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Ïîïàäþê ❰✳➪✳ ➪✐öèêë✐÷í✐ ðîçøèðåííÿ íàï✐âãðóï òà ➝õí✐ åíäîìîðô✐çìè✳

✖ ✃âàë✐ô✐êàö✐éíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó✳

➘èñåðòàö✐ÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ô✐ëîñîô✐➝ çà ñïåö✐✲

àëüí✐ñòþ ✶✶✶ ✕ ✏❒àòåìàòèêà✑ ✭➹àëóçü çíàíü ✕ ✶✶ ✏❒àòåìàòèêà òà ñòàòèñòè✲

êà✑✮✳ ✖ ❐üâ✐âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ■âàíà Ôðàíêà✱ ❐üâ✐â✱

✷✵✷✸✳

➚ëãåáðè÷íà òåîð✐ÿ íàï✐âãðóï ✕ öå îäíà ✐ç îáëàñòåé ìàòåìàòèêè✱ ÿê✐ ìà✲

þòü äîâîë✐ øèðîêå êîëî çàñòîñóâàííü✿ òåîð✐ÿ ôîðìàëüíèõ ìîâ✱ àëãåáðè÷íà

òåîð✐ÿ àâòîìàò✐â✱ òåîð✐ÿ êîä✐â✱ øèôðóâàííÿ✱ åêîíîìåòðèêà òà ✐í✳ ➘î öüîãî

ñïîíóêàâ òåõí✐÷íèé ïðîãðåñ ✐ îñîáëèâî ïîøèðåííÿ çàñòîñóâàííÿ àëãåáðè✲

÷íèõ ìåòîä✐â ó øèôðóâàíí✐ òà êîäóâàíí✐✳ Õàðê✐âñüêèé ìàòåìàòèê ➚íòîí

Ñóøêåâè÷ íà ïî÷àòêó ÕÕ ñòîë✐òòÿ îïóáë✐êóâàâ ïåðø✐ ôóíäàìåíòàëüí✐ ðå✲

çóëüòàòè ó òåîð✐➝ íàï✐âãðóï✳ ➶èêëàäåí✐ ðåçóëüòàòè Ñóøêåâè÷à✱ ïðèíöèïè

éîãî äîñë✐äæåíü✱ éîãî ìåòîäîëîã✐ÿ áóëè íîâ✐òí✐ìè✳ Ðàçîì ç òåõí✐÷íèì ïðî✲

ãðåñîì öå ñïîíóêàëî ➘✳ Ð✐ñà✱ Ø✳ Øâàðöà✱ ❒✳✲Ï✳ Øþòöåíáåðãåðà òà ✐íøèõ

äî íîâèõ ôóíäàìåíòàëüíèõ ðåçóëüòàò✐â íå ëèøå â àëãåáðè÷í✐é òåîð✐➝ íàï✐â✲

ãðóï✱ àëå ✐ â ➝➝ çàñòîñóâàííÿõ✳

Ó ✶✾✻✵✲✐ ðîêè âæå ñôîðìîâàí✐ òàê✐ íàïðÿìêè äîñë✐äæåíü ó òåîð✐➝ íà✲

ï✐âãðóï✿ êëàñèô✐êàö✐ÿ íàï✐âãðóï ✐ ïîáóäîâà óí✐âåðñàëüíèõ îá✬➵êò✐â❀ íàï✐â✲

ãðóïè ïåðåòâîðåíü ✐ â✐äíîøåíü❀ íàï✐âãðóïè åíäîìîðô✐çì✐â àëãåáðè÷íèõ ñè✲

ñòåì❀ çàñòîñóâàííÿ íàï✐âãðóï â òåîð✐➝ àâòîìàò✐â✱ ôîðìàëüíèõ ìîâ ✐ êîä✐â❀

÷àñòêîâî âïîðÿäêîâàí✐ íàï✐âãðóïè❀ òîïîëîã✐÷í✐ òà íàï✐âòîïîëîã✐÷í✐ íàï✐â✲

ãðóïè❀ òîïîëîã✐÷í✐ òà íàï✐âòîïîëîã✐÷í✐ íàï✐â➔ðàòêè òà ➔ðàòêè✱ òà ✐íø✐✳

Öåíòðàëüíå ì✐ñöå â òåîð✐➝ íàï✐âãðóï çàéíÿëà á✐öèêë✐÷íà íàï✐âãðóïà✱ ââå✲

äåíà ➍✳ ❐ÿï✐íèì â ✶✾✹✻ ð✳ ➶èêîðèñòîâóþ÷è ➝➝✱ ❰ëàô ➚íäåðñåí âêàçàâ óìîâè



✸

çà ÿêèõ ïðîñòà íàï✐âãðóïà ç ✐äåìïîòåíòîì ➵ ö✐ëêîì ïðîñòîþ✱ ❮✳ Ðåéë✐ òà

Ð✳ Óîðí îïèñàëè ñòðóêòóðó á✐ïðîñòèõ ðåãóëÿðíèõ ω✲íàï✐âãðóï âèêîðèñòî✲

âóþ÷è êîíñòðóêö✐þ ➪ðóêà çàíóðåííÿ íàï✐âãðóïè â ïðîñòèé ìîíî➝ä✱ ✐ öå

ñïîíóêàëî îïèñàííþ ð✐çíèõ êëàñ✐â á✐ïðîñòèõ ✐íâåðñíèõ ✐ ðåãóëÿðíèõ íàï✐â✲

ãðóï✳

■äåîëîã✐ÿ ➶✳ ➶àãíåðà✱ êîð✐ííÿ ÿêî➝ ëåæèòü â äèôåðåíö✐àëüí✐é ãåîìåòð✐➝✱

çîáðàæåííÿ ✐íâåðñíèõ íàï✐âãðóï ÿê íàï✐âãðóï ÷àñòêîâèõ ïåðåòâîðåíü äî✲

ïîâíèëà âèùå çãàäàí✐ ðåçóëüòàòè ïðîñòèìè êîíñòðóêòèâíèìè äîâåäåííÿìè

ç âèêîðèñòàííÿì ñèìåòðè÷íîãî ✐íâåðñíîãî ìîíî➝äà✳ ➪àãàòî êîíñòðóêö✐é çà✲

íóðåííÿ íàï✐âãðóï ó íàï✐âãðóïè ç ✏õîðîøèìè✑ âëàñòèâîñòÿìè âèêîðèñòîâó✲

þòü ✐äåþ ñèìåòðè÷íîãî ✐íâåðñíîãî ìîíî➝äà✱ çîêðåìà✱ òàêîæ ➵ êîíñòðóêòèâ✲

íå äîâåäåííÿ òåîðåìè ❰ðå ïðî òå✱ ùî êîæíà ðåâåðñèâíà ñïðàâà íàï✐âãðóïà

ç✐ ñêîðî÷åííÿìè ✐çîìîðôíî çàíóðþ➵òüñÿ â ãðóïó✱ çàïðîïîíîâàíå ➘✳ Ð✐ñîì

ó ❬✶✺✵❪✳ Òàêîæ áàãàòî íàï✐âãðóï ✭÷àñòêîâèõ✮ ïåðåòâîðåíü ìàþòü ïðîñò✐ ðå✲

ãóëÿðí✐ çîáðàæåííÿ ÿê íàï✐âãðóïè âèçíà÷åí✐ íà ìíîæèíàõ✳

Ïî➵äíàííÿ öèõ ✐äåé òåîð✐➝ íàï✐âãðóï ïîðîäèëî á✐öèêë✐÷í✐ ðîçøèðåííÿ

➹óò✐êà✕❒èõàëåíè÷à B
F
ω

íàä ω✲çàìêíåíîþ ñ✐ì✬➵þ F ï✐äìíîæèí ìíîæèíè

íåâ✐ä✬➵ìíèõ ö✐ëèõ ÷èñåë ω ❬✶✶❪✱ ÿê✐ ïî➵äíàëè â çàëåæíîñò✐ â✐ä ñòðóêòóðè

ñ✐ì✬➝ F ð✐çí✐ ✏ïðîòèëåæí✐✑ çà âëàñòèâîñòÿìè íàï✐âãðóïè✱ çîêðåìà á✐öèêë✐✲

