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ÀÍÎÒÀÖIß

Ïîïàäþê Î.Á. Áiöèêëi÷íi ðîçøèðåííÿ íàïiâãðóï òà ¨õíi åíäîìîðôiçìè.

� Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà ñïåöi-

àëüíiñòþ 111 � �Ìàòåìàòèêà� (Ãàëóçü çíàíü � 11 �Ìàòåìàòèêà òà ñòàòèñòè-

êà�). � Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ,

2023.

Àëãåáðè÷íà òåîðiÿ íàïiâãðóï � öå îäíà iç îáëàñòåé ìàòåìàòèêè, ÿêi ìà-

þòü äîâîëi øèðîêå êîëî çàñòîñóâàííü: òåîðiÿ ôîðìàëüíèõ ìîâ, àëãåáðè÷íà

òåîðiÿ àâòîìàòiâ, òåîðiÿ êîäiâ, øèôðóâàííÿ, åêîíîìåòðèêà òà ií. Äî öüîãî

ñïîíóêàâ òåõíi÷íèé ïðîãðåñ i îñîáëèâî ïîøèðåííÿ çàñòîñóâàííÿ àëãåáðè-

÷íèõ ìåòîäiâ ó øèôðóâàííi òà êîäóâàííi. Õàðêiâñüêèé ìàòåìàòèê Àíòîí

Ñóøêåâè÷ íà ïî÷àòêó ÕÕ ñòîëiòòÿ îïóáëiêóâàâ ïåðøi ôóíäàìåíòàëüíi ðå-

çóëüòàòè ó òåîði¨ íàïiâãðóï. Âèêëàäåíi ðåçóëüòàòè Ñóøêåâè÷à, ïðèíöèïè

éîãî äîñëiäæåíü, éîãî ìåòîäîëîãiÿ áóëè íîâiòíiìè. Ðàçîì ç òåõíi÷íèì ïðî-

ãðåñîì öå ñïîíóêàëî Ä. Ðiñà, Ø. Øâàðöà, Ì.-Ï. Øþòöåíáåðãåðà òà iíøèõ

äî íîâèõ ôóíäàìåíòàëüíèõ ðåçóëüòàòiâ íå ëèøå â àëãåáðè÷íié òåîði¨ íàïiâ-

ãðóï, àëå i â ¨¨ çàñòîñóâàííÿõ.

Ó 1960-i ðîêè âæå ñôîðìîâàíi òàêi íàïðÿìêè äîñëiäæåíü ó òåîði¨ íà-

ïiâãðóï: êëàñèôiêàöiÿ íàïiâãðóï i ïîáóäîâà óíiâåðñàëüíèõ îá'¹êòiâ; íàïiâ-

ãðóïè ïåðåòâîðåíü i âiäíîøåíü; íàïiâãðóïè åíäîìîðôiçìiâ àëãåáðè÷íèõ ñè-

ñòåì; çàñòîñóâàííÿ íàïiâãðóï â òåîði¨ àâòîìàòiâ, ôîðìàëüíèõ ìîâ i êîäiâ;

÷àñòêîâî âïîðÿäêîâàíi íàïiâãðóïè; òîïîëîãi÷íi òà íàïiâòîïîëîãi÷íi íàïiâ-

ãðóïè; òîïîëîãi÷íi òà íàïiâòîïîëîãi÷íi íàïiâ ðàòêè òà  ðàòêè, òà iíøi.

Öåíòðàëüíå ìiñöå â òåîði¨ íàïiâãðóï çàéíÿëà áiöèêëi÷íà íàïiâãðóïà, ââå-

äåíà ™. Ëÿïiíèì â 1946 ð. Âèêîðèñòîâóþ÷è ¨¨, Îëàô Àíäåðñåí âêàçàâ óìîâè
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çà ÿêèõ ïðîñòà íàïiâãðóïà ç iäåìïîòåíòîì ¹ öiëêîì ïðîñòîþ, Í. Ðåéëi òà

Ð. Óîðí îïèñàëè ñòðóêòóðó áiïðîñòèõ ðåãóëÿðíèõ ω-íàïiâãðóï âèêîðèñòî-

âóþ÷è êîíñòðóêöiþ Áðóêà çàíóðåííÿ íàïiâãðóïè â ïðîñòèé ìîíî¨ä, i öå

ñïîíóêàëî îïèñàííþ ðiçíèõ êëàñiâ áiïðîñòèõ iíâåðñíèõ i ðåãóëÿðíèõ íàïiâ-

ãðóï.

Iäåîëîãiÿ Â. Âàãíåðà, êîðiííÿ ÿêî¨ ëåæèòü â äèôåðåíöiàëüíié ãåîìåòði¨,

çîáðàæåííÿ iíâåðñíèõ íàïiâãðóï ÿê íàïiâãðóï ÷àñòêîâèõ ïåðåòâîðåíü äî-

ïîâíèëà âèùå çãàäàíi ðåçóëüòàòè ïðîñòèìè êîíñòðóêòèâíèìè äîâåäåííÿìè

ç âèêîðèñòàííÿì ñèìåòðè÷íîãî iíâåðñíîãî ìîíî¨äà. Áàãàòî êîíñòðóêöié çà-

íóðåííÿ íàïiâãðóï ó íàïiâãðóïè ç �õîðîøèìè� âëàñòèâîñòÿìè âèêîðèñòîâó-

þòü iäåþ ñèìåòðè÷íîãî iíâåðñíîãî ìîíî¨äà, çîêðåìà, òàêîæ ¹ êîíñòðóêòèâ-

íå äîâåäåííÿ òåîðåìè Îðå ïðî òå, ùî êîæíà ðåâåðñèâíà ñïðàâà íàïiâãðóïà

çi ñêîðî÷åííÿìè içîìîðôíî çàíóðþ¹òüñÿ â ãðóïó, çàïðîïîíîâàíå Ä. Ðiñîì

ó [150]. Òàêîæ áàãàòî íàïiâãðóï (÷àñòêîâèõ) ïåðåòâîðåíü ìàþòü ïðîñòi ðå-

ãóëÿðíi çîáðàæåííÿ ÿê íàïiâãðóïè âèçíà÷åíi íà ìíîæèíàõ.

Ïî¹äíàííÿ öèõ iäåé òåîði¨ íàïiâãðóï ïîðîäèëî áiöèêëi÷íi ðîçøèðåííÿ

Ãóòiêà�Ìèõàëåíè÷à BF
ω íàä ω-çàìêíåíîþ ñiì'¹þ F ïiäìíîæèí ìíîæèíè

íåâiä'¹ìíèõ öiëèõ ÷èñåë ω [11], ÿêi ïî¹äíàëè â çàëåæíîñòi âiä ñòðóêòóðè

ñiì'¨ F ðiçíi �ïðîòèëåæíi� çà âëàñòèâîñòÿìè íàïiâãðóïè, çîêðåìà áiöèêëi-

÷íó íàïiâãðóïó òà íàïiâãðóïó ìàòðè÷íèõ îäèíèöü. Òîìó ïðèðîäíî âèíèêà¹

çàäà÷à îïèñàííÿ áiöèêëi÷íîãî ðîçøèðåííÿ BF
ω ç òî÷íiñòþ äî içîìîðôiçìó

â çàëåæíîñòi âiä ñòðóêòóðè ñiì'¨ F .

Îïèñàííÿ ñòðóêòóðè àâòîìîðôiçìiâ òà åíäîìîðôiçìiâ íàïiâãðóï ïåðå-

òâîðåíü ¹ êëàñè÷íîþ ïðîáëåìîþ òåîði¨ íàïiâãðóï. Íàïiâãðóïè åíäîìîðôi-

çìiâ îïèñàíi ïîâíiñòþ ëèøå äëÿ äåÿêèõ íàïiâãðóï ïåðåòâîðåíü, çîêðåìà äëÿ

ñêií÷åííî¨ íàïiâãðóïè ïîâíèõ ïåðåòâîðåíü, ñêií÷åííî¨ ñèìåòðè÷íî¨ iíâåð-

ñíî¨ íàïiâãðóïè, ñèìåòðè÷íî¨ íàïiâãðóïè âiäîáðàæåíü íà ñêií÷åííié ìíî-

æèíi, ñêií÷åííèõ íàïiâãðóï Áðàóåðà.

Ðîçãëÿäàþ÷è áiöèêëi÷íå ðîçøèðåííÿ BF
ω ÿê íàïiâãðóïó ÷àñòêîâèõ ái-
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¹êòèâíèõ ïåðåòâîðåíü ìíîæèíè ω, ïðèðîäíî áóëî á îïèñàòè íàïiâãðóïó

åíäîìîðôiçìiâ íàïiâãðóïè BF
ω , îñêiëüêè íàâiòü îïèñàííÿ ñòðóêòóðè ¨¨ êîí-

ãðóåíöié íå äà¹ ïîâíîãî ðîçóìiííÿ ¨¨ ñòðóêòóðè. Ïåðøà çàäà÷à ¹ öiêàâîþ

çà ìîäóëåì �ñïåöiàëüíèõ� ÷àñòêîâèõ ïåðåòâîðåíü, ùî ¹ åëåìåíòàìè ñèìå-

òðè÷íîãî iíâåðñíîãî ìîíî¨äà íàä ìíîæèíîþ ω. Âðàõîâóþ÷è âèùå ñêàçàíå,

ïðèðîäíî âèíèêà¹ çàäà÷à: äîñëiäèòè ñòðóêòóðó íàïiâãðóïè BFn
ω , îïèñàòè ¨¨

�õîðîøi� çîáðàæåííÿ, êîíãðóåíöi¨ òà òîïîëîãiçàöi¨ ó âèïàäêó, êîëè ñiì'ÿ Fn

ïîðîäæó¹òüñÿ ñêií÷åííèì iíòåðâàëîì [k, k+n] â ω, äëÿ äåÿêèõ íåâiä'¹ìíèõ

öiëèõ ÷èñåë k i n, çîêðåìà êîëè

Fn = {∅, {0} , {0, 1} , . . . , {0, 1, . . . , n}} .

Âiäîìî, ùî íà áiöèêëi÷íié íàïiâãðóïi âñi ãàóñäîðôîâi òðàíñëÿöiéíî-

íåïåðåðâíi òîïîëîãi¨ ¹ äèñêðåòíèìè. Ç îãëÿäó íà âèùå çãàäàíèé ôàêò, ïðè-

ðîäíî âèíèêà¹ çàäà÷à ïðî òîïîëîãiçàöiþ íàïiâãðóïè BF
ω â çàëåæíîñòi âiä

ñiì'¨ F , çîêðåìà äîñëiäæåííÿ iñíóâàííÿ êîìïàêòíèõ i áëèçüêèõ äî íèõ íà-

ïiâãðóïîâèõ i òðàíñëÿöiéíî-íåïåðåðâíèõ òîïîëîãié íà BF
ω .

Ìåòîþ äèñåðòàöiéíî¨ ðîáîòè ¹ âñòàíîâëåííÿ àëãåáðè÷íèõ âëàñòèâîñòåé

áiöèêëi÷íîãî ðîçøèðåííÿ BFn
ω òà iíâåðñíî¨ íàïiâãðóïè I n

ω (
−−→conv) îïóêëèõ

÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôiçìiâ ëiíiéíî âïîðÿäêîâàíî¨ ìíîæèíè (ω,⩽)

ðàíãó ⩽ n, îïèñàííÿ ¨õíiõ íàïiâãðóï åíäîìîðôiçìiâ, à òàêîæ äîñëiäæåííÿ

iñíóâàííÿ êîìïàêòíèõ i áëèçüêèõ äî íèõ íàïiâãðóïîâèõ i òðàíñëÿöiéíî-

íåïåðåðâíèõ òîïîëîãié íà BFn
ω .

Îá'¹êòîì äîñëiäæåííÿ ¹ áiöèêëi÷íå íàïiâãðóïîâå ðîçøèðåííÿ BFn
ω , ií-

âåðñíà íàïiâãðóïà I n
ω (

−−→conv) îïóêëèõ ÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôiçìiâ

ëiíiéíî âïîðÿäêîâàíî¨ ìíîæèíè (ω,⩽) ðàíãó ⩽ n, à òàêîæ ¨õíi íàïiâãðóïè

åíäîìîðôiçìiâ.

Ïðåäìåò äèñåðòàöiéíîãî äîñëiäæåííÿ � àëãåáðè÷íi âëàñòèâîñòi áiöèêëi-

÷íîãî ðîçøèðåííÿBFn
ω òà iíâåðñíî¨ íàïiâãðóïèI n

ω (
−−→conv) òà ¨õíiõ íàïiâãðóï

åíäîìîðôiçìiâ, êîìïàêòíi òà áëèçüêi äî íèõ íàïiâãðóïîâi i òðàíñëÿöiéíî-
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íåïåðåðâíi òîïîëîãi¨ íà BFn
ω .

Ó ïðîöåñi äîñëiäæåííÿ äèñåðòàöiéíî¨ ïðîáëåìàòèêè çàñòîñîâóþòüñÿ ìå-

òîäè àëãåáðè÷íî¨ òåîði¨ íàïiâãðóï i òîïîëîãi÷íî¨ àëãåáðè.

Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöié óêðà¨íñüêîþ é àíãëiéñüêèìè ìîâàìè,

âñòóïó, òðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó ëiòåðàòóðè òà äîäàòêà.

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äîñëiäæåííÿ, çàçíà÷åíî ìåòó,

çàâäàííÿ, ïðåäìåò, îá'¹êò òà ìåòîäè äîñëiäæåííÿ, âêàçàíî íàóêîâó íîâèçíó,

ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ, çâ'ÿçîê ðîáîòè ç äåðæàâíîþ

íàóêîâî-äîñëiäíèöüêîþ òåìîþ, îñîáèñòèé âíåñîê çäîáóâà÷à, àïðîáàöiþ òà

ïóáëiêàöi¨ îñíîâíèõ ðåçóëüòàòiâ äèñåðòàöi¨.

Ó ðîçäiëi 1 íàâåäåíî îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨, iñòîðè÷íó

äîâiäêó, ìîòèâàöiþ äîñëiäæåíü, à òàêîæ ñôîðìóëüîâàíî îçíà÷åííÿ òà äî-

ïîìiæíi òâåðäæåííÿ ç àëãåáðè òà çàãàëüíî¨ òîïîëîãi¨.

Ðîçäië 2 ñêëàäà¹òüñÿ ç äâîõ ïiäðîçäiëiâ ïðèñâÿ÷åíèõ äîñëiäæåííþ ái-

öèêëi÷íîãî íàïiâãðóïîâîãî ðîçøèðåííÿ BFn
ω . Îïèñàíî âiäíîøåííÿ €ðiíà,

çîêðåìà, äîâåäåíî, ùî âiäíîøåííÿ €ðiíà D i J çáiãàþòüñÿ íà BFn
ω (òâåð-

äæåííÿ 2.1.1), íàïiâãðóïà BFn
ω içîìîðôíà íàïiâãðóïi I n+1

ω (−−→conv) îïóêëèõ

÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôiçìiâ ëiíiéíî âïîðÿäêîâàíî¨ ìíîæèíè (ω,⩽)

ðàíãó ⩽ n + 1 (òåîðåìà 2.1.5), i íà BFn
ω iñíóþòü ëèøå êîíãðóåíöi¨ Ðiñà

(òåîðåìà 2.1.11).

Ðàçîì ç òèì ó ðîçäiëi 2 äîñëiäæó¹òüñÿ òîïîëîãiçàöiÿ íàïiâãðóïè BFn
ω .

Çîêðåìà, äîâåäåíî (òåîðåìà 2.2.1), ùî äëÿ äîâiëüíî¨ òðàíñëÿöiéíî-íåïå-

ðåðâíî¨ T1-òîïîëîãi¨ τ íàBFn
ω êîæíèé íåíóëüîâèé åëåìåíò íàïiâãðóïèBFn

ω

¹ içîëüîâàíîþ òî÷êîþ â òîïîëîãi÷íîìó ïðîñòîði (BFn
ω , τ). Òàêîæ äîâåäåíî

(òåîðåìà 2.2.4), ùî äëÿ äîâiëüíî¨ òðàíñëÿöiéíî-íåïåðåðâíî¨ T1-òîïîëîãi¨ τ

íà íàïiâãðóïi BFn
ω òàêi óìîâè åêâiâàëåíòíi:

(1) (BFn
ω , τ) � êîìïàêòíà íàïiâòîïîëîãi÷íà íàïiâãðóïà;

(2) ïðîñòið (BFn
ω , τ) òîïîëîãi÷íî içîìîðôíèé îäíîòî÷êîâié êîìïàêòè-

ôiêàöi¨ Àë¹êñàíäðîâà íåñêií÷åííîãî çëi÷åííîãî äèñêðåòíîãî ïðîñòî-



6

ðó;

(3) (BFn
ω , τ) � êîìïàêòíà íàïiâòîïîëîãi÷íà íàïiâãðóïà ç íåïåðåðâíîþ

iíâåðñi¹þ;

(4) ïðîñòið (BFn
ω , τ) � D(ω)-êîìïàêòíèé.

Îïèñàíî íàðiñò àëãåáðè÷íî¨ ñòðóêòóðè ïðè òîïîëîãi÷íîìó çàìèêàííi íà-

ïiâãðóïè I n+1
ω (−−→conv) (à îòæå, i íàïiâãðóïè BFn

ω ) â T1-íàïiâòîïîëîãi÷íié

íàïiâãðóïi S, ÿêà ìiñòèòü ¨¨ ÿê âëàñíó ïiäíàïiâãðóïó (òâåðäæåííÿ 2.2.6).

Ðîçäië 3 ñêëàäà¹òüñÿ ç òðüîõ ïiäðîçäiëiâ ïðèñâÿ÷åíèõ äîñëiäæåííþ ñòðóê-

òóðè åíäîìîðôiçìiâ áiöèêëi÷íîãî íàïiâãðóïîâîãî ðîçøèðåííÿ BFn
ω ó âè-

ïàäêó, êîëè ñiì'ÿ Fn ïîðîäæåíà ìíîæèíîþ {0, 1, . . . , n} òà iíâåðñíî¨ íàïiâ-
ãðóïè I n

ω (
−−→conv) îïóêëèõ ÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôiçìiâ ëiíiéíî âïî-

ðÿäêîâàíî¨ ìíîæèíè (ω,⩽) ðàíãó ⩽ n.

Ó ïiäðîçäiëi 3.1 îïèñàíî ií'¹êòèâíi åíäîìîðôiçìè iíâåðñíî¨ íàïiâãðóïè

BFn
ω . Çîêðåìà, äîâåäåíî (íàñëiäîê 3.1.10), ùî íàïiâãðóïà ií'¹êòèâíèõ åí-

äîìîðôiçìiâ íàïiâãðóïè BFn
ω içîìîðôíà àäèòèâíié íàïiâãðóïi íåâiä'¹ìíèõ

öiëèõ ÷èñåë (ω,+). Ó ïiäðîçäiëi 3.2 äîñëiäæó¹òüñÿ ñòðóêòóðà íàïiâãðóïè

End(Bλ) óñiõ åíäîìîðôiçìiâ íàïiâãðóïè λ×λ-ìàòðè÷íèõ îäèíèöü Bλ òà

äîâåäåíî (òåîðåìà 3.2.2), ùî íàïiâãðóïà End(Bλ) óñiõ åíäîìîðôiçìiâ íà-

ïiâãðóïè λ×λ-ìàòðè÷íèõ îäèíèöü Bλ ¹ äèç'þíêòíèì îá'¹äíàííÿì íàïiâ-

ãðóïè Endinj(Bλ) ií'¹êòèâíèõ åíäîìîðôiçìiâ íàïiâãðóïè Bλ i íàïiâãðóïè

Endann(Bλ) âñiõ àíóëþþ÷èõ åíäîìîðôiçìiâ íàïiâãðóïè Bλ.

Ïiäðîçäië 3.3 ïðèñâÿ÷åíèé äîñëiäæåííþ íàïiâãðóïè End(I n
ω (

−−→conv)) óñiõ

åíäîìîðôiçìiâ íàïiâãðóïè I n
ω (

−−→conv) çà ìîäóëåì ¨¨ iäåàëà End1(I n
ω (

−−→conv)),

ÿêèé ñêëàäà¹òüñÿ ç òàêèõ åëåìåíòiâ a, ùî îáðàç (I n
ω (

−−→conv))a içîìîðôíèé

íàïiâãðóïi ω × ω-ìàòðè÷íèõ îäèíèöü. Çîêðåìà, äîâåäåíî, ùî íàïiâãðóïà

End(I n
ω (

−−→conv)) óñiõ åíäîìîðôiçìiâ íàïiâãðóïè I n
ω (

−−→conv) ¹ äèç'þíêòíèì

îá'¹äíàííÿì ìíîæèíè End∗(I n
ω (

−−→conv)) òà iäåàëó End1(I n
ω (

−−→conv)) (òåîðåìà

3.3.2).

Äîäàòîê ìiñòèòü ñïèñîê ïóáëiêàöié çäîáóâà÷à çà òåìîþ äèñåðòàöi¨ òà
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âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ äîñëiäæåííÿ.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåð-

òàöi¨ ìàþòü òåîðåòè÷íèé õàðàêòåð i ìîæóòü áóòè çàñòîñîâàíi ó òåîði¨ íà-

ïiâãðóï, òîïîëîãi÷íié àëãåáði òà êîìï'þòåðíié àëãåáði.

Êëþ÷îâi ñëîâà: áiöèêëi÷íå ðîçøèðåííÿ, iíâåðñíà íàïiâãðóïà, åíäî-

ìîðôiçì, àâòîìîðôiçì, íàïiâãðóïà λ × λ-ìàòðè÷íèõ îäèíèöü, êîíãðóåí-

öiÿ, êîíãóåíöiÿ Ðiñà, íàïiâòîïîëîãi÷íà íàïiâãðóïà, êîìïàêòíà òîïîëîãiÿ.
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Abstract

Popadiuk O.B. Bicyclic extensions of semigroups and their endomorphisms.

� Qualifying scienti�c work on the rights of the manuscript.

The thesis presented for the degree of Doctor of Philosophy in speciality 111

� �Mathematics�(�eld of studies 11 � �Mathematics and statistics�). � Ivan

Franko National University of Lviv, Lviv, 2023.

The algebraic theory of semigroups is one of the areas of mathematics that

have a fairly wide range of applications: the theory of formal languages, the

algebraic theory of automata, the theory of codes, encryption, econometrics,

etc. This was prompted by technical progress and especially the spread of appli-

cation of algebraic methods in cryptology and coding theory. At the beginning

of the 20th century, the Kharkiv mathematician Anton Suschkewitsch published

the �rst fundamental results in the theory of semigroups. Although the results

presented by Suschkewitsch, the principles of his research, his methodology were

modern. Along with technical progress, this prompted D. Rees, �S. Schwarz,

M.-P. Sch�utzenberger and others to new fundamental results not only in the

algebraic theory of semigroups, but also in its applications.

In the 1960s, the following directions of research in the theory of semi-

groups were already formed: classi�cation of semigroups and construction of

universal objects; semigroups of transformations and relations; semigroups of

endomorphisms of algebraic systems; application of semigroups in the theory of

automata, formal languages and codes; partially ordered semigroups; topologi-

cal and semitopological semigroups; topological and semitopological semilatti-

ces and lattices, etc.

The central role in the theory of semigroups belongs to the bicyclic semi-

group introduced by E. Lyapin in 1946. Using it, Olaf Andersen found conditi-

ons under which a simple semigroup with an idempotent is completely simple,

N. R. Reilly and R. J. Warne described the structure of bisimple regular ω-

semigroups using Bruck's construction of embedding of a semigroup into a
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simple monoid, and this led to the description of various classes of bisimple

inverse and regular semigroups.

V. Wagner's ideology, the roots of which lies in the di�erential geometry,

of the representation of inverse semigroups as semigroups of partial transfor-

mations supplemented the above mentioned results with simple constructive

proofs using the symmetric inverse monoid. Many constructions of isomorphic

embeddings of semigroups into semigroups with �nice� properties use the idea

of the symmetric inverse monoid, in particular, so there is also the constructive

proof of the Ore theorem which states that every reversible cancelletive semi-

group is isomorphic embedded into a group, presented by D. Ries in [150]. Also,

many semigroups of (partial) transformations have simple regular representa-

tions as semigroups de�ned on sets.

The combination of these ideas of the theory of semigroups gave rise to

the Gutik�Mykhalenych bicyclic extensions BF
ω over an ω-closed family F of

subsets of the set of non-negative integers ω [11], which combined, depending

on the structure of the family F , various �opposite� semigroup properties, in

particular the bicyclic semigroup and a semigroup of matrix units. Therefore,

the problem of describing of the bicyclic extension BF
ω up to isomorphism

depending on the structure of the family F naturally arises. Considering the

bicyclic extension BF
ω as a semigroup of partial bijective transformations of

the set ω, it would be natural to describe the semigroup of endomorphisms of

the semigroup BF
ω , because even describing the structure of its congruences

does not provide a complete understanding of its structure. The �rst problem

is interesting modulo �special� partial transformations, which are elements of

the symmetric inverse monoid over the set ω. Considering the above, the task

naturally arises: to study the structure of the semigroup BFn
ω , to describe its

homomorphic images, congruences, and topologizations in the case when the

familyFn is generated by the �nite interval [k, k+n] in ω, for some non-negative



10

integers k and n, in particular when

Fn = {∅, {0} , {0, 1} , . . . , {0, 1, . . . , n}} .

It is well-known that on the bicyclic semigroup any Hausdor� shift-continu-

ous topology is discrete. In view of the above-mentioned fact, the problem of

topologization of the semigroup BF
ω naturally arises depending on the family

F , in particular the study of the existence of compact-like and shift-continuous

topologies on BF
ω .

Describing the structure of automorphisms and endomorphisms of semi-

groups of transformations is the classic problem of semigroup theory. Semi-

groups of endomorphisms are fully described only for some classes of semi-

groups of transformations, in particular for the �nite semigroup of complete

transformations, the �nite symmetric inverse semigroup, the symmetric semi-

group of mappings on a �nite set, and the �nite Brauer semigroups. Therefore,

the problem of describing of the semigroup of endomorphisms of the semigroup

BFn
ω arises naturally.

The purpose of the work is to establish the algebraic properties of the bi-

cyclic extension BFn
ω and the inverse semigroup I n

ω (
−−→conv) of partial convex

order isomorphisms of the linearly ordered set (ω,⩽) of the rank ⩽ n, to

describe their semigroups of endomorphisms, as well as to study of the exi-

stence topologizations the semigroupBFn
ω by compact-like and shift-continuous

topologies.

The objects of the study are the bicyclic semigroup extension BFn
ω , the

inverse semigroup I n
ω (

−−→conv) of partial convex order isomorphisms of the li-

nearly ordered set (ω,⩽) of the rank ⩽ n, as well as their semigroups of

endomorphisms.

The subjects of the dissertation study are algebraic properties of the bicyclic

extension BFn
ω and the inverse semigroup I n

ω (
−−→conv) and their endomorphism

semigroups, compact-like and shift-continuous topologies on BFn
ω .
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In the thesis methods of algebraic theory of semigroups and topological

algebra are used.

The thesis consists of an abstract in Ukrainian and in English, an introducti-

on, three chapters, conclusions, references and an appendix.

The introduction explains the relevance of the research topic, the purpose,

objects, subjects and methods of the research. Scienti�c novelty, the practi-

cal signi�cance of the results, the relation to scienti�c topic and applicant's

contribution are also indicated in the introduction.

Chapter 1 provides an overview of the bibliography on the topic of the thesis,

a historical overview, research motivation, and also formulates de�nitions and

supporting statements from algebra and general topology.

Chapter 2 consists of two sections devoted to the study of the bicyclic semi-

group extension BFn
ω . The Green relations are described, in particular, it is

proved that the Green relations D and J coincide onBFn
ω (Proposition 2.1.1),

the semigroup BFn
ω is isomorphic to the semigroup I n+1

ω (−−→conv) of partial

convex order isomorphisms of the linearly ordered set (ω,⩽) of the rank ⩽ n+1

(Theorem 2.1.5), and BFn
ω admits only Rees congruences (Theorem 2.1.11).

Also, Chapter 2 investigates topologizations of the semigroupBFn
ω . In parti-

cular, it is proved (Theorem 2.2.1) that for any shift-continuous T1-topology

τ on the semigroup BFn
ω every non-zero element of BFn

ω is an isolated poi-

nt of the topological space (BFn
ω , τ). We show that BFn

ω admits the unique

shift-continuous compact T1-topology τAc, such that the space
(
BFn

ω , τAc
)
is

homeomorphic to one-point Alexandro� compacti�cation of the in�nite countab-

le discrete space. Also it is proved (Theorem 2.2.4) that for any shift-continuous

T1-topology τ on the semigroup BFn
ω the following conditions are equivalent:

(1) (BFn
ω , τ) is a compact semitopological semigroup;

(2) (BFn
ω , τ) is topologically isomorphic to

(
BFn

ω , τAc

)
;

(3) (BFn
ω , τ) is a compact semitopological semigroup with continuous inver-

sion;
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(4) (BFn
ω , τ) is an D(ω)-compact space.

The remainder of the semigroup I n+1
ω (−−→conv) in the T1-semitopological semi-

group S is described (Proposition 2.2.6).

Chapter 3 consists of three sections devoted to the study of the structure

of endomorphisms of the bicyclic semigroup extension BFn
ω in the case where

the family Fn is generated by the set {0, 1, . . . , n} and the inverse semigroup

I n
ω (

−−→conv) of partial convex order isomorphisms of the linearly ordered set

(ω,⩽) of the rank ⩽ n.

Section 3.1 describes injective endomorphisms of the inverse semigroup

BFn
ω . In particular, it is proved that the semigroup of injective endomorphisms

of the semigroup BFn
ω is isomorphic to the additive semigroup of non-negative

integers (ω,+) (Corollary 3.1.10). Section 3.2 investigates the structure of the

semigroup End(Bλ) of all endomorphisms of the semigroup λ× λ-matrix uni-

ts Bλ and it is proved (Theorem 3.2.2) that the semigroup End(Bλ) of all

endomorphisms of the semigroup λ × λ-matrix units Bλ is a disjoin union of

the semigroup Endinj(Bλ) of injective endomorphisms of the semigroup Bλ and

the semigroup Endann(Bλ) of all annihilating endomorphisms of the semigroup

Bλ.

Section 3.3 is devoted to the study of the semigroup End(I n
ω (

−−→conv)) of all

endomorphisms of the semigroup I n
ω (

−−→conv) modulo its ideal End1(I n
ω (

−−→conv)),

which consists of elements a such that the image (I n
ω (

−−→conv))a is isomorphic

to the semigroup of ω × ω-matrix units. In particular, it is proved that the

semigroup End(I n
ω (

−−→conv)) of all endomorphisms of the semigroup I n
ω (

−−→conv)

is a disjoint union of the set End∗(I n
ω (

−−→conv)) and the ideal End1(I n
ω (

−−→conv))

(Theorem 3.3.2).

The appendix contains a list of the applicant's publications on the topic of

the thesis and information on the approbation of the research results.

The practical signi�cance of the results. The results of the thesis have

theoretical signi�cance and can be used for the development of the semigroup
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theory, the topological algebra and the computer algebra.

Key words: bicyclic extension, inverse semigroup, endomorphism, auto-

morphism, semigroup of λ× λ-matrix units, Rees congruence, semitopological

semigroup, compact topology.
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Âèòîêè ñó÷àñíî¨ àëãåáðè ñÿãàþòü ïðàöü Ñîôóñà

Ëi [130], Å. Ãàëóà [81], à òî é ùå Íiëcà Ãåíðiõà Àáåëÿ [43]. Ôåëiêñ Êëÿéí,

ðîçãëÿäàþ÷è ïñåâäîãðóïè Ëi, áà÷èâ ó íèõ àïàðàò i ìåòîäîëîãiþ äîñëiäæåíü

ãåîìåòðè÷íèõ îá'¹êòiâ [120].

Õî÷à é ñàì òåðìií �íàïiâãðóïà� (semigroup, demigroup, halbgruppe) âè-

íèêà¹ ÿê äîïîìiæíèé ïðè âèçíà÷åííi ãðóïè, íàïiâãðóïè ïåðåòâîðåíü âèíè-

êàþòü íå ëèøå â À. Ñóøêåâè÷à, Ð. Áåðà i Ô. Ë¹âi, àëå é ó ôóíêöiîíàëüíîìó

àíàëiçi. Îäíàê iäåîëîãiÿ íàïiâãðóïè ïåðåòâîðåíü çàêëàäåíà âæå â äèñåðòà-

öi¨ Àíòîíà Êàçèìèðîâè÷à Ñóøêåâè÷à �Òåîðèÿ äåéñòâèÿ êàê îáùàÿ òåîðèÿ

ãðóïï� (1922 ð.) [27]. Äîâî¹ííèé ïåðiîä äîñëiäæåíü â àëãåáðè÷íié òåîði¨

íàïiâãðóï áåçïîñåðåäíüî ñòîñó¹òüñÿ ïðàöü À. Ñóøêåâè÷à: ñòðóêòóðà ìiíi-

ìàëüíîãî iäåàëó ñêií÷åííî¨ íàïiâãðóïè, íàïiâãðóïè ïåðåòâîðåíü, ïðîáëåìà

çàíóðåííÿ íàïiâãðóï ó ãðóïè. Õî÷à âèêëàäåíi ðåçóëüòàòè Ñóøêåâè÷åì íà-

ïèñàíi �âàæêîþ�, à é iíîäi äóæå íåçðîçóìiëîþ, ìîâîþ, ïðèíöèïè éîãî äîñëi-

äæåíü, éîãî ìåòîäîëîãiÿ áóëà íîâiòíüîþ, i öå ðàçîì ç òåõíi÷íèì ïðîãðåñîì

ñïîíóêàëî äî íîâèõ ôóíäàìåíòàëüíèõ ðåçóëüòàòiâ Ä. Ðiñà, Ø. Øâàðöà,

Ì.-Ï. Øþòöåíáåðãåðà òà ií. íå ëèøå â àëãåáðè÷íié òåîði¨ íàïiâãðóï, àëå i

â ¨¨ çàñòîñóâàííÿõ: òåîðiÿ ôîðìàëüíèõ ìîâ, àëãåáðè÷íà òåîðiÿ àâòîìàòiâ,

òåîðiÿ êîäiâ, øèôðóâàííÿ òà ií.

Öåíòðàëüíå ìiñöå â òåîði¨ íàïiâãðóï çàéíÿëà áiöèêëi÷íà íàïiâãðóïà, ââå-

äåíà ™. Ëÿïiíèì â 1946 ð. Âèêîðèñòîâóþ÷è ¨¨ Îëàô Àíäåðñåí âêàçàâ óìîâè

çà ÿêèõ ïðîñòà íàïiâãðóïà ç iäåìïîòåíòîì ¹ öiëêîì ïðîñòîþ, Í. Ðåéëi òà

Ð. Óîðí îïèñàëè ñòðóêòóðó áiïðîñòèõ ðåãóëÿðíèõ ω-íàïiâãðóï âèêîðèñòî-

âóþ÷è êîíñòðóêöiþ Áðóêà çàíóðåííÿ íàïiâãðóïè â ïðîñòèé ìîíî¨ä, i öå

ñïîíóêàëî îïèñàííþ ðiçíèõ êëàñiâ áiïðîñòèõ iíâåðñíèõ i ðåãóëÿðíèõ íàïiâ-
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ãðóï.

Âiêòîð Âàãíåð (äèâ. [3]), ó÷åíü Â. Ô. Êàãàíà, áóäó÷è îäíèì ç ïðîâiäíèõ

ñïåöiàëiñòiâ â äèôåðåíöiàëüíié ãåîìåòði¨, â êiíöi 1940-õ ðîêiâ ïîáà÷èâ, ùî

êàðòè àòëàñiâ äèôåðåíöiéîâíèõ ìíîãîâèäiâ ïîðîäæóþòü àëãåáðè÷íi àñîöià-

òèâíi ñèñòåìè, âëàñòèâîñòi ÿêèõ áëèçüêi äî ãðóï. Ó ïîäàëüøèõ ïðàöÿõ òàêi

àëãåáðè÷íi ñèñòåìè Âàãíåð íàçèâàâ �óçàãàëüíåíèìè ãðóïàìè�. Âií, íåîäíî-

ðàçîâî ïiäòâåðäæóþ÷è iäåîëîãiþ �àëãåáðèçàöi¨ ãåîìåòði¨� Ô. Êëÿéíà, øóêàâ

ïî¹äíàííÿ àëãåáðè òà ãåîìåòði¨ â äîñëiäæåííÿõ ãåîìåòðè÷íèõ ìíîãîâèäiâ

(äèâ. [7]).

