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ÀÍÎÒÀÖIß

Ìîêðèöüêèé Ò.Â. Íàïiâãðóïè ÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôiçìiâ ÷àñò-

êîâî âïîðÿäêîâàíèõ ïðîñòîðiâ. � Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ

ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà ñïåöi-

àëüíiñòþ 111 � �Ìàòåìàòèêà� (Ãàëóçü çíàíü � 11 �Ìàòåìàòèêà òà ñòàòèñòè-

êà�). � Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ,

2023.

ßêùî äåÿêà ñiì'ÿ ïåðåòâîðåíü çàäàíî¨ ìíîæèíè çàìêíåíà âiäíîñíî îïå-

ðàöi¨ êîìïîçèöi¨, òî öÿ ñiì'ÿ ïåðåòâîðåíü óòâîðþ¹ íàïiâãðóïó âiäíîñíî îïå-

ðàöi¨ êîìïîçèöi¨. Îñêiëüêè äîâiëüíà íàïiâãðóïà içîìîðôíà äåÿêié íàïiâãðó-

ïi ïåðåòâîðåíü, òî ïîíÿòòÿ ïåðåòâîðåííÿ ¹ íàéáiëüø çðó÷íèì äëÿ âèâ÷åí-

íÿ íàïiâãðóï â íàéáiëüø çàãàëüíîìó âèãëÿäi. Ïåðøîþ ôóíäàìåíòàëüíîþ

ïðàöåþ ç òåîði¨ íàïiâãðóï ïåðåòâîðåíü ââàæà¹òüñÿ äèñåðòàöiÿ Àíòîíà Ñó-

øêåâè÷à �Òåîðèÿ äåéñòâèÿ êàê îáùàÿ òåîðèÿ ãðóïï� [11]. Îñíîâíi ðåçóëü-

òàòè â îáëàñòi òåîði¨ íàïiâãðóï ïåðåòâîðåíü áóëè îòðèìàíi ó 50-70-õ ðîêàõ

ÕÕ-ãî ñòîëiòòÿ i ïðåäñòàâëåíi â îãëÿäàõ: Ìåããiëà [78] òà Ãëóñêiíà-Øàéíà-

Øíåïåðìàí-ßðîêåðà [46]. Äî ÷èñëà âiäîìèõ ìàòåìàòèêiâ, ÿêi ïðàöþâàëè

ó öüîìó íàïðÿìêó, âõîäÿòü Ãàói, Ãëóñêií, �ðií, Êëiôôîðä, Ëÿïií, Ìåããië,

Ïðåñòîí, Ñàááiàõ, Ñóøêåâè÷, Óëÿì, Øàéí, Øíåïåðìàí, Øóòîâ òà ßðîêåð.

Ïðèðîäíî ðîçãëÿäàòè ïåðåòâîðåííÿ, ÿêi çáåðiãàþòü âèçíà÷åíó íà ìíî-

æèíi ñòðóêòóðó (íàïðèêëàä, âiäíîøåííÿ, îïåðàöiþ, òîïîëîãiþ ÷è iíøó �ãåî-

ìåòðiþ�). Òàê îñîáëèâå ìiñöå ó äîñëiäæåííÿõ íàïiâãðóï ïåðåòâîðåíü çàéìà-

þòü íàïiâãðóïè ìîíîòîííèõ ïåðåòâîðåíü ÷àñòêîâî âïîðÿäêîâàíèõ ìíîæèí.

Öi¹þ ïðîáëåìàòèêîþ çàéìàëèñü òàêi ìàòåìàòèêè ÿê Àéçåíøòàò [1,2], Ãàð-

áà [45], Ãîìåñ i Ãàói [47], Ãëóñêií [4], Ãóòiê i Ðåïîâø [56, 58, 59], Äîðîøåí-
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êî [6, 32], Êiì i Êîæóõîâ [7, 8], Ëàðàäæi òà Óìàð [72,73], Ñîëîìîí [96].

Âiäîìî, ùî áiöèêëi÷íà íàïiâãðóïà içîìîðôíà íàïiâãðóïi CN(α, β), ÿêà
ïîðîäæåíà ÷àñòêîâèìè ïåðåòâîðåííÿìè α i β ìíîæèíè íàòóðàëüíèõ ÷èñåë

N, ùî âèçíà÷àþòüñÿ òàê: (n)α = n+1, ÿêùî n ⩾ 1 i (n)β = n−1, ÿêùî n >

1. Áiëüøå òîãî, íàïiâãðóïà CN(α, β) ¹ íàïiâãðóïîþ ïîðÿäêîâèõ içîìîðôiçìiâ

ãîëîâíèõ ôiëüòðiâ ìíîæèíè íàòóðàëüíèõ ÷èñåë N çi çâè÷àéíèì ëiíiéíèì

ïîðÿäêîì.