÷íó íàï✐âãðóïó òà íàï✐âãðóïó ìàòðè÷íèõ îäèíèöü✳ Òîìó ïðèðîäíî âèíèêà➵

çàäà÷à îïèñàííÿ á✐öèêë✐÷íîãî ðîçøèðåííÿ B
F
ω

ç òî÷í✐ñòþ äî ✐çîìîðô✐çìó

â çàëåæíîñò✐ â✐ä ñòðóêòóðè ñ✐ì✬➝ F ✳

❰ïèñàííÿ ñòðóêòóðè àâòîìîðô✐çì✐â òà åíäîìîðô✐çì✐â íàï✐âãðóï ïåðå✲

òâîðåíü ➵ êëàñè÷íîþ ïðîáëåìîþ òåîð✐➝ íàï✐âãðóï✳ ❮àï✐âãðóïè åíäîìîðô✐✲

çì✐â îïèñàí✐ ïîâí✐ñòþ ëèøå äëÿ äåÿêèõ íàï✐âãðóï ïåðåòâîðåíü✱ çîêðåìà äëÿ

ñê✐í÷åííî➝ íàï✐âãðóïè ïîâíèõ ïåðåòâîðåíü✱ ñê✐í÷åííî➝ ñèìåòðè÷íî➝ ✐íâåð✲

ñíî➝ íàï✐âãðóïè✱ ñèìåòðè÷íî➝ íàï✐âãðóïè â✐äîáðàæåíü íà ñê✐í÷åíí✐é ìíî✲

æèí✐✱ ñê✐í÷åííèõ íàï✐âãðóï ➪ðàóåðà✳

Ðîçãëÿäàþ÷è á✐öèêë✐÷íå ðîçøèðåííÿ B
F
ω

ÿê íàï✐âãðóïó ÷àñòêîâèõ á✐✲



✹

➵êòèâíèõ ïåðåòâîðåíü ìíîæèíè ω✱ ïðèðîäíî áóëî á îïèñàòè íàï✐âãðóïó

åíäîìîðô✐çì✐â íàï✐âãðóïè B
F
ω
✱ îñê✐ëüêè íàâ✐òü îïèñàííÿ ñòðóêòóðè ➝➝ êîí✲

ãðóåíö✐é íå äà➵ ïîâíîãî ðîçóì✐ííÿ ➝➝ ñòðóêòóðè✳ Ïåðøà çàäà÷à ➵ ö✐êàâîþ

çà ìîäóëåì ✏ñïåö✐àëüíèõ✑ ÷àñòêîâèõ ïåðåòâîðåíü✱ ùî ➵ åëåìåíòàìè ñèìå✲

òðè÷íîãî ✐íâåðñíîãî ìîíî➝äà íàä ìíîæèíîþ ω✳ ➶ðàõîâóþ÷è âèùå ñêàçàíå✱

ïðèðîäíî âèíèêà➵ çàäà÷à✿ äîñë✐äèòè ñòðóêòóðó íàï✐âãðóïè B
Fn

ω
✱ îïèñàòè ➝➝

✏õîðîø✐✑ çîáðàæåííÿ✱ êîíãðóåíö✐➝ òà òîïîëîã✐çàö✐➝ ó âèïàäêó✱ êîëè ñ✐ì✬ÿ Fn

ïîðîäæó➵òüñÿ ñê✐í÷åííèì ✐íòåðâàëîì [k, k+n] â ω✱ äëÿ äåÿêèõ íåâ✐ä✬➵ìíèõ

ö✐ëèõ ÷èñåë k ✐ n✱ çîêðåìà êîëè

Fn = {∅, {0} , {0, 1} , . . . , {0, 1, . . . , n}} .

➶✐äîìî✱ ùî íà á✐öèêë✐÷í✐é íàï✐âãðóï✐ âñ✐ ãàóñäîðôîâ✐ òðàíñëÿö✐éíî✲

íåïåðåðâí✐ òîïîëîã✐➝ ➵ äèñêðåòíèìè✳ ➬ îãëÿäó íà âèùå çãàäàíèé ôàêò✱ ïðè✲

ðîäíî âèíèêà➵ çàäà÷à ïðî òîïîëîã✐çàö✐þ íàï✐âãðóïè B
F
ω

â çàëåæíîñò✐ â✐ä

ñ✐ì✬➝ F ✱ çîêðåìà äîñë✐äæåííÿ ✐ñíóâàííÿ êîìïàêòíèõ ✐ áëèçüêèõ äî íèõ íà✲

ï✐âãðóïîâèõ ✐ òðàíñëÿö✐éíî✲íåïåðåðâíèõ òîïîëîã✐é íà B
F
ω
✳

❒åòîþ äèñåðòàö✐éíî➝ ðîáîòè ➵ âñòàíîâëåííÿ àëãåáðè÷íèõ âëàñòèâîñòåé

á✐öèêë✐÷íîãî ðîçøèðåííÿ B
Fn

ω
òà ✐íâåðñíî➝ íàï✐âãðóïè I n

ω
(−−→conv) îïóêëèõ

÷àñòêîâèõ ïîðÿäêîâèõ ✐çîìîðô✐çì✐â ë✐í✐éíî âïîðÿäêîâàíî➝ ìíîæèíè (ω,⩽)

ðàíãó ⩽ n✱ îïèñàííÿ ➝õí✐õ íàï✐âãðóï åíäîìîðô✐çì✐â✱ à òàêîæ äîñë✐äæåííÿ

✐ñíóâàííÿ êîìïàêòíèõ ✐ áëèçüêèõ äî íèõ íàï✐âãðóïîâèõ ✐ òðàíñëÿö✐éíî✲

íåïåðåðâíèõ òîïîëîã✐é íà B
Fn

ω
✳

❰á✬➵êòîì äîñë✐äæåííÿ ➵ á✐öèêë✐÷íå íàï✐âãðóïîâå ðîçøèðåííÿ B
Fn

ω
✱ ✐í✲

âåðñíà íàï✐âãðóïà I n
ω
(−−→conv) îïóêëèõ ÷àñòêîâèõ ïîðÿäêîâèõ ✐çîìîðô✐çì✐â

ë✐í✐éíî âïîðÿäêîâàíî➝ ìíîæèíè (ω,⩽) ðàíãó ⩽ n✱ à òàêîæ ➝õí✐ íàï✐âãðóïè

åíäîìîðô✐çì✐â✳

Ïðåäìåò äèñåðòàö✐éíîãî äîñë✐äæåííÿ ✕ àëãåáðè÷í✐ âëàñòèâîñò✐ á✐öèêë✐✲

÷íîãî ðîçøèðåííÿBFn

ω
òà ✐íâåðñíî➝ íàï✐âãðóïè I n

ω
(−−→conv) òà ➝õí✐õ íàï✐âãðóï

åíäîìîðô✐çì✐â✱ êîìïàêòí✐ òà áëèçüê✐ äî íèõ íàï✐âãðóïîâ✐ ✐ òðàíñëÿö✐éíî✲



✺

íåïåðåðâí✐ òîïîëîã✐➝ íà B
Fn

ω
✳

Ó ïðîöåñ✐ äîñë✐äæåííÿ äèñåðòàö✐éíî➝ ïðîáëåìàòèêè çàñòîñîâóþòüñÿ ìå✲

òîäè àëãåáðè÷íî➝ òåîð✐➝ íàï✐âãðóï ✐ òîïîëîã✐÷íî➝ àëãåáðè✳

➘èñåðòàö✐ÿ ñêëàäà➵òüñÿ ç àíîòàö✐é óêðà➝íñüêîþ é àíãë✐éñüêèìè ìîâàìè✱

âñòóïó✱ òðüîõ ðîçä✐ë✐â✱ âèñíîâê✐â✱ ñïèñêó ë✐òåðàòóðè òà äîäàòêà✳

Ó âñòóï✐ îá➔ðóíòîâàíî àêòóàëüí✐ñòü òåìè äîñë✐äæåííÿ✱ çàçíà÷åíî ìåòó✱

çàâäàííÿ✱ ïðåäìåò✱ îá✬➵êò òà ìåòîäè äîñë✐äæåííÿ✱ âêàçàíî íàóêîâó íîâèçíó✱

ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàò✐â✱ çâ✬ÿçîê ðîáîòè ç äåðæàâíîþ