Iäåîëîãiÿ Â. Âàãíåðà iíâåðñíèõ íàïiâãðóï ÿê íàïiâãðóï ÷àñòêîâèõ ïå-

ðåòâîðåíü äîïîâíèëà âèùå çãàäàíi ðåçóëüòàòè ïðîñòèìè êîíñòðóêòèâíè-

ìè äîâåäåííÿìè ç âèêîðèñòàííÿì ñèìåòðè÷íîãî iíâåðñíîãî ìîíî¨äà. Òàê,

çîêðåìà, áàãàòî êîíñòðóêòèâíèõ äîâåäåíü áàçó¹òüñÿ íà îñíîâi êîíñòðóêöi¨

ñèìåòðè÷íî¨ iíâåðñíî¨ íàïiâãðóïè. ßñêðàâèì òà ïðîñòèì (âiäíîñíî ïîïåðå-

äíiõ äîâåäåíü) ¹ çàïðîïîíîâàíå Ä. Ðiñîì äîâåäåííÿ òåîðåìè Îðå ïðî içî-

ìîðôíå çàíóðåííÿ ðåâåðñèâíèõ ñïðàâà íàïiâãðóï çi ñêîðî÷åííÿìè â ãðóïè.

Îäíàê íå çâàæàþ÷è íà öå, áàãàòî êîíñòðóêöié íàïiâãðóï ÷àñòêîâèõ ái-

¹êòèâíèõ (ií'¹êòèâíèõ) ïåðåòâîðåíü ìàþòü òàêi �äîñêîíàëi� àíàëiòè÷íi ðå-

ãóëÿðíi çîáðàæåííÿ, ùî ç íèìè íàáàãàòî ëåãøå ïðàöþ¹ àëãåáðè÷íà iíòó¨öiÿ

íiæ ç íàïiâãðóïàìè ÷àñòêîâèõ ïåðåòâîðåíü.

Ïî¹äíàííÿ öèõ iäåé òåîði¨ íàïiâãðóï ïîðîäèëî áiöèêëi÷íi ðîçøèðåííÿ

Ãóòiêà-Ìèõàëåíè÷à BF
ω íàä ω-çàìêíåíîþ ñiì'¹þ F ïiäìíîæèí ìíîæè-

íè íåâiä'¹ìíèõ öiëèõ ÷èñåë ω [11], ÿêi ïî¹äíàëè â çàëåæíîñòi âiä ñòðó-

êòóðè ñiì'¨ F ðiçíi �ïðîòèëåæíi� çà âëàñòèâîñòÿìè íàïiâãðóïè, çîêðåìà,

áiöèêëi÷íó íàïiâãðóïó òà íàïiâãðóïó ìàòðè÷íèõ îäèíèöü. Òîìó âèíèêà¹

ïðèðîäíà çàäà÷à îïèñàííÿ áiöèêëi÷íîãî ðîçøèðåííÿ BF
ω ç òî÷íiñòþ äî

içîìîðôiçìó â çàëåæíîñòi âiä ñòðóêòóðè ñiì'¨ F . Ðîçãëÿäàþ÷è áiöèêëi÷íå

ðîçøèðåííÿ BF
ω ÿê íàïiâãðóïó ÷àñòêîâèõ ái¹êòèâíèõ ïåðåòâîðåíü ìíîæè-

íè ω, ïðèðîäíî áóëî á îïèñàòè íàïiâãðóïó åíäîìîðôiçìiâ íàïiâãðóïè BF
ω ,
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îñêiëüêè íàâiòü îïèñàííÿ ñòðóêòóðè ¨¨ êîíãðóåíöié íå äà¹ ïîâíîãî ðîçóìií-

íÿ ¨¨ ñòðóêòóðè. Ïåðøà çàäà÷à ¹ öiêàâîþ çà ìîäóëåì �ñïåöiàëüíèõ� ÷àñòêî-

âèõ ïåðåòâîðåíü, ùî ¹ åëåìåíòàìè ñèìåòðè÷íîãî iíâåðñíîãî ìîíî¨äà íàä

ìíîæèíîþ ω.

Çíàþ÷è, ùî íà áiöèêëi÷íié íàïiâãðóïi âñi ãàóñäîðôîâi òðàíñëÿöiéíî-

íåïåðåðâíi òîïîëîãi¨ ¹ äèñêðåòíèìè, òî ïðèðîäíî âèíèêà¹ çàäà÷à ïðî òîïî-

ëîãiçàöiþ íàïiâãðóïè BF
ω â çàëåæíîñòi âiä ñiì'¨ F , çîêðåìà äîñëiäæåííÿ

iñíóâàííÿ êîìïàêòíèõ òà áëèçüêèõ äî íèõ íàïiâãðóïîâèõ i òðàíñëÿöiéíî-

íåïåðåðâíèõ òîïîëîãié íà BF
ω .

Óñi öi ïåðåëi÷åíi çàäà÷i ¹ êëàñè÷íèìè â àëãåáðè÷íié òåîði¨ íàïiâãðóï i

òîïîëîãi÷íié àëãåáði.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Äèñåðòàöiéíà ðîáîòà âèêîíóâàëàñÿ âiäïîâiäíî äî ïëàíó íàóêîâèõ äîñëi-

äæåíü êàôåäðè àëãåáðè i ëîãiêè (ç 2020 ðîêó êàôåäðè àëãåáðè, òîïîëîãi¨ òà

îñíîâ ìàòåìàòèêè) ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó Ëüâiâñüêîãî íàöiî-

íàëüíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà. Ðåçóëüòàòè äèñåðòàöi¨ ÷àñòêî-

âî âèêîðèñòàíi ïðè âèêîíàííi çàâäàíü äåðæáþäæåòíî¨ òåìè �Òîïîëîãi÷íà

àëãåáðà i àñèìïòîòè÷íà òîïîëîãiÿ òà ¨õ çàñòîñóâàííÿ� (íîìåð äåðæàâíî¨

ðå¹ñòðàöi¨ 0122U001602).

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Çà ìåòó áóëî ïîñòàâëåíî äîñëi-

äèòè àëãåáðè÷íi âëàñòèâîñòi áiöèêëi÷íîãî ðîçøèðåííÿ BFn
ω òà iíâåðñíî¨

íàïiâãðóïè I n
ω (

−−→conv) îïóêëèõ ÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôiçìiâ ëiíiéíî

âïîðÿäêîâàíî¨ ìíîæèíè (ω,⩽) ðàíãó ⩽ n, îïèñàòè ¨õíi íàïiâãðóïè åíäî-

ìîðôiçìiâ, à òàêîæ äîñëiäèòè iñíóâàííÿ êîìïàêòíèõ òà áëèçüêèõ äî íèõ

íàïiâãðóïîâèõ i òðàíñëÿöiéíî-íåïåðåðâíèõ òîïîëîãié íà BFn
ω .

Çàâäàííÿ äîñëiäæåííÿ ïîëÿãàþòü ó ðîçâ'ÿçàííi òàêèõ çàäà÷:

1) îïèñàòè âiäíîøåííÿ €ðiíà, êîíãðóåíöi¨ äëÿ íàïiâãðóï BFn
ω òà

I n+1
ω (−−→conv);
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2) îïèñàòè òîïîëîãiçàöiþ áiöèêëi÷íîãî ðîçøèðåííÿ BFn
ω ;

3) îïèñàòè ñòðóêòóðó íàïiâãðóïè åíäîìîðôiçìiâ äëÿ íàïiâãðóï BFn
ω

òà I n
ω (

−−→conv).

Îá'¹êòîì äîñëiäæåííÿ ¹ áiöèêëi÷íå íàïiâãðóïîâå ðîçøèðåííÿ BFn
ω òà

iíâåðñíà íàïiâãðóïà I n
ω (

−−→conv) îïóêëèõ ÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôiçìiâ

ëiíiéíî âïîðÿäêîâàíî¨ ìíîæèíè (ω,⩽) ðàíãó ⩽ n, à òàêîæ ¨õíi íàïiâãðóïè

åíäîìîðôiçìiâ.

Ïðåäìåòîì äîñëiäæåííÿ ¹ àëãåáðè÷íi âëàñòèâîñòi áiöèêëi÷íîãî ðîçøè-

ðåííÿ BFn
ω òà iíâåðñíî¨ íàïiâãðóïè I n

ω (
−−→conv), i ¨õíiõ íàïiâãðóï åíäîìîðôi-

çìiâ, êîìïàêòíi òà áëèçüêi äî íèõ íàïiâãðóïîâi òà òðàíñëÿöiéíî-íåïåðåðâíi

òîïîëîãi¨ íà BFn
ω .

Ìåòîäè äîñëiäæåííÿ. Ó ïðîöåñi äîñëiäæåííÿ äèñåðòàöiéíî¨ ïðî-

áëåìàòèêè çàñòîñîâóþòüñÿ ìåòîäè àëãåáðè÷íî¨ òåîði¨ íàïiâãðóï òà òîïî-

ëîãi÷íî¨ àëãåáðè.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Óñi ðåçóëüòàòè îòðè-

ìàíi â äèñåðòàöiéíié ðîáîòi ¹ íîâèìè. Îñíîâíi íàóêîâi ðåçóëüòàòè, ùî âè-

íîñÿòüñÿ íà çàõèñò:

1. Îõàðàêòåðèçîâàíî ñòðóêòóðó áiöèêëi÷íîãî ðîçøèðåííÿBFn
ω , çîêðå-

ìà îïèñàíî âiäíîøåííÿ €ðiíà íà öié íàïiâãðóïi;

2. Äîâåäåíî, ùî íàïiâãðóïè BFn
ω òà I n+1

ω (−−→conv) içîìîðôíi;

3. Äîâåäåíî, ùî íà íàïiâãðóïi BFn
ω , à îòæå, i íà íàïiâãðóïi I n

ω (
−−→conv)

iñíóþòü ëèøå êîíãðóåíöi¨ Ðiñà;

4. Îïèñàíî áëèçüêi äî êîìïàêòíèõ òðàíñëÿöiéíî-íåïåðåðâíi T1-òîïî-

ëîãi¨ íà íàïiâãðóïi BFn
ω ;

5. Îòðèìàíî ñòðóêòóðíå îïèñàííÿ íàïiâãðóïè åíäîìîðôiçìiâ íàïiâ-

ãðóï BFn
ω òà I n

ω (
−−→conv) i íàïiâãðóïè λ× λ-ìàòðè÷íèõ îäèíèöü Bλ.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåð-

òàöi¨ ìàþòü òåîðåòè÷íèé õàðàêòåð i ìîæóòü áóòè çàñòîñîâàíi ó òåîði¨ íà-
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ïiâãðóï, òîïîëîãi÷íié àëãåáði òà êîìï'þòåðíié àëãåáði.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Îñíîâíi ðåçóëüòàòè, ùî âèíîñÿòüñÿ

íà çàõèñò, îòðèìàíi àâòîðêîþ ñàìîñòiéíî. Â îïóáëiêîâàíèõ ñïiëüíî ç íàóêî-

âèì êåðiâíèêîì ïðàöÿõ, Î. Â. Ãóòiêó íàëåæàòü ïîñòàíîâêà çàäà÷, âèáið ìå-

òîäiâ äîñëiäæåííÿ òà îáãîâîðåííÿ îäåðæàíèõ ðåçóëüòàòiâ. Ó ñïiëüíié ñòàò-

òi [96] Ïîïàäþê Î. Á. íàëåæàòü óñi ðåçóëüòàòè, îêðiì òåîðåì 6 - 9, íàñëiäêó

2, ïðèêëàäó 2 i òâåðäæåííÿ 7, ÿêi íàëåæàòü ñïiâàâòîðîâi Î. Â. Ãóòiêó.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äîñëiäæå-

ííÿ äîïîâiäàëèñÿ íà íàóêîâèõ êîíôåðåíöiÿõ ðiçíîãî ðiâíÿ òà íàóêîâèõ ñå-

ìiíàðàõ:

(1) Ìiæíàðîäíié àëãåáðà¨÷íié êîíôåðåíöi¨ �At the End of the Year� 2022,

ì. Êè¨â, 2022;

(2) Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �The 14th International Algebraic

Conference in Ukraine�, ì. Ñóìè, 2023;

(3) Íàóêîâîìó ñåìiíàði iìåíi ïðîô. Ì. Êîìàðíèöüêîãî �Òåîðiÿ ïîëiãî-

íiâ i ñïåêòàðëüíi ïðîñòîðè� ó Ëüâiâñüêîìó íàöiîíàëüíîìó óíiâåðñè-

òåòi iìåíi Iâàíà Ôðàíêà, ì. Ëüâiâ, 2022, 2023.

(4) Íàóêîâîìó ñåìiíàði �Òîïîëîãi÷íà àëãåáðà� ó Ëüâiâñüêîìó íàöiîíàëü-

íîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà, ì. Ëüâiâ, 2022.

(5) Íàóêîâîìó ñåìiíàði êàôåäðè àëãåáðè, òîïîëîãi¨ íà îñíîâ ìàòåìàòè-

êè ó Ëüâiâñüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà,

ì. Ëüâiâ, 2023.

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè ðîáîòè îïóáëiêîâàíî ó 5 ïðàöÿõ: 2

ñòàòòi ó æóðíàëàõ, ÿêi âõîäÿòü äî ïåðåëiêó íàóêîâèõ ôàõîâèõ âèäàíü Óêðà¨-

íè ( [95], [141]); 1 ñòàòòÿ ó íàóêîâîìó âèäàííi, âiäíåñåíîìó äî äðóãîãî êâàð-

òèëÿ (Q2) âiäïîâiäíî äî êëàñèôiêàöi¨ SCImago Journal Rank ( [96]); 2 òåçè

ó ìàòåðiàëàõ ìiæíàðîäíèõ êîíôåðåíöié ( [143], [142]).
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Ñòðóêòóðà i îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöié

óêðà¨íñüêîþ é àíãëiéñüêîþ ìîâàìè, âñòóïó, òðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïè-

ñêó ëiòåðàòóðè òà îäíîãî äîäàòêà. Ïîâíèé îáñÿã ðîáîòè � 119 ñòîðiíîê.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè çàéìà¹ 16 ñòîðiíîê i íàëi÷ó¹ 181 íàéìåíó-

âàííÿ.

Ïîäÿêà. Àâòîðêà âèñëîâëþ¹ ïîäÿêó íàóêîâîìó êåðiâíèêó êàíäèäà-

òó ôiçèêî-ìàòåìàòè÷íèõ íàóê, äîöåíòó, ñòàðøîìó íàóêîâîìó ñïiâðîáiòíè-

êó, äîöåíòó êàôåäðè àëãåáðè, òîïîëîãi¨ òà îñíîâ ìàòåìàòèêè Ëüâiâñüêî-

ãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà Îëåãó Âîëîäèìèðîâè-

÷ó Ãóòiêó çà ïîñòàíîâêó çàäà÷ i äîïîìîãó â ðîáîòi íàä äèñåðòàöi¹þ òà

ïðèñâÿ÷ó¹ ¨¨ ñâiòëié ïàì'ÿòi ñâîãî ïåðøîãî íàóêîâîãî êåðiâíèêà äîêòîðà

ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîðà Áîãäàíà Âîëîäèìèðîâè÷à Çàáàâ-

ñüêîãî (19.08.1957 � 01.08.2020).
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ÐÎÇÄIË 1

ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ, ÌÎÒÈÂÀÖIß ÄÎÑËIÄÆÅÍÜ ÒÀ

ÄÎÏÎÌIÆÍI ÂIÄÎÌÎÑÒI

1.1. Iñòîðè÷íà äîâiäêà, îãëÿä ëiòåðàòóðè òà ìîòèâàöiÿ

äîñëiäæåíü

Äîñëiäæóþ÷è iñòîðè÷íi àñïåêòè ðîçâèòêó òåîði¨ íàïiâãðóï áàãàòî iñòî-

ðèêiâ ìàòåìàòèêè [117,121] òðèâàëèé ÷àñ ñòâåðäæóâàëè, ùî ¨¨ çà÷àòêè ìî-

æíà çíàéòè â ïðàöÿõ äå Ñå '¹ [153], Äiêñîíà [65] i Ôðîáåíióñà òà Øóðà [80].

Îäíàê íà äóìêó áàãàòüîõ íàïiâãðóïîâèêiâ, iäå¨ òà ïðèíöèïè òåîði¨ íàïiâ-

ãðóï çàêëàäåíi ùå â ïåðøié ïîëîâèíi XIX-ãî ñòîëiòòi. Òàê çîêðåìà, Ìàðê

Ëîóñîí (äèâ. [129]) ââàæà¹, ùî iäåîëîãiÿ òà îñíîâíi ïðèíöèïè ðîçâèòêó òåî-

ði¨ íàïiâãðóï âèêëàäåíi ùå â Åðëàíãåíñüêié ïðîãðàìi Ôåëiêñà Êëÿéíà [120].

À âèäàòíi ñïåöiàëiñòè ç òîïîëîãi÷íî¨ àëãåáðè Êàðë Ãîôìàíí [112�115] i

Äæiììi Ëîóñîí [126�128] ïåðåêîíàíi â òîìó, ùî ïåðøi iäå¨ òåîði¨ òîïîëî-

ãi÷íèõ íàïiâãðóï, à îòæå, é àëãåáðè÷íî¨ òåîði¨ íàïiâãðóï, ìîæíà çíàéòè â

ïðàöi Íiëüñà Ã. Àáåëÿ [43], ÿêà îïóáëiêîâàíà â æóðíàëi Êðåë¹ â 1826 ðîöi.

Ïåðøèìè ôóíäàìåíòàëüíèìè äîñëiäæåííÿìè â òåîði¨ íàïiâãðóï ¹ ïðàöi

õàðêiâñüêîãî ìàòåìàòèêà Àíòîíà Ñóøêåâè÷à [27�40, 162�176], i íàéáiëüø

ôóíäàìåíòàëüíèì éîãî ðåçóëüòàòîì ¹ îïèñàííÿ ñòðóêòóðè ìiíiìàëüíîãî

iäåàëà ñêií÷åííî¨ íàïiâãðóïè (äèâ. [24, 25,116]).

Àíòîí Ñóøêåâè÷ áóâ ïåðøèì, õòî äîâiâ, ùî áóäü-ÿêà íàïiâãðóïà ìîæå

áóòè içîìîðôíî âêëàäåíà â ïîâíèé ìîíî¨ä ïåðåòâîðåíü, i âèâ÷åííÿ ðiçíèõ

íàïiâãðóï ïåðåòâîðåíü áóëî òåìîþ, ÿêà ïðîäîâæóâàëàñÿ ïðîòÿãîì óñüîãî

éîãî íàóêîâîãî æèòòÿ (äèâ., íàïðèêëàä, [37,38]). Ñóøêåâè÷ òàêîæ çàéìàâ-

ñÿ ðiçíèìè ñèñòåìàòè÷íèìè óçàãàëüíåííÿìè êîíñòðóêöié ñâî¹¨ ñòàòòi 1928

ðîêó [164]. Â îäíié iç òàêèõ ñòàòåé [175] âií çàêií÷èâ êîíêðåòíèì îïèñîì
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óçàãàëüíåíîãî ÿäðà (ìiíiìàëüíîãî iäåàëó) ñêií÷åííî¨ íàïiâãðóïè â òåðìi-

íàõ ìàòðèöü. Êðiì òîãî, öi óçàãàëüíåíi êîíñòðóêöi¨ çàáåçïå÷èëè àáñòðàêòíi

ìîäåëi äëÿ ðiçíèõ ñèñòåì ïåðåòâîðåíü, ÿêi âèâ÷àâ Ñóøêåâè÷ [37, 38]. Îò-

æå, òðè øèðîêi íèòêè äîñëiäæåííÿ Ñóøêåâè÷åì íàïiâãðóï � íàïiâãðóïè

ïåðåòâîðåíü, ìàòðè÷íi çîáðàæåííÿ òà ÿäðà � äîïîâíþâàëè îäèí îäíîãî.

Äîêòîðñüêà äèñåðòàöiÿ Ñóøêåâè÷à �Òåîðèÿ äåéñòâèÿ êàê îáùàÿ òåîðèÿ

ãðóïï� [27] ïðèñâÿ÷åíà ãðóïàì, êâàçiãðóïàì i íàïiâãðóïàì, áóëà çàõèùåíà

ó Âîðîíåæñüêîìó óíiâåðñèòåòi â 1922 ðîöi ïiä ÷àñ ïîâñòàííÿ óêðà¨íñüêèõ

�êóðêóëiâ�, i ðåçóëüòàòè îòðèìàíi â íié íåîäíîðàçîâî ïåðåäîâîäèëèñÿ iíøè-

ìè àâòîðàìè [82]. Îñíîâíi ðåçóëüòàòè äîñëiäæåíü Ñóøêåâè÷à â ìiæâî¹ííèé

ïåðiîä âèêëàäåíî â éîãî ìîíîãðàôi¨ �Òåîðèÿ îáîáùåííûõ ãðóïï� [33], ÿêà

âèéøëà äðóêîì â 1937 ðîöi. Áóäó÷è ïåðøîþ ìîíîãðàôi¹þ ç òåîði¨ íàïiâ-

ãðóï, âîíà ùå áàãàòî ðîêiâ çàâäÿêè çàêðèòîñòi ðàäÿíñüêîãî ñóñïiëüñòâà, íå

áóëà âiäîìà íàâiòü ¹âðîïåéñüêèì àëãåáðà¨ñòàì, õî÷à áàãàòî ïðàöü Àíòîíà

Ñóøêåâè÷à áóëî îïóáëiêîâàíî çà ìåæàìè Ðàäÿíñüêîãî Ñîþçó. Íåçàëåæíî

âiä Ñóøêåâè÷à ñòðóêòóðó öiëêîì 0-ïðîñòèõ i öiëêîì ïðîñòèõ íàïiâãðóï, à

îòæå, i ìiíiìàëüíi iäåàëè ñêií÷åííèõ íàïiâãðóï, áiëüø ïðîñòiøèì ìåòîäîì

îïèñàâ Äåâiä Ðiñ ó 1940 ðîöi â ïðàöi [149].

Îäèíè÷íi ñïðîáè äîñëiäæåííÿ ñòðóêòóðè íàïiâãðóï â 1930 ðîêàõ âiä-

çíà÷åíi òàêîæ â ïðàöÿõ Áåðà, Ë¹âi, Êëiôôîðäà òà Ìàëüöåâà. Îñîáëèâî õî-

÷åòüñÿ âiäçíà÷èòè äîñëiäæåííÿ Ìàëüöåâà òà Ñóøêåâè÷à öüîãî ïåðiîäó ñòî-

ñîâíî çàäà÷i içîìîðôíîãî çàíóðåííÿ íàïiâãðóï ó ãðóïè [22, 23, 29]. Îäíàê,

ó öåé äîâî¹ííèé ïåðiîä òåîðiÿ íàïiâãðóï çíàõîäèòü ñâî¹ øèðîêå çàñòîñó-

âàííÿ ó ôóíêöiîíàëüíîìó àíàëiç, ùî ïiäñóìîâó¹òüñÿ ó âiäîìié ìîíîãðàôi¨

Ãiëëà [111].

€ðóíòîâíå çàñòîñóâàííÿ àëãåáðà¨÷íèõ ìåòîäiâ ó øèôðóâàííi òà êîäó-

âàííi â ïåðøié ïîëîâèíi ìèíóëîãî ñòîëiòòÿ ñïðèÿëî íå ëèøå iíòåíñèôiêàöi¨

äîñëiäæåíü ó òåîði¨ íàïiâãðóï, à é ñïîíóêàëî ñòâîðåííþ íîâèõ íàïðÿì-

êiâ çàñòîñóâàííÿ ìåòîäiâ àëãåáðè é îñîáëèâî òåîði¨ íàïiâãðóï: òåîðåòè÷íà
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iíôîðìàòèêà, àëãåáðè÷íà òåîðiÿ êîäóâàííÿ, àëãåáðè÷íà òåîðiÿ øèôðóâàí-

íÿ, òåîðiÿ ôîðìàëüíèõ ìîâ, àëãåáðè÷íà òåîðiÿ àâòîìàòiâ òà ií. Õîòiëîñÿ á

âiäçíà÷èòè ôóíäàìåíòàëüíi ðåçóëüòàòè ïiñëÿâî¹ííîãî ïåðiîäó â òåîði¨ íà-

ïiâãðóï òà ¨¨ çàñòîñîâàííÿ øêië Äþáðåÿ òà Øþòöåíáåð åðà (Ôðàíöiÿ), À.

Êëiôôîðäà òà ÌàêÊàëiñòåðà (ÑØÀ), Ëÿïiíà, Ìàëüöåâà, Âàãíåðà, Ãëóñêi-

íà i Ñóøêåâè÷à (ÑÐÑÐ), Ïðåñòîíà (Àâñòðàëiÿ), Ìàííà (Âåëèêà Áðèòàíiÿ),

Øâàðöà (×åõîñëîâà÷èíà) òà ií. Çà äâàäöÿòü ðîêiâ ïiñëÿâî¹ííîãî ïåðiîäó

áóëî îïóáëiêîâàíî ïîíàä 500 íàóêîâèõ ñòàòåé i áëèçüêî 10-è íàóêîâèõ ìîíî-

ãðàôié ç òåîði¨ íàïiâãðóï òà ¨¨ çàñòîñóâàííþ. Îñîáëèâî õîòiëîñÿ á âiäçíà÷è-

òè ìîíîãðàôi¨ Êëiôôîðäà òà Ïðåñòîíà [62,63], i Ëÿïiíà [21], ÿêi íåîäíîðàçî-

âî ïåðåêëàäåíi íà iíøi ìîâè òà âiäiãðàëè âàæëèâó ðîëü â ðîçâèòêó íå ëèøå

òåîði¨ íàïiâãðóï, àëå i ¨¨ çàñòîñóâàííÿõ. Ìàñøòàáíiñòü ðîñòó äîñëiäæåíü

ç òåîði¨ íàïiâãðóï i ìàòåìàòè÷íèõ íàïðÿìêiâ ïîâ'ÿçàíèõ ç íåþ ïåðåðîñëà

â ÿêiñòü, i íàñëiäêîì öüîãî ñòàëî çàñíóâàííÿ â 1970 ðîöi ïåðøîãî âóçüêî

ñïåöiàëiçîâàíîãî æóðíàëó ç àëãåáðè Semigroup Forum.

Ó 1960-i ðîêè âæå ñôîðìîâàíi òàêi íàïðÿìêè äîñëiäæåíü ó òåîði¨ íàïiâ-

ãðóï:

• êëàñèôiêàöiÿ íàïiâãðóï i ïîáóäîâà óíiâåðñàëüíèõ îá'¹êòiâ;

• íàïiâãðóïè ïåðåòâîðåíü i âiäíîøåíü;

• íàïiâãðóïè åíäîìîðôiçìiâ àëãåáðè÷íèõ ñèñòåì;

• íàïiâãðóïè íåïåðåðâíèõ ïåðåòâîðåíü òîïîëîãi÷íèõ ïðîñòîðiâ;

• íàïiâãðóïè içîòîííèõ ïåðåòâîðåíü êâàçiâïîðÿäêîâàíèõ ìíîæèí;

• íàïiâãðóïè îïåðàòîðiâ ó ôóíêöiîíàëüíîìó àíàëiçi òà äèôåðåíöiàëü-

íîìó ÷èñëåííi;

• çàñòîñóâàííÿ íàïiâãðóï â òåîði¨ àâòîìàòiâ, ôîðìàëüíèõ ìîâ i êîäiâ;

• ÷àñòêîâî âïîðÿäêîâàíi íàïiâãðóïè;

• òîïîëîãi÷íi òà íàïiâòîïîëîãi÷íi íàïiâãðóïè;

• òîïîëîãi÷íi òà íàïiâòîïîëîãi÷íi íàïiâ ðàòêè òà  ðàòêè,

òà iíøi.
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Çà îñòàííi 50 ðîêiâ çàñíîâàíà Âiêòîðîì Âàãíåðîì òà €îðäîíîì Ïðå-

ñòîíîì òåîðiÿ iíâåðñíèõ íàïiâãðóï âiäîêðåìèëàñÿ â îñîáëèâèé íàïðÿìîê

äîñëiäæåíü òåîði¨ íàïiâãðóï. Ó ïðàöÿõ Âàãíåðà [3�6] iíâåðñíi íàïiâãðóïè

âèíèêàþòü ÿê íàïiâãðóïè ÷àñòêîâèõ ái¹êòèâíèõ ïåðåòâîðåíü (ÿêi òåïåð íà-

çèâàþòü ÷àñòêîâèìè ái¹êöiÿìè) íàäiëåíèõ äåÿêèìè âëàñòèâîñòÿìè ïåâíèõ

ìàòåìàòè÷íèõ ñòðóêòóð. Ó Âàãíåðà öå äæåðåëî � ëîêàëüíi ãîìåîìîðôiçìè

(äèôåîìîðôiçìè) îáëàñòåé, ÿêi âõîäÿòü äî ñêëàäó êàðò òîïîëîãi÷íîãî (äè-

ôåðåíöiéîâàíîãî) ìíîãîâèäó. Iíøèé ïiäõiä äî ïîíÿòòÿ iíâåðñíî¨ íàïiâãðóïè

ó 1954 ðîöi çàïðîïîíóâàâ €îðäîí Ïðåñòîí: óçàãàëüíèòè ïîíÿòòÿ �¹äèíîãî

îáåðíåíîãî åëåìåíòà� ÷åðåç áiíàðíó îïåðàöiþ [144�146]. Â îñíîâi ïîíÿòòÿ

iíâåðñíîãî (óçàãàëüíåíî îáåðíåíîãî) åëåìåíòà íàïiâãðóïè ëåæàëî ïîíÿò-

òÿ ðåãóëÿðíîãî åëåìåíòà äëÿ êiëåöü, ÿêå ââåäåíå ôîí Íîéìàíîì ó 1936

ðîöi [139]: åëåìåíò x íàçèâà¹òüñÿ iíâåðñíèì äî åëåìåíòà y ó íàïiâãðóïi

S, ÿêùî xyx = y i yxy = y. Öi äâà ïiäõîäè îá'¹äíàëà êëàñè÷íà òåîðåìà

Âàãíåðà-Ïðåñòîíà ïðî iíâåðñíi íàïiâãðóïè ÿê ðåãóëÿðíi íàïiâãðóïè â ÿêèõ

óñi iäåìïîòåíòè êîìóòóþòü (äèâ. [62, òåîðåìà 1.17]), à òàêîæ òåîðåìà ïðî

içîìîðôíå çîáðàæåííÿ iíâåðñíî¨ íàïiâãðóïè ïiäíàïiâãðóïîþ ñèìåòðè÷íîãî

iíâåðñíîãî ìîíî¨äà íàä íåþ (äèâ. [62, òåîðåìà 1.20]).

Ðîçóìiþ÷è âàæëèâiñòü iäå¨ À. Ñóøêåâè÷à íàïiâãðóï ïåðåòâîðåíü Â. Âàã-

íåð ó ñâî¹ìó îãëÿäi [7] çà 1961 ðiê âèêëàäà¹ äèôåðåíöiàëüíî-ãåîìåòðè÷íi

iäå¨, ÿêi ïðèçâîäÿòü äî íåîáõiäíîñòi ðîçâèòêó ðiçíèõ ðîçäiëiâ ñó÷àñíî¨ àëãå-

áðè, çîêðåìà, òåîði¨ íàïiâãðóï ïåðåòâîðåíü. Öå ïðîäóêó¹ íîâiòíþ iäåîëîãiþ

Åðëàíãåíñüêî¨ ïðîãðàìè Êëÿéíà.

Â Åðëàíãåíñüêié ïðîãðàìi [120] Ôåëiêñ Êëÿéí ñôîðìóëþâàâ äâi êëàñè-

÷íi çàäà÷i, ÿêi íà ñó÷àñíèé ñòàí ðîçâèòêó ìàòåìàòèêè ìîæíà ïåðåôîðìó-

ëþâàòè òàê:

(1) ÿêi àëãåáðè÷íi ñòðóêòóðè ïåðåòâîðåíü ôiêñîâàíî¨ ìàòåìàòè÷íî¨

ñòðóêòóðè âèçíà÷àþòü ¨¨ ç òî÷íiñòþ äî âiäíîøåííÿ åêâiâàëåíòíî-

ñòi?
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(2) îïèñàòè àëãåáðè ïåðåòâîðåíü ìàòåìàòè÷íî¨ ñòðóêòóðè.

ßêùî íà äàíié ìíîæèíi çàäàíà äåÿêà ñòðóêòóðà, íàïðèêëàä, âiäíîøåí-

íÿ ïîðÿäêó, òî ïðèðîäíî ðîçãëÿäàòè íàïiâãðóïè òàêèõ ïåðåòâîðåíü, ÿêi çáå-

ðiãàþòü äàíó ñòðóêòóðó. Ïðèêëàäàìè òàêèõ íàïiâãðóï ¹ íàïiâãðóïè åíäî-

ìîðôiçìiâ ãðàôiâ, íàïiâãðóïè íåïåðåðâíèõ ïåðåòâîðåíü òîïîëîãi÷íèõ ïðîñ-

òîðiâ, íàïiâãðóïè içîòîííèõ ïåðåòâîðåíü ÷àñòêîâî âïîðÿäêîâàíèõ ìíîæèí,

òîáòî ÿêi çáåðiãàþòü ïîðÿäîê.

Òàê, çîêðåìà, â ïðàöÿõ Ë. Á. Øíåïåðìàíà [41, 42], Ì. Ãàâðèëîâà [9],

Ìåãiëëà [132, 133] îïèñàíi ðiçíi òèïè òîïîëîãi÷íèõ ïðîñòîðiâ, ÿêi îïèñó-

þòüñÿ ç òî÷íiñòþ äî ãîìåîìîðôiçìó ñâî¨ìè íàïiâãðóïàìè íåïåðåðâíèõ àáî

íåïåðåðâíèõ çàìêíåíèõ ïåðåòâîðåíü. À â ïðàöi [147] €. Ïðåñòîí äàâ õà-

ðàêòåðèñòèêó ðåãóëÿðíîñòi òà ñèëüíî¨ íåäîñÿæíîñòi êàðäèíàëiâ ó òåðìi-

íàõ íàïiâãðóï ïåðåòâîðåíü. Ãëóñêií äîâiâ, ùî íàïiâãðóïà ïåðåòâîðåíü, ÿêà

çáåðiãà¹ ïîðÿäîê êâàçiâïîðÿäêîâàíî¨ ìíîæèíè, âèçíà÷à¹ ¨¨ ç òî÷íiñòþ äî

içîìîðôiçìó àáî àíòèiçîìîðôiçìó [10].

Ó 1962 ðîöi Àéçåíøòàò [1] ðîçãëÿäàëà ìîíî¨ä On óñiõ ïîâíèõ ïåðåòâî-

ðåíü n-åëåìåíòíîãî ëàíöþãà, ÿêi çáåðiãàþòü ïîðÿäîê. Íåþ îòðèìàíî çîáðà-

æåííÿ íàïiâãðóïè On òâiðíèìè åëåìåíòàìè òà âèçíà÷àëüíèìè ñïiââiäíîøå-

ííÿìè. Ó ñòàòòi [2] áóëî îïèñàíî ÷àñòêîâî âïîðÿäêîâàíi ìíîæèíè, ó ÿêèõ

íàïiâãðóïà ïåðåòâîðåíü, ùî çáåðiãà¹ ïîðÿäîê, ¹ ðåãóëÿðíîþ.

Êîìáiíàòîðíèì àñïåêòàì íàïiâãðóïè ïåðåòâîðåíü, ùî çáåðiãà¹ ïîðÿäîê

ïðèñâÿ÷åíi ïðàöi Óìàðà òà Ëàðàíäæè [123�125]. Ãàó¨ ó ñòàòòi [118] òàêîæ

âèâ÷àâ äåÿêi êîìáiíàòîðíi òà àëãåáðè÷íi âëàñòèâîñòi ìîíî¨äà On. Ãîìåñ

ðàçîì ç Ãàó¨ òàêîæ ïîâåðòàëèñü äî âèâ÷åííÿ íàïiâãðóï On òà POn [83].

Ìîíî¨ä POIn âñiõ ií'¹êòèâíèõ åëåìåíòiâ ç íàïiâãðóïè POn áóâ â öåíòði

óâàãè Ôåðíàíäåñà [69�74], à òàêîæ Êîóàíà òà Ðåéëi [64]. Ó [75] ïðàöi Ôåð-

íàíäåñîì ó ñïiâàâòîðñòâi ç Ãîìåñîì òà Õåñóñîì âèâ÷àëèñÿ ìîíî¨äè âñiõ, à

òàêîæ ÷àñòêîâèõ ïåðåòâîðåíü ñêií÷åííîãî ëàíöþãà, ÿêi çáåðãiàþòü ÷è çìi-

íþþòü ïîðÿäîê íà ïðîòèëåæíèé, à ó ñòàòòi [76] âèâ÷àâñÿ ìîíî¨ä âñiõ ïîâíèõ
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ïåðåòâîðåíü ñêií÷åííîãî ëàíöþãà, ùî çáåðiãàþòü ïîðÿäîê.