Áiöèêëi÷íà íàïiâãðóïà C(p, q) áiïðîñòà òà êîæíà ¨¨ êîíãðóåíöiÿ ¹ àáî

îäèíè÷íîþ, àáî ãðóïîâîþ. Áiëüøå òîãî, àáî ãîìîìîðôiçì h ç áiöèêëi÷íî¨

íàïiâãðóïè ¹ içîìîðôiçìîì, àáî îáðàç C(p, q) ñòîñîâíî ãîìîìîðôiçìó h ¹ öè-
êëi÷íîþ ãðóïîþ (äèâ. [30, íàñëiäîê 1.32]). Áiöèêëi÷íà íàïiâãðóïà âiäiãðà¹

âàæëèâó ðîëü ó òåîði¨ íàïiâãðóï i â òåîði¨ òîïîëîãi÷íèõ íàïiâãðóï. Çîêðåìà,

äîáðå âiäîìèé ðåçóëüòàò Àíäåðñîíà [18] ñòâåðäæó¹, ùî (0�)ïðîñòà íàïiâãðó-

ïà ç (íåíóëüîâèì) iäåìïîòåíòîì ¹ öiëêîì (0�)ïðîñòîþ òîäi i ëèøå òîäi, êîëè

âîíà íå ìiñòèòü içîìîðôíî¨ êîïi¨ áiöèêëi÷íî¨ íàïiâãðóïè. Áiöèêëi÷íèé ìî-

íî¨ä äîïóñêà¹ ëèøå äèñêðåòíó íàïiâãðóïîâó ãàóñäîðôîâó òîïîëîãiþ, i ÿêùî

òîïîëîãi÷íà íàïiâãðóïà S ìiñòèòü éîãî ÿê ùiëüíó ïiäíàïiâãðóïó, òî C(p, q) ¹
âiäêðèòîþ ïiäìíîæèíîþ â S [33]. Ó êîæíié ãàóñäîðôîâié íàïiâòîïîëîãi÷íié

(à îòæå, é ó òîïîëîãi÷íié) íàïiâãðóïi S, ÿêà ìiñòèòü áiöèêëi÷íó íàïiâãðóïó

C(p, q) ÿê ùiëüíó ïiäíàïiâãðóïó, ïiäïðîñòið áiöèêëi÷íî¨ íàïiâãðóïè ¹ âiä-

êðèòèì i äèñêðåòíèì, i áiëüøå òîãî, ïiäìíîæèíà S \ C(p, q) ¹ iäåàëîì â

S [26]. Ñòàáiëüíi òà Γ-êîìïàêòíi òîïîëîãi÷íi íàïiâãðóïè íå ìiñòÿòü áiöè-

êëi÷íîãî ìîíî¨äà [19, 62]. Ïðîáëåìà içîìîðôíîãî çàíóðåííÿ áiöèêëi÷íîãî

ìîíî¨äà â òîïîëîãi÷íi íàïiâãðóïè áëèçüêi äî êîìïàêíèõ âèâ÷àëàñü â ïðà-

öÿõ [21, 22, 57]. Íåçàëåæíî âiä ðåçóëüòàòiâ Åáåðãàðò-Ñåëäåí ïðî òîïîëî-

ãiçàöiþ áiöèêëi÷íî¨ íàïiâãðóïè, â ïðàöi [14] Òàéìàíîâ ïîáóäóâàâ ïðèêëàä

êîìóòàòèâíî¨ íàïiâãðóïè, ÿêà äîïóñêà¹ ëèøå äèñêðåòíó íàïiâãðóïîâó òîïî-

ëîãiþ. Òàêîæ Òàéìàíîâ â ïðàöi [13] îïèñàâ äîñòàòíi óìîâè íà êîìóòàòèâíó

íàïiâãðóïó, ùîá íà íié iñíóâàëà íàïiâãðóïîâà íåäèñêðåòíà òîïîëîãiÿ. Ó
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ïðàöi [60] ïîêàçàíî, ùî äëÿ íàïiâãðóïè Òàéìàíîâà Aκ ç [14] âèêîíóþòüñÿ

òàêi óìîâè: êîæíà T1-òîïîëîãiÿ τ íà íàïiâãðóïi Aκ òàêà, ùî (Aκ, τ) òîïî-

ëîãi÷íà íàïiâãðóïà ¹ äèñêðåòíîþ; äëÿ êîæíî¨ T1-òîïîëîãi÷íî¨ íàïiâãðóïè,

ùî ìiñòèòü Aκ ÿê ïiäíàïiâãðóïó, Aκ ¹ çàìêíåíîþ ïiäíàïiâãðóïîþ â S; i

êîæíèé ãîìîìîðôíèé íåiçîìîðôíèé îáðàç Aκ ¹ íàïiâãðóïîþ ç íóëüîâèì

ìíîæåííÿì.

