêií÷åííî¨ (íàïiâ)òî-

ïîëîãi÷íî¨ íàïiâãðóïè λ× λ-ìàòðè÷íèõ îäèíèöü äîñëiäæóâàëèñü Ãóòiêîì,

Ïàâëèê òà Ðåéòåðîì â [94,95,100]. Ó [95] äîâåäåíî, ùî äëÿ íåñêií÷åííî¨ íà-

ïiâòîïîëîãi÷íî¨ íàïiâãðóïè λ× λ-ìàòðè÷íèõ îäèíèöü Bλ iñíó¹ ¹äèíà ãàóñ-

äîðôîâà òðàíñëÿöiéíî-íåïåðåðâíà êîìïàêòíà òîïîëîãiÿ τc i êîæíà ïñåâäî-

êîìïàêòíà ãàóñäîðôîâà òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ íà Bλ ¹ êîì-

ïàêòíîþ. Òàêîæ Ãóòiê i Ïàâëèê â [95] äîâåëè, ùî êîæåí íåíóëüîâèé åëå-

ìåíò ãàóñäîðôîâî¨ íàïiâòîïîëîãi÷íî¨ íàïiâãðóïè λ× λ-ìàòðè÷íèõ îäèíèöü

Bλ ¹ içîëüîâàíîþ òî÷êîþ â òîïîëîãi÷íîìó ïðîñòîði Bλ. Â [94] äîâåäåíî,

ùî íåñêií÷åííà íàïiâãðóïà λ× λ-ìàòðè÷íèõ îäèíèöü Bλ íå âêëàäà¹òüñÿ â

êîìïàêòíó ãàóñäîðôîâó òîïîëîãi÷íó íàïiâãðóïó, êîæíà ãàóñäîðôîâà òîïî-

ëîãi÷íà iíâåðñíà íàïiâãðóïà S, ÿêà ìiñòèòü Bλ ÿê ïiäíàïiâãðóïó, ìiñòèòü

Bλ ÿê çàìêíåíó ïiäíàïiâãðóïó, òîáòî Bλ ¹ àëãåáðè÷íî ïîâíîþ â êëàñi ãàóñ-

äîðôîâèõ òîïîëîãi÷íèõ iíâåðñíèõ íàïiâãðóï. Çãîäîì öåé ðåçóëüòàò áóâ ïî-

øèðåíèé Ãóòiêîì, Ëîóñîíîì òà Ðåïîâøåì â [88] íà òàê çâàíi iíâåðñíi íàïiâ-

ãðóïè çi ùiëüíèìè ðÿäàìè iäåàëiâ i, ÿê íàñëiäîê, íà íàïiâãðóïó I n
λ . Òàêîæ

â [106] äîâåäåíî, ùî äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n íàïiâãðóïà I n
λ

¹ àëãåáðè÷íî h-ïîâíîþ â êëàñi ãàóñäîðôîâèõ òîïîëîãi÷íèõ iíâåðñíèõ íà-

ïiâãðóï, òîáòî êîæåí ãîìîìîðôíèé îáðàç I n
λ ¹ àëãåáðè÷íî ïîâíèì ó êëàñi

ãàóñäîðôîâèõ òîïîëîãi÷íèõ iíâåðñíèõ íàïiâãðóï. Ó ñòàòòi [11] Ãóòiêîì òà

Ðåéòåðîì öåé ðåçóëüòàò áóâ ïîøèðåíèé íà êëàñ ãàóñäîðôîâèõ íàïiâòîïî-

ëîãi÷íèõ iíâåðñíèõ íàïiâãðóï, à òàêîæ áóëî ïîêàçàíî, ùî äëÿ äîâiëüíî-

ãî íåñêií÷åííîãî êàðäèíàëà λ íàïiâãðóïà I n
λ äîïóñêà¹ ¹äèíó ãàóñäîðôî-

âó òðàíñëÿöiéíî-íåïåðåðâíó òîïîëîãiþ τc. Òàì æå æ áóëî äîâåäåíî, ùî

êîìïàêòíîþ ¹ êîæíà çëi÷åííî êîìïàêòíà ãàóñäîðôîâà òðàíñëÿöiéíî-íåïå-
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ðåðâíà òîïîëîãiÿ τ íà Bλ. Ó [100] Ãóòiê, Ïàâëèê i Ðåéòåð ïîêàçàëè, ùî

òîïîëîãi÷íà íàïiâãðóïà I n
λ , ó ÿêî¨ ïiäíàïiâãðóïà iäåìïîòåíòiâ ¹ êîìïàêò-

íîþ, ¹ àáñîëþòíî H-çàìêíåíîþ i êîæíà çëi÷åííî êîìïàêòíà òîïîëîãi÷íà

íàïiâãðóïà íå ìiñòèòü I n
λ , ÿê ïiäíàïiâãðóïè äëÿ äîâiëüíîãî íåñêií÷åíîãî

êàðäèíàëà λ. Ó [100] áóëè ñôîðìóëüîâàíi äîñòàòíi óìîâè äëÿ òîãî, ùîá

òîïîëîãi÷íà íàïiâãðóïà I 1
λ íå áóëà H-çàìêíåíîþ. Ãóòiê ó [84] äîâiâ, ùî

íåñêií÷åííà íàïiâòîïîëîãi÷íà íàïiâãðóïà λ × λ-ìàòðè÷íèõ îäèíèöü Bλ ¹

H-çàìêíåíîþ â êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï òîäi i òiëü-

êè òîäi, êîëè ïðîñòið Bλ ¹ êîìïàêòíèì.

Â [22] äîâåäåíî, ùî êîæíà ïñåâäîêîìïàêòíà òîïîëîãi÷íà ãðóïà ¹ ñåê-

âåíöiàëüíî ñëàáêî êîìïàêòíîþ. À òàêîæ, â [68] äîâåäåíî, ùî êàíòîðiâ êóá

Dc ¹ ñåëåêòèâíî ñåêâåíöiàëüíî ñëàáêî êîìïàêòíèì. Äîáðå âiäîìî (äèâ. [74]),

ùî ïðîñòið Dc íå ¹ ñåêâåíöiàëüíî êîìïàêòíèì. Òîìó ìà¹ìî, ùî êîìïàêòíà

òîïîëîãi÷íà ãðóïà G = Dc ¹ ñåëåêòèâíî ñåêâåíöiàëüíî ñëàáêî êîìïàêò-

íîþ, àëå íå ñåêâåíöiàëüíî ñëàáêî êîìïàêòíîþ. À òàêîæ, iñíó¹ ùiëüíà ñå-

ëåêòèâíî ïñåâäîêîìïàêòíà, àëå íå ñåëåêòèâíî ñåêâåíöiàëüíî ïñåâäîêîì-

ïàêòíà ïiäãðóïà â Zc
2, äå Zc

2 � êîíòèíóóì ñòåïiíü öèêëi÷íî¨ äâîåëåìåíòíî¨

ãðóïè ( [176]). Òîìó âèíèêà¹ ïðèðîäíà çàäà÷à ïðî îïèñàííÿ áëèçüêèõ äî

êîìïàêòíèõ, à ñàìå ñåëåêòèâíî (ñåêâåíöiàëüíî) ñëàáêî êîìïàêíèõ, òðàíñ-

ëÿöiéíî-íåïåðåðâíèõ òîïîëîãié íà íàïiâ ðàòöi expn λ.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Äèñåðòàöiéíà ðîáîòà âèêîíóâàëàñÿ âiäïîâiäíî äî ïëàíó íàóêîâèõ äîñëi-

äæåíü êàôåäðè ãåîìåòði¨ i òîïîëîãi¨ (ç 2020 ðîêó êàôåäðè àëãåáðè, òîïîëî-

ãi¨ òà îñíîâ ìàòåìàòèêè) ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó òà êàôåäðè

ìàòåìàòè÷íîãî ìîäåëþâàííÿ ñîöiàëüíî-åêîíîìi÷íèõ ïðîöåñiâ ôàêóëüòåòó

ïðèêëàäíî¨ ìàòåìàòèêè òà iíôîðìàòèêè Ëüâiâñüêîãî íàöiîíàëüíîãî óíi-

âåðñèòåòó iìåíi Iâàíà Ôðàíêà. Ðåçóëüòàòè äèñåðòàöi¨ ÷àñòêîâî âèêîðèñòàíi

ïðè âèêîíàííi çàâäàíü äåðæáþäæåòíî¨ òåìè �Òîïîëîãiÿ òà ¨¨ çàñòîñóâàí-
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íÿ ó ôðàêòàëüíié ãåîìåòði¨ òà ìàòåìàòè÷íié åêîíîìiöi� (íîìåð äåðæàâíî¨

ðå¹ñòðàöi¨ 0116U001537) òà òåìè �Ìåòîäè ðîçâ'ÿçóâàííÿ äåòåðìiíîâàíèõ òà

ñòîõàñòè÷íèõ çàäà÷ ëîêàëiçàöi¹þ ôóíêöiîíàëüíèõ íåâèçíà÷åíîñòåé� (íîìåð

äåðæàâíî¨ ðå¹ñòðàöi¨ 0121U110450).

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Çà ìåòó áóëî ïîñòàâëåíî äîñëiäè-

òè ñëàáêî êîìïàêòíi òîïîëîãi¨ íà òîïîëîãi÷íié (íàïiâòîïîëîãi÷íié) íàïiâ-

 ðàòöi expn λ; âñòàíîâèòè àëãåáðè÷íi òà òîïîëîãi÷íi âëàñòèâîñòi ðîçøèðåíü

íàïiâãðóï ñèìåòðè÷íèìè iíâåðñíèìè íàïiâãðóïàìè îáìåæåíîãî ñêií÷åííî-

ãî ðàíãó; äîñëiäèòè ñëàáêî-êîìïàêòíi òîïîëîãi¨ íà íàïiâãðóïi BF1
ω ó âèïàä-

êó, êîëè ñiì'ÿ F1 ñêëàäà¹òüñÿ ç ïîðîæíüî¨ ìíîæèíè òà âñiõ îäíîòî÷êîâèõ

ïiäìíîæèí ó ω.

Çàâäàííÿ äîñëiäæåííÿ ïîëÿãàþòü ó ðîçâ'ÿçàííi òàêèõ çàäà÷:

1) îïèñàòè âñi êîìïàêòíi òà áëèçüêi äî íèõ íàïiâ ðàòêîâi òðàíñëÿöiéíî-

íåïåðåðâíi T1-òîïîëîãi¨ íà íàïiâ ðàòöi expn λ;

2) îïèñàòè àëãåáðè÷íi (òîïîëîãi÷íi) âëàñòèâîñòi íàïiâãðóïè I n
λ (S) ÿê

ðîçøèðåííÿ (íàïiâòîïîëîãi÷íîãî) ìîíî¨äà S çà ìîäóëåì àëãåáðè÷-

íèõ (òîïîëîãi÷íèõ) âëàñòèâîñòåé ìîíî¨äà S;

3) îïèñàòè êîìïàêòíi òà áëèçüêi äî êîìïàêòíèõ òðàíñëÿöiéíî-íåïå-

ðåðâíi T1-òîïîëîãi¨ íà íàïiâãðóïi BF1
ω ó âèïàäêó, êîëè ñiì'ÿ F1

ñêëàäà¹òüñÿ ç ïîðîæíüî¨ ìíîæèíè òà âñiõ îäíîòî÷êîâèõ ïiäìíîæèí

îðäèíàëà ω.

Îá'¹êòîì äîñëiäæåííÿ ¹ íàïiâòîïîëîãi÷íà íàïi ðàòêà expn λ, íàïiâãðó-

ïîâå ðîçøèðåííÿ I n
λ (S), à òàêîæ íàïiâãðóïà BF1

ω .

Ïðåäìåò äîñëiäæåíü � êîìïàêòíi òà áëèçüêi äî íèõ òðàíñëÿöiéíî-íåïå-

ðåðâíi òà íàïiâãðóïîâi òîïîëîãi¨ òà ¨õíi âëàñòèâîñòi íà íàïiâ ðàòöi expn λ òà

íàïiâãðóïàõ BF1
ω òà I n

λ (S), à òàêîæ àëãåáðè÷íi òà òîïîëîãi÷íi âëàñòèâîñòi

íàïiâãðóïè I n
λ (S).
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Ìåòîäè äîñëiäæåííÿ. Ó ïðîöåñi äîñëiäæåííÿ äèñåðòàöiéíî¨ ïðîáëå-

ìàòèêè çàñòîñîâóþòüñÿ ìåòîäè çàãàëüíî¨ òîïîëîãi¨, òîïîëîãi÷íî¨ àëãåáðè,

òåîði¨ òîïîëîãi÷íèõ íàïiâãðóï, à òàêîæ àëãåáðè÷íî¨ òåîði¨ íàïiâãðóï.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Óñi ðåçóëüòàòè îòðè-

ìàíi â äèñåðòàöiéíié ðîáîòi ¹ íîâèìè. Îñíîâíi íàóêîâi ðåçóëüòàòè, ùî âè-

íîñÿòüñÿ íà çàõèñò:

1. Îïèñàíî çëi÷åííî êîìïàêòíi òðàíñëÿöiéíî-íåïåðåðâíi T1-òîïîëîãi¨

íà íàïiâ ðàòöi expn λ òà äîâåäåíî, ùî âîíè ¹ íàïiâ ðàòêîâèìè êîì-

ïàêòíèìè äëÿ äîâiëüíèõ íàòóðàëüíîãî ÷èñëà n ⩾ 2 òà íåñêií÷åííîãî

êàðäèíàëà λ.

2. Ïîáóäîâàíî íåêîìïàêòíó çëi÷åííî ïðàêîìïàêòíó H-çàìêíåíó êâà-

çiðåãóëÿðíó íåíàïiâðåãóëÿðíó òðàíñëÿöiéíî-íåïåðåðâíó òîïîëîãiþ

τ 2
fc
íà exp2 λ òà äîâåäåíî, ùî íàïiâðåãóëÿðíà ñëàáêî êîìïàêòíà íà-

ïiâòîïîëîãi÷íà íàïiâ ðàòêà expn λ ¹ êîìïàêòíîþ òîïîëîãi÷íîþ íà-

ïiâ ðàòêîþ.

3. Äîâåäåíî, ùî äëÿ äîâiëüíî¨ òðàíñëÿöiéíî-íåïåðåðâíî¨ T1-òîïîëîãi¨

τ íà expn λ òàêi óìîâè åêâiâàëåíòíi: (i) τ � ñåêâåíöiàëüíî ïðàêîì-

ïàêòíà; (ii) τ � öiëêîì çëi÷åííî ïðàêîìïàêòíà; (iii) τ � ñëàáêî

êîìïàêòíà; (iv) τ � D(ω)-êîìïàêòíà.

4. Îïèñàíî áóäîâó íàïiâãðóïîâîãî ðîçøèðåííÿI n
λ (S) ìîíî¨äà S çà ìî-

äóëåì íàïiâãðóïè S òà äîâåäåíî, ùî äëÿ êîæíîãî êîìïàêòíîãî ãàóñ-

äîðôîâîãî íàïiâòîïîëîãi÷íîãî ìîíî¨äà iñíó¹ ¹äèíå éîãî êîìïàêòíå

òîïîëîãi÷íå ðîçøèðåííÿ I n
λ (S) ó êëàñi ãàóñäîðôîâèõ íàïiâòîïîëî-

ãi÷íèõ íàïiâãðóï i îïèñàíî éîãî òîïîëîãiþ.

5. Îïèñàíî àëãåáðè÷íó ñòðóêòóðó áiöèêëi÷íîãî íàïiâãðóïîâîãî ðîçøè-

ðåííÿ BF1
ω ó âèïàäêó, êîëè ñiì'ÿ F1 ñêëàäà¹òüñÿ ç ïîðîæíüî¨ ìíî-

æèíè òà âñiõ îäíîòî÷êîâèõ ïiäìíîæèí ó ω. Äîâåäåíî, ùî êîæíà

D(ω)-êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ τ íà
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B↱
ω(ωmin) ¹ êîìïàêòíîþ òà ñåêâåíöiàëüíî êîìïàêòíîþ, i çáiãà¹òüñÿ ç

îäíîòî÷êîâîþ êîìïàêòèôiêàöi¹þ Àë¹êñàíäðîâà çëi÷åííîãî äèñêðåò-

íîãî ïðîñòîðó.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåð-

òàöi¨ ìàþòü òåîðåòè÷íèé õàðàêòåð i ìîæóòü áóòè çàñòîñîâàíi ó òîïîëîãi÷íié

àëãåáði.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Îñíîâíi ðåçóëüòàòè, ùî âèíîñÿòüñÿ

íà çàõèñò, îòðèìàíi àâòîðêîþ ñàìîñòiéíî. Â îïóáëiêîâàíèõ ñïiëüíî ç íàó-

êîâèì êåðiâíèêîì ïðàöÿõ, Î. Â. Ãóòiêó íàëåæàòü ïîñòàíîâêà çàäà÷, âèáið

ìåòîäiâ äîñëiäæåííÿ òà îáãîâîðåííÿ îäåðæàíèõ ðåçóëüòàòiâ.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äîñëiäæåí-

íÿ äîïîâiäàëèñÿ íà íàóêîâèõ êîíôåðåíöiÿõ ðiçíîãî ðiâíÿ òà íàóêîâèõ ñåìi-

íàðàõ:

1) X-ìié Ìiæíàðîäíié àëãåáðà¨÷íié êîíôåðåíöi¨ â Óêðà¨íi ïðèñâÿ÷åíié

70-ði÷÷þ Þ. À. Äðîçäà, Îäåñà, 2015;

2) Ìiæíàðîäíié êîíôåðåíöi¨ �Complex Analysis and Related Topics�, ì.

Ëüâiâ, 2016;

3) Ìiæíàðîäíié êîíôåðåíöi¨ ïðèñâÿ÷åíié 120-ði÷÷þ Êàçiìiðà Êóðà-

òîâñüêîãî, ì. Ëüâiâ, 2016;

4) Âñåóêðà¨íñüêîìó êîíêóðñi ñòóäåíòñüêèõ íàóêîâèõ ðîáiò iç ãàëóçi

�Ìàòåìàòè÷íi íàóêè�, ì. Âiííèöÿ, 2017;

5) Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè ìåõàíiêè òà

ìàòåìàòèêè�, ì. Ëüâiâ, 2018;

6) Ìåòåìàòè÷íîìó ñåìiíàði âiääiëó Ìàòåìàòèêè òà iíôîðìàòèêè Âðîö-

ëàâñüêîãî óíiâåðñèòåòó, ì. Âðîöëàâ, Ïîëüùà, 2018;

7) Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Àëãåáðè÷íi òà ãåîìåòðè÷íi ìå-

òîäè â àíàëiçi�, ì. Îäåñà, 2019;

8) Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �The 13th International Algebraic
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Conference in Ukraine�, ì. Êè¨â, 2021;

9) Cåìiíàði �Òåîðiÿ ïîëiãîíiâ i ñïåêòðàëüíi ïðîñòîðè� ó Ëüâiâñüêîìó

íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà, ì. Ëüâiâ, 2016, 2017,

2018, 2019, 2021;

10) Cåìiíàði �Òîïîëîãi÷íà àëãåáðà� ó Ëüâiâñüêîìó íàöiîíàëüíîìó óíi-

âåðñèòåòi iìåíi Iâàíà Ôðàíêà, ì. Ëüâiâ, 2021.

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè ðîáîòè îïóáëiêîâàíî â 11 ïðàöÿõ, ñå-

ðåä ÿêèõ: 3 ñòàòòi ó æóðíàëàõ, ÿêi âõîäÿòü äî ïåðåëiêó íàóêâèõ ôàõîâèõ

âèäàíü Óêðà¨íè ( [113], [114], [150]); 1 ñòàòòÿ ó íàóêîâîìó âèäàííi, âiä-

íåñåíîìó äî òðåòüîãî êâàðòèëÿ (Q3) âiäïîâiäíî äî êëàñèôiêàöi¨ SCImago

Journal Rank [115]; 1 ñòàòòÿ ó âèäàííi, ÿêå íå âõîäèòü ó ïåðåëiê ôàõîâèõ

( [112]); 6 òåç ó ìàòåðiàëàõ ìiæíàðîäíèõ êîíôåðåíöié ( [116], [117], [118],

[119], [120], [151]).

Ñòðóêòóðà i îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöié

óêðà¨íñüêîþ é àíãëiéñüêîþ ìîâàìè, âñòóïó, ÷îòèðüîõ ðîçäiëiâ, âèñíîâêiâ,

ñïèñêó ëiòåðàòóðè òà îäíîãî äîäàòêà. Ïîâíèé îáñÿã ðîáîòè � 154 ñòîðiíêè.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè çàéìà¹ 17 ñòîðiíîê i íàëi÷ó¹ 194 íàéìåíó-

âàííÿ.

Ïîäÿêà. Àâòîðêà âèñëîâëþ¹ ïîäÿêó íàóêîâîìó êåðiâíèêó êàíäèäàòó

ôiçèêî-ìàòåìàòè÷íèõ íàóê, ñòàðøîìó íàóêîâîìó ñïiâðîáiòíèêó, äîöåíòó

êàôåäðè àëãåáðè, òîïîëîãi¨ òà îñíîâ ìàòåìàòèêè Ëüâiâñüêîãî íàöiîíàëü-

íîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà Îëåãó Âîëîäèìèðîâè÷ó Ãóòiêó çà

ïîñòàíîâêó çàäà÷ i äîïîìîãó â ðîáîòi íàä äèñåðòàöi¹þ.
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ÐÎÇÄIË 1

ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ, ÌÎÒÈÂÀÖIß ÄÎÑËIÄÆÅÍÜ I

ÄÎÏÎÌIÆÍI ÂIÄÎÌÎÑÒI

1.1. Iñòîðè÷íà äîâiäêà, îãëÿä ëiòåðàòóðè òà ìîòèâàöiÿ

äîñëiäæåíü

Ó 1970 ðîöi âèéøîâ ç äðóêó ïåðøèé òîì âóçüêîñïåöiàëiçîâàíîãî æóð-

íàëó ç àëãåáðè Semigroup Forum, çàéíÿâøè ç ïåðøèõ íîìåðiâ i äî ñüî-

ãîäíi äóæå âèñîêèé ðåéòèíã, à çà öåé ÷àñ âæå âèéøëî ïîíàä 100 òîìiâ ó

âèäàâíèöòâi Springer. Iäåÿ ñòâîðåííÿ òàêîãî àëãåáðè÷íîãî âèäàííÿ âèíèê-

ëà âíàñëiäîê áóðõëèâîãî ðîçâèòêó òåîði¨ íàïiâãðóï òà ¨¨ çàñòîñóâàííÿ â

50-60-õ ðîêàõ ìèíóëîãî ñòîëiòòÿ. Ñïðàâäi, äóæå âàæêî çíàéòè ðîçäië àë-

ãåáðè, âiäìiííèé âiä òåîði¨ íàïiâãðóï, àïëiêàöiþ ÿêîãî â ìàòåìàòèöi, à òà-

êîæ ó òåõíi÷íèõ òà ãóìàíiòàðíèõ íàóêàõ, çà çíà÷èìiñòþ ðiâíîöiííî ìîæíà

ïîðiâíÿòè iç çàñòîñóâàííÿìè äèôåðåíöiàëüíîãî ÷èñëåííÿ â ïðèðîäíè÷èõ

íàóêàõ.

Òåîðiÿ íàïiâãðóï ïîðîäèëà ñó÷àñíi ðîçäiëè òåîðåòè÷íî¨ iíôîðìàòèêè

(òåîðiþ ôîðìàëüíèõ ìîâ, àëãåáðè÷íó òåîðiþ êîäiâ i øèôðóâàííÿ), à òà-

êîæ ðÿä äèñöèïëií, ÿêi ìàþòü áåçïîñåðåäí¹ çàñòîñóâàííÿ â ìàòåìàòè÷íié

áiîëîãi¨, ìàòåìàòè÷íié åêîíîìiöi òà ñîöiàëüíèõ íàóêàõ [59, 137, 149]. Òàê,

çîêðåìà, ïðèíöèïè 5G-êîäóâàííÿ ñòiëüíèêîâîãî çâ'ÿçêó çàïðîïîíîâàíi ùå

â 1960 ðîöi ôðàíöóçüêîþ øêîëîþ ç êîìáiíàòîðíî¨ òåîði¨ íàïiâãðóï òà àëãåá-

ðà¨÷íî¨ òåîði¨ êîäiâ, î÷îëþâàíî¨ Ìàðñåëåì Øóòöåíáåðãåðîì. Äàíà ãàëóçü

ñòðiìêî ðîçâèâà¹òüñÿ ç 50-õ ðîêiâ XX ñòîëiòòÿ, à ¨¨ çàñòîñóâàííÿ ó ðiçíèõ

ðîçäiëàõ ìàòåìàòèêè äà¹ âàãîìi ðåçóëüòàòè. Îäíèì iç ïiäñóìêiâ ïåðâèííîãî

çàñòîñóâàííÿ òåîði¨ íàïiâãðóï ¹ ìîíîãðàôiÿ Ãiëëà �Ôóíêöiîíàëüíèé àíàëiç

i íàïiâãðóïè�, ÿêà íåîäíîðàçîâî ïåðåâèäàâàëàñÿ òà ïåðåêëàäàëàñÿ ðiçíèìè
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ìîâàìè [123].

Ñåðåä iñòîðèêiâ ìàòåìàòèêè ïîáóòó¹ äóìêà, ùî ñó÷àñíà àëãåáðà áåðå

ñâié ïî÷àòîê ñàìå ç Åðëàíãåíñüêî¨ ïðîãðàìè Ôåëiêñà Êëÿéíà, ïðîãîëîøåíî¨

íèì íà ñâî¨é ãàáiëiòàöiéíié ëåêöi¨ â Åðëàíãåíñüêîìó óíiâåðñèòåòi â æîâòíi

1872 ðîêó [142]. Ñàìå â òi ÷àñè Ñîôóñ Ëi ïîáóäóâàâ òåîðiþ íåïåðåðâíèõ

ïñåâäîãðóï ïåðåòâîðåíü ãåîìåòðè÷íèõ îá'¹êòiâ. Çàõîïëþþ÷èñü öi¹þ òåî-

ði¹þ, Êëÿéí ñôîðìóëþâàâ êîíöåïöiþ àëãåáðà¨çàöi¨ íå òiëüêè ãåîìåòði¨, à

é óñi¹¨ ìàòåìàòèêè � äîñëiäæåííÿ íåïåðåâíèõ ìàòåìàòè÷íèõ ñòðóêòóð çà

äîïîìîãîþ àëãåáð ïåðåòâîðåííü. Òàêèì ÷èíîì, Åðëàíãåíñüêà ïðîãðàìà íå

ëèøå ñïîíóêàëà äî ðîçâèòêó àáñòðàêòíèõ àëãåáðè÷íèõ òåîðié òà ãðóï Ëi,

à é äàëà ïîòóæíèé ïîøòîâõ â ìàòåìàòè÷íié ôiçèöi òà iíøèõ ðîçäiëàõ ìà-

òåìàòèêè.

Õî÷à òåðìií �íàïiâãðóïà� (�semi-group�) áóâ óïåðøå âæèòèé Ëåîíàð-

äîì Å. Äiêñîíîì ó 1905 ðîöi [67] äëÿ åêâiâàëåíòíîãî îçíà÷åííÿ ïîíÿòòÿ

ãðóïè, àëå äîñëiäæåííÿ ç òåîði¨ íàïiâãðóï áóëè íå÷èñëåííèìè â ìiæâî¹í-

íèé ïåðiîä, íà âiäìiíó âiä ¨õíüîãî çàñòîñóâàííÿ ó ôóíêöiîíàëüíîìó àíàëiçi

òà äèôåðåíöiàëüíîìó ÷èñëåííi. Íàéçíà÷èìiøèìè ó öüîìó ïåðiîäi ¹ ñòàòòi

À. Ñóøêåâè÷à ïðî ñòðóêòóðó ìiíiìàëüíîãî iäåàëà ñêií÷åííî¨ íàïiâãðóïè òà

áóäîâó ñêií÷åííèõ ïðîñòèõ íàïiâãðóï [16, 179, 180] òà À. Ìàëüöåâà ïðî çà-

íóðåííÿ íàïiâãðóï ó ãðóïè [12]. Íà äóìêó Äåâiäà Ðiñà, ÷ëåíà ãðóïè Àëëàíà

Òüþðiíãà, âåëè÷åçíèé ïîøòîâõ äî ðîçâèòêó òåîði¨ íàïiâãðóï íàäàëà àëãåá-

ðè÷íà ìîäåëü âçëàìó ï'ÿòîãî êîëåñà øèôðóâàëüíî¨ ìàøèíè Åíi ìà. À ñàì

Ðiñ ùå â 1940 ðîöi [168] ñïðîñòèâ äóæå ñêëàäíî îïèñàíó Ñóøêåâè÷åì áóäîâó

öiëêîì ïðîñòèõ íàïiâãðóï íà ìîâi ìàòðè÷íèõ íàïiâãðóï íàä ãðóïàìè.

Ïåðøi ïðàöi ç òåîði¨ òîïîëîãi÷íèõ íàïiâãðóï ç'ÿâèëèñÿ ëèøå ïiñëÿ Äðó-

ãî¨ ñâiòîâî¨ âiéíè, õî÷à êëàñèêè öi¹¨ òåîði¨, Êàðë Ã. Ãîôìàí [127�130] i

Äæèììi Ä. Ëîóñîí [147, 148], ââàæàþòü, ùî ïåðøi öåãëèíè (çîêðåìà òåî-

ðiþ îäíîïàðàìåòðè÷íèõ íàïiâãðóï) áóëî çàêëàäåíî ùå â 1821 ðîöi â ïðàöi

Íiëüñà Ã. Àáåëÿ [19].
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Ôóíäàìåíòàëüíi äîñëiäæåííÿ ñòðóêòóðè êîìïàêòíèõ òîïîëîãi÷íèõ íà-

ïiâãðóï çàïðîïîíîâàíi â ïðàöÿõ Êàòñóìi Íóìàêóðè [160�162], Ñòåôàíà

Øâàðöà [173�175], Àëåêñàíäðà Ä. Âîëëåñà [185,186,189,192] òà éîãî ó÷íiâ.

Êëàñè÷íèì ðåçóëüòàòîì ïåðøîãî ïåðiîäó ðîçâèòêó ãàëóçi ¹ òåîðåìà Íóìà-

êóðè ïðî òå, ùî êîæíà êîìïàêòíà ãàóñäîðôîâà òîïîëîãi÷íà íàïiâãðóïà

çi ñêîðî÷åííÿìè ¹ òîïîëîãi÷íîþ ãðóïîþ [160]. Öåé ôàêò òàêîæ áóâ íå-

çàëåæíî âñòàíîâëåíèé áàãàòüìà iíøèìè íàóêîâöÿìè. Ïiäñóìêîì ïåðøî-

ãî �êîìïàêòíîãî� ïåðiîäó ðîçâèòêó òåîði¨ òîïîëîãi÷íèõ íàïiâãðóï ¹ îãëÿä

À. Ä. Âîëëåñà [192], äå i áóëà ïîñòàâëåíà çíàìåíèòà ïðîáëåìà Âîëëåñà:

÷è çëi÷åííî êîìïàêòíà òîïîëîãi÷íà íàïiâãðóïà çi ñêîðî÷åííÿìè ¹ òîïî-

ëîãi÷íîþ ãðóïîþ? Íåãàòèâíó âiäïîâiäü íà öå çàïèòàííÿ äàëè íåçàëåæíî

Òîìiòà [182] òà Ðîáái iç Ñâ¹òëi÷íèì [170] ó ïåâíèõ òåîðåòèêî-ìíîæèííèõ

ïðèïóùåííÿõ, îäíàê ðîçâ'ÿçêó â ZFC äîñi íåìà¹. Çàóâàæèìî, ùî äëÿ áàãà-

òüîõ êëàñiâ òîïîëîãi÷íèõ íàïiâãðóï, ÿêi áëèçüêi äî êîìïàêòíèõ, ïðîáëåìà

Âîëëåñà ðîçâ'ÿçàíà ïîçèòèâíî (äèâ. [18, 60,81,169]).

Äðóãèé ïåðiîä ðîçâèòêó òåîði¨ òîïîëîãi÷íèõ íàïiâãðóï îçíàìåíîâàíèé

äîñëiäæåííÿìè êîìïàêòíèõ (òà áëèçüêèõ äî íèõ) çâ'ÿçíèõ òîïîëîãi÷íèõ íà-

ïiâãðóï. Îñíîâíi ðåçóëüòàòè, ÿêi áóëè îòðèìàíi çà öi¹þ òåìàòèêîþ, âèêëà-

äåíi â îãëÿäi Ï. Ìîñòåðòà [157] òà ìîíîãðàôi¨ Ê. Ã. Ãîôìàííà òà Ï. Ìîñòåð-

òà [134], îñòàííÿ ñåðåä àíãëîìîâíèõ ñïåöiàëiñòiâ îòðèìàëà êîðîòêó íàçâó

�HofMos�. Öåé ïåðiîä îõîïëþ¹ 50-70-i ðîêè ìèíóëîãî ñòîëiòòÿ òà õàðàêòå-

ðèçó¹òüñÿ òèì, ùî äî âèâ÷åííÿ òîïîëîãi÷íèõ íàïiâãðóï äîëó÷àþòüñÿ íå

ëèøå àëãåáðà¨ñòè, à é ñïåöiàëiñòè iíøèõ ðiçíèõ îáëàñòåé ìàòåìàòèêè. Öå

ïîñïðèÿëî òîìó, ùî íàâêîëî òåîði¨ òîïîëîãi÷íèõ íàïiâãðóï óòâîðèëàñü íèç-

êà iíøèõ íàïðÿìêiâ äîñëiäæåíü, ÿêi ïîãëèáëþþòü ïåðåïëåòåííÿ ìåòîäiâ

òåîði¨ òîïîëîãi÷íèõ íàïiâãðóï ç ìåòîäàìè ôóíêöiîíàëüíîãî àíàëiçó, òåîði¨

ìiðè, òåîðåòèêî-ìíîæèííî¨ òîïîëîãi¨ òà òåîði¨ ìíîæèí.

Ñàìå íàïðèêiíöi 1960-èõ ðîêiâ íà îñíîâi òåîði¨ òîïîëîãi÷íèõ íàïiâãðóï

âèíèêàþòü i ïî÷èíàþòü ïîòóæíî ðîçâèâàòèñÿ òàêi íàïðÿìêè, ÿêi íàäàëi ïå-
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ðåòâîðèëèñü â îêðåìi ðîçäiëè òîïîëîãi÷íî¨ àëãåáðè òà çàãàëüíî¨ òîïîëîãi¨:

• íàïiâòîïîëîãi÷íi íàïiâãðóïè [56,171];

• ëiâîòîïîëîãi÷íi (ïðàâîòîïîëîãi÷íi) íàïiâãðóïè òà íàïiâãðóïè óëüòðà-

ôiëüòðiâ [57,125];

• ìiðè íà òîïîëîãi÷íèõ íàïiâãðóïàõ i àìåíàáåëüíi íàïiâãðóïè [58, 66,

158];

• íàïiâãðóïè íåïåðåðâíèõ ïåðåòâîðåíü [152�154];

• ÷àñòêîâî âïîðÿäêîâàíi òîïîëîãi÷íi ïðîñòîðè, òîïîëîãi÷íi íàïiâ ðàò-

êè òà íåïåðåðâíi  ðàòêè [79,80,133];

• íàïiâãðóïè Ëi [122,135].

Óñi âèùåïåðåëi÷åíi íàïðÿìêè ïî¹äíóþòüñÿ òåîðåòèêî-ìíîæèííèìè òîïîëî-

ãi÷íèìè çàäà÷àìè òà ìåòîäàìè äîñëiäæåíü òåîði¨ òîïîëîãi÷íèõ íàïiâãðóï.

Çîêðåìà, ôóíäàìåíòàëüíà òåîðåìà Åëiñà (äèâ. [72, 73]) ïðî òå, ùî êîæíà

ëîêàëüíî êîìïàêòíà ïàðàòîïîëîãi÷íà (íàïiâòîïîëîãi÷íà) ãðóïà ¹ òîïî-

ëîãi÷íîþ ãðóïîþ, ñïîíóêàëà íå ëèøå äî äîñëiäæåííÿ íàðiçíî íåïåðåðâíèõ

îïåðàöié ó òîïîëîãi÷íié àëãåáði, à é äî ñòâîðåííÿ òåîði¨ ïàðàòîïîëîãi÷íèõ

ãðóï (äèâ. [21]). Öiëiñíèé ôóíäàìåíò öi¹¨ ãàëóçi áóâ äîáóäîâàíèì ïðàöÿìè

Î. Ðàâñüêîãî òà Ò. Áàíàõà, ÿêi äàëè çíà÷íèé ïîøòîâõ äëÿ ¨¨ ðîçâèòêó ó

ïðÿöÿõ ëüâiâñüêèõ, êèòàéñüêèõ òà ìåêñèêàíñüêèõ òîïîëîãiâ. Äîñëiäæåííÿ

öüîãî ïåðiîäó ïiäñóìîâàíî â äâîõòîìíié ìîíîãðàôi¨ Êàððóòà, Ãiëüäåáðàíä-

òà òà Êîõà [61].

Îñòàííi äîñëiäæåííÿ â òåîði¨ òîïîëîãi÷íèõ i íàïiâòîïîëîãi÷íèõ íàïiâ-

ãðóï çóìîâëåíi âïëèâîì íà íå¨ ðåçóëüòàòiâ ç òåîðåòèêî-ìíîæèííî¨ òîïî-

ëîãi¨ òà iíøèõ ðîçäiëiâ ìàòåìàòèêè. Äî îñíîâíèõ íàïðÿìêiâ ñó÷àñíèõ äîñ-

ëiäæåíü íàëåæàòü:

• äîñëiäæåííÿ ñòðóêòóðè êëàñiâ òîïîëîãi÷íèõ i íàïiâòîïîëîãi÷íèõ íà-

ïiâãðóï i íàïiâ ðàòîê ç ïåâíèìè àëãåáðè÷íèìè òà òîïîëîãi÷íèìè

âëàñòèâîñòÿìè [3,5,10,11,24,30,33,35�40,42,44,45,52,54,83,85,92,94,

97�100,102�104,106,107,109,111];
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• ïðîáëåìà çàíóðåííÿ (àëãåáðè÷íèõ) íàïiâãðóï ó ïåâíi êëàñè òîïîëî-

ãi÷íèõ íàïiâãðóï, óíiâåðñàëüíi îá'¹êòè â ðiçíèõ êàòåãîðiÿõ òîïîëî-

ãi÷íèõ íàïiâãðóï, ïîáóäîâà ðiçíèõ ðîçøèðåíü òà êàòåãîði¨ òîïîëîãi÷-

íèõ i íàïiâòîïîëîãi÷íèõ íàïiâãðóï [3,4,6,31,32,34,41,43,49,55,138];

• äîñëiäæåííÿ çàìèêàííÿ ïiäíàïiâãðóï ó íàïiâòîïîëîãi÷íèõ i òîïî-

ëîãi÷íèõ íàïiâãðóïàõ, êëàñèôiêàöiÿ ïîâíîò ó ðiçíèõ êàòåãîðiÿõ àáî

êëàñàõ (íàïiâ)òîïîëîãi÷íèõ íàïiâãðóï [9,26�29,93,94];

• òîïîëîãiçàöiÿ íàïiâãðóï i ïðîäîâæåííÿ òîïîëîãié [46, 47, 52, 63, 64,

77,86,89�91,110,111].

Ñàìå îñòàííiì òðüîì íàïðÿìêàì ïðèñâÿ÷åíi ðåçóëüòàòè öi¹¨ äèñåðòàöiéíî¨

ðîáîòè.

Ïèòàííÿ ïðî íåäèñêðåòíó òîïîëîãiçàöiþ ãðóï âïåðøå áóëî ïîñòàâëåíî

À. À. Ìàðêîâèì ó 1945 ðîöi [13], õî÷à Ë. Ïîíòðÿãií âæå ñôîðìóëþâàâ êðè-

òåðié íåäèñêðåòíî¨ òîïîëîãiçàöi¨ ãðóï ùå â 1930 ðîöi [15]. Ó 1980 ðîöi Îëü-

øàíñüêèé [14] ïîáóäóâàâ ïðèêëàä íåòîïîëîãiçîâíî¨ çëi÷åííî¨ ãðóïè, òîáòî

òàêî¨, ùî êîæíà ãðóïîâà T0-òîïîëîãiÿ íà íié äèñêðåòíà. Ñïðîáè íåäèñêðå-

òíî¨ íàïiâãðóïîâî¨ òîïîëîãiçàöi¨ íàïiâãðóï ðîçïî÷àëèñÿ ç ïðàöü Åáåðãàð-

òà i Ñåëåäåíà [71] òà Òàéìàíîâà [17], äå âïåðøå áóëî íàâåäåíî ïðèêëàäè

íåòîïîëîãiçîâíèõ íàïiâãðóï. Öi ðåçóëüòàòè ïðî íåòîïîëîãiçîâíi íàïiâãðó-

ïè áóëè ïîøèðåíi íà iíøi íàïiâãðóïè â ïðàöÿõ [77, 86, 89, 91]. Òàêîæ äëÿ

äåÿêèõ íàïiâãðóï ãàóñäîðôîâi ëîêàëüíî êîìïàêòíi íàïiâãðóïîâi (àáî íà-

âiòü òðàíñëÿöiíî-íåïåðåðâíi) òîïîëîãi¨ ¹ äèñêðåòíèìè [47, 52, 52, 63, 64, 89,

90, 101, 110, 111, 156], à â äåÿêèõ âèïàäêàõ ñïðàâäæó¹òüñÿ àíàëîã òåîðåìè

Âåéëÿ äëÿ ëîêàëüíî êîìïàêòíèõ ãðóï [193]: òðàíñëÿöiéíî íåïåðåðâíi ãàóñ-

äîðôîâi ëîêàëüíî êîìïàêòíi òîïîëîãi¨ íà òàêèõ íàïiâãðàòêàõ ¹ àáî êîì-

ïàêòíèìè, àáî äèñêðåòíèìè [46, 85]. Äëÿ áàãàòüîõ íàïiâãðóï ãàóñäîðôîâi

òðàíñëÿöiéíî-íåïåðåðâíi òîïîëîãi¨ íà íèõ, ÿêi áëèçüêi äî êîìïàêòíèõ (çëi-

÷åííî êîìïàêòíi, ñëàáêî êîìïàêòíi) ¹ êîìïàêòíèìè, çîêðåìà òàêîþ ¹ íàïiâ-

ãðóïà λ×λ-ìàòðè÷íèõ îäèíèöü (äèâ. [95]). Òîìó âèíèêàþòü ïðèðîäíi çàïè-
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òàííÿ: äëÿ ÿêèõ íàïiâãðóï áëèçüêà äî êîìïàêòíî¨ òðàíñëÿöiíî-íåïåðåðâíà

òîïîëîãiÿ íà íèõ ïîñèëþ¹òüñÿ äî êîìïàêòíî¨? I ÷è íà òàêèõ íàïiâãðóïàõ

iñíó¹ ¹äèíà ãàóñäîðôîâà êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ?

Ó âèïàäêó òîïîëîãi÷íèõ λ0-ðîçøèðåíü Áðàíäòà [99] êîæíà ãàóñäîðôî-

âà òðàíñëÿöiéíî-íåïåðåðâíà êîìïàêòíà (ñåêâåíöiàëüíî êîìïàêòíà, çëi÷åí-

íî êîìïàêòíà) òîïîëîãiÿ íà ìîíî¨äi S ïðîäîâæó¹òüñÿ ¹äèíèì ÷èíîì äî

òðàíñëÿöiéíî-íåïåðåðâíî¨ êîìïàêòíî¨ (ñåêâåíöiàëüíî êîìïàêòíî¨, çëi÷åí-

íî êîìïàêòíî¨) íà λ0-ðîçøèðåííi Áðàíäòà B0
λ(S) i ¹äèíiñòü ïðîäîâæåí-

íÿ çàáåçïå÷ó¹òüñÿ äîäàòêîâèìè óìîâàìè íà ïðîñòið B0
λ(S). Òîìó âèíè-

êà¹ ïðèðîäíå çàïèòàííÿ: ÿêi àëãåáðè÷íi ðîçøèðåííÿ íàïiâãðóï ïîäiâíî äî

λ0-ðîçøèðåíü Áðàíäòà ìîíî¨äiâ, âèòðèìóþòü îäíîçíà÷íå ïðîäîâæåííÿ

òðàíñëÿöiéíî-íåïåðåðâíèõ (íàïiâãðóïîâèõ) êîìïàêòíèõ (áëèçüêèõ äî êîì-

ïàêòíèõ) òîïîëîãié ç ìîíî¨äiâ íà öi ðîçøèðåííÿ?

Òàêîæ λ0-ðîçøèðåííÿ Áðàíäòà çáåðiãàþòü ðiçíi òèïè àëãåáðè÷íèõ òà òî-

ïîëîãi÷íèõ ïîâíîò òîïîëîãi÷íèõ òà íàïiâòîïîëîãi÷íèõ íàïiâãðóï, çîêðåìà

H-çàìêíåíiñòü òà àáñîëþòíó H-çàìêíåíiñòü (äèâ. [9,10,54,84,93]). Òîìó ïî-

ñòà¹ ïðèðîäíå çàïèòàííÿ: ÿêi ðîçøèðåííÿ ìîíî¨äiâ (íàïiâãðóï) çáåðiãàþòü

ïîâíîòó òîïîëîãi÷íèõ i íàïiâòîïîëîãi÷íèõ íàïiâãðóï (â ïåâíèõ êàòåãî-

ðiÿõ ÷è êëàñàõ)?
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1.2. Îçíà÷åííÿ òà äîïîìiæíi òâåðäæåííÿ

Ó öüîìó ïiäðîçäiëi íàâåäåíî îçíà÷åííÿ òà äîïîìiæíi òâåðäæåííÿ, ÿêi

âèêîðèñòîâóþòüñÿ â òåêñòi äèñåðòàöiéíî¨ ðîáîòè. Òåðìiíîëîãiþ, îçíà÷åííÿ

òà ïîçíà÷åííÿ âèêîðèñòàíî òàêi, ÿê ó ìîíîãðàôiÿõ [61,65,74,80,166,171].

Ó äèñåðòàöiéíié ðîáîòi âåëèêèìè ëàòèíñüêèìè ëiòåðàìè ïîçíà÷àòèìåìî

ìíîæèíè, òîïîëîãi÷íi ïðîñòîðè òà íàïiâãðóïè, à ìàëèìè � ¨õíi åëåìåíòè.

Óñi òîïîëîãi÷íi ïðîñòîðè ââàæàòèìåìî ãàóñäîðôîâèìè, ÿêùî íå çàçíà÷åíî

iíøå.

Ìíîæèíè X òà Y íàçèâàþòüñÿ ðiâíîïîòóæíèìè, ÿêùî iñíó¹ âçà¹ì-

íî îäíîçíà÷íå âiäîáðàæåííÿ ìíîæèíè X íà Y . Ó öüîìó âèïàäêó ïèøåìî

|X| = |Y |, äå |X| � íàéìåíøèé îðäèíàë ðiâíîïîòóæíèé ìíîæèíi X. Òàêi

îðäèíàëè íàçèâàþòü êàðäèíàëàìè (êàðäèíàëüíèìè ÷èñëàìè) àáî ïîòóæ-

íiñòþ ìíîæèíè X. ×åðåç ω áóäåìî ïîçíà÷àòè íàéìåíøèé íåñêií÷åííèé

îðäèíàë. ×åðåç N ïîçíà÷àòèìåìî ìíîæèíó íàòóðàëüíèõ ÷èñåë.

ßêùî f : X → Y âiäîáðàæåííÿ ç ìíîæèíè X ó ìíîæèíó Y , òî òðàäè-

öiéíî îáðàç åëåìåíòà x ∈ X ïðè âiäîáðàæåííi f ïîçíà÷à¹ìî ÷åðåç f(x),

à ó âèïàäêó ïåðåñòàíîâêè σ : {1, . . . , n} → {1, . . . , n} � ïðàâîðó÷ (i)σ,

i ∈ {1, . . . , n}. ×åðåç 2X àáî P(X) ïîçíà÷èìî ìíîæèíó âñiõ ïiäìíîæèí

íåïîðîæíüî¨ ìíîæèíè X.

Âiäíîøåííÿì (àáî áiíàðíèì âiäíîøåííÿì) íà ìíîæèíi X íàçèâà¹òüñÿ

ïiäìíîæèíà äåêàðòîâîãî äîáóòêó ρ ⊆ X × X. ßêùî åëåìåíòè x òà y ¹ ó

âiäíîøåííi ρ, òî áóäåìî öå çàïèñóâàòè òàê (x, y) ∈ ρ àáî xρy.

Âiäíîøåííÿ ρ íà ìíîæèíi X íàçèâà¹òüñÿ âiäíîøåííÿì åêâiâàëåíòíîñ-

òi, ÿêùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

(1) xρx äëÿ êîæíîãî x ∈ X;

(2) ÿêùî xρy, òî yρx äëÿ âñiõ x, y ∈ X;

(3) ÿêùî xρy i yρz, òî xρz äëÿ âñiõ x, y, z ∈ X.

Êîæíå âiäíîøåííÿ åêâiâàëåíòíîñòi ρ íà ìíîæèíiX ðîçáèâà¹X íà äèç'þíêò-
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íi êëàñè åêâiâàëåíòíîñòi çà âiäíîøåííÿì ρ:

xρ = {y ∈ X| yρx}.

