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Huceprartiist Ha 3700yTTs HAYKOBOT'O CTYIIEHsI JIOKTOPa (isocodil 3a crerniaib-
micrio 113 — “Ilpuknagna maremarnka’ (Famysb snanb — 11 “Maremarnka Ta cra-
tuctuka’). — JIbBiBChKUiT HamioHaIbHUI yHIBepcuTeT imeni [Bana @panka, JIbBiB,
2026.

Huska HaykoBux Ta IHXKEHEPHHX 3a/1ad 3BOJUTHLCA J0 PO3B’SI3yBaHHSI HEJIiHiii-
Hux piBusHb Burisy F(x) = 0. Taki piBHsHHS BUHUKAIOTH Y MOJe/TOBaHHI (hi3n-
YHUX IPOIECIB, 3a/a9aX KOMII IOTEPHOTO OaveHHs Ta iHIINX OOYMC/IeHHSAX. ¥ Oara-
THOX MPAKTUUHUX 3a/adaxX aHaJITHIHO 3HAWTH TOUYHHI PO3B’SI30K OyBa€ CKJIaJIHO
abo HeMOXKJINBO. ToMy I HAOJIMKEHOI0 O0UYUCICHHS 3a3BUYail 3aCTOCOBYIOTH iTe-
pariiitai MeTojiu, AKi OyJIyIOTh MOC/IiJIOBHICTH HAOJINYKEHB, 0 30ira€Thcsd JI0 MIyKa-
HOT'O pO3B’si3Ky. Taki MeTo/u 3aCTOCOBYIOTHCSI, 30KpeMa, B 3ajladax ONTHUMI3allil, a
MaTeMaTUIHI MOJE, MO IX OMUCYIOTh, MOXKHA MOJATH Y BUIVISIL OIepaTOpiB, AKi
BiJ0OpaXKaroTh OJINH JITHIITHUI TTPOCTIp B IHINNIA.

OJiHUM i3 OCHOBHMX IHCTPYMEHTIB YHCE/bHOI'O PO3B’sI3aHHSI HEJIHIMHUX PiB-
HgHb € MeTo) HbioToHa, TeopeTwdHi 3acaju siIKoro (popMyBaIHCd BiJl KOHKPETHUX
aIreOpUIHIX aJrOPUTMIB JI0 y3arajJbHEeHOI Teopil B OaHAXOBUX IPOCTOPaX. 3aBiid-
KU MOHATTIO 1oxiinol @pere MeTO/I MOMUPUBCA Ha 3HAYHO MIUPIINN KIac 3a/ad.
BakmmBuM KpoKOM y IbOMy Hampsmi ctasia Teopema Hbiorona-Kantoposuua. [la
TeopeMa BCTAHOBJIIOE CTPOri KpuTepil 301:KHOCTI B ODaHAXOBUX IIPOCTOPAX, BUKOPHU-
CTOBYIOUM BJIACTUBOCTI Toxianol Pperre Ta yMOBH JIIMIIINATEBOI HellepepBHOCTI. Ta-
KM 9MHOM, MeTo]T HbioTona-KanTopoBuia mmpoko 3aCTOCOBYETLCA Y HEJTIHIITHOMY
dgyHKIIIOHAILHOMY aHaJIi31, ONMTUMIZAIT, MeXaHiIli TOIIO.

Knacnuna peadtizaiisgs Meroy Hblorona 3adesnedye KBaJpaTUUHYy IIBUJIKICTD
36izknocTi. [IpoTe floro 3acrocyBanns BuMara€ OOYHC/IEHH: Ta IONIYK OOEpHEHOI
matpuii fxkobi (abo moxiguoi Mperie y 3araabHOMY BUIAJKY) Ha KOXKHI iTepariii,
1[0 BUMAra€ BICOKUX 00YHMC/IIOBAILHUX 3aTpart. Lle cTasio momroBXoM Jijist PO3BUTKY

KBa3i-HbIOTOHIBCHKIX METOJIIB, & TaKOXK JIOC/IJIZKEHb YMOB 3012KHOCTI Ta 3HUZKEHHSI



00YNCTIOBAIBLHOT CKJIATHOCTI.