Îñêiëüêè áiöèêëi÷íà íàïiâãðóïà içîìîðôíà íàïiâãðóïi CN(α, β), ÿêà ¹

íàïiâãðóïîþ ïîðÿäêîâèõ içîìîðôiçìiâ ãîëîâíèõ ôiëüòðiâ ìíîæèíè íàòó-

ðàëüíèõ ÷èñåë N çi çâè÷àéíèì ëiíiéíèì ïîðÿäêîì, òî ïðèðîäíî âèíèêàþòü

íàñòóïíi óçàãàëüíåííÿ áiöèêëi÷íî¨ íàïiâãðóïè:

� íàïiâãðóïà IPF(Nn) ïîðÿäêîâèõ içîìîðôiçìiâ ãîëîâíèõ ôiëüòðiâ

ñêií÷åííîãî ñòåïåíÿ ìíîæèíè íàòóðàëüíèõ ÷èñåë ç ïîðÿäêîì äî-

áóòêó äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ⩾ 2;

� íàïiâãðóïà IPF(κN) ïîðÿäêîâèõ içîìîðôiçìiâ ãîëîâíèõ ôiëüòðiâ

ìíîæèíè

κN = {a ∈ Nκ : |{x ∈ κ : (x) a ̸= 1}| < ∞}

ç ïîðÿäêîì äîáóòêó äëÿ äîâiëüíîãî íåñêií÷åííîãî êàðäèíàëà κ.

Ìåòà äàíî¨ äèñåðòàöiéíî¨ ðîáîòè ïîëÿãà¹ ó âèâ÷åííi àëãåáðè÷íèõ âëà-

ñòèâîñòåé ìîíî¨äiâ IPF(Nn) i IPF(κN), çîêðåìà, âñòàíîâëåííi òàêèõ âëà-

ñòèâîñòåé ÿê áiïðîñòîòà, E-óíiòàðíiñòü, F -iíâåðñíiñòü; äîñëiäæåííi âiäíî-

øåíü �ðiíà; àíàëiçi êîíãðóåíöié íà öèõ íàïiâãðóïàõ òà âèçíà÷åííi ìiíiìàëü-

íî¨ ãðóïîâî¨ êîíãðóåíöi¨; äîñëiäæåííi òîïîëîãiçàöi¨ íàïiâãðóïè IPF(Nn),

çîêðåìà, ó ïåðåâiðöi iñíóâàííÿ íà íàïiâãðóïi IPF(Nn) ãàóñäîðôîâî¨ òðàíñ-

ëÿöiéíî-íåïåðåðâíî¨ íåäèñêðåòíî¨ òîïîëîãi¨, äîñëiäæåííi âêëàäåíü ìîíî¨äà

IPF(Nn) ó áëèçüêi äî êîìïàêòíèõ òîïîëîãi÷íi íàïiâãðóïè òà äîñëiäæåííi

òîïîëîãi÷íî¨ áóäîâè ãàóñäîðôîâî¨ ëîêàëüíî êîìïàêòíî¨ íàïiâòîïîëîãi÷íî¨

íàïiâãðóïè IPF(Nn) ç ïðè¹äíàíèì íóëåì.
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Îá'¹êòîì äîñëiäæåííÿ ¹ ìîíî¨äè IPF(Nn) i IPF(κN), íàïiâòîïîëîãi÷-

íà íàïiâãðóïà IPF(Nn).

Ïðåäìåò äèñåðòàöiéíîãî äîñëiäæåííÿ � àëãåáðè÷íi âëàñòèâîñòi ìîíî-

¨äà IPF(Nn) òà éîãî òîïîëîãiçàöiÿ, à òàêîæ àëãåáðè÷íi âëàñòèâîñòi ìîíî¨äà

IPF(κN).

Ó ïðîöåñi äîñëiäæåííÿ äèñåðòàöiéíèõ çàäà÷ çàñòîñîâóþòüñÿ ìåòîäè àë-

ãåáðè÷íî¨ òåîði¨ íàïiâãðóï, çàãàëüíî¨ òîïîëîãi¨ òà òîïîëîãi÷íî¨ àëãåáðè.

Äèñåðòàöiÿ ìiñòèòü àíîòàöi¨ óêðà¨íñüêîþ òà àíãëiéñüêîþ ìîâàìè, âñòóï,

÷îòèðè îñíîâíi ðîçäiëè, âèñíîâêè, ïåðåëiê âèêîðèñòàíî¨ ëiòåðàòóðè òà äî-

äàòîê.