Ìíîæèíà, åëåìåíòàìè ÿêî¨ ¹ êëàñè åêâiâàëåíòíîñòi ìíîæèíè X çà âiäíî-

øåííÿì ρ, íàçèâà¹òüñÿ ôàêòîð-ìíîæèíîþ ìíîæèíè X çà âiäíîøåííÿì ρ

i ïîçíà÷à¹òüñÿ X/ρ. Âiäîáðàæåííÿ ρ̄ : X → X/ρ îçíà÷åíå (x)ρ̄ = xρ íàçè-

âà¹òüñÿ ïðèðîäíèì.

Âiäíîøåííÿ ⩽ íà ìíîæèíi X íàçèâà¹òüñÿ ÷àñòêîâèì ïîðÿäêîì, ÿêùî

âèêîíóþòüñÿ íàñòóïíi óìîâè:

(1) x ⩽ x äëÿ êîæíîãî x ∈ X;

(2) ÿêùî x ⩽ y i y ⩽ x, òî x = y äëÿ x, y ∈ X;

(3) ÿêùî x ⩽ y i y ⩽ z, òî x ⩽ z äëÿ x, y, z ∈ X.

ÌíîæèíàX iç çàäàíèì íà íié ÷àñòêîâèì ïîðÿäêîì⩽ íàçèâà¹òüñÿ ÷àñòêîâî

âïîðÿäêîâàíîþ, i ïîçíà÷à¹òüñÿ (X,⩽). Åëåìåíòè x òà y ÷àñòêîâî âïîðÿäêî-

âàíî¨ ìíîæèíè (X,⩽) íàçèâàþòüñÿ ïîðiâíÿëüíèìè, ÿêùî âèêîíó¹òüñÿ õî÷à

á îäíà ç óìîâ x ⩽ y àáî y ⩽ x; ó ïðîòèëåæíîìó âèïàäêó åëåìåíòè x òà y

íàçèâàþòüñÿ íåïîðiâíÿëüíèìè.

Ïiäìíîæèíà A ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè (X,⩽) íàçèâà¹òüñÿ ëi-

íiéíî âïîðÿäêîâàíîþ, ÿêùî äâà äîâiëüíi åëåìåíòè ç A ¹ ïîðiâíÿëüíèìè. Ó

öüîìó âèïàäêó êàæóòü, ùî (A,⩽) � ëiíiéíî âïîðÿäêîâàíà ìíîæèíà àáî

ëàíöþã, i ⩽ � ëiíiéíèé ïîðÿäîê íà A.

Íåõàé (X,⩽) � ÷àñòêîâî âïîðÿäêîâàíà ìíîæèíà, A � äåÿêà ïiäìíîæè-

íà X, à x ¹ äîâiëüíèì åëåìåíòîì A. Ââåäåìî òàêi ïîçíà÷åííÿ:

• ↓ A = {y ∈ X : iñíó¹ x ∈ A òàêèé, ùî y ⩽ x};
• ↑ A = {y ∈ X : iñíó¹ x ∈ A òàêèé, ùî x ⩽ y};
• ↓ x =↓ {x};
• ↑ x =↑ {x};
• A íàçèâà¹òüñÿ iäåàëîì, ÿêùî A =↓ A;
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• A íàçèâà¹òüñÿ ãîëîâíèì iäåàëîì, ÿêùîA =↓ x äëÿ äåÿêîãî åëåìåíòà

x ∈ A.

Ñiì'ÿ íåïîðîæíiõ ìíîæèí {Ai : i ∈ I } íàçèâà¹òüñÿ ∆-ñèñòåìîþ (ñî-

íÿøíèêîì àáî ∆-ñiì'¹þ), ÿêùî ïîïàðíi ïåðåòèíè ¨¨ ÷ëåíiâ ¹ îäíàêîâèìè,

òîáòî Ai ∩ Aj = S äëÿ äåÿêî¨ ìíîæèíè S (äëÿ i ̸= j â I ) [145]. Íàñ-

òóïíå òâåðäæåííÿ âiäîìå ÿê ëåìà ïðî ñîíÿøíèê àáî ëåìà ïðî ∆-ñèñòåìó

(äèâ. [145, ñ. 107]).

Ëåìà 1.2.1. Êîæíà íåñêií÷åííà ñiì'ÿ n-åëåìåíòíèõ ìíîæèí (n < ω)

ìiñòèòü íåñêií÷åííó ∆-ïiäñiì'þ.

Íàïiâãðóïîþ íàçèâà¹òüñÿ íåïîðîæíÿ ìíîæèíà iç çàäàíîþ íà íié áiíàð-

íîþ àñîöiàòèâíîþ îïåðàöi¹þ.

Åëåìåíò 1 íàïiâãðóïè S íàçèâà¹òüñÿ îäèíèöåþ, ÿêùî s · 1 = 1 · s = s

äëÿ âñiõ s ∈ S. Íàïiâãðóïà ç îäèíèöåþ íàçèâà¹òüñÿ ìîíî¨äîì.

Ãðóïà � öå òàêà íàïiâãðóïà G, â ÿêié äëÿ äîâiëüíèõ åëåìåíòiâ a, b ∈ G

iñíóþòü åëåìåíòè x, y ∈ G òàêi, ùî âèêîíóþòüñÿ ðiâíîñòi:

ax = b i ya = b.

Íåïîðîæíÿ ïiäìíîæèíà T íàïiâãðóïè S íàçèâà¹òüñÿ ïiäíàïiâãðóïîþ â

S, ÿêùî äëÿ äîâiëüíèõ åëåìåíòiâ a, b ç T âèêîíó¹òüñÿ óìîâà ab ∈ T i ïiä-

ãðóïîþ â S, ÿêùî aT = Ta = T äëÿ êîæíîãî åëåìåíòà a ç T .

Íåõàé A � ïiäìíîæèíà íàïiâãðóïè S. Ïåðåòèí âñiõ ïiäíàïiâãðóï íàïiâ-

ãðóïè S, ÿêi ìiñòÿòü A, ¹ ïiäíàïiâãðóïîþ; öþ íàïiâãðóïó íàçèâàþòü íàïiâ-

ãðóïîþ, ïîðîäæåíîþ ìíîæèíîþ A i ïîçíà÷àþòü ⟨A⟩.
Ëiâèì (ïðàâèì) iäåàëîì íàïiâãðóïè S íàçèâà¹òüñÿ òàêà íåïîðîæíÿ ïiä-

ìíîæèíà A â S, ùî SA ⊆ A (AS ⊆ A). Äâîái÷íèì iäåàëîì (àáî ïðîñòî iäåà-

ëîì) íàçèâà¹òüñÿ ïiäìíîæèíà íàïiâãðóïè, ÿêà îäíî÷àñíî ¹ i ëiâèì, i ïðà-

âèì iäåàëîì. Ëiâèé (ïðàâèé, äâîái÷íèé) iäåàë íàçèâà¹òüñÿ ãîëîâíèì ëiâèì

(ïðàâèì, äâîái÷íèì) iäåàëîì, ÿêùî âií ïîðîäæó¹òüñÿ îäíèì åëåìåíòîì.

Åëåìåíò e íàïiâãðóïè S íàçèâà¹òüñÿ iäåìïîòåíòîì, ÿêùî ee = e. ßêùî
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S � íàïiâãðóïà, òî ïiäìíîæèíó óñiõ ¨¨ iäåìïîòåíòiâ ïîçíà÷àòèìåìî ÷åðåç

E(S). Íàïiâãðóïó iäåìïîòåíòiâ íàçèâàòèìåìî â'ÿçêîþ. ßêùî E(S) ¹ íå-

ïîðîæíüîþ ìíîæèíîþ, òî íàïiâãðóïîâà îïåðàöiÿ íà â'ÿçöi E(S) âèçíà÷à¹

÷àñòêîâèé ïîðÿäîê ⩽ íà íié:

e ⩽ f òîäi i ëèøå òîäi, êîëè ef = fe = e äëÿ e, f ∈ E(S).

Òàê âèçíà÷åíèé ïîðÿäîê íàçèâà¹òüñÿ ïðèðîäíèì. Íàïiâ ðàòêà � öå êîìó-

òàòèâíà íàïiâãðóïà iäåìïîòåíòiâ. Íàïiâ ðàòêà E íàçèâà¹òüñÿ ëiíiéíî âïî-

ðÿäêîâàíîþ àáî ëàíöþãîì, ÿêùî íàïiâãðóïîâà îïåðàöiÿ iíäóêó¹ íà E ëiíié-

íèé ïðèðîäíèé ïîðÿäîê.

Åëåìåíò a íàïiâãðóïè S íàçèâà¹òüñÿ ðåãóëÿðíèì, ÿêùî aba = a äëÿ

äåÿêîãî b ∈ S. Íàïiâãðóïà S íàçèâà¹òüñÿ:

• ðåãóëÿðíîþ, ÿêùî êîæíèé ¨¨ åëåìåíò ¹ ðåãóëÿðíèì;

• îðòîäîêñàëüíîþ, ÿêùî S ðåãóëÿðíà i E(S) ¹ ïiäíàïiâãðóïîþ â S;

• iíâåðñíîþ, ÿêùî äëÿ êîæíîãî åëåìåíòà x ç S iñíó¹ ¹äèíèé x−1 ∈ S

òàêèé, ùî xx−1x = x i x−1xx−1 = x−1. Ó öüîìó âèïàäêó åëåìåíò

x−1 íàçèâà¹òüñÿ iíâåðñíèì äî x ∈ S.

Î÷åâèäíî, ùî êîæíà iíâåðñíà íàïiâãðóïà ¹ îðòîäîêñàëüíîþ, à êîæíà

îðòîäîêñàëüíà íàïiâãðóïà ¹ ðåãóëÿðíîþ. ßêùî S � iíâåðñíà íàïiâãðóïà, òî

âiäîáðàæåííÿ inv : S → S, ÿêå ñòàâèòü ó âiäïîâiäíiñòü êîæíîìó åëåìåíòîâi

x ç S éîãî iíâåðñíèé åëåìåíò x−1, íàçèâà¹òüñÿ iíâåðñi¹þ.

Íà iíâåðñíié íàïiâãðóïi S âèçíà÷èìî âiäíîøåííÿ ⩽ òàê:

a ⩽ b òîäi i ëèøå òîäi, êîëè ab−1 = aa−1 äëÿ a, b ∈ S.

Öå âiäíîøåííÿ íàçèâà¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà iíâåðñíié

íàïiâãðóïi S.

Òåîðåìà 1.2.2 ( [65, òåîðåìà 1.17] ). Äëÿ íàïiâãðóïè S òàêi óìîâè åêâi-

âàëåíòíi:

(i) S ðåãóëÿðíà i äîâiëüíi äâà ¨¨ iäåìïîòåíòè êîìóòóþòü;
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(ii) êîæåí ãîëîâíèé ïðàâèé (ëiâèé) iäåàë íàïiâãðóïè S ïîðîäæó¹òüñÿ

¹äèíèì iäåìïîòåíòîì;

(iii) S � iíâåðñíà íàïiâãðóïà.

Íåõàé S i S ′ � íàïiâãðóïè. Âiäîáðàæåííÿ φ : S → S ′ íàçèâà¹òüñÿ ãî-

ìîìîðôiçìîì, ÿêùî âèêîíó¹òüñÿ óìîâà (ab)φ = (a)φ(b)φ äëÿ âñiõ a, b ∈ S.

Ái¹êòèâíèé ãîìîìîðôiçì íàïiâãðóïè S ó íàïiâãðóïó S ′ íàçèâà¹òüñÿ içîìîð-

ôiçìîì ç S ó S ′, àáî içîìîðôíèì çàíóðåííÿì S ó S ′.

Íåõàé S � íàïiâãðóïà, òîäi:

• ÷åðåç S1 ïîçíà÷àòèìåìî íàïiâãðóïó S iç ïðè¹äíàíîþ îäèíèöåþ [65];

• ÷åðåç S0 ïîçíà÷àòèìåìî íàïiâãðóïó S iç ïðè¹äíàíèì íóëåì [65].

ßêùî S � íàïiâãðóïà, òî ÷åðåç R, L ,J , D òà H áóäåìî ïîçíà÷àòè

âiäíîøåííÿ �ðiíà íà S (äèâ. [82] ÷è [65, ðîçäië 2.1]):

aRb òîäi i ëèøå òîäi, êîëè aS1 = bS1;

aL b òîäi i ëèøå òîäi, êîëè S1a = S1b;

aJ b òîäi i ëèøå òîäi, êîëè S1aS1 = S1bS1;

D = L ◦R = R◦L ;

H = L ∩ R.
Çãiäíî ç [144], íàïiâãðóïà S íàçèâà¹òüñÿ:

• ñòiéêîþ çëiâà, ÿêùî äëÿ a, b ∈ S, ç Sa ⊆ Sab âèïëèâà¹ Sa = Sab;

• ñòiéêîþ ñïðàâà, ÿêùî äëÿ c, d ∈ S, ç cS ⊆ dcS âèïëèâà¹ cS = dcS;

• ñòiéêîþ, ÿêùî S îäíî÷àñíî ¹ ñòiéêîþ çëiâà òà ñïðàâà.

Ïiäìíîæèíà D íàïiâãðóïè S íàçèâà¹òüñÿ ω-íåñòiéêîþ, ÿêùî D ¹ íå-

ñêií÷åííîþ é aB ∪ Ba ⊈ D äëÿ âñiõ a ∈ D i äëÿ äîâiëüíî¨ íåñêií÷åííî¨

ïiäìíîæèíè B ⊆ D.

Çãiäíî ç [114] ïiäìíîæèíà D íàïiâãðóïè S íàçèâà¹òüñÿ ñèëüíî ω-íå-

ñòiéêîþ, ÿêùî D ¹ íåñêií÷åííîþ é aB ∪ Bb ⊈ D äëÿ âñiõ a, b ∈ D i äëÿ

äîâiëüíî¨ íåñêií÷åííî¨ ïiäìíîæèíè B ⊆ D. Î÷åâèäíî, ùî êîæíà ñèëüíî

ω-íåñòiéêà ïiäìíîæèíà ¹ ω-íåñòiéêîþ.

Íåõàé A � íåïîðîæíÿ ìíîæèíà i k � äîâiëüíå íàòóðàëüíå ÷èñëî. Ïiä-
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ìíîæèíà B ⊆ Ak íàçèâà¹òüñÿ k-ñèìåòðè÷íîþ, ÿêùî ç òîãî, ùî

(b1, . . . , bk) ∈ B âèïëèâà¹, ùî
(
b(1)σ, . . . , b(k)σ

)
∈ B äëÿ äîâiëüíî¨ ïåðåñòà-

íîâêè σ : {1, . . . , k} → {1, . . . , k}.
Îçíà÷åííÿ 1.2.3 ( [88]). Ðÿäîì iäåàëiâ äëÿ íàïiâãðóïè S íàçèâà¹òüñÿ ëàí-

öþã iäåàëiâ

I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ In = S.

Íàçèâàòèìåìî ðÿä iäåàëiâ ùiëüíèì, ÿêùî I0 � ñêií÷åííà ìíîæèíà òà

Dk = Ik \ Ik−1 ¹ ω-íåñòiéêîþ ïiäìíîæèíîþ äëÿ âñiõ k = 1, . . . , n.

Ñêií÷åííèé ïðÿìèé äîáóòîê íàïiâãðóï çi ùiëüíèìè ðÿäàìè iäåàëiâ ¹

íàïiâãðóïîþ çi ùiëüíèìè ðÿäàìè iäåàëiâ, à òàêîæ ãîìîìîðôíèé îáðàç íà-

ïiâãðóïè çi ùiëüíèìè ðÿäàìè iäåàëiâ çi ñêií÷åííèìè ïðîîáðàçàìè òàêîæ ¹

íàïiâãðóïîþ iç ùiëüíèìè ðÿäàìè iäåàëiâ [88].

Îçíà÷åííÿ 1.2.4 ( [114]). Íàçèâàòèìåìî ðÿä iäåàëiâ

I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ In = S

ñèëüíî ùiëüíèì, ÿêùî I0 ñêií÷åííà ìíîæèíà òà Dk = Ik \ Ik−1 ¹ ñèëüíî

ω-íåñòiéêîþ ïiäìíîæèíîþ äëÿ âñiõ k = 1, . . . , n.

Íåõàé λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë. Âiäîáðàæåííÿ α ç ïiäìíî-

æèíè D iç λ â λ íàçèâà¹òüñÿ ÷àñòêîâèì ïåðåòâîðåííÿì (àáî ÷àñòêî-

âèì âiäîáðàæåííÿì) êàðäèíàëà λ. Ó òàêîìó âèïàäêó ìíîæèíó D íàçèâà-

þòü îáëàñòþ âèçíà÷åííÿ ÷àñòêîâîãî âiäîáðàæåííÿ α i ïîçíà÷àþòü domα.

Îáðàç åëåìåíòà x ∈ domα ñòîñîâíî âiäîáðàæåííÿ α ïîçíà÷àòèìåìî xα.

Ìíîæèíà {x ∈ λ : yα = x äëÿ äåÿêîãî y ∈ Y } íàçèâà¹òüñÿ îáëàñòþ çíà-

÷åíü ÷àñòêîâîãî âiäîáðàæåííÿ α i ïîçíà÷à¹òüñÿ ranα. Ïîòóæíiñòü ìíî-

æèíè ranα íàçèâà¹òüñÿ ðàíãîì ÷àñòêîâîãî âiäîáðàæåííÿ α i ïîçíà÷à¹òüñÿ

rankα. Äëÿ çðó÷íîñòi ÷åðåç ∅ ïîçíà÷àòèìåìî ïîðîæí¹ ïåðåòâîðåííÿ, òîá-

òî òàêå ÷àñòêîâå âiäîáðàæåííÿ, äëÿ ÿêîãî dom∅ = ran∅ = ∅.

×åðåç Iλ áóäåìî ïîçíà÷àòè ìíîæèíó âñiõ ÷àñòêîâèõ ií'¹êòèâíèõ ïå-

ðåòâîðåíü íåíóëüîâîãî êàðäèíàëà λ ç âèçíà÷åíîþ íà íié íàïiâãðóïîâîþ



35

îïåðàöi¹þ:

x(αβ) = (xα)β, ÿêùî x ∈ dom(αβ) = {y ∈ domα | yα ∈ dom β},

äëÿ α, β ∈ Iλ. Íàïiâãðóïà Iλ íàçèâà¹òüñÿ ñèìåòðè÷íîþ iíâåðñíîþ íàïiâ-

ãðóïîþ íàä êàðäèíàëîì λ. Ñèìåòðè÷íà iíâåðñíà íàïiâãðóïà ââåäåíà Âàã-

íåðîì [2] i âiäiãðà¹ âàæëèâó ðîëü â òåîði¨ íàïiâãðóï.

Ïîêëàäåìî

I ∞
λ = {α ∈ Iλ : rankα < ∞} i I n

λ = {α ∈ Iλ : rankα ⩽ n},

äëÿ n = 1, 2, 3, . . .. Î÷åâèäíî, ùî I ∞
λ i I n

λ (n = 1, 2, 3, . . .) � iíâåðñíi íàïiâ-

ãðóïè, I ∞
λ ¹ iäåàëîì â Iλ, à I n

λ � iäåàë â I ∞
λ , äëÿ âñiõ n ∈ N. Íàäàëi íàçè-

âàòèìåìî íàïiâãðóïóI ∞
λ ñèìåòðè÷íîþ iíâåðñíîþ íàïiâãðóïîþ ñêií÷åííèõ

ïåðåòâîðåíü, à I n
λ � ñèìåòðè÷íîþ iíâåðñíîþ íàïiâãðóïîþ ñêií÷åííèõ ïå-

ðåòâîðåíü ðàíãó ⩽ n ( [88]). Åëåìåíòè íàïiâãðóï I ∞
λ òà I n

λ íàçèâàþòüñÿ

ñêií÷åííèìè ái¹êòèâíèìè ïåðåòâîðåííÿìè (÷àñòêîâèìè ái¹êöiÿìè) êàð-

äèíàëà λ. ×åðåç ( x1 ··· xn
y1 ··· yn ) ïîçíà÷àòèìåìî ÷àñòêîâó ái¹êöiþ, ÿêà âiäîáðàæà¹

x1 â y1, . . ., xn â yn, à ÷åðåç 0 � ïîðîæí¹ ïåðåòâîðåííÿ. Î÷åâèäíî, ùî â

òàêîìó âèïàäêó ìà¹ìî, ùî xi ̸= xj i yi ̸= yj äëÿ i ̸= j (i, j = 1, . . . , n).

×àñòêîâå ïîðîæí¹ ïåðåòâîðåííÿ 0: λ ⇀ λ ¹ íóëåì íàïiâãðóïè I n
λ .

Î÷åâèäíî, ùî äëÿ äîâiëüíîãî íåñêií÷åííîãî êàðäèíàëà λ òà áóäü-ÿêîãî

íàòóðàëüíîãî ÷èñëà n íàïiâãðóïà I n
λ ìà¹ ùiëüíèé ðÿä iäåàëiâ:

0 ⊆ I 1
λ ⊆ I 2

λ ⊆ · · · ⊆ I n
λ .

Äëÿ áóäü-ÿêîãî íàòóðàëüíîãî ÷èñëà n òà äîâiëüíîãî íåíóëüîâîãî êàð-

äèíàëà λ ïîêëàäåìî:

expn λ = {A ⊆ λ : |A| ⩽ n} .

Î÷åâèäíî, ùî äëÿ áóäü-ÿêîãî íàòóðàëüíîãî ÷èñëà n òà äîâiëüíîãî íåíó-

ëüîâîãî êàðäèíàëà λ ìíîæèíà expn λ, ðàçîì iç çàäàíîþ íà íié áiíàðíîþ
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îïåðàöi¹þ ïåðåòèíó ìíîæèí ∩, ¹ íàïiâ ðàòêîþ. Íàäàëi ÷åðåç expn λ ïî-

çíà÷àòèìåìî íàïiâ ðàòêó (expn λ,∩). Ëåãêî áà÷èòè, ùî expn λ içîìîðôíà

â'ÿçöi íàïiâãðóïè I n
λ äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n.

Íåõàé λ � íåíóëüîâèé êàðäèíàë. Íà ìíîæèíi Bλ = (λ × λ) ∪ {0}, äå
0 /∈ λ× λ, âèçíà÷èìî íàïiâãðóïîâó îïåðàöiþ �·�:

(a, b) · (c, d) =

 (a, d), ÿêùî b = c;

0, ÿêùî b ̸= c,

i (a, b) · 0 = 0 · (a, b) = 0 · 0 = 0 äëÿ a, b, c, d ∈ λ. Íàïiâãðóïà Bλ íàçè-

âà¹òüñÿ íàïiâãðóïîþ λ × λ-ìàòðè÷íèõ îäèíèöü (äèâ [65]). Î÷åâèäíî, ùî

äëÿ äîâiëüíîãî êàðäèíàëà λ > 0, íàïiâãðóïà λ× λ-ìàòðè÷íèõ îäèíèöü Bλ

¹ içîìîðôíà íàïiâãðóïi I 1
λ .

Íåõàé S � íàïiâãðóïà ç íóëåì i λ � íåíóëüîâèé êàðäèíàë. Âèçíà÷èìî

íàïiâãðóïîâó îïåðàöiþ íà ìíîæèíi Bλ(S) = (λ× S × λ) ∪ {0} òàê:

(α, a, β) · (γ, b, δ) =

 (α, ab, δ), ÿêùî β = γ;

0, ÿêùî β ̸= γ,

i (α, a, β) · 0 = 0 · (α, a, β) = 0 · 0 = 0, äëÿ âñiõ α, β, γ, δ ∈ λ i a, b ∈ S.

ßêùî S = S1, òî íàïiâãðóïà Bλ(S) íàçèâà¹òüñÿ λ-ðîçøèðåííÿì Áðàíäòà

íàïiâãðóïè S [7, 9]. Çðîçóìiëî, ÿêùî S íàïiâãðóïà ç íóëåì, òî ìíîæèíà

J = {0} ∪ {(α, 0S, β) : 0S � íóëü â S}

¹ iäåàëîì íàïiâãðóïè Bλ(S). Ïîêëàäåìî B0
λ(S) = Bλ(S)/J . Íàïiâãðóïà

B0
λ(S) íàçèâà¹òüñÿ λ0-ðîçøèðåííÿì Áðàíäòà íàïiâãðóïè S ç íóëåì [96].

Àëãåáðè÷íi âëàñòèâîñòi íàïiâãðóïè Bλ(S) òà ¨¨ óçàãàëüíåííÿ λ0-ðîçøè-

ðåííÿ Áðàíäòà B0
λ(S) íàïiâãðóïè S âèâ÷àëèñü â [7, 96]. Òîïîëîãiçàöiþ íà-

ïiâãðóï Bλ(S) òà B0
λ(S), à òàêîæ ¨õíi êàòåãîðíi âëàñòèâîñòi, çàñòîñóâàííÿ

é óçàãàëüíåííÿ äîñëiäæóâàëèñÿ ó ïðàöÿõ [9, 10, 48, 54, 87, 93, 96, 98�100,103,

104,107,109,114,165].



37

Áiöèêëi÷íèì ìîíî¨äîì, àáî áiöèêëi÷íîþ íàïiâãðóïîþ, íàçèâà¹òüñÿ íà-

ïiâãðóïà C (p, q) ç îäèíèöåþ 1, ïîðîäæåíà äâîìà åëåìåíòàìè p òà q, ÿêi

çàäîâîëüíÿþòü óìîâó pq = 1 [65]. Ðiçíi åëåìåíòè C (p, q) ìîæíà çîáðàçèòè

ó âèãëÿäi íåñêií÷åííî¨ òàáëèöi

1 p p2 p3 · · ·
q qp qp2 qp3 · · ·
q2 q2p q2p2 q2p3 · · ·
q3 q3p q3p2 q3p3 · · ·
... ... ... ... . . .

,

à íàïiâãðóïîâà îïåðàöiÿ íà C (p, q) âèçíà÷à¹òüñÿ òàê:

qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.

ßêùî X � òîïîëîãi÷íèé ïðîñòið i A ⊆ X, òîäi ÷åðåç clX(A) òà intX(A)

ïîçíà÷àòèìåìî òîïîëîãi÷íå çàìèêàííÿ òà âíóòðiøíiñòü ìíîæèíè A â òîïî-

ëîãi÷íîìó ïðîñòîði X, âiäïîâiäíî.

Òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ:

• T0-ïðîñòîðîì, ÿêùî äëÿ êîæíî¨ ïàðè ðiçíèõ òî÷îê x, y ∈ X iñíó¹

òàêà âiäêðèòà ïiäìíîæèíà U â X, ùî ìiñòèòü òiëüêè îäíó ç öèõ

òî÷îê;

• T1-ïðîñòîðîì, ÿêùî äëÿ êîæíî¨ ïàðè ðiçíèõ òî÷îê x, y ∈ X iñíó¹

òàêà âiäêðèòà ïiäìíîæèíà U â X, ùî x ∈ U i y /∈ U ;

• T2-ïðîñòîðîì (ãàóñäîðôîâèì ïðîñòîðîì), ÿêùî äëÿ êîæíî¨ ïàðè

ðiçíèõ òî÷îê x, y ∈ X iñíó¹ òàêi âiäêðèòi ïiäìíîæèíè U, V â X, ùî

x ∈ U , y ∈ V i U ∩ V = ∅;

• T3-ïðîñòîðîì (ðåãóëÿðíèì ïðîñòîðîì), ÿêùî X ¹ T1-ïðîñòîðîì i

äëÿ äîâiëüíî¨ òî÷êè x ∈ X òà áóäü-ÿêî¨ òàêî¨ çàìêíåíî¨ ïiäìíîæèíè

F â X, ùî x /∈ F , iñíóþòü òàêi âiäêðèòi ïiäìíîæèíè U, V â X, ùî

x ∈ U , F ⊂ V i U ∩ V = ∅;
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• T3 1
2
-ïðîñòîðîì (òèõîíîâñüêèì àáî öiëêîì ðåãóëÿðíèì ïðîñòîðîì),

ÿêùî X ¹ T1-ïðîñòîðîì i äëÿ äîâiëüíî¨ òî÷êè x ∈ X òà áóäü-ÿêî¨

òàêî¨ çàìêíåíî¨ ïiäìíîæèíè F â X, ùî x /∈ F , iñíó¹ íåïåðåðâíà

ôóíêöiÿ f : X → [0; 1] òàêà, ùî f(x) = 0 i f(y) = 1, äëÿ âñiõ y ∈ F ;

• T4-ïðîñòîðîì (íîðìàëüíèì ïðîñòîðîì), ÿêùî X ¹ T1-ïðîñòîðîì i

äëÿ äîâiëüíèõ äèç'þíêòíèõ çàìêíåíèõ ïiäìíîæèí F1, F2 â X iñíó-

þòü òàêi äâi âiäêðèòi ïiäìíîæèíè U òà V â X, ùî F1 ⊂ U , F2 ⊂ V

i U ∩ V = ∅;

• ôóíêöiîíàëüíî ãàóñäîðôîâèì, ÿêùî äëÿ êîæíèõ äâîõ ðiçíèõ òî-

÷îê x1, x2 ∈ X iñíó¹ íåïåðåðâíà ôóíêöiÿ f : X → [0, 1] òàêà, ùî

f(x1) = 0 i f(x2) = 1;

• ìåòðèçîâíèì, ÿêùî éîãî òîïîëîãiÿ ïîðîäæó¹òüñÿ äåÿêîþ ìåòðè-

êîþ.

Òåîðåìà 1.2.5 ( [74, òåîðåìà 1.5.16]). Êîæåí çëi÷åííèé ðåãóëÿðíèé ïðîñ-

òið � íîðìàëüíèé.

Íåïåðåðâíå âiäîáðàæåííÿ f : X → Y òîïîëîãi÷íèõ ïðîñòîðiâ X òà Y

íàçèâà¹òüñÿ ãîìåîìîðôiçìîì, ÿêùî f âçà¹ìîîäíîçíà÷íî âiäîáðàæà¹ X íà

Y i îáåðíåíå âiäîáðàæåííÿ f−1 : Y → X ¹ íåïåðåðâíèì. Âêëàäåííÿì (çàíó-

ðåííÿì) òîïîëîãi÷íîãî ïðîñòîðó X ó òîïîëîãi÷íèé ïðîñòið Y íàçèâà¹òüñÿ

ãîìåîìîðôiçì f : X → Y ç ïðîñòîðó X ó ïðîñòið Y , òîáòî íà îáðàç f (X).

Íåïåðåðâíå âiäîáðàæåííÿ f : X → X íàçèâà¹òüñÿ ðåòðàêöi¹þ ïðîñòîðó

X, ÿêùî ff = f ; ìíîæèíà âñiõ çíà÷åíü ðåòðàêöi¨ ïðîñòîðó X íàçèâà¹òüñÿ

ðåòðàêòîì ïðîñòîðó X.

Òâåðäæåííÿ 1.2.6 ( [74, çàäà÷à 1.5.C]). Äîâiëüíèé ðåòðàêò ãàóñäîðôîâî-

ãî ïðîñòîðó ¹ çàìêíåíîþ ïiäìíîæèíîþ â öüîìó ïðîñòîði.

Ïîçíà÷èìî ÷åðåçD(ω) òàR, âiäïîâiäíî, íåñêií÷åííèé çëi÷åííèé äèñêðåò-

íèé ïðîñòið òà ìíîæèíó äiéñíèõ ÷èñåë iç ïðèðîäíîþ òîïîëîãi¹þ.

ßêùî {Xi : i ∈ I } � ñiì'ÿ ìíîæèí, X =
∏

{Xi : i ∈ I } � ¨õ äåêàðòiâ
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äîáóòîê i p � òî÷êà â X, òî ïiäìíîæèíà

Σ(p,X) = {x ∈ X : |{i ∈ I : x(i) ̸= p(i)}| ⩽ ω}

â X íàçèâà¹òüñÿ Σ-äîáóòêîì {Xi : i ∈ I } ç áàçîâîþ òî÷êîþ p ∈ X. Ó

âèïàäêó, êîëè {Xi : i ∈ I } ¹ ñiì'¹þ òîïîëîãi÷íèõ ïðîñòîðiâ, ïðèïóñêà¹ìî,

ùî Σ(p,X) ¹ ïiäïðîñòîðîì òèõîíîâñüêîãî äîáóòêó X =
∏

{Xi : i ∈ I }.
Ïiäìíîæèíà A òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ:

• ùiëüíîþ â X, ÿêùî clX(A) = X;

• êàíîíi÷íî âiäêðèòîþ, ÿêùî intX(clX(A)) = A.

Ñiì'ÿ B íàçèâà¹òüñÿ áàçîþ òîïîëîãi÷íîãî ïðîñòîðó X, ÿêùî äîâiëü-

íó íåïîðîæíþ âiäêðèòó ìíîæèíó ïðîñòîðó X ìîæíà ïîäàòè ó âèãëÿäi

îá'¹äíàííÿ äåÿêî¨ ïiäñiì'¨ ñiì'¨ B.

Ñiì'ÿ B(x) íàçèâà¹òüñÿ áàçîþ òîïîëîãi÷íîãî ïðîñòîðó X â òî÷öi x,

ÿêùî äëÿ äîâiëüíîãî îêîëó U òî÷êè x iñíó¹ òàêèé åëåìåíò V ∈ B(x), ùî

x ∈ V ⊂ U .

Ñiì'ÿP íàçèâà¹òüñÿ ïåðåäáàçîþ òîïîëîãi÷íîãî ïðîñòîðó X, ÿêùî ñiì'ÿ

âñiõ ñêií÷åííèõ ïåðåòèíiâ U1 ∩ U2 ∩ · · · ∩ Uk, äå Ui ∈ P äëÿ i = 1, 2, . . . , k,

¹ áàçîþ òîïîëîãi÷íîãî ïðîñòîðó X.

Íåõàé (X, τ)� òîïîëîãi÷íèé ïðîñòið i äëÿ êîæíîãî åëåìåíòà x ïðîñòîðó

X çàäàíî áàçó B(x) ïðîñòîðó (X, τ) â òî÷öi x. Ñiì'ÿ {B(x)}x∈X íàçèâà¹òü-

ñÿ ñiì'¹þ îêîëiâ òîïîëîãi÷íîãî ïðîñòîðó (X, τ). Êîæíà ñèñòåìà îêîëiâ

{B(x)}x∈X çàäîâîëüíÿ¹ òàêi âëàñòèâîñòi ( [74]):

(PB1) Äëÿ êîæíîãî åëåìåíòà x â X ñiì'ÿ B(x) ̸= ∅ i äëÿ êîæíîãî

åëåìåíòà U ñiì'¨ B(x) ìà¹ìî x ∈ U ;

(BP2) ßêùî x ∈ U ∈ B(x), òî iñíó¹ åëåìåíò V ñiì'¨ B(x) òàêèé,

ùî V ⊂ U ;

(BP3) Äëÿ äîâiëüíèõ U1, U2 ∈ B(x) iñíó¹ åëåìåíò U ñiì'¨ B(x) òà-

êèé, ùî U ⊂ U1 ∩ U2.
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Òâåðäæåííÿ 1.2.7 ( [74, òâåðäæåííÿ 1.5.2] ). Íåõàé X � òîïîëîãi÷íèé

ïðîñòið i {B(x)}x∈X � ñiì'ÿ îêîëiâ ïðîñòîðó X, ÿêà çàäîâîëüíÿ¹ âëàñ-

òèâîñòi (BP1)�(BP3). Êðiì òîãî, íåõàé ñiì'ÿ {B(x)}x∈X çàäîâîëüíÿ¹

âëàñòèâiñòü:

(BP4) äëÿ äîâiëüíî¨ ïàðè ðiçíèõ òî÷îê x, y ∈ X iñíóþòü òàêi âiä-

êðèòi ìíîæèíè U, V ∈ B(x), ùî U ∩ V ̸= ∅.

Òîäi òîïîëîãi÷íèé ïðîñòið X, ïîðîäæåíèé ñiì'¹þ {B(x)}x∈X , ¹ ãàóñäîð-
ôîâèì.

Òåîðåìà 1.2.8 ( [183, òåîðåìà Óðèñîíà] ). Äëÿ òîãî, ùîá òîïîëîãi÷íèé

ïðîñòið çi çëi÷åííîþ áàçîþ áóâ ìåòðèçîâíèì, íåîáõiäíî i äîñòàòíüî, ùîá

âií áóâ íîðìàëüíèì.

Òî÷êà x íàçèâà¹òüñÿ içîëüîâàíîþ â òîïîëîãi÷íîìó ïðîñòîði X, ÿêùî

{x} ¹ âiäêðèòîþ ïiäìíîæèíîþ â X.

Òî÷êà x íàçèâà¹òüñÿòî÷êîþ íàêîïè÷åííÿ ïiäìíîæèíèA â òîïîëîãi÷íî-

ìó ïðîñòîði X, ÿêùî êîæåí âiäêðèòèé îêië òî÷êè x ìiñòèòü íåñêií÷åííó

êiëüêiñòü åëåìåíòiâ ìíîæèíè A.

Ïîêðèòòÿì ìíîæèíè X íàçèâà¹òüñÿ ñiì'ÿ A = {As}s∈S ïiäìíîæèí

â X òàêà, ùî
⋃

s∈S As = X. Ïiäñiì'ÿ A0 â A íàçèâà¹òüñÿ ïiäïîêðèòòÿì

ìíîæèíè X, ÿêùî A0 � ïîêðèòòÿ ìíîæèíè X. ßêùî X � òîïîëîãi÷íèé

ïðîñòið, òî ñiì'þ A íàçèâàþòü âiäêðèòèì ïîêðèòòÿì ïðîñòîðó X, ÿêùî

âñi åëåìåíòè ñiì'¨ A ¹ âiäêðèòèìè ïiäìíîæèíàìè â X.

Ñiì'ÿ {As}s∈S ïiäìíîæèí òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ ëî-

êàëüíî ñêií÷åííîþ, ÿêùî äëÿ äîâiëüíî¨ òî÷êè x ∈ X iñíó¹ âiäêðèòèé îêië

U òî÷êè x òàêèé, ùî ìíîæèíà {s ∈ S : U ∩ As ̸= ∅} � ñêií÷åííà.

Òåîðåìà 1.2.9 ( [74, òåîðåìà 1.1.11] ). Äëÿ êîæíî¨ ëîêàëüíî ñêií÷åííî¨

ñiì'¨ {As}s∈S âèêîíó¹òüñÿ ðiâíiñòü
⋃

s∈S As =
⋃

s∈S As.

Òîïîëîãi÷íèé ïðîñòið X íàçèâàòèìåìî

• 0-âèìiðíèì, ÿêùîX ìà¹ áàçó, ÿêà ñêëàäà¹òüñÿ ç âiäêðèòî-çàìêíåíèõ

ïiäìíîæèí ç X (äèâ. [74]);
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• íàïiâðåãóëÿðíèì, ÿêùî X ìà¹ áàçó, ÿêà ñêëàäà¹òüñÿ ç êàíîíi÷íî

âiäêðèòèõ ïiäìíîæèí;

• êâàçiðåãóëÿðíèì, ÿêùî äëÿ äîâiëüíî¨ íåïîðîæíüî¨ âiäêðèòî¨ ìíî-

æèíè U ⊂ X iñíó¹ íåïîðîæíÿ âiäêðèòà ìíîæèíà V ⊂ U òàêà, ùî

clX(V ) ⊆ U ;

• äîñêîíàëî íîðìàëüíèì, ÿêùî X ¹ íîðìàëüíèì i êîæíà çàìêíåíà

ïiäìíîæèíà â X ¹ Gδ-ìíîæèíîþ;

• êîëåêòèâíî íîðìàëüíèì, ÿêùîX ¹ T1-ïðîñòîðîì i äëÿ êîæíî¨ äèñê-

ðåòíî¨ ñiì'¨ {Fs}s∈A çàìêíåíèõ ïiäìíîæèí âX iñíó¹ äèñêðåòíà ñiì'ÿ

{Us}s∈A âiäêðèòèõ ïiäìíîæèí â X òàêèõ, ùî Fs ⊆ Us äëÿ âñiõ

s ∈ A (äèâ. [74]);

• ðîçðiäæåíèì, ÿêùî X íå ìiñòèòü íåïîðîæíüîãî ùiëüíîãî â ñîái

ïiäïðîñòîðó;

• ñïàäêîâî íåçâ'ÿçíèì, ÿêùî X íå ìiñòèòü æîäíî¨ çâ'ÿçíî¨ ïiäìíîæè-

íè, âiäìiííî¨ âiä îäíîòî÷êîâî¨;

• êîìïàêòíèì, ÿêùî êîæíå âiäêðèòå ïîêðèòòÿ X ìiñòèòü ñêií÷åííå

ïiäïîêðèòòÿ;

• ñåêâåíöiàëüíî êîìïàêòíèì, ÿêùî ç êîæíî¨ ïîñëiäîâíîñòi {xi}i∈N â

X ìîæíà âèáðàòè çáiæíó ïiäïîñëiäîâíiñòü â X;

• çëi÷åííî êîìïàêòíèì, ÿêùî ç êîæíîãî âiäêðèòîãî çëi÷åííîãî ïîê-

ðèòòÿ X ìîæíà âèáðàòè ñêií÷åííå ïiäïîêðèòòÿ;

• H-çàìêíåíèì, ÿêùîX ¹ çàìêíåíèì ïiäïðîñòîðîì êîæíîãî ãàóñäîð-

ôîâîãî òîïîëîãi÷íîãî ïðîñòîðó, ùî éîãî ìiñòèòü;

• iíôðà H-çàìêíåíèì, ÿêùî çàìêíåíèì ¹ îáðàç êîæíîãî íåïåðåðâíî-

ãî âiäîáðàæåííÿ ç X ó äîâiëüíèé ãàóñäîðôîâèé ïðîñòið ç ïåðøîþ

àêñiîìîþ çëi÷åííîñòi (äèâ. [121]);

• çëi÷åííî êîìïàêòíèì â ïiäìíîæèíi A ⊆ X, ÿêùî êîæíà íåñêií-

÷åííà ïiäìíîæèíà B ⊆ A ìiñòèòü òî÷êó íàêîïè÷åííÿ x â X;

• çëi÷åííî ïðàêîìïàêòíèì, ÿêùî iñíó¹ òàêà ùiëüíà ïiäìíîæèíà A â
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X, ùî X ¹ çëi÷åííî êîìïàêòíèì â A;

• ñëàáêî êîìïàêòíèì, ÿêùî êîæíå ëîêàëüíî-ñêií÷åííå âiäêðèòå ïî-

êðèòòÿ ïðîñòîðó X ¹ ñêií÷åííèì [23];

• d-ñëàáêî êîìïàêòíèì (÷è DFCC ), ÿêùî ñêií÷åííîþ ¹ êîæíà äèñê-

ðåòíà ñiì'ÿ âiäêðèòèõ ïiäìíîæèí ó X (äèâ. [155]);

• ïñåâäîêîìïàêòíèì, ÿêùî X � òèõîíîâñüêèé òà êîæíà íåïåðåðâíà

äiéñíîçíà÷íà ôóíêöiÿ íà X îáìåæåíà;

• öiëêîì çëi÷åííî ïðàêîìïàêòíèì, ÿêùî iñíó¹ òàêà ùiëüíà ïiäìíî-

æèíà D ïðîñòîðó X, ùî êîæíà ïîñëiäîâíiñòü òî÷îê ìíîæèíè D ìà¹

ïiäïîñëiäîâíiñòü ç êîìïàêòíèì çàìèêàííÿì â X;

• ñåêâåíöiàëüíî ïðàêîìïàêòíèì, ÿêùî â ïðîñòîði X iñíó¹ òàêà ùiëü-

íà ïiäìíîæèíà D, ùî êîæíà ïîñëiäîâíiñòü òî÷îê ìíîæèíè D ìà¹

çáiæíó ïiäïîñëiäîâíiñòü [105];

• ñåëåêòèâíî ñåêâåíöiàëüíî ñëàáêî êîìïàêòíèì, ÿêùî äëÿ êîæíî¨

ñiì'¨ {Un : n ∈ N} íåïîðîæíiõ âiäêðèòèõ ïiäìíîæèí X iñíóþòü òî÷-

êè xn ∈ Un äëÿ âñiõ n ∈ N òàêi, ùî ïîñëiäîâíiñòü {xn : n ∈ N}
ìiñòèòü çáiæíó ïiäïîñëiäîâíiñòü (äèâ. [68]);

• ñåêâåíöiàëüíî ñëàáêî êîìïàêòíèì, ÿêùî äëÿ êîæíî¨ ñiì'¨

{Un : n ∈ N} íåïîðîæíiõ âiäêðèòèõ ïiäìíîæèí ó X iñíóþòü íåñêií-

÷åííà ìíîæèíà J ⊆ N i òî÷êà x ∈ X òàêi, ùî {n ∈ J : W ∩Un = ∅}
¹ ñêií÷åííîþ ìíîæèíîþ äëÿ êîæíîãî âiäêðèòîãî îêîëó W òî÷êè x

( [69]);

• ñåëåêòèâíî ñëàáêî êîìïàêòíèì, ÿêùî äëÿ êîæíî¨ ïîñëiäîâíîñòi

{Un : n ∈ N} íåïîðîæíiõ âiäêðèòèõ ïiäìíîæèí X ìîæíà âèáðà-

òè òî÷êó x ∈ X òà òî÷êè xn ∈ Un äëÿ âñiõ n ∈ N òàêi, ùî ìíîæèíà

{n ∈ N : xn ∈ W} ¹ íåñêií÷åííîþ äëÿ êîæíîãî âiäêðèòîãî îêîëó W

òî÷êè x (äèâ. [68]);

• Y -êîìïàêòíèì äëÿ äåÿêîãî òîïîëîãi÷íîãî ïðîñòîðó Y , ÿêùî äëÿ

äîâiëüíîãî íåïåðåðâíîãî âiäîáðàæåííÿ f : X→Y îáðàç f(X) ¹ êîì-
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ïàêòíèì .

Òåîðåìà 1.2.10 (òåîðåìà Àëåêñàíäåðà ïðî ïåðåäáàçó [74, çàäà÷à 3.12.2] ).

Íåõàé X � òîïîëîãi÷íèé ïðîñòið i P � äåÿêà éîãî ïåðåäáàçà. Ïðîñòið

X êîìïàêòíèé òîäi i òiëüêè òîäi, êîëè iç êîæíîãî ïîêðèòòÿ ïðîñòîðó

X åëåìåíòàìè ñiì'¨ P ìîæíà âèáðàòè ñêií÷åííå ïiäïîêðèòòÿ.

Òåîðåìà 1.2.11 ( [74, òåîðåìà 3.1.10] ). Íåïåðåðâíèé îáðàç êîìïàêòíîãî

ïðîñòîðó ¹ êîìïàêòíèì ïðîñòîðîì.

Òåîðåìà 1.2.12 ( [74, òåîðåìà 3.1.13] ). Êîæíå íåïåðåðâíå âçà¹ìîîäíî-

çíà÷íå âiäîáðàæåííÿ êîìïàêòíîãî ïðîñòîðó íà ãàóñäîðôîâèé ïðîñòið ¹

ãîìåîìîðôiçìîì.

Òâåðäæåííÿ 1.2.13 ( [1, òâåðäæåííÿ 1] ). ßêùî X � ïñåâäîêîìïàêòíèé

ïðîñòið, òî X ¹ çëi÷åííî êîìïàêòíèì â ìíîæèíi âñiõ ñâî¨õ içîëüîâàíèõ

òî÷îê.

Òâåðäæåííÿ 1.2.14 ( [104, òâåðäæåííÿ 4] ). Êîæåí H-çàìêíåíèé ïðîñ-

òið ¹ ñëàáêî êîìïàêòíèì.

Òâåðäæåííÿ 1.2.15 ( [74, çàäà÷à 3.12.5]). Ðåãóëÿðíèé ïðîñòið ¹ H-çàìê-

íåíèì òîäi i òiëüêè òîäi, êîëè âií ¹ êîìïàêòíèì.

Òåîðåìà 1.2.16 ( [184, òåîðåìà 5.7] ). Êîæåí çëi÷åííî êîìïàêòíèé ðîç-

ðiäæåíèé T3-ïðîñòið ¹ ñåêâåíöiàëüíî êîìïàêòíèì.

Òåîðåìà 1.2.17 ( [74, òåîðåìà 3.10.3] ). Äëÿ äîâiëüíîãî òîïîëîãi÷íîãî

ïðîñòîðó X òàêi óìîâè ¹ åêâiâàëåíòíèìè:

(i) ïðîñòið X çëi÷åííî êîìïàêòíèé;

(ii) äîâiëüíà ëîêàëüíî ñêií÷åííà ñiì'ÿ íåïîðîæíiõ ìíîæèí â X ¹ ñêií-

÷åííîþ;

(iii) äîâiëüíà ëîêàëüíî ñêií÷åííà ñiì'ÿ îäíîòî÷êîâèõ ïiäìíîæèí ïðîñ-

òîðó X ¹ ñêií÷åííîþ;

(iv) äîâiëüíà íåñêií÷åííà ïiäìíîæèíà ïðîñòîðó X ìà¹ ñòðîãî ãðàíè÷-

íó òî÷êó;

(v) äîâiëüíà çëi÷åííà íåñêií÷åííà ïiäìíîæèíà ïðîñòîðó X ìà¹ ñòðî-
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ãî ãðàíè÷íó òî÷êó.

Òåîðåìà 1.2.18 ( [74, òåîðåìà 3.10.4] ). Êîæåí çàìêíåíèé ïiäïðîcòið çëi-

÷åííî êîìïàêòíîãî ïðîñòîðó ¹ çëi÷åííî êîìïàêòíèì.