Bajiavua TOIIyKY PO3B’s3Ky oneparopHoro piBHsiHHsA F(x) = 0 y GaHaxoBomy
IIPOCTOPI € KJIACUIHOIO 1TPO0JIEMOIO YNCEIBLHOTO aHai3y. Baromuii BHECOK y po3po0-
Ky Ta JIOC/i/IZKeHHS 3012KHOCTI PISHUIIEBUX METO/IiB, METO/IiB 0€3yMOBHOI OIITUMIi3a-
1il, & TaKOXK Y JIOCJIIzKeHHI MOAN(IKOBAaHUX Ta KOMOIHOBAHIX METOIB 3p0o0MIn TaKi
Bueni, sk M. /1. Babuu, M. {. Baprim, M. M. Boitrosuu, FO. M. Haununin, JIx. Jlen-
uic, M. O. Henamkosebkuit, /I:x. Oprera, O.M. Ocrposebkuit, B. M. ITmennammuit,
k. Tpay0o, O. M. Ximiu, C. M. [Ilaxno, P. Iuabesun, I'. I1. dpmoua, I. K. Argyros,
F. A. Potra, V. Ptak, A. F. Rooze, J. R. Sharma, S. Ulm, X. Wang, W. Werner Ta
T. Yamamoto. Takox na daxynbreri [Ipukiragnol Maremarnku ta [ndopmaruku
JIbBIBCHKOI'O HaIllOHAJILHOI'O yHiBepcuTeTy iM. [Bana dpanka akTUBHO TpUBaE PoOO-
Ta B 1bOMY HanpsiMky. OJiHaK HeJIiHIHI PIBHSAHHS, 10 BUHUKAIOTH Y HPAKTHIHIX
3aJladax, 4acTo MaloTh OCOOJIMBOCTI, sIKl pOOJIATEH KJIACHYIHI MEeTON MEeHI e(peKTUB-
HUMHU, TOMY aKTYaJIbHUM € KJIaC METO/IIB 3 allPOKCHMAIIi€l0 0OEPHEHOTO OIIepaTopa.

[Tig gac po3B’sizyBaHHS OKpEMUX 3aJlad BUHHUKAE MOoTpeda y BUKOHAHHI 004H-
CJIEHD 13 MATPUISME BEJIUKOI PO3MIPHOCTI, K1 9acTo € po3pimkennmu. lapanterbni
00YNCICHHS Ha KJIACTEPHUX apXiTEeKTypax J03BOJISIOTH CYTTEBO CKOPOTUTH Yac 00-
qucsenb. OIHaK mapaJiesibHa peaisalliss TAKUX METOJIIB CTBOPIOE JI0AATKOBI TPYIHO-
11, cepeJt TKIX 30eperKentsl TOUHOCTI 00UnC/IeHb, HAKOITMYEeHHs Y1Ce/TbHOI TOXNOKH
IIPU HEBU3HAYEHOCTI MOPAJIKY BUKOHAHHA apuMETHIHUX olepalliil. ¥ KOHTEKCTi
iTepaliitHux METOJIIB 1€ MOYKe CIPUIUHUTH BTPATy TOYHOCTI, OPYIIEHHS 30i2KHOCTI
ab0 301bIIEHHS KLJIBKOCTI iTepalliil, HeoOXiIHUX JjId IMOIIYKY PO3B’a3KYy. ¥ JaHiii
poboti pociKyeThes 6ibmioreka ExBLAS (Exact BLAS), mo 3abesmeuye Toune Ta
BiJITBOpIOBaHe BUKOHAHHs 0a30BUX Ollepariiil JIiHiitHol ajaredpn y napaseabHoMy ce-
penosuti. Jlana 6ibsioTeka BUKOPUCTOBYE apuMETUKY 3 PYXOMOIO KOMOIO CTaH-
JTAPTHOI TOYHOCTI.

YV Mexkax JucepTaliitHol podoTH PO3IJISIAI0THCA SIK TEOPETUUHI, TaK 1 MpaKTH-
YHI aCIEeKTHU TOOYI0BY iTepaIiitHuX MeTOIIB /11 PO3B’I3yBaHHs HeJIHITHIX PIBHAHD.
OcHOBHIMN 3a/1a9aMII € JIOCJIIIZKEHHsT METO/IB 3 allpOKCUMAIIIEI0 00ePHEHOI0 olepa-
TOPa Ta MOYKJIUBICTH ePEeKTUBHOI TapaJieibHol peasiizallii MeTo1iB. Cepe/l KJIIIOBUX
BUKJIMKIB BAPTO BUJILINTU CKJIAJIHICTL OOYMC/IeHHs] 0OepHEHNX OllepaTopiB, 0O pyH-
TYBaHHS METOJIIB, BTpATy TOUYHOCTI y NapaJie;JbHOMY CEePeOBUII, & TaKOXK Iepeiady
JIAHIX MiZK IIpoIlecaMu IIPH MapaJie/IbHIX 00UNCICHHSIX.