Íàïiâãðóïi ïîâíèõ ïåðåòâîðåíü, ùî çáåðiãàþòü ïîðÿäîê ïðèñâÿ÷åíi ïðà-

öi [119, 181]. Çîêðåìà, ó [181] ðîçãëÿíóòî íàïiâãðóïó âñiõ ïîâíèõ ïåðåòâî-

ðåíü n-åëåìåíòíîãî ëàíöþãà, ùî çáåðiãàþòü ïîðÿäîê, à ó [119] ïîêàçàíî, ùî

íàïiâãðóïà âñiõ ïîâíèõ ïåðåòâîðåíü ïiäëàíöþãiâ ìíîæèíè öiëèõ ÷èñåë Z ¹

ðåãóëÿðíîþ i îïèñàíî, êîëè íàïiâãðóïà âñiõ ïîâíèõ ïåðåòâîðåíü iíòåðâàëó

äiéñíèõ ÷èñåë ¹ ðåãóëÿðíîþ, à òàêîæ â ðîáîòi ðîçãëÿíóòî ïåðåòâîðåííÿ, ùî

çáåðiãàþòü ïîðÿäîê äëÿ ìíîæèí, ÿêi íå ¹ ëàíöþãàìè.

Íàïiâãðóïi O(Z) óñiõ ìîíîòîííèõ çðîñòàþ÷èõ ïåðåòâîðåíü ìíîæèíè Z,

íàïiâãðóïà O(N) óñiõ ìîíîòîííèõ çðîñòàþ÷èõ ïåðåòâîðåíü ìíîæèíè N, íà-

ïiâãðóïi Ofin(Z) óñiõ ìîíîòîííèõ çðîñòàþ÷èõ ïåðåòâîðåíü ìíîæèíè Z ç

êîñêií÷åííèì äîïîâíåííÿì äî îáëàñòi çíà÷åíü i íàïiâãðóïi Ofin(N) óñiõ

ìîíîòîííèõ çðîñòàþ÷èõ ïåðåòâîðåíü ìíîæèíè N ç êîñêií÷åííèì äîïîâíå-

ííÿì äî îáëàñòi çíà÷åíü ïðèñâÿ÷åíi ïðàöi [18,66] Äîðîøåíêà. Ñåðåä iíøèõ

çàäà÷ Äîðîøåíêî òàêîæ îïèñàâ ãðóïè àâòîìîðôiçìiâ òàêèõ íàïiâãðóï.

Ó [103] Ãóòiê i Ðåïîâø âèâ÷àëè íàïiâãðóïó I↗
∞(N) ÷àñòêîâèõ êîñêií÷åí-

íèõ ìîíîòîííèõ ái¹êòèâíèõ ïåðåòâîðåíü ìíîæèíè íàòóðàëüíèõ ÷èñåë N.

Âîíè äîâåëè, ùî íàïiâãðóïà I↗
∞(N) ¹ áiïðîñòîþ òà âñi ¨¨ íåòðèâiàëüíi ãî-

ìîìîðôiçìè ¹ àáî içîìîðôiçìàìè, àáî ãðóïîâèìè ãîìîìîðôiçìàìè, òîáòî

âîíà ìà¹ àëãåáðè÷íi âëàñòèâîñòi áëèçüêi äî âëàñòèâîñòåé áiöèêëi÷íî¨ íà-

ïiâãðóïè. Ïîäiáíèé ðåçóëüòàò áóâ îòðèìàíèé ó ïðàöi [104] äëÿ íàïiâãðóïè

IO∞(Z) âñiõ ÷àñòêîâèõ êîñêií÷åííèõ ìîíîòîííèõ ái¹êòèâíèõ ïåðåòâîðåíü

ìíîäèíè öiëèõ ÷èñåë Z.

Îäíi¹þ ç êëþ÷îâèõ iíâåðñíèõ íàïiâãðóï â òåîði¨ íàïiâãðóï ¹ áiöèêëi-

÷íà íàïiâãðóïà C (p, q), ÿêà ââåäåíà ™. Ëÿïiíèì â 1946 ðîöi. Áiöèêëi÷íà

íàïiâãðóïà (áiöèêëi÷íèé ìîíî¨ä) âiäiãðà¹ âàæëèâó ðîëü ó òåîði¨ íàïiâãðóï.

Êëàñè÷íà òåîðåìà Îëàôà Àíäåðñåíà ñòâåðäæó¹, ùî ïðîñòà (0-ïðîñòà) íà-

ïiâãðóïà ç iäåìïîòåíòîì (ç íåíóëüîâèì iäåìïîòåíòîì) ¹ öiëêîì ïðîñòîþ

(öiëêîì 0-ïðîñòîþ) òîäi i ëèøå òîäi, êîëè âîíà íå ìiñòèòü içîìîðôíó êîïiþ
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áiöèêëi÷íî¨ íàïiâãðóïè [44]. Òîïîëîãiçàöi¨ áiöèêëi÷íîãî ìîíî¨äà òà ïðîáëåìà

ïðî éîãî çàíóðåííÿ â ðiçíi êëàñè òîïîëîãi÷íèõ íàïiâãðóï äîñëiäæóâàëèñÿ

â ïðàöÿõ [45,52,53,57,67,85,102,110,122].

Âiäîìî (äèâ. [62, Ÿ1.12, ïðèêëàä 2] àáî [140, âïðàâà IV.1.1(ii)]), ùî åëå-

ìåíòè áiöèêëi÷íîãî ìîíî¨äà C (p, q) ìàþòü ïðîñòå çîáðàæåííÿ ÷àñòêîâè-

ìè ìîíîòîííèìè âiäîáðàæåííÿìè ìiæ íåñêií÷åííèìè ïðîìåíÿìè ìíîæè-

íè íàòóðàëüíèõ ÷èñåë. Òîìó ïðèðîäíî âèíèêà¹ çàäà÷à îïèñàííÿ ïîäiáíèõ

÷àñòêîâèõ ïåðåòâîðåíü ìíîæèí íàòóðàëüíèõ i öiëèõ ÷èñåë. Çàóâàæèìî, ùî

áëèçüêi äî âëàñòèâîñòåé áiöèêëi÷íîãî ìîíî¨äà òà éîãî âèùå çãàäàíîãî çî-

áðàæåííÿ ìàþòü íàïiâãðóïè êîñêií÷åííèõ ìîíîòîííèõ i ìàéæå ìîíîòîííèõ

÷àñòêîâèõ ái¹êöié íàòóðàëüíèõ òà öiëèõ ÷èñåë [60,97,103,104,106], íàïiâãðó-

ïè içîìîðôiçìiâ ìiæ ôiëüòðàìè ñêií÷åííîãî ñòåïåíÿ òà σ-äîáóòêó ìíîæèíè

íàòóðàëüíèõ ÷èñåë [91,137,138], íàïiâãðóïè ÷àñòêîâèõ êîñêií÷åííèõ içîìåò-

ðié íàòóðàëüíèõ ÷èñåë [17,26,107,108], i íàïiâãðóïà êîñêií÷åííèõ ÷àñòêîâèõ

ái¹êöié íåñêií÷åííîãî êàðäèíàëà [105]. Îäíàê, âèùå îïèñàíi ðåçóëüòàòè íå

ìîæíà ïîøèðèòè íà íàïiâãðóïè êîñêií÷åííèõ ÷àñòêîâèõ ìîíîòîííèõ ái¹-

êöié ñêií÷åííèõ ñòåïåíiâ íàòóðàëüíèõ ÷èñåë ç ÷àñòêîâèì ïîðÿäêîì äîáó-

òêó [88,98,99].

Ðiçíi ðîçøèðåííÿ òà óçàãàëüíåííÿ áiöèêëi÷íîãî ìîíî¨äà ââîäèëèñÿ ðàíi-

øå ðiçíèìè àâòîðàìè [77�79,93,180]. Òàêèìè, çîêðåìà, ¹ êîíñòðóêöi¨ Áðóêà

òà Áðóêà�Ðåéëi çàíóðåííÿ íàïiâãðóï ó ïðîñòi é îïèñàííÿ iíâåðñíèõ áiïðî-

ñòèõ i 0-áiïðîñòèõ ω-íàïiâãðóï [58,86,151,179].

Çîáðàæåííÿ áiöèêëi÷íîãî ìîíî¨äà íàïiâãðóïîþ ÷àñòêîâèõ ìîíîòîííèõ

âiäîáðàæåíü íåñêií÷åííèõ ïðîìåíiâ ìíîæèíè íàòóðàëüíèõ ÷èñåë, ñïîíó-

êàëî Ãóòiêà òà Ìèõàëåíè÷à ââåñòè â [11] áiöèêëi÷íå ðîçøèðåííÿ BF
ω ç

ω-çàìêíåíîþ ñiì'¹þ F ïiäìíîæèí ìíîæèíè ω íåâiä'¹ìíèõ öiëèõ ÷èñåë.

Ó [11] äîâåäåíî, ùî BF
ω � iíâåðñíà êîìáiíàòîðíà E-óíiòàðíà íàïiâãðóïà òà

âêàçàíî óìîâè íà ñiì'þ F , çà âèêîíàííÿ ÿêèõ íàïiâãðóïà BF
ω içîìîðôíà

áiöèêëi÷íié íàïiâãðóïi, içîìîðôíà íàïiâãðóïi ω × ω-ìàòðè÷íèõ îäèíèöü,
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¹ ïðîñòîþ, 0-ïðîñòîþ, áiïðîñòîþ, ÷è 0-áiïðîñòîþ. Ó ïðàöi [12] äîñëiäæó-

âàëàñÿ ñòðóêòóðà íàïiâãðóïè BF
ω ó âèïàäêó, êîëè ñiì'ÿ F ñêëàäà¹òüñÿ

ç íåïîðîæíiõ iíäóêòèâíèõ ïiäìíîæèí ó ω. Çîêðåìà, ó [12, 92] âèâ÷àëèñÿ

ãðóïîâi êîíãðóåíöi¨ íà íàïiâãðóïi BF
ω , ¨¨ ãîìîìîðôíi ðåòðàêòè òà òîïî-

ëîãiçàöiÿ. Ñòðóêòóðà íàïiâãðóïè BF1
ω , ¨ ¨ çîáðàæåííÿ òà òîïîëîãiçàöiÿ, ó

âèïàäêó, êîëè ñiì'ÿ F1 ñêëàäà¹òüñÿ ç àòîìàðíèõ ïiäìíîæèí ó ω, îïèñàíi â

ïðàöÿõ [90,131].

Âðàõîâóþ÷è âèùå ñêàçàíå, ïðèðîäíî âèíèêà¹ çàäà÷à: äîñëiäèòè ñòðó-

êòóðó íàïiâãðóïè BFn
ω , îïèñàòè ¨¨ �õîðîøi� çîáðàæåííÿ, êîíãðóåíöi¨ òà òî-

ïîëîãiçàöi¨ ó âèïàäêó, êîëè ñiì'ÿ Fn ïîðîäæó¹òüñÿ ñêií÷åííèì iíòåðâàëîì

[k, k + n] â ω, äëÿ äåÿêèõ íåâiä'¹ìíèõ öiëèõ ÷èñåë k i n, çîêðåìà êîëè

Fn = {∅, {0} , {0, 1} , . . . , {0, 1, . . . , n}} .

Îïèñàííÿ ñòðóêòóðè àâòîìîðôiçìiâ òà åíäîìîðôiçìiâ íàïiâãðóï ïåðå-

òâîðåíü ¹ êëàñè÷íîþ ïðîáëåìîþ òåîði¨ íàïiâãðóï. Íàïiâãðóïè åíäîìîðôi-

çìiâ óòâîðåíèõ àëãåáð âèâ÷àëè I. Âàëóöå [8] i Øìiäò [158]. Íàïiâãðóïè åíäî-

ìîðôiçìiâ âèâ÷àëèñÿ Ïóëòðîì, Âîïåíêîþ i Ãåðäëiíîì â ïðàöÿõ [148,178], à

íàïiâãðóïè ÷àñòêîâèõ îäíîçíà÷íèõ i áàãàòîçíà÷íèõ åíäîìîðôiçìiâ (âiäíî-

øåíü ãðàôiâ) äîñëiäæóâàâ À. Ì. Êàëìàíîâè÷ [19], ÿêèé, çîêðåìà, çíàéøîâ

óìîâè çà ÿêèõ íàïiâãðóïè ÷àñòêîâèõ åíäîìîðôiçìiâ äâîõ ãðàôiâ içîìîðôíi.

Îäíi¹þ ç ïåðøèõ ïðàöü ïðî íàïiâãðóïè àâòîìàòíèõ ïåðåòâîðåíü âiëüíî¨ íà-

ïiâãðóïè ¹ ïðàöÿ Ëèñêîâöà i Ôåéíáåðãà [20]. Ó ïðàöi [1] À. ß. Àéçåíøòàò

çíàéøëà íåîáõiäíi i äîñòàòíi óìîâè ëiíiéíîãî âïîðÿäêóâàííÿ ìíîæèíè âñiõ

iäåàëiâ íàïiâãðóïè åíäîìîðôiçìiâ âïîðÿäêîâàíî¨ ìíîæèíè.

Íàïiâãðóïè åíäîìîðôiçìiâ îïèñàíi ïîâíiñòþ ëèøå äëÿ äåÿêèõ íàïiâãðóï

ïåðåòâîðåíü, çîêðåìà äëÿ ñêií÷åííî¨ íàïiâãðóïè ïîâíèõ ïåðåòâîðåíü [156],

ñêií÷åííî¨ ñèìåòðè÷íî¨ iíâåðñíî¨ íàïiâãðóïè [154, 155], ñèìåòðè÷íî¨ íàïiâ-

ãðóïè âiäîáðàæåíü íà ñêií÷åííié ìíîæèíi [157], ñêií÷åííèõ íàïiâãðóï Áðà-

óåðà [134] òà iíøèõ íàïiâãðóï ïåðåòâîðåíü òà ¨õíiõ çîáðàæåíü [13�15,100]. À
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îòæå, âèíèêà¹ çàäà÷à: îïèñàòè íàïiâãðóïó åíäîìîðôiçìiâ íàïiâãðóïè BFn
ω .

Îòæå, ïðèðîäíèì ÷èíîì âèíèêà¹ çàäà÷à ïðî îïèñàííÿ ñòðóêòóðè íà-

ïiâãðóïè ÷àñòêîâèõ ìîíîòîííèõ ïåðåòâîðåíü îïóêëèõ âiäðiçêiâ ìíîæèíè

íàòóðàëüíèõ ÷èñåë îáìåæåíî¨ äîâæèíè òà ¨¨ íàïiâãðóïè åíäîìîðôiçìiâ.
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1.2. Îçíà÷åííÿ i äîïîìiæíi òâåðäæåííÿ

Ó öüîìó ïiäðîçäiëi íàâåäåíî îçíà÷åííÿ, òåðìiíîëîãiþ òà äîïîìiæíi òâåð-

äæåííÿ, ÿêi âèêîðèñòîâóþòüñÿ â òåêñòi äèñåðòàöiéíî¨ ðîáîòè. Òåðìiíîëî-

ãiþ, îçíà÷åííÿ òà ïîçíà÷åííÿ âèêîðèñòàíî òàê, ÿê ó ìîíîãðàôiÿõ [59,62,63,

68,129,140,152].

1.2.1. Òåîðiÿ ìíîæèí. ■

Ó äèñåðòàöiéíié ðîáîòi âåëèêèìè ëàòèíñüêèìè ëiòåðàìè ïîçíà÷àòèìåìî

ìíîæèíè, òîïîëîãi÷íi ïðîñòîðè òà íàïiâãðóïè, à ìàëèìè � ¨õíi åëåìåíòè,

ÿêùî íå çàçíà÷åíî iíøå.

×åðåç ω áóäåìî ïîçíà÷àòè ìíîæèíó âñiõ íåâiä'¹ìíèõ öiëèõ ÷èñåë, à ÷å-

ðåç N � ìíîæèíó íàòóðàëüíèõ ÷èñåë.

Äëÿ äîâiëüíî¨ ìíîæèíè A ÷åðåç |A| áóäåìî ïîçíà÷àòè ïîòóæíiñòü ìíî-
æèíè A.

Íåõàé X òà Y � äîâiëüíi äâi íåïîðîæíi ìíîæèíè. Âiäíîøåííÿì íà äå-

êàðòîâîìó äîáóòêóX×Y ìíîæèíX é Y íàçèâà¹òüñÿ äîâiëüíà ïiäìíîæèíà

α ⊆ X × Y . Ïîðîæíÿ ìíîæèíà ∅, ÿê ïiäìíîæèíà â X × Y íàçèâà¹òüñÿ

ïîðîæíiì âiäíîøåííÿì. Äëÿ äîâiëüíîãî âiäíîøåííÿ α íà X×Y îçíà÷èìî:

domα = {x ∈ X : iñíó¹ y ∈ Y òàêèé, ùî (x, y) ∈ α}

òà

ranα = {y ∈ Y : iñíó¹ x ∈ X òàêèé, ùî (x, y) ∈ α}.

Äëÿ âiäíîøåííÿ α íà X ×Y ïiäìíîæèíè domα ⊆ X i ranα ⊆ Y íàçèâàþ-

òüñÿ îáëàñòþ âèçíà÷åííÿ òà îáëàñòþ çíà÷åíü âiäíîøåííÿ α. Âiäíîøåííÿ

f íà X × Y íàçèâà¹òüñÿ ÷àñòêîâèì âiäîáðàæåííÿì ç ìíîæèíè X â ìíî-

æèíó Y , ÿêùî äëÿ äîâiëüíîãî x ∈ X iñíó¹ íå áiëüøå îäíîãî åëåìåíòà

y ∈ Y òàêîãî, ùî (x, y) ∈ f . Âiäîáðàæåííÿì f ç íåïîðîæíüî¨ ìíîæèíè

X â íåïîðîæíþ ìíîæèíó Y áóäåìî íàçèâàòè òàêå ÷àñòêîâå âiäîáðàæåííÿ
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f : X ⇀ Y , ùî dom f = X, i ïîçíà÷àòèìåìî éîãî ÷åðåç f : X → Y . ßêùî

f : X → Y � âiäîáðàæåííÿ ç ìíîæèíè X ó ìíîæèíó Y , òî îáðàç åëåìåíòà

x ∈ X ïðè âiäîáðàæåííi f ïîçíà÷à¹ìî ÷åðåç (x)f .

Âiäîáðàæåííÿ f ìíîæèíè X â ìíîæèíó Y íàçèâà¹òüñÿ ií'¹êòèâíèì,

ÿêùî äëÿ äîâiëüíèõ åëåìåíòiâ x1, x2 ∈ X ç ðiâíîñòi (x1)f = (x2)f âèïëè-

âà¹, ùî x1 = x2. Âiäîáðàæåííÿ f : X → Y íàçèâà¹òüñÿ ñþð'¹êòèâíèì,

ÿêùî äëÿ êîæíîãî åëåìåíòà y ç Y , iñíó¹ ùîíàéìåíøå îäèí åëåìåíò x ∈ X

òàêèé, ùî (x)f = y. Âiäîáðàæåííÿ íàçèâà¹òüñÿ ái¹êòèâíèì, ÿêùî âîíî ¹

îäíî÷àñíî ñþð'¹êòèâíèì òà ií'¹êòèâíèì.

Ïåðåòâîðåííÿì (÷àñòêîâèì ïåðåòâîðåííÿì) ìíîæèíè X íàçèâà¹òüñÿ

âiäîáðàæåííÿ (÷àñòêîâå âiäîáðàæåííÿ) ç X â X.

Ïîòóæíiñòü ìíîæèíè ran f íàçèâà¹òüñÿ ðàíãîì ÷àñòêîâîãî ïåðåòâîðå-

ííÿ f i ïîçíà÷à¹òüñÿ rankα. Äëÿ çðó÷íîñòi ÷åðåç ∅ ïîçíà÷àòèìåìî ïîðî-

æí¹ ïåðåòâîðåííÿ, òîáòî òàêå ÷àñòêîâå âiäîáðàæåííÿ, äëÿ ÿêîãî dom∅ =

ran∅ = ∅. Â ñó÷àñíié ëiòåðàòóði ç òåîði¨ iíâåðñíèõ íàïiâãðóï ÷àñòêîâi

ií'¹êòèâíi ïåðåòâîðåííÿ (âiäîáðàæåííÿ) äëÿ ñïðîùåííÿ âèêëàäó ÷àñòî íà-

çèâàþòü ÷àñòêîâèìè ái¹êöiÿìè.

×åðåç P(X) ïîçíà÷èìî ìíîæèíó âñiõ ïiäìíîæèí íåïîðîæíüî¨ ìíîæè-

íè X.

Âiäíîøåííÿì (àáî áiíàðíèì âiäíîøåííÿì) íà ìíîæèíi X íàçèâà¹òüñÿ

ïiäìíîæèíà äåêàðòîâîãî äîáóòêó ρ ⊆ X × X. ßêùî åëåìåíòè x òà y ¹ ó

âiäíîøåííi ρ, òî áóäåìî öå çàïèñóâàòè òàê (x, y) ∈ ρ àáî xρy.

Âiäíîøåííÿ ρ íà ìíîæèíiX íàçèâà¹òüñÿ âiäíîøåííÿì åêâiâàëåíòíîñòi,

ÿêùî âèêîíóþòüñÿ òàêi óìîâè:

(1) xρx äëÿ êîæíîãî x ∈ X;

(2) ÿêùî xρy, òî yρx äëÿ x, y ∈ X;

(3) ÿêùî xρy i yρz, òî xρz äëÿ x, y, z ∈ X.

Âiäíîøåííÿ åêâiâàëåíòíîñòi ρ íà ìíîæèíi X ðîçáèâà¹ ìíîæèíó X íà
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äèç'þíêòíi êëàñè åêâiâàëåíòíîñòi çà âiäíîøåííÿì ρ:

xρ = {y ∈ X| yρx}

Ìíîæèíà, åëåìåíòàìè ÿêî¨ ¹ êëàñè åêâiâàëåíòíîñòi ìíîæèíè X çà âiä-

íîøåííÿì ρ, íàçèâà¹òüñÿ ôàêòîð-ìíîæèíîþ ìíîæèíè X çà âiäíîøåííÿì

åêâiâàëåíòíîñòi ρ i ïîçíà÷à¹òüñÿ X/ρ. Âiäîáðàæåííÿ ρ̄ : X → X/ρ îçíà-

÷åíå (x)ρ̄ = xρ íàçèâà¹òüñÿ ïðèðîäíèì.

1.2.2. Òåîðiÿ ÷àñòêîâî âïîðÿäêîâàíèõ ìíîæèí. ■

Âiäíîøåííÿ ⩽ íà ìíîæèíi X íàçèâà¹òüñÿ ÷àñòêîâèì ïîðÿäêîì, ÿêùî

âèêîíóþòüñÿ òàêi óìîâè:

(1) x ⩽ x äëÿ êîæíîãî x ∈ X;

(2) ÿêùî x ⩽ y i y ⩽ x, òî x = y äëÿ x, y ∈ X;

(3) ÿêùî x ⩽ y i y ⩽ z, òî x ⩽ z äëÿ x, y, z ∈ X.

Ìíîæèíà X iç çàäàíèì íà íié âiäíîøåííÿì ÷àñòêîâîãî ïîðÿäêó ⩽ íà-

çèâà¹òüñÿ ÷àñòêîâî âïîðÿäêîâàíîþ, i ïîçíà÷à¹òüñÿ (X,⩽). Åëåìåíòè x òà

y ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè (X,⩽) íàçèâàþòüñÿ ïîðiâíÿëüíèìè,

ÿêùî âèêîíó¹òüñÿ õî÷à á îäíà ç óìîâ: x ⩽ y àáî y ⩽ x, à â ïðîòèëåæíîìó

âèïàäêó åëåìåíòè x òà y íàçèâàþòüñÿ íåïîðiâíÿëüíèìè. ßêùî â ÷àñòêîâî

âïîðÿäêîâàíié ìíîæèíi (X,⩽) âèêîíóþòüñÿ óìîâè: x ⩽ y i x ̸= y, òî áóäåìî

ãîâîðèòè, ùî åëåìåíò x ìåíøèé çà y, à åëåìåíò y áiëüøèé çà x. Åëåìåíò x

÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè (X,⩽) íàçèâà¹òüñÿ ìàêñèìàëüíèì, ÿêùî

äëÿ äîâiëüíîãî åëåìåíòà y ∈ X âèêîíó¹òüñÿ óìîâà:

ç x ⩽ y âèïëèâà¹ x = y.

Åëåìåíò x ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè (X,⩽) íàçèâà¹òüñÿ ìiíiìàëü-

íèì, ÿêùî äëÿ äîâiëüíîãî åëåìåíòà y ∈ X âèêîíó¹òüñÿ óìîâà:

ç y ⩽ x âèïëèâà¹ x = y.
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Ïiäìíîæèíà A ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè (X,⩽) íàçèâà¹òüñÿ ëi-

íiéíî âïîðÿäêîâàíîþ, ÿêùî äâà äîâiëüíi åëåìåíòè ç A ¹ ïîðiâíÿëüíèìè. Ó

öüîìó âèïàäêó êàæóòü, ùî (A,⩽) � ëiíiéíî âïîðÿäêîâàíà ìíîæèíà àáî

ëàíöþã, i ⩽ � ëiíiéíèé ïîðÿäîê íà A.

Äëÿ ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè (P,≦), ïiäìíîæèíà X ó P íàçè-

âà¹òüñÿ îïóêëî âïîðÿäêîâàíîþ, ÿêùî ç òîãî, ùî x ≦ z ≦ y i {x, y} ⊂ X

âèïëèâà¹, ùî z ∈ X, äëÿ óñiõ x, y, z ∈ P [109].

Âiäîáðàæåííÿ f ç ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè (X,≦) íà ÷àñòêîâî

âïîðÿäêîâàíó ìíîæèíó (Y,⪕) íàçèâà¹òüñÿ:

• ìîíîòîííèì (òàêîæ áóäåìî ãîâîðèòè, ùî f çáåðiãà¹ ïîðÿäîê), ÿêùî

ç x ≦ y âèïëèâà¹, ùî (x)f ⪕ (y)f ;

• âïîðÿäêîâàíèì içîìîðôiçìîì, ÿêùî âiäîáðàæåííÿ f ¹ ái¹êòèâíèì i

x ≦ y òîäi i ëèøå òîäi, êîëè (x)f ⪕ (y)f .

ßêùî (X,≦) i (Y,⪕) � ÷àñòêîâî âïîðÿäêîâàíi ìíîæèíè, A ⊆ X i B ⊆ Y ,

òî ÷àñòêîâå âiäîáðàæåííÿ f : X ⇀ Y íàçèâà¹òüñÿ:

• ÷àñòêîâèì ïîðÿäêîâèì içîìîðôiçìîì ç A íà B, ÿêùî

1) dom f = A;

2) ran f = B;

3) çâóæåííÿ f |A : A → B ¹ ïîðÿäêîâèì içîìîðôiçìîì.

• îïóêëèì ÷àñòêîâèì ïîðÿäêîâèì içîìîðôiçìîì, ÿêùî f : (X,≦) →
(Y,⪕) � ÷àñòêîâèé ïîðÿäêîâèé içîìîðôiçì, ùî çáåðiãà¹ ïîðÿäêîâî

îïóêëi ìíîæèíè.

Äëÿ äîâiëüíèõ åëåìåíòiâ x ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè (X,≦) ïî-

çíà÷èìî

↑≦x = {y ∈ X : x ≦ y} i ↓≦x = {y ∈ X : y ≦ x}.

1.2.3. Òåîðiÿ íàïiâãðóï. ■

Íàïiâãðóïîþ íàçèâà¹òüñÿ íåïîðîæíÿ ìíîæèíà S iç çàäàíîþ íà íié ái-

íàðíîþ àñîöiàòèâíîþ îïåðàöi¹þ: µ : S×S → S. Íàïiâãðóïîâà îïåðàöiÿ µ â
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íàïiâãðóïi S ÷àñòî íàçèâà¹òüñÿ ìíîæåííÿì i ïîçíà÷à¹òüñÿ µ(a, b) = a · b.
Ó ëiòåðàòóði ç òåîði¨ íàïiâãðóï ïðèéíÿòî, ùî çàðàäè ñïðîùåííÿ âèêëàäó

ñèìâîë �·� ÷àñòî îïóñêà¹òüñÿ, àáî çàìiíþ¹òüñÿ iíøèì, â çàëåæíîñòi âiä âè-
çíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨.

Åëåìåíò a íàïiâãðóïè S íàçèâà¹òüñÿ îäèíèöåþ â S, ÿêùî sa = as = s

äëÿ âñiõ s ∈ S. Íàäàëi îäèíèöþ íàïiâãðóïè S áóäåìî ïîçíà÷àòè ÷åðåç 1S

àáî ïðîñòî ÷åðåç 1. Íàïiâãðóïà ç îäèíèöåþ íàçèâà¹òüñÿ ìîíî¨äîì. Äëÿ íà-

ïiâãðóïè S ÷åðåç S1 ïîçíà÷àòèìåìî íàïiâãðóïó S ç ïðè¹äíàíîþ îäèíèöåþ:

S1 =

 S ∪ {1}, ÿêùî 1 /∈ S;

S, ÿêùî 1 ∈ S.

Íåïîðîæíÿ ïiäìíîæèíà I íàïiâãðóïè S íàçèâà¹òüñÿ ëiâèì iäåàëîì, ÿêùî

SI ⊆ I, ïðàâèì iäåàëîì, ÿêùî IS ⊆ I, i (äâîái÷íèì) iäåàëîì, ÿêùî I ¹

îäíî÷àñíî ëiâèì i ïðàâèì iäåàëîì.

Åëåìåíò e íàïiâãðóïè S íàçèâà¹òüñÿ iäåìïîòåíòîì, ÿêùî ee = e. Íåíó-

ëüîâèé iäåìïîòåíò íàïiâãðóïè ç íóëåì íàçèâà¹òüñÿ ïðèìiòèâíèì, ÿêùî âií

¹ ìiíiìàëüíèì ñòîñîâíî ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà ìíîæèíi íåíó-

ëüîâèõ iäåìïîòåíòiâ. ßêùî S � íàïiâãðóïà, òî ïiäìíîæèíó óñiõ iäåìïîòåí-

òiâ ç S ïîçíà÷àòèìåìî ÷åðåç E(S). Íàïiâãðóïà iäåìïîòåíòiâ íàçèâà¹òüñÿ

â'ÿçêîþ. ßêùî â'ÿçêà E(S) ¹ íåïîðîæíüîþ ìíîæèíîþ, òî íàïiâãðóïîâà

îïåðàöiÿ íà â'ÿçöi E(S) âèçíà÷à¹ ÷àñòêîâèé ïîðÿäîê ≼ íà íié:

e ≼ f òîäi i ëèøå òîäi, êîëè ef = fe = e äëÿ e, f ∈ E(S).

Òàê âèçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íà E(S) íàçèâà¹òüñÿ ïðèðîäíèì. Íà-

ïiâ àòêà � öå êîìóòàòèâíà íàïiâãðóïà iäåìïîòåíòiâ. Íàïiâ àòêà E íàçè-

âà¹òüñÿ ëiíiéíî âïîðÿäêîâàíîþ àáî ëàíöþãîì, ÿêùî íàïiâãðóïîâà îïåðàöiÿ

iíäóêó¹ íà E ëiíiéíèé ïðèðîäíèé ïîðÿäîê. Íàãàäà¹ìî [159], ùî ëàíöþã L

÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè X íàçèâà¹òüñÿ ìàêñèìàëüíèì òîäi i ëè-

øå òîäi êîëè, äëÿ âñiõ ëàíöþãiâ M ⊆ X ç L ⊆ M âèïëèâà¹, ùî L = M . Ç
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ëåìè Öîðíà âèïëèâà¹, ùî áóäü-ÿêèé ëàíöþã ÷àñòêîâî âïîðÿäêîâàíî¨ ìíî-

æèíè X ìiñòèòüñÿ â ¨¨ ìàêñèìàëüíîìó ëàíöþçi.

×åðåç (ω,min) ïîçíà÷èìî ìíîæèíó ω ç íàïiâ ðàòêîâîþ îïåðàöi¹þ x·y =

min{x, y}. ×åðåç (ω,+) ïîçíà÷èìî ìíîæèíó ω çi çâè÷àéíèì äîäàâàííÿì

(x, y) 7→ x + y. Îçíà÷èìî òàêèé iäåàë In = {x ∈ ω | x ⩾ n} íàïiâãðóïè

(ω,+). Ïðèéìåìî (ωn,∔) = (ω,+)/In.

Íàïiâãðóïà S íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî åëåìåíòà x ∈
S iñíó¹ ¹äèíèé åëåìåíò x−1 ∈ S òàêèé, ùî xx−1x = x i x−1xx−1 = x−1, i

â öüîìó âèïàäêó åëåìåíò x−1 íàçèâà¹òüñÿ iíâåðñíèì äî åëåìåíòà x ∈ S.

ßêùî S � iíâåðñíà íàïiâãðóïà, òî âiäîáðàæåííÿ inv : S → S, ÿêå ñòàâèòü

ó âiäïîâiäíiñòü êîæíîìó åëåìåíòó x íàïiâãðóïè S éîãî iíâåðñíèé åëåìåíò

x−1, íàçèâà¹òüñÿ iíâåðñi¹þ.

ßêùî S � iíâåðñíà íàïiâãðóïà, òî íàïiâãðóïîâà îïåðàöiÿ íà S âèçíà÷à¹

÷àñòêîâèé ïîðÿäîê ≼ íà S:

s ≼ t òîäi i ëèøå òîäi, êîëè iñíó¹ åëåìåíò e ∈ E(S) òàêèé, ùî s = te.

Öåé ïîðÿäîê íàçèâà¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà íàïiâãðóïi

S. Çàóâàæèìî, ùî çâóæåííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà iíâåðñíó

íàïiâãðóïó E(S) ¹ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà E(S).

Ó ëåìi 1.2.1 îïèñàíèé ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà iíâåðñíié íàïiâ-

ãðóïi S íà ìîâi íàïiâãðóïîâî¨ îïåðàöi¨.

Ëåìà 1.2.1 ([129, ëåìà 1.4.6]). Íåõàé S � iíâåðñíà íàïiâãðóïà. Òîäi òàêi

òâåðäæåííÿ åêâiâàëåíòíi:

(1) s ≼ t;

(2) s = ft äëÿ äåÿêîãî iäåìïîòåíòà f ∈ S;

(3) s−1 ≼ t−1;

(4) s = ss−1t;

(5) s = ts−1s,

äå s, t ∈ S.

Iíâåðñíà íàïiâãðóïà S ç íóëåì íàçèâà¹òüñÿ 0-E-óíiòàðíîþ, ÿêùî äëÿ
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äîâiëüíîãî íåíóëüîâîãî iäåìïîòåíòà e ∈ S ç óìîâè e ≼ s, äå s ∈ S, âèïëèâà¹

ùî s ¹ iäåìïîòåíòîì â S [129]. Êëàñ 0-E-óíiòàðíèõ íàïiâãðóï âïåðøå áóâ

âèçíà÷åíèé Ìàði¹þ Cåíäðåé â ïðàöi [177], õî÷à âîíà íàçèâàëà òàêi iíâåðñíi

íàïiâãðóïè E∗-óíiòàðíèìè. Òåðìií 0-E-óíiòàðíèé ìàáóòü íàëåæèòü Ìiêiíó

òà Ñåïiðó, i ââåäåíèé â ñòàòòi [135].

Äëÿ íàïiâãðóï S i T âiäîáðàæåííÿ h : S → T íàçèâà¹òüñÿ:

• ãîìîìîðôiçìîì, ÿêùî (s1 ·s2)h = (s1)h · (s2)h äëÿ äîâiëüíèõ åëåìåí-
òiâ s1, s2 ∈ S;

• àíóëþþ÷èì ãîìîìîðôiçìîì, ÿêùî h � ãîìîìîðôiçì i (s1)h = (s2)h

äëÿ äîâiëüíèõ åëåìåíòiâ s1, s2 ∈ S;

• içîìîðôiçìîì, ÿêùî h : S → T � ái¹êòèâíèé ãîìîìîðôiçì.

Äëÿ íàïiâãðóïè S ãîìîìîðôiçì (içîìîðôiçì) h : S → S íàçèâà¹òüñÿ

åíäîìîðôiçìîì (àâòîìîðôiçìîì) íàïiâãðóïè S.