Òåîðåìà 1.2.19 ( [23, òåîðåìà 14] ). Òîïîëîãi÷íèé ïðîñòið ¹ ñëàáêî êîì-

ïàêòíèì òîäi i ëèøå òîäi, êîëè ñëàáêî êîìïàêòíîþ ¹ êîæíà âëàñíà ïiä-

ìíîæèíà, ÿêà ¹ çàìèêàííÿì âiäêðèòî¨ ïiäìíîæèíè.

Âiäíîøåííÿ ìiæ ðiçíèìè âèäàìè áëèçüêèõ äî êîìïàêòíîãî ïðîñòîðiâ

iëþñòðó¹ äiàãðàìà çîáðàæåíà íà ðèñ. 1.1.

Ðèñ. 1.1. Âçà¹ìîçâ'ÿçêè ìiæ ïðîñòîðàìè áëèçüêèìè äî êîìïàêòíîãî
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Íàïiâòîïîëîãi÷íîþ íàïiâãðóïîþ íàçèâà¹òüñÿ òîïîëîãi÷íèé ïðîñòið ðà-

çîì iç çàäàíîþ íà íüîìó íàðiçíî íåïåðåðâíîþ íàïiâãðóïîâîþ îïåðàöi¹þ.

Òîïîëîãi÷íîþ íàïiâãðóïîþ íàçèâà¹òüñÿ òîïîëîãi÷íèé ïðîñòið ðàçîì ç

íåïåðåðâíîþ íàïiâãðóïîâîþ îïåðàöi¹þ. ßêùî S � íàïiâãðóïà é τ � òîïî-

ëîãiÿ íà S òàêà, ùî (S, τ) ¹ òîïîëîãi÷íîþ íàïiâãðóïîþ, òî íàçèâàòèìåìî τ

íàïiâãðóïîâîþ òîïîëîãi¹þ íà S.

Íåõàé S òà T � òîïîëîãi÷íi íàïiâãðóïè. Âiäîáðàæåííÿ φ íàçèâà¹òüñÿ

òîïîëîãi÷íèì içîìîðôiçìîì, ÿêùî φ ¹ îäíî÷àñíî içîìîðôiçìîì íàïiâãðóï

S òà T i ãîìåîìîðôiçìîì òîïîëîãi÷íèõ ïðîñòîðiâ S òà T . Òîïîëîãi÷íèì

âêëàäåííì (çàíóðåííÿì) òîïîëîãi÷íî¨ íàïiâãðóïè S ó òîïîëîãi÷íó íàïiâ-

ãðóïó T íàçèâà¹òüñÿ òîïîëîãi÷íèé içîìîðôiçì íàïiâãðóïè S ó íàïiâãðóïó

T .

Ëåìà 1.2.20 ( [51, ëåìà 2] ). Íåõàé S � ãàóñäîðôîâà òîïîëîãi÷íà iíâåðñíà

íàïiâãðóïà, äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè:

(i) êîæíà ìàêñèìàëüíà ïiäãðóïà íàïiâãðóïè S ¹ H-çàìêíåíîþ â êëàñi

òîïîëîãi÷íèõ ãðóï;

(ii) âñi íåìiíiìàëüíi åëåìåíòè íàïiâ ðàòêè E(S) ¹ içîëüîâàíèìè òî÷-

êàìè â E(S).

Òîäi ÿêùî iñíó¹ òîïîëîãi÷íà iíâåðñíà íàïiâãðóïà T òàêà, ùî S ¹ ùiëüíîþ

ïiäíàïiâãðóïîþ â T i T \ S ̸= ∅, òî äëÿ âñiõ x ∈ T \ S ïðèíàéìíi îäíà ç

òî÷îê x · x−1 ÷è x−1 · x íàëåæèòü äî T \ S.
Òîïîëîãi÷íîþ (íàïiâòîïîëîãi÷íîþ) íàïiâ ðàòêîþ íàçèâàòèìåìî òîïî-

ëîãi÷íèé ïðîñòið ðàçîì iç íåïåðåðâíîþ (íàðiçíî íåïåðåðâíîþ) íàïiâ ðàòêî-

âîþ îïåðàöi¹þ. ßêùî S � íàïiâ ðàòêà i τ � òàêà òîïîëîãiÿ íà S, ùî (S, τ)

¹ òîïîëîãi÷íîþ íàïiâ ðàòêîþ, òî τ íàçèâàòèìåìî íàïiâ ðàòêîâîþ òîïîëî-

ãi¹þ íà S. À ÿêùî τ � òàêà òîïîëîãiÿ íà S, ùî (S, τ) ¹ íàïiâòîïîëîãi÷íîþ

íàïiâ ðàòêîþ, òî íàçèâàòèìåìî τ òðàíñëÿöiéíî-íåïåðåðâíîþ òîïîëîãi¹þ

íà S.

Òåîðåìà 1.2.21 ( [146, òåîðåìà 6.6] ). Êîæíà êîìïàêòíà ãàóñäîðôîâà íà-
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ïiâòîïîëîãi÷íà íàïiâ ðàòêà ¹ òîïîëîãi÷íîþ íàïiâ ðàòêîþ.

Íåõàé S � êëàñ íàïiâòîïîëîãi÷íèõ íàïiâãðóï. Íàïiâãðóïà S ∈ S íàçè-

âà¹òüñÿ H-çàìêíåíîþ â S, ÿêùî S ¹ çàìêíåíîþ ïiäíàïiâãðóïîþ äîâiëüíî¨

íàïiâòîïîëîãi÷íî¨ íàïiâãðóïè T ∈ S, ùî ìiñòèòü S îäíî÷àñíî ÿê ïiäíàïiâ-

ãðóïó i ÿê òîïîëîãi÷íèé ïðîñòið. H-çàìêíåíi òîïîëîãi÷íi íàïiâãðóïè ââåäå-

íi Ñòåïîì â [178] i íàçèâàëèñü ìàêñèìàëüíèìè íàïiâãðóïàìè. Àëãåáðè÷íà

íàïiâãðóïà S íàçèâà¹òüñÿ àëãåáðè÷íî ïîâíîþ â S, ÿêùî S iç çàäàíîþ íà íié

òàêîþ äîâiëüíîþ ãàóñäîðôîâîþ òîïîëîãi¹þ τ , ùî (S, τ) ∈ S ¹H-çàìêíåíîþ

â S. Ðiçíi òèïè H-çàìêíåíîñòåé òîïîëîãi÷íèõ òà íàïiâòîïîëîãi÷íèõ íàïiâ-

ãðóï âèâ÷àëèñü â ïðàöÿõ [25]� [62], [84]� [94], [106], [108].

Òåîðåìà 1.2.22 ( [100, òåîðåìà 5] ). Íåñêií÷åííà íàïiâãðóïà ìàòðè÷íèõ

îäèíèöü íå âêëàäà¹òüñÿ â çëi÷åííî êîìïàêòíó ãàóñäîðôîâó òîïîëîãi÷íó

íàïiâãðóïó.

Íàñëiäîê 1.2.23 ( [99, íàñëiäîê 13] ). Äëÿ äîâiëüíîãî ãàóñäîðôîâîãî ñåê-

âåíöiàëüíî êîìïàêòíîãî (âiäï. êîìïàêòíîãî) íàïiâòîïîëîãi÷íîãî ìîíî¨äà

(S, τ) ç íóëåì i äëÿ äîâiëüíîãî êàðäèíàëà λ ⩾ 1 iñíó¹ ¹äèíå ãàóñäîðôîâå

ñåêâåíöiàëüíî êîìïàêòíå (âiäï. êîìïàêòíå) òîïîëîãi÷íå λ0-ðîçøèðåííÿ

Áðàíäòà
(
B0

λ (S) , τ
S
B

)
ìîíî¨äà (S, τ) ó êëàñi íàïiâòîïîëîãi÷íèõ íàïiâãðóï.

Òâåðäæåííÿ 1.2.24 ( [88, òâåðäæåííÿ 10] ). Íåõàé S � íàïiâòîïîëîãi÷íà

iíâåðñíà íàïiâãðóïà ç íåïåðåðâíîþ iíâåðñi¹þ. ßêùî T ¹ iíâåðñíîþ ïiäíà-

ïiâãðóïîþ â S, ÿêà äîïóñêà¹ ùiëüíi ðÿäè iäåàëiâ, òî T ¹ çàìêíåíîþ â S.
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ÐÎÇÄIË 2

ÑËÀÁÊÎ ÊÎÌÏÀÊÒÍI ÒÎÏÎËÎÃI� ÍÀ ÍÀÏIÂ�ÐÀÒÖI expn λ

Îñíîâíi ðåçóëüòàòè, âèêëàäåíi â öüîìó ðîçäiëi, îïóáëiêîâàíî â ñòàò-

òÿõ [112], [113] òà [115].

Îñêiëüêè äëÿ áóäü-ÿêîãî íåñêií÷åííîãî êàðäèíàëà λ i äëÿ äîâiëüíî¨

òðàíñëÿöiéíî-íåïåðåðâíî¨ òîïîëîãi¨ τ íà exp1 λ êîæåí íåíóëüîâèé iäåìïî-

òåíò ¹ içîëüîâàíîþ òî÷êîþ â (exp1 λ, τ) (äèâ. [100]), òî äîâiëüíà òðàíñëÿöié-

íî-íåïåðåðâíà D(ω)-êîìïàêòíà T1-òîïîëîãiÿ íà exp1 λ ¹ êîìïàêòíîþ. Òîìó

íàäàëi â öüîìó ðîçäiëi ââàæàòèìåìî, ùî n ⩾ 2.

2.1. Çëi÷åííî êîìïàêòíi òîïîëîãi¨ íà íàïiâ ðàòöi expn λ

Òâåðäæåííÿ 2.1.1. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî òà λ � áóäü-

ÿêèé íåñêií÷åííèé êàðäèíàë. Òîäi äëÿ êîæíî¨ òðàíñëÿöiéíî íåïåðåðâíî¨

T1-òîïîëîãi¨ τ íà expn λ âèêîíóþòüñÿ òàêi óìîâè:

(i) (expn λ, τ) � çàìêíåíà ïiäìíîæèíà äîâiëüíî¨ T1-íàïiâòîïîëîãi÷íî¨

íàïiâ ðàòêè S, ùî ìiñòèòü expn λ ÿê ïiäíàïiâ ðàòêó;

(ii) äëÿ êîæíîãî x ∈ expn λ iñíó¹ âiäêðèòèé îêië U(x) òî÷êè x â

(expn λ, τ) òàêèé, ùî U(x) ⊆ ↑x;
(iii) ↑x � âiäêðèòî-çàìêíåíà ïiäìíîæèíà â (expn λ, τ) äëÿ êîæíî¨ òî÷-

êè x ∈ expn λ;

(iv) òîïîëîãi÷íèé ïðîñòið (expn λ, τ) ¹ ôóíêöiîíàëüíî ãàóñäîðôîâèì i

êâàçiðåãóëÿðíèì, à îòæå, i ãàóñäîðôîâèì;

(v) (expn λ, τ) ¹ ðîçðiäæåíèì ñïàäêîâî íåçâ'ÿçíèì ïðîñòîðîì.

Äîâåäåííÿ. (i) Äîâåäåííÿ ïðîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïî

n. Íåõàé n = 1 i S � äîâiëüíà T1-íàïiâòîïîëîãi÷íà íàïiâ ðàòêà, ùî ìiñòèòü

exp1 λ ÿê âëàñíó ïiäíàïiâ ðàòêó. Çàôiêñó¹ìî äîâiëüíó òî÷êó x ∈ S \ exp1 λ.
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Ïðèïóñòèìî ïðîòèëåæíå: êîæíèé âiäêðèòèé îêië U(x) òî÷êè x â òîïîëî-

ãi÷íîìó ïðîñòîði S ïåðåòèíà¹ íàïiâ ðàòêó exp1 λ. Ñïî÷àòêó äîâåäåìî, ùî

ex = 0 äëÿ äîâiëüíîãî åëåìåíòà e ∈ exp1 λ, äå 0 � íóëü íàïiâ ðàòêè exp1 λ.

Ïðèïóñòèìî, ùî iñíó¹ òàêèé åëåìåíò e ∈ exp1 λ, ùî ex = y ̸= 0. Îñêiëü-

êè S ¹ T1-ïðîñòîðîì, òî iñíó¹ òàêèé âiäêðèòèé îêië U(y) òî÷êè y â S, ùî

0 /∈ U(y). Ç îçíà÷åííÿ íàïiâ ðàòêîâî¨ îïåðàöi¨ íà exp1 λ i ç íàðiçíî¨ íåïå-

ðåðâíîñòi íàïiâ ðàòêîâ¨ îïåðàöi¨ íà S âèïëèâà¹, ùî 0 ∈ e ·V (x) ⊆ U(y) äëÿ

äåÿêîãî âiäêðèòîãî îêîëó V (x) òî÷êè x â S, îñêiëüêè îêië V (x) ìiñòèòü íå-

ñêií÷åííó êiëüêiñòü òî÷îê iç íàïiâ ðòàêè exp1 λ. Öå ñóïåðå÷èòü âèáîðó îêî-

ëó U(y). Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹, ùî ex = 0 äëÿ âñiõ e ∈ exp1 λ.

Çàôiêñó¹ìî äîâiëüíèé îêië U(x) òî÷êè x â S òàêèé, ùî 0 /∈ U(x). Òîäi

ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâ ðàòêîâî¨ îïåðàöi¨ íà S âèïëèâà¹, ùî iñíó¹

âiäêðèòèé îêië V (x) òî÷êè x â S òàêèé, ùî x · V (x) ⊆ U(x). Îñêiëüêè

V (x) ∩ exp1 λ ̸= ∅, òî 0 ∈ x · V (x), ïðîòèði÷÷ÿ. Òîìó, exp1 λ ¹ çàìêíåíîþ

ïiäíàïiâ ðàòêîþ â S.

Ïðèïóñòèìî, ùî äëÿ âñiõ j < k íàïiâ ðàòêà expj λ ¹ çàìêíåíîþ ïiäíàïiâ-

 ðàòêîþ äîâiëüíî¨ T1-íàïiâòîïîëîãi÷íî¨ íàïiâ ðàòêè, ùî ìiñòèòü expj λ, ÿê

âëàñíó ïiäíàïiâ ðàòêó, äå k ⩽ n. Äîâåäåìî, ùî öÿ âëàñòèâiñòü âèêîíó¹òüñÿ

i äëÿ íàïiâ ðàòêè expk λ. Ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ T1-íàïiâòîïîëî-

ãi÷íà íàïiâ ðàòêà S, ùî ìiñòèòü expk λ ÿê íåçàìêíåíó ïiäíàïiâ ðàòêó. Òîäi

iñíó¹ òàêèé åëåìåíò x ∈ S \ expk λ, ùî êîæåí âiäêðèòèé îêië U(x) òî÷êè x

â òîïîëîãi÷íîìó ïðîñòîði S ïåðåòèíà¹ íàïiâ ðàòêó expk λ. Ç ïðèïóùåííÿ

iíäóêöi¨ âèïëèâà¹, ùî iñíó¹ òàêèé âiäêðèòèé îêië U(x) òî÷êè x â S, ùî

U(x) ∩ expk λ ⊆ expk λ \ expk−1 λ.

Òåïåð, ÿê i ó âèïàäêó íàïiâ ðàòêè exp1 λ, ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâ-

 ðàòêîâî¨ îïåðàöi¨ íà S âèïëèâà¹, ùî e · x ∈ expk−1 λ äëÿ âñiõ

e ∈ expk λ \ expk−1 λ. Ñïðàâäi, ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ òàêèé åëå-

ìåíò e ∈ expk λ \ expk−1 λ, ùî e · x = z /∈ expk−1 λ. Òîäi ç ïðèïóùåííÿ
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iíäóêöi¨ âèïëèâà¹, ùî expk−1 λ ¹ çàìêíåíîþ ïiäíàïiâ ðàòêîþ â S, à îòæå,

iñíó¹ âiäêðèòèé îêië U(y) òî÷êè y â S òàêèé, ùî U(y)∩expk−1 λ = ∅. Òåïåð,

ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâ ðàòêîâî¨ îïåðàöi¨ íà S âèïëèâà¹, ùî iñíó¹

òàêèé âiäêðèòèé îêië U(x) òî÷êè x â S, ùî e·U(x) ⊆ U(y). Òîäi ç âëàñòèâîñ-

òåé íàïiâ ðàòêîâî¨ îïåðàöi¨ â expk λ âèïëèâà¹, ùî (e · U(x))∩expk−1 λ ̸= ∅,

ùî ñóïåðå÷èòü âèáîðó îêîëó U(y).

Çàôiêñó¹ìî òàêèé äîâiëüíèé âiäêðèòèé îêië U(x) òî÷êè x â S, ùî

U(x) ∩ expk λ ⊆ expk λ \ expk−1 λ.

Ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâ ðàòêîâî¨ îïåðàöi¨ íà S âèïëèâà¹, ùî iñíó¹

òàêèé âiäêðèòèé îêië V (x) ⊆ U(x) òî÷êè x â S, ùî x · V (x) ⊆ U(x). Çà

ïðèïóùåííÿì ìíîæèíà V (x) ∩ expk λ \ expk−1 λ ¹ íåñêií÷åííîþ, à òîìó

(x · V (x)) ∩ expk−1 λ ̸= ∅,

à öå ñóïåðå÷èòü âèáîðó îêîëó U(x). Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹, ùî

expk λ ¹ çàìêíåíîþ ïiäìíîæèíîþ â S.

(ii) Öå òâåðäæåííÿ ¹ òðèâiàëüíèì ó âèïàäêó, êîëè x = 0, à òîìó ïðè-

ïóñòèìî, ùî x ̸= 0. Ç îçíà÷åííÿ íàïiâ ðàòêè expn λ âèïëèâà¹, ùî iñíó¹ òàêå

íàéìåíøå íàòóðàëüíå ÷èñëî k, ùî x ∈ expk λ i x /∈ expk−1 λ. Çà òâåðäæåí-

íÿì (i) iñíó¹ òàêèé âiäêðèòèé îêië U(x) òî÷êè x ó ïðîñòîði (expn λ, τ), ùî

U(x) ⊆ expn λ \ expk−1 λ. Ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâ ðàòêîâî¨ îïåðàöi¨

íà (expn λ, τ) âèïëèâà¹, ùî iñíó¹ âiäêðèòèé îêië V (x) ⊆ U(x) òàêèé, ùî

x ·V (x) ⊆ U(x). ßêùî V (x) ⊈ ↑x, òî çà îçíà÷åííÿì íàïiâ ðàòêîâî¨ îïåðàöi¨

íà expn λ iñíó¹ òàêèé åëåìåíò y ∈ V (x), ùî xy ∈ expk−1 λ, à öå ñóïåðå÷èòü

âèáîðó åëåìåíòà x. Îòæå, V (x) ⊆ ↑x.
(iii) Îñêiëüêè òîïîëîãi÷íèé ïðîñòið ¹ T1-ïðîñòîðîì òîäi i ëèøå òîäi,

êîëè êîæíà éîãî òî÷êà ¹ çàìêíåíîþ ïiäìíîæèíîþ, òî ç íàðiçíî¨ íåïåðåðâ-

íîñòi íàïiâ ðàòêîâî¨ îïåðàöi¨ âèïëèâà¹, ùî ↑x ¹ çàìêíåíîþ ïiäìíîæèíîþ

â òîïîëîãi÷íîìó ïðîñòîði (expn λ, τ) äëÿ âñiõ x ∈ expn λ. À òàêîæ, ç (ii)
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âèïëèâà¹, ùî

↑x=
⋃

{V (y) : y∈↑x i V (y) � âiäêðèòèé îêië òî÷êè y òàêèé, ùî V (y)⊆↑y}

¹ âiäêðèòîþ ïiäìíîæèíîþ â òîïîëîãi÷íîìó ïðîñòîði (expn λ, τ) äëÿ âñiõ

x ∈ expn λ.

(iv) Çàôiêñó¹ìî äâà äîâiëüíi ðiçíi åëåìåíòè x1 òà x2 íàïiâòîïîëîãi÷íî¨

íàïiâ ðàòêè (expn λ, τ). Òîäi ìà¹ìî, ùî àáî x1 /∈ ↑x2, àáî x2 /∈ ↑x1. Ó
âèïàäêó, êîëè x1 /∈ ↑x2, âèçíà÷èìî âiäîáðàæåííÿ f : (expn λ, τ) → [0, 1] çà

ôîðìóëîþ

f(x) =

 1, ÿêùî x ∈ ↑x2;
0, ÿêùî x /∈ ↑x2.

Òîäi f(x1) = 0 i f(x2) = 1, à çà òâåðäæåííÿì (iii) ìíîæèíà ↑x2 � âiäêðèòî-

çàìêíåíà â (expn λ, τ), à îòæå, òàê âèçíà÷åíå âiäîáðàæåííÿ f ¹ íåïåðåðâ-

íèì.

Ç îçíà÷åííÿ íàïiâ ðàòêè expn λ âèïëèâà¹, ùî êîæíà íåïîðîæíÿ âiäêðè-

òà ïiäìíîæèíà â (expn λ, τ) ìiñòèòü ìàêñèìàëüíèé åëåìåíò x ñòîñîâíî ïðè-

ðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà expn λ. Òîäi ç òâåðäæåííÿ (iii) âèïëèâà¹, ùî

↑x ¹ âiäêðèòî-çàìêíåíîþ ïiäìíîæèíîþ â (expn λ, τ), à òîìó x ¹ içîëüîâàíîþ

òî÷êîþ â (expn λ, τ). Îñêiëüêè τ ¹ T1-òîïîëîãi¹þ, òî clexpn λ({x}) = {x} ⊆ U ,

ç ÷îãî âèïëèâà¹, ùî (expn λ, τ) � êâàçiðåãóëÿðíèé ïðîñòið.

(v) Äîâåäåìî, ùî êîæíà íåïîðîæíÿ ïiäìíîæèíà A ç (expn λ, τ) ìiñòèòü

â ñîái içîëüîâàíó òî÷êó. Çàôiêñó¹ìî äîâiëüíó íåïîðîæíþ ïiäìíîæèíó A ç

(expn λ, τ). ßêùî A ∩ expn λ \ expn−1 λ ̸= ∅, òî çà òâåðäæåííÿì (ii) êîæíà

òî÷êà x ∈ A ∩ expn λ \ expn−1 λ ¹ içîëüîâàíîþ â (expn λ, τ), à òîìó x ¹

içîëüîâàíîþ òî÷êîþ â A. Â iíøîìó âèïàäêó iñíó¹ òàêå íàòóðàëüíå ÷èñëî

k < n, ùî A ⊆ expk λ i A ⊈ expk−1 λ. Òîäi çà òâåðäæåííÿì (ii) êîæíà òî÷êà

x ∈ A ∩ expk λ \ expk−1 λ ¹ içîëüîâàíîþ â A.

Ñïàäêîâà íåçâ'ÿçíiñòü ïðîñòîðó (expn λ, τ) âèïëèâà¹ ç òâåðäæåííÿ (iii).

Ñïðàâäi, ÿêùî x ⩽̸ y â expn λ, òî çà òâåðäæåííÿì (iii) ìà¹ìî, ùî ìíîæèíà
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↑x ¹ òàêèì âiäêðèòî-çàìêíåíèì îêîëîì òî÷êè x â (expn λ, τ), ùî y /∈ ↑x. Ç
öüîãî âèïëèâà¹, ùî ïðîñòið (expn λ, τ) íå ìiñòèòü æîäíî¨ çâ'ÿçíî¨ íåîäíî-

òî÷êîâî¨ ïiäìíîæèíè.

Iç òâåðäæåííÿ 2.1.1(i) âèïëèâà¹.

Íàñëiäîê 2.1.2. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî òà λ � áóäü-ÿêèé

íåñêií÷åííèé êàðäèíàë. Òîäi íàïiâ ðàòêà expn λ ¹ àëãåáðè÷íî ïîâíîþ â

êëàñi T1-íàïiâòîïîëîãi÷íèõ íàïiâ ðàòîê.

Ç ïðèêëàäó 2.1.3 âèïëèâà¹, ùî òâåðäæåííÿ 2.1.1(iv) íå âèêîíó¹òüñÿ ó

âèïàäêó, êîëè òîïîëîãi÷íà íàïiâ ðàòêà (expn λ, τ) ¹ T0-ïðîñòîðîì.

Ïðèêëàä 2.1.3. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n i äîâiëüíîãî êàð-

äèíàëà λ âèçíà÷èìî òîïîëîãiþ τ0 íà expn λ òàê:

(i) âñi íåíóëüîâi åëåìåíòè íàïiâ ðàòêè expn λ ¹ içîëüîâàíèìè òî÷êàìè

â (expn λ, τ0); i

(ii) expn λ � ¹äèíèé âiäêðèòèé îêië íóëÿ â (expn λ, τ0).

Ëåãêî áà÷èòè, ùî íàïiâ ðàòêîâà îïåðàöiÿ íà (expn λ, τ0) íåïåðåðâíà.

Ïðèêëàä 2.1.4. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n òà áóäü-ÿêîãî íå-

ñêií÷åííîãî êàðäèíàëà λ âèçíà÷èìî òîïîëîãiþ τnc íà expn λ òàê: ñiì'ÿ

{Bn
c (x) : x ∈ expn λ}, äå

Bn
c (x) = {Ux(x1, . . . , xj) = ↑x \ (↑x1 ∪ · · · ∪ ↑xj) : x1, . . . , xj ∈ ↑x \ {x}} ,

óòâîðþ¹ ñèñòåìó âiäêðèòèõ îêîëiâ òîïîëîãi÷íîãî ïðîñòîðó (expn λ, τ
n
c ). Î÷å-

âèäíî, ùî ñiì'ÿ {Bn
c (x) : x ∈ expn λ} çàäîâîëüíÿ¹ óìîâè (BP1)�(BP4), à

òîìó òîïîëîãi÷íèé ïðîñòið (expn λ, τ
n
c ) ¹ ãàóñäîðôîâèì.

Òâåðäæåííÿ 2.1.5. Íåõàé n � áóäü-ÿêå íàòóðàëüíå ÷èñëî òà λ � äîâiëü-

íèé íåñêií÷åííèé êàðäèíàë. Òîäi (expn λ, τ
n
c ) ¹ êîìïàêòíîþ 0-âèìiðíîþ

òîïîëîãi÷íîþ íàïiâ ðàòêîþ.

Äîâåäåííÿ. Ç îçíà÷åííÿ ñiì'¨ {Bn
c (x) : x ∈ expn λ} âèïëèâà¹, ùî äëÿ äî-

âiëüíîãî åëåìåíòà x ∈ expn λ ìíîæèíà ↑x ¹ âiäêðèòî-çàìêíåíîþ â ïðîñòîði
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(expn λ, τ
n
c ), à òîìó ñiì'ÿ {Bn

c (x) : x ∈ expn λ} ¹ áàçîþ òîïîëîãi÷íîãî ïðîñ-

òîðó (expn λ, τ
n
c ), ùî ñêëàäà¹òüñÿ ç âiäêðèòî-çàìêíåíèõ ïiäìíîæèí.

Òåïåð çà iíäóêöi¹þ äîâåäåìî êîìïàêòíiñòü ïðîñòîðó (expn λ, τ
n
c ). Ó âè-

ïàäêó, êîëè n = 1, êîìïàêòíiñòü ïðîñòîðó
(
exp1 λ, τ

1
c

)
âèïëèâà¹ ç îçíà÷åííÿ

ñiì'¨
{
B1

c(x) : x ∈ exp1 λ
}
. Äàëi äîâåäåìî, ùî ç òîãî, ùî ïðîñòið

(
expi λ, τ

i
c

)
¹ êîìïàêòíèì äëÿ âñiõ íàòóðàëüíèõ ÷èñåë i < k ⩽ n, âèïëèâà¹ êîìïàêò-

íiñòü ïðîñòîðó
(
expk λ, τ

k
c

)
. Âèáåðåìî äîâiëüíå âiäêðèòå ïîêðèòòÿ U òî-

ïîëîãi÷íîãî ïðîñòîðó
(
expk λ, τ

k
c

)
. Ç îçíà÷åííÿ òîïîëîãi¨ τ kc âèïëèâà¹ iñíó-

âàííÿ òàêîãî åëåìåíòà U0 ∈ U , ùî 0 ∈ U0, à òîìó iñíó¹ òàêèé âiäêðèòèé

îêië U0(x1, . . . , xj) ∈ Bk
c (0), ùî U0(x1, . . . , xj) ⊆ U0. Ç îçíà÷åííÿ íàïiâ-

 ðàòêè expn λ âèïëèâà¹, ùî äëÿ âñiõ x1, . . . , xj ∈ expk λ ïiäíàïiâ ðàòêè

↑x1, . . . , ↑xj â expk λ ¹ içîìîðôíèìè íàïiâ ðàòêàì expi1 λ, . . . , expij λ, âiäïî-

âiäíî, äëÿ äåÿêèõ íàòóðàëüíèõ ÷èñåë i1, . . . , ij < k. Ç öüîãî ôàêòó, à òàêîæ

ç îçíà÷åííÿ òîïîëîãi¨ τ kc òà ïðèïóùåííÿ iíäóêöi¨ âèïëèâà¹, ùî ↑x1, . . . , ↑xj
¹ êîìïàêòíèìè ïiäìíîæèíàìè â

(
expk λ, τ

k
c

)
. À òîìó iñíó¹ ñêií÷åííà êiëü-

êiñòü òàêèõ åëåìåíòiâ âiäêðèòîãî ïîêðèòòÿ U1, . . . , Um ∈ U , ùî

↑x1 ∪ · · · ∪ ↑xj ⊆ U1 ∪ · · · ∪ Um,

à îòæå, {U0, U1, . . . , Um} � ñêií÷åííå ïiäïîêðèòòÿ òîïîëîãi÷íîãî ïðîñòîðó(
expk λ, τ

k
c

)
.

Îñêiëüêè ó ãàóñäîðôîâié êîìïàêòíié íàïiâòîïîëîãi÷íié íàïiâ ðàòöi íà-

ïiâ ðàòêîâà îïåðàöiÿ ¹ íåïåðåðâíîþ (äèâ. òåîðåìó 1.2.21), òî äîñòàòíüî äî-

âåñòè, ùî íàïiâ ðàòêîâà îïåðàöiÿ íà (expn λ, τ
n
c ) ¹ íàðiçíî íåïåðåðâíîþ.

Íåõàé a òà b � äîâiëüíi åëåìåíòè íàïiâ ðàòêè expn λ. Ðîçãëÿíåìî òàêi

òðè âèïàäêè:

(I) a = b; (II) a < b; i (III) a òà b � íåïîðiâíÿëüíi.

Ó âèïàäêó (I) ìà¹ìî, ùî

a · Ua(x1, . . . , xk) = {a} ⊆ Ua(x1, . . . , xk)
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äëÿ äîâiëüíîãî Ua(x1, . . . , xk) ∈ Bn
c (a).

Ó âèïàäêó (II) îòðèìó¹ìî, ùî

a · Ub(b1, . . . , bl) = {a} ⊆ Ua(x1, . . . , xk)

i

Ua(x1, . . . , xk) · b ⊆ Ua(x1, . . . , xk)

äëÿ äîâiëüíèõ åëåìåíòiâ Ua(x1, . . . , xk) ∈ Bn
c (a) i Ub(b1, . . . , bl) ∈ Bn

c (b),

îñêiëüêè ÿêùî a ⊆ x ⊆ y i a ⊆ b â expn λ, òî a ⊆ x ∩ b ⊆ y.

Ó âèïàäêó (III) ðîçãëÿíåìî äâà ìîæëèâi ïiäâèïàäêè: ↑a ∩ ↑b = ∅ i

↑a ∩ ↑b ̸= ∅. Ïîêëàäåìî d = ab = a ∩ b. ßêùî ↑a ∩ ↑b = ∅, òî

a · Ub(b1, . . . , bl) = {d} ⊆ Ud(z1, . . . , zk)

i

Ua(x1, . . . , xk) · b ⊆ Ud(z1, . . . , zk)

äëÿ äîâiëüíèõ åëåìåíòiâ Ua(x1, . . . , xk) ∈ Bn
c (a), Ub(b1, . . . , bl) ∈ Bn

c (b) i

Ud(z1, . . . , zk) ∈ Bn
c (d), â öüîìó ïiäâèïàäêó ìà¹ìî, ùî ↑a · ↑b = d. ßêùî

↑a ∩ ↑b ̸= ∅, òî àíàëîãi÷íî ìîæíà äîâåñòè, ùî

a · Ub(b1, . . . , bl, u) = {d} ⊆ Ud(z1, . . . , zk)

i

Ua(x1, . . . , xk, u) · b ⊆ Ud(z1, . . . , zk)

äëÿ âñiõ åëåìåíòiâ Ua(x1, . . . , xk, u) ∈ Bn
c (a), Ub(b1, . . . , bl, u) ∈ Bn

c (b) i

Ud(z1, . . . , zk) ∈ Bn
c (d), äå u = a ∪ b â expn λ.

Öå i çàâåðøó¹ äîâåäåííÿ äàíîãî òâåðäæåííÿ.

Çàóâàæåííÿ 2.1.6. Çà òâåðäæåííÿì 2.1.1(v) òîïîëîãi÷íèé ïðîñòið

(expn λ, τ
n
c ) ¹ ðîçðiäæåíèì. Îñêiëüêè çà òåîðåìîþ 1.2.16 êîæíèé çëi÷åí-

íî êîìïàêòíèé ðîçðiäæåíèé T3-ïðîñòið ¹ ñåêâåíöiàëüíî êîìïàêòíèì, òî

(expn λ, τ
n
c ) ¹ ñåêâåíöiàëüíî êîìïàêòíèì ïðîñòîðîì.
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Òåîðåìà 2.1.7. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî òà λ � áóäü-ÿêèé

íåñêií÷åííèé êàðäèíàë. Òîäi äëÿ êîæíî¨ T1-òîïîëîãi¨ τ íà expn λ òàêi

óìîâè ¹ åêâiâàëåíòíèìè:

(i) (expn λ, τ) � êîìïàêòíà òîïîëîãi÷íà íàïiâ ðàòêà;

(ii) τ = τnc ;

(iii) (expn λ, τ) � çëi÷åííî êîìïàêòíà òîïîëîãi÷íà íàïiâ ðàòêà;

(iv) (expn λ, τ) � ñëàáêî êîìïàêòíà òîïîëîãi÷íà íàïiâ ðàòêà;

(v) (expn λ, τ) � êîìïàêòíà íàïiâòîïîëîãi÷íà íàïiâ ðàòêà;

(vi) (expn λ, τ) � çëi÷åííî êîìïàêòíà íàïiâòîïîëîãi÷íà íàïiâ ðàòêà.

Äîâåäåííÿ. Íå çìåíøóþ÷è çàãàëüíîñòi, çà òâåðäæåííÿì 2.1.1 ìîæåìî

ââàæàòè, ùî τ � ãàóñäîðôîâà òîïîëîãiÿ íà expn λ. Î÷åâèäíèìè ¹ òàêi iì-

ïëiêàöi¨: (i) ⇒ (iii), (iii) ⇒ (iv), (iii) ⇒ (vi), (i) ⇒ (v) òà (v) ⇒ (vi). À

iìïëiêàöiÿ (ii) ⇒ (i) âèïëèâà¹ ç òâåðäæåííÿ 2.1.5.

(i) ⇒ (ii). Ïðèïóñòèìî, ùî τ ¹ íàïiâ ðàòêîâîþ êîìïàêòíîþ òîïîëîãi¹þ

íà expn λ. Çà òâåðäæåííÿì 2.1.1(iii) òîòîæíå âiäîáðàæåííÿ

idexpn λ : (expn λ, τ) → (expn λ, τ
n
c )

¹ íåïåðåðâíèì, à îòæå, çà òåîðåìîþ 1.2.12 ¹ ãîìåîìîðôiçìîì.

À òîìó τ = τnc .

Iìïëiêàöiÿ (v) ⇒ (i) âèïëèâà¹ ç òâåðäæåííÿ 1.2.14 (à òàêîæ iç òåîðå-

ìè 1.2.21).

(vi) ⇒ (v). Äîâåäåìî öþ iìïëiêàöiþ ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.

Íåõàé n = 1. Ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ çëi÷åííî-êîìïàêòíà íåêîì-

ïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ τ íà exp1 λ. Òîäi iñíó¹ âiäêðèòå

ïîêðèòòÿ U ïðîñòîðó (exp1 λ, τ), ç ÿêîãî íå ìîæíà âèáðàòè ñêií÷åííå ïiä-

ïîêðèòòÿ. Çâiäñè âèïëèâà¹, ùî iñíó¹ âiäêðèòà ìíîæèíà U ∈ U òàêà, ùî

0 ∈ U i exp1 λ\U ¹ íåñêií÷åííîþ ïiäìíîæèíîþ â exp1 λ. Òîäi çà òâåðäæåí-

íÿì 2.1.1(iii) ïðîñòið (exp1 λ, τ) ìiñòèòü âiäêðèòî-çàìêíåíèé äèñêðåòíèé
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ïiäïðîñòið, ùî ñóïåðå÷èòü òåîðåìi 1.2.17. Îòæå, (exp1 λ, τ) ¹ êîìïàêòíîþ

íàïiâòîïîëîãi÷íîþ íàïiâ ðàòêîþ.

Äîâåäåìî, ÿêùî êîìïàêòíîþ ¹ êîæíà çëi÷åííî êîìïàêòíà íàïiâòîïî-

ëîãi÷íà íàïiâ ðàòêà (expi λ, τ) äëÿ âñiõ íàòóðàëüíèõ ÷èñåë i < k ⩽ n,

òî êîìïàêòíîþ áóäå òàêîæ i çëi÷åííî êîìïàêòíà íàïiâòîïîëîãi÷íà íàïiâ-

 ðàòêà (expk λ, τ). Ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ âiäêðèòå ïîêðèòòÿ U

òîïîëîãi÷íîãî ïðîñòîðó (expk λ, τ), ÿêå íå ìiñòèòü ñêií÷åííå ïiäïîêðèò-

òÿ. Ç òâåðäæåííÿ 2.1.1(i) âèïëèâà¹, ùî expk−1 λ ¹ çàìêíåíîþ ïiäìíîæè-

íîþ â (expk λ, τ), à òîìó çà òåîðåìîþ 1.2.18 ¹ çëi÷åííî êîìïàêòíèì ïðîñ-

òîðîì. Ç ïðèïóùåííÿ iíäóêöi¨ âèïëèâà¹, ùî expk−1 λ � êîìïàêòíèé ïiä-

ïðîñòið â (expk λ, τ), à òîìó âiäêðèòå ïîêðèòòÿ U òîïîëîãi÷íîãî ïðîñòîðó

(expk λ, τ) ìiñòèòü ñêií÷åííå ïiäïîêðèòòÿ U0 éîãî ïiäïðîñòîðó expk−1 λ.

ßêùî âiäêðèòå ïîêðèòòÿ U òîïîëîãi÷íîãî ïðîñòîðó (expk λ, τ) íå ìiñòèòü

ñêií÷åííå ïiäïîêðèòòÿ â (expk λ, τ), òî ç òâåðäæåííÿ 2.1.1(iii) âèïëèâà¹,

ùî expk λ \
⋃

U0 � âiäêðèòî-çàìêíåíèé äèñêðåòíèé ïiäïðîñòið, ùî ñóïå-

ðå÷èòü òåîðåìi 1.2.17. Îòîæ, (expk λ, τ) ¹ êîìïàêòíîþ íàïiâòîïîëîãi÷íîþ

íàïiâ ðàòêîþ. Öå çàâåðøó¹ äîâåäåííÿ äàíî¨ iìïëiêàöi¨.

(iv) ⇒ (iii). Äîâåäåìî öþ iìïëiêàöiþ ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.

Íåõàé n = 1. Ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ òàêà ñëàáêî êîìïàêòíà

òîïîëîãiÿ τ íà exp1 λ, ùî (exp1 λ, τ) íå ¹ çëi÷åííî êîìïàêòíèì ïðîñòîðîì.

Òîäi iñíó¹ çëi÷åííå âiäêðèòå ïîêðèòòÿ U ïðîñòîðó (exp1 λ, τ), ÿêå íå ìiñ-

òèòü ñêií÷åííîãî ïiäïîêðèòòÿ. Îòæå, iñíó¹ òàêà âiäêðèòà ìíîæèíà U ∈ U ,

ùî 0 ∈ U òà exp1 λ\U ¹ íåñêií÷åííîþ ïiäìíîæèíîþ â exp1 λ. Çà òâåðäæåí-

íÿì 2.1.1(iii) ïðîñòið (exp1 λ, τ) ìiñòèòü âiäêðèòî-çàìêíåíèé äèñêðåòíèé

ïiäïðîñòið, ùî ñóïåðå÷èòü òîìó, ùî ïðîñòið (exp1 λ, τ) ¹ ñëàáêî êîìïàêò-

íèì. Îòîæ, (exp1 λ, τ) � çëi÷åííî êîìïàêòíèé ïðîñòið.

Íåõàé òåïåð êîæíà ñëàáêî êîìïàêòíà òîïîëîãi÷íà íàïiâ ðàòêà (expi λ, τ)

¹ çëi÷åííî êîìïàêòíîþ äëÿ âñiõ íàòóðàëüíèõ ÷èñåë i < k ⩽ n. Äîâåäåìî,

ùî çëi÷åííî êîìïàêòíîþ áóäå òàêîæ i ñëàáêî êîìïàêòíà òîïîëîãi÷íà íà-
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ïiâ ðàòêà (expk λ, τ).

Ïðèïóñòèìî ïðîòèëåæíå: äëÿ âñiõ íàòóðàëüíèõ ÷èñåë i < k ⩽ n êîæíà

ñëàáêî êîìïàêòíà òîïîëîãi÷íà íàïiâ ðàòêà (expi λ, τ) ¹ çëi÷åííî êîìïàêò-

íîþ, àëå iñíó¹ ñëàáêî êîìïàêòíà òîïîëîãi÷íà íàïiâ ðàòêà (expk λ, τ), ÿêà

íå ¹ çëi÷åííî êîìïàêòíîþ. Òîäi çà òåîðåìîþ 1.2.17 òîïîëîãi÷íà íàïiâ ðàò-

êà (expk λ, τ) ìiñòèòü íåñêií÷åííèé çàìêíåíèé äèñêðåòíèé ïiäïðîñòið A.

Îñêiëüêè çà òâåðäæåííÿì 2.1.1(ii), ïiäïðîñòið expk λ\expk−1 λ ¹ âiäêðèòèì

i äèñêðåòíèì â (expk λ, τ), òî ç òîãî, ùî íàïiâ ðàòêà (expk λ, τ) ¹ ñëàáêî êîì-

ïàêòíîþ âèïëèâà¹, ùî A ⊆ expk−1 λ. Çà òâåðäæåííÿì 2.1.1(iii), îñêiëüêè ↑x
¹ âiäêðèòî-çàìêíåíîþ ïiäìíîæèíîþ â (expk λ, τ) äëÿ âñiõ x ∈ expk λ, òî ↑x
¹ ñëàáêî êîìïàêòíèì ïiäïðîñòîðîì ïðîñòîðó (expk λ, τ). Î÷åâèäíî, ùî äëÿ

äîâiëüíîãî íåíóëüîâîãî åëåìåíòà x ∈ expk λ ïiäíàïiâ ðàòêà ↑x â expk λ içî-

ìîðôíà íàïiâ ðàòöi expm λ äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà m < k. Çâiäñè

òà ç ïðèïóùåííÿ iíäóêöi¨ âèïëèâà¹, ùî ↑x � çëi÷åííî êîìïàêòíèé ïiäïðîñ-

òið â (expk λ, τ) äëÿ áóäü-ÿêîãî íåíóëüîâîãî åëåìåíòà x íàïiâ ðàòêè expk λ.

Îòæå, ìè îòðèìàëè, ùî ìíîæèíà A∩ ↑x ¹ ñêií÷åííîþ äëÿ áóäü-ÿêîãî åëå-

ìåíòà x íàïiâ ðàòêè expk λ.

Íåõàé i� äåÿêå íàòóðàëüíå ÷èñëî òàêå, ùî 2 ⩽ i < n, (expn λ, τ)� ñëàá-

êî êîìïàêòíà òîïîëîãi÷íà íàïiâ ðàòêà, â ÿêié iñíó¹ âiäêðèòèé îêië U(0) íó-

ëÿ 0 òàêèé, ùî U(0) íå ìiñòèòü íåñêií÷åííî¨ ïiäìíîæèíèA â expi λ\expi−1 λ

òàêî¨, ùî A∩↑x ¹ ñêií÷åííîþ ìíîæèíîþ äëÿ êîæíîãî íåíóëüîâîãî åëåìåíòà

x ∈ expi λ. Äîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ òàêå: ÿêùî íàïiâ ðàò-

êà ↑x ¹ çëi÷åííî êîìïàêòíîþ, òî iñíó¹ âiäêðèòèé îêië V (0) ⊆ U(0) íóëÿ

0 â (expn λ, τ) òàêèé, ùî V (0) íå ìiñòèòü òàêî¨ íåñêií÷åííî¨ ïiäìíîæèíè

A+ â expi+1 λ \ expi λ, ùî A+ ∩ ↑x ¹ ñêií÷åííîþ ìíîæèíîþ äëÿ êîæíîãî

íåíóëüîâîãî åëåìåíòà x ∈ expi λ.

Ïðèïóñòèìî, ùî ó ñëàáêî êîìïàêòíié òîïîëîãi÷íié íàïiâ ðàòöi (expn λ, τ)

iñíó¹ âiäêðèòèé îêië U(0) íóëÿ 0 òàêèé, ùî U(0) ∩ A = ∅ äëÿ äåÿêî¨ íå-

ñêií÷åííî¨ ïiäìíîæèíè A = {xi : i ∈ N} ⊆ exp1 λ\{0}. Òîäi ç íåïåðåðâíîñòi
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íàïiâ ðàòêîâî¨ îïåðàöi¨ â (expn λ, τ) âèïëèâà¹, ùî iñíó¹ òàêèé âiäêðèòèé

îêië V (0) ⊆ U(0) íóëÿ â (expn λ, τ), ùî V (0) · V (0) ⊆ U(0). Ïðèïóñòèìî,

ùî iñíóþòü äåÿêi ðiçíi åëåìåíòè xi0, xi1 ∈ A, ùî {xi0, xi1} ∈ V (0). Òîäi ç

âêëþ÷åííÿ V (0) · V (0) ⊆ U(0) îòðèìó¹ìî, ùî

{{xi0, xi} : i ∈ N \ {i0, i1}} ∩ V (0) = ∅.

Çâiäñè âèïëèâà¹, ùî ïiäïðîñòið ↑{xi0} ó (expn λ, τ) ìiñòèòü çàìêíåíèé äèñê-
ðåòíèé ïiäïðîñòið, ùî ñóïåðå÷èòü çëi÷åííié êîìïàêòíîñòi ïðîñòîðó ↑{xi0}.
Îòæå, ìè îòðèìàëè, ùî V (0) ∩ A+ = ∅, äå

A+ = {{xk, xl} : xk, xl � ðiçíi åëåìåíòè A} .

Ïðèïóñòèìî, ùî ó ñëàáêî êîìïàêòíié òîïîëîãi÷íié íàïiâ ðàòöi

(expn λ, τ) iñíóþòü âiäêðèòèé îêië U(0) íóëÿ 0 i òàêà íåñêií÷åííà ïiäìíî-

æèíà A ⊆ expn λ, ùî U(0) ∩ A = ∅ òà |x| = j > 1 äëÿ âñiõ x ∈ A.

Îñêiëüêè äëÿ êîæíîãî íåíóëüîâîãî åëåìåíòà a ∈ expn λ ïðîñòið ↑a ¹ çëi-

÷åííî êîìïàêòíèì, òî íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî ââàæàòè, ùî

iñíó¹ çëi÷åííà ìíîæèíà A1 = {xi : i ∈ N}, ÿêà ìiñòèòü òàêi îäíîåëåìåíò-

íi ïiäìíîæèíè â expn λ, ùî ìíîæèíà A ∩ ↑xi ¹ îäíîåëåìåíòíîþ äëÿ äî-

âiëüíîãî íàòóðàëüíîãî ÷èñëà i. Ç íåïåðåðâíîñòi íàïiâ ðàòêîâî¨ îïåðàöi¨ â

(expn λ, τ) âèïëèâà¹ iñíóâàííÿ òàêîãî âiäêðèòîãî îêîëó V (0) ⊆ U(0) íóëÿ

â (expn λ, τ), ùî V (0) · V (0) ⊆ U(0). Ìè ñòâåðäæó¹ìî, ùî äëÿ äîâiëüíèõ

ðiçíèõ åëåìåíòiâ xp, xs ∈ A1, s, p ∈ N íå iñíó¹ òàêîãî åëåìåíòà x ∈ ↑xp, ùî
y = {{xs} ∪ x} /∈ V (0). Ñïðàâäi, â iíøîìó âèïàäêó îêië V (0) íå ìiñòèâ áè

ìíîæèíè {{xq} ∪ x : xq ∈ A \ {xs}}. Ç öüîãî âèïëèâà¹, ùî ïiäïðîñòið ↑xp
â (expn λ, τ) ìiñòèòü íåñêií÷åííèé çàìêíåíèé äèñêðåòíèé ïiäïðîñòið, ùî

ñóïåðå÷èòü ïðèïóùåííþ, ùî ↑xp ¹ çëi÷åííî êîìïàêòíèì ïiäïðîñòîðîì ó

(expn λ, τ). Îòæå, ìè îòðèìàëè, ùî V (0) ∩ A+ = ∅, äå

A+ = {{xi} ∪ x : xi ∈ A1 i x ∈ A} .
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Ç âèùåíàâåäåíèõ àðãóìåíòiâ îòðèìó¹ìî, ùî òîïîëîãi÷íà íàïiâ ðàòêà

(expn λ, τ) ìiñòèòü íåñêií÷åííèé âiäêðèòî-çàìêíåíèé äèñêðåòíèé ïiäïðîñ-

òið, à öå ñóïåðå÷èòü òîìó, ùî ïðîñòið (expn λ, τ) ¹ ñëàáêî êîìïàêòíèì. Ç

îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ äîâåäåííÿ iìïëiêàöi¨.

