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!"#$%&i’

!"#$%& ’. ’. I!"#$%i&’i (#)%"*+ , -+.)#+*!$’’/0 -+*).)(#)12.!+-’+3 )4-
5+*6"’7 16/ #),-’/,2-$’’/ ’"6i’i&’+3 i 6i’i&’+3 ,$1$5. 8 9-$6i:i.$%i&’$ ’$2-
.)-$ (#$%/ ’$ (#$-$3 #2.)(+*2.

;+*"#!$%i/ ’$ ,1)42!!/ ’$2.)-)<) *!2("’/ 1).!)#$ :i6)*):i= ,$ *("%i$67-
’i*!> 113 8 “?#+.6$1’$ 0$!"0$!+.$” (@$62,7 ,’$’7 8 11 “A$!"0$!+.$ !$ *!$-
!+*!+.$”). 8 B7-i-*7.+& ’$%i)’$67’+& 2’i-"#*+!"! i0"’i I-$’$ C#$’.$, B7-i-,
2026.

D+,.$ ’$2.)-+3 !$ i’E"’"#’+3 ,$1$5 ,-)1+!7*/ 1) #),-’/,2-$’’/ ’"6i’i&-
’+3 #i-’/’7 -+<6/12 F (x) = 0. F$.i #i-’/’’/ -+’+.$>!7 2 0)1"6>-$’’i :i,+-
5’+3 (#)%"*i-, ,$1$5$3 .)0(’>!"#’)<) 4$5"’’/ !$ i’G+3 )45+*6"’’/3. H 4$<$-
!7)3 (#$.!+5’+3 ,$1$5$3 $’$6i!+5’) ,’$&!+ !)5’+& #),-’/,). 42-$I *.6$1’)
$4) ’"0)E6+-). F)02 16/ ’$46+E"’)<) )45+*6"’’/ ,$,-+5$& ,$*!)*)-2>!7 i!"-
#$%i&’i 0"!)1+, /.i 4212>!7 ()*6i1)-’i*!7 ’$46+E"’7, J) ,4i<$I!7*/ 1) G2.$-
’)<) #),-’/,.2. F$.i 0"!)1+ ,$*!)*)-2>!7*/, ,).#"0$, - ,$1$5$3 )(!+0i,$%i=, $
0$!"0$!+5’i 0)1"6i, J) =3 )(+*2>!7, 0)E’$ ()1$!+ 2 -+<6/1i )("#$!)#i-, /.i
-i1)4#$E$>!7 )1+’ 6i’i&’+& (#)*!i# - i’G+&.

K1’+0 i, )*’)-’+3 i’*!#20"’!i- 5+*"67’)<) #),-’/,$’’/ ’"6i’i&’+3 #i--
’/’7 I 0"!)1 D7>!)’$, !")#"!+5’i ,$*$1+ /.)<) :)#02-$6+*/ -i1 .)’.#"!’+3
$6<"4#+5’+3 $6<)#+!0i- 1) 2,$<$67’"’)= !")#i= - 4$’$3)-+3 (#)*!)#$3. L$-1/-
.+ ()’/!!> ()3i1’)= C#"G" 0"!)1 ()G+#+-*/ ’$ ,’$5’) G+#G+& .6$* ,$1$5.
M$E6+-+0 .#).)0 2 %7)02 ’$(#/0i *!$6$ !")#"0$ D7>!)’$-9$’!)#)-+5$. N/
!")#"0$ -*!$’)-6>I *!#)<i .#+!"#i= ,4iE’)*!i - 4$’$3)-+3 (#)*!)#$3, -+.)#+-
*!)-2>5+ -6$*!+-)*!i ()3i1’)= C#"G" !$ 20)-+ 6i(G+%"-)= ’"("#"#-’)*!i. F$-
.+0 5+’)0, 0"!)1 D7>!)’$-9$’!)#)-+5$ G+#).) ,$*!)*)-2I!7*/ 2 ’"6i’i&’)02
:2’.%i)’$67’)02 $’$6i,i, )(!+0i,$%i=, 0"3$’i%i !)J).