ßêùî S � íàïiâãðóïà, òîäi ÷åðåç R, L ,J , D òà H áóäåìî ïîçíà÷àòè

âiäíîøåííÿ €ðiíà íà S (äèâ. [84] àáî [63, ðîçäië 2.1]):

aRb òîäi i ëèøå òîäi, êîëè aS1 = bS1;

aL b òîäi i ëèøå òîäi, êîëè S1a = S1b;

aJ b òîäi i ëèøå òîäi, êîëè S1aS1 = S1bS1;

D = L ◦R = R◦L ;

H = L ∩ R.

Òâåðäæåííÿ 1.2.2 îïèñó¹ âçà¹ìîçâ'ÿçîê ìiæ âiäíîøåííÿìè €ðiíà íà ií-

âåðñíié íàïiâãðóïi òà ¨¨ ïiäíàïiâãðóïi.

Òâåðäæåííÿ 1.2.2 ([129, òâåðäæåííÿ 3.2.11]). Íåõàé S � iíâåðñíà ïiäíà-

ïiâãðóïà iíâåðñíî¨ íàïiâãðóïè T . Òîäi

(1) L (T ) ∩ (S × S) = L (S).

(2) R(T ) ∩ (S × S) = R(S).

(3) H (T ) ∩ (S × S) = H (S).

(4) D(S) ⊆ D(T ) ∩ (S × S).

(5) J (S) ⊆ J (T ) ∩ (S × S).
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Òâåðäæåííÿ 1.2.3 ([129, òâåðäæåííÿ 3.2.17]). Íåõàé S � iíâåðñíà íàïiâ-

ãðóïà é y ∈ S. ßêùî D-êëàñ Dy ìiñòèòü ìiíiìàëüíèé åëåìåíò ñòîñîâíî

ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà S, òî Dy = Jy.

Ïiäìíîæèíà D íàïiâãðóïè S íàçèâà¹òüñÿ ω-íåñòiéêîþ, ÿêùî D íåñêií-

÷åííà i äëÿ áóäü-ÿêîãî åëåìåíòà a ∈ D i íåñêi÷åííî¨ ïiäìíîæèíè B ⊆ D,

âèêîíó¹òüñÿ óìîâà aB∪Ba ⊈ D [89]. Ïðîñòèé ïðèêëàä ω-íåñòiéêèõ ìíîæèí

íàâåäåíî â ïðàöi [89]:

äëÿ íåñêií÷åííîãî êàðäèíàëà λ ìíîæèíà D = I n
ω \ I n−1

ω ¹

ω-íåñòiéêîþ ïiäìíîæèíîþ â I n
ω .

Êîíãðóåíöi¹þ íà íàïiâãðóïi S íàçèâà¹òüñÿ âiäíîøåííÿì åêâiâàëåíòíî-

ñòi C íà S òàêå, ùî ç (s, t) ∈ C âèïëèâàþòü óìîâè (as, at), (sb, tb) ∈ C äëÿ

óñiõ a, b ∈ S. Êîæíà êîíãóåíöiÿ C íà íàïiâãðóïi S ïîðîäæó¹ àñîöiéîâà-

íèé ç íåþ ïðèðîäíèé ãîìîìîðôiçì C♮ : S → S/C, ÿêèé ñòàâèòü ó âiäïîâiä-

íiñòü êîæíîìó åëåìåíòîâi s íàïiâãðóïè S éîãî êëàñ åêâiâàëåíòíîñòi [s]C ó

ôàêòîð-íàïiâãðóïi S/C. Òàêîæ êîæíèé ãîìîìîðôiçì h : S → T íàïiâãðóï

S i T ïîðîäæó¹ êîíãóåíöiþ Ch íà S:

(s1, s2) ∈ Ch òîäi i ëèøå òîäi, êîëè (s1)h = (s2)h.

Êîæåí iäåàë I íàïiâãðóïè S ïîðîäæó¹ êîíãóåíöiþ CI = (I × I)∪∆S íà

S, ÿêà íàçèâà¹òüñÿ êîíãóåíöi¹þ Ðiñà íà íàïiâãðóïi S.

Âëàñòèâîñòi êîíãóåíöié íà iíâåðñíié íàïiâãðóïi îïèñó¹ òâåðäæåííÿ 1.2.4.

Òâåðäæåííÿ 1.2.4 ( [129, òâåðäæåííÿ 2.3.4]). Íåõàé ρ � êîíãóåíöiÿ íà

iíâåðñíié íàïiâãðóïi S. Òîäi:

(1) ÿêùî (s, t) ∈ ρ, òî (s−1, t−1) ∈ ρ, (s−1s, t−1t) ∈ ρ i (ss−1, tt−1) ∈ ρ;

(2) ÿêùî (s, e) ∈ ρ, äå e � iäåìïîòåíò, òî (s, s−1) ∈ ρ, (s, s−1s) ∈ ρ i

(s, ss−1) ∈ ρ.

Îñíîâíi âëàñòèâîñòi ãîìîìîðôiçìó iíâåðñíèõ íàïiâãðóï îïèñó¹ òàêå òâåð-

äæåííÿ.

Òâåðäæåííÿ 1.2.5 ([129, òâåðäæåííÿ 1.4.21]). Íåõàé θ : S → T � ãîìî-

ìîðôiçì iíâåðñíèõ íàïiâãðóï. Òîäi âèêîíóþòüñÿ òàêi óìîâè.



39

(1) (s−1)θ = ((s)θ)−1 äëÿ âñiõ åëåìåíòiâ s ∈ S.

(2) ßêùî åëåìåíò e � iäåìïîòåíò, òî (e)θ � iäåìïîòåíò.

(3) ßêùî (s)θ � iäåìïîòåíò, òî â íàïiâãðóïi S iñíó¹ iäåìïîòåíò e

òàêèé, ùî (s)θ = (e)θ.

(4) Im θ � iíâåðñíà ïiäíàïiâãðóïà íàïiâãðóïè T .

(5) ßêùî U � iíâåðñíà ïiäíàïiâãðóïà íàïiâãðóïè T , òî ïîâíèé ïðîîáðàç

(U)θ−1 � iíâåðñíà ïiäíàïiâãðóïà íàïiâãðóïè S.

(6) Âiäîáðàæåííÿ θ çáåðiãà¹ ÷àñòêîâèé ïîðÿäîê.

(7) Íåõàé åëåìåíòè a, b ∈ S òàêi, ùî (a)θ ⩽ (b)θ. Òîäi iñíó¹ åëåìåíò

a′ ∈ S òàêèé, ùî a′ ⩽ b i (a′)θ = (a)θ.

Íåõàé λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë. ×åðåç Iλ ïîçíà÷èìî ìíî-

æèíó óñiõ ÷àñòêîâèõ âçà¹ìíî îäíîçíà÷íèõ ïåðåòâîðåííü êàðäèíàëà λ ç íà-

ïiâãðóïîâîþ îïåðàöi¹þ:

x(αβ) = (xα)β, ÿêùî

x ∈ dom(αβ) = {y ∈ domα : yα ∈ dom β}, äëÿ α, β ∈ Iλ.

Ñòîñîâíî òàê âèçíà÷åíî¨ îïåðàöi¨ Iλ ¹ iíâåðñíîþ íàïiâãðóïîþ òà íàçèâà¹-

òüñÿ ñèìåòðè÷íèì iíâåðñíèì ìîíî¨äîì, àáî ñèìåòðè÷íîþ iíâåðñíîþ íà-

ïiâãðóïîþ, íàä êàðäèíàëîì λ (äèâ. [62]). Ñèìåòðè÷íà iíâåðñíà íàïiâãðóïà

áóëà ââåäåíà Â. Â. Âàãíåðîì ó [4] i âiäiãðà¹ âàæëèâó ðîëü â òåîði¨ íàïiâãðóï.

Ïðèéìåìî I n
λ = {α ∈ Iλ : rankα ⩽ n}, äëÿ n ∈ {1, 2, 3, . . .}. Î÷åâèäíî,

ùî I n
λ (n ∈ {1, 2, 3, . . .}) � iíâåðñíà íàïiâãðóïà, ìíîæèíà I n

λ ¹ iäåàëîì

íàïiâãðóïè Iλ, äëÿ êîæíîãî n ∈ {1, 2, 3, . . .}. Íàïiâãðóïà I n
λ íàçèâà¹òüñÿ

ñèìåòðè÷íîþ iíâåðñíîþ íàïiâãðóïîþ ñêií÷åííèõ ïåðåòâîðåíü ðàíãó ⩽ n

[101]. ×åðåç

( x1 x2 ··· xn
y1 y2 ··· yn )

ïîçíà÷èìî ÷àñòêîâå âçà¹ìíî îäíîçíà÷íå ïåðåòâîðåííÿ, ÿêå âiäîáðàæà¹ x1

â y1, x2 â y2, . . ., i xn â yn. Î÷åâèäíî, ùî â êîæíîìó âèïàäêó îòðèìó¹ìî,
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ùî xi ̸= xj i yi ̸= yj äëÿ i ̸= j (i, j ∈ {1, 2, 3, . . . , n}). Ïîðîæí¹ ÷àñòêîâå
âiäîáðàæåííÿ ∅ : λ ⇀ λ,∅ 7→ ∅, ïîçíà÷èìî ÷åðåç 0. Î÷åâèäíî, ùî 0 ¹

íóëåì íàïiâãðóïè I n
λ .

Îçíà÷åííÿ 1.2.6. Î÷åâèäíî, ùî ìíîæèíà âñiõ ÷àñòêîâèõ ïîðÿäêîâèõ içî-

ìîðôiçìiâ ìiæ ïîðÿäêîâî îïóêëèìè ïiäìíîæèíàìè ìíîæèíè (ω,⩽) ñòî-

ñîâíî êîìïîçèöi¨ ÷àñòêîâèõ ïåðåòâîðåíü óòâîðþ¹ iíâåðñíó ïiäíàïiâãðóïó

ñèìåòðè÷íî¨ iíâåðñíî¨ íàïiâãðóïè Iω íàä ìíîæèíîþ íåâiä'¹ìíèõ öiëèõ ÷è-

ñåë ω. Ïîçíà÷èìî öþ íàïiâãðóïó ÷åðåç Iω(
−−→conv). Ïðèéìåìî

I n
ω (

−−→conv) = Iω(
−−→conv) ∩ I n

ω

i î÷åâèäíî, ùî íàïiâãðóïà I n
ω (

−−→conv) çàìêíåíà ñòîñîâíî íàïiâãðóïîâî¨ îïå-

ðàöi¨ íàI n
ω . ÍàïiâãðóïàI n

ω (
−−→conv) íàçèâà¹òüñÿ iíâåðñíîþ íàïiâãðóïîþ îïóê-

ëèõ ÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôiçìiâ íà ìíîæèíi (ω,⩽) ðàíãó ⩽ n.

Áiöèêëi÷íèì ìîíî¨äîì (àáî áiöèêëi÷íîþ íàïiâãðóïîþ) C (p, q) íàçèâà-

¹òüñÿ íàïiâãðóïà ç îäèíèöåþ 1, ïîðîäæåíà äâîìà åëåìåíòàìè p òà q, çâ'ÿçà-

íèõ óìîâîþ pq = 1 [63]. Ðiçíi åëåìåíòè áiöèêëi÷íî¨ íàïiâãðóïè C (p, q) ìî-

æíà çîáðàçèòè ó âèãëÿäi íåñêií÷åííî¨ òàáëèöi

1 p p2 p3 · · ·
q qp qp2 qp3 · · ·
q2 q2p q2p2 q2p3 · · ·
q3 q3p q3p2 q3p3 · · ·
... ... ... ... . . .

,

à íàïiâãðóïîâà îïåðàöiÿ íà C (p, q) âèçíà÷à¹òüñÿ çà ôîðìóëîþ

qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.

Âiäîìî, ùî áiöèêëi÷íèé ìîíî¨ä C (p, q) ¹ áiïðîñòîþ (à òîìó i ïðîñòîþ)

êîìáiíàòîðíîþE-óíiòàðíîþ iíâåðñíîþ íàïiâãðóïîþ òà êîæíà íåòðèâiàëüíà

êîíãðóåíöiÿ íà C (p, q) ¹ ãðóïîâîþ [63].
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Íà ìíîæèíi Bω = ω×ω îçíà÷èìî íàïiâãðóïîâó îïåðàöiþ �·� çà ôîðìó-
ëîþ

(i1, j1) · (i2, j2) =

 (i1 − j1 + i2, j2), ÿêùî j1 ⩽ i2;

(i1, j1 − i2 + j2), ÿêùî j1 ⩾ i2.

Äîáðå âiäîìî, ùî íàïiâãðóïàBω içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó ñòîñîâíî

âiäîáðàæåííÿ h : C (p, q) → Bω, qkpl 7→ (k, l) (äèâ.: [62, ðîçäië 1.12] àáî [140,

âïðàâà IV.1.11(ii)]). Íàäàëi ìè îòîòîæíþâàòèìåìî áiöèêëi÷íó íàïiâãðóïó

ç íàïiâãðóïîþ Bω.

Íåõàé λ � íåíóëüîâèé êàðäèíàä i 0 /∈ λ×λ. Ìíîæèíà Bλ = λ×λ ∪ {0}
ç íàïiâãðóïîâîþ îïåðàöi¹þ, âèçíà÷åíî çà ôîðìóëàìè

(a, b) · (c, d) =

 (a, d), ÿêùî b = c;

0, ÿêùî b ̸= c

i

(a, b) · 0 = 0 · (a, b) = 0 · 0 = 0, äëÿ óñiõ a, b, c, d ∈ λ,

íàçèâà¹òüñÿ íàïiâãðóïîþ λ×λ-ìàòðè÷íèõ îäèíèöü [62]. Íàïiâãðóïà λ×λ-

ìàòðè÷íèõ îäèíèöü Bλ ¹ êîìáiíàòîðíîþ, ïðèìiòèâíîþ, öiëêîì 0-ïðîñòîþ

iíâåðñíîþ íàïiâãðóïîþ [129, 140], i áiëüøå òîãî, íàïiâãðóïà Bλ içîìîðôíà

íàïiâãðóïi I 1
λ .

Íàïiâãðóïà S íàçèâà¹òüñÿ êîíãóåíö-ïðîñòîþ, ÿêùî íà íié iñíó¹ ëèøå

îäèíè÷íà òà óíiâåðñàëüíà êîíãóåíöi¨.

Íàñëiäîê 1.2.7 ([94, íàñëiäîê 3]). Íàïiâãðóïà λ× λ-ìàòðè÷íèõ îäèíèöü

Bλ ¹ êîíãðóåíö-ïðîñòîþ äëÿ äîâiëüíîãî êàðäèíàëà λ ⩾ 2.

Íàñòóïíà êîíñòðóêöiÿ çàïðîïîíîâàíà Î. Ãóòiêîì òà Ì. Ìèõàëåíè÷åì â

ïðàöi [11].

Íåõàé P(ω) � ñiì'ÿ óñiõ ïiäìíîæèí ìíîæèíè ω. Äëÿ äîâiëüíîãî åëå-

ìåíòà F ∈ P(ω) òà äîâiëüíèõ ÷èñåë n,m ∈ ω ïîêëàäåìî

n−m+ F = {n−m+ k : k ∈ F}.
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Ïiäñiì'ÿ F ⊆ P(ω) íàçèâà¹òüñÿ ω-çàìêíåíîþ â P(ω), ÿêùî F1 ∩ (−n +

F2) ∈ F äëÿ âñiõ n ∈ ω òà F1, F2 ∈ F .

Íåõàé Bω � áiöèêëi÷íèé ìîíî¨ä i F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω). Íà

ìíîæèíi Bω × F âèçíà÷èìî íàïiâãðóïîâó îïåðàöiþ �·� òàê:

(i1, j1, F1)·(i2, j2, F2) =

 (i1 − j1 + i2, j2, (j1 − i2 + F1) ∩ F2), ÿêùî j1 ⩽ i2;

(i1, j1 − i2 + j2, F1 ∩ (i2 − j1 + F2)), ÿêùî j1 ⩾ i2.

Ó ïðàöi [11] äîâåäåíî: ÿêùî ñiì'ÿ F ⊆ P(ω) ¹ ω-çàìêíåíîþ, òî (Bω×F , ·)
¹ íàïiâãðóïîþ. Áiëüøå òîãî, ÿêùî ω-çàìêíåíà ñiì'ÿ F ⊆ P(ω) ìiñòèòü

ïîðîæíþ ìíîæèíó ∅, òî ìíîæèíà I = {(i, j,∅) : i, j ∈ ω} ¹ iäåàëîì íà-

ïiâãðóïè (Bω × F , ·). ßêùî F � ω-çàìêíåíà ñiì'ÿ â P(ω), òî îçíà÷èìî

(äèâ. [11]):

BF
ω =

 (Bω × F , ·)/I, ÿêùî ∅ ∈ F ;

(Bω × F , ·), ÿêùî ∅ /∈ F .

Ó ïðàöi [11] äîâåäåíî, ùî BF
ω ¹ êîìáiíàòîðíîþ iíâåðñíîþ íàïiâãðóïîþ,

îïèñàíî âiäíîøåííÿ €ðiíà, ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà BF
ω òà ìíî-

æèíó ¨¨ iäåìïîòåíòiâ. Íàâåäåíi êðèòåði¨ ïðîñòîòè, 0-ïðîñòîòè, áiïðîñòîòè,

0-áiïðîñòîòè íàïiâãðóïè BF
ω . Òàêîæ ó [11] äîâåäåíî, ùî íàïiâãðóïà BF

ω

içîìîðôíà áiöèêëi÷íié íàïiâãðóïi òîäi i ëèøå òîäi, êîëè F ñêëàäà¹òüñÿ ç

¹äèíî¨ íåïîðîæíüî¨ iíäóêîâàíî¨ ïiäìíîæèíè â ω.

Ïîçíà÷èìî [0; 0] = {0} i [0; k] = {0, . . . , k} äëÿ äîâiëüíîãî íàòóðàëüíîãî
÷èñëà k. Ìíîæèíà [0; k], äå k ∈ ω, íàçèâà¹òüñÿ ïî÷àòêîâèì ñêií÷åííèì

iíòåðâàëîì ìíîæèíè ω.

Äëÿ äîâiëüíîãî ÷èñëà n ∈ ω ïðèéìåìî

Fn = {∅, [0; 0], [0; 1], [0; 2], . . . , [0;n]}.

Î÷åâèäíî, ùî ñiì'ÿ Fn ¹ ω-çàìêíåíîþ ñiì'¹þ â P(ω).

Òâåðäæåííÿ 1.2.8 ( [11, òâåðäæåííÿ 1]). ßêùî ñiì'ÿ F ⊆ P(ω) ¹

ω-çàìêíåíîþ, òî (Bω × F , ·) ¹ íàïiâãðóïîþ.
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Òâåðäæåííÿ 1.2.9 îïèñó¹ ïðèðîäíié ÷àñòêîâèé ïîðÿäîê íà iíâåðñíi íà-

ïiâãðóïi BF
ω , äëÿ äîâiëüíî¨ ω-çàìêíåíî¨ ñiì'¨ F ïiäìíîæèí â P(ω).

Òâåðäæåííÿ 1.2.9 ([11, òâåðäæåííÿ 2]). Íåõàé (i1, j1, F1) i (i2, j2, F2) �

íåíóëüîâi åëåìåíòè íàïiâãðóïè BF
ω . Òîäi (i1, j1, F1) ≼ (i2, j2, F2) òîäi i

ëèøå òîäi, êîëè F1 ⊆ −k + F2 é i1 − i2 = j1 − j2 = k äëÿ äåÿêîãî k ∈ ω.

Òåîðåìà 1.2.10 îïèñó¹ âiäíîøåííÿ €ðiíà íà íàïiâãðóïi BF
ω .

Òåîðåìà 1.2.10 ([11, òåîðåìà 2]). Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω).

Òîäi:

(i) (i1, j1, F1)R(i2, j2, F2) â B
F
ω òîäi i ëèøå òîäi, êîëè i1 = i2 i F1 = F2;

(ii) (i1, j1, F1)L (i2, j2, F2) â BF
ω òîäi i ëèøå òîäi, êîëè j1 = j2 i F1 =

F2;

(iii) (i1, j1, F1)H (i2, j2, F2) â B
F
ω òîäi i ëèøå òîäi, êîëè i1 = i2, j1 = j2 i

F1 = F2, à îòæå, âñi H -êëàñè íàïiâãðóïèBF
ω ¹ îäíîåëåìåíòíèìè;

(iv) (i1, j1, F1)D(i2, j2, F2) â BF
ω òîäi i ëèøå òîäi, êîëè F1 = F2;

(v) (i1, j1, F1)J (i2, j2, F2) âB
F
ω òîäi i ëèøå òîäi, êîëè iñíóþòü k1, k2 ∈

ω òàêi, ùî F1 ⊆ −k1 + F2 i F2 ⊆ −k2 + F1.

Òâåðäæåííÿ 1.2.11 ([11, òâåðäæåííÿ 4]). Íåõàé F � ω-çàìêíåíà ïiä-

ñiì'ÿ â P(ω). Íàïiâãðóïà BF
ω içîìîðôíà íàïiâãðóïi ω×ω-ìàòðè÷íèõ îäè-

íèöü Bω òîäi i òiëüêè òîäi, êîëè F = {F,∅}, äå F � îäíîòî÷êîâà ïiä-

ìíîæèíà â ω.

Îçíà÷åííÿ 1.2.12 ( [89]). Ðÿä iäåàëiâ äëÿ íàïiâãðóïè S ¹ ëàíöþãîì iäåàëiâ

I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ Im = S. (1.1)

Ðÿä (1.1) íàçèâà¹òüñÿ ùiëüíèì, ÿêùî I0 ¹ ñêií÷åííîþ ìíîæèíîþ i Dk =

Ik \ Ik−1 ¹ ω-íåñòiéêîþ ìíîæèíîþ äëÿ êîæíîãî ÷èñëà k ∈ {1, . . . ,m}.

1.2.4. Çàãàëüíà òîïîëîãiÿ. ■

ßêùî X � òîïîëîãi÷íèé ïðîñòið i A ⊆ X, òîäi ÷åðåç clX(A) òà intX(A)

ïîçíà÷àòèìåìî òîïîëîãi÷íå çàìèêàííÿ òà âíóòðiøíiñòü ìíîæèíè A â òîïî-



44

ëîãi÷íîìó ïðîñòîði X, âiäïîâiäíî.

Ïiäìíîæèíà A òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ ùiëüíîþ â X,

ÿêùî clX(A) = X.

Ñiì'ÿ B íàçèâà¹òüñÿ áàçîþ òîïîëîãi÷íîãî ïðîñòîðó X, ÿêùî äîâiëü-

íó íåïîðîæíþ âiäêðèòó ìíîæèíó ïðîñòîðó X ìîæíà ïîäàòè ó âèãëÿäi

îá'¹äíàííÿ äåÿêî¨ ïiäñiì'¨ ñiì'¨ B.

Ñiì'ÿ B(x) íàçèâà¹òüñÿ áàçîþ òîïîëîãi÷íîãî ïðîñòîðó X â òî÷öi x,

ÿêùî äëÿ äîâiëüíîãî âiäêðèòîãî îêîëó U òî÷êè x iñíó¹ òàêèé åëåìåíò V ∈
B(x), ùî x ∈ V ⊂ U .

Íåïåðåðâíå âiäîáðàæåííÿ f : X → Y òîïîëîãi÷íèõ ïðîñòîðiâ X òà Y

íàçèâà¹òüñÿ ãîìåîìîðôiçìîì, ÿêùî f âçà¹ìíîîäíîçíà÷íî âiäîáðàæà¹ X íà

Y i îáåðåíåíå âiäîáðàæåííÿ f−1 : Y → X ¹ íåïåðåðâíèì. ßêùî iñíó¹ ãî-

ìåîìîðôiçì ç òîïîëîãi÷íîãî ïðîñòîðó X íà òîïîëîãi÷íèé ïðîñòið Y , òî

ïðîñòîðè X òà Y íàçèâàþòüñÿ ãîìåîìîðôíèìè.

Íåõàé (X, τ) � òîïîëîãi÷íèé ïðîñòið i äëÿ êîæíîãî åëåìåíòà x ïðîñòîðó

X çàäàíî áàçó B(x) ïðîñòîðó (X, τ) â òî÷öi x. Ñiì'ÿ {B(x)}x∈X íàçèâà¹-

òüñÿ ñiì'¹þ îêîëiâ òîïîëîãi÷íîãî ïðîñòîðó (X, τ). Êîæíà ñèñòåìà îêîëiâ

{B(x)}x∈X çàäîâîëüíÿ¹ òàêi âëàñòèâîñòi ( [68]):

(PB1) äëÿ êîæíîãî åëåìåíòà x âX ñiì'ÿ B(x) ̸= ∅ i äëÿ êîæíîãî åëåìåíòà

U ñiì'¨ B(x) ìà¹ìî x ∈ U ;

(PB2) ÿêùî x ∈ U ∈ B(x), òî iñíó¹ åëåìåíò V ñiì'¨ B(x) òàêèé, ùî V ⊂ U ;

(PB3) äëÿ äîâiëüíèõ U1, U2 ∈ B(x) iñíó¹ åëåìåíò U ñiì'¨ B(x) òàêèé, ùî

U ⊂ U1 ∩ U2.

Òî÷êà x íàçèâà¹òüñÿ içîëüîâàíîþ â òîïîëîãi÷íîìó ïðîñòîði X, ÿêùî

{x} ¹ âiäêðèòîþ ïiäìíîæèíîþ â X.

Òîïîëîãi÷íèé ïðîñòið, â ÿêîãî âñi òî÷êè içîëüîâàíi íàçèâà¹òüñÿ äèñ-

êðåòíèì. Íàäàëi äëÿ äîâiëüíîãî êàðäèíàëà λ ÷åðåç D(λ) ïîçíà÷èìî äèñ-

êðåòíèé òîïîëîãi÷íèé ïðîñòið ïîòóæíîñòi λ.

Ñiì'ÿ {A }s∈S ïiäìíîæèí òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ äèñ-
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êðåòíîþ, ÿêùî äëÿ êîæíî¨ òî÷êè x ∈ X iñíó¹ ¨¨ îêië, ÿêèé ïåðåòèíà¹òüñÿ

íå áiëüøå íiæ ç îäíi¹þ ìíîæèíîþ öi¹¨ ñiì'¨.

Ïîêðèòòÿì ìíîæèíè X íàçèâà¹òüñÿ ñiì'ÿ A = {As}s∈S ïiäìíîæèí

â X òàêà, ùî
⋃

s∈S As = X. Ïiäñiì'ÿ A0 â A íàçèâà¹òüñÿ ïiäïîêðèòòÿì

ìíîæèíè X, ÿêùî A0 � ïîêðèòòÿ ìíîæèíè X.

Íàãàäà¹ìî [68], ùî òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ:

• T1-ïðîñòîðîì, ÿêùî äëÿ äîâiëüíî¨ ïàðè ðiçíèõ òî÷îê x, y ∈ X iñíó¹

òàêà âiäêðèòà ïiäìíîæèíà U â X, ùî x ∈ U i y /∈ U ;

• T2-ïðîñòîðîì (ãàóñäîðôîâèì ïðîñòîðîì), ÿêùî äëÿ êîæíî¨ ïàðè

ðiçíèõ òî÷îê x, y ∈ X iñíóþòü òàêi âiäêðèòi ïiäìíîæèíà U, V â X,

ùî x ∈ U , y ∈ V i U ∩ V = ∅;

• T3-ïðîñòîðîì (ðåãóëÿðíèì ïðîñòîðîì), ÿêùî X ¹ T1-ïðîñòîðîì i

äëÿ äîâiëüíî¨ òî÷êè x ∈ X òà áóäü-ÿêî¨ çàìêíåíî¨ ïiäìíîæèíè F

â X, ùî x /∈ F , iñíóþòü òàêi âiäêðèòi ïiäìíîæèíè U, V â X, ùî

x ∈ U , F ⊂ V i U ∩ V = ∅;

• ìåòðèçîâíèì, ÿêùî éîãî òîïîëîãiÿ ïîðîäæó¹òüñÿ äåÿêîþ ìåòðè-

êîþ íà X;

• êîìïàêòíèì, ÿêùî êîæíå âiäêðèòå ïîêðèòòÿ ïðîñòîðó X ìiñòèòü

ñêií÷åííå ïiäïîêðèòòÿ;

• ïðîñòîðîì ç äðóãîþ àêñiîìîþ çëi÷åííîñòi, ÿêùî âií ìà¹ çëi÷åííó

áàçó;

• ðîçðiäæåíèì, ÿêùî X íå ìiñòèòü íåïîðîæíüî¨ âëàñíî¨ ïiäìíîæèíè,

ÿêà ¹ ùiëüíà â íüîìó;

• 0-âèìiðíèì, ÿêùîX ìà¹ áàçó, ÿêà ñêëàäà¹òüñÿ ç âiäêðèòî-çàìêíåíèõ

ïiäìíîæèí;

• êîëåêòèâíî íîðìàëüíèì, ÿêùî äëÿ äîâiëüíî¨ äèñêðåòíî¨ ñiì'¨ {Fi}i∈S

çàìêíåíèõ ïiäìíîæèí ïðîñòîðó X iñíó¹ ïîïàðíî íåïåðåòèííà ñiì'ÿ

âiäêðèòèõ ìíîæèí {Ui}i∈S òàêèõ, ùî Fi ⊆ Ui äëÿ óñiõ i ∈ S .

Òåîðåìà 1.2.13 ([68, òåîðåìà 5.1.17]). T1-ïðîñòið X êîëåêòèâíî íîðìàëü-
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íèì òîäi i ëèøå òîäi, êîëè äëÿ êîæíî¨ äèñêðåòíî¨ ñiì'¨ {Fs}s∈S çàìêíå-

íèõ ïiäìíîæèí ïðîñòîðó X iñíó¹ ñiì'ÿ {Us}s∈S âiäêðèòèõ ïiäìíîæèí

ïðîñòîðó X òàêèõ, ùî Fs ⊂ Us äëÿ êîæíîãî åëåìåíòà s ∈ S i Us∩Us′ = ∅,

êîëè s ̸= s′.

Òåîðåìà 1.2.14 ([68, òåîðåìà 4.2.9]). Ïðîñòið ç äðóãîþ àêñiîìîþ çëi÷åííî-

ñòi ¹ ìåòðèçîâàíèì òîäi i ëèøå òîäi, êîëè âií ¹ ðåãóëÿðíèì ïðîñòîðîì.

Íåõàé α � äîâiëüíèé íåíóëüîâèé êàðäèíàë i D(α) � äèñêðåòíèé ïðîñòið

ïîòóæíîñòi α i a /∈ α. Íà ìíîæèíi A (α) = {a}∪D(α) îçíà÷èìî òîïîëîãiþ

τAc òàê:

(1) óñi òî÷êè x ∈ A (α) \ {a} ¹ içîëüîâàíèìè â (A (α), τAc);

(2) ñiì'ÿ BA (a) = {{a} ∪B : D(α) \B � ñêií÷åííà ìíîæèíà} âèçíà÷à¹
áàçó òîïîëîãi¨ τAc â òî÷öi a.

Òîïîëîãi÷íèé ïðîñòið (A (α), τAc) íàçèâà¹òüñÿ îäíîòî÷êîâîþ êîìïàêòèôi-

êàöi¹þ Àë¹êñàíäðîâà äèñêðåòíîãî ïðîñòîðó D(α).

1.2.5. Òåîðiÿ íàïiâòîïîëîãi÷íèõ íàïiâãðóï. ■

Òîïîëîãi÷íèé ïðîñòið S iç çàäàíîþ íà íüîìó íàïiâãðóïîâîþ îïåðàöi¹þ

�·� íàçèâà¹òüñÿ íàïiâòîïîëîãi÷íîþ íàïiâãðóïîþ, ÿêùî öÿ íàïiâãðóïîâà îïå-

ðàöiÿ ¹ íàðiçíî íåïåðåðâíîþ, òîáòî äëÿ äîâiëüíîãî âiäêðèòîãî îêîëó U(a·b)
òî÷êè a·b â S iñíóþòü âiäêðèòi îêîëè V (a) i V (b) òî÷îê a i b â S, âiäïîâiäíî,

òàêi, ùî

V (a) · b ⊆ U(a · b) i a · V (b) ⊆ U(a · b).

ßêùî S � íàïiâãðóïà i τ � òàêà òîïîëîãiÿ íà S, ùî (S, τ) � íàïiâòîïîëîãi÷íà

íàïiâãðóïà, òî τ íàçèâàòèìåìî òðàíñëÿöiéíî-íåïåðåðâíîþ òîïîëîãi¹þ íà

S.

Òâåðäæåííÿ 1.2.15 ( [89, òâåðäæåííÿ 7]). Íåõàé S � íàïiâòîïîëîãi÷íà

ðåãóëÿðíà íàïiâãðóïà é iñíó¹ ùiëüíèé ðÿä iäåàëiâ I0 ⊆ . . . ⊆ Im = S. Òîäi

êîæíèé iäåàë Ik çàìêíåíèé â íàïiâãðóïi S i êîæíèé åëåìåíò ìíîæèíè

S\Im−1 ¹ içîëüîâàíîþ òî÷êîþ â ïðîñòîði S.
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Ëåìà 1.2.16 ([86, ëåìà 4.4]). Íåõàé S � íàïiâòîïîëîãi÷íà íàïiâãðóïà i M �

ùiëüíà ïiäíàïiâãðóïà íàïiâãðóïè S. ßêùî åëåìåíòè 1M i 0M ¹ âiäïîâiäíî

îäèíèöåþ i íóëåì íàïiâãðóïè M , òî åëåìåíòè 1M i 0M ¹ îäèíèöåþ òà

íóëåì â íàïiâãðóïi S.
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ÐÎÇÄIË 2

ÁIÖÈÊËI×ÍÅ ÐÎÇØÈÐÅÍÍß BFn
ω , ÏÎÐÎÄÆÅÍÅ

ÑÊIÍ×ÅÍÍÈÌ IÍÒÅÐÂÀËÎÌ [0, n]

2.1. Àëãåáðè÷íi âëàñòèâîñòi íàïiâãðóïè BFn
ω

Íàãàäà¹ìî, ùî [0; 0] = {0} i [0; k] = {0, . . . , k} äëÿ äîâiëüíîãî íàòóðàëü-
íîãî ÷èñëà k. Äëÿ äîâiëüíîãî ÷èñëà n ∈ ω ïðèéìåìî

Fn = {∅, [0; 0], [0; 1], [0; 2], . . . , [0;n]}.

Î÷åâèäíî, ùî ñiì'ÿ Fn ¹ ω-çàìêíåíîþ ñiì'¹þ â P(ω), òîìó çà òâåðäæåííÿì

1.2.8 (Bω × Fn, ·) ¹ íàïiâãðóïîþ.
Ó òâåðäæåííi 2.1.1 ïiäñóìîâó¹ìî âëàñòèâîñòi, ÿêi âèïëèâàþòü iç âëàñòè-

âîñòåé íàïiâãðóïè BF
ω ó çàãàëüíîìó âèïàäêó. Äåÿêi ç öèõ âëàñòèâîñòåé ¹

áåçïîñåðåäíiìè íàñëiäêàìè ðåçóëüòàòiâ ïðàöi [11].