íàóêîâî✲äîñë✐äíèöüêîþ òåìîþ✱ îñîáèñòèé âíåñîê çäîáóâà÷à✱ àïðîáàö✐þ òà

ïóáë✐êàö✐➝ îñíîâíèõ ðåçóëüòàò✐â äèñåðòàö✐➝✳

Ó ðîçä✐ë✐ ✶ íàâåäåíî îãëÿä ë✐òåðàòóðè çà òåìîþ äèñåðòàö✐➝✱ ✐ñòîðè÷íó

äîâ✐äêó✱ ìîòèâàö✐þ äîñë✐äæåíü✱ à òàêîæ ñôîðìóëüîâàíî îçíà÷åííÿ òà äî✲

ïîì✐æí✐ òâåðäæåííÿ ç àëãåáðè òà çàãàëüíî➝ òîïîëîã✐➝✳

Ðîçä✐ë ✷ ñêëàäà➵òüñÿ ç äâîõ ï✐äðîçä✐ë✐â ïðèñâÿ÷åíèõ äîñë✐äæåííþ á✐✲

öèêë✐÷íîãî íàï✐âãðóïîâîãî ðîçøèðåííÿ B
Fn

ω
✳ ❰ïèñàíî â✐äíîøåííÿ ⑨ð✐íà✱

çîêðåìà✱ äîâåäåíî✱ ùî â✐äíîøåííÿ ⑨ð✐íà D ✐ J çá✐ãàþòüñÿ íà B
Fn

ω
✭òâåð✲

äæåííÿ ✷✳✶✳✶✮✱ íàï✐âãðóïà B
Fn

ω
✐çîìîðôíà íàï✐âãðóï✐ I n+1

ω
(−−→conv) îïóêëèõ

÷àñòêîâèõ ïîðÿäêîâèõ ✐çîìîðô✐çì✐â ë✐í✐éíî âïîðÿäêîâàíî➝ ìíîæèíè (ω,⩽)