Ç òâåðäæåííÿ 2.1.1(iii) âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 2.1.8. Íåõàé λ � äîâiëüíèé íåñêií÷åííèé êàðäèíàë. Òîäi êîì-

ïàêòíîþ ¹ êîæíà ñëàáêî êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïî-

ëîãiÿ τ íà íàïiâ ðàòöi exp1 λ, à òîìó (exp1 λ, τ) ¹ òîïîëîãi÷íîþ íàïiâ-

 ðàòêîþ.

Îäíàê, ç ïðèêëàäó 2.1.9 âèïëèâà¹, ùî äëÿ äîâiëüíîãî íåñêií÷åííîãî

êàðäèíàëà λ òà äëÿ áóäü-ÿêîãî íàòóðàëüíîãî ÷èñëà n ⩾ 2 iñíó¹ òàêà ãàóñ-

äîðôîâà ñëàáêî êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ τ íà íàïiâ-

 ðàòöi expn λ, ùî (expn λ, τ) íå ¹ çëi÷åííî êîìïàêòíèì ïðîñòîðîì.

Ïðèêëàä 2.1.9. Íåõàé λ � äîâiëüíèé íåñêií÷åííèé êàðäèíàë òà τ 2c � òî-

ïîëîãiÿ íà íàïiâ ðàòöi exp2 λ, ÿêà âèçíà÷à¹òüñÿ ÿê ó ïðèêëàäi 2.1.4. Ïîáó-

äó¹ìî ñèëüíiøó òîïîëîãiþ τ 2
fc
çà τ 2c íà exp2 λ. ×åðåç π : λ → exp2 λ : a 7→ {a}

ïîçíà÷èìî ïðèðîäíå âêëàäåííÿ λ â exp2 λ. Çàôiêñó¹ìî äîâiëüíó íåñêií÷åí-

íó ïiäìíîæèíó A ⊆ λ. Äëÿ êîæíîãî íåíóëüîâîãî åëåìåíòà x ∈ exp2 λ

ïîêëàäåìî: áàçà B2
fc
(x) òîïîëîãi¨ τ 2

fc
â òî÷öi x çáiãà¹òüñÿ ç áàçîþ òîïîëîãi¨

τ 2c â x, à ñiì'ÿ

B2
fc
(0) =

{
UB(0) = U(0) \ π(B) : U(0) ∈ B2

c(0), B ⊆ λ

i ìíîæèíà A \B ∪B \ A � ñêií÷åííà}

ïîðîäæó¹ áàçó òîïîëîãi¨ τ 2
fc
â íóëi 0 íàïiâ ðàòêè exp2 λ. Î÷åâèäíî, ùî ñiì'ÿ{

B2
fc
(x) : x ∈ exp2 λ

}
çàäîâîëüíÿ¹ óìîâè (BP1)�(BP4), à òîìó çà òåîðå-

ìîþ 1.2.7, τ 2
fc
¹ ãàóñäîðôîâîþ òîïîëîãi¹þ íà exp2 λ.

Òâåðäæåííÿ 2.1.10. Íåõàé λ � äîâiëüíèé íåñêií÷åííèé êàðäèíàë. Òîäi(
exp2 λ, τ

2
fc

)
¹ çëi÷åííî ïðàêîìïàêòíîþ íàïiâòîïîëîãi÷íîþ íàïiâ ðàòêîþ

òàêîþ, ùî
(
exp2 λ, τ

2
fc

)
¹ H-çàìêíåíèì íåíàïiâðåãóëÿðíèì ïðîñòîðîì.
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Äîâåäåííÿ. Ç îçíà÷åííÿ òîïîëîãi¨ τ 2
fc
âèïëèâà¹, ùî äîñòàòíüî äîâåñòè,

ùî íàïiâ ðàòêîâà îïåðàöiÿ íà
(
exp2 λ, τ

2
fc

)
¹ íàðiçíî íåïåðåðâíîþ ó âè-

ïàäêó x · 0. Çàôiêñó¹ìî äîâiëüíèé áàçîâèé îêië UB(0) íóëÿ â ïðîñòîði(
exp2 λ, τ

2
fc

)
. ßêùî x � îäíîåëåìåíòíà ïiäìíîæèíà êàðäèíàëà λ, òîáòî

x = {x0} â exp2 λ, òî îòðèìó¹ìî, ùî x · VB(0) = {0} ⊆ UB(0), äå

V (0) = U(0) \ ↑x. Ó âèïàäêó, ÿêùî x ¹ äâîåëåìåíòíîþ ïiäìíîæèíîþ â

λ, äå x = {x1, x2} äëÿ äåÿêèõ x1, x2 ∈ λ, òî x · WB(0) = {0} ⊆ Ub(0), äå

W (0) = U(0) \ (↑ {x1} ∪ ↑ {x2}).
Òàêîæ ç îçíà÷åííÿ òîïîëîãi¨ τ 2

fc
íà exp2 λ âèïëèâà¹, ùî ïiäìíîæèíà

exp2 λ \ exp1 λ ¹ ùiëüíîþ â
(
exp2 λ, τ

2
fc

)
i êîæíà íåñêií÷åííà ïiäìíîæèíà â

exp2 λ \ exp1 λ ìà¹ òî÷êó íàêîïè÷åííÿ â ïðîñòîði
(
exp2 λ, τ

2
fc

)
, à òîìó òîïî-

ëîãi÷íèé ïðîñòið
(
exp2 λ, τ

2
fc

)
¹ çëi÷åííî ïðàêîìïàêòíèì.

Ïðèïóñòèìî ïðîòèëåæíå:
(
exp2 λ, τ

2
fc

)
íå ¹ H-çàìêíåíèì òîïîëîãi÷íèì

ïðîñòîðîì. Òîäi iñíó¹ ãàóñäîðôîâèé òîïîëîãi÷íèé ïðîñòið X, ùî ìiñòèòü(
exp2 λ, τ

2
fc

)
ÿê ùiëüíèé âëàñíèé ïiäïðîñòið. Çàôiêñó¹ìî äîâiëüíó òî÷êó

x ∈ X \ exp2 λ. Îñêiëüêè ïðîñòið X ¹ ãàóñäîðôîâèì, òî iñíóþòü äèç'þíêò-

íi âiäêðèòi îêîëè U(x) òà U(0) òî÷îê x i 0 íàïiâ ðàòêè exp2 λ â ïðîñòîði

X, âiäïîâiäíî. Òîäi iñíó¹ áàçîâèé îêië VB(0) íóëÿ â
(
exp2 λ, τ

2
fc

)
òàêèé, ùî

VB(0) ⊆ exp2 λ∩U(0). Òàêîæ, ç îçíà÷åííÿ áàçè B2
fc
(0) òîïîëîãi¨ τ 2

fc
â íóëi 0

íàïiâ ðàòêè exp2 λ âèïëèâà¹, ùî iñíó¹ ñêií÷åííà êiëüêiñòü òàêèõ íåíóëüî-

âèõ åëåìåíòiâ x1, . . . , xm íàïiâ ðàòêè exp2 λ, ùî

exp2 λ \ (↑x1 ∪ . . . ∪ ↑xm ∪ VB(0)) ⊆ B.

À îñêiëüêè çà òâåðäæåííÿì 2.1.1(iii) ïiäìíîæèíè ↑x1, . . . , ↑xm ¹ âiäêðè-

òî-çàìêíåíèìè â
(
exp2 λ, τ

2
fc

)
, òî, íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî ââà-

æàòè, ùî U(x)∩exp2 λ ⊆ B. ßêùî ìíîæèíà U(x)∩exp2 λ ⊆ B ¹ íåñêií÷åí-

íîþ, òî ïðîñòið
(
exp2 λ, τ

2
fc

)
ìiñòèòü íåñêií÷åííèé âiäêðèòèé ïiäïðîñòið, ùî

ñóïåðå÷èòü ïñåâäîêîìïàêòíîñòi ïðîñòîðó
(
exp2 λ, τ

2
fc

)
. Ç îòðèìàíîãî ïðîòè-

ði÷÷ÿ âèïëèâà¹, ùî ïðîñòið
(
exp2 λ, τ

2
fc

)
¹ H-çàìêíåíèì.
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Çàóâàæåííÿ 2.1.11. ßêùî n � äîâiëüíå íàòóðàëüíå ÷èñëî ⩾ 3, λ � áóäü-

ÿêèé íåñêií÷åííèé êàðäèíàë i τnc � òîïîëîãiÿ íà íàïiâ ðàòöi expn λ, âèçíà-

÷åíà ó ïðèêëàäi 2.1.4, òî ìè ìîæåìî ïîáóäóâàòè áiëüø ñèëüíó òîïîëîãiþ

τn
fc
íà expn λ, íiæ τ 2c . Çàôiêñó¹ìî äîâiëüíèé åëåìåíò x ∈ expn λ òàêèé, ùî

|x| = n− 2. Ëåãêî áà÷èòè, ùî ïiäíàïiâ ðàòêà ↑x â expn λ içîìîðôíà íàïiâ-

 ðàòöi exp2 λ i íåõàé h : exp2 λ → ↑x � öåé içîìîðôiçì.

Çàôiêñó¹ìî äîâiëüíó ïiäìíîæèíó A ⊆ λ. Äëÿ êîæíîãî íåíóëüîâîãî åëå-

ìåíòà y ∈ expn λ\↑x ïîêëàäåìî: áàçàBn
fc
(y) òîïîëîãi¨ τn

fc
â òî÷öi y çáiãà¹òüñÿ

ç áàçîþ òîïîëîãi¨ τnc â òî÷öi y. Ìíîæèíà ↑x ¹ âiäêðèòî-çàìêíåíîþ â expn λ

i òîïîëîãiÿ íà ↑x ïîðîäæó¹òüñÿ âiäîáðàæåííÿì h :
(
exp2 λ, τ

2
fc

)
→ ↑x. Àíà-

ëîãi÷íî, ÿê i â òâåðäæåííi 2.1.10 äîâîäèòüñÿ, ùî (expn λ, τ
n
fc
) ¹ çëi÷åííî

ïðàêîìïàêòíîþ íàïiâòîïîëîãi÷íîþ íàïiâ ðàòêîþ òàêîþ, ùî (expn λ, τ
n
fc
) ¹

H-çàìêíåíèì êâàçiðåãóëÿðíèì íåíàïiâðåãóëÿðíèì ïðîñòîðîì.

Çàóâàæåííÿ 2.1.12. Ëåãêî áà÷èòè, ùî
(
exp2 λ, τ

2
fc

)
íå ¹ 0-âèìiðíèì ïðîñ-

òîðîì. Ç öüîãî âèïëèâà¹, ùî òåðìií �ñïàäêîâà íåçâ'ÿçíiñòü� ó òâåðäæåí-

íi 2.1.1(v) íå ìîæíà çàìiíèòè íà �0-âèìiðíiñòü�.

Òâåðäæåííÿ 2.1.13. Íåõàé λ � äîâiëüíèé íåñêií÷åííèé êàðäèíàë i τ �

òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ íà exp1 λ. Òîäi ïðîñòið (exp1 λ, τ)

¹ êîëåêòèâíî íîðìàëüíèì.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî {Fs}s∈A � äèñêðåòíà ñiì'ÿ çàìêíåíèõ ïiä-

ìíîæèí ó ïðîñòîði (exp1 λ, τ). Çà òâåðäæåííÿì 2.1.1(iii) âñi íåíóëüîâi åëå-

ìåíòè íàïiâ ðàòêè exp1 λ ¹ içîëüîâàíèìè òî÷êàìè â ïðîñòîði (exp1 λ, τ). Îò-

æå, ÿêùî iñíó¹ âiäêðèòèé îêië U(0) íóëÿ â (exp1 λ, τ) òàêèé, ùî

U(0) ∩ Fs = ∅ äëÿ âñiõ s ∈ A , òî ïîêëàäåìî Us = Fs äëÿ âñiõ s ∈ A .

Â iíøîìó âèïàäêó iñíó¹ òàêèé âiäêðèòèé îêië U(0) íóëÿ â (exp1 λ, τ), ùî

U(0) ∩ Fs0 ̸= ∅ äëÿ äåÿêîãî s0 ∈ A i U(0) ∩ Fs = ∅ äëÿ âñiõ s ∈ A \ {s0}.
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Ïîêëàäåìî

Us =

 Fs, ÿêùî s ∈ A \ {s0} ;
Fs0 ∪ U(0), ÿêùî s = s0.

Òîäi ç òâåðäæåííÿ 2.1.1(ii) âèïëèâà¹, ùî {Us}s∈A ¹ äèñêðåòíîþ ñiì'¹þ âiä-

êðèòèõ ïiäìíîæèí ó ïðîñòîði (exp1 λ, τ) òàêèõ, ùî Fs ⊆ Us äëÿ âñiõ s ∈ A ,

à òîìó ïðîñòið (exp1 λ, τ) ¹ êîëåêòèâíî íîðìàëüíèì.

Çàóâàæåííÿ 2.1.14. ßêùî λ � äîâiëüíèé íåçëi÷åííèé êàðäèíàë, òî(
exp1 λ, τ

1
c

)
¹ êîìïàêòíèì ïðîñòîðîì, ÿêèé íå ¹ äîñêîíàëî íîðìàëüíèì.

Òåîðåìà 2.1.15. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî òà λ � áóäü-ÿêèé

íåñêií÷åííèé êàðäèíàë. Òîäi êîæíà íàïiâ ðàòêîâà T1-òîïîëîãiÿ íà expn λ

¹ ðåãóëÿðíîþ.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî τ � íàïiâ ðàòêîâà T1-òîïîëîãiÿ íà expn λ.

Ó âèïàäêó, êîëè n=1 äîâåäåííÿ âèïëèâà¹ iç òâåðäæåííÿ 2.1.13. Îòæå, ïðè-

ïóñòèìî, ùî n ⩾ 2.

Çà òâåðäæåííÿì 2.1.1(iii), ↑x ¹ âiäêðèòî-çàìêíåíîþ ïiäíàïiâ ðàòêîþ â

(expn λ, τ) äëÿ âñiõ x ∈ expn λ, à òîìó äîñòàòíüî äîâåñòè, ùî äëÿ êîæíîãî

âiäêðèòîãî îêîëó U(0) íóëÿ â ïðîñòîði (expn λ, τ) iñíó¹ âiäêðèòèé îêië V (0)

íóëÿ â (expn λ, τ) òàêèé, ùî clexpn λ(V (0)) ⊆ U(0).

Çàôiêñó¹ìî äîâiëüíèé âiäêðèòèé îêië U(0) íóëÿ â ïðîñòîði (expn λ, τ).

Ç íåïåðåðâíîñòi íàïiâ ðàòêîâî¨ îïåðàöi¨ â (expn λ, τ) âèïëèâà¹, ùî iñíó¹ òà-

êèé âiäêðèòèé îêië V (0) ⊆ U(0) íóëÿ â (expn λ, τ), ùî V (0) · V (0) ⊆ U(0).

Ïðèïóñòèìî, ùî iñíó¹ x ∈ clexpn λ(V (0)) \ V (0). Çà òâåðäæåííÿì 2.1.1(ii)

ìà¹ìî, ùî x ∈ ↓V (0). Ïðèïóñòèìî, ùî x = {a1, . . . , ai}, ÿê ñêií÷åííà

ïiäìíîæèíà êàðäèíàëà λ, äå i < n, òîáòî, ùî x ∈ expi λ \ expi−1 λ. Òîäi

V (x) ∩ V (0) ̸= ∅ äëÿ êîæíîãî âiäêðèòîãî îêîëó V (x) òî÷êè x â ïðîñ-

òîði (expn λ, τ). Ç òâåðäæåííÿ 2.1.1(iii) âèïëèâà¹, ùî íå çìåíøóþ÷è çà-

ãàëüíîñòi, ìîæåìî ââàæàòè, ùî V (x) ⊆ ↑x. Çàôiêñó¹ìî äîâiëüíèé åëåìåíò
y ∈ (V (0) ∩ V (x)) \ {x}. Ìîæåìî ââàæàòè, ùî y= {a1, . . ., ai, ai+1, . . ., aj},
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ÿê ñêií÷åííà ïiäìíîæèíà êàðäèíàëà λ, äå i < j ⩽ n. Ïîêëàäåìî

x1 = {a1, . . . , ai, ai+1} , . . . , xj−i = {a1, . . . , ai, aj} ,

ÿê ñêií÷åííi ïiäìíîæèíè êàðäèíàëà λ. Òîäi ç âèçíà÷åííÿ íàïiâ ðàòêîâî¨

îïåðàöi¨ íà expn λ âèïëèâà¹, ùî

y ∈ ↑x1 ∪ · · · ∪ ↑xj−i ⊆ ↑x

i y · z = x äëÿ âñiõ z ∈ ↑x \ (↑x1 ∪ · · · ∪ ↑xj−i). Îñêiëüêè

x ∈ clexpn λ(V (0)) \ V (0),

òî ç òâåðäæåííÿ 2.1.1(iii) âèïëèâà¹, ùî W (x) = V (x) \ (↑x1 ∪ · · · ∪ ↑xj−i)

¹ âiäêðèòèì îêîëîì òî÷êè x ó ïðîñòîði (expn λ, τ). Òîäi ç âèùåíàâåäåíèõ

àðãóìåíòiâ âèïëèâà¹, ùî

x = y ·W (x) ⊆ V (0) · V (0) ⊆ U(0),

à òîìó clexpn λ(V (0)) ⊆ U(0).

Îñêiëüêè â äîâiëüíîìó çëi÷åííîìó T1-ïðîñòîði êîæíà âiäêðèòà ïiäìíî-

æèíà ¹ Fσ-ìíîæèíîþ, òî ç òåîðåì 1.2.5 òà 2.1.15 âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 2.1.16. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî. Òîäi êîæíà íà-

ïiâ ðàòêîâà T1-òîïîëîãiÿ íà expn ω ¹ äîñêîíàëî íîðìàëüíîþ.

Íàäàëi íàì áóäå ïîòðiáíà òàêà ëåìà:

Ëåìà 2.1.17. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî, λ � äîâiëüíèé íå-

ñêií÷åííèé êàðäèíàë i (expn λ, τ) � ãàóñäîðôîâà ñëàáêî êîìïàêòíà íàïiâ-

òîïîëîãi÷íà íàïiâ ðàòêà. Òîäi äëÿ âiäêðèòîãî îêîëó U(0) íóëÿ â ïðîñòîði

(expn λ, τ) iñíó¹ ñêií÷åííà êiëüêiñòü íåíóëüîâèõ åëåìåíòiâ

x1, . . . , xi ∈ expn λ òàêèõ, ùî

expn λ \ expn−1 λ ⊆ U(0) ∪ ↑x1 ∪ . . . ∪ ↑xi.
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Äîâåäåííÿ. Çà òâåðäæåííÿì 2.1.1(ii) êîæíà òî÷êà x ∈ expn λ \ expn−1 λ

¹ içîëüîâàíîþ â ïðîñòîði (expn λ, τ). Äàëi, çàñòîñó¹ìî ôàêò, ùî (expn λ, τ)

� ñëàáêî êîìïàêòíà íàïiâ ðàòêà, à òàêîæ òâåðäæåííÿ 2.1.1(iii).

Òåîðåìà 2.1.18. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî i λ � äîâiëüíèé

íåñêií÷åííèé êàðäèíàë. Òîäi êîìïàêòíîþ ¹ êîæíà íàïiâðåãóëÿðíà ñëàáêî

êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ τ íà expn λ, à òîìó â

öüîìó âèïàäêó íàïiâ ðàòêîâà îïåðàöiÿ íà (expn λ, τ) ¹ íåïåðåðâíîþ.

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî çà iíäóêöi¹þ. Ó âèïàäêó, êîëè n=1

äîâåäåííÿ òåîðåìè âèïëèâà¹ ç íàñëiäêó 2.1.8. Òîìó ââàæà¹ìî, ùî n = 2.

Ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ íàïiâðåãóëÿðíà ñëàáêî êîìïàêòíà íåêîì-

ïàêòíà T1-òîïîëîãi÷íà íàïiâ ðàòêà (exp2 λ, τ). Çà òåîðåìîþ 2.1.7 òîïîëîãi÷-

íèé ïðîñòið (exp2 λ, τ) íå ¹ çëi÷åííî êîìïàêòíèì, à òîìó ç òåîðåìè 1.2.17

âèïëèâà¹, ùî (exp2 λ, τ) ìiñòèòü íåñêií÷åííèé çàìêíåíèé äèñêðåòíèé ïiä-

ïðîñòið X. Ç òâåðäæåííÿ 2.1.1(iii) âèïëèâà¹, ùî exp2 λ \ exp1 λ ¹ âiäêðè-

òèì äèñêðåòíèì ïiäïðîñòîðîì â (exp2 λ, τ), à îñêiëüêè ïðîñòið (exp2 λ, τ)

ñëàáêî êîìïàêòíèé, òî íå çìåíøóþ÷è çàãàëüíîñòi ìîæåìî ââàæàòè, ùî

X ⊆ exp1 λ \ {0}. Çàôiêñó¹ìî äîâiëüíèé êàíîíi÷íî âiäêðèòèé îêië U(0)

íóëÿ â (exp2 λ, τ) òàêèé, ùî U(0) ∩X = ∅.

Äëÿ êîæíî¨ òî÷êè x ∈ exp1 λ\{0} ïiäìíîæèíà ↑x ¹ âiäêðèòî-çàìêíåíîþ
â (exp2 λ, τ), à òîìó ïðîñòið ↑x ñëàáêî êîìïàêòíèé. Îñêiëüêè íàïiâ ðàòêà

↑x àëãåáðè÷íî içîìîðôíà íàïiâ ðàòöi exp1 λ, òî ç íàñëiäêó 2.1.8 âèïëèâà¹,

ùî ïðîñòið ↑x êîìïàêòíèé. Çà ëåìîþ 2.1.17 iñíó¹ ñêií÷åííà êiëüêiñòü íå-

íóëüîâèõ åëåìåíòiâ x1, . . . , xi ∈ exp2 λ òàêèõ, ùî

exp2 λ \ exp1 λ ⊆ U(0) ∪ ↑x1 ∪ . . . ∪ ↑xi.

Ç îçíà÷åííÿ íàïiâ ðàòêîâî¨ îïåðàöi¨ íà (exp2 λ, τ) âèïëèâà¹, ùî íå çìåí-

øóþ÷è çàãàëüíîñòi ìîæåìî ââàæàòè, ùî x1, . . . , xi ¹ îäíîåëåìåíòíèìè ïiä-

ìíîæèíàìè êàðäèíàëà λ. Ç öüîãî òà ç âèùåíàâåäåíèõ àðãóìåíòiâ âèïëèâà¹,

ùî clexp2 λ(U(0))∩X ̸= ∅. Áiëüøå òîãî, ìíîæèíà clexp2 λ(U(0)) \U(0) ñêëà-
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äà¹òüñÿ ç îäíîåëåìåíòíèõ ïiäìíîæèí êàðäèíàëà λ. Òîäi äëÿ êîæíî¨ òî÷êè

x ∈ clexp2 λ(U(0))\U(0) çà íàñëiäêîì 2.1.8, ïiäíàïiâ ðàòêà ↑x ¹ êîìïàêòíîþ
òîïîëîãi÷íîþ ïiäíàïiâ ðàòêîþ â (exp2 λ, τ). Ç òåîðåìè 2.1.7 i ëåìè 2.1.17

âèïëèâà¹, ùî

x ∈ intexp2 λ
(
clexp2 λ(U(0))

)
= U(0),

ùî ñóïåðå÷èòü ïðèïóùåííþ U(0) ∩ X = ∅. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âè-

ïëèâà¹, ùî (exp2 λ, τ) ¹ êîìïàêòíîþ íàïiâòîïîëîãi÷íîþ íàïiâ ðàòêîþ.

Íàì ùå çàëèøèëîñü äîâåñòè êðîê iíäóêöi¨. Íåõàé ìà¹ìî, ùî äëÿ êîæ-

íîãî íàòóðàëüíîãî ÷èñëà l < n íàïiâðåãóëÿðíà ñëàáêî êîìïàêòíà T1-íà-

ïiâòîïîëîãi÷íà íàïiâ ðàòêà (expl λ, τ) ¹ êîìïàêòíîþ. Äîâåäåìî, ùî êîì-

ïàêòíîþ òàêîæ ¹ íàïiâðåãóëÿðíà ñëàáêî êîìïàêòíà T1-íàïiâòîïîëîãi÷íà

íàïiâ ðàòêà (expn λ, τ). Ïðèïóñòèìî ïðîòèëåæíå, ùî iñíó¹ íàïiâðåãóëÿðíà

ñëàáêî êîìïàêòíà T1-íàïiâòîïîëîãi÷íà íàïiâ ðàòêà (expn λ, τ), ÿêà íå ¹ êîì-

ïàêòíîþ. Çà òåîðåìîþ 2.1.7 òîïîëîãi÷íèé ïðîñòið (expn λ, τ) íå ¹ çëi÷åííî

êîìïàêòíèì, à òîìó ç òåîðåìè 1.2.17 âèïëèâà¹, ùî (expn λ, τ) ìiñòèòü íå-

ñêií÷åííèé çàìêíåíèé äèñêðåòíèé ïiäïðîñòiðX. Çà òâåðäæåííÿì 2.1.1(iii),

expn λ \ expn−1 λ ¹ âiäêðèòèì äèñêðåòíèì ïiäïðîñòîðîì â (expn λ, τ), à

îñêiëüêè ïðîñòið (expn λ, τ) ñëàáêî êîìïàêòíèé, òî íå çìåíøóþ÷è çàãàëü-

íîñòi ìîæåìî ââàæàòè, ùî X ⊆ expn−1 λ \ {0}.
Íåõàé k < n � ìàêñèìàëüíå íàòóðàëüíå ÷èñëî, äëÿ ÿêîãî ìíîæèíà

expk λ \ expk−1 λ ∩ X ¹ íåñêií÷åííîþ. Ìè äîâåëè, ùî äëÿ äîâiëüíîãî íå-

íóëüîâîãî åëåìåíòà x ∈ expn λ ïiäíàïiâ ðàòêà ↑x â expn λ àëãåáðè÷íî içî-

ìîðôíà íàïiâ ðàòöi expj λ äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà j < n, à îñêiëü-

êè çà òâåðäæåííÿì 2.1.1(iii) ïiäíàïiâ ðàòêà ↑x ¹ âiäêðèòî-çàìêíåíîþ ïiä-

ìíîæèíîþ ñëàáêî êîìïàêòíî¨ íàïiâòîïîëîãi÷íî¨ íàïiâ ðàòêè (expn λ, τ), òî

çà ïðèïóùåííÿì iíäóêöi¨ ìà¹ìî, ùî ↑x ¹ êîìïàêòíîþ ïiäíàïiâ ðàòêîþ â

(expn λ, τ). Ç öüîãî âèïëèâà¹, ùî íå iñíó¹ òàêî¨ ñêií÷åííî¨ êiëüêîñòi íåíó-

ëüîâèõ åëåìåíòiâ y1, . . . , ys íàïiâòîïîëîãi÷íî¨ íàïiâ ðàòêè (expn λ, τ), ùî
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X ⊆ ↑y1 ∪ . . . ∪ ↑ys.
Çàôiêñó¹ìî äîâiëüíèé êàíîíi÷íî âiäêðèòèé îêië U(0) íóëÿ â ïðîñòîði

(expn λ, τ) òàêèé, ùî U(0)∩X = ∅. Ç âèùåíàâåäåíèõ àðãóìåíòiâ âèïëèâà¹,

ùî

clexpn λ(V (0)) ∩ (expk λ ∩X) ̸= ∅.

Áiëüøå òîãî, ìíîæèíà clexpn λ(U(0)) \ U(0) ìiñòèòü íåñêií÷åííó êiëüêiñòü

k-åëåìåíòíèõ ïiäìíîæèí êàðäèíàëà λ, ÿêi íàëåæèòü ìíîæèíi X. Òîäi äëÿ

êîæíî¨ òàêî¨ òî÷êè x ∈ clexpn λ(U(0)) \ U(0) ç ïðèïóùåííÿ iíäóêöi¨ âè-

ïëèâà¹, ùî ↑x ¹ êîìïàêòíîþ òîïîëîãi÷íîþ ïiäíàïiâ ðàòêîþ â (expn λ, τ).

Ç òåîðåìè 2.1.7 i ëåìè 2.1.17 âèïëèâà¹, ùî òî÷êà x íàëåæèòü ìíîæèíi

intexpn λ
(
clexpn λ(U(0))

)
= U(0), ùî ñóïåðå÷èòü ïðèïóùåííþ U(0) ∩X = ∅.

Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹, ùî (expn λ, τ) ¹ êîìïàêòíîþ íàïiâòî-

ïîëîãi÷íîþ íàïiâ ðàòêîþ.

Íàðåøòi, îñòàíí¹ âèñëîâëåííÿ ó ôîðìóëþâàííi òåîðåìè âèïëèâà¹ ç òåî-

ðåìè 2.1.7.



66

2.2. Ñëàáêî êîìïàêòíi òðàíñëÿöiéíî-íåïåðåðâíi òîïîëîãi¨ íà

íàïiâ ðàòöi expn λ

Ïåðåéäåìî äî äîñëiäæåííÿ òðàíñëÿöiéíî-íåïåðåðâíèõ òîïîëîãié íà íà-

ïiâ ðàòöi expn λ.

Äîâåäåííÿ íàñòóïíî¨ ëåìè àíàëîãi÷íå äî äîâåäåíü ëåìè 1.2.20 àáî òâåðä-

æåííÿ 1.2.13.

Ëåìà 2.2.1. Êîæíèé ãàóñäîðôîâèé d-ñëàáêî êîìïàêòíèé òîïîëîãi÷íèé

ïðîñòið, ùî ìiñòèòü ùiëüíèé ïiäïðîñòið, ¹ çëi÷åííî ïðàêîìïàêòíèì.

Çà òâåðäæåííÿì 2.1.1, äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n òà áóäü-

ÿêîãî íåñêií÷åííîãî êàðäèíàëà λ êîæíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïî-

ëîãiÿ τ íà expn λ ¹ ôóíêöiîíàëüíî ãàóñäîðôîâîþ òà êâàçiðåãóëÿðíîþ, à

òîìó ¹ ãàóñäîðôîâîþ.

Òâåðäæåííÿ 2.2.2. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî òà λ � äîâiëü-

íèé íåñêií÷åííèé êàðäèíàë. Òîäi äëÿ êîæíî¨ d-ñëàáêî êîìïàêòíî¨ òðàíñ-

ëÿöiéíî-íåïåðåðâíî¨ T1-òîïîëîãi¨ τ íà expn λ ïiäìíîæèíà expn λ\expn−1 λ

¹ ùiëüíîþ â ïðîñòîði (expn λ, τ).

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî ìåòîäîì âiä ñóïðîòèâíîãî. Ïðèïóñòè-

ìî, ùî iñíó¹ òàêà d-ñëàáêî êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëî-

ãiÿ τ íà expn λ, ùî ìíîæèíà expn λ \ expn−1 λ íå ¹ ùiëüíîþ â íàïiâòîïîëî-

ãi÷íié íàïiâ ðàòöi (expn λ, τ). Tîäi iñíó¹ òàêà òî÷êà x ∈ expn−1 λ, ùî

x /∈ clexpn λ(expn λ \ expn−1 λ).

Îòæå, iñíó¹ òàêèé âiäêðèòèé îêië U(x) òî÷êè x â ïðîñòîði (expn λ, τ), ùî

U(x) ∩ (expn λ \ expn−1 λ) = ∅.

Ç îçíà÷åííÿ íàïiâ ðàòêè expn λ âèïëèâà¹, ùî iñíó¹ òàêà òî÷êà y ∈ U(x), ùî

↑y∩U(x) = {y}. Çà òâåðäæåííÿì 2.1.1(iii), ↑y � âiäêðèòî-çàìêíåíà ïiäìíî-

æèíà â (expn λ, τ), à òîìó ïiäïðîñòið ↑y ¹ d-ñëàáêî êîìïàêòíèé. Ñïðàâäi,
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ÿêùî ïðèïóñòèòè, ùî ïiäïðîñòið ↑y íå ¹ d-ñëàáêî êîìïàêòíèì, òî ìíî-

æèíà ↑y ìiñòèòü íåñêií÷åííó äèñêðåòíó ñiì'þ O âiäêðèòèõ íåïîðîæíiõ

ïiäìíîæèí ó ïðîñòîði ↑y. Ç öüîãî âèïëèâà¹, ùî O ¹ íåñêií÷åííîþ äèñêðåò-

íîþ ñiì'¹þ â (expn λ, τ), îñêiëüêè ↑y � âiäêðèòî-çàìêíåíà ïiäìíîæèíà â

(expn λ, τ).

Î÷åâèäíî, ùî íàïiâ ðàòêà ↑y àëãåáðè÷íî içîìîðôíà íàïiâ ðàòöi expk λ
äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà k ⩽ n. Ç öüîãî òà ç âèùåíàâåäåíèõ àðãó-

ìåíòiâ âèïëèâà¹, ùî íå çìåíøóþ÷è çàãàëüíîñòi ìîæåìî ââàæàòè, ùî x ¹

içîëüîâàíèì íóëåì â d-ñëàáêî êîìïàêòíié íàïiâ ðàòöi (expn λ, τ).

Òåïåð çàôiêñó¹ìî äîâiëüíó íåñêií÷åííó ïîñëiäîâíiñòü {xi}i∈N ðiçíèõ

åëåìåíòiâ êàðäèíàëà λ. Äëÿ êîæíîãî íàòóðàëüíîãî ÷èñëà j ïîêëàäåìî

aj =
{
xn(j−1)+1, xn(j−1)+2, . . . , xnj

}
.

Òîäi aj ∈ expn λ, i áiëüøå òîãî, aj ¹ íàéáiëüøèì åëåìåíòîì íàïiâ ðàòêè

expn λ äëÿ êîæíîãî íàòóðàëüíîãî ÷èñëà j. Ç îçíà÷åííÿ íàïiâ ðàòêè expn λ

âèïëèâà¹, ùî äëÿ êîæíîãî íåíóëüîâîãî åëåìåíòà a ç expn λ iñíó¹ ùîíàé-

áiëüøå îäèí òàêèé åëåìåíò aj, ùî aj ∈ ↑a. Òîäi çà òâåðäæåííÿì 2.1.1(iii)

äëÿ êîæíîãî íàòóðàëüíîãî ÷èñëà j, aj ¹ içîëüîâàíîþ òî÷êîþ â (expn λ, τ), à

òîìó ç âèùåíàâåäåíèõ àðãóìåíòiâ âèïëèâà¹, ùî {a1, a2, . . . , aj, . . .} ¹ íåñêií-
÷åííîþ äèñêðåòíîþ ñiì'¹þ âiäêðèòèõ ïiäìíîæèí ó ïðîñòîði (expn λ, τ). À

öå ñóïåðå÷èòü òîìó, ùî íàïiâòîïîëîãi÷íà íàïiâ ðàòêà (expn λ, τ) ¹ d-ñëàáêî

êîìïàêòíîþ. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ íàøå òâåðäæåííÿ.

Ç ïðèêëàäó 2.2.3 âèïëèâà¹, ùî îáåðíåíå âèñëîâëåííÿ äî òâåðäæåííÿ 2.2.2

íå âèêîíó¹òüñÿ ó âèïàäêó òîïîëîãi÷íèõ íàïiâ ðàòîê.

Ïðèêëàä 2.2.3. Çàôiêñó¹ìî äîâiëüíèé íåñêií÷åííèé êàðäèíàë λ òà íå-

ñêií÷åííó ïiäìíîæèíó A â λ òàêó, ùî |λ \ A| ⩾ ω. Ïîçíà÷èìî ÷åðåç

π : λ → exp1 λ : a 7→ {a}

ïðèðîäíå âêëàäåííÿ λ â exp1 λ. Íà exp1 λ âèçíà÷èìî òîïîëîãiþ τdm òàê:
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(i) óñi íåíóëüîâi åëåìåíòè íàïiâ ðàòêè expn λ ¹ içîëüîâàíèìè òî÷êàìè

â (expn λ, τ0); i

(ii) ñiì'ÿ

Bdm = {UB = {0} ∪ π(B) : B ⊆ A i |A \B| < ∞}

¹ áàçîþ òîïîëîãi¨ τdm â íóëi 0 íàïiâ ðàòêè exp1 λ.

Ëåãêî áà÷èòè, ùî τdm � ãàóñäîðôîâà ëîêàëüíî êîìïàêòíà íàïiâ ðàòêîâà

òîïîëîãiÿ íà exp1 λ, ÿêà íå ¹ êîìïàêòíîþ, à òîìó çà íàñëiäêîì 2.1.8 íå ¹

ñëàáêî êîìïàêòíîþ.

Çàóâàæåííÿ 2.2.4. ßêùî λ = ω, òî çà òâåðäæåííÿì 2.1.13 òîïîëîãi÷íèé

ïðîñòið (exp1 λ, τdm) ¹ êîëåêòèâíî íîðìàëüíèì i ìà¹ çëi÷åííó áàçó, à òîìó

ïðîñòið (exp1 λ, τdm) ¹ ìåòðèçîâíèì çà ìåòðèçàöiéíîþ òåîðåìîþ Óðèñîíà

(òåîðåìà 1.2.8). Áiëüøå òîãî, ÿêùî |B| = ω, òî ïðîñòið (exp1 λ, τdm) ¹ ìåòðè-

çîâíèì äëÿ êîæíîãî íåñêií÷åííîãî êàðäèíàëà λ, ÿê òîïîëîãi÷íà ñóìà ìåò-

ðèçîâíîãî ïðîñòîðó (exp1 ω, τdm) òà äèñêðåòíîãî ïðîñòîðó ïîòóæíîñòi ω.

Çàóâàæåííÿ 2.2.5. ßêùî n � äîâiëüíå íàòóðàëüíå ÷èñëî áiëüøå çà 2,

λ � íåñêií÷åííèé êàðäèíàë i τnc � ¹äèíà êîìïàêòíà íàïiâ ðàòêîâà òîïîëî-

ãiÿ íà íàïiâ ðàòöi expn λ, âèçíà÷åíà â ïðèêëàäi 2.1.4, òî ìîæíà ïîáóäóâàòè

ñèëüíiøó çà τnc òîïîëîãiþ τn
dm

íà expn λ. Çàôiêñó¹ìî äîâiëüíèé åëåìåíò

x ∈ expn λ òàêèé, ùî |x| = n − 1. Ëåãêî áà÷èòè, ùî ïiäíàïiâ ðàòêà ↑x â

expn λ içîìîðôíà ïiäíàïiâ ðàòöi exp1 λ, ÷åðåç h : exp1 λ → ↑x ïîçíà÷àòè-

ìåìî öåé içîìîðôiçì.

Çàôiêñó¹ìî äîâiëüíó ïiäìíîæèíó A â λ òàêó, ùî |λ \ A| ⩾ ω. Íåõàé

äëÿ êîæíîãî íåíóëüîâîãî åëåìåíòà y ∈ expn λ \ ↑x áàçà Bn
dm
(y) òîïîëî-

ãi¨ τn
dm

â òî÷öi y çáiãà¹òüñÿ ç áàçîþ òîïîëîãi¨ τnc â òî÷öi y. Íåõàé ↑x �

âiäêðèòî-çàìêíåíà ïiäìíîæèíà, à òîïîëîãiÿ íà ↑x ïîðîäæó¹òüñÿ âiäîáðà-

æåííÿì h :
(
exp2 λ, τ

2
fc

)
→ ↑x. Ëåãêî áà÷èòè, ùî (expn λ, τ

n
dm
) ¹ ëîêàëüíî

êîìïàêòíîþ òîïîëîãi÷íîþ íàïiâ ðàòêîþ òàêîþ, ùî ìíîæèíà

expn λ \ expn−1 λ ¹ ùiëüíîþ â ïðîñòîði (expn λ, τ
n
dm
). Áiëüøå òîãî, òîïîëî-
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ãi÷íèé ïðîñòið (expn λ, τ
n
dm
) íå ¹ d-ñëàáêî êîìïàêòíèì, îñêiëüêè âií ìiñòèòü

âiäêðèòî-çàìêíåíèé íå-d-ñëàáêî êîìïàêòíèé ïiäïðîñòið ↑x.
Ç àíàëîãi÷íèõ ìiðêóâàíü, ÿê i â äîâåäåííÿõ òâåðäæåíü 2.2.2 òà 2.1.1(iii),

âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 2.2.6. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî òà λ � áóäü-ÿêèé

íåñêií÷åííèé êàðäèíàë. Òîäi äëÿ êîæíî¨ d-ñëàáêî êîìïàêòíî¨ òðàíñëÿöié-

íî-íåïåðåðâíî¨ T1-òîïîëîãi¨ τ íà expn λ, òî÷êà x ¹ içîëüîâàíîþ â ïðîñòîði

(expn λ, τ) òîäi i ëèøå òîäi, êîëè x ∈ expn λ \ expn−1 λ.

Çàóâàæåííÿ 2.2.7. Çàóâàæèìî, ùî iç ïðèêëàäó íàâåäåíîãî â çàóâàæåí-

íi 2.2.5 âèïëèâà¹ iñíóâàííÿ ëîêàëüíî êîìïàêòíî¨ íå-d-ñëàáêî êîìïàêòíî¨

íàïiâòîïîëîãi÷íî¨ íàïiâ ðàòêè (expn λ, τ
n
dm
), ÿêà çàäîâîëüíÿ¹ òàêó âëàñòè-

âiñòü: òî÷êà x ¹ içîëüîâàíîþ â ïðîñòîði (expn λ, τ
n
dm
) òîäi i ëèøå òîäi,

êîëè x ∈ expn λ \ expn−1 λ.

Íàñòóïíå òâåðäæåííÿ îïèñó¹ �õîðîøó� âëàñòèâiñòü äëÿ ñèñòåìè îêîëiâ

íóëÿ â T1-ñëàáêî êîìïàêòíié íàïiâòîïîëîãi÷íié íàïiâ ðàòöi expn λ.

Òâåðäæåííÿ 2.2.8. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî, λ � áóäü-ÿêèé

íåñêií÷åííèé êàðäèíàë i τ � òðàíñëÿöiéíî-íåïåðåðâíà ñëàáêî êîìïàêòíà

T1-òîïîëîãiÿ íà íàïiâ ðàòöi expn λ. Òîäi äëÿ êîæíîãî âiäêðèòîãî îêîëó

U(0) íóëÿ 0 â ïðîñòîði (expn λ, τ) iñíó¹ ñêií÷åííà êiëüêiñòü òàêèõ åëå-

ìåíòiâ x1, . . . , xm ∈ λ, ùî

expn λ \ clexpn λ(U(0)) ⊆ ↑x1 ∪ · · · ∪ ↑xm.

Äîâåäåííÿ. Ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ âiäêðèòèé îêië U(0) íóëÿ â

ãàóñäîðôîâié ñëàáêî êîìïàêòíié íàïiâòîïîëîãi÷íié íàïiâ ðàòöi (expn λ, τ)

òàêèé, ùî

expn λ \ clexpn λ(U(0)) ̸⊆ ↑x1 ∪ · · · ∪ ↑xm

äëÿ äîâiëüíî¨ ñêií÷åííî¨ êiëüêîñòi x1, . . . , xm ∈ λ.
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Çàôiêñó¹ìî òàêèé äîâiëüíèé åëåìåíò y1 ∈ λ, ùî(
expn λ \ clexpn λ(U(0))

)
∩ ↑y1 ̸= ∅.

Ç òâåðäæåííÿ 2.1.1(iii) âèïëèâà¹, ùî ìíîæèíà ↑y1 ¹ âiäêðèòîþ â (expn λ, τ),

à òîìó ìíîæèíà
(
expn λ \ clexpn λ(U(0))

)
∩↑y1 òàêîæ ¹ âiäêðèòîþ â ïðîñòîði

(expn λ, τ). Çà òâåðäæåííÿì 2.2.2, iñíó¹ òàêà içîëüîâàíà òî÷êà

m1 ∈ expn λ \ expn−1 λ â ïðîñòîði (expn λ, τ), ùî

m1 ∈
(
expn λ \ clexpn λ(U(0))

)
∩ ↑y1.

Îòæå, çà íàøèì ïðèïóùåííÿì iñíó¹ åëåìåíò y2 ∈ λ òàêèé, ùî(
expn λ \ clexpn λ(U(0))

)
∩ (↑y2 \ ↑y1) ̸= ∅.

Çíîâó, îñêiëüêè çà òâåðäæåííÿì 2.1.1(iii) îáèäâi ìíîæèíè ↑y1 òà ↑y2 ¹

âiäêðèòî-çàìêíåíèìè â ïðîñòîði (expn λ, τ), òî ç òâåðäæåííÿ 2.2.2 âèïëèâà¹

iñíóâàííÿ òàêî¨ içîëüîâàíî¨ òî÷êè m2 ∈ expn λ \ expn−1 λ â (expn λ, τ), ùî

m2 ∈
(
expn λ \ clexpn λ(U(0))

)
∩ (↑y2 \ ↑y1) .

Îòîæ, çà iíäóêöi¹þ ìîæíà ïîáóäóâàòè ïîñëiäîâíiñòü {yi : i=1, 2, 3, . . .}
ðiçíèõ òî÷îê ç λ, à òàêîæ ïîñëiäîâíiñòü òàêèõ içîëüîâàíèõ òî÷îê

{mi : i = 1, 2, 3, . . .} ⊂ expn λ \ expn−1 λ

â ïðîñòîði (expn λ, τ), ùî äëÿ äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà k âèêî-

íóþòüñÿ òàêi óìîâè:

(i)
(
expn λ \ clexpn λ(U(0))

)
∩ (↑yk \ (↑y1 ∪ · · · ∪ ↑yk−1)) ̸= ∅;

(ii) mk ∈
(
expn λ \ clexpn λ(U(0))

)
∩ (↑yk \ (↑y1 ∪ · · · ∪ ↑yk−1)).

Çà àíàëîãi÷íèìè ìiðêóâàííÿìè, ÿê i ó äîâåäåííi òâåðäæåííÿ 2.2.2 ìà¹ìî,

ùî ñiì'ÿ

{{mi} : i = 1, 2, 3, . . .}
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¹ íåñêií÷åííîþ òà ëîêàëüíî ñêií÷åííîþ, ùî ñóïåðå÷èòü ñëàáêié êîìïàêò-

íîñòi íàïiâ ðàòêè (expn λ, τ). Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ òâåðäæåí-

íÿ.

Ç òâåðäæåííÿ 2.1.1(iii) âèïëèâà¹, ùî äëÿ äîâiëüíîãî åëåìåíòà x ∈ expn λ

ìíîæèíà ↑x ¹ âiäêðèòî-çàìêíåíîþ â T1-íàïiâòîïîëîãi÷íié íàïiâ ðàòöi

(expn λ, τ), à òîìó çà òåîðåìîþ 1.2.19 ìà¹ìî, ùî äëÿ êîæíîãî åëåìåíòà

x ∈ expn λ ìíîæèíà ↑x ¹ ñëàáêî êîìïàêòíîþ T1-íàïiâòîïîëîãi÷íîþ íàïiâ-

 ðàòêîþ â (expn λ, τ). Îòæå, ç òâåðäæåííÿ 2.2.8 âèïëèâà¹.

Òâåðäæåííÿ 2.2.9. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî, λ � áóäü-ÿêèé

íåñêií÷åííèé êàðäèíàë i τ � òðàíñëÿöiéíî-íåïåðåðâíà ñëàáêî êîìïàêòíà

T1-òîïîëîãiÿ íà íàïiâ ðàòöi expn λ. Òîäi äëÿ äîâiëüíî¨ òî÷êè x ∈ expn λ

òà êîæíîãî âiäêðèòîãî îêîëó U(x) òî÷êè x â ïðîñòîði (expn λ, τ) iñíó¹

òàêà ñêií÷åííà êiëüêiñòü òî÷îê x1, . . . , xm ∈ ↑x \ {x}, ùî

↑x \ clexpn λ(U(x)) ⊆ ↑x1 ∪ · · · ∪ ↑xm.

Îñíîâíèì ðåçóëüòàòîì öüîãî ïiäðîçäiëó ¹ òàêà òåîðåìà.

Òåîðåìà 2.2.10. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî òà λ � äîâiëü-

íèé íåñêií÷åííèé êàðäèíàë. Òîäi äëÿ êîæíî¨ òðàíñëÿöiéíî-íåïåðåðâíî¨

T1-òîïîëîãi¨ τ íà expn λ òàêi óìîâè åêâiâàëåíòíi:

(i) τ � çëi÷åííî ïðàêîìïàêòíà;

(ii) τ � ñëàáêî êîìïàêòíà;

(iii) τ � d-ñëàáêî êîìïàêòíà;

(iv) ïðîñòið (expn λ, τ) ¹ H-çàìêíåíèì.