Òâåðäæåííÿ 2.1.1. Äëÿ äîâiëüíîãî ÷èñëà n ∈ ω âèêîíóþòüñÿ òàêi òâåð-

äæåííÿ:

(1) BFn
ω � iíâåðñíà íàïiâãðóïà, à ñàìå 0−1 = 0 i

(i, j, [0; k])−1 = (j, i, [0; k]),

äëÿ áóäü-ÿêèõ ÷èñåë i, j, k ∈ ω;

(2) åëåìåíò (i, j, [0; k]) ¹ iäåìïîòåíòîì â íàïiâãðóïi BFn
ω òîäi i ëèøå

òîäi, êîëè i = j;

(3) (i1, i1, [0; k1])≼(i2, i2, [0; k2]) â E(BFn
ω ) òîäi i ëèøå òîäi, êîëè

i1 ⩾ i2 é i1 + k1 ⩽ i2 + k2, i öåé ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê

íà E(BFn
ω ) çîáðàæåíèé íà ðèñ. 2.1;

(4) (i, i, [0;n]) � ìàêñèìàëüíèé iäåìïîòåíò íàïiâ ðàòêè E(BFn
ω ) äëÿ

äîâiëüíîãî ÷èñëà i ∈ ω;
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0

(0, 0, [0; 0]) (1, 1, [0; 0]) (2, 2, [0; 0]) (3, 3, [0; 0]) (4, 4, [0; 0]) · · ·

· · ·

(i, i, [0; 0]) (i+1, i+1, [0; 0]) · · ·

· · ·

(0, 0, [0; 1]) (1, 1, [0; 1]) (2, 2, [0; 1]) (3, 3, [0; 1]) (4, 4, [0; 1]) · · · (i, i, [0; 1]) (i+1, i+1, [0; 1]) · · ·

(0, 0, [0; 2]) (1, 1, [0; 2]) (2, 2, [0; 2]) (3, 3, [0; 2]) (4, 4, [0; 2]) · · · (i, i, [0; 2]) (i+1, i+1, [0; 2]) · · ·

(0, 0, [0; 3]) (1, 1, [0; 3]) (2, 2, [0; 3]) (3, 3, [0; 3]) (4, 4, [0; 3]) · · · (i, i, [0; 3]) (i+1, i+1, [0; 3]) · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

(0, 0, [0;n−1]) (1, 1, [0;n−1]) (2, 2, [0;n−1]) (3, 3, [0;n−1]) (4, 4, [0;n−1]) · · · (i,i,[0;n−1]) (i+1,i+1,[0;n−1]) · · ·

(0, 0, [0;n]) (1, 1, [0;n]) (2, 2, [0;n]) (3, 3, [0;n]) (4, 4, [0;n]) · · · (i, i, [0;n]) (i+1, i+1, [0;n]) · · ·

Ðèñ. 2.1. Ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà íàïiâ ðàòöi E(BFn
ω )

(5) (i, i, [0; 0]) � ïðèìiòèâíèé iäåìïîòåíò íàïiâ ðàòêè E(BFn
ω ) äëÿ

äîâiëüíîãî ÷èñëà i ∈ ω;

(6) (i1, j1, [0; k1])R(i2, j2, [0; k2]) â BFn
ω òîäi i ëèøå òîäi, êîëè i1 = i2 i

k1 = k2;

(7) (i1, j1, [0; k1])L (i2, j2, [0; k2]) â BFn
ω òîäi i ëèøå òîäi, êîëè j1 = j2 i

k1 = k2;

(8) (i1, j1, [0; k1])H (i2, j2, [0; k2]) â BFn
ω òîäi i ëèøå òîäi, êîëè i1 = i2,

j1 = j2 i k1 = k2;

(9) (i1, j1, [0; k1])D(i2, j2, [0; k2]) â BFn
ω òîäi i ëèøå òîäi, êîëè k1 = k2;

(10) D = J ó íàïiâãðóïi BFn
ω ;

(11) (i1, j1, [0; k1]) ≼ (i2, j2, [0; k2]) â BFn
ω òîäi i ëèøå òîäi, êîëè i1 ⩾ i2,

i1 − j1 = i2 − j2 i i1 + k1 ⩽ i2 + k2;

(12) BFn
ω ¹ 0-E-óíiòàðíîþ iíâåðñíîþ íàïiâãðóïîþ.
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Äîâåäåííÿ. Òâåðäæåííÿ (1)�(5) òðèâiàëüíi, òâåðäæåííÿ (6)�(8) âèïëè-

âàþòü ç òâåðäæåííÿ 1.2.2 òà âiäïîâiäíîãî òâåðäæåííÿ òåîðåìè 1.2.10.

(9) (⇒) Ïðèïóñòèìî, ùî (i1, j1, [0; k1])D(i2, j2, [0; k2]) â BFn
ω . Òîäi iñíó¹

åëåìåíò (i0, j0, [0; k0]) ∈ BFn
ω òàêèé, ùî (i1, j1, [0; k1])L (i0, j0, [0; k0]) i

(i0, j0, [0; k0])R(i2, j2, [0; k2]). Ç òâåðäæåííÿ (6) âèïëèâà¹, ùî i0 = i2 i k0 =

k2, à çà òâåðäæåííÿì (7) ìà¹ìî, ùî j0 = j1 i k1 = k0. Çâiäñè âèïëèâà¹

ðiâíiñòü k1 = k2.

(⇐) Íåõàé (i1, j1, [0; k]) i (i2, j2, [0; k]) åëåìåíòè íàïiâãðóïè BFn
ω . Çà

òâåðäæåííÿìè (6) i (7) ìà¹ìî, ùî

(i1, j1, [0; k])L (i1, j2, [0; k])R(i2, j2, [0; k]),

à îòæå, (i1, j1, [0; k])D(i2, j2, [0; k]) â BFn
ω .

(10) Î÷åâèäíî, ùî D-êëàñ, ÿêèé ìiñòèòü íóëü 0 çáiãà¹òüñÿ ç îäíîåëå-

ìåíòíîþ ìíîæèíîþ {0}. Òàêîæ J -êëàñ íóëÿ 0 çáiãà¹òüñÿ ç îäíîåëåìåíò-

íîþ ìíîæèíîþ {0}.
Çàôiêñó¹ìî äîâiëüíèé íåíóëüîâèé åëåìåíò (i0,j0,[0; k0]) íàïiâãðóïèBFn

ω .

Çà òâåðäæåííÿì (9) ìà¹ìî, ùî D-êëàñ åëåìåíòà (i0,j0,[0; k0]) çáiãà¹òüñÿ ç

ìíîæèíîþ D = {(i, j, [0; k0]) : i, j ∈ ω}. Çà òâåðäæåííÿì (3) äîâiëüíi äâà

ðiçíi iäåìïîòåíòè ìíîæèíèD ¹ ïîðiâíÿëüíèìè, à îòæå, êîæåí iäåìïîòåíò ç

D-êëàñó åëåìåíòà (i0, j0, [0; k0]) ¹ ìiíiìàëüíèì ñòîñîâíî ïðèðîäíîãî ÷àñòêî-

âîãî ïîðÿäêó íà íàïiâãðóïi BFn
ω . Çà òâåðäæåííÿì 1.2.3, ÿêùî D-êëàñ Dy

ìà¹ ìiíiìàëüíèé åëåìåíò, òîDy = Jy, à îòæå,D-êëàñ åëåìåíòà (i0, j0, [0; k0])

çáiãà¹òüñÿ ç éîãî J -êëàñîì. Òîìó D = J â BFn
ω .

(11) Çà òâåðäæåííÿì 1.2.9 íåðiâíiñòü (i1, j1, [0; k1]) ≼ (i2, j2, [0; k2]) åêâi-

âàëåíòíà óìîâàì

[0; k1] ⊆ i2 − i1 + [0; k2] = j2 − j1 + [0; k2],

ÿêi åêâiâàëåíòíi óìîâàì

i2 − i1 = j2 − j1 ⩽ 0 i k1 ⩽ i2 − i1 + k2.
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Î÷åâèäíî, ùî îñòàííi äâi óìîâè åêâiâàëåíòíi óìîâàì

i1 ⩾ i2, i1 − j1 = i2 − j2 i i1 + k1 ⩽ i2 + k2,

ùî çàâåðøó¹ äîâåäåííÿ òâåðäæåííÿ.

Òâåðäæåííÿ (12) âèïëèâà¹ ç (11).

Ëåìà 2.1.2. Íåõàé n ∈ ω. Òîäi ↑≼(i0, j0, [0; k0]) i ↓≼(i0, j0, [0; k0]) � ñêií÷åí-
íi ïiäìíîæèíè íàïiâãðóïè BFn

ω äëÿ äîâiëüíîãî ¨¨ íåíóëüîâîãî åëåìåíòà

(i0, j0, [0; k0]), i0, j0 ∈ ω, k0 ∈ {0, . . . , n}.

Äîâåäåííÿ. Çà òâåðäæåííÿì 2.1.1(11) iñíó¹ ñêií÷åííà êiëüêiñòü ÷èñåë

i, j ∈ ω òà k ∈ {0, . . . , n} òàêèõ, ùî (i, j, [0; k]) ≼ (i0, j0, [0; k0]), à îòæå,

ìíîæèíà ↓≼(i0, j0, [0; k0]) ñêií÷åííà.
Ç íåðiâíîñòi k ⩽ n i òâåðäæåííÿ 2.1.1(11) âèïëèâà¹, ùî iñíó¹ ñêií÷åííà

êiëüêiñòü i, j ∈ ω òà k ∈ {0, . . . , n} òàêèõ, ùî (i0, j0, [0; k0]) ≼ (i, j, [0; k]), à

îòæå, ìíîæèíà ↑≼(i0, j0, [0; k0]) òàêîæ ñêií÷åííà.

Ëåìà 2.1.3. ßêùî n ∈ ω, òî äëÿ äîâiëüíèõ åëåìåíòiâ α, β ∈ BFn
ω ìíî-

æèíà α ·BFn
ω · β ñêií÷åííà.

Äîâåäåííÿ. Òâåðäæåííÿ ëåìè ¹ òðèâiàëüíèì ó âèïàäêó α = 0 àáî

β = 0.

Çàôiêñó¹ìî äîâiëüíi íåíóëüîâi åëåìåíòè α = (iα, jα, [0; kα]) òà

β = (iβ, jβ, [0; kβ]) íàïiâãðóïè BFn
ω . ßêùî i ⩾ jα + n+ 1 àáî j ⩾ iβ + n+ 1,

òî äëÿ äîâiëüíîãî ÷èñëà k ∈ {0, . . . , n} ìàòèìåìî, ùî

(iα, jα, [0; kα]) · (i, j, [0; k]) = (iα − jα + i, j, (jα − i+ [0; kα]) ∩ [0; k]) = 0

i

(i, j, [0; k]) · (iβ, jβ, [0; kβ]) = (i, j − iβ + jβ, [0; k] ∩ (iβ − j + [0; kβ])) = 0.

Îòæå, iñíó¹ ëèøå ñêií÷åííà êiëüêiñòü åëåìåíòiâ (i, j, [0; k]) íàïiâãðóïèBFn
ω

òàêèõ, ùî α · (i, j, [0; k]) · β ̸= 0, çâiäêè âèïëèâà¹ òâåðäæåííÿ ëåìè.
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Ëåìà 2.1.4. Íåõàé n ∈ ω. Òîäi äëÿ äîâiëüíèõ íåíóëüîâèõ åëåìåíòiâ

(i1, j1, [0; k1]) i (i2, j2, [0; k2]) íàïiâãðóïè BFn
ω ìíîæèíè ðîçâ'ÿçêiâ ðiâíÿíü

(i1, j1, [0; k1]) · χ = (i2, j2, [0; k2]) i χ · (i1, j1, [0; k1]) = (i2, j2, [0; k2])

â íàïiâãðóïi BFn
ω ñêií÷åííi.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî χ � ðîçâ'ÿçîê ðiâíÿííÿ

(i1, j1, [0; k1]) · χ = (i2, j2, [0; k2]).

Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà BFn
ω âèïëèâà¹, ùî χ ̸= 0 i k1 ⩾ k2.

Ïðèïóñòèìî, ùî χ = (i, j, [0; k]) äëÿ äåÿêèõ ÷èñåë i, j ∈ ω, k ∈ {0, 1, . . . , n}.
Òîäi îòðèìó¹ìî, ùî

(i2, j2, [0; k2]) = (i1, j1, [0; k1]) · (i, j, [0; k]) =

=


(i1 − j1 + i, j, (j1 − i+ [0; k1]) ∩ [0; k]), ÿêùî j1 < i;

(i1, j, [0; k1] ∩ [0; k]), ÿêùî j1 = i;

(i1, j1 − i+ j, [0; k1] ∩ (i− j1 + [0; k])), ÿêùî j1 > i.

Ðîçãëÿíåìî òàêi âèïàäêè.

1. ßêùî j1 < i, òî i = i2 − i1 + j1, j = j2, k ⩾ k2 i

j1 − i+ k1 = j1 − i2 + i1 − j1 + k1 = i1 − i2 + k1 ⩾ k.

2. ßêùî j1 = i, òî j = j2 i k ⩾ k2.

3. ßêùî j1 > i, òî i = i2, j = j2 − j1 + i = j2 − j1 + i2 i

i− j1 + k = i2 − j1 + k ⩾ k2.

Ïîçàÿê k ⩽ n, òî ç âèùå ðîçãëÿíóòèõ âèïàäêiâ âèïëèâà¹, ùî ðiâíÿííÿ

(i1, j1, [0; k1]) · χ=(i2, j2, [0; k2]) ìà¹ ñêií÷åííó êiëüêiñòü ðîçâ'ÿçêiâ.

Äîâåäåííÿ òâåðäæåííÿ, ùî ðiâíÿííÿ

χ · (i1, j1, [0; k1]) = (i2, j2, [0; k2])

ìà¹ ñêií÷åííó êiëüêiñòü ðîçâ'ÿçêiâ àíàëîãi÷íå ïîïåðåäíüîìó.
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Òåîðåìà 2.1.5. Äëÿ äîâiëüíîãî ÷èñëà n ∈ ω íàïiâãðóïà BFn
ω içîìîðôíà

iíâåðñíié íàïiâãðóïi I n+1
ω (−−→conv).

Äîâåäåííÿ. Âèçíà÷åìî âiäîáðàæåííÿ I : BFn
ω → I n+1

ω çà ôîðìóëàìè

(0)I = 0 òà

(i, j, [0; k])I =
(
i i+1 ··· i+k
j j+1 ··· j+k

)
, äëÿ âñiõ i, j ∈ ω òà k ∈ {0, 1, . . . , n}.

Î÷åâèäíî, ùî òàê âèçíà÷åíå âiäîáðàæåííÿ I ¹ ií'¹êòèâíèì.

Äàëi äîâåäåìî, ùî âiäîáðàæåííÿ I : BFn
ω → I n+1

ω ¹ ãîìîìîðôiçìîì.

Î÷åâèäíî, ùî

(0 · 0)I = (0)I = 0 = 0 · 0 =

= (0)I · (0)I,

(0 · (i, j, [0; k]))I = (0)I = 0 =

= 0 ·
(
i i+1 ··· i+k
j j+1 ··· j+k

)
=

= (0)I · (i, j, [0; k])I,

i

((i, j, [0; k]) · 0)I = (0)I = 0 =

=
(
i i+1 ··· i+k
j j+1 ··· j+k

)
· 0 =

= (i, j, [0; k])I · (0)I,

äëÿ äîâiëüíîãî íåíóëüîâîãî åëåìåíòà (i, j, [0; k]) íàïiâãðóïè BFn
ω .

Çàôiêñó¹ìî äîâiëüíi ÷èñëà i1, i2, j1, j2 ∈ ω òà k1, k2 ∈ {0, . . . , n}. ßêùî
k1 ⩽ k2, òî

((i1, j1, [0; k1])·(i2, j2, [0; k2]))I=

=


(i1 − j1 + i2, j2, (j1 − i2 + [0; k1]) ∩ [0; k2])I, ÿêùî j1<i2;

(i1, j2, [0; k1] ∩ [0; k2])I, ÿêùî j1=i2;

(i1, j1 − i2 + j2, [0; k1] ∩ (i2 − j1 + [0; k2]))I, ÿêùî j1>i2
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=



(0)I, ÿêùî j1 < i2 i

j1 − i2 + k1 < 0;

(i1−j1+i2, j2, [0; 0])I, ÿêùî j1 < i2 i

j1 − i2 + k1 = 0;

(i1−j1+i2, j2, [0; j1−i2+k1])I, ÿêùî j1 < i2 i

1 ⩽ j1 − i2 + k1 ⩽ k2;

(i1, j2, [0; k1])I, ÿêùî j1 = i2;

(i1, j1−i2+j2, [0; k1])I, ÿêùî j1 > i2 i

k1 ⩽ i1 − j1 + k2;

(i1, j1−i2+j2, [0; i2−j1+k2])I, ÿêùî j1 > i2 i

k1 > i1 − j1 + k2;

(i1, j1−i2+j2, [0; 0])I, ÿêùî j1 > i2 i

j1 = i2 + k2;

(0)I, ÿêùî j1 > i2 i

j1 > i2 + k2
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=



0, ÿêùî j1 < i2 i

j1 − i2 + k1 < 0;(
i1−j1+i2

j2

)
, ÿêùî j1 < i2 i

j1 − i2 + k1 = 0;(
i1−j1+i2 ··· i1+k1

j2 ··· j2+j1−i2+k1

)
, ÿêùî j1 < i2 i

1 ⩽ j1 − i2 + k1 ⩽ k2;(
i1 ··· i1+k1
j2 ··· j2+k1

)
, ÿêùî j1 = i2;(

i1 ··· i1+k1
j1−i2+j2 ··· j1−i2+j2+k1

)
, ÿêùî j1 > i2 i

k1 ⩽ i2 − j1 + k2;(
i1 ··· i1+i2−j1+k2

j1−i2+j2 ··· j2+k2

)
, ÿêùî j1 > i2 i

k1 > i2 − j1 + k2;(
i1

j1−i2+j2

)
, ÿêùî j1 > i2 i

j1 = i2 + k2;

0, ÿêùî j1 > i2 i j1 > i2 + k2

=



0, ÿêùî j1 < i2 i

j1 − i2 + k1 < 0;(
i1+k1
j2

)
, ÿêùî j1 < i2 i

j1 − i2 + k1 = 0;(
i1−j1+i2 ··· i1+k1

j2 ··· j2+j1−i2+k1

)
, ÿêùî j1 < i2 i

1 ⩽ j1 − i2 + k1 ⩽ k2;(
i1 ··· i1+k1
j2 ··· j2+k1

)
, ÿêùî j1 = i2;(

i1 ··· i1+k1
j1−i2+j2 ··· j1−i2+j2+k1

)
, ÿêùî j1 > i2 i

k1 ⩽ i2 − j1 + k2;(
i1 ··· i1+i2−j1+k2

j1−i2+j2 ··· j2+k2

)
, ÿêùî j1 > i2 i

k1 > i2 − j1 + k2;(
i1

j2+k2

)
, ÿêùî j1 > i2 i

j1 = i2 + k2;

0, ÿêùî j1 > i2 i j1 > i2 + k2
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i

(i1, j1, [0; k1])I · (i2, j2, [0; k2])I =

=
(

i1 ··· i1+k1
j1 ··· j1+k1

)
·
(

i2 ··· i2+k2
j2 ··· j2+k2

)
=

=



0, ÿêùî j1 < i2 i j1 + k1 < i2;(
i1+k1
j2

)
, ÿêùî j1 < i2 i j1 + k1 = i2;(

i1−j1+i2 ··· i1+k1
j2 ··· j2+j1−i2+k1

)
, ÿêùî j1 < i2 i

j1 + k1 ⩾ i2 + 1;(
i1 ··· i1+k1
j2 ··· j2+k1

)
, ÿêùî j1 = i2;(

i1 ··· i1+k1
j1−i2+j2 ··· j1−i2+j2+k1

)
, ÿêùî j1 > i2 i

j1 + k1 ⩽ i2 + k2;(
i1 ··· i1−j1+i2+k2

j1−i2+j2 ··· j2+k2

)
, ÿêùî j1 > i2 i

j1 + k1 > i2 + k2;(
i1

j2+k2

)
, ÿêùî j1 > i2 i j1 = i2 + k2;

0, ÿêùî j1 > i2 i j1 > i2 + k2.

ßêùî k1 ⩾ k2, òî

((i1, j1, [0; k1]) · (i2, j2, [0; k2]))I =

=


(i1 − j1 + i2, j2, (j1 − i2 + [0; k1]) ∩ [0; k2])I, ÿêùî j1 < i2;

(i1, j2, [0; k1] ∩ [0; k2])I, ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k1] ∩ (i2 − j1 + [0; k2]))I, ÿêùî j1 > i2
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=



(0)I, ÿêùî j1 < i2 i

j1 − i2 + k1 < 0;

(i1 − j1 + i2, j2, [0; 0])I, ÿêùî j1 < i2 i

j1 − i2 + k1 = 0;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1])I, ÿêùî j1 < i2 i

1 ⩽ j1 + k1 ⩽ i2 + k2;

(i1 − j1 + i2, j2, [0; k2])I, ÿêùî j1 < i2 i

j1 + k1 > i2 + k2;

(i1, j2, [0; k2])I, ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; i2 − j1 + k2])I, ÿêùî j1 > i2 i

i2 − j1 + k2 > 0;

(i1, j1 − i2 + j2, [0; 0])I, ÿêùî j1 > i2 i

i2 − j1 + k2 = 0;

(0)I, ÿêùî j1 > i2 i

i2 − j1 + k2 < 0

=



0, ÿêùî j1 < i2 i j1 − i2 + k1 < 0;(
i1−j1+i2

j2

)
ÿêùî j1 < i2 i j1 − i2 + k1 = 0;(

i1−j1+i2 ··· i1+k1
j2 ··· j1−i2+j2+k1

)
ÿêùî j1 < i2 i j1 + k1 ⩽ i2 + k2;(

i1−j1+i2 ··· i1−j1+i2+k2
j2 ··· j2+k2

)
ÿêùî j1 < i2 i j1 + k1 > i2 + k2;(

i1+k2 ··· i1+k2
j2+k2 ··· j2+k2

)
ÿêùî j1 = i2;(

i1 ··· i1−j1+i2+k2
j1−i2+j2 ··· j2+k2

)
ÿêùî j1 > i2 i i2 − j1 + k2 > 0;(

i1
j1−i2+j2

)
ÿêùî j1 > i2 i i2 − j1 + k2 = 0;

0, ÿêùî j1 > i2 i i2 − j1 + k2 < 0



58

=



0, ÿêùî j1 < i2 i

j1 − i2 + k1 < 0;(
i1+k1
j2

)
ÿêùî j1 < i2 i

j1 − i2 + k1 = 0;(
i1−j1+i2 ··· i1+k1

j2 ··· j1−i2+j2+k1

)
ÿêùî j1 < i2 i

j1 + k1 ⩽ i2 + k2;(
i1−j1+i2 ··· i1−j1+i2+k2

j2 ··· j2+k2

)
ÿêùî j1 < i2 i

j1 + k1 > i2 + k2;(
i1 ··· i1+k2
j2 ··· j2+k2

)
ÿêùî j1 = i2;(

i1 ··· i1−j1+i2+k2
j1−i2+j2 ··· j2+k2

)
ÿêùî j1 > i2 i j1 < i2 + k2;(

i1
j2+k2

)
ÿêùî j1 > i2 i j1 = i2 + k2;

0, ÿêùî j1 > i2 i j1 > i2 + k2.

i

(i1, j1, [0; k1])I · (i2, j2, [0; k2])I =

=
(

i1 ··· i1+k1
j1 ··· j1+k1

)
·
(

i2 ··· i2+k2
j2 ··· j2+k2

)
=

=



0, ÿêùî j1 < i2 i j1 + k1 < i2;(
i1+k1
j2

)
, ÿêùî j1 < i2 i j1 + k1 = i2;(

i1−j1+i2 ··· i1+k1
j2 ··· j2+j1−i2+k1

)
, ÿêùî j1 < i2 i

j1 + k1 ⩽ i2 + k2;(
i1−j1+i2 ··· i1−j1+i2+k2

j2 ··· j2+k2

)
, ÿêùî j1 < i2 i

j1 + k1 > i2 + k2;(
i1 ··· i1+k2
j2 ··· j2+k2

)
, ÿêùî j1 = i2;(

i1 ··· i1−j1+i2+k2
j1−i2+j2 ··· i2+k2

)
, ÿêùî j1 > i2 i j1 < i2 + k2;(

i1
j2+k2

)
, ÿêùî j1 > i2 i j1 = i2 + k2;

0, ÿêùî j1 > i2 i j1 > i2 + k2.

Çà òâåðäæåííÿì 1.2.5(4) ãîìîìîðôíèé îáðàç (BFn
ω )I ¹ iíâåðñíîþ ïiä-

íàïiâãðóïîþ â I n+1
ω .
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Î÷åâèäíî, ùî (0)I ¹ ïîðîæíiì ÷àñòêîâèì ïåðåòâîðåííÿì ìíîæèíè ω

i çà ïðèïóùåííÿì ¹ ïîðÿäêîâî îïóêëèì ÷àñòêîâèì içîìîðôiçìîì ëiíiéíî

âïîðÿäêîâàíî¨ ìíîæèíè (ω,⩽). Òàêîæ ãîìîìîðôíèé îáðàç

(i, j, [0; k])I =
(
i i+1 ··· i+k
j j+1 ··· j+k

)
¹ ïîðÿäêîâî îïóêëèì ÷àñòêîâèì içîìîðôiçìîì ïiäìíîæèíè â (ω,⩽) äëÿ

âñiõ i, j ∈ ω i k ∈ {0, 1, . . . , n}. Ç îçíà÷åííÿ âiäîáðàæåííÿ I : BFn
ω → I n+1

ω

âèïëèâà¹, ùî éîãî êî-çâóæåííÿ íà îáðàç I n+1
ω (−−→conv) ¹ ñþð'¹êòèâíèì, à

îòæå, I : BFn
ω → I n+1

ω (−−→conv) � íàïiâãðóïîâèé içîìîðôiçì.

Çàóâàæåííÿ 2.1.6. Ëåãêî áà÷èòè, ùî ãîìîìîðôíèé îáðàç (BFn
ω )I íå ìiñ-

òèòü óñiõ iäåìïîòåíòiâ íàïiâãðóïè I n+1
ω , à ñàìå ( 0 2

0 2 ) /∈ (BFn
ω )I äëÿ áóäü-

ÿêîãî ÷èñëà n ⩾ 1. Îäíàê, çà òâåðäæåííÿì 1.2.11 íàïiâãðóïà BF0
ω içîìîð-

ôíà íàïiâãðóïi ω×ω-ìàòðè÷íèõ îäèíèöü, à îòæåBF0
ω içîìîðôíà íàïiâãðóïi

I 1
ω .

Äëÿ áóäü-ÿêîãî ÷èñëà n ∈ ω ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà BFn
ω

âèïëèâà¹, ùî ¨¨ ïiäíàïiâãðóïà BFk
ω ¹ iäåàëîì â BFn

ω äëÿ äîâiëüíîãî ÷èñëà

k ∈ {0, . . . , n}. Òàêîæ, îñêiëüêè ìíîæèíà I k+1
ω (−−→conv) \ I k

ω (
−−→conv) ¹ íåñêií-

÷åííîþ â I n+1
ω (−−→conv) äëÿ äîâiëüíîãî ÷èñëà k ∈ {0, . . . , n}, òî ç íàâåäåíèõ

âèùå àðãóìåíòiâ i òåîðåìè 2.1.5 âèïëèâà¹ òàêà ëåìà:

Ëåìà 2.1.7. Äëÿ äîâiëüíîãî ÷èñëà n ∈ ω ìíîæèíè BF0
ω \{0} i BFk

ω \BFk−1
ω

¹ ω-íåñòiéêèìè â íàïiâãðóïi BFn
ω äëÿ áóäü-ÿêîãî ÷èñëà k ∈ {1, . . . , n}.

Äîâåäåííÿ. Ïîêàæåìî, ùî ìíîæèíà BFk
ω \ BFk−1

ω ¹ ω-íåñòiéêîþ, à äî-

âåäåííÿ òîãî, ùî ìíîæèíà BF0
ω \ {0} ¹ ω-íåñòiéêîþ ¹ ïîäiáíèì.

Çàôiêñó¹ìî äîâiëüíi ðiçíi åëåìåíòè (i1, j1, [0; k]), (i2, j2, [0; k]) ç ìíîæèíè

BFk
ω \BFk−1

ω . Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà BFn
ω âèïëèâà¹, ùî äëÿ

äîâiëüíîãî åëåìåíòà (i, j, [0; k]) ∈ BFk
ω \BFk−1

ω ìà¹ìî, ùî

(i, j, [0; k])·(ip, jp, [0; k]) =


(i− j+ip, jp, (j−ip+[0; k])∩[0; k]), ÿêùî j<ip;

(i, jp, [0; k]∩[0; k]), ÿêùî j=ip;

(i, j−ip+jp, [0; k]∩(ip−j+[0; k])), ÿêùî j>ip
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äëÿ p ∈ {1, 2}. Ó âèïàäêó i1 ̸= i2 ìà¹ìî, ùî

(i, j, [0; k]) · {(i1, j1, [0; k]), (i2, j2, [0; k])}⊈BFk
ω \BFk−1

ω .

Ó âèïàäêó j1 ̸= j2 äîâåäåííÿ àíàëîãi÷íå.

Ç ëåìè 2.1.7 âèïëèâà¹

Òâåðäæåííÿ 2.1.8. Äëÿ äîâiëüíîãî ÷èñëà n ∈ ω ðÿä iäåàëiâ

{0} ⊆ BF0
ω ⊆ BF1

ω ⊆ · · · ⊆ BFn−1
ω ⊆ BFn

ω

¹ ùiëüíèì.

Òâåðäæåííÿ 2.1.9. Äëÿ áóäü-ÿêîãî íåâiä'¹ìíîãî öiëîãî ÷èñëà n i äîâiëü-

íîãî p ∈ {0, 1, . . . , n − 1} âiäîáðàæåííÿ hp : B
Fn
ω → BFn

ω âèçíà÷åíå çà

ôîðìóëàìè (0)hp = 0 i

(i, j, [0; k])hp =

 0, ÿêùî k ∈ {0, 1, . . . , p};
(i, j, [0; k − p− 1]), ÿêùî k ∈ {p+ 1, . . . , n},

¹ ãîìîìîðôiçìîì, ÿêèé âiäîáðàæà¹ íàïiâãðóïó BFn
ω íà ¨¨ ïiäíàïiâãðóïó

BFn−p−1
ω .

Äîâåäåííÿ. Ñïî÷àòêó ïîêàæåìî, ùî âiäîáðàæåííÿ h0 : B
Fn
ω → BFn

ω âè-

çíà÷åíå çà ôîðìóëàìè (0)h0 = 0 i

(i, j, [0; k])h0 =

 0, ÿêùî k = 0;

(i, j, [0; k − 1]), ÿêùî k ∈ {1, . . . , n},

¹ ãîìîìîðôiçìîì.

Î÷åâèäíî, ùî

(0)h0 · (i, j, [0])h0 = 0 · 0 = (0)h0 = (0 · (i, j, [0]))h0

i

(i, j, [0])h0 · (0)h0 = 0 · 0 = (0)h0 = ((i, j, [0]) · 0)h0

äëÿ äîâiëüíèõ i, j ∈ ω.
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Çàôiêñó¹ìî äîâiëüíi ÷èñëà i1, i2, j1, j2 ∈ ω i íàòóðàëüíi ÷èñëà k1 i k2.

ßêùî k1 ⩽ k2, òî

(i1, j1, [0; k1])h0 · (i2, j2, [0; k2])h0 = (i1, j1, [0; k1 − 1]) · (i2, j2, [0; k2 − 1]) =

=


(i1 − j1 + i2, j2, (j1 − i2 + [0; k1 − 1]) ∩ [0; k2 − 1]), ÿêùî j1 < i2;

(i1, j2, [0; k1 − 1] ∩ [0; k2 − 1]), ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k1 − 1] ∩ (i2 − j1 + [0; k2 − 1])), ÿêùî j1 > i2

=



0, ÿêùî j1 < i2 i

j1 − i2 + k1 − 1 < 0;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1 − 1]), ÿêùî j1 < i2 i

0 ⩽ j1 − i2 + k1 − 1 ⩽ k2 − 1;

(i1, j2, [0; k1 − 1]), ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k1 − 1]), ÿêùî j1 > i2 i

k1 − 1 ⩽ i1 − j1 + k2 − 1;

(i1, j1 − i2 + j2, [0; i2 − j1 + k2 − 1]), ÿêùî j1 > i2 i

k1 − 1 > i1 − j1 + k2 − 1 ⩾ 0;

0, ÿêùî j1 > i2 i

k1 − 1 > i1 − j1 + k2 − 1 < 0

=



0, ÿêùî j1<i2 i j1−i2+k1<1;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1 − 1]), ÿêùî j1<i2 i 1⩽j1−i2+k1⩽k2;

(i1, j2, [0; k1 − 1]), ÿêùî j1=i2;

(i1, j1 − i2 + j2, [0; k1 − 1]), ÿêùî j1>i2 i k1⩽i2−j1+k2;

(i1, j1 − i2 + j2, [0; i2 − j1 + k2 − 1]), ÿêùî j1>i2 i k1>i2−j1+k2⩾1;

0, ÿêùî j1>i2 i k1>i2−j1+k2<1,

i

((i1, j1,[0; k1]) · (i2, j2, [0; k2]))h0 =
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=


(i1 − j1 + i2, j2, (j1 − i2 + [0; k1]) ∩ [0; k2])h0, ÿêùî j1 < i2;

(i1, j2, [0; k1] ∩ [0; k2])h0, ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k1] ∩ (i2 − j1 + [0; k2]))h0, ÿêùî j1 > i2

=



(0)h0, ÿêùî j1 < i2 i

j1 − i2 + k1 < 0;

(i1 − j1 + i2, j2, [0; 0] ∩ [0; k2])h0, ÿêùî j1 < i2 i

j1 − i2 + k1 = 0;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1])h0, ÿêùî j1 < i2 i

1 ⩽ j1 − i2 + k1 ⩽ k2;

(i1, j2, [0; k1])h0, ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k1])h0, ÿêùî j1 > i2 i

k1 ⩽ i2 − j1 + k2;

(i1, j1 − i2 + j2, [0; k1] ∩ [0; 0])h0, ÿêùî j1 > i2 i

k1 > i2 − j1 + k2 = 0;

(0)h0, ÿêùî j1 > i2 i

k1 > i2 − j1 + k2 < 0
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=



(0)h0, ÿêùî j1 < i2 i

j1 − i2 + k1 < 0;

(i1 − j1 + i2, j2, [0; 0])h0, ÿêùî j1 < i2 i

j1 − i2 + k1 = 0;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1])h0, ÿêùî j1 < i2 i

1 ⩽ j1 − i2 + k1 ⩽ k2;

(i1, j2, [0; k1])h0, ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k1])h0, ÿêùî j1 > i2 i

k1 ⩽ i2 − j1 + k2;

(i1, j1 − i2 + j2, [0; 0])h0, ÿêùî j1 > i2 i

k1 > i2 − j1 + k2 = 0;

(0)h0, ÿêùî j1 > i2 i

k1 > i2 − j1 + k2 < 0

=



0, ÿêùî j1 < i2 i

j1 − i2 + k1 < 0;

0, ÿêùî j1 < i2 i

j1 − i2 + k1 = 0;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1])h0, ÿêùî j1 < i2 i

1 ⩽ j1 − i2 + k1 ⩽ k2;

(i1, j2, [0; k1])h0, ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k1])h0, ÿêùî j1 > i2 i

k1 ⩽ i2 − j1 + k2;

0, ÿêùî j1 > i2 i

k1 > i2 − j1 + k2 = 0;

0, ÿêùî j1 > i2 i

k1 > i2 − j1 + k2 < 0
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=



0, ÿêùî j1 < i2 i

j1 − i2 + k1 < 1;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1 − 1]), ÿêùî j1 < i2 i

1 ⩽ j1 − i2 + k1 ⩽ k2;

(i1, j2, [0; k1 − 1]), ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k1 − 1]), ÿêùî j1 > i2 i

k1 ⩽ i2 − j1 + k2;

(i1, j1 − i2 + j2, [0; i2 − j1 + k2 − 1]), ÿêùî j1 > i2 i

k1 > i2 − j1 + k2 ⩾ 1;

0, ÿêùî j1 > i2 i

k1 > i2 − j1 + k2 < 1,

ßêùî k1 ⩾ k2, òî

(i1, j1, [0; k1])h0 · (i2, j2, [0; k2])h0 =

= (i1, j1, [0; k1 − 1]) · (i2, j2, [0; k2 − 1]) =

=


(i1 − j1 + i2, j2, (j1 − i2 + [0; k1 − 1]) ∩ [0; k2 − 1]), ÿêùî j1 < i2;

(i1, j2, [0; k1 − 1] ∩ [0; k2 − 1]), ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k1 − 1] ∩ (i2 − j1 + [0; k2 − 1])), ÿêùî j1 > i2
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=



0, ÿêùî j1 < i2 i

j1 − i2 + k1 − 1 < 0;

(i1 − j1 + i2, j2, [0; 0] ∩ [0; k2 − 1]), ÿêùî j1 < i2 i

j1 − i2 + k1 − 1 = 0;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1 − 1] ∩ [0; k2 − 1]), ÿêùî j1 < i2 i

1⩽j1−i2+k1−1⩽k2−1;

(i1 − j1 + i2, j2, [0; k2 − 1]), ÿêùî j1 < i2 i

k2−1<j1−i2+k1−1;

(i1, j2, [0; k1 − 1] ∩ [0; k2 − 1]), ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; i2 − j1 + k2 − 1]), ÿêùî j1 > i2 i

i2 − j1 + k2 − 1 ⩾ 0;

0, ÿêùî j1 > i2 i

i2 − j1 + k2 − 1 < 0

=



0, ÿêùî j1 < i2 i

j1 − i2 + k1 < 1;

(i1 − j1 + i2, j2, [0; 0]), ÿêùî j1 < i2 i

j1 − i2 + k1 = 1;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1 − 1]), ÿêùî j1 < i2 i

1 ⩽ j1 − i2 + k1 − 1 ⩽ k2 − 1;

(i1 − j1 + i2, j2, [0; k2 − 1]), ÿêùî j1 < i2 i

k2 < j1 − i2 + k1;

(i1, j2, [0; k2 − 1]), ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; i2 − j1 + k2 − 1]), ÿêùî j1 > i2 i

i2 − j1 + k2 ⩾ 1;

0, ÿêùî j1 > i2 i

i2 − j1 + k2 < 1

i

((i1, j1, [0; k1]) · (i2, j2, [0; k2]))h0 =



66

=


(i1 − j1 + i2, j2, (j1 − i2 + [0; k1]) ∩ [0; k2])h0, ÿêùî j1 < i2;

(i1, j2, [0; k1] ∩ [0; k2])h0, ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k1] ∩ (i2 − j1 + [0; k2]))h0, ÿêùî j1 > i2

=



(0)h0, ÿêùî j1 < i2 i

j1 − i2 + k1 < 0;

(i1 − j1 + i2, j2, [0; 0])h0, ÿêùî j1 < i2 i

j1 − i2 + k1 = 0;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1])h0, ÿêùî j1 < i2 i

k2 ⩾ j1 − i2 + k1 ⩾ 1;

(i1 − j1 + i2, j2, [0; k2])h0, ÿêùî j1 < i2 i

k2 < j1 − i2 + k1 ⩾ 1;

(i1, j2, [0; k2])h0, ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; i2 − j1 + k2])h0, ÿêùî j1 > i2 i

1 ⩽ i2 − j1 + k2;

(i1, j1 − i2 + j2, [0; 0])h0, ÿêùî j1 > i2 i

0 = i2 − j1 + k2;

(0)h0, ÿêùî j1 > i2 i

i2 − j1 + k2 < 0
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=



(0)h0, ÿêùî j1 < i2 i

j1 − i2 + k1 < 0;

(0)h0, ÿêùî j1 < i2 i

j1 − i2 + k1 = 0;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1])h0, ÿêùî j1 < i2 i

k2 ⩾ j1 − i2 + k1 ⩾ 1;

(i1 − j1 + i2, j2, [0; k2])h0, ÿêùî j1 < i2 i

k2 < j1 − i2 + k1 ⩾ 1;

(i1, j2, [0; k2])h0, ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; i2 − j1 + k2])h0, ÿêùî j1 > i2 i

1 ⩽ i2 − j1 + k2;

(0)h0, ÿêùî j1 > i2 i

0 = i2 − j1 + k2;

(0)h0, ÿêùî j1 > i2 i

i2 − j1 + k2 < 0

=



0, ÿêùî j1 < i2 i

j1 − i2 + k1 ⩽ 0;

(i1 − j1 + i2, j2, [0; j1 − i2 + k1 − 1]), ÿêùî j1 < i2 i

k2 ⩾ j1 − i2 + k1 ⩾ 1;

(i1 − j1 + i2, j2, [0; k2 − 1]), ÿêùî j1 < i2 i

k2 < j1 − i2 + k1 ⩾ 1;

(i1, j2, [0; k2 − 1]), ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; i2 − j1 + k2 − 1]), ÿêùî j1 > i2 i

1 ⩽ i2 − j1 + k2;

0, ÿêùî j1 > i2 i

i2 − j1 + k2 ⩽ 0.
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Äàëi çàóâàæèìî, ùî çà iíäóêöi¹þ îòðèìó¹ìî, ùî

hp = h0 ◦ · · · ◦ h0︸ ︷︷ ︸
p+1-ðàçiâ

= hp+1
0 .