ðàíãó ⩽ n + 1 ✭òåîðåìà ✷✳✶✳✺✮✱ ✐ íà B
Fn

ω
✐ñíóþòü ëèøå êîíãðóåíö✐➝ Ð✐ñà

✭òåîðåìà ✷✳✶✳✶✶✮✳

Ðàçîì ç òèì ó ðîçä✐ë✐ ✷ äîñë✐äæó➵òüñÿ òîïîëîã✐çàö✐ÿ íàï✐âãðóïè B
Fn

ω
✳

➬îêðåìà✱ äîâåäåíî ✭òåîðåìà ✷✳✷✳✶✮✱ ùî äëÿ äîâ✐ëüíî➝ òðàíñëÿö✐éíî✲íåïå✲

ðåðâíî➝ T1✲òîïîëîã✐➝ τ íà BFn

ω
êîæíèé íåíóëüîâèé åëåìåíò íàï✐âãðóïèB

Fn

ω

➵ ✐çîëüîâàíîþ òî÷êîþ â òîïîëîã✐÷íîìó ïðîñòîð✐ (BFn

ω
, τ)✳ Òàêîæ äîâåäåíî

✭òåîðåìà ✷✳✷✳✹✮✱ ùî äëÿ äîâ✐ëüíî➝ òðàíñëÿö✐éíî✲íåïåðåðâíî➝ T1✲òîïîëîã✐➝ τ

íà íàï✐âãðóï✐ BFn

ω
òàê✐ óìîâè åêâ✐âàëåíòí✐✿

(1) (BFn

ω
, τ) ✕ êîìïàêòíà íàï✐âòîïîëîã✐÷íà íàï✐âãðóïà❀

(2) ïðîñò✐ð (BFn

ω
, τ) òîïîëîã✐÷íî ✐çîìîðôíèé îäíîòî÷êîâ✐é êîìïàêòè✲

ô✐êàö✐➝ ➚ë➵êñàíäðîâà íåñê✐í÷åííîãî çë✐÷åííîãî äèñêðåòíîãî ïðîñòî✲



✻

ðó❀

(3) (BFn

ω
, τ) ✕ êîìïàêòíà íàï✐âòîïîëîã✐÷íà íàï✐âãðóïà ç íåïåðåðâíîþ

✐íâåðñ✐➵þ❀

(4) ïðîñò✐ð (BFn

ω
, τ) ✕ D(ω)✲êîìïàêòíèé✳

❰ïèñàíî íàð✐ñò àëãåáðè÷íî➝ ñòðóêòóðè ïðè òîïîëîã✐÷íîìó çàìèêàíí✐ íà✲

ï✐âãðóïè I n+1
ω

(−−→conv) ✭à îòæå✱ ✐ íàï✐âãðóïè B
Fn

ω
✮ â T1✲íàï✐âòîïîëîã✐÷í✐é

íàï✐âãðóï✐ S✱ ÿêà ì✐ñòèòü ➝➝ ÿê âëàñíó ï✐äíàï✐âãðóïó ✭òâåðäæåííÿ ✷✳✷✳✻✮✳

Ðîçä✐ë ✸ ñêëàäà➵òüñÿ ç òðüîõ ï✐äðîçä✐ë✐â ïðèñâÿ÷åíèõ äîñë✐äæåííþ ñòðóê✲

òóðè åíäîìîðô✐çì✐â á✐öèêë✐÷íîãî íàï✐âãðóïîâîãî ðîçøèðåííÿ B
Fn

ω
ó âè✲

ïàäêó✱ êîëè ñ✐ì✬ÿ Fn ïîðîäæåíà ìíîæèíîþ {0, 1, . . . , n} òà ✐íâåðñíî➝ íàï✐â✲

ãðóïè I n
ω
(−−→conv) îïóêëèõ ÷àñòêîâèõ ïîðÿäêîâèõ ✐çîìîðô✐çì✐â ë✐í✐éíî âïî✲

ðÿäêîâàíî➝ ìíîæèíè (ω,⩽) ðàíãó ⩽ n✳

Ó ï✐äðîçä✐ë✐ ✸✳✶ îïèñàíî ✐í✬➵êòèâí✐ åíäîìîðô✐çìè ✐íâåðñíî➝ íàï✐âãðóïè

B
Fn

ω
✳ ➬îêðåìà✱ äîâåäåíî ✭íàñë✐äîê ✸✳✶✳✶✵✮✱ ùî íàï✐âãðóïà ✐í✬➵êòèâíèõ åí✲

äîìîðô✐çì✐â íàï✐âãðóïè B
Fn

ω
✐çîìîðôíà àäèòèâí✐é íàï✐âãðóï✐ íåâ✐ä✬➵ìíèõ

ö✐ëèõ ÷èñåë (ω,+)✳ Ó ï✐äðîçä✐ë✐ ✸✳✷ äîñë✐äæó➵òüñÿ ñòðóêòóðà íàï✐âãðóïè

End(Bλ) óñ✐õ åíäîìîðô✐çì✐â íàï✐âãðóïè λ×λ✲ìàòðè÷íèõ îäèíèöü Bλ òà

äîâåäåíî ✭òåîðåìà ✸✳✷✳✷✮✱ ùî íàï✐âãðóïà End(Bλ) óñ✐õ åíäîìîðô✐çì✐â íà✲

ï✐âãðóïè λ×λ✲ìàòðè÷íèõ îäèíèöü Bλ ➵ äèç✬þíêòíèì îá✬➵äíàííÿì íàï✐â✲

ãðóïè End
inj(Bλ) ✐í✬➵êòèâíèõ åíäîìîðô✐çì✐â íàï✐âãðóïè Bλ ✐ íàï✐âãðóïè

End
ann(Bλ) âñ✐õ àíóëþþ÷èõ åíäîìîðô✐çì✐â íàï✐âãðóïè Bλ✳

Ï✐äðîçä✐ë ✸✳✸ ïðèñâÿ÷åíèé äîñë✐äæåííþ íàï✐âãðóïè End(I n
ω
(−−→conv)) óñ✐õ

åíäîìîðô✐çì✐â íàï✐âãðóïè I n
ω
(−−→conv) çà ìîäóëåì ➝➝ ✐äåàëà End

1(I n
ω
(−−→conv))✱

ÿêèé ñêëàäà➵òüñÿ ç òàêèõ åëåìåíò✐â a✱ ùî îáðàç (I n
ω
(−−→conv))a ✐çîìîðôíèé

íàï✐âãðóï✐ ω × ω✲ìàòðè÷íèõ îäèíèöü✳ ➬îêðåìà✱ äîâåäåíî✱ ùî íàï✐âãðóïà

End(I n
ω
(−−→conv)) óñ✐õ åíäîìîðô✐çì✐â íàï✐âãðóïè I n

ω
(−−→conv) ➵ äèç✬þíêòíèì

îá✬➵äíàííÿì ìíîæèíè End
∗(I n

ω
(−−→conv)) òà ✐äåàëó End

1(I n
ω
(−−→conv)) ✭òåîðåìà

✸✳✸✳✷✮✳

➘îäàòîê ì✐ñòèòü ñïèñîê ïóáë✐êàö✐é çäîáóâà÷à çà òåìîþ äèñåðòàö✐➝ òà



✼

â✐äîìîñò✐ ïðî àïðîáàö✐þ ðåçóëüòàò✐â äîñë✐äæåííÿ✳

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàò✐â✳ Ðåçóëüòàòè äèñåð✲

òàö✐➝ ìàþòü òåîðåòè÷íèé õàðàêòåð ✐ ìîæóòü áóòè çàñòîñîâàí✐ ó òåîð✐➝ íà✲

ï✐âãðóï✱ òîïîëîã✐÷í✐é àëãåáð✐ òà êîìï✬þòåðí✐é àëãåáð✐✳

✃ëþ÷îâ✐ ñëîâà✿ á✐öèêë✐÷íå ðîçøèðåííÿ✱ ✐íâåðñíà íàï✐âãðóïà✱ åíäî✲

ìîðô✐çì✱ àâòîìîðô✐çì✱ íàï✐âãðóïà λ × λ✲ìàòðè÷íèõ îäèíèöü✱ êîíãðóåí✲

ö✐ÿ✱ êîíãóåíö✐ÿ Ð✐ñà✱ íàï✐âòîïîëîã✐÷íà íàï✐âãðóïà✱ êîìïàêòíà òîïîëîã✐ÿ✳



✽

❆❜str❛❝t

P♦♣❛❞✐✉❦ ❖✳❇✳ ❇✐❝②❝❧✐❝ ❡①t❡♥s✐♦♥s ♦❢ s❡♠✐❣r♦✉♣s ❛♥❞ t❤❡✐r ❡♥❞♦♠♦r♣❤✐s♠s✳

✖ ◗✉❛❧✐❢②✐♥❣ s❝✐❡♥t✐✜❝ ✇♦r❦ ♦♥ t❤❡ r✐❣❤ts ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t✳

❚❤❡ t❤❡s✐s ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ❞❡❣r❡❡ ♦❢ ❉♦❝t♦r ♦❢ P❤✐❧♦s♦♣❤② ✐♥ s♣❡❝✐❛❧✐t② ✶✶✶

✖ ✏▼❛t❤❡♠❛t✐❝s✑✭✜❡❧❞ ♦❢ st✉❞✐❡s ✶✶ ✖ ✏▼❛t❤❡♠❛t✐❝s ❛♥❞ st❛t✐st✐❝s✑✮✳ ✖ ■✈❛♥

❋r❛♥❦♦ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ▲✈✐✈✱ ▲✈✐✈✱ ✷✵✷✸✳

❚❤❡ ❛❧❣❡❜r❛✐❝ t❤❡♦r② ♦❢ s❡♠✐❣r♦✉♣s ✐s ♦♥❡ ♦❢ t❤❡ ❛r❡❛s ♦❢ ♠❛t❤❡♠❛t✐❝s t❤❛t

❤❛✈❡ ❛ ❢❛✐r❧② ✇✐❞❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✿ t❤❡ t❤❡♦r② ♦❢ ❢♦r♠❛❧ ❧❛♥❣✉❛❣❡s✱ t❤❡

❛❧❣❡❜r❛✐❝ t❤❡♦r② ♦❢ ❛✉t♦♠❛t❛✱ t❤❡ t❤❡♦r② ♦❢ ❝♦❞❡s✱ ❡♥❝r②♣t✐♦♥✱ ❡❝♦♥♦♠❡tr✐❝s✱

❡t❝✳ ❚❤✐s ✇❛s ♣r♦♠♣t❡❞ ❜② t❡❝❤♥✐❝❛❧ ♣r♦❣r❡ss ❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❡ s♣r❡❛❞ ♦❢ ❛♣♣❧✐✲

❝❛t✐♦♥ ♦❢ ❛❧❣❡❜r❛✐❝ ♠❡t❤♦❞s ✐♥ ❝r②♣t♦❧♦❣② ❛♥❞ ❝♦❞✐♥❣ t❤❡♦r②✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣

♦❢ t❤❡ ✷✵t❤ ❝❡♥t✉r②✱ t❤❡ ❑❤❛r❦✐✈ ♠❛t❤❡♠❛t✐❝✐❛♥ ❆♥t♦♥ ❙✉s❝❤❦❡✇✐ts❝❤ ♣✉❜❧✐s❤❡❞

t❤❡ ✜rst ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧ts ✐♥ t❤❡ t❤❡♦r② ♦❢ s❡♠✐❣r♦✉♣s✳ ❆❧t❤♦✉❣❤ t❤❡ r❡s✉❧ts

♣r❡s❡♥t❡❞ ❜② ❙✉s❝❤❦❡✇✐ts❝❤✱ t❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ ❤✐s r❡s❡❛r❝❤✱ ❤✐s ♠❡t❤♦❞♦❧♦❣② ✇❡r❡

♠♦❞❡r♥✳ ❆❧♦♥❣ ✇✐t❤ t❡❝❤♥✐❝❛❧ ♣r♦❣r❡ss✱ t❤✐s ♣r♦♠♣t❡❞ ❉✳ ❘❡❡s✱ ✞❙✳ ❙❝❤✇❛r③✱

▼✳✲P✳ ❙❝❤☎✉t③❡♥❜❡r❣❡r ❛♥❞ ♦t❤❡rs t♦ ♥❡✇ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧ts ♥♦t ♦♥❧② ✐♥ t❤❡

❛❧❣❡❜r❛✐❝ t❤❡♦r② ♦❢ s❡♠✐❣r♦✉♣s✱ ❜✉t ❛❧s♦ ✐♥ ✐ts ❛♣♣❧✐❝❛t✐♦♥s✳

■♥ t❤❡ ✶✾✻✵s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐r❡❝t✐♦♥s ♦❢ r❡s❡❛r❝❤ ✐♥ t❤❡ t❤❡♦r② ♦❢ s❡♠✐✲

❣r♦✉♣s ✇❡r❡ ❛❧r❡❛❞② ❢♦r♠❡❞✿ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s❡♠✐❣r♦✉♣s ❛♥❞ ❝♦♥str✉❝t✐♦♥ ♦❢

✉♥✐✈❡rs❛❧ ♦❜❥❡❝ts❀ s❡♠✐❣r♦✉♣s ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ r❡❧❛t✐♦♥s❀ s❡♠✐❣r♦✉♣s ♦❢