Äîâåäåííÿ. Iìïëiêàöi¨ (i) ⇒ (ii) òà (ii) ⇒ (iii) ¹ òðèâiàëüíèìè, à iì-

ïëiêàöiÿ (iii) ⇒ (i) âèïëèâà¹ ç òâåðäæåííÿ 2.1.1, ëåìè 2.2.1 òà òâåðäæåí-

íÿ 2.2.2.

Iìïëiêàöiÿ (iv) ⇒ (ii) âèïëèâà¹ iç òâåðäæåííÿ 1.2.14.

Äîâåäåìî iìïëiêàöiþ (ii) ⇒ (iv) ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.
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Çà íàñëiäêîì 2.1.8 êîìïàêòíîþ ¹ êîæíà òðàíñëÿöiéíî-íåïåðåðâíà ñëàá-

êî êîìïàêòíà T1-òîïîëîãiÿ τ íà íàïiâ ðàòöi exp1 λ, à òîìó (exp1 λ, τ) ¹

H-çàìêíåíèì òîïîëîãi÷íèì ïðîñòîðîì.

Äîâåäåìî òåïåð, ÿêùî íàøå ïðèïóùåííÿ ñïðàâäæó¹òüñÿ äëÿ âñiõ íà-

òóðàëüíèõ ÷èñåë j < k ⩽ n, òî âîíî áóäå ïðàâèëüíèì i äëÿ j = k. Íå-

õàé ñëàáêî êîìïàêòíà T1-íàïiâòîïîëîãi÷íà íàïiâ ðàòêà (expk λ, τ) ¹ ïiä-

ïðîñòîðîì ãàóñäîðôîâîãî òîïîëîãi÷íîãî ïðîñòîðó X. Çàôiêñó¹ìî äîâiëüíó

òî÷êó x ∈ X i áóäü-ÿêèé âiäêðèòèé îêië V (x) öi¹¨ òî÷êè â ïðîñòîði X.

Îñêiëüêè ïðîñòið X ãàóñäîðôîâèé, òî iñíóþòü äèç'þíêòíi âiäêðèòi îêîëè

U(x) ⊆ V (x) òà U(0) òî÷êè x òà íóëÿ 0 íàïiâ ðàòêè expk λ â X, âiäïîâiäíî.

Òîäi clX(U(0)) ∩ U(x) = ∅, à òîìó ç òâåðäæåííÿ 2.2.8 âèïëèâà¹, ùî iñíó¹

ñêií÷åííà êiëüêiñòü òàêèõ åëåìåíòiâ x1, . . . , xm ∈ λ, ùî

expk λ ∩ U(x) ⊆ ↑x1 ∪ · · · ∪ ↑xm.

Àëå äëÿ âñiõ x ∈ λ ïiäíàïiâ ðàòêà ↑x â expk λ àëãåáðè÷íî içîìîðôíà íàïiâ-

 ðàòöi expk−1 λ. Çà òâåðäæåííÿì 2.1.1(iii) òà òåîðåìîþ 1.2.19, ↑x ¹ ñëàáêî

êîìïàêòíîþ T1-íàïiâòîïîëîãi÷íîþ íàïiâ ðàòêîþ, à ç ïðèïóùåííÿ iíäóêöi¨

âèïëèâà¹, ùî ↑x1, . . . , ↑xm ¹ çàìêíåíèìè ïiäìíîæèíàìè â ïðîñòîði X. Çâiä-

ñè âèïëèâà¹, ùî

W (x) = U(x) \ (↑x1 ∪ · · · ∪ ↑xm)

¹ âiäêðèòèì îêîëîì òî÷êè x ó ïðîñòîði X òàêèì, ùî W (x) ∩ expk λ = ∅.

Îòæå, (expk λ, τ) ¹ H-çàìêíåíèì òîïîëîãi÷íèì ïðîñòîðîì.

Òåîðåìà 2.2.11 äà¹ äîñòàòíþ óìîâó äëÿ òîãî, ùîá d-ñëàáêî êîìïàêòíèé

ïðîñòið áóâ ñëàáêî êîìïàêòíèì.

Òåîðåìà 2.2.11. Êîæåí êâàçiðåãóëÿðíèé d-ñëàáêî êîìïàêòíèé ïðîñòið ¹

ñëàáêî êîìïàêòíèì.

Äîâåäåííÿ. Ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ êâàçiðåãóëÿðíèé d-ñëàáêî

êîìïàêòíèé ïðîñòið X, ÿêèé íå ¹ ñëàáêî êîìïàêòíèì. Òîäi íå iñíó¹ íå-
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ñêií÷åííî¨ ëîêàëüíî ñêií÷åííî¨ ñiì'¨ U0 íåïîðîæíiõ âiäêðèòèõ ïiäìíîæèí

â X.

Ïîáóäó¹ìî çà iíäóêöi¹þ íåñêií÷åííó äèñêðåòíó ñiì'þ íåïîðîæíiõ âiä-

êðèòèõ ïiäìíîæèí ó òîïîëîãi÷íîìó ïðîñòîði X.

Çàôiêñó¹ìî äîâiëüíó ìíîæèíó U1 ∈ U0 i áóäü-ÿêó òî÷êó x1 ∈ U1. Ïî-

çàÿê ñiì'ÿ U0 ¹ ëîêàëüíî ñêií÷åííîþ, òî iñíó¹ âiäêðèòèé îêië U(x1) ⊆ U1

òî÷êè x1 ó ïðîñòîði X òàêèé, ùî U(x1) ïåðåòèíà¹ ñêií÷åííó êiëüêiñòü åëå-

ìåíòiâ ñiì'¨ U0. Ç êâàçiðåãóëÿðíîñòi ïðîñòîðó X âèïëèâà¹ iñíóâàííÿ òàêî¨

íåïîðîæíüî¨ âiäêðèòî¨ ïiäìíîæèíè V1 ⊆ U(x1), ùî clX(V1) ⊆ U(x1). Ïî-

êëàäåìî

U1 = {U ∈ U0 : U(x1) ∩ U = ∅} .

Îñêiëüêè ñiì'ÿ U0 ¹ ëîêàëüíî ñêií÷åííîþ òà íåñêií÷åííîþ, òî òàêîþ ¹ i

ñiì'ÿ U1. Çàôiêñó¹ìî äîâiëüíó ìíîæèíó U2 ∈ U1 i áóäü-ÿêó òî÷êó x2 ∈ U2.

Ïîçàÿê ñiì'ÿ U1 ¹ ëîêàëüíî ñêií÷åííîþ, òî iñíó¹ âiäêðèòèé îêië

U(x2) ⊆ U2 òî÷êè x2 ó ïðîñòîði X òàêèé, ùî U(x2) ïåðåòèíà¹ ñêií÷åííó

êiëüêiñòü åëåìåíòiâ ñiì'¨ U1. Îñêiëüêè òîïîëîãi÷íèé ïðîñòið X ¹ êâàçiðå-

ãóëÿðíèì, òî iñíó¹ íåïîðîæíÿ âiäêðèòà ïiäìíîæèíà V2 ⊆ U(x2) òàêà, ùî

clX(V2) ⊆ U(x2). Ç íàøî¨ ïîáóäîâè âèïëèâà¹, ùî çàìêíåíi ìíîæèíè clX(V1)

òà clX(V2) ¹ äèç'þíêòíèìè, à òîìó òàêèìè ¹ i ìíîæèíè V1 òà V2. Òåïåð ïî-

êëàäåìî

U2 = {U ∈ U1 : U(x2) ∩ U = ∅} .

Î÷åâèäíî, ùî U(x1) ∩ U = ∅ äëÿ âñiõ U ∈ U1.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà k > 1 ìè ïîáóäóâàëè:

(a) ïîñëiäîâíiñòü íåñêií÷åííèõ ëîêàëüíî ñêií÷åííèõ ïiäñiìåé íåïîðîæ-

íiõ âiäêðèòèõ ïiäìíîæèí U1, . . . ,Uk−1 â U0;

(b) ïîñëiäîâíiñòü âiäêðèòèõ ïiäìíîæèí U1, . . . , Uk â X;

(c) ïîñëiäîâíiñòü òî÷îê x1, . . . , xk â X òà ïîñëiäîâíiñòü ¨õ âiäïîâiäíèõ

âiäêðèòèõ îêîëiâ U(x1), . . . , U(xk) â X;
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(d) ïîñëiäîâíiñòü äèç'þíêòíèõ íåïîðîæíiõ ïiäìíîæèí V1, . . . , Vk â X,

äëÿ ÿêèõ âèêîíóþòüñÿ òàêi óìîâè:

(i) Ui ¹ âëàñíîþ ïiäñiì'¹þ â Ui−1;

(ii) Ui ∈ Ui−1 òà Ui ∩ U = ∅ äëÿ âñiõ U ∈ Uj, äå i ⩽ j ⩽ k;

(iii) xi ∈ Ui òà U(xi) ⊆ Ui;

(iv) Vi ¹ âiäêðèòîþ ïiäìíîæèíîþ â Ui i clX(Vi) ⊆ U(xi),

äëÿ âñiõ i = 1, . . . , k, à òàêîæ

(v) ìíîæèíè clX(V1), . . . , clX(Vk) � äèç'þíêòíi.

Äàëi ïîêëàäåìî

Uk = {U ∈ Uk−1 : U(x1) ∩ U = . . . = U(xk) ∩ U = ∅} .

Îñêiëüêè ñiì'ÿ Uk−1 ¹ íåñêií÷åííîþ òà ëîêàëüíî ñêií÷åííîþ, òî iñíó¹ íå-

ñêií÷åííà ëîêàëüíî ñêií÷åííà ïiäñiì'ÿ Uk â Uk−1. Çàôiêñó¹ìî äîâiëüíó

ìíîæèíó Uk+1 ∈ Uk òà áóäü-ÿêó òî÷êó xk+1 ∈ Uk+1. Îñêiëüêè ñiì'ÿ Uk

¹ ëîêàëüíî ñêií÷åííîþ, òî iñíó¹ âiäêðèòèé îêië U(xk+1) ⊆ Uk+1 òî÷êè xk+1

ó ïðîñòîði X òàêèé, ùî U(xk+1) ïåðåòèíà¹ ñêií÷åííó êiëüêiñòü åëåìåíòiâ

ñiì'¨ Uk. Îñêiëüêè òîïîëîãi÷íèé ïðîñòið X ¹ êâàçiðåãóëÿðíèì, òî iñíó¹ òàêà

íåïîðîæíÿ âiäêðèòà ïiäìíîæèíà Vk+1 ⊆ U(xk+1), ùî clX(Vk+1) ⊆ U(xk+1).

Ëåãêî áà÷èòè, ùî óìîâè (i) − (iv) âèêîíóþòüñÿ äëÿ íàòóðàëüíîãî ÷èñëà

k + 1.

Îòæå, çà iíäóêöi¹þ ìè ïîáóäóâàëè òàêi äâi íåñêií÷åííi çëi÷åííi ñiì'¨

âiäêðèòèõ íåïîðîæíiõ ïiäìíîæèí ó ïðîñòîði X:

U = {Ui : i = 1, 2, 3, . . .} i V = {Vi : i = 1, 2, 3, . . .} ,

ùî clX(Vi) ⊆ Ui äëÿ âñiõ íàòóðàëüíèõ ÷èñåë i. Îñêiëüêè U � ïiäñiì'ÿ â

U0 i ñiì'ÿ U0 ¹ ëîêàëüíî ñêií÷åííîþ â ïðîñòîði X, òî U òàêîæ ¹ ëîêàëüíî

ñêií÷åííîþ â X. Ç âèùåíàâåäåíèõ àðãóìåíòiâ âèïëèâà¹, ùî V i

V = {clX(Vi) : i = 1, 2, 3, . . .}
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òàêîæ ¹ ëîêàëüíî ñêií÷åííèìè ñiì'ÿìè â òîïîëîãi÷íîìó ïðîñòîði X.

Äîâåäåìî òåïåð, ùî ñiì'ÿ V ¹ äèñêðåòíîþ â ïðîñòîðiX. Ñïðàâäi, îñêiëü-

êè ñiì'ÿ V ¹ ëîêàëüíî ñêií÷åííîþ âX, òî çà òåîðåìîþ 1.2.9 îá'¹äíàííÿ
⋃

V

¹ çàìêíåíîþ ïiäìíîæèíîþ â ïðîñòîðiX, à òîìó äîâiëüíà òî÷êà x ∈ X\
⋃

V

ìà¹ âiäêðèòèé îêië, ÿêèé íå ïåðåòèíà¹ åëåìåíòiâ ñiì'¨ V . ßêùî x ∈ clX(Vi)

äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà i, òî çà ïîáóäîâîþ U(xi) ¹ âiäêðèòèì îêî-

ëîì òî÷êè x ó ïðîñòîðiX, ÿêèé ïåðåòèíà¹ ëèøå ìíîæèíó Vi ∈ V . Îòæå, òî-

ïîëîãi÷íèé ïðîñòið X ìiñòèòü íåñêií÷åííó äèñêðåòíó ñiì'þ V íåïîðîæíiõ

âiäêðèòèõ ïiäìíîæèí â X, ùî ñóïåðå÷èòü ïðèïóùåííþ ïðî òå, ùî ïðîñòið

X ¹ d-ñëàáêî êîìïàêòíèì. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ òâåðäæåííÿ

òåîðåìè.
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2.3. D(ω)-êîìïàêòíi òðàíñëÿöiéíî-íåïåðåðâíi òîïîëîãi¨ íà

expn λ

Ó öüîìó ïiäðîçäiëi äîñëiäæóþòüñÿ ñëàáêî êîìïàêòíi òðàíñëÿöiéíî-íå-

ïåðåðâíi òîïîëîãi¨ íà íàïiâ ðàòöi expn λ. Äîâåäåíî, ùî T1-òîïîëîãiÿ ¹ ñåê-

âåíöiàëüíî ïðàêîìïàêòíîþ òîäi i ëèøå òîäi, êîëè âîíà ¹D(ω)-êîìïàêòíîþ.

Ëåìà 2.3.1. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî òà λ � áóäü-ÿêèé

íåñêií÷åííèé êàðäèíàë. Òîäi ìíîæèíà içîëüîâàíèõ òî÷îê T1-íàïiâòîïî-

ëîãi÷íî¨ íàïiâ ðàòêè expn λ ¹ ùiëüíîþ â íié.

Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíó íåïîðîæíþ âiäêðèòó ïiäìíîæèíó U â

expn λ. Òîäi iñíó¹ òàêèé åëåìåíò y ∈ expn λ, ùî ↑y∩U = {y}. Çà òâåðäæåí-
íÿì 2.1.1(iii), ↑y � âiäêðèòî-çàìêíåíà ïiäìíîæèíà ïðîñòîðó expn λ, à òîìó

y � içîëüîâàíà òî÷êà â expn λ.

Òâåðäæåííÿ 2.3.2. Íåõàé n � áóäü-ÿêå íàòóðàëüíå ÷èñëî òà λ � äî-

âiëüíèé íåñêií÷åííèé êàðäèíàë. Òîäi êîæíà ñëàáêî êîìïàêòíà T1-íàïiâ-

òîïîëîãi÷íà íàïiâ ðàòêà expn λ ¹ ñåêâåíöiàëüíî ïðàêîìïàêòíîþ.

Äîâåäåííÿ. Ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ ñëàáêî êîìïàêòíà T1-íàïiâ-

òîïîëîãi÷íà íàïiâ ðàòêà expn λ, ÿêà íå ¹ ñåêâåíöiàëüíî ïðàêîìïàêòíîþ.

Òîäi êîæíà ùiëüíà ïiäìíîæèíà D â ïðîñòîði expn λ ìiñòèòü òàêó ïîñëiäîâ-

íiñòü òî÷îê ç D, ÿêà íå ìà¹ çáiæíî¨ ïiäïîñëiäîâíîñòi.

Çà òâåðäæåííÿì 2.2.2 ïiäìíîæèíà expn λ\expn−1 λ ¹ ùiëüíîþ â expn λ, à

ç òâåðäæåííÿ 2.1.1(ii) âèïëèâà¹, ùî êîæíà òî÷êà ìíîæèíè expn λ\expn−1 λ

¹ içîëüîâàíîþ â ïðîñòîði expn λ. Òîäi ìíîæèíà expn λ \ expn−1 λ ìiñòèòü

íåñêií÷åííó ïîñëiäîâíiñòü òî÷îê {xp : p ∈ N}, ç ÿêî¨ íå ìîæíà âèáðàòè

çáiæíó ïiäïîñëiäîâíiñòü. Çà ëåìîþ 1.2.1 ïîñëiäîâíiñòü {xp : p ∈ N} ìiñòèòü
íåñêií÷åííó ∆-ïiäñiì'þ, òîáòî òàêó íåñêií÷åííó ïiäïîñëiäîâíiñòü

{xpi : i ∈ N}, äëÿ ÿêî¨ iñíó¹ åëåìåíò x ∈ expn λ, ùî âèêîíó¹òüñÿ óìîâà

xpi ∩ xpj=x äëÿ äîâiëüíèõ ðiçíèõ i, j ∈ N.

Ïðèïóñòèìî, ùî x = 0 ¹ íóëåì íàïiâ ðàòêè expn λ. Îñêiëüêè ïîñëiäîâ-
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íiñòü {xpi : i ∈ N} ¹ íåñêií÷åííîþ ∆-ïiäñiì'¹þ, òî äëÿ êîæíîãî íåíóëüîâîãî

åëåìåíòà y ∈ expn λ ïåðåòèíè ìíîæèí {xpi : i ∈ N} òà ↑y çáiãàþòüñÿ. Îòîæ,
expn λ ìiñòèòü íåñêií÷åííó ëîêàëüíî ñêií÷åííó ñiì'þ âiäêðèòèõ íåïîðîæíiõ

ïiäìíîæèí, ùî ñóïåðå÷èòü òîìó, ùî òîïîëîãi÷íèé ïðîñòið expn λ ¹ ñëàáêî

êîìïàêòíèì.

ßêùî æ x � íåíóëüîâèé åëåìåíò íàïiâ ðàòêè expn λ, òî çà òâåðäæåí-

íÿì 2.1.1(iii), ↑x � âiäêðèòî-çàìêíåíèé ïiäïðîñòið â òîïîëîãi÷íîìó ïðîñ-

òîði expn λ, à òîìó çà òåîðåìîþ 1.2.19, ïðîñòið ↑x ñëàáêî êîìïàêòíèé. Ìè

îòðèìàëè, ùî x ¹ íóëåì íàïiâ ðàòêè ↑x, ùî ñóïåðå÷èòü ïîïåðåäíié ÷àñòèíi
äîâåäåííÿ.

Òâåðäæåííÿ 2.3.3. Íåõàé n � áóäü-ÿêå íàòóðàëüíå ÷èñëî òà λ � äîâiëü-

íèé íåñêií÷åííèé êàðäèíàë. Òîäi êîæíà ñëàáêî êîìïàêòíà T1-íàïiâòîïî-

ëîãi÷íà íàïiâ ðàòêà expn λ ¹ öiëêîì çëi÷åííî ïðàêîìïàêòíèì ïðîñòîðîì.

Äîâåäåííÿ. Ïîêëàäåìî D = expn λ\expn−1 λ. Çà òâåðäæåííÿì 2.2.2 ïiä-

ìíîæèíà D ¹ ùiëüíîþ â ïðîñòîði expn λ, à ç òâåðäæåííÿ 2.1.1(ii) âèïëèâà¹,

ùî êîæíà òî÷êà ìíîæèíè D ¹ içîëüîâàíîþ â ïðîñòîði expn λ. Çàôiêñó¹ìî

äîâiëüíó ïîñëiäîâíiñòü {xp : p ∈ N} òî÷îê ç ìíîæèíè D. Çà ëåìîþ 1.2.1

ïîñëiäîâíiñòü {xp : p ∈ N} ìiñòèòü íåñêií÷åííó ∆-ïiäñiì'þ, òîáòî òàêó íå-

ñêií÷åííó ïiäïîñëiäîâíiñòü {xpi : i ∈ N}, äëÿ ÿêî¨ iñíó¹ åëåìåíò x ∈ expn λ,

ùî âèêîíó¹òüñÿ óìîâà xpi ∩ xpj=x äëÿ äîâiëüíèõ ðiçíèõ i, j ∈ N.

Ïðèïóñòèìî, ùî x = 0 ¹ íóëåì íàïiâ ðàòêè expn λ. Îñêiëüêè ïîñëiäîâ-

íiñòü {xpi : i ∈ N} ¹ íåñêií÷åííîþ ∆-ïiäñiì'¹þ, òî ïåðåòèí {xpi : i ∈ N}∩↑y
ìiñòèòü ùîíàéáiëüøå îäíó òî÷êó ç ïîñëiäîâíîñòi {xpi : i ∈ N} äëÿ êîæíî-

ãî íåíóëüîâîãî åëåìåíòà y ∈ expn λ. Çà òâåðäæåííÿì 2.1.1(ii) äëÿ äîâiëü-

íî¨ òî÷êè a ∈ expn λ \ {0} iñíó¹ òàêèé ¨¨ âiäêðèòèé îêië U(a) â ïðîñòîði

expn λ, ùî U(a) ⊆ ↑a. Îòæå, ç íàøèõ ïðèïóùåíü âèïëèâà¹, ùî íóëü 0 ¹äè-

íà òî÷êà íàêîïè÷åííÿ ïîñëiäîâíîñòi {xpi : i ∈ N} â òîïîëîãi÷íîìó ïðîñòîði
expn λ. Îñêiëüêè çà ëåìîþ 2.1.17 äëÿ äîâiëüíîãî âiäêðèòîãî îêîëóW (0) íó-
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ëÿ 0 â ïðîñòîði expn λ iñíó¹ ñêií÷åííà êiëüêiñòü òàêèõ íåíóëüîâèõ åëåìåíòiâ

y1, . . . , yk ∈ expn λ, ùî

(expn λ \ expn−1 λ) ⊆ W (0) ∪ ↑y1 ∪ · · · ∪ ↑yk,

òî îòðèìó¹ìî, ùî

clexpn λ({xpi : i ∈ N}) = {0} ∪ {xpi : i ∈ N}

¹ êîìïàêòíîþ ïiäìíîæèíîþ â ïðîñòîði expn λ.

ßêùî æ x � íåíóëüîâèé åëåìåíò íàïiâ ðàòêè expn λ, òî çà òâåðäæåí-

íÿì 2.1.1(iii), ↑x � âiäêðèòî-çàìêíåíèé ïiäïðîñòið â òîïîëîãi÷íîìó ïðîñ-

òîði expn λ, à òîìó çà òåîðåìîþ 1.2.19 ïðîñòið ↑x ¹ ñëàáêî êîìïàêòíèì.

Òîäi x ¹ íóëåì íàïiâ ðàòêè ↑x, à çà ïîïåðåäíüî äîâåäåíèì,

clexpn λ({xpi : i ∈ N}) = {x} ∪ {xpi : i ∈ N}

¹ êîìïàêòíîþ ïiäìíîæèíîþ â ïðîñòîði expn λ.

Òâåðäæåííÿ 2.3.4. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî òà λ � áóäü-

ÿêèé íåñêií÷åííèé êàðäèíàë. Òîäi êîæíà D(ω)-êîìïàêòíà T1-íàïiâòîïî-

ëîãi÷íà íàïiâ ðàòêà expn λ ¹ ñëàáêî êîìïàêòíîþ.

Äîâåäåííÿ. Ïðîâåäåìî äîâåäåííÿ âiä ñóïðîòèâíîãî. Íåõàé iñíó¹

D(ω)-êîìïàêòíà T1-íàïiâòîïîëîãi÷íà íàïiâ ðàòêà expn λ, ÿêà íå ¹ ñëàáêî

êîìïàêòíîþ. Òîäi iñíó¹ íåñêií÷åííà ëîêàëüíî ñêií÷åííà ñiì'ÿ U ={Ui} âiä-
êðèòèõ íåïîðîæíiõ ïiäìíîæèí ó ïðîñòîði expn λ. Íå çìåíøóþ÷è çàãàëüíîñ-

òi, ìîæåìî ââàæàòè, ùî ñiì'ÿ U ={Ui} ¹ çëi÷åííîþ, òîáòî U ={Ui : i∈N}. Ç
ëåìè 2.3.1 âèïëèâà¹, ùî äëÿ êîæíî¨ âiäêðèòî¨ ìíîæèíè Ui ∈ U iñíó¹ òî÷êà

ai ∈ Ui òàêà, ùî U ∗ = {{ai} : i ∈ N} � ñiì'ÿ içîëüîâàíèõ òî÷îê ó ïðîñòîði

expn λ. Ïîçàÿê ñiì'ÿ U ¹ ëîêàëüíî ñêií÷åííîþ, òî íå çìåíøóþ÷è çàãàëü-

íîñòi, ìîæåìî ââàæàòè, ùî ai ̸= aj äëÿ ðiçíèõ i, j ∈ N. Ç òîãî, ùî ñiì'ÿ

U ¹ ëîêàëüíî ñêií÷åííîþ âèïëèâà¹, ùî ñiì'ÿ U ∗ ¹ òàêîæ ëîêàëüíî ñêií-

÷åííîþ. Îñêiëüêè expn λ ¹ T1-ïðîñòîðîì, òî îá'¹äíàííÿ
⋃

U ∗ ¹ çàìêíåíîþ
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ïiäìíîæèíîþ â íüîìó, à òîìó íåïåðåðâíèì ¹ âiäîáðàæåííÿ f : expn λ→Nd,

äå Nd � ìíîæèíà íàòóðàëüíèõ ÷èñåë ðàçîì iç çàäàíîþ íà íié äèñêðåòíîþ

òîïîëîãi¹þ:

f(b) =

 1, ÿêùî b ∈ expn λ \
⋃

U ∗;

i+ 1, ÿêùî b = ai äëÿ äåÿêèõ i ∈ N.

À öå ñóïåðå÷èòü D(ω)-êîìïàêòíîñòi ïðîñòîðó expn λ, îñêiëüêè äîâiëüíi äâà

íåñêií÷åííi çëi÷åííi äèñêðåòíi ïðîñòîðè ãîìåîìîðôíi.

Ïiäñóìó¹ìî îòðèìàíi ðåçóëüòàòè â òåîðåìi 2.3.5.

Òåîðåìà 2.3.5. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî i λ � áóäü-ÿêèé íå-

ñêií÷åííèé êàðäèíàë. Òîäi äëÿ êîæíî¨ T1-íàïiâòîïîëîãi÷íî¨ íàïiâ ðàòêè

expn λ íàñòóïíi óìîâè ¹ åêâiâàëåíòíèìè:

(i) expn λ � ñåêâåíöiàëüíî ïðàêîìïàêòíà;

(ii) expn λ � öiëêîì çëi÷åííî ïðàêîìïàêòíà;

(iii) expn λ � ñëàáêî êîìïàêòíà;

(iv) expn λ � D(ω)-êîìïàêòíà.

Äîâåäåííÿ. Iìïëiêàöi¨ (i) ⇒ (iii), (ii) ⇒ (iii) òà (iii) ⇒ (iv) òðèâiàëüíi.

Îáåðíåíi iìïëiêàöi¨ (iii) ⇒ (i), (iii) ⇒ (ii) òà (iv) ⇒ (iii) âèïëèâàþòü iç

òâåðäæåíü 2.3.2, 2.3.3 i 2.3.4, âiäïîâiäíî.
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2.4. Âèñíîâêè äî ðîçäiëó 2

Ó öüîìó ðîçäiëi äîâåäåíî, ùî êîæíà çëi÷åííî êîìïàêòíà òðàíñëÿöiéíî-

íåïåðåðâíà T1-òîïîëîãiÿ, êîæíà ñëàáêî êîìïàêòíà íàïiâãðóïîâà T1-òîïîëî-

ãiÿ òà êîæíà íàïiâðåãóëÿðíà ñëàáêî êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà

T1-òîïîëîãiÿ íà expn λ ¹ ãàóñäîðôîâîþ íàïiâãðóïîâîþ êîìïàêòíîþ, à òà-

êîæ îïèñàíî öþ òîïîëîãiþ (òåîðåìè 2.1.7, 2.1.18, ïðèêëàä 2.1.4). Ïîáóäî-

âàíî çëi÷åííî ïðàêîìïàêòíó íåêîìïàêòíó íåíàïiâðåãóëÿðíó ãàóñäîðôîâó

òðàíñëÿöiéíî-íåïåðåðâíó òîïîëîãiþ τ 2
fc
íà exp2 λ (ïðèêëàä 2.1.9) òà äî-

âåäåíî (òåîðåìà 2.3.5), ùî äëÿ òðàíñëÿöiéíî-íåïåðåðâíî¨ T1-òîïîëîãi¨ τ

íà expn λ òàêi óìîâè åêâiâàëåíòíi: (i) τ � ñåêâåíöiàëüíî ïðàêîìïàêòíà;

(ii) τ � öiëêîì çëi÷åííî ïðàêîìïàêòíà; (iii) τ � ñëàáêî êîìïàêòíà;

(iv) τ � D(ω)-êîìïàêòíà.
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ÐÎÇÄIË 3

ÐÎÇØÈÐÅÍÍß ÍÀÏIÂÃÐÓÏ ÑÈÌÅÒÐÈ×ÍÈÌÈ

IÍÂÅÐÑÍÈÌÈ ÍÀÏIÂÃÐÓÏÀÌÈ ÎÁÌÅÆÅÍÎÃÎ

ÑÊIÍ×ÅÍÍÎÃÎ ÐÀÍÃÓ

Îñíîâíi ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíî â ñòàòòi [114].

3.1. Êîíñòðóêöiÿ íàïiâãðóïîâîãî ðîçøèðåííÿ I n
λ (S)

λ-ðîçøèðåííÿ Áðàíäòà Bλ(S) íàïiâãðóïè S ìîæíà ðîçãëÿäàòè, ÿê íà-

ïiâãðóïîâå ðîçøèðåííÿ íàïiâãðóïè S íàïiâãðóïîþ λ×λ-ìàòðè÷íèõ îäèíèöü

Bλ. Àíàëîãi÷íå ðîçøèðåííÿ ìè áóäó¹ìî, âèêîðèñòîâóþ÷è íàïiâãðóïó I n
λ .

Êîíñòðóêöiÿ 3.1.1. Íåõàé S � íàïiâãðóïà, λ � íåíóëüîâèé êàðäèíàë, n

òà k � íàòóðàëüíi ÷èñëà òàêi, ùî k ⩽ n ⩽ λ. Îòîòîæíèìî êîæíèé åëåìåíò

α ∈ I n
λ ç éîãî ãðàôiêîì Gr(α) ⊂ λ× λ. Ïîêëàäåìî

I n
λ (S) = {αS : Gr(α) → S : α ∈ I n

λ } ,

à êîæíå âiäîáðàæåííÿ ç ïîðîæíüîãî âiäîáðàæåííÿ 0 â íàïiâãðóïó S îòî-

òîæíèìî ç ïîðîæíiì âiäîáðàæåííÿì ∅ : λ× λ ⇀ S i ïîçíà÷èìî éîãî ÷åðåç

0. Äîâiëüíèé åëåìåíò ìíîæèíè I n
λ (S) ç 0 ̸= rankα ⩽ n ïîçíà÷èìî ÷åðåç(
x1 ··· xk
s1 ··· sk
y1 ··· yk

)
,

äå α = ( x1 ··· xk
y1 ··· yk ), à ((x1, y1))α = s1, . . . , ((xk, yk))α = sk. Òàêîæ äëÿ åëå-

ìåíòà αS ∈ I n
λ (S) òàêîãî, ùî

αS =
(

x1 ··· xk
s1 ··· sk
y1 ··· yk

)
ïîçíà÷èìî d(αS) = {x1, . . . , xk} i r(αS) = {y1, . . . , yk}.

Äàëi âèçíà÷èìî áiíàðíó îïåðàöiþ �·� íà ìíîæèíi I n
λ (S) òàê:
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(i) αS · 0 = 0 · αS = 0 · 0 = 0 äëÿ âñiõ αS ∈ I n
λ (S);

(ii) ÿêùî α · β = 0 â I n
λ , òî αS · βS = 0 äëÿ âñiõ αS, βS ∈ I n

λ (S);

(iii) ÿêùî αS =
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
, βS =

(
c1 ··· cj
t1 ··· tj
d1 ··· dj

)
i

α · β =
( a1 ··· ai
b1 ··· bi

)
·
( c1 ··· cj
d1 ··· dj

)
=
(

ai1 ··· aim
dj1 ··· djm

)
̸= 0

â I n
λ , òî αS · βS =

(
ai1 ··· aim

si1tj1 ··· simtjm
dj1 ··· djm

)
.

Ëåãêî áà÷èòè, ùî òàê âèçíà÷åíà áiíàðíà îïåðàöiÿ íà ìíîæèíi I n
λ (S) ¹

àñîöiàòèâíîþ, à òîìóI n
λ (S)� íàïiâãðóïà. Î÷åâèäíî, ùî íàïiâãðóïàI 1

λ (S)

içîìîðôíà λ-ðîçøèðåííþ Áðàíäòà Bλ(S) íàïiâãðóïè S.
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3.2. Àëãåáðè÷íi âëàñòèâîñòi ðîçøèðåííÿ I n
λ (S)

Òâåðäæåííÿ 3.2.1 îïèñó¹ ïiäìíîæèíó iäåìïîòåíòiâ íàïiâãðóïè I n
λ (S).

Òâåðäæåííÿ 3.2.1. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà i ⩽ n íåíóëüîâèé

åëåìåíò αS =
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
íàïiâãðóïè I n

λ (S) ¹ iäåìïîòåíòîì òîäi i òiëüêè

òîäi, êîëè a1 = b1, . . . , ai = bi i s1, . . . , si ∈ E(S).

Äîâåäåííÿ. Iìïëiêàöiÿ (⇐) î÷åâèäíà.

(⇒) Ïðèïóñòèìî, ùî αS · αS = αS. Ç îçíà÷åííÿ íàïiâãðóïè I n
λ (S)

âèïëèâà¹, ùî ðiçíèìè ¹ âñi ñèìâîëè â íàáîðàõ {a1, . . . , ai} i {b1, . . . , bi}.
Ç âèùåíàâåäåíèõ àðãóìåíòiâ òà ç ðiâíîñòi αS · αS = αS âèïëèâà¹, ùî

{a1, . . . , ai} = {b1, . . . , bi}. Ïðèïóñòèìî, ùî ak ̸= bk = al äëÿ äåÿêèõ íà-

òóðàëüíèõ ÷èñåë k, l ∈ {1, . . . , i}, k ̸= l. Òîäi al ̸= bl ̸= bk, ùî ñóïåðå-

÷èòü ðiâíîñòi αS · αS = αS. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâàþòü ðiâíîñòi

a1 = b1, . . . , ai = bi. Îòæå,

αS · αS =
(

a1 ··· ai
s1 ··· si
a1 ··· ai

)
·
(

a1 ··· ai
s1 ··· si
a1 ··· ai

)
=
(

a1 ··· ai
s1s1 ··· sisi
a1 ··· ai

)
=
(

a1 ··· ai
s1 ··· si
a1 ··· ai

)
= αS,

à òîìó s1s1 = s1, . . . , sisi = si. Öå i çàâåðøó¹ äîâåäåííÿ.

Òâåðäæåííÿ 3.2.2. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà i ⩽ n íåíóëüîâèé

åëåìåíò αS =
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
íàïiâãðóïè I n

λ (S) ¹ ðåãóëÿðíèì òîäi i ëèøå òîäi,

êîëè ðåãóëÿðíèìè ¹ åëåìåíòè s1, . . . , si â íàïiâãðóïi S.

Äîâåäåííÿ. Iìïëiêàöiÿ (⇐) î÷åâèäíà. Ñïðàâäi, αS = αSβSαS äëÿ

βS =
(

b1 ··· bi
t1 ··· ti
a1 ··· ai

)
, äå åëåìåíòè t1, . . . , ti íàïiâãðóïè S ¹ òàêèìè, ùî

s1 = s1t1s1, . . . , si = sitisi.

(⇒) Ïðèïóñòèìî, ùî αS ¹ ðåãóëÿðíèì åëåìåíòîì íàïiâãðóïè I n
λ (S).

Òîäi iñíó¹ òàêèé åëåìåíò βS =
( c1 ··· ck

t1 ··· tk
d1 ··· dk

)
íàïiâãðóïè I n

λ (S), 0 < k ⩽ n, ùî

αS = αS · βS · αS. Çâiäñè âèïëèâà¹, ùî {b1, . . . , bi} ⊆ {c1, . . . , ck}, à òîìó

k ⩾ i. Íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî ââàæàòè, ùî b1 = c1, . . . , bi = ci.

Òîäi ç ðiâíîñòi αS = αS · βS · αS i ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà
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I n
λ (S) âèïëèâà¹, ùî d1 = a1, . . . , di = ai, à òîìó

αS = αS · βS · αS =

=
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·
( c1 ··· ck

t1 ··· tk
d1 ··· dk

)
·
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
=

=
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·
(

b1 ··· bi ci+1 ··· ck
t1 ··· ti ti+1 ··· tk
a1 ··· ai di+1 ··· dk

)
·
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
=

=
( a1 ··· ai

s1t1s1 ··· sitisi
b1 ··· bi

)
=

=
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
.

Îòîæ, ðiâíîñòi s1 = s1t1s1, . . . , si = sitisi âèêîíóþòüñÿ â S, ùî i çàâåðøó¹

äîâåäåííÿ íàøîãî òâåðäæåííÿ.

Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ â I n
λ (S) âèïëèâà¹.

Òâåðäæåííÿ 3.2.3. Íåõàé λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë, n òà

i � äîâiëüíi íàòóðàëüíi ÷èñëà òàêi, ùî i ⩽ n ⩽ λ, S � íàïiâãðóïà,

a1, . . . , ai, b1, . . . , bi ∈ λ. ßêùî åëåìåíòè s1 i t1, . . . , si i ti ¹ ïîïàðíî ií-

âåðñíèìè â S, òî åëåìåíòè
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
òà

(
b1 ··· bi
t1 ··· ti
a1 ··· ai

)
¹ ïîïàðíî iíâåðñíèìè

â I n
λ (S).

Íåõàé S � íàïiâãðóïà, òîäi ÷åðåç Sn ïîçíà÷àòèìåìî ïðÿìèé n-ñòåïiíü

íàïiâãðóïè S, äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ⩾ 2, òîáòî äåêàðòîâèé

n-ñòåïiíü íàïiâãðóïè S ç îïåðàöi¹þ ïîòî÷êîâîãî ìíîæåííÿ.

Äëÿ äîâiëüíî¨ íàïiâãðóïè S, êîæíîãî íàòóðàëüíîãî ÷èñëà i ⩽ n, áóäü-

ÿêîãî íàáîðó íåïîðîæíiõ ïiäìíîæèí A1, . . . , Ai ç S, à òàêîæ äîâiëüíèõ äâîõ

íàáîðiâ ðiçíèõ åëåìåíòiâ {a1, . . . , ai} i {b1, . . . , bi} ç êàðäèíàëà λ âèçíà÷èìî

ïiäìíîæèíó

[A1, . . . , Ai]
(a1,...,ai)
(b1,...,bi)

=
{( a1 ··· ai

s1 ··· si
b1 ··· bi

)
: s1 ∈ A1, . . . , si ∈ Ai

}
â I n

λ (S). Ó òîìó âèïàäêó, êîëè A1 = . . . = Ai = A â S ïîêëàäåìî

[A]
(a1,...,ai)
(b1,...,bi)

= [A1, . . . , Ai]
(a1,...,ai)
(b1,...,bi)

.
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Î÷åâèäíî, ùî äëÿ êîæíî¨ ïiäìíîæèíè A íàïiâãðóïè S i äîâiëüíî¨ ïiäñòà-

íîâêè σ : {1, . . . , i} → {1, . . . , i} âèêîíó¹òüñÿ ðiâíiñòü

[A]
(a(1)σ,...,a(i)σ)

(b(1)σ,...,b(i)σ)
= [A]

(a1,...,ai)
(b1,...,bi)

.

Òâåðäæåííÿ 3.2.4. Íåõàé λ � íåíóëüîâèé êàðäèíàë i n � äîâiëüíå íàòó-

ðàëüíå ÷èñëî ⩽ λ. Òîäi äëÿ êîæíî¨ íàïiâãðóïè S, äîâiëüíîãî íàòóðàëüíîãî

÷èñëà i ⩽ n òà äëÿ áóäü-ÿêîãî íàáîðó ðiçíèõ åëåìåíòiâ {a1, . . . , ai} ç λ ïiä-

íàïiâãðóïà S
(a1,...,ai)
(a1,...,ai)

â I n
λ (S) içîìîðôíà ïðÿìîìó ñòåïåíþ Si íàïiâãðóïè

S.

Äîâåäåííÿ. Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà I n
λ (S) âèïëèâà¹, ùî

ìíîæèíà Sa1,...,ai
a1,...,ai

¹ ïiäíàïiâãðóïîþ â I n
λ (S) äëÿ äîâiëüíîãî íàáîðó ðiçíèõ

åëåìåíòiâ {a1, . . . , ai} êàðäèíàëà λ. Içîìîðôiçì h : Si → S
(a1,...,ai)
(a1,...,ai)

âèçíà÷èìî

çà ôîðìóëîþ (s1, . . . , si)h =
(

a1 ··· ai
s1 ··· si
a1 ··· ai

)
.

Òâåðäæåííÿ 3.2.5. Äëÿ êîæíî¨ íàïiâãðóïè S, äîâiëüíîãî íåíóëüîâîãî

êàðäèíàëà λ òà áóäü-ÿêîãî íàòóðàëüíîãî ÷èñëà n ⩽ λ âèêîíóþòüñÿ òàêi

óìîâè:

(i) íàïiâãðóïà I n
λ (S) � ðåãóëÿðíà òîäi i ëèøå òîäi, êîëè íàïiâãðóïà

S � ðåãóëÿðíà;

(ii) íàïiâãðóïà I n
λ (S) � îðòîäîêñàëüíà òîäi i ëèøå òîäi, êîëè íàïiâ-

ãðóïà S � îðòîäîêñàëüíà;

(iii) íàïiâãðóïà I n
λ (S) � iíâåðñíà òîäi i ëèøå òîäi, êîëè íàïiâãðóïà S

� iíâåðñíà.

Äîâåäåííÿ. (i) âèïëèâà¹ ç òâåðäæåííÿ 3.2.2.

(ii) (⇐) Ïðèïóñòèìî, ùî S � îðòîäîêñàëüíà íàïiâãðóïà. Ç (i) âèïëèâà¹,

ùî íàïiâãðóïà I n
λ (S) ¹ ðåãóëÿðíîþ. Çà òâåðäæåííÿì 3.2.1 êîæåí íåíóëüî-

âèé iäåìïîòåíò íàïiâãðóïè I n
λ (S) ìà¹ âèãëÿä

(
a1 ··· ai
e1 ··· ei
a1 ··· ai

)
, äå 0 < i ⩽ n i

e1, . . . , ei ¹ iäåìïîòåíòàìè â íàïiâãðóïi S. Ç öüîãî âèïëèâà¹, ùî äîáóòîê

äâîõ iäåìïîòåíòiâ íàïiâãðóïè I n
λ (S) ¹ òàêîæ iäåìïîòåíòîì, à òîìó íàïiâ-

ãðóïà I n
λ (S) ¹ îðòîäîêñàëüíîþ.
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(⇒) Ïðèïóñòèìî, ùî I n
λ (S) � îðòîäîêñàëüíà íàïiâãðóïà. Çà òâåðäæåí-

íÿì 3.2.4 íàïiâãðóïà S
(a)
(a) ¹ ïiäíàïiâãðóïîþ â I n

λ (S) äëÿ âñiõ a ∈ λ, à òîìó

íàïiâãðóïà S
(a)
(a) ¹ îðòîäîêñàëüíîþ. Ç òâåðäæåííÿ 3.2.4 âèïëèâà¹, ùî íàïiâ-

ãðóïà S òàêîæ ¹ îðòîäîêñàëüíîþ.

(iii) (⇐) Ïðèïóñòèìî, ùî S � iíâåðñíà íàïiâãðóïà. Ç (i) âèïëèâà¹, ùî

íàïiâãðóïà I n
λ (S) ¹ ðåãóëÿðíîþ. Çà òâåðäæåííÿì 3.2.1 iäåìïîòåíòè íàïiâ-

ãðóïè I n
λ (S) êîìóòóþòü, à òîìó çà òåîðåìîþ 1.2.2 íàïiâãðóïà I n

λ (S) ¹

iíâåðñíîþ.

(⇒) Ïðèïóñòèìî, ùî I n
λ (S) � iíâåðñíà íàïiâãðóïà. Çà òâåðäæåííÿì

3.2.4 íàïiâãðóïà S
(a)
(a) ¹ ïiäíàïiâãðóïîþ â I n

λ (S) äëÿ âñiõ a ∈ λ, à çà òâåð-

äæåííÿì 3.2.3 âîíà ¹ iíâåðñíîþ ïiäíàïiâãðóïîþ. Îòæå, çà òâåðäæåííÿì 3.2.4

íàïiâãðóïà S ¹ iíâåðñíîþ.

Çàóâàæåííÿ 3.2.6. Î÷åâèäíî, ùî äëÿ äâîõ íåíóëüîâèõ åëåìåíòiâ

αS =
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
òà βS =

( c1 ··· ck
t1 ··· tk
d1 ··· dk

)
íàïiâãðóïè I n

λ (S) iç êîæíî¨ ç óìîâ

αSRβS, αSL βS, αSDβS, αSJ βS ÷è αSH βS âèïëèâà¹ ðiâíiñòü i = k.

Òâåðäæåííÿ 3.2.7 îïèñó¹ âiäíîøåííÿ �ðiíà íà íàïiâãðóïi I n
λ (S).

Òâåðäæåííÿ 3.2.7. Íåõàé S � ìîíî¨ä, λ � äîâiëüíèé íåíóëüîâèé êàð-

äèíàë, n ⩽ λ i αS =
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
òà βS =

( c1 ··· ci
t1 ··· ti
d1 ··· di

)
� íåíóëüîâi åëåìåíòè

íàïiâãðóïè I n
λ (S). Òîäi:

(i) αSRβS â I n
λ (S) òîäi i ëèøå òîäi, êîëè iñíó¹ ïåðåñòàíîâêà

σ : {1, . . . , i} → {1, . . . , i} òàêà, ùî

a1 = c(1)σ, . . . , ai = c(i)σ i s1Rt(1)σ, . . . , siRt(i)σ â S;

(ii) αSL βS â I n
λ (S) òîäi i ëèøå òîäi, êîëè iñíó¹ ïåðåñòàíîâêà

σ : {1, . . . , i} → {1, . . . , i} òàêà, ùî

b1 = d(1)σ, . . . , bi = d(i)σ i s1L t(1)σ, . . . , siL t(i)σ â S;

(iii) αSDβS â I n
λ (S) òîäi i ëèøå òîäi, êîëè iñíó¹ ïåðåñòàíîâêà

σ : {1, . . . , i} → {1, . . . , i} òàêà, ùî s1Dt(1)σ, . . . , siDt(i)σ â S;
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(iv) αSH βS â I n
λ (S) òîäi i ëèøå òîäi, êîëè iñíóþòü ïåðåñòàíîâêè

σ, ρ : {1, . . . , i} → {1, . . . , i} òàêi, ùî

s1Rt(1)σ, . . . , siRt(i)σ i s1L t(1)ρ, . . . , siL t(i)ρ â S;

(v) αSJ βS â I n
λ (S) òîäi i ëèøå òîäi, êîëè iñíó¹ ïåðåñòàíîâêà

π : {1, . . . , i} → {1, . . . , i} òàêà, ùî s1J t(1)π, . . . , siJ t(i)π â S.

Äîâåäåííÿ. (i) (⇒) Ïðèïóñòèìî, ùî αSRβS â I n
λ (S). Òîäi iñíóþòü íå-

íóëüîâi åëåìåíòè γS =
( e1 ··· ek

u1 ··· uk

f1 ··· fk

)
òà δS =

( g1 ··· gj
v1 ··· vj
h1 ··· hj

)
íàïiâãðóïè I n

λ (S) òàêi,

ùî αS = βSγS, βS = αSδS, i ⩽ j ⩽ n i i ⩽ k ⩽ n. Òàêîæ ç îçíà÷åííÿ

íàïiâãðóïîâî¨ îïåðàöi¨ íà I n
λ (S) âèïëèâà¹, ùî íå çìåíøóþ÷è çàãàëüíîñòi,

ìîæåìî ââàæàòè, ùî j = k = i. Òîäi ç ðiâíîñòåé

αS = βSγS i βS = αSδS

âèïëèâà¹, ùî

{a1, . . . , ai}={c1, . . . , ci}, {b1, . . . , bi}={g1, . . . , gi} i {d1, . . . , di}={e1, . . . , ei}.

Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà I n
λ (S) âèïëèâà¹, ùî iñíóþòü òàêi

ïåðåñòàíîâêè σ, ρ, ζ : {1, . . . , i} → {1, . . . , i}, ùî

a1 = c(1)σ, . . . , ai = c(i)σ, d1 = e(1)ρ, . . . , di = e(i)ρ i b1 = g(1)ζ , . . . , bi = g(i)ζ ,

à òîìó ( a1 ··· ai
s1 ··· si
b1 ··· bi

)
=
( c1 ··· ci

t1 ··· ti
d1 ··· di

)
·
( e1 ··· ei

u1 ··· ui

f1 ··· fi

)
=

=
( c1 ··· ci

t1 ··· ti
d1 ··· di

)
·
(

d1 ··· di
u(1)ρ ··· u(i)ρ

f(1)ρ ··· f(i)ρ

)
=

=

(
c1 ··· ci

t1u(1)ρ ··· tiu(i)ρ

f(1)ρ ··· f(i)ρ

)
=

=

(
a1 ··· ai

t(1)σu((1)ρ)σ ··· t(i)σu((i)ρ)σ

f((1)ρ)σ ··· f((i)ρ)σ

)
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i ( c1 ··· ci
t1 ··· ti
d1 ··· di

)
=
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·
( g1 ··· gi

v1 ··· vi
h1 ··· hi

)
=

=
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·
(

b1 ··· bi
v(1)ζ ··· v(i)ζ
h(1)ζ ··· h(i)ζ

)
=

=
( a1 ··· ai

s1v(1)ζ ··· siv(i)ζ
h(1)ζ ··· h(i)ζ

)
=

=

(
c1 ··· ci

s(1)σ−1v((1)ζ)σ−1 ··· s(i)σ−1v((i)ζ)σ−1

h((1)ζ)σ−1 ··· h((i)ζ)σ−1

)
.

Òîìó îòðèìó¹ìî, ùî

s1 = t(1)σu((1)ρ)σ, . . . , si = t(i)σu((i)ρ)σ,

t1 = s(1)σ−1v((1)ζ)σ−1, . . . ti = s(i)σ−1v((i)ζ)σ−1.
(3.1)

Ïîçàÿê σ : {1, . . . , i} → {1, . . . , i} ¹ ïåðåñòàíîâêîþ, òî ç óìîâ (3.1) âèïëèâà¹,
ùî s1Rt(1)σ, . . . , siRt(i)σ â S.

(⇐) Ïðèïóñòèìî, ùî äëÿ αS, βS ∈ I n
λ (S) iñíó¹ òàêà ïåðåñòàíîâêà

σ : {1, . . . , i} → {1, . . . , i}, ùî

a1 = c(1)σ, . . . , ai = c(i)σ

i s1Rt(1)σ, . . . , siRt(i)σ â S. Òîäi iñíóþòü òàêi u1, . . . , ui, v1, . . . , vi ∈ S1, ùî

s1 = t(1)σu1, . . . , si = t(i)σui, t1 = s(1)σ−1v1, . . . ti = s(i)σ−1vi.

Ìè îòðèìàëè, ùî( a1 ··· ai
s1 ··· si
b1 ··· bi

)
=

=

(
c(1)σ ··· c(i)σ
t(1)σu1 ··· t(i)σui

b1 ··· bi

)
=

=

( c1 ··· ci
t1u(1)σ−1 ··· tiu(i)σ−1

b(1)σ−1 ··· b(i)σ−1

)
=

=
( c1 ··· ci

t1 ··· ti
d1 ··· di

)
·
(

d1 ··· di
u(1)σ−1 ··· u(i)σ−1

b(1)σ−1 ··· b(i)σ−1

)
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i ( c1 ··· ci
t1 ··· ti
d1 ··· di

)
=

=

(
a(1)σ−1 ··· a(i)σ−1

s(1)σ−1v1 ··· s(i)σ−1vi
d1 ··· di

)
=

=
( a1 ··· ai

s1v(1)σ ··· siv(i)σ
d(1)σ ··· d(i)σ

)
=

=
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·
(

b1 ··· bi
v(1)σ ··· v(i)σ
d(1)σ ··· d(i)σ

)
,

à òîìó αSRβS â I n
λ (S).

Äîâåäåííÿ òâåðäæåííÿ (ii) ¹ àíàëîãi÷íèì äî äîâåäåííÿ òâåðäæåííÿ (i).

(iii) (⇒) Ïðèïóñòèìî, ùî αSDβS â I n
λ (S). Òîäi iñíó¹ íåíóëüîâèé åëå-

ìåíò γS =
( e1 ··· ei

u1 ··· ui

f1 ··· fi

)
íàïiâãðóïè I n

λ (S) òàêèé, ùî αSRγS i γSL βS â I n
λ (S).

Çà òâåðäæåííÿì (i) iñíó¹ òàêà ïåðåñòàíîâêà ζ : {1, . . . , i} → {1, . . . , i}, ùî
e1 = a(1)ζ , . . . , ei = a(i)ζ , à òàêîæ u1Rs(1)ζ , . . . , uiRs(i)ζ â S. Ç òâåðäæåí-

íÿ (ii) âèïëèâà¹, ùî iñíó¹ òàêà ïåðåñòàíîâêà ς : {1, . . . , i} → {1, . . . , i}, ùî
f1 = d(1)ς , . . . , fi = d(i)ς , à òàêîæ u1L s(1)ς , . . . , uiL s(i)ς â S. Ç öüîãî âèïëè-

âà¹, ùî s1Dt(1)σ, . . . , siDt(i)σ â S äëÿ ïåðåñòàíîâêè σ = ζ ◦ ς−1 ìíîæèíè

{1, . . . , i}.
(⇐) Ïðèïóñòèìî, ùî iñíó¹ òàêà ïåðåñòàíîâêà σ : {1, . . . , i} → {1, . . . , i},

ùî s1Dt(1)σ, . . . , siDt(i)σ â S. Òîäi ç îçíà÷åííÿ âiäíîøåííÿ D âèïëèâà¹

iñíóâàííÿ òàêèõ u1, . . . , ui ∈ S, ùî

s1Ru1, . . . , siRui,

u1L t(1)σ, . . . , uiL t(i)σ

â S. Äëÿ åëåìåíòà γS =
( a1 ··· ai

u1 ··· ui

d(1)σ ··· d(i)σ

)
íàïiâãðóïè I n

λ (S) çà òâåðäæåííÿìè

(i) òà (ii) âèïëèâà¹, ùî αSRγS i γSL βS â I n
λ (S).

(iv) âèïëèâà¹ iç òâåðäæåíü (i) òà (ii).

(v) (⇒) Ïðèïóñòèìî, ùî αSJ βS â I n
λ (S). Òîäi iñíóþòü íåíóëüîâi åëå-

ìåíòè γl
S =

(
el1 ··· elkl
ul
1 ··· ul

kl

f l
1 ··· f l

kl

)
, γr

S =

(
er1 ··· erkr
ur
1 ··· ur

kr

fr
1 ··· fr

kr

)
, δlS =

(
gl1 ··· gljl
vl1 ··· vljl
hl
1 ··· hl

jl

)
i δrS =

(
gr1 ··· grjr
vr1 ··· vrjr
hr
1 ··· hr

jr

)
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íàïiâãðóïè I n
λ (S) òàêi, ùî

αS = γl
SβSγ

r
S, βS = δlSαSδ

r
S i i ⩽ kl, kr, jl, jr ⩽ n.

Òàêîæ ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà I n
λ (S) âèïëèâà¹, ùî íå çìåí-

øóþ÷è çàãàëüíîñòi ìîæåìî ââàæàòè, ùî kl = kr = jl = jr = i. Òîäi ç

ðiâíîñòåé αS = γl
SβSγ

r
S i βS = δlSαSδ

r
S âèïëèâà¹, ùî

{a1, . . . , ai} = {gl1, . . . , gli} = {hl
1, . . . , h

l
i},

{b1, . . . , bi} = {f r
1 , . . . , f

r
i } = {gr1, . . . , gri },

{c1, . . . , ci} = {gl1, . . . , gli} = {f l
1, . . . , f

l
i},

{d1, . . . , di} = {er1, . . . , eri} = {hr
1, . . . , h

r
i}.

Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà I n
λ (S) âèïëèâà¹, ùî iñíóþòü ïåðå-

ñòàíîâêè σ, ρ, ζ, ς, ν, κ : {1, . . . , i} → {1, . . . , i} òàêi, ùî

a1 = el(1)σ, . . . , ai = el(i)σ, c1 = f l
(1)ρ, . . . , ci = f l

(i)ρ,

d1 = er(1)ζ , . . . , di = er(i)ζ , c1 = gl(1)ς , . . . , ci = gl(i)ς ,

a1 = hl
(1)ν, . . . , ai = hl

(i)ν, b1 = gr(1)κ, . . . , bi = gr(i)κ,

à òîìó îòðèìó¹ìî, ùî

( a1 ··· ai
s1 ··· si
b1 ··· bi

)
=

(
el1 ··· elkl
ul
1 ··· ul

kl

f l
1 ··· f l

kl

)
·
( c1 ··· ci

t1 ··· ti
d1 ··· di

)
·
(

er1 ··· erkr
ur
1 ··· ur

kr

fr
1 ··· fr

kr

)
=

=

(
el(1)ρ ··· el(i)ρ
ul
(1)ρ ··· ul

(i)ρ
c1 ··· ci

)
·
( c1 ··· ci

t1 ··· ti
d1 ··· di

)
·
(

d1 ··· di
ur
(1)ζ ··· ur

(i)ζ

fr
(1)ζ ··· fr

(i)ζ

)
=

=

(
el(1)ρ ··· el(i)ρ

ul
(1)ρt1u

r
(1)ζ ··· u

l
(i)ρtiu

r
(i)ζ

fr
(1)ζ ··· fr

(i)ζ

)
=

=

(
el1 ··· eli

ul
1t(1)ρ−1ur

((1)ζ)ρ−1 ··· ul
1t(i)ρ−1ur

((i)ζ)ρ−1

fr
((1)ζ)ρ−1 ··· fr

((i)ζ)ρ−1

)
=

=

( a1 ··· ai
ul
(1)σt((1)ρ−1)σu

r
(((1)ζ)ρ−1)σ

··· ul
(i)σt((i)ρ−1)σu

r
(((i)ζ)ρ−1)σ

fr
(((1)ζ)ρ−1)σ

··· fr
(((i)ζ)ρ−1)σ

)
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i ( c1 ··· ci
t1 ··· ti
d1 ··· di

)
=

(
gl1 ··· gli
vl1 ··· vli
hl
1 ··· hl

i

)
·
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·
(

gr1 ··· gri
vr1 ··· vri
hr
1 ··· hr

i

)
=

=

(
gl1 ··· gli
vl1 ··· vli
hl
1 ··· hl

i

)
·
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·
(

b1 ··· bi
vr(1)κ ··· vr(i)κ
hr
(1)κ ··· hr

(i)κ

)
=

=

(
gl(1)ν ··· gl(i)ν

vl(1)νs1v
r
(1)κ ··· vl(i)νsiv

r
(i)κ

hr
(1)κ ··· hr

(i)κ

)
=

=

(
gl1 ··· gli

vl1s(1)ν−1vr((1)κ)ν−1 ··· vlis(i)ν−1vr((i)κ)ν−1

hr
((1)κ)ν−1 ··· hr

((i)κ)ν−1

)
=

=

( c1 ··· ci
vl(1)ζs((1)ν−1)ςv

r
(((1)κ)ν−1)ς

··· vl(i)ζs((1)ν−1)ςv
r
(((i)κ)ν−1)ς

hr
(((1)κ)ν−1)ς

··· hr
(((i)κ)ν−1)ς

)
.

Òîäi ç îçíà÷åííÿ íàïiâãðóïè I n
λ (S) âèïëèâàþòü òàêi ðiâíîñòi

d1 = hr
(((1)κ)ν−1)ς , . . . , di = hr

(((i)κ)ν−1)ς .

Òåïåð ç ðiâíîñòi αS = γl
SβSγ

r
S îòðèìó¹ìî, ùî( a1 ··· ai

s1 ··· si
b1 ··· bi

)
=

(
el1 ··· elkl
ul
1 ··· ul

kl

f l
1 ··· f l

kl

)
·
( c1 ··· ci

t1 ··· ti
d1 ··· di

)
·
(

er1 ··· erkr
ur
1 ··· ur

kr

fr
1 ··· fr

kr

)
=

=

(
el1 ··· elkl
ul
1 ··· ul

kl

f l
1 ··· f l

kl

)
·
( c1 ··· ci

vl(1)ζs((1)ν−1)ςv
r
(((1)κ)ν−1)ς

··· vl(i)ζs((1)ν−1)ςv
r
(((i)κ)ν−1)ς

d1 ··· di

)
·
(

er1 ··· erkr
ur
1 ··· ur

kr

fr
1 ··· fr

kr

)
=

=

(
el(1)ρ ··· el(i)ρ
ul
(1)ρ ··· u

l
(i)ρ

c1 ··· ci

)
·
( c1 ··· ci

vl(1)ζs((1)ν−1)ςv
r
(((1)κ)ν−1)ς

··· vl(i)ζs((1)ν−1)ςv
r
(((i)κ)ν−1)ς

d1 ··· di

)
·
(

d1 ··· di
ur
(1)ζ ··· u

r
(i)ζ

fr
(1)ζ ··· fr

(i)ζ

)
=

=

(
el(1)ρ ··· el(i)ρ

ul
(1)ρv

l
(1)ζs((1)ν−1)ςv

r
(((1)κ)ν−1)ς

ur
(1)ζ ··· ul

(i)ρv
l
(i)ζs((1)ν−1)ςv

r
(((i)κ)ν−1)ς

ur
(1)ζ

fr
(1)ζ ··· fr

(i)ζ

)
,

çâiäêè âèïëèâàþòü òàêi ðiâíîñòi

s1 = ul(1)σv
l
(((1)ζ)ρ−1)σs((((1)ν−1)ς)ρ−1)σv

r
(((((1)κ)ν−1)ς)ρ−1)σu

r
(((1)ζ)ρ−1)σ

. . . . . . . . . . . . . . . . . . . . . . . .

si = ul(i)σv
l
(((i)ζ)ρ−1)σs((((i)ν−1)ς)ρ−1)σv

r
(((((i)κ)ν−1)ς)ρ−1)σu

r
(((i)ζ)ρ−1)σ.

Îòæå, äëÿ ïåðåñòàíîâêè

π = ν−1ςρ−1σ : {1, . . . , i} → {1, . . . , i}
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ìà¹ìî, ùî s1J t(1)π, . . . , siJ t(i)π â S.

(⇐) Ïðèïóñòèìî, ùî äëÿ åëåìåíòiâ αS, βS ∈ I n
λ (S) iñíó¹ òàêà ïåðå-

ñòàíîâêà σ : {1, . . . , i} → {1, . . . , i}, ùî s1J t(1)σ, . . . , siJ t(i)σ â S. Òîäi

iñíóþòü u1, . . . , ui, v1, . . . , vi, x1, . . . , xi, y1, . . . , yi ∈ S1 òàêi, ùî

s1=x1t(1)σu1, . . . , si=xit(i)σui,

t1=y1s(1)σ−1v1, . . . , ti=yis(i)σ−1vi.

Îòæå, îòðèìàëè, ùî( a1 ··· ai
s1 ··· si
b1 ··· bi

)
=

(
c(1)σ ··· c(i)σ

x1t(1)σu1 ··· xit(i)σui

b(1)σ ··· b(i)σ

)
=

=

(
c1 ··· ci

x(1)σ−1t1u(1)σ−1 ··· x(i)σ−1tiu(i)σ−1

b1 ··· bi

)
=

=
( c1 ··· ci

x(1)σ−1 ··· x(i)σ−1

c1 ··· ci

)
·
( c1 ··· ci

t1 ··· ti
b1 ··· bi

)
·
(

b1 ··· bi
u(1)σ−1 ··· u(i)σ−1

b1 ··· bi

)
i ( c1 ··· ci

t1 ··· ti
d1 ··· di

)
=

( a(1)σ−1 ··· a(i)σ−1

y1s(1)σ−1v1 ··· yis(i)σ−1vi
d(1)σ−1 ··· d(i)σ−1

)
=

=
( a1 ··· ai

y(1)σs1v(1)σ ··· y(i)σsiv(i)σ
d1 ··· di

)
=

=
(

a1 ··· ai
y(1)σ ··· y(i)σ
a1 ··· ai

)
·
( a1 ··· ai

s1 ··· si
d1 ··· di

)
·
(

d1 ··· di
v(1)σ ··· v(i)σ
d1 ··· di

)
,

à òîìó αSJ βS â I n
λ (S).

Çàóâàæåííÿ 3.2.8. Ç òâåðäæåííÿ 3.2.7(iv) âèïëèâà¹, ÿêùî iñíó¹ òàêà ïå-

ðåñòàíîâêà σ : {1, . . . , i} → {1, . . . , i}, ùî s1H t(1)σ, . . . , siH t(i)σ â S, òî

αSH βS â I n
λ (S). Àëå ç ïðèêëàäó 3.2.9 âèïëèâà¹, ùî îáåðíåíå òâåðäæåííÿ

íå âèêîíó¹òüñÿ.

Ïðèêëàä 3.2.9. Íåõàé λ � äîâiëüíèé êàðäèíàë ⩾ 2 i S = C (p, q) � áiöèê-

ëi÷íèé ìîíî¨ä. Çàôiêñó¹ìî äîâiëüíi ðiçíi åëåìåíòè a1 òà a1 ç λ i ïîêëàäåìî

α =
( a1 a1

qp q2p2
a1 a1

)
i β =

( a1 a2
qp2 q2p
a2 a1

)
.
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Òîäi ìà¹ìî, ùî

α =
( a1 a2

qp2 q2p
a2 a1

)
·
(

a1 a2
p q
a2 a1

)
i β =

( a1 a1
qp q2p2
a1 a1

)
·
(

a1 a2
p q
a2 a1

)
,

à òîìó αRβ â I n
λ (S) i àíàëîãi÷íî îòðèìó¹ìî, ùî

α =
(

a1 a2
p q
a2 a1

)
·
( a1 a2

qp2 q2p
a2 a1

)
i β =

(
a1 a2
p q
a2 a1

)
·
( a1 a1

qp q2p2
a1 a1

)
,

îòæå, αL β â I n
λ (S). Îòîæ, αH β â I n

λ (S), àëå åëåìåíòè qp òà q2p2 íå ¹

ïîïàðíî H -åêâiâàëåíòíèìè äî qp2 òà q2p, âiäïîâiäíî, äëÿ äîâiëüíî¨ ïåðå-

ñòàíîâêè σ : {1, 2} → {1, 2}.
Äîâåäåìî, ùî ñòðóêòóðà íàïiâãðóïè I n

λ (S) çáåðiãà¹ ñòiéêiñòü çëiâà òà

ñïðàâà.

Òâåðäæåííÿ 3.2.10. Äëÿ äîâiëüíî¨ íàïiâãðóïè S, êîæíîãî íåíóëüîâîãî

êàðäèíàëà λ òà äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ⩽ λ âèêîíóþòüñÿ òàêi

óìîâè:

(i) íàïiâãðóïà I n
λ (S) � ñòiéêà ñïðàâà òîäi i òiëüêè òîäi, êîëè S �

ñòiéêà ñïðàâà íàïiâãðóïà;

(ii) íàïiâãðóïà I n
λ (S) � ñòiéêà çëiâà òîäi i òiëüêè òîäi, êîëè S �

ñòiéêà çëiâà íàïiâãðóïà;

(iii) íàïiâãðóïà I n
λ (S) � ñòiéêà òîäi i òiëüêè òîäi, êîëè S � ñòiéêà

íàïiâãðóïà.

Äîâåäåííÿ. (i) (⇐) Ïðèïóñòèìî, ùî íàïiâãðóïà S ¹ ñòiéêîþ ñïðàâà i

αS =
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
i βS =

( c1 ··· ck
t1 ··· tk
d1 ··· dk

)
� åëåìåíòè íàïiâãðóïè I n

λ (S) òàêi, ùî

αSI n
λ (S) ⊆ βSαSI n

λ (S). Ç öüîãî âêëþ÷åííÿ òà ç îçíà÷åííÿ íàïiâãðóïîâî¨

îïåðàöi¨ íà I n
λ (S) âèïëèâà¹, ùî i ⩽ k i, ùî

{a1, . . . , ai} ⊆ {c1, . . . , ck} ∩ {d1, . . . , dk}.

Íå çìåíøóþ÷è çàãàëüíîñòi ìîæåìî ââàæàòè, ùî d1 = a1, . . . , di = ai. Òîäi ç

âêëþ÷åííÿ αSI n
λ (S) ⊆ βSαSI n

λ (S) âèïëèâà¹ iñíóâàííÿ òàêî¨ ïåðåñòàíîâêè
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σ : {1, . . . , i} → {1, . . . , i}, ùî c1 = a(1)σ, . . . , ci = a(i)σ. Îòæå, ç îçíà÷åííÿ

íàïiâãðóïîâî¨ îïåðàöi¨ íà I n
λ (S) îòðèìó¹ìî, ùî

βSαSI
n
λ (S)=

( c1 ··· ck
t1 ··· tk
d1 ··· dk

)
·
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·I n

λ (S)=

=
( c1 ··· ci ci+1 ··· ck

t1 ··· ti ti+1 ··· tk
d1 ··· di di+1 ··· dk

)
·
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·I n

λ (S)=

=

(
a(1)σ ··· a(i)σ ci+1 ··· ck
t1 ··· ti ti+1 ··· tk
a1 ··· ai di+1 ··· dk

)
·
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·I n

λ (S)=

=
( a(1)σ ··· a(i)σ

t1 ··· ti
a1 ··· ai

)
·
( a1 ··· ai

s1 ··· si
b1 ··· bi

)
·I n

λ (S)=

=
( a(1)σ ··· a(i)σ

t1s1 ··· tisi
b1 ··· bi

)
· I n

λ (S)=

( a1 ··· ai
t(1)σ−1s(1)σ−1 ··· t(i)σ−1s(i)σ−1

b(1)σ−1 ··· b(i)σ−1

)
· I n

λ (S) =

={0}∪
⋃{

[t(1)σ−1s(1)σ−1S,. . ., t(i)σ−1s(i)σ−1S]
(a1,...,ai)
(p1,...,pi)

: p1,. . ., pi ∈ λ
}
∪

∪
⋃{

[t(l1)σ−1s(l1)σ−1S,. . ., t(li−1)σ−1s(li−1)σ−1S]
(l1,...,li−1)
(p1,...,pi−1)

:

l1, . . . , li−1 � ðiçíi åëåìåíòè{1, . . . , i} i p1, . . . , pi−1 ∈ λ
}
∪· · ·∪

∪
⋃{

[t(l)σ−1s(l)σ−1S]
(l)
(p) : l ∈ {1,. . ., i} i p ∈ λ

}
i

αSI
n
λ (S) =

( a1 ··· ai
s1 ··· si
b1 ··· bi

)
· I n

λ (S) =

= {0} ∪
⋃{

[s1S, . . . , siS]
(a1,...,ai)
(p1,...,pi)

: p1, . . . , pi ∈ λ∪⋃{
[sl1S, . . . , sli−1

S]
(l1,...,li−1)
(p1,...,pi−1)

: l1,. . ., li−1 � ðiçíi åëåìåíòè ç {1,. . ., i}

i p1, . . . , pi−1 ∈ λ
}
∪· · · ∪

⋃{
[slS]

(l)
(p) : l ∈ {1, . . . , i} i p ∈ λ

}
.

Îòæå, iç âêëþ÷åííÿ αSI n
λ (S) ⊆ βSαSI n

λ (S) i ç îçíà÷åííÿ íàïiâãðóïîâèõ

îïåðàöié íà íàïiâãðóïàõ I n
λ (S) òà S âèïëèâà¹, ùî slS ⊆ t(l)σ−1s(l)σ−1S äëÿ

âñiõ l ∈{1,. . ., i}. Ïîçàÿê íàïiâãðóïà âñiõ ïåðåñòàíîâîê ñêií÷åííî¨ ìíîæèíè
¹ ñêií÷åííîþ, òî iñíó¹ òàêå íàòóðàëüíå ÷èñëî j, ùî σj : {1,. . ., i} → {1,. . ., i}
� òîòîæíå âiäîáðàæåííÿ, à òîìó σj−1 = σ. Îòæå, äëÿ âñiõ l ∈ {1, . . . , i}
ìà¹ìî, ùî:

slS ⊆ t(l)σ−1s(l)σ−1S ⊆
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⊆ t(l)σ−1t(l)σ−2s(l)σ−2S ⊆

⊆ · · · ⊆

⊆ t(l)σ−1t(l)σ−2 · · · t(l)σ−j+1s(l)σ−j+1S =

= t(l)σ−1t(l)σ−2 · · · tlslS.

Òîäi ç òîãî, ùî íàïiâãðóïà S ¹ ñòiéêîþ ñïðàâà âèïëèâà¹ ðiâíiñòü

slS = t(l)σ−1t(l)σ−2 · · · tlslS,

à òîìó îòðèìó¹ìî, ùî slS = t(l)σ−1s(l)σ−1S äëÿ âñiõ l ∈ {1, . . . , i}. Òîäi iç
âêëþ÷åííÿ αSI n

λ (S) ⊆ βSαSI n
λ (S) òà âèùåíàâåäåíèõ ôîðìóë âèïëèâà¹

ðiâíiñòü αSI n
λ (S) = βSαSI n

λ (S), çâiäêè âèïëèâà¹, ùî íàïiâãðóïà I n
λ (S) ¹

ñòiéêîþ ñïðàâà.

(⇒) Ïðèïóñòèìî, ùî íàïiâãðóïà I n
λ (S) ¹ ñòiéêîþ ñïðàâà i sS ⊆ tsS

äëÿ s, t ∈ S. Çàôiêñó¹ìî äîâiëüíèé åëåìåíò a ∈ λ i ïîêëàäåìî αS =
(

a
s
a

)
i

βS =
(

a
t
a

)
. Îòæå, çà îçíà÷åííÿì íàïiâãðóïîâî¨ îïåðàöi¨ íà I n

λ (S) îòðèìó¹-

ìî, ùî

αSI
n
λ (S) =

(
a
s
a

)
I n

λ (S) = {0} ∪
⋃{

[sS]
(a)
(p) : p ∈ λ

}
i

βSαSI n
λ (S) =

(
a
t
a

)(
a
s
a

)
I n

λ (S) =
(

a
ts
a

)
I n

λ (S) = {0} ∪
⋃{

[tsS]
(a)
(p) : p ∈ λ

}
,

à òîìó ç âêëþ÷åííÿ sS ⊆ tsS âèïëèâà¹, ùî αSI n
λ (S) ⊆ βSαSI n

λ (S).

Òåïåð iç òîãî, ùî íàïiâãðóïà I n
λ (S) ¹ ñòiéêîþ ñïðàâà, âèïëèâà¹ ðiâíiñòü

αSI n
λ (S) = βSαSI n

λ (S). Çâiäñè îòðèìó¹ìî, ùî [sS]
(a)
(p) = [tsS]

(a)
(p) â I n

λ (S)

äëÿ âñiõ p ∈ λ, à òîìó sS = tsS.

Äîâåäåííÿ òâåðäæåííÿ (ii) ¹ äóàëüíèì äî äîâåäåííÿ òâåðäæåííÿ (i).

(iii) âèïëèâà¹ ç òâåðäæåíü (i) òà (ii).
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3.3. Íàïiâãðóïè çi ùiëüíèìè ðÿäàìè iäåàëiâ

Çàôiêñó¹ìî äîâiëüíå íàòóðàëüíå ÷èñëî m òà äîâiëüíå íàòóðàëüíå ÷èñëî

p ∈ {0, . . . ,m}. Íåõàé A � íåïîðîæíÿ ìíîæèíà òà B � íåïîðîæíÿ âëàñíà

ïiäìíîæèíà âA. ×åðåç [B ⊂ A]mp ïîçíà÷èìî âñi åëåìåíòè (x1, . . . , xm) içAm,

ùî çàäîâîëüíÿþòü òàêó âëàñòèâiñòü:ùîíàéáiëüøå p êîîðäèíàò (x1, . . . , xm)

íàëåæàòü äî A \ B. Î÷åâèäíî, ùî [B ⊂ A]mm = Am äëÿ äîâiëüíîãî íàòó-

ðàëüíîãî ÷èñëà m, äîâiëüíî¨ íåïîðîæíüî¨ ìíîæèíè A òà äîâiëüíî¨ íåïî-

ðîæíüî¨ âëàñíî¨ ïiäìíîæèíè B â A.

Ç öüîãî îçíà÷åííÿ âèïëèâàþòü òàêi äâi ëåìè.

Ëåìà 3.3.1. Íåõàé m � äîâiëüíå íàòóðàëüíå ÷èñëî òà p ∈ {1, . . . ,m}.
Íåõàé A � íåïîðîæíÿ ìíîæèíà òà B � íåïîðîæíÿ âëàñíà ïiäìíîæèíà

â A. Òîäi ìíîæèíà [B ⊂ A]mp \ [B ⊂ A]mp−1 ñêëàäà¹òüñÿ ç óñiõ òàêèõ åëå-

ìåíòiâ (x1, . . . , xm) ç Am, ùî ðiâíî p êîîðäèíàò (x1, . . . , xm) íàëåæàòü

äî A \B.

Ëåìà 3.3.2. Íåõàé m � äîâiëüíå íàòóðàëüíå ÷èñëî òà p ∈ {0, 1, . . . ,m}.
Íåõàé S � íàïiâãðóïà, A òà B � òàêi iäåàëè â S, ùî B ⊂ A. Òîäi ìíî-

æèíà [B ⊂ A]mp ¹ iäåàëîì íàïiâãðóïè Sm.

Òâåðäæåííÿ 3.3.3. Íåõàé λ � äîâiëüíèé êàðäèíàë i n � äîâiëüíå íàòó-

ðàëüíå ÷èñëî. Òîäi

I0 = {0} ⊆ I1 = I 1
λ ⊆ I2 = I 2

λ ⊆ · · · ⊆ In = I n
λ ,

¹ ñèëüíî ùiëüíèì ðÿäîì iäåàëiâ ó íàïiâãðóïi I n
λ .

Äîâåäåííÿ. Ç îçíà÷åííÿ íàïiâãðóïè I n
λ âèïëèâà¹, ùî

I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ In

¹ ðÿäîì iäåàëiâ ó I n
λ .

Çàôiêñó¹ìî äîâiëüíå íàòóðàëüíå ÷èñëî i = 1, . . . , n. Äëÿ äîâiëüíî¨ íå-



97

ñêií÷åííî¨ ïiäìíîæèíè B â I i
λ \ I i−1

λ õî÷à á îäíà ç òàêèõ ñiìåé ìíîæèí

d(B) = {dom γ : γ ∈ B} ÷è r(B) = {ran γ : γ ∈ B}

¹ íåñêií÷åííîþ. Òîäi ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ â I n
λ âèïëèâà¹,

ùî αB ⊈ I i
λ \ I i−1

λ ó âèïàäêó, êîëè íåñêií÷åííîþ ¹ ìíîæèíà d(B), à

Bβ ⊈ I i
λ \ I i−1

λ ó òîìó âèïàäêó, êîëè íåñêií÷åííîþ ¹ ìíîæèíà r(B), äëÿ

α, β ∈ I i
λ \ I i−1

λ .

Íàäàëi äëÿ êîæíî¨ íåïîðîæíüî¨ ìíîæèíè A, äîâiëüíîãî íàòóðàëüíîãî

÷èñëà n i äîâiëüíîãî i ∈ {1, . . . , n} ÷åðåç

πi : A
n → A, (a1, . . . , an) 7→ ai

áóäåìî ïîçíà÷àòè ïðîåêöiþ íà i-òó êîîðäèíàòó äîáóòêó An.

Òâåðäæåííÿ 3.3.4. Íåõàé n � íàòóðàëüíå ÷èñëî ⩾ 2 òà

I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ Im = S

� ñèëüíî ùiëüíèé ðÿä iäåàëiâ íàïiâãðóïè S. Òîäi ðÿä

In0 ⊆ [I0 ⊂ I1]
n
1 ⊆ [I0 ⊂ I1]

n
2 ⊆ · · · ⊆ [I0 ⊂ I1]

n
n−1 ⊆ [I0 ⊂ I1]

n
n = In1 ⊆

⊆ [I1 ⊂ I2]
n
1 ⊆ [I1 ⊂ I2]

n
2 ⊆ · · · ⊆ [I1 ⊂ I2]

n
n−1 ⊆ [I1 ⊂ I2]

n
n = In2 ⊆

⊆ · · · · · · ⊆
⊆ [Im−1 ⊂ Im]

n
1 ⊆ [Im−1 ⊂ Im]

n
2 ⊆ · · · ⊆ [Im−1 ⊂ Im]

n
n−1 ⊆

⊆ [Im−1 ⊂ Im]
n
n = Inm = Sn

(3.2)

¹ ñèëüíî ùiëüíèì ðÿäîì iäåàëiâ ó Sn.

Äîâåäåííÿ. Î÷åâèäíî, ùî In0 ¹ ñêií÷åííèì iäåàëîì ó Sn. Òàêîæ çà ëå-

ìîþ 3.3.2 âñi ïiäìíîæèíè â ðÿäi (3.2) ¹ iäåàëàìè â Sn.

Çàôiêñó¹ìî äîâiëüíi k ∈ {1, . . . ,m} i p ∈ {1, . . . , n}. Ìíîæèíè

[Ik−1 ⊂ Ik]
n
p \ [Ik−1 ⊂ Ik]

n
p−1 i [Ik−1 ⊂ Ik]

n
1 \ Ink−1
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¹ ñèëüíî ω-íåñòiéêèìè â Sn. Ñïðàâäi, çàôiêñó¹ìî äîâiëüíó íåñêií÷åííó ïiä-

ìíîæèíó

B ⊆ [Ik−1 ⊂ Ik]
n
p \ [Ik−1 ⊂ Ik]

n
p−1

i äîâiëüíi

a = (a1, . . . , an), b = (b1, . . . , bn) ∈ [Ik−1 ⊂ Ik]
n
p \ [Ik−1 ⊂ Ik]

n
p−1.

Òîäi iñíóþòü òàêi êîîðäèíàòè i ∈ {1, . . . , n}, ùî ìíîæèíà πi(B) ⊆ Ik \ Ik−1

¹ íåñêií÷åííîþ. ßêùî ai /∈ Ik \ Ik−1 àáî bi /∈ Ik \ Ik−1, òî

(ai · πi(B) ∪ πi(B) · bi) ∩ Ik \ Ik−1 = ∅,

à òîìó

aB ∪Bb ⊈ [Ik−1 ⊂ Ik]
n
p \ [Ik−1 ⊂ Ik]

n
p−1.

ßêùî ai, bi ∈ Ik \ Ik−1, òî

(ai · πi(B) ∪ πi(B) · bi) ⊈ Ik \ Ik−1,

áî ìíîæèíà Ik \ Ik−1 ¹ ñèëüíî ω-íåñòiéêîþ â S, à òîìó

aB ∪Bb ⊈ [Ik−1 ⊂ Ik]
n
p \ [Ik−1 ⊂ Ik]

n
p−1.

Äîâåäåííÿ òîãî ôàêòó, ùî ìíîæèíà [Ik−1 ⊂ Ik]
n
1 \Ink−1 ¹ ñèëüíî ω-íåñòiéêîþ

â Sn àíàëîãi÷íå.

Íàäàëi çàôiêñó¹ìî äîâiëüíå íàòóðàëüíå ÷èñëî n. Äëÿ äîâiëüíî¨ íàïiâ-

ãðóïè S òà äîâiëüíîãî íàòóðàëüíîãî ÷èñëà k ⩽ n îñêiëüêè I k
λ (S) ¹ ïiä-

íàïiâãðóïîþ â I n
λ (S), òî ÷åðåç ι : I k

λ (S) → I n
λ (S) ïîçíà÷àòèìåìî öå

ïðèðîäíå içîìîðôíå âêëàäåííÿ. Ç àíàëîãi÷íèõ ìiðêóâàíü âèïëèâà¹, ùî íå

çìåíøóþ÷è çàãàëüíîñòi äëÿ êîæíî¨ ïiäíàïiâãðóïè T â S i äîâiëüíîãî íàòó-

ðàëüíîãî ÷èñëà k ⩽ n, îñêiëüêè I k
λ (T ) ¹ ïiäíàïiâãðóïîþ I n

λ (S), òî ÷åðåç

ι : I k
λ (T ) → I n

λ (S) ïîçíà÷èìî öå ïðèðîäíå içîìîðôíå âêëàäåííÿ.
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Çàóâàæåííÿ 3.3.5. Ìè äîâåëè, ùî êîæåí åëåìåíò ùiëüíîãî ðÿäó iäåàëiâ

(3.2) ¹ m-ñèìåòðè÷íèì â Sn, áiëüøå òîãî, ìíîæèíè

[Ik−1 ⊂ Ik]
n
p \ [Ik−1 ⊂ Ik]

n
p−1 òà [Ik−1 ⊂ Ik]

n
1 \ Ink−1

òàêîæ ¹ m-ñèìåòðè÷íèìè â Sn äëÿ âñiõ k ∈ {1, . . . ,m} òà p ∈ {1, . . . , n}.
Íàì ïîòðiáíà òàêà êîíñòðóêöiÿ.

Êîíñòðóêöiÿ 3.3.6. Íåõàé λ � íåíóëüîâèé êàðäèíàë, n ⩽ λ � äîâiëüíå

íàòóðàëüíå ÷èñëî, k � äîâiëüíå íàòóðàëüíå ÷èñëî ⩽ n i S � íàïiâãðóïà.

Äëÿ äîâiëüíèõ âïîðÿäêîâàíèõ íàáîðiâ k ðiçíèõ åëåìåíòiâ (a1, . . . , ak) òà

(b1, . . . , bk) ç λk âèçíà÷èìî âiäîáðàæåííÿ f
(a1,...,ak)
(b1,...,bk)

: Sk → S
(a1,...,ak)
(b1,...,bk)

çà ôîð-

ìóëîþ

(s1, . . . , sk)f
(a1,...,ak)
(b1,...,bk)

=
( a1 ··· ak

s1 ··· sk
b1 ··· bk

)
.

Äëÿ äîâiëüíî¨ íåïîðîæíüî¨ ïiäìíîæèíè A ⊆ Sk i áóäü-ÿêîãî íàòóðàëü-

íîãî ÷èñëà k ⩽ n âèçíà÷èìî òàêi ïiäìíîæèíè:

[A]
(∗)k
I n

λ (S)=
⋃{

(A)f
(a1,...,ak)
(b1,...,bk)

: (a1, . . ., ak) i (b1, . . ., bk) � âïîðÿäêîâàíi

íàáîðè k ðiçíèõ åëåìåíòiâ ç λk
}

i

[A]
(∗)k
I n

λ (S) =


[A]

(∗)k
I n

λ (S) ∪ I k−1
λ (S), ÿêùî k ⩾ 1;

[A]
(∗)1
I n

λ (S) ∪ {0}, ÿêùî k = 1,

íàïiâãðóïè I n
λ (S).

Ëåìà 3.3.7 âèïëèâà¹ ç îçíà÷åííÿ k-ñèìåòðè÷íî¨ ìíîæèíè.

Ëåìà 3.3.7. Íåõàé λ � êàðäèíàë ⩾ 1, k � äîâiëüíå íàòóðàëüíå ÷èñëî

⩽ λ, S � íàïiâãðóïà é (a1, . . . , ak) òà (b1, . . . , bk) � äîâiëüíi âïîðÿäêî-

âàíi íàáîðè k ðiçíèõ åëåìåíòiâ ç λk. ßêùî íåïîðîæíÿ ìíîæèíà A ¹

k-ñèìåòðè÷íîþ â Sk, òî

(A)f
(a1,...,ak)
(b1,...,bk)

= (A)f
(a(1)σ,...,a(k)σ)

(b(1)σ,...,b(k)σ)
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äëÿ äîâiëüíî¨ ïåðåñòàíîâêè σ : {1, . . . , k} → {1, . . . , k}.
Òåîðåìà 3.3.8. Íåõàé λ � íåñêií÷åííèé êàðäèíàë i n � äîâiëüíå íàòó-

ðàëüíå ÷èñëî. ßêùî S � ñêií÷åííà íàïiâãðóïà, òî

I0 = {0} ⊆ I1 = I 1
λ (S) ⊆ I2 = I 2

λ (S) ⊆ · · · ⊆ In = I n
λ (S)

¹ ñèëüíî ùiëüíèì ðÿäîì iäåàëiâ äëÿ íàïiâãðóïè I n
λ (S).

Äîâåäåííÿ. Î÷åâèäíî, ùî äëÿ âñiõ i = 0, 1, . . . , n ìíîæèíà Ii ¹ iäåàëîì

ó íàïiâãðóïi I n
λ (S) i, áiëüøå òîãî, ìíîæèíà I0 � ñêií÷åííà.

Çàôiêñó¹ìî äîâiëüíå ÷èñëî i = 1, . . . , n òà äîâiëüíó íåïîðîæíþ ïiä-

ìíîæèíó B ⊆ Ii \ Ii−1. Îñêiëüêè íàïiâãðóïà S ¹ ñêií÷åííîþ, òî êîæíà

íåñêií÷åííà ïiäìíîæèíà X â Ii \ Ii−1 ïåðåòèíà¹ íåñêií÷åííó êiëüêiñòü ìíî-

æèí âèãëÿäó S
(a1,...,ai)
(b1,...,bi)

. Òîäi ç îçíà÷åííÿ íàïiâãðóïè I n
λ (S) âèïëèâà¹, ùî

íåñêií÷åííîþ ¹ ïðèíàéìíi îäíà ç òàêèõ ñiìåé ìíîæèí:

d(B) = {d γ : γ ∈ B} ÷è r(B) = {r γ : γ ∈ B} .

Òîäi ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ â I n
λ (S) âèïëèâà¹, ùî αB ⊈ Ii\Ii−1

ó âèïàäêó, êîëè ìíîæèíà d(B) � íåñêií÷åííà, i Bβ ⊈ Ii \ Ii−1 ó âèïàäêó,

êîëè ìíîæèíà r(B) � íåñêií÷åííà, äëÿ âñiõ α, β ∈ Ii \ Ii−1.

Òåîðåìà 3.3.9. Íåõàé λ � íåñêií÷åííèé êàðäèíàë, n � íàòóðàëüíå ÷èñëî

òà I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ Im = S � ñèëüíî ùiëüíèé ðÿä iäåàëiâ ó íàïiâãðóïi

S. Òîäi

J0 = {0} ⊆ J1,0 = [I0]
(∗)1
I n

λ (S) ⊆

⊆ J1,1 = [I1]
(∗)1
I n

λ (S) ⊆ J1,2 = [I2]
(∗)1
I n

λ (S) ⊆ · · · ⊆ J1,m−1 = [Im−1]
(∗)1
I n

λ (S) ⊆ J1,m =

= [Im]
(∗)1
I n

λ (S) = I 1
λ (S) ⊆

⊆ J2,0 = [I20 ]
(∗)2
I n

λ (S) ⊆

⊆ J2,1 = [[I0 ⊂ I1]21]
(∗)2
I n

λ (S) ⊆ J2,2 = [I21 ]
(∗)2
I n

λ (S) ⊆

⊆ J2,3 = [[I1 ⊂ I2]21]
(∗)2
I n

λ (S) ⊆ J2,4 = [I22 ]
(∗)2
I n

λ (S) ⊆
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⊆ · · · · · · ⊆

⊆ J2,2m−1 = [[Im−1 ⊂ Im]21]
(∗)2
I n

λ (S) ⊆ J2,2m = [[Im]22]
(∗)2
I n

λ (S) = I 2
λ (S) ⊆

⊆ · · · · · · ⊆ · · · · · · ⊆

⊆ Jn,0 = [In0 ]
(∗)n
I n

λ (S) ⊆

⊆ Jn,1 = [[I0 ⊂ I1]n1 ]
(∗)n
I n

λ (S) ⊆ Jn,2 = [[I0 ⊂ I1]n2 ]
(∗)n
I n

λ (S) ⊆

⊆ Jn,3 = [[I0 ⊂ I1]n3 ]
(∗)n
I n

λ (S) ⊆ Jn,4 = [[I0 ⊂ I1]n4 ]
(∗)n
I n

λ (S) ⊆

⊆ · · · ⊆

⊆ Jn,n−1 =
[
[I0 ⊂ I1]nn−1

](∗)n
I n

λ (S)
⊆ Jn,n = [In1 ]

(∗)n
I n

λ (S) ⊆

⊆ Jn,n+1 = [[I1 ⊂ I2]n1 ]
(∗)n
I n

λ (S) ⊆ Jn,n+2 = [[I1 ⊂ I2]n2 ]
(∗)n
I n

λ (S) ⊆

⊆ Jn,n+3 = [[I1 ⊂ I2]n3 ]
(∗)n
I n

λ (S) ⊆ Jn,n+4 = [[I1 ⊂ I2]n4 ]
(∗)n
I n

λ (S) ⊆

⊆ · · · ⊆

⊆ Jn,2n−1 =
[
[I1 ⊂ I2]nn−1

](∗)n
I n

λ (S)
⊆ Jn,2n = [In2 ]

(∗)n
I n

λ (S) ⊆

⊆ · · · · · · ⊆

⊆ Jn,(m−1)n+1 = [[Im−1 ⊂ Im]n1 ]
(∗)n
I n

λ (S) ⊆ Jn,(m−1)n+2 = [[Im−1 ⊂ Im]n2 ]
(∗)n
I n

λ (S) ⊆

⊆ Jn,(m−1)n+3 = [[Im−1 ⊂ Im]n3 ]
(∗)n
I n

λ (S) ⊆ Jn,(m−1)n+4 = [[Im−1 ⊂ Im]n4 ]
(∗)n
I n

λ (S) ⊆

⊆ · · · ⊆

⊆ Jn,mn−1 =
[
[Im−1 ⊂ Im]nn−1

](∗)n
I n

λ (S)
⊆ Jn,mn = [Inm]

(∗)n
I n

λ (S) = I n
λ (S) (3.3)

¹ ñèëüíî ùiëüíèì ðÿäîì iäåàëiâ ó íàïiâãðóïi I n
λ (S).

Äîâåäåííÿ. Ç îçíà÷åííÿ íàïiâãðóïè I n
λ (S) òà ëåìè 3.3.2 âèïëèâà¹, ùî

âñi ïiäìíîæèíè â ðÿäi (3.3) ¹ iäåàëàìè íàïiâãðóïè I n
λ (S).

Ïîçàÿê I0 ¹ ñêií÷åííèì iäåàëîì â S, òî ç ðiâíîñòåé:

J1,0 \ J0 = [I0]
(∗)1
I n

λ (S) \ {0} = [I0]
(∗)1
I n

λ (S),

J2,0 \ J1,m = [I20 ]
(∗)1
I n

λ (S) \ I 1
λ (S) = [I20 ]

(∗)1
I n

λ (S),

· · · · · · · · ·
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Jn,0 \ Jn−1,m(n−1) = [In0 ]
(∗)n
I n

λ (S) \ I n−1
λ (S) = [In0 ]

(∗)n
I n

λ (S)

òà ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà I n
λ (S) âèïëèâà¹, ùî

J1,0 \ J0, J2,0 \ J1,m, . . . , Jn,0 \ Jn−1,m(n−1)

¹ ñèëüíî ω-íåñòiéêèìè ïiäìíîæèíàìè â I n
λ (S).

Äîâåäåìî, ùî ìíîæèíà Jk,p \ Jk,p−1 ¹ ñèëüíî ω-íåñòiéêîþ â I n
λ (S) äëÿ

âñiõ k = 1, . . . , n i p = 1, . . . , km.

Çàôiêñó¹ìî äîâiëüíó ïiäìíîæèíó B â Jk,p \ Jk,p−1 i äîâiëüíi åëåìåí-

òè α, β ∈ Jk,p \ Jk,p−1. ßêùî d(B) ̸= r(α), òî ç íàïiâãðóïîâî¨ îïåðàöi¨ íà

I n
λ (S) âèïëèâà¹, ùî αB ⊈ Jk,p \ Jk,p−1. Àíàëîãi÷íî, ÿêùî d(β) ̸= r(B), òî

Bβ ⊈ Jk,p \ Jk,p−1.

Äàëi ïðèïóñòèìî, ùî d(B) = r(α), d(β) = r(B),

α =
( a1 ··· ak

s1 ··· sk
b1 ··· bk

)
i β =

( c1 ··· ck
t1 ··· tk
d1 ··· dk

)
,

äëÿ äåÿêèõ s1, . . . , sk, t1, . . . , tk ∈ S i äåÿêèõ âïîðÿäêîâàíèõ íàáîðiâ k ðiç-

íèõ åëåìåíòiâ (a1, . . . , ak), (b1, . . . , bk), (c1, . . . , ck), (d1, . . . , dk) ç λk. Òîäi

ìíîæèíà B ñêëàäà¹òüñÿ ç åëåìåíòiâ âèãëÿäó:

γ =
(

b1 ··· bk
x1 ··· xk
c(1)σ ··· c(k)σ

)
,

äå x1, . . . , xk ∈ S òà σ : {1, . . . , k} → {1, . . . , k} � ïåðåñòàíîâêè.

Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè Jk,p = Jk,jk =
[
Ikj
](∗)k
I n

λ (S)
äëÿ äåÿêèõ

j = 1, . . . ,m. Òîäi

Jk,p−1 = Jk,jk−1 =
[
[Ij−1 ⊂ Ij]kk−1

](∗)k
I n

λ (S)

i B ⊆
[
Ikj
](∗)k
I n

λ (S)
. Îñêiëüêè ìíîæèíà B ¹ íåñêií÷åííîþ, òî iñíó¹ åëåìåíò

bi0 ∈ {b1, . . . , bk}, äëÿ ÿêîãî iñíó¹ íåñêií÷åííà êiëüêiñòü òàêèõ γ ∈ B, ùî

d(γ) ∋ bi0. Íå çìåíøóþ÷è çàãàëüíîñòi ìîæåìî ââàæàòè, ùî bi0 = b1. Ïîê-

ëàäåìî

B0 = {γ ∈ B : b1 ∈ d(γ)} .
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Òîäi ìíîæèíà B0 ¹ íåñêií÷åííîþ, à òîìó íåñêií÷åííîþ ¹ i ìíîæèíà

BS
0 =

{
x1 ∈ S :

(
b1 ··· bk
x1 ··· xk
c(1)σ ··· c(k)σ

)
∈ B0, σ � ïåðåñòàíîâêà ìíîæèíè {1, . . . , k}

}
.