äëÿ áóäü-ÿêèõ p ∈ {1, . . . , n− 1}.
Áåçïîñåðåäíüîþ ïåðåâiðêîþ äîâîäèòüñÿ, ùî ãîìîìîðôiçì hp : B

Fn
ω →

BFn
ω âiäîáðàæà¹ íàïiâãðóïó BFn

ω â ¨¨ ïiäíàïiâãðóïó BFn−p−1
ω .

Òâåðäæåííÿ 2.1.10. Äëÿ áóäü-ÿêîãî íàòóðàëüíîãî ÷èñëà n êîæíà êîí-

ãðóåíöiÿ íà íàïiâãðóïi I n
ω (

−−→conv) ¹ êîíãðóåíöi¹þ Ðiñà.

Äîâåäåííÿ. Ñïî÷àòêó çàóâàæèìî, îñêiëüêè íàïiâãðóïà I n
ω (

−−→conv) ìiñ-

òèòü íóëü 0, òî îäèíè÷íà êîíãóåíöiÿ íà I n
ω (

−−→conv) ¹ êîíãðóåíöi¹þ Ðiñà, i

î÷åâèäíî, ùî óíiâåðñàëüíà êîíãóåíöiÿ íà I n
ω (

−−→conv) ¹ òàêîæ êîíãðóåíöi¹þ

Ðiñà.

Çà iíäóêöi¹þ äîâåäåìî òàêå òâåðäæåííÿ:

ÿêùî C ¹ êîíãðóåíöi¹þ íà íàïiâãðóïi I n
ω (

−−→conv) òàêîþ, ùî äëÿ äå-

ÿêîãî ÷èñëà k ⩽ n iñíóþòü äâà ðiçíi C-åêâiâàëåíòíi åëåìåíòè

α, β ∈ I k
ω (
−−→conv) ç max{rankα, rank β} = k, òî âñi åëåìåíòè ïiä-

íàïiâãðóïè I k
ω (
−−→conv) ¹ C-åêâiâàëåíòíèìè.

Ó âèïàäêó k = 1, î÷åâèäíî, ùî íàïiâãðóïà I 1
ω (
−−→conv) içîìîðôíà íàïiâ-

ãðóïiI 1
ω , ÿêà içîìîðôíà íàïiâãðóïi ω×ω-ìàòðè÷íèõ îäèíèöüBω. Îñêiëüêè

íàïiâãðóïà ω×ω-ìàòðè÷íèõ îäèíèöü Bω ¹ êîíãðóåíö-ïðîñòîþ (äèâ. íàñëi-

äîê 1.2.7), òî ç òâåðäæåííÿ, ùî äâà ðiçíi åëåìåíòè íàïiâãðóïè I 1
ω (
−−→conv) ¹

C-åêâiâàëåíòi âèïëèâà¹, ùî óñi åëåìåíòè íàïiâãðóïè I 1
ω (
−−→conv) ¹ C-åêâiâà-

ëåíòíèìè. Îòæå, âèêîíó¹òüñÿ ïî÷àòêîâèé êðîê iíäóêöi¨.

Äàëi äîâåäåìî êðîê iíäóêöi¨:

ÿêùî C ¹ êîíãðóåíöi¹þ íà I n
ω (

−−→conv) òàêîþ, ùî iñíóþòü äâà ðiçíi

C-åêâiâàëåíòíi åëåìåíòè α i β íàïiâãðóïè I k+1
ω (−−→conv) ç

max{rankα, rank β} = k + 1, òî ç òâåðäæåííÿ, ùî óñi åëåìåí-

òè ïiäíàïiâãðóïè I k
ω (
−−→conv) ¹ C-åêâiâàëåíòíèìè âèïëèâà¹, ùî âñi
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åëåìåíòè ïiäíàïiâãðóïè I k+1
ω (−−→conv) òàêîæ ¹ C-åêâiâàëåíòíèìè.

Äàëi ðîçãëÿíåìî âñi ìîæëèâi âèïàäêè.

(I). Ïðèïóñòèìî, ùî α =
(
a a+1 ··· a+k
b b+1 ··· b+k

)
, β = 0 i αCβ. Îñêiëüêè C

� êîíãóåíöiÿ íà íàïiâãðóïi I n
ω (

−−→conv), òî äëÿ äîâiëüíîãî åëåìåíòà γ =(
c c+1 ··· c+k1
d d+1 ··· d+k1

)
ïiäíàïiâãðóïè I k+1

ω (−−→conv), äå k1 ⩽ k + 1, îòðèìó¹ìî, ùî

åëåìåíò

γ =
(
c c+1 ··· c+k1
a a+1 ··· a+k1

)
· α ·

(
b b+1 ··· b+k1
d d+1 ··· d+k1

)
¹ C-åêâiâàëåíòíèì äî åëåìåíòà(

c c+1 ··· c+k1
a a+1 ··· a+k1

)
· 0 ·

(
b b+1 ··· b+k1
d d+1 ··· d+k1

)
= 0,

à îòæå, γC0.

(II). Ïðèïóñòèìî, ùî α =
(
a a+1 ··· a+k
a a+1 ··· a+k

)
i β =

(
b b+1 ··· b+k1
b b+1 ··· b+k1

)
� íåíóëüî-

âi C-åêâiâàëåíòíi iäåìïîòåíòíè ïiäíàïiâãðóïè I k
ω (
−−→conv) òàêi, ùî k1 ⩽ k i

β ≼ α. Ó öüîìó âèïàäêó ìà¹ìî, ùî [b; b+ k1] ⊆ [a; a+ k]. Ïðèéìåìî

ε =


(
a+1 ··· a+k
a+1 ··· a+k

)
, ÿêùî a = b;(

a ··· a+k−1
a ··· a+k−1

)
, ÿêùî a+ k = b+ k1

i γ =
(

a a+1 ··· a+k
a+1 a+2 ··· a+k+1

)
, ÿêùî a < b i b+ k1 < a+ k.

Ó âèïàäêó, a = b àáî a + k = b + k1 îòðèìó¹ìî, ùî εα i εβ ¹ ðiçíèìè

C-åêâiâàëåíòíèìè iäåìïîòåíòàìè ïiäíàïiâãðóïè I k−1
ω (−−→conv), à îòæå, çà

ïðèïóùåííÿì iíäóêöi¨ óñi åëåìåíòè íàïiâãðóïè I k−1
ω (−−→conv) ¹ C-åêâiâàëåíò-

íèìè.

Ó âèïàäêó êîëè a < b i b+k1 < a+k îòðèìà¹ìî, ùî γαγ−1 i γβγ−1 ¹ ðiç-

íèìè C-åêâiâàëåíòíèìè iäåìïîòåíòàìè ïiäíàïiâãðóïè I k
ω (
−−→conv), îñêiëüêè

âîíè ìàþòü ðiçíèé ðàíã ⩽ k. Îòæå, çà ïðèïóùåííÿì iíäóêöi¨ óñi åëåìåíòè

ïiäíàïiâãðóïè I k
ω (
−−→conv) ¹ C-åêâiâàëåíòíèìè.

Â îáèäâîõ íàâåäåíèõ âèùå âèïàäêàõ îòðèìó¹ìî, ùî αC0, ç ÷îãî âèïëè-

âà¹, ùî âèêîíó¹òüñÿ âèïàäîê (I).
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(III). Ïðèïóñòèìî, ùî α i β � ðiçíi íåïîðiâíÿëüíi íåíóëüîâi C-åêâiâà-

ëåíòíi iäåìïîòåíòè ïiäíàïiâãðóïè I k
ω (
−−→conv) â I n

ω (
−−→conv) òàêi, ùî rankα =

k+1. Òîäi α = ααCαβ i αβ ≼ α, ç ÷îãî âèïëèâà¹, ùî âèêîíó¹òüñÿ âèïàäîê

(II) àáî âèïàäîê (I).

(IV). Ïðèïóñòèìî, ùî α i β � ðiçíi íåíóëüîâi C-åêâiâàëåíòíi åëåìåíòè

ïiäíàïiâãðóïè I k
ω (
−−→conv) íàïiâãðóïè I n

ω (
−−→conv) òàêi, ùî rankα = k + 1.

Òîäi âèêîíó¹òüñÿ õî÷à á îäíà ç óìîâ αα−1 ̸= ββ−1 àáî α−1α ̸= β−1β,

îñêiëüêè çà òâåðäæåííÿì 2.1.1(8) i òåîðåìîþ 2.1.5 óñi H -êëàñè íàïiâãðóïè

I n
ω (

−−→conv) îäíîåëåìåíòíi. Çà òâåðäæåííÿì 1.2.4(1) ìà¹ìî, ùî αα−1Cββ−1

i α−1αCβ−1β, à îòæå, âèêîíó¹òüñÿ ïðèíàéìíi îäèí ç âèïàäêiâ (II) àáî

(III).

Ç òåîðåìè 2.1.5 i òâåðäæåííÿ 2.1.10 âèïëèâà¹ îïèñàííÿ óñiõ êîíãðóåíöié

íà íàïiâãðóïi BFn
ω .

Òåîðåìà 2.1.11. Äëÿ äîâiëüíîãî ÷èñëà n ∈ ω íà íàïiâãðóïi BFn
ω iñíóþòü

ëèøå êîíãðóåíöi¨ Ðiñà.

Òåîðåìà 2.1.12. Íåõàé n � íåâiä'¹ìíå öiëå ÷èñëî òà S � äîâiëüíà íà-

ïiâãðóïà. Äëÿ áóäü-ÿêîãî ãîìîìîðôiçìó h : BFn
ω → S îáðàç (BFn

ω )h ¹ àáî

içîìîðôíèì íàïiâãðóïi BFk
ω äëÿ äåÿêîãî ÷èñëà k ∈ {0, 1, . . . , n}, àáî ¹ îäíî-

åëåìåíòíîþ ìíîæèíîþ.

Äîâåäåííÿ. Çà òåîðåìîþ 2.1.11 ãîìîìîðôiçì h ïîðîæó¹ êîíãðóåíöiþ Ði-

ñà Ch íà íàïiâãðóïi BFn
ω . Çà òâåðäæåííÿì 2.1.1(9) ðÿä iäåàëiâ

{0} ⫋ BF0
ω ⫋ BF1

ω ⫋ · · · ⫋ BFn−1
ω ⫋ BFn

ω

¹ ìàêñèìàëüíèì ó íàïiâãðóïi BFn
ω , òîáòî ÿêùî J � iäåàë íàïiâãðóïè BFn

ω ,

òî àáî J = {0}, àáî J = BFm
ω äëÿ äåÿêîãî ÷èñëà m ∈ {0, 1, . . . , n}.

Î÷åâèäíî, ÿêùî J = {0}, òî êîíãðóåíöiÿ Ðiñà CJ ïîðîäæó¹ ií'¹êòèâ-

íèé ãîìîìîðôiçì hCJ
, à îòæå, îáðàç (BFn

ω )hCJ
içîìîðôíèé íàïiâãðóïi

BFn
ω . Ïîäiáíî, ó âèïàäêó J = BFn

ω ìà¹ìî, ùî îáðàç (BFn
ω )hCJ

� îäíî-

åëåìåíòíà ìíîæèíà.
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Ïðèïóñòèìî, ùîJ = BFm
ω äëÿ äåÿêîãî ÷èñëàm ∈ {0, 1, . . . , n−1}. Òîäi

êîíãóåíöiÿ Ðiñà CJ ïîðîäæó¹ ïðèðîäíèé ãîìîìîðôiçì h : BFn
ω → BFn

ω /J .

Î÷åâèäíî, ùî αCJ β òîäi i ëèøå òîäi, êîëè (α)hm = (β)hm äëÿ α, β ∈
BFn

ω , äå hm : BFn
ω → BFn

ω � ãîìîìîðôiçì âèçíà÷åíèé â òâåðäæåííi 2.1.9.

Çà òâåðäæåííÿì 2.1.9 ãîìîìîðôíèé îáðàç (BFn
ω )h içîìîðôíèé íàïiâãðóïi

BFn−m−1
ω .



72

2.2. Íàïiâòîïîëîãi÷íà íàïiâãðóïà BFn
ω

Ó öüîìó ïiäðîçäiëi äîñëiäæó¹òüñÿ òîïîëîãiçàöiÿ íàïiâãðóïè BFn
ω i ¨¨

áëèçüêi äî êîìïàêòíèõ òðàíñëÿöiéíî-íåïåðåðâíi T1-òîïîëîãi¨ íà íié.

Òåîðåìà 2.2.1. Íåõàé n � íåâiä'¹ìíå öiëå ÷èñëî. Òîäi äëÿ äîâiëüíî¨ òðàíñ-

ëÿöiéíî-íåïåðåðâíî¨ T1-òîïîëîãi¨ τ íà íàïiâãðóïiBFn
ω êîæíèé íåíóëüîâèé

åëåìåíò íàïiâãðóïè BFn
ω ¹ içîëüîâàíîþ òî÷êîþ â òîïîëîãi÷íîìó ïðîñòîði

(BFn
ω , τ), à îòæå, êîæíà ïiäìíîæèíà â ïðîñòîði (BFn

ω , τ), ÿêà ìiñòèòü

íóëü 0 ¹ çàìêíåíîþ. Áiëüøå òîãî, äëÿ äîâiëüíîãî íåíóëüîâîãî åëåìåíòà

(i, j, [0; k]) íàïiâãðóïè BFn
ω ìíîæèíà ↑≼(i, j, [0; k]) ¹ âiäêðèòî-çàìêíåíîþ

â òîïîëîãi÷íîìó ïðîñòîði (BFn
ω , τ).

Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíèé íåíóëüîâèé åëåìåíò (i, j, [0; k]) íàïiâ-

ãðóïè BFn
ω , äå i, j ∈ ω, k ∈ {0, . . . , n}. Ç òâåðäæåíü 1.2.15 i 2.1.9 âèïëè-

âà¹ iñíóâàííÿ âiäêðèòîãî îêîëó U(i,j,[0;k]) òî÷êè (i, j, [0; k]) â òîïîëîãi÷íîìó

ïðîñòîði (BFn
ω , τ) òàêîãî, ùî

• U(i,j,[0;k]) ⊆ BFn
ω \BFk−1

ω é (i, j, [0; k]) � içîëüîâàíà òî÷êà òîïîëîãi÷-

íîãî ïðîñòîðó BFk
ω , ÿêùî k ∈ {1, . . . , n};

• U(i,j,[0;k]) ⊆ BFn
ω \ {0} é (i, j, [0; k]) � içîëüîâàíà òî÷êà òîïîëîãi÷íîãî

ïðîñòîðó BF0
ω , ÿêùî k = 0.

Ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ íà

(BFn
ω , τ) âèïëèâà¹, ùî iñíó¹ âiäêðèòèé îêië V(i,j,[0;k]) òî÷êè (i, j, [0; k]) òà-

êèé, ùî V(i,j,[0;k]) ⊆ U(i,j,[0;k]) é

(i, i, [0; k]) · V(i,j,[0;k]) · (j, j, [0; k]) ⊆ U(i,j,[0;k]).

Ìè ñòâåðäæó¹ìî, ùî V(i,j,[0;k]) ⊆ ↑≼(i, j, [0; k]). Ïðèïóñòèìî ïðîòèëåæíå:

iñíó¹ òî÷êà (i1, j1, [0; k1]) ∈ V(i,j,[0;k]) \ ↑≼(i, j, [0; k]). Òîäi çà ëåìîþ 1.2.1(4)

ìà¹ìî, ùî

(i, i, [0; k]) · (i1, j1, [0; k1]) · (j, j, [0; k]) ̸= (i, j, [0; k]).
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ÎñêiëüêèBFk
ω � iäåàë íàïiâãðóïèBFn

ω , òî ç âèùå íàâåäåíî¨ óìîâè âèïëèâà¹,

ùî

(i, i, [0; k]) · V(i,j,[0;k]) · (j, j, [0; k]) ⊈ U(i,j,[0;k]),

à öå ñóïåðå÷èòü íàðiçíié íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (BFn
ω , τ).

Îòæå, âèêîíó¹òüñÿ âêëþ÷åííÿ V(i,j,[0;k]) ⊆ ↑≼(i, j, [0; k]). Çà ëåìîþ 2.1.2 ìíî-

æèíà ↑≼(i, j, [0; k]) ñêií÷åííà, çâiäêè âèïëèâà¹, ùî (i, j, [0; k]) � içîëüîâàíà

òî÷êà â òîïîëîãi÷íîìó ïðîñòîði (BFn
ω , τ), îñêiëüêè (BFn

ω , τ) ¹ T1-ïðîñòîðîì.

Îñòàíí¹ òâåðäæåííÿ âèïëèâà¹ ç ðiâíîñòi

↑≼(i, j, [0; k]) =
{
(a, b, [0; p]) ∈ BFn

ω : (i, i, [0; k]) · (a, b, [0; p]) = (i, j, [0; k])
}

i ïðèïóùåííÿ, ùî τ � òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ íà íàïiâãðóïi

BFn
ω .

Íàñëiäîê 2.2.2. Íåõàé n � íåâiä'¹ìíå öiëå ÷èñëî. Òîäi äëÿ äîâiëüíî¨ òðàíñ-

ëÿöiéíî-íåïåðåðâíî¨ T1-òîïîëîãi¨ τ íà íàïiâãðóïi BFn
ω ïðîñòið (BFn

ω , τ) ¹

ðîçðiäæåíèì, 0-âèìiðíèì i êîëåêòèâíî íîðìàëüíèì.

Äîâåäåííÿ. Ç òåîðåìè 2.2.1 âèïëèâà¹, ùî òîïîëîãi÷íèé ïðîñòið (BFn
ω , τ)

¹ ðîçðiäæåíèì i 0-âèìiðíèì.

Íåõàé {Fs}s∈S � äèñêðåòíà ñiì'ÿ çàìêíåíèõ ïiäìíîæèí òîïîëîãi÷íîãî

ïðîñòîðó
(
BFn

ω , τ
)
. Çà òåîðåìîþ 2.2.1 êîæíèé íåíóëüîâèé åëåìåíò íàïiâ-

ãðóïè BFn
ω ¹ içîëüîâàíîþ òî÷êîþ â òîïîëîãi÷íîìó ïðîñòîði (BFn

ω , τ). Ó

âèïàäêó, êîëè êîæíèé åëåìåíò ñiì'¨ {Fs}s∈S íå ìiñòèòü íóëÿ 0 íàïiâãðóïè

BFn
ω , òî êîæíèé åëåìåíò ñiì'¨ {Fs}s∈S ¹ âiäêðèòîþ ïiäìíîæèíîþ òîïîëî-

ãi÷íîãî ïðîñòîðó
(
BFn

ω , τ
)
. Ó öüîìó âèïàäêó Us = Fs äëÿ âñiõ s ∈ S .

Ïðèïóñòèìî òåïåð, ùî 0 ∈ Fs0 äëÿ äåÿêîãî åëåìåíòà s0 ∈ S . Íåõàé U(0) �

âiäêðèòèé îêië íóëÿ 0 â òîïîëîãi÷íîìó ïðîñòîði
(
BFn

ω , τ
)
, ÿêèé ïåðåòèíà¹

äåêiëüêà åëåìåíòiâ ñiì'¨ {Fs}s∈S . Ïðèéìåìî Us0 = U(0)∪Fs0 i Us = Fs äëÿ

âñiõ åëåìåíòiâ s ∈ S \ {so}. Ó äâîõ âèùå ðîçãëÿíóòèõ âèïàäêàõ ìà¹ìî, ùî

Us ∩ Ut = ∅ äëÿ âñiõ ðiçíèõ åëåìåíòiâ s, t ∈ S , à îòæå, çà òåîðåìîþ 1.2.13

òîïîëîãi÷íèé ïðîñòið
(
BFn

ω , τ
)
¹ êîëåêòèâíî íîðìàëüíèì.
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Ç ïðèêëàäó 2.2.3 âèïëèâà¹, ùî íà íàïiâãðóïi BFn
ω iñíó¹ êîìïàêòíà ãà-

óñäîðôîâà òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ.

Ïðèêëàä 2.2.3. Íåõàé n � íåâiä'¹ìíå öiëå ÷èñëî. Îçíà÷èìî òîïîëîãiþ τAc

íà íàïiâãðóïi BFn
ω òàê:

• óñi íåíóëüîâi åëåìåíòè íàïiâãðóïè BFn
ω ¹ içîëüîâàíèìè òî÷êàìè òî-

ïîëîãi÷íîãî ïðîñòîðó (BFn
ω , τAc);

• ñiì'ÿ

BAc(0) =
{
A ⊆ BFn

ω : 0 ∈ A i BFn
ω \ A � ñêií÷åííà

}
âèçíà÷à¹ áàçó òîïîëîãi¨ τAc â òî÷öi 0.

Î÷åâèäíî, ùî òîïîëîãi÷íèé ïðîñòið
(
BFn

ω , τAc

)
ãîìåîìîðôíèé îäíîòî÷-

êîâié êîìïàêòèôiêàöi¨ Àë¹êñàíäðîâà äèñêðåòíîãî íåñêií÷åííîãî çëi÷åííî-

ãî ïðîñòîðó, à îòæå,
(
BFn

ω , τAc

)
� ãàóñäîðôîâèé êîìïàêòíèé ïðîñòið. Òîäi

ïðîñòið
(
BFn

ω , τAc

)
¹ íîðìàëüíèì, i îñêiëüêè âií ìà¹ çëi÷åííó áàçó, òî çà

òåîðåìîþ Óðèñîíà ïðî ìåòðèçàöiþ (äèâ. òåîðåìà 1.2.14) ïðîñòið
(
BFn

ω , τAc
)

¹ ìåòðèçîâàíèì.

Äàëi äîâåäåìî, ùî
(
BFn

ω , τAc

)
� íàïiâòîïîëîãi÷íà íàïiâãðóïà. Íåõàé α

i β � íåíóëüîâi åëåìåíòè íàïiâãðóïè BFn
ω . Îñêiëüêè α i β ¹ içîëüîâàíèìè

òî÷êàìè â òîïîëîãi÷íîìó ïðîñòîði
(
BFn

ω , τAc

)
, òî äîñòàòíüî ïîêàçàòè, ÿê

çíàéòè äëÿ äîâiëüíîãî ôiêñîâàíîãî âiäêðèòîãî îêîëó U0 íóëÿ 0 âiäêðèòi

îêîëè V0 i W0 íóëÿ 0 â ïðîñòîði
(
BFn

ω , τAc

)
òàêi, ùî

V0 · α ⊆ U0 i β ·W0 ⊆ U0.

Îñêiëüêè ïðîñòið
(
BFn

ω , τAc
)
ãîìåîìîðôíèé îäíîòî÷êîâié êîìïàêòèôiêà-

öi¨ Àë¹êñàíäðîâà, òî äîâiëüíèé âiäêðèòèé îêië U0 íóëÿ 0 ¹ êîñêií÷åííîþ

ïiäìíîæèíîþ â íàïiâãðóïi BFn
ω . Çà ëåìîþ 2.1.3 îòðèìó¹ìî, ùî

V0 = {γ ∈ U0 : γ · α ∈ U0} i W0 = {γ ∈ U0 : β · γ ∈ U0}

¹ êîñêií÷åííèìè ïiäìíîæèíàìè ìíîæèíè U0, à îòæå, çà îçíà÷åííÿì òî-

ïîëîãi¨ τAc ìíîæèíè V0 i W0 ¹ øóêàíèìè âiäêðèòèìè îêîëàìè íóëÿ 0 â
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ïðîñòîði
(
BFn

ω , τAc

)
.

Îñêiëüêè âñi íåíóëüîâi åëåìåíòè íàïiâãðóïè BFn
ω ¹ içîëüîâàíèìè òî÷êà-

ìè â òîïîëîãi÷íîìó ïðîñòîði
(
BFn

ω , τAc

)
i êîæíèé âiäêðèòèé îêië U0 íóëÿ

0 â ïðîñòîði
(
BFn

ω , τAc

)
ìà¹ ñêií÷åííå äîïîâíåííÿ â BFn

ω , òî iíâåðñiÿ ¹

íåïåðåðâíîþ â íàïiâòîïîëîãi÷íié íàïiâãðóïi
(
BFn

ω , τAc

)
.

Òåîðåìà 2.2.4 îïèñó¹ áëèçüêi äî êîìïàêòíèõ òðàíñëÿöiéíî-íåïåðåðâíi

T1-òîïîëîãi¨ íà íàïiâãðóïi BFn
ω .

Òåîðåìà 2.2.4. Íåõàé n � íåâiä'¹ìíå öiëå ÷èñëî. Òîäi äëÿ äîâiëüíî¨ òðàíñ-

ëÿöiéíî-íåïåðåðâíî¨ T1-òîïîëîãi¨ τ íà íàïiâãðóïi BFn
ω òàêi óìîâè åêâiâà-

ëåíòíi:

(1) (BFn
ω , τ) � êîìïàêòíà íàïiâòîïîëîãi÷íà íàïiâãðóïà;

(2) íàïiâòîïîëîãi÷íà íàïiâãðóïà (BFn
ω , τ) òîïîëîãi÷íî içîìîðôíà íà-

ïiâòîïîëîãi÷íié íàïiâãðóïi
(
BFn

ω , τAc

)
;

(3) (BFn
ω , τ) � êîìïàêòíà íàïiâòîïîëîãi÷íà íàïiâãðóïà ç íåïåðåðâíîþ

iíâåðñi¹þ;

(4) (BFn
ω , τ) ¹ D(ω)-êîìïàêòíèì ïðîñòîðîì.

Äîâåäåííÿ. Iìïëiêàöi¨ (1)⇒(4), (2)⇒(1), (2)⇒(3) i (3)⇒(1) î÷åâèäíi.

Îñêiëüêè çà òåîðåìîþ 2.2.1 êîæíèé íåíóëüîâèé åëåìåíò íàïiâãðóïè BFn
ω ¹

içîëüîâàíîþ òî÷êîþ â òîïîëîãi÷íîìó ïðîñòîði (BFn
ω , τ), òî ç êîìïàêòíîñòi

ïðîñòîðó (BFn
ω , τ) i ç òâåðäæåííÿ (1) âèïëèâà¹ òâåðäæåííÿ (2).

(4)⇒(1) Ïðèïóñòèìî, ùî iñíó¹ òðàíñëÿöiéíî-íåïåðåðâíà T1-òîïîëîãiÿ τ

íà íàïiâãðóïi BFn
ω òàêà, ùî (BFn

ω , τ) ¹ íåêîìïàêòíèì D(ω)-êîìïàêòíèì

ïðîñòîðîì. Òîäi iñíó¹ âiäêðèòå ïîêðèòòÿ U = {Us} ïðîñòîðó (BFn
ω , τ), ÿêå

íå ìiñòèòü ñêií÷åííå ïiäïîêðèòòÿ. Íåõàé Us0 � åëåìåíò ïîêðèòòÿ U òàêèé,

ùî Us0 ∋ 0. Òîäi BFn
ω \Us0 � íåñêií÷åííà çëi÷åííà ïiäìíîæèíà içîëüîâàíèõ

òî÷îê ïðîñòîðó (BFn
ω , τ). Ïðîíóìåðó¹ìî ìíîæèíó BFn

ω \Us0 íàòóðàëüíèìè

÷èñëàìè, òîáòî íåõàé BFn
ω \ Us0 = {αi : i ∈ N}. Âèçíà÷èìî âiäîáðàæåííÿ
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f : (BFn
ω , τ) → D(ω) çà ôîðìóëîþ

(α)f =

 0, ÿêùî α ∈ Us0;

i, ÿêùî α = αi äëÿ äåÿêîãî i ∈ N.

Çà òåîðåìîþ 2.2.1 ìíîæèíà Us0 ¹ âiäêðèòî-çàìêíåíîþ â ïðîñòîði (BFn
ω , τ),

à îòæå, òàê âèçíà÷åíå âiäîáðàæåííÿ f íåïåðåðâíå. Îäíàê îáðàç (BFn
ω )f

íåñêií÷åííèé, à îòæå, íå ¹ êîìïàêòíîþ ïiäìíîæèíîþ äèñêðåòíîãî ïðîñòîðó

D(ω), ïðîòèði÷÷ÿ. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ iìïëiêàöiÿ (4)⇒(1).

Çà òâåðäæåííÿì 2.2.5 íàïiâãðóïà BFn
ω ìà¹ ïîäiáíå çàìèêàííÿ â T1-

íàïiâòîïîëîãi÷íié íàïiâãðóïi ÿê i áiöèêëi÷íèé ìîíî¨ä (äèâ. [57] i [67]), λ-

ïîëiöèêëi÷íèé ìîíî¨ä [56], ãðàôîâi iíâåðñíi íàïiâãðóïè [54,136], íàïiâãðóïè

ÌàêÊàëiñòåðà [55], ëîêàëüíî êîìïàêòíi íàïiâòîïîëîãi÷íi 0-áiïðîñòi iíâåð-

ñíi ω-íàïiâãðóïè ç êîìïàêòíîþ ìàêñèìàëüíîþ ïiäãðóïîþ [86], òà iíøi äè-

ñêðåòíi íàïiâãðóïè ái¹êòèâíèõ ÷àñòêîâèõ ïåðåòâîðåíü, ÿêi äîñëiäæóâàëèñÿ

â ïðàöÿõ [16,60,61,87,91,97,103,104,106].

Òâåðäæåííÿ 2.2.5. Íåõàé n � íåâiä'¹ìíå öiëå ÷èñëî. ßêùî S � T1-íàïiâ-

òîïîëîãi÷íà íàïiâãðóïà, ÿêà ìiñòèòü BFn
ω ÿê ùiëüíó âëàñíó ïiäíàïiâãðó-

ïó, òî I = (S \BFn
ω ) ∪ {0} � iäåàë íàïiâãðóïè S.

Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíèé åëåìåíò ν ∈ I. ßêùî χ · ν = ζ /∈ I

äëÿ äåÿêîãî åëåìåíòà χ ∈ BFn
ω , òî iñíó¹ âiäêðèòèé îêië U(ν) òî÷êè ν â

òîïîëîãi÷íîìó ïðîñòîði S òàêèé, ùî

{χ} · U(ν) = {ζ} ⊂ BFn
ω \ {0}.

Çà ëåìîþ 2.1.4 âiäêðèòèé îêië U(ν) ìiñòèòü ñêií÷åííó êiëüêiñòü åëåìåíòiâ

íàïiâãðóïè BFn
ω , à öå ñóïåðå÷èòü íàøîìó ïðèïóùåííþ. Îòæå, χ ·ν ∈ I äëÿ

âñiõ åëåìåíòiâ χ ∈ BFn
ω i ν ∈ I. Äîâåäåííÿ òâåðäæåííÿ, ùî ν · χ ∈ I äëÿ

âñiõ åëåìåíòiâ χ ∈ BFn
ω i ν ∈ I àíàëîãi÷íå.
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Ïðèïóñòèìî, ùî χ · ν = µ /∈ I äëÿ äåÿêèõ åëåìåíòiâ χ, ν ∈ I. Òîäi

µ ∈ BFn
ω i ç íàðiçíî íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â S âèïëèâà¹, ùî

iñíóþòü âiäêðèòi îêîëè U(χ) i U(ν) òî÷îê χ i ν ó òîïîëîãi÷íîìó ïðîñòîði

S, âiäïîâiäíî, òàêi, ùî

{χ} · U(ν) = {µ} i U(χ) · {ν} = {µ}.

Ïîçàÿê îêîëè U(χ) i U(ν) ìiñòÿòü íåñêií÷åííó êiëüêiñòü åëåìåíòiâ íàïiâ-

ãðóïè BFn
ω , òî ðiâíîñòi

{χ} · U(ν) = {µ} i U(χ) · {ν} = {µ}

íå âèêîíóþòüñÿ, îñêiëüêè {χ}·
(
U(ν) ∩BFn

ω

)
⊆ I. Ç îòðèìàíî¨ ñóïåðå÷íîñòi

âèïëèâà¹, ùî χ · ν ∈ I.

Äëÿ äîâiëüíîãî ÷èñëà k ∈ {0, 1, . . . , n+ 1} ïîêëàäåìî

Dk =
{
α ∈ I n+1

ω (−−→conv) : rankα = k
}
.

Ç òâåðäæåííÿ 2.1.1(9) i òåîðåìè 2.1.5 âèïëèâà¹, ùî

D = {Dk : k = 0, 1, . . . , n+ 1}

¹ ñiì'¹þ óñiõ D-êëàñiâ íàïiâãðóïè I n+1
ω (−−→conv).

Òâåðäæåííÿ 2.2.6 îïèñó¹ íàðiñò àëãåáðè÷íî¨ ñòðóêòóðè ïðè òîïîëîãi÷-

íîìó çàìèêàííi íàïiâãðóïè I n+1
ω (−−→conv) â T1-íàïiâòîïîëîãi÷íié íàïiâãðóïi

S, ÿêà ìiñòèòü ¨¨ ÿê âëàñíó ïiäíàïiâãðóïó.

Òâåðäæåííÿ 2.2.6. Íåõàé n � íåâiä'¹ìíå öiëå ÷èñëî. ßêùî S � T1-íàïiâ-

òîïîëîãi÷íà íàïiâãðóïà, ÿêà ìiñòèòü íàïiâãðóïó I n+1
ω (−−→conv) ÿê ùiëüíó

âëàñíó ïiäíàïiâãðóïó, òî χ ·χ = 0 äëÿ âñiõ åëåìåíòiâ χ ∈ S \I n+1
ω (−−→conv).