96$*+5’$ #"$6i,$%i/ 0"!)12 D7>!)’$ ,$4",("52I .-$1#$!+5’2 G-+1.i*!7
,4iE’)*!i. ?#)!" &)<) ,$*!)*2-$’’/ -+0$<$I )45+*6"’’/ !$ ()G2. )4"#’"’)=
0$!#+%i O.)4i ($4) ()3i1’)= C#"G" 2 ,$<$67’)02 -+($1.2) ’$ .)E’i& i!"#$%i=,
J) -+0$<$I -+*).+3 )45+*6>-$67’+3 ,$!#$!. N" *!$6) ()G!)-3)0 16/ #),-+!.2
.-$,i-’7>!)’i-*7.+3 0"!)1i-, $ !$.)E 1)*6i1E"’7 20)- ,4iE’)*!i !$ ,’+E"’’/
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)45+*6>-$67’)= *.6$1’)*!i.
L$1$5$ ()G2.2 #),-’/,.2 )("#$!)#’)<) #i-’/’’/ F (x) = 0 2 4$’$3)-)02

(#)*!)#i I .6$*+5’)> (#)46"0)> 5+*"67’)<) $’$6i,2. M$<)0+& -’"*). 2 #),#)4-
.2 !$ 1)*6i1E"’’/ ,4iE’)*!i #i,’+%"-+3 0"!)1i-, 0"!)1i- 4",20)-’)= )(!+0i,$-
%i=, $ !$.)E 2 1)*6i1E"’’i 0)1+:i.)-$’+3 !$ .)04i’)-$’+3 0"!)1i- ,#)4+6+ !$.i
-5"’i, /. A. ;. P$4+5, A. O. P$#!iG, A. A. M)&!)-+5, Q. A. ;$’+6i’, ;E. ;"’-
’i*, A. K. D"1$G.)-*7.+&, ;E. K#!"<$, K.A. K*!#)-*7.+&, P. A. ?G"’+5’+&,
;E. F#$24, K. A. Ri0i5, S. A. T$3’), U. T’$4"67, @. ?. O#0)6$, I. K. Argyros,
F. A. Potra, V. Ptak, A. F. Rooze, J. R. Sharma, S. Ulm, X. Wang, W. Werner !$
T. Yamamoto. F$.)E ’$ :$.267!"!i ?#+.6$1’)= A$!"0$!+.+ !$ I’:)#0$!+.+
B7-i-*7.)<) ’$%i)’$67’)<) 2’i-"#*+!"!2 i0. I-$’$ C#$’.$ $.!+-’) !#+-$I #)4)-
!$ - %7)02 ’$(#/0.2. K1’$. ’"6i’i&’i #i-’/’’/, J) -+’+.$>!7 2 (#$.!+5’+3
,$1$5$3, 5$*!) 0$>!7 )*)46+-)*!i, /.i #)46/!7 .6$*+5’i 0"!)1+ 0"’G ":".!+--
’+0+, !)02 $.!2$67’+0 I .6$* 0"!)1i- , $(#).*+0$%iI> )4"#’"’)<) )("#$!)#$.