Ó âñòóïi âèñâiòëåíî àêòóàëüíiñòü äîñëiäíèöüêî¨ òåìè, âèçíà÷åíî ìåòó,

ïîñòàâëåíi çàâäàííÿ, îá'¹êò òà ïðåäìåò äîñëiäæåííÿ, à òàêîæ îïèñàíî ìå-

òîäè, ùî âèêîðèñòîâóâàëèñü. Òàêîæ íàâåäåíî íàóêîâó íîâèçíó, ïðàêòè÷-

íå çíà÷åííÿ çäîáóòèõ ðåçóëüòàòiâ, çâ'ÿçîê ðîáîòè ç äåðæàâíîþ íàóêîâî-

äîñëiäíîþ òåìîþ, îñîáèñòèé âíåñîê çäîáóâà÷à i äåòàëi àïðîáàöi¨ òà ïóáëi-

êàöi¨ îñíîâíèõ ðåçóëüòàòiâ äèñåðòàöi¨.

Ó ïåðøîìó ðîçäiëi ïðåäñòàâëåíî îãëÿä âiäïîâiäíî¨ ëiòåðàòóðè ïî òåìi

äèñåðòàöi¨, íàäàíî iñòîðè÷íèé êîíòåêñò, îá ðóíòóâàííÿ äëÿ ïðîâåäåííÿ äî-

ñëiäæåíü, à òàêîæ âèêëàäåíî îçíà÷åííÿ ïîíÿòü òà äîïîìiæíi òâåðäæåííÿ ç

àëãåáðè, çàãàëüíî¨ òîïîëîãi¨ òà òîïîëîãi÷íî¨ àëãåáðè, ÿêi âèêîðèñòîâóþòüñÿ

â òåêñòi äèñåðòàöi¨.

Ó ðîçäiëi 2 âèâ÷àþòüñÿ àëãåáðè÷íi âëàñòèâîñòi ìîíî¨äà IPF(Nn) ïî-

ðÿäêîâèõ içîìîðôiçìiâ ãîëîâíèõ ôiëüòðiâ ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæè-

íè (Nn,⩽), äå n � äîâiëüíå íàòóðàëüíå ÷èñëî ⩾ 2. Çîêðåìà, äîâåäåíî,

ùî íàïiâãðóïà IPF(Nn) ¹ áiïðîñòîþ (òâåðäæåííÿ 2.1.1), E-óíiòàðíîþ (íà-

ñëiäîê 2.1.22) òà F -iíâåðñíîþ (íàñëiäîê 2.1.23) íàïiâãðóïîþ. Îïèñàíî âiä-

íîøåííÿ �ðiíà (òâåðäæåííÿ 2.1.1), íàïiâ ðàòêó iäåìïîòåíòiâ (òâåðäæåííÿ

2.1.1) i ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà íàïiâãðóïi IPF(Nn) (òâåðäæå-

ííÿ 2.1.21). Äîâåäåíî, ùî ãðóïà îäèíèöü H (I) ìîíî¨äà IPF(Nn) içîìîð-
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ôíà ãðóïi ïiäñòàíîâîê Sn (òåîðåìà 2.1.5), à òàêîæ îïèñàíî ìàêñèìàëüíi

ïiäãðóïè öüîãî ìîíî¨äà. Äîâåäåíî, ùî íàïiâãðóïà IPF(Nn) içîìîðôíà íà-

ïiâïðÿìîìó äîáóòêó ïðÿìîãî n-ãî ñòåïåíÿ áiöèêëi÷íîãî ìîíî¨äà ãðóïîþ

ïiäñòàíîâîê Sn (òåîðåìà 2.1.18). Ïîêàçàíî, ùî êîæíà íåîäèíè÷íà êîíãðó-

åíöiÿ C íà íàïiâãðóïi IPF(Nn) ¹ ãðóïîâîþ (òåîðåìà 2.1.12), îïèñàíî ìi-

íiìàëüíó ãðóïîâó êîíãðåíöiþ Cmg (òåîðåìà 2.1.19) i äîâåäåíî, ùî ôàêòîð-

íàïiâãðóïà IPF(Nn) /Cmg içîìîðôíà íàïiâïðÿìîìó äîáóòêó Sn ⋉ Zn
+ ïðÿ-

ìîãî n-ãî ñòåïåíÿ àäèòèâíî¨ ãðóïè öiëèõ ÷èñåë Zn
+ ãðóïîþ ïiäñòàíîâîê Sn

(òåîðåìà 2.1.20).