Äîâåäåííÿ. Ç ëåìè 1.2.16 âèïëèâà¹, ùî åëåìåíò 0 íàïiâãðóïèI n+1
ω (−−→conv)

¹ íóëåì íàïiâãðóïè S.

Çàôiêñó¹ìî äîâiëüíèé åëåìåíò χ ∈ S\I n+1
ω (−−→conv) i äîâiëüíèé âiäêðèòèé

îêië U(χ) òî÷êè χ â òîïîëîãi÷íîìó ïðîñòîði S. Îñêiëüêè BFn
ω � ùiëüíà
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âëàñíà ïiäíàïiâãðóïà íàïiâãðóïè S, òî ìíîæèíà U(χ)∩ (I n+1
ω (−−→conv) \ {0})

íåñêií÷åííà. Ïîçàÿê ñiì'ÿ D ñêií÷åííà, òî iñíó¹ ÷èñëî i ∈ {1, . . . , n + 1}
òàêå, ùî ìíîæèíà U(χ)∩Di íåñêií÷åííà. Çâiäñè òà ç îçíà÷åííÿ íàïiâãðóïè

I n+1
ω (−−→conv) âèïëèâà¹, ùî ïðèíàéìíi îäíà iç ñiìåé

domDiU(χ) = {domα : α ∈ U(χ) ∩Di}

àáî

ranDiU(χ) = {ranα : α ∈ U(χ) ∩Di}

íåñêií÷åííà. Ïðèïóñòèìî, ùî ñiì'ÿ domDiU(χ) íåñêií÷åííà. Òîäi ç îçíà÷åí-

íÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà I n+1
ω (−−→conv) âèïëèâà¹, ùî iñíó¹ íåñêií÷åííà

êiëüêiñòü åëåìåíòiâ β ∈ U(χ)∩I n+1
ω (−−→conv) òàêèõ, ùî 0 ∈ β ·U(χ), i îñêiëü-

êè S � T1-ïðîñòið, òî ìà¹ìî, ùî β · χ = 0 äëÿ òàêèõ åëåìåíòiâ β. Òàêîæ, ç

íåñêií÷åííîñòi ìíîæèíè domDiU(χ) é îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà

íàïiâãðóïi I n+1
ω (−−→conv) âèïëèâà¹ iñíóâàííÿ íåñêií÷åííî¨ êiëüêîñòi åëåìåí-

òiâ γ ∈ U(χ)∩I n+1
ω (−−→conv) òàêèõ, ùî 0 ∈ U(χ) ·γ. Îñêiëüêè S � T1-ïðîñòið,

òî îòðèìó¹ìî, ùî χ · γ = 0 äëÿ òàêèõ åëåìåíòiâ γ. Ó âèïàäêó, êîëè ñiì'ÿ

ranDiU(χ) íåñêií÷åíà àíàëîãi÷íî îòðèìó¹ìî, ùî iñíó¹ íåñêií÷åííà êiëü-

êiñòü åëåìåíòiâ β, γ ∈ U(χ) ∩ I n+1
ω (−−→conv) òàêèõ, ùî

β · χ = 0 i χ · γ = 0.

Îòæå, ìè äîâåëè, ùî 0 ∈ V (χ) · χ i 0 ∈ χ · V (χ) äëÿ äîâiëüíîãî âiä-

êðèòîãî îêîëó V (χ) òî÷êè χ â òîïîëîãi÷íîìó ïðîñòîði S. Îñêiëüêè S ¹

T1-ïðîñòîðîì, òî çâiäñè âèïëèâà¹ ðiâíiñòü χ · χ = 0 äëÿ âñiõ åëåìåíòiâ

χ ∈ S \BFn
ω .

Ïîçàÿê çà òåîðåìîþ 2.1.5 íàïiâãðóïà I n+1
ω (−−→conv) içîìîðôíà íàïiâãðóïi

BFn
ω , òî ç òâåðäæåííÿ 2.2.6 âèïëèâà¹ íàñëiäîê 2.2.7.

Íàñëiäîê 2.2.7. Íåõàé n � íåâiä'¹ìíå öiëå ÷èñëî. ßêùî S � T1-íàïiâ-

òîïîëîãi÷íà íàïiâãðóïà, ÿêà ìiñòèòü íàïiâãðóïó BFn
ω ÿê ùiëüíó âëàñíó

ïiäíàïiâãðóïó, òî χ · χ = 0 äëÿ âñiõ åëåìåíòiâ χ ∈ S \BFn
ω .
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2.3. Âèñíîâêè äî ðîçäiëó 2

Ó öüîìó ðîçäiëi äîñëiäæó¹òüñÿ íàïiâãðóïà BFn
ω , ÿêà ïðåäñòàâëåíà ó

ïðàöi [11], ó âèïàäêó êîëè ω-çàìêíóòà ñiì'ÿ Fn ïîðîäæåíà ìíîæèíîþ

{0, 1, . . . , n}. Ïiäðîçäië 2.1 ïðèñâÿ÷åíèé âèâ÷åííþ àëãåáðè÷íèõ âëàñòèâî-

ñòåé íàïiâãðóïè BFn
ω , à ñàìå îïèñàíî âiäíîøåííÿ €ðiíà, äîâåäåíî, ùî âiä-

íîøåííÿ €ðiíà D i J çáiãàþòüñÿ íà íàïiâãðóïi BFn
ω , íàïiâãðóïà BFn

ω içî-

ìîðôíà íàïiâãðóïi I n+1
ω (−−→conv) îïóêëèõ ÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôi-

çìiâ ìíîæèíè (ω,⩽) ðàíãó ⩽ n + 1, i íà BFn
ω iñíóþòü ëèøå êîíãðóåíöi¨

Ðiñà.

Ïiäðîçäië 2.2 ïðèñâÿ÷åíèé òîïîëîãiçàöi¨ íàïiâãðóïè BFn
ω . Çîêðåìà, äî-

âåäåíî, ùî äëÿ äîâiëüíî¨ òðàíñëÿöiéíî-íåïåðåðâíî¨ T1-òîïîëîãi¨ τ íà BFn
ω

êîæíèé íåíóëüîâèé åëåìåíò íàïiâãðóïè BFn
ω ¹ içîëüîâàíîþ òî÷êîþ â òîïî-

ëîãi÷íîìó ïðîñòîði (BFn
ω , τ), íà BFn

ω iñíó¹ ¹äèíà êîìïàêòíà òðàíñëÿöiéíî-

íåïåðåðâíà T1-òîïîëîãiÿ, i êîæíà D(ω)-êîìïàêòíà òðàíñëÿöiéíî-íåïåðåð-

âíà T1-òîïîëîãiÿ êîìïàêòíà. Îïèñàíî íàðiñò àëãåáðè÷íî¨ ñòðóêòóðè ïðè òî-

ïîëîãi÷íîìó çàìèêàííi íàïiâãðóïè I n+1
ω (−−→conv) â T1-íàïiâòîïîëîãi÷íié íà-

ïiâãðóïi S, ÿêà ìiñòèòü ¨¨ ÿê âëàñíó ïiäíàïiâãðóïó.
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ÐÎÇÄIË 3

ÅÍÄÎÌÎÐÔIÇÌÈ ÍÀÏIÂÃÐÓÏÈ BFn
ω

3.1. Ií'¹êòèâíi åíäîìîðôiçìè íàïiâãðóïè BFn
ω

Òâåðäæåííÿ 3.1.1. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n i äîâiëüíîãî

÷èñëà p ∈ ω âiäîáðàæåííÿ ep : B
Fn
ω → BFn

ω âèçíà÷åíå çà ôîðìóëàìè

(0)ep = 0 i

(i, j, [0; k])ep = (p+ i, p+ j, [0; k]),

¹ åíäîìîðôiçìîì íàïiâãðóïè BFn
ω .

Äîâåäåííÿ. Î÷åâèäíî, ùî

(0)ep · (0)ep = 0 · 0 = 0 = (0)ep = (0 · 0)ep

i

(0)ep · (i, j, [0; k])ep = 0 · (p+ i, p+ j, [0; k]) =

= 0 =

= (0)ep =

= (0 · (i, j, [0; k]))ep;

(i, j, [0; k])ep · (0)ep = (p+ i, p+ j, [0; k]) · 0 =

= 0 =

= (0)ep =

= ((i, j, [0; k]) · 0)ep,

äëÿ äîâiëüíîãî íåíóëüîâîãî åëåìåíòà (i, j, [0; k]) íàïiâãðóïè BFn
ω . Òàêîæ

äëÿ íåíóëüîâèõ åëåìåíòiâ (i1, j1, [0; k1]) i (i2, j2, [0; k2]) íàïiâãðóïèBFn
ω îòðè-

ìó¹ìî, ùî

(i1, j1, [0; k1])ep·(i2, j2, [0; k2])ep=(p+i1, p+j1, [0; k1])·(p+i2, p+j2, [0; k2])=
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=



(p+i1−(p+j1)+p+i2, p+j2, (p+j1−(p+i2)+[0; k1])∩[0; k2]),
ÿêùî p+ j1 < p+ i2;

(p+ i1, p+ j2, [0; k1] ∩ [0; k2]), ÿêùî p+ j1 = p+ i2;

(p+i1, p+j1−(p+i2)+p+j2, [0; k1]∩(p+i2−(p+j1)+[0; k2])),

ÿêùî p+j1>p+i2

=


(p+i1−j1+i2, p+j2, (j1−i2+[0; k1])∩[0; k2]), ÿêùî j1<i2;

(p+i1, p+j2, [0; k1]∩[0; k2]), ÿêùî j1=i2;

(p+i1, p+j1−i2+j2, [0; k1]∩(i2−j1+[0; k2])), ÿêùî j1>i2

i

((i1, j1, [0; k1]) · (i2, j2, [0; k2]))ep =

=


(i1 − j1 + i2, j2, (j1 − i2 + [0; k1]) ∩ [0; k2])ep, ÿêùî j1 < i2;

(i1, j2, [0; k1] ∩ [0; k2])ep, ÿêùî j1 = i2;

(i1, j1 − i2 + j2, [0; k2] ∩ (i2 − j1 + [0; k2]))ep, ÿêùî j1 > i2

=


(p+ i1 − j1 + i2, p+ j2, (j1 − i2 + [0; k1]) ∩ [0; k2]), ÿêùî j1 < i2;

(p+ i1, p+ j2, [0; k1] ∩ [0; k2]), ÿêùî j1 = i2;

(p+ i1, p+ j1 − i2 + j2, [0; k2] ∩ (i2 − j1 + [0; k2])), ÿêùî j1 > i2,

òî âiäîáðàæåííÿ ep ¹ åíäîìîðôiçìîì íàïiâãðóïè BFn
ω .

Çà òåîðåìîþ 2.1.5 äëÿ äîâiëüíîãî ÷èñëà n ∈ ω íàïiâãðóïàBFn
ω içîìîðô-

íà íàïiâãðóïi I n+1
ω (−−→conv) ñòîñîâíî âiäîáðàæåííÿ I : BFn

ω → I n+1
ω (−−→conv),

ÿêå âèçíà÷åíå çà ôîðìóëàìè (0)I = 0 i

(i, j, [0; k])I =
(
i i+1 ··· i+k
j j+1 ··· j+k

)
.

Çâiäñè òà ç òâåðäæåííÿ 3.1.1 âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 3.1.2. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n i äîâiëüíîãî ÷èñëà

p ∈ ω âiäîáðàæåííÿ ep : I n
ω (

−−→conv) → I n
ω (

−−→conv) âèçíà÷åíå çà ôîðìóëàìè

(0)ep = 0 i(
i i+1 ··· i+k
j j+1 ··· j+k

)
ep =

(
p+i p+i+1 ··· p+i+k
p+j p+j+1 ··· p+j+k

)
, k ∈ {0, . . . , n− 1},
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¹ åíäîìîðôiçìîì íàïiâãðóïè I n
ω (

−−→conv).

Äàëi ìè äîñëiäæóâàòèìåìî åíäîìîðôiçìè íàïiâãðóïè I n
ω (

−−→conv).

Ëåìà 3.1.3. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî é a � äîâiëüíèé íåàíó-

ëþþ÷èé åíäîìîðôiçì íàïiâãðóïè I n
ω (

−−→conv). Òîäi (0)a = 0.

Äîâåäåííÿ. Ïðèïóñòèìî ïðîòèëåæíå: (0)a = e ̸= 0. Çà òåîðåìîþ 2.1.12

îáðàç íàïiâãðóïè I n
ω (

−−→conv) ñòîñîâíî åíäîìîðôiçìó a içîìîðôíèé íàïiâãðó-

ïi I m
ω (−−→conv) äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà m ⩽ n. Îòæå, ïiäíàïiâãðóïà

(I n
ω (

−−→conv))a íàïiâãðóïè I n
ω (

−−→conv) ìà¹ íåñêií÷åííó êiëüêiñòü iäåìïîòåíòiâ.

Îäíàê çà òåîðåìîþ 2.1.5 i ëåìîþ 2.1.2 ìíîæèíà ↑≼e = (I n
ω (

−−→conv))a ñêií÷åí-

íà, ïðîòèði÷÷ÿ. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ ðiâíiñòü (0)a = 0.

Ç ëåìè 3.1.3 âèïëèâà¹ íàñëiäîê 3.1.4.

Íàñëiäîê 3.1.4. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî é a � åíäîìîðôiçì

íàïiâãðóïè I n
ω (

−−→conv). ßêùî (0)a ̸= 0, òî a � àíóëþþ÷èé åíäîìîðôiçì.

Ëåìà 3.1.5. Íåõàé n � íàòóðàëüíå ÷èñëî ⩾ 2 i a � äîâiëüíèé íåàíóëþþ÷èé

åíäîìîðôiçì íàïiâãðóïè I n
ω (

−−→conv). ßêùî ( 00 ) a = ( 00 ), òî a ¹ òîòîæíèì

àâòîìîðôiçìîì íàïiâãðóïè I n
ω (

−−→conv).

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî çâóæåííÿ åíäîìîðôiçìó a íà íàïiâ-

 ðàòêó E(I n
ω (

−−→conv)) ¹ òîòîæíèì âiäîáðàæåííÿì.

Ç îçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó ≼ íà íàïiâ ðàòöi

E(I n
ω (

−−→conv)) âèïëèâà¹, ùî

↑≼ ( 00 ) =
{
( 00 ) , (

0 1
0 1 ) , . . . ,

(
0 1 ··· n−1
0 1 ··· n−1

)}
.

Çà òâåðäæåííÿì 1.2.5(6) êîæíèé ãîìîìîðôiçì iíâåðñíèõ íàïiâãðóï çáåðiãà¹

ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê, à îòæå, ( 00 ) a ≼ ( 0 1
0 1 ) a, îñêiëüêè (

0
0 ) ≼ ( 0 1

0 1 ).

Òàêîæ çà òâåðäæåííÿì 2.1.10 êîæíà êîíãðóåíöiÿ íà íàïiâãðóïi

I n
ω (

−−→conv) ¹ êîíãðóåíöi¹þ Ðiñà, çâiäêè âèïëèâà¹, ùî ( 00 ) a ̸= ( 0 1
0 1 ) a. Îò-

æå, îòðèìó¹ìî, ùî ( 0 1
0 1 ) a = ( 0 1

0 1 ). Ïîäiáíî çà iíäóêöi¹þ îòðèìó¹ìî, ùî

( 0 1 ··· k
0 1 ··· k ) a = ( 0 1 ··· k

0 1 ··· k ) äëÿ äîâiëüíîãî ÷èñëà k ∈ {2, . . . , n− 1}.
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Ç îçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó ≼ íà íàïiâ ðàòöi

E(I n
ω (

−−→conv)) âèïëèâà¹, ùî 0 ≼ ( 11 ) ≼ ( 0 1
0 1 ). Ç âèùå íàâåäåíî¨ ÷àñòèíè

äîâåäåííÿ, ëåìè 3.1.3 i òâåðäæåííÿ 2.1.10 âèïëèâà¹, ùî

0 = (0)a ≼ ( 11 ) a ≼ ( 0 1
0 1 ) a = ( 0 1

0 1 ) .

Çíîâó ç îçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó ≼ íà íàïiâ ðàòöi

E(I n
ω (

−−→conv)) îòðèìó¹ìî, ùî ç íåðiâíîñòåé 0 ≼ x ≼ ( 0 1
0 1 ) âèïëèâà¹, ùî àáî

x = ( 00 ), àáî x = ( 11 ). Òîäi çà òâåðäæåííÿì 2.1.10 ìà¹ìî, ùî ( 11 ) a = ( 11 ). Ç

àíàëîãi÷íèõ ìiðêóâàíü i óìîâ

( 11 ) = ( 11 ) a ≼ ( 1 2
1 2 ) a ≼ ( 0 1 2

0 1 2 ) a = ( 0 1 2
0 1 2 )

âèïëèâà¹, ùî ( 1 2
1 2 ) a = ( 1 2

1 2 ). Äàëi çà iíäóêöi¹þ îòðèìó¹ìî, ùî(
1 2 ··· k+1
1 2 ··· k+1

)
a =

(
1 2 ··· k+1
1 2 ··· k+1

)
äëÿ äîâiëüíîãî ÷èñëà k ∈ {2, . . . , n− 1}.

Çàóâàæèìî, ùî äîâåäåííÿ êðîêó iíäóêöi¨:

ç òîãî, ùî ðiâíîñòi

( pp ) = ( pp ) a,
(
p p+1
p p+1

)
=

(
p p+1
p p+1

)
a, . . . ,(

p p+1 ··· p+n−1
p p+1 ··· p+n−1

)
=

(
p p+1 ··· p+n−1
p p+1 ··· p+n−1

)
a

âèêîíóþòüñÿ äëÿ p ⩽ m, âèïëèâà¹, ùî öi ðiâíîñòi âèêîíóþòüñÿ

äëÿ p = m+ 1,

àíàëîãi÷íå äî âèùå íàâåäåíî¨ ÷àñòèíè äîâåäåííÿ.

Çàôiêñó¹ìî äîâiëüíå ÷àñòêîâå ïåðåòâîðåííÿ x∈I n
ω (

−−→conv)\E(I n
ω (

−−→conv))

ç rankx = k, k ∈ {1, . . . , n}. Ïîçàÿê x � îïóêëèé ÷àñòêîâèé ïîðÿäêîâèé

içîìîðôiçì ëiíiéíî âïîðÿäêîâàíî¨ ìíîæèíè (ω,⩽), òî iñíóþòü ÷èñëà s, t ∈
ω òàêi, ùî x =

(
s s+1 ··· s+k−1
t t+1 ··· t+k−1

)
. Ïîçàÿê xx−1,x−1x ∈ E(I n

ω (
−−→conv)), òî çà

òâåðäæåííÿì 1.2.5(1) îòðèìó¹ìî, ùî

(x)a · ((x)a)−1 = (x)a · (x−1)a =
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= (xx−1)a =

= xx−1 =

=
(
s s+1 ··· s+k−1
t t+1 ··· t+k−1

) (
s s+1 ··· s+k−1
t t+1 ··· t+k−1

)−1
=

=
(
s s+1 ··· s+k−1
t t+1 ··· t+k−1

) (
t t+1 ··· t+k−1
s s+1 ··· s+k−1

)
=

=
(
s s+1 ··· s+k−1
s s+1 ··· s+k−1

)
i

((x)a)−1 · (x)a = (x−1)a · (x)a =

= (x−1x)a =

= x−1x =

=
(
s s+1 ··· s+k−1
t t+1 ··· t+k−1

)−1 ( s s+1 ··· s+k−1
t t+1 ··· t+k−1

)
=

=
(
t t+1 ··· t+k−1
s s+1 ··· s+k−1

) (
s s+1 ··· s+k−1
t t+1 ··· t+k−1

)
=

=
(
t t+1 ··· t+k−1
t t+1 ··· t+k−1

)
.

Ç âèùå íàâåäåíèõ ðiâíîñòåé âèïëèâà¹, ùî

dom((x)a) = dom((x)a · ((x)a)−1) = {s, . . . , s+ k − 1}

i

ran((x)a) = dom(((x)a)−1 · (x)a) = {t, . . . , t+ k − 1}.

Ïîçàÿê (x)a � îïóêëèé ÷àñòêîâèé ïîðÿäêîâèé içîìîðôiçì ëiíiéíî âïîðÿä-

êîâàíî¨ ìíîæèíè (ω,⩽), òî (x)a =
(
s s+1 ··· s+k−1
t t+1 ··· t+k−1

)
, ùî çàâåðøó¹ äîâåäåííÿ

ëåìè.

Äëÿ âiçóàëüíîãî ñïðîùåííÿ äîâåäåííÿ òåîðåìè 3.1.6, ñõåìàòè÷íî çîáðà-

çèìî ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà íàïiâ ðàòöiE(I n
ω (

−−→conv)) íà ðèñ. 3.1.

Äëÿ äîâiëüíîãî ÷èñëà i0 ∈ ω îçíà÷èìî åíäîìîðôiçì ei0 : I n
ω (

−−→conv) →
I n

ω (
−−→conv) òàê

(0)ei0 = 0,
(
i
j

)
ei0 =

(
i+i0
j+i0

)
,
(
i i+1
j j+1

)
ei0 =

(
i+i0 i+1+i0
j+i0 j+1+i0

)
, . . . ,(

i i+1 ··· i+n−1
j j+1 ··· j+n−1

)
ei0 =

(
i+i0 i+1+i0 ··· i+n−1+i0
j+i0 j+1+i0 ··· j+n−1+i0

)
.
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0

(
0
0

) (
1
1

) (
2
2

) (
3
3

)
· · ·

· · ·

(
i0−1
i0−1

) (
i0
i0

) (
i0+1
i0+1

)
· · ·

· · ·

(
0 1
0 1

) (
1 2
1 2

) (
2 3
2 3

) (
3 4
3 4

)
· · ·

(
i0−1 i0
i0−1 i0

) (
i0 i0+1
i0 i0+1

) (
i0+1 i0+2
i0+1 i0+2

)
· · ·

(
0 1 2
0 1 2

) (
1 2 3
1 2 3

) (
2 3 4
2 3 4

) (
3 4 5
3 4 5

)
· · ·

(
i0−1 i0 i0+1
i0−1 i0 i0+1

) (
i0 i0+1 i0+2
i0 i0+1 i0+2

) (
i0+1 i0+2 i0+3
i0+1 i0+2 i0+3

)
· · ·

(
0 1 2 3
0 1 2 3

) (
1 2 3 4
1 2 3 4

) (
2 3 4 5
2 3 4 5

) (
3 4 5 6
3 4 5 6

)
· · ·

(
i0−1 ··· i0+2
i0−1 ··· i0+2

) (
i0 ··· i0+3
i0 ··· i0+3

) (
i0+1 ··· i0+4
i0+1 ··· i0+4

)
· · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

(
0 1 ··· n−2
0 1 ··· n−2

) (
1 2 ··· n−1
1 2 ··· n−1

) (
2 3 ··· n
2 3 ··· n

) (
3 4 ··· n+1
3 4 ··· n+1

)
· · ·

(
i0−1 ··· i0+n−3
i0−1 ··· i0+n−3

) (
i0 ··· i0+n−2
i0 ··· i0+n−2

) (
i0+1 ··· i0+n−1
i0+1 ··· i0+n−1

)
· · ·

(
0 1 ··· n−1
0 1 ··· n−1

) (
1 2 ··· n
1 2 ··· n

) (
2 3 ··· n+1
2 3 ··· n+1

) (
3 4 ··· n+2
3 4 ··· n+2

)
· · ·

(
i0−1 ··· i0+n−2
i0−1 ··· i0+n−2

) (
i0 ··· i0+n−1
i0 ··· i0+n−1

) (
i0+1 ··· i0+n
i0+1 ··· i0+n

)
· · ·

Ðèñ. 3.1. Ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà íàïiâ ðàòöi E(I n
ω (

−−→conv))

Òåîðåìà 3.1.6. Íåõàé n � äîâiëüíå íàòóðàëüíå ÷èñëî ⩾ 2. Äëÿ êîæíîãî

ií'¹êòèâíîãî åíäîìîðôiçìó a : I n
ω (

−−→conv) → I n
ω (

−−→conv) iñíó¹ ÷èñëî i0 ∈ ω

òàêå, ùî a = ei0.

Äîâåäåííÿ. Ç ëåìè 3.1.3 âèïëèâà¹, ùî (0)a = 0.

Î÷åâèäíî, ùî

M =
{(

i i+1 ··· i+n−1
i i+1 ··· i+n−1

)
: i ∈ ω

}
¹ ìíîæèíîþ óñiõ ìàêñèìàëüíèõ iäåìïîòåíòiâ íàïiâ ðàòêè E(I n

ω (
−−→conv)), i,

êðiì òîãî, êîæíèé ìàêñèìàëüíèé ëàíöþã íàïiâ ðàòêèE(I n
ω (

−−→conv)) ìiñòèòü

n+ 1 iäåìïîòåíò. Îòæå, îòðèìó¹ìî, ùî

L0 =
{
0, ( 00 ) , (

0 1
0 1 ) , . . . ,

(
0 1 ··· n−1
0 1 ··· n−1

)}
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i

L1 = {0, ( 11 ) , ( 1 2
1 2 ) , . . . , (

1 2 ··· n
1 2 ··· n )}

¹ ìàêñèìàëüíèìè ëàíöþãàìè â íàïiâ ðàòöi E(I n
ω (

−−→conv)). Ïîçàÿê a � ií'¹ê-

òèâíèé åíäîìîðôiçì íàïiâãðóïè I n
ω (

−−→conv), òî ç òâåðäæåííÿ 1.2.5(6) âè-

ïëèâà¹, ùî ãîìîìîðôíi îáðàçè (L0)a i (L1)a ¹ ìàêñèìàëüíèìè ëàíöþãàìè

â íàïiâ ðàòöi E(I n
ω (

−−→conv)).

Ïðèéìåìî (
0 1 ··· n−1
0 1 ··· n−1

)
a =

(
i0 i0+1 ··· i0+n−1
i0 i0+1 ··· i0+n−1

)
∈ M.

Ïîçàÿê

rank
(
1 ··· n−1
1 ··· n−1

)
= n− 1,

(
1 ··· n−1
1 ··· n−1

)
≼

(
0 1 ··· n−1
0 1 ··· n−1

)
i
(
1 ··· n−1
1 ··· n−1

)
≼ ( 1 2 ··· n

1 2 ··· n ) ,

òî ç îçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà íàïiâ ðàòöi E(I n
ω (

−−→conv))

i òâåðäæåííÿ 1.2.5(6) âèïëèâà¹, ùî àáî(
1 ··· n−1
1 ··· n−1

)
a =

(
i0 i0+1 ··· i0+n−2
i0 i0+1 ··· i0+n−2

)
,

àáî (
1 ··· n−1
1 ··· n−1

)
a =

(
i0+1 i0+2 ··· i0+n−1
i0+1 i0+2 ··· i0+n−1

)
.

Ïðèïóñòèìî, ùî (
1 ··· n−1
1 ··· n−1

)
a =

(
i0 i0+1 ··· i0+n−2
i0 i0+1 ··· i0+n−2

)
.

Ïîçàÿê ( 1 2 ··· n
1 2 ··· n ) ∈ M, òî ( 1 2 ··· n

1 2 ··· n ) a ∈ M, à òîäi ç îçíà÷åííÿ ïðèðîäíîãî

÷àñòêîâîãî ïîðÿäêó íà íàïiâ ðàòöi E(I n
ω (

−−→conv)) i ç òâåðäæåííÿ 1.2.5(6)

âèïëèâà¹, ùî

( 1 2 ··· n
1 2 ··· n ) a =

(
i0−1 i0 ··· i0+n−2
i0−1 i0 ··· i0+n−2

)
.

Çíîâó ç îçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà íàïiâ ðàòöi

E(I n
ω (

−−→conv)) i ç òâåðäæåííÿ 1.2.5(6) îòðèìó¹ìî, ùî

( 2 ··· n
2 ··· n ) a =

(
i0−1 i0 ··· i0+n−3
i0−1 i0 ··· i0+n−3

)
,
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îñêiëüêè

rank ( 2 ··· n
2 ··· n ) = n− 1 i ( 2 ··· n

2 ··· n ) ≼ ( 1 2 ··· n
1 2 ··· n ) .

Ïîçàÿê ( 2 ··· n
2 ··· n ) ≼

(
2 3 ··· n+1
2 3 ··· n+1

)
, òî ç âèùå íàâåäåíèõ àðãóìåíòiâ âèïëèâà¹,

ùî(
2 3 ··· n+1
2 3 ··· n+1

)
a =

(
i0−2 i0−1 ··· i0+n−3
i0−2 i0−1 ··· i0+n−3

)
i
(
3 ··· n+1
3 ··· n+1

)
a =

(
i0−2 i0−1 ··· i0+n−4
i0−2 i0−1 ··· i0+n−4

)
.

Äàëi êðîê çà êðîêîì ðîçøèðþ¹ìî îïèñàíó âèùå ïðîöåäóðó, âèêîðèñòî-

âóþ÷è îçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà íàïiâ ðàòöi

E(I n
ω (

−−→conv)) i çà òâåðäæåííÿì 1.2.5(6) îòðèìó¹ìî, ùî(
i0+1 ··· i0+n−1
i0+1 ··· i0+n−1

)
a =

(
0 1 ··· n−2
0 1 ··· n−2

)
i

(
i0 i0+1 ··· i0+n−1
i0 i0+1 ··· i0+n−1

)
a =

(
0 1 ··· n−1
0 1 ··· n−1

)
.

Ïîçàÿê a � ií'¹êòèâíèé åíäîìîðôiçì íàïiâãðóïè I n
ω (

−−→conv),(
i0+1 ··· i0+n−1
i0+1 ··· i0+n−1

)
≼

(
i0 i0+1 ··· i0+n−1
i0 i0+1 ··· i0+n−1

)
i (

i0+1 ··· i0+n−1
i0+1 ··· i0+n−1

)
≼

(
i0+1 i0+2 ··· i0+n
i0+1 i0+2 ··· i0+n

)
â íàïiâ ðàòöi E(I n

ω (
−−→conv)), òî ç òâåðäæåííÿ 1.2.5(6) âèïëèâà¹, ùî(
i0+1 ··· i0+n−1
i0+1 ··· i0+n−1

)
a ≼

(
i0 i0+1 ··· i0+n−1
i0 i0+1 ··· i0+n−1

)
a

i (
i0+1 ··· i0+n−1
i0+1 ··· i0+n−1

)
a ≼

(
i0+1 i0+2 ··· i0+n
i0+1 i0+2 ··· i0+n

)
a.

Îäíàê (
i0 i0+1 ··· i0+n−1
i0 i0+1 ··· i0+n−1

)
a =

(
0 1 ··· n−1
0 1 ··· n−1

)
� ¹äèíèé iäåìïîòåíò íàïiâ ðàòêè E(I n

ω (
−−→conv)), ÿêèé áiëüøèé çà iäåìïîòåíò(

i0+1 ··· i0+n−1
i0+1 ··· i0+n−1

)
a =

(
0 1 ··· n−2
0 1 ··· n−2

)
.

Ç îòðèìàíî¨ ñóïåðå÷íîñòi âèïëèâà¹, ùî(
1 ··· n−1
1 ··· n−1

)
a ̸=

(
i0 i0+1 ··· i0+n−2
i0 i0+1 ··· i0+n−2

)
,
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à îòæå, îòðèìó¹ìî, ùî
(
1 ··· n−1
1 ··· n−1

)
a =

(
i0+1 i0+2 ··· i0+n−1
i0+1 i0+2 ··· i0+n−1

)
.

Ç íåðiâíîñòi
(
0 1 ··· n−2
0 1 ··· n−2

)
≼

(
0 1 ··· n−1
0 1 ··· n−1

)
âèïëèâà¹, ùî(

0 1 ··· n−2
0 1 ··· n−2

)
a ≼

(
0 1 ··· n−1
0 1 ··· n−1

)
a,

à îòæå, ç îçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà íàïiâ ðàòöi

E(I n
ω (

−−→conv)), ií'¹êòèâíîñòi åíäîìîðôiçìó a, òâåðäæåííÿ 1.2.5(6) i ðiâíîñòi(
1 ··· n−1
1 ··· n−1

)
a =

(
i0+1 i0+2 ··· i0+n−1
i0+1 i0+2 ··· i0+n−1

)
âèïëèâà¹, ùî (

0 1 ··· n−2
0 1 ··· n−2

)
a =

(
i0 i0+1 ··· i0+n−2
i0 i0+1 ··· i0+n−2

)
.

Çíîâó, îñêiëüêè(
1 2 ··· n−2
1 2 ··· n−2

)
≼

(
1 2 ··· n−1
1 2 ··· n−1

)
i

(
1 2 ··· n−2
1 2 ··· n−2

)
≼

(
0 1 ··· n−2
0 1 ··· n−2

)
,

îòðèìó¹ìî, ùî(
1 2 ··· n−2
1 2 ··· n−2

)
a ≼

(
1 2 ··· n−1
1 2 ··· n−1

)
a i

(
1 2 ··· n−2
1 2 ··· n−2

)
a ≼

(
0 1 ··· n−2
0 1 ··· n−2

)
a.

Ç íàâåäåíèõ äâîõ íåðiâíîñòåé i ðiâíîñòåé(
1 ··· n−1
1 ··· n−1

)
a =

(
i0+1 i0+2 ··· i0+n−1
i0+1 i0+2 ··· i0+n−1

)
i

(
0 1 ··· n−2
0 1 ··· n−2

)
a =

(
i0 i0+1 ··· i0+n−2
i0 i0+1 ··· i0+n−2

)
âèïëèâà¹, ùî (

1 2 ··· n−2
1 2 ··· n−2

)
a =

(
i0+1 i0+2 ··· i0+n−2
i0+1 i0+2 ··· i0+n−2

)
.

Òåïåð, ÿêùî ïîâòîðèìî îïèñàíó âèùå ïðîöåäóðó êðîê çà êðîêîì, òî îòðè-

ìà¹ìî ðiâíîñòi(
0 1 ··· n−1
0 1 ··· n−1

)
a =

(
i0 i0+1 ··· i0+n−1
i0 i0+1 ··· i0+n−1

)
, ( 1 2 ··· n

1 2 ··· n ) a =
(
i0+1 i0+2 ··· i0+n
i0+1 i0+2 ··· i0+n

)
,(

0 1 ··· n−2
0 1 ··· n−2

)
a =

(
i0 i0+1 ··· i0+n−2
i0 i0+1 ··· i0+n−2

)
,

(
1 2 ··· n−1
1 2 ··· n−1

)
a =

(
i0+1 i0+2 ··· i0+n−1
i0+1 i0+2 ··· i0+n−1

)
,

· · · · · · · · · · · ·

( 0 1
0 1 ) a =

(
i0 i0+1
i0 i0+1

)
, ( 1 2

1 2 ) a =
(
i0+1 i0+2
i0+1 i0+2

)
,
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( 00 ) a =
(
i0
i0

)
, ( 11 ) a =

(
i0+1
i0+1

)
.

Òàêèì ÷èíîì, ìè äîâåëè, ùî âèêîíó¹òüñÿ ïî÷àòêîâèé êðîê iíäóêöi¨.

Äàëi äîâåäåìî, ùî âèêîíó¹òüñÿ êðîê iíäóêöi¨: ÿêùî ðiâíîñòi(
p p+1 ··· p+n−1
p p+1 ··· p+n−1

)
a =

(
p+i0 p+i0+1 ··· p+i0+n−1
p+i0 p+i0+1 ··· p+i0+n−1

)
,(

p p+1 ··· p+n−2
p p+1 ··· p+n−2

)
a =

(
p+i0 p+i0+1 ··· p+i0+n−2
p+i0 p+i0+1 ··· p+i0+n−2

)
,

· · · · · ·(
p p+1
p p+1

)
a =

(
p+i0 p+i0+1
p+i0 p+i0+1

)
,

( pp ) a =
(
p+i0
p+i0

)
âèêîíóþòüñÿ äëÿ ÷èñëà p ∈ {0, 1, . . . , k}, òî âîíè âèêîíóþòüñÿ i äëÿ p =

k + 1.

Çà ïðèïóùåííÿì iíäóêöi¨ ìà¹ìî, ùî(
k k+1 ··· k+n−1
k k+1 ··· k+n−1

)
a =

(
k+i0 k+i0+1 ··· k+i0+n−1
k+i0 k+i0+1 ··· k+i0+n−1

)
i (

k k+1 ··· k+n−2
k k+1 ··· k+n−2

)
a =

(
k+i0 k+i0+1 ··· k+i0+n−2
k+i0 k+i0+1 ··· k+i0+n−2

)
.