Çâiäñè âèïëèâà¹ iñíóâàííÿ òàêî¨ ïåðåñòàíîâêè σ0 ìíîæèíè {1, . . . , k}, ùî
íåñêií÷åííà êiëüêiñòü åëåìåíòiâ âèãëÿäó

(
b1 ··· bk
x1 ··· xk

c(1)σ0 ··· c(k)σ0

)
íàëåæèòü äî B0.

Îñêiëüêè s1, t(1)σ0
∈ Ij \ Ij−1 i ìíîæèíà Ij \ Ij−1 ¹ ñèëüíî ω-íåñòiéêîþ, òî

a1 ·BS
0 ∪BS

0 · t(1)σ0
⊈ Ij \ Ij−1,

à òîìó ìíîæèíà
[
Ikj
](∗)k
I n

λ (S)
òàêîæ ¹ ñèëüíî ω-íåñòiéêîþ.

Äàëi ðîçãëÿíåìî âèïàäîê

Jk,p = Jn,(j−1)k+q =
[
[Ij−1 ⊂ Ij]kq

](∗)k
I n

λ (S)

äëÿ äåÿêèõ j = 1, . . . ,m. Òîäi

Jk,p−1 = Jn,(j−1)k+q−1 =
[
[Ij−1 ⊂ Ij]kq−1

](∗)k
I n

λ (S)

i B ⊆
[
[Ij−1 ⊂ Ij]

k
q

](∗)k
I n

λ (S)
. Îñêiëüêè ìíîæèíà B ¹ íåñêií÷åííîþ, òî íå çìåí-

øóþ÷è çàãàëüíîñòi ìîæåìî ââàæàòè, ùî B ìiñòèòü íåñêií÷åííó ïiäìíîæè-

íó B0, ùî ñêëàäà¹òüñÿ ç åëåìåíòiâ âèãëÿäó

γ =
(

b1 ··· bq bq+1 ··· bk
x1 ··· xq xq+1 ··· sk
c1 ··· cq cq+1 ··· ck

)
, (3.4)

äå

x1, . . . , xq ∈ Ij \ Ij−1 i xq+1, . . . , xk ∈ Ij−1 \ Ij−2

äëÿ äåÿêèõ âïîðÿäêîâàíèõ íàáîðiâ k ðiçíèõ åëåìåíòiâ (b1,. . ., bk) i (c1,. . ., ck)

ç λk. Çàôiêñó¹ìî äîâiëüíi äâà åëåìåíòè ìíîæèíè B:

α =
( a1 ··· ak

s1 ··· sk
b1 ··· bk

)
i β =

( c1 ··· ck
t1 ··· tk
d1 ··· dk

)
.

ßêùî su /∈ Ij \ Ij−1 äëÿ äåÿêîãî åëåìåíòà u ∈ {1, . . . , q} ÷è sv /∈ Ij−1 \ Ij−2

äëÿ äåÿêîãî v ∈ {q + 1, . . . , k}, òî αB0 ⊈
[
[Ij−1 ⊂ Ij]

k
q

](∗)k
I n

λ (S)
. Àíàëîãi÷íî,
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ÿêùî tu /∈ Ij \ Ij−1 äëÿ äåÿêîãî åëåìåíòà u ∈ {1, . . . , q} àáî tv /∈ Ij−1 \ Ij−2

äëÿ äåÿêîãî v ∈ {q + 1, . . . , k}, òî B0β ⊈
[
[Ij−1 ⊂ Ij]

k
q

](∗)k
I n

λ (S)
. Îòæå, íàäàëi

ìè áóäåìî ââàæàòè, ùî:

• su ∈ Ij \ Ij−1 äëÿ âñiõ u ∈ {1, . . . , q},
• sv ∈ Ij−1 \ Ij−2 äëÿ âñiõ v ∈ {q + 1, . . . , k},
• tu ∈ Ij \ Ij−1 äëÿ âñiõ u ∈ {1, . . . , q},
• tv ∈ Ij−1 \ Ij−2 äëÿ âñiõ v ∈ {q + 1, . . . , k}.

Îñêiëüêè ìíîæèíà B0 íåñêií÷åííà, òî iñíó¹ ÷èñëî i0 ∈ {1, . . . , k}, äëÿ ÿêî-
ãî iñíó¹ íåñêií÷åííà êiëüêiñòü òàêèõ γ ∈ B0, ùî d(γ) ∋ bi0. Ïîêëàäåìî

B1 = {γ ∈ B0 : bi0 ∈ d(γ)}. Îñêiëüêè ìíîæèíà B1 ¹ íåñêií÷åííîþ, òî âèêî-

íóþòüñÿ óìîâè:

(1) ÿêùî i0 ∈ {1, . . . , q}, òî si0A ∪ Ati0 ⊈ Ij \ Ij−1, äå

A =

{
xi0 : γ =

(
b1 ··· bi0 ··· bq ··· bk
x1 ··· xi0

··· xq ··· sk
c1 ··· ci0 ··· cq ··· ck

)
∈ B1

}
,

îñêiëüêè ìíîæèíà Ij \ Ij−1 ¹ ñèëüíî ω-íåñòiéêîþ â S;

(2) ÿêùî i0 ∈ {q + 1, . . . , k}, òî si0A ∪ Ati0 ⊈ Ij−1 \ Ij−2, äå

A =

{
xi0 : γ =

(
b1 ··· bq ··· bi0 ··· bk
x1 ··· xq ··· xi0

··· sk
c1 ··· cq ··· ci0 ··· ck

)
∈ B1

}
,

îñêiëüêè ìíîæèíà Ij−1 \ Ij−2 ¹ ñèëüíî ω-íåñòiéêîþ â S.

Ç îáîõ âèùåíàâåäåíèõ àðãóìåíòiâ âèïëèâà¹, ùî

αB1 ∪B1γ ⊈
[
[Ij−1 ⊂ Ij]

k
q

](∗)k
I n

λ (S)
,

à òîìó αB ∪ B1γ ⊈
[
[Ij−1 ⊂ Ij]

k
q

](∗)k
I n

λ (S)
, òîáòî ìíîæèíà

[
[Ij−1 ⊂ Ij]

k
q

](∗)k
I n

λ (S)
¹

ñèëüíî ω-íåñòiéêîþ â íàïiâãðóïi I n
λ (S).

Ç òåîðåìè 3.3.9 âèïëèâà¹:

Íàñëiäîê 3.3.10. Íåõàé λ � íåñêií÷åííèé êàðäèíàë, n � íàòóðàëüíå

÷èñëî é I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ Im = S � ñèëüíî ùiëüíèé ðÿä iäåàëiâ äëÿ

íàïiâãðóïè S. Òîäi ðÿä iäåàëiâ (3.3) ¹ ùiëüíèì äëÿ íàïiâãðóïè I n
λ (S).
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Äîâåäåííÿ íàñòóïíî¨ òåîðåìè ¹ àíàëîãi÷íèì, ÿê i òåîðåìè 3.3.9.

Òåîðåìà 3.3.11. Íåõàé λ � ñêií÷åííèé êàðäèíàë, n � íàòóðàëüíå ÷èñëî

⩽ λ é I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ Im = S � ñèëüíî ùiëüíèé ðÿä iäåàëiâ äëÿ

íàïiâãðóïè S. Òîäi

J0 = {0} ∪ [I0]
(∗)1
I n

λ (S) ⊆

⊆ J1,1 = [I1]
(∗)1
I n

λ (S) ⊆ J1,2 = [I2]
(∗)1
I n

λ (S) ⊆ · · · ⊆ J1,m−1 = [Im−1]
(∗)1
I n

λ (S) ⊆ J1,m =

= [Im]
(∗)1
I n

λ (S) = I 1
λ (S) ⊆

⊆ J2,1 = [[I1 ⊂ I2]21]
(∗)2
I n

λ (S) ⊆ J2,2 = [[I1 ⊂ I2]22]
(∗)2
I n

λ (S) ⊆

⊆ · · · · · · ⊆

⊆ J2,2m−1 = [[Im−1 ⊂ Im]21]
(∗)2
I n

λ (S) ⊆ J2,2m = [[Im]22]
(∗)2
I n

λ (S)I
2
λ (S) ⊆

⊆ · · · · · · ⊆ · · · · · · ⊆

⊆ Jn,1 = [[I0 ⊂ I1]n1 ]
(∗)n
I n

λ (S) ⊆ Jn,2 = [[I0 ⊂ I1]n2 ]
(∗)n
I n

λ (S) ⊆

⊆ Jn,3 = [[I0 ⊂ I1]n3 ]
(∗)n
I n

λ (S) ⊆ Jn,4 = [[I0 ⊂ I1]n4 ]
(∗)n
I n

λ (S) ⊆

⊆ · · · ⊆

⊆ Jn,n−1 =
[
[I0 ⊂ I1]nn−1

](∗)n
I n

λ (S)
⊆ Jn,n = [In1 ]

(∗)n
I n

λ (S) ⊆

⊆ Jn,n+1 = [[I1 ⊂ I2]n1 ]
(∗)n
I n

λ (S) ⊆ Jn,n+2 = [[I1 ⊂ I2]n2 ]
(∗)n
I n

λ (S) ⊆

⊆ Jn,n+3 = [[I1 ⊂ I2]n3 ]
(∗)n
I n

λ (S) ⊆ Jn,n+4 = [[I1 ⊂ I2]n4 ]
(∗)n
I n

λ (S) ⊆

⊆ · · · ⊆

⊆ Jn,2n−1 =
[
[I1 ⊂ I2]nn−1

](∗)n
I n

λ (S)
⊆ Jn,2n = [In2 ]

(∗)n
I n

λ (S) ⊆

⊆ · · · · · · ⊆

⊆ Jn,(m−1)n+1 = [[Im−1 ⊂ Im]n1 ]
(∗)n
I n

λ (S) ⊆ Jn,(m−1)n+2 = [[Im−1 ⊂ Im]n2 ]
(∗)n
I n

λ (S) ⊆

⊆ Jn,(m−1)n+3 = [[Im−1 ⊂ Im]n3 ]
(∗)n
I n

λ (S) ⊆ Jn,(m−1)n+4 = [[Im−1 ⊂ Im]n4 ]
(∗)n
I n

λ (S) ⊆

⊆ · · · ⊆

⊆ Jn,mn−1 =
[
[Im−1 ⊂ Im]nn−1

](∗)n
I n

λ (S)
⊆ Jn,mn = [Inm]

(∗)n
I n

λ (S) = I n
λ (S) (3.5)

¹ ñèëüíî ùiëüíèì ðÿäîì iäåàëiâ äëÿ íàïiâãðóïè I n
λ (S).
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Ç òåîðåìè 3.3.11 âèïëèâà¹:

Íàñëiäîê 3.3.12. Íåõàé λ � ñêií÷åííèé êàðäèíàë, n � íàòóðàëüíå ÷èñëî

⩽ λ i I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ Im = S � ñèëüíî ùiëüíèé ðÿä iäåàëiâ íàïiâãðóïè

S. Òîäi ðÿä iäåàëiâ (3.3) ¹ ùiëüíèì äëÿ íàïiâãðóïè I n
λ (S).

Çà òâåðäæåííÿì 1.2.24 êîæíà iíâåðñíà íàïiâãðóïà S iç ùiëüíèìè ðÿäà-

ìè iäåàëiâ ¹ àëãåáðè÷íî ïîâíîþ ó êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ

iíâåðñíèõ íàïiâãðóï iç íåïåðåðâíîþ iíâåðñi¹þ. Òîäi ç òâåðäæåííÿ 3.2.5 i

òåîðåì 3.3.9, 3.3.11 âèïëèâà¹ òåîðåìà 3.3.13.

Òåîðåìà 3.3.13. Íåõàé S � iíâåðñíà íàïiâãðóïà, ùî ìiñòèòü ñèëüíî

ùiëüíèé ðÿä iäåàëiâ. Òîäi äëÿ äîâiëüíîãî íåíóëüîâîãî êàðäèíàëà λ i äîâiëü-

íîãî íàòóðàëüíîãî ÷èñëà n ⩽ λ íàïiâãðóïà I n
λ (S) ¹ àëãåáðè÷íî ïîâíîþ ó

êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ iíâåðñíèõ íàïiâãðóï ç íåïåðåðâíîþ

iíâåðñi¹þ.

Çàóâàæèìî, ùî ó âèïàäêó, êîëè n = 1 êîíñòðóêöiÿ I 1
λ (S) çáåðiãà¹ âëàñ-

òèâiñòü áóòè íàïiâãðóïîþ çi ùiëüíèìè ðÿäàìè iäåàëiâ, à ç öüîãî âèïëèâà¹

òàêà òåîðåìà:

Òåîðåìà 3.3.14. Íåõàé λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë, n � íàòó-

ðàëüíå ÷èñëî n ⩽ λ òà I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ Im = S � ùiëüíèé ðÿä iäåàëiâ

äëÿ íàïiâãðóïè S. Òîäi

J0 = {0} ⊆ J1 = [I0]
(∗)1
I n

λ (S) ⊆ J2 = [I1]
(∗)1
I n

λ (S) ⊆ J3 =

= [I2]
(∗)1
I n

λ (S) ⊆ · · · ⊆ Jm = [Im−1]
(∗)1
I n

λ (S) ⊆ Jm+1 = I 1
λ (S) (3.6)

¹ ùiëüíèì ðÿäîì iäåàëiâ äëÿ íàïiâãðóïè I 1
λ (S) ó âèïàäêó, êîëè êàðäèíàë

λ ¹ íåñêií÷åííèì, à

J0 = {0} ∪ [I0]
(∗)1
I n

λ (S) ⊆ J1 = [I1]
(∗)1
I n

λ (S) ⊆ J2 =

= [I2]
(∗)1
I n

λ (S) ⊆ · · · ⊆ Jm−1 = [Im−1]
(∗)1
I n

λ (S) ⊆ Jm = I 1
λ (S) (3.7)

¹ ùiëüíèì ðÿäîì iäåàëiâ äëÿ íàïiâãðóïè I 1
λ (S) ó âèïàäêó, êîëè êàðäèíàë

λ � ñêií÷åííèé.



107

Äîâåäåííÿ. Ðîçãëÿíåìî âèïàäîê, êîëè êàðäèíàë λ ¹ íåñêií÷åííèì. Ó

iíøîìó âèïàäêó äîâåäåííÿ ¹ àíàëîãi÷íèì.

Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà I 1
λ (S) âèïëèâà¹, ùî ìíîæèíà Jk

¹ iäåàëîì â I 1
λ (S) äëÿ âñiõ íàòóðàëüíèõ ÷èñåë k ∈ {0, 1, . . . ,m+ 1}.

Çàôiêñó¹ìî äîâiëüíå ÷èñëî k ∈ {1, . . . ,m+ 1}. Òîäi äëÿ êîæíî¨ íåñêií-
÷åííî¨ ïiäìíîæèíè B â Jk \Jk−1 i äîâiëüíîãî åëåìåíòà α =

(
a
s
b

)
∈ Jk \Jk−1

ðîçãëÿíåìî ìîæëèâi âèïàäêè:

(1) ßêùî B ∩ S
(i)
(i) � íåñêií÷åííà ìíîæèíà äëÿ äåÿêîãî i ∈ λ, òî

B ∩ S
(i)
(i) ⊆ [Ik−1 \ Ik2]

(i)
(i),

à îòæå, ç íàïiâãðóïîâî¨ îïåðàöi¨ íà I 1
λ (S) âèïëèâà¹, ùî

αB ∪Bα ⊈ Jk \ Jk−1

ó âèïàäêó, êîëè a = b = i, îñêiëüêè ìíîæèíà Ik−1\Ik2 ¹ ω-íåñòiéêîþ
â S. Iíàêøå, 0 ∈ αB ∪Bα ⊈ Jk \ Jk−1.

(2) ßêùî B ∩ S
(i)
(i) � ñêií÷åííà ìíîæèíà äëÿ äåÿêîãî i ∈ λ, òî ç îçíà-

÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà I 1
λ (S) âèïëèâà¹, ùî 0 ∈ αB∪Bα ⊈

Jk \ Jk−1.

Â îáèäâîõ âèïàäêàõ ìà¹ìî, ùî ìíîæèíà Jk \ Jk−1 ¹ ω-íåñòiéêîþ â I 1
λ (S),

ùî i çàâåðøó¹ äîâåäåííÿ òåîðåìè.
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3.4. Êîìïàêòíi òîïîëîãi¨ íà I n
λ (S)

Äëÿ äîâiëüíîãî åëåìåíòà α =
(
i1 ... ik
j1 ... jk

)
íàïiâãðóïèI n

λ i äîâiëüíîãî s ∈ S

ïîçíà÷èìî α[s] =
(

i1 ... ik
s ... s
j1 ... jk

)
. Î÷åâèäíî, ùî α[s] ¹ åëåìåíòîì íàïiâãðóïè

I n
λ (S). Íàäàëi â òàêîìó âèïàäêó áóäåìî ãîâîðèòè, ùî α[s] � s-ðîçøèðåííÿ

α àáî α � I n
λ -çâóæåííÿ α[s].

Òâåðäæåííÿ 3.4.1. Íåõàé S � ìîíî¨ä, λ � äîâiëüíèé íåíóëüîâèé êàð-

äèíàë, n � áóäü-ÿêå íàòóðàëüíå ÷èñëî ⩽ λ, 0 < k ⩽ n i I n
λ (S) � ãàóñ-

äîðôîâà íàïiâòîïîëîãi÷íà íàïiâãðóïà. Òîäi äëÿ âïîðÿäêîâàíèõ íàáîðiâ ç

k ðiçíèõ åëåìåíòiâ (a1, . . . , ak) i (b1, . . . , bk) iç λk i äîâiëüíîãî åëåìåíòà

αS ∈ S
(a1,...,ak)
(b1,...,bk)

iñíó¹ âiäêðèòèé îêië U(αS) åëåìåíòà αS òàêèé, ùî

• U(αS) ∩ I k−1
λ (S) = ∅ i U(αS) ∩ I k

λ (S) ⊆ S
(a1,...,ak)
(b1,...,bk)

ó âèïàäêó, êîëè

k ⩾ 2,

• 0 /∈ U(αS) i U(αS) ∩ I 1
λ (S) ⊆ S

(a1)
(b1)

ó âèïàäêó, êîëè k = 1.

Îòîæ, I k
λ (S) ¹ çàìêíåíîþ ïiäíàïiâãðóïîþ â I n

λ (S).

Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíå ÷èñëî k ⩽ n i äîâiëüíèé åëåìåíò

αS =
( a1 ... ak

s1 ... sk
b1 ... bk

)
∈ Sa1,...,ak

b1,...,bk
. Î÷åâèäíî, ùî ε1[1S] · αS · ε2[1S] = αS, äå

ε1[1S] =
(

a1 ... ak
1S ... 1S
a1 ... ak

)
, ε2[1S] =

(
b1 ... bk
1S ... 1S
b1 ... bk

)
i 1S � öå îäèíè÷íèé åëåìåíò íàïiâãðóïè S.

Çà äîïîìîãîþ íåñêëàäíèõ îá÷èñëåíü ìîæíà îòðèìàòè, ùî

S
(a1,...,ak)
(b1,...,bk)

= ε1[1S] · I n
λ (S) · ε2[1S] \

⋃{
ε1[1S] · I n

λ (S) · ε2[1S] :

ε1 < ε1 i ε2 < ε2 â E(I n
λ )
}
.

Âiäîìî, îñêiëüêè ìíîæèíè eT i Te ¹ ðåòðàêòàìè òîïîëîãi÷íîãî ïðîñòîðó

T , òî çà òâåðäæåííÿì 1.2.6 âîíè ¹ çàìêíåíèìè ïiäìíîæèíàìè â äîâiëüíié

ãàóñäîðôîâié íàïiâòîïîëîãi÷íié íàïiâãðóïi T , äëÿ áóäü-ÿêîãî ¨¨ iäåìïîòåí-

òà e. Îñêiëüêè äëÿ êîæíîãî iäåìïîòåíòà ε ∈ I n
λ ìíîæèíà

↓ε = {ι ∈ E(I n
λ ) : ι ⩽ ε}
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ñêií÷åííà, òî ìíîæèíà

AαS
=
⋃

{ε1[1S] · I n
λ (S) · ε2[1S] : ε1 < ε1 i ε2 < ε2}

¹ çàìêíåíîþ â I n
λ (S). Çàôiêñó¹ìî òàêèé äîâiëüíèé âiäêðèòèé îêië W (αS)

åëåìåíòà αS, ùîW (αS)∩AαS
= ∅. Ç òîãî, ùî îïåðàöiÿ íà íàïiâãðóïi I n

λ (S)

¹ íàðiçíî íåïåðåðâíîþ âèïëèâà¹ iñíóâàííÿ òàêîãî âiäêðèòîãî îêîëó U(αS)

åëåìåíòà αS, ùî

ε1[1S] · U(αS) · ε2[1S] ⊆ W (αS).

Îêië U(αS) i ¹ øóêàíèì îêîëîì. Ñïðàâäi, ÿêùî iñíó¹ βS ∈ I k
λ (S)\S

(a1,...,ak)
(b1,...,bk)

,

òî ε1[1S] · βS · ε2[1S] ∈ AαS
.

Çàóâàæåííÿ 3.4.2. Ìè äîâåëè, ùî ó òâåðäæåííi 3.4.1 ìîæåìî ââàæàòè,

ùî îêië U(αS) çàäîâîëüíÿ¹ òàêó âëàñòèâiñòü:

ε1[1S] · U(αS) · ε2[1S] ⊆ S
(a1,...,ak)
(b1,...,bk)

.

Òâåðäæåííÿ 3.4.3. Íåõàé S � ìîíî¨ä, λ � äîâiëüíèé íåíóëüîâèé êàðäè-

íàë, n � äîâiëüíå íàòóðàëüíå ÷èñëî ⩽ λ, 0 < k ⩽ n i I n
λ (S) � ãàóñäîðôîâà

íàïiâòîïîëîãi÷íà íàïiâãðóïà. Òîäi äëÿ äîâiëüíèõ âïîðÿäêîâàíèõ íàáîðiâ ç

k ðiçíèõ åëåìåíòiâ (a1, . . . , ak), (b1, . . . , bk), (c1, . . . , ck) i (d1, . . . , dk) ç λk

ïiäïðîñòîðè S
(a1,...,ak)
(b1,...,bk)

i S
(c1,...,ck)
(d1,...,dk)

¹ ãîìåîìîðôíèìè, i áiëüøå òîãî, S
(a1,...,ak)
(a1,...,ak)

i S
(c1,...,ck)
(c1,...,ck)

¹ òîïîëîãi÷íî içîìîðôíèìè ïiäíàïiâãðóïàìè â I n
λ (S).

Äîâåäåííÿ. Îñêiëüêè I n
λ (S) ¹ íàïiâòîïîëîãi÷íîþ íàïiâãðóïîþ, òî çâó-

æåííÿ òàêèõ âiäîáðàæåíü

(a1,...,ak)
(b1,...,bk)

h
(c1,...,ck)
(d1,...,dk)

: I n
λ (S) → I n

λ (S), α 7→
(

c1 ... ck
1S ... 1S
a1 ... ak

)
· α ·

(
b1 ... bk
1S ... 1S
d1 ... dk

)
i

(c1,...,ck)
(d1,...,dk)

h
(a1,...,ak)
(b1,...,bk)

: I n
λ (S) → I n

λ (S), α 7→
(

a1 ... ak
1S ... 1S
c1 ... ck

)
· α ·

(
d1 ... dk
1S ... 1S
b1 ... bk

)
íà ïiäïðîñòîðè S

(a1,...,ak)
(b1,...,bk)

i S(c1,...,ck)
(d1,...,dk)

, âiäïîâiäíî, ¹ âçà¹ìíî îáåðíåíèìè âi-

äîáðàæåííÿìè, à òîìó S
(a1,...,ak)
(b1,...,bk)

i S(c1,...,ck)
(d1,...,dk)

¹ ãîìåîìîðôíèìè ïiäïðîñòîðàìè
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â I n
λ (S). Î÷åâèäíèì òàêîæ ¹ òîé ôàêò, ùî ó âèïàäêó ïiäíàïiâãðóï S(a1,...,ak)

(a1,...,ak)

i S(c1,...,ck)
(c1,...,ck)

òàê âèçíà÷åíi çâóæåííÿ âiäîáðàæåíü ¹ òîïîëîãi÷íèìè içîìîðôiç-

ìàìè.

Äëÿ äîâiëüíèõ âïîðÿäêîâàíèõ íàáîðiâ k ðiçíèõ åëåìåíòiâ (a1, . . . , ak) i

(b1, . . . , bk) i λk îçíà÷èìî âiäîáðàæåííÿ

f
(a1,...,ak)
(b1,...,bk)

: I n
λ (S) → I n

λ (S), α 7→
(

a1 ... ak
1S ... 1S
a1 ... ak

)
· α ·

(
b1 ... bk
1S ... 1S
b1 ... bk

)
.

Ç òâåðäæåííÿ 3.4.1 âèïëèâà¹.

Íàñëiäîê 3.4.4. Íåõàé S � ìîíî¨ä, λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë,

n � áóäü-ÿêå íàòóðàëüíå ÷èñëî ⩽ λ, 0 < k ⩽ n i I n
λ (S) � ãàóñäîðôîâà

íàïiâòîïîëîãi÷íà íàïiâãðóïà. Òîäi ìíîæèíà

⇑S(a1,...,ak)
(b1,...,bk)

=
(
S
(a1,...,ak)
(b1,...,bk)

)(
f
(a1,...,ak)
(b1,...,bk)

)−1

¹ âiäêðèòîþ â I n
λ (S) äëÿ äîâiëüíèõ âïîðÿäêîâàíèõ íàáîðiâ k ðiçíèõ åëå-

ìåíòiâ (a1, . . . , ak) òà (b1, . . . , bk) ç λk.

Äîáðå âiäîìî, ùî êîæåí ãàóñäîðôiâ êîìïàêòíèé ïðîñòið ¹H-çàìêíåíèì,

à êîæåí ðåãóëÿðíèé H-çàìêíåíèé ïðîñòið ¹ êîìïàêòíèì (äèâ. òâåðäæåí-

íÿ 1.2.15).

Ëåìà 3.4.5. Íåõàé S � ìîíî¨ä, λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë, n �

áóäü-ÿêå íàòóðàëüíå ÷èñëî ⩽ λ, 0 < k ⩽ n i I n
λ (S) � ãàóñäîðôîâà íàïiâ-

òîïîëîãi÷íà íàïiâãðóïà. ßêùî S
(a)
(b) ¹ çàìêíåíîþ ïiäìíîæèíîþ â I n

λ (S)

äëÿ âñiõ a, b ∈ λ, òî S
(a1,...,ak)
(b1,...,bk)

� çàìêíåíèé ïiäïðîñòið ó I n
λ (S) äëÿ äî-

âiëüíèõ âïîðÿäêîâàíèõ íàáîðiâ k ðiçíèõ åëåìåíòiâ (a1, . . . , ak) i (b1, . . . , bk)

ç λk.

Äîâåäåííÿ. Äëÿ äîâiëüíèõ a, b ∈ λ âiäîáðàæåííÿ

f
(a)
(b) : I n

λ (S) → I n
λ (S), α 7→

(
a
1S
a

)
· α ·

(
b
1S
b

)
¹ íåïåðåðâíèì, áî I n

λ (S) ¹ íàïiâòîïîëîãi÷íîþ íàïiâãðóïîþ. Ç öüîãî òà ç
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òâåðäæåííÿ 3.4.1 âèïëèâà¹, ùî

S
(a1,...,ak)
(b1,...,bk)

=
(
S
(a1)
(b1)

)(
f
(a1)
(b1)

)−1

∩ · · · ∩
(
S
(ak)
(bk)

)(
f
(ak)
(bk)

)−1

∩ I k
λ (S)

¹ çàìêíåíèì ïiäïðîñòîðîì â I n
λ (S).

Ïîçàÿê çà òåîðåìîþ 1.2.11 íåïåðåðâíèé îáðàç êîìïàêòíîãî (H-çàìê-

íåíîãî) ïðîñòîðó ¹ êîìïàêòíèì (H-çàìêíåíèì), òî ç òâåðäæåííÿ 3.4.3 òà

ëåìè 3.4.5 âèïëèâà¹.

Íàñëiäîê 3.4.6. Íåõàé S � ìîíî¨ä, λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë,

n � áóäü-ÿêå íàòóðàëüíå ÷èñëî ⩽ λ, 0 < k ⩽ n i I n
λ (S) � ãàóñäîðôîâà

íàïiâòîïîëîãi÷íà íàïiâãðóïà. ßêùî ìíîæèíà S
(a)
(b) ¹ H-çàìêíåíîþ (êîì-

ïàêòíîþ) â I n
λ (S) äëÿ äåÿêèõ a, b ∈ λ, òî S

(a1,...,ak)
(b1,...,bk)

¹ çàìêíåíèì ïiäïðîñ-

òîðîì â I n
λ (S) äëÿ äîâiëüíèõ íàáîðiâ k ðiçíèõ åëåìåíòiâ (a1, . . . , ak) i

(b1, . . . , bk) ç λk.

Îçíà÷åííÿ 3.4.7. Íåõàé S � êëàñ íàïiâòîïîëîãi÷íèõ íàïiâãðóï. Íåõàé

λ ⩾ 1 � êàðäèíàë, n � íàòóðàëüíå ÷èñëî ⩽ λ i (S, τ) ∈ S. I íåõàé τI ¹

òàêîþ òîïîëîãi¹þ íà I n
λ (S), ùî

a) (I n
λ (S), τI ) ∈ S;

b) òîïîëîãi÷íèé ïiäïðîñòið
(
S
(a)
(a) , τB|Sα,α

)
¹ ïðèðîäíî ãîìåîìîðôíèì

äî (S, τ) äëÿ äåÿêîãî a ∈ λ, òîáòî, âiäîáðàæåííÿ H : S → I n
λ (S),

s 7→
(

a
s
a

)
¹ òîïîëîãi÷íèì âêëàäåííÿì.

Òîäi (I n
λ (S), τI ) íàçèâà¹òüñÿ òîïîëîãi÷íèì I n

λ -ðîçøèðåííÿì íàïiâòîïî-

ëîãi÷íî¨ íàïiâãðóïè (S, τ) â êëàñi S.
Ëåìà 3.4.8. Íåõàé (S, τ) � íàïiâòîïîëîãi÷íèé ìîíî¨ä, λ � äîâiëüíèé

íåíóëüîâèé êàðäèíàë, n � áóäü-ÿêå íàòóðàëüíå ÷èñëî ⩽ λ, 0 < k ⩽ n i

(I n
λ (S), τI ) � òîïîëîãi÷íå I n

λ -ðîçøèðåííÿ (S, τ) ó êëàñi íàïiâòîïîëîãi÷-

íèõ íàïiâãðóï. Íåõàé U1(s1), . . . , Uk(sk) � âiäêðèòi îêîëè òî÷îê s1, . . . , sk
ó (S, τ), âiäïîâiäíî. Òîäi ìíîæèíè

⇑ [U1(s1)]
(a1)
(b1)

=
(
[U1(s1)]

(a1)
(b1)

)(
f
(a1)
(b1)

)−1

, . . . ,⇑ [Uk(sk)]
(ak)
(bk)

=
(
[Uk(sk)]

(ak)
(bk)

)(
f
(ak)
(bk)

)−1

òà

⇑ [U1(s1), . . . , Uk(sk)]
(a1,...,ak)
(b1,...,bk)

= ⇑ [U1(s1)]
(a1)
(b1)

∩ . . . ∩ ⇑ [Uk(sk)]
(ak)
(bk)
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¹ âiäêðèòèìè îêîëàìè òî÷îê( a1
s1
b1

)
, · · · ,

( ak
sk
bk

)
òà

( a1 ... ak
s1 ... sk
b1 ... bk

)
â (I n

λ (S), τI ), âiäïîâiäíî, äëÿ äîâiëüíèõ âïîðÿäêîâàíèõ íàáîðiâ k ðiçíèõ

åëåìåíòiâ (a1, . . . , ak) i (b1, . . . , bk) ç λk.

Äîâåäåííÿ. Îñêiëüêè (I n
λ (S), τI )� òîïîëîãi÷íåI n

λ -ðîçøèðåííÿ íàïiâ-

ãðóïè (S, τ) ó êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï, òî iñíóþòü

òàêi âiäêðèòi îêîëè W1, . . . ,Wk òî÷îê
( a1

s1
b1

)
, · · · ,

( ak
sk
bk

)
â (I n

λ (S), τI ), âiä-

ïîâiäíî, ùî

W1 ∩ S
(a1)
(b1)

= [U1(s1)]
(a1)
(b1)

, . . . , Wk ∩ S
(ak)
(bk)

= [Uk(sk)]
(ak)
(bk)

.

Òîäi îñòàòî÷íå äîâåäåííÿ ëåìè âèïëèâà¹ iç òîãî ôàêòó, ùî íàïiâãðóïîâà

îïåðàöiÿ â (I n
λ (S), τI ) ¹ íàðiçíî íåïåðåðâíîþ.

Òåîðåìà 3.4.9. Íåõàé (S, τ) � ãàóñäîðôîâèé êîìïàêòíèé íàïiâòîïîëî-

ãi÷íèé ìîíî¨ä, λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë, n � áóäü-ÿêå íàòó-

ðàëüíå ÷èñëî ⩽ λ, 0 < k ⩽ n i (I n
λ (S), τI ) � êîìïàêòíå òîïîëîãi÷íå

I n
λ -ðîçøèðåííÿ (S, τ) ó êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï.

Òîäi ïiäïðîñòið S
(a1,...,ak)
(b1,...,bk)

â (I n
λ (S), τI ) ¹ êîìïàêòíèì, i áiëüøå òîãî, iñíó¹

ãîìåîìîðôiçì ìiæ S
(a1,...,ak)
(b1,...,bk)

òà Sk iç òîïîëîãi¹þ äîáóòêó, ÿêèé çàäà¹òüñÿ

âiäîáðàæåííÿì

H : S
(a1,...,ak)
(b1,...,bk)

→ Sk,
( a1 ... ak

s1 ... sk
b1 ... bk

)
7→ (s1, . . . , sk),

äëÿ äîâiëüíèõ âïîðÿäêîâàíèõ íàáîðiâ k ðiçíèõ åëåìåíòiâ (a1, . . . , ak) òà

(b1, . . . , bk) iç λk.

Äîâåäåííÿ. Îñêiëüêè ìîíî¨ä (S, τ) ¹ êîìïàêòíèì, òî iç íàñëiäêó 3.4.6

âèïëèâà¹, ùî S
(a1,...,ak)
(b1,...,bk)

¹ çàìêíåíîþ ïiäìíîæèíîþ â ïðîñòîði (I n
λ (S), τI ).

Òîäi ç êîìïàêòíîñòi ïðîñòîðó (I n
λ (S), τI ) âèïëèâà¹ êîìïàêòíiñòü ìíîæèíè

S
(a1,...,ak)
(b1,...,bk)

.
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Î÷åâèäíî, ùî òàê âèçíà÷åíå âiäîáðàæåííÿ H : S
(a1,...,ak)
(b1,...,bk)

→ Sk ¹ ái¹êöi¹þ.

Òàêîæ çà ëåìîþ 3.4.8 âiäîáðàæåííÿ H ¹ íåïåðåðâíèì, à òîìó ¹ ãîìåîìîð-

ôiçìîì, áî Sk i S(a1,...,ak)
(b1,...,bk)

� êîìïàêòè.

Íàñëiäîê 3.4.10 âèïëèâà¹ iç òåîðåì 3.4.1 i 3.4.9.

Íàñëiäîê 3.4.10. Íåõàé (S, τ) � ãàóñäîðôîâèé êîìïàêòíèé íàïiâòîïî-

ëîãi÷íèé ìîíî¨ä, λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë, n � áóäü-ÿêå íàòó-

ðàëüíå ÷èñëî ⩽ λ, 0 < k ⩽ n i (I n
λ (S), τI ) � êîìïàêòíå òîïîëîãi÷íå I n

λ -

ðîçøèðåííÿ (S, τ) ó êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï. Òîäi

S
(a1,...,ak)
(b1,...,bk)

¹ âiäêðèòî-çàìêíåíîþ ïiäìíîæèíîþ â (I n
λ (S), τI ) äëÿ äîâiëüíèõ

âïîðÿäêîâàíèõ íàáîðiâ k ðiçíèõ åëåìåíòiâ (a1, . . . , ak) òà (b1, . . . , bk) iç λ
k,

à ïðîñòið (I n
λ (S), τI ) ¹ òîïîëîãi÷íîþ ñóìîþ òàêèõ ìíîæèí ç içîëüîâà-

íèì íóëåì.

Çàóâàæåííÿ 3.4.11. Çà òåîðåìîþ 1.2.22 íåñêií÷åííà íàïiâãðóïà ìàòðè÷-

íèõ îäèíèöü, à òîìó i íåñêií÷åííà íàïiâãðóïà I n
λ , íå âêëàäàþòüñÿ içîìîðô-

íî â êîìïàêòíó ãàóñäîðôîâó òîïîëîãi÷íó íàïiâãðóïó. Íàñëiäîê 3.4.10 îïè-

ñó¹ êîìïàêòíå òîïîëîãi÷íå I n
λ -ðîçøèðåííÿ êîìïàêòíèõ íàïiâãðóï (S, τ) ó

êëàñi ãàóñäîðôîâèõ òîïîëîãi÷íèõ íàïiâãðóï.

Ïðèêëàä 3.4.12. Íåõàé (S, τS) � êîìïàêòíèé ãàóñäîðôiâ íàïiâòîïîëîãi÷-

íèé ìîíî¨ä. Íà íàïiâãðóïi I n
λ (S) âèçíà÷èìî òîïîëîãiþ τ cI òàê: ïîêëàäåìî

Pc
k(0) =

{
I n

λ (S) \ ⇑S
(a1,...,ak)
(b1,...,bk)

: (a1, . . . , ak)

i (b1, . . . , bk) � âïîðÿäêîâàíi íàáîðè k ðiçíèõ åëåìåíòiâ ç λk
}
,

äëÿ äîâiëüíîãî k = 1, . . . , n, à òàêîæ

Pc
(

a
s
b

)
=
{
⇑ [U(s)]

(a)
(b) : U(s) � âiäêðèòèé îêië s â (S, τS)

}
,

äëÿ äåÿêîãî
(

a
s
b

)
∈ I n

λ (S) \ {0}.

Òîïîëîãiÿ τ cI íà I n
λ (S) ïîðîäæó¹òüñÿ ñiì'¹þ

Pc = {Pc
k(0) : k = 1, . . . , n} ∪

{
Pc

(
a
s
b

)
:
(

a
s
b

)
∈ I n

λ (S) \ {0}
}
,
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ÿêà ¹ ¨¨ ïåðåäáàçîþ.

Çàóâàæåííÿ 3.4.13. Ç ëåìè 3.4.8 òà ç îçíà÷åííÿ òîïîëîãi¨ τ cI íà I n
λ (S)

âèïëèâà¹, ùî âèêîíóþòüñÿ íèæ÷å ïåðåëi÷åíi óìîâè.

(1) Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà k = 1, . . . , n òà âñiõ íàáîðiâ

(a1, . . . , ak) òà (b1, . . . , bk) iç k ðiçíèõ åëåìåíòiâ ìíîæèíè λk ìíîæèíà

⇑S(a1,...,ak)
(b1,...,bk)

¹ çàìêíåíîþ â (I n
λ (S), τ

c
I ).

(2) Äëÿ êîæíîãî åëåìåíòà αS =
( a1 ... ak

s1 ... sk
b1 ... bk

)
iç I n

λ (S) i äîâiëüíèõ âiäêðè-

òèõ îêîëiâ U1(s1), . . . , Uk(sk) òî÷îê s1, . . . , sk â (S, τ) ìíîæèíà

⇑ [U1(s1), . . . , Uk(sk)]
(a1,...,ak)
(b1,...,bk)

\
(
⇑S

(a11,...,a
1
l1
)

(b11,...,b
1
l1
)
∪ · · · ∪ ⇑S

(ap1,...,a
p
lp
)

(bp1,...,b
p
lp
)

)
òàêà, ùî αS /∈ ⇑S

(a11,...,a
1
l1
)

(b11,...,b
1
l1
)
∪ · · · ∪ ⇑S

(ap1,...,a
p
lp
)

(bp1,...,b
p
lp
)
, ¹ âiäêðèòèì îêîëîì

òî÷êè αS â (I n
λ (S), τ

c
I ). Ââàæà¹ìî, ùî {a1, . . . , ak} ⫋

{
aj1, . . . , a

j
lj

}
òà {b1, . . . , bk} ⫋

{
bj1, . . . , b

j
lj

}
äëÿ âñiõ j = 1, . . . , p.

Òåîðåìà 3.4.14. ßêùî (S, τS) � êîìïàêòíèé ãàóñäîðôiâ íàïiâòîïîëîãi÷-

íèé ìîíî¨ä, òî (I n
λ (S), τ

c
I ) ¹ êîìïàêòíîþ ãàóñäîðôîâîþ íàïiâòîïîëîãi÷-

íîþ íàïiâãðóïîþ.

Äîâåäåííÿ. Î÷åâèäíî, ùî òîïîëîãiÿ τ cI ¹ ãàóñäîðôîâîþ.

Çà òåîðåìîþ Àëåêñàíäåðà ïðî ïåðåäáàçó (òåîðåìà 1.2.10) äîñòàòíüî äî-

âåñòè, ùî êîæíå âiäêðèòå ïîêðèòòÿ ïðîñòîðó I n
λ (S), ÿêå ñêëàäà¹òüñÿ ç

åëåìåíòiâ ïåðåäáàçè Pc, ìà¹ ñêií÷åííå ïiäïîêðèòòÿ.

Äîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨, ùî ïðîñòið (I n
λ (S), τ

c
I ) ¹

êîìïàêòíèì. Ó âèïàäêó, êîëè n = 1, ç íàñëiäêó 1.2.23 âèïëèâà¹, ùî ïðîñ-

òið
(
I 1

λ (S), τ
c
I

)
¹ êîìïàêòíèì. Äàëi äîâåäåìî, ùî âèêîíó¹òüñÿ êðîê iíäóê-

öi¨: ÿêùî òîïîëîãi÷íèé ïðîñòið
(
I k−1

λ (S), τ cI
)
¹ êîìïàêòíèì, òî ïðîñòið(

I k
λ (S), τ

c
I

)
òàêîæ ¹ êîìïàêòíèì äëÿ k = 2, . . . , n. Íå çìåíøóþ÷è çàãàëü-

íîñòi ââàæàòèìåìî, ùî k = n.

Íåõàé U � äîâiëüíå âiäêðèòå ïîêðèòòÿ ïðîñòîðó (I n
λ (S), τ

c
I ), ùî ñêëà-

äà¹òüñÿ iç åëåìåíòiâ ïåðåäáàçè Pc. Ç ïðèïóùåííÿ iíäóêöi¨ âèïëèâà¹, ùî
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iñíó¹ ñêií÷åííà ïiäñiì'ÿ Un−1 â U , ÿêà ¹ ïiäïîêðèòòÿì ïðîñòîðó I n−1
λ (S).

Çàôiêñó¹ìî äîâiëüíèé åëåìåíò V0 = I n
λ (S) \ ⇑S

(a1,...,ap)

(b1,...,bp)
∈ Un−1, ùî ìiñòèòü

íóëü 0 íàïiâãðóïè I n
λ (S). Òîäi p ∈ {1, . . . , n}.

Ìè äîâåëè, ùî äîâiëüíà âiäêðèòà ìíîæèíà U0 ñiì'¨ {Pc
k(0) : k = 1, . . . , n}

ìiñòèòü ìíîæèíó S(a1,...,ap)

(b1,...,bp)
òîäi i òiëüêè òîäi, êîëè U0∩S

(a1,...,ap)

(b1,...,bp)
̸= ∅. Ç öüîãî

âèïëèâà¹, ùî âèêîíó¹òüñÿ ëèøå îäíà iç òàêèõ óìîâ:

(1) íå iñíó¹ åëåìåíòà â Un−1 iç ñiì'¨ {Pc
k(0) : k = 1, . . . , n}, ùî ìiñòèòü

ìíîæèíó S
(a1,...,ap)

(b1,...,bp)
;

(2) iñíó¹ ìíîæèíà W0 ∈ Un−1 ∩ {Pc
k(0) : k = 1, . . . , n} òàêà, ùî

S
(a1,...,ap)

(b1,...,bp)
⊆ W0.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà (1). Ñïî÷àòêó ðîçãëÿíåìî âèïà-

äîê: p < n. Çà òåîðåìîþ 3.4.9 ïðîñòið S
(a1,...,ap)

(b1,...,bp)
¹ êîìïàêòíèì, à òîìó

iñíó¹ ñêií÷åííà êiëüêiñòü åëåìåíòiâ ⇑ [U(s1)]
(c1)
(d1)

, . . . ,⇑ [U(sm)]
(cm)
(dm) ç ïåðå-

òèíó Un−1 ∩ Pc \ {Pc
k(0) : k = 1, . . . , n} òàêèõ, ùî

S
(a1,...,ap)

(b1,...,bp)
⊆ ⇑ [U(s1)]

(c1)
(d1)

∪ · · · ∪ ⇑ [U(sm)]
(cm)
(dm) .

Î÷åâèäíî, ùî ñiì'ÿ{
U0,⇑ [U(s1)]

(c1)
(d1)

, . . . ,⇑ [U(sm)]
(cm)
(dm)

}
¹ ñêií÷åííèì ïîêðèòòÿì ïðîñòîðó (I n

λ (S), τ
c
I ).

Äàëi ðîçãëÿíåìî âèïàäîê p = n. Îòîòîæíèìî ìíîæèíó S
(a1,...,an)
(b1,...,bn)

òà äî-

áóòîê Sn çà äîïîìîãîþ âiäîáðàæåííÿ

H : S
(a1,...,an)
(b1,...,bn)

→ Sn,
( a1 ... an

s1 ... sn
b1 ... bn

)
7→ (s1, . . . , sn). (3.8)

Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà I n
λ (S) âèïëèâà¹, ùî

⇑ [U(s)]
(c)
(d) ∩ S

(a1,...,an)
(b1,...,bn)

̸= ∅

òîäi i òiëüêè òîäi, êîëè c = ai i d = bi äëÿ äåÿêîãî i = 1, . . . , n. Òîäi ç
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îçíà÷åííÿ âiäîáðàæåííÿ H (äèâ. (3.8)) âèïëèâà¹, ùî(
⇑ [U(s)]

(ai)
(bi)

∩ S
(a1,...,an)
(b1,...,bn)

)
H = S × · · · × U(s)︸︷︷︸

i−é

× · · · × S ⊆ Sn (3.9)

äëÿ âñiõ i = 1, . . . , n.

Òîäi ïåðåäáàçà Pc â I n
λ (S) i âiäîáðàæåííÿ (3.8) âèçíà÷àþòü òîïîëîãiþ

äîáóòêó íà Sn, à òîìó ïðîñòið Sn ¹ êîìïàêòíèì.

Ïðèïóñòèìî, ùî ïðîñòið S
(a1,...,an)
(b1,...,bn)

íåêîìïàêòíèé. Òîäi äëÿ ïðîñòîðó

S
(a1,...,an)
(b1,...,bn)

iñíó¹ ïîêðèòòÿ W , ÿêå ñêëàäà¹òüñÿ iç âiäêðèòèõ ìíîæèí âèãëÿäó

⇑ [U(s)]
(c)
(d), i ïîêðèòòÿ W íå ìiñòèòü ñêií÷åííîãî ïiäïîêðèòòÿ. Òîäi i ïîê-

ðèòòÿ WSn ïðîñòîðó Sn, âèçíà÷åíå çà ôîðìóëîþ (3.9), íå ìiñòèòü ñêií÷åííå

ïiäïîêðèòòÿ iç ñiì'¨ W . À öå ñóïåðå÷èòü êîìïàêòíîñòi ïðîñòîðó Sn.

Îòæå, ó âèïàäêó (1) ïîêðèòòÿ U ïðîñòîðó I n
λ (S) ìiñòèòü ñêií÷åííå

ïiäïîêðèòòÿ.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà (2). Òîäi W0 = I n
λ (S) \ ⇑S

(c1,...,cq)

(d1,...,dq)
ç

q ⩽ n. ßêùî ⇑S(c1,...,cq)

(d1,...,dq)
∩⇑S(a1,...,ap)

(b1,...,bp)
= ∅, òî {V0,W0} ¹ ïîêðèòòÿì ïðîñòîðó

I n
λ (S). Â iíøîìó âèïàäêó iñíó¹ òàêå íàéìåíøå íàòóðàëüíå ÷èñëî p1, ùî

max{p+ 1, q} ⩽ p1 ⩽ n i òàêi äâà âïîðÿäêîâàíi p1-íàáîðè ðiçíèõ åëåìåíòiâ

(e1, . . . , ep1) i (f1, . . . , fp1) ç äîáóòêó λp1, ùî

⇑S(c1,...,cq)

(d1,...,dq)
∩ ⇑S(a1,...,ap)

(b1,...,bp)
= ⇑S(e1,...,ep1)

(f1,...,fp1)
.

Òîäi äëÿ âiäêðèòî¨ ìíîæèíè

U1 = U0 ∪W0 = I n
λ (S) \ ⇑S

(e1,...,ep1)

(f1,...,fp1)

âèêîíó¹òüñÿ àáî óìîâà (1), àáî óìîâà (2).

Îñêiëüêè p + 1 ⩽ p1 ⩽ n, òî ïîâòîðþþ÷è ñêií÷åííó êiëüêiñòü ðàçiâ íà-

âåäåíi âèùå ìiðêóâàííÿ îòðèìó¹ìî, ùî ïðîñòið (I n
λ (S), τ

c
I ) ¹ êîìïàêòíèì.

Äîâåäåìî, ùî τ cI � òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ íà (I n
λ (S), τ

c
I ).

Ðîçãëÿíåìî âñi ìîæëèâi âèïàäêè.
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(i) 0 · 0 = 0. Òîäi äëÿ êîæíîãî âiäêðèòîãî îêîëó U0 íóëÿ â (I n
λ (S), τ

c
I )

ìà¹ìî, ùî

U0 · 0 = 0 · U0 = {0} ⊆ U0.

(ii) α · 0 = 0. Òîäi äëÿ äîâiëüíèõ âiäêðèòèõ îêîëiâ U0 òà Uα, âiäïîâiäíî,

íóëÿ i α â (I n
λ (S), τ

c
I ) ìà¹ìî, ùî

Uα · 0 = {0} ⊆ U0.

Íåõàé

W0 = I n
λ (S) \

(
⇑S(a11,...,a

1
p1
)

(b11,...,b
1
p1
)
∪ · · · ∪ ⇑S

(ak1 ,...,a
k
pk
)

(bk1 ,...,b
k
pk
)

)
äîâiëüíèé áàçîâèé îêië íóëÿ 0 â ïðîñòîði (I n

λ (S), τ
c
I ). Íå çìåíøóþ÷è çà-

ãàëüíîñòi ââàæàòèìåìî, ùî p1, . . . , pk ⩽ |d(α)|. Ïîêëàäåìî

B =
{
S
(a)
(b) : a ∈ d(α) i b ∈

{
b11, . . . , b

1
p1
, . . . , bk1, . . . , b

k
pk

}}
.

Òîäi ñiì'ÿ B ñêií÷åííà é α · U0 ⊆ W0 äëÿ U0 = I n
λ (S) \

⋃
S
(a)
(b)∈B

⇑S(a)
(b) .

(iii) 0 · α = 0. Òîäi äëÿ äîâiëüíèõ âiäêðèòèõ îêîëiâ U0 i Uα íóëÿ òà α â

ïðîñòîði (I n
λ (S), τ

c
I ), âiäïîâiäíî, îòðèìó¹ìî, ùî

0 · Uα = {0} ⊆ U0.

Íåõàé

W0 = I n
λ (S) \

(
⇑S(a11,...,a

1
p1
)

(b11,...,b
1
p1
)
∪ · · · ∪ ⇑S

(ak1 ,...,a
k
pk
)

(bk1 ,...,b
k
pk
)

)
äîâiëüíèé áàçîâèé îêië òî÷êè 0 â (I n

λ (S), τ
c
I ). Íå çìåíøóþ÷è çàãàëüíîñòi

ââàæàòèìåìî, ùî p1, . . . , pk ⩽ |d(α)|. Ïîêëàäåìî

B =
{
S
(a)
(b) : b ∈ r(α) i a ∈

{
a11, . . . , a

1
p1
, . . . , ak1, . . . , a

k
pk

}}
.

Òîäi ñiì'ÿ B ñêií÷åííà òà U0 · α ⊆ W0 äëÿ U0 = I n
λ (S) \

⋃
S
(a)
(b)∈B

⇑S(a)
(b) .

(iv) α·β = 0. Çàôiêñó¹ìî äîâiëüíèé âiäêðèòèé îêiëW0 íóëÿ 0 â ïðîñòîði

(I n
λ (S), τ

c
I ). Íå çìåíøóþ÷è çàãàëüíîñòi ââàæàòèìåìî, ùî

W0 = I n
λ (S) \

(
⇑S(a1)

(b1)
∪ · · · ∪ ⇑S(ak)

(bk)

)
.
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Ïîçàÿê α · β = 0, òî r(α) ∩ d(β) = ∅. Ïîêëàäåìî

Bα =
{
S
(a)
(b) : a ∈ {a1, . . . , ak}, b ∈ d(β), i α /∈ ⇑S(a)

(b)

}
i

Bβ =
{
S
(a)
(b) : b ∈ {b1, . . . , bk}, a ∈ r(α), i β /∈ ⇑S(a)

(b)

}
.

Íåõàé S
(a1,...,ak)
(b1,...,bk)

òà S
(c1,...,cp)

(d1,...,dp)
, 1 ⩽ k, p ⩽ n òàêi, ùî α ∈ S

(a1,...,ak)
(b1,...,bk)

i β ∈ S
(c1,...,cp)

(d1,...,dp)
. Òîäi ñiì'¨Bα òàBβ ñêií÷åííi, à òîìó çà çàóâàæåííÿì 3.4.13(2)

ìíîæèíè

Vα = S
(a1,...,ak)
(b1,...,bk)

\
⋃

S
(a)
(b)∈Bα

⇑S(a)
(b) i Vβ = S

(c1,...,cp)

(d1,...,dp)
\
⋃

S
(a)
(b)∈Bβ

⇑S(a)
(b)

¹ òàêèìè âiäêðèòèìè îêîëàìè òî÷îê α i β â (I n
λ (S), τ

c
I ), âiäïîâiäíî, ùî

Vα · β ⊆ W0 i α · Vβ ⊆ W0.

(v) α·β = γ ̸= 0 i r(α) = d(β). Íå çìåíøóþ÷è çàãàëüíîñòi ââàæàòèìåìî,

ùî α =
( a1 ... ak

s1 ... sk
b1 ... bk

)
i β =

(
b1 ... bk
t1 ... tk
c1 ... ck

)
, à òîìó îòðèìó¹ìî, ùî γ =

(
a1 ... ak
s1t1 ... sktk
c1 ... ck

)
.

Òîäi äëÿ äîâiëüíîãî âiäêðèòîãî îêîëó

Uγ = ⇑ [U1(s1t1), . . . , Uk(sktk)]
(a1,...,ak)
(c1,...,ck)

\
(
⇑S

(a11,...,a
1
l1
)

(b11,...,b
1
l1
)
∪ · · · ∪ ⇑S

(ap1,...,a
p
lp
)

(bp1,...,b
p
lp
)

)
òî÷êè γ â ïðîñòîði (I n

λ (S), τ
c
I ) ìà¹ìî, ùî

⇑ [V1(s1), . . . , Vk(sk)]
(a1,...,ak)
(b1,...,bk)

· β ⊆ ⇑ [U1(s1t1), . . . , Uk(sktk)]
(a1,...,ak)
(c1,...,ck)

∩ S
(a1,...,ak)
(c1,...,ck)

⊆ Uγ

i

α · ⇑ [V1(t1), . . . , Vk(tk)]
(b1,...,bk)
(c1,...,ck)

⊆ ⇑ [U1(s1t1), . . . , Uk(sktk)]
(a1,...,ak)
(c1,...,ck)

∩ S
(a1,...,ak)
(c1,...,ck)

⊆ Uγ,

äå V1(s1), . . . , Vk(sk), V1(t1), . . . , Vk(tk) � òàêi âiäêðèòi îêîëè òî÷îê s1,. . ., sk,

t1,. . ., tk ∈ (S, τS), âiäïîâiäíî, ùî

V1(s1) · t1 ⊆ U1(s1t1), . . . , Vk(sk) · tk ⊆ Uk(sktk)
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i

s1 · V1(t1) ⊆ U1(s1t1), . . . , sk · Vk(tk) ⊆ Uk(sktk).

(vi) α · β = γ ̸= 0 i r(α) ⫋ d(β). Íå çìåíøóþ÷è çàãàëüíîñòi ââàæàòèìå-

ìî, ùî α =
( a1 ... ak

s1 ... sk
b1 ... bk

)
òà β =

(
b1 ... bk bk+1 ... bk+j

t1 ... tk tk+1 ... tk+j
c1 ... ck ck+1 ... ck+j

)
, äå 1 ⩽ j ⩽ n − k, à òîìó

γ =
(

a1 ... ak
s1t1 ... sktk
c1 ... ck

)
. Òîäi äëÿ äîâiëüíîãî âiäêðèòîãî îêîëó

Uγ = ⇑ [U1(s1t1), . . . , Uk(sktk)]
(a1,...,ak)
(c1,...,ck)

\
(
⇑S

(a11,...,a
1
l1
)

(b11,...,b
1
l1
)
∪ · · · ∪ ⇑S

(ap1,...,a
p
lp
)

(bp1,...,b
p
lp
)

)
òî÷êè γ â ïðîñòîði (I n

λ (S), τ
c
I ) ìà¹ìî, ùî

α · ⇑ [V1(t1), . . . , Vk(tk)]
(b1,...,bk)
(c1,...,ck)

⊆ ⇑ [U1(s1t1), . . . , Uk(sktk)]
(a1,...,ak)
(c1,...,ck)

∩ S
(a1,...,ak)
(c1,...,ck)

⊆ Uγ,

äå V1(t1), . . . , Vk(tk) � âiäêðèòi îêîëè òî÷îê t1, . . . , tk â (S, τS), âiäïîâiäíî,

òàêi ùî

s1 · V1(t1) ⊆ U1(s1t1), . . . , sk · Vk(tk) ⊆ Uk(sktk).

Çàôiêñó¹ìî äîâiëüíèé âiäêðèòèé îêië Uγ òî÷êè γ â ïðîñòîði (I n
λ (S), τ

c
I ).

Ç ëåìè 3.4.8 âèïëèâà¹, ùî íå çìåíøóþ÷è çàãàëüíîñòi ìîæåìî ââàæàòè, ùî

Uγ = ⇑ [U1(s1t1), . . . , Uk(sktk)]
(a1,...,ak)
(c1,...,ck)

\
(
⇑S(a1,...,ak,x1)

(c1,...,ck,y1)
∪ · · · ∪ ⇑S(a1,...,ak,xp)

(c1,...,ck,yp)

)
äëÿ äåÿêèõ x1, . . . , xp ∈ λ\{a1, . . . , ak} i y1, . . . , yp ∈ λ\{c1, . . . , ck}. Ïîêëà-
äåìî

Bα =
{
S
(a1,...,ak,a)
(b1,...,bk,b)

: a ∈ {x1, . . . , xp} i b ∈ {bk+1, . . . , bk+j}
}
.

Î÷åâèäíî, ùî ñiì'ÿ Bα ñêií÷åííà. Òîäi Vα · β ⊆ Uγ äëÿ

Vα = ⇑ [V1(s1), . . . , Vk(sk)]
(a1,...,ak)
(b1,...,bk)

\
⋃

S
(a1,...,ak,a)

(b1,...,bk,b)
∈Bα

⇑S(a1,...,ak,a)
(b1,...,bk,b)

,

äå V1(s1), . . . , Vk(sk)� òàêi âiäêðèòi îêîëè òî÷îê s1, . . . , sk â ïðîñòîði (S, τS),

âiäïîâiäíî, ùî

V1(s1) · t1 ⊆ U1(s1t1), . . . , Vk(sk) · tk ⊆ Uk(sktk).
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(vii) α · β = γ ̸= 0 i d(β) ⫋ r(α). Ó öüîìó âèïàäêó äîâåäåííÿ òîãî, ùî

íàïiâãðóïîâà îïåðàöiÿ ¹ íàðiçíî íåïåðåðâíîþ, ¹ àíàëîãi÷íèì äî âèïàäêó

(vi).

(viii) α · β = γ ̸= 0, d(γ) ⫋ d(α) i r(γ) ⫋ r(β). Íå çìåíøóþ÷è

çàãàëüíîñòi ìîæåìî ââàæàòè, ùî

α =
( a1 ... ak ak+11 ... ak+m

s1 ... sk sk+11 ... sk+m

b1 ... bk bk+11 ... bk+m

)
, β =

(
b1 ... bk bk+1 ... bk+j

t1 ... tk tk+1 ... tk+j
c1 ... ck ck+1 ... ck+j

)
i γ =

(
a1 ... ak
s1t1 ... sktk
c1 ... ck

)
, äå

1 ⩽ j,m ⩽ n− k. Ïîêëàäåìî ε =
(

b1 ... bk
1S ... 1S
b1 ... bk

)
, äå 1S � öå îäèíè÷íèé åëåìåíò

íàïiâãðóïè S. Î÷åâèäíî, ùî γ = α · ε · β. Îòæå, â öüîìó âèïàäêó òå, ùî

íàïiâãðóïîâà îïåðàöiÿ ¹ íàðiçíî íåïåðåðâíîþ â òî÷öi α · β ç (I n
λ (S), τ

c
I ),

âèïëèâà¹ ç (vi) òà (vii).

Ç ïîïåðåäíiõ òâåðäæåíü öi¹¨ ÷àñòèíè äîâåäåííÿ âèïëèâà¹, ùî τ cI ⊆ τI

äëÿ äîâiëüíî¨ êîìïàêòíî¨ òðàíñëÿöiéíî-íåïåðåðâíî¨ ãàóñäîðôîâî¨ òîïîëîãi¨

τI íà I n
λ (S), à òîìó τ cI � öå ¹äèíà êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà

ãàóñäîðôîâà òîïîëîãiÿ íà I n
λ (S).

Íàñëiäîê 3.4.15. ßêùî (S, τS) � êîìïàêòíèé ãàóñäîðôiâ íàïiâòîïîëî-

ãi÷íèé iíâåðñíèé ìîíî¨ä ç íåïåðåðâíîþ iíâåðñi¹þ, òî (I n
λ (S), τ

c
I ) ¹ êîì-

ïàêòíîþ ãàóñäîðôîâîþ íàïiâòîïîëîãi÷íîþ iíâåðñíîþ íàïiâãðóïîþ ç íåïå-

ðåðâíîþ iíâåðñi¹þ.

Äîâåäåííÿ. Îñêiëüêè

W−1
0 = I n

λ (S) \
(
⇑S(b11,...,b

1
p1
)

(a11,...,a
1
p1
)
∪ · · · ∪ ⇑S

(bk1 ,...,b
k
pk
)

(ak1 ,...,a
k
pk
)

)
äëÿ äîâiëüíîãî áàçîâîãî îêîëó

W0 = I n
λ (S) \

(
⇑S(a11,...,a

1
p1
)

(b11,...,b
1
p1
)
∪ · · · ∪ ⇑S

(ak1 ,...,a
k
pk
)

(bk1 ,...,b
k
pk
)

)
íóëÿ 0, òî iíâåðñiÿ ¹ íåïåðåðâíîþ â íóëi íàïiâãðóïè (I n

λ (S), τ
c
I ).

Òàêîæ äëÿ äîâiëüíîãî åëåìåíòà α =
( a1 ... ak

s1 ... sk
b1 ... bk

)
íàïiâãðóïè I n

λ (S) i áóäü-

ÿêîãî éîãî âiäêðèòîãî îêîëó

Vα = ⇑ [V1(s1), . . . , Vk(sk)]
(a1,...,ak)
(b1,...,bk)

\
(
⇑S

(a11,...,a
1
l1
)

(b11,...,b
1
l1
)
∪ · · · ∪ ⇑S

(ap1,...,a
p
lp
)

(bp1,...,b
p
lp
)

)
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ìà¹ìî, ùî (Vα)
−1 ⊆ Uα−1 äëÿ îêîëó

Uα−1 = ⇑
[
U1(s

−1
1 ), . . . , Vk(s

−1
k )
](b1,...,bk)
(a1,...,ak)

\
(
⇑S

(b11,...,b
1
l1
)

(a11,...,a
1
l1
)
∪ · · · ∪ ⇑S

(bp1,...,b
p
lp
)

(ap1,...,a
l
lp
)

)
òî÷êè α−1 â ïðîñòîði (I n

λ (S), τ
c
I ) ç

(V1(s1))
−1 ⊆ U1(s

−1
1 ), . . . , (Vk(sk))

−1 ⊆ Uk(s
−1
k ).

Öå i çàâåðøó¹ äîâåäåíííÿ.
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3.5. Âèñíîâêè äî ðîçäiëó 3

Ó öüîìó ðîçäiëi äîñëiäæó¹òüñÿ íàïiâãðóïîâå ðîçøèðåííÿ I n
λ (S) ìîíî-

¨äà S ñèìåòðè÷íîþ iíâåðñíîþ íàïiâãðóïîþ îáìåæåíîãî ñêií÷åííîãî ðàíãó

I n
λ . Ïiäðîçäië 3.1 ïðèñâÿ÷åíèé ïîáóäîâi êîíñòðóêöi¨ öüîãî ðîçøèðåííÿ, à

ïiäðîçäië 3.2 � âèâ÷åííþ àëãåáðè÷íèõ âëàñòèâîñòåé ðîçøèðåííÿ I n
λ (S)

ìîíî¨äà S. Îïèñàíî iäåìïîòåíòè òà ðåãóëÿðíi åëåìåíòè íàïiâãðóïè I n
λ (S),

âiäíîøåííÿ �ðiíà íà I n
λ (S) äëÿ ìîíî¨äà S (òâåðäæåííÿ 3.2.1, 3.2.2, 3.2.7).

Ó ïiäðîçäiëi 3.3 ââåäåíî ïîíÿòòÿ íàïiâãðóïè iç ñèëüíî ùiëüíèì ðÿäîì

iäåàëiâ, çíàéäåíî óìîâè çà ÿêèõ íàïiâãðóïà I n
λ (S) ìà¹ (ñèëüíî) ùiëüíèé

ðÿä iäåàëiâ çà ìîäóëåì íàïiâãðóïè S (òåîðåìà 3.3.11).

Ïiäðîçäië 3.4 ïðèñâÿ÷åíèé òîïîëîãiçàöi¨ íàïiâãðóïîâîãî ðîçøèðåííÿ

I n
λ (S). Äîâåäåíî, ùî äëÿ êîæíîãî êîìïàêòíîãî ãàóñäîðôîâîãî íàïiâòî-

ïîëîãi÷íîãî ìîíî¨äà (S, τS) iñíó¹ ¹äèíå éîãî êîìïàêòíå òîïîëîãi÷íå ðîç-

øèðåííÿ (I n
λ (S), τ

c
I ) ó êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï

(òåîðåìà 3.4.14) òà îïèñàíà éîãî òîïîëîãiÿ.
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ÐÎÇÄIË 4

ÑËÀÁÊÎ ÊÎÌÏÀÊÒÍI ÒÎÏÎËÎÃI� ÍÀ ÍÀÏIÂÃÐÓÏI BF1
ω

Îñíîâíi ðåçóëüòàòè, ÿêi îïèñàíi â öüîìó ðîçäiëi, ìiñòÿòüñÿ â ñòàòòi [150].

Îñêiëüêè ðåçóëüòàòè öüîãî ðîçäiëó íå ñòîñóþòüñÿ ïîïåðåäíiõ ðîçäiëiâ, òî

äëÿ çðó÷íîñòi ââåäåìî îçíà÷åííÿ íàïiâãðóïè BF
ω â íàñòóïíîìó ïiäðîçäiëi.

4.1. Îçíà÷åííÿ òà îñíîâíi âëàñòèâîñòi íàïiâãðóïè BF
ω

Íàñòóïíà íàïiâãðóïà áóëà ââåäåíà Î. Ãóòiêîì òà Ì. Ìèõàëåíè÷åì â [8].

Íåõàé P(ω) � ñiì'ÿ ïiäìíîæèí ó ω. Äëÿ äîâiëüíîãî åëåìåíòà F ∈ P(ω)

òà äîâiëüíèõ n,m ∈ ω ïîêëàäåìî n−m + F = {n−m + k : k ∈ F}, ÿêùî
F ̸= ∅ i n − m + ∅ = ∅. Ïiäñiì'ÿ F ⊆ P(ω) íàçèâà¹òüñÿ ω-çàìêíåíîþ,

ÿêùî F1 ∩ (−n+ F2) ∈ F äëÿ âñiõ n ∈ ω òà F1, F2 ∈ F .

Ó [8] äîâåäåíî, ùî áiöèêëi÷íèé ìîíî¨ä C (p, q) içîìîðôíèé íàïiâãðóïi,

çàäàíié íà ìíîæèíi Bω = ω × ω ç íàïiâãðóïîâîþ îïåðàöi¹þ

(i1, j1)·(i2, j2)=

 (i1 − j1 + i2, j2), ÿêùî j1 ⩽ i2;

(i1, j1 − i2 + j2), ÿêùî j1 ⩾ i2.

Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ ñiì'¨ P(ω). Íà ìíîæèíi Bω × F âè-

çíà÷èìî íàïiâãðóïîâó îïåðàöiþ �·� òàê:

(i1, j1, F1)·(i2, j2, F2)=

 (i1 − j1 + i2, j2, (j1 − i2 + F1) ∩ F2), ÿêùî j1 ⩽ i2;

(i1, j1 − i2 + j2, F1 ∩ (i2 − j1 + F2)), ÿêùî j1 ⩾ i2.

Â [8] äîâåäåíî: ÿêùî ñiì'ÿ F ⊆ P(ω) ¹ ω-çàìêíåíîþ, òî (Bω ×F , ·) ¹ íà-
ïiâãðóïîþ. Áiëüøå òîãî, ÿêùî ω-çàìêíåíà ñiì'ÿ F ⊆ P(ω) ìiñòèòü ïîðî-

æíþ ìíîæèíó ∅, òî ìíîæèíà I = {(i, j,∅) : i, j ∈ ω} ¹ iäåàëîì íàïiâãðóïè

(Bω×F , ·). Äëÿ äîâiëüíî¨ ω-çàìêíåíî¨ ñiì'¨ F ⊆ P(ω) â [8] îçíà÷åíà òàêà
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íàïiâãðóïà

BF
ω =

 (Bω × F , ·)/I, ÿêùî ∅ ∈ F ;

(Bω × F , ·), ÿêùî ∅ /∈ F .

Ó [8] äîâåäåíî, ùî BF
ω ¹ êîìáiíàòîðíîþ iíâåðñíîþ íàïiâãðóïîþ, îïè-

ñàíî âiäíîøåííÿ �ðiíà, ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà BF
ω òà ìíîæèíó

iäåìïîòåíòiâ. Òàêîæ ó [8] íàâåäåíi êðèòåði¨ ïðîñòîòè, 0-ïðîñòîòè, áiïðîñ-

òîòè, 0-áiïðîñòîòè íàïiâãðóïè BF
ω i âêàçàíî óìîâè äëÿ ñiì'¨ F , êîëè BF

ω

içîìîðôíà áiöèêëi÷íié íàïiâãðóïi, àáî çëi÷åííié íàïiâãðóïi ìàòðè÷íèõ îäè-

íèöü.

Ó öüîìó ðîçäiëi ïðèðîäíié ÷àñòêîâèé ïîðÿäîê íà íàïiâãðóïi BF
ω ïîçíà-

÷àòìåìî ≼.

Ó ïðàöi [8] äîâåäåíî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 4.1.1 ( [8, òâåðäæåííÿ 2] ). Íåõàé (i1, j1, F1) i (i2, j2, F2) �

íåíóëüîâi åëåìåíòè íàïiâãðóïè BF
ω . Òîäi (i1, j1, F1) ≼ (i1, j1, F1) òîäi i

ëèøå òîäi, êîëè F1 ⊆ −k + F2 é i1 − i2 = j1 − j2 = k äëÿ äåÿêîãî k ∈ ω.

Òâåðäæåííÿ 4.1.2 ( [8, òâåðäæåííÿ 4] ). Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ

â P(ω). Íàïiâãðóïà BF
ω içîìîðôíà íàïiâãðóïi ω × ω-ìàòðè÷íèõ îäèíèöü

Bω òîäi i òiëüêè òîäi, êîëè F = {F,∅}, äå F � îäíîòî÷êîâà ïiäìíî-

æèíà â ω.

Âèçíà÷èìî ñiì'þ ìíîæèí F1 òàê:

F1 = {A ⊆ ω : |A| ⩽ 1} .

Î÷åâèäíî, ùî F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω), à òîìó BF1
ω ¹ iíâåðñ-

íîþ íàïiâãðóïîþ ç íóëåì. Íàäàëi ÷åðåç (i, j, {k}) ïîçíà÷àòèìåìî íåíóëüî-
âèé åëåìåíò íàïiâãðóïè BF1

ω äëÿ äåÿêèõ i, j, k ∈ ω, à ÷åðåç 0 � íóëü

íàïiâãðóïè BF1
ω .
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4.2. Àëãåáðè÷íi âëàñòèâîñòi íàïiâãðóïè BF1
ω

Ç òâåðäæåííÿ 4.1.1 âèïëèâà¹ òâåðäæåííÿ 4.2.1, ÿêå îïèñó¹ ïðèðîäíèé

÷àñòêîâèé ïîðÿäîê íà íàïiâãðóïi BF1
ω .

Òâåðäæåííÿ 4.2.1. Íåõàé (i1, j1, {k1}) òà (i2, j2, {k2}) � íåíóëüîâi åëå-

ìåíòè íàïiâãðóïè BF1
ω . Òîäi (i1, j1, {k1}) ≼ (i2, j2, {k2}) òîäi i òiëüêè òî-

äi, êîëè

k2 − k1 = i1 − i2 = j1 − j2 = p

äëÿ äåÿêîãî ÷èñëà p ∈ ω.

Ç òâåðäæåííÿ 4.2.1 âèïëèâà¹ íàñëiäîê 4.2.2, ó ÿêîìó îïèñó¹òüñÿ ñòðóê-

òóðà ìàêñèìàëüíèõ ëàíöþãiâ ñòîñîâíî ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà

íàïiâãðóïi BF1
ω .

Íàñëiäîê 4.2.2. Íåõàé i, j � äîâiëüíi åëåìåíòè ω. Òîäi òàêi ñêií÷åííi

ðÿäè

0 ≼ (i, j, {0});

0 ≼ (i+ 1, j + 1, {0}) ≼ (i, j, {1});

0 ≼ (i+ 2, j + 2, {0}) ≼ (i+ 1, j + 1, {1}) ≼ (i, j, {2});

· · · · · · · · · · · · · · · · · ·

0 ≼ (i+ k, j + k, {0}) ≼ (i+ k − 1, j + k − 1, {1}) ≼ · · · ≼ (i, j, {k});

· · · · · · · · · · · · · · · · · · · · · · · ·

îïèñóþòü ìàêñèìàëüíi ëàíöþãè ñòîñîâíî ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó

íà íàïiâãðóïi BF1
ω .

×åðåç ωmin ïîçíà÷àòèìåìî ìíîæèíó ω iç çàäàíîþ íà íié áiíàðíîþ îïå-

ðàöi¹þ

xy = min{x, y}, äëÿ x, y ∈ ω.

Î÷åâèäíî, ùî ωmin ¹ íàïiâ ðàòêîþ.
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Âèçíà÷èìî âiäîáðàæåííÿ f : BF1
ω → Bω(ωmin) òàê:

(i, j, {k})f = (i+ k, k, j + k) i (0)f = O, (4.1)

äëÿ i, j, k ∈ ω.

Òâåðäæåííÿ 4.2.3. Âiäîáðàæåííÿ f : BF1
ω → Bω(ωmin) ¹ içîìîðôíèì âêëà-

äåííÿì íàïiâãðóïè BF1
ω ó ω-ðîçøèðåííÿ Áðàíäòà Bω(ωmin) íàïiâ ðàòêè

ωmin.

Äîâåäåííÿ. Î÷åâèäíî, ùî âiäîáðàæåííÿ f âèçíà÷åíå ôîðìóëîþ (4.1) ¹

ái¹êòèâíèì.
Çôiêñó¹ìî äîâiëüíi åëåìåíòè (i1, j1, {k1}), (i2, j2, {k2}) ∈ BF1

ω . Òîäi ìà¹-
ìî, ùî

((i1, j1, {k1}) · (i2, j2, {k2}))f =

=



(i1 − j1 + i2, j2, (j1 − i2 + {k1}) ∩ {k2})f, ÿêùî j1 < i2 i j1 + k1 = i2 + k2;

(0)f, ÿêùî j1 < i2 i j1 + k1 ̸= i2 + k2;

(i1, j2, {k1} ∩ {k2})f, ÿêùî j1 = i2 i k1 = k2;

(0)f, ÿêùî j1 = i2 i k1 ̸= k2;

(i1, j1 − i2 + j2, {k1} ∩ (i2 − j1 + {k2}))f, ÿêùî j1 > i2 i j1 + k1 = i2 + k2;

(0)f, ÿêùî j1 > i2 i j1 + k1 ̸= i2 + k2

=

=



(i1 − j1 + i2, j2, {k2})f, ÿêùî j1 < i2 i j1 + k1 = i2 + k2;

(i1, j2, {k1})f, ÿêùî j1 = i2 i k1 = k2;

(i1, j1 − i2 + j2, {k1})f, ÿêùî j1 > i2 i j1 + k1 = i2 + k2;

(0)f, ÿêùî j1 + k1 ̸= i2 + k2

=

=



(i1 − j1 + i2 + k2, k2, j2 + k2), ÿêùî j1 < i2 i j1 + k1 = i2 + k2;

(i1 + k1, k1, j2 + k1), ÿêùî j1 = i2 i k1 = k2;

(i1 + k1, k1, j1 − i2 + j2 + k1), ÿêùî j1 > i2 i j1 + k1 = i2 + k2;

O, ÿêùî j1 + k1 ̸= i2 + k2

=
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=



(i1 + k1, k2, j2 + k2), ÿêùî j1 < i2 i j1 + k1 = i2 + k2;

(i1 + k1, k1, j2 + k2), ÿêùî j1 = i2 i k1 = k2;

(i1 + k1, k1, j2 + k2), ÿêùî j1 > i2 i j1 + k1 = i2 + k2;

O, ÿêùî j1 + k1 ̸= i2 + k2,

i

((i1, j1, {k1})f · (i2, j2, {k2}))f = (i1 + k1, k1, j1 + k1) · (i2 + k2, k2, j2 + k2) =

=

(i1 + k1,min{k1, k2}, j2 + k2), ÿêùî j1 + k1 = i2 + k2;

O, ÿêùî j1 + k1 ̸= i2 + k2

=

=



(i1 + k1, k2, j2 + k2), ÿêùî k2 < k1 i j1 + k1 = i2 + k2;

(i1 + k1, k1, j2 + k2), ÿêùî k2 = k1 i k1 = k2;

(i1 + k1, k1, j2 + k2), ÿêùî k2 > k1 i j1 + k1 = i2 + k2;

O, ÿêùî j1 + k1 ̸= i2 + k2,

=

=



(i1 + k1, k2, j2 + k2), ÿêùî j1 < i2 i j1 + k1 = i2 + k2;

(i1 + k1, k1, j2 + k2), ÿêùî j1 = i2 i k1 = k2;

(i1 + k1, k1, j2 + k2), ÿêùî j1 > i2 i j1 + k1 = i2 + k2;

O, ÿêùî j1 + k1 ̸= i2 + k2.

Îñêiëüêè 0 i O � íóëi íàïiâãðóï BF1
ω i Bω(ωmin), âiäïîâiäíî, òî ç âèùåíà-

âåäåíèõ ðiâíîñòåé âèïëèâà¹, ùî âiäîáðàæåííÿ f : BF1
ω → Bω(ωmin) ¹ ãîìî-

ìîðôiçìîì. Öå i çàâåðøó¹ äîâåäåííÿ òâåðäæåííÿ.

Îçíà÷èìî íàïiâãðóïó B↱
ω(ωmin) òàê:

B↱
ω(ωmin) = {O} ∪ {(i, k, j) ∈ Bω(ωmin) \ {O} : i, j ⩾ k} .

Ëåãêî áà÷èòè, ùî B↱
ω(ωmin) ¹ iíâåðñíîþ ïiäíàïiâãðóïîþ â Bω(ωmin).

Ç òâåðäæåííÿ 4.2.3 âèïëèâà¹.

Òåîðåìà 4.2.4. ÍàïiâãðóïàBF1
ω içîìîðôíà íàïiâãðóïi B↱

ω(ωmin), à âiäîáðà-

æåííÿì f ¹ içîìîðôiçìîì öèõ íàïiâãðóï.
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4.3. Òîïîëîãiçàöiÿ íàïiâãðóïè B↱
ω(ωmin) òà ñëàáêî êîìïàêòíi

òðàíñëÿöiéíî-íåïåðåðâíi òîïîëîãi¨ íà B↱
ω(ωmin)

Äëÿ äîâiëüíèõ i, j ∈ ω ïîçíà÷èìî

ω
(i,j)↱
min =

{
(i, k, j) : (i, k, j) ∈ B↱

ω(ωmin)
}
.

Òâåðäæåííÿ 4.3.1. Íåõàé τ � òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ íà

íàïiâãðóïi B↱
ω(ωmin). Òîäi êîæåí íåíóëüîâèé åëåìåíò íàïiâãðóïè B↱

ω(ωmin)

¹ içîëüîâàíîþ òî÷êîþ â
(
B↱

ω(ωmin), τ
)
.

Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíi ÷èñëà i, j ∈ ω. Îñêiëüêè

(i, 0, i) · (i, 0, j) · (j, 0, j) = (i, 0, j),

òî äëÿ êîæíîãî âiäêðèòîãî îêîëó W(i,0,j) ̸∋ O òî÷êè (i, 0, j) iñíó¹ òàêèé ¨¨

âiäêðèòèé îêië V(i,0,j) â òîïîëîãi÷íîìó ïðîñòîði
(
B↱

ω(ωmin), τ
)
, ùî

(i, 0, i) · V(i,0,j) · (j, 0, j) ⊆ W(i,0,j).

Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà B↱
ω(ωmin) âèïëèâà¹, ùî

V(i,0,j) ⊆ ω
(i,j)↱
min . Òîäi ìíîæèíà ω(i,j)↱

min ¹ âiäêðèòîþ ïiäìíîæèíîþ â
(
B↱

ω(ωmin), τ
)
,

ÿê ïîâíèé ïðîîáðàç îêîëó V(i,0,j) ñòîñîâíî âiäîáðàæåííÿ

h : B↱
ω(ωmin) → B↱

ω(ωmin), x 7→ (i, 0, i) · x · (j, 0, j).

Çà íàñëiäêîì 4.2.2 ìíîæèíà ω(i,j)↱
min ¹ ñêií÷åííîþ, ç ÷îãî âèïëèâà¹ òâåðäæåí-

íÿ.

Äàëi äîâåäåìî, ùî íà íàïiâãðóïà B↱
ω(ωmin) iñíó¹ êîìïàêòíà òðàíñëÿöié-

íî-íåïåðåðâíà ãàóñäîðôîâà òîïîëîãiÿ.

Ïðèêëàä 4.3.2. Òîïîëîãiþ τAc íà íàïiâãðóïi B↱
ω(ωmin) îçíà÷èìî òàê:

a) óñi íåíóëüîâi åëåìåíòè íàïiâãðóïè B↱
ω(ωmin) ¹ içîëüîâàíèìè òî÷êàìè

â
(
B↱

ω(ωmin), τAc

)
;
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b) ñiì'ÿ

BAc(O) =
{
U(i1,j1),...,(in,jn) = B↱

ω(ωmin) \
(
ω
(i1,j1)↱
min ∪ · · · ∪ ω

(in,jn)↱
min

)
:

n, i1, j1, . . . , in, jn ∈ ω
}

¹ áàçîþ òîïîëîãi¨ τAc â òî÷öi O ∈ B↱
ω(ωmin).

Çà íàñëiäêîì 4.2.2 ìíîæèíà ω
(i,j)↱
min ñêií÷åííà äëÿ âñiõ i, j ∈ ω, ç ÷îãî âè-

ïëèâà¹ ùî
(
B↱

ω(ωmin), τAc

)
� îäíîòî÷êîâà êîìïàêòèôiêàöiÿ Àë¹êñàíäðîâà

äèñêðåòíîãî ïðîñòîðó B↱
ω(ωmin) \ {O}.

Òâåðäæåííÿ 4.3.3.
(
B↱

ω(ωmin), τAc

)
� ãàóñäîðôîâà êîìïàêòíà íàïiâòî-

ïîëîãi÷íà íàïiâãðóïà ç íåïåðåðâíîþ iíâåðñi¹þ.

Äîâåäåííÿ. Î÷åâèäíî, ùî òîïîëîãiÿ τAc ¹ ãàóñäîðôîâîþ òà êîìïàêòíîþ.

Çàôiêñó¹ìî äîâiëüíèé îêië U(i1,j1),...,(in,jn) ∈ BAc(O) òà äîâiëüíi åëåìåíòè

(i, k, j), (l,m, p) ∈ B↱
ω(ωmin) \ {O}. Ïîêëàäåìî

K = {i, i1, . . . , in, j, j1, . . . , jn} i UK = B↱
ω(ωmin) \

⋃
x,y∈K

ω
(x,y)↱
min .

Òîäi ìà¹ìî, ùî UK ∈ BAc(O) i âèêîíóþòüñÿ òàêi óìîâè

UK · {(i, k, j)} ⊆ U(i1,j1),...,(in,jn),

{(i, k, j)} · UK ⊆ U(i1,j1),...,(in,jn),

{O} · {(i, k, j)} = {(i, k, j)} · {O} = {O} ⊆ U(i1,j1),...,(in,jn),

{O} · U(i1,j1),...,(in,jn) = U(i1,j1),...,(in,jn) · {O} = {O} ⊆ U(i1,j1),...,(in,jn),

{(i, k, j)} · {(l,m, p)} = {O} ⊆ U(i1,j1),...,(in,jn), ÿêùî j ̸= l,

{(i, k, j)} · {(l,m, p)} = {(i,min{k,m}, p)}, ÿêùî j = l,(
U(j1,i1),...,(jn,in)

)−1 ⊆ U(i1,j1),...,(in,jn).

Îòæå,
(
B↱

ω(ωmin), τAc

)
¹ íàïiâòîïîëîãi÷íîþ iíâåðñíîþ íàïiâãðóïîþ ç íåïå-

ðåðâíîþ iíâåðñi¹þ.

Ëåìà 4.3.4. Íà íàïiâãðóïi B↱
ω(ωmin) êîæíà òðàíñëÿöiéíî-íåïåðåðâíà

T1-òîïîëîãiÿ τ ¹ ðåãóëÿðíîþ.
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Äîâåäåííÿ. Çà òâåðäæåííÿì 4.3.1 êîæåí íåíóëüîâèé åëåìåíò íàïiâãðó-

ïè B↱
ω(ωmin) ¹ içîëüîâàíîþ òî÷êîþ â ïðîñòîði

(
B↱

ω(ωmin), τ
)
. Ç öüîãî âèïëè-

âà¹, ùî êîæåí âiäêðèòèé îêië V (O) íóëÿ O ¹ çàìêíåíîþ ïiäìíîæèíîþ â(
B↱

ω(ωmin), τ
)
, à òîìó ïðîñòið

(
B↱

ω(ωmin), τ
)
¹ ðåãóëÿðíèì.

Ìíîæèíó, ÿêó ìîæíà ïîäàòè ó âèãëÿäi çëi÷åííîãî îá'¹äíàííÿ çàìêíå-

íèõ ìíîæèí, íàçèâàòèìåìî Fσ-ìíîæèíîþ. Îñêiëüêè êîæíà âiäêðèòà ïiä-

ìíîæèíà äîâiëüíîãî çëi÷åííîãî T1-ïðîñòîðó X ¹ Fσ-ìíîæèíîþ, òî ç òåîðå-

ìè 1.2.5 òà ëåìè 4.3.4 âèïëèâà¹.

Íàñëiäîê 4.3.5. Íåõàé τ � òðàíñëÿöiéíî íåïåðåðâíî T1-òîïîëîãiÿ íà íà-

ïiâãðóïi B↱
ω(ωmin). Òîäi

(
B↱

ω(ωmin), τ
)
¹ äîñêîíàëî íîðìàëüíèì, ðîçðiäæå-

íèì, ñïàäêîâî íåçâ'ÿçíèì ïðîñòîðîì.

Òåîðåìà 4.3.6. Íåõàé τ � òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ íà íà-

ïiâãðóïi B↱
ω(ωmin). Òîäi òàêi óìîâè åêâiâàëåíòíi:

(i)
(
B↱

ω(ωmin), τ
)
� êîìïàêòíà íàïiâãðóïà;

(ii) τ = τAc;

(iii)
(
B↱

ω(ωmin), τ
)
� H-çàìêíåíà íàïiâãðóïà;

(iv)
(
B↱

ω(ωmin), τ
)
� ñëàáêî êîìïàêòíà íàïiâãðóïà;

(v)
(
B↱

ω(ωmin), τ
)
� iíôðà H-çàìêíåíà íàïiâãðóïà;

(vi)
(
B↱

ω(ωmin), τ
)
� d-ñëàáêî êîìïàêòíà íàïiâãðóïà;

(vii)
(
B↱

ω(ωmin), τ
)
� ïñåâäîêîìïàêòíà íàïiâãðóïà;

(viii)
(
B↱

ω(ωmin), τ
)
� R-êîìïàêòíà íàïiâãðóïà;

(ix)
(
B↱

ω(ωmin), τ
)
� D(ω)-êîìïàêòíà íàïiâãðóïà.

Äîâåäåííÿ. Iìïëiêàöi¨ (ii) ⇒ (i) ⇒ (iii) ⇒ (iv) ⇒ (v) ⇒ (viii) ⇒ (ix)

òà (i) ⇒ (vii) ⇒ (iv) ⇒ (vi) ¹ òðèâiàëüíèìè (äèâ. ðèñ. 1.1). Ç ëåìè 4.3.4

âèïëèâàþòü iìïëiêàöi¨ (vi) ⇒ (iv) i (iii) ⇒ (i).

(ix) ⇒ (i) Ïðèïóñòèìî ïðîòèëåæíå, ùî iñíó¹ òàêà òðàíñëÿöiéíî-íåïå-

ðåðâíà T1-òîïîëîãiÿ τ íà íàïiâãðóïi B↱
ω(ωmin), ùî

(
B↱

ω(ωmin), τ
)

¹

D(ω)-êîìïàêòíèì, àëå íå ¹ êîìïàêòíèì ïðîñòîðîì. Òîäi iñíó¹ âiäêðèòå
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ïîêðèòòÿ U = {Uα} ïðîñòîðó
(
B↱

ω(ωmin), τ
)
, ùî íå ìiñòèòü ñêií÷åííå ïiä-

ïîêðèòòÿ. Íåõàé Uα0
∈ U òàêèé åëåìåíò ïîêðèòòÿ, ùî O ∈ Uα0

. Îñêiëüêè

ïðîñòið
(
B↱

ω(ωmin), τ
)
íå ¹ êîìïàêòíèì, òî ìíîæèíà B↱

ω(ωmin) \ Uα0
¹ íå-

ñêií÷åííîþ. Ïðîíîìåðó¹ìî ìíîæèíó B↱
ω(ωmin) \ Uα0

, òîáòî ïðèéìåìî

{xi : i ∈ ω} = B↱
ω(ωmin) \ Uα0

.

Îòîòîæíèìî òî÷êè ïðîñòîðó D(ω) ç åëåìåíòàìè ìíîæèíè ω i âèçíà÷èìî

âiäîáðàæåííÿ f :
(
B↱

ω(ωmin), τ
)
→ D(ω) òàê:

(x)f =

 0, ÿêùî x ∈ Uα0
;

i, ÿêùî x = xi.

Iç òâåðäæåíííÿ 4.3.1 âèïëèâà¹, ùî òàê âèçíà÷åíå âiäîáðàæåííÿ f ¹ íåïå-

ðåðâíèì. Î÷åâèäíî, ùî îáðàç (B↱
ω(ωmin))f íå ¹ êîìïàêòíîþ ïiäìíîæèíîþ

â ïðîñòîði D(ω), ïðîòèði÷÷ÿ.

Çàóâàæåííÿ 4.3.7. Çà òâåðäæåííÿì 4.1.2 íàïiâãðóïà BF1
ω ìiñòèòü içî-

ìîðôíó êîïiþ íàïiâãðóïè ω× ω-ìàòðè÷íèõ îäèíèöü. Òîäi ç òåîðåìè 1.2.22

âèïëèâà¹, ùî íàïiâãðóïà BF1
ω íå âêëàäà¹òüñÿ içîìîðôíî â çëi÷åííî êîì-

ïàêòíó ãàóñäîðôîâó òîïîëîãi÷íó íàïiâãðóïó.
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4.4. Âèñíîâêè äî ðîçäiëó 4

Ó öüîìó ðîçäiëi äîëiäæó¹òüñÿ áiöèêëi÷íå íàïiâãðóïîâå ðîçøèðåííÿBF1
ω

ó âèïàäêó, êîëè ñiì'ÿ F1 ñêëàäà¹òüñÿ ç ïîðîæíüî¨ ìíîæèíè òà âñiõ îäíî-

òî÷êîâèõ ïiäìíîæèí îðäèíàëà ω.

Ïiäðîçäiëè 4.1 i 4.2 ïðèñâÿ÷åíi îçíà÷åííþ íàïiâãðóïè BF1
ω òà âèâ÷åííþ

¨¨ àëãåáðè÷íèõ âëàñòèâîñòåé. Çîêðåìà, äîâåäåíî, ùî íàïiâãðóïà BF1
ω içî-

ìîðôíà íàïiâãðóïi B↱
ω(ωmin) � ïiäíàïiâãðóïi ω-ðîçøèðåííÿ Áðàíäòà íà-

ïiâ ðàòêè (ω,min) (òåîðåìà 4.2.4).

Ó ïiäðîçäiëi 4.3 äîñëiäæóþòüñÿ òðàíñëÿöiéíî-íåïåðåðâíi ñëàáêî êîì-

ïàêòíi T1-òîïîëîãi¨ íà íàïiâãðóïi B↱
ω(ωmin). Çîêðåìà, äîâåäåíî, ùî êîæíà

D(ω)-êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ τ íà B↱
ω(ωmin) ¹

êîìïàêòíîþ òà ñåêâåíöiàëüíî êîìïàêòíîþ, i, áiëüøå òîãî, çáiãà¹òüñÿ ç

îäíîòî÷êîâîþ êîìïàêòèôiêàöi¹þ Àë¹êñàíäðîâà çëi÷åííîãî äèñêðåòíîãî

ïðîñòîðó (òåîðåìà 4.3.6).
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ÂÈÑÍÎÂÊÈ

Ó äèñåðòàöiéíié ðîáîòi îòðèìàíî òàêi ðåçóëüòàòè:

1. Îïèñàíî çëi÷åííî êîìïàêòíi òðàíñëÿöiéíî-íåïåðåðâíi T1-òîïîëîãi¨

íà íàïiâ ðàòöi expn λ òà äîâåäåíî, ùî âîíè ¹ íàïiâ ðàòêîâèìè

êîìïàêòíèìè äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ⩾ 2 òà êîæíîãî

íåñêií÷åííîãî êàðäèíàëà λ.

2. Ïîáóäîâàíî íåêîìïàêòíó çëi÷åííî ïðàêîìïàêòíó H-çàìê-

íåíó êâàçiðåãóëÿðíó íåíàïiâðåãóëÿðíó òðàíñëÿöiéíî-íåïåðåðâíó

òîïîëîãiþ τ 2
fc

íà exp2 λ òà äîâåäåíî, ùî íàïiâðåãóëÿðíà

ñëàáêî êîìïàêòíà íàïiâòîïîëîãi÷íà íàïiâ ðàòêà expn λ ¹

êîìïàêòíîþ òîïîëîãi÷íîþ íàïiâ ðàòêîþ.

3. Äîâåäåíî, ùî äëÿ äîâiëüíî¨ òðàíñëÿöiéíî-íåïåðåðâíî¨ T1-òî-

ïîëîãi¨ τ íà expn λ òàêi óìîâè åêâiâàëåíòíi: (i) τ � ñåêâåíöiàëüíî

ïðàêîìïàêòíà; (ii) τ � öiëêîì çëi÷åííî ïðàêîìïàêòíà;

(iii) τ � ñëàáêî êîìïàêòíà; (iv) τ � D(ω)-êîìïàêòíà.

4. Îïèñàíî áóäîâó íàïiâãðóïîâîãî ðîçøèðåííÿ I n
λ (S) ìîíî¨äà S

çà ìîäóëåì íàïiâãðóïè S òà äîâåäåíî, ùî äëÿ êîæíîãî

êîìïàêòíîãî ãàóñäîðôîâîãî íàïiâòîïîëîãi÷íîãî ìîíî¨äà iñíó¹

¹äèíå éîãî êîìïàêòíå òîïîëîãi÷íå ðîçøèðåííÿ I n
λ (S) ó

êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï i îïèñàíî éîãî òî-

ïîëîãiþ.

5. Îïèñàíî àëãåáðè÷íó ñòðóêòóðó áiöèêëi÷íîãî íàïiâãðóïîâîãî

ðîçøèðåííÿ BF1
ω ó âèïàäêó, êîëè ñiì'ÿ F1 ñêëàäà¹òüñÿ ç

ïîðîæíüî¨ ìíîæèíè òà âñiõ îäíîòî÷êîâèõ ïiäìíîæèí ó ω. Äîâå-

äåíî, ùî êîæíà D(ω)-êîìïàêòíà òðàíñëÿöiéíî-íåïåðåðâíà T1-òî-

ïîëîãiÿ τ íà B↱
ω(ωmin) ¹ êîìïàêòíîþ òà ñåêâåíöiàëüíî êîì-
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ïàêòíîþ, i çáiãà¹òüñÿ ç îäíîòî÷êîâîþ êîìïàêòèôiêàöi¹þ Àë¹êñàí-

äðîâà çëi÷åííîãî äèñêðåòíîãî ïðîñòîðó.
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