?i1 5$* #),-’/,2-$’’/ ).#"0+3 ,$1$5 -+’+.$I ()!#"4$ 2 -+.)’$’’i )45+-
*6"’7 i, 0$!#+%/0+ -"6+.)= #),0i#’)*!i, /.i 5$*!) I #),#i1E"’+0+. ?$#$6"67’i
)45+*6"’’/ ’$ .6$*!"#’+3 $#3i!".!2#$3 1),-)6/>!7 *2!!I-) *.)#)!+!+ 5$* )4-
5+*6"’7. K1’$. ($#$6"67’$ #"$6i,$%i/ !$.+3 0"!)1i- *!-)#>I 1)1$!.)-i !#21’)-
Ji, *"#"1 /.+3 ,4"#"E"’’/ !)5’)*!i )45+*6"’7, ’$.)(+5"’’/ 5+*"67’)= ()3+4.+
(#+ ’"-+,’$5"’)*!i ()#/1.2 -+.)’$’’/ $#+:0"!+5’+3 )("#$%i&. H .)’!".*!i
i!"#$%i&’+3 0"!)1i- %" 0)E" *(#+5+’+!+ -!#$!2 !)5’)*!i, ()#2G"’’/ ,4iE’)*!i
$4) ,4i67G"’’/ .i67.)*!i i!"#$%i&, ’")43i1’+3 16/ ()G2.2 #),-’/,.2. H 1$’i&
#)4)!i 1)*6i1E2I!7*/ 4i46i)!".$ ExBLAS (Exact BLAS), J) ,$4",("52I !)5’" !$
-i1!-)#>-$’" -+.)’$’’/ 4$,)-+3 )("#$%i& 6i’i&’)= $6<"4#+ 2 ($#$6"67’)02 *"-
#"1)-+Ji. ;$’$ 4i46i)!".$ -+.)#+*!)-2I $#+:0"!+.2 , #23)0)> .)0)> *!$’-
1$#!’)= !)5’)*!i.

H 0"E$3 1+*"#!$%i&’)= #)4)!+ #),<6/1$>!7*/ /. !")#"!+5’i, !$. i (#$.!+-
5’i $*(".!+ ()421)-+ i!"#$%i&’+3 0"!)1i- 16/ #),-’/,2-$’’/ ’"6i’i&’+3 #i-’/’7.
K*’)-’+0+ ,$1$5$0+ I 1)*6i1E"’’/ 0"!)1i- , $(#).*+0$%iI> )4"#’"’)<) )("#$-
!)#$ !$ 0)E6+-i*!7 ":".!+-’)= ($#$6"67’)= #"$6i,$%i= 0"!)1i-. S"#"1 .6>5)-+3
-+.6+.i- -$#!) -+1i6+!+ *.6$1’i*!7 )45+*6"’’/ )4"#’"’+3 )("#$!)#i-, )4V#2’-
!2-$’’/ 0"!)1i-, -!#$!2 !)5’)*!i 2 ($#$6"67’)02 *"#"1)-+Ji, $ !$.)E ("#"1$52
1$’+3 0iE (#)%"*$0+ (#+ ($#$6"67’+3 )45+*6"’’/3.

’()*+ 1+*"#!$%i&’)= #)4)!+ I #),#)4.$, 1)*6i1E"’’/ !$ 21)*.)’$6"’’/
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i!"#$%i&’+3 0"!)1i- 16/ #),-’/,2-$’’/ ’"6i’i&’+3 )("#$!)#’+3 #i-’/’7, , 2#$-
32-$’’/0 0)E6+-)*!i =3 ":".!+-’)= ($#$6"67’)= #"$6i,$%i= !$ ,$4",("5"’’/ -+-
*).)= !)5’)*!i )45+*6"’7.

,-’.&)*/ 1)*6i1E"’’/ I ’"6i’i&’i )("#$!)#’i #i-’/’’/ !$ 6i’i&’i ,$1$5i.
01($/() 1+*"#!$%i&’)<) 1)*6i1E"’’/ 8 i!"#$%i&’i 0"!)1+ 16/ #),-’/,2-

-$’’/ ’"6i’i&’+3 i 6i’i&’+3 ,$1$5, =3’i -6$*!+-)*!i ,4iE’)*!i, )45+*6>-$67’$
":".!+-’i*!7, *!i&.i*!7 1) 5+*"67’+3 ()3+4). !$ -+*).)(#)12.!+-’i )45+*6>-
-$67’i *+*!"0+.

’()*$2 $*34i$5(67. H 1+*"#!$%i&’i& #)4)!i -+.)#+*!)-2>!7*/ 0"!)1+ 5+-
*"67’)<) $’$6i,2, ,).#"0$, $’$6i, i!"#$%i&’+3 (#)%"*i- 16/ #),-’/,2-$’’/ ’"-
6i’i&’+3 #i-’/’7 !$ )%i’.$ =3 ,4iE’)*!i. M+.)#+*!)-2>!7*/ .)’%"(%i= -+*).)-
(#)12.!+-’+3 )45+*6"’7 !$ ($#$6"67’)<) (#)<#$02-$’’/ 16/ 4i46i)!". CUDA,
OpenMP, MPI !$ ExBLAS.