Ïîçàÿê åíäîìîðôiçì a � ií'¹êòèâíå âiäîáðàæåííÿ, òî çâiäñè, ç íåðiâíîñòåé(
k k+1 ··· k+n−2
k k+1 ··· k+n−2

)
≼

(
k k+1 ··· k+n−1
k k+1 ··· k+n−1

)
i (

k+1 k+2 ··· k+n−1
k+1 k+2 ··· k+n−1

)
≼

(
k k+1 ··· k+n−1
k k+1 ··· k+n−1

)
,

ç îçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà íàïiâ ðàòöi E(I n
ω (

−−→conv)),

òâåðäæåííÿ 1.2.5(6) âèïëèâà¹, ùî(
k+1 k+2 ··· k+n−1
k+1 k+2 ··· k+n−1

)
a =

(
k+i0+1 k+i0+2 ··· k+i0+n−1
k+i0+1 k+i0+2 ··· k+i0+n−1

)
.

Çíîâó, îñêiëüêè
(
k+1 k+2 ··· k+n
k+1 k+2 ··· k+n

)
¹äèíèé iäåìïîòåíò íàïiâ ðàòêè

E(I n
ω (

−−→conv)), ÿêèé áiëüøèé çà iäåìïîòåíò
(
k+1 k+2 ··· k+n−1
k+1 k+2 ··· k+n−1

)
i âiäìiííèé
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âiä iäåìïîòåíòà
(
k k+1 ··· k+n−1
k k+1 ··· k+n−1

)
, òî ç îçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïî-

ðÿäêó íà íàïiâ ðàòöi E(I n
ω (

−−→conv)) i òâåðäæåííÿ 1.2.5(6) âèïëèâà¹, ùî(
k+1 k+2 ··· k+n
k+1 k+2 ··· k+n

)
a =

(
k+i0+1 k+i0+2 ··· k+i0+n
k+i0+1 k+i0+2 ··· k+i0+n

)
.

Äàëi ç ðiâíîñòi(
k+1 k+2 ··· k+n−1
k+1 k+2 ··· k+n−1

)
a =

(
k+i0+1 k+i0+2 ··· k+i0+n−1
k+i0+1 k+i0+2 ··· k+i0+n−1

)
i âèùå íàâåäåíèõ àðãóìåíòiâ âèïëèâà¹, ùî(

k+1 k+2 ··· k+n−2
k+1 k+2 ··· k+n−2

)
a =

(
k+i0+1 k+i0+2 ··· k+i0+n−2
k+i0+1 k+i0+2 ··· k+i0+n−2

)
,

i àíàëîãi÷íî ïîåòàïíî îòðèìó¹ìî, ùî ðiâíîñòi(
k+1 k+2 ··· k+n
k+1 k+2 ··· k+n

)
a =

(
k+i0+1 k+i0+2 ··· k+i0+n
k+i0+1 k+i0+2 ··· k+i0+n

)
,(

k+1 k+2 ··· k+n−1
k+1 k+2 ··· k+n−1

)
a =

(
k+i0+1 k+i0+2 ··· k+i0+n−1
k+i0+1 k+i0+2 ··· k+i0+n−1

)
,

· · · · · ·(
k+1 k+2
k+1 k+2

)
a =

(
k+i0+1 k+i0+2
k+i0+1 k+i0+2

)
,(

k+1
k+1

)
a =

(
k+i0+1
k+i0+1

)
âèêîíóþòüñÿ, à îòæå, äîâåäåíî êðîê iíäóêöi¨.

Çàôiêñó¹ìî äîâiëüíèé íåiäåìïîòåíòíèé åëåìåíò x =
(
a a+1 ··· a+m
b b+1 ··· b+m

)
íà-

ïiâãðóïè I n
ω (

−−→conv), äëÿ äåÿêèõ ÷èñåë a, b ∈ ω i m ∈ {0, 1, . . . , n− 1}. Òîäi

xx−1 =
(
a a+1 ··· a+m
a a+1 ··· a+m

)
i x−1x =

(
b b+1 ··· b+m
b b+1 ··· b+m

)
,

à îòæå, çãiäíî ç ïîïåðåäíüîþ ÷àñòèíîþ äîâåäåííÿ, îòðèìó¹ìî, ùî

(xx−1)a =
(
i0+a i0+a+1 ··· i0+a+m
i0+a i0+a+1 ··· i0+a+m

)
i (x−1x)a =

(
i0+b i0+b+1 ··· i0+b+m
i0+b i0+b+1 ··· i0+b+m

)
.

Ïîçàÿê I n
ω (

−−→conv) � iíâåðñíà ïiäíàïiâãðóïà ñèìåòðè÷íîãî iíâåðñíîãî ìîíî-

¨äà Iω íàä ìíîæèíîþ ω, òî ðîáèìî âèñíîâîê, ùî

dom((x)a) = dom((xx−1)a) = {i0 + a, i0 + a+ 1, . . . , i0 + a+m}
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i

ran((x)a) = ran((x−1x)a) = {i0 + b, i0 + b+ 1, . . . , i0 + b+m} .

Òåïåð ç îçíà÷åííÿ íàïiâãðóïè I n
ω (

−−→conv) âèïëèâà¹, ùî

(x)a =
(
i0+a i0+a+1 ··· i0+a+m
i0+b i0+b+1 ··· i0+b+m

)
.

Çà íàñëiäêîì 3.1.2, a = ei0 � åíäîìîðôiçì íàïiâãðóïè I n
ω (

−−→conv), ùî i çà-

âåðøó¹ äîâåäåííÿ òåîðåìè.

Ç ëåìè 3.1.5 i òåîðåìè 3.1.6 âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 3.1.7. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ⩾ 2 êîæíèé àâ-

òîìîðôiçì íàïiâãðóïè I n
ω (

−−→conv) ¹ òîòîæíiì âiäîáðàæåííÿì íàïiâãðóïè

I n
ω (

−−→conv).

Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n i äîâiëüíèõ ií'¹êòèâíèõ åíäîìîð-

ôiçìiâ ei1 i ei2 íàïiâãðóïè I n
ω (

−−→conv) ïðîñòi îáðàõóíêè ïîêàçóþòü, ùî

ei1 ◦ ei2 = ei1+i2 = ei2 ◦ ei1.

Çâiäñè i ç òåîðåìè 3.1.6 âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 3.1.8. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ⩾ 2 íàïiâãðóïà

ií'¹êòèâíèõ åíäîìîðôiçìiâ íàïiâãðóïè I n
ω (

−−→conv) içîìîðôíà íàïiâãðóïi

(ω,+). Çîêðåìà, ãðóïà àâòîìîðôiçìiâ íàïiâãðóïè I n
ω (

−−→conv) òðèâiàëüíà.

Ïîçàÿê çà òåîðåìîþ 2.1.5 äëÿ äîâiëüíîãî ÷èñëà n ∈ ω íàïiâãðóïà BFn
ω

içîìîðôíà íàïiâãðóïi I n+1
ω (−−→conv), òî ç íàñëiäêó 3.1.7 i òåîðåìè 3.1.8 âè-

ïëèâàþòü òàêi äâà íàñëiäêè.

Íàñëiäîê 3.1.9. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n êîæíèé àâòîìîð-

ôiçì íàïiâãðóïè BFn
ω ¹ òîòîæíiì âiäîáðàæåííÿì íàïiâãðóïè BFn

ω .

Íàñëiäîê 3.1.10. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n íàïiâãðóïà ií'¹ê-

òèâíèé åíäîìîðôiçìiâ íàïiâãðóïèBFn
ω içîìîðôíà íàïiâãðóïi (ω,+). Çîêðå-

ìà, ãðóïà àâòîìîðôiçìiâ íàïiâãðóïè BFn
ω òðèâiàëüíà.
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3.2. Åíäîìîðôiçìè íàïiâãðóïè λ× λ-ìàòðè÷íèõ îäèíèöü Bλ

Äëÿ íåíóëüîâîãî êàðäèíàëà λ ïîçíà÷èìî ÷åðåç Sλ ãðóïó ái¹êòèâíèõ

ïåðåòâîðåíü êàðäèíàëà λ i ÷åðåç IT λ � íàïiâãðóïó ií'¹êòèâíèõ ïåðåòâîðåíü

êàðäèíàëà λ.

Òåîðåìà 3.2.1. Íàïiâãðóïà Endinj(Bλ) ií'¹êòèâíèõ åíäîìîðôiçìiâ íàïiâ-

ãðóïè λ × λ-ìàòðè÷íèõ îäèíèöü Bλ içîìîðôíà íàïiâãðóïi IT λ, i áiëüøå

òîãî, ãðóïà Aut(Bλ) àâòîìîðôiçìiâ íàïiâãðóïè Bλ içîìîðôíà ãðóïi Sλ.

Äîâåäåííÿ. Íåõàé e � ií'¹êòèâíèé åíäîìîðôiçì íàïiâãðóïè Bλ. Òîäi

(0)e = 0 i çâóæåííÿ åíäîìîðôiçìó e íà ìíîæèíó E(Bλ)\{0} ¹ ií'¹êòèâíèì
âiäîáðàæåííÿì, òîáòî iñíó¹ ií'¹êòèâíå ïåðåòâîðåííÿ ie : λ → λ òàêå, ùî

(a, a)e = ((a)ie, (a)ie) äëÿ äîâiëüíîãî åëåìåíòà a ∈ λ. Î÷åâèäíî, ùî ie ∈
IT λ. Ïîçàÿê êîìïîçèöiÿ e1 ◦ e2 äâîõ ií'¹êòèâíèõ åíäîìîðôiçìiâ e1 i e2 íà-

ïiâãðóïè Bλ ¹ ií'¹êòèâíèì åíäîìîðôiçìîì, òî

(a, a)(e1 ◦ e2) = ((a)ie1, (a)ie1)e2 = (((a)ie1)ie2, ((a)ie1)ie2),

à îòæå, ie1◦e2 = ie1 ◦ ie2 ¹ ií'¹êòèâíèì ïåðåòâîðåííÿì êðàäèíàëà λ. Çâiäñè

âèïëèâà¹, ùî òàê âèçíà÷åíå âiäîáðàæåííÿ

J : Endinj(Bλ) → IT λ, J : e 7→ ie

¹ ãîìîìîðôiçìîì. Äàëi äîâåäåìî, ùî ãîìîìîðôiçì J ¹ ñþð'¹êòèâíèì âiäîá-

ðàæåííÿì. Çàôiêñó¹ìî äîâiëüíå ií'¹êòèâíå âiäîáðàæåííÿ i : λ → λ. Ìè

ñòâåðäæó¹ìî, ùî âiäîáðàæåííÿ ei : Bλ → Bλ âèçà÷åíå çà ôîðìóëàìè

(a, b)ei = ((a)i, (b)i) äëÿ âñiõ a, b ∈ λ i (0)ei = 0,

¹ ií'¹êòèâíèì åíäîìîðôiçìîì íàïiâãðóïè Bλ. Ñïðàâäi, îñêiëüêè âiäîáðà-

æåííÿ i : λ → λ ií'¹êòèâíå, òî

(a, b)ei · (c, d)ei = ((a)i, (b)i) · ((c)i, (d)i) =



93

=

 ((a)i, (d)i), ÿêùî (b)i = (c)i;

0, ÿêùî (b)i ̸= (c)i
=

=

 (a, d)ei, ÿêùî b = c;

0, ÿêùî b ̸= c
=

= ((a, b) · (c, d))ei,

i

(a, b)ei · (0)ei = (a, b)ei · 0 = 0 = (0)ei =

= ((a, b) · 0)ei;

(0)ei · (a, b)ei = 0 · (a, b)ei = 0 = (0)ei =

= (0 · (a, b))ei;

(0)ei · (0)ei = 0 · 0 = 0 = (0)ei =

= (0 · 0)ei,

à îòæå, ei � åíäîìîðôiçì íàïiâãðóïè Bλ. Î÷åâèäíî, ùî ç ií'¹êòèâíîñòi

âiäîáðàæåííÿ i : λ → λ âèïëèâà¹, ùî åíäîìîðôiçì ei ¹ òàêîæ ií'¹êòèâíèì

âiäîáðàæåííÿì.

Ëåãêî äîâîäèòüñÿ, ÿêùî e � àâòîìîðôiçì íàïiâãðóïè Bλ, òî âiäîáðàæåí-

íÿ ie : λ → λ ái¹êòèâíå, i ç ái¹êòèâíîñòi âiäîáðàæåííÿ i : λ → λ âèïëèâà¹,

ùî ei � àâòîìîðôiçì íàïiâãðóïè Bλ. Öå çàâåðøó¹ äîâåäåííÿ îñòàííüîãî

òâåðäæåííÿ.

Íàãàäà¹ìî [62], ùî íàïiâãðóïà S íàçèâà¹òüñÿ íàïiâãðóïîþ ç ëiâèì (ïðà-

âèì) ñêîðî÷åííÿì, ÿêùî äëÿ óñiõ åëåìåíòiâ a, b, c ∈ S, ç ðiâíîñòi ab = ac

(ba = ca) âèïëèâà¹, ùî b = c. Î÷åâèäíî, ùî íàïiâãðóïà IT λ (à îòæå, íà-

ïiâãðóïà Endinj(Bλ)) ¹ íàïiâãðóïîþ ç ëiâèì ñêîðî÷åííÿì, àëå íàïiâãðóïà

IT λ íå ¹ íàïiâãðóïîþ ç ïðàâèì ñêîðî÷åííÿì.

Äîáðå âiäîìî, ùî íàïiâãðóïà λ×λ-ìàòðè÷íèõ îäèíèöü Bλ ¹ êîíãðóåíö-

ïðîñòîþ, òîáòî íàïiâãðóïà Bλ ìà¹ òiëüêè äâi êîíãðóåíöi¨: òîòîæíþ òà óíi-
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âåðñàëüíó. Çâiäñè âèïëèâà¹, ùî êîæíèé åíäîìîðôiçì íàïiâãðóïè Bλ ¹ àáî

ií'¹êòèâíèì (òîáòî, ¹ içîìîðôiçìîì �â�), àáî ¹ àíóëþþ÷èì.

×åðåç Endann(Bλ) ïîçíà÷èìî íàïiâãðóïó âñiõ àíóëþþ÷èõ åíäîìîðôiçìiâ

íàïiâãðóïè Bλ.

Î÷åâèäíî, ùî äëÿ êîæíîãî àíóëþþ÷îãî åíäîìîðôiçìó a íàïiâãðóïè Bλ

iñíó¹ iäåìïîòåíò x ∈ Bλ òàêèé, ùî (y)a = x äëÿ âñiõ y ∈ Bλ. Íàäàëi òàêèé

åíäîìîðôiçì ïîçíà÷àòèìåìî ÷åðåç ax. Çâiäñè âèïëèâà¹, ùî

Endann(Bλ) = {a0} ∪
{
a(a,a) : a ∈ λ

}
.

Î÷åâèäíî, ùî ìíîæèíà Endann(Bλ) ñòîñîâíî îïåðàöi¨ êîìïîçèöi¨ âiäîáðà-

æåíü ¹ íàïiâãðóïîþ ç ïðàâèì íóëüîâèì ìíîæåííÿì, íàïiâãðóïà Endann(Bλ)

¹ ïðîñòîþ çëiâà, à îòæå, ¹ ïðîñòîþ.

Äëÿ äîâiëüíèõ e ∈ Endinj(Bλ) i ax ∈ Endann(Bλ) ìà¹ìî, ùî

e ◦ ax = ax i ax ◦ e = a(x)e.

Íàâåäåíi âèùå àðãóìåíòè ïiäñóìó¹ìî â òàêié òåîðåìi.

Òåîðåìà 3.2.2. Íàïiâãðóïà End(Bλ) óñiõ åíäîìîðôiçìiâ íàïiâãðóïè λ×λ-

ìàòðè÷íèõ îäèíèöü Bλ ¹ äèç'þíêòíèì îá'¹äíàííÿì íàïiâãðóï Endinj(Bλ)

i Endann(Bλ). Áiëüøå òîãî, íàïiâãðóïà Endinj(Bλ) ¹ íàïiâãðóïîþ ç ëiâèì

ñêîðî÷åííÿì i íàïiâãðóïà Endann(Bλ) ¹ ìiíiìàëüíèì iäåàëîì íàïiâãðóïè

End(Bλ), ÿêà ¹ íàïiâãðóïîþ ç ïðàâèì íóëüîâèì ìíîæåííÿì.
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3.3. Åíäîìîðôiçìè àïiâãðóïè BFn
ω , ïîðîäæåíi êîíãóåíöiÿìè

Ðiñà

Çà òåîðåìîþ 2.1.5 äëÿ äîâiëüíîãî ÷èñëà n ∈ ω íàïiâãðóïàBFn
ω içîìîðô-

íà íàïiâãðóïi I n+1
ω (−−→conv) ñòîñîâíî âiäîáðàæåííÿ I : BFn

ω → I n+1
ω (−−→conv),

ÿêå âèçíà÷à¹òüñÿ çà ôîðìóëàìè (0)I = 0 i

(i, j, [0; k])I =
(
i i+1 ··· i+k
j j+1 ··· j+k

)
.

Íàäàëi ìè äîñëiäæóâàòèìåìî åíäîìîðôiçìè íàïiâãðóïè I n
ω (

−−→conv).

Çà òåîðåìîþ 2.1.11 äëÿ äîâiëüíîãî ÷èñëà n ∈ ω íà íàïiâãðóïi BFn
ω (à

îòæå, íà íàïiâãðóïi I n
ω (

−−→conv)) iñíóþòü ëèøå êîíãðóåíöi¨ Ðiñà. Áiëüøå òîãî,

çà òåîðåìîþ 2.1.12 äëÿ áóäü-ÿêîãî ãîìîìîðôiçìó h íàïiâãðóïè BFn
ω â íà-

ïiâãðóïó S ãîìîìîðôíèé îáðàç (BFn
ω )h ¹ àáî içîìîðôíèì íàïiâãðóïi BFk

ω

äëÿ äåÿêîãî k ∈ {0, 1, . . . , n}, àáî ¹ îäíîåëåìåíòíîþ ìíîæèíîþ. Òàêîæ ëå-

ìà 3.1.3 ñòâåðäæó¹, ÿêùî n � äîâiëüíå íàòóðàëüíå ÷èñëî é a � äîâiëüíèé

íåàíóëþþ÷èé åíäîìîðôiçì íàïiâãðóïè I n
ω (

−−→conv), òî (0)a = 0.

Çà òâåðäæåííÿì 2.1.9 äëÿ íåâiä'¹ìíîãî öiëîãî ÷èñëà n âiäîáðàæåííÿ

h0 : B
Fn
ω → BFn

ω âèçíà÷åíîãî çà ôîðìóëàìè (0)h0 = 0 i

(i, j, [0; k])h0 =

 0, ÿêùî k = 0;

(i, j, [0; k − 1]), ÿêùî k ∈ {1, . . . , n},

¹ åíäîìîðôiçìîì íàïiâãðóïè BFn
ω . Âèêîðèñòîâóþ÷è içîìîðôiçì I : BFn

ω →
I n+1

ω (−−→conv), îòðèìà¹ìî, ùî åíäîìîðôiçì h0 íàïiâãðóïè BFn
ω ïîðîäæó¹ åí-

äîìîðôiçì r1 : I m+1
ω (−−→conv) → I m

ω (−−→conv) (m ∈ N), ÿêèé âèçíà÷à¹òüñÿ çà

ôîðìóëàìè

(0)r1 = 0,
(
i
j

)
r1 = 0,(

i i+1
j j+1

)
r1 =

(
i
j

)
, . . . ,(

i ··· i+k−1 i+k
j ··· j+k−1 j+k

)
r1 =

(
i ··· i+k−1
j ··· j+k−1

)
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äëÿ âñiõ ÷èñåë i, j ∈ ω i k ∈ {1, . . . ,m}. Î÷åâèäíî, ùî òàê âèçíà÷åíèé åíäî-
ìîðôiçì r1 íàïiâãðóïè I m

ω (−−→conv) ïîðîäæó¹òüñÿ êîíãðóåíöi¹þ Ðiñà Cr1, ÿêà

ïîðîäæåíà iäåàëîì I 1
ω (
−−→conv). Òàêîæ äëÿ ÷èñëà p ∈ {1, . . . ,m} âiäîáðàæåí-

íÿ rp = r1 ◦ · · · ◦ r1︸ ︷︷ ︸
p−ðàçiâ

¹ åíäîìîðôiçìîì íàïiâãðóïè I m
ω (−−→conv) i åíäîìîðôiçì

rp ïîðîäæó¹òüñÿ êîíãðóåíöi¹þ Ðiñà Crp, ÿêà ïîðîäæåíà iäåàëîì I p
ω (
−−→conv)

íàïiâãðóïè I m
ω (−−→conv). Íàäàëi äëÿ ÷èñëà p ∈ {1, . . . ,m} âèùå âèçíà÷åíèé

åíäîìîðôiçì rp íàçèâàòèìåìî p-êàíîíi÷íèì åíäîìîðôiçìîì Ðiñà íàïiâãðó-

ïè I m
ω (−−→conv).

Äàëi ìè áóäåìî äîñëiäæóâàòè åíäîìîðôiçìè íàïiâãðóïè I n
ω (

−−→conv) äëÿ

äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n.

Çà íàñëiäêîì 3.1.2 äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n i äîâiëüíîãî

÷èñëà i0 ∈ ω âiäîáðàæåííÿ ei0 : I n
ω (

−−→conv) → I n
ω (

−−→conv) âèçíà÷åíå çà ôîð-

ìóëàìè (0)ei0 = 0 i(
i i+1 ··· i+k
j j+1 ··· j+k

)
ei0 =

(
i0+i i0+i+1 ··· i0+i+k
i0+j i0+j+1 ··· i0+j+k

)
, k ∈ {0, . . . , n− 1},

¹ åíäîìîðôiçìîì íàïiâãðóïè I n
ω (

−−→conv), i áiëüøå òîãî, öåé åíäîìîðôiçì ¹

ií'¹êòèâíèì. Î÷åâèäíî, ùî äëÿ äîâiëüíîãî ÷èñëà i0 ∈ ω åíäîìîðôiçì ei0

ïîðîäæó¹òüñÿ îäèíè÷íîþ êîíãðóåíöi¹þ íà íàïiâãðóïi I n
ω (

−−→conv). Òàêîæ çà

òåîðåìîþ 3.1.6 äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ⩾ 2 äëÿ êîæíîãî

ií'¹êòèâíîãî åíäîìîðôiçìó a : I n
ω (

−−→conv) → I n
ω (

−−→conv) iñíó¹ ÷èñëî i0 ∈ ω

òàêå, ùî a = ei0.

Çàôiêñó¹ìî äîâiëüíå ÷èñëî i0 ∈ ω. Òîäi îòðèìó¹ìî, ùî

((0)r1)ei0 = (0)ei0 = 0,((
i
j

)
r1
)
ei0 = (0)ei0 = 0,((

i i+1
j j+1

)
r1
)
ei0 =

(
i
j

)
ei0 =

(
i+i0
j+i0

)
,

. . . . . . ,((
i ··· i+k−1 i+k
j ··· j+k−1 k+k

)
r1
)
ei0 =

(
i ··· i+k−1
j ··· j+k−1

)
ei0 =

(
i+i0 ··· i+k−1+i0
j+i0 ··· j+k−1+i0

)
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i

((0)ei0)r1 = (0)r1 = 0,((
i
j

)
ei0
)
r1 =

(
i+i0
j+i0

)
r1 = 0,((

i i+1
j j+1

)
ei0
)
r1 =

(
i+i0 i+1+i0
j+i0 j+1+i0

)
r1 =

(
i+i0
j+i0

)
,

. . . . . . ,((
i ··· i+k−1 i+k
j ··· j+k−1 k+k

)
ei0
)
r1 =

(
i+i0 ··· i+k−1+i0 i+k+i0
j+i0 ··· j+k−1+i0 k+k+i0

)
r1 =

(
i+i0 ··· i+k−1+i0
j+i0 ··· j+k−1+i0

)
äëÿ âñiõ ÷èñåë i, j ∈ ω i k ∈ {1, . . . , n}. Çâiäñè âèïëèâà¹ ðiâíiñòü

ei0 ◦ r1 = r1 ◦ ei0.

Òîäi ç îçíà÷åííÿ p-êàíîíi÷íîãî åíäîìîðôiçìó Ðiñà r1 íàïiâãðóïèI n+1
ω (−−→conv)

âèïëèâà¹ ëåìà 3.3.1.

Ëåìà 3.3.1. Íåõàé n � íàòóðàëüíå ÷èñëî ⩾ 2. Òîäi äëÿ äîâiëüíèõ ÷è-

ñåë p ∈ {1, . . . , n − 1} òà i0 ∈ ω p-êàíîíi÷íèé åíäîìîðôiçì Ðiñà r1 òà

ií'¹êòèâíèé åíäîìîðôiçì ei0 íàïiâãðóïè I n
ω (

−−→conv) êîìóòóþòü, òîáòî

ei0 ◦ rp = rp ◦ ei0.

×åðåç End(I n
ω (

−−→conv)) ïîçíà÷èìî íàïiâãðóïó âñiõ åíäîìîðôiçìiâ íàïiâ-

ãðóïè I n
ω (

−−→conv). Âèçíà÷èìî

End1(I n
ω (

−−→conv)) =
{
a ∈ End(I n

ω (
−−→conv))|(I n

ω (
−−→conv))a ⊆ I 1

ω (
−−→conv)

}
.

Äîâåäåìî, ùî ìíîæèíà End1(I n
ω (

−−→conv)) ¹ iäåàëîì íàïiâãðóïè

End(I n
ω (

−−→conv)). Ñïðàâäi, íåõàé b ∈ End(I n
ω (

−−→conv)) i a ∈ End1(I n
ω (

−−→conv)).

Òîäi äëÿ äîâiëüíîãî åëåìåíòà α ∈ I n
ω (

−−→conv) ç îçíà÷åííÿ íàïiâãðóïè

I n
ω (

−−→conv) âèïëèâà¹, ùî

(α)(a ◦ b) ∈ ((I n
ω (

−−→conv))a)b ⊆ (I 1
ω (
−−→conv))b ⊆ I 1

ω (
−−→conv),

i

(α)(b ◦ a) ∈ ((I n
ω (

−−→conv))b)a ⊆ (I n
ω (

−−→conv))a ⊆ I 1
ω (
−−→conv).
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Íåõàé a ∈ End1(I n
ω (

−−→conv)). Çà òåîðåìàìè 2.1.5 i 2.1.12 ãîìîìîðôíèé

îáðàç (I n
ω (

−−→conv))a içîìîðôíèé íàïiâãðóïi I 1
ω (
−−→conv), ÿêà içîìîðôíà íàïiâ-

ãðóïi ω× ω-ìàòðè÷íèõ îäèíèöü Bω. Çâiäñè âèïëèâà¹, ùî iñíó¹ içîìîðôiçì

e : I 1
ω (
−−→conv) → (I n

ω (
−−→conv))a.

Òîäi îòðèìó¹ìî, ùî a = rn−1 ◦ e, äå rn−1 � (n− 1)-êàíîíi÷íèé åíäîìîðôiçì

Ðiñà íàïiâãðóïè I n
ω (

−−→conv).

Ïîçíà÷èìî

End∗(I n
ω (

−−→conv)) = End(I n
ω (

−−→conv)) \ End1(I n
ω (

−−→conv)).

Î÷åâèäíî, ùî a ∈ End∗(I n
ω (

−−→conv)) òîäi i ëèøå òîäi, êîëè

(I n
ω (

−−→conv))a ∩ (I 2
ω (
−−→conv) \ I 1

ω (
−−→conv)) ̸= ∅.

Íåõàé b ∈ End∗(I n
ω (

−−→conv)). Ç òåîðåì 2.1.5 i 2.1.12 i ðiâíîñòi | ran b| =
k âèïëèâà¹, ùî îáðàç (I n

ω (
−−→conv))b içîìîðôíèé íàïiâãðóïi I k

ω (
−−→conv) äëÿ

äåÿêîãî ÷èñëà k ∈ {2, 3, . . . , n}. Òîäi iñíó¹ içîìîðôiçì

ei0 : I k
ω (
−−→conv) → (I n

ω (
−−→conv))b

òàêèé, ùî

(I n
ω (

−−→conv))b = (I k
ω (
−−→conv))ei0.

Îòæå, b = ei0 ◦ rn−k, äå rn−k ¹ (n − k)-êàíîíi÷íèì åíäîìîðôiçìîì Ðiñà

íàïiâãðóïè I n
ω (

−−→conv).

Ç âèùå íàâåäåíèõ àðãóìåíòiâ âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 3.3.2. Íàïiâãðóïà End(I n
ω (

−−→conv)) óñiõ åíäîìîðôiçìiâ íàïiâãðó-

ïè I n
ω (

−−→conv) ¹ äèç'þíêòíèì îá'¹äíàííÿì ìíîæèíè End∗(I n
ω (

−−→conv)) òà

iäåàëó End1(I n
ω (

−−→conv)). Áiëüøå òîãî,

• a = rn−1 ◦ e äëÿ äîâiëüíîãî åíäîìîðôiçìó a ∈ End∗(I n
ω (

−−→conv));

• b = ei0 ◦ rn−k äëÿ äîâiëüíîãî åíäîìîðôiçìó b ∈ End1(I n
ω (

−−→conv)).
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Ëåãêî áà÷èòè, ùî äëÿ äîâiëüíèõ p1- i p2-êàíîíi÷íèõ åíäîìîðôiçìiâ Ðiñà

rp1 i rp2 íàïiâãðóïè I n
ω (

−−→conv) ìà¹ìî, ùî

rp1 ◦ rp2 = rp1∔p2 = rp2 ◦ rp1,

i áiëüøå òîãî, ÿêùî p1 + p2 ⩾ n, òî rp1 ◦ rp2 ¹ àíóëþþ÷èì åíäîìîðôiç-

ìîì íàïiâãðóïè I n
ω (

−−→conv), òîáòî (α)(rp1 ◦ rp2) = 0, äëÿ âñiõ åëåìåíòiâ α ∈
I n

ω (
−−→conv). Çâiäñè âèïëèâà¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 3.3.3. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n, íàïiâãðóïà

p-êàíîíi÷íèõ åíäîìîðôiçìiâ Ðiñà íàïiâãðóïè I n
ω (

−−→conv) içîìîðôíà íàïiâ-

ãðóïi (ωn,∔).

Çà òåîðåìîþ 3.1.8 äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ⩾ 2 íàïiâãðó-

ïà ií'¹êòèâíèõ åíäîìîðôiçìiâ íàïiâãðóïè I n
ω (

−−→conv) içîìîðôíà íàïiâãðóïi

(ω,+).

Íåõàé I0ω = {(0, j) | j ∈ ω} � ïiäìíîæèíà ïðÿìîãî äîáóòêó íàïiâãðóï

(ωn−1,∔) i (ω,+). Î÷åâèäíî, ùî I0ω � iäåàë íàïiâãðóïè (ωn−1,∔)× (ω,+).

Çâiäñè âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 3.3.4. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ôàêòîð-íàïiâãðóïà

End(I n
ω (

−−→conv))/End1(I n
ω (

−−→conv)) içîìîðôíà ôàêòîð-íàïiâãðóïi Ðiñà

((ωn−1,∔)× (ω,+))/I0ω.
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3.4. Âèñíîâêè äî ðîçäiëó 3

Ó öüîìó ðîçäiëi äîñëiäæóþòüñÿ åíäîìîðôiçìè áiöèêëi÷íîãî íàïiâãðó-

ïîâîãî ðîçøèðåííÿ BFn
ω ó âèïàäêó, êîëè ñiì'ÿ Fn ïîðîäæåíà ìíîæèíîþ

{0, 1, . . . , n} òà iíâåðñíî¨ íàïiâãðóïè I n
ω (

−−→conv) îïóêëèõ ÷àñòêîâèõ ïîðÿä-

êîâèõ içîìîðôiçìiâ ëiíiéíî âïîðÿäêîâàíî¨ ìíîæèíè (ω,⩽) ðàíãó ⩽ n.

Ïiäðîçäië 3.1 ïðèñâÿ÷åíèé îïèñàííþ ií'¹êòèâíèõ åíäîìîðôiçìiâ iíâåðñ-

íî¨ íàïiâãðóïè BFn
ω . Çîêðåìà, äîâåäåíî, ùî íàïiâãðóïà ií'¹êòèâíèõ åíäî-

ìîðôiçìiâ íàïiâãðóïè BFn
ω ¹ içîìîðôíîþ íàïiâãðóïi (ω,+). Ó ïiäðîçäiëi

3.2 äîñëiäæó¹òüñÿ ñòðóêòóðà íàïiâãðóïè End(Bλ) óñiõ åíäîìîðôiçìiâ íà-

ïiâãðóïè λ×λ-ìàòðè÷íèõ îäèíèöü Bλ.

Ïiäðîçäië 3.3 ïðèñâÿ÷åíèé äîñëiäæåííþ íàïiâãðóïè End(I n
ω (

−−→conv)) óñiõ

åíäîìîðôiçìiâ íàïiâãðóïè I n
ω (

−−→conv) çà ìîäóëåì ¨¨ iäåàëà End1(I n
ω (

−−→conv)),

ÿêèé ñêëàäà¹òüñÿ ç òàêèõ åëåìåíòiâ a, ùî îáðàç (I n
ω (

−−→conv))a içîìîðôíèé

íàïiâãðóïi ω × ω-ìàòðè÷íèõ îäèíèöü. Çîêðåìà, äîâåäåíî, ùî íàïiâãðóïà

End(I n
ω (

−−→conv)) óñiõ åíäîìîðôiçìiâ íàïiâãðóïè I n
ω (

−−→conv) ¹ äèç'þíêòíèì

îá'¹äíàííÿì ìíîæèíè End∗(I n
ω (

−−→conv)) òà iäåàëó End1(I n
ω (

−−→conv)).
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ÂÈÑÍÎÂÊÈ

Ó äèñåðòàöiéíié ðîáîòi îòðèìàíî òàêi ðåçóëüòàòè:

1. Îïèñàíî àëãåáðè÷íi âëàñòèâîñòi áiöèêëi÷íîãî ðîçøèðåííÿ BFn
ω , ïî-

ðîäæåíîãî ñêií÷åííèì iíòåðâàëîì [0, n], çîêðåìà îïèñàíî âiäíîøå-

ííÿ €ðiíà íà öié íàïiâãðóïi (òâåðäæåííÿ 2.1.1). Äîâåäåíî, ùî âiä-

íîøåííÿ €ðiíà D i J çáiãàþòüñÿ íà íàïiâãðóïi BFn
ω .

2. Äîâåäåíî, ùî íàïiâãðóïà BFn
ω içîìîðôíà íàïiâãðóïi I n+1

ω (−−→conv)

îïóêëèõ ÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôiçìiâ ìíîæèíè (ω,⩽) ðàíãó

⩽ n+ 1 (òåîðåìà 2.1.5).

3. Äîâåäåíî, ùî íàBFn
ω iñíóþòü ëèøå êîíãðóåíöi¨ Ðiñà (òåîðåìà 2.1.11).

4. Îïèñàíî áëèçüêi äî êîìïàêòíèõ òðàíñëÿöiéíî-íåïåðåðâíi T1-òîïî-

ëîãi¨ íà íàïiâãðóïi BFn
ω (òåîðåìà 2.2.4).

5. Îïèñàíî íàðiñò àëãåáðè÷íî¨ ñòðóêòóðè ïðè òîïîëîãi÷íîìó çàìèêàí-

íi íàïiâãðóïè I n+1
ω (−−→conv) â T1-íàïiâòîïîëîãi÷íié íàïiâãðóïi S, ÿêà

ìiñòèòü ¨¨ ÿê âëàñíó ïiäíàïiâãðóïó (òâåðäæåííÿ 2.2.6).

6. Îïèñàíî íàïiâãðóïó ií'¹êòèâíèõ åíäîìîðôiçìiâ iíâåðñíî¨ íàïiâãðó-

ïè I n
ω (

−−→conv) äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ⩾ 2 (òåîðå-

ìà 3.1.8). Çîêðåìà, äîâåäåíî, ùî íàïiâãðóïà ií'¹êòèâíèõ åíäîìîðôi-

çìiâ íàïiâãðóïè BFn
ω içîìîðôíà íàïiâãðóïi (ω,+) (íàñëiäîê 3.1.10).

7. Îïèñàíî ñòðóêòóðó íàïiâãðóïè End(Bλ) óñiõ åíäîìîðôiçìiâ íàïiâ-

ãðóïè λ×λ-ìàòðè÷íèõ îäèíèöü Bλ (òåîðåìà 3.2.2).

8. Îïèñàíî ñòðóêòóðó íàïiâãðóïè End(I n
ω (

−−→conv)) óñiõ åíäîìîðôiçìiâ

íàïiâãðóïè I n
ω (

−−→conv) çà ìîäóëåì iäåàëà End1(I n
ω (

−−→conv)) (òåîðåìà

3.3.4).
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