Ðîçäië 3 ñêëàäà¹òüñÿ ç äâîõ ïiäðîçiäiëiâ, ÿêi ïðèñâÿ÷åíi äîñëiäæåí-

íÿì òîïîëîãiçàöi¨ íàïiâãðóïè IPF(Nn). Ó ïåðøîìó ïiäðîçäiëi äîâåäåíî,

ùî êîæíà ãàóñäîðôîâà òðàíñëÿöiéíî-íåïåðåðâíà òîïîëîãiÿ íà íàïiâãðóïi

IPF(Nn) ¹ äèñêðåòíîþ (òåîðåìà 3.1.1). Öåé ðåçóëüòàò óçàãàëüíþ¹ ðåçóëü-

òàò Áåðòìàí-Âåñòà ç [26] (à îòæå, i ðåçóëüòàò Åáåðãàðòà-Ñåëäåíà ç [33]). Òà-

êîæ äîâåäåíî òåîðåìó 3.1.2, ÿêà óçàãàëüíþ¹ ùå îäèí ðåçóëüòàò Åáåðãàðòà-

Ñåëäåíà, òåîðåìó I.3 ç [33]: ÿêùî äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà n ⩾ 2

íàïiâãðóïà IPF(Nn) ¹ ùiëüíîþ ïiäìíîæèíîþ ãàóñäîðôîâî¨ íàïiâòîïîëî-

ãi÷íî¨ íàïiâãðóïè (S, ·) é I = S \ IPF(Nn) ̸= ∅, òî I � äâîái÷íèé iäåàë

â S. Â òåîðåìi 3.1.6 äîâåäåíî, ùî ÿêùî äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà

n ⩾ 2, ãàóñäîðôîâà òîïîëîãi÷íà íàïiâãðóïà S ìiñòèòü íàïiâãðóïó IPF(Nn)

ÿê ùiëüíó ïiäíàïiâãðóïó, òî êâàäðàò S × S íå ¹ ñëàáêî êîìïàêòíèì ïðî-

ñòîðîì.

Ó äðóãîìó ïiäðîçäiëi íàâåäåíî ïðèêëàä íåäèñêðåòíî¨ ãàóñäîðôîâî¨ êîì-

ïàêòíî¨ òðàíñëÿöiéíî-íåïåðåðâíî¨ òîïîëîãi¨ τAc íà íàïiâãðóïi IPF(Nn) ç

ïðè¹äíàíèì íóëåì (ïðèêëàä 3.2.8). Äîâåäåíî, ùî ãàóñäîðôîâà ëîêàëüíî

êîìïàêòíà íàïiâòîïîëîãi÷íà íàïiâãðóïà IPF(Nn) ç ïðè¹äíàíèì íóëåì ¹

àáî êîìïàêòíîþ, àáî äèñêðåòíîþ (òåîðåìà 3.2.10). Öÿ òåîðåìà óçàãàëüíþ¹

ðåçóëüòàò Ãóòiêà [61], ùî êîæíèé ãàóñäîðôîâèé ëîêàëüíî êîìïàêòíèé íà-

ïiâòîïîëîãi÷íèé áiöèêëi÷íèé ìîíî¨ä C0 ç ïðè¹äíàíèì íóëåì ¹ àáî êîìïà-
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êòíèì, àáî äèñêðåòíèì ïðîñòîðîì.

Ó ðîçäiëi 4 âèâ÷àþòüñÿ àëãåáðè÷íi âëàñòèâîñòi ìîíî¨äà IPF(κN) ïîðÿä-

êîâèõ içîìîðôiçìiâ ãîëîâíèõ ôiëüòðiâ ìíîæèíè κN ç ïîðÿäêîì äîáóòêó, äå

κ � äîâiëüíèé íåñêií÷åííèé êàðäèíàë. Çîêðåìà, äîâåäåíî, ùî íàïiâãðóïà

IPF(κN) ¹ áiïðîñòîþ (òâåðäæåííÿ 4.1.1), E-óíiòàðíîþ (òâåðäæåííÿ 4.1.18)

òà F -iíâåðñíîþ (òâåðäæåííÿ 4.1.19) íàïiâãðóïîþ. Îïèñàíî ¨¨ íàïiâ ðàòêó

iäåìïîòåíòiâ (òâåðäæåííÿ 4.1.1), ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê (òâåðäæåí-

íÿ 4.1.17) i âiäíîøåííÿ �ðiíà (òâåðäæåííÿ 4.1.1) íà íàïiâãðóïi IPF(κN).