❡♥❞♦♠♦r♣❤✐s♠s ♦❢ ❛❧❣❡❜r❛✐❝ s②st❡♠s❀ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ s❡♠✐❣r♦✉♣s ✐♥ t❤❡ t❤❡♦r② ♦❢

❛✉t♦♠❛t❛✱ ❢♦r♠❛❧ ❧❛♥❣✉❛❣❡s ❛♥❞ ❝♦❞❡s❀ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡♠✐❣r♦✉♣s❀ t♦♣♦❧♦❣✐✲

❝❛❧ ❛♥❞ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣s❀ t♦♣♦❧♦❣✐❝❛❧ ❛♥❞ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❧❛tt✐✲

❝❡s ❛♥❞ ❧❛tt✐❝❡s✱ ❡t❝✳

❚❤❡ ❝❡♥tr❛❧ r♦❧❡ ✐♥ t❤❡ t❤❡♦r② ♦❢ s❡♠✐❣r♦✉♣s ❜❡❧♦♥❣s t♦ t❤❡ ❜✐❝②❝❧✐❝ s❡♠✐✲

❣r♦✉♣ ✐♥tr♦❞✉❝❡❞ ❜② ❊✳ ▲②❛♣✐♥ ✐♥ ✶✾✹✻✳ ❯s✐♥❣ ✐t✱ ❖❧❛❢ ❆♥❞❡rs❡♥ ❢♦✉♥❞ ❝♦♥❞✐t✐✲

♦♥s ✉♥❞❡r ✇❤✐❝❤ ❛ s✐♠♣❧❡ s❡♠✐❣r♦✉♣ ✇✐t❤ ❛♥ ✐❞❡♠♣♦t❡♥t ✐s ❝♦♠♣❧❡t❡❧② s✐♠♣❧❡✱

◆✳ ❘✳ ❘❡✐❧❧② ❛♥❞ ❘✳ ❏✳ ❲❛r♥❡ ❞❡s❝r✐❜❡❞ t❤❡ str✉❝t✉r❡ ♦❢ ❜✐s✐♠♣❧❡ r❡❣✉❧❛r ω✲

s❡♠✐❣r♦✉♣s ✉s✐♥❣ ❇r✉❝❦✬s ❝♦♥str✉❝t✐♦♥ ♦❢ ❡♠❜❡❞❞✐♥❣ ♦❢ ❛ s❡♠✐❣r♦✉♣ ✐♥t♦ ❛



✾

s✐♠♣❧❡ ♠♦♥♦✐❞✱ ❛♥❞ t❤✐s ❧❡❞ t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✈❛r✐♦✉s ❝❧❛ss❡s ♦❢ ❜✐s✐♠♣❧❡

✐♥✈❡rs❡ ❛♥❞ r❡❣✉❧❛r s❡♠✐❣r♦✉♣s✳

❱✳ ❲❛❣♥❡r✬s ✐❞❡♦❧♦❣②✱ t❤❡ r♦♦ts ♦❢ ✇❤✐❝❤ ❧✐❡s ✐♥ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr②✱

♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣s ❛s s❡♠✐❣r♦✉♣s ♦❢ ♣❛rt✐❛❧ tr❛♥s❢♦r✲

♠❛t✐♦♥s s✉♣♣❧❡♠❡♥t❡❞ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ r❡s✉❧ts ✇✐t❤ s✐♠♣❧❡ ❝♦♥str✉❝t✐✈❡

♣r♦♦❢s ✉s✐♥❣ t❤❡ s②♠♠❡tr✐❝ ✐♥✈❡rs❡ ♠♦♥♦✐❞✳ ▼❛♥② ❝♦♥str✉❝t✐♦♥s ♦❢ ✐s♦♠♦r♣❤✐❝

❡♠❜❡❞❞✐♥❣s ♦❢ s❡♠✐❣r♦✉♣s ✐♥t♦ s❡♠✐❣r♦✉♣s ✇✐t❤ ✏♥✐❝❡✑ ♣r♦♣❡rt✐❡s ✉s❡ t❤❡ ✐❞❡❛

♦❢ t❤❡ s②♠♠❡tr✐❝ ✐♥✈❡rs❡ ♠♦♥♦✐❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ s♦ t❤❡r❡ ✐s ❛❧s♦ t❤❡ ❝♦♥str✉❝t✐✈❡

♣r♦♦❢ ♦❢ t❤❡ ❖r❡ t❤❡♦r❡♠ ✇❤✐❝❤ st❛t❡s t❤❛t ❡✈❡r② r❡✈❡rs✐❜❧❡ ❝❛♥❝❡❧❧❡t✐✈❡ s❡♠✐✲

❣r♦✉♣ ✐s ✐s♦♠♦r♣❤✐❝ ❡♠❜❡❞❞❡❞ ✐♥t♦ ❛ ❣r♦✉♣✱ ♣r❡s❡♥t❡❞ ❜② ❉✳ ❘✐❡s ✐♥ ❬✶✺✵❪✳ ❆❧s♦✱

♠❛♥② s❡♠✐❣r♦✉♣s ♦❢ ✭♣❛rt✐❛❧✮ tr❛♥s❢♦r♠❛t✐♦♥s ❤❛✈❡ s✐♠♣❧❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛✲

t✐♦♥s ❛s s❡♠✐❣r♦✉♣s ❞❡✜♥❡❞ ♦♥ s❡ts✳

❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ✐❞❡❛s ♦❢ t❤❡ t❤❡♦r② ♦❢ s❡♠✐❣r♦✉♣s ❣❛✈❡ r✐s❡ t♦

t❤❡ ●✉t✐❦✕▼②❦❤❛❧❡♥②❝❤ ❜✐❝②❝❧✐❝ ❡①t❡♥s✐♦♥s BF
ω

♦✈❡r ❛♥ ω✲❝❧♦s❡❞ ❢❛♠✐❧② F ♦❢

s✉❜s❡ts ♦❢ t❤❡ s❡t ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs ω ❬✶✶❪✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡❞✱ ❞❡♣❡♥❞✐♥❣

♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❢❛♠✐❧② F ✱ ✈❛r✐♦✉s ✏♦♣♣♦s✐t❡✑ s❡♠✐❣r♦✉♣ ♣r♦♣❡rt✐❡s✱ ✐♥

♣❛rt✐❝✉❧❛r t❤❡ ❜✐❝②❝❧✐❝ s❡♠✐❣r♦✉♣ ❛♥❞ ❛ s❡♠✐❣r♦✉♣ ♦❢ ♠❛tr✐① ✉♥✐ts✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡s❝r✐❜✐♥❣ ♦❢ t❤❡ ❜✐❝②❝❧✐❝ ❡①t❡♥s✐♦♥ B
F
ω

✉♣ t♦ ✐s♦♠♦r♣❤✐s♠

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❢❛♠✐❧② F ♥❛t✉r❛❧❧② ❛r✐s❡s✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡

❜✐❝②❝❧✐❝ ❡①t❡♥s✐♦♥ B
F
ω

❛s ❛ s❡♠✐❣r♦✉♣ ♦❢ ♣❛rt✐❛❧ ❜✐❥❡❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢

t❤❡ s❡t ω✱ ✐t ✇♦✉❧❞ ❜❡ ♥❛t✉r❛❧ t♦ ❞❡s❝r✐❜❡ t❤❡ s❡♠✐❣r♦✉♣ ♦❢ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢

t❤❡ s❡♠✐❣r♦✉♣ B
F
ω
✱ ❜❡❝❛✉s❡ ❡✈❡♥ ❞❡s❝r✐❜✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ ✐ts ❝♦♥❣r✉❡♥❝❡s

❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛ ❝♦♠♣❧❡t❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✐ts str✉❝t✉r❡✳ ❚❤❡ ✜rst ♣r♦❜❧❡♠