Memoro nucepraliiiinol podOTH € PO3podKa, JOCJIIJIZKEHHS Ta YI0CKOHAJICHHS



iTepalliitHIX METOJIIB JIJIsi PO3B’si3yBaHHs HEJIIHIITHUX OllepaTOPHUX PIBHSAHB, 3 ypa-
XYBaHHAM MOXKJIMBOCTI X epeKTUBHOI IapaJie/ibHOl peaJizallil Ta 3abe31edeHHs BU-
COKOI TOYHOCTI 0OUNC/ICHD.

O6’exmom ITOCTIIZKEHHS € HeJIHITHI orepaTopHi PIBHSIHHSA Ta JIHITHI 3a1a4i.

IIpedmem aucepTaliiiHOrO JOC/IIKEHHSI — iTepalliiiHi MeTonu Jist PO3B a3y-
BaHHsI HEJIHIHUX 1 JIHIAHUX 3aja4, IXHI BJIACTUBOCTI 3012KHOCTI, 00YNC/IIOBAIbHA
epeKTUBHICTD, CTIHKICTD JI0 YNCETBHUX MOXUOOK Ta BUCOKOIPOYKTUBHI OOUNCITIO-
BaJIbHI CUCTEMU.

Memoodu docaidoicenn. N aucepTalliiitiii pod0Ti BUKOPUCTOBYIOTHCSI METO/IM -
CeJIbHOIO aHaJIi3y, 30KpeMa, aHaJ i3 iTepaliifHuxX IIPOIECiB JJjisi PO3B’si3yBaHHsI He-
JIHIHHUX PIBHAHL Ta OIIHKA 1X 30iKHOCTI. BUKOPHCTOBYIOTHCS KOHIIEHIT BUCOKO-
MPOJIyKTUBHUX OOYUC/IEHb Ta TapaJiesIbHOIO MporpaMyBanis s 0i0ioTek CUDA,
OpenMP, MPI Ta ExBLAS.

JucepTraliis cKJIaJla€ThCs 3 aHOTAIllll YKPATHCHKOIO i aHT/TIICHKOI0O MOBaMM1, BCTY-
1y, TPhOX PO3/IL/IIB, BUCHOBKIB, CIIUCKY JIITEPATYPH Ta JI0JIaTKa.

Y Beryi 1OJaHO OOIPYHTYBaHHsI aKTYaJbHOCTI TeMU JUCEPTAIiiHOTO 10CIIi-
JKEHHS, ¢cpOpMY/ILOBAHO METY, 3aB/aHHsd, MpejIMeT 1 00’'€KT JTOCIiIKEeHHST, oXapa-
KTEepU30BAHO BUKOPHUCTaHI MeToju. BKazaHo HayKOBY HOBHU3HY f NpaKTUUHY IliH-
HICTL OTPUMAHUX Pe3YyJIbTaTiB, HABEJIEHO 3B’SI30K pOOOTH 3 JIEPKABHOIO HAYKOBO-
JIOCJTIJTHOIO TEMOIO, OKPEeCJIeHO 0COOUCTHII BHECOK 3/100yBada, a TaKoyK alpodalliio Ta
myOJiikalil OCHOBHUX Pe3yJIbTaTiB JucepTallil.

Y mepIomMy po3iii TpoBeIeHO OIS Mpallb, MPUCBAYEHNX ITepalliitHIM MeTO-
JlaM PO3B’sI3yBaHHs HEJHIHUX PiBHAHDL. Po3ryignyTo 6a30Bi 1ix0/11, TXHi epeBaru
ta He1o K. ChopMyIhOBaHO OCHOBHI O3HAYEHHS 1 TBEPJIZKEHHSI, 10 CTAHOBJISITH Te-
OPETHYHY OCHOBY JIJIsT aHA/II3y 3012KHOCTI 3aITpOIIOHOBAHIX METO/IB Ta X e(peKTUBHOI
peaJiizaliil B yMoBax IHapaJiejbHIX 00UNC/IeHb.