;+*"#!$%i/ *.6$1$I!7*/ , $’)!$%i& 2.#$=’*7.)> & $’<6i&*7.)> 0)-$0+, -*!2-
(2, !#7)3 #),1i6i-, -+*’)-.i-, *(+*.2 6i!"#$!2#+ !$ 1)1$!.$.

H -*!2(i ()1$’) )4V#2’!2-$’’/ $.!2$67’)*!i !"0+ 1+*"#!$%i&’)<) 1)*6i-
1E"’’/, *:)#0267)-$’) 0"!2, ,$-1$’’/, (#"10"! i )4’I.! 1)*6i1E"’’/, )3$#$-
.!"#+,)-$’) -+.)#+*!$’i 0"!)1+. M.$,$’) ’$2.)-2 ’)-+,’2 & (#$.!+5’2 %i’-
’i*!7 )!#+0$’+3 #",267!$!i-, ’$-"1"’) ,-’/,). #)4)!+ , 1"#E$-’)> ’$2.)-)-
1)*6i1’)> !"0)>, ).#"*6"’) )*)4+*!+& -’"*). ,1)42-$5$, $ !$.)E $(#)4$%i> !$
(246i.$%i= )*’)-’+3 #",267!$!i- 1+*"#!$%i=.

H ("#G)02 #),1i6i (#)-"1"’) )<6/1 (#$%7, (#+*-/5"’+3 i!"#$%i&’+0 0"!)-
1$0 #),-’/,2-$’’/ ’"6i’i&’+3 #i-’/’7. U),<6/’2!) 4$,)-i (i13)1+, =3’i ("#"-$<+
!$ ’"1)6i.+. S:)#0267)-$’) )*’)-’i ),’$5"’’/ i !-"#1E"’’/, J) *!$’)-6/!7 !"-
)#"!+5’2 )*’)-2 16/ $’$6i,2 ,4iE’)*!i ,$(#)()’)-$’+3 0"!)1i- !$ =3 ":".!+-’)=
#"$6i,$%i= - 20)-$3 ($#$6"67’+3 )45+*6"’7.

H 1#2<)02 #),1i6i (#)-"1"’) #),#)4.2 !$ !")#"!+5’" )4V#2’!2-$’’/ ’)-
-+3 i!"#$%i&’+3 0"!)1i-, J) 4$,2>!7*/ ’$ $(#).*+0$%i= )4"#’"’)<) )("#$!)#$.
H #),1i6i ,$(#)()’)-$’) 0"!)1+ !+(2 D7>!)’$, /.i ’" ()!#"42>!7 )45+*6"-
’’/ )4"#’"’)<) )("#$!)#$. F")#"!+5’i #",267!$!+ 1)()-’>>!7*/ 5+*"67’+0+
".*("#+0"’!$0+. F$.)E (#)-"1"’) $’$6i, )45+*6>-$67’)<) ()#/1.2 ,4iE’)*!i.
K(+*$’) 6).$67’+& !$ ’$(i-6).$67’+& $’$6i, ,4iE’)*!i 16/ !#+.#).)-+3 0"-
!)1i- !+(2 92#5$!)-$, /.i -+.)#+*!)-2>!7 ()1i6"’2 #i,’+%> ("#G)<) ()#/1.2
,$0i*!7 ()3i1’)= C#"G". U),#)46"’) <i4#+1’i 1-).#).)-i 0"!)1+, 2 /.+3 ()G2.
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)4"#’"’)<) :i.*)-$’)<) )("#$!)#$ )45+*6>I!7*/ 6+G" )1+’ #$, (#)!/<)0 2*7)<)
i!"#$%i&’)<) (#)%"*2. ;)*6i1E"’) G-+1.i*!7 ,4iE’)*!i !$ (#)-"1"’) 5+*"67’2
("#"-i#.2 ,$(#)()’)-$’+3 0"!)1i-. ?).$,$’), /. -+4i# :i.*)-$’)<) )("#$!)#$
!$ i’G+3 ($#$0"!#i- -(6+-$I ’$ ":".!+-’i*!7 0"!)1i-. D$-"1"’) $’$6i, !#7)3
i!"#$%i&’+3 0"!)1i- G)*!)<) ()#/1.2. F")#"!+5’i #",267!$!+ (i1!-"#1E"’) 5+-
*"67’+0+ ".*("#+0"’!$0+, (#)-"1"’+0+ ’$ G+#).)02 ’$4)#i ,$1$5 #i,’)= #),-
0i#’)*!i !$ *.6$1’)*!i. ;)*6i1E"’) ()#/1). ,4iE’)*!i 0"!)1i- G)*!)<) ()#/1.2.