✐s ✐♥t❡r❡st✐♥❣ ♠♦❞✉❧♦ ✏s♣❡❝✐❛❧✑ ♣❛rt✐❛❧ tr❛♥s❢♦r♠❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❡❧❡♠❡♥ts ♦❢

t❤❡ s②♠♠❡tr✐❝ ✐♥✈❡rs❡ ♠♦♥♦✐❞ ♦✈❡r t❤❡ s❡t ω✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❛❜♦✈❡✱ t❤❡ t❛s❦

♥❛t✉r❛❧❧② ❛r✐s❡s✿ t♦ st✉❞② t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s❡♠✐❣r♦✉♣ B
Fn

ω
✱ t♦ ❞❡s❝r✐❜❡ ✐ts

❤♦♠♦♠♦r♣❤✐❝ ✐♠❛❣❡s✱ ❝♦♥❣r✉❡♥❝❡s✱ ❛♥❞ t♦♣♦❧♦❣✐③❛t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡

❢❛♠✐❧② Fn ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✜♥✐t❡ ✐♥t❡r✈❛❧ [k, k+n] ✐♥ ω✱ ❢♦r s♦♠❡ ♥♦♥✲♥❡❣❛t✐✈❡



✶✵

✐♥t❡❣❡rs k ❛♥❞ n✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥

Fn = {∅, {0} , {0, 1} , . . . , {0, 1, . . . , n}} .

■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ♦♥ t❤❡ ❜✐❝②❝❧✐❝ s❡♠✐❣r♦✉♣ ❛♥② ❍❛✉s❞♦r✛ s❤✐❢t✲❝♦♥t✐♥✉✲

♦✉s t♦♣♦❧♦❣② ✐s ❞✐s❝r❡t❡✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ❢❛❝t✱ t❤❡ ♣r♦❜❧❡♠ ♦❢

t♦♣♦❧♦❣✐③❛t✐♦♥ ♦❢ t❤❡ s❡♠✐❣r♦✉♣ B
F
ω

♥❛t✉r❛❧❧② ❛r✐s❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢❛♠✐❧②

F ✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ st✉❞② ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦♠♣❛❝t✲❧✐❦❡ ❛♥❞ s❤✐❢t✲❝♦♥t✐♥✉♦✉s

t♦♣♦❧♦❣✐❡s ♦♥ B
F
ω
✳

❉❡s❝r✐❜✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ❛♥❞ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ s❡♠✐✲

❣r♦✉♣s ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ✐s t❤❡ ❝❧❛ss✐❝ ♣r♦❜❧❡♠ ♦❢ s❡♠✐❣r♦✉♣ t❤❡♦r②✳ ❙❡♠✐✲

❣r♦✉♣s ♦❢ ❡♥❞♦♠♦r♣❤✐s♠s ❛r❡ ❢✉❧❧② ❞❡s❝r✐❜❡❞ ♦♥❧② ❢♦r s♦♠❡ ❝❧❛ss❡s ♦❢ s❡♠✐✲

❣r♦✉♣s ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r t❤❡ ✜♥✐t❡ s❡♠✐❣r♦✉♣ ♦❢ ❝♦♠♣❧❡t❡

tr❛♥s❢♦r♠❛t✐♦♥s✱ t❤❡ ✜♥✐t❡ s②♠♠❡tr✐❝ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣✱ t❤❡ s②♠♠❡tr✐❝ s❡♠✐✲

❣r♦✉♣ ♦❢ ♠❛♣♣✐♥❣s ♦♥ ❛ ✜♥✐t❡ s❡t✱ ❛♥❞ t❤❡ ✜♥✐t❡ ❇r❛✉❡r s❡♠✐❣r♦✉♣s✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡s❝r✐❜✐♥❣ ♦❢ t❤❡ s❡♠✐❣r♦✉♣ ♦❢ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ s❡♠✐❣r♦✉♣

B
Fn

ω
❛r✐s❡s ♥❛t✉r❛❧❧②✳

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ✇♦r❦ ✐s t♦ ❡st❛❜❧✐s❤ t❤❡ ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜✐✲

❝②❝❧✐❝ ❡①t❡♥s✐♦♥ B
Fn

ω
❛♥❞ t❤❡ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣ I n

ω
(−−→conv) ♦❢ ♣❛rt✐❛❧ ❝♦♥✈❡①

♦r❞❡r ✐s♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t (ω,⩽) ♦❢ t❤❡ r❛♥❦ ⩽ n✱ t♦

❞❡s❝r✐❜❡ t❤❡✐r s❡♠✐❣r♦✉♣s ♦❢ ❡♥❞♦♠♦r♣❤✐s♠s✱ ❛s ✇❡❧❧ ❛s t♦ st✉❞② ♦❢ t❤❡ ❡①✐✲

st❡♥❝❡ t♦♣♦❧♦❣✐③❛t✐♦♥s t❤❡ s❡♠✐❣r♦✉♣B
Fn

ω
❜② ❝♦♠♣❛❝t✲❧✐❦❡ ❛♥❞ s❤✐❢t✲❝♦♥t✐♥✉♦✉s

t♦♣♦❧♦❣✐❡s✳

❚❤❡ ♦❜❥❡❝ts ♦❢ t❤❡ st✉❞② ❛r❡ t❤❡ ❜✐❝②❝❧✐❝ s❡♠✐❣r♦✉♣ ❡①t❡♥s✐♦♥ B
Fn

ω
✱ t❤❡

✐♥✈❡rs❡ s❡♠✐❣r♦✉♣ I n
ω
(−−→conv) ♦❢ ♣❛rt✐❛❧ ❝♦♥✈❡① ♦r❞❡r ✐s♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ❧✐✲

♥❡❛r❧② ♦r❞❡r❡❞ s❡t (ω,⩽) ♦❢ t❤❡ r❛♥❦ ⩽ n✱ ❛s ✇❡❧❧ ❛s t❤❡✐r s❡♠✐❣r♦✉♣s ♦❢

❡♥❞♦♠♦r♣❤✐s♠s✳

❚❤❡ s✉❜❥❡❝ts ♦❢ t❤❡ ❞✐ss❡rt❛t✐♦♥ st✉❞② ❛r❡ ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜✐❝②❝❧✐❝

❡①t❡♥s✐♦♥ B
Fn

ω
❛♥❞ t❤❡ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣ I n

ω
(−−→conv) ❛♥❞ t❤❡✐r ❡♥❞♦♠♦r♣❤✐s♠

s❡♠✐❣r♦✉♣s✱ ❝♦♠♣❛❝t✲❧✐❦❡ ❛♥❞ s❤✐❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣✐❡s ♦♥ B
Fn

ω
✳
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■♥ t❤❡ t❤❡s✐s ♠❡t❤♦❞s ♦❢ ❛❧❣❡❜r❛✐❝ t❤❡♦r② ♦❢ s❡♠✐❣r♦✉♣s ❛♥❞ t♦♣♦❧♦❣✐❝❛❧

❛❧❣❡❜r❛ ❛r❡ ✉s❡❞✳

❚❤❡ t❤❡s✐s ❝♦♥s✐sts ♦❢ ❛♥ ❛❜str❛❝t ✐♥ ❯❦r❛✐♥✐❛♥ ❛♥❞ ✐♥ ❊♥❣❧✐s❤✱ ❛♥ ✐♥tr♦❞✉❝t✐✲

♦♥✱ t❤r❡❡ ❝❤❛♣t❡rs✱ ❝♦♥❝❧✉s✐♦♥s✱ r❡❢❡r❡♥❝❡s ❛♥❞ ❛♥ ❛♣♣❡♥❞✐①✳

❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ❡①♣❧❛✐♥s t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ r❡s❡❛r❝❤ t♦♣✐❝✱ t❤❡ ♣✉r♣♦s❡✱

♦❜❥❡❝ts✱ s✉❜❥❡❝ts ❛♥❞ ♠❡t❤♦❞s ♦❢ t❤❡ r❡s❡❛r❝❤✳ ❙❝✐❡♥t✐✜❝ ♥♦✈❡❧t②✱ t❤❡ ♣r❛❝t✐✲

❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡ r❡s✉❧ts✱ t❤❡ r❡❧❛t✐♦♥ t♦ s❝✐❡♥t✐✜❝ t♦♣✐❝ ❛♥❞ ❛♣♣❧✐❝❛♥t✬s