Y Ipyromy po3jiji IPOBEJIEHO PO3pOOKY Ta TeopeTHdHe OOIPYHTYBaHHS HO-
BHX iTepamiifiHux MeTO/IiB, IO 0a3yI0ThbCsl Ha allpOKCUMAaIlil 00epHEHOI0 OIepaTopa.
Y pozjiii 3amporoHoBaHo MeToan Tuily HbloTona, gki He MoTpeOyIOTh 0OYHCIIe-
HHS ODEpPHEHOro oneparopa. TeopeTudHi pe3y/bTaTh JIOTOBHIOIOTHCSA YNCETbHIMU
ekcriepuMenTaMi. TaKkoyK TPOBEIEHO aHa/Ii3 00UNCIIOBAILHOTO MOPAJIKY 3012KHOCTI.
Ornuncano JioKaJIbHUIT Ta HaIiBJIOKAJbHUI aHaJi3 30iKHOCTI JIJI TPUKPOKOBUX Me-
ToaiB Tuny KypuaroBa, sKi BUKOPUCTOBYIOTH MOIJIEHY PIZHUINO MEPIIOTO MOPATKY

zamicTb 1oxijHol @perre. Po3pobieno ribpuini JBOKPOKOBI METO/IU, Y SKUX IONIYK



obepHeHoro (PIKCOBAHOTO OlepaTOpa O0UNCTIOETHC JIUIIE OJUH pa3 MPOTATOM YChOTO
iTepariitnoro mpornecy. locizKeHo MBUIKICTh 3012KHOCTI Ta MPOBEIEHO THCEJIHHY
nepeBipky 3arpornonoBanux mMetoi. [lokazano, sik BuOip (hikcoBaHOrO onepaTopa
Ta 1HIIMX TapaMeTpiB BILIMBA€E Ha eeKTUBHICTL MeTodiB. HaBegeno anasiz Tphox
iTepaIiifHuX MeTOJiB IIOCTOTO MOPsIKY. TeopeTrndHi pe3yabTaTi MiITBeP/IZKEHO In-
CeJTLHUMU eKCIIePUMEHTAMK, TTPOBEICHNME Ha IMTIPOKOMY HabOpi 3a/1a9 pizHol pos-
MIPHOCTI Ta cKJIaIHOCTI. Jloc/Ti/I2KeHO TopsiJIoK 3012KHOCTI METO/IIB IIIOCTOT'O TIOPSJIKY.

Y TperboMy Po3/iiJii BiJoOpazkeHo MpaKTUIHI acleKkTH peaJsizallil iTepaiiiinux
MEeTOJIIB y cepeioBulil Bucokonpopaykrusanx obuucaens (HPC). Onniero i3 npobiiem
pU HapaJjebHIX 00UUCICHHAX € 3a0e3IeUCHHST YMCE/IbHOI CTIHKOCTI Ta BiJITBOPIO-
BaHOCT1 pe3yJ/IbTaTiB, OCKLJIbKU Ollepallil 3 PYyXOMOI KOMOIO MOXKYTb IPU3BECTU JI0
HAKOIIMYEHHS MMOXUOOK Ta PO3OIZKHOCTI PE3Y/IbTATIB MPU KOKHOMY 3aIlyCKY.

[Ipn po3s’a3yBanHi HETIHIHHUX PIBHAHL YacCTO BUHUKAE OTpeda y BUKOHAHHI
MaTPUUHUX OOUMC/IEeHDb, 30KpeMa Y PO3B’d3yBaHHI BEJIMKIX PO3PIIKEeHNX JIHITHIX
cucreM Ax = b. Y migposaia 3.1 10caizKeHo BILUIMB 00MezKeHol TOYHOCTI Ha 30i-
KHICTh MeToy HbioToHa 118 JBOX TeCcTOBUX 3ajad. Po3riasgaioTbesd Tpu IiIxo-
JI1 JI0 peaJsiizallll MeTojly: CTaHJapPTHA TOYHICTb, JIOBLJIbHA PO3IIMPEHA TOYHICTh Ta
CTaH/IApTHA TOYHICTH i3 BUKOpucTanuam ajaroputMmis ExBLAS. Jlai posriisiiaerbes
MO TIKOBAHII METOJT TBOCHPSZKEHUX I'pajiieHTiB (p-BiCGStab), sikuii € y3arab-
HEHHSIM METOJ/Y CIPsKEHNX I'PaJIE€HTIB Ha BUIAI0K HECUMETPUIHUX MATPUIh, JIJId
posB’si3yBanns cucreMm Buriany Ax = b. Hasenena peasizariss mojudikoBaHOro
METO/Ty 13 ACMHXPOHHOIO MiKITPOIIECOPHOI0 KOMYHIKAITIEI0. &Y TPETHOMY PO3ILIi J10-
CJIJIZKEHO BUKOpUCTaHHs EXBLAS J1j1s1 JIaHOTO METO/1y Ta MPOBEJIEHO HYUCEIbHY allpo-
6artito Ha Habopi po3piKEHNX MATPUIlL 3 KoJieKIlil SuiteSparse. [lokazano mopis-
HsIHHsI €(PEKTUBHOCTI 3a YacoM BUKOHAHHS JIJIS PI3HUX IapaMeTpiB NapaJeiisallii,
a TaKOyK MOpIBHsIHHS 30iKHOCTI MeToaiB. Ilijgposnia 3.3 npucsstaennii po3podiii 1u-
CeJILHO BIJITBOPIOBAHOT'O CTEIIEHEBOI'0 METOJY JI/Isi OOUMC/IEHHsT HAMOILIbIIOro 38 MO-
JIyJIeM BJIACHOI'O 3HaYEHHs Ta BiJIOBIIHOTO BJIACHOIO BeKTopa. PeasizoBano Bepcil
JUISl PIBHUX apXiTeKTyp, 30Kpema jijid baratosjiepaux CPU Ta rpadidHux mporeco-
piB GPU. Buxopucrano Message Passing Interface jyiss CPU i Texnosiorito CUDA
Jutsg GPU peagtizarii. [Iposejieno anasi3z orpuMaHux pe3y/abTaTiB B 3aJI€2KHOCTI Bijf
oOpaHol apXiTeKTYpH.

HoaTok MiCTUTB CIHCOK ITyOJIiKalliil 37100yBada 3a TEMOO JIMcepTallil Ta Bijlo-

MOCTI 1IPO aIlpoOallifo pe3y/ibTaTiB JIOC/iPKEHHS.



IlpakTnyHe 3HAYEHHS OTPUMAHUX PE3YJIbTATIB I0JATAa€ Y PO3poOI Ta
BJIOCKOHAJIEHHI ICHYIOUMX INCEJTbHUX METO/IIB, 110 JIO3BOJISIIOTH ABUIIUTH €PEeKTIB-
HICTb PO3B’sI3yBaHHS IIUPOKOTO KJIacy HeJHIMHUX piBHAHL. CTBOPEH] porpaMHi pe-
aJli3allil aJI'OPUTMIB 3 BUKOPUCTAHHSAM TEXHOJIOTI INapaJie/IbHOI0 MporpaMyBaHHsd
(MPI, CUDA, OpenMP) ta posimpenoi 6ibiorekn BijarBopoBannx obunciennb (BLAS)
MOXKYTb OyTH iHTErpoBaHi y HayKOBO-JOCJIIIHI Ta iHXKEHEPHI porpaMHi KOMILIEKCH
JIJTST MOJIETIOBAHHS CKJIAIHUX (DIBMIHUX, EKOHOMIYHUX Ta CTOXACTUYHUX ITPOIIECIB.

Kirro4oBi ciioBa: HeiHiiiHI piBHsIHHS, JIOKAJIbHA Ta HalliBJIOKAJIbHA 3012KHICTh,
H6anaxoBi npocropu, noxigna @pere, 1MojieH] pi3HUI, iTepaliiiHi MeTOIM, METOJ,
Hpiorona, neniniitni 3a/1a4i HafiMeHIITNX KBaJIpaTIB, MTapaJjei3allid, TOYHICTb Ta Ha-
JIHICTB, allpOKCUMAaIllsd, YUCJ0BI METOJIM, YUCEJIbHA OIITUMI3alllsd, BACOKOIIPO/IYKTHUB-

HI O0YMCJIEHHS, BUIIAIKOBI IIPOIIECH.



Abstract

Havdiak M. M. Tterative processes using high-performance computing for solvi-
ng nonlinear and linear problems. — Qualifying scientific work on the rights of the
manuscript.