H !#"!7)02 #),1i6i -i1)4#$E"’) (#$.!+5’i $*(".!+ #"$6i,$%i= i!"#$%i&’+3
0"!)1i- 2 *"#"1)-+Ji -+*).)(#)12.!+-’+3 )45+*6"’7 (HPC). K1’iI> i, (#)46"0
(#+ ($#$6"67’+3 )45+*6"’’/3 I ,$4",("5"’’/ 5+*"67’)= *!i&.)*!i !$ -i1!-)#>-
-$’)*!i #",267!$!i-, )*.i67.+ )("#$%i= , #23)0)> .)0)> 0)E2!7 (#+,-"*!+ 1)
’$.)(+5"’’/ ()3+4). !$ #),4iE’)*!i #",267!$!i- (#+ .)E’)02 ,$(2*.2.

?#+ #),-’/,2-$’’i ’"6i’i&’+3 #i-’/’7 5$*!) -+’+.$I ()!#"4$ 2 -+.)’$’’i
0$!#+5’+3 )45+*6"’7, ,).#"0$ 2 #),-’/,2-$’’i -"6+.+3 #),#i1E"’+3 6i’i&’+3
*+*!"0 Ax = b. H (i1#),1i6i 3.1 1)*6i1E"’) -(6+- )40"E"’)= !)5’)*!i ’$ ,4i-
E’i*!7 0"!)12 D7>!)’$ 16/ 1-)3 !"*!)-+3 ,$1$5. U),<6/1$>!7*/ !#+ (i13)-
1+ 1) #"$6i,$%i= 0"!)12: *!$’1$#!’$ !)5’i*!7, 1)-i67’$ #),G+#"’$ !)5’i*!7 !$
*!$’1$#!’$ !)5’i*!7 i, -+.)#+*!$’’/0 $6<)#+!0i- ExBLAS. ;$6i #),<6/1$I!7*/
0)1+:i.)-$’+& 0"!)1 1-)*(#/E"’+3 <#$1iI’!i- (p-BiCGStab), /.+& I 2,$<$67-
’"’’/0 0"!)12 *(#/E"’+3 <#$1iI’!i- ’$ -+($1). ’"*+0"!#+5’+3 0$!#+%7, 16/
#),-’/,2-$’’/ *+*!"0 -+<6/12 Ax = b. D$-"1"’$ #"$6i,$%i/ 0)1+:i.)-$’)<)
0"!)12 i, $*+’3#)’’)> 0iE(#)%"*)#’)> .)02’i.$%iI>. H !#"!7)02 #),1i6i 1)-
*6i1E"’) -+.)#+*!$’’/ ExBLAS 16/ 1$’)<) 0"!)12 !$ (#)-"1"’) 5+*"67’2 $(#)-
4$%i> ’$ ’$4)#i #),#i1E"’+3 0$!#+%7 , .)6".%i= SuiteSparse. ?).$,$’) ()#i--
’/’’/ ":".!+-’)*!i ,$ 5$*)0 -+.)’$’’/ 16/ #i,’+3 ($#$0"!#i- ($#$6"6i,$%i=,
a !$.)E ()#i-’/’’/ ,4iE’)*!i 0"!)1i-. ?i1#),1i6 3.3 (#+*-/5"’+& #),#)4%i 5+-
*"67’) -i1!-)#>-$’)<) *!"("’"-)<) 0"!)12 16/ )45+*6"’’/ ’$&4i67G)<) ,$ 0)-
126"0 -6$*’)<) ,’$5"’’/ !$ -i1()-i1’)<) -6$*’)<) -".!)#$. U"$6i,)-$’) -"#*i=
16/ #i,’+3 $#3i!".!2#, ,).#"0$ 16/ 4$<$!)/1"#’+3 CPU !$ <#$:i5’+3 (#)%"*)-
#i- GPU. M+.)#+*!$’) Message Passing Interface 16/ CPU i !"3’)6)<i> CUDA