❝♦♥tr✐❜✉t✐♦♥ ❛r❡ ❛❧s♦ ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳

❈❤❛♣t❡r ✶ ♣r♦✈✐❞❡s ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❜✐❜❧✐♦❣r❛♣❤② ♦♥ t❤❡ t♦♣✐❝ ♦❢ t❤❡ t❤❡s✐s✱

❛ ❤✐st♦r✐❝❛❧ ♦✈❡r✈✐❡✇✱ r❡s❡❛r❝❤ ♠♦t✐✈❛t✐♦♥✱ ❛♥❞ ❛❧s♦ ❢♦r♠✉❧❛t❡s ❞❡✜♥✐t✐♦♥s ❛♥❞

s✉♣♣♦rt✐♥❣ st❛t❡♠❡♥ts ❢r♦♠ ❛❧❣❡❜r❛ ❛♥❞ ❣❡♥❡r❛❧ t♦♣♦❧♦❣②✳

❈❤❛♣t❡r ✷ ❝♦♥s✐sts ♦❢ t✇♦ s❡❝t✐♦♥s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❜✐❝②❝❧✐❝ s❡♠✐✲

❣r♦✉♣ ❡①t❡♥s✐♦♥ B
Fn

ω
✳ ❚❤❡ ●r❡❡♥ r❡❧❛t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s

♣r♦✈❡❞ t❤❛t t❤❡ ●r❡❡♥ r❡❧❛t✐♦♥s D ❛♥❞ J ❝♦✐♥❝✐❞❡ ♦♥ B
Fn

ω
✭Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✮✱

t❤❡ s❡♠✐❣r♦✉♣ B
Fn

ω
✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ s❡♠✐❣r♦✉♣ I n+1

ω
(−−→conv) ♦❢ ♣❛rt✐❛❧

❝♦♥✈❡① ♦r❞❡r ✐s♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t (ω,⩽) ♦❢ t❤❡ r❛♥❦ ⩽ n+1

✭❚❤❡♦r❡♠ ✷✳✶✳✺✮✱ ❛♥❞ B
Fn

ω
❛❞♠✐ts ♦♥❧② ❘❡❡s ❝♦♥❣r✉❡♥❝❡s ✭❚❤❡♦r❡♠ ✷✳✶✳✶✶✮✳

❆❧s♦✱ ❈❤❛♣t❡r ✷ ✐♥✈❡st✐❣❛t❡s t♦♣♦❧♦❣✐③❛t✐♦♥s ♦❢ t❤❡ s❡♠✐❣r♦✉♣B
Fn

ω
✳ ■♥ ♣❛rt✐✲

❝✉❧❛r✱ ✐t ✐s ♣r♦✈❡❞ ✭❚❤❡♦r❡♠ ✷✳✷✳✶✮ t❤❛t ❢♦r ❛♥② s❤✐❢t✲❝♦♥t✐♥✉♦✉s T1✲t♦♣♦❧♦❣②

τ ♦♥ t❤❡ s❡♠✐❣r♦✉♣ B
Fn

ω
❡✈❡r② ♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ♦❢ BFn

ω
✐s ❛♥ ✐s♦❧❛t❡❞ ♣♦✐✲

♥t ♦❢ t❤❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ (BFn

ω
, τ)✳ ❲❡ s❤♦✇ t❤❛t B

Fn

ω
❛❞♠✐ts t❤❡ ✉♥✐q✉❡

s❤✐❢t✲❝♦♥t✐♥✉♦✉s ❝♦♠♣❛❝t T1✲t♦♣♦❧♦❣② τAc✱ s✉❝❤ t❤❛t t❤❡ s♣❛❝❡
(

B
Fn

ω
, τAc

)

✐s

❤♦♠❡♦♠♦r♣❤✐❝ t♦ ♦♥❡✲♣♦✐♥t ❆❧❡①❛♥❞r♦✛ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✐♥✜♥✐t❡ ❝♦✉♥t❛❜✲

❧❡ ❞✐s❝r❡t❡ s♣❛❝❡✳ ❆❧s♦ ✐t ✐s ♣r♦✈❡❞ ✭❚❤❡♦r❡♠ ✷✳✷✳✹✮ t❤❛t ❢♦r ❛♥② s❤✐❢t✲❝♦♥t✐♥✉♦✉s

T1✲t♦♣♦❧♦❣② τ ♦♥ t❤❡ s❡♠✐❣r♦✉♣ B
Fn

ω
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

(1) (BFn

ω
, τ) ✐s ❛ ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣❀

(2) (BFn

ω
, τ) ✐s t♦♣♦❧♦❣✐❝❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦

(

B
Fn

ω
, τAc

)

❀

(3) (BFn

ω
, τ) ✐s ❛ ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣ ✇✐t❤ ❝♦♥t✐♥✉♦✉s ✐♥✈❡r✲

s✐♦♥❀
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(4) (BFn

ω
, τ) ✐s ❛♥ D(ω)✲❝♦♠♣❛❝t s♣❛❝❡✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ s❡♠✐❣r♦✉♣ I n+1
ω

(−−→conv) ✐♥ t❤❡ T1✲s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐✲

❣r♦✉♣ S ✐s ❞❡s❝r✐❜❡❞ ✭Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✻✮✳

❈❤❛♣t❡r ✸ ❝♦♥s✐sts ♦❢ t❤r❡❡ s❡❝t✐♦♥s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ str✉❝t✉r❡

♦❢ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ❜✐❝②❝❧✐❝ s❡♠✐❣r♦✉♣ ❡①t❡♥s✐♦♥ B
Fn

ω
✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡

t❤❡ ❢❛♠✐❧② Fn ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❡t {0, 1, . . . , n} ❛♥❞ t❤❡ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣

I n
ω
(−−→conv) ♦❢ ♣❛rt✐❛❧ ❝♦♥✈❡① ♦r❞❡r ✐s♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t

(ω,⩽) ♦❢ t❤❡ r❛♥❦ ⩽ n✳

❙❡❝t✐♦♥ ✸✳✶ ❞❡s❝r✐❜❡s ✐♥❥❡❝t✐✈❡ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣

B
Fn

ω
✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ♣r♦✈❡❞ t❤❛t t❤❡ s❡♠✐❣r♦✉♣ ♦❢ ✐♥❥❡❝t✐✈❡ ❡♥❞♦♠♦r♣❤✐s♠s

♦❢ t❤❡ s❡♠✐❣r♦✉♣ B
Fn

ω
✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❛❞❞✐t✐✈❡ s❡♠✐❣r♦✉♣ ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡

✐♥t❡❣❡rs (ω,+) ✭❈♦r♦❧❧❛r② ✸✳✶✳✶✵✮✳ ❙❡❝t✐♦♥ ✸✳✷ ✐♥✈❡st✐❣❛t❡s t❤❡ str✉❝t✉r❡ ♦❢ t❤❡

s❡♠✐❣r♦✉♣ End(Bλ) ♦❢ ❛❧❧ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ s❡♠✐❣r♦✉♣ λ× λ✲♠❛tr✐① ✉♥✐✲

ts Bλ ❛♥❞ ✐t ✐s ♣r♦✈❡❞ ✭❚❤❡♦r❡♠ ✸✳✷✳✷✮ t❤❛t t❤❡ s❡♠✐❣r♦✉♣ End(Bλ) ♦❢ ❛❧❧

❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ s❡♠✐❣r♦✉♣ λ × λ✲♠❛tr✐① ✉♥✐ts Bλ ✐s ❛ ❞✐s❥♦✐♥ ✉♥✐♦♥ ♦❢

t❤❡ s❡♠✐❣r♦✉♣ End
inj(Bλ) ♦❢ ✐♥❥❡❝t✐✈❡ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ s❡♠✐❣r♦✉♣ Bλ ❛♥❞

t❤❡ s❡♠✐❣r♦✉♣ End
ann(Bλ) ♦❢ ❛❧❧ ❛♥♥✐❤✐❧❛t✐♥❣ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ s❡♠✐❣r♦✉♣