The thesis presented for the degree of Doctor of Philosophy in the specialty 113
- “Applied mathematics” (Field of studies - 11 “Mathematics and statistics”). — Ivan
Franko National University of Lviv, Lviv, 2026.

A wide range of scientific and engineering problems can be formulated as a
mathematical model for solving nonlinear equations F'(x) = 0. This model is uti-
lized in various areas, including physical process modeling, computer vision tasks,
and other computations. In many practical problems, finding an exact analytical
solution is difficult or impossible. Therefore, iterative methods are commonly appli-
ed, constructing a sequence of approximations that converges to the desired solution.
Such methods are used, in particular, in optimization problems, and the mathemati-
cal models, which describe them, can be represented as operators that map one linear
space to another.

One of the principal tools for the numerical solution of nonlinear equations is
Newton’s method, whose theoretical foundations have evolved from specific algebraic
algorithms to a generalized theory in Banach spaces. Through the concept of the
Fréchet derivative, the method was extended to a significantly broader class of
problems. An important step in this direction was the Newton—Kantorovich theorem,
which establishes convergence criteria in Banach spaces using the properties of the
Fréchet derivative and Lipschitz continuity conditions. Thus, the Newton—Kantorovich
method is widely applied in nonlinear functional analysis, optimization, mechanics,
and other fields.

The classical implementation of Newton’s method provides quadratic conver-
gence. However, its application requires the inversion of the Jacobian matrix (or the
Fréchet derivative in the general case) at each iteration, which is a computationally
expensive operation. This has led to the development of quasi-Newton methods.
Furthermore, significant research has been devoted to increasing the order of convergence,

reducing the computational cost of iterations, and studying sufficient conditions for



convergence.

Finding a solution to the operator equation F'(x) = 0 in a Banach space is a
classical problem in numerical analysis. Significant contributions to the development
and convergence analysis of iterative methods, unconstrained optimization methods,
as well as modified and combined methods, were made by 1. K. Argyros, M. D. Babi-
ch, M. Ya. Bartish, Y. M. Danulin, J. Dennis, O. M. Khimich, M. O. Nedaschkovskiy,
J. M. Ortega, O. M. Ostrowski, F. A. Potra, B. M. Pshenychnyi, V. Ptak, A. F. Rooze,
R. Schnabel, S. M. Shakhno, J. R. Sharma, J. Traub, S. Ulm, M. M. Voytovych,
X. Wang, W. Werner, T. Yamamoto and H. P. Yarmola. Furthermore, active research
in this direction is also being carried out at the Faculty of Applied Mathematics
and Informatics at Ivan Franko National University of Lviv. However, traditional
methods can be ineffective for some of the nonlinear equations that arise in various
applied practical problems. For such cases, a less studied class of methods based on
the approximation of the inverse operator may be useful.

Solving certain problems often requires performing matrix computations involvi-
ng large, frequently sparse matrices. In such instances, finding a solution within a
standard computing environment becomes practically impossible. Consequently, it
is advisable to develop methods capable of operating in parallel across multiple
computing nodes of a cluster. Parallel computing on cluster architectures can signi-
ficantly reduce computation time. But, parallel implementations of such methods
introduce additional challenges, including preserving the accuracy of computations,
non-deterministic order of arithmetic operations, and growth of numerical errors.
In the context of iterative methods, this can lead to loss of accuracy, disruption
of convergence, or an increase in the number of iterations. In this work, ExBLAS
(Exact BLAS) is investigated to guarantee numerical accuracy and parallel efficiency
in iterative solvers. This library ensures exact results using the IEEE-754 floating-
point arithmetic.

Within the scope of this PhD work, both theoretical and practical aspects
of iterative methods for solving nonlinear equations are considered. The focus li-
es on methods that use operator approximations, as well as on efficient parallel
implementations. Among key challenges, it is worth highlighting the complexity of
computing inverse operators, loss of accuracy during parallelization, inter-process
communication, and the necessity of controlling numerical errors when performing

large-scale computations.



The purpose of the dissertation is the development, investigation, and improvement
of iterative methods for solving nonlinear operator equations, with emphasis on their
efficient parallel implementation and ensuring high computational accuracy.

The objects of the study are nonlinear operator equations and linear problems.

The subjects of the dissertation include iterative methods for solving nonlinear
and linear problems, along with their convergence properties, computational effici-
ency, numerical stability, and high-performance computing systems.

The research methods. The work employs methods of numerical analysis, specifi-
cally the analysis of iterative processes and convergence estimation. Parallel programmi-
ng technologies — including CUDA, OpenMP, and MPI — as well as the ExBLAS library
are utilized.

The thesis consists of an abstract in Ukrainian and in English, an introduction,
three chapters, conclusions, references, and an appendix.

The introduction explains the justification for the relevance of the dissertation
research topic. It also formulates the purpose, objectives, subject, and object of the
study, and describes the methods used. The section outlines the scientific novelty
and practical value of the obtained results, details the connection of the work to the
state scientific research topics, highlights the author’s personal contribution, and
covers validation of research results and publications presenting the main findings
of the PhD work.

The first chapter provides an overview of the literature on iterative methods
for solving nonlinear equations. Basic approaches are examined along with their
advantages and drawbacks. Additionally, the fundamental definitions and proposi-
tions are formulated, establishing the theoretical basis for the convergence analysis
of the proposed methods and ensuring their efficient implementation in parallel
computing environments.

Chapter 2 is dedicated to the development and theoretical justification of new
iterative methods based on the approximation of the inverse operator. The Newton—
type methods that do not require the computation of the inverse operator are
proposed. Theoretical results are complemented by numerical experiments. The
computational order of convergence is also analyzed. A local and semilocal convergence
analysis is presented for three-step Kurchatov-type methods, which use the first-
order divided difference instead of the Fréchet derivative, making them applicable

to non-differentiable operators. The hybrid two-step methods are developed, in which
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the inverse of a fixed operator is computed only once throughout the entire iterati-
ve process. The convergence rate is investigated and numerical verification of the
proposed methods is performed. It is shown how the choice of the fixed operator and
other parameters affects the efficiency of the methods. The analysis of three sixth-
order iterative methods is presented. The theoretical results are confirmed by the
numerical experiments performed on a broad set of problems of various dimensions.
The computational order of convergence (COC) and approximate computational
order of convergence (ACOC) are verified, confirming the theoretical estimates.

The third chapter presents practical aspects of implementing iterative methods
within high-performance computing (HPC) environments. One of the challenges in
parallel computing is ensuring numerical stability and reproducibility of results, as
floating-point operations are non-associative and can lead to the accumulation of
errors and discrepancies in results at each run.

Solving nonlinear equations often requires performing matrix computations, in
particular solving large sparse linear systems Az = b. The impact of limited precision
on the convergence of Newton’s method is investigated for two test problems. Three
approaches to the method’s implementation are considered: standard double precisi-
on, arbitrary extended precision, and standard precision with ExBLAS algorithms.
Subsequently, the modified pipelined biconjugate gradient method (p-BiCGStab),
which generalizes the conjugate gradient method for non-symmetric matrices, is di-
scussed for solving systems of the form Az = b. An implementation of the modified
method with asynchronous interprocessor communication is presented. The chapter
also examines the integration of ExBLAS into this method. Numerical validation is
performed on a set of sparse matrices from the SuiteSparse collection. Compari-
sons of the execution time efficiency across various parallelization parameters and
the convergence performance of the methods are presented. Subsection 3.3 is devoted
to the development of a numerically reproducible power method for computing the
largest eigenvalue and the corresponding eigenvector. This algorithm is fundamental
in many numerical applications. Versions for different architectures, including multi-
core CPUs and graphics processors (GPUs), have been implemented. The Message
Passing Interface (MPI) is used for CPU, and the CUDA technology for the GPU
implementation. The analysis of the obtained results is carried out depending on

the chosen architecture.
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The appendix contains a list of the author’s publications on the thesis topic
and information on the validation of the research results.

The practical significance of the obtained results lies in the development
and improvement of existing numerical methods, which enhances the efficiency of
solving a wide class of nonlinear equations. The developed software implementations
of algorithms, utilizing the parallel programming technologies (MPI, CUDA, OpenMP)
and the reproducible computing library (ExBLAS), can be integrated into research
and engineering software for modeling complex physical, economic, and stochastic
processes.

Key words: nonlinear equations, local and semilocal convergence, Banach
spaces, Fréchet derivative, divided differences, iterative methods, Newton’s method,
nonlinear least squares problems, parallelization, accuracy and reliability, reproduci-
bility, computer arithmetic, approximations, numerical methods, numerical optimi-

zation, high-performance computing, stochastic process.
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