16/ GPU #"$6i,$%i=. ?#)-"1"’) $’$6i, )!#+0$’+3 #",267!$!i- - ,$6"E’)*!i -i1
)4#$’)= $#3i!".!2#+.

;)1$!). 0i*!+!7 *(+*). (246i.$%i& ,1)42-$5$ ,$ !"0)> 1+*"#!$%i= !$ -i1)-
0)*!i (#) $(#)4$%i> #",267!$!i- 1)*6i1E"’’/.
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!"#$%&’() *(#’)((+ ,%"&-#(&. ")*/01%#%i2 ()6/<$I 2 #),#)4%i !$
-1)*.)’$6"’’i i*’2>5+3 5+*"67’+3 0"!)1i-, J) 1),-)6/>!7 (i1-+J+!+ ":".!+--
’i*!7 #),-’/,2-$’’/ G+#).)<) .6$*2 ’"6i’i&’+3 #i-’/’7. S!-)#"’i (#)<#$0’i #"-
$6i,$%i= $6<)#+!0i- , -+.)#+*!$’’/0 !"3’)6)<i& ($#$6"67’)<) (#)<#$02-$’’/
(MPI, CUDA, OpenMP) !$ #),G+#"’)= 4i46i)!".+ -i1!-)#>-$’+3 )45+*6"’7 (BLAS)
0)E2!7 42!+ i’!"<#)-$’i 2 ’$2.)-)-1)*6i1’i !$ i’E"’"#’i (#)<#$0’i .)0(6".*+
16/ 0)1"6>-$’’/ *.6$1’+3 :i,+5’+3, ".)’)0i5’+3 !$ *!)3$*!+5’+3 (#)%"*i-.

304’,2i 50,2#: ’"6i’i&’i #i-’/’’/, 6).$67’$ !$ ’$(i-6).$67’$ ,4iE’i*!7,
4$’$3)-i (#)*!)#+, ()3i1’$ C#"G", ()1i6"’i #i,’+%i, i!"#$%i&’i 0"!)1+, 0"!)1
D7>!)’$, ’"6i’i&’i ,$1$5i ’$&0"’G+3 .-$1#$!i-, ($#$6"6i,$%i/, !)5’i*!7 !$ ’$-
1i&’i*!7, $(#).*+0$%i/, 5+*6)-i 0"!)1+, 5+*"67’$ )(!+0i,$%i/, -+*).)(#)12.!+--
’i )45+*6"’’/, -+($1.)-i (#)%"*+.
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Abstract

Havdiak M. M. Iterative processes using high-performance computing for solvi-
ng nonlinear and linear problems. 8 Qualifying scientific work on the rights of the
manuscript.

The thesis presented for the degree of Doctor of Philosophy in the specialty 113
- “Applied mathematics” (Field of studies - 11 “Mathematics and statistics”). 8 Ivan
Franko National University of Lviv, Lviv, 2026.

A wide range of scientific and engineering problems can be formulated as a
mathematical model for solving nonlinear equations F (x) = 0. This model is uti-
lized in various areas, including physical process modeling, computer vision tasks,
and other computations. In many practical problems, finding an exact analytical
solution is diWcult or impossible. Therefore, iterative methods are commonly appli-
ed, constructing a sequence of approximations that converges to the desired solution.
Such methods are used, in particular, in optimization problems, and the mathemati-
cal models, which describe them, can be represented as operators that map one linear
space to another.

One of the principal tools for the numerical solution of nonlinear equations is
Newton’s method, whose theoretical foundations have evolved from specific algebraic
algorithms to a generalized theory in Banach spaces. Through the concept of the
Fréchet derivative, the method was extended to a significantly broader class of
problems. An important step in this direction was the Newton–Kantorovich theorem,
which establishes convergence criteria in Banach spaces using the properties of the
Fréchet derivative and Lipschitz continuity conditions. Thus, the Newton–Kantorovich
method is widely applied in nonlinear functional analysis, optimization, mechanics,
and other fields.

The classical implementation of Newton’s method provides quadratic conver-
gence. However, its application requires the inversion of the Jacobian matrix (or the
Fréchet derivative in the general case) at each iteration, which is a computationally
expensive operation. This has led to the development of quasi-Newton methods.
Furthermore, significant research has been devoted to increasing the order of convergence,
reducing the computational cost of iterations, and studying suWcient conditions for
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convergence.
Finding a solution to the operator equation F (x) = 0 in a Banach space is a

classical problem in numerical analysis. Significant contributions to the development
and convergence analysis of iterative methods, unconstrained optimization methods,
as well as modified and combined methods, were made by I. K. Argyros, M. D. Babi-
ch, M. Ya. Bartish, Y. M. Danulin, J. Dennis, O. M. Khimich, M. O. Nedaschkovskiy,
J. M. Ortega, O. M. Ostrowski, F. A. Potra, B. M. Pshenychnyi, V. Ptak, A. F. Rooze,
R. Schnabel, S. M. Shakhno, J. R. Sharma, J. Traub, S. Ulm, M. M. Voytovych,
X. Wang, W. Werner, T. Yamamoto and H. P. Yarmola. Furthermore, active research
in this direction is also being carried out at the Faculty of Applied Mathematics
and Informatics at Ivan Franko National University of Lviv. However, traditional
methods can be ineXective for some of the nonlinear equations that arise in various
applied practical problems. For such cases, a less studied class of methods based on
the approximation of the inverse operator may be useful.

Solving certain problems often requires performing matrix computations involvi-
ng large, frequently sparse matrices. In such instances, finding a solution within a
standard computing environment becomes practically impossible. Consequently, it
is advisable to develop methods capable of operating in parallel across multiple
computing nodes of a cluster. Parallel computing on cluster architectures can signi-
ficantly reduce computation time. But, parallel implementations of such methods
introduce additional challenges, including preserving the accuracy of computations,
non-deterministic order of arithmetic operations, and growth of numerical errors.
In the context of iterative methods, this can lead to loss of accuracy, disruption
of convergence, or an increase in the number of iterations. In this work, ExBLAS
(Exact BLAS) is investigated to guarantee numerical accuracy and parallel eWciency
in iterative solvers. This library ensures exact results using the IEEE-754 floating-
point arithmetic.

Within the scope of this PhD work, both theoretical and practical aspects
of iterative methods for solving nonlinear equations are considered. The focus li-
es on methods that use operator approximations, as well as on eWcient parallel
implementations. Among key challenges, it is worth highlighting the complexity of
computing inverse operators, loss of accuracy during parallelization, inter-process
communication, and the necessity of controlling numerical errors when performing
large-scale computations.



9

The purpose of the dissertation is the development, investigation, and improvement
of iterative methods for solving nonlinear operator equations, with emphasis on their
eWcient parallel implementation and ensuring high computational accuracy.

The objects of the study are nonlinear operator equations and linear problems.
The subjects of the dissertation include iterative methods for solving nonlinear

and linear problems, along with their convergence properties, computational eWci-
ency, numerical stability, and high-performance computing systems.

The research methods. The work employs methods of numerical analysis, specifi-
cally the analysis of iterative processes and convergence estimation. Parallel programmi-
ng technologies 8 including CUDA, OpenMP, and MPI 8 as well as the ExBLAS library
are utilized.

The thesis consists of an abstract in Ukrainian and in English, an introduction,
three chapters, conclusions, references, and an appendix.