Äîâåäåíî, ùî ãðóïà îäèíèöü H (I) ìîíî¨äà IPF(κN) içîìîðôíà ãðóïi ái¹-

êöié Sκ êàðäèíàëà κ (òåîðåìà 4.1.6), à òàêîæ îïèñàíî ìàêñèìàëüíi ïiäãðóïè

öüîãî ìîíî¨äà. Äîâåäåíî, ùî íàïiâãðóïà IPF(κN) içîìîðôíà íàïiâïðÿìî-

ìó äîáóòêó Sκ ⋉ κB íàïiâãðóïè κB ãðóïîþ Sκ (òåîðåìà 4.1.13). Äîâåäå-

íî, ùî êîæíà íåîäèíè÷íà êîíãðåíöiÿ C íà ìîíî¨äi IPF(κN) ¹ ãðóïîâîþ

(òåîðåìà 4.1.23), îïèñàíî ìiíiìàëüíó ãðóïîâó êîíãðóåíöiþ Cmg íà öié íà-

ïiâãðóïi (òåîðåìà 4.1.15) i äîâåäåíî, ùî ôàêòîð-íàïiâãðóïà IPF (κN) /Cmg
ïî ìiíiìàëüíié ãðóïîâié êîíãðóåíöi¨ Cmg içîìîðôíà íàïiâïðÿìîìó äîáóòêó

Sκ ⋉ κZ+ ãðóïè κZ+ ãðóïîþ Sκ (òåîðåìà 4.1.16).

Äîäàòîê âêëþ÷à¹ ïåðåëiê ïóáëiêàöié àâòîðà, ïîâ'ÿçàíèõ ç òåìîþ äèñåð-

òàöi¨, à òàêîæ äåòàëi ùîäî àïðîáàöi¨ ðåçóëüòàòiâ äîñëiäæåííÿ.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ: äîñëiäæåííÿ, ïðî-

âåäåíi â äèñåðòàöi¨, ìàþòü òåîðåòè÷íó îñíîâó i ìîæóòü áóòè âèêîðèñòàíi â

îáëàñòÿõ òåîði¨ íàïiâãðóï òà òîïîëîãi÷íî¨ àëãåáðè.

Êëþ÷îâi ñëîâà: iíâåðñíà íàïiâãðóïà, ìîíîòîííå ïåðåòâîðåííÿ, íà-

ïiâãðóïà ÷àñòêîâèõ ïîðÿäêîâèõ içîìîðôiçìiâ, ìiíiìàëüíà ãðóïîâà êîíãðó-

åíöiÿ, ãðóïà ïiäñòàíîâîê, áiöèêëi÷íèé ìîíî¨ä, íàïiâïðÿìèé äîáóòîê, âiä-

íîøåííÿ �ðiíà, íàïiâòîïîëîãi÷íà íàïiâãðóïà, òîïîëîãi÷íà íàïiâãðóïà, ëî-

êàëüíî êîìïàêòíèé ïðîñòið, êîìïàêòíèé ïðîñòið.
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Abstract

Mokrytskyi T.V. Semigroups of partial order isomorphisms of partially

ordered spaces. � Qualifying scienti�c work on the rights of the manuscript.

The thesis presented for the degree of Doctor of Philosophy in speciality

111 � �Mathematics� (�eld of studies 11 � �Mathematics and statistics�). �

Ivan Franko National University of Lviv, Lviv, 2023.

If some family of transformations of a given set is closed under the composi-

tion operation, then this family of transformations forms a semigroup under the

operation of composition operation. Since an arbitrary semigroup is isomorphic

to some semigroup of transformations, the concept of transformations is the

most convenient for studying semigroups in the most general form. Anton

Sushkevich's thesis �The theory of action as a general theory of groups� [11] is

the �rst work on semigroups of transformations. The main results in the theory

of semigroup transformation were obtained in the 50s-70s of the 20th century

and are presented in the following reviews: Magill [78] and Gluskin, Schein,

�Sneperman, Yaroker [46]. Works on the theory of semigroups of transformati-

ons were published by mathematicians such as Gaui, Gluskin, Green, Cli-

�ord, Lyapin, Magill, Preston, Sabbiah, Sullivan, Sushkevich, Ulam, Shine,

�Sneperman, Shutov, Yaroker.

It is natural to consider transformations that preserve the structure de�ned

on the set (for example, a relation, operation, topology, or other �geometry�).

Thus, semigroups of monotone transformations of partially ordered sets occupy

a special place in studies of transformation semigroups. This topic was studied

by mathematicians such as Aizenshtat [1,2], Garba [45], Gomes and Howie [47],

Gluskin [4], Gutik and Repov�s [56, 58, 59], Doroshenko [6, 32], Kim and Ko-

zhukhov [7, 8], Laradji and Umar [72,73], Solomon [96].