Bλ✳

❙❡❝t✐♦♥ ✸✳✸ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ s❡♠✐❣r♦✉♣ End(I n
ω
(−−→conv)) ♦❢ ❛❧❧

❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ s❡♠✐❣r♦✉♣ I n
ω
(−−→conv) ♠♦❞✉❧♦ ✐ts ✐❞❡❛❧ End1(I n

ω
(−−→conv))✱

✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❡❧❡♠❡♥ts a s✉❝❤ t❤❛t t❤❡ ✐♠❛❣❡ (I n
ω
(−−→conv))a ✐s ✐s♦♠♦r♣❤✐❝

t♦ t❤❡ s❡♠✐❣r♦✉♣ ♦❢ ω × ω✲♠❛tr✐① ✉♥✐ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ♣r♦✈❡❞ t❤❛t t❤❡

s❡♠✐❣r♦✉♣ End(I n
ω
(−−→conv)) ♦❢ ❛❧❧ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ s❡♠✐❣r♦✉♣ I n

ω
(−−→conv)

✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t❤❡ s❡t End∗(I n
ω
(−−→conv)) ❛♥❞ t❤❡ ✐❞❡❛❧ End1(I n

ω
(−−→conv))

✭❚❤❡♦r❡♠ ✸✳✸✳✷✮✳

❚❤❡ ❛♣♣❡♥❞✐① ❝♦♥t❛✐♥s ❛ ❧✐st ♦❢ t❤❡ ❛♣♣❧✐❝❛♥t✬s ♣✉❜❧✐❝❛t✐♦♥s ♦♥ t❤❡ t♦♣✐❝ ♦❢

t❤❡ t❤❡s✐s ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❛♣♣r♦❜❛t✐♦♥ ♦❢ t❤❡ r❡s❡❛r❝❤ r❡s✉❧ts✳

❚❤❡ ♣r❛❝t✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡ r❡s✉❧ts✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ t❤❡s✐s ❤❛✈❡

t❤❡♦r❡t✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ s❡♠✐❣r♦✉♣
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t❤❡♦r②✱ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛ ❛♥❞ t❤❡ ❝♦♠♣✉t❡r ❛❧❣❡❜r❛✳

❑❡② ✇♦r❞s✿ ❜✐❝②❝❧✐❝ ❡①t❡♥s✐♦♥✱ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣✱ ❡♥❞♦♠♦r♣❤✐s♠✱ ❛✉t♦✲

♠♦r♣❤✐s♠✱ s❡♠✐❣r♦✉♣ ♦❢ λ× λ✲♠❛tr✐① ✉♥✐ts✱ ❘❡❡s ❝♦♥❣r✉❡♥❝❡✱ s❡♠✐t♦♣♦❧♦❣✐❝❛❧

s❡♠✐❣r♦✉♣✱ ❝♦♠♣❛❝t t♦♣♦❧♦❣②✳
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Ñïèñîê ïóáë✐êàö✐é✱ â ÿêèõ îïóáë✐êîâàíî îñíîâí✐ ðåçóëüòàòè

äèñåðòàö✐➝✿

(1) ●✉t✐❦✱ ❖✳✱ P♦♣❛❞✐✉❦✱ ❖✳✿ ❖♥ t❤❡ s❡♠✐❣r♦✉♣ ♦❢ ✐♥❥❡❝t✐✈❡ ❡♥❞♦♠♦r♣❤✐s♠s

♦❢ t❤❡ s❡♠✐❣r♦✉♣ B
Fn

ω
✇❤✐❝❤ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❢❛♠✐❧② Fn ♦❢ ✐♥✐t✐❛❧

✜♥✐t❡ ✐♥t❡r✈❛❧s ♦❢ ω✳ ❒àò✳ ìåòîäè ô✐ç✳✲ìåõ✳ ïîëÿ✳ ✻✺✭✶✲✷✮✱ ✹✷✕✺✼ ✭✷✵✷✷✮✳

(2) P♦♣❛❞✐✉❦✱ ❖✳✿ ❖♥ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣ ♦❢ ❝♦♥✈❡①

♦r❞❡r ✐s♦♠♦r♣❤✐s♠s ♦❢ t❤❡ s❡t ω ♦❢ ❛ ❜♦✉♥❞❡❞ r❛♥❦ ✇❤✐❝❤ ❛r❡ ❣❡♥❡r❛t❡❞

❜② ❘❡❡s ❝♦♥❣r✉❡❝❡s✳ ➶✐ñíèê ❐üâ✐âñüêîãî óí✐âåðñèòåòó✳ Ñåð✐ÿ ìåõ✳✲ìàò✳

✾✸✱ ✸✹✕✹✶ ✭✷✵✷✷✮✳

(3) ●✉t✐❦✱ ❖✳✱ P♦♣❛❞✐✉❦✱ ❖✳✿ ❖♥ t❤❡ s❡♠✐❣r♦✉♣ B
Fn

ω
✇❤✐❝❤ ✐s ❣❡♥❡r❛t❡❞ ❜②

t❤❡ ❢❛♠✐❧② Fn ♦❢ ✜♥✐t❡ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧s ♦❢ ω✳ ❈❛r♣❛t❤✐❛♥ ▼❛t❤✳ P✉❜❧✳

✶✺✭✷✮✱ ✸✸✶✕✸✺✺ ✭✷✵✷✸✮✳

Ñïèñîê ïóáë✐êàö✐é✱ ÿê✐ çàñâ✐ä÷óþòü àïðîáàö✐þ ìàòåð✐àë✐â

äèñåðòàö✐➝✿

(1) P♦♣❛❞✐✉❦✱ ❖✳✱ ●✉t✐❦✱ ❖✳✿ ❖♥ t❤❡ s❡♠✐❣r♦✉♣ B
Fn

ω
✇❤✐❝❤ ✐s ❣❡♥❡r❛t❡❞

❜② t❤❡ ❢❛♠✐❧② Fn ♦❢ ✜♥✐t❡ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧s ♦❢ ω✳ ■♥✿ ❆❜str❛❝ts ♦❢ t❤❡

■♥t❡r♥❛t✐♦♥❛❧ ❆❧❣❡❜r❛✐❝ ❈♦♥❢❡r❡♥❝❡ ✏❆t t❤❡ ❊♥❞ ♦❢ t❤❡ ❨❡❛r✑ ✷✵✷✷✱ ♣✳

✹✶✳ ❚❛r❛s ❙❤❡✈❝❤❡♥❦♦ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ❑②✐✈✱ ❑②✐✈✱ ❯❦r❛✐♥❡✱ ✷✼✕✷✽

❉❡❝❡♠❜❡r ✷✵✷✷✳

(2) P♦♣❛❞✐✉❦✱ ❖✳✿ ❖♥ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣ ♦❢ ❝♦♥✈❡①

♦r❞❡r ✐s♦♠♦r♣❤✐s♠s ♦❢ ❛ ❜♦✉♥❞❡❞ r❛♥❦ ✇❤✐❝❤ ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❘❡❡s

❝♦♥❣r✉❡♥❝❡s✳ ■♥✿ ❆❜tr❛❝ts ♦❢ t❤❡ ✶✹t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❆❧❣❡❜r❛✐❝ ❈♦♥❢❡r❡♥❝❡

✐♥ ❯❦r❛✐♥❡✱ ♣✳ ✶✵✻✳ ❙✉♠② ❙t❛t❡ P❡❞❛❣♦❣✐❝❛❧ ❯♥✐✈❡rs✐t② ♥❛♠❡❞ ❛❢t❡r ❆✳❙✳

▼❛❦❛r❡♥❦♦✱ ❙✉♠②✱ ❯❦r❛✐♥❡✱ ✸✕✼ ❏✉❧② ✷✵✷✸✳
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