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AHoTamniga

Tasdax M. M. Iteparniiitni mporecu 3 BUKOPUCTAHHSIM BUCOKOIIPOIYKTHBHUX 00~
YUC/IeHDb JIJIS PO3B’si3yBaHHs HEJIHIMHUX 1 JiHIHUX 3a1ad. — Kpastidikariiina Hay-
KOBa ITpalld Ha IpaBax PyKOIHCY.

Hucepranis Ha 3100yTTsd HAyKOBOI'O CTYIIEHs JOKTOopa diocodil 3a creliaib-

mictio 113 — “ITpukagna maremarnka’ (Famyss snans — 11 “Maremarnka Ta cra-
tuctuka’). — JIbBiBCbKUIT HaIlOHAJBHII yHiBepcuTeT imeni [Bana ®@panka, JIbBiB,
2026.

Huska HaykoBUX Ta IHyKEHEPHHUX 3a/a4 3BOJIUTHCSA 0 PO3B’SI3yBaHHs HeJIiHii-
Hux piBHsiab Bursyly F'(x) = 0. Taki piBHsIHHS BUHHKAIOTH Y MOJIe/IOBaHH] (bizu-
YHUX IPOIIECiB, 3a/aUaX KOMIT FOTEPHOIO OavdeHHs Ta IHIINX oOuYnc/IeHHAX. Y Oara-
THbOX MPAKTUIHUX 3ajadaX aHaJiTUIHO 3HANTH TOYHUII PO3B’dA30K OyBae CKJIaJIHO
ab0 HeMOXKJIMBO. Tomy /1t HAOJIMZKEHOro OOUNCICHHST 3a3BMYail 3aCTOCOBYIOTH iTe-
pariiitni MeTon, siKi OyAyIOTh ITOC/IOBHICTD HAOJIMKEHB, 10 30ira€ThCs 10 IIyKa-
HOT'O pO3B’s3KY. Taki MeTOJIl 3aCTOCOBYIOTLCs, 30KpeMa, B 3ajladax ONTHUMIi3allil, a
MaTeMaTU4dHl MoJeJl, M0 1X OIUCYIOTh, MOXKHA IOJIaTh Yy BUIJIS/Il OllepaTopiB, Kl
B1100parKaroTh OJNH JIHIHHUI IPOCTIp B HIINIA.

OnHMM 13 OCHOBHHUX IHCTPYMEHTIB YHCEJIbHOIO PO3B’sI3aHHS HEJIHIHUX piB-
HgHb € MeToJi Hbiorona, TeopeTndni 3acaji SKOro (hOpMyBaJUCA BiJi KOHKPETHUX
aJreOpUIHUX aJrOPUTMIB JI0 y3arajbHEHOI Teopil B OaHaXOBUX MPOCTOPAX. 3aBJIsI-
KU TOHATTIO NoxiyiHol Dperrie MeTO/ | MOMUPUBCA Ha 3HAYHO MINPINNN KJiac 3a/ad.
BaxkmBuM KpoKOM y oMY HaIlpsaMi cTasia TeopeMa Hbiorona-Kantoposnya. s
TeopeMa BCTAHOBJIIOE CTPOTi KpUTepil 3012KHOCTI B OaHAXOBUX MPOCTOPAX, BUKOPU-
CTOBYIOUM BJIACTUBOCTI 1oXigHol Dperre Ta yMOBU JIIMIIINATEBOI HemlepepBHOCTI. Ta-
KM 9nHOM, MeToj HbioTona-KanTtopoBnya mupoko 3aCTOCOBYETHC Y HEJIHIHHOMY
dyHKIIOHAJILHOMY aHaJIi31, OINTUMIi3allil, MeXaHiIli TOIIO.

Kitacuuna peadiizariss merony HeloToHa 3abe3nedye KBaJpaTUUHY IIBUIKICTD
30izkHocTi. [Ipore itoro 3acrocyBaHHsI BUMarae OOYUCJICHHS Ta IOINIYK OOEpHEHOT
matpuii Ako6i (abo noxigHol @peirie y 3arajbHOMY BUIIQJIKY) HA KOXKHIN iTepariil,
10 BUMarae BICOKNX O0UNC/IIOBAILHIX 3aTpaT. Lle cTajio momToBXoM it pO3BUTKY

KBa3i-HbIOTOHIBCHKUX METOJIB, a TaKOXK JIOC/I/I2KeHb YMOB 301KHOCTI Ta 3HUKEHHSI



00YHC/IIOBAJILHOI CKJI/IHOCTI.

3ajiada moIyKy po3B’si3Ky orepaTopHoro piBusaHHs F(x) = 0 y 6aHaxoBoMy
IIPOCTOPI € KJIACHIHOIO IIPOOJIEMOIO YNCE/IbHOIO aHa 1i3y. Baromuii BHeCOK y po3pob-
Ky Ta JIOCJiIzKeHHs 3012KHOCT] PI3HUIEBUX METO/IiB, METO/IB 0e3yMOBHOI OITHMIi3a-
I1i1, & TAKOXK y JOCJI2KeHH] MOAn(IiKOBAHNX Ta, KOMOIHOBAHIX METOJIiB 3pOOM/IN TaKi
Bueni, ssk M. /1. Baoua, M. . Baprim, M. M. Boittosuy, FO. M. Janumnin, k. den-
mic, M. O. Henamkosebkuii, /I:x. Oprera, O.M. Ocrposcbkuit, B. M. [Tmennanni,
k. Tpay6o, O. M. Ximia, C. M. Illaxuo, P. [lInabemns, I'. I1. dpmomna, I. K. Argyros,
F. A. Potra, V. Ptak, A. F. Rooze, J. R. Sharma, S. Ulm, X. Wang, W. Werner Ta
T. Yamamoto. Takox ma daxynbreti [Ipuxmaanoi Maremarnku ta Indopmarukn
JIbBIBCHKOTO HaIlIOHAJILHOTO yHIBepcuTeTY iM. [Bana @paHka akKTHBHO TPUBAE POOO-
Ta B I[boMYy HanpsMmky. OJiHaK HeJIiHIHI PIBHSIHHS, 110 BUHUKAIOTH y MPAKTHIHUX
3aJladax, 9acTo MaloTh 0COOJIMBOCTI, siKi POOJISITH KJIACUYIHI METOIU MEHII eeKTHB-
HUMM, TOMY aKTYaJbHIM € KJIaC MEeTOJIIB 3 allpOKCHMAIIEI0 00epHEHOI'0 OllepaTopa.

[Tix gac po3B’g3yBaHHs OKpeMHUX 3aJad BUHUKAE MMOTpeda y BUKOHAHHI 00YH-
CJIEHD 13 MATPUIEMU BEJIMKOI pO3MIPHOCTI, SKi 9acTo € po3pipkennmu. llapasienbhi
00YNC/IEHHs] HA KJIACTEPHUX apXiTEeKTypax JI03BOJISIIOTH CYTTEBO CKOPOTUTU Yac 00-
qncenb. OJIHaK napaJie/ibHa peaJilallisd TaKuX MeTOIIB CTBOPIOE H0JATKOBI TPYIHO-
111, cepeJl AKX 30epeKeHHs] TOUHOCTI 00YNCIeHb, HAKOTNYEeHHs YUCEeTbHOI TOXUOKN
IIpU HEBU3HAYEHOCTI TOPSJIKY BUKOHAHHS apupMETUIHUX oreparliii. Y KOHTEKCTI
iTepalliiiHIX METOJIiB IIe MOYKe CIIPUINHUTHU BTPATy TOYHOCTI, IOPYIIEHHs 3017KHOCTI
ab0 30LJIbIIIeHHS KiJIbKOCTI iTepaliiil, HeoOX1IHUX JI/Isi TIOIIYKY PO3B d3KYy. ¥ JaHiil
pobori jrocipKyeThes 6ibioreka EXBLAS (Exact BLAS), mo 3abesnedye Toumne Ta
BiATBOPIOBaHE BUKOHAHHS 6a30BUX omepalliil JiHiitHOI ajaredpu y mapaseJbHOMY Ce-
pejoBuii. /lana 06i61ioTeKa BUKOPUCTOBYE apudMETUKYy 3 PYXOMOIO KOMOIO CTaH-
JIaPTHOI TOYHOCTI.

YV Mexkax JaucepTrariiiHol poboTH PO3IIsIal0ThCA SIK TEOPETUUHI, TaK 1 MPaKTH-
YHI aCIIeKTH [T00YI0BH iTepPAIiiiHIX METO/IIB JIjIsI O3B’ si3yBaHHsI HEJTIHITHUX PiBHSAHD.
OcHoBHUME 3aJ1a9aMU € JOC/IJIKeHHS METO/IiB 3 aIllPOKCUMAIIIEI0 00EPHEHOI'0 ollepa~
TOpa Ta MOXKJIUBICTH e(DeKTUBHOI HapaJjebHol peasizaliil MmeToiB. Cepe/l KJII0U0BUX
BUKJIMKIB BapTO BUJJINTH CKJIAIHICTh OOUNC/IEHHsT 0OEPHEHUX OllepaTopiB, 0O PYH-
TYBaHHS METOJIIB, BTpATy TOYHOCTI y ITapaJie IbHOMY CEPETOBUII, & TaKOXK Iepe/iady
JIAHUX MizK IIpoliecaMi IpU HapaJieIbHUX 00UUCIeHHSIX.

Memoro nuceptaliiitiol poboTH € Po3podKa, JOCTIKEHHS Ta YA0CKOHAJEHH



iTepalliiiHIX METO/IIB JII PO3B’A3YBAHHS HEJIHITHUX OllepaTOPHUX PIBHSHB, 3 ypa-
XyBaHHSIM MOXKJIMBOCTI 1X epeKTUBHOI apaJiejbHOl peaJiizallil Ta 3a0e31eYeHHs BH-
COKOI TOYHOCT] OOYMCIICHD.

06 ’exmom JTOCTIIZKeHHsI € HeJIIHIHI ollepaTopHi PiBHsIHHY Ta JIHIIHI 3a/1a4i.

IIpedmem nucepTaliiiHOrO HOC/IIIZKEHHS — iTepalliiiHi MeToIu i PO3B’a3y-
BaHHs HEJIHINHUX 1 JIHIAHUX 3a/1a9, IXHI BJIACTHBOCTI 301KHOCTi, 0O4YMC/IIOBAIbHA
epeKTUBHICTDb, CTIMKICTb JIO YUCETbHUX MOXUOOK Ta BUCOKOIPOYKTUBHI OOYNCITIO-
BaJIbH1 CUCTEMU.

Memoodu docaidotcenn. Y nucepralliiiniii poboTi BUKOPUCTOBYIOTHCS METOIN Y-
CEJILHOTO aHaJI3y, 30KpeMa, aHaJ i3 iTepalliiiHIX IPOIECIB I PO3B’si3yBaHHS He-
JIHITHUX PiBHAHb Ta OIHKAa 1X 301KHOCTI. BUKOPUCTOBYIOTHCS KOHIIEIIIT BUCOKO-
MPOJIYKTUBHUX OOYMC/ICHb Ta IapaJjebHOIro IporpaMyBaHHd g 0ibsiorek CUDA,
OpenMP, MPI ta ExBLAS.

JucepTaltis cKIa aeThed 3 aHOTallll YKPATHCHKOIO i aHTIIHCHKOI0 MOBAMU, BCTY-
Iy, TPhOX PO3/ILIIB, BUCHOBKIB, CIIUCKY JIITEPATYPHU Ta JOJIATKA.

Y BCTyIl HOJAHO OOI'PYHTYBaHHsI aKTYaJbHOCTI T€MH JIUCEPTAIfiHOIO JT0CJIi-
JIZKEHHs1, ccpOpPMYJIbOBAHO METY, 3aBJIaHHSI, IIPEJIMET 1 00’€KT JO0C/IiJIXKeHHs, oXapar-
KTEpPU30BaHO BUKOPHUCTaHI MeToau. BKaszano HayKOBY HOBU3HY i MPaKTUUIHY ITiH-
HICTb OTPUMAHUX PE3YJIbTATIB, HaBEJEHO 3B'S30K POOOTH 3 JIEPKABHOIO HAYyKOBO-
JIOCJTIJTHOIO TEMOIO, OKPEC/IEHO OCOOUCTHUI BHECOK 3/100yBava, a TaKoxK alpobaliiio Ta
myOJriKallil OCHOBHUX pPe3yJIbTaTiB JUCEPTAIlil.

Y 1mepiioMy po3Jiii MpOBeAEHO OTJIS ITPallb, MPUCBAICHUX ITepaIliifHuM MeTO-
JlaM pO3B’si3yBaHHsI HEJIIHITHUX PiBHAHB. Po3ryisgayTo 6a30Bi 1ixoa1, IXHI 1epeBaru
Ta Heno ik, ChopMyIb0BaHO OCHOBHI O3HAUEHHS 1 TBeP/2KEHHS, 1110 CTAHOBJISITH Te-
OPETUYHY OCHOBY JIJI aHAJiI3y 301KHOCTI 3aIIPOIIOHOBAHIX METOIIB Ta, X e(DeKTUBHOL
peaJtizallii B yMoBax INapaJebHUX 00UNC/IEHbD.

Y Ipyromy po3jiji IMpPOBEJIEHO PO3POOKY Ta TeopeTudHe OOI'PYHTYBAHHS HO-
BUX iTepaliifiHuX MeTOiB, 110 06a3yI0ThCA Ha allpoKcuMallil 00epHEHOIo olepaTopa.
Y po3ii 3amporoHoBaHo MeTojan Tuiy HbioTona, dKi He MOTpeOyIoTh 0OYHCIe-
HHsI 0OepHEHOro omneparopa. TeopeTudHi pe3yabTaTH JOMOBHIOIOTHCS YUCETbHIMUI
ekcriepuMeHTaMi. TakoxK MpOBEJICHO aHaJ i3 00YIC/II0BAIBHOIO MOPSIKY 3012KHOCTI.
OrmmcaHo JIOKaJIbHUIT Ta HaIBJIOKAJBHUN aHa i3 301KHOCTI JIJIsi TPUKPOKOBUX Me-
TomiB Tuy KypdaToBa, siki BAKOPUCTOBYIOTDH MOIJIEHY PI3HUIIO TEPIIOTO TOPSIKY

3aMicTb 1oxifHol @perre. Po3podiieno ribpuHi TBOKPOKOBI METO/HU, Y IKUX TIOITYK



00epHeHOTo (PIKCOBAHOTO OTlepaTOpa OOUNCTIOETHC JIUIIE OJIMH pa3 MPOTATOM YChOTO
iTepariiinoro mporecy. Jloc/mipKeHo MBUJIKICTE 3012KHOCTI Ta IMPOBEJICHO YHNCE/IbHY
HepeBipKy 3allponoHoBaHnX MeToiB. [lokazaHo, sik BuOIp (ikcoBaHOTO OlepaTopa
Ta IHIIUX [TapaMeTpiB BILINBaE Ha edeKTHUBHICTH MeTojiB. HapejeHo aHaJii3 TpPhOX
iTepalliiftHX METO/IIB IOCTOTO MOPAIKY. TeopeTHdHl pe3yabTaTh IiITBEP/ZKEHO -
CEJTbHUMU eKCIIepUMeHTaMU, ITPOBeJeHUMI Ha IMUPOKOMY Habopi 3ajad pizHOI PO3-
MIPHOCTI Ta CKJIa{HOCTi. J[oc/TiIzKeHo opsiJIoK 30i2KHOCTI METO/IIB IIIOCTOIO MOPSJIKY.

Y TperboMy PO3/IiIi BioOparkeHO MPaKTUUHI acleKTH peaJizallil iTepariiiHux
MEeTOJIiB ¥ cepejioBulili BucokonpoayKrusaux obuucienb (HPC). Oanieto i3 mpobiem
IpU MapajieIbHIX O0UNC/IeHHAX € 3a0e3MedeHHs YUCeTbHOI CTIMKOCTI Ta BiJITBOPIO-
BAHOCTI pe3yJIbTaTiB, OCKLILKU OIepallil 3 PyXOMOIO KOMOIO MOXKYThb ITPU3BECTU JIO
HAKOIIMYEHHs MTOXNOOK Ta pO30iXKHOCTI pe3yJIbTaTIB MPHU KOXKHOMY 3allyCKYy.

[Ipu posp’sa3yBaHHi HeJIHITHUX PIBHSIHb YaCTO BUHHUKAE 110Tpeda Yy BUKOHAHHI
MATPUIHUX OOYNCJICHB, 30KpeMa Yy pO3B’ga3yBaHHI BEJIUKUX PO3PIJIZKEHUXK JIHITHIX
cucreM Ax = b. Y nigposaim 3.1 goc/iKeHo BIUIUB 00OMEXKEeHOI TOYHOCTI Ha 30i-
JKHiCTh MeToy HbloToHa st JIBOX TecTOBUX 3ajad. PosrisgaioTbess TPHU IMiIX0-
JIM JI0 peaJiizallll MeTo/ly: CTaHJ apTHa TOYHICTb, JIOBLJIbHA PO3IINPEHa TOYHICTH Ta
CTaHIapTHA TOYHICTE i3 BukopucTanusMm ajgroputMiB ExBLAS. Jlami posrisigaerhes
Mo/ biKOBaHUiT MeTo/ JIBOCIIPsiZKeHNX rpajiieHTis (p-BiCGStab), sikuii € y3arajib-
HEHHSIM METO/Y CHPs»KeHUX I'PaJI€HTIB Ha BUIAJ0K HECUMETPUUIHNX MaTPUIlb, /s
po3B’s3yBanHst cucteM Burisiny Ax = b. Hapejena peasizariist MmonndikoBaHOrO
MEeTOJIy 13 aCHHXPOHHOIO MIXKITPOIIECOPHOIO KOMYHIKAITIED. Y TPETHOMY PO3JiJi J10-
CJIIZKeHO BUKopucTanusg ExBLAS Jiis JIaHOTNO METO/Iy Ta IIPOBEJIEHO YNCEeJIbHY allpo-
Oarrito Ha HabOPi poO3PiIzKEHNX MATPUIlh 3 KoJekilil SuiteSparse. [lokazamno mopis-
HHH e(EeKTUBHOCTI 3a 9acOM BUKOHAHHS JIJIS PI3HUX IapaMeTpiB HapaJiestizariil,
a TaKOXK MOPIBHAHHS 30i2kHOCTI MeToiB. [1iaposnin 3.3 npucBadenuit po3pooIii uu-
CEeJIbHO BIJITBOPIOBAHOI'O CTEIIEHEBOI'O METOJY JIJIsi OOUNC/IeHHsT Hab/IBIIIOro 3a MO-
JIyJIeM BJIACHOTO 3HAUYEHHS Ta BIJIIIOBIIHOTO BJIAaCHOTO BeKTOpa. PeasizoBanHo Bepcil
JUTS PI3HUX apXiTeKTyp, 30Kpema Jjis Oaratosjiepunx CPU Ta rpadiunmx mporeco-
piB GPU. Bukopucrano Message Passing Interface sy CPU i Texnosoriio CUDA
g GPU peastizarii. IIposeseno anajiz oTpuMaHux pe3y/bTaTiB B 3a1€xKHOCTI BiJI
0oOpaHol apXiTeKTypH.

JoaToK MICTUTH CIMCOK IyOJIiKaliil 3/100yBada 3a TEMOIO JucepTrallil Ta Bijgo-

MOCTI PO ampoballiio pe3yabTaTiB JTOC/IiIXKEHHS.



IIpakTuyHe 3HAUYEeHHS OTPUMAHUX PeE3YyJbTaTIiB I0Jdrac y po3poOIl Ta,
BJIOCKOHAJIEHHI ICHYIOUUX YUCEIbHUX METO/IIB, 110 JI03BOJISIOTH I IBUIINTHI e(PEKTHUB-
HICTh PO3B’sI3yBaHHSI IMIPOKOr0 KJacy HeJIiHINHNX piBHsIHb. CTBOPEHI IIpOorpaMHi pe-
aJri3allll aJropuTMiB 3 BUKOPUCTAHHAM TEXHOJIOTIH IapaJsieJbHOTO IporpaMyBaHHS
(MPI, CUDA, OpenMP) Tta posumipenol 6ibioTekn BijgrBoproBannx obunciiens (BLAS)
MOXKYTh OYTH 1HTErpoBaHi y HAYKOBO-JIOCJIIHI Ta IHXKEeHEepHI MporpaMHi KOMILJIEKCH
JUUTsT MOJICJTIOBaHHS CKJITHUX (DI3UIHUX, EKOHOMIUHUX Ta CTOXACTUIHUX ITPOIIECIB.

Kuro4dosi cjioBa: HetiHiiTHI pIBHSIHHS, JIOKAJIbHA Ta HAIllBJIOKA/IbHA 3012KHICTD,
OaHaxoBi 1mpocTopu, mnoxigHa Pperne, MoiIeH] PI3HUIN, iTepalliiiHi MeTOu, MeTO/L
HpioTona, Hesiniiini 3a1a4i HaiiMeHIINX KBapaTiB, apaJie/isallisd, TOUHICTh Ta Ha-
JIHIHICTD, allpOKCUMAaIllisl, YUCJIOBl METO/IU, YUCeIbHA ONITUMI3alllsd, BACOKOIIPOLYKTUB-

Hi 00YMCJIeHHsI, BUIIAIKOBI IIPOIECH.



Abstract

Havdiak M. M. Tterative processes using high-performance computing for solvi-
ng nonlinear and linear problems. — Qualifying scientific work on the rights of the
manuscript.

The thesis presented for the degree of Doctor of Philosophy in the specialty 113
- “Applied mathematics” (Field of studies - 11 “Mathematics and statistics”). — Ivan
Franko National University of Lviv, Lviv, 2026.

A wide range of scientific and engineering problems can be formulated as a
mathematical model for solving nonlinear equations F'(x) = 0. This model is uti-
lized in various areas, including physical process modeling, computer vision tasks,
and other computations. In many practical problems, finding an exact analytical
solution is difficult or impossible. Therefore, iterative methods are commonly appli-
ed, constructing a sequence of approximations that converges to the desired solution.
Such methods are used, in particular, in optimization problems, and the mathemati-
cal models, which describe them, can be represented as operators that map one linear
space to another.

One of the principal tools for the numerical solution of nonlinear equations is
Newton’s method, whose theoretical foundations have evolved from specific algebraic
algorithms to a generalized theory in Banach spaces. Through the concept of the
Fréchet derivative, the method was extended to a significantly broader class of
problems. An important step in this direction was the Newton—Kantorovich theorem,
which establishes convergence criteria in Banach spaces using the properties of the
Fréchet derivative and Lipschitz continuity conditions. Thus, the Newton—Kantorovich
method is widely applied in nonlinear functional analysis, optimization, mechanics,
and other fields.

The classical implementation of Newton’s method provides quadratic conver-
gence. However, its application requires the inversion of the Jacobian matrix (or the
Fréchet derivative in the general case) at each iteration, which is a computationally
expensive operation. This has led to the development of quasi-Newton methods.
Furthermore, significant research has been devoted to increasing the order of convergence,

reducing the computational cost of iterations, and studying sufficient conditions for



convergence.

Finding a solution to the operator equation F(x) = 0 in a Banach space is a
classical problem in numerical analysis. Significant contributions to the development
and convergence analysis of iterative methods, unconstrained optimization methods,
as well as modified and combined methods, were made by I. K. Argyros, M. D. Babi-
ch, M. Ya. Bartish, Y. M. Danulin, J. Dennis, O. M. Khimich, M. O. Nedaschkovskiy,
J. M. Ortega, O. M. Ostrowski, F. A. Potra, B. M. Pshenychnyi, V. Ptak, A. F. Rooze,
R. Schnabel, S. M. Shakhno, J. R. Sharma, J. Traub, S. Ulm, M. M. Voytovych,
X. Wang, W. Werner, T. Yamamoto and H. P. Yarmola. Furthermore, active research
in this direction is also being carried out at the Faculty of Applied Mathematics
and Informatics at Ivan Franko National University of Lviv. However, traditional
methods can be ineffective for some of the nonlinear equations that arise in various
applied practical problems. For such cases, a less studied class of methods based on
the approximation of the inverse operator may be useful.

Solving certain problems often requires performing matrix computations involvi-
ng large, frequently sparse matrices. In such instances, finding a solution within a
standard computing environment becomes practically impossible. Consequently, it
is advisable to develop methods capable of operating in parallel across multiple
computing nodes of a cluster. Parallel computing on cluster architectures can signi-
ficantly reduce computation time. But, parallel implementations of such methods
introduce additional challenges, including preserving the accuracy of computations,
non-deterministic order of arithmetic operations, and growth of numerical errors.
In the context of iterative methods, this can lead to loss of accuracy, disruption
of convergence, or an increase in the number of iterations. In this work, ExBLAS
(Exact BLAS) is investigated to guarantee numerical accuracy and parallel efficiency
in iterative solvers. This library ensures exact results using the IEEE-754 floating-
point arithmetic.

Within the scope of this PhD work, both theoretical and practical aspects
of iterative methods for solving nonlinear equations are considered. The focus li-
es on methods that use operator approximations, as well as on efficient parallel
implementations. Among key challenges, it is worth highlighting the complexity of
computing inverse operators, loss of accuracy during parallelization, inter-process
communication, and the necessity of controlling numerical errors when performing

large-scale computations.



The purpose of the dissertation is the development, investigation, and improvement
of iterative methods for solving nonlinear operator equations, with emphasis on their
efficient parallel implementation and ensuring high computational accuracy.

The objects of the study are nonlinear operator equations and linear problems.

The subjects of the dissertation include iterative methods for solving nonlinear
and linear problems, along with their convergence properties, computational effici-
ency, numerical stability, and high-performance computing systems.

The research methods. The work employs methods of numerical analysis, specifi-
cally the analysis of iterative processes and convergence estimation. Parallel programmi-
ng technologies — including CUDA, OpenMP, and MPI — as well as the ExBLAS library
are utilized.

The thesis consists of an abstract in Ukrainian and in English, an introduction,
three chapters, conclusions, references, and an appendix.

The introduction explains the justification for the relevance of the dissertation
research topic. It also formulates the purpose, objectives, subject, and object of the
study, and describes the methods used. The section outlines the scientific novelty
and practical value of the obtained results, details the connection of the work to the
state scientific research topics, highlights the author’s personal contribution, and
covers validation of research results and publications presenting the main findings
of the PhD work.

The first chapter provides an overview of the literature on iterative methods
for solving nonlinear equations. Basic approaches are examined along with their
advantages and drawbacks. Additionally, the fundamental definitions and proposi-
tions are formulated, establishing the theoretical basis for the convergence analysis
of the proposed methods and ensuring their efficient implementation in parallel
computing environments.

Chapter 2 is dedicated to the development and theoretical justification of new
iterative methods based on the approximation of the inverse operator. The Newton—
type methods that do not require the computation of the inverse operator are
proposed. Theoretical results are complemented by numerical experiments. The
computational order of convergence is also analyzed. A local and semilocal convergence
analysis is presented for three-step Kurchatov-type methods, which use the first-
order divided difference instead of the Fréchet derivative, making them applicable

to non-differentiable operators. The hybrid two-step methods are developed, in which
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the inverse of a fixed operator is computed only once throughout the entire iterati-
ve process. The convergence rate is investigated and numerical verification of the
proposed methods is performed. It is shown how the choice of the fixed operator and
other parameters affects the efficiency of the methods. The analysis of three sixth-
order iterative methods is presented. The theoretical results are confirmed by the
numerical experiments performed on a broad set of problems of various dimensions.
The computational order of convergence (COC) and approximate computational
order of convergence (ACOC) are verified, confirming the theoretical estimates.

The third chapter presents practical aspects of implementing iterative methods
within high-performance computing (HPC) environments. One of the challenges in
parallel computing is ensuring numerical stability and reproducibility of results, as
floating-point operations are non-associative and can lead to the accumulation of
errors and discrepancies in results at each run.

Solving nonlinear equations often requires performing matrix computations, in
particular solving large sparse linear systems Ax = b. The impact of limited precision
on the convergence of Newton’s method is investigated for two test problems. Three
approaches to the method’s implementation are considered: standard double precisi-
on, arbitrary extended precision, and standard precision with ExBLAS algorithms.
Subsequently, the modified pipelined biconjugate gradient method (p-BiCGStab),
which generalizes the conjugate gradient method for non-symmetric matrices, is di-
scussed for solving systems of the form Ax = b. An implementation of the modified
method with asynchronous interprocessor communication is presented. The chapter
also examines the integration of ExBLAS into this method. Numerical validation is
performed on a set of sparse matrices from the SuiteSparse collection. Compari-
sons of the execution time efficiency across various parallelization parameters and
the convergence performance of the methods are presented. Subsection 3.3 is devoted
to the development of a numerically reproducible power method for computing the
largest eigenvalue and the corresponding eigenvector. This algorithm is fundamental
in many numerical applications. Versions for different architectures, including multi-
core CPUs and graphics processors (GPUs), have been implemented. The Message
Passing Interface (MPI) is used for CPU, and the CUDA technology for the GPU
implementation. The analysis of the obtained results is carried out depending on

the chosen architecture.
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The appendix contains a list of the author’s publications on the thesis topic
and information on the validation of the research results.

The practical significance of the obtained results lies in the development
and improvement of existing numerical methods, which enhances the efficiency of
solving a wide class of nonlinear equations. The developed software implementations
of algorithms, utilizing the parallel programming technologies (MPI, CUDA, OpenMP)
and the reproducible computing library (ExBLAS), can be integrated into research
and engineering software for modeling complex physical, economic, and stochastic
processes.

Key words: nonlinear equations, local and semilocal convergence, Banach
spaces, Fréchet derivative, divided differences, iterative methods, Newton’s method,
nonlinear least squares problems, parallelization, accuracy and reliability, reproduci-
bility, computer arithmetic, approximations, numerical methods, numerical optimi-

zation, high-performance computing, stochastic process.
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Beryn

AkryasbHicTh Temu. [lonyk po3B’s3kiB HeMiHITHIX PiBHAHb € (DyH/IAMEH-
TAJIHLHOIO TTPOOJIEMOIO CyIaCHOTO YNCETBLHOTO aHai3y Ta MPUKIAIHOI MAaTeMATHKH.
Bararo HaykoBuX Ta iH)KEHEPHUX 3aJlad 3BOJSTHCS JIO PO3B’SI3yBaHHS HEJIHIHIX
piBHsiHb Bursiny F(z) = 0, ne F' — nudepentiiiopunii 3a @perre omeparop. Taki
3aJ1a9l BUHUKAIOTL y HalpPIZHOMAHITHIMNNX TaIy3dX — BiJI MOJENTIOBAHHSA (DI3UIHUX
IIPOIECIB 1 JUHAMIUHUX CHCTEM 10 OOYMC/IIOBAJIbLHOI IiIPOJMHAMIKI Ta O0OEpHEHUX
KpaitoBux 3ajad [1—5|. ¥V Bumajkax, KoM aHAJITHIHUI PO3B’SI30K 3HANTH HEMO-
JKJINBO, BHUKOPUCTOBYIOTH YMCEJIbHI iTepariiiHi mMeTomu, siki (pOpMyIOTh IOCJIiI0B-
HICTb HAOJIMKEHb, 110 30irafoThCs JI0 IYKAHOTO PO3B SI3KY.

O iHuM 13 HalBaKJIMBIIIMX 1HCTPYMEHTIB YUCEJILHOINO PO3B’sI3yBaHHsI HeJIiHii-
HUX piBHdAHL € MeTos HeloToHa, 1m0 3abe3revuye KBaJIpaTUIHY HIBUJIKICTD 3012KHO-
cti |6, 7]. Moro ysaranbhenns y 6aHaXOBHX HPOCTOPAX, 30KPeMa depe3 TeopeMy
Hoiorona-KanToposuia, cTBOPUIO TEOPETUUHY OCHOBY LIS JIOCTIIZKEHHS TTUPOKO-
ro KJacy HeJIHIHHUX ONepaTOPHUX PIBHAHb.

Bognodac mpakTHyiHe 3aCTOCYBaHHs KJIaCUIHOTO MeToay HbioroHa obmerKkye-
ThCA 3HAYHUMU OOYMC/IIOBAJIbHUMU BUTpaTaMu. KoxkHa irepalliss morpebye o04n-
ciaenast F'(x) Ta posp’s3yBaHHs BiIIOBIIHOI JHHIAHOT crcTeMn abo 3HAXOJZKEHHS
F'(z)71. ¥V GaraToBuMipHuX 3a/a4ax e He JIHIIe YCKIQHIOE peaizalilo MeToLy, a
it MOzKe 3poOUTH H1OT0 3aCTOCYBAHHS MPAKTUIHO HEMOYKJINBUM Yepe3 BeJTNKI BUTPATH
maM’sITi Ta Jacy.

Bkazani oOMexKeHHs 3yMOBUJIM aKTUBHHII PO3BUTOK KBa3iHbIOTOHIBCHKUX Me-
TOJIB Ta 1HIIMX Mojudikaliii y 1iif 001acTi, sIKi J03BOJIAIOTH IMABUIINTU e(DEeKTHB-
HICTb PO3PaxyHKIB i 3a0€3MeYUTH BUCOKY TOYHICTH. 30KpeMa, 3HAYHUN BHECOK Y
JIOCTIIZKEHHAX, CHPAMOBAHUX Ha IJIBUIIEHHS MOPSAIKY 301XKHOCTI Ta 3MEHIEHH
00UNCTIOBAJIBLHOI CKJIAJIHOCTI iTepalliil, 3pooun yKkpaincbki marematuku M. /1. bBa-
oua, M. 4. Baprim, M. M. Boiitopuu, FO. M. Hanuain, M. O. HenamkoBcbKuii,
O. M. Ocrposcbkuit, b. M. ITmenunannii, O. M. Ximiu, C. M. Ilaxuo, I'. II. fAp-
mosa [8—15], a Takox inozemui Bueni . K. Argyros, J. Dennis, J. A. Ezquerro,
J. M. Ortega, F. A. Potra, V. Ptak, H. Ren, A. F. Rooze, R. Schnabel, J. R. Sharma,
J. Traub, S. Ulm, X. Wang, W. Werner, T. Yamamoto [16—30].

VY cydyacHUX 3ajladax IPUKJIaIHOT MAaTeMAaTUKN YaCcTO BUHIUKAE HEOOX1THICTD PO-
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60TH 3 MaTpUIAMHI BeJIMKOI po3miprocTi. Hanpukia, jiisg ¢cTpyKTYpHOI pobJieMH,
0 JIUCKPETU3YE Ta30Be POJIOBUINE 3 BUKOPUCTAHHIAM TeTpaepaJbHUX CKIHYEHHUX
esiemenTiB [31] BukopucroByBasu 1 391 349 pisusiab. g poborn 3 Takum obcsrom
JIAHUX TOTPIOHI aJrOPUTMU, SIKi aJialToBaHl i eeKTUBHOI IapaJjebHOl peaJli-
3allil Ha KJIaCTEPHUX OOUMCIIOBAILHUX CHCTEMAX 3 BUKOPUCTAHHSAM OaraTompolie-
copaux apxirekryp (MPI [32], OpenMP [33] ta CUDA [34]). [Ipore uepes ocobmmBocTi
CUCTEM Ta IPUPOJLY YHUCET 3 PYXOMOIO KOMOIO Pe3y/bTaTH O0UYNCIE€Hb MOXKYTh Bi/I-
PIBHSITHCS OJMH BiJ[ OJJHOTO Ta BiJ TOYHOTO po3B’si3ky [35]. fk mHacmigok, mocrae
3aBJIaHHs 3a0e31eUeHH s BiJITBOPIOBAHOCTI 00UNC/IEHD 1 KOHTPOJIIO YNCEIbHIX ITOXHU-
OOK, 1110 BIINBAIOTHL Ha TOYHICTDH 1 30iKHICTH MeTOMiB. /151 30epexkentss TOUHOCTI
Ta cTabLIbHOCTI MapaJie/IbHUX peaJii3aliiil JOIJIbHIM € BUKOPUCTaHHS CIIeliaizoBa-
HuxX 6i6ioTeK Ta TexHik, Taknux gk Exact BLAS, Repro BLAS, 0zBLAS [36—42|. Ile
JIO3BOJIUTH 3a0€311eUNTH JeTePMIHOBaHICTh 00UNC/IEHb Y KJIACTEPHUX CePeIOBUINaX.

OTke, aKTyaJIbHICTh TEeMU JUCEPTAIIHOTO JOCIIIXKEHHST 3yMOBJIeHa HeoOXiJHi-
CTIO PO3POOKH Ta TEOPETUUHOTO OOTPYHTYBaHH HOBUX ITEPaIiiTHIX MEeTO/IIB PO3B A3y~
BaHHs HEJIHIITHUX OIlepaTOPHUX PIBHAHDb, SKi MOEJIHYIOTH BUCOKY TOYHICTH 00YN-
CJIeHb, e(peKTUBHICTb Ta MOXKJIMUBICTH HapaJjesibHol peaJsiizalril.

3B’a30K pob0OTH 3 HAYKOBMMMU IIpOorpamMamu, IJIaHAMU, TeEMaMMU.
Hucepraniitia poboTa BUKOHYBaJACd BIJANOBIIHO [0 IIAHY HAYKOBHUX JTOCJIIIXKEHD
Kadepu Teopil ONTUMATLHIX MTPOIECIB (PaKyIbTEeTY MPUKJIATHOI MaTeMaTHKI Ta 1H-
dopmatukn JIbBiBCHKOTO HAIIOHAJILHOTO YHIBEpcUTeTY iMeni [Bana @panka. Pe3yinnb-
TaTH JUCepTallil YacTKOBO BUKOPUCTAHI IIPU BUKOHAHHI 3aBJaHb JIEPrKOIOI2KETHIX
teM: "lTepariiini MeTOAM PO3B’sI3yBaHHS HEJIIHIHHIX OIMEPATOPHUX PIBHSIHD 1 3314
Mminimizamnil. CroxacTudHa ONTHMIZaIlisl. 3ajada KepyBaHHsSI 3 BUIIAIKOBUMU IIepe-
koderasimin. " (Homep Jepzxasrol peectpartii 0121U110282 tepmirom 2021-2023 po-
ki, kepisauk rnpod. [laxno C.M.), a takox "Hucesbui MeTom po3B’I3yBaHHST HEJTi-
HITHIX OllepaTOPHUX PIBHSIHD, HEJIIHIHNIX 3a/1a1 HallMeHIIINX KBaJIpaTiB 1 3a/1a1 Oe3-
YMOBHOI Ta cToxacTudHol ontuMizaril" (Homep mepxkaBHOl peecrpartii 01240002226
tepminom 2024-2027 poku, kepiBuuk mpod. [Maxuo C.M.). Oxpim Toro, gactuna
OOUHCTIOBAJILHIX €KCIIepUMeHTIB BukonyBasacs Ha Kiaactepi NAISS / HPC2N (Hi-
gh Performance Computing Center North, Uppsala University) y mexkax mizKHApPO-
JIHIX JIOCJIHUIBKUX TPoeKTiB hpc2n2024-158 ta hpe2n2023-144, cupsimoBaHuX Ha
BUBYECHHS eHeproedekTuBHUX obuncienb. OKpemi pe3yabraTu Oy 00roBOpeHi I

qac yuacri y nporpami Erasmus+ KA171 (Uppsala University, [1Iserist) y nepiof 3
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12 no 16 TpaBuga 2025 poky.

Merta i 3aB/1aHHS JOCJIi2KeHHS. Memoio podoTu € po3podKa, JTOCTIIKEHHS
Ta YJO0CKOHAJIEHHS ITepaliilHuX MeTOiB JijIsI PO3B’sSI3yBaHHSA HEJIIHIHUX olepaTop-
HUX PIBHSAHB Ta JIHIHUX 3aJ1a4; JIOC/IJIKEHH 1TepalllifHiX MeTO/IIB Ha BUCOKOIIPO-
JIYKTUBHUX KJACTEPHUX CHUCTEMAax IMPH Mapasie/IbHUX OOUNC/IEHHAX; aHaji3 BILIUBY
TOYHOCTI 00YUC/IEHb Ta HapaJesizallil Ha e(peKTUBHICTb pOOOTH METO/IiB.

3asdanns TECepTAIiTHOrO JIOC/IIIZKEHHST [OJIATal0OTh Y PO3B’sSI3aHHI TaKUX 3a-

nag:

1) po3pobKa Ta OOrpyHTYBaHHSI iTepaliiiHIX METO/[IB, a TaKoXK OIHKa 1X 009H-
CJTIOBAJILHOTO TIOPSAKY 301KHOCTI, aHasi3 3a pe3y/bTaTaMi TECTOBHUX 3aJ1ad

PI3HOI'O THUILY;

2) JOC/IIZKEeH T Ta, BIOCKOHAJIeHHsT 6ib/rioTexkn EXBLAS 1711 T IBUIIEHHST IHCETh-

HOI CTIfIKOCT1 1 TOYHOCT1 peaJizalill ITepalliiiHux MeTO/I1B;

3) po3pobKka Ta ONTUMI3AIlS ITepaIiiiHIX METOIIB Jijist e(beKTHBHOIO BUKOHAHHS
Ha KJIACTEPHUX CHCTeMaX, IMOPIBHAHHSA 3 TPaJUIIHHIMI MT1IX0JaMI Ta, OI[IHKA

edeKTUBHOCTI MacITaboBaHOCTI peaJii3alliii.

06 ’exmom JOCTIJIKEHHsI € HeJIIHIfiHI olepaTopHi PiBHAHHS, HEJIHINHI 3ajad4i
HaliMEHIINX KBaJIPaTIB Ta JIHIIHI 3a/1a4l.

IIpedmemom JOCTIZKEHHsI € iTepalliiiHi MeTOIU J1Jisi PO3B’sI3yBaHHS HeJIiHiii-
HUX 1 JIHITHUIX 3aJ1a9, Moje/ il Ta 6i0J1i0TeKn I BUCOKOIPOAYKTUBHUX O0UYNC/IEHD
y KJIACTEPHOMY CEPeJIOBUIIL].

Metoau pociimxkeHHd. Y JucepTaliiiniii podoTi BUKOPUCTOBYIOTHCSA MeTO-
1 (PYHKITIOHAJIBHOIO Ta YUCEJIHHOTO aHaJi3y, 30KpeMa, Teopis JJId PO3B’s3yBaHHS
HEeJIIHIMHIX OIepaTOPHUX PIBHSIHL. 3aCTOCOBYIOTHCSI MOJEJ BHCOKOIIPOLYKTUBHUX
00YNC/IEHDb, cepe/l SKUX apXiTeKTYPH i3 CILJIBHOIO Ta PO3IOIIJICHOIO ITaM ATTIO.

HaykoBa HOBM3Ha OTpuMMaHUX Pe3yJIbTATiB. Yci pe3y/bTraTh OTpUMaHi B
JcepTaliiiniit podoTi € HopuMu. OCHOBHI HAyKOBI Pe3Yy/IbTATH, IO BUHOCATLCS Ha,

3aXUCT:

1) Pospobiiero HOBI iTepariiiini MeTon po3B’si3yBaHHsT HEJIHIHHUX OIEPATOPHUX
PIBHSAHB 3 aITPOKCUMAaIIIE€I0 00€pHEHOI0 ollepaTopa, siKi 3a0e31e1yI0Th BUCOKNI

HOPs1JIOK 301?KHOCTI IIPU MEHINX O0UYNC/TIOBAJILHUX BUTPATAX.
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2) IlpoBejieHo HOCTIIZKEHHST JIBOKPOKOBIX Ta, TPUKPOKOBUX IT€pAIiiHIX METOIIB,
a TaKOXK 1X HMOPIBHAHHS 13 TpaJAuIIiHUMU MM1JIX0JaM# Ta KBa31HbIOTOHIBCHKUMUI
cxemMaMu. BUKOHaHO 4ncebHY anpoOalliio Ha 3ajadax Pi3HOI CKJIAIHOCTI Ta

JIOCJIJIZKEeHO epeKTUBHICTH POOOTH METOJIIB JjIsi PI3HUX ITapaMeTpiB.

3) Biockonaseno 6ibsioreky jyist 6a3oBux orepariii jiniiiHOT ajrebpn ExBLAS,
Mo 3a0e31edye MiBUIIEHY YNCeIbHY CTIHKICTH Ta BiJITBOPIOBAHICTD PE3YJIb-
TaTIB PN Mapajebunx obuncienuax. lIpaktnany edekTuBHicTh 0ibIi0TEKN
1epeBipeHo Ha MPUKJIA/Il METOJIY 3HAXO/PKEHHST HAHOLIBIIIOro 3a MO/JTyJIEM BJla-
CHOT'O 3HAYEHHsI Ta BIJIIIOBIIHOIO BJIACHOTO BEKTOpa Ha PI3HUX 00UNCJIIOBAJIb-

HIIX apXiTeKTypax.

4) TlpoBejieHO eKcIiepUMeHTaIbHE JOC/IKeHHsT 301KHOCTI MeToy p-BiCGStab.
[Tokazano, mo Momudikaris metTomay 3 ExBLAS 3abe3mnedye Kparry UnuCeIbHY
CTaOIILHICTD 1 MBUITY 301?KHICTH MTOPIBHSHO 31 CTAHIAPTHOIO TEXHIKOIO TIepe-
paxyHKy 1oxuOku. IIpoBejieHo uncebHi eKCliepuMeHTH JIJIst Pi3HOT KiJTbKOCTI

BY3JIIB Ta IIPOIECIB Ha HADOPI TECTOBUX 3a/a4 3 PISHUMU XapaKTePUCTHKaMU.

IIpakTuyHe 3HAUYEHHsST OTPUMAHUX Pe3yJIbTaTiB. Pe3yibraTn nucepraliii-
HOT'O JIOCJIJI?KEHHS CIIPSIMOBaHI Ha CTBOPEHHSI Ta BJIOCKOHAJEHHS YUCEJbHUX METO-
JUB JI7I1 PO3B’A3yBaHHS IIMPOKOTO KJIACY HEJIHIITHUX PIBHAHB, 10 MAIOTh BayKJIUBE
3HAUYCHHST Y PISHOMAHITHUX HAyKOBUX Ta iHKeHepHuX 3aa4dax. CTBOpeHi mporpamMHi
peaJtizalii 3a0e31e4y0Th MacIITadOBaHICTh Ta TOYHICTH OOUNC/IEHb Ha KJlacTepax Ta
riopuaHux apxirekrypax. Lle gae MOKJIMBICTH iHTerpalii 3allpoOIIOHOBAHUX PillleHb
Yy HayKOBO-JIOCJIJIHI Ta 1HKEHEPHI MPOrpaMHl KOMILJIEKCH, 10 3aCTOCOBYIOTHCS JIJIs
YUCETBHOIO MOJETIOBaHHS (PI3UIHUX Ta €KOHOMIYHUX ITPOTIECIB.

PesynbraTu jircepTalliiiHOro JIOC/TIIPKEHHSI MAalOTh sIK TEOPEeTHIHY, TaK 1 Ipu-
KJIa/JHY HIHHICTb, OCKIJIbKKM CTBOPIOIOTH OCHOBY JIJISI IIOJAJIBIIIOIO PO3BUTKY ede-
KTHUBHOI'O BHKOPUCTAHHSI YMCEIbHIUX METO/IB B CHUCTEMAaX BUCOKOIIPOIYKTUBHIX 00-
quC/IeHb. 30KpeMa, OKpeMi pe3y/bTaT JucepTamiiiHol poboTu Oys0 HIPOIUTOBAHO
Ta BUKOPUCTAHO Yy JIOC/TIKeHH] [43], IpucBIdeHOMY MOJIEIIOBAHHIO aTMOCHEPHUX
nporeciB. Y 1iit poboTi aBTOpaMu 3aIPOIOHOBAHO X1/ 0 IIBUIINEHHS IIIBUJIKO-
JiT Ta 00UNC/II0BAIBLHOI €PeKTUBHOCTI IIPOrHO3YBAHHS IIOT0AU 0€3 BTpaTH TOYHOCTI.
Orpumani pe3ybTaTH JIMCEPTAIIITHOrO JIOC/TiJIZKEHHs YBIfIILIN JI0 3BITIB HAYKOBO-
JTIOCTITHOT YacTHHH JIBBIBCHKOTO HAIlOHAJLHOTO YHIBEpcuTeTy iMeni [Bana @Ppanka
(2022-2025pp. ).
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Ocobucrtuii BHecOK 3700yBada. OCHOBHI pe3y/bTaTH, IO BUHOCATHCS HA
3aXICT, OTPUMaHI aBTOpOM camocTiiiHo. IlocTaHOBKY 3aBiaHb JIOC/IXKEHHs 31iil-
cumin HaykoBi kepiBanku poborn — C. [laxno ta P. dxkumayk. V mnpargsx [44—46]
C. laxnuy Ta [. Argyros HajeKaThb KOHIIENTYaJIi3allisi Ta METO/0JI0TisT OOI'PYHTYBa~
HHS MeTomiB. Y mpari [44] 3106yBatem moOyI0BaHO Ta peasizoBaHO 0OUHCIIOBAIb-
HI METOJ/I PO3B I3yBaHHA HEJIHIHHUX pPIBHSHDL, MPOBEJEHO aHaJsi3 IXHbOI 301KHO-
CTi, BUKOHAHO YHCEeJIbHI eKCIIEPUMEHTH Ta c(hOPMY/IbOBAHO BUCHOBKH. ¥ Tpairi [47]
P. AxuMuyKy HaJeKuTh IIOCTAHOBKA 3ajiadi, OOrOBOPEHHSA METOJUYHUX IIJIXOMIB i
CTPYKTYpPHU POOOTH, a TaKOXK aHaJli3 OTPUMAHUX pe3yabTariB. P. Axumayky Tta J.
Aliaga HaJie;kaTh CTBOPEHHSI CTPYKTYpPU POOOTH, NEpeBipKa Ta aHaJsi3 OTPUMaHUX
pe3yabTaTiB. 3100yBavdeM MMPOBEJIECHO JIOCTI?KEHHsT PO3IIUPEHOT0 aKkyMyaaTopa Ky-
JILIIA Ta aJICOPUTMIB O€3 IMTOXNOKU OKPYTJIEHHS, CTBOPEHO aJI'OPUTMU Ha, CUCTEMAax 13
PO3IIOJILIEHOIO ITaM ATTIO, IIPOBEJIEHO aHAI3 eeKTUBHOCTI, MBUIKO/IT Ta 3012KHOCTI
TPHOX METOJIIB 3aJIeXKHO BiJi KOH(ITYypaIlil 009nC/TIOBATILHOIO CepeIoBUIIA. ¥ Tparli
[48] zarasbuy merojosiorito Ta mijgxoau Oyiao chopmosano C. Ilaxuom ta I'. fp-
MOJIOIO, & IIepPeBIPKY OTPUMAHUX pe3y/abTariB 3jiiicaus P. fAxumuyk. 3100yBadem
0COOMCTO BUKOHAHO aHaJi3 JIOKAJbHOI 301KHOCTI METOJ/ly 3a Kjaacuunux ymos Jli-
NI, 0OYUCIEHO TOPSIIOK 3012KHOCTI, peaJsii3oBaHO BiJIIIOBIIHI aJITOPUTMHU Ta IIPO-
BEJICHO YHCEJIbHI eKCIIePUMEeHTH J[JIsi PO3IISTHYTUX 3ajad. ¥ mpari [45] metonnky
jocutijizkennst 3arnporonopano C. [MTaxuom ta I. Argyros. S. Regmi nposis Bepudi-
KaIlil0o OTPUMaHUX Pe3y/IbTaTiB. 3100yBadeM IIPOBEIECHO JTOCTIPKEHHS TPUKPOKOBUX
METO/IiB PO3B’sI3yBaHHsI HEJIIHIMHUX PIBHAHB, aHAJI3 JIOKAJbHOI Ta HalliBJIOKAJIbHOI
3012KHOCTI METO/IiB, YNCEIbHY alpoballilo METO/iB Ha TEeCTOBUX 3aja4axX Ta BU3HAUTE-
HO OOUMCTIOBATLHII TTOPSIOK 3012KHOCTI.

Anpobanisa pe3yibraTiB jaucepraliii. OcHOBHI pe3ysbTaTu aucepTaliiiHo-
0 JIOCJIJIZKEHHsI JIONOBIIaINCS Ta 0OTOBOPIOBAJIMCS Ha HAYKOBUX ceMiHapaxX Kade-
JIpA Teopil ONTUMAJIBLHIX MPOIEciB JIbBIBCHKOr0 HAITIOHAJIHLHOTO YHIBEPCUTETY IMEHi
[ana ®panka (M. JIbBiB, 2023-2026 pp.), a TAKOXK Ha HAYKOBOMY CeMiHApi yHi-
sepcurery Uppsala (Uppsala, [Iseris, 2025 p.) Ta Ha TaKux HayKOBUX KOH(bEpeH-
misix: Beeykpalucbkiit Haykosiit koudepenril “Cydachi rnpobjieMn MPUKJIAJIHOT Ma-
TeMaTuKN Ta KoMmir'orepHux HayK (M. JIbBiB, Ykpaina, 2023 p.); Mixuapomiii
HaykoBo-TexHiuHiil KoHpepennii “TTSec-2024. Besneka indopmaliitHux TeXHOI0T i
(m. JIbBiB, Ykpalna, 2024 p.); 24-it Mixknapo/aiit KoHbepeHIIil 3 06I1CTIOBATIBHOT

waykn (24th International Conference on Computational Science, m. Mélaga, Icma-
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uist, 2024 p.); XL Mixknapoaniit koudepentii “Problems of Decision Making Under
Uncertainties” (M. Bielsko-Biala, [Tosbia, 2025 p.); 34-it Mixkuaposniit korndepen-
il Euromicro 3 mapasieibHIX, PO3IOJIIIEHNX Ta MepexkeBux obuuciedb (PDP 2026:
34th Euromicro International Conference on Parallel, Distributed, and Network-
Based Processing, M. Cluj-Napoca, Pymysist, 2026 p.); 30-it Mizxuapoauii Mo/1oi-
x)uuit hopym “Pasioenekrponika ta mosonb y XXI cromitri” (M. Xapkis, Ykpalna,
2026 p.).

Ily6mikarii. OcroBni pe3yabraTin poOOTH OmyOJIiKOBaHl y & Mparsdx: 2 cTaTTi
y 3aKOpJIOHHUX (DaXOBUX BIJIAHHSIX, iHIeKcoBaHUX y Scopus Ta Web of Science [44,
47); 1 crarrs y daxoBoMmy BuaHHI YKpainu kareropii A, injekcosanomy y Web of
Science [45]; 2 crarri y daxoBux BujaHusx YKpainu kareropii b [46, 48].

CrpykTypa i obcsar guceprtartii. /luceprariist ckiajgaeTbes 3 aHOTalliil yKpa-
THCHKOIO it aHTJIIICBKOI0 MOBaMU, BCTYILY, TPhOX PO3/ILJIIB, BUCHOBKIB, CIIUCKY JiTepa-
TypHu Ta oJHOro jojarka. [losauit obcar podbotu — 168 cropinok, mictuthb 21 Tad/u-
o, 13 pucyHkiB i Hajiuye 123 HaliMeHyBaHb y CIUCKY BUKOPUCTAHO! JITEPATYPHU.

ITonsika. ABTOp BHC/IOB/IIOE BASYHICTH HAYKOBUM KepiBHUKAM JrcepTalil —
JIOKTOPY (Pi3UKO-MaTeMaTHIHUX HAyK, IIpodecopy, 3aBijlyBady Kadeapu Teopil OnTH-
MaJILHIX TporeciB JIbBIBCHKOro HallioHAJBHOTO yHIBepcuTeTy iMeHi IBanma dpanka
Crenany Muxaitnosuay [Mlaxny Ta JIOKTOPY TPUPOIHUYINX HAYK, JIOIEHTY Kadeapu
iHOpMAIITHIX TEXHOJIOTIH Bi/IJILTY HAyKOBUX OOYUC/IEHD YTICAJILCHKOTO YHIBEP-
curery Pomany IlerpoBuuy AxmMmuyky — 3a IiHHI TIOpa/ii, MOCTIHHY MiJITPUMKY Ta

KEePIBHUIITBO IIiJI Yac BUKOHAHHS I1i€l poOOTH.
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Poznin 1

Oruasga jgiTeparypu Ta TeOpeTUYIHl OCHOBU

Huska HayKoBUX Ta IH)KEHEPHHUX 3a/a4 3BOJIUTHCSA 0 PO3B’SI3yBaHHs HeJIiHIi-
HUX OnepaTopHuX piBHsAHb |1, 49]. OckijbKY aHATITUYIHIIT PO3B’SI30K Y 3arajlbHOMY
BUTIA/IKY 3HAHTH HEMOXKJIMBO, 32CTOCOBYIOTH iTEpAIliiiii MeTOIH, STKi Oy/IyIOTH TOCJTi-
JIOBHICTb HaOJIMZKEHb JI0 IIYKAHOI'O PO3B A3KY.

[lenTpaabHUM IHCTPYMEHTOM YHCEIBHOTO PO3B’si3aHHA HEJIHIHHUX onepaTrop-
HUX piBHAHDL € MeToi HhloTona, TeopeTndni 3aca/in SKOro (hOpMYBAJHICH BIPOTOBIK
CTOJITH. [3 pO3BUTKOM (DYHKIIOHAIHLHOIO aHaJIi3y Ta y3araJbHEHHAM IOXIJHOI Ha
BUIII0K HOPMOBAHUX MTPOCTOPIB, cepa 3acTOCYBAHHSA METO/Ly PO3IMIUPUIACT Ha Oa-
HaxoBi 1npocropu. Kitacuuna peaJiizaliisi 3a6e31euye KBaJpaTuaHy 301:KHICTb, IIPOTE
BUMara€ 3HAXO/KEeHHs OOEpPHEHOro olepaTopa Ha KoxkHiil iteparii. Ile cmonykaiio
JI0O PO3BUTKY KBa31HbIOTOHIBCHKUX METOJ/IB Ta JOCJIKEeHb, 30Cepe/zKeHuX Ha I11J1-
BUIIECHHI HOPSIJIKY 3012KHOCTI Ta, 3MEHIIEHHI 00YNCI/IFOBAJILHOI CKJIaHOCTI.

3aj1a4i BeJIMKOI pO3MIPHOCTI MOTPEOYIOTH MapaJie/IbHUX 00UYNCIeHb Ha KlJIHKOX
By3J1aX JIJIsl OIITUMI3allil IIBUIKOCTI Ta e(peKTUBHOIO BUKOpUCTaHHs pecypciB. O iHak
nmapaJsieJibHa peasiisallisi CTBOPIOE YCKJIaIHIOE 3abesnedents Tourocti [35, 50]. Tlpu
PO3MOJIII oTepalliii MK TporecaMi MOPSIOK OOYNC/IeHb CTA€ HEBU3HAUYEHUM, ITI0
MPU3BOJIUTE JIO PI3HUX Pe3y/IbTaTiB IPU KOXKHOMY BUKOHaHHI. Llg mpobiema KpuTn-
JHA JIJI 337089 BEJTUKOI PO3MIPHOCTI, Jie Yhce/TbHa MOXNOKA HAKOTIMIYETHCS.

Y IbOMY pO3/IiJIi HaBeAeHO OTJIA M ITepaIlliitHIX METOMIB JIJId HeJIIHIHHIX PIBHSAHD,
OIMMCAHO BJIACTUBOCTI KOMIT IOTEPHOI apudMeTHKN Ta TPo0JeMy BiITBOPIOBAHOCTI

1Ipn IapaJicJIbHUX 00YNCIEeHHSIX.

1.1 Ireparmiiini MmeToan PO3B’dA3yBaHHA HEJJIHIHIX

onepaTOpHIX PIBHAHD

Heniniitai piBHSAHHA MaIOTh JOBOJII MIUPOKE KOJIO 3aCTOCYBAHb: MOJIE/TIOBAHHS
XIMIYHIX TIPOIECIB, €KOHOMIKO-(piHAHCOBE MOJIE/IIOBAHHS, ONTUMI3allid MaTeMaTH-
YHUX Ta CTATUCTUYHUX IIPOIECIB, KOMII ToTepHe OadeHHs, 00UNC/II0BaIbHA T1pOI-

HaMiKa, TepMoOJIMHAMiKa Ta iHIm. 3HaYHA KLJIbKICTh HEJIHIMHIX PIBHSIHDb 3BOIUTHCS
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JI0 PO3B’sI3yBaHHA

F(z) =0, (1.1)

ne F': D C X — Y e mudepenniiiopanm 3a @pertie oneparopom [51, 52|. Cumsosin
X, Y nosnauaiors 6apaxosi npocropu, a D MO3HAYAE BIAKPUTY Ta OMYKJIY IiJIMHO-

Kuay X.

Oznauvenns 1.1. [53] Hexatli F' — onepamop, wo 6idobpasicae baraxie npocmip X
y banazie npocmip Y. HArxwo ichye obmeorcenuts aimidinuti onepamop L 3 X 6'Y

maxuil, wo
L 1P+ A7) = F(ay) — L(A)|

|Az][ =50 | Azl

=0,

modi F nazusaemoca dupepenuyitiosnum sa Ppewe 6 mouyi xo, a oomercenuts ai-
nitimud onepamop F'(xy) = L nasusaemuvces nepuworo noxionoro @pewe 6 mowyi .

Kpim moeo, dupepenuianr Ppewe
OF (zg, Ax) = F'(x9) Az

e bausvkoro anpoxcumayiero pisnuyi F(xg+Ax)—F(xg) eidnocno ||Ax|| das manrux

anavens ||Ax||.

Orpumansst po3s’sisky x* € D piBasinag (1.1) B aHAJMITHIHOMY BUTJISAI MOYKJIH-
Be JInIe JIJisi 0OMeXKeHOro Kjaacy 3ajad. depes 1ie Ha MPAKTHUIll JIJIsd allPOKCUMAIIIT
" mepeBaykKHO 3aCTOCOBYIOTH iTepaltiitai Meroju. [l MeToan mosgraioTs y modyao-
Bl nocsigosrocti nabmmkens {x;}re, C D, ska 36iraerbea o x*. 30ikmicTs Ta
eeKTUBHICTD TAKNX METO/IIB rapaHTYEThCs JIUIIE IIPU BUKOHAHHI IIEBHUX YMOB, 110
HAKJIAJAI0ThCA K Ha omneparop F', Tak i Ha BHOIP MOYATKOBOTO HAOJIMKEHHS X().
3a3Buyail yMoBH 30iKHOCTI 6a3yI0ThCs Ha yMoBax HerepepsHocTi Jlimmmuis, ['boJib-
Jepa abo yzaraJbHEeHHX YMOBAX HEIePEepPBHOCTI, HAKJIAIeHNX Ha noxiany F.
Oneparop F' 3 GanaxoBoro mnpocropy X B OaHaxiB mnpoctip Y € JHIIIHIEBO

HerepepBHUM Ha MHOXKHHI A C X, SIKIIO icHy€e Taka KOHCTaHTa ¢ < 00, IO
[F(x) = Fy)ll < clle —yll, Va,y e A

Hukust Mexka ¢, 110 3a/10BOJIbHSIE HABeIeHYy BHUINE HEPIBHICTD IS T # Y, Ha3WBaE-
Thest Koncmarmotro Jlinwuus onepamopa F' na muoxunai A. Oneparop, 110 € oOMe-

»kennM Ha Biakputiit kyimi U(z,r) = {x € X | |l — z|| < r}, € nenepepsinm y
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tourti z. st srinHiiftHUX orepaTopiB obepHeHe TBep/XKeHHsT TaKoxK € icTuHHuM. Orie-
paTop 3aJ10BoJIbHSAE YMOBY ['bojibiiepa, Koan icHyioTh jaificui craai C > 0, > 0,
110

|F(z) = F(y)l < Cllz —yll*, Yo,y e A

Crajia o HA3UBAETHCA NOKA3HUKOM YMosu I boavdepa. AKio o = 1, TO BUKOHY€EThCsI

ymoBa JIimmurs.

1.1.1 Kunacwmunumii oiaxia Ta TeopeMu 301>KHOCTI

OpHuM 13 HafBIAOMIIIIX 3aCTOCOBYBAHUX METO/IB UNCEIBHOIO PO3B’SI3yBAHHSI
HeJIiHIfTHuX piBHAHB € MeTo HbioToHa. IcTopuyHo 1eit MeTo/1 110ciia€ OCHOBHE MicIie
cepeJl IHCTPYMEHTIB 4HceIbHOro aHasizy. Voro ocHoBHi ifel cchopMysiboBai y mpa-
1s1x Icaaka Hprorona B mepios 1669-1690 poxis, a 3rojgom mMeTos 0yJIo y3arajbHEHO
Ta MOIMPEHO Ha 3HAYHO IIMPIINN KJIac 3a/ad, BKIIOYHO 3 HEJIHITHUME OIepaTop-
HUMU PIBHSIHHSIMU.

Hexait F': D C X — Y — oneparop, nudepenniiioBanii 3a @perie B 6aHaXOBUX
npoctopax X Ta Y, D — BiIKpuTa OIyKJa MmiaMHoKnHa X .

Meton mae BUTJIS;
90 €D, Ty =z, — F'(2,) ' F(z,), n=0,1,2.. |, (1.2)

ne F'(xz,)~! nosnagae obeprennit oneparop o noxignoi ®perme F'(z,,) oneparopa
F' y Ttoumni x,,. 30ikHicTh MeToty HbIoTOHA TrapaHTYeThCs 3a YMOBU HEIEepPEpBHOCTI
Ta oboporHOCTi oneparopa F' B okosi po3s’asky x*. Kpim Toro, nouarkose nab/iu-
JKEeHHsI T( MMOBUHHO HaJIeyKaTu 00JIACTI, y dKiif BUKOHYIOTbCA BiIMOBIIHI yMoBH JIi-
IS 3 [IX YMOB 3a0e31edyeThCsT KBapaTiaHa 3012KHICTD Moc/IiI0BHOCTI {2, }
JIO TOYHOI'O PO3B’SI3KY X*.

st noBejieHHs ICHYBAHHSA PO3B’sI3KYy Ta 3012KHOCTI METOJY, BUXOJAYN 3 YMOB
y TIOYATKOBOMY HAOJIMZKEHH] T (HAIBIOKaIbHA 3012KHICTH), BUKOPUCTOBYEThCST Te-

opema Kanroposuya.

Teopema 1.1. (Kanwmoposuua) [54] Hexaii onepamop F susnauenuti 6 Qg i mae

nenepepeny dpyey noxiony 6 $y. Hexatl, kpim mozo, 6UKOHYIOMbCA YMOBU.:

1) icnye nenepepenuti ainitinut onepamop Ty = [F(x0)]7};
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2) [[LoF (o) || < n;

3) Lo (2)] < K, (x € ).
Tooi, axwo h = Kn < % ma r > =12k ”2_2}‘17, mo pishanna (1.1) mae pose’azox x*,
do Axoz20 36izaemuves memod Hvromona (1.2). Ipu uvomy

|lx* — x| < 7.

- 1
Hani, axwo npu h < 5

14+ +v1—-2h
1,
h

a npu h = 1/2 suxonyemvea Hepiericmo 1 < 11, mo 6 kyai g po3e’a30x eduruii.
STy, 0

rry=

HTsudkicmo 36iocnocmi imepayitinozo npovecy (1.2) eusnauacmoca HepieHicmio

1

o — 27 < 5

@MW% k=012, ...

Teopema 1.1 KanTopoBuya JI0BOJUTH iICHYBaHHsI PO3B’sI3KY T, ClIMpalOYNCh Ha,
JIlaHl B ovaTKoBiit Touni xy. OHaK Ha NPaKTHUIl ITepeBipKa yMOB MOxKe OyTH CKJia-
JIHOIO. AJIBTEepPHATHBHUM IIIXOIOM € JOCJIIPKeHHS JIOKAJIbHOI 301KHOCTI METOJLY.
[Ipunyckaroan, 1o po3B’si30K =¥ iCHy€, BU3HAYAIOTH 00JIaCTb, Y MeKax siKOI Ioja-
TKOBE HaOJIM2KEHHS () 3a0e311eYnTh 3012KHICTD iTepaliifHoro mponecy. Taknit aHaJis,

KNI 9acTO OB A3yI0Th 3 yMoBaMu Ko, 3a3Buvail Mae mpocTilie JI0BeIeHHS.

Teopema 1.2. (nokanvna 36iicnicmy) [54] Hexat onepamop F : X — Y nene-
pepero dudepenyitiosnuti y iokpumiti onykait muoocuns D C X . Ipunycmumo,
wo icnyromo ¥ € X, r, B> 0 maki, wo Qz*,r)={r e X : ||z —a*| <r} CD,
F(x*) =0, icnye [F'(2*)]71, npunomy ||[F'(x*)] 7| < 8 1

1F'(z) = F'(@)| < Alle — 27, = € Q7).

Todi icuye € > 0 make, wo dan ecix xy € Q(x*,r) nocaidosnicmo {xy}ty > 0, 2ene-
posara memodom Hvromona, xopexmmuo sudnavena, 36izaemuves 0o x* 1 3a0060AbHAE
HEPIBHICTND
|zrer — 2% < Byllzr — 2*))?, k=0,1,2,....
Hepignicrs ||z, 1 —2*|| < Ollzg —2*]]?, k=0,1,2,... (ne C > 0 - jesika cra-

na, a || - || - Hopma B 6anaxoBomy mpocTopi X ) BKasye, 110 BiJICTaHb MiXK YeprOBIM
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HaOJIMYKEHHSIM Tk 1 Ta TOYHUM PO3B’SI3KOM X Ha KOXKHOMY KPOIll 3MEHIITYETHCS IIPO-
MOPIITHO KBaApaTy BijICTaHl MiXK TOMepeTHIM HaOJIMXKEeHHAM X Ta . KiodoBum
aCIIeKTOM TEOPEMH IIPO JIOKaJIbHY 3012KHICTH € Te, 10 11 yMOBM BU3HAYEHI BiJTHOCHO
TOYHOI'O PO3B’SI3KY ¥, SIKUil Halepe I HeBiJOMMUI.

[Tepesaroro merony Hetorona (1.2) € Bucoka mBujkicts 36i2kHocti. [Ipore fioro
3aCTOCYBaHHsI 0OMEXKEeHEe BUCOKOI0 00UNCJIIOBAJILHOIO CKJIAJIHICTIO, JIe Ha, KOXKHIil iTe-
pariii HeobxiHo obuncoBatu F'(x) ta obepuenuii oneparop. Lle ocob/mBo BiLBae
Ha e(DeKTUBHICTh iTepalliifHoro mporecy pu po3B’sd3yBaHHI 3a/1ad BEJIUKOI pO3Mip-
HOCTI ab0 OIlepaTopiB CKJIAIHOI CTPYKTYPH.

3 miel npuunan Metoj, HeloToHa cTaB BiAIIpaBHOIO TOYKOIO JIJI PO3POOKM UH-
CcJIeHHNX Moaudikamiil 1 JoC/iI»KeHb: BiJl KBa3iHbIOTOHIBCHKUX CXE€M 0 METOIB 3
AIPOKCUMAIIIEI0 0OEPHEHOTO orepaTopa. ¥ IbOMY JUCEPTAIITHOMY JOC/IiI?KeHH] Me-
Toj, HbloToHa po3riisijiacTbest sik 0a30B1il, HA IKOMY I'PYHTYETHCA aHaJi3 Ta PO3p0d-
Ka HOBHUX ITepaliifiHuX IiJIX0/IiB Ta JOCJIiKeHHS IXHIX 00YHC/IIOBAJIbHIX XapaKTe-
PUCTUK.

Oann 13 MojgudikoBanux MeToais 3aminioe I (acn)_1 00YMC/IEHHSIM TIOX1THOT
®pemte jmme y nodaTkosiilt Toumi F'(x¢)”!, mo cruporrye ofuncioBaibHy CKIla-
JIHICTb METO/Ly, IIPOTE IIPAIIIOE JINIIE JJisi OJIM3bKOIr0 JI0 PO3B’sA3KY IOYATKOBOI'O Ha-

OJINZKEHHSI.

1.1.2 PizauneBi Ta 6araToKpoKoBi MeToan

Y KJIaCMYHUX iTepalliifHuX MeTojax, 30KpemMa y MeToai HbioToHa, HoBe HaO/1-
JKEeHHSI BU3HAYAETHCS JIMIE Ha, OCHOBI IOIEpeIHBOro 3HadeHHs. HarowmicTh Oara-
TOKPOKOBI METO/IM BUKOPUCTOBYIOTH KiJIbKa IIONEepeIHIX Hab/IMKeHb abo J0/1aTKOBI
IPOMI>KHI TOYKH, IO JO3BOJISIOTH IMIJBUIIUTH HOPAIOK 301KHOCTI ab0 3MEHIINTU
00YNC/TIOBAIBbHI BUTPATH.

Y mparii [55] 3aporioHOBaHO IBOKPOKOBHI METO/] BUIJISILY:

Tt = T — [F (1= p)zn + pya)] " F(z),
Yt = T — [F' (1= @)z, + py)] " Flann),

men=0,1,2,....xy = yp — nogarkone Habmkeuus, pu € R. [Ipu p = 0 orpumyemo
kjaacuaHuit Metroj; Heiorona, Tomi gk npu g = 0.5 mopsijiok 301:KHOCTI JIOPIBHIOE

1 4+ /2. Bazsmso, 1o Ha KoxKHifl iTeparii obuncienus omeparopa F(z) Ta ioro
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noxijaol F'(x) 3ilicHIOETHCST JINIIe OJIUH Pas.
[Tpukiagom TpukpokoBoi cxemu y mpoctopi R” € meron (9], e oxne 3 Habm-

JKeHb 00YNCJIIOEThCA 3a MeTooM HproTona:

Up = Tp — F’(xk)*lF(xk),
v = g — BpF (2) F (),

Tpp1 = arg m)%n HF(Uk + /\(Uk - uk‘))”?

Or>0,AeR k=0,1,....
1o IBOKPOKOBUX CXeM TPEThOT'O MOPSAKY HAJIEXKUTH METO/] 3aIllPOIIOHOBAHUIT J.

Traub [56]

Yp = Tp — [F'(20)] ' Flx,), n>0, x5€L,
Tnr1 = Yn — [F'(2)] 7 F(yn). (1.3)

[leit MeTOJ] BUKOPUCTOBYE JiHile ojiHe obuncsents noxinnol F'(x,) Ha KOXKHIi iTe-
pariii, IO € CYTTEBOIO TIePeBarol0 HaJi KJIACUIHIMU METOJaMI TPEThOTo MOPSAIKY, 1€
3a3BUYail 1MoTpibHEe J01aTKOBe O0UMC/IeHHs JApyrol moxigHoi. Meroj 6a3yerhest Ha
MOCJTITIOBHOMY YTOYHEHHI HAOJUKEHHS depe3 OOUUCTEHHS ¥, 38 KJIACUIHUM MeTO-
nom Hororona (1.2), a ja/i BUKOPUCTOBYETHCS e OJIMH KPOK 13 TIE0 K MOXITHOO
F'(z,), are mag dbyHKIl, ob4auciaeHol B Touni ¥,. Lle mo3Bosisie BpaxyBaTtn j1o7a-
TKOBY iHQopMallito 6e3 moTpedu BUIUX HOXIAHUX. Y IPAKTUIHUX 3aCTOCYBaHHSIX
metoz (1.3) gacro kombiHytoThH i3 MeTosom Hptorona (1.2). Crepiity BUKOPHCTOBY-
10Th MeToT HbloToHa, a oTiM 1epexo/iaTh 0 MIBUIION0 METOJTy TPETHLOTO TTOPSIKY
31 36bknicTO |71 — 2¥|| < C|2, — 273

Jlobporo anbrepHaTnBO0 MeTOy HbloToHA Jijist po3B’si3yBanHst 3ajadi (1.1) €
PI3HUIIEBI MeTOAU, $IKI HE BHMAral0Th aHaAJITUYHO 3aJaHnX HoxXiaHmx. HarowmicTb
BOHI BUKOPUCTOBYIOTH TOJiJIeH] pi3Huii. Pi3HuIeEesl MeTonn BUKOPUCTOBYIOTH TPU
YUCETbHOMY PO3B’sI3yBaHHI CIIEKTPAJIbLHIX 3a/1ad, 30KpeMa, /I 3HaXO/PKeHHS BJla-

CHUX 3Ha4YeHb Ta BjaacHuX by 3agaqi Hrypma-Jliysims |57, 58].

Oznavenns 1.2. [30] Hexat F — weainitinut onepamop, 6usHaverutis 6 onykail
obracmi D b6anaxrosozo npocmopy X 31 3navermamu y banarosomy npocmopi Y , x
ma y dsi divcosani mouku D. Obmesicernud ainitinut onepamop F(x,y) € L(X,Y)

HA3UBAEMBCA NONACHON PIBHUUEN NEPu020 nopadky oaa onepamopa F' 3a mouka-
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MU T Ma Y, AKUO BUKOHYEMBHCA PIBHICTIL

F(x,y)(x —y) = F(x) — F(y).

Oznavenns 1.3. [30] [odiaenoro pisnuyero dpyz020 nopadky das onepamopa F' 3a

moukamMu T, Yy ma z Hazueaemuvca onepamop F(x,y, z), axul 3adosoivHae ymosy

F(:J:,y,z)(y—z) :F(gjay> —F(SIZ,Z).

Axmo moizeHa pisHUI MEPIIOro MopsaaKy omneparopa F' 3a10BoJibHse ymMoBH JIi-

AT

1F(z,y) = Flz, 2)| <hlly = =2ll, =9,2€D, (1.4)
1F(y,2) = F(z,2)| < lblly ==l =y,2€D, (1.5)

1Jts1 BCiX @, y, 2 € D, 1o F' e nudepentiiiiopunii 3a @perre oneparop na D ta F'(x) =
F(z,z). Kpim miporo, siKIo ogHo9acHO BUKOHYIOThCst yMoBH (1.4)-(1.5), To moxigHa
®pemte F' € nenepepsna 3a Jlimmunem 3 koncranrowo L = 1 + o,

BijlomMuMu mpuk/iagaMu pisHUIEBUX METOJIB € MeTo1 Xop/1 [59)]
Tpp1 = o — Fag, xp_1) "F(z), k=0,1,2,...
Ta MeTo 1 Jinifinol inteprosanii (Kypuaarosa) [60]
Tpy1 = v — F(2x) — a1, xk_l)*lF(xk), k=0,1,2,....

O6wu1Ba MeTO M HE MAIOTh 064uncIeHb F' (), 1m0 Mozke Oy TH BArOMOIO TIEPEBATOIO JIIsT
Jesikux 3aj1ad. [Ipore Ha KOXKHOMY KPOIIi iTepaliifHuX METO/IB JIJIsi PO3B si3yBaHHsI
HeJIIHIMHIX PiBHsIHBb HOTPIOHO PO3B’d3yBaTH JiHiliHE ollepaTopHe PIBHAHHSI ad0 00-
quc/oBaTn obepHenuil omneparop. OCKUIBKY 1@ 3aBIaHH € CKJIAJIHIM, TO MOYKHA
3aCTOCOBYBaTH METOJU 3 allpOKCUMAaIli€l0 00epHEHOTO OollepaTopa, siki He IoTpedy-
I0Th PO3B’d3yBaHH« JIHIMHUX 3aja4. [cHye JiBa IMiIX0/M1: TOC/Ii0BHA Ta ITapaJiesib-
Ha allPOKCUMAIlisi 00epHEHOro omeparopa. MeToju 3 mnapaJjebHOI0 alPOKCHMAIIE0
0OEpHEHOTO OIlepaToOpa 3aCTOCOBYIOTH MPU duceTbHOMY po3B’s3ysanti (1.1), Buko-

PUCTOBYIOYIN KIJIbKa 00YMCJIIOBAJILHIX ITOTOKIB.
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Posriignemo monundikanito meroy HbroTona:

LT+l — T — AkF(I’k),
Ak—H = Ak(2[ — F/(.f(/‘k)Ak)

st bOro MeTOJly OJIMH IPOIeC MOKe OOYMCJIIOBATH HACTYIIHE HAOJIUYKEHHS JI0
PO3B’sI3KYy, a IHIIUI Mpolec 00YMC/IIOBATH allPOKCUMAII0 00EPHEHOT'O OlepaTopa.
YUM [TOKPAIILYBATH 3arajbHy IBUJIKO/IIIO JIJIs MOIIYKY PO3B 3Ky 3aJ1a4i. [Ipore s
Kpalol 30i>KHOCT1 IIPOIECY YaCcTO BUKOPUCTOBYIOTH IIOC/IIOBHY allPOKCUMAIIIIO.

V mpari [61] 1. Argyros ta A. Magrefidn o6rpyHTYBAIN HAIIBJIOKAIBHY 30i-

KHicTh MeTory Mozepa

Th1 = T, — BrF(x,),
Bk—H = QBk - BkF(ZL'k, $k+1)Bk, k= 07 1, cee

Hogsimi pocaimkenns Bk/Io4aioTh MeTon Mozepa-Kypuarosa, y sgkoMmy IoegHAHO
i1e10 iTepaTuBHOI allpoKcuMallil obepHeHoro ormeparopa Mosepa Ta pi3HHUIEBY Te-

xuiky Kypuartosa

Trp1 = g — ApF (),

Yer1 = T + (1 — pi) (Tr11),
Ki1 = F(2yri1 — Thy1, Thp),
Appr = 24 — Ap K Ay

Pisauiesi Ta 6araroKpokKoBl METOJM Ta IiJIXOAU aKTHUBHO JIOCJIIJIZKYBaJINUC Yy
npangx M. Baprima, C. [laxna, I. Argyros, S. Regmi, X.Wang, I. dpmosu, J.
Sharma [8—10, 16, 17, 21, 23, 62—65]. Hanpuxiax, X. Wang ta X. Chen y [23]

3allpOIIOHyBaJIl METO/:

Yyt = B — P2k — =1 g (k=1 =1 o (R))
2B — (k) F(y(k),x(k))‘lF(x(k)),

Jle xp — noJarkoBe HabymKenHd Ta k = 0,1, ... . [HmIUM npukiajgoM daraToKpoKo-
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BOI cxemu € mertoj J. Sharma [65], 30ixkuicTs sikoro jpocipkysaan S. Shakhno, 1.
Argyros Ta M. Shakhov y [64]:

2
yr(LO) — Tn — gF/(xn)ilF(xn)a

Ay = F’(a;n)—lF’(y(O))’

n

1
Yy = 4O _ (18I - 9A,)F' (zx) ' F(x),

1
Ey = B(wa,y,") = 5(51 = 34,),

n

y(]) — y(j_l) _ EnF,(ajn)_lF(yﬁbj_l)),

Tp1 = ym = yy(lm_l) — EnF'(a:n)_1117(?;("”‘_1))7

n n

Jle m > 2 — HarypaJibHe JHucJo, xéo) =xp€ D,j=2m,n=0,1,.... Baxxnuso,

1o omneparopu A, E, Ta obepuennit oneparop F'(x,)~! o6uncmonoThes e ojun
pas 3a iTepariio.

JL71s1 MUpOKOTO KJIacy iTepamiiiHinX aJropuTMiB Iepexi 10 HOBOTO HaOIMKEHHs
OB sI3aHUil 3 HEOOXI/IHICTIO PO3B’sI3yBaTH CUCTEMU JIHIMHIX aJreOpMIHIX PIBHAHD
Ax = b. 3 obunc/a0BaIbHOI TOUYKH 30py 1€ € CKJAJHOKI Ta PECypPCOMICTKOI Olle-
pariiero, ocodIMBO Ko A € po3pizKeHOI MaTpHUIE BeIUKOro posMmipy. st Ta-
KX 3a/1a4 Po3po0JieHi crieniaabhi popMaTn 30epiraHts Ta OnTUMIZ0BaHI aJITOPUTMU
MHOXKEHHS, 110 JIO3BOJIAIOTH MIHIMI3YBaTU CHOKUBAHHS TTaM dTI Ta 9ac 00UNC/IEHD.
Hanpukiai, y cydacHux JOC/TIKEHHSAX, 30KpeMa y crarTi [66], po3risaiaiors Bu-
COKOE(DEKTUBHI METOJIN JIJIsT PO3PIXKECHUX MATPHUIlb, 9Ki BUHUKAIOTH Y 3ajadax i3
JACTUHHUME MOXITHUMU. Y JAHOMY JHUCEPTAIfiHOMY HOCTIIKEHHI yBara IpuIiis-
€TbCS aHa/Ii3y epeKTUBHUX Iapa/ebHIX MEeTOMIB po3B’sidyBaHHs cucteM Axr = b
Ta 3a0e3MevYeHHI0 TOYHOCTI 00UNC/Ienb JJIsi PI3HUX KOHMIrypariit o0unc/IioBabHIX

CHUCTEM.

1.2 BiactuBocTi KOMIT'IOTEpHOI apudMeTUuKNI

Kowmi'torepna apudnmeruka 3ade31euye 0OCHOBU IIPEJICTaBICHHs Ta 00POOKH UN-
cesl B UG POBUX OOUNCIEHHSIX.

Yucita 3 pyxoMoro KOMOIO — 1ie (popMa ToJIaHHs JIICHIX JUCes Y KOMIT IOTepHiil
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apudMeTulli, B gKiit Yucjio 30epira€tbest y popMi MAHTHUCH 1 TOKA3HUKA CTereHs. du-
cJ1a 3 PyXOMOIO KOMOIO MaloTh (piKCOBaHY BiJIHOCHY TOUHICTD, 3a/1€2KHY Bl KIJTHKOCTI
PO3psiIiB MAHTHUCH, 1 3MIHIOBaHY a0COJIIOTHY, SIKa 3aJIe2KUTh BiJ| HOPSJIKY YUCIIA.

SarajabHuii BUIVIAD 9HUCJIa 3 PYXOMOIO KOMOIO Ma€ BUIJIAL:

r="dxpx1... 0001 xXb°, 0<z; <b—-1, x9#0,
Magnca

1e b — ocHOBa cucTeMu YHCIeHHs (3a3Budail b = 2), e € 7 — MOKa3HWUK CTENeHs .

JIJ1s1 0JTHO3HAYHOT'O IIOJIaHHSI OJIHOI'O I TOIO »K YHCJA, CIPOIIEHHS IOPiBHsIH-
Hs 9HUces Ta olepalliif HaJi HUMU BUKOPUCTOBYIOTH YHI(pIKOBaHE MPEJICTaBIECHHS —
HOpMaJTi30Bany GopMy. Y HOPMaJI30BAHOMY IpPeJICTaBJIEHH] CTapIINii pO3PsJl Mat-
THCH € HeHyJIboBMil. [Ij1s JIBIfIKOBOI cucTeMU Iie O3HA4a€, 0 MAHTUCA MAE BULJIST
l.x129 ..., a crapmmii 6iT He 30epiraeTbes siBHO B mam’sri (implicit bit). e go-
3BOJIsIE 30epiraTu Ha oxuH OIT Olibine TouHocTi. HopmasizoBana ¢gpopma rapaHTye
30epiraffs sKOMOTa O1JIbIle 3HAUYIUX OITIB MiC/Is KOMU.

JenopmastizoBani (cybHOPMAJIBHI) THC/IA TO3BOJISAIOTE MOCTYIIOBO 3MEHIITYBATH
TOYHICTH I 3HAYEHb OJIM3bKUX JI0 HYJISA, 100 3al00irTH PAIITOBOMY IIEPEXOLY JI0
HyJIs TIpu 3MeHIenni dncia. Hanpuknan, y dopmari IEEE 754 (float) maiimentie
nopMaJtizoBane unciao — 1.0-2712% a naitmente nenopmadtizosane uncso — 27149 JTe-

HOPMAaJII30BaHl YNC/Ia 3a1100iraloTh pi3KoMy nepexoay 10 0 mpu jryzKe MaJnxX pi3Hu-
f(z1)—f(x0)

T1—To

J10 (DaKTUYHOIO JIIJIEHHS Ha HYJIb.

I[AX, TOMY BUPa3U BUJLY pu OJIM3BKNUX 3HAYEHHAX T( Ta T1 He PU3BOJIATH

OcobJinBUM BUIIAJIKOM € IIPeICTaBIeHHs HyJId: BCl OITH MAHTUCHU Ta €KCIIOHEHTH

JIOPIBHIOIOTH HYJIIO.

1.2.1 Craggaptu IEEE 754 ta IEEE 854

IEEE 754 € ocHOBHMM CTaHJIAPTOM /I YHCET 3 PYXOMOIO KOMOIO 1 BH3HAYAE

dbopmarnu 3 dikcoBarnm posmosizom 6iTis [67]:

e single precision (binary 32): ocuoBa = 2,p = 24 (23 6iTu manTucu ta implicit

bit), 8 6iT ekcrionenTu, 3arajgom 32 Oitu. Bignosigae tuny float y C/CH+;

e double precision (binary 64): ocuoBa f = 2,p = 53 (52 6itu mMaHTHCH Ta

implicit bit). 11 6iT ekcionenTn, 3arajiom 64 6itu. Bignosinae tumy double y

C/C++.;
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e single extended: po3mip He dikcoBanmii, MmanTuca Bijg 32 0iT;

e double extended: posmmpennii popmar 3 ManTUCOIO Bij 64 OiTH.

JI71s1 eKCIIOHEHTH BUKOPHUCTOBYEThCA 3Mimenns. [leit miaxin gjo3BosIsdge mpeicTaB-
JIATU K JIOAATHI, TakK 1 BiJl'€MHI 3HaYCHHsI €KCIIOHEHTH, BUKOPUCTOBYIOUH JIUIIE He-
BLJI'€MHI dmCJIa.

IEEE 854 — posmupennsa IEEE 754, gke j103BoJisie BUKOPUCTOBYBATH JIOBLILHY
ocHoBy [ (mampukian, f = 10 mausa necarkosux dopmartis) [68]. Crangapr IEEE
854 MEHII MOMNUPEHNil 1 MepeBayKHO BUKOPUCTOBYETHCA B OOUNCIEHHSIX, e BaXK/IIBA
JIeCATKOBA apuPMeTHKA.

Y rabumi (1.1) maBegemo ocHOBHI xapakrepuctukn crangapty [EEE 754.

ITapameTrp Single Single Ext Double Double Ext
p (6iTr ManTHCH) 24 > 32 53 > 64
€max +127 > 41023 +1023 > 416383
€min —126 < —1022 —1022 < —16382
Mlupuna exkcrionentn (6iTiB) 8 > 11 11 > 15
Baraspia mupuia (0iTiB) 32 > 43 64 > 79

Taba. 1.1: OcHoBHi mapamerpu (popMaTiB YHCE] 3 PYXOMOK KOMOIO 3IiJIHO 31 CTaH-
naprom IEEE 754 [35].

IToxubkm mpeacTaB/IeHHS Ta 3a0KPYIJIEHHS. Uepe3 oOMeyKeHy TOUHICTb Y-
cesl 3 PYXOMOIO KOMOIO OLIBIINCTE JIHCHUX YUCeJ He MOXKYTb OYTH IpejcTaB/IeH]
TOYHO. Y HPOIEC] 3a0KPYTJIEHHS JIHCHOTO YNC/Ia 3 PYXOMOIO KOMOIO BUHUKAE TTOXHO-

Ka. OcHOBHI €c11ocoOm OIIHKH OXNOOK:

e ULP (unit in the last place — ouHuIsT B OCTAHHBOMY PO3Psifii) — MiHIMATBHA

BIJICTaHb MIZK JIBOMa CYCLJIHIMU IOJJAHUMU YHUCJIaMU;

e BiJIHOCHA IOXNOKa 0 = ‘% , JIe © — iCTUHHe 3Ha4YeHHsI, T — o04nCc/IeHe 3Hade-

HHS,
e abcosToTHA MOXNOKA | — Z|.

Marmmuuananit € — 1e HaliMeHIIe J0JaTHe YHUC/Io €, Take mo: 1 +¢& > 1.
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Guard digit — ne jpomarkoBuit Po3psijl, KMl 30epira€Thes i Jac BUKOHAHHS
apudMeTuIHUX orepariii (0cobJMBO BiHIMAHH), MO0 3MEHIUTH TTOXUOKY OKPY-
IJIEHHSI [IPH poOOTi 3 OJIM3BKUMHE 3a 3HAYEHHSIMU ducjamMu. bes 1boro pospsijty 1npu
BIJIHIMaHHI MaiizKe PIBHUX YKMCeJ MOYKYTh BTpadaThuCs 3HAUYII PO3Ps/IN Yepe3 3CyB
MaHTHUCH.

Ilpuknam 1:
511 x 102 —1.11 x 1077 ~ 5.11 x 102

Hepes oOMerkeHy TOUHICTD MEHIIE YUCI0 BTPATUTD 3HAUYIIICTH Ta MATHMe KOMIT I0TepHE
P y 1% Y1 1%

IOJIAHHA:
z =511 x 10", y=0.00x 102, 2 —y=5.11 x 10'%

ZAKINO K BUKOHATH aHAJIOTIYHY OIEpalliio B CHCTEMi 3 MEHIIIOI TOYHICTIO Ta 0OMe-

JKEHUM 00CATOM IaM dTi, pe3yabTaT 3mMinnTbed. Posrngnemo 10.1 — 9.93 = 0.17.
r=101x10", y=0.99x10", z—y=0.02x10"'=0.2.

Pisnnng Mk TounuM i obunciaernm pesyabrarom cranosuTh 10 30 ULP [35]. Ta-
KOK IIPH JI0JIaBaHHl BEJIMKOI'O YUC/Ia JO0 MAJIOro 4HUC/Ia, MEHIIE 4acTO BTPavaeTbCsd
Ta He BIUIMBAE Ha Pe3y/IbTaT uepe3 oOMerkeHy KIJIbKICTb 3HAUYIIUX 4YUCe y IIpel-
craBjieHHi. Bukopucranuga guard digit jgo3BoJ1si€ 30epiraTu OJINH JI0ATKOBIIT PO3PSIT

MAHTHUCH, 0 3MEHIITYE BiTHOCHY TTOXMOKY J10 €.

Fused Multiply-Add. OG6’egnana omnepaiiisi MuOKeHHsI-1o1aBarHst (FMA) s1o-
3BOJISIE BUKOHATH @ - b+ ¢ B OJTHOMY KPOTIi 3 JIUITIEe OJHUM 3a0KpyTaeHHsaM. [le 3abes-
[Ie4ye BUIILY TOYHICTH 1 IPOAYKTUBHICTD. IIpoTe He Bci cucremn miarpumyiors FMA
Ha arapaTHOMy PiBHI, TAKOXK KOMIIJISTOPU MOXKYTH POOUTH aBTOMATUYHY 3aMiHy,

1o MOXKE€ CIIPUYUHUTHA HeBL[LTBOpIOBaHi pE3yJIbTaTN!.

Basic Linear Algebra Subprograms (BLAS) - 1e Habip HU3bKOpiBHEBUX ITijI-
nporpaM Jijisi BUKOHaHHsI OCHOBHUX omepariiil Jiiniitaol ajnredpu. [l migmporpamn
IIITPOKO BUKOPUCTOBYIOThCS K 0a30Ba CKJ1a10Ba dncebHux 6i0miorexk. BLAS mo/ri-

JIETHCA Ha TPU PiBHI:
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1) BekTOpHI ormepariii;
2) MATPUYIHO-BEKTOPHI OIepalii;

3) MATPUIHO-MATPHUYHI OIeparii.

Intel Math Kernel Library - Bucoxkonpojykrusna maremarndna 06i0/i0TeKa,
siKa, peaJiizye MUPOKNii CIEeKTp dncebHux MeToiB, Bkiodaodn BLAS, LAPACK,
FFE'T, Sparse BLAS, a Takoxx mojarkosi ¢yHkIii. Jana 0ibioTeka aJanTyeTbes 10
KOHKPETHOI MiKpoapXiTeKTypH Ipoliecopa, BukopucToBytoun SIMD-iHcTpykiiii Ta
6araToIOTOKOBICTD JJIsI OITHUMIi3alil MBUJIKOCTI obuncients. IToBHICTIO HigTpUMy€E
intepdeiicu BLAS, LAPACK Ta Biiacui posmupenns. st 6aratbox GyHKIL peaJti-
30BAHO AJITOPUTME 3 KOMIIEHCAITIEIO TOXUOKN 320KPYTJICHHS (HAIPUKIIAJL, OOINCICH-
H cyMu abo cKaJsipHOro J00yTKY 3a aaropurmom Kaxawa). Bibioreka migrpmmye

MacIITadyBaHHsI Ha OaraTosgepHuX CUCTeMax.

1.3 IIpobGjiema BIATBOPIOBAHOCTI HPHU HapaJjeibHUX

00YNCJICHHIX

Y cydacHux OOUNCTIOBAJIBHIX CHCTEMaxX 3HAaYHA KiJTbKICTH MaTeMaTHIHUX 3a-
Jlad, 0COOJIMBO BEJIMKOI PO3MIPHOCTI, PO3B’SI3YEThCS 13 3aCTOCYBAHHAM IapaJie/IbHUX
obuncenn. Ile 103BoJIgE CKOPOTUTH Yac BUKOHAHHS 3a PaXyHOK PO3IOILITY 004n-
CJIIOBAJILHOTO HaBaHTa)KeHHS MiXK KLJIbKOMa IIporiecopamu abo morokamu. [Ipore
Taka ONTHMI3allid BUKJINKAE HU3KY MPOOJIEM Ta MOYKE NPU3BECTH JIO 3HAUHUX BiJI-
MIHHOCTEll y pe3yJibTaTax, HaBITh [IPU IOBTOPHOMY 3aILyCKY OJIHOI'O i1 TOTO K aJiro-
pUTMY.

Y kyiacuaHUX (MOCIIOBHIX) peai3allisiX MopsijiOK BUKOHAHHST apu(MEeTHIHIX
orepalliii € (piKCOBaHUIl, 1O JI03BOJIAE 3a0€311eUNTU OJTHAKOBUIN PE3YILTAT ITPU KO-
JKHOMY 3aITyCKy Iporpamu. HaTtoMicTh y mmapaJjenbHuX peasiizalligx 1eit mopsijiok He
€ BU3HAYEHUM, OCKIJIbKI O0UYNCJIEHHSI MOYKYTh BUKOHYBATHCs Y PI3HUI CII0CiO, 3aJie-
JKHO BiJI apXiTeKTypH, aJfOPUTMIB IJIAaHYBAHHA MOTOKIB, 32CTOCOBAHOI OI0Ii0TEKN

TOIIIO.

ITopyiienns acoriaTMBHOCTI Ta KOMYTATUBHOCTI. Y KOMII'IOTepHiii apudme-

TUI JIeKi 3BUYHI aJireOpudHi BJIACTUBOCTI HE BUKOHYIOTbCsI. 30KpeMa, He rapaHTy-
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€ThCs aCOLIaTUBHICTD JIOJlaBaHHs
(a+b)+c=a+ (b+c).

Tomy 3MiHA TIOPSIKY OOUNCICHDb BILIMBAE Ha, KiHIEBUI pe3yJibTar.

1 # Python (float64, IEEE 754)

2>>> a = 1el6
3>> b = -1el6

4 >>> ¢ = 1.0
5>>> (a + b) + c
6 1.0

7>>> a + (b + c)
8 0.0

Puc. 1.1: IIpukJjaj; BIUIMBY HOPsJIKY OOUYNCEHHSI Ha PE3yJIbTaT, BOJIHOYAC
MaTeMaTUYHO BOHU €KB1BAJICHTHI.

Hakonuvyenus moxmOOK y mapaJjie;IbHOMY CepeaoBHUIIi. Y 3aja4dax BeJNKOI
PO3MIPHOCTI cyMa, BEJIMKOI KIJIbKOCTI JIIMCHUX YHCesT MOYKe JlaBaTh Pi3Hl pe3yabTaTn
3aJIC2KHO BiJl MOpAIKY gojaBanbs. Hanmpukianm, na pucynky 1.2 po3ryigHeMo MacuB
gyncea A = [1.0, le-16, ..., le-16].

# Python (float64, IEEE 754)

>>> A = np.ones (10*%x6) * 1le-16

1

2

3>>> A[0] = 1.0
4 >>> np.sum(A)
5)
6
7

1.000000000099989
>>> sum(np.random.permutation (A))
1.0000000000050895

Puc. 1.2: Ilpukiayi moMuIK Ipu CyMyBaHHI BEJIMKOI'O MacUBY YHCE].

CyMma eJleMeHTiB BiJIPI3HAETHCS B 3aJI€2KHOCTI BiJI II0C/IIOBHOCTI ejtleMenTiB. [1pu
TOMY, 1110 PI3HUILA 3/Ia€ThCsl HE3HAUYHOIO, BOHA MOYKEe MATU BILIUB Y KOHTEKCTI 1Tepa-
IMIHHUX METO/IIB, Jie TIOMIJIKI HaKoNn4uyoThesd. CymMapHa MoxuodKa MoKe TPU3BOIUTH
JIO TIOPYIIeHHsI 3012KHOCTI 3araJjioM, 3MiHH TOYKM 301»KHOCTI Ta, iHIIIE 3HAUEHHS Pe-
3yJIbTaTy 004YMC/Ienhb. KoykeH HOBUIiT 3aITyCK MOYKe ITOBEPTATH Pe3y/IbTaT BiIMIHHUI
BiJI ToTIepeIHHOTO 3aIycKy. HakommaeHHs MOXuOKN MOYKe TIOCUTIOBATHCS TTPU BUKO-

HaHHI 00YmcIeHb Ha rpadivaux nporecopax GPU.
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1.3.1 JI>kepeJjia HEBiATBOPIOBAHOCTI 00YMCJIEHD

OnHEM 13 K/IIOYOBUX UMHHUKIB, SIKU ITPU3BOJUTL JO PI3HUX PE3YyJIbTaTiB, €
BekTopHi oOuncitenns (SIMD). Texnosoril, taki sk SSE, AVX un NEON, mnosso-
JIAIOTH TTPOIECOPY OOPOOJISITH KiJIbKa eIeMEHTIB O[HOYACHO, IO CYTTEBO IIiJIBUIILYE
NpPOYKTUBHICTh. Hanpukia i, ctae MOXK/INBUM TapaJeibHe J0/iaBaHHsd Y MHOYKEH-
Hsl KiJIbKOX 1map uncesi C[i:i+3] = A[i: i+3] + B[i:i+3]. Xoua 11e 3HAYHO IPU-
CKOPIOE 3arajibHIIT IIPOIeC, BUKOPUCTAHHS PI3HUX IHCTPYKIIii ab0 Pi3HUX allapaTHUX
1aTOPM MPU3BOINTD /10 HAKOITMYEHHS MOXNOKN 3a0KPYTJIEHHS Ta PI3HUX KIHIIEBUX
pe3yJIbTaTiB.

[Ile ognum KepesioM € napaJjesbHi aaropuTMu peiykiii. Ko 3aBjaanms pos-
HOJIIAEThCS MizK OaraTbMa IIpoliecaMu, KOyKEH 13 HUX OOUMCJIIOE BJIACHY JIOKAJIbHY
cymy. Ilopsiok, y gkoMy Il 94aCTKOBI pe3yabTaTH J0Jal0ThCs JIO0 3araJbHOl CyMH,
YaCTO BU3HAYAETLCH ONEPAITHOI0 CHUCTEMOIO y peajbHOMy dvaci. Hepes BUIATKO-
BICTb IOPSJIKY JI0/laBaHHS I1JICYMKOBUIT Pe3yJIbTaT MOKE 3MIHIOBATUCS BlJI 3allyCKY
JI0 3aIycKy. Y Takux cucreMax, 4K OpenMP, nopsgok onepairiiit IpaKTHIHO 3aBXK1
Oyzae pisHuMm MixK 3amyckamu. Okpim nporo, sukopucrtanis CPU ta GPU B ogiit
3a/1a4l yepes3 PI3HUI0 B apXiTeKTypl MOKe PU3BOJAUTH J0 PIZHUX Pe3YJIbTaTiB JIJisd

TUX CAMUX Ollepalliii.

1.3.2 Metoan 3abe311eUeHHS BiATBOPIOBAHOCTI 00YNICJIEHD

151 3abe31edeHH s BiITBOPIOBAHOCTI BUILIAIOTD KiJIbKA IIJIXOMIB, cepej sIKUX
AJITOPUTMIYHI METOJM Ta onTHMizallist 0i0sioTeK. [IpukiIaioM aJaropuTMidYHOIO I10-
KpallleHHd € aJaropuT™ KaxeHa JijIsd TOUHOTO CyMYBaHHSI, IKIiT BHKOPUCTOBYE JI0/1a-
TKOBY 3MIHHY JIJIsI KOMIIEHCAllil TOXUOKM 3a0KpyTieHHd. [aImmmM 1iaxoaom € Conditi-
onal Numerical Reproducibility (CNR), sikuit rapanTye 6iT-B-6iT 0JIHAKOBI pe3yJib-
TaTu YUCEJILHUX ollepalliii Ipu BUKOHAHHI OJIHAKOBOI IporpamMn 3a HE3MIHHOI KOH-
dirypariii 00UnC/IIOBAIBLHOI CUCTEME 3 OJHAKOBOIO KLIBKICTIO TIOTOKIB Ta HAJIAIITY-

BaHHAMU. Y IbOMY PEXKNMI:
e BCi onepallil BUKOHYIOTBCS y CYBOPO BU3HAYEHOMY IOPS/JIKY;

® He BUKOHYIOTbCS ONTHMI3allil, siki MOXKYTh 3MIHUTH IOPSIOK O0UYNCIEHb a0

BUKOPUCTATU aJIbTe€PHATUBHI IHCTPYKIIIT;

® TapaHTYEThCs OJIHAKOBE 3a0KPYIJICHHS Ta 00poOKa 4Ynces 3 PyXOMOIO KOMOIO.
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Bacrocysannss CNR uepe3 omnmcani oOMexKeHHsI IPU3BOJINTE JI0 IIEBHUX BTPAT IIPO-
JIYKTUBHOCTI, OJTHAK € KOPUCHUM JIJIST TECTYBAHHS Ta IHIINX CUTYyalliil, Je KPUTHIHO
BaXKJIMBa JAETEPMIHOBAHICTD.

[[1o6 mocsirTi BiITBOPIOBAHOCTI Ha AJITOPUTMIYHOMY PiBHI, HE BTpadalodu M1po-

JIyKTUBHOCTI, Oy po3pobJieri crieriaizoBani 0i0/I0TeKH, cepel SKUX:

e ExBLAS — 6ibsrioTeka, sika peaJizye 0a30Bi JiHITHO-AJreOpUIHI onepallii Bu-
KopucToByioun error-free-transformation (EFT’s) ta dbikcosami BekTopu 1ijmx
quces. Long accumulators j103BOJISIOTH BUKOHYBaTH CYyMyBaHHS TOYHO, 0e3

BTpAT depe3 MEePEeNOBHEHHST MAHTUCH;

e ReproBLAS — mabip BigrBopioBanux peasizariiii BLAS, moOymoBannii BIKO-
pPUCTOBYyIOUN superaccumulators, gKi 103BOJIIOTHL BUKOHYBATH OIepallil HaJl

dqucJiaMil 3 pyXOMOIO KOMOIO 3 IIOBHOIO TOLIHiCTIO;

e OzBLAS — peanizye Ozaki scheme, sika 3a0e3medye mopsiIKOBO-He3aIeKH] 00~
YUCJIEHHS IIJISIXOM PO3KJIaJaHHA JUCces] Ha KiJbKa KOMIIOHEHTIB (piKCOBaHOI

TOYHOCTI.

Y HACTYITHUX PO3/ILIax I ij1el BUKOPUCTOBYIOTHCS M1 OIIHKH ITEPAIliiHITX Me-
TOJIIB, & TAKOK JIOC/IJIZKYETHCS BILIMB HAKOIMMIEHHs TTOXUOOK Ha 3araibHy 3012KHICTD

IIpOIIEeCy.

Bucnosku o pozainy 1

Y nepiiomMy po3aijii po3rysHYTO IIOCTAaHOBKY 3aJladi YNCe/IbHOTO PO3B’I3yBaHHsI
HEJIIHIHHIX OollepaTOPHUX PIBHAHL y OaHaXOBUX IpocTopax. HaBegeHo ocHOBHI BJia-
CTUBOCTI ollepaTopiB y DaHaXOBHUX IpocTOpax, JudepeHiiiiioBHicTs 3a Ppere, a Ta-
KOYK YMOBH, 110 3abe31edyorTh 301:KHICTh iTepaliiinnx MeTo/iB. [IpoBegeHo oriisi
KJACUYHUX 1 Cy9acHUX METO/IiB PO3B’sI3yBaHHs HEJIIHIHHUX ONEPATOPHUX PIBHSHb.

PosryigayTo pisaunesi Ta Oararokpokosi mMomudikariil merony HbroTona, 1o
JIO3BOJISTIIOTH 3MEHITUTH KIJIBKICTh O0YHMC/ICHb MOXIJIHUX a00 3aMiHUTH 1X allpOKCH-
MarisgMu. TakoK OonmcaHo MeTOIU, 9Ki BUKOPHUCTOBYIOTH KiJbKa HabOJIMKEeHb abo
IIPOMIZKHIX TOYOK. HaBeneHo o3HaUYeHHS MOJIJICHUX PI3HUIL MIEPIIOro Ta JPYroro
nopsaky. IIpoanasizoBaHo MiaxXoaM JI0 MOCJIIOBHOI Ta HapaJjebHOl allpOKCUMAIlil

00EepHEHOT0 OIlEePaTOpA.
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Hage 1enno ocHOBHI BJIACTUBOCTI KOMIT TOTEPHOI apudMeTHKHI BiJIITOBIIHO JI0 CTaH-
napry IEEE 754, gxi BrinBaloTh Ha peaJi3allifo Ynce/IbHUX METOJIB: 0OMeXKeHa TO-
YHICTH IIPEJICTaBJICHHS, JICHOPMAaJII30BaH] YUCIa, IIOXUOKN [P 3a0KPYTJIEHH], ollepa-
il Tuny FMA, MHOXKeHHSI MaTpHIlh Ha BEKTOP, & TAKOK 0COOJIMBOCTI HapasiebHIX
00UNC/IeHD, TKI MOXKYTH MPU3BOJUTH JIO HEBIATBOPIOBAHUX Pe3YIbTaTiB. Po3risanyTo
1JIXO/TN I 3a0e31eYeHHsT BIITBOPIOBAHOCTI 00UYNC/IeHb 663 3HaTHOI BTPATH MTPOJLY-

KTHUBHOCTI.
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Pozain 2
ITobynoBa Ta gociiaKeHHs iTepalliiHIX MeTO/I1B
JJIsl HeJIIHIMHNX ollepaTOPHUX PIBHSHDL Ta 3aJiad

HaliMeHIINX KBaJIpaTiB

Y 1BOMY PO3/ILJIT POBIVISTHYTO TO0YJIOBY Ta, JIOCTIPKEHHS iTepalliiiHIX METOJIiB
JUUIsl PO3B’si3yBaHHsI HEJIIHIHUX OllepaTOPHUX PIBHSHBL Ta 3aJiad HalMEHITNX KBa-
JIpaTiB. 3alIPOIIOHOBAHO METOJIN i3 allpOKCHUMAIIEI 00epHEHOro orepaTopa abo BH-
KOPHUCTAHHSIM JIUIIE OJHOI0 0OEpHEHHS IIPOTATOM YChOIo iTepalliiinoro mpomecy. s
PO3POOJIEHIX METO/IiB BCTAHOBJIEHO YMOBH JIOKAJIbHOI Ta HAIIIBJIOKAJILHOI 3012KHOCTI,
IIPOBEJICHO aHaJIi3 €JIMHOCTI PO3B'S3KY Ta BUKOHAHO YNCEJIbHI CKCIIEPUMEHTH, SKi
ITBEP/IPKYIOTh TEOPETUYHI pe3Y/IbTaTH.

OcHoBHI pesysibraTi po3jity omyb/ikoBano y crartsx [44—46, 48, 69).

Y crarti [44| 3anpononoBano mMerojn Ty HeloToHa, y sIKHX 3aMicTh 004nc/Ie-
HHsI 00EPHEHOI'0 ollepaTopa Ha KOXKHOMY KPOIll BUKOPHUCTOBYEThCs floro (ikcoBaHa
AITPOKCUMAIllg y BUTJISII CyMU JIHITHUX OllepaTopiB.

Y mparii [45] mocrimkeno posmmpeni TpEKpOKoBi Merou Tuiy Kypuartosa 3
alrpoKcuMaliieo noxigaol @pere mojaiieHUMK pisHUIEIMEA. [[poBeneHo JoKaIbHMIA
Ta HaIIBJIOKAJILHUN aHaJi3 3012KHOCT1, BUBHAYEHO 00JIACTh €UHOCTI PO3B’A3KY.

Y mpari [48] goc/izKeHO METO THITY XOPJT 3 allPOKCHMAIIIEI0 0OEPHEHOTO Ol1e-
paTopa JJIsl HeJIHIHUX 3a/1a9 HafilMeHIINX KBaJpariB. JIokajabHy 301KHICTH J10C/Ii-
JIZKEHO 3a yMoB Jlimmmmrg.

Y crarri [69] pospobiieHo KoMGiHOBaHI JIBOKPOKOBI METO/IU, B SIKUX OOEpHEHMHIt
orepaTop OOUMCIIOETHCS JIUIIe OUH pas3. AHaIi3 3012KHOCTI BUKOHAHO 3 BUKOPHUCTA-
HHAM MayKOPaHTHHUX IOCJiIOBHOCTEI].

Y crarti [46] 3aificHeHO TOPIBHAIBHUIT AHAIZ TPHOX METO/B IIIOCTOTO TOPSI/IKY.
Pozpobiieno JlokaIbHII Ta HAIlIBJIOKAJLHIH aHasi3 301:KHOCTI B HaHAXOBUX ITPOCTO-
pax 6e3 BUKOPHUCTAHHS MOX1THUX BUITUX MOPAAKIB. BuzHaueno od4unc/oBaabHuIil 110~
psiiok 36ixkuocTi (COC, ACOC) Ta jgociikeno ctablibHICTh METOJIB TP BHCOKI

TOYHOCT]I OOYUC/ICHD.
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2.1 Metoan tTunry HeroTona 6e3 BukopucTanHga odep-
HEeHUX oIepaTopiB JJisi pO3B’si3yBaHHS HeJI1Hiii-

HIIX PIBHSHD

Hexait 3a1ano neniniitae pisusnuas F(x) =0, ge F: D C X — Y. Knacuunni
meton Hetorona (1.2) m03BoJiste 3HAHTH #Or0 pO3B’si30K, MpoTe MoTpedye obunc.ie-

Hust obeprenoro oneparopa F’(x,)™}

Ha KOoxKHIIT iTepariil. e moxke OyTn obumciio-
BaJIbHO 3aTPATHUM JIJId CKJIAJHUX OIEpaTOpiB UM BEJUKOPO3MIPDHUX 3ajad. ¥ IIiif
YaCTUHI po3ryIgHeMo Mojudikalito MeToay HbloToHa, sika J103BOJISIE YHUKHYTH T10-
BTOPHOI'O OOYMCJICHHSI OOEPHEHUX OIIePaTOPIB IIJISIXOM BUKOPUCTaHHs (DiKCOBAHOI'O
onteparopa M.

Hexait £(X,Y) — npocrip Beix JjiHiHEX 00MexKkeHUX oreparopis. [Ipumycru-
Mo, 1o ichye oneparop M € L(X,Y) rakuit, mo M ta (I — MY M — F'(x))) e

oboporauMEI. 3a X ymMoB Metos Hetorona (1.2) MoKHA 3aIicaTn y BUTJIA/:
29 €D, Ty =x, — [[ — MY M — F(z,))] "M ' F(x,), (2.1)

Jle Xy — MovaTKOBe HAOJIMXKEHHs JI0 PO3B A3Ky. BapTo 3a3HaunTu, 1o itepariii 000x

METO/IIB SIBHO 30iraloThCsl, OCKIJIbKI
[ = MY M — F'(2,))] "M = [M(I = M7 (M = F'(,)))] " = F'wa) ™"

I[Ipore, nasith 1pu dikcopanomy M1y sarambnomy sunajgxy (I — MM —
F'(z,))) 3amexkutsh Bijt n i morpedye 06UnCIeHHsT 00EPHEHOTO OIIepaTOpa Ha KOYKHII

irepanii. [1Io6 yHUKHYTH IILOIO, BBEJIEMO JOIIOMIXKHI OIlEpaTOPH
Alx) =A=MYM — F'(x))

Ta

Bi(z)=Bx) =1+ A+ ..+ A",

ne k — dikcoBaHe HaTypasbHe YIC/I0. 3a IUX YMOB OTPUMAEMO METOJ

x9 € D, xyy1 =1, — BM 'F(z,). (2.2)
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Meroj (2.2) norpebye Jiuiiie 0jHOTO ObepHEHHsT (BIKCOBAHOIO JIHIHOIO orepaTo-
pa M. Ile pobuth ioro eheKTHBHOWO ajibrepHaTnBo0 MeTony Hbrotona (1.2).
Y Bunajky, koan M = F'(xg) ta k = 1, meros (2.2) 3BomuThCs 10 Mo udiKo-

Banoro merony Hbiorona
-1
20 € D, Tpy1 = 1y — F'(10) 7 F ().

[pu k — +oo Maemo limy s, By = F'(z)~ . Ymosa |M~Y(M — F'(2))| < 1
JUT KOYKHOTO & € D rapanTye icHyBaHHS Ii€l TpaHuIli. BapTo 3ayBaXuTu, 1Mo gKIio
JiHifiHMi onepaTop B € 060poTHUM 1 nociiioBHicTb {1z, } 36iraeThes 10 geskoro
10 3 (2.2) OTpUMYEMO
B Na, — 2p1) = M 1F(z,),

TOMY
. -1 . -1
0= nl_l)gl_’looB (Tp — Tpy1) = nl_l)rf_loo M F(x,).
Orxe, F(z*) = 01 2* e poss’ssskom piBusnns (1.1). BukopucroByoun anasori-

YHI MIpKyBaHH$I, OTPUMYEMO ITepalliiiHuil 1npoiiec, BU3HAUEHUl JIJIs KOXKHOTO 1 =

0,1,2,... TaKuUM YUHOM:

A= (M — F'(z)) M,
B =I+A +...+ Af,
0 €D, Ty =1 — BlM_lF(l'n).

Jloc/tijizkeH ST [[HOTO METOJLy € aHajoriyauMm jio Merojy (2.2). st namisiio-
KaJIbHOTO aHAJI3y BUKOPUCTAEMO MayKOpaHTHY ToCinoBHicTh {v, }. Hexait oy = 0

Ta ap > 0. g koxxmoro n = 0,1, 2, ... BUBHa4nMO

Ot = Qpy1 + ()‘(O‘n—i-l - an) + :u) (&n-i-l - an)'

[TocimosricTsb {a, }, a Takoxk 1T mopsijlok 36i:KHOCTI, J100pe BuBUeHi y podborax |70,
71]. [TapameTp q 3a/1€KNUTh Bijl MOYATKOBOTO HAOJIMKEHHSI T, & HEBiI €MHI mapa-
MeTpu A Ta p 1oB’si3ani 3 oneparopamu M Ta F”.

Hocipkenns JJOKaJIbHOI 3012KHOCTI MMOJIArae y po3B’sg3aHHi HEPiBHOCTI

Pt):=Ct+C <1, tel0,+00),
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JUUTsl BUSHAYEHHS paJiiyca 3012KHOCTI

16
g Y

e ¢ >0 ta (€ [0,1) zanexars Big x*, M ta F’.

0

TaxkoxKk nocizKyeTbest 30iKHicTh MeTony Ilikapa

Tny1 = Pk(a:n)a
Py(x) = P(z) = (1 = B)z — B(BM ™' F(z) — x), (2.3)
g e|o,1).

Y BunaJiky, ko 5 = 1, meroj (2.3) 3BoguThCst 0 MeTojy (2.2). 36i:KHICTH MeTo-
1y (2.3) J0BOJUTBCST 38 JIONOMOTOI0 TeopeMu BaHaxa mpo HepyXomy Touky [51].
3aIporoHOBaHU{T 111/IXi/] € JOCTATHBO 3arajJbHUM, IO J03BOJISIE 32CTOCOBYBATH
fforo Takoxk J10 1HIIMX OJJHOKPOKOBUX METOJIIB, SIKI I'PYHTYIOThCS Ha BUKOPUCTAHHI
obepHeHNX JIHIITHIX olepaTopiB. Po3riissHeMo MeTo 1 HbIOTOHIBCHKOI'O TUITY, 38/ IaHUi

TaKoOIO (POPMYJIOI0
20 €D, vy =2, — ﬁ"(mn)_lF(xn), (2.4)

e minifianii omeparop F'(x,)"' € L£(Y,X) e anpoxcumarnieio moxigmoi F onepa-
topa F. Toxi mis merony (2.4) MOYKHA BUKOPUCTATH aHAJI3 JIOKAJIBHOT Ta HAIIBJIO-
KaIbHOT 3612KHOCTI MeToxy (2.2), skmo saminutu F'(z,) wa F'(x,) B 03HAYCHHSIX
ortepatopiB A ta B. Anajioriuanii mijaxij MoxKHa BHKOpucTaTH i metony Ilika-
pa (2.3), ase 3 BukopucrannaM F samicrs F. 1150 17110 MOZKHA 3aCTOCYBATH TAKOK
JIUIsT JIBOKPOKOBHUX Ta 0AaraTOKPOKOBUX METOJIB, SIKI BUKOPHCTOBYIOTH OOEpHEHi JIi-

HIITHI ollepaToOpHu.
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2.1.1 30ixKHICTh MaXXOPAHTHUX IIOCJIIJOBHOCTEIA

1
12
HAITiBJIOKAJILHOIO aHaJ i3y 301KHOCTI BBEJIEMO TaKi JOMOMIXKHI ITapaMeTpu:

Hexait sagano mapamerpu L > 0, D > 0 ta a € [0,5). g nposenenns

L(1—a™*! 1—a" - 1
o Hizat) o g 1
2(1 — a) 1—a 1—b
(1 —a"ha 2 5 — 1 —1—4M\u
o= 1—a » 2\ ’
1 =2 \p— 1 —4\u
7T N2 ’

3a ymoBu 4A\p < 1. Posruisgremo umncioBy mnociinosricts {a,}, 1e ag = 0, mesike

a1 > 1, a g koxkaoro n = 0, 1,2, ... BUKOHYETbCS

Qpio = Qpyl + ()‘(an—H — Oén) + ,u)(oan - Oén)- (25)

SayBayKMo, 110 IapaMeTpu 3ajexKaTh Bijl k, sike € (pikcoBanuM. s 10c/1i10BHICTD
Bijlirpae BazKJIMBY DOJIb Y JIOCJI/ZKEHHI HAIiBJIOKAIbHOI 30ikHOCTI MeTomy (1.2).
30kpeMa, y BIIOBIIHUX TeopeMax II0Ka3aHO, III0 BOHA € MayKOPAHTHOIO JJIsd I10-
caitosrocri {x, }, 3aganol dpopmyiioro (2.5). [Ipore criepiiry BCTaHOBUMO yMOBH, SIKi
rapaHTyIOTh 3012KHICTH moc/1i10BHOCTI {ay, }. Y poborax |72—75| 3ampornoHoBaHo mi/1-
XiJI, IKMii JI03BOJISIE TIOCJIa0UTU JIOCTATHI YMOBU HaIliBJIOKAJJIBHOI 301KHOCTI METOJLY
HpioTona.

3a BBeJIeHIX [103HAYEHb MOYKHA JIOBECTH TaKy JIEMY:
Jlema 2.1. Hexatll sukonyromuves HACMYnHL YMOBU.

1
a € [0,5), A <1, <1, (2.6)

Ui
< = —— <. 2.7

Todi nocaidosricmv {ay,} € ne6id emnoro, necnadrnoio ma 06MesNcenon 36epry 31a-

wennAm (b Kpim mozo, uKoHy0OmMbCA Hacmynii meeporcenma:

0<api—a, <d(a, —ap_1) <d"n, (2.8)
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a maxooic ichye epanuus o € [0, 7] mawa, wo {oy,} — o, npuromy

571
0§oz—ozn§1 négrogr. (2.9)

Jlosederms. YMOBH JieMHn 3a/1a10Th CIIBBIIHOIIEHHS (g < v <19 <7y 1 < 0, 7 >
0, A >0, o> 0mab< 1. 3riiHo 3 O3HAYCHHSIM HAPAMETPIB (g Ta (1, TBEPJIZKE-
uHst (2.8) Bukonyetbest ipu = 0. Jlasi 3acrocyeMo MareMaTHIHy 1HIYKIIIO, 75

JIOBEJIEHHS 1IUX TBEP/ZKEHb

0 < mi1 — am < 0y — 1) < M. (2.10)

0 < am < 10. (2.11)

Hepisnocri (2.10) ta (2.11) Bukonyiorhbes mpu m = 0 BIANOBIIHO /10 O3HAYEHD (v,
aj i 9. Toni 3 o3Havuenus: mocsigoBaoCTi {ay,} orpumyemo, mo 0 < as — ag <

d(a1 — ) < dp, a TakoK

1— 62 n
<
1-0"=1-3

0<as<a+dén=0+dn= < ry <.

Omxe, nepisuocrti (2.10) ta (2.11) Bukonyiorbest ipu m = 1. [Tpumyctumo, 1110 BoHn

CHPABJIZKYIOThCS JIJIsI BCIX HATypaJbHUX 4ucest 10 m. Tojui HeoOXiTHO JIOBECTH, IO

Mamiz — pyr) +p <6

Q41 < To.
[Iepire TBepIKEHHST BUKOHYETHCS, AKIIO Ma€ MicIe HEPiBHICTH
A" 4 <6 (2.12)

Ha mizcraBi nboro TBepzKeHHST BBEJIEMO TTOCIIOBHICTH MHOTOWIEHIB {p;y, }, Bu3Ha-

dennx Ha inrepsadi [0, 1) TakuMm InHOM:

p(t) =M™ —t 4 .



OTpumaemMo Take CIiBBIJIHOIIEHHSI:
fna1(t) = fn(t) = M™2 — X¢™ = Mt — 1) <0.

Orxe, 1yist goBeennst (2.12) qocTaTHRO MOKA3ATH, M0

OCKLITbKI

fm+1(t) < fm(t)-

Hepisricts (2.13) Buminsae 3 Bubopy 0 Ta criBsignorens (2.6)—(2.7).

Hexait dpyuKitis

3 (2.14) upu t = § maemo

foot)= lim M™™ —t+p)=p—6<0.

m——400

Ot2ke, 77151 BCIX M CHPABJIZKYETHCA

fm(t) <0,
Toxi 3 (2.10) maemo
Umy1 = Qpyp1 — Qo = (@m+1 - CVm) + (am - am—l)
toot(ar —ap) < (0" + ...+ 0+ 1)ny
1 — 6m+1 n

< = < r.
1—s T=7_sT0="
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(2.13)

(2.14)

(2.15)

Orke, HepiBricTb (2.11) Takoxk Bukonyerbest. Jlosejenns nepisnocreii (2.10) 1 (2.11)

3aBepieno. [locstimoBHicTs {ay, } € HEBi T €MHOIO, HECTTAIHOIO Ta OOMEKEHOIO 3BEPXY

3HAUEHHSM T, & OT2Ke, 3012KHOI0 10 JIesIKOTo €quHoro 3uadenns o € [0, rg]. Toxi s
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JIOBLJILHOT'O HATYPAJIbHOI'O YUCJA ] MaEMO:

0 < Om+tj — QO = (Ofm—kj - am+j—1) + ..+ (am+1 - am)
< (" 4 L+ = 1—65’”77.
[lepexopsian 10 TpaHuIl Ipu j — +00, OTPUMYEMO OIIHKY (2.9). O

2.1.2 HamiBjokaJibHIIT aHAJTI3 METOLY

Hexait U(x, ) — Bigkpura Kysist 3 nenTpom y Touri € X i pajiycom o > 0, a
Ulz, a] — i1 samukanns. JloBeieHHST OCHOBHIX PE3YJIbTATIB I'PDYHTYETHC HA T€OPeMi

Banaxa npo obepHeHi onepaTopu.

Teopema 2.1. (Banaxa npo obepreni onepamopu [44, 51, 76, 77]) Hexait T — obme-
orcenuti Ainitinut onepamop y banavosomy npocmopi X . T~ icuye modi i minvku

modi, Koau icnye oomescenuts ainitinud onepamop Ty € L(X) makud, wo

Il —ThT| < 1.
Arxwo T icnye, mo
T =) (I-T7T)"T;
n=0
ma
HT—1H < HTIH .
1[I =TT

J11s1 ToBeJieHHsT HAIIIBJIOKAJIbHOI 3012KHOCTI BUKOPUCTAEMO MAXKOPAHTHI IIOCJIi-

JTIOBHOCTI.

Osznauenns 2.4. [27, 72, 78] Hexat {x,} — nocaidosnicmov y nopmosamomy npo-
cmopi X . Hesid’emna wucaosa nocaidosnicms {v,} Ha3u6aEMbCA MAHCOPAHMHOIO

ona {x,}, axwo das ecix n > 0 suronyemuvca

Hxn—i—l - xn” < Un+1 — Un.

3ayBakuMo, 110 Oy/Ib-gKa MaKOpaHTHa IOC/III0OBHICTH € Hecra Hoo. Bibiie
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TOrO, SIKINO TOCJII0BHICTL {v,} 30iraeTbest, TO 1OC/iI0BHICTL {X,} TakoxK 36irae-

Thed, 1 711 v* = lim,, o ¥, CIIPABKYETHCS OIIHKA TOXUOKU:
|x* — x| < 0F — vy,

Orke, JoC/IiIzKeH ST 3612KHOCTI TOC/TOBHOCTL {2, } 3BOANTECST 710 aHa1i3y 3012KHOCTI
nocstiziosrocti {vy, }.

[Tpurnyctumo, 1110 BUKOHYIOThCS TaKi yMOBU:

C1) Ienytors napamerpu n > 0,a € [0, 1), Touka zy € D, ta obepreHuii oneparop
y n 2

M, Takxi 1o

IBM™'F (o) < .

(Cy) Icnye mapamerp L > 0 takwuii, mo s OyIb-AKUX U1, Vs € [) BUKOHYETHCSI

HEPIBHICTH

1M1 (v2) = F'(w1)|| < Lilva = wal.

(C3) Bukonytorbest ymoBu Jiemu 2.1.
(Cy) Ulzg,a] C D.

Teopema 2.2. Hexatl suxonyromoca ymosu (C1)—~(Cy). Todi nocaidosnicmo {x,},

nobydosana 3a memodom (2.2), 3adosoavhac ymosu:

{x,} C U(xg, ), (2.16)

[Zn11 — Tnl| < Qi1 — i, (2.17)

i 30ieaemuvea do pose’asky xF € Ulxy, o] pisnanna F(x) = 0. Ipu yvomy cnpas-

O0AHCYEMBCA OUTHKG
|z — x| < a— . (2.18)

Jlosedenna. Ymosa (Ch) rapantye obepHenictb omepatopa M, a oTke, 3a MeTO-
7oM (2.2) Bei iteparnit {x,, } € kopexTHo Busnadennmu. Crissinnomens (2.16) Ta (2.17)

Ouesu,1Ho, 1m0 piBHicTh (2.16) Bukonyerbes mpu n = 0.
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Bijnosiguo o meroiy (2.2), ckaispuoi nocsigosrocti (2.5) ta ymosu (Ch)

Ma€EMO

|x1 — x| = HBM‘IF(:UO)H <D=oa —ay<a.

Orxke, 1 € U(xp, ), 1 mepiBuicTs (2.17) Takoxk Bukonyerbest st n = 0. Kpim

TOrO, 3 O3HavYeHHs1 oreparopa B, ymosu (C) Ta Bubopy mapaMerpa a BHILTHBAE

I =B| = [[A+ A% -+ A% < [JA| + [ A]P + -+ | A]*
L— A"
1A =— 2 <1
1—|[A]

3rijno 3 TeopeMolo Banaxa, oneparop B € 000poTHUM i

1 _
Bl < — —b.
157 < =

BignosinHo 10 o3nadennst metoy (2.2), MOYKHA 3aIlCaTH:

F(ty1) = F(tp) = F(2) = MB™ (w41 — @)
= Flznn) = Flan) — Fl(zn)(@na — z0)
+(F'(wn) = MB™) (241 — 2)
= F(zp41) — Flg) = F'(20)(Tpa1 — )
+(F'(2,)B — M)B (241 — )

- / [P/ (@ + 0(@ns1 — 7)) — F(0)]d0(wns1 — 22)
+(F'(2,)B — M)B  (2p1 — ).

(2.19)
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3ayBarKiMo, 110

F'(z,)B—M = F’(xn)(]+A+A2+ AN —
= F'(z,) — (—M+M+F’(:cn))(A+A2+...+A’“)
= Fl(x,) — M+ MA+ A+ .+ A" — (M — F'(z,))
X (A4 A% 4 ... 4 AY)
= Fl(x,) — M+ MA+ M(A* + ...+ A") — (M — F'(2,))
X (A4 A% 4 ... 4+ AF)
= M(A*+ ..+ A" — M(F'(z,) — M)(A+ A% + ... + AF).

In

3BijicH
M YF'(2,)B—M)=A>+ ...+ A" — A(A+ A% + ...+ AF) = —AFFL

Jie BUKODHCTAHO O3HaueHHs orneparopa A, mob orpumarn F'(x,) — M + MA = 0.
Orxe, nonepene npescrapients opmyaun Ocrposebkoro (2.19) st F(x,11) Mo-

ZKHa, CIIPOCTHUTHU HO:

1
MﬁlF(anrl) = Ml/ (F' (2 + O(2n41 — 20)) — F’(:Cn))dQ(an — Tp)
0
A BN — ). (2.20)
Temnep, obumcor0un HOpMY 000X dacTHH piBHOCTI (2.20), BUKOPHCTOBYIOUN HEPIiB-

HicTh TpukyTHEKa 1 ymoBu (C1), (Cy), orpuMaemo

L

M~ F (2,10)]| < Pl nl|® + " 0p [0 —
I _
< E(anﬂ — o)+ d" (e — ap). (2.21)

Otke, 3 MeTojty (2.2) oTpUMYyEMO:

IA

H$n+2 - anH HBkHHHM_lF(an)H

L _
< (LAl + - +\|Ak||)( (a1 = an)? + a" b1 — an))

L _
(I+a+..4+a )(— g1 — an)* + a“lb(anﬂ —ay))

5 (

IA

Opt2 — Opt1-
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OToxK:

|Tni2 — 2ol < ||Tng2 — Tpgal| + | Tns1 — o]

< Qpi2 — Qpp1 + Qpp1 — g = Qi < Q.

Orxe, moBeneno TBepikenHs (2.16) ta (2.17). 3 (2.16) ta (2.17) Bummsae,
1o nocsitoBHicTh {7, } € dyngamentaabron (octimosuicTio Korri) y 6anaxoBomy
pocTopi X, OCKUIbKE BIJINOBIIHA MaxKOpaHTHa HOCTIOBHICTE {,} Takok € 1o-
caiytosrictio Ko i 36iraerbes j1o o Binosiguo o ymosu (Cs). Tomy icHye Touka
x* € Ulxg, ], mist K01 BUKOHYEThCS 1im, o T, = z*. Ilepexogsgan 10 rpanui
npu n — 400 y (2.21) Ta BUKOPHCTOBYIOUN HENEPEepBHICTHL omepaTtopa F', oTpuMy-
emo F(2*) = 0. Tobro rpannune 3nadenust £* € po3s’siskoM pisngnns F(z) = 0.
Kpim Toro, jig JIOBIILHONO HATYPaJbHOIO YMCIa ¢ 38 HEPIBHICTIO TPUKYTHHUKA Ta

HepisuicTio (2.17) Maemo
|‘xn+i - xn” < Optj — Q.

[Tepexopsiau /10 rpaHuili mpu i — 400, OTPUMYEMO OIIHKY (2.18). O

BayBaxkenus 2.1. (1) Ymosy wodo napamempa a moocna 3aminumu max. He-

1
12
numu na ymosy (Ca)': icnye napamemp Ly > 0 maxud, wo das 6ydv-akoeo

xatd 3adano Pircosane snavenns a € [0,5). Todi ymosy (Ca) mooicna 3a.mi-

r € D surxonyemuvcs
IM=H(F' () = M)|| < Lollw — woll-

Hosnavumo r4 = L% Todi icnye napamemp L1 > 0, wo 3aresrcumsv 610 Ly,

maxuti, wo oas bydv-axux wy, we € Dy sukonyemves
1M1 (F' (w2) — F'(wn)) || < Lflws — wl],

de Dy =U (mo, L%)) N D. Ockiavku Dy C D, maemo Ly < L 1, ax nacaidox,
Ly < L. Kpim moeo, ymosy (Cy) mooicna aminumu na (Cy)': Ulxg, 7] C
D, de 7 = min{r,r1}. 3a yur ymos eucrosku meopemu 2.2 3a$AUWAN0OMBCA

CNPABEIAUBUMU NPU 3a.MIHT napamempie a, Ly, 7 na a, L, r, 6idnosidno.

(2) Hr ainitanut onepamop M mooicna suropucmamu M = F'(xy), M = I abo
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0ydvo-akutl inwuti onepamop, wo 3adosoavrae ymosu (Cr) ma (Cs).

(3) Bidnosioni peayavmamu das memody (2.1) ompumyemo npu k — +oo. Hruwo
y memodi (2.2) surxopucmamu k = n i nepetimu do epanuyi npu n — +00,

mo ompumaemo memod (2.1).

2.1.3 JlokanbpHnii aHaJi3 301>KHOCTI METOLy

AK 1 B HAITIB/IOKAJILHOMY aHaJIi31, BBEJIEMO JIesKi JIOTTOMIXKHI TapaMeTpu Ta QpyH-

kiiii. Hexait d > 0 ta [y > 0. Buznaunmo napamerpu

k k+1

1—a
1—a’

lol—a
C_E 1—a

o =a

Ta MHOTOUJIeH Py (t) = (o+(t. i mapamerpn o’ s3ani 3 oneparopamu Metoy (2.2).

Hexait BUKOHYIOTBCS HACTYIIHI PUITYIIIEHHS:

(Hy) Ienye poss’sizok x* pisusang F(x) = 0 ta obepuennii oneparop M € L(X,Y)

TaKMii, Mo /I BCiX w € [ BUKOHYETHCS

1M (F (w) = M| < loljw — 27

(Hs) lcnye napamerp a € [0, 3), anst sikoro Bukonyerbest ||All < a. 3sigen summ-

G

Bae, mo (o € [0, 1). Hosnaummo p = =

Jloxkanpinit anasiz 36izknocti mpoBonThest 3a ymoB (Hy)—(Hs).

Teopema 2.3. Hexatl suxonyromuves ymosu (Hy)—(Hs), a nowamkose nabausice-
wna xg € S = U(x*, p) — {z*}. Todi das memody (2.2) cnpasdocyromuvea maxki

MBEPONHCEHHA:

{z,} C U(z",p), (2.22)

IA

pi(lln = 2" |Dllzn — 27

< o — 27 < p, (2.23)

lzn+1 — 2]
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ma

lim z, = 2"
n—-+4o0o

Josedenna. Cuissinnonienns (2.22) ta (2.23) A0BOAATHCS METOIOM MATEMATHIHOL
inykiil. OCKiIBKI 3a TPUITYIEHHSIM Ty € S, TO TBepjKeHHst (2.22) BUKOHYEThCSI
npu n = 0. Vi irepanii {z,,} Meroy (2.2) € KOPEKTHO BU3HAUEHUMHU 3aBJISIKU YMOBI
(Hy), ockinbku Jiniitauit omeparop M e obopornum. Tomi, BiAmoBigHO 10 MeTO-

y (2.2), Mmaemo

Tpy1 — 25 = 1, — " — BMﬁlF(xn)
1
= x,—a"—BM™! / F'(z* + 0(x, — 2%))dO(z,, — x*)
0

— _[ BM™! (/1 F'(z* 4+ 0(x, *))d&)] (xn — ") (2.24)

_ (1 B) BM/ e ))—M)d&}(xn—x*).

3rijIHo 3 O3Ha4YEHHsIM oleparopa B Ta aHAJOIIYHO JIO HAIBJIOKAJILHOIO aHAJI3y

OTPUMYEMO
1_ak+1
1B < ——,
a
1 — k
|1 = Bl < am—.
1—a

3 pisnocreit (2.24), ymos (Hy)—(H3) Ta HepiBHOCTI TPUKYTHIKA OTPUMAEMO

L—JAIIF o1 —[JAI*
L={lAll 2 1A

pr(llzn — 2" |)lln — 27|

IA

[z — 27| 1Al lzn = 2"} fln =27

IA A

|zn — 27| < p.
Orxe, (2.22) Ta (2.23) g0BejIeHO METOJOM MaTeMaTnvIHoOl iHyKIil. [asi, 3 orinku
|21 — 2| < eflwn — 2| < I HHla, — 27| <,

Ae €= p(H$n - x*H) S [07 1)7 OTPUMYEMO, IO liH1n—>—|—oo Ip = Tt Tp+1 € U($*,,0)
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]

SayBaxkeHust 2.2. (a) Moowcausum subopom dan onepamopa M ¢ M = F'(x*)

abo M = I. IIpome mootcausi 1 tHwt 6apianmu, AKUL0 SUKOHYIOMBCA YMOBU
(H1)-(Hs).

(6) Lapamemp p € padiycom 36isrcnocmi das memody (2.2).

(6) Ilepexodsuu do eparuyi npu k — +00 y meopemi 2.3, ompumyemo 6i0nosioni

AOKGADHT pe3yabmamu 0as memody (2.1), A% i 6 HaNi6AOKGALHOMY GHANSI.

2.1.4 €auHicTh PO3B’A3KY

Y bOMY TiPO3/ILIL TOCTIKYETHCS € UHICTD PO3B’ 3Ky X* v MIEBHUX 00J1aCTHAX.

Y BUINAQJIKY HAIMIBIOKAJIBHOI 301KHOCTI MeTo/Ty (2.2) CIpaB/zKyeThCs TAKe:

TBepmxkenns 2.1. [punycmumo, wo icuye poss’asox z € U(xg, ) das dearozo
s > 0 pisnannua F(x) = 0. Taxooic npunycmumo, wo icnye obeprenut onepamop

M 1 napamemp [ > 0 maki, wo 0is Koocrozo T € D 6UKOHYEMbCA HEPIBHICTD
1M F () = M)|| < Ul — o (2.25)
a MaKOHC ICHYE S1 = S MaKull, wo
1
§l(s +51) < 1. (2.26)

Ilosnavumo Dy = D N Ulxg, s1]. Todi edurum poss’askom pienanns F(x) = 0 6

obnacmi Dy € z.

osedennsa. IlpumycTumo, mo icave 2y € Dy, IKN TaKOXK € PO3B’ SI3KOM DPIBHIHHS
) 1 2

F(z) = 0. Busnaunmo miniiinmit oneparop

Q :/o F'(z+0(z1 — 2)) db.

Toxi, 3 ypaxysanus ymoB (2.25), (2.26) i o3nadenns () Maemo:

1M Q - M) < /Ol[(1—9)|\z—xo|\+Hz1—xo|\]

[
< 5(5—!—31) < 1.
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Otxke, oneparop ) € obopornum. Tosi

2 —2=Q (F(z) — F(2)) =Q7'(0) =0,
3BIJIKM OTPUMYEMO, 1110 21 = 2. [

3ayBakeHHs 2.3. Vmosu meopemu 2.2 surxopucmosyromuvces y meeposrcermi 2.1.

Y npomunestcrnomy sunadky moocHa suxopucmamu z = ¥ 1 S = .
Jlasi HaBeieMo BIIMOBIIHIIN Pe3y/IbTaT Jist JIOKAJIBHOT 3012KHOCTI MeToty (2.2).

TBepmkenns 2.2. Icnyroms napamempu ly, So > 0 ma obeprenuti onepamop M

maxi, wo oaa koorcnozo x € U(x*, s9) 6ukonyemovea ouinka:
M7 (F () = M)|| < blw — 27| (2.27)
ma 1ICHYE S3 > So OAA AKO20

=< (2.28)

Ilosnavumo D3 = DNUx*, s3]. Todi 6 obaacmi D3 pieranna F(x) = 0 mae edunui

po3e’azok x*.

Jlosedenna. Ilpumycrumo, 1o icaye w € Ds rakuii, mo F(w) = 0. [lozraamvo
yepes Q1 Jiniiinuii oneparop Q1 = fol F'(x* 4+ 6(w — x*)) df. BuxkopucroBytoun

ymoBH (2.27), (2.28) Ta o3nauents orneparopa ()1, OTPUMAEMO
! 1
HM_I(Ql — M)H < ll/ HH’UJ — SU*HdQ < §l183 < 1.
0
Otxke, oniepaTop (1 € 000pOTHUM. BUKOPUCTOBYIOUN TOTOXKHICTD
w—a" = Qr ' (F(w) = F(z")) = Q7'(0) =0,

OTPUMYEMO, 1110 W = x*. []

3ayBaxkeHHs1 2.4. YV maeepdocenni 2.2 mootcna 3pobumu 3aminy So = P, AKULO

sukonyromucs ymosu (Hy)—(Hs).
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Itepamnisa Ilikapa. Teopema banaxa mpo HepyxoMy TOYKY YaCTO BUKOPHUCTOBYE-

ThCsT JIJIsT JIOBEJICHHs 3012KHOCTI iTepalliifHnx MeTo/IiB B abcTpakTHIX IpocTopax |51,

70, 75, 79-81].

Teopema 2.4. [52, 80, 82] Hexati G : X — X — onepamop i3 Koncmanmoio
Jlinwuus g € [0,1) na nosnomy mempuuromy npocmopi X . Todi G mae eduny we-
pyzromy mouky x* € X, moomo G(x*) = x*. Kpim mozo, dasn 6ydv-axo20 nowamro-
6020 nabaudicenmna rg € X nocatdosnicms, nobydosara 3a MemMOIOM NOCAIOOBHUT

nabaudtcens (memodom Ilikapa), moomo x,1 = G(x,), n=0,1,2,..., 36iecacmvcsa
doz* € X.

Axio oneparop GG Mae OLIbIN HI2K OJIHY HEPYXOMY TOUKY, Teopema 2.4 He 3a-
CTOCOBYETBCSA. ¥ TAaKOMY BHUIAJIKY HEPYXOMi TOUYKHM MalOTh OyTu posjineHi. Hexaii

(G — HEIOPOYKHsI 3aMKHeHa, IIiIMHOKIHA, X .

Teopema 2.5. [83, 84/ IIpunycmumo, wo onepamop G : Gy — Gy € cmuckarowum
3 wonemarmoro Jlinwuus q € [0,1). Todi onepamop G mae eduny Hepyromy mouky
z* € Go. Kpim mozo, nocaidosnicms memody Hikapa x,11 = G(x,), n=10,1,2,...

s3bteaemuea do x* dasa kooichnoz0 T € Gy.
3acrocyemo Teopemy 2.5 st I0BejieHHs 301KHOCTI MeToy (2.3).

Teopema 2.6. [Ipunycmumo, wo 0as gikcosaro2o Hamypasvrozo wucia k euko-

HYyOmMobea maki ymosu. Icnye obepreruti onepamop M maxud, wo ors x,y € D:

|MH(F () = M| < 1,

|P(x) — P(xo)|| < qollz — xo||, 0dan dearozo gy € [0, 1), (2.29)

1P(y) = P(@)]| < qlly —=ll,  dan deanozo q € [0, 1), (2.30)
r

1P(z0) = 2oll < 7— - (2.31)

ma Ulxg,r] C D, der € (0, qlo) Todi onepamop P : D — D mae eduny gixcosany
mouky ¥ € D. Kpim moeo, imepauitinut npouec x,1 = P(x,) s6izaemves do x*

0AA K0oHCH020 To € D.

Jlosedenma. Irepamis Ilikapa (2.3) € KOpeKTHO BH3HAYEHOIO 3aBJSKH iCHYBAHHIO

M™L. Bisbme Toro, 3 ymosn (2.30) Buriubae, 1o ornepaTop P € cTHCKaJILHUM Bijl-
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obpazkernnsim na D 3 korncrantoio Jlimmuns g. Kpim Toro, 3a o3nadenusm r, ymMoBa-
mu (2.29), (2.31) Ta orinkoro

[P (z) = zol| < |[P(x) = Pao)|l + [|1P(z0) — ol| < gor + || P(x0) — 2ol <7

maemo, mo P : Ulxg,r] — Ulxg, ] € oneparopom crucky 3 korctanTow Jlimmuis

q € [0,1). Orxe, 3acrocyBannst reopemu 2.6 3 Xg = Ulx, r| 3aBepiiye j0BejIeHHsI.
[]

Hocuaimkennss noxubku merony (2.2). lns meromy (2.2) BUKOPHCTOBYETHCS

anaJior Bepcii reopemu Heiorona—Kantoposuua [24, 52, 63, 85].

Teopema 2.7. Hexat F : D — Y — dugepenuitiosnuti 3a Ppewe onepamop, a M

— ixcosanuti obeprernut AinitHul onepamop. Ilpunycmumo, wo:

(i) Ienypomv xg € D many > 0 maxi, wo icnye obeprenuti onepamop [F'(xq)] L.
Hezati || F'(xo) " F(x0)|| < m1.

(i1) Ienye L > 0 maxe, wo das cix x,y € D 6UKOHYIOMBCA YMOBU
1M (F (y) = F'(2)]| < Llly — =],
2L771 < 17

(117) Ulxy,s] C D, de s = 1_—V1L_2L”1

Todi memod (1.2) sbizaemoca do edunozo po3s’asky x* € Ulxg, s| pishanns F(x) =
0.

Jlasii BCTaHOBUMO 3B’SI30K MizK HOC/IIOBHICTIO {4y, } 1

[Tosnayumo s; = ﬁ

Jlema 2.2. Hexat suxonyromuocs ymosu (C1)-(Cy) ma ymosu meopemu 2.7. Todi

s wootcnoeo n = 0,1,2,... BUKOHYEMBCA OUIHKG NOTUOKU:

Hxn—i-l - yn+1H < €,

de

L 2 | p(ktl 1 —a"!
€n = S1 §Hl‘n—yn\| + b(a +L\|xn—yn||ﬁ)”$n+1—l’n” :
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Josedenns. 3a veopemamu 2.2 ta 2.7 ireparii {y, } i {z,} € KopekTHO BU3HAYCHNMY.

Bijnimaroun (1.2) 3 (2.2) ta sunocsun F'(y,) ™! 3a 1yKKu, oTpuMaemo

Tp+l — Ynel = Tp — Yp + F,(yn)_lF(yn) - BM_IF(ZCN)

= F'(y2) ' [F (4n) (@ — tn) + F(yn) — F' () BM ' F(x,)]

= F'(ya) = (F(20) = F(ya) = F'(ya) (€0 — )
+(I = F'(y,) BM ") F(z,,)]

= F'(ya) [~ (F(20) = Fyn) = F'(ya) (@0 — yn))
+(M — F'(yn) B)M ™' F ()]

= ) " F () = ) = F () (@0 — )
+(M — F'(y,)B)B Y2p — 1))

)
= _F/(yn)il(F(xn) — F(yn) = F'(yn) (@ — yn)

() ((M ~ F'(z,)B)
+(F' () — F,(yn))B)B_l(an - xn))

Maemo Taki OIiHKU:

< 1
L||yn — xo| 1—Ls

= 817

() M| < —

1B <o,

IM~H (M = F'(2,)B)|| = [|A*]| < o™+,

1
_ L
I8 000 = 900) = P 0.0)081 < 5l =

BukopucroBytoun 1 ok Ta (2.32) 0TpuMyemMo

L 2
|zne1 = ol < s1) S llzn = ynl

k+1

1—a
a Mwni1 — |

+ (a4 L2y, — || + T

(2.32)
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]

3ayBarkeHHs 2.5. Hexatll sukonyromocsa ymosu semu 2.2. BusdHauumo nosiHom

onsa hy = %, h = 3151)%, i hy = s1ba* ' marum wurom
Y(t) = hot* — (1 — hy)t + ho.
Ipunycmumo, wo

(1 — h1)2 — 4hohey > 0 Ta hy < 1. (233)

Todi noairom Y mae dsa xopeni. Ilozanavumo Hatimerwus 3 nux wepes h*. Biivwe

moeo, das koochozon = 0,1,2, ...
|zn — ynll < A" (2.34)

Jlosedenna. 3 ymosn (2.33) BuImBAag, 10 MOJIHOM 1) Ma€ JiBa J0JaTHI KOpeHi i
hy < h*. Ilpu n = 0 ouinka (2.32) nae ||[z1 — y1|| < hy < h*. Ilpumycrumo, 1o

HepiBHicTh (2.34) crpaB/KyeThes Jits Beix miimx m < n. Toji 3 (2.32) maemo

1Zmi1 — Y|l < €m < ho(h*)? + hih* + hg = h*.

2.1.5 YwucesibHI eKCIEPUMEHTH

VY HaBeIEHOMY HIKUe MPUKJIaJl JOCTIKYEThCst MeTo T (2.2) st Bunaaky M =
I, aKmit He 3aJ1e2KUTh BiJl BHOOPY 1TOYATKOBOIO HAOJIMKEHHS L. TaK0>K ITPOBOIUTHCS
nopiBHsiHHs 3 MeTogoM 1ipu M = F'(xg). Yci obuncienHs BUKOHAHO 3 BUKOPUCTa-
nagaM Python 3.11.0 nHa obuunciroBasibHill cucTemi 3 8-gaepHuM Iporecopom Intel

Core 19 (TakToBa uacrora 2.4 GHz).

IIpuknaan 2.1. Ilompibro 3natimu po3e’a30K HEATHITMOT CUCTEMU

fi = x—0.1sinz —0.3cosy + 0.4,
fo = y—0.2cosx+0.1siny + 0.3.
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Hexait F' = (f1, f2). Toxi cucrema nabyBae BUDJIsIILY
F(s)=0 mas s = (61,65)7.

Toui
1 —0.1cos(x)  0.3sin(y)

F((z,y)) = 0.2sin(xz)  0.1cos(y) + 1

Metoz (1.2)

T+l = Tl — F/(xk,)*lF(:Uk)

Meron (2.2), O0<k<6rTa M =1

Tpi1 = Ty — Br(zn) F(z,), (2.35)
k
Bi(z) =1+ A
i=1
A=1-F'(x)

Tpyl = Tp — Bk(xn)M_lF(xn)a (236)

Meton, Itepanii Yac (107°) Metron, Itepanii Yac (107°)
(1.2) Herorona 4 10.820 (1.2) Herorona 4 10.820
(2.35), k=1 6 6.940 (2.36), k=1 8 13.063
(2.35), k=2 5 6.922 (2.36), k =2 6 12.255
(2.35), k = 3 4 5.946 (2.36), k=3 5 9.089
(2.35), k 4 6.324 (2.36), k = 5 9.198
(2.35), k 4 6.836 (2.36), k=5 4 8.743

Tabs. 2.1: KisnbkicTs iTepamiil Ta gac jyis gocsaraenns Tounocti € = 1077 mpu mo-
qarkoBoMy nabsmkenni xg = (1,1) Ta ||[I — F'(x)|| = 0.3129 < 1.

Otke, TabynIl HaBe/leHI HUXKYE IOKA3YIOTh, 10 JMHAMiKa 30i2KHOCTI METOIY
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Metoz, Itepanii Yac (107°) Metop, Itepanii Yac (107°)
(1.2) Heroroma 3 7.215 (1.2) Heroroma 3 7.215
(2.35),k =1 5 5.122 (2.36), k=1 3 4.256
(2.35), k = 4 5.800 (2.36),k = 2 3 5.862
(2.35),k =3 3 5.503 (2.36),k =3 3 5.575
(2.35),k = 4 3 5.771 (2.36),k = 4 3 5.825
(2.35),k =5 3 5.895 (2.36),k =5 3 5.973

Taba. 2.2: KisnbkicTs iTepariit i1 gocarnenns Tounocti € = 107 npn nmouaTkoBoMy

wabsmxenni g = (0,0) 1 || — F'(zg)|| = 0.1414 < 1.

Meto Itepanii Yac (107°) Mero Itepanii Yac (107°)
(1.2) Heroroma 5 13.454 (1.2) Heroroma 5 13.454
(2.35), k = 7 7.184 (2.36), k=1 9 12.015
(2.35),k = 5) 10.195 (2.36),k = 7 13.245
(2.35),k =3 5) 7.352 (2.36),k =3 6 9.378
(2.35),k =4 5) 7.883 (2.36),k =4 6 9.829
(2.35),k =5 5) 8.636 (2.36), k=5 5 8.936
Tabsn. 2.3: KimbkicTs itepamiit jyist jgocsirmenHst tounocti € = 1077, ne zp =

(—15,—15) ra |[I — F'(x0)|| = 0.257 < 1.

(2.2) B miiomy Bijmnosigae meroy Hetorona (1.2). IlepeBaroio metosy (2.2) € meHIia
00UnC/IIOBAJIbHA, CKJIAIHICTh KOXKHOI iTepanil. Biamosijgno go tabanip 2.1 - 2.4, upu
3HAUEHHsX ITapamMerpa k B jianasoHi Bij 3 10 5, KiJabKicTb iTepalliil, HOTPIOHIX JI/Isi
3012KHOCTI, JIjIs 3aIIPOIIOHOBAHOIO METOJy € HMPAKTHIHO 1JEHTUYHOIO 10 KIJIBKOCTI
iTepariiit meroxy HbroTona.

Tabsuis 2.5 MiCTUTH 3HAUEHHST 00UNC/IIOBATIBLHOIO TOpsiyiky 30ikHOCTI (COC)

ta Hab/keHoro nops Ky 36ikuocri (ACOC) masa merosy (2.2) i meroay Heroro-
ma (1.2).

Oznavends 2.5. 004ucaosasohut nopadox 36iochocmi nocaidoshocmi {, }n>o

6USHAYAEMDYCA AK

- In |€n+1/6n|
n - )
In|e,/e,—1|
0€ Ty 1, Ty, Tyl — MPU NOCAIOOBHL TMEPAULE, U0 ZHALOOAMBCA NOOAU3Y KOPEHA QL

ey =T, —a [25]

Oznadenns 2.6. Habauorcenuti o6yvucaosarvnut nopadox 36iocrocmi {xy, bn>o 6u-
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Metoz, Itepanii Yac (107°) Metop, Itepanii Yac (107°)
(1.2) Heroroma 7 16.719 (1.2) Heroroma 7 16.719
(2.35), k = 1 8 15.677 (2.36), k = 1 12 24.742
(2.35), k = 7 20.052 (2.36), k = 8 27.178
(2.35),k =3 7 14.711 (2.36),k =3 8 20.430
(2.35),k = 4 7 15.357 (2.36), k = 4 7 19.200
(2.35),k =5 7 16.490 (2.36),k =5 7 17.538
Tab. 2.4: Kinbkicts iTepamiit jyig gocarHenns Tounocti € = 1072, ne xy =

(=15, —15) ta ||I — F'(zp)|| = 0.257 < 1.

BHAMAEMDCA AK L
. Inle,i1/e,

n — ~ ~ 9
In |e,/€,-1|
de €, = x, — x,_1. Hocaidosnocmi T, Ty_1,Tp_o — Ue MPU NOCAIDOGHI IMEPAUTT

[25].

1.2) Herorona 1.8624 1.9697

2.35), k=1 0.8630 1.0000
235), k=2 0.2695 1.0438

(

(2.35)

(2.35)

(2.35), k=3 1.9714 2.3569
(2.35), k=4  1.8354 1.9453
(2.35), k=5 1.8642 1.9661
(2.36), k=1 0.9065 1.0118
(2.36), k=2 05912 0.9990
(2.36), k=3  0.7321 0.9926
(2.36), k=4 1.9330 2.0151
(2.36), k=5 1.8679 1.9578

Tabit. 2.5: O6uncoBaIbHIN Ta HAOJIIZKEeHIH 00UNCTIOBAIBHIIN TTOPSLIKU 3012KHOCTI
npu zg = (—15,—15) ie = 10712

PesynbraTu B TabmI 2.5 MOKa3yo0Th KBAAPATUIHNIN TOPSIOK 3012KHOCTI METO-

niB. Ile Bimmosigae mopsiaky 36izkHoCTi Metojy HbloTona, ocobiuBo npu k = 4 Ta

k =5.

Mpukiaz 2.2. Hexait X =Y = R? ra D = U|x*, 1]. Binobpaskenns F pusnauene
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na D st a = (ay, as, a3)’ € R3 ax

—1
F(a) = (a1,e™ — 1, eTag +az)’.

Toni moxigaa @perue [52, 63, 77, 78| mia Bigodpazkennst F' Mae BUIIIsiT

1 0 0
F'(a)=10 e 0
0 O (6—1)@34-1

Touka z* = (0,0,0)T e posp’szkom pisnsuusa F(a) = 0. Kpim Toro, F'(z*) = I.
YMoBH Teopemn 2.3 BUKOHYEThCsT 3a ymoBu g = e—1,d =0, k =1, a = a(t) = lyt.
Toxi maemo p € (0, 0.2909883534).

IMpukuan 2.3. Hexait K[0, 1] — npocrip Heniepepsaux (byHKII, 1110 BijloOparkaroTh
intepsas [0,1] y muoxuny gificimx uncesn. Hexait By = By = KJ[0,1] ta D =

Ulz*, 1], ne 2*(§) = 0. Oneparop E Busnauenuit na K [0, 1] tTakum qunom:

E(2)(€) = 2(£) — 6 / £x(r)? dr.

Toni nmoxigna Pperie i onepaTopa £ Mae BUTIST

' (2(w))(€) = w(€) — 18 / £2(r)Pu(r) dr

st koxkaoro w € K0, 1]. YMoBH TeopeMn BHKOHYIOTbCs, OCKITbKN st ¥ = 0
maemo E'(x*(€)) = I upu by = 9, a = a(t) = (ot ta k = 1. Toai orpnmaemo
p € (0, 0.05).

2.2 Posmupeni meromu tuny KypuaroBa AJjist IIO-
YKy PO3B’A3KYy HEJIHINHUX PIBHIHD

Meron Herorona € edextuBauM Jjist po3B’si3yBanHst piBHstHHA (1.1), mpore Bin
BUMAra€ aHaJiTUIHOrO 3ajanis oneparopa F’. Jlus negudepeniiiioBHux omneparo-
piB [’ MoxKHa BUKOpucTaTH pizHuIlesi metoau. Haitpoctimumm pi3HUIIEBIM METOIOM

e MeTo; xopa |86, 87|. Moro ocobmmBicTh moJisirae y BUKOPUCTAHHI MOJILIEHOT PI3HE-
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Il TIEPIIOro MOPSJIKY 3aMicThb noxigHol @Ppere. [lopsgok 36ixKHOCTI MeTOTY piBHUIT
145
5
Meto 1 1iHiTHOT IHTEPIOJISIIT Mae KBaJIpaTUIHII OPsII0K 30izKHOCTI. B onHO-
BUMIpHOMY BHITQ Ky iioro 3amporonysaB B. A. Kypuaros, a y3arajibHeHHst Ha Oa-
waxosi npocropu 3xiiicaus C. M. Illaxuo [88, 89]. IlogasbIui goc/iizKerHsT 1HOrO
meroy mposouin I K. Argyros, H. Ren, J. A. Ezquerro, M. A. Herndndez [90—92].
Taxoxk JBOKpoKOBI Mondikarnii gocipkysain . K. Argyros, S. George, H. Kumar,
P. K. Parida Ta C. M. [Ilaxuo [18, 93, 94]. Metonn 3 mam’sTTi0 Ha OCHOBI orepa-
Topa mojiienol pizauni Kypuarosa npejcrasieno y poborax A. Cordero [95, 96].
Po3BUTOK 1BOI'O HAIPSIMKY IPUBIB JI0 CTBOPEHHS TPUKPOKOBUX METOJIIB. 30KpPEMa,
X. Wang, Jin Y., Zhao Y. ta X. Chen 3anpononysa/u |23, 97|:

20,Y-1 € QX Yp =y — F(220 — Y1, Yn1) " F(an),
Zn = Tn — F (Y, xp) 1 F (), (2.37)
Tnir = Zn = F(Yn, 20) " F(25)
Ta,
20,21 €Q, Yo=a,— F2xy, — 201, 2n1) 1 F(2,),
2y =T — F(yn, xp) 1 F (), (2.38)
Tn+1 = 2Zn — F'(Yn, zn)ilF(zn)a
ne F(+,): X xY — L(X,Y) — e nojinena pisuutiist nepioro nopsky, a L(X,Y)
IIO3HAYAE [TPOCTIP HEllePEPBHUX OllepaTOPIB.
Anaiz nokambpHOl 301kHOCTI MeToiB (2.37) Ta (2.38) y momepeHix J10CTiTKe-
HHSIX [23] BCTAHOBJIEHO 3a JOMOMOIOK PO3KJIaJiB y psif Teilyiopa 3 BUKOPUCTAHHSIM
YMOB Ha IOXiJIHI orepaTopa F' 10 IoCToro mopsaaKy, Xoda caMi MeTOIM He MICTATD

TaKUX BUCOKMX IOXiJIHNX. Posrisinemo yHKIIIO

(51 log t2 + (52t5 + (53?54, AKITO t 7é 0,

0, axmo t=0,

oOMerkeny Ha iHTepsasi ) = [—%,2], Je gificHi mapamerpu 0, k = 1,2,3, 3a10-
BOJIBHSIOTH yMOBH 01 7% 0 Ta 09 + 03 = 0. Toxi * = 1 € ) € po3B’a3KOM PiBHSIHHS
F(t) = 0. Onnax tpers noxinma F''(t) we € nenepepsroio B Touri t = 0 € 2. Tomy
pesy/brar 3 23| He rapaHTyoTh, 1m0 lim,, o , = x* st nux Merojis. [Ipore me-
ToM 36irafoThes, HApUKIa, npn o = 1.2. e cBigunTs npo Te, 1mo ymosn 3 [23|

MOKHA 3aMIHUTHU Ha cJIalIIIl.
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Y 1IbOMY HiPO3/1i/1i BCTAHOBJIEHO JOCTATHI YMOBU 301KHOCTI, 1110 3aJ1€:KaTh JIM-
1Ie BiJl BiacTUBOCTEl omneparopa. AHaJI3 POBEJIEHO sl OllepaTopiB y ODaHaXOBUX
npocropax. OTpuMaHo anpiopsi omiHKN MOXuOKN ||z* — x|/, 9Kl 103BOJISIOTH BH-
3HAYUTH KLIBKICTD iTepariit ajs gocdaruenad 3ajanol Tounocti € > 0. Kpim Toro,

BCTAHOBJICHO YMOBHU €JIMHOCTI PO3B’SA3KY.

2.2.1 AHaJI3 JOKaJIbHOI 301>KHOCTI

[Tosuauenus U(x*, ), Ulx*, §] BUKOPHCTOBYIOTHCST [T BIIKPUTOT Ta 3aMKHEHOT
KyJ1i, BiamosimHo, y mpocropi X 3 menTpom x* 1 paaiycom & > 0. Hexait takox
A nosnauae intepsan [0, +00). Posrignemo dynkmil wy @ Ag X Ag — Ry ma w :
Ag X Ag — R, e Ay C A. Ilpunyckaerbes, 1mo mi QyHKINT € HellepepBHIMEI Ta,
HEeCIIaJIHMMU. Y MOBH JIOKAJIbHOI 301KHOCTI 1OB’SI3YI0Th JIificHi QyHKIT wy Ta w 3
oreparopamu B Merojax (2.37) ta (2.38) 3a ymoBu icHyBaHHs po3B’si3ky x* € ().

[Ipumycrumo, 10 BUKOHYIOTHCS TaKi YMOBH:

(Hy) PiBusnng wy(3t,t) — 1 = 0 mae nafimennmmii gojatuuii po3s’s3ok pg. Hexai
Ao = [0, po]
(H3) Icnye dyukiis w 3 obractio Busnadenus Ay X Ay ta sHadennsivu B R, Taka,

mo juist by g1 @ Ag = Ry, g9 : Ag — Ry 1a g3 : Ag — R, 3ajanux gk
w(2t,t)

91(t) = T w(3t0)’
~ w((X+gu(t)t, 1)

ga(t) = :
(1) 1 —wo(g1(t)t, )
Ta
go(t) = @t + 92(D)E g2()1) g1
1—wo(gr(t)t, ga()t) 7
piBusnus gix(t) — 1 = 0, k = 1,2,3, matorp HajiMenrni jogaTHi po3B’s3KU, dAKi

[I03HAYaIOThCs BiMIoBiIHO gK 1. [lokiaaiemo

r=min{r;y} 1 A; =10,r). (2.39)
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3 1uX Oo3HaYeHb BUILIUBAE, IO JIJIsI KOXKHOIO t € Ay

0 < wo(3t,1) < 1, (2.40)

0 < wolgr()t1) < 1. (2.41)

0 < wolg1(t)t, g2(t)t) < 1, (2.42)
0 < gi(t) < 1. (2.43)

Y reopemi 2.8 mokazaHo, MO 7 € pajiycom 30i:kHOCTI 1yt MeToiy (2.37). Pasiye r
Ta HYHKIIT wy 1 w moB’a3aH1 3 MOIiIeH00 pisHuIeo B MeTomax (2.37) ta (2.38).
(Hj) Ienye obepuennii oneparop L € L(X,Y).

(Hy) [|[L7Y(F(x,y) — L)|| < woll|lx — 2*||, ||y — 2*||) mnsa koxnoro z,y € Q. Hexait
O =QnU(z*, po).

(Hs) [IL7H(F (2, y) — F(z,2")I| < w(llz = 2], ly — 2*[|) anst xoxuoro z,y, 2 € O,
e w: Ay x Ay — R,

(Hg) Ulz*, 7] C ), ne 7 = 3r.

[Tapamerp r > 0 BU3HATAETHCA Mi3HIIIE 3aJIEKHO BiJl TOr0, KWl METOJ] BUKOPUCTO-

BYETbHCA.

Teopema 2.8. [Ipunycmumo, wo sukonyromoca ymosu (Hy)—(Hg) ma xg,y—1 €
U(z*,r) \ {z*}. Todi nocaidosnicmo {x,}, susnauena memodom (2.37), icnye, na-

aesicumsd kyai U(x*,r) ma 36ieacmoca do x*, npuiomy

[y — 27| < g1 (r)l|l2n — 27| <l — 27| <1, (2.44)
lzn = 2*[| < ga(r)[lzn — 27| <l =27, (2.45)

ma
[ 201 — 27| < gs(r)lln — 27| < [lan — 2. (2.40)

Losedenna. Bubip xo ta y_1 € U(x*,r) \ {*}, a Takoxk (2.39), (2.40) ta ymoBnu
(H3)—(Hs) o3HA9AIOTH, 1110

1200 —y—1 — 27| < 2||xo —2™|| + ly-r — || <2r+r=3r=7
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IL7HF (220 = y-1,y-1) = L)|| < wo(2llwo — ™[ + lly-1 — 2", ly-1 — 27[}) < 1.
Toni Teopema Banaxa 1mpo 00OpOTHICTE JHIHUX OMEpaTOpPiB rapaHTye ICHYBAHHSI
obeprenoro orneparopa Jyist F'(2xg — y_1,y-1) [18] Ta oninky:

1
llzo = 2 + ly—r = 2, [ly-1 — =*]))

15 (20— y1,5-0) L < T - (247)

Omxe, iTeparlist Yo icHye BiANOBIAHO 70 mepiioro Kpoky metoiy (2.37) mpu n = 0.

MozkeMo TaKOXK 3almcaTi

Yo — 2F = 19 — F — F(2mg —y_1,y_1) " F(mp) (2.48)
= F(2x0 —y-1,y-1) " (F (220 — y_1,y-1) — F(xo,2")) (20 — 2¥).

Bukopucraemo (Hs), (2.45) (mist k = 1) Ta (2.47). 3 (2.48) maemo

w(l|zo = y-1ll; [ly-1 — 2*||)||zo — 2*||
1 —wo(2llro — 2*|| + [Jy—1 — 2*[], [ly—1 — 2*|))
< qi(r)||zo — ¥ < ||lwo — 27| < 7. (2.49)

lyo — || < Y =

Tyr ||xo — y-1|| < [|Jzo — 2| + ||ly—1 — 2*|] < 2r. Orxke, (2.44) BuKOHY€ETHCA TIPH
n = 0 ta yy € U(z*,r). Bukopucrosytoun (2.39), (2.41), ymosy (Hy) ta (2.2.1),
MaEMO

IL7H(F (yo, w0) = L)|| < wolllyo — ||, lzo — 27|) < 1.

Orxe, oneparop F'(yo, o) € 0boporHuM, i

1
(o, 20) 1] < : _— (2.50)
1 —wo(llyo — =, lzo — 2*[])
Amnajioriuto, zy icHye 3a IpyruM KpokoM mMetoiy (2.37), i MoykHa 3anncaTn
20— 2F = x0 — 2% — Flyo, x0) F(xp) (2.51)

= F(yo,0) " (F(yo, x0) — F(x0,2%))(zo — z").
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Bukopucrosytoun (Hs), (2.39), (2.43), (2.50) y (2.51), maemo

190 = 2oll, llzo = 2" |])[lzo — =7
1 —wo(llyo — «*[|, w0 — 2*[])

< ga(r)llzo — 27| < [lzo — 27]|.

% w
20— 2] < Y 1=

Omxe, (2.45) Bukonyerbest ipun = 0,129 € U(x*, r). Bukopucrosytoun (2.39), (2.42)

ta (Hj), oTpumaemo
1L (F (o, z0) — D)l < wolllyo — 27[], llz0 — 2"[l) < 1.

Orxe, icHye obepHeHmii 110 JiiHifiHOrO oneparopa F'(yg, 2p) 1 st HBOTO CIIPaBIZKYE-

ThCsI OIIHKA

1
1P (0, 20) 'L < * — (2.52)
1 —wo(llyo — «*|[, |20 — 2*{])
AHaJIONYHO JOBOIMMO ICHYBaHHS 1 Ta OTPUMYEMO CIIiBBIIHOIICHHST
r1 — 2t =20 — " — F(yo, 20) ' F (%) (2.53)

- F(y07 ZO)_l(F(y07 ZO) - F(Z07 ZF*))(ZO - ZU*)
Bukopucrosytoun (2.39), (2.43) (npu k = 3) Ta (2.52) maemo

w(llyo = zoll, 120 = 2" |DIlz0 — ]|
1 —wo(llyo — 2*[|, |20 — =*[])

< g3(r)llzo — 27| < flzo — 27

|y — 27| < B =

Orke, (2.46) BukonyeTbesa Ta x1 € U(x*,r). Anasoridni o0unCIeHHS MOKHA TIPO-
BECTH JIId JOBLIbHOTO m € N, 3aMiHUBIIN Tq, Yo, T1 HA Tiyy Yy Tis1- LLE 3aBEPIITYE
nosenientst (2.44)—(2.46), 3BIAKA Ty, Y, Tmar € U(x*, 1) ms Beix m > 0. Toxi 3
OIIIHKN

lZm1 — 2| < cllwm — 2" < " lwo — 2" <7,
ne ¢ = g3(||lzg — 2*||) € [0,1), pobuno BHCHOBOK, 1110 n%l_rgo Ty, = T O

st metoty (2.38) stokasbHuit anasiiz 3012KHOCTI BUKOHYETHCS aHAJIONTTHO.

Teopema 2.9. Hexati sukonyromvea ymosu (Hy)—(Hg) i xo,y—1 € U(z*,r) \ {z*}.
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Todi nocaidoswicmov {x,}, ompumara za donomozoro memody (2.38), icnye, Hane-

orcumo kyai U(x*, 1), 306ieaemuves do x*, npuvomy eukonyromoca (2.44)—(2.46).

Hosedenna. JloBenennst aHaJoriune 0 J0BeJeHHsI TeopeMu 2.8, OJHaK BiIIOBIIHI

OIIIHKHN MalOTh BUTJISA]

w(Ha7m - Zm—lua Hzm—l — I*H)H%n - x*H
wo(2]|xm — 2*|| + [|zm—1 — 2*[|; [|2m-1 — z*|))

Jm — 27| < —

I

< ()l — 2]l < o — @

Y

wWllym = zmll, [2m = 2*[D]}2m — 2|
L= wo(llym = 2*[|, l2m — z*[])

< ga(r)l|wm — 27| < [z — 27,

lzm — ™[] <

Ta
wllzm = ymll, 12m = 2" |Dl12m — =7]]
L= wo(llym — 2*[|, | 2m — =*[])

< g3(r)l|wm — 27| < [lam — 27|

Hacrymme TBep/pxenns (2.3) BCTAHOBIIOE €IMHICTH O3B SA3KY.

TBepmxkenns 2.3. (a) Ymosu (Hs) ma (Hy) euxonyromwves 6 xyai U(z*, o) das
dearozo o > 0.
(b) Ienye o1 > 0 maxe, wo
wO(O, Ql) < 1.
Iosnavumo Qo = QN Ux*, 01]. Todi pisnanns F(x) = 0 mae edunuti pose’szor x*

y ooaacmi )y,

Jlosedenma. Ilpumycrumo, 1o icHye nogiiena pisuuns F(x* v) ta v # x*. Toni 3

(a)—(b) BumMBAE, 110

IL7H(F (2", v) = L)|| < wo(0, 2" = v[]) < wo(0, 01) < 1.
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Or:xe, 3a Teopemoro Banaxa maemo F(z*,v)™! € L(X,Y). Ockiibku crupabizKye-

vt —v = F(a*,0) Y (F(z*) — F(v)) = F(z*,v)(0).

To v = x*. 30Kpema, MOXKJINBHI BUOIp 0 = r. []

2.2.2 HamniBjiokaJibHa 301>KHICTH

Posrisinemo GyHKIIT vy Ta v, aHAJOTIUHI JI0 Wy, W 3 JOKAJBHOI'O aHAI3Y. Y MO-
BI, ITI0 MOB’A3yI0TH iX 13 MeTomamu (2.37) ta (2.38), € TakuMu:
(S1) lemye maiimentnuii gogaTHI Po3B 130K piBHSHHS vo(3t, 1) — 1 = 0, sxwuii 1o-
3HAUNMO po. Hexait A1 = [0, p).
(S9) Ienye dyukiisg v @ A; x Ay — Ry, gka € HemepepBHOIO Ta HecnaHoo. 1100y-

JIYEMO TIOCJIJIOBHOCTI 38 YMOB b_1, ag, by > 0 Ta ag < b_q:

U(bn — bnfla bnfl - an)<bn — an)

=b
Cn =00 1 —vo(by, — ag, an — ap)

)

Y = (1 4+ vo(cy, — ag, an — ap))(c, — ay) (2.54)
+‘(1'+'U0(2(an —-a0>'+'(bn_1-—-ao),bn_l-—*ao)(bn —-an),

Yn
1+ v(b, — ag,cp — ag)’

Qpt1 = Cp +
Op+1 = (1 + Uo(an+1 — g, Ap — ao))(anﬂ - an)

+(1 4+ vo(2(an — ao) + by—1 — ag, by—1 — ao)) (b, — an)

Ta
5n+1

1— U0<2<Cln+1 - Cl()) + bn — Qop, bn - CLO) .

bn+1 = Up+1 +
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(S3) Icnye 7 € [0, p2) Take, 1o st kozkaoro n = 0,1,2, ... BUKOHYIOTbCSI YMOBHU

vo(by, — ag, a, — ag) < 1,
v0(2(an+1 — CL()) + b, — ag, b, — CL()) < 1,

anp < T.
3 o3HAUEHHST CKAJISIPHUX MOCJIIOBHOCTE BUILINBAE, IO
ap S bn S Cn S An+1 S T,
3BijKE ocstitoBHicTh {a, } 36iraeThes o nesikoro a € [0, 7]:

lim a, = a.
n—-+400

(S4) Omeparop L € L(X,Y) mae obepHeHuii.
(S5) |IL7H(F(x,y)—L)|| < vol||x—x0l], ||y — z0||) 115t KozkHOrO 2, 3y € 2 T fIEsIKOTO

xo € Q. I3 miel yMOBHI Ta 03HAUEHHST Py OTPUMYEMO, 1110 st y_q1 € 23 = U(xy, p)

1220 — y—1 — wo|| = ||mo — y-1|| < p,

TOMY

1L (F (220 — y-1,9-1) — L) < wolllzo — yall: [ly-1 — 2ol)) < L.

Orxe, miniitanii oneparop F(2z9 — y_1,y—1) € 000POTHUM i BUKOHYETHCs
bo > || F (20 — y-1,y-1)" F(xo)],

a TakoXK ||y_1 — xol| < b1 — ag 3a ymoBu ay < by < by. [osnaummo €y =
U(z, p2) N €.

(Se) IL7H(F(2,y) = F(z,9)|| < v(l|z — z[|, |ly — gl|) ana xoxmoro z,y, 2,7, € Qu.
(S7) U(xo,3a) C €.

Teopema (2.10) BcTaHOBIIIOE HAIIBIOKAJIBHY 301KHICTH MeToy (2.37).

Teopema 2.10. Hexat sukonyromuvea ymosu (S1)—(S7). Todi nocaidosnicmo {x,,},

ompumana memodom (2.37), icnye, nareosrcumo Ulxg, a] i 36ieacmoves do po3s’asky
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x* € Ulxy, al, npuvomy

1Y — all < bp — an, (2.55)
120 = Ynll < ¢ — bu, (2.56)
|Tns1 — 2znl] < any1 — cn. (2.57)

Kpim mozo,
|x* — x| < a— ap.

Jlosedenns. Hepisrocti (2.55)-(2.57) 10BOJAATHCST METOJIOM MaTeMaTHIHOT 1HTYKITI.
3 MoYaTKOBUX yMOB OTpuMYyeMO, 1m0 (2.55) Bukonyerbes npu n = 0. [loBesgemns
aHaJIOTivHe JI0 JOBeJeHHs TeopeMu 2.8 i3 3aMiHOIO (QPYHKIH wy, w, TOYKH T* Ta
ymoB (H) Ha vy, v, TOUKY xo Ta ymosu (S) BiamosiHo.

OOrpyHTyBaHHsI BUOODPY CKaJSIPHUX IIOC/IIJIOBHOCTEl, SIKi BUKOPHCTOBYIOTHCSI

JIJIsl OIIHKHU 301>KHOCTI iTepaliifHoro Mporecy.

Zm — Ym — (F(me — Ym—1, ym—l)_l - F(yma xm)_l)F(xm)
—F(Ym, xm)_l(F(me ~Ym—1,Ym-1) = FYm» T)) Y — Tm)

Y

OCKLIIbKI
Ym — Tm = F(me — Ym—1, ym—l)_lF(xm)a

v122m = Ym—1 = Yl [Ym—1 = Zm)[[Ym — 2

1 —vo(lym — @ol), |zm — 2ol)
U(bm — Qm + Am — bm—l; bm—l - am) bm — Qm

1 — vo(|[by — aol|, ||am — aol|)

Hzm _ ym“ S

=Cnm _bm7

1z = 2oll < Nl2m = gl + lym — ol

<c¢m—by+ by —ag=c,—ag <a,

F(Zm) = F(Zm) - F(xm) - F(2xm — Ym—1, ym—l)(ym - xm)
= F(Zmp xm)(zm - xm) - F(2$m — Ym—1, ymfl)(ym - xm);
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IL7 F (zn)[| < (L4 vo(llzm — 2oll, [|2m — zol)l2m — |

+(1 4+ vo(122m = Ym—1 — zoll; |ym—1 — 2ol)) [|[Ym — 2|

< (1 4+ vo(em — ag, m — ag))(cm — am)

+(1 + vo(2(am — ap) + b—1 — ag, b1 — ag)) (b — am) = Y,

Tm+1 — Zm = _F(Zmyxm)_l(F(Zm) — F(zp) + F(xn)),

Tm
m — A0, Am — @0)

[ @1 — 2m| < 1— wo(b = Um+1 — Cm,
ngerl - QZOH < meJrl - Zm” + Hzm - 33()” < Amy1 — Cp + G — Qg = Ay < a,
F(Zm—|—1) = F(xm—kl) - F(xm) - F(me — Ym—1, ym—l)(ym - xm);

ILF(zmi1) || < (14 vo(@mi1 — a0, am — @0))(@mi1 — am)
+(1 4+ vo(2(am — ao) + b1 — o)) (b — am) = O

Orxe,

5m+1

Hymﬂ - xmﬂ” < = b1 — Qs

11— 00(2(am+1 — CL()) + b,, — ag, by, — CL())

Ta

||ym+1 — CEOH < H?Jm+1 - $m+1|\ + HfUmH - 5UOH

< b1 = Amr1 + g1 — @ = b1 < a.

3BijcH BUILTIBAE, 110 TOCTIIOBHICTD { Xy, } € mocstigosricTio Ko, Tlepexostn
710 TpaHuIl npu m — +oo y (2.55), orpumaemo F(z*) = 0. Tozi 3 omiakn ||2,,4; —
Tl < @i —ap, 1 epexoy 10 rpanuii npu i — +00 BUINBAE || ¥ — Xy || < a—apy,

110 3aBEPIILYE JIOBEICHHSI. []

[lepeiinemo mo anasizy meromy (2.38). Ha simminy Big mertomy (2.37), marko-

PaHTHI TTOCIIOBHOCTI Jiyist MeTo/ty (2.38) BU3HAYAIOTHCS TaK:

U<bn — Qp + Cp—1 — Qp, Cp—1 — an)(bn - an)
1 — (b, — an, a, — agp)

cn = by +

Y

Tn = (1 + UO(CTL — Qp,An — A0 — UO(bn — Qp, Ap — aO))(Cn - an)
+(1 + vo(2(an — ag) + ca—1 — a0, a1 — ao) (b, — an),
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Tn
1 —v(b, — ag,c, —ag)’

Upi1 = Cp + (2.58)

Ont1 = (1 +vo(ans1 — ag, an — ao))(ans1 — an)
+(1 + vo(2(an — ao) + 1 — ag, cn1 — ap))(bp — an),

a TaKO>K

671—1—1
1— U0(2(an - CLO) + b1 — ag, by, — aO).

Hexait Tako»K BUKOHYIOTHCS TaKi MTPUITYIIEHHST:

bn—H = Qp+1 +

HF(ZSBO —Z_1, 271)_1F($0>H < by — ap

|21 — ol < ey —ag

3a ymMoBH ag < by Ta ag < c¢_1. HamiBmokaibuuit anasiiz 36izkH0CTI 151 MeTosty (2.38)

€ aHAJIOTIIHIM JI0 HaBeJeHOro [yt MeToy (2.37) y Teopewmi 2.10.

Teopema 2.11. Hexatl sukonyromoca ymosu (S1)—(S7), aae suxopucmosyemo (2.58)
gamicmo (2.54) ma ymosy ||z_1 — x| < c_1—ap, wo saminoe ||y_1—xo|| < b_1—ay.

Todi suchosru meopemu 2.10 3a.4ua0muves cnpasediusumy das memody (2.38).

Joseienns anaJjioriate o osejienns reopemu 2.10 i3 3aminoro (2.37), (2.54) Ha (2.38)
Ta (2.56) BigmosiHO. 3ayBaKuMO, M0 TPAHUIIS MO/ T0BHOCTI (2.56) He 060B’sI3KOBO

30iraeThes 3 Ti€ro, 10 BU3HAYAETHCsT (hopMyJioio (2.54), oiHaK JJist TPOCTOTH BUKO-

PHCTOBYETHCS Te CaMe TTO3HAYCHHSI.

Jlajii HaBeJIeHO Pe3yJsIbTaT PO €MHICTb PO3B’si3Ky piBHsiHHs (1.1).
TBepmxkeuns 2.4. [Ipunycmumo, wo:
(1) icnye poss’asok 5 € U(xg, py) pishanns F(x) =0 das deaxozo py > 0;
(11) suxonyemves ymosa (Sy);

111) sukoryemovces ymosa (Ss) 6 kyat U(xg, pa), © iCHYE p5 > pg make, wo cnpase-
P Ps Z P

dausa nepisricmyv vo(py, ps) < 1.

Iosnavumo Uy = Ulxg, ps] N Q. Todi pienanna F(x) = 0 mae edunuti poss’asox §

Yy Mroocumi Sy,
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Jlosedenna. Hexait & € g, npuuomy F(Z) = 0 ta T # 5. Toxui nojiyiena pisuuiist

F(Z%,3) € BusHaueHow. 3BijiCH BUILITBAE

IL7H(F(2,5) = L) < vollZ — woll, |5 — wol])

< vo(p4, ps) < 1.

Orxe, miniiianit oneparop F(Z, §) € oboporuum. Tofi § = T OTpUMYEMO 3 TOTOKHO-
CcTi

T—5=F(z,5) Y(F(z)— F(5)) = F(z,5)'(0-0)=0.
(]

BayBaxkenust 2.6. (i) Moowcausumu subopamu Oan ainitinozo onepamopa Ly
nokasvromy eunadky € L =1 abo L = F'(z*). V nanisroxasvromy eunadky
mootcausumu eubopamu € L = F'(xg) abo L = F(2xg — y_1,y_1). B obox
sunadkax 6i0nosidnull onepamop mae o6ymu obopommum. Inwi sapianmu ma-
KOXHC MONCAUGT, AKUWL0 sukonyromves ymosu (H) (aokaronuii eunadox) abo

ymosu (S) (nanierokasonut 6unadox).
(11) Touky a mooicna 3aminumu na py 6 ymosi (S7).

(1i1) IIpu suxonanni ecixz ymos (S1)—(S7) y meepdocenni suue MosHCHA GUKOPU-

cmamu § =¥ 1 py = a.

2.2.3 YwucesbHI eKCIEepUMEHTH

J171s1 1IepeBipKK MeTOJiB BUKOPHUCTAHO HADIP TECTOBUX MAaTPHUIlb, 110 OXOILTIOE
THUIOB] BUNAIKN 3aCTOCYBaHHsA ajropuT™MiB onrumMizarii [98]. Hucenbni ekcrepimven-
T peasizoBaHo 3 BukopuctanugMm Python 3.11.0 ta BukoHano Ha 0OYUCTIOBAJILHIM
cucremi 3 8-simepunm 1porecopoM Intel Core 19 2.4 Ghz ta 64 GB oneparusnol
mam’siTi.

IIpukaag 1. Po3risineMo BATIAIKIA:



1) ®yukuis Opeiipmreitna i Poca

n =2,

fi(z) = =13+ 21 + (b — z2)x2 — 2)29,
fo(x) = =29 4+ 21 + (w2 + 1)@y — 14) 29,
o = (0.5, —2).

2) Tlorano macmrabosana dyukiis [Tayena

n =2,

fi(z) = 10%2 29 — 1,

folx) = exp[—x1] + exp[—x3] — 1.0001,
xo = (0,1).

3) Tpumiaronanbua dyukiis Bpoiigena

n =3,
fi(z) = (3 — 2xy)w1 — 229 + 1,
fo(z) = (3 — 2m9)wy — 21 — 2205 + 1,
fs(x) = (3 — 2x3)x3 — 19 + 1,

20 = (0,0,0).

4) JluckperusoBaHa KpaiioBa 3a1a4da

n=3, h=0.25,
(331 +1 —|—h)3

fi(z) = 221 + A : — 2o,
+1+2h)?
fQ(SE) = 2332 + h2 (xQ 9 ) — T1 — I3,
1+ 3h)3
fg(.T) = 2%3 + h2 (Q73 + 2+ ) — X9,

2o = (0.25,0.5,0.75).
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(2.59)

(2.60)

(2.61)

(2.62)
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5) TpuroHoMeTprUIHO-eKCIIOHEHITIATbHA CUCTEMA

fi(@) = 32} + 20441 — 5,

+ sin (xg — Tpy1) sin (v + Tpe1), k=1,

fo(z) = 323 4+ 2251 — 5 +sin (2 — Tpyy) sin (2 + Tpt1), (2.63)
+ 4z — xp_1exp(rr_1 —xp) — 3, 1<k <mn,

fr(x) = 4w — xp_1exp(ap_1 —xp) — 3, k=n.

6) Il'aTumiaronanbHa cucTeMa

filx) = 4(zy — 23) + 2y — 23,

folx) = 8xy(25 — m1) — 2(1 — 29) + 4(29 — 23) + 13 — 27,

f3(x) = 8w3(x5 — m9) — 2(1 — a3) + 4(23 — 27) + 25 — 71, (2.64)
falx) = 8xy(2f — m3) — 2(1 — 2y) + 4(2y — 22) + 25 — 29,

fs(x) = 8x5(xf — mg) — 2(1 — 25) + 25 — 3.

BukopucroByeThest yMoBa 3ynuHKN obumcsoBaabHoro mporecy || F(xg)|| < e, ne

e = 1073°. OTpumani pe3ynbTaTH TOPIBHIOIOTHCS 3 METOIOM
Toy1 = Tp — FTn_1,2,) " F(x,), n=0,1,2, .. (2.65)
Ta MeTogoM Kypuartona
Tpy1 = Ty — F(2n_1,20, — 2p_1) "F(z,), n=01,2,.., (2.66)

Jie T_1,To — 3aJaHl I0YaTKOBI HaOINZKEeHHS.
J171s1 TOPIBHAHHS TAKOXK PO3IVISHYTO JBa METOIU, IO € y3araJbHEHHSIM MeTO.y

KypuaroBa Ta BK/IIOYAIOTH JIOJATKOBI KPOKU:

An = F(xn—la 23711 - len—l)n
Yp = T, — AVE (21), (2.67)
Tpi1=Yn — A F(y,), n=0,1,2,..
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Ta
An = F(xn—la 2xy, — xn—1)7

Yn :xn_AglF(xn%
B, = F(xna 2yp — $n>,
Tpi1 =Yo— B, F(y,), n=0,1,2 ..,

(2.68)

ne A, — nojiyiiena pisuunig oneparopa F' st x,_1 ta 21, —x,_1. Tg, T_1 — IOIATKOBI
HaOIMZKEHHSI.
Y rabsmmi 2.6 HaBeleHO KiJbKICTb iTepaliiil, HeOOXIIHUX J/Isi 3HAXOIXKEHHsI

pO3B’s13Ky TecToBHX 3a1a4 (2.59)-(2.64) KOKHUM i3 PO3IVISTHYTHX METO/IIB.

M
IIpo6aema eron
(2.37) (2.38) (2.67) (2.68) (2.65) (2.66)
Opeiimreitna i Poca 23 9 31 15 21 43
[Torano macmradoBana dbyukiisa [layenna 7 12 9 20 16
Tpupiaronanbua dyukiig Bpoiijiena 4 - 4 10
JlnckpeTrn3oBana KpaiioBa 3ajiada 3 4 4 8
TpuronomeTpuaHO-€KCIIOHEHIIAIbHA C-Ma,
n=>5  xy=(-9,...,-9) 8 30 16 14 18 -
n=10, xy=(2,0) 4 3 7 6 5 4
n =230, zy=(10,...,10) 6 5 10 8 16 15
[I’aruaiaronajbHa c-Ma
n=>5 xy=(=5,...,—bH) 6 6 — — 18 —
n=>5  xy=(3...,,3) D ) — — 14 —
n=>5, xy=(08,...,0.8) 5 ) — — 14 —
Posmupena crenenesa cunryssipaa ¢-itist ) ) 9 8 20 13

Tabs. 2.6: KibkicTs iTepariiit jjist JOCSTHEHHST 3a/1aH01 TOYHOCTI (€ = 10*35) KJla-
CUYHUMU Ta TPUKPOKOBUMU METOIAMU.

3 Tabjini 2.6 BUILIBAE, 10 Y OLIBIIOCTI PO3IVISIHYTHX TECTOBUX BUIIAIKIB METO-
mm (2.37) Ta (2.38) 1eMOHCTPYIOTH Kpallli moKasHukn 36ikHocTi. st anckpernsona-
HOI KpailoBOl1 3a/1a4l PI3HUII B KIJILKOCTI 1Tepalilii € He3HAYHOIO ITOPIBHSHO 3 IHIIUMU
metozamiu. [Ipore y Bunajxy m'grugiaronagpbaux cucrem Mmertonn (2.66)—(2.68) me
3abesmeqnin 36iKHOCTI, To/l K MeToan (2.37) Ta (2.38) crabinbHO 36iratoThest, 110~
Tpedytoun He Oinbire 6 iTepariii. Ha npukiaai TpuroHoMeTpuuHO-eKCIIOHEHITIaIbHOT

CUCTEMHU TPOCTEXKYETHCA BILIMB PO3MIPHOCTI 3a/a4l Ta BUOOPY MOYATKOBOI'O HAO/IN-
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JKeHHsT Ha MIBUJIKICTb 3012KHOCTI. 30KpeMa, Ipu n = 5 Ta 1M04YaTKOBOMY HaOJIMKEHHI
(—9,...,—9) meron (2.38) norpedysas 30 itepariiit (10 € HAFOLIBITIM 3HAYCHHAM
cepesi METOJB, siKi 30iruincs), Tomi gk npu n = 30 Ta wabmmkenni (10, ..., 10)
metost (2.38) 3HaiimosB po3s’si30K Beboro 3a b itepariit. [lpn ocrarnboMmy BapiaHTi
MOYATKOBOIO HAOJIMZKEHHS BCI POSTJIAHYTI METO/U YCIIIIHO JIOCAT/IN PO3B A3KY.

IIpuknam 2. Posristaemo 3agady:

3v%y +y* — 14|z — 1| =0,

(2.69)
ot +ay® — 14|y =0.

Pose’si30k: o* & (0.89465537,0.32782652). Ha pucynky 2.3 moka3aHO 3a/1eKHICTD

KIJIbKOCTI iTepalliil Bij BUOOPY MOYaTKOBOI'O HAOJINZKEHHS.

mnnnﬂﬂyﬂﬂﬂﬂ

A Q- N “/ 1/ (:)
S TSSO NN RIS S

BIMeron (2.37) EIMeron (2.38) | I Merox (2.65) | ! Merox (2.66)

Puc. 2.3: Pesynpratn meronis (2.37), (2.38), (2.65), (2.66) 3a pisHux movaTkoBux
Hab/IMzKeHb i 3ajaui (2.69) ta e = 107%.

Vi joctijizKyBaHi MeTonu 30irIncs 10 PO3B’sI3KY 3a/adi. 3alporioHOBaHI Tpu-
KPOKOBI METO/IN ITOKa3yI0Th BUILY e(EKTUBHICTH IMOPIBHSAHO 3 KJIACUIHUME. Y BHU-
maJIKy, Koyin nodarkose Habsmzkerts piae (0.5,4.0) KiabKicTs iTepariiit 1jst MeTo-

ny (2.38) 6amsbka /10 KibKocTi iTepariiit metomy (2.66).
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2.3 Meroa Tuily Xop/ 3 alifpoKCHUMAaIll€l0 00epHEHO-
ro omeparopa AJisi HeJIHINHUX 3ajad HaliMeH-

X KBaApaTiB

3allpoIIOHOBAHO PI3HUIIEBUIT METO/I 3 MOCJIIJOBHOIO AIlIPOKCUMAIIIE€I0 00EePHEHOT0
orrepaTopa Jijid po3B’sI3yBaHHs HEJIIHIHOI 3a1a4i HafiMeHITX KBapaTiB. Joctike-
HO JIOKAJILHY 3017KHICTH METO/Y Ta IMPOBEJEHO UNCEIbHI eKCIIePUMEHTH.

Metos ckagaeThed 3 jiBoX dacTuH. g 1mody 0B HAOIMKEHD O PO3B’SI3KY
BUKOPUCTOBYEThCA Pi3HUIIEBa cxeMa. BojiHodyac 3aMicTh PO3B’SI3yBaHHS CUCTEM JIi-
HIHUX aJreOpUIHUX PIBHSIHb a00 00YMC/IeHHsT 00€PHEHOI MaTPHIll 3aCTOCOBYETHCSI
allpOKCUMAIlisi 00epHeHOro oreparopa. BeTaHoB/IEHO JIOKAIbHY 30i2KHICTH Ta 004u-
CJIEHO TIOPSAJIOK 3017KHOCTI 3a Kytacuanux ymos Jlinmmuig. Hasejeno pesynbrar un-
CeJTbHUX €KCIIEPUMEHTIB Ha TeCTOBUX 3ajlavax, BKJIIOYAIOUN 3a/1adi 3 He i epeHIli-
ffoBHIMI KOMIIOHEHTaMH. MeTo 1 MozKe 3aCTOCOBYBATHC 10 38149 Perpeciitioro ama-
JIIBy Ta MOJIe/IFOBaHHs (DISUYHIX HPOIECIB Yy BUIIAIKAX, KOJIU 00UNCIEHHSI TOX1THUX
HeJiHiiHo1 GPyHKIT abo 3HaX0KEeHHS 00epHEHOT0 OlepaTopa € MpodIeMATUIHIM.

Posryisinemo Hetiniiiny 3a/1a4dy npo Haiimenrni ksajparu |29, 53|

1
min f(z) == ~F(z)' F(x), (2.70)
zeD 2
e dyuknis F' 2 D C RP — R™ (m > p) e HenepepBHO 1uepeHIIHOBHOIO Ta
restiniitnoo 3a x. [losnatunmo vepes Fj(x) i-ty xomnonenty dbynkuil F(z). Samada
noJIATae y BusHadenui x* € D, nyst sKoro

F(*) = min f(x).

xzeD

Taxki 3ajia4i 4acTO BUHUKAIOTH IIPU MOJIEJIIOBaHHI (PI3MUHUX IIPOIECiB abo B CTaTH-
cTuaHOMY aHauIi3i. st po3B’sa3yBaHHs 1€l 3a1a9i TPaJUIiiHO 3aCTOCOBYIOTH METO/]

['aycca-HpioTona
T+l = Tf — (F/(xk-)TF/(SUk))_1F/(£Uk)TF(SCk), k=0,1,..., (271)

stkuit OyB 3anpononosaruit @pinpixom ayccom y 1809 porii [29]. OHak y neskux Bu-

maJIkax depe3 ocoOMBOCTI HesiHifiHIX (byHKI (Hampukia, ko F e nequdepen-
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niftoBroio) Meroj [aycca—HpioTona me moxke Oyt 3actocosamuii 1o 3ajad4i (2.70).

2.3.1 30iXKHICTbh METO/LY

st poss’sizyBanus 3a1a4i (2.70) y poborax 28, 99| 3ampononosano ta goci-

JizKeHo Taky mojudikaiiro merony ['aycca—HbroToHa:
Thyl = Tg — (F(ZCk, lka,l)TF(SCk, $k71>)_1F($k, ﬂ?kfl)TF(ZCk), kE=0,1,.... (272)

Tyrx_1,29 € D — 3amani nouarkosi Habmkennst; F(xy, xy_1) — mojijiena pisHus
mepIoro mopsiiky dyHkiii F () y TouKax Ty, Ti_1.

Merou [Maycca—Hbrorona (2.71) Ta mero xop (2.72) noTpedyoTh 0649iCIeHH ST
obepHeHOoT MaTpuIli abo Po3B’d3yBaHHS CUCTEMU JIHIHHUX pPiBHAHBL. J[J1s1 3HUZKEHHS
00YNC/TIOBAJIBHOI CKJIQJTHOCTI MOXKHa BUKOPUCTOBYBATHU ITEpalliifHi MeTOu 13 ampo-
KCHIMAIIIEI0 0OEpHEHOTO OIepPaTopa.

O6epuenuit oneparop A~ anpokcumyerbea merogom Hobiorona [30):
Ap1 = Ar(2E — AAg), k=0,1,...,

ne E — ogmamuaHuit onepatop, a Ay — mouaTkose HabmzKenHd 10 A~ Y crarTi 30]
TAKOXK PO3IVITHYTO MeTo 1 HbloTOHa 3 110C/IJ0BHOO allpOKCUMalli€l0o 00epHEHOI0 Ol1e-

paTopa Jjis PO3B’si3yBaHHsI HEJIHIMHUX PIBHSIHD

Tp = o — ApF(2y),
Ak—i—l = Ak(QE - F/($k+1)A/€), k = 0, 1, Ceey

ne Ay — noyarkose HabaMzKeHHs 10 obepHenoro oneparopa (F'(z*))™%; 29 — nova-
TKOBE HAOJIMKEHHsI JI0 TOYHOIO PO3B I3KY. 3AIIPOIIOHOBAHO METO/[] XOPJ, 3 allPpOKCHU-

Mariiero obepHeHoOro oreparopa jiis 3a1adi (2.70)

Tpr1 = x — Ay BLF (),

, (2.73)
Ak_|_1 - Ak-[2E - Bk+1Bk‘—|—1Ak‘]7 k — 0, 1’ e

Tyt By = F(xk, T)_1) — HOJALIEHA PI3HUIIS MEPIIOTO MOPSIIKY Y TOUKAX T TA Tk_1.
[TouaTkoBi HAOJMKEHHS £ _1 Ta X( J0 PO3B’ 3Ky =™ 3a1al0Thcs J0BiIbHO. [louaTkoBe

nabmkennst Ag 10 obepuenoro oneparopa (F'(z*)TF'(x*))™! moxua obpatn sk
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Ay = (BOT BO)_l. CumpoJ1 F nosnadae ogunnany Marpuilio. Okpemuit Butaiok By, =
F'(z) posrasayTo y [100].

BeranoBumo JstokasibHy 306iKHICTH MeTOty (2.73) J1s1 337109 3 HYJTBOBUM 3aJ1i-
IIKOM 38 KJIACHIHUX yMOB JIIIMIWIE JiJisl OJIJIEHUX PI3HUIb HEPIIOTrO IOPSIIKY.

YMoOBa JijIst omieparopa mnojiaenol pisauii F(z,y)

1F(z,y) = Fu,0)[| < L(l|z = ul| + |ly = []) Vo,y,u,0€ D,

HA3MBAECTHC YM06010 Jlinwuya B odsnacti D 31 crasoro Jlinmmia L. Hexait U (zg, 1)

{z:||x — x)|| < r} — xynst paziyca r 3 nenrpom y xq. Toi,

1) ymosa [[F(z,y) — F'(zo)l| < L(l|z — xol| + [ly = woll) Va,y € Ulzo,7)

HA3UBAETHCST UEHMPANLHO0 ymoeoto Jlinwuus B Ky U(xg,r) 3i cramoo L;

2) ymosa ||[F'(xg) 1 F(z,z0) — I|| < Ll|lz — x0|| Vo € U(wg,r) nasupaerbes

padiarvroro ymosoro Jlinwuuys B Kymi U(zg, r) 31 cranoo L.
Hagejieni Buitie ymoBu € kiacuaaumu ymosamu Jlimmmrg [62].

Teopema 2.12. Hexati F — neainitinut onepamop, sudHaverutd Ha 8i0xpumiti ony-

kA1 mrootcunt D npocmopy RP 31 snavenmamu y npocmopi R™. [Ipunycmumo, wo:

1) sadava (2.70) mae pose’azox z* € D maxut, wo F(x*) =0, onepamop A, =
[F'(x*)TF' ()]~ denye i
Al < B; (2.74)

2) y samrnenit xkyai U(xg,r) = {z : ||z —2*|| < ro} C D, de rg = max{||xy —

¥, ||x—1 — z*], || Ao — As||}, suronyromves ymosu

max{||F'(«")|, | F'(z")" |} < C, (2.75)
17/ (2") = Fz,y)|| < L(llz — 2™ + [ly — 27[)); (2.76)

3) nowamxosi nabauscenns x_1, To ma Ay maki, w0
q<l,

de ¢ = max{airg,as}, a; = C? + (B + 19)(3CL + 2L%*r) ma ay = C*rg +
(B +1)*[4CL + 4L%ry).
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Todi nocaidosnocmi {xr} ma { A} sbiecaromuves do x* ma A, 6idnosiono, npusomy

BUKOHYIOMBCA OULHKEU
[z = 27| < q%ro,  [[Ar = Aull < ¢™ 7o, (2.77)

dec1 = —1,¢g=0,¢c, =cot+cr1 onak =12,..., 90 = cp1+1 dan
k=0,1,....

osedenns. BukoprucraeMo MeTos MaTeMaTHIHOI 1HAYKINI. 3 O3HAYEHHSI ') MAEMO
* C
[zo — 2™ < 1o =q o, [[Ao — Asll < 1o = ¢,

TOMY T( € W i (2.77) Bukonyerbes g k = 0. Ilpumycrumo, mo zj €
W i ominka (2.77) BuKOHYeThCs Jyist jesikoro k > 0. Ockinbku ¢ < 1, To
rr, = max{||zy — x*||, [|[Ax — As||} < ro. Bpaxosyioun (2.74) Ta Bu3HAUEHHS T,
OTPUMYEMO

[AR] < A+ [[Ax = Au]] < B+ < B+ 7o, (2.78)

3 neprmol pisrocti (2.73) ta dhopmys Teitopa orpumyemo

T —Tp = T -+ AkBg(F(ﬂUk) — F(z7%))
= 2" — xp + Ak Bl F(xy, 2%)(z), — %)
= [E - AkB,fF(xk, )] (2" — xp). (2.79)

Haumi

F'(2*)TF'(2*) — Bl F(2y,2") = F'(«*)"F'(z%) — Bl F'(z%)
+B F'(a") — By F(ap,2") = [F'(a")" — By]F'(a") + B [F'(a7) — F(x, 27)].

BpaxoByroun ymMoBI TeopeMu Ta HEPIBHICTH
IBEll < [1F' (") | + 1By — F'(a")" || < C+ L(ll2" — apll + [l2" = @p-a]), (2.80)
OTPUMYEMO

1F" (") F'(2") = B F (g, ")l < CL2lJa" — a]| + [|2" — zpa])
+ LA (l2" — @l + |2 — w2 — @l (2.81)
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Ha ocrosi ymoB (2.75), (2.76), ominok (2.78), (2.80), (2.81) Ta ockigbKn

E — AyBIF(xp,x%) = A F' (") F'(2¥) — A BF F(ay, %)
= A[F'(2") F'(2") — By Fay, a”)]
+ (A, — A F (a9 F' (%),

MaeMO

1B — Ap By F(p, a”)|| < ARl F' () F'(2*) — By F(ap, 27)|
HIF @) (@) As = Akl < C?[[ Ay — Ay
+H(B + [| A = ADICLE[2" — i + ll27 — 2] (2.82)
+L2 (|2 = el + [l — 2 )l — 2]

3 (2.79) Ta (2.82) orpumyemo

lo* = weall < B = ApBLF(z,a)llle” = il
(C2lA. = Ayl + (B + | AL — ADICLEI" —
e = @) + L2 =zl + e = @)
lo* = illl| " = zill < €21 AL — Ayl
+ (B + ||As — AL (BCL + 2L%||z* — x1]))
x ot =zl la* = wll < [C21AL - A

IA

+ (B +10)(3CL + 2L%)||z* — xk_1||] lz* — 2
< [CQQ%TQ + (B +1)(3CL+ 2L2ro)qc’“‘1r0] q*ro

< [02 + (B +19)(3CL + 2L2r0)] gy = gy, (2.83)

Orxke, ||2* — xpr1]| < ¢%**rg < ro i xpyr € Uz, r).

[3 apyroro criBsigHomeHHsT (2.73) BUILINBAE

A=Ay = (A= AYF (@) F/(27) (A — Ay) = Au(F' (@) F/(a) = By By Ay
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BukopucroBytodu octante npuiyiients, oninku (2.75), (2.76) ta (2.83), orpumyemo

IA, = Al < JARIF @ F (%) — By By
+ F @) ()AL — Al
< | A — ApllP + (B + | A — AP [2CL(Jl2" — )
+ [lo* = @pal) + L2(l2" — 2l + [l2” = 2psa )]
< C*¢*r2 + (B +1o)*[4C Lg%y + 4L%¢**r])
< |C%ry+ (B4 10)*[ACL + 4L2r0]} q*reg = ¢9%*'ry.

Orxke, (2.77) Bukonyerbest jjist k + 1. 36ixkuicTs nocsigosaocreit {x;} ta {Ax}

BUILTMBAE 3 OMiHKN (2.77) mpu k — oo. O

2.3.2 YwucenbHi pe3yIbTaTu

3acTOCOBYEMO PO3TJISTHYTI METO/IN JIJI PO3B’A3yBaHHSI TECTOBUX 3a/1a4 JIJIsl BU-
naJIKiB, Ko m = p ta m # p. [lepmii 1Bl 3a/1a4i He MOXKYTh OyTH PO3B’sI3aHi METO-
noMm ['aycca-HbroToHa, ocKiJIbKM BOHU MICTATH HeIndePeHIiioBHI YacTUHN. fK KpH-
Tepiit 3ynuHKN 00INCIIOBAIBHOTO MPOIECY BUKOPUCTOBYEThCs yMoBa, || F (x| < €.

Ob6umciienns BukonysaJucs 3 BukopuctannsaM Python 3.12.0 ta 2,4 GHz 8-Core Intel
Core i19/64 GB.

IIpuknaan 2.4. Poseaamnemo cucmemy HEAIHITHUL PIGHAND

1
x%—x2+1+§\x1—1\:0, (2.84)

1
[U%+SU1—7+§|CCQ‘ = 0.

Posp’s30k i€l 3a1a4i o ~ (1.15936717,2.36182509). [list nogarkoBux HAOIMKEHD
BrkoprnctoByeMo o = (1.0,1.6) Ta x_; = (0.9999,1.5999). Tabmung 2.7 mictuTsb
pesybraTu poboT MeToy (2.72) Ha KOXKHiii iTeparril.

3acrocyemo Metos (2.73) o cucremu piBHsAnb (2.84). ¥V Tabuuii 2.8 nasejeHo
pe3yJIbTaTH METOJIy THILY XOPJ| 3 IMOCJIiIOBHOIO allpOKCUMAIIi€l0 00EPHEHOTO oTepa-

Topa it 3a/a4i (2.84) 3 THMU caMUME TTOYATKOBUMU HAOTHYKEHHSIMI.
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m [F ()] F(r, 241

(1.0,1.6) 3.28665389 _2'1111.(2)111 3.31_112'10111
(1.24250017, 2.51196905) | 0.83367129 _2'35f§01128 4.22;%)'5016_
(1.14379009, 2.33842599) | 0.12893234 _2'49?00137 4.96_115'8615_
(1.15861885, 2.36126581) | 0.00365989 _2'413?02006 4.81_02'8291_
(1.15936629, 2.36182593) | 1.75307422¢ — 05 :2'42‘(1)909626 4.83;12'8285:
(1.15936085, 2.36182434) | 4.13621830¢ — 09 :2‘42‘(1)?03825 4'8?;17'2138:
(1.15936085, 2.36182434) | 8.85288725¢ — 15 _2'42?%3276 4.83_417'2011:

Tabs1. 2.7: HabzkenHst 10 po3B’si3ky MeToioM (2.72), BiIXUIM Ta HOJIi/IeH] PI3HUI
IS IPUKJIaLy 2.4 mpu Tovynocti € = 10712,

2 Tk [ ()| F(g, 24-1)
(1.0,1.6) 3.2806538Y _2'111121111 3.311_211111_
(1.24250017, 2.51196905) | 0.83367129 _2'353%1128 4.22_3%'3016_
(1.14686009, 2.39848641) | 0.17905519 _2'50(1)_407137 5.02_115'2657_
(1.15933285, 2.36307615) | 0.00616862 _2'41?00404 4.87_2%';)367_
(1.15936281, 2.36183775) | 6.73329291¢ — 05 :2'42??00677 4.83_6%';)501:
(1.15936085, 2.36182435) | 3.84431475¢ — 08 :2'42??03478 4.8?;37'3321:
(1.15936085, 2.36182434) | 1.27801918¢ — 13 :2'429f3285 4_832598

Tab6u. 2.8: Habmxenus 10 po3s’si3ky MeTogoM (2.73), Biaxu/u Ta mo/iiieHi pisHuri
71 IPUKJIay 2.4 ipu Todnocti € = 10712,
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IMpuknan 2.5. Poszeasanemo cucmemy HEATHITHUL PIBHAHD, KOAU T F D!

T} 4+ 3wy — 7+ (2.5 — 22| = 0,
2w9e™ M — 3 — |\/—a125 + 1525 — 2| = 0, (2.85)

T3y — |29| = 0.

s miel 3agaai o = (—1;0.5). V tabaumi 2.9 HaBegeHO pe3yIbTaTu Jjisi MPUK/Ia-
qy 2.5 3 pisHUME TOYaTKOBUME HabmkeHHsIME. Jlo1aTKOBE HoYaTKOBE HAOJIMZKEHHST

r_1 obuncaioeTbesa g9k x_1; = xo — 0.0001.

ITouaTkoBe HaOJIM>KEeHHS € Meron (2.72) Metog, (2.73)

Itepamii  Yac, ¢ Irepamii  Yac, c

zg = (—0.5,—-3.5) 1077 8 0.00022 10 0.00026
rg = (—2.0,—0.5) 1077 7 0.00018 8 0.00020
zo = (—2.5,3.0) 1077 11 0.00029 11  0.00027
zg = (—4.6,3.6) 1077 12 0.00031 14  0.00034
xg = (—2.4,4.0) 1077 11 0.00028 11  0.00026
xg = (—0.5, —3.5) 10~16 - - 11 0.00027
z9 = (—2.0,—0.5) 10716 - - 9 0.00022
rg = (—2.5,3.0) 10716 - - 12 0.00029
z9 = (—4.6,3.6) 1071 13 0.00033 16  0.00038
xg = (—2.4,4.0) 10716 14 0.00035 - -

Tabn. 2.9: KinbkicTh iTepariit Ta dac it OTpUMaHHs HAOJIMXKEHHS JI0 PO3B sI3KY

sagadi (2.85); x* = (—1;0.5).

Anasiz mannx tabuamm 2.9 noxasye, mo npn Tognocti € = 107? edexTuBHiCTD
000X JTOC/IJIZKYBaHIUX METOJIIB € MPaKTUIHO OJIHAKOBOIO. X0Ya B OKPEMUX BUITAIKaX
MeTog (2.72) morpebye MeHIIoT KITbKOCTI iTeparliii, HeoOxiHuil gac /st 000X METO/iB
e Maitzke ogHakoBuM. IIpu 36inbmenni Tounocti 10 € = 10710 pesyanraTn 3mimoo-
Thest. Merog (2.72) He 3Haiimos po3s’s30k mpotsirom 100 iTepaliiii Jjisi OYATKOBUX
nabsmxkenb (—0.5,—3.5), (—2.0,—0.5) Ta (—2.5,3.0). Bonnowyac meros (2.73) ue
3MIT 3HAJITH PO3B’SI30K JIist TOYATKOBOrO HabsmKenHs (—2.4,4.0).

st TecToBEX 3aja4 3 |98] HaBemeHO KUIBKICTH iTepariii, HeoOXiHUX it 00-
qUC/IeHHsT HAOJIMKEHOTO DPO3B’sI3KY 3 BUKOPUCTAHHSIM PI3HUIEBUX MeTomiB (2.72)
ta (2.73). PosrsinyTo 3aj1a4i 3 HYJIbOBUMU Ta HEHY/JIbOBUMU 3a/TUIITKAMU.

Amnpobaliito MeTo[iB IIPOBEJIEHO HA TAKMX TECTOBUX 3ajadax |98]:



1) ®yuxiisa Pozenbpoka

ng_l(l') = 1O(ZL‘2Z — x%i—l)? 1= 1, ce ,n/2
ng(ﬂf)zl—ZCQi_l, 221,,71/2
zo = (1,10,1,10,...,1,10)".

n/2 nap 3HaYEHb

2) ®Oyukuig bina

Fi(z) = yi — 21(1 — ),
y1 = 1.5, yy=2.25, y3=2.625.

3) @yHKIIS CripaJbHOl TOTIMHI

Fi(z) = 10[x3 — 100(x1, x2)],
Fy(w) = 10[(a} + )" — 1],
Fs(z) = w3,
% arctan z—j, x1 >0,
O(x1,x9) =

1 i)
— arctan — + 0.9, x1 < 0.
2T I

4) @yukiist Faycca

Fy(x) = me ™l 2y 4y = (8 — i) /2.

5) @yukiia @peitmreiina i Poca

Fl(l') =—13+ T+ ((5 - .%’2) — 2)1’2,
Fg(l') = —-29+ T+ ((332 + 1)1’2 — 14)1’2

6) Tpusnmipua dyukiis Bokca

Fi(x) = e i7" — e7li"2 _ gq (e‘ti — e_m"), t; = 0.14.

88
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Y rabsuni 2.10 HaBeieHO KiIbKiCTh iTepariit metoais (2.72) ta (2.73) s omu-

canux dynxuiit (¢ = 10716).

Bagaua Mertog (2.72) Meron (2.73)

Itep. Yac (c.) Irep. Hac (c.)

®yukiisgs Pozenbpoka
p=m =2,z = (1,10) 3 0.00005 3  0.00004
= (1,1), f(z*) =0

®dynknisa Pozenbpoka
p=m = 100 3 0.008 52 3 0.008 34
= (1,1), f(z*) =0

dynknisa Bina
p=2m=31xy=(1.0,-1.5) 13 0.00026 18  0.00033
x*=(3,0.5), f(z*) =0

DyHKIis cOipaJbHOI JIOJIMHUA
p=3m=3,1y=(1.0,-0.2,-3.0) 6 0.000 15 9 0.000 20
= (17070)7 f(x*) =0

®ynkiisa Fayca
p=3,m=15 xy=(-3.0,1.0,—1.0) 13 0.00121 15 0.00136
r* =(0.4,1,0), f ~1.12793 x 1078

Dynknia Ppeitaoireitna i Poca

p=2,m=2 xy=(20,5) 8 0.000 16 8 0.000 15
x* = (5,4), f(z*) =0

Tpusumipna dynkiis Bokca

p =3, m =250, o = (0.5,9,2) 9 000926 13  0.01295
x* = (1,10,1), f(z*) =0

Ta6.1. 2.10: Tlopisusinnst KibKoCTI iTepaniit Metois (2.72) Ta (2.73) (e = 10719).

YucenbHi eKCIepuMeHTH TPOBEIEHO Ha TECTOBUX 3aJadax 3 PI3HOI0 KiJIbKICTIO
piBHSHBb Ta HeBigoMuX. Pe3yibraTn mokKas3yloThb, IO MeTOJ 3 IOCJIIJIOBHOIO allpo-
KCUMallielo 00epHEHOro olepaTopa MoTpedye Jemo OLIBINOI KIJIBKOCTI iTepaliiil 1mo-
PIBHSIHO 3 0a30BUM MeTOJ0M Xop/i. BojHouac 3aIlporioHoBaHmnil MeTo He oTpedye
PO3B’sI3yBaHHs CUCTEMU JIHIHUX PiBHsAHBb ab0 oO4MC/IeHHsT 0OepHEHOI MaTpHIll Ha

KOXKHIiT 1Tepalil, Mo € oro OCHOBHOIO IIePEBarolo.
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2.4 KombiHoBaHI ABOKPOKOBI METOAN 3 BUKOPUCTA-
HHSAM JIAIIEe OJHOIo obepTaHHHA JJsd PO3B’SA3y-

BaHHs HeJIHIHUX PIBHAHb

Jl1s1 po3B’si3yBaHHs HEJIHIFTHUX PIBHSIHb YaCTO 3aCTOCOBYIOTH iTepalliitHi MeTo-
I, siKi epebavaroTh TOBTOPHE 00UNCICHHS 0bepHeHnx orepaTopis. [e Moxke mipu-
3BOJIUTU JIO BEJIUKUX OOYHMCIIOBAJILHUX BUTPAT, OCOOJUBO IPHU POOOTI 3 BEJTUKIMUI
MATPUISIMU a00 CKJIQTHIMEI OIlePaTOPaME. 3allPOIIOHOBAHO MOPHUIHI JIBOKPOKOBI Me-
TOJU, sIKi BUPIIIYIOTH IO ITPOOJIEMY, TOTPEOYIOUN 3HAXO/XKEHHS JIMIIIE OJHOTO 06ep-
HEHOT'O oIlepaTopa IPOTIroM yChOro iTepariiiinoro npornecy. Takuil miaxin 30epirae
MBIJIKY 3012KHICTH, YHUKAIOUN TIOBTOPHOTO 00UKC/IeHH s T0XiTHOT onepatopa F'(x;,)
Ha KOXKHOMY Kporii. [IpoBejeno anasiz JOKaIbHOI Ta HAITIB/IOKAJLHOI 301KHOCTI 3
BUKOPUCTAHHAM MayKOpaHTHOI (BYHKINI /It KOHTpoJIto noxigHol @pente. Hapegeno
pe3yJIbTaTH YHCEJIbHUX €KCIIEPUMEHTIB, SIKi HiITBEPIKYIOTh €(PEeKTUBHICTD 3aIIpo-
IIOHOBAHUX METOJIB, & TAKOXK I1ePEeBIPEeHO 00UNC/IIOBAIBLHIIN TOPSsIIOK 30i2KHOCTI, 1110
V3TOJIZKY€EThCs 3 TEOPETUUHUMU OI[IHKAMU.

Hexait k — marypasbae aucio, a L(X,Y) — npoctip odOMekeHuX JHITHIX OT1e-
patopis. [Ipumnycrumo, 1o icuye oneparop G € L(X,Y') i BusHaueni obepHeni ore-
paropu i G ta (I — G71(G — F'(x))). 3a uux ymos Metos Heiorona (1.2) Moxkna

3alUCATU Yy BUTJISA]:
10 €D, Ty =2, — [[ — G HG — F'(2,)] G F (). (2.86)
[repariiini mporecu metomy (2.86) Ta meroxy Herorona (1.2) 36irarorbes, ocKiIbKI
[ =G HG = Fl())] "G =[G = GG = Fl(a))] " = F'() .

[Tonpu e, mo 3anponoHosana Moaudikalig Metogy HbloTona J103B0JIA€ YHUKHY-
i Gesnocepenboro obunciaenus FY(x,) !, HeobxiqHicTh 3HAXOIKEHHA 06ePHEHOTr0
oneparopa st (I — GG — F'(x,))) sammmaerses. Brejgemo JonoMizkuuit onepa-
TOp

Alz) = A =G NG — A(zn_1, 7)),

1 TAKOXK OIlepaTop

By(z) = B(z) =T+ A+ ...+ A",
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Jie k — dikcoBane HaTypaJibHe YUC/I0. 3a X YMOB BiJIIOBIIHKI iTepaliifiHuil mporec

HAaOYBa€ TAKOTO BUTJISITY:
To € D, xppy = 1, — BG'F(x,), (2.87)

ne A(+,+) : Dx D — L(X,Y) — npocrip obMmexkeHux JiHifiHIX omneparopis 3 X B Y.

Ha npaxTuii gacto 3acTocoByIOTH Taki BapianTu Bubopy A:

e MeToj1 XOpJ, BusHadenuit sik A(x,y) = F(x,y),

oneparop Kypuarosa, samanuit sk A(x,y) = F(2y — z, x),

oneparop Creddencena, A(x,y) = F(x—F(x),z+ F(x)) y Bunagky X =Y,

oneparop Hetorona: A(z,y) = F'(z), Yy € D,

oneparop Cripminra: A(x,y) =1 — F'(F(x)), Yy € D.

Meton (2.87) Bumarae jmiie ogaoro obepuents ¢dpikcoBanoro omeparopa G, 1Mo
pobuTh fioro eeKTUBHOIO aJbTepHaTHBOIO MeTony HbioroHa. 3okpema, ko G =

F'(xg) Ta k = 1, meton (2.87) 3BomuThCs 110 MO HdikoBaHol Bepcii metony HbioToHa:

To € D, Tpy1 = 1, — F'(29) ' F(xy,).

2.4.1 JlokagbpHUii aHaJji3 301>KHOCTI

st loKapHOrO aHasizy 36ixKHOCTI MeTomy (2.87) BBeIeMO Jiesiki JI0/[aTKOBI
napamerpu Ta dyskiii. Hexaii T = [0, +00).

[Iputmyctimo, 110 BUKOHYIOTHCS TaKi YMOBU:

(C1) Icnye dyukiist ¢ : T'x T — T, sika € HeepepBHOO Ta, HECIIAIHOO 38 KOYKHOIO
smirnoio Ha T X T. Pisusuns ¢o(t,t) — 1 = 0 mae jgomaTHuii po3s’si30K.

[Tosnaunmo MiniMabHUIT JogaTHUiT PO3B’30K uepes po. Hexait Ty = [0, po).

(Cy) Ienyrors dyukiil ¢y : Ty — T, ¢ : Ty X Ty — T 1a § € [0, 1), Taki mo Haii-
MeHIHil po3B’s130K piBHsnHs h(t) — 1 = 0 3HaxonuThes za npomikky (0, po).
[Tosuaummvo po3s’sizok piusitus h(t) — 1 = 0 wepes r. Oyuxisa h : Ty — T

Mae€ BUIVIAIL

o o(2t,t) ol
1 —¢o(t,t) s

h(t) L+ ¢i(t)).
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Y teopewmi 2.13 nokazano, o 1 € pajiycom 306i:KHOCTI st MeTojy (2.87).

(C3) Icnye poss’sizok z* € D pisustuna F(x) = 0 ta obepuenuit oneparop G €

L(X,Y), Takuit 1o jijist BCixX x,y € D BUKOHYETHCS

IG (A, y) = G < dolllz — 27|, ly — 27[))

Ta

IGTHG — Az, y))[| <6, Va,y€eD.

[Tosuaummvo uepes B(x, p) - BiakpuTa Kyjs 3 1HeHTpoM = € X Ta paJiycom

p >0, a gepe3 Blx, p] - 11 3aMukanHsI.

[Tosnauumo Dy = D () B(x*, po).

I (A(z,y) = Fly, 2D < ol = yll, [ly — 27[1)

Ta

IGTH(F(z,2") = G)|| < n([lz — =7|))
JUTS BCix x,y € Dy.
(Cs) Blz*,r] C D.

[cayroTh pi3Hi crocobu Bubopy omeparopa (. 30Kpema, cepejl 4acTO BXKUBa-
Hux BapianTiB G = [, ne I — ojaunu4nuii oneparop. TakoxkK BUKOPUCTOBYIOTDH
G = F(x_1,x0) abo G = F'(x*). Oxpim HaBeJeHnX, MOXK/IMBI i iHI BapianTn BubO-
py omepartopa G, 3a ymoBu Bukonanusi npuiyinens (C3) ta (Cy). Ymosu (C1)—(Cs)
pPas3oM i3 BBEJICHUMU BHIINE TO3HAUYEHHSIMU 3aCTOCOBYIOTHCS JIJIsT JIOBEJICHHS JIOKAJ b

HOrO aHasizy 36ixkHoCTI MeToIy (2.87).

Teopema 2.13. Hezat suxonyromoca ymosu (C1) — (Cs). Todi das 6ydvo-arux no-
wamrosuxT nabausicenv x_q,xy € B(z*, 1) — {x*} nocaidosnicmv {x,}, ompumana
memodom (2.87), € xKopexmno susnauenoro 6 kyai B(x*, 1), saruwaemovca 6 yitl xy-
A1 oas ecizn = 0,1,2, ... ma 36izaemwvea do x*. Kpim mozo, das ecixn =0,1,2, ...

CNPABOHCYEMBCA OUITHKA

[Zni1 — 27| < Ally — 2], (2.88)
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de

= * ¥ ek 5m—|—1
5 = Pl = 2| + flwo — 2], flwo — 27)

T—doles— o Jo—=) 1=3

L+ ¢1(flwo — 27[) € [0, 1).

Josedenna. Ockinbkn icaye G, itepanii o1, o9, . . . € KOPEKTHO BU3HAYCHIMI i 3a-
narorbest MetosoM (2.87). Hexait u,v € B(x*, ). BukopucroByioun ymosu (C) Ta

(C3) orpumyemo
16 (A, v) = G| < dolllu— 27|, lv = 2"[]) < ¢olr,r) < 1. (2.89)

3 ominku (2.89) ta Teopemu Banaxa npo obepeni Jiniiini oneparopu [51, 76, 77|

orpumyemo, mo A(u,v)™t € LY, X) Ta

1
A, 0) 1G]l < : _ 2,90
L= go(llu— 2|, [lv — 2*[])
3 o3nauenns merojy (2.87), mpu n = 0 OTpUMYy€EMO
T — 1" =120 — 2" — A(x_1,20)  F(20) + (Bs — B)G ' F(x0) = (2.91)

Ax_1,x0) H(A(x_1, 20) — Fxg, %)) (g — %) + (A" + )G 1 F(x0).
Bpaxosyioun ymoBy (Cy), orinkn (2.90)-(2.91) Ta o3HavYeHHS 1 MAEMO

¢llzo = zll, lzo — =7[))
L= do(lle—r = 2*[|, w0 — 2*[])

(1 + ¢1(llzo — 2" [D)]llwo — 27| < Al — 27| <,

[y =2 <

m—+1

T

OckiabKu
F(xg) = F(xg) — F(2*) = F(xg,2%)(x — 2%) = (F(x,2%) — G+ G)(x¢ — "),
TO Ma€ MiCIle OITIHKa

IGT F(ao)ll < (1+ |G (F (o, 2") = G)[D]|zo — 27|
< (14 dulllzo = 27[) [0 — 27|
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Kpim Toro, st [|A™ 4+ || Bukonyernest

JAT 4 < AT 4.
m—+1

1—6

<My =14 <

Otixe, 1 € B(z*, r) i gepiBaicTs (2.88) Bukonyerbes A n = 0. AHasorivnai MipKy-
y L1 )

BaHHS 13 3aMIHOIO X _1, g, T1 BIIIOBIIHO HA Tk 1, Tk, Tki1 JAO3BOJSIOTH 3aBEPIINTH
NoBeJIeHHsT HepiBHOCTI (2.88) MeTomoM MaTeMaTndHOT iHyKIiil. BpaxoBytoun Hepis-

HICTH
ki1 — 2| < Moy — ™[ < N |ao — 2™ <,
OTPUMYEMO 3012KHICTH MOC/IIOBHOCTI {T)} 110 pO3B’sI3KY

lim z, = 2.
k——+o0

[]

Hayani Gyge BusHadeno objacTb, y sikiit piBasxas F(z) = 0 Mmae equnmii

PO3B’SI30K.

TBepmzkenns 2.5. [Ipunycmumo, wo icnyroms p > 0 ma py > p maxi, wo ymosa

(C3) suxonyemvea y kyai B(x*, p), a makootc

¢1(p1) < 1. (2.92)

Ilosnavwumo Dy = D () Blz*, p1]. Todi pisnanna F(x) = 0 mae edunut po3s’asok

x* y obaacmi Dy.

Jlosedenna. Tlpumycrumo, o icaye u* € Dy take, mo F'(u*) = 0 ta u* # x*. Toni

icuye nopinena pisuung L = F(u*, x*). Bpaxosyioun ymoy (C3) Ta (2.92) Mmaemo
IGTHL =G| < @u(fJu” = 2"])) < L.

Orxe, L™! € L(Y, X). Kpim Toro, 3 ToToxHOCTi
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pobMMO BHCHOBOK, IO u* = x*. ]

2.4.

(H1)

2 HamiBnokajgbHMiT aHaJ i3 3012KHOCTI
Saminumo r* Ta QyHKIO ¢ Ha xg Ta 1. [Ipumycrumo, 1mo:

Icaye dyukmisg ¢ : T X T' — T, sgka € HelepepBHOIO Ta HECIaHOI0 38 KO-

1
12
{a,}. Hexaii ag = 0 ma a; > 0 - nepuii ejementu nocsigorocri. s xo-

JKHIM apryMeHToM, a Takok 4uciao § € [0,3). Busnaunmo nocsinosricTs

xxuoro n = 0,1,2, ... obunc/jmMo 3HaUYEHHS 38 (POPMYJIOL0:

1—6m
bp = 0———
0 5 1— 5 ’
1
b pr—
1—1by
1 — 5m+1
bny1 = (¢(an+1 — Qnp, Ap — anfl)T(s + 5m+1)b7

(p+2 = Qp41 + (1 +o+ ...+ 5m)bn—|—l(an—|—1 - an)-

Teopema 2.14 10BOJUTD, IO IOCJILJIOBHICTD {a, | € MarKOpaHTHOIO JIJIs IIOCJIi-
Y
nosrocti {z,}. [lounemo 3 dopmysroBatHs yMOB 36i2KHOCTI JaHOT TOCIII0B-

HOCTI.

Icaye uncio sy > 0 Take, 1mo s Beix n = 0,1, 2, ... BUKOHYE€TbCS HEPIBHICTH

a, < Sp.

3 ypaxysamnsm ymosu (Hi) Ta nepisnocti (2.93) maemo
0<a, <ap < sp.

Otxe, nocniioBaicTs {a,} € MOHOTOHHOIO Ta OOMEXKEHOI 3BEpXy Ta iCHye
rpanuis a* € [0, so] Taka, mo lim,_, a, = a*. llpu mpomy a* € HafiMeHII010

BEPXHBOIO MEZKEIO MOCIIIOBHOCTI {a,} 1 BUBHAUAETHCS O/IHOZHATHO.

[crye movyarkoBe HabmKeHHsT X9 € D Ta oneparop G € L(X,Y), s sikoro

BU3HauYeHUi obeprenuii oneparop G~1, a jg Beix x,y, 2 € D BUKOHYIOTLCS
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YMOBU

IGTHG = Az, )] <0,
G (F(a,y) = Alz ) < vlllz =yl 12 = yl).

[Ipu npomy Bubupaemo a; > || BGLE (z0)]].
(H,) Bukonyerbcst ymosa Blxg, a*] C D.

Hamisokanbuuii anasis 36ikaocti MeToy (2.87) 1mMoJaHo 3 BUKOPUCTAHHSIM YMOB

(Hi) — (Ha).

Teopema 2.14. Hexat sukonyromoca ymosu (Hy)—(Hy). Todi nocaidosricmos {x,,},
nobydosana 3a memodom (2.87) € xopexmno eusnavenoto 6 kyai B(xg, a*), sasuwa-
emwvea 6 B(xg, a*) das scixn = 0,1, 2... ma 36izaemuves do pose’ssky x* € Blxg, a*]

pishanna F(x) = 0. Kpim moeo, das ecix n = 0,1,2, ... cnpasdocyemves oyinka
|x* — x| < a* — a,. (2.93)

Jlosedenna. Jlosepennst Toro, 1o jyist Beix k = 0,1, 2, ... mae wmicue ominka (2.94),

IIPOBEJIEMO METOJ0OM MaTeMaTUYHOl 1H/IYKIIII.
kaﬂ—l — ka S Ar+1 — ak. (2.94)

Y BunaJiky, kosin k = 0, TBepizKenHs (2.94) BUKOHYEThCsI 38 O3HAYEHHSIM 1, OCKIJIb-

KN
|x1 — x| = HBG*IF(CUQ)H <ar=a;—ay<a.

Toni 1 € B(xg,a*). 3a o3nadennsim 9, by Ta b Maemo
IB =1l = [|A+ A%+ .+ A" < A+ JAJ* + ... + A

1—0™
1—9

<E+ 4 oM =4 — by < 1,

3 ymoBu § € [0, %) BUILUINBAE iCHyBaHHsa obepHenoro omneparopa B!, mpuuomy Bu-

KOHYETbCS HEPIBHICTH
1

1 —by

1B~ < = b. (2.95)
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Jauti, BukopuctoBytoun mnpejcrasients Ty OcrpoBebkoro Jyist F(xp 1), MaeMo

F(xps1) = F(p1) — F(ar) — GB™ (g1 — )
= (F(xps1, 21) — GB™Y) (241 — 1)
= (F(zk11,24)B — G)B™ (zp11 — ap).

[Ticas mepeTBOpeHb i MHOMKenHd 371iBa Ha G~ oTpuMyeMmo

F(zi41,2)B — G = F(xp,xp) L+ A+ ..+ A™) =G
= (F(zpy1, 25) — Alxp-1,2r) + Alzp—1,20) L+ A+ ...+ A™) =G
= (F(wrs1,x5) — Alzp-1,2)) L + A+ ...+ A™)
+A(xp1,xp) I+ A+ ..+ A") -G
= (F(xps1,xp) — Alzp—1,26)) (L + A+ ... + A™)
+(A(xp—1,21) —G+G)I+A+ ..+ A™) - G.

G_l(F(:Ck-+1, :L’k> — A(xk,l, a:k))(l + A+ ..+ Am)
P =AY T+ A+ 4 A™ =T
= G_l(F(ka, xk) — A(l’k_l, xk))(] + A+ ...+ Am)

I +A+  FA" A AT AT T
= G Y F(zpyr, ) — Alxp_1, o)) (I + A+ ..+ A™)
+I — A" T

- G_l(F(IkH,iﬂk) — A(zp—1, 1)L+ A+ ...+ A™) — AL

|G N F (2py1, 2) — A(zpo1, 21)) (I + A+ A™) — A™H| (2.96)
1— ! m+1
< Ylllwwss = anll, low = @pal)——5— + 0" = brr.
3 ominok (2.95)-(2.96) orpumyemo
|G Fa41)|| < brsabllzess — ]l < beab(apsr — ag). (2.97)

3 merofy (2.87) ta omiaku (2.97) Maemo

||$k+2 — kaH S (1 + ) + ...+ 5m)bk+1b(ak+1 - ak) = Ak+2 — QAk+1,
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T2 — 2ol < |@hs2 — g || + ||Zr1 — 20|

*
< Qpi2 — Qg1 + Qg1 — G = A2 < @

Omxe, HepiBHICTL (2.94) M0BEIEHO METOOM MaTeMaTHdHOI iHayKil. Bei iteparii
{z1} € B(xp,a"). 3 (2.94) Bunsmsae, 1o nocigosuicts {xy } € mocigosuicrio Korrri
B OanaxoBoMmy mpoctopi X 1 36iraetbest 0 nesikoro x* € Blxg,a*]. Ilepexomsan
1o rpanuni npu k — 400 B (2.97) Ta BUKOPUCTOBYIOUH HEIEPEPBHICTH ONEpaTopa
F', orpumyemo, 1o z* € poss’siskom pisasians F'(x) = 0. Kpim roro, 3 (2.94) Ta

HEPIBHOCTI TpuKyTHUKa s ¢ = 0, 1, 2, ... MaeMo
ka—&—i — a:kH S Ak+i; — Ag- (2.98)

[Tepexopsian 10 rpatuii mpu ¢ — 400 B (2.98) orpumyemo orinky (2.93). O

Hacrymue TBep/zkeHHs BU3Ha4Uae 00/1acTh y kil pisasiang F(x) = 0 mae eu-

HUI PO3B’A30K.

TBepmxkenns 2.6. [Ipunycmumo, wo pishannsa F(x) = 0 mae poss’azox v* €

B(xg, 1) daa dearozo ps > 0.

(H3) Jlas deaxozo xg € D icuye onepamop, obeprenuis do G € L(X,Y) ma 6u-
BHAYEHA HEnEpepsHa HecnadHa Gynxuia Yo @ T X T — T maka, wo i ecix

x,y € D suxonyemwvcs
IGTHF (z,y) = G| < tollx — oll, [y — zol)-

Ienye so > s3 make, wo
Yo(s2,83) < 1. (2.99)

Hexaii Dy = D () Blxo, pa]. Todi pose’szox v* e edunum das pisnanns F(xr) =0 6

oonacmi Dy.

Jlosederna. Tlpunycrumo, mo icuye poss’si3ok u* € Dy piBusinast F'(x) = 0, npudo-
My u* # v*. Toni Moxkua BusHadwTu JiHiitauit oneparop L = F(u*,v*). I3 ymoBn

(H3)" Ta criBBigHomenns (2.99) orpumyemMo

IGH (L1 = G)II < do(llv” = woll, [lw” — woll)

< p(sg,s3) < 1.
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3BijICK OTPUMYEMO PiBHICTHL U™ = v*. []

BayBaxkeHust 2.7. (i) I'panunny mouky a* MOHCHA 3aMIHUMU HA S NPU YMOGI
(Hy).

(13) Awrwo suxonyromuvca eci ymosu (Hy) — (Hy), modi mostcna scmanosumu v* =

x* ma sy = a* y meepdorcenni 2.0.

(1i1) Dymwyito ¢g moorcna 3amirumu na 6 6 ymosax (Cr) — (Cs).

2.4.3 YwucenbHl eKClIepUMEHTU

Y BOMY TIAPO3JLIl PO3IJISTHYTO 3aCTOCYBaHHS JTBOKPOKOBUX UNCEJHLHUX Me-
To/iB BUrJIsiy (2.87) Jyisi HU3KHM TECTOBUX 3aJjad Pi3Hol po3mipHocTi. Meroro 1mx
eKCIIEpUMEHTIB € OIiHKa e(PeKTUBHOCTI METO/IIB IIPU PI3HUX CIIEHAPISX.

HocaiKy€eThCs BIUIUB ITapaMeTpiB MeTOIY Ha TOUHICTH PO3B’s3KIB Ta e(heKTUB-
HICTH 3aCTOCYyBaHHd. BapitoBanns cTernens jjae 3MOTY MPOCTEXKUTU 3MIHU TTBUJIKOCTI
301>kHOCTI Ta obuncoBaIbHIX BuTpaT. OKpeMy yBary Hpu/iijieHo BUOOPY OolepaTo-
pa G Ta fioro BILIUBY Ha 3arajibHy HPOJyKTHBHICTL MeTojy. KpiMm Toro, Busna-
JaIOThCA OOYMC/IIOBAJIbHII Ta HAOJIUKEHU 00YMC/IIOBAIbHII HOPSAKNA 3012KHOCTI
(COC/ACOC), mo 3abe3IetTye MOKINBICTD 3iCTABICHHSA TCOPETHIHNX OTIHOK 13 pe-
3yJIbTaTaMU IYNCeIbHUX eKcriepuMeHTiB. Obuncients BukonysaJucs y Python 3.11.0

Ha 8-saynepromy mpoiecopi Intel Core 19 2.4Ghz 3 64GB onepaTuBHOI 11aM SITI.

ITpuknan 2.6. Pozeasnemo sunadox

fi = 22 +sin(z9) +1n (23 +2) — 3,
fo = 2z + a5 — 23+ 1, (2.100)
f3 = €$1—|—I2—3$3+4.

Tym F = (f1, f2. f3) ma

2c cos(y) 5
Fi((z,y,2)=| 2 3y° -2z
e’ 1 -3

Buxopucrosyroun meron (2.87) Tta zagasum A(x,y) = F(2y — z,2), G = F'(s0),
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OTpUMYEMO HaCT}/HHI/Iﬁ METO/:

Tpi1 = x, — BG'F(x,),
B = I+A+..+A™ (2.101)
A = GHG - FQz, — 2, 1,1,)).

Y rabsnmi 2.11 nasejeno nopisusiais mMeroiy (2.101) 3 meromom Hetorona (1.2) 3a
KUIbKICTIO iTepariiii, HeoOXijHux jiyist po3s’sisyBantst cucremu (2.100) mpu pisHux

PIBHSIX TOYHOCTI Ta 3HAYEHHSIX ITapamMeTpa m.

Meroy, m Irepanii (¢ = 107?) Irepanii (¢ = 107!2) Irepauii (¢ = 10716)

(2.101) 20 15 19 24
(2.101) 25 13 17 21
(2.101) 30 12 15 18
(2.101) 35 11 14 17
(2.101) 40 10 12 15
(2.101) 45 10 12 14
(2.101) 50 9 11 13
(1.2) - 7 7 8

Taba. 2.11: KinbkicTb iTepaliiil i1 JIOCATHEHHS PO3B 13Ky 3 TOYHICTIO BiJL 107 1o
10710 g zayadi 2.100. TToyaTkosa Touka xg = (3,5,1) Ta G = F'(x0).

[3 3pocranusim napamerpa m meroy (2.101) morpebye menInol KijbKoOCTi iTepariiii.
3okpema, 1pu m = 35 jgocraTrHbo 17 irepariiif, Toxi sik npu m = 20 morpibHO
24 irepariil. Meros (1.2) y BCiX posrisiHyTHX BHII KaX MOTPEOYE MEHIOT KiJTbKOCTI
iTepariiit. BogHouac 31 301/1bIIeHHSIM 3HAUEHHS IIapaMeTpa 1 PI3HUIS MizK METOIAMU

IIOCTYIIOBO 3MEHIIYETHCA.

IMpuknamg 2.7. Ilopienacmo pedysvmamu mMemody Ha HACMYNHUT 360a44aT:

fi = e —sin(z2), (2.102)

fo = —sin(21) +e 2.
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ma
fi = T; sin (xi—kl) — 1, 1= 1, n — 1, (2103)
fo=zpsin(zy) =1, 7=n.
[Ipukar (2.102) [Ipukrar (2.102)
[ I I I ] 0.6 T T I I I I T
301 merox (2.101) || 5| merog (2.101) |
=) ) 0.4}
= 20 12 03]
&}
g ol | 02}
0.1f
O | | | | | | | O | | | | | | |
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
m m
[Tpukrar (2.103) [Tpukrar (2.103)
20 T T I I I 250 I T I I I
— Meron (2.101 — Meron (2.101
o 2 (2.101) 1 200 2 (2.101) ||
E 150 | 1
£ 10| 18
E 100 | |
5 | | 50 L
0 | | | | | 0 | | | | |
0 10 20 30 40 50 0 10 20 30 40 50
m m

Puc. 2.4: KisnbkicTs iTepariiii 1 wac BukonauHst MeToy (2.101) npu pisHEX 3HAUEHHSIX
mapameTpa m Jist po3p’asyBanisd 3aiad (2.102) ta (2.103). dns 3amaqi(2.102) 3a-
nano F' = (f1, f2); mouarkoBa Touka zg = (0,0); z* = (0.6806...,06806...). s 3a-
nadi (2.103) F = (f1, fo, ..., f35); nouarkoBa Touka xg = (1.5, 1.5, ..., 1.5); po3B’si30k
r* = (1.1141,1.1141, ..., 1.1141). TounicTs mis 06ox zajgad € = 1077, Yac nogano
y cekynax x 1072,

Ha pucynky 2.4 HaBe IeHO OPIBHSIHHST PE3Y/IbTATIB 3acToCyBaHHs MeToy (2.101)
710 3a71a4 (2.102) Ta (2.103). 3okpema, MPOEMOHCTPOBAHO 3a/I€KHICTD KITBKOCTI iTe-
pariit Ta gacy obuncJIeHb BiJl PI3HUX 3HAUYEeHb mapamerpa m. [1s obox 3a1a1 Budip
ONTUMAJILHOIO 3HAYEHHS M Jla€ 3MOI'Y 3MEHIIUTH K KIJIbKICTh 1Tepalliii, Tak 1 dac

obunc/ienb. 31 3pOCTaHHAM ITapaMeTpa m 00csr obuucaeHb 3pocTae. Bognodac st
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000X 33/1a4, He3aJIe2KHO BiJl po3MipHOCT (n = 2 un n = 35), 4ac BUKOHAHHST 3aJ/THIIIA-
€ThCs NPAKTHIHO He3MIHHUM. TakoyK HEeMa€ CyTTEBOIO 3POCTaHHs Yacy BUKOHAHHS
npu m > 10.

aJii mokazkemo, siKk 3MIHIOIOTbCsI pe3yJibTaTu 00UNC/IeHb 3aJIeXKHO BiJl BUOOPY

oneparopa (. PosrisineMo MeToJ

Tpi1 = x, — BG'F(z,),
B = I+A+.. +A™ (2.104)
A = GG~ F'(z,)),

Jle Tg — IMoYaTKOBe HAOJIMKEHHS JI0 T¥, a TaKOXK PO3IVIIIAEMO JIBa PI3HI BapiaHTn
subopy G: G =1 1a G = F'(xg).
m G=1 G = F'(xy)

23 11
1 6

N O Ol i W N+~
> Ot Oy =g 00
el A

Tabs1. 2.12: Kinbkicrs iTepariii, HeoOXigHux st po3B’si3yBatus 3aa4i (2.103) me-
tosioM (2.104) mpu mouaTKOBOMY HAOJIMKEHHI T( = (%, %, s ?I)v posmiprocti n = 30
Ta TounocTi € = 107,

3 HaBejeHnx y Tadsmii 2.12 pe3yabraTiB BUILIUBAE, IO JIJIsI MAJINX 3HAYEHD 1 BH-
kopuctanusg G = F'(x() 3abesmneuye 301KHICT 70 PO3B’sI3KY BJBIUL MIBU/IIIE TOPIB-
HsHO 3 BunajkoM G = [. Hampukiaj, npu m = 2 metoj1 36iraeThesd 3a 6 iTeparriii
3a ymoBu G = F'(xg), Tromi sk jist G = I norpibuo 11 itepaniit. BogHowac 3i 3po-
cTtaHHsM m y BapianTi, ko G = I, KiJbKicTh iTepairiit 3menryerbest. [lpu m =7

KLJIBKICTD iTepalliii cTae 0JHaKOBOIO JJIsi 000X IIiJIXOJIIB.

Y tabsni 2.13 naBejieno pesysbrarn obuncsients nopsaxy 36izknocri (COC) ta
HaOJIMZKEHOTO 009nc/IoBaIbHOro mops Ky 36ixkuocti (ACOC) mia meroxis (2.101)
ta (2.104). COC Bimobparkae MBHAKICTH 3MEHIICHHsT TOXUOKN MizK iTeparifinimmm
HabkeHHsaMu. JaHi y Tadauni miaTBepaKyoTh BiAIOBIIHICTh YUCEIbHUX PE3YJ/Ib-
TAaTiB Ta TEOPETUYHUX OIIHOK. 30KpeMa, pu m = 10 /151 000X METOJIIB JOCATAETHCS

KBaJIPATUIHHUI HOPSAIOK 3012KHOCTI.
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Metoz (2.101) Meroz (2.104)

m

COC ACOC COC ACOC
1 0.4480 1.0000 0.3347 1.0000
2 04392 1.0000 1.1488 1.0009
3 0.5193 09219 1.0407 1.0048
4 1.0902 1.1304 0.6833 0.9972
5 1.1351 1.1666 1.5439 1.5409
6 1.1338 1.4478 1.8416 1.8762
723933 23424 19211 1.8879
8 2.3835 23328 2.1406 2.0519
9 23862 23355 2.0518 1.9909

10 23854 2.3347 2.0730 2.0062

Tab1. 2.13: O6uncoBanbauil mopsiyiok 36izkuocTi (COC) Ta HAbIMKeHI 00UNC/TIO-
BastbHUIT mopsiiok 30ixkHOCTI (ACOC) st merozis (2.101) Ta (2.104).

2.5 Metoau 1mocTOro NopsjaKy

[ToBepHimocs 110 po3s’sisyBanHs HesiniiiHoro piBasiats F'(x) = 0. MeTtoau Buco-
KUX TIOPsIJIKIB 3012KHOCTI BUTIPAIOTH KJIIOUOBY POJIb B €(PEKTUBHOMY PO3B’si3yBaHHI
CKJIQJITHUX HEJIHIMHUX 3ajlad, OCKLJILKM JAI0Th 3MOT'Y J10CATraTH 3a/1aHOI TOYHOCTI1 3a
MEHIIY KiJIbKICTh iTepalliil MOPIBHAHO 3 METOIaMU HUXKINX MopsAaKiB. Lle ocobimBo
BaXKJIMBO y BUIAJIKaX, KOJIM O0UYUCIEHHSA 3HAYEHBL oneparopa F' Ta fforo moxigHmx
€ 00YMCTIOBAJILHO 3aTpaTHNM. BojHodac MiIBUIEHHS TOPSIKY 3012KHOCTI, K Tpa-
BIJIO, CYITPOBOJIZKYETHCSI 3POCTAHHAM OOYNC/TIOBAJILHUX BUTPAT Ha KOXKHIH iTeparii,
TOMY BasKJIMBUM € TIONTYK OajIaHcy MiK MOPSJIKOM 3012KHOCTI Ta 00YMC/TIOBAIHLHOIO
CKJIQJIHICTIO OJIHI€] iTepalril.

Posrngnemo iTeparifini MeToJin MIOCTOTO TOPSJIKY, SKI y3araJbHIOIOTH ITiTXi]T
Hotorona. /Iyt mouarkoBoro nabimkentst ro € D nocigosricts {x,} renepyernbest

3a dopmyaamu (n = 0,1,2,...):

Yn = Tp — F/(xn)_lF(xn)a

o= = (P ()™ F () ) F (),
Ln+1 = Zn — 1(F/(xn)_l + F(y) T F () F' (yn) ™) F (20), (2.105)

2
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Yn =T — F'(22) ' F(xy), Ay = F'(xa) + F'(yn),
2y = p — 2A 1 F(2,), (2.106)

Pt = 2= 511 = 8F () F/ (o) + 3(F (@) F () P)F ) F ),

Yn = Tpn — F/(xn)ilF(xn)a E, = F’(CE}) - SF/(yn)7

1
Zn = Yn + g(F/(xn)il + 2E51)F(xn)a

1
Tnil = 2n + g(—F’(xn)_l +4E Y F(2,). (2.107)

[repartiiini MeTomu BHCOKOTO TOPSIKY OyJIM 3amporoHoBani y poborax [101],
[102],[103]. Tlompu 3uavHuMit porpec y po3podiii iTepalliifiHix MeTo/[iB BICOKOIO IO-

PSIIKY, ICHYIOTH TEOPETUYHI Ta MPaKTUIHI 0OMEyKEeHHSI:

(P1) Icmyroui pesysmbrat 36iKHOCTI 6a3yrOThCst Ha PO3KJIaLl B psiyi Teitaopa Ta
OTPeOYIOTH MOXIJIHUX BUIIOTO MOPSAKY (Y 1IBOMY BUIAJKY — IIOCTOTO), IO
0obMeXKye 3acTOCyBaHHs y 3ajladax, Jie Taki noxijHi HesijjomMi. HaTomicTsb mpo-

aHaJIi30BaHl METO/I BUMAraloTh JINIIe orepaTopa F' Ta fioro meprol moxiHol
Fl

(P2) He maBeseno anpiopnux omiHOK MOXHOKN ||x, — x*||, 10 yHEeMOXKINBIIIOE PO-
I'HO3YBaHHs KIJILKOCTI iTepaliiil, HeoOXiIHIX JIjIsd JOCSTHEHHS 3a/IaHOI'0 PiBH

TOYHOCTI.

(P3) Teopist sokaybHOT 301:KHOCTI mepejbadae iCHyBaHHST TOYHOIO PO3B'sI3KY X,
KW Ha MPaKTUIN 3a3BUYail HeBigoMuii. Buna ok HamiBIoKaJbHOI 3012KHOCTI,
SIKII Y TaKiil 3ara/ibHiil IOCTAHOBII paHillle He JOCIIKYBaBCsl, pO3PO0OJICHO 34,
JIOIIOMOIOI0 MayKOPAHTHUX I0CJIifoBHOCTel . O01IBa aHAII3H TOJAHO B OLIBII
3araJibHiil ITOCTAHOBIII B OaHAXOBOMY IPOCTOPI 1 0a3y0ThCsT Ha, KOHIIEIIIT y3a-
raJIbHEHOI HEellepepBHOCTI, 0 BUKOPUCTOBYETLCS JIJIsi KOHTPOJIIO 1oxianol F’

Ta YTOYHEHHsI OIHOK MOXUboK ||x* — x,|| i ||zphe1 — 20l

Y 1IbOMY JMCepTAIfiHOMY JOC/IIIZKEeHH] ITOJAHO IOPIBHSIILHUN aHaJi3 TPhOX

iTepalliiiHIX METOJIB IIOCTOrO TOPSJIKY JJIs PO3B’si3yBaHHs HEJIIHINHUX DPIBHAHD.
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[IpoBejieno JioKaJIbHNI Ta HAITIBJIOKAJILHUN aHa i3 3012KHOCTI JIjI KOYKHOT'O METOJTY.
BukoHaHO cepito 9YUceTbHIX €KCIIEPUMEHTIB, SIKi OIIHIOIOTH ITPOJIyKTHBHICTH 3aI1pO-

IMOHOBAHUX METO/IIB y MOPIBHAHHI 3 MeTojjoM HproToHa.

2.5.1 JlokajpHa 301>KHICTH METOJIIB

st KOXKHOTO MeTody 100YI0BAaHO IIOCJIOBHICTD OLIHOK IOXMOKM Ha OCHOBI
iJIXO/Ty 3 MayKOpaHTHOIO (yHKIN€. Lleit miaxia 103BoJIsie BCTAHOBUTH 3017KHICTH
0e3 BUKOPHUCTAHHSI YMOB Ha IIOXIJIHI BUIUX HOPSIAKIB. AHaJi3 BUKOHAHO B DaHAXO-

BOMY IIPOCTOPI.

Metox (2.105). Ilounemo 3 o3HadeHHst MaykopaHTHOI GYHKINT ¢q(t), sKa 1ae

BEPXHIO OIIHKY ITOXMOKN Ha IePIIOMY IIPOMI?KHOMY KPOII ¥y,

[ w((1 - 6)t)de
1— wo(t> 7

qi(t) =

Jie Wy, w — HerepepBHi Ta Hecrma Hi GyHKIil. daai BusHadaemo QpyHKIIO W, Ky

BUKOPUCTOBYBAaTHUMEMO Ha HaCTYIIHUX KPOKaX

;

w((1+g1(2))t)
w(t) =< abo

| wo(t) +wo(g1(2)1).

Jasi BBOIUMO JpyTy MaxKopanTHY (bYHKIIO go(t), sika BijoOparkae MOBEIHKY I10-

XUOKHM Ha JPYTOMY MPOMIZKHOMY KPOIIL 2,

Jo w((1 = 0)t)d6 w(t)(1+ [ wo(6t)do)
L —wo(t) 2(1 — wo(t)) (1 — wo(gr(t)t))’

g2(t) =

JLtst omiHKN MOXUOKN Ha KPOII X;,41 TTOOYIOBAHO MayKopaHTHY (GyHKIIO g3(t). Bee-
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JIEMO JTOTTOMIZKHI (DYHKITIT

;

w((1+ g2(1))t)
ﬁ(t) =< abo

| wo(t) + wolga(t)t),
B w((g1(t) + g2(t))t)
w(t) =< abo
| wolg1()t) + wolga(£)1),
iy w((1 = 6)ga(t)t)d6 . W(t)(1+ [ wo(Bga(t)t)d)
1 — wo(g2(0)t) 2(1 = wo(t)) (1 — wo(ga(t)?))
W(t)(1+ [ wo(Bga(t)t)dd)
2(1 = wo(g1(1)t)) (1 — wo(g2(t)t)))
TS fy wl®nd) |
2(1 — wo(t))(L — wolga (t))) | 724

(

g3(t) =

OOrpyHTYBaHHS IUX MayKOPAHTHUX (DYHKITIH 0a3yeThcsd Ha TTOKPOKOBOMY aHa-
Ji3i moxnooK. [Toxnbka Ha KOYKHOMY MPOMI?KHOMY KPOIIi iITepaTuBHOIO METOIy 0OMe-
JKYETHCS MayKOPaHTHOIO (DYHKITEIO, O 3a/JI€KUTH BiJl MOXUOKU MOTEPETHHOTO KPO-
Ky. Taxkmit 1mijaxij mijaTBep/RKye, 10 METOJ CHUCTEMATUYHO 3MEHIIYE BiJICTaHb JI0
pPO3B’sI3Ky Ha KOXKHiil iTeparmii. [ aHajizy BHKOPHUCTOBYIOTbCSI BJIACTUBOCTI I10-
xijHol @perrie, MO 00MEXKYIOTHCS (DYHKIIAME Wy Ta w, a TaKOXK Teopema Damnaxa
1po obepuennii oreparop. Taknit miaxia 3abe3medye cTPOri OIMIHKN Ta TapanTye 30i-
JKHICTb METO/LY.

JLJ1s1 11epIroro nNpoMizKHOI'0 KPOKY ITOXHOKa ¥, — £* 00UUCTIOETHCA sIK
* * / —1
Yn — " =xy — " — F'(x,) F(x,).
Hopwma 1iel moxnbkn oOMeKyeThcsi MayKOPaHTHOIO (PYHKITIEIO ¢

[y w((1 = 8)|jz, — 2*])db||z, — z*|

Yn — 27| <
o =l T— wo(Jan — 2]

< gilllzn = 27Dl = 27 < flan — 27 <7
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Ha macTyrnHroMy Kporii OTpruMyeMO

2 = = 1 = F(0) () — (P ()™ = F() ) F ()

:%fﬂf—me*Fww—%F@@*@%mw<w@mme4Fuw

o [ =), = %) @9
lzn — ™[] < [ } 1_w0(\|a:n—w I
wn(1+f01wo(9\lfvn—”f*“)d8) n — z*]|

20—l == w1

+

< ga(llzn = 27 Dlfzn — 27| < [l —27]].

Ha saBepiiaibHoMy KpoIll ISl TOXUOKN & — x* MaeMo
Yy 1 I n+1

Tyl — 2 = 2, — 2% — F'(2,) ' F(20) + F'(20) ' F(2)
P ) () = S ) N ) = P ) + F ) F ) F ()

o — 2t — F(5)  F(z) + %(F’(Zn)—l (2 Y ()
1

P )~ F ) D)

1 _ _
_iFl(yn) 1(F/(xn) — F'(yn))F'(yn) 1F(Zn)
Hopwma nmoxnbku Ha 3aBepIaJbHOMY KPOIIi OIIHIOETHCSA MayKOPAHTHOIO (DYHKITEIO g3

% fo 0)||zn — x*||)do
ner =7 < 1—WM%—xH)
B @l a)ds)
20— wolllza — D)1 —wolllzn — 7))
o1+ [} w6z, — o*[)d6)
T wolon = = = wollln — 7))
T ) ]
20— aolllza — D)1 — wolllgn — =)

< gs([lzn — 2"}z — 27

Otxke, HaBeJleHI OIIHKU JIOBOJATDH, IO METOJ IOCJIJOBHO 3MEHIIYE BiJICTaHb JI0
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PO3B’4I3KY Ha KOXKHiil iTepalil.

Meroz (2.106). I[lepma maykopanTha dyHKIst g1 (1) 3aIUMAETHCI TAKOWO K, SIK

BusHaueHo B MeToji (2.105). Bona xapakrepusye MoBeiiHKy MOXHOKN Ha TPOMIZKHO-

My KPOIIl Yp,.
JlaJii BU3HAYAEMO JIOTIOMIXKHY (DYHKIIIO

p(t) = 5 (wo(t) + wolgi(£)t)).
Ha ocnoBi p(t) Busnaunmo JApyry MayKopaHTHY (DYHKILO go(t)

Jrw((1 =0y w(t)(1+ [ wo(6t)d6)

90 = T e Y A — w1 — p(0)

Dyukiiist g3(t) MaxKopye MOXubKy Ha KPOI Ty 1.

Jw((1 = 0)ga))df  T(E)L+ J; wo(bga(t)t)d)
QW)[ o B e

1 w(t) w(t) (1+ [, wo(6t)d6)
g @ ) T ]”“’

Anasis 341CHIOETHCA 3a JTOIIOMOIOIO OIIIHKY BijIcTaHl MIzK IIOTOYHUM HAOJIMZKEHHSIM
Ty Ta TOYHUM PO3B’SI3KOM ™ 4yepe3 IPOMIXKHI TOUYKH ¥, Ta Z,. SOKpeMa, PI3HUIIs

2, — X 3allUCyeThCs Yepes3 BIIOMI Ty, i, Ta omeparop mnoxianol F’ y Burisi:

2y —2F =x, — 2" — F'(x,) ' F(x,) + (F'(z,) =24, F(x,)
=@y — 2" = F'(2,) " F(,) = A (F' (@) = F'(y)) F' (20) " F ).

O6unciiennst Jjist GYHKINT go Ta g3 MAIOTh BUIJISII:

ﬁwm—wmﬁﬂmw Wa(L+ [ wo(8]]xn — 2*||)d0)
1 —wo([[, — 2*]) 2(1 — wo([Jz, — ()1 — pn)
< go(||z — a*|]) - ||z — 2| < ||z — 27,

|20 — 27| < Mlen — ]|
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A€ TaKOXK BUKOPHUCTaHO OHIHKy

12L) (A, —2L)|| <

1 * *
< 5olllzn = 2™[]) + wo((lyn — 27[)) = pu < 1.

(1L (F (@) = D)+ IIL7H(F (ya) — L))

N | —

3Bijicu 3a Teopemoro Banaxa [54] orpumyemo

AL < —.

[e NpU3BOAUTE /10 ONIHKH JJIST HACTYITHOTO HAGJIHKEHHS:
Tpy1 —2° = 2, — 2% — F'(2,) 7 F(2) + (F'(2,) 7" = F'(2,) ) F(2)
1
—5 (51 = 8F" ()™ F"(yn) + B(F () " F ()" " () T F(20)
=2, — T — F/(Zn)_lF(Zn) + (F/(Zn)_l - F/(xn)_l)F(Zn)

—%(F'm)—lF'(yn) — D)B(F () F'(ya) — 1) — 21) F'(2,) " F(2,),
R e () [E DI
e == | T s — )
L Bl fy wo(O]]z — 7))
(1 — wo([zn — 2*[)) (L = wo(][z0 — =*[]))
1 W, 3w, (1+ [ wo(8]|z, — z*|])d6)

_|_

+2)

21— wy((|en — a*[) "1 = wo(llza — 2]]) 1 —wo([|z0 — 2*])
|20 — 7]

< gs([lzn = 27(]) - flan — 27| < — 27|
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Meros (2.107). ®yukiiis ¢(t) BUKOPUCTOBYETHCsI JijIst OOYI0BU JIPYTOT Ta Tpe-

THOT MazKOpaHTHUX DYHKIHH go(t), gs(t)

o(t) = 5 (Bun(or()6) + wol?)),

) = 0u0)+ 5 (1t ) (14 [ wntonian)
)

) = a0+ 3 (s o ) (1 [ wntomtnas

[TouaTkoBl 0OYMC/IEHHST MAIOTh BULJISI;

1
@ =y — 7+ (P @)+ 28, F (o),

1 1
[ M D+ s\ e =)

1 1
1 ) (1—!—/ wo(QHxn—x*H)dQ)] |y — 27|

< ga(llzn = 2" [Dllzn = 27| < [l — 2.

_|_

JHaJti moxnbKy Ha OCTaHHBOMY KPOIIl Ty+1 — ¥ 3allUCYIOTh Yy BUJISII

1
Tpp1 — 25 =2, — ° + g(—F(xn) +4E Y (2,),

1 1
n — 2| < no ' 3
i1 — o < [gaﬂlw v +3 (1 —wo(f[z — 2]

2 1
1 ) (1—|—/ wo(QHzn—x*H)dQ)] |z — ||

< gs([len — " |Dllwn = 27| < flzn — 27,

_|_

[Ipu oMy BEKOpHCTAHO OIHKE [54]:

12L) (B — 2L)| < 5 Buwolllyn — 2"[1) + wo(lzn — 27])) = en < 1,

Wl —

E'L|| < ——.



111

2.5.2 HamiBjiokajbHa 301>KHICTH METOJIIB

Y BOMY HiJPO3/IiJi PO3IIIsSIA€ThCs HalliBJIOKabHA 3012KHICTh MeTodiB. Ha Bij-
MIHY BiJ| JIOKQJILHOI'O BHIIQJIKY, YMOBH HaKJ/aJalOThCs Ha II0YATKOBE HAOJIMZKEHHsI

X0, & He Ha po3B’si30K x*. BignosingHo, GyHKIIT wy, W 3aMIHIOIOTHCS Ha Vg, U.

Meton (2.105). MazxkopanTna TOCHIOBHICTE {ay,} [UTsT METOIY BU3HATAETHCS
3a TI0YATKOBUME 3HaueHHaAM ag = 0,by > [|[F'(xg) 1 F(xo)|| i aus koxkuOro n =

0,1,2,... Tak. Crnogarky 3a/[a€MO IOCTIOBHICTb U, Ta HPOMIKHY IIOCJIiIOBHICTD
Tn:

4

v(b, — )
Up = <& abo
| vo(em) + vo(bn),

6n(bn - Oén)
2(1 —wvo(bn))

JlaJii BUBHAYNMO A, 1O € BePXHBOIO Mexkero Juid Hopmu L™1F(z,)

Ay = / 0((1 = 0)(n — )8 — ) + (1 + v0an)) (30 — ).

N 1 1 n 1 + @n )\
a, — = n
+1 =7 2 \1—wvo(ay) 1 —=wp(by) (1 —wp(by))?

Hn+1 = / U((l - 9)(an+1 - @n))de(@n+l - Oén) + (1 + UO(O‘n))(an+l - bn)a
0

Hn+1
1— UO(an—H)

bn—l—l = Qpy1 +

JL1st IoOYy10B1 MaXKOPaHTHUX TIOCJIIOBHOCTEl BUKOPUCTOBYEMO TaKi OIIHKU:

Zn — Yn = (F,(xn)_l - %(F/(xn)_l + F/(yn)_1)> F(xn)

= P ) (F ) — () F () Fir),
6n(bn - Oén)

21 —wo(by)) "

20 — yul| < — by
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Hasti anajizyemMo 3Hadennsd PYHKIT B TOYI 2,

F(Zn) = F(Zn) - F(xn) - F/(xn)(yn - xn)
= F(z) = F(zn) — F'(2n) (20 — 20) + F'(20) (20 — Yn)-

Hopma L™1F(z,) obmexkena A,

1
L7 F (z0)]] < /0 v((1=0)(yn — an))dO(yn — an) + (1 4+ vo(an)) (yn — ba) = A,
Oninka KpPoKY Xpi1 — Zn:

Fust = 20 = 5 F @) () = 3 F () (F'() — F () F () F(z0)

S F() P (),

1 1 1 Un,
fwss =l < 5 - + ) o
2\1— UQ(Oén) 1-— UO(Bn) (1 - UO(BH))
= Qn+1 — Tn-

Hasti anajiizyemMo 3HaUYeHHA PYHKI] B TOUI Xy

F(zp41) = F(zp41) = F(wn) = F'(20) (Yo — 20)
= F(zn41) — F(xn) = F'(20) (@41 — @) + F'(20) (Tng1 — 9n),

1L F ()] < / o((1— 0)(enar — n))dB(crns — )

+(1 4+ vo(an))(an+1 — bp) = i1,

Hyn+1 - xn+1H < HFI(xTH—l)_lLH : HL_IF(anrl)H
Hn41
— 1 UO(an+1>

= anrl — Qp41-

Meton (2.106). MorkopanTHa HOCTIOBHICTE { v, } BU3HAUAETHCST 1ist g = 0, by >

[|[F"(z0) "L F (20)|] Ta st koxknoro n = 0,1,2, ... Tak



113

1 o, T, A,
it =t (1 2T w(an) (31 ~uo(a) “)) T uo(a)’
:LLn+1
1- UO(O‘n—&-l).

bn—l—l = Up41 +

st oOTpyHTYBaHHS TTOOYIOBY MayKOPAHTHUX MOC/Ii IOBHOCTEH BHKOPUCTOBYEMO TaKi

OLIIHKU:

Zn — Yn = _AT_Ll(F,(xn) - Fl(?Jn))Fl<xn)_1F(35n)v

Un(bn - Ofn) .
120 = ynll < 20—q) T by,
Tpi1 — 2n = —F'(2,) " F(2)
—%(F’(fﬂn)lF'(yn) — DBF (20) " F'(yn) = 1) = 20 F' () " F(20),
1 7, Ty, An
|#n i1 = 2nll < (1 + 21 — vo(ay) <31 — vo(an) + 2)) 1 —vo(ay,)

= Opt+1 — VTn-

O6uncennst b, 1 30iraetbest 3 MetogoM (2.105).

Metox (2.107). IloGyayemo MayKOpaHTHY HOCTIIOBHICTH {;,} 3 MOYATKOBUME

suauennsimu g = 0, by > [|[F' () " F(xo)||, mo 3a0B0sbHSAE 1151 KOKHOTO N =
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0,1,2,... ymoBu:

4 — %(SUO(bn) + vp(an)).

. 1 +U0(()dn) 1
Y = by + (m"—g) (bn_an)a

+1 ! + 2 A
879 = In = n
AT\ T () | 1—dy
Hn+1

11— UO(C“n—&-l).

bn—l—l = Op41 +

2 1
Zn = Yn = _ErtlF(x”) + §F/(35n)_1F(flfn)a

3
1+ U()(Oén) 1

n=Unl| < | = 5 bn_ n) — n_bna

1
Tyl — 2n = g(—F’(xn)*1 + 4E;1)F(zn),

1 1 2
[Zni1 — 2all < 5 + An = Qg1 — Y,
3 1— Uo(Oén) 1 — dn

Jle TaKOK BUKOPHUCTAHO OIIHKMN:

F(xn) = F/(xn)(yn - xn)a
L F ()| < IL7H(F" () = L) + D) lyn — 2all < (1+vo(an)) by — o).

ITepamifina dpopmyna s b, Ta pemTa aHa i3y 30i1KHOCTI 30iraloThcs 3 Ha-

BEJIEHUMU DPaHiIIe.

2.5.3 YwucenbH]I eKCIepUMEHTH

PosriisiremMo ducesibHi eKCIIepUMeHTH JIJIst TPhOX METOJIIB MocToro mopsijiky (2.105),
(2.106), (2.107).

MeTosm 3acTOCOBAHO JI0 KIJIBKOX HEJIIHIHUX CHUCTEM PIBHSHDL, SKI 4aCTO BU-
KOPHUCTOBYIOTHCA K TECTOBI MPUKJIAJIN B HAyKOBiil JiiTepaTypi. Kpurepiit 3ymnmn-
Ku 0a3yerbcsd Ha (ikcoBaHiil 1oxudIi abo Ha JIOCATHEHHI MaKCUMaJbHOI KiJIbKOCTI

iTepartiit. /I7g Bcix 4mcelbHUX €KCHEPUMEHTIB ITPOIIEC ITepalliil 3aBepIryBaBcs, KO-
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m ||F(x,)| < e, npudomy e smimosasocst sijg 1077 o 1072, Kinbkicrs iteparniii
oomerkyBasiacsa 100. Yei obuncienHss BUKOHAHO 3 BUKopuctanusaM Python 3.11.0 Ta
oi6stiorekn mpmath 1.3.0 st 06tmcstens i3 noinbHo0 TowHiCTIO [104]. Excriepmmven-
TH IPOBOJIUJINCS Yy cepepoBuii 3 8-sipepaumM mporecopom Intel Core 19 i3 TakTOBOIO
gacroroio 2.4 Ghz.

Huxkve naBejeni 3a/1a4ui BUKOPUCTOBYIOTHCA J1JIs OIMIHKN e(heKTUBHOCTI 3aI1po-

noHoBaxux Metosis 98, 101]:
e Cucrema 3 3 piBHsIHb
4
10vy 4+ sin(vy; + v9) — 1 =0,

q 8vg — cos?(v3 — vg) — 1 =0, (2.108)
1203 4 sin(v3) — 1 =0,
\

noyaTKoBe HabKeHHA vy = (v1, v2, v3)T = (0, 1,0)T. Po3p’s130K 3HaXO0AUTHCS

B Touni v* = (0.069...,0.246...,0.0769...)T.

e Cucrema 3 200 HeJiHIHUX PIBHAHB

200
filv)= > wj—e =0, 1<i<200, (2.109)
J=Lj#i
I0YATKOBE HAOJIMZKEHHSI (%, %, cl %)T, poss 30K v* = (0.0050..., ...,0.0050...)T .
e Cucrema 3 10 piBHSIHD
10
filv)=tan"(v;) +1-2 Y v}, 1<i<10. (2.110)

j=L#i
Posp’sizox v* = (0.2644, ...,0.2644)T, vy = (0.7, ...,.0.7)T.

e Cucrema 3 500 HeTHIHIX PIBHIHB

UZZUZ'_H—l:O, 1§Z§499,

I[Touarkose nabamzxenus vg = (1.8, ..., 1.8)1 i poss’sasok v* = (1, ...
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Oyuxkiiisg Bpoiijiena 3 TpuiaroHabHOI0 MATPUIIEIO

fz(v) = (3 — QUZ')UZ' — Vi1 — 2041 + 1, (2112)

Vo = Up41 = 07 n = 207

nouarkose Habmmkenns vg = (—10, ..., —10)T.

Excrionentiajibaa yHKILS:

(V) = 303 + 20,11 — 5 + sin’(v;) — sin®(v; , 1=0,n—2,

foo1(v) =302 + 209 — 5 + sin®(v,_1) — sin®(vp).
Cunrynspua dyukiis [layena:

fi(v) = v1 + 1009,
fa(v) = 52 (v3 — vy),
f3(v) = (vy — 203)?, (2.114)
fa(v) = 10Y2 (v — vy)%

[Touatkose nabmmzxenns vg = (2,2, 2, 1)T i poss’asok v* = (0,0,0,0)T.

Maiizxe niniiina dynkiig bpayna

filv)=vi+>» vi—(n+1), i=0,n-—2, (2.115)

Posp’sizok v* = (1, ..., 1)T,

Piuganns Yanupacexkapa:

n—1 -1
fi(v) = v; — (1 - M) . (2.116)

Y nposesiennx Tectax ¢ = (0.9,
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IMpuknazn 2.8. Epexmusnicmv memodie npu € = 1077 ma e = 1071,
Koxken i3 MeTo/1iB OyJ/10 anpoboBaHo Ha HAOOPI 3a/1a4, 8 OTPUMaHI KIJIbKOCTI iTepartiil

1oJaHo B Tabnngx 2.14 ta 2.15.

Samada n Irepaui
(2.105) (2.106) (2.107) Hbrorona (1.2)

(2.108)  (0.0,1.0,0.0) 3 2 2 2 3
(2.109)  (1.5,...,1.5) 200 2 2 > 3
(2.110)  (0.7,...,0.7) 10 2 3 3 5
(2.111)  (18,...,1.8) 500 3 3 3 6
(2.112)  (=10,...,—-10) 20 3 4 4 8
(2.113)  (-10,...,—10) 20 8 15 16 13
(2.113)  (15,...,15) 200 5 5 3 11
(2.114)  (2,2,2,1) 47 8 | 17
(2.115) (10, ...,10) 5 12 46 10 22
(2.116)  (5,....5) 0 7 6 7 9

Tabo1. 2.14: KinbkicTs iTeparriil 114 pisHIX 3a/1a4 Ipu JOIycTuMiil moxubmi e = 1077,

Pesysnbraru, HaBeseni B Tabsuii 2.14, mokasyoTs, 1o Metoan (2.105) ta (2.107)
€ HafOLIbIT epeKTUBHUMHI, 3a0e311eUy0un HalMeHITy KUIbKICTD iTepalliil gy 011b-
ocTi TecToBUX 3aja4. Kiacuunuit meton HbioTona mokasye ctadbiabny 3012KHICTD,
0cobOJIMBO J1JIs1 JI0Ope 0OYMOBJICHUX CUCTEM, ITPOTe MOTpedye OlIbIle iTepalliil mopis-
HSIHO 3 METOJIAMU BUCOKUX TTOPSJIKIB.

Tabauns 2.15 nogae pesyabTaTh, IO y3TOIKYIOThCs 3 JanuMu Tabumi 2.14,
MiITBEP/ZKYIOUN TIONEPEeIHI BUCHOBKHU OO0 edeKTUBHOCTI MeTomiB. Boanodac y
KIJILKOX BHIIQJIKAX OKPEeMI MeTOJIM He JOCATJIM 3012KHOCTI B MeKaX yCTAHOBJIEHOI'O
maxcumymy B 100 irepariit. 1i Bunagkm OyayTh PO3IVIAHYTI JleTaIbHIITE B MPUKJIa-

1i (2.9).

ITpukmang 2.9. Ilepesipra 361tcHocmi 3 BUKOPUCTNAHHAM GPUPMEMUKY D0BLALHOT
MOYHOCINA.

YV 1mpoMy IpuKIai BHKOPHCTaHO KpuTepiit Tounocti 1072°, mo mpussesno 10
301/IbIIEHHS KiJIbKOCTI BUIIQJIKIB, KOJIM METO/IM He 3MOIJIN JIocarTi 30izkHocTi. 11106
3’sicyBaTH, YU 1I0B’si3aHa [IPo0JIeMa 3 MOXUOKAMU OKPYIJIEHHSI a00 OOMEXKEHHSIM 110~

JIBIfTHOT TOYHOCTI, aJIrOpUTM OYJI0 TOBTOPHO PEAJIi30BaHO 3 BUKOPUCTAHHSIM apudme-
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amada x Irepaif
(2.105) (2.106) (2.107) Hpiorona (1.2)

(2.108)  (0.0,1.0,0.0) 3 2 2 2 4
(2.110)  (0.7,...,0.7) 10 3 3 3 6
(2.109)  (1.5,...,1.5) 200 2 2 2 8
(2.111)  (1.8,...,1.8) 500 3 3 3 6
(2.112)  (-10,...,—10) 20 - i i i
(2.113)  (-10,...,—10) 20 9 15 16 14
(2.113)  (15,...,15) 200 5! 5! 4 11
(2.114)  (2,2,2,1) 411 13 1 27
(2.115)  (10,...,10) 5 13 47 10 i
(2.116)  (5,...,5) 0 7 i i 10

Tabu1. 2.15: KinbkicTs iTepariit Jyis 3alpoloHoBalyX 3a,/1a4 IIpu oxXuoIi € = 10710

TUKH JIOBLIbHOI TOUHOCTI. Po3paxynku BuKoHaHO 3 TouHicTIO 20 Ta 50 j1ecaTKOBUX

3HAKiB, a pe3yJ/ibTaTu HaBejeHo B Tabsmi 2.16.

KinbkicTh iTepartiit

Sagaua M. (2.105) M. (2.106) M. (2.107) M. (1.2)

p=20 p=50 p=20 p=50 p=20 p=>50 p=20 p=>50

Cucrema 3 10 piBHSHD 3 3 3 3 3 3 7 7
Cucrema 3 200 piBHSAHB 4 4 11 11 - — 12 12
Tpuiar. c-ma Bpoiijiena ) ) ) ) 6 6 13 13
Maitxke Jtin. ¢-1ig Bpayna 14 13 - 47 10 10 - 24
PiBuanna Yangpacekapa 8 8 6 6 7 7 11 11

Tabs. 2.16: IlopiBHsIHHS KiJIbKOCTI iTepaliiil Jjisd 30i2kHOCTi 3a TouHOCTI p = 20 Ta
p = 50. (CroBrers MoABIHHOT TOTHOCTI OMYIIEHO Yepe3 BiACYTHICTH 301KHOCT).

PesyspraTn 3 Tabunii 2.16 mokasyoTh, 10 cTaHIapTHAa MOABIHA TOUYHICTH BU-
sIBIJIACA HEJIOCTATHBOIO JIJIs JOCSITHEHHSsI 301>KHOCTI B YCIX PO3IJIAHYTUX 3a1a4dax. [le-
pexis 0 apudMeTuku 3 JoBiIbHO0 TouHicTIO (20 Ta 50 JecaTKOBUX 3HAKIB) 3HATHO
MoK panuB 36iKHiCTH MeTo1iB. 3anpornonosani merogu (2.105), (2.106), (2.107) Bu-
ABUINCA epeKTUBHIMUMI 3a MeTo]i HpioTona, morpedyioun npuOIN3HO BBIYI MeH-
e irepariit jist 6libiocTi 3aa4. Bunarok cranoButh Metosn (2.106) st maidizke

Jiniftnol dpynknil bpayna — 301KHICTH JIOCATHYTO JIUIIE TPU MAKCUMaJIbHIN TOTHO-



119

cTi 3a 47 iTepariiil.

OjiHax MiBUIeHa TOYHICTh He TapaHTY€E 3arajgbHOl e(peKTUBHOCTI — BaK/JINBIM
€ TakoK dac obuncienb. Hanpukia, mist cucremu 3 200 piBHsiHb MeTos (2.106) Ta
Metoj; Herorona norpedyBaJin 1o/ ibHOT KiJibKOCTI iTepariiil, npore mero HrioToHa
BUSIBUBCS TIBUINUM. 301IBINICHHS TOYHOCT]I B apuMeTHIll JOBLILHOT TOYHOCTI CyT-
TEBO IIJBUIILYE BapTICTh 1Tepallll, TOMY BayKJUBO BU3HAUYUTHU MIHIMaJIbHUII pIBEHb
TOYHOCTI Jiy1st 30ixKHOCT. Ha nmpakTurii jiisg mokpalieHHs TOYHOCTI Ta POy KTHBHO-

cri MmokHa BukopuctoByBartn Texuikn ExBLAS abo ReproBLAS [41, 105].

Ilpuknam 2.10. Ob6vucarosarvruti nopadox 30incHocmE Mma HADAUNCEHUT 00U~
CAN0BAALHUT NOPAJOK 30IHCHOCTN.

st maiike siniitnol dyskiil Bpayna (2.115) obuuncieno mopsiiok 36iKHOCTI
(COC) [25] npu Tounocti € = 1072°. 3anpononosani merou (2.105), (2.106), (2.107)
jocarin nopsaakiB 4.99, 5.32 ta 5.59 BiJIMOBIIHO, IO 3HAYHO MTEPEBUIIYE KBapaTH-
any 36ikHicTh MeToy Hbtoroma (1.99).

Habmkennii obuncmoBasbhuit mopstiok 360izkuocti (ACOC) [25] Takox Bu3HA-
deno Jyist Metoy (2.105) Ha dotupbox TecToBHX 3ajadax (2.110), (2.112), (2.115),
(2.116). Orpumani suadennst 5.78, 5.81, 5.06 Ta 6.95 miATBEPAKYIOTH BUCOKHIT TTO-

PSLIOK 3012KHOCTI MeTOY, TOi sik MeTos HbioToHa cTabiibHO ITOKa3y€e KBapaTUIHy

361ikuHicTH (ACOC = 2.00).

Ilpuknam 2.11. Habauscenuti 064ucrto6a1oHUth nopadok 30icHocmi npu 6ucoxill
MOYHOCINA.

3alporoHOBaHI MeTou OYJIn 3aCTOCOBaHI JJIsi PO3B’sI3aHHSI KpaiioBol 3ajadi,
10 BKJIIOYAE HeJliHiitHe JudepeHiliajibHe PIBHSIHHS JIPYTIOro MOPSIAKY B YaCTUHHUX

MoXiiHUX, K Hasejgeno y [101]:

umx+uyy:u27 (xay) = [07 1] X [07 1]

['parnvHi yMOBH 3a1al0ThCs TaK:

u(z,0) =22° —x +1, wu(z,1)
u(0,y) =2y° —y+1, u(l,y)

Y

2
2.

Hexait v = u(x,y) — Tounnii po3s’s30K, a w;; ~ u(z;,y;) — YUCeIbHE Ha-
ommkennsd. Ilpumyctnmo, mo obacth jguckperum3oBano Ha M ta N iHTepBaIiB y

HAITPAMKaX T Ta ¥, BIJIIIOBLIHO, 3 PIBHOMIpHUMHU KpoKaMu h Ta k.
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BukopucroByoun

Wit1,j — 2Wij + Wi-1, Wij1 = 2Wij + Wij1
uxw(xia y]) ~ ’ Uyy(il?i, y]) ~ )
h? k2

OTPUMYEMO PIZHUIIEBY CXEMY:
wHLj—4wm-+wi_1,j+wi,j+1—|—wi7j_1—h wm- :0, 1 = 1,...,M, J = 1,...,N.

151 arceIbHOTO eKCIIepUMEHTY posrigHeMo cuctemy 3 100 HeTiHIHNX PIBHAHD,
0 BiJIMOBLIAIOTH BHYTPINIHIM By3/j1aM JUCKpeTu3allil. ['panndni ymMoBH 3a/1al0Th
3HAUYEHHs Ha MexKi obJtacTi. [logaTkoBe HAOIMKEHHS JIJIsT iTepaIiiiHOro METO/LY 3a/1a-
etbest sk v = (1,1,. .., 1)T. Jl1s1 po3B’sI3yBaHHsI BUKOPUCTOBYBAJIACS apudMeTHKa
noBibHOT TounocTi 3 4096 3HaKaMu micss KoM Ta KpuTepiem symunkn € = 10719,
[TopiBasHHSA e(PEeKTUBHOCTI METOIB MO/IAHO Ha PUCYHKY 2.5.

KinekicTs iTepariil s KpaiioBol 3a1adi

6

W
T
|

ITeparii
w
w
w

[\
T
|

0 T T T T
Meroz (2.105) Meton (2.106) Merox (2.107)  Merogz (1.2)

Puc. 2.5: IlopiBHsAHHSA KLJIBKOCTI iTepalliil, HeoOXiTHUX /10 3012KHOCTI TTPU TOYHOCTI
—100
e=10""".

Pesynbratn Ha pucyHky 2.5 MOKa3yIOTh, MO 3allPOMOHOBAHI METOIN JTOCATAIOThH
36ixkHOCTI 3a 3 iTeparil, mo BiaBivl mBuie 3a Metoya Hetorona (6 itepariit). [To-

0719 HoTpebye 3HAUHNX OOUNCITIOBAILHIX PECYD-

CATHEHHS BUCOKOI TOYHOCTI € = 1
CiB, IIpOTE MiITBEPJIXKYE CTifiKicTh MeToiB. Habimkenuit o0uuncioBabHII 0PI I0K
36ikH0cTi (ACOC) Meromy (2.105) cranoButs 5.992; 1110 6M3bKO0 10 TEOPETHTHOTO

3HadYeHad 0.
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BucnoBkn 110 pozaiay 2

Y Ipyromy po3sijii po3po0JIeHo Ta JOCIIIXKEHO iTepalliiiHi MeToIu JIj1si PO3B’sI3Yy-
BaHHSI HEJIIHITHUX PIBHSHB, 9Ki 3MEHIITYIOTh 00YHMC/IIOBAJIbHY CKJIa/IHICTh TTOPIBHSIHO
3 KJIACUYHUM MeTo/IoM Hbforona. [l BCiX 3a1porioHOBAaHNX METO/IiB BUKOHAHO JIO-
KaJIbHIIT 1 HAITIBJIOKAJILHU aHas1i3 30izkHOCTI. YncebHI eKCIIepUMEHTH T ITBEP I
TEOPETUIHI Pe3y/IbTATH Ta NPAKTHIHY e(PeKTUBHICTD TIXOIIB.

Banpononosano meroan Tuiy HpioroHna 3 (hiKCOBAHOIO AIIPOKCHUMAINEID 00ep-
HEHOT'O OIlepaTopa, IO JI03BOJIAIOTH YHUKHYTH HOTO IMOBTOPHOTO OOUYNCIEHHS Ha,
KOXKHifl iTepamnii. /Ims TpumkpokoBux MeTojiB Tuiy KypuaToBa 3 ampokcHMAII€o
noxijinol Mperire MOMIIEHUMU PI3HUIEIMHU BCTAHOBJIEHO 00JIacTh 30i?KHOCTI Ta €/11-
HICTH PO3B’g3KYy 3a y3arajbHennx yMoB Jlimmmuig 6e3 BUKOPUCTAHHA PO3KJIAILY B
pstn Teittopa.

Pozpobiero MeTo 1 TUITY XOP/L /I 3a/1a9 HalMeHITNX KBaIpaTiB, AKUil Mae JBi
CKJIaJIOBi: 1TOOYI0BY HAOJIMKEHDb JIO PO3B’SI3KY Ta allPOKCUMAIli0 00ePHEHOr0 olepa-
TOpA, 110 yCyBa€ HEOOXiTHICTH PO3B’sI3yBaHHs CUCTEM JIHIITHIX PiBHSAHDL 400 SBHOIO
obuncenns obepuenol marpurii. [Iposegeno jokaabnmit anasiz 301KHOCTI 3a KJjia-
CUIHUX yMOB JIIMmuig Ta BU3HAYEHO MOPSI0K 30i2KHOCTI. YncebHl eKCIIepuMeHTH,
30KpeMa i 3aJ1a4 3 HeIudepeHIiiioBHIMI CKJIaI0BUMHI, TATBEPININ TPAKTHIHY
eeKTUBHICTb METOLY.

OxkpeMy yBary mpujijieHO KOMOIHOBAHUM JIBOKDOKOBUM METOJIaM, SAKi MOTpe-
OYIOTh 3HAXOJIKEHHs JIUIIE OJIHOI0 00epeHoro (pikcoBaHOTO JIHIITHOTO omepaTopa
IIPOTATOM yCBHOT'O iTepaliifHoro mporecy. & 3aKJII0UHIi JacTHHI PO3I1Iy BUKOHAHO
HOPIBHSAJIBHUIN aHAJI3 METOJIB IIIOCTOIO MOPSIIAKY 301KHOCT] Y 6aHAXOBUX IIPOCTOPAX
i3 BUKOpUCTAHHSM Jinlle oreparopa F Ta iforo nepiol noxiguol £/, 3a gomomororo
MayKOPaHTHUX IOCJIJOBHOCTEl OOIPYHTOBAHO HAIIBJIOKAJILHY 3012KHICTH METOJIIB.
ExcrniepuMeHTa/IbHO TITBEP/ZKEHO JTOCATHEHHS IITOCTOrO MOPSIKY 301KHOCTI 3aI1po-

IIOHOBaHMMUM METOJaMMU.
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Poznain 3
BucokonpoayKTuBHiI 009MC/IeHHS JIJIs

ITepalliitHIX MeTO/I1B

Y oMY PO3AiJIL PO3IVISHYTO MapaJebHy pPeaJi3alliio iTepaliiiinX MeTOIIB Ta
X BIJITBOPIOBAHICTH 1 TOYHICTD JIJIsi PO3B’sI3yBaHHS JIHIHHUX CUCTEM BEJIMKOI PO3-
MIpHOCTI Ta 0OYUCIEHHS BJIACHUX 3HaYeHb MATPUIlb. TaKi 3a/1ad9l BUHUKAIOTH Y ITPO-
1eci po3B’sd3yBaHHs HEJTIHINHUX PIBHSAHD, 30KpeMa I1iJ1 9ac 3HaXOPKeHHsT 00ePHEHNX
olepaTopiB. 3aIIPOIIOHOBAHO IIJIX0/U JIjIsI 3a0e31eYeHHsT YICeIbHOI TOUYHOCTI Ta Bijl-
TBOPIOBAHOCTI pe3y/IbTaTiB Ha PI3HUX O0UMC/IIOBAJILHUX ITaTdhopmax. PeasizoBano
BapiaHTH METO/IIB: 13 BHKOPUCTAHHSIM CTAH/IaPTHOI apuMETHKHI MO/IBIITHOT TOYHOCTI
(double), i3 Bukopucranusam 6ibiorekun ExBLAS ji1st 3a06e3medenHs BiITBOPIOBAHIX
00UHCIIeHb, & TAKOXK 13 BUKOPUCTAHHSIM apudMeTnkn (hikcoBanol ToanocTi (arbitrary
precision). OcroBHI pesysbraTu omyb/ikoBano y crartax [47, 106].

Y crarti [47] mocnizKeHO TOUHICTH KOHBEEPHOTO METOJLY JIBOCIPSIZKEHNX I'Da-
nientiB (pipelined BiCGStab) mis cucrem i3 nHecumerpuannmu mMarpuigmi. Kon-
BEEPHUIT TIJIX1JT TTOKPAIIye Tapasie/bHy epeKTUBHICTL Ha PO3IOJILJIEHNX CUCTeMax,
aJle AaCMHXPOHHA, KOMYHIKAIlS MOYKe IMPU3BOJIUTH JIO HAKOIMYEHHS ITOXMOOK ITijI Jac
iTepalliiiHOroO Ipollecy Ta BIUIMBATU Ha 301KHICTH MeToiy. /s 3abesreuenHs Kpa-
01 TOYHOCTI OOYNCICHD Ta BiITBOPIOBAHOCTI OTPUMAHIX PE3YILTATIB 3aCTOCOBAHO
ExBLAS.

Y crarri [106] 3ampornoHoBaHO BiJTBOPIOBAHY peaJii3allifo CTEIeHeBOr0 MeTo-
Sy JIUIsT OOUNCIeHHST HAfOIBIIOro BJIACHOTO 3HadYeHHsT 3 Bukopucranasym ExBLAS.
[Ipencrasieno ABi mporpaMui peaJizaliil MeTOy: A/ CHCTEM 3 PO3IOIIIECHOIO Ta-
M0 3 cepBeprnMu rporiecopamu (CPUs) ta st rpadiunux mporecopis (GPUs).

ExBLAS € onnieto 3 0i6JioTek, crpsiMOBaHUX Ha 3abe3ledeHHs] BiJTBOPIOBa-
HOCTI 4mcebHnX obuncienb. Cepell iHIMNX BiIoMux po3poOOK y Iiif raaysi BapTo
BijzHaunT ReproBLAS [41], mo rapanTye jeTepMiHOBaHI pe3ysbTATH 3aBJISIKN BH-
KOPHCTAHHIO BiITBOPIOBAHUX aKyMyJsiTopiB, Ta 0zBLAS [107], e BUKOPHCTOBYETHCST
poskias O3aki B noeaHansi 3 mignporpamMamu BLAS st 0IHOYACHOIO JOCSTHEHHST
BIJITBOPIOBAHOCTI Ta KepoBaHOI TOYHOCTI obunciienb. 3okpema, OzBLAS 3marHmii

BIHKOPHUCTOBYBATH HasiBHI ontumizoBani 6ibmiorexku st CPU ta GPU (mampukiag,
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OpenBLAS uu cuBLAS), 1110 JI03BOJIsIE JOCATATH OJIU3BKOT /10 THKOBOT ITPOJLyKTHBHOCTI.

OiHi€10 3 KJIIOYOBHX IPOOJIEM CyTIaCHIX BUCOKOTPOAYKTHBHIX oOuncienb (HPC)

€ 3abesniedeHus wuceavhoi sidmeoprosanocmi [37, 38, 105]. Ockinbku onepariii 3 py-

XOMOIO KOMOIO He € acOliaTUBHUMU, 3MiHa MOPSIAKY 1X BUKOHAHHSI 49U KOH@Iryparil

MIPOTPAMHOTO 3a0e3MevdeH s MOXKe TTPU3BOIUTH JI0 PO3DIXKHOCTEH v pe3yabTarax.

J171s1 i IBUIIEHHST TOYHOCTI Ta 3a0e31edeHHs] BiITBOPIOBAHOCTI 0OUHCIEHD 3 PY-

XOMOIO KOMOIO BUJILJISIIOTH JIBa, OCHOBHI IT1JIXOJIN:

1) Posmupennst 3 pyxomoro komoto (FPE). Teit mijxin go3Bosiste BijcTexyBaTu

SIK pe3yJbTaT OO0YMCJIeHHSI, TaK 1 MOXUOKY OKPYIJIEHHd. JHaUYeHHsI 30epirae-
ThCsI Y BUDJISA po3mupents 3 pyxomoro komoro (Floating-Point Expansion,
FPE) — Tounol cymu p qucesn 3 pyxoMoi0 KOMOIO, KOMIIOHEHTH SKOT MOXKYTh
HE3HATHO MePEeKPUBAIOTUC 3a 3HAUYIIUMU PO3psiaaMiu. 3aBiasku mboMy FPE
MOXKYTb TOYHO MPEJICTABIATI BEJIMUMHU, 1110 TIOEIHYIOTH K BEJINKI, TaK 1 JTyKe
MaJii cki1aao0Bi. Hanpukiaa, oquH KOMIIOHEHT MOyKe BiJIIOBLIATH 32 3HAUEHHS
nopsyiky 101V, a inmmit 3a monpasky nopsky 1079, mo memoxkimso 3adikey-
BaTU B OJHOMY YHCJII MTOJABIIiHOT ToOUHOCTI Oe3 BTpaTn indopmaiiii. OcCHOBHUMM
AJICOPUTMAMHU JIJIsT POOOTH 13 TAKUMU PO3NINPEHHAMU € aJrOpUTMU 6€3 1MoXno-
KOBIX IepeTBopenb (error-free transformations, EFT) raki sik TwoSum jiist jio-
nasamus [108] ta TwoProd st muoxkenns [109], ski nerasbminie ommrcano ga-
Jji. TakoxK 9acTo 3aCTOCOBYIOTH Ollepallilo 00’€IHAHOIO MHOYKEHHSI- 10/ IaBAHHSI

(FMA), sika obuncsoe Bupa3 ab + ¢ 3 OIHIM 320KPYTVICHHSIM 3aMiCTh JBOX.

Anropurm 1 [lojaBanus (twosum)

Input: a,b - qucia i3 pyxomoio Ko-

Anropurm 2 Muoxkennst (twoprod)

Input: a,b - qucia i3 pyxomoro Ko-

MOIO.

Output: r (pesyabrar), s (moxubdKa).
=a+b
z:

=(a—(r—2))+(b-2)

r

S

MOIO.
Output: r (pesyabrar), s (moxubdKa).
r:=axb

r—a
s := fma(a, b, —r)

2) Hosruii akymyssarop abo akymyssitop Kystima. lanuit migxig noisrae y Bu-

KOPHUCTaHHI aKyMyJisiTopa 3 (hIKCOBaAHOIO KOMOIO BUCOKOI TO4YHOCTI. JloBrumii

aKyMyJISITOD BiJJ0Oparkae Bech Jliala30H MOPAIKIB 9UCesl 3 PYXOMOIO KOMOIO,
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SIKII 3/1aTHUI TOYHO 30epiraTu Bci 3HauyIi 6iTu 6e3 BrpaTn indopMmaii. Ta-
KUil popMaT XapaKTepu3yeThCs JBOMa IapaMeTpaMu: M — KLJIBKICTIO PO3psi-
JIB 0 JIeCSITKOBOI KOMH Ta d — KiIbKicTIO po3psiaiB micss Hel. Kulisch ta
Snyder [110] 3anpornonysau 4288-6iTHuiT aKyMyJIsITOpP JiJisi OOUNCIEHHST TO-
YHUX CKaJISIPHUX JOOYTKIB y dopMmaTi MojBiliHOI TOUHOCTI, binary64, saxmnii
rapanTye KOPEeKTHHWIl pe3y/jbTaT HaBiTh Y HaWOLIbIT HECIPUATINBIX BUITAI-

KaX, BUKJIIO9al0491 MOZKJIUBICTD ITEPEIIOBHEHH .

3 bits 1 bit MSB m bits LSB MSB d bits LSB
Q S I F

(craryc) | (3HaK) (mista yacTuHA) (nmpoboBa yacTuHA)

Puc. 3.6: Crpykrypa nosuoro jsiitkooro dopmary. [Toznadennst MSB (Most Signi-
ficant Bit) — crapmmit 6it; LSB (Least Significant Bit) — mostommmii 6ir.

AK mokazaHo Ha puCYHKY 3.6, moBHUII dopmar MicTUTb 3 OITH JJIsI CIie-
IiaJIbHUX CTaHiB, 1 OIT 3HaKy, m OiTiB Lijol YacTuHu Ta d OITIB ApPoOOBOI
yactunu. Ha Bijminy Bij dpopmary 3 pyxXoMoio KOMOIO, Jie TOUHICTb 3a/1eZKUTh
BiJI TIOpSIJIKY YMCJa, y MOBHOMY (popMaTi KOKHOMY IMOTEHIIIHOMY pPO3PSIILY
BiJIBeJIeHO (biKCOBaHY IO3MUINIIO, 110 YHEMOXKJIMBJIIOE BTpaTy iH(OpMallil npu

HAKOIIMYCHHI.

Meroro ExBLAS [38, 105] € noegaaru BiATBOPIOBAHICTD 1 TPOYKTHBHICTD 34 J10-
nomorolo dararopiBaeBol iepapxii. Jana apxitekrypa noeanye FPE Ta noBri akymy-
JIITOPU Ta ONTHUMI3Ye TX BUKOPHUCTaHHS Ha Pi3HuUX IaTdopmax, Bkaodaodn CPU,
Intel Xeon Phi, GPUs Nvidia Ta AMD.

Kiogosum eiementom ExBLAS € BigrBoproBana napaJeibHa peayKiiist (3Be-
JeHHsT MAaCUBY 3HaYeHb 10 OJHOrO pesysbrary). Bukopucrosyioun FPE 3 twosum
Ta JoBruMu akymy/stopamu, ExBLAS zabesmneuye TouHi, IpaBUIbHO OKPYIJIEH,
Ta BIJITBOPIOBaHI pe3y/ibTarTu. Ha mpakTuil akyMyasgTop BUKOPUCTOBYETLC JIUIIE
JIeKLJIbKa pas3iB JIJIsi CyMyBaHHs 3Ha4deHb, JOJIal0uNd MiHIMaJIbHI JIOJATKOBI 00YM-
cmoBaJibHi BuTpaTtu. Ilapanenbanii ckaaspauii gooytok, ExDOT, Bukopucrobye
twoprod iyt obuncieHHs JOOYTKY Ta Horo nmoxubdkm, 30epirae obujiBa 3HAYEHHS B
FPE, a notim BuKopucToBye napaJjeibny peaykitito. s po3mnoiienol Bepcil BUKO-
puCTOBYIOThCs J1Ba okpemux FPEs (oun st pesyibrary, ojnH jist TOMUIKT), sTKi
3rogoM 00’eaayoThest. OKpiM ckassipaoro j100yTKy, ExBLAS mictuTs BigTBOproBani

peaJtizalil MHOXKEHHIS MaTPHIll Ha BEKTOP Ta MHOXKEHHS MaTPHUIl Ha MaTPHIIIO.
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3.1 OiiaKka 1OXMOOK JJisi CUCTEM BEJIMKOl PO3MIip-

HOCTI

VY 1omepeHLOMY PO3IiJIl PO3IVISHYTO iTepaliiiiHi MeTo/I1 J1Jisl PO3B’sI3y BAHHSI He-
JiHifiHuxX piBHsiab Bursiy F'(z) = 0, 30cepe/IuBIINCH sIK Ha TEOPETHIHUX aCleKTax,
TakK 1 Ha YNCE/IbHUX eKCIIepUMEHTaX. DIJIBIICTh TaKnX METO/IiB Ha KOXKHIiil iTepariil
HOTPEOYIOTh PO3B’si3yBaHHs CHCTEM JIHINHUX PiBHAHBL. Y IPUKJIATHUX 3aja49ax Il
CUCTEMH YacTO MalOTh BEJUKY PO3MIPHICTb, TOMY IX PO3B’SI3YIOTH IapaJeibHO Ha
KIJILKOX ITPOIlecopax, Mo JI03BOJIIE CKOPOTUTH JYac 00UnC/IeHb Ta epeKTUBHIIIE BU-
KOPHUCTOBYBaTH 0OMEXKEHI pecypcu, Taki siK IaM sITh.

XapaKTepHOIO 0COOJIMBICTIO apUPMETUKHI 3 PyXOMOIO KOMOIO TOJIBIfHOT TOTHO-
cri (double 64 6itn) € BijcyTHICTH acoriaTUBHOCTI apudMeTnaHux ornepariiit. [Tpn
napaJieJIbHuX OOUMC/IeHHSIX 3MiHa B PO3MOiIl POOOTH MiK HPOIECaMU MOKe IpPHU-
3BECTH JI0 PI3HUX YHUCJOBUX PE3YIbTATIB HABITH MPU OJHAKOBOMY BXiJTHOMY HabOPI
JIAaHUX Ta, BIUIMBATH Ha 3012KHICTb ITepallifiHoro mnporecy. ¥ IbOMY IMiJIpO3/iji Ha-
BEJICHO pe3yJIbTaTH OIIHKHU YHNCEJbHUX IMOXUOOK JIJIA JBOX TECTOBUX 3aJad Pi3HOI
po3mipHocTi. Criepiiy po3IryIsiHyTO OJIHOIPOIECOPHY peaJiizaliito MeToay HbrloroHa,
[0 JIa€ 3MOI'y BIJJOKPEMUTH BILIMB TOYHOCTI OOYMC/IeHBb BiJI 0CcOOJMBOCTEHl Hapa-
JIeJILHOTO BUKOHAHHS. Jlasi Joc/izKyeThesd BUMTAI0K 13 BUKOPUCTAHHAM JIEKITHKOX
IIPOIIECOPIB, JIe OCHOBHY yBary IpHU/IiL/IeHO 3a0e311eUYeHHIO BiITBOPIOBAHOCTI.

st auceTbHUX €KCIIEpUMENTIB y 11iil YacTUHi peasizoBaHo TPU BapiaHTH MeTo-

ny Heiorona wa Python:

1) C++ double — 6azoBwuit BapianT peasiizariii 3 BUKOPHCTAHHSIM CTAHJIAPTHOTO

tury float64;
2) C++ ExBLAS — Bepcis i3 Bukopucranusim 6i6miorekn ExBLAS;

3) Python mpmath — mizixin i3 BuUKOpucTaHHIM apudMeTHKN JTOBLIHHOT TOTHO-

CTi, IO JI03BOJIsIE 00UpaTH KUJIBKICTh 3HAUYIIUX UMD JI/Isi KOKHOTO YUCIIA.

O06unc/IoBaJIbHI eKCIIEPUMEHTH [TPOBOIMINCH Ha, BUCOKOIIPOAYKTUBHOMY KJia-
crepi Kebnekaise (High Performance Computing Center North, HPC2N) B YVriBep-
cureti Ymeo, [IBernis i3 Bukopuctanusam ogHoro 14-siaepuoro mnporecopa Intel Xeon

Gold 6132 (Skylake) i3 gacroroto 2.60Ghz. st KoMIijisiiii Ta BUKOHAHHST BUKOPU-
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croByBasincst Taki nporpamui momysi: GCC/11.3.0, CMake/3.24.3, Python/3.11.3,
ta mpmath/1.3.0.
J11s1 TecTOBUX IIPUKJIAIIB BUKOPUCTAHO (DYyHKIIIIO bpoiigeHa 3 TpuiaronaabHO0

matpurero (2.112) Ta 3agady mpo nporunoTokosuii peakrop [111, 112]:

fr(x) =a— (1 —a)zpio — (1 + 4dapyq), k=1,

fr(x) = =2 — a@)zpio — xp(1 4+ 4ap1), k=2,

fr(z) = axp_9 — (1 — @)xpio — xp(l + 4xpy1), mod(k,2) =0,2 <k <n—1,
fr(x) = azp_9 — (2 — @)xpyo — xp(1 + 4dzp—1), mod(k,2) =12 <k <n—1,
fr(x) = axps — ap(l +4zpp1), k=n-—1,

fr(x) =axp9— (2—a) —x(1+4x4—1), k=mn, a=0.5.

(3.1)

Jlami onumemMo CHiJIBHUI aJaropuTM JJIsl TPhOX peaJizalliil.

Anroputrm 3 Anroputrm merony HuroTona

Require: IlouaTkoBe HAOIMKEHHS X, TOUYHICTb £, MAKC. K-CTb ITepaIiil kyax
1:k7:30
2: O6umcsnrn yy = F(x0)
3: while ||yx|l2 > € and k < k. do
4 O6unciauru marpuio Axobi J(xy)
5 Posp’sizatu cucremy J(xg)sk = —yg
6: Tk+1 = Tk + Sk
7 kuIk—Fl
8: O6uncauru y, = F(xy)
9: end while

OcobMBOCTI ITPOTPaMHUX peaJli3alliii:
1) C++ 3 mogsiitaoto Tounictio (Cpp_Double):
(a) Tunu ganmx. Cranjgaprha nosiiina rounicrs [EEET754

(std::vector<double>).

(6) CJIAP. Ha koxHiii iTepariii 3acTocOBaHO MOJANDIKOBAHUIT METOJ JTBO-

crpsizkeHux rpajientis Biconjugate Gradient Stabilized (BiCGSTAB),

(B) Ob6uuncaentsi. BUKOPHCTOBYETHCs CIIPsIZKEHA OTIePaIlist MHOKEHHSI-0/1a~

BaHHA
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(std: :fma), sika 06UUCIIIOE @ - b+ C 3 OJJHUM 3a0KDYIJIEHHSM BKIHII 3a pa-
XYHOK BHCOKOI BHYTPIIITHBOI TOYHOCTI O0UNCIEHb TTOPIBHAHO 3 OKPEMUMHU

olepalissMi MHOYKEHHS Ta JI0/laBaHHs 3 JIBOMa 3a0KPYIVIEHHSIMU.

(r) Marpurg Ako6i. O6unc/ioeTbes i3 3aCTOCYBAHHAM CTAHIAPTHIX ApH-

dbMeTHIHIX onepariii.
2) C++ 3 Buxopucranuam ExBLAS (Cpp  ExBLAS):

(a) Tunu mauwmx. [ljist 30epiranHs JaHUX BUKOPHCTOBYETHCS CTAHJIAPTHUIL

tun double.

(6) CJIAP. Bukopucrosyerbest metosn BiCGStab, mpu mpomy onepariii 1o~
OyTKY Ta 00YNC/IEHHs] HOPMHU 3aMiHEHO BIJIIIOBIIHUMU ortepallisiMu 016110~

texku ExBLAS.

(B) O6umcsienns. st obumciens BUKOpucToByeThes 6ibmorexa ExBLAS.
BUKOPHCTOBYIOTHCSI MACHBH TILINX THCEN, Kl J03BOJISIOTH BUKOHYBATH

TOYHE II1JICYMOBYBaHHSI YUCEJI 13 PYXOMOIO KOMOIO.

(r) Marpung Akob6i. O6uncoersbest 3 Bukopucraniam ExBLAS Ta macu-

BIB IIJINX YHCEJI.
3) Python 3 Bukopucranasm mpmath (Py mpmath):

(a) Tunm manux. Peanizallis 3 BukopuctantsiM 06i61ioTekn mpmath i3 mij-
TPUMKOIO apudMETUKU AOBLILHOI TOYHOCTI. ¥ PO3paxyHKax 3a/aH0 TO-

anictb y 50 3Hauymux nndp (= 166 6ir).

(6) CJIAP. Buxopucrosyerbesi LU-akropusaiiis 3acobamu 6i6i0reKn

C/LAPACK.

(B) O6umciaenusi. BukopncroByerbest apudMeTnKa JIOBLILHOT TOYHOCTI 3

mpmath, 1110 J103B0OJISIE KOHTPOIIOBATH TOYHICTb [IPEJICTABICHHSI THCEI.

Pesynnrarn y Tabmmmi 3.17 mokasyioTs, mo 1pn Tounocti € = 10712 yci Tpu pe-
aJiizallil moTpedyITh OJHAKOBOI KiJIbKOCTI iTepaliiil: 5 jiisg TpuiiaroHaabHOl pyHKINT
Bpoiinena ta 7 iTepariii /i1 3a/a4i Ipo MPOTUIIOTOKOBUI peakTop. [Ipn 3mentenmi
e 10 1071° ExBLAS mnokasye Kpallli pe3y/IbTaTi HizK CTaH1apTHA O/BiilHa TOYHICTb.

3okpeMa, jiist po3mipHocTi n = 20 pisHung ctaHoBuTb 23 iteparii. [Ipun TognocTi



Peastizanis Bamagsa N Tounicte IlouarkoBe HabJ. Irepamil
Cpp_ ExBLAS (2.112) 10 le-12 (—1,...,—1) 5
Cpp_Double  (2.112) 10  le-12 (—1,... 1) 5
Py mpmath (2.112) 10 le-12 (— 1,. o —1) 5
Cpp_ExBLAS (3.1) 20 le-12 (0.5, ...,0.5) 7
Cpp_Double  (3.1) 20 le-12 (0.5,...,0.5) 7
Py mpmath  (3.1) 20 le-12 (0.5,...,0.5) 7
Cpp_ ExBLAS (2.112) 10 le-15 (0, ...,0) 9
Cpp_Double  (2.112) 10 le-15 (0,...,0) 11
Py mpmath  (2.112) 10 le-15 (0, ...,0) 9
Cpp_ExBLAS (3.1) 20 le-15 z 364
Cpp_Double  (3.1) 20 le-15 z 387
Py mpmath  (3.1) 20 le-15 z -
Cpp_ExBLAS (3.1) 5 le-16 (0.5,...,0.5) 18
Cpp_Double  (3.1) 5 le-16 (0.5, ...,0.5) —
Py mpmath  (3.1) 5 lel6 (0.5,...,0.5) 18
Cpp_ExBLAS (2.112) 10  1e-16 (0, ..,0) -
Cpp_Double  (2.112) 10 le-16 (0,...,0)

Py mpmath  (2.112) 10 le-16 (0,...,0)

Cpp_ExBLAS (3.1) 10 1e-16 (0.5,...,0.5) -
Cpp_Double  (3.1) 10 le-16 (0.5,...,0.5) -
Py mpmath  (3.1) 10 le-16 (0.5,...,0.5) 7
Cpp_ExBLAS (3.1) 10  le-16 7 9
Cpp_Double  (3.1) 10 le-16 z —
Py mpmath  (3.1) 10 le-16 z 9
Cpp ExBLAS (3.1) 20 le-16 (0.5,...,0.5) -
Cpp_Double  (3.1) 20 le-16 (0.5,...,0.5) -
Py mpmath  (3.1) 20 le16 (0.5,...,0.5) 8
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Tabn. 3.17: K-cTb iTepariiil Jist TOMIYKY PO3B 3Ky MeTojoM HbioToHa s 3aja4
(2.112) Ta (3.1). Ymonoro synuuki € ||F(x,)|| < € abo 3ymmuka micas 500 irepariiii.

e = 10710 cranaprua peastizais y OLJIBIIIOCTI BUIIQJIKIB HE JIOCATAE 3a/IaHOTO KPUTe-
pito 3ymmakn. Hatomicts peastizamis 3 ExBLAS e criiikimmoro /10 moxnbok i J03BoJIsIe

3HANUTH PO3B’S30K JIJIA YACTHHH PO3MVISTHYTUX TECTOBUX BUIAIKIB. Y TabOJNI TOUKA,
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Z BU3HAUYEHA TaK:

7 =01, mod(i,8) =1

7; =0.2, mod(:,8) =2 0

z; =0.3, mod(i,8) =3 abo mod (i,8) =7,

7 =04, mod(i,8) = 4 6
(4,8) =5

z; = 0.5, mod(s,

Peasizariss mpmath 3 BukopucranHsgM BHCOKOI (PiKCOBAHOI TOUHOCTI, a TAKOXK
3 ExBLAS, morpebye naiimeninol KijbkocTi iTepariiii. IIpore xoxxue uncio 36epira-
€TbCs 3 POIIMPEHOIO0 TOYHICTIO, MO MOTPeOYE 3HATHO OL/IbINE MaM saTi Ta 301JIbIITye
yac apudmerndnnx onepariit. Ha pucynky 3.7 300pakeHo 3a/1e2KHICTH CepeTHBOrO
yacy ojiHiel iTepanil Bij po3miprocTi 3aa4i N. [Ij1s1 000X BUIIAIKIB CIIOCTEPIra€ThCs
CIiJIbHA TEHJICHIIisT: Jac BUKOHAHHA 3pocTae 31 30iabinenasayM N. Tomy meit miaxin €

eeKTUBHIM JIUIIE JIJIs 33/a9 MaJIol PO3MipHOCTI.

0.03(1-e (3.1) 1

0.02 | [-# (2.112) |

= 0.02] .
=

= 0.01] .

0.01| .

0 B T | | | | |

5 10 15 20 25

N

Puc. 3.7: Cepejniit 1ac oaniel iTepaliiil npu BUkopuctanti apudmMeTnk GpikcoBaHOT
TOYHOCTI.

Y Tabsmi 3.18 napeneno nopisusinst peastizariit Cpp  ExBLAS ta Cpp  Double
3a KIJbKICTIO iTepaliiil Ta cyMapHUM 9acoM BUKOHaHHsI. Pe3yibTaTi mokasyoTh, 1110
peastizanisg Ha ocHoBi EXBLAS € moBibHINIOI 3a 9acoM O0YHCIEHBL Uepe3 BUIILY
obUnCIIOBAIBHY CKJIaAHICTh. BomHouac KinbkicTh iTepamiit a1 ExBLAS e Takoro
caMmoio a0 MEHIIOI0 TIOPIBHSAHO 3 TOJIBIITHOI0 TouHicTIO. asi jgeTajlbHo PO3T/IsaHyTO
Ta IIPOAHAJII30BAHO METOJU JJIs THOIIYKY PO3B’si3ky Ax = b, a TaKoxK JIOCJIJIZKEHO

BILJIMB IIapaJieJIbHUX obYncaensb Ha HlBH,ZLKOILiIO Ta YMCCJIbHY TOYHICTH aJIFOpI/ITMiB.
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Peasizanis Sagaua N ITouarkoBe Habma. Irepanii Yac (c) | ()]
Cpp_ExBLAS (3.1) 300 (0.5,...,0.5) 10 8402988 3.86 x 10~1°
Cpp_ Double (3.1) 300 (0.5,...,0.5) 10 1.803136 3.92 x 10715
Cpp_ExBLAS (3.1) 1000 (0.5, ...,0.5) 12 2.873320 6.65 x 10716
Cpp_Double  (3.1) 1000 (0.5, ...,0.5) — — —

Cpp_ExBLAS (3.1) 1000 =z 10 245250301 1.51 x 10715
Cpp_Double  (3.1) 1000 =z 10 47537902 1.63 x 10715
Cpp_ExBLAS (2.112) 300 (0, ...,0) 14 1.976 009 5.92 x 1071°
Cpp_Double  (2.112) 300 (0,...,0) 14 0580970 4.80 x 10~
Cpp_ExBLAS (2.112) 500 (0,...,0) 15  9.123684 7.87 x 10715
Cpp_Double  (2.112) 500 (0,...,0) 15 2.652921 4.94 x 10715
Cpp_ExBLAS (2.112) 1000 (—1,..,—1) 5 0.461966 7.10 x 1071
Cpp_Double  (2.112) 1000 (—1,...,—1) 5 2791127 7.59 x 1019

Tabn. 3.18: Pesynbpratn nopiBugnnsg peasizaiiiit Cpp_ExBLAS i Cpp_Double j/14a 3a-
nad (2.112) ra (3.1) npu e = 10714,

3.2 Moaudikalig MeToay JBOCIIPSXKEHUX I'PaJl€H-

TiB 3 AaCHHXPOHHOIO KOMYHIKAIIIEIO

Y HayKOBHUX 1 TPUKJIAJIHAX IHKEHEPHUX JIOCTIKEHHAX JaCTO BHHUKAE TOTPE-
Oa y po3B’si3yBaHHI cUCTEM JIHITHUX PiBHAHbL BeJIMKOI po3mipHocTi. Kiracwmani pe-
aJiizalil iTepalifiHnX MeToJiB IepejdadaloTh CUHXPOHI3allilo Ha KOXKHIil iTepariil,
110 3HIKYE e(DEKTUBHICTH Ha PO3IOJIIICHIX O0UNCTIOBAJILHIX CUCTEMAX 13 BEJIMKOIO
KiJIbKicTiO 1porieciB. OgHuM i3 6a30BUX METOJIB PO3B’sI3yBaHHs JIJIsI CUMETPUIHUX
1 JI0JIaATHO BU3HAYEHUX CHUCTEM JIHINHUX PIBHIHb € MeTOJI CIPsKEeHNX I'PaJIl€HTIB
(CG) [113]. st HecumeTpuaHuX 3aja9 OYJI0 PO3POOJIEHO MIUPIIHI KJIAC METOJIIB,
cepeJl SIKUX y3arajbHeHuil MeTon Minimanbaux Hes'sizok (GMRES) [114]. Anbrep-
HATUBaAMU 3 MEHIIUMHU BUMOTaMHU JIO TIaM 4TI € METOJ JIBOCIHPSYKEHUX TI'PaJi€HTIB
(BiCG) [115] ma merox xBajpaty cupsikennx rpagientis (CGS) [116]. Crabinizo-
BaHuit MeTos nBocnpsizkennx rpaientis (BiCGStab) [117] noeamnye edexTupie Bu-
KOPUCTaHHS ITaM’siTi 3 0Lk 11aBHoo 30ixkHicTio ropiBasno 3 BiCG Tta CGS. Ha
MPAKTHUIL] JIAHI METOJIM JIOTIOBHIOIOTh MHOXKEHHSIM CUCTEMHU Ha JIOTIOMIXKHY MaTPHITIO
M, ska anpokcumye A~!, u1g HOKpaleHHs YMCeIbHIX BJIACTHBOCTEIl CHCTEMU Ta
HPUIIBUJIIIIEHHST 3012KHOCTI.

Cepe1 BJOCKOHAJIEHD X METO/IIB BAPTO BUJIIIUTH OIITUMI3AIIIIO JI/IsI CeMU/Tiaro-

Hasibuux Marpuilb Ha GPU ta konBeepHmit MeTOI IBOCIIPSIYKEHNX I'pajiieHTiB (pipeli-
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ned BiCGStab a6o ckopoueno p-BiCGStab) [118], pospobiiennii jijist epeK THBHIIIOro
posnapaJeaioBanis oounciaensb. Kouseepunii p-BiCGStab Mmaremarundno ekBiBaJieH-
Tt MmeTony BiCGStab, npore nmorpebye j101aTKOBUX ollepalliii, siki BILIMBAIOTH Ha
3012KHICTDb iTepalliiiHoro mpouecy. st Bupitnensst mpodsemu 36izkuocTi S. Cools Ta
W. Vanroose 3alpornonyBaJii TEXHIKY 3aMiHI HeB'sI3KU 38 JOIOMOIOI0 IIepepaxyHKy
BekTODpiB [118].

Y 1IbOMY TAPO3/I1IL JIOCTIIZKYEThCS TEXHIKA 3aMiHN HEB sI3KM Ta I1iJ1X1J1 Ha OCHO-
Bl TouHNX 1 BigTBOpIOBaHUX 0OuncaeHb [105, 119] v korrekeri metony p-BiCGStab,

a TaKOoXK aHai3 e(PeKTUBHOCTI KOXKHOT'O 3 METO/IIB.

3.2.1 Ywucenpna BiarBopioBaHicTh BiCGStab ta p-BiCGStab

Kuracuanwuii asropur™ crabisizoBanux jgBocipsizkennx rpajiertis (BiCGStab) [117]
HaBejieno B ajroputmi 4. p-BiCGStab nabeneno B ajroputmi 5. Jlns mapasesb-
Hux oouucyienb P. Cools Ta W. Vanroose JomoBHIIN KITaCHIHY CXEMY aCHHXPOHHOIO
MIZKITPOIecOpHOI0 KoMyHiKaliero [118]. OcHOBY aqropurMy CTaHOBJISATD J[BA OCHOBHI

eTallun:

1) Minimizamnist nepefadi qarux mixk mporiecamu. p-BiCGStab norpebye mertmol
K1JIKOCTI eTalliB CHHXPOHI3aIll MizK miporiecamu. Lle gocsraeTbes TuM, 1o ore-
partil 1yIodaIbHOI PeIYKITiT, HeoOX1THI JI/Isi 3HAXO/PKEHHS CKaJIsIpHUX JIOOYTKIB,
HE BUKOHYIOTHCS TIOCJIIIOBHO, & 00'€IHYIOThCS B OJINH CIIJIbHUI KOMYHIKaITii-

HUIT eTaIl.

2) IlpuxoBana cuuxponizaris. Moandikariis ajiropuTMy J03BOJISIE TapAIETbHO
BUKOHYBATHU JIBl JIil: IepeCcuIaHHd JaHUX MepPErKero Ta JIOKaJIbHI 00YNCIeHH.
BaBIsIKH I[bOMY 9ac, BUTpaYeHIil Ha CUHXPOHI3AIII0, IePEeKPUBAETHC BUKOHA~

HHSIM MHOXKEHH$I PO3PIJIZKEHOT MaTPHIll Ha BEKTOP UM 1HITUMU OOYUCICHHSIMU.

Hespazkatouu wa e, 1o meroan BiCGStab (aaropurm 4) ta p-BiCGStab (asro-
pUTM 5) € MATeMATHIHO eKBIBAJEHTHUMHE, IXHST PeasIi3allis B MapaaebHIX 00InC/IIo-
BaJILHUX CePeJIOBUINAX MOKe JlaBaTu CYTTEBO BIJMIHHI Pe3y/IbTaT HaBITh 3a YMOBU
KpuTepito 3ynuHkn € = 107 npn Buxopucranni moasiitol TounocTi. Takxi po36i-
JKHOCTI TOSICHIOIOThCS HeacoIllaTUBHICTIO olepalliil 3 PyXOoMOI0 KOMOIO Ta 3MiHOIO
MOPSAJIKY BUKOHAHHA apuMeTHIHUX /1iif, 0 B KOHBEEPHIN peaJsiizallil Mpu3BONTh

JO HaKOIIMYCHHA IOXOOK Sa0OKPYIJICHHI.
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Asropurm 4 Meroj crabinizoBanux nBocipsizkennx rpajientis (BiCGStab) mis
PO3B’sI3yBaHHsI HECUMETPUIHUX JHHIHHUX cucrem [117]

function BICGSTAB(A, b, )

ro:=b— Ax

Po ‘= To

fori=20,1,2, ..do
si = Api

a; := (ro, i)/ (ro, 5i)
q; ‘= T; — a;S;
yi == Ag;
w; = (i, yi)/ (Ui i)
Tit1 = T + a;p; + w;q;
Tiv1 = i — WilY;
Bi = (ai/w;)(ro, rig1)/(ro, 1)
Dit1 = Tit1 + ﬁz(pz - wzsz)
end for
end function

Jtst Bupimiennst miel mpobemu y crarti [118] 3ampornoroBano TexHIKY 3aMiHI
BekTopa HeB'sizku (residual replacement). Koxni k iTepalliii BAKOHYIOTB JIOJQTKOBI
o0UnC/IeHHs BEKTOPa 7; Ta JIONOMIYKHUX BEKTOPIB wW;, S; 1 Z;, IO JI03BOJISIE 3AI100ITTH
3POCTAHHIO OOUMCIIOBAIBLHOI TOXIOKI.

st mpuckopenHst 3012KHOCTI 1MOYaTKOBY 3aaady Ax = b 1gacTo meperBopio-
foTh Ha cucreMmy suriany M 'Ax = M~'b, ne M — pomoMixKHa MaTpHIA, IO
anpokcuMmye A, € 37e01IbIIoro MpoCToro JJIs 3HAXO/XKeHHsT 00epHEHOT Ta, 3MEHIIY€
quc0 obymoBjeHocTi. TouHa anmpokcuMallis o0epHeHOT MATPHUIll CUCTEMU 3MEHIITYE
KIJIbKICTH iTepariiil, aje 301JIbIIye CKIaJHICTh KOXKHOIO KPOKY. BUKOpucTanHs 1po-
CTUX CTPYKTYPOBAHUX allpoOKCUMaIiiil (6J109HO-1iaroHaIbHIX, MOJIHOMIATBHIX) J1a€
3MOTY IIBHJIINIOTO OOYUCICHHS OJIHOTO KPOKY, IPOTe TOTpedye 3a3Budail OiabIiol
KIJILKOCTI iTepariiit. JIs1 KiacTepHUX cepegoBUIN YacTO BUKOPUCTOBYIOTH MATPU-
1, sIKi MOXKHa PO3inTH MiK KijbkoMa mporecamiut. Herosauit LU-poskitas (ILU)
MOKpalllye 30i’KHICTh ITepalliifHoro mporecy, aJje CKJIJIHUI s po3rapaJsiecHHs.
[Tosiromianbaa anpokcumariist P(A) 3Bogurh obunciienust 10 cepii MHOXKEHb PO3-
PlJIZKeHOI MaTpHIll Ha BEKTOP, IO TEXK J00pe MAXOAUTH JjIsd KOHBEEPHUX METOJIIB.
JiaronajbHa anpoxkcumaliist ZKo0i xoua it 3a0e31e4ye HOBLIbHIITY 3012KHICTD, IPOTE
€ 3HAYHO IIPOCTIIIIO0 JIJIsSI PO3IIOIIEHHS JIjIsI IapaJieIbHIX 00UYNC/IeHb.

Y BUIIAJIKY BUKOPHUCTAHHS JIONMOMIXKHOI MAaTPUILl, KOXKHI k iTepalliii, OKpiM Iepe-
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Anroputm 5 Konseepunii MeTo/1 cTabiii3oBaHIX JIBOCHPSIZKEHNUX I'PaJlieHTiB pipeli-
ned BiCGStab mist po3s’sizyBaius HecnuMmeTpnanux JjiHifinnx cucrem [118§]

function P-BICGSTAB(A, b, z))

To Z:b—AIIZO

Wy Z:A—TO

to = Awo

ag ‘= (7“0,7"0)/(7“0,’[1}0)
p1:=0

fori=20,1,2, ..do
pi =1+ Bic1(pic1 — wi—18i-1)
S; = w; + 52'_1(81'_1 — wi—lzi—l)
zi =t + Bim1(zi-1 — wi—1vi—1)
Qi =T — iSi; Yi 1= Wi — %
v = Az, w; = (C]z,yz)/(yz,yz)
Tyl = T + Q;iPi + Wig;
Tit1 *= qi — WiY;
Wit ‘= Y; — wi(ti - Clwz‘); tit1 = Awii
Bi = (ai/w;)(ro, rig1)/(ro, 1)
airy = (ro, 7is1)/((ro, wia) + Bi(ro, s1) — Biwi(ro, 24))
end for
end function

paxyHKy BEKTOpa T, JI0JIATKOBO OOUNCIIIOIOTHCA BeKTOpH 73 = M ~1r; ta5; = M~ 1s;.

st nocsaruenns BijgTBoproBanocti B MPI-peasizaliil KoHBeepHOIo MeTO/y pP-
BiCGStab zanpononosano Bukopucratu 6iosmioreky ExBLAS. Tana 6i01iorexa Bu-
KOPUCTOBYE JIOBT1 aKyMyJIATOPHU Ta PO3MIUPEHHS i3 PYXOMOIO KOMOIO JIJisi 0a30BUX
orepariiit Jiiniitnol asredpu. Bukopucranns ExBLAS 3abe3nedye BijTBOproBaHicTb

Ta, TOUYHICTL PE3YJILTATIB, POOJIAYN IX HE3AICKHUMUI BiJl:
1) MeToiB PO3MOJLTY JIAHUX;
2) 9eproBoCTi OOUNCIICHD;
3) mianyBanust 0TOKiB (thread scheduling);

4) apxirekrypu peykiiitaux jepes (reduction tree architecture).

3.2.2 YwmcenbHi pe3yabTaTu

Y IbOMY IIIAPO3A1JI1 HaBEACHO PE3YJ/IbTaTH YUCEJIbHUX €KCIIEPUMEHTIB, IIPOBE-

JIEHUX JIJI OIIIHIOBaHHsI 3012KHOCTI, IIBMUJKOIl Ta TOYHOCTI PI3SHUX BapiaHTIB aJ-
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ropurmy BiCGStab, 30kpema itoro BiarBopioBaHol peaJizaril Ha ocHoBi ExBLAS.
Bukonano mopiBusiibHII anaji3 Kiacuanoro ajaropurmy BiCGStab, itoro kouseep-
Hol Bepcil p-BiCGStab, Bepcii i3 3acrocyBannsam ExBLAS ta merony p-BiCGStab i3
TEXHIKOIO TIepepaxyHKy BEKTOpa HEB SI3KM. YCi 00UNCTIOBAIbHI €KCIIEPUMEHTH TTPO-
BOJINJINCST Ha HAOOPI TeCTOBUX MAaTPHIlh 13 KoJekiil SuiteSparse [120].

B excrniepuMenTax BUKOPUCTOBYBaJIacd apudMeTHKa, MO/IBIfiHOT TOYHOCTI, a 00-
qUC/IEHHST BUKOHYBaJCs Ha By3sJax kjactepy HPC2N i3 jgBoma 14-sgnepuumu 1mpo-
necopamu Intel Xeon Gold 6132 (Skylake) @2.60GHz, 3’eqnannmu depes3 crasgiapT
MepexkeBoro 38’a3ky EDR Infiniband. EDR 3abesneuye npomyckny 3aatnicts 100
['6iT/c 3 MiHIMATLHUM HABAHTAXKEHHSIM HA IIEHTPAJIBHUI TPOIECOD.

Tabnung 3.19 MicTUTbL pe3yabTaTH MOPIBHAHHS YOTUPHOX ITepaIiitHIX MO/IH-
dikariit meroy BiCGStab: cranmapraoro BiCGStab, kouseeproro (p-BiCGStab),
p-BiCGStab i3 ExBLAS, a Takox KonBeepHol Moudikaliii i3 BAKOPUCTAHHSIM TEXHi-
KU TepepaxyHKy BekTopa Hew'sisku (p-BiCGStabRR). Tabsuig nokasye KigbKicTb
iTepariit 11a gocarnenns Tounocti 1070 ta 107 koxknoro Meroy.

Tabsuis 3.19 mokazye, 1m0 KiJIbKicTb iTepartiit st metojy p-BiCGStabExBLAS
€ MEHIII010 ab0 6JI3bKoI0 J10 6asosoro p-BiCGStab. [Tpu Tounocti € = 1079 yci napa-
JIeJIBHI BapiaHTH MOKA3yIOTh CXOXKY 301:KHicTh. Ilpn smenmmenni € 1o 10~ Bigminmo-
cTi MizK MoAudIKaIisIMI CTalOTh HOMITHIIIUME. 3aJIezKHO BiJ 3a/1a4i epeKTUBHIIITIM
MOXKe OYTH K CTaHJIaPTHUI BapiaHT METOy, TaK 1 Moju(iKallid 3 BUKOPUCTAHHIM
ExBLAS.

EdexTupnicTh ajnropurmy p-BiCGStabRR 3HauHO0 Miporo 3aj1eKuTh Bijl clie-
1ndikn KOHKPeTHOI 3aJiadi. 3okpema, g MaTpullb besstkl4 ta besstkl8 BiH He
Jocdarae 3012KHOCTI. Bucoka 4yT/IMBICTH METOJy 3YMOBJIIOE TIOMITHY BapiallifiHiCTh
fforo pe3yJsibTaTiB: 3a MEBHUX YMOB 3a0€31eUyE€ThCs MIBUIKA 3012KHICTH, TOJI K B 1H-
IIIX BUIIAIKAX aJIFOPUTM IIPAIIOE MMOBLIbHIINIE ad0 He Jjlocsarae 30i2KHocTi. Hepes 11e
Ha MPAKTHI[ YacTO BUHUKAE IOTpeda y IMPOBEJICHHI TeCTOBUX 3aITyCKiB JIJIsl TiJI00pY
ONTUMAJILHOIO KPOKY Ta MOMEHTY JI/IsT JIOJATKOBUX obuncienb. Heonrumaibauit Bu-
Oip MUX 3HaYEHb MOYKe TPU3BECTH JI0 301bIIEeHHs KIJIBLKOCTI iTepalliil MOPiBHIHO 31
CTaH/IAPTHUM KOHBEEPHIM METOJIOM JIBOCIIpsizkKeHuX rpajienTis, BiCGStab. B Takux
BUIIIKaX, J01iIbHO BukopucropyBaTu p-BiCGStabExBLAS, sikuit Mmu po3spobuin i
HOKpalmin dncesibHi Biactupocti p-BiCGStab Ta p-BiCGStabRR.

Ha pucynky 3.8 HaBejieHO KIJIBKICTH iTepalliil i pi3sHUX KPUTEPIIB 3yNUHKH.

st 060x TecToBuX MaTpullb crangaprauil aaropurm BiCGStab norpebye 6iibimol
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BiCGStab p-BiCGStab p-BiCGStabExBLAS p-BiCGStabRR

Matpunsa

107 107 107% 107 107" 1077 107° 1077
1138 bus 30 151 27 130 35 108 27 130
add32 38 74 38 68 38 69 38 68
besstkld 545 — 520 2258 350 3273 195 403
besstk14 149 461 44 459 43 433 44 -
besstkl8 405 2806 261 1284 366 1274 309 -
besstk27 283 958 335 2107 279 1477 335 2107
btwa782 99 647 74 448 54 463 115 576
cddeb 36 122 34 121 34 115 34 388
msc01050 29 61 30 47 28 60 30 47
msc04515 123 257 96 275 98 308 263 334
orsreg 1 21 161 22 168 20 106 22 371
pde2961 100 166 111 278 134 287 170 683
plat1919 79 132 99 185 &4 179 87 250
rdb32001 31 193 31 223 31 171 31 567
saylrd 28 73 28 74 28 69 28 74
sherman3 34 501 33 314 26 400 33 271
utmb940 99 592 97 420 18 603 20 419

Tabu1. 3.19: [opiBusinust KinbKoCTi iTepariit qyst Merosis Tumy BiCGStab (xg = 0).
PosmiphicTs 3aja1 BapiroeThest Bijg n = 782 ta nnz = 7,514 mia marpuni bfwa782
non = 11,948 ta nnz = 149, 090 mra besstkl8. nnz - K-cTh HEHYJIbOBUX €JIEMEHTIB.

KIJIBKOCTI iTepaliiil opiBHAHO 3 fioro KouseepHoio Bepcieio p-BiCGStab. Oxkpim Toro,
Mo rikariist aaropuTMy 3 BigroproBannmu obuncientsyu (p-BiCGStabExBLAS)
30iraeTbes 1mBume, Hixk p-BiCGStab. Csoeto deproro, pe3yabraTUBHICTH METOLY
3 nepepaxyHkoM BekTopiB Hew'sisku (p-BiCGStabRR) sanmexkurs Bijn mouarkoBux
napamerpis. dxmo g tounocti € = 107% ta ¢ = 107 orpumani pesyabraTn
metosioMm p-BiCGStabRR € 6smm3bkuMu 710 pe3ysibTaTiB TPhOX iHIITIX METOiB, TO IIPH
e = 10~ edexTuBHICTD 1HOTO METO/y MOyKe OyTH SIK HAWBUIIO0, TaK 1 HAlHUZKIO0
3aJIe2KHO BiJl 0OpaHuX ImapamMerpis.

Ha pucynky 3.9 300paxkeno guHaMmiKy 3012KHOCTI YOTUPHOX MOJUMIKAI Me-
tony BiCGStab npnu sajamniit Tounocri € = 107% ta ¢ = 10713, Bepcis 3 Buxopu-
cranasgm ExBLAS (p-BiCGStabExBLAS) y posristnyTux Buiiajikax morpedye MeH-

1101 KIJIbKOCTI iTepalliii Jiisd JIOCITHeHHsT 3012KHOCTI HMOPIBHSIHO 3 0A30BOI0 BEPCIEI0
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bfwa 782 1138 bus
2,500 - 0106 |1,000 | 0106
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2,000 - i 10
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Puc. 3.8: [lopiBHsHHS KibKOCTI iTepariit s meToaiB Tuny BiCGStab, neobxigHnx
JuIst jtocsirHenHs 3aJ1anol Tounocti € = 107% ¢ = 107 ta ¢ = 10713 na TecToBUX
maTpuigx bfwa785 (n = 782, nnz = 7,514) ta 1138bus (n = 1,138, nnz = 4,054).

KOHBEEPHOTO MeTOJy JiBoclpsiKeHnx rpajientis p-BiCGStab. Kpim Toro, s p-
BiCGStabExBLAS xapaxkTepsa MeHIIa KiJIbKiCTb PI3KUX KOJNBAaHb ITOPIBHSIHO 3 aJI-
ropur™moM p-BiCGStabRR, 1o Bkasye Ha 6ij1bI piBHOMIpHIIT XapaKTep 3012KHOCTI.

Y HACTYIHOMY €KCIEPUMEHTI JTOCIIJIZKYIOThCA PO3TJISHYTI MeTOJN TpU Pi3Hiit
KIJIbKOCTI napaJieibuux mporeciB. Tadsumi 3.20a Tta 3.206 nmoka3yioTsh, 10 JJIs BCIX
PO3IVITHYTHUX 3aj1a9 KiIbKicTh iTepariit ajsroputmy p-BiCGStabExBLAS zanurmae-
ThCsl HE3MIHHOIO He3aJIeXKHO BiJl KLIBKOCTI 3adisgsHnX mpoiieciB. HaTomicTh ajist aBox
inmnx peasizarnii (BiCGStab ta p-BiCGStab) kigbKicTh mporeciB BIUIMBaE Ha pe-
3YJAbTATU OOYMC/IeHHs. 30KpeMa, JjIsd MaTpulli bcsstk26 3a KpurepieM 30i2KHOCTI
e = 1079 merony p-BiCGStab norpibuo 583 iTepamil Ha O1HONIPOLECOPHIi crcTeMi,
a Ha MICTHAIIATH IIpoIecax Mg KiJbKICTh 3pocTae 10 683. IlopiBHIHHA OTpUMaHUX
pe3yIbTATIB 13 MokaszHnkaMu Kjiaacudanoro Metony BiCGStab migTeep/kye 3araib-
Hy e(eKTHBHICTH 3alporoHoBaHol Mojaudikalil. ¥ OLIbIIOCTI TECTOBUX BUIIAJIKIB
PO3POOJIEHHT aJIlOPUTM J0CSTa€ PO3B’SI3KY 38 MEHIY KiJbKICTh KPOKIB ab0 K Je-
MOHCTPY€E HMIBUJIKICTH 301KHOCTI Ha PiBHI TocsIifoBHOI Bepcil. Ilg 3axkoHOMipHICTH
36epiraeTbes TakoxkK mpu TodHocTi € = 1077, Hampukias, nis maTpuii besstk18

anroputm p-BiCGStabExBLAS crabinbro 30iraerbes 3a 1274 iteparnii. Ile maiixke
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. bcsstk26 bwm2000.
10 T
EEE BiCGStab i EEE BICGStab
1 .
1 p_BiCGStab 10-2 4 p_BiCGStab
= B p_BiCGStabEXBLAS BN p_BiCGStabEXBLAS
BN p_BiCGStabRR BN p_BiCGStabRR
1072 . 10744 R
i
w 1073 f%, v 1076
© ? T
3 k : 3
-4
g 10 w1, 9 , L 10784
AN el N '
10-5 "i‘.}"!; itk '.‘#'hl‘fl b
1 F.r,"i h‘ 10-10
1 | 1
1
106 | '
: 10—12 4
i
1077
0 100 200 300 400 500 600 700 800 0 500 1000 1500 2000 2500
iterations
bfwa782 bcsstk18
\ EEE BiCGStab 10717 1 B BiCGStab
10 \ N p_BiCGStab 1 p_BiCGStab
-14 [l - - .
\\‘ A 'n\f.l HE BN p_BiCGStabEXBLAS 103 - '.‘ B p_BiCGStabEXBLAS
¢ 1 | .
W S s, mEE p_BICGStabRR \ BB p BiCGStabRR
1072 4 WA S ST \
A POA, w0
-3 I!‘ ‘l"‘?'\,' J : Vo, 1A N
w 10 Rm ' Y] 0 meoon
= VALV A v N S 1074 LN
] vy Twe 1y S 10 [N RS
3 AT o 2 P
E 107 W \ l"‘:.: N £ k“: \"l
! \A "I\ X SV N LN 10-2 - \"‘f“\ \
T R S AN Ty
- WX g A HE \ ~
1075 4 WS \ ] \ [ Viwger Lo
ot v AN s bR URERY] N
o (W NN 10711 4 vy Yo ot
k] ! v \ N \ \ TR AN N",l ,
1076 4 ! ' . Vo TN W
10-13 4 \ \ LY. '
10774 : " . . . - - - - - . - - -
0 20 40 60 80 100 0 25 50 75 100 125 150 175 200
iterations iterations

Puc. 3.9: 36ixxuicts Merogis Tumy BiCGStab nasa € = 1076 ta ¢ = 10713, Tecrosi
matpuii: besstk26 (n = 1,922, nnz = 30,336); bwm2000 (n = 2,000, nnz

7,996); bfwa (n = 782, nnz = 7,514); besstkl18 (n = 11948, nnz = 149, 090).

BJIBiUl MeHIIIe ITOPIBHSIHO 31 CTaHIaPTHOI KOHBeepHOO peaJiizaliiero, BiCGStab, na
16 mpornecax. Kpim Toro, 3amporionoBanuil 1mijixij| € 3Ha4H0 e(eKTUBHIINNM 3a 0a-
3omit Meton BiCGStab, axuit aaa nocarnenns Tognocti € = 10~? norpebye monas
2000 iTeparriii.

Pesynbrarn TectyBanusg y Tabjuii 3.21 BKa3ylOTbh Ha BiJIMIHHOCTI METO/IiB B
pesyabrari mapaJgenizaiil. Aiaroputm p-BiCGStabExBLAS morpebye crajol Kijib-
KocTi itepartiii (350), sika He 3a/Ie;KUTh Bijl CTyIeHs po3iapaJsietoBaiis. HaromicTs
y 6a3oBiii peasizarii koaBeepHoro meroy (p-BiCGStab) 3i 36isibieHHsIM KiTbKOCTI
nporeciB Bift 1 10 16 KIIbKIiCTD iTeparltiit 3minioeTbes Bij 520 1o 394. [pu mpomy Haii-
MEHIINII Yac BUKOHaHHs Ha 16 mporecax 3adikcoBaHO came i 0a30BOI peaJiizaliil

p-BiCGStab.

st merony p-BiCGStabRR orpumano naiimenie ducio itepariiii Ta Haiiko-
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BiCGStab p-BiCGStab  p-BiCGStabExBLAS
n0l n0O8 nl6 n0l nO8 nl6 n0Ol nO8 nlo

besstk26 791 235 599 583 528 683 493 493 493
bwm2000 37 37 37 37 37 37 37 37 37
bfwa782 99 79 8 74 104 59 54 54 o4
besstk18 405 414 363 261 305 356 366 366 366

Matrpurs

(a) Pesyibrarn pist € = 107°

BiCGStab p-BiCGStab p-BiCGStabExBLAS
n0l n0O8 nl6 n0Ol n0O8 nl6 n0l nO8 nloé

bwm2000 1268 1267 1120 663 1131 1024 1232 1232 1232
bfwa782 647 528 531 448 476 498 463 463 463
besstk18 2806 2819 2286 1284 1811 2318 1274 1274 1274

Marpurs

(6) Pesyabraru mis € = 107°

Tabn. 3.20: Kinbkicts irepamiit st meroniB BiCGStab, p-BiCGStab Ta p-
BiCGStabExBLAS. 3nagenns n01, n08 ta nl6 sigmosigaorsh kiabkocti MPI-
IIPOIIECIB, BUKOPUCTAHUX JIJIsI [TapajieIbHOIO0 BUKOHAHHSI aJIrOPUTMY.

n01 n0g& nlo
Meto
itep.  wac (¢)  irep.  wac (¢)  irep.  uac (c)
BiCGStab 545 2.03 x 1071 520 4.82x 1072 544 3.94 x 1072
p-BiCGStab 520 2.05 x 107! 482 4.46 x 1072 394 3.11 x 1072
p-BiCGStabExBLAS 350 5.32 x 107" 350 8.98 x 1072 350 5.82 x 1072
p-BiCGStabRR 195 6.20 x 1072 — — — —

Tabs. 3.21: KinpkicTs iTeparniii Ta dac BukoHaHHsi juist MetoniB tuiy BiCGStab.
Marpurg besstk13 Ta Tounicts € = 1070,

POTIINiT Yac BUKOHAHHS 3a YMOBU POOOTH Ha OJIHOMY IIPOIIECi, 10 BKa3y€ Ha BU-
COKY TOTEHIIiTHY e(@eKTUBHICTb aJrOPUTMIB i3 3aMiHOI0 BEeKTOPiB HeB's3ku. I[Ipore
el ajaropuTM He 3abe31ednB 3012KHOCTI IPU BUKOPUCTAHHI OiJIbIlle Hi?K OJTHOIO 00-
qucsioBasibHOTO Tiporiecy (n > 1). Bomnouac meron p-BiCGStabExBLAS, nomnpu
OYTiKYBaHi JIOMATKOBI 00UNC/IIOBAIbHI BUTpATH, MTOKa3ye A00py mapaJeizaiito. [ITpn
BUKOPHUCTaHHI 16 1porieciB pi3Hulld B 4acl 110 BIJIHOIIEHHIO JIO IHITNUX METOJ1B CKOPO-
gyeTbesi. Bignosijgno, sukopucranasg p-BiCGStabExBLAS e 1misikom Bumpasgannm

JUI 33124, JIe KJI0UOBY POJIb BIIITIPaloTh 00YMC/IIOBaIbHA CTIKICTh METO/LY Ta, I1e-
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peibadyBaHICTh KIIBKOCTI iTepaliiil y 6araTornporecopHoMy CepeIOBUIIL.

Hac Bukonanug i s3dkq4m?2 Hac Bukonanug jjist Queen 4147
6l [ BiCGStab, N =4 | [ BiCGStab, N — 4
p-BiCGStab, N = 4 6,000 | p-BiCGStab, N = 4
. — p-BiCGStabExBLAS, N = 4 —— p-BiCGStabExBLAS, N = 4
= 47 1 4,000/ |
2
op
2 S~ ) 2,000 \
T~ —_—
04 6 8 10 12 14 16 04 6 & 10 12 14 16
n (MPI mporecn) n (MPI mporecn)

Puc. 3.10: IlopiBusnus 4acy BukoHanus metojiB tuny BiCGStab st jgBox Mma-
Tpuilh: s3dkq4m2 (4427 725 nenysbosux ejgementis) npu € = 1077 Ta Queen_4147
(316 548 962 nenyboBuX ejeMenTis) npu € = 107%. O64ucienns nposejeHo Ha Ho-
THUPHOX By3Jaax 3 1, 2 ta 4 MPI-poriecamMn Ha KOzKHOMY.

Ha pucynky 3.10 HaBegeHO dac BUKOHAHHS JOCTIPKYBaHUX METOMIB y Tapa-
JIEJILHOMY CEPEJIOBUIII 38 YMOBU BUKOPUCTAHHS PIi3HOI KiJILKOCTI OOYHMCTIOBAILHIX
BY3JIIB Ta mporieciB. /g ekcriepuMenTiB Oys10 0OpaHO JIBI BEJNKI PO3PIIKEHI Ma-
tpuili: s3dkg4m2 (n = 90,449 i nnz = 4,427,725) ta Queen_4147 (n = 4,147,110
i nnz = 316,548,962). OrpumMani naHi cBidaTh PO Te, IMIO MiJ YaC PO3B’I3aHHS
3a/1a9 BEJIUKOI PO3MIPHOCTI JIoCATaEThC Kpallia napaJjesidallis obuncienb. e 3y-
MOBJIEHO OLIBINOI0 KIJBKICTIO apuMEeTHIHUX Ofepallil y CIIBBIIHOIMIEHH] /10 KOMY-
HIKallil, 0 MOMITHO 3a YMOBHU 3allyCKy Ha 4 BysJax Ta 8 mpolecax.

Bopnouac jij1st MaTpUIL i3 MEHITIO0 KiJTBKICTIO HEHYIbOBUX eieMeHTIB (s3dkq4m2)
301LJIbINIEHHST K1JIBKOCTI IIpolieciB Bijt 8 j1o 16 He mpu3Besio 10 CyTTEBOIO IPUCKOPEHHST
kjaacuanoro meroiny BiCGStab Ta ftoro kouseepnoi Bepcil p-BiCGStab. HarowmicThb
pesyiabraru 3acrocyBanis p-BiCGStabExBLAS y mexkax 11b0ro TecTyBaHHsI JIEMOH-
CTPYIOTh BUCOKY TapaJesizaliiio o0uncaeHb i 000X MaTpuilb. He3parkatoun Ha Te,
[0 Yepe3 HasiBHICTH JIOJATKOBUX ollepalliil s 30eperKeHHsI TOYHOCTI 3arajibHuii
yac Bukonauust p-BiCGStabExBLAS BusiBuBcs 6iibimmM 3a dac poboTu 6a30BOroO
p-BiCGStab, 31 30iabIeHHsIM KiJTbKOCTI MporieciB i3 4 j1o 16 TpuBaicTh po3paxyH-
KiB CKOPOTHJIACS OLJIBIT HIzK y/IBIUI.

BanporonoBaHuil miaxis i3 Bukopucranugm 6ioiorekun ExBLAS 3abesneuye na-

JiiiHicTh Ha piBHI KjaacuaHoro BiCGStab i BojgHodac mokparliye napaJjiejibHy ede-
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KTUBHICTH KOHBeepHOI Bepcii. Pazom 1e j03BoJIsIe JocarT HeoOXiTHOTO OaJstancy
MK OOYHMCTIOBAJIBHOIO CTIMKICTIO Ta MPOJYKTUBHICTIO, IO € Ba)KJUBUM IIPU MO-
JIeTIOBaHHI CKJIAHUX MPOIIECIB Yy Cy9IaCHUX BUCOKOIMPOIYKTUBHUX O0UNCTIOBATBHIX

cepeJIOBUIIAX.

3.3 BiarBoproBaHmii cTerieHeBUii MeTOJ AJisi 004Un-

CJICHHSI HalOlJIBIIIOIO BJIACHOI'O 3HAUYECHHYA

Y oMy MiAPO3IiJL MpeIcTaB/IeHo peaJslizalliio CTeeHeBOT0 METOLY 3 BUKOPH-
cranustm 6i0iorekn ExBLAS st Tounoro obunciienHst HaiibO1IbIIONO 3a MOIYJIEM
BJIACHOT'O 3HadeHHs Marpuili. CreneHeBuii MeTo)l € 6a30BUM aJI'OPUTMOM 13 IIH-
POKHUM CIIEKTPOM 3acToCyBaHb, 30Kpema B PageRank st BeO-momyky Ta anasizy
MePEeK.

Kiracuani peaJiizaliil cTelrieHeBoro MeTo/ly € IyTJIMBUMU JI0 YNCEJIbHUX TOXHOOK
yepe3 HeacolllaTUBHICTh apu(MeTHKI 3 PyXOMOI0 KOMO. BILIMB HETOYHOCTElH T10-
CUJTIOETHCS JIJIS TIOTAHO OOYMOBJIEHUX MATPUIlh, 30KpeMa TUX, YUl BJIaCHI 3HAUEHHST
pPO3TAIIIOBaHI Iy2Ke OJIM3bKO OJHE BiJl OJHOTO. ¥ TaKUX BHUIIAJIKAX HasBHICTH HABITH
HaliMeHINX 30ypeHb BILINBAE Ha 3arajbHy TOUYHICTH OOUNCIEHD. Y IIHOMY TiIPO3/Ii-
Ji pocmimkeno iaTerpamio ExBLAS y cremeneBunit MmeTo 111 3abe3medenHsT modiTo-
BO BIJITBOPIOBAHUX PE3Y/IbTATIB 0OUNC/IEHOrO BJIACHOI'O 3HAUEHHS, TPOAHAJI30BAHO
BILUIMB Ha TOYHICTH 1 €peKTUBHICTH JIJI MaTPHUIlb 13 KOJIEKIT SuiteSparse.

3aB/IsIKI CBOIIT IIPOCTOTI CTEIIEHEBUIT METO T 3aCTOCOBYETHCSI ¥ 3a/1a9aX BEJIMKOTO
po3Mmipy, 30kpema B ajgroputmi Google PageRank. Anropurm PageRank mobymnosa-
HUIl Ha ij1el, KOJIM BakKJUBICTb BEO-CTOPIHKU BU3HAYAETHCsI KiJIbKICTIO Ta sIKICTIO
BXIJIHMX TOCUJIaHb Ha Hel. KoxKHe rinepriocuianisg iHTEPIPETYEThCA TK PEKOMeH-
Jlalllsl Ha KOPUCTD I1JIbOBOI CTOPIHKM, IIPU IIbOMY Bara pPeKOMeHJallll MpOoIopIiiiina
BayKJIMBOCTI CTOPiHKHU-zKepesa. OTxKe, CTOpiHKa, Ha SIKY IOCHIAEThCA O0araTo aBTo-
PUTETHUX CTOPIHOK, OTPUMYE BUIINI PEHTUHT, HI2K CTOPIHKA 3 TAKOI CaMOIO KlJIbKi-
CTIO TIOCUJIaHB BiJi MeHIN 3Haaymux gKepen. Oouucienns PageRank 3BoauThes 1o
3HAXO/?KEHHS CTAIlIOHAPHOI'O PO3IOILITY CTOXACTUYHOIO IIPOIIECY, JJIsl MOJIe/TFOBaHHS
SKOI'0 13 33/IaHOI0 TOYHICTIO Ta HA/IHICTIO BUKOPUCTOBYIOTh K CTEIleHeBUIl MeTO/I,
tak 1 Mmeroan Monre-Kapio [121].

Astropuym (6) 3aCTOCOBYIOTD JIJIsl 3HAXO/[ZKEHHs HAMOLIBIIOrO BJIACHOTO 3HAMe-
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AaropurMm 6 CrerieHeBuit MeTo/

Require: /lano x
1=1
20 Y1 = A$0
3: repeat
4 z; = yi/ |lyill2 (HaOIMKeHNIT BJIACHUIT BEKTOD )
5: o= zly; (HabJsimKeHe BIaCHe 3HAYCHHS )
6 Yir1 = Az,
T: 1=1+1
s8: until convergence

HHS [A| > |Ag| > -+ > |\,| marpumni A. Irepariitauii mporec Mae BUTTISII:
Ax ) ~ T
err) _ AT sy T 40
C T A o

[TociinoBHOCTI ) 1a X*) s@irajornes JIO0 HaMOIIbIIIOr0 BJIACHOIO BEKTOpa Ta BJjla-
CHOI'O 3HaYeHHsI A1 BIIOBIIHO. 3012KHICTH METOJLY € JIiHIiTHO0, a 1T IBUIKICTh BU3HA-
9aeThCsT BiAHOMEHHAM |\g/A1]. ZKImo 1€ criBBigHOMEeHHs Oin3bKe J10 1, 3012KHICTD
MOzKe OyTu 1HoBiabHOIO. ToMy cTemeHeBnit MeTOM € HaiiOLIbII ePEeKTUBHIM, KOJIU €

3HaYHA BIJCTAHb MIXK HaiOLIBIIINM BJIACHUM 3HAYEHHSM Ta 1HIITUMU 3HAYCHHSIMA.

3.3.1 Peanizania gaga CPU 3 sukopucranasm MPI

st 3acTOoCyBaHHs aJrOPUTMY Ha CHCTEMax 13 pO3IOJILIEHOIO TTaM ATTIO PO3PO-
6J1eHO TTapaJieIbHy BEpPCII0 CTEIEHEBOr0 METO 1y BUKOPHUCTOBYIOUN iHTepdelic mepeia-
ai osiomitens (MPI). O6uncoBasbhi ekcriepuMeHTH TPOBOANINCH Ha, BUCOKOITPO-
nykTuBHOMY Kiiactepi Kebnekaise, HPC2N i3 BukopucTtaHHsSIM BY3JIiB apXiTeKTypu
Skylake (Intel Xeon Gold 6132, 2x14 sinep, 192 GiB oneparusnoi mam’siti).

Y GazoBiii mapaJiesibHiil peasizaril koxken MPI-mporec 36epirae BijanosigHMii
OJIOK MaTpHUIll y CBOIil JIOKaJILHIN 1aM’gaTi Ta BUKOHYE MHOXKEHH$ I[bOTO OJIOKY Ha
BEKTOD 13 MOJAJIBIIIIM 00’ € THAHHSIM YaCTKOBUX pe3ysabTaTiB. st obunc/ieHHs cka-
JIAPHOT'O MHOYKEHHS JIJII HOPMHM BEKTOpPa 1 10/1aJIbIN0I PeJIYKIlT BUKOPHUCTOBYETbHCS
cranjapTa mijgnporpama MPI_Allreduce(). /lana omepaliis 3abe3medye BHCOKY
IIBUJIKO/III0, OJIHAK HE TapaHTye IO0ITOBOI BiITBOPIOBAHOCTI, OCKIJIbKHI IOPSATOK J10-
JlaBaHHS IIPU PeAyKINl 3a/Ie?KUTh Bl ONTUMI3allll CUCTEMI.

Y moandikoBaHiit Bepcil 3 BukopucranaaM 6i0miorekn ExBLAS obuncioBalib-
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Ha cxeMa 3MiHeHa. FTalr po3mo/iijieHoro MHOYKEHHS MaTPUTL Ha BEKTOP 3a/IUIIAETHCS
TaKUM CaMUM OCKIJIbKU BIH € TIOCJIJIOBHUM, IIPOTE BCl ollepallil peyKIiil Yuces i3 py-
XOMOIO KOMOIO (30Kpema, Tpu 00UNC/IeHHI HOPMI) 3aMiHEHO Ha BUKJIUK MPOTELypH
exblas: :cpu: :exdot. [le /103BoOJIsI€ OTPUMATH TOUHNIN CKAJAPHUIT JJOOYTOK JIOKAJIb-
HO Ha KOXKHOMY IIPOIIECI.

Koxken nporiec BUKOPUCTOBYE JIOBIUN aKyMYJISITOP, Y AKOMY exdot HAKOIU4ye
ToUYHe 3HauYeHHs j00yTKy. Ili gac obumcsens omnepariis twoprod (Asr. 2) BusHa-
Jae K HAOJIMKeHnii T0OyTOK JBOX YNCEN, TaK 1 TOUHY MOXMOKY HOro OKPYTJICHHS.
ObujBa 3HaueHHs j1oja0Thest 10 FPE 6e3 Brparu 3Hauymux po3psiais. s minBu-
IIEHHs TPOJyKTUBHOCTI Ta ONTUMIi3alil obuncaeHb exdot BUKOPUCTOBYE OIOIIOTEKY
Vector Class Library (VCL), gkImo BoHa HiITPHMYETHCST allapaTHO.

[Ticsist 3aBeplieHHs JIOKAJBHUX OOYNC/IE€Hb, pe3y/braT 3 JiokajbHux FPE jo-
JIAEThCSL J10 JIOBIOI'O aKyMyJISITOpa, SIKUI HOPMaJl3yeThCs BUKJIUKOM I1JIIIPOrpaMU
exblas: :cpu::Normalize. Jlaji, ryiobajbHa arperailis 3ifCHIOETHCS 3a JIOTIOMO-
roto MPI_Reduce i3 noBHuM 30epexKeHHsM TOYHOCTI (dpparment koay 3.1) 3aBis-
KI clelia bHiil JIoKaJbHIN onepallil i3 3acrocyBannsaM FPE. Hampukinmi rososauit
nporiec (panr 0) 3a0KpyIIi0e OTpUMaHy TOYHY cyMmy 1o Tuity double 3a JI0MOMOIO0
dyHukil Round () Ta BianpapJsie€ pe3yJbTaT yciM IHIINM porecam depes MPI_Bcast.
Taxwit mixin 3abesredye BCi TPoIecH e HTUIHIMI, TOYHUMU Ta KOPEKTHO 3a0KPY-
IJIEHUMU pe3yJbTaTaMi, He3aJIeyKHO BiJI IXHbOI 3arajibHOl KLJIBKOCTI YU TOIOJIOTIT

KOMYHIKaIIIiHOT MepexKi.

1 std::vector<int64_t> h_superacc (2 * exblas::BIN_COUNT);

2 exblas::cpu::exdot(n_dist, y, y, &h_superacc[0]);

3 int imin = exblas::IMIN, imax = exblas::IMAX;

4 exblas::cpu::Normalize (&h_superacc[0], imin, imax);

5 if (myId == 0) {

6 MPI_Reduce (MPI_IN_PLACE, &h_superacc[0], exblas::BIN_COUNT,
MPI_INT64_T, MPI_SUM, O, MPI_COMM_WORLD);

7%} else {

8 MPI_Reduce (&h_superacc [0], NULL, exblas::BIN_COUNT, MPI_INT64_T
, MPI_SUM, 0, MPI_COMM_WORLD);

9 %}

10 if (myId == 0) {

11 beta = exblas::cpu::Round(&h_superacc[0]);

12 %

13 MPI_Bcast (&beta, 1, MPI_DOUBLE, 0, MPI_COMM_WORLD);
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@parment koay 3.1: Toune obunciennst ckaiaspHoro po00yTky 3 ExBLAS Ta

peaykieio MPI.

3.3.2 Peanizamnig agaga GPU 3 Bukopucranaam CUDA

CUDA — e nporpamHo-anaparHa apxXiTeKTypa HapaJjebHuX 00UncaeHb, Po3-
pobsena kommaniero NVIDIA st poss’st3yBaHHsI 3a/1a9 3araJbHOINO MPU3HATEHHST Ha,
rpacdiunux mporecopax (GPU). Bazosuwm elementom BukoHauHst TyT € Adpo (kernel)
— ynkiis, mo Bukonyerbes Ha GPU, ane Bukjukaerhes 3 xocra (CPU) abo, B
OKpEeMUX BUIIaJIKaX, 3 1HIIOrO sjipa B MeKax camoro mnpucrporo. Ha BiaMminy Bij
texHoJsiorii OpenMP Jij1s1 mporiecopis i3 CIIJIBHOIO ITaM ' SITTIO, JIe YIIPaBJIIHHS pO3IIa-
paJiesIioBaHHsIM 371e01IbIIoro mnepebupae zHa cebe komminarop, CUDA najae siBHmit
KOHTPOJIb HaJI iI€EpapXi€io MOTOKIB, PO3IIOIIIOM PI3HIX THIIB I1aM’sITi Ta MeXaHi3MaMu
CUHXPOHIZaIIII.

Y mporieci MHOYKEHHsI MaTpulli A Ha BEKTOp & olepallisi 3BOJIUTLCS 0 004n-
CJIeHHST HabOpY CKAISPHEX JIOOYTKIB (110 OJJHOMY JIJTsT KOYKHOTO psijika MaTpuiii). Pe-
3yJIbTAT KOXKHOI'O TAKOI'0 JO0OYTKY (POPMYE BiJIIOBIIHUI eJIleMEeHT BUXIJIHOTO BEKTOPA
y. 3aBJISKN HE3aJIe2KHOCTI X O0YHUC/ICHb, KOXKHE 3 HUX IMPU3HAYAETHCS OKPEMOMY
oToKy (abo rpymi moroki) CUDA| 1m0 103B0JIsi€ MAKCHMAJIBHO 3aBAHTAYKUTH T1a-
paJiesibHI 00UNC/IIOBAIBHI pecypcu rpadidHOro MmpucKopoBada.

Besnocepeanbo Ha GPU ckasisipamii 100yTOK 00UNCTIOETHCS 32 JIOTIOMOIOIO OIITH-
MizoBaHO! TexHiKM peyKiil, 3ampornonoBanoi M. Fappicom [122]. Heit miaxin crps-
MOBaHUI HA MaKCUMaJIbHe BUKOPUCTAHHS MTPOIYCKHOI 3JaTHOCTI TTaM ATl 38 PaXyHoOK
3aCTOCYBaHHS MBUAKOI crijibHOl mam’gTi (shared memory) Ta iHmuX onrTuMmisariii.
ITpore apxitekTypa CUDA He migrpumye riodaabHOT CHHXPOHI3aIl MizK yciMa 6J10-
KaM# IOTOKIB IIiJI 4ac OJHOIO BHUKJUKY sipa. depe3 Iie KOKeH OO0YUCIIOBaJILHUIT
0JI0K 31aTeH chopMyBaTH JIAIIE BJIACHY YaCTKOBY CYMY.

st orpuManug piHAJILHOTO PE3YIbTATY 3 MACUBY ITUX YACTKOBUX CYM TPa/In-

H1IIHO pO3IJISIaloTh JIBl CTpaTeril:

1) Imepamueni 3anycku adpa — GaraTopasoBUil MOC/IIOBHIN BIUKJIHK spa PEJIy-
KIIil 3 MOCTYIIOBUM 3MEHIIIEHHSIM K1JIbKOCTI OJIOKIB, JJOKI HE 3aJIUIITNTHCS JTUIIIe

OJINH OJIOK, 3JIaTHNIT 00UKMCJINTH (piHAJIbHE 3HAYCHHSI.

2) Haxonuuenns na CPU — omnopasosuit Bukink siipa Ha GPU 3 momasibiinoio
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nepejiadeio cchOpMOBAHOIO MacCUBY YaCTKOBUX CYM JIO OIEPATHBHOI I1aM sITi

JUUIT OCTATOYHOI'O OOYNC/IEHHS CyMU TEHTPAJIbHUM ITPOIIECOPOM.

VY 4nce/IbHUX eKCIIepUMEHTAaX BUKOPUCTOBYIOTHCS ITEPATUBHI 3aIlyCKH sA/1pa JI/Isi
OTPUMAaHHS IiJICYMKOBOTO pe3y/ibrary. O0unc/oBabHi €KCIIePUMEHTH TTPOBOINJIIC

Ha Kjaactepi Kebnekaise 3 BUKOPUCTAHHSIM BY3JIiB i3 rpadiuHIMU IPUCKOPIOBAYAMI

NVIDIA V100 Tensor Core.

3.3.3 YucenbHi pe3ybTaTu

BuxopucroByBastacss Bubipka mMarpuiib 3 KoJekiil Matrix SuiteSparse [120] Ta
mabopy gannx Stanford Large Network [123]. IlouaTxkoBuiti BekTOp HAOIMAKEHHS
0 = (1.0,1.0,...,1.0)T. O6uucienns 3ynuHsINCA IPU JOCATHEHH] KpUTepito 3y-

mHkn | Ay — Ai_1] < €| \i_1]. st nporo anaisy e sminosases Big 1075 no 1071

BiarBoproBaHicTh y pizHUX KOH@irypamisax

Kimouosoro nepesaroio ExBLAS € 11 3garricTh 3a6e311€9yBaTH BiATBOPIOBAHICTD
y pi3zHuX o0UHC/TIOBAJILHUX KOH]iryparigx. [1ob mepeBipuTn 1ie, Mu IPOBEJN €KC-
HMEPUMEHTH, 3MIHIOIYN KiJbKicTh By3iiB, mporeciB MPI ta CUDA 6sokiB (warps).
VY Bcix KoHIrypaligx KiJIbKICTh iTepalliil 3ajaumagacs He3MiHHOTO.

Ha pucynky 3.11 HaBeJeHO KUJIBKICTH iTepalliii, HEOOXIIHUX JJId JOCITHEHHSI
3012KHOCTI aJICOPUTMY JIJIsl YOTUPHOX PI3HUX TECTOBUX 3ajadax. KKcriepuMeHTH 1I1po-
BOJIMIUCST JJTs pisHOl KibkocTi MPI-tipotiecis (n Bijg 4 70 64) Ta pisHoi KiJIbKOCTI
CUDA-6s0kiB (w Big 2 g0 32). 3aznaunmo, 1o obvucaeHas it n = 16 ta 32
BUKOHYBAJIUCH Ha JIBOX By3Jax, a Jjid n = 64 — Ha YOTUPHOX.

BaknmnBoro BIACTUBICTIO € Te, IO 3arajibHa KiJIbKICTb iTepalliil 3anulraeTbcs
HE3MIHHOIO He3aJIeKHO BiJ| KITHKOCTI 3a/lydyeHux IporieciB un 0/10kiB. e migrsep-
JIZKY€E CTIHIKICTD YMceTbHOT 3012KHOCTI peaJstizaliil Ta 11 He3a/1e2KHICTh BT KoH(Irypartil
posnoiny jJanux. KpiM Toro, Ha pucyHkKy HaBeJIeHO, K 3MiHa KPUTEPIIo 3YITHHKN
£ BIUINBA€ Ha OOYMC/IIOBAJIbHY CKJIaHicTh. Hamnpukias, s 3agadi PARSEC/Si0
OLIBIIICTD iTepalliili BUTPAYAEThCSI caMe Ha, JOCATHEHHsI BUIIOI TOYHOCTI.

Jl1s1 nepeBipKu abCOIIOTHOI TOYHOCT] pe3y/IbTaTiB HaBeIeHO 3HaYeHHSsI BJIACHUX
BEKTOPIB, OTPUMAHKUX 3a JOMOMOIOK JBOX pisHuX peasizariit ajgropurmy (MPI Ta
CUDA). TectoBi ob4mcIeH ST TPOBOANINCS JIJIsi CUMETPUIHOT MaTpuIl besstk01 i3

TounicTio € = 10712, JIna naiibinbimoro racuoro 3uadenus 3.015179089798891 x 107,
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Puc. 3.11: IlopiBHsiHHSI KIJILKOCTI iTepalliii /sl Pi3sHUX 33124 3aJ1e2KHO BiJ KIJILKOCTI
MPI-tiporiecis Ta CUDA-warps.

[1-HopMa, BIJIIIOBIIHOTO BJIACHOTO BEKTOPA JIJIsI 000X BapiaHTIB peaJi3allil CTAHOBUTD

1.6038123820161334.

AmnaJti3 mpoyKTUBHOCTI

Ha rpadikax 3.12 ta 3.13 naBejieno nNopiBHAHHS MPOAYKTUBHOCTI MOAN(IKOBa-
wol (ExBLAS) Bepciit cremeneBoro MeTojty 1o BiIHOIIEHHIO 10 #Oro 6a30B0i Bepcii.
N 1mo3navae KiJbKICTh BY3JIB, & N — CyMapHy KIJIbKICTH 3a/iigHux mporecis. [l
HauiKoBuMu BuTparamiu (overhead) y 1mboMy KOHTEKCTI MA€ThCsT Ha yBa3i BiHO-
IMeHHs Jacy BUKOHaHHs Mo/udikoBanoro aiaroputmy (ExBLAS) mo gacy BukoHnauHst
6a30BOI Bepcil.

Pucynok 3.12 nokasye, 1o s 3aj1a4i cage8 (nnz = 11,003) namuiKkosi Bu-
TPaTH CIIOYATKY € BUCOKIMU, aJie CIIaJIal0Th i CTablIi3yI0ThCs 31 3pOCTaHHIM KiJIHKO-

cri sajistaux MPI mporecis. st 6ibmiol marpuni Si0 (nnz = 1,317,655) waim-
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Puc. 3.12: Peajizamnii MPI: najumkosi surparn ExBLAS Bepcii nopisasino 3 6a-

30BOI0 peadtizarfiero st marpuib cage8 (n = 1,015 ta nnz = 11,003) i SiO
(n = 33,401 ta nnz = 1,317,655).

IKOBI BuTparn Bia Bukopucranag ExBLAS samuimmaioTbess HUBBKUM 3a OyIb-sIKIX
KOHDIrypariiit 3amycKy.

Cutiji TaKOyK BpaxoBYyBaTH BILIUB po3mapasiesiennsi. [Ipu 30iabeHHi KijbKOCTi
MPOIIECiB po3Mip OJIOKY JIaHUX JIJIs JIOKAJIbHUX OOYUCICHb Y KOXKHOMY 3 HUX 3MEH-
HIYEThCsI. YK HAC/IJIOK, BUHUKAIOTh 3aTPUMKU JIJIg 000X Bepcil aJropuTMy uepes
MIZKITPOIIECOPHY KOMYHIKAITIIO.

Ha pucynky 3.13 naBejieHo TOpIBHSHHSA Yacy BUKOHAHHS CTENEHEBOIO METO-
JIy JUI CTaHJIapTHOI peaJizallll Ta peaJizallll 3 BUKOPUCTAHHSM BlJITBOPIOBAHUX
onepaniit ExBLAS na GPU. Xoua 3acrocyBannst ExBLAS mnepenbadae jo1aTko-
Bl 00UMC/IIOBaIbHI BUTPATH, 1X BILIUB 3MEHIIYETHCA 31 3POCTAHHSIM PO3MIPY 3a/ja-
ai. st Ginbimux marpuils, 30kpema pkustkl3 (nnz = 6,616,827) ta venkatOl1
(nnz = 1,717,792), piaurig y Jaci BUKOHAHHs € BITHOCHO HeBesinKo. HaromicTs
it MeHImx 3aja4 (cagelO 3 nnz = 150,645 ta cage8 3 nnz = 11,003) mogaTkosi

BuTparu € Oibi nomiTHuMu. OTike, miaxina ExBLAS gemoncTpye Kpaly napaJeib-
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Puc. 3.13: TlopiBusinHs yacy BUKOHaHHsI cTaHgapTHOI Ta TogHol (EXBLAS) peasiza-
1iit crerrenesoro merony st CUDA apxiