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— Kasasidikariiina HaykoBa Ipalisd Ha IpaBax PYKOIHCY.

Hucepranig Ha 3100yTTs HAyKOBOIO CTYIIEHSI JOKTOpa (bisjocodil 3a creri-
aspictio 111 — "Maremaruka” (lamyss 3nans — 11 "MaremaTnka Ta CTaTHCTH-

ka'). — JIbBiBCHKUiT HamioHa bHUI yHiBepcuTer imeni IBana ®@panka, JIbBiB,

2023.

Hucepralnig npucBgdeHa JOCTIZKEHHIO KJIaCiB Hea JAUTUBHUX Mip, MOPO-
JZKEHUX TPUKYTHHMU HOpMaMmu (x-Mip). Taki mipu o3HaueHi sik dyHKIioHAN
Ha MMPOCTOpax HerepepiBHUX (PYHKIIH 31 3HAUEHHSIMI B OJUHUTHOMY BIJIPI3KY.
[Tpocropu *-Mip HAJILISIOTLC CAAOKOI0™ TomoJorieo 1 B Iiil TomoJorii yTBo-
PIOIOTH KOMIIaKTHI raycaopdosi npocropu. [lokazana (pyHKTOpiaJbHICTH KOH-
CTPYKIIIT IPOCTOPY *-Mip y KaTeropil KOMIIaKTHUX rayclopdoBUX IIPOCTOPIB Ta
iX HerepepBHUX BiloOpazKeHb. /[yt TpoCTOpiB *-Mip TOOYI0BAHO aHAJOr Bij-
obpaxkenusa MigioTiHa, BIIOMOTO JJIs TPOCTOPIB WMOBIPHICHUX Mip Ta iJ1eMII0-
TEHTHUX Mip, IO JI03BOJISIE 3BOJINTU 3araJbHUil BUIAJI0K JI0 HYJIbBUMIPHOTO.

Oj1Ha 3 MOTHBAIII JOC/IIJIZKEHHS *-MIp JIEXKUTD Y 1JIEeMIIOTEHTHIT MaTeMaTH-
Il — YaCTUHI MaTeMaTUKU, B sSIKiil 0j1Ha 31 3BUYaiHIX apuMeTUIHIX Olepaliii
Ha MOJI JIHCHUX IHCesT 3aMIHIOEThCs 1IEMIIOTEHTHOO Ollepariieto (Hampuka,
OIEepAIi€l0 MAKCUMYMY ), [EePETBOPIOIYN MHOXKHUHY JIHCHUX YHCesT Ha HAIIiB-
Kisbie. Pe3ysibraru Ta MeTojin i1eMIOTEHTHOI MaTeMAaTUKN 3HAXOAAThH YNC/IeH-
HI 32CTOCYBaHHs B PI3HUX YaCTUHAX MATEMATHUKM, a TAKOXK B iH(MOPMATHII Ta
iHIMX gucruiiinax. Orist gedKuX pe3yJbTaTiB iJeMIIOTeHTHOI MaTeMaTHKH
MOKHa 3HafiTn y mpari [36].

[TougarTs fiMOBipHICHOT MipH Ma€ CBOI aHAJIOTU B 1J€MIIOTEHTHINl MaTeMaTn-

mi. [nemmorentHi mipu (Takoxk 3Bani mipamu MacioBa) BBejeHO B mpaisgx B.



MacsioBa, nanpukiay [32]. Torosorigni Ta KaTeropHi actekTi Teopil ijemo-
TeHTHUX Mip posrisinas M. Sapiunnii [78]. Bin, 3okpema, mokaszas, 1mo (hyHKTOD
IJIEMIIOTEHTHUX Mip y KaTeropii KOMIaKTHUX IaycJop@OBUX IIPOCTOPIB € Bij-
KpUTUM (PYHKTOPOM, TOOTO 30epirae Kjac BIIKPUTUX CIOp €KTUBHUX BijgoOpa-
)enb (anasor Teopemn [litopa-Eitdepa as imoipaicanx mip). s hyHKTO-
pa 1JIEMIIOTEHTHUX Mip BCTAHOBJIEHO TaKOXK BJIACTUBOCTI HOPMAaJILHOCTI: Helle-
pPepBHICTD, 30eperKeHHsT Baru, emi- Ta, MOHOMOPMI3MIB, IIepEeTHHIB, IIpoodpas3iB
Ta iH. [lokazaHo TakoxK, 1O (PYHKTOPHU 1JEMIOTEHTHUX Mip Ta HMOBIpHICHUX
Mip He i30MOpdHi.

YiKe caMe O3HAUYEHHS *-MipH BKa3y€ Ha 3B’S30K 3 TEOPI€I0 PO3MUTHUX Me-
TPUYHKIX IIPOCTOPIB, MO IHTEHCUBHO PO3BUBAETHLCS B OcTaHHI poku. OcobmBo
BAZK/IIBUMU € PO3MUTI MeTpuuni npocropu B cenci Leopre i Beepamani [21].
Oj1Ha 3 TPUYUH IHOTO MOJIATAE Y TOMY, 1110 TOIOJIOTIS 1HIyKOBaHa TaKOI0 PO3MU-
TOIO METPUKOIO, METPU30BHA B KJIacCUIHOMY ceHcl. Po3muTi MmeTpudni nmpocrtopn
3HAXOJATh CBOI 3aCTOCYBaHHS He JIUIE y PI3HUX PO3JiJaX MaTeMaTUuKU, ajie
TaKOXK Y po3IizHaBaHHi oOpa3iB. Po3MuTi MeTpudHi mpocTopu TiCHO OB’ d3aH1
3 IMOBIpHICHIMU METPUYHUME IIPocTOpaMu. ¥ X o3HavYeHHI Pirypye HOHATTS
TPUKYTHOI HOpMHE (t-HOpMM), siKe BiJirpa€ OJHY 3 OCHOBHUX DOJIEH Y HAIIIX
JTOCJTLT?KEHHSIX.

Koxkniit TpuKyTHI#l HOPMI * MI CTABUMO Y BiJIMOBIIHICTL pyHKTOP M™, 1110
Jlie B KaTeropii KOMIIaKTHUX TaycopdOoBUX MTPOCTOPIB 1 HEllepepBHUX Biji00pa-
xkerb. Lleit dbyHKTOp BUsiBiIsieTbest HOpMasibHEM Y posyminai €. [emnina [60].
(TobTO € HemepepBHUM, 30epirae eri- Ta MOHOMOPMI3MHU, Bary, MepeTuHu, mpo-
obpasu, iHimiajbuuii Ta dbinaapauii 06’ekru. (MomudikoBanuii) GyHKTOD ij1€M-
MOTEHTHUX Mip, & TakKoyK (PYHKTOpP Mmax-min Mip € YacTKOBUMU BUIIaIKAMUI
HallIol 3araJibHOI KOHCTPYKIIII.

QyHkTOp HMOBIpHICHUX MIp, KWl Jli€ B KaTeropii KOMIAKTHUX TayCIop-
¢ oBUX TPOCTOPIB Ta IHIIMX TOMOJOITIHUX KATETOPisdX, Mae PIi3HOMAaHITHI 3a-

CTOCYBaHH#, 30KpeMa, B KJIACUYHIIl Teopll piBHOBAru, 30KpeMa B TeopeMl PO



icnyBanng piBHoBarn Herma g irop 31 smimanumn crpateriamu. g Teopema
clipaBeJI/InBa K JJIsl BUMIQJKY, KOJIM MHOXKUHU YUCTUX CTPaTeriili € CKIHYeHHU-
MU, TaK 1 JIsT BUITQ/IKY, KOJIM BOHHM € KOMITAKTHUMHE TaycI0pQOBUME TTPOCTOPa-
M.

Teopii Mipu yacTo 1oB’si3aHi 3 BIIIOBIIHIMU TeopisiMu onykJiocti. e moope
BijtoMo iyt fimoBipaicHux Mip [64]. Takox y 78] momiteno 38’s130k MixkK iem-
MOTEHTHUMHI MipaMW Ta TaK 3BaHUMUI OMYK/JIMMHI MHOXKIHAMI max-plus, Bu3Ha-
gerumu B [11]. Baysazkumo, 1o moaudikoBanuii GyHKTOP IIeMIIOTEHTHIX Mip,
T06TO (PyHKTOP -Mip (TO6TO Mip, SIKi BIAMOBIIAIOTH TPUKYTHII HOPMI MHOYKEH-
Hsl, Bijinosijiae Teopil B-omykiiocti pospobiieto B [5|. Y cBoto depry, omykKJ/ocTi
BUKOPHUCTOBYIOThCSl B T€OPIl PIBHOBAIW JJIsl irop Y MIpHO3HAUYHUX CTPATErisx,

. [48].

Memoro ducepmanitinoi’ pobomu € nocijizKeHHs (DYHKTOPIB, O3HAUYEHUX 32
JIOTIOMOT'OIO0 TPUKYTHUX HOPM * B KaTeropii KOMITAaKTHUX Tayc/IoPQPOBUX ITPOCTO-
PIB; JIOCJLJIZKEHHS IIPOCTOPIB *-MIP 3 KOMIIAKTHUMM HOCISIMU Ha yJAbTpaMeTpu-
IHUX (HeapxiMeJIoBUX ) IIPOCTOPAX; MOCKEeHHST CTPYKTYPU MOHA/TH, TIOPOJIZKe-
HOT (DYHKTOPOM *-Mip 3 KOMIIAKTHIMUI HOCISIMU Ha, KQTEropil yJabTpaMeTPUIHIX
IIPOCTOPIB 1 HEPOBTATYIOUNX BiJI0OparkeHb, 1 BCTAHOBJIEHHS JIesIKIX (PYHIaMeH-
TaJIbHI BJIACTUBOCTI TaKWX MOHAJI; O3HAUYEHHS 1MOp B *-3HAUHUX CTPaTerifgx i
JIOBeJIeHHs HellepepBHOCTI (DYHKINII BUILIAT JIJIsd IUX iTOp JI/Id 3aCTOCYBaHHs B

Teopil pPIBHOBAI'U.

O6’exmom JTOCTIJIZKEHHST JIucepTallil € *-Mipn Ha KOMIIAKTHUX Tayc1opdo-

BUX IIPOCTOPAX, MOPOJI?KEH] TPUKYTHUMU HOPMaMU .

IIpedmemom docaidorcerns € BIACTUBOCTI (DYHKTOpPa *-Mip Ha KaTeropil
KOMIIAKTHUX TaycJop@OBUX IIPOCTOPIB 1 HEIlepepBHUX BijgoOpazKeHb, a TaKOoxK
BJIACTUBOCT] yJIbTpaMeTpHu3allil IPOCTOPIB *-Mip 3 KOMIIAKTHUMHU HOCIAMU Ha

KaTeropil yJIbTpaMeTpUIHNUX [IPOCTOPIB Ta HEPO3TATYIOUNX Bi0OparKelb, CTPY-



KTypa MOHa/IU, Ky IOPOJIXKYE (PYHKTOP *-Mip, & TAKOXK 3aCTOCYBBaHHS JI0

PIBHOBArd JJId 1r0OpP 3 *-3HAUHUMU CTPATETisIMI.

Y IoC/IKEeHHX TPOo0IeMaTUKI JIIcepTallil 3aCTOCOBYIOTHCA METOIN Teopil
QYHKTOPIB y TOMOJOrTYHUX KATEropisgx, METOU 3arajbHOI TOIOJIONT, iJeMIIo-
TEHTHOI MaTeMaTUuKU, Teopll KaTeropiit Ta Teopil pIBHOBAI'U.

JucepTaliisg cKIaa€Thcs 3 aHOTalllll YKPaTHCHKOIO i aHTJIIHCHKOI0 MOBAMM,
BCTYILY, YOTUPbOX PO3/I1JIiB, BUCHOBKIB, CIIMCKY JIITepaTypPHU.

HaBourhes oryisiji JiTepaTypH, OB 13aHO1 3 pe3yabTaTamMu guceprariii. Ha-
caMIiepe/l po3risiJIA€EMO Pe3Y/IbTATH, MTOB sA3aHl 3 PISHUMEI HEaINTUBHUMU Mipa-
MM, 30KpeMa 1JIEMIIOTEHTHUMU MIpaM#, max-min MipaM#u, €MHOCTSMU TOIIIO.
OKpeMo BHJILISEMO BHUIIAI0K, KON MipH PO3IVISLIAIOTHCS Ha YIBTPAMETPUIHAX
(Heapxime 1oBuX) mpocropax. OCKiJIbKI IeHTpaJsbHe OHSITTS JINCEePTaIlil, a ca-
Me MOHATTS MPOCTOPY *-Mip, BU3HaUa€ (DYHKTOP Y KAaTeropii KOMIAKTHIX ra-
ycI0pOBUX MPOCTOPIB Ta Y 1HINMX KATErOpisix, MU HABOIUMO TAKOXK OIJIAJL JTi-
TepaTypH, OB s3aH0l 3 PYHKTOPAMH B KATETOPiAX TOMOJOTTYHUX 1 METPUIHUX
IIPOCTOPIB.

Bararto BaxkuBuX (PyHKTOPIB JOMOBHIOIOTHCS JIO CTPYKTYPU MOHAIN Ha Bij-
noBiHil KaTeropii. HaBemeno TakoxK orisi1 iTepaTypH, MO0 CTOCYEThCS MOHAI.

Hapermti Mu posriisijiaemMo JiiTeparypy, OB si3aHy 3 YUCJCHHIMEI 3aCTOCY-
BaHHAMN (DYHKTOPIB Ta MOHAJI y TEOpil irop, 30KpeMa y Teopil piBHOBAIN.

Y pozini “IIpocropu *-Mip Ha KOMIIAKTHUX Tayc/IopdoBUX MpocTopax’ Jijist
KOYKHOI TPUKYTHOI HOPMHU * MU 3aIllPOBAKYEMO MOHATTS *-Miph K (DyHKITIO-
Hasia Ha Tmpoctopi HemepepsHux dyukiii C(X, ). Muoxkuna ycix *-Mmip Ha
KOMITAKTHOMY TaycaopdOBOMY HPOCTOPI HAIIIAETHLCA CIabKOI0™ TOIOJIOTIE.
[Tokazano, 1Mo yTBOpEeHUil MPOCTIp *-Mip € KOMIAKTHUM raycaopdosum. [l
KOHCTPYKIIisd BU3HAYAE KOBAPiaHTHUN (DYHKTOP Ha KaTeropii KOMIaKTHUX Iayc-
JIOPGOBUX MIPOCTOPIB 1 HEllEPEePBHUX BijloOparkeHb. TakoXK 1MoOY0BAHO aHAJIOT

BiioOpazkenna Mimorina, Brepine 03Ha4eHOro Juid HMOBIpHICHUX MIp, mra *-



Mip Ta HalliBHEIIEPEPBHUX 3ropu eéMHocTeil. KpiMm Toro, o0y 10BaHO OIKC *-Mip
K 3aMKHEHNX MHOYKUH JIOOYTKY TPOCTOPY Ha OJMHUIHWI CErMEHT 3 TMEeBHUMMI
BacTUBOCTAMU. JloBeneHO, 1110 MHOXKIHA, *-Mip 31 CKIHUeHHUME HOCISIMU BCIOJIN
IILJIbHA B TIPOCTOP1 BCIX *-MIp.

O HUM 3 OCHOBHHUX pe3YJIbTaTiB PO3JI/IY € OINC IIPOCTOPIB *-Mip K rimep-
IIPOCTOPIB MHOXKHUH 3 IEBHUMHI BJIACTUBOCTAMU. [le j1ae 3Mory nmopiBnoBaTh MizK
cO0OI0 ITPOCTOPHU *-Mip JIJIsI PISHUX TPUKYTHUX HOPM *.

Y posain “IIpocropn *-Mip 3 KOMIIAKTHUMU HOCIAMU Ha YJIbTPAMETPUUHIX
IpoCTOpax’ PO3IJISIAETHCS YIBTPAMETPUIHU{T BUMAIOK (HATAIAEMO, 10 METPH-
Ka HA3WBAETHCS YIBTPAMETPUKOIO, AKIO BOHA 3a/I0BOJIbHSIE CUIbHY HEPIBHICTD
TPUKYTHUKA), TTOOYI0BAHA YIBTPAMETPU3aIlisI TPOCTOPIB *-Mip 3 KOMIAKTHIMUI
HOCIIMU Ha yJIbTPaMeTpUIHuX IpocTopax. [lokazano, 1mo yTBopeHa KOHCTPY-
KIlis BU3HAYAE KOBAPiaHTHUI (PYHKTOP Y KaTeropil yJbTpaMeTpuIHuX MPOCTO-
piB Ta HEPO3TATYIOUMX BiJ0OpaykKenb. BiH € aHajoroM g *-Mip QpyHKTOPIB,
O3HAYEHUX JIjIs HMOBIPHICHUX MIpP, 1JIEMIIOTEHTHUX MIP Ta HalllBHEIIEPEPBHUX
3BEPXy €MHOCTEeN 3 KOMIAKTHUMU HOCIAMU. ¥ JUcepTallil JoBeJieHo, M0 Iei
PYHKTOpP € JIOKAJTbHO HEPO3TATYIOUNM. TaK0oXK J0BEJIEeHO, IO MPOCTIp *-Mip 3
KOMIITAKTHUMM HOCISIMU Ha ITOBHOMY YJIbTPAMETPUYHOMY IIPOCTOPI € MOBHUM
VIBTPAMETPUYHUM ITPOCTOPOM.

OiHUM 3 OCHOBHHX PE3yJIbTaTiB I[bOTO PO3/Ii1y € 30eperkeHHs: (DyHKTOPOM
*_Mip KJlacy MOBHUX YJILTPAMETPUYHKUX IIPOCTOPIB.

Posuin “Monajin, nmopojzkeHi pyHKTOPAMH *-Mip~ HPUCBSYEHUN CTPYKTYPI
MOHA/IM, 10 BU3HAYAEThCA (byHKTOpamu *-Mip Ha Kareropil Ultr yiabrpame-
TPUYIHUX MTPOCTOPIB 1 HEPOBTATYIOUNX BiJ0Oparkenb. BeranosyeHo jaedaki gpyn-
JlaMeHTaJIbHI BJIACTUBOCTI TaKnMX MoHa . HaBejeHo npukiajm HeizoMOpQHIX
MOHAJI, JIJIsI PI3HUX TPUKYTHUX HOPM *. 30KpeMa, Taka CTPYKTypa I03BOJISIE
BU3HAUYUTH TeH30PHUIl J100yTOK *-Mip y kKareropii Ultr. V¥V cpoeto depry, mu
BU3HAYAEMO IMpU B *-3HAYHUX CTpATerisX Ha YJAbTPAMETPUYHUX IIPOCTOPax 1

JIOBOJTIMO HEIepepBHICTH (DYHKIIIH BUILIAT JJISI TIUX irOp.



Haperri, goBejieHo, 1110 Oy1b-IKYy PiBHOBArY JIJIsI iFOP Y *-3HAYHUX CTpaTe-
risgIX MOXKHa& allPOKCUMYBaTH Malizke piBHOBaraMu, IO CKJaJIal0ThCs 3 *-Mip 31

CKIHYCHHUMM HOCIAMM.

ITpakTuyuHe 3HaYeHHsT pe3yJabTaTiB Jguceprarliii. /luceprariiiss HOCHUTD
TeopeTuIHUil XapakTep. [T pe3ysbraT MoyKHa 3aCTOCOBYBaTH B 3arajibHiil Te-
opil PYHKTOPIB y TOMOJIOTTYHUX KaTEropisax, Teopil yJIbTpaMeTPUIHNUX ITPOCTO-

piB, JIEMIIOTEHTHIN MaTeMaTHuIll, 3arajbHiil Teopil piBHOBAIN.

Kumro4uoBi cioBa: x-mipa, xomnaxmnudi 2aycdopposuti npocmip, 6idobpa-
orcernna Minomina, excnonenma, *-anavwna cmpamezis, neadumuena Mipa, mpu-
KYMHa HOPMaA, MAKCUMIHHG MIPa, HOCIT MIPU, CKIHYEHHUT HOCIT, GYyHKMOp,
dynryionan, demnomenmmna mipa, menzoprut dobYymox, YAvmpPamempuHul
NPOCMIP, KAME20DILA KOMNAKMIE, HEPO3MAYI04L 81000PAHCENHA, NPUPOOHE Ne-

PEMBOPEHHA, MOHADG, PIGHOBA2A.
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Abstract

Sukhorukova Kh. O. Non-additive measures and their application in equili-
brium theory. — Qualifying scientific work on the rights of the manuscript.

The thesis presented for the degree of Doctor of Philosophy in speciality
111 — “Mathematics” (field of studies 11 — “Mathematics and statistics”). —

Ivan Franko National University of Lviv, Lviv, 2023.

The thesis consists of an introduction, four chapters, conclusions and the
references. The introduction substantiates the relevance of research topic. There
are listed the purpose, subject, object and methods of the research. Scientific
novelty, the practical significance of the results, the relation to scientific topic
and applicant’s contribution are also indicated in the introduction.

The dissertation is dedicated to the study of classes of non-additive measures
generated by triangular norms (x-measures). Such measures are defined as
functionals on spaces of continuous functions with values in the unit interval.
The spaces of x-measures are equipped with the weak* topology and form
compact Hausdorff spaces in this topology. The functoriality of the constructi-
on of x-measure spaces in the category of compact Hausdorff spaces and their
continuous mappings is demonstrated. For kx-measure spaces, an analogue of
the Milyutin mapping is constructed, which is known for probability measures
and idempotent measures, allowing the reduction of the general case to the
zero-dimensional one.

One of the motivations for studying **-measures lies in idempotent mathemati-
cs, a part of mathematics in which one of the usual arithmetic operations on
the field of real numbers is replaced by an idempotent operation (for example,
the maximum operation), transforming the set of real numbers into a semiring.
The results and methods of idempotent mathematics find numerous applicati-
ons in various branches of mathematics, as well as in computer science and

other disciplines. An overview of some results in idempotent mathematics can
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be found in [78].

The concept of probability measure has its analogues in idempotent mathemati-
cs. Idempotent measures (also called Maslov’s measures) were introduced in the
works of V. Maslov for example in [32]. Topological and categorical aspects of
the theory of idempotent measures were considered by M. Zarichnyi [7§]. In
particular, he showed that the functor of idempotent measures in the category
of compact Hausdorff spaces is an open functor, that is, it preserves the class
of open surjective mappings (an analogue of the Dietor-Eifler theorem for
probability measures). The properties of normality are also established for
the functor of idempotent measures: continuity, conservation of weight, epi-
and monomorphisms, intersections, prototypes, etc. It is also shown that the
functors of idempotent measures and probability measures in the category of
compact Hausdorff spaces are not isomorphic.

In recent years, the theory of fuzzy metric spaces has been developing
intensively. The definition of the x-measure itself indicates a connection wi-
th the theory of fuzzy metric spaces, which has been intensively developing in
recent years. Fuzzy metric spaces in the sense of George and Veeramani [21] are
especially important. One of the reasons for this is that the topology induced
by such a fuzzy metric is metrical in the classical sense. Fuzzy metric spaces
find their applications not only in various branches of mathematics, but also
in pattern recognition. Fuzzy metric spaces are closely related to probabili-
stic metric spaces. Their definition includes the concept of the triangular norm
(t-norm), which plays one of the main roles in our research.

We assign to each triangular norm * a functor M* operating in the category
of compact Hausdorff spaces and continuous mappings. This functor turns out
to be normal in the sense of E. Shchepin [60], that is, it is continuous, preserves
epi- and monomorphisms, weight, intersections, prototypes, initial and final
objects. The (modified) functor of idempotent measures as well as the functor

of max-min measures are partial cases of our general construction.
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The functor of probability measures, which operates in the category of
compact Hausdorff spaces and other topological categories, has various appli-
cations, in particular, in classical equilibrium theory, in particular in the theorem
on the existence of Nash equilibrium for games with mixed strategies. This
theorem is valid both for the case when the sets of pure strategies are finite and
for the case when they are compact Hausdorff spaces.