The introduction explains the justification for the relevance of the dissertation
research topic. It also formulates the purpose, objectives, subject, and object of the
study, and describes the methods used. The section outlines the scientific novelty
and practical value of the obtained results, details the connection of the work to the
state scientific research topics, highlights the author’s personal contribution, and
covers validation of research results and publications presenting the main findings
of the PhD work.

The first chapter provides an overview of the literature on iterative methods
for solving nonlinear equations. Basic approaches are examined along with their
advantages and drawbacks. Additionally, the fundamental definitions and proposi-
tions are formulated, establishing the theoretical basis for the convergence analysis
of the proposed methods and ensuring their eWcient implementation in parallel
computing environments.

Chapter 2 is dedicated to the development and theoretical justification of new
iterative methods based on the approximation of the inverse operator. The Newton–
type methods that do not require the computation of the inverse operator are
proposed. Theoretical results are complemented by numerical experiments. The
computational order of convergence is also analyzed. A local and semilocal convergence
analysis is presented for three-step Kurchatov-type methods, which use the first-
order divided diXerence instead of the Fréchet derivative, making them applicable
to non-diXerentiable operators. The hybrid two-step methods are developed, in which
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the inverse of a fixed operator is computed only once throughout the entire iterati-
ve process. The convergence rate is investigated and numerical verification of the
proposed methods is performed. It is shown how the choice of the fixed operator and
other parameters aXects the eWciency of the methods. The analysis of three sixth-
order iterative methods is presented. The theoretical results are confirmed by the
numerical experiments performed on a broad set of problems of various dimensions.
The computational order of convergence (COC) and approximate computational
order of convergence (ACOC) are verified, confirming the theoretical estimates.

The third chapter presents practical aspects of implementing iterative methods
within high-performance computing (HPC) environments. One of the challenges in
parallel computing is ensuring numerical stability and reproducibility of results, as
floating-point operations are non-associative and can lead to the accumulation of
errors and discrepancies in results at each run.

Solving nonlinear equations often requires performing matrix computations, in
particular solving large sparse linear systems Ax = b. The impact of limited precision
on the convergence of Newton’s method is investigated for two test problems. Three
approaches to the method’s implementation are considered: standard double precisi-
on, arbitrary extended precision, and standard precision with ExBLAS algorithms.
Subsequently, the modified pipelined biconjugate gradient method (p-BiCGStab),
which generalizes the conjugate gradient method for non-symmetric matrices, is di-
scussed for solving systems of the form Ax = b. An implementation of the modified
method with asynchronous interprocessor communication is presented. The chapter
also examines the integration of ExBLAS into this method. Numerical validation is
performed on a set of sparse matrices from the SuiteSparse collection. Compari-
sons of the execution time eWciency across various parallelization parameters and
the convergence performance of the methods are presented. Subsection 3.3 is devoted
to the development of a numerically reproducible power method for computing the
largest eigenvalue and the corresponding eigenvector. This algorithm is fundamental
in many numerical applications. Versions for diXerent architectures, including multi-
core CPUs and graphics processors (GPUs), have been implemented. The Message

Passing Interface (MPI) is used for CPU, and the CUDA technology for the GPU

implementation. The analysis of the obtained results is carried out depending on
the chosen architecture.
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The appendix contains a list of the author’s publications on the thesis topic
and information on the validation of the research results.

The practical significance of the obtained results lies in the development
and improvement of existing numerical methods, which enhances the eWciency of
solving a wide class of nonlinear equations. The developed software implementations
of algorithms, utilizing the parallel programming technologies (MPI, CUDA, OpenMP)
and the reproducible computing library (ExBLAS), can be integrated into research
and engineering software for modeling complex physical, economic, and stochastic
processes.

Key words: nonlinear equations, local and semilocal convergence, Banach
spaces, Fréchet derivative, divided diXerences, iterative methods, Newton’s method,
nonlinear least squares problems, parallelization, accuracy and reliability, reproduci-
bility, computer arithmetic, approximations, numerical methods, numerical optimi-
zation, high-performance computing, stochastic process.
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