It is known that the bicyclic semigroup is isomorphic to the semigroup

CN(α, β), which is generated by the partial transformations α and β of the set

of positive integers N, which are de�ned as follows: (n)α = n+ 1, if n ⩾ 1 and
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(n)β = n− 1, if n > 1 (see remark 1.2.10). Moreover, the semigroup CN(α, β)
is a semigroup of order isomorphisms between principal �lters of the set of

positive integers N with the usual linear order.

The bicyclic semigroup is bisimple and every its congruence is either identi-

ty or a group congruence. Moreover, every homomorphism h of the bicyclic

semigroup is either an isomorphism or the image of C(p, q) under h is a cyclic

group (see [30, Corollary 1.32]). The bicyclic semigroup plays an important role

in algebraic theory of semigroups and in the theory of topological semigroups.

For example a well-known Andersen's result [18] states that a (0�)simple semi-

group with an (non-zero)idempotent is completely (0�)simple if and only if

it contains no isomorphic copy of the bicyclic semigroup. The bicyclic monoid

admits only the discrete semigroup Hausdor� topology and if a topological semi-

group S contains it as a dense subsemigroup, then C(p, q) is an open subset of

S [33]. In every Hausdor� semitopological (and hence in topological) semigroup

S that contains the bicyclic semigroup C(p, q) as a dense subsemigroup, the

subspace of the bicyclic semigroup is open and discrete, and moreover the subset

S \ C(p, q) is an ideal in S [26]. Stable and Γ-compact topological semigroups

do not contain the bicyclic monoid [19, 62]. The problem of embedding the bi-

cyclic monoid into compact-like topological semigroups are studied in [21,22,57].

Independently to Eberhart-Selden results on topolozabilty of the bicyclic semi-

group, in [14] Taimanov constructed a commutative semigroup Aκ of cardinali-

ty κ which admits only the discrete semigroup topology. Also, Taimanov [13]

gave su�cient conditions on a commutative semigroup to have a non-discrete

semigroup topology. In the paper [60] it was showed that for the Taimanov

semigroup Aκ from [14] the following conditions hold: every T1-topology τ on

the semigroup Aκ such that (Aκ, τ) is a topological semigroup is discrete; for

every T1-topological semigroup which contains Aκ as a subsemigroup, Aκ is a

closed subsemigroup of S; and every homomorphic non-isomorphic image of Aκ

is a zero-semigroup.
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Since the bicyclic semigroup is isomorphic to the semigroup CN(α, β), which
is the semigroup of order isomorphisms between principal �lters of positive

integers N with the usual linear order, then the following generalizations of the

bicyclic semigroup naturally arise:

� The semigroup IPF(Nn) of order isomorphisms between principal �-

lters of �nite power of the set of positive integers with product order,

for any positive integer n ⩾ 2;

� The semigroup IPF(κN) of order isomorphisms between principal �l-

ters of the set

κN = {a ∈ Nκ : |{x ∈ κ : (x) a ̸= 1}| < ∞}

with product order, for any in�nite cardinal κ.

The purpose of the work is to study the algebraic properties of the monoids

IPF(Nn) and IPF(κN), in particular check that this monoids are bisimple, E-

unitary, F -inverse; to study the Green's relations; to analyze the congruences on

these semigroups and describe the least group congruence; to study the topologi-

zation of the semigroup IPF(Nn), in particular to check that on the semi-

group IPF(Nn) there exists a Hausdor� shift-continuous non-discrete topology,

to study embeddings of the monoid IPF(Nn) into compact-like spaces and

to study Hausdor� locally compact semitopological semigroup IPF(Nn) with

adjoined zero.

The object of the research are monoids IPF(Nn) and IPF(κN), the semi-

topological semigroup IPF(Nn).

The subjects of the study are algebraic properties of the monoid IPF(Nn)

and its topologization, as well as algebraic properties of the monoid IPF(κN).

The methods of the algebraic theory of semigroups, general topology, and

topological algebra are used in the process of researching thesis problems.

The thesis consists of an abstracts in Ukrainian and in English, an introducti-
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on, four main chapters, conclusions, references and an appendix.

The introduction highlights the relevance of the research topic, de�nes

the purpose, tasks, object and subject of the research, and also describes the

methods used. The scienti�c novelty, the practical signi�cance of the obtained

results, the connection of the work with the state scienti�c research topic, the

applicant's contribution and the details of the approval and publication of the

main results of the thesis are also given.

The �rst chapter presents a review of relevant publications on the topic of

the thesis, provides historical context, a motivation for research, and formulates

de�nitions and auxiliary statements from algebra, topology, and topological

algebra.