Measure theories are often associated with corresponding convexity theori-
es. This is well known for probability measures [64]. The connection between
idempotent measures and so-called max-plus convex sets defined in [7§] is also
noted in [11]. It should be noted that the modified functor of idempotent
measures, i.e., the functor of --measures (measures corresponding to the tri-
angular norm of multiplication), corresponds to the theory of B-convexity developed
in [5]. In turn, convexity are used in equilibrium theory for games in infinite-

dimensional strategies, see [48].

The purpose of the dissertation work is to research functors defined by
triangular norms * in the category of compact Hausdorff spaces, to research
x-measure spaces with compact supports on ultrametric (non-Archimedean)
spaces, to explore the structure of the monad generated by the functor of -
measure spaces with compact supports in the category of ultrametric spaces
and non-expanding mappings, and to establish certain fundamental properties
of such monads, definition of games in *-valued strategies and proof of conti-
nuity of payoff functions for these games for application in equilibrium theory,

approximation of equilibrium by quasi-equilibrium with finite supports.

Object of the research in the dissertation is x-measures on compact Hausdorft

spaces generated by triangular norms .

The subjects of the study includes the properties of the *-measure functor in

the category of compact Hausdorff spaces and continuous mappings, as well as
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the properties of ultrametricization of x-measure spaces with compact supports
in the category of ultrametric spaces and non-expanding mappings. It also
covers the structure of the monad generated by the x-measure functor and

its application to equilibrium in games with *-valued strategies.

The research in the dissertation employs methods from functor theory in
topological categories, general topology, idempotent mathematics, category theory;,
and the game theory.

The dissertation consists of abstracts in Ukrainian and English, an introducti-
on, four chapters, conclusions, and a list of references.

A review of the literature related to the results of the dissertation is provi-
ded. Firstly, we consider results related to various non-additive measures, includi-
ng idempotent measures, max-min measures, capacities, and so on. We specifi-
cally highlight the case when the measures are considered on ultrametric (non-
Archimedean) spaces. Since the central concept of the dissertation, namely
the concept of *-measure space, defines a functor in the category of compact
Hausdorff spaces and in other categories, we also provide a review of the li-
terature related to functors in the categories of topological and metric spaces.

Many important functors are augmented with monadic structures in the
corresponding category. A literature review related to monads is also presented.

Finally, we discuss the literature related to various applications of functors
and monads in game theory, particularly in the theory of equilibrium.

In the section “Spaces of *x-measure on compact Hausdorff spaces”, for each
triangular norm *, we introduce the concept of x-measure as a functional on the
space of continuous functions C'(X, ). The set of all x-measures on a compact
Hausdorfl space is equipped with the weak* topology. It is shown that the
resulting *-measure space is a compact Hausdorff space. This construction defi-
nes a covariant functor in the category of compact Hausdorff spaces and conti-

nuous mappings. Moreover, an analog of the Milyutin mapping, first defined for
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probability measures, is constructed for x-measures. Additionally, a description
of x-measures as closed subsets of the product space with a unit segment and
certain properties is provided. It is proved that the set of x-measures with finite
supports is everywhere dense in the space of all - measures.

One of the main results of this section is the description of *-measure spaces
as hyperspaces of sets with certain properties. This allows for the comparison
of x-measure spaces for different triangular norms .

In the section “Spaces of x-measure with compact supports on ultrametric
spaces’, we consider the case of ultrametric spaces (recall that a metric is
called ultrametric if it satisfies the strong triangle inequality) and construct the
ultrametricization of spaces of x-measures with compact supports on ultrametric
spaces. It is shown that this construction defines a covariant functor in the
category of ultrametric spaces and non-expansive mappings. It serves as an
analogue for *-measures of functors defined for probability measures, idempotent
measures, and upper semicontinuous capacities with compact supports. The
dissertation proves that this functor is locally non-expansive. Additionally, it
is demonstrated that the space of x-measures with compact supports on a
complete ultrametric space is itself a complete ultrametric space.

One of the main results of this section is the preservation of the class of
complete ultrametric spaces by the functor of x-measures.

Section, "Monads generated by functors of x-measureis dedicated to the
structure of a monad defined by functors of *-measure on the category Ultr of
ultrametric spaces and non-expanding mappings. Several fundamental properti-
es of such monads are established. Examples of non-isomorphic monads for
different triangular norms * are provided. In particular, this structure allows
for defining the tensor product of x-measures in the category Ultr. For this
purpose, the maximal ultrametric on the product of ultrametric spaces is consi-
dered. Furthermore, we define games in *-valued strategies on ultrametric spaces

and prove the continuity of payoff functions for these games.
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Finally, it is proven that any equilibrium for games with *-valued strategies
can be approximated by almost equilibrium consisting of x-measures with finite

supports.

The practical significance of the results. The dissertation is of theoreti-
cal nature. Its results can be applied in the general theory of functors in
topological categories, the theory of ultrametric spaces, idempotent mathemati-

cs, and the general theory of equilibrium.

Key words: x-measure, compact Hausdorff space, Milyutin mapping, exponenti-
al, x-valued strateqy, non-additive measure, triangular norm, max-min measure,
support of the measure, finite support, functor, functional, idempotent measure,
tensor product, ultrametric space, category of compact spaces, non-expanding

map, natural transformation, monad, equilibrium



16

The list of papers on the topic of the Thesis

(1) Sukhorukova, Kh., Zarichnyi, M.: On spaces of *-measures on ultrametric
spaces. Visnyk of the Lviv University. Series Mechanics and Mathemati-
cs. 90, 76-83 (2021).

(2) Sukhorukova, Kh., Zarichnyi, M.: On x-measure monads on the category
of Ultrametric spaces. Carpathian Mathematical Publication. 14(2),
429-436 (2022).

(3) Sukhorukova, Kh.: Spaces of non-additive measures generated by tri-
angular norms. Matematychni Studii, 59(2), 215—224. (2023).

The list of conference thesises on the topic of the Thesis

(1) Sukhorukova Kh.: Categorical properties of functionals generated by
the triangular norms In: Book of Abstracts The 14th Summer School
"Analysis, Topology, Algebra and Applications p. 34. Pidzakharychi,
Chernivtsi Region, Ukraine, August 10 -— 20, 2019.

(2) Sukhorukova Kh.: Functors in the category of compacts generated by
triangular norms. In: Abstracts of the XV International scientific conference
of students and young scientists "Modern problems of mathematics and
its application in natural sciences and information technologiesp. 9.
V.N. Karazin Kharkiv National University, Kharkiv, Ukraine, March
13 — 14, 2020.

(3) Sukhorukova Kh.: On idempotent measures and functionals generated
by triangular norms In: Abtracts of Contemporary Mathematics in Ki-
elce. Kielce, Poland, February 24 -— 27, 2021.

(4) Sukhorukova Kh.: Ultrametric spaces of *-measures. In: Book of Abstracts
International Online Conference Algebraic and Geometric Methods of
Analysis dedicated to the memory of Yuriy Trokhymchuk, p. 147, May
25-28, 2021.

(5) Sukhorukova Kh., Zarichnyi M.: On %-measures on ultrametric spaces.

In: Program and abstracts of 25th Christmass discussion, p. 3—4. Lviv,



17

January 11 — 12, 2022.

Zarichnyi M., Mazurenko N., Sukhorukova Kh.: On (in)homogeneous
fractals generated by x-measures. In: Abtracts of the International onli-
ne conference “Current Trends in Abstract and Applied Analysis”, p.
55. Ivano-Frankivsk, Ukraine, May 12 — 15, 2022.

Sukhorukova Kh.: On K-ultrametrics and *-measures. In: Internati-
onal Scientific Conference Devoted to 160 anniversary of Dvytro Grave
(25.08.1863 — 19.12.1939), p. 113. Odesa, Ukraine, May 29 -— June 1,
2023.



	Анотація