In Chapter 2 we study the algebraic properties of the monoid IPF(Nn) of

order isomorphisms between principal �lters of the �nite power of the set of

positive integers with the product order, for any positive integer n ⩾ 2. It is

shown that the semigroup IPF(Nn) is bisimple (Proposition 2.1.1), E-unitary

(Corollary 2.1.22) and F -inverse (Corollary 2.1.23) semigroup. Green's relati-

on (Proposition 2.1.1), the semilattice of the idempotents (Proposition 2.1.1)

and the natural partial order (Proposition 2.1.21) on the monoid IPF(Nn) is

described. It is proved (Theorem 2.1.5) that the group of units H (I) of the

monoid IPF(Nn) is isomorphic to the permutation group Sn, and maximal

subgroups of this monoid are described. Also, it is proved (Theorem 2.1.18)

that the semigroup IPF(Nn) is isomorphic to the semidirect product of the

direct n-th power of the bicyclic monoid by the group of permutation Sn. It is

shown (Theorem 2.1.12) that every non-identity congruence C on the semigroup

IPF(Nn) is a group congruence. The least group congruence Cmg is described

(Theorem 2.1.19) and it is proved that the quotient-semigroup IPF(Nn) /Cmg

by the least group congruence Cmg is isomorphic to the semidirect product

Sn ⋉ Zn
+ of the direct n-th power of the additive group of integers Zn

+ by the

group of permutations Sn (Theorem 2.1.20).
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Chapter 3 consists of two subsections, which are devoted to the topologizati-

on of the semigroup IPF(Nn). In the �rst subsection, it is shown

(Theorem 3.1.1) that each Hausdor� shift-continuous topology on the semi-

group IPF(Nn) is discrete.

This result generalizes the Bertman-West result from [26] (and hence

Eberhart-Selden result from [33]). Theorem 3.1.2 is also proved, which generali-

zes another Eberhart-Selden result, Theorem I.3 from [33]. So, Theorem 3.1.2

states that if for some positive integer n ⩾ 2 the semigroup IPF(Nn) is

a dense subset of the Hausdor� semitopological semigroup (S, ·) and I =

S \ IPF(Nn) ̸= ∅, then I is a two-sided ideal in S. Next, Theorem 3.1.6

states that if for some positive integer n ⩾ 2, the Hausdor� topological semi-

group S contains the semigroup IPF(Nn) as a dense subsemigroup, then the

square S × S is not a feebly compact space.

The second subsection considers an example (3.2.8) of a non-discrete

Hausdor� compact shift-continuous topology τAc on the semigroup IPF(Nn)

with adjoined zero. It is justi�ed (Remark 3.2.9) why this topology τAc is the

unique Hausdor� compact shift-continuous topology on IPF(Nn)0. And it is

proved that the Hausdor� locally compact semitopological semigroup IPF(Nn)

with adjoined zero is either compact or discrete (Theorem 3.2.10). This theorem

extends the following Gutik's result [61]: every Hausdor� locally compact semi-

topological bicyclic monoid C0 with adjoined zero is either compact or discrete.

In Chapter 4 the algebraic properties of the monoid IPF(κN) of order

isomorphisms between principal �lters of the set κN with the product order, for

any in�nite cardinal κ are studied. It is shown that the semigroup IPF(κN)

is bisimple (Proposition 4.1.1), E-unitary (Proposition 4.1.18) and F -inverse

(Proposition 4.1.19) semigroup. It is described the semilattice of the idempotents

(Proposition 4.1.1), the natural partial order (Proposition 4.1.17) and Green's

relations (Proposition 4.1.1) on the monoid IPF(κN). It is proved (Theo-

rem 4.1.6) that the group of units H (I) of the monoid IPF(κN) is isomorphic
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to the group Sκ of all bijections of the cardinal κ, and maximal subgroups

of this monoid are described, too. Also, it is proved (Theorem 4.1.13) that

the semigroup IPF(κN) is isomorphic to the semidirect product Sκ ⋉ κB of

the semigroup κB by the group Sκ. It is shown (Theorem 4.1.23) that every

non-identity congruence C on the semigroup IPF(κN) is a group, described

(Theorem 4.1.15) the least group congruence Cmg and proved (Theorem 4.1.16)

that the quotient-semigroup IPF (κN) /Cmg is isomorphic to the semidirect

product Sκ ⋉ κZ+ of the group κZ+ by the group Sκ.

The appendix contains a list of the author's publications related to the topic

of the thesis, as well as details on the approbation of the research results.

Practical signi�cance of the obtained results: the studies carried out

in the thesis have a theoretical basis and can be used in the �elds of semigroup

theory and topological algebra.

Keywords: inverse semigroup, monotone mapping, semigroup of parti-

al order isomorphisms, least group congruence, permutation group, bicyclic

monoid, semidirect product, Green's relations, semitopological semigroup, topo-

logical semigroup, locally compact space, compact, discrete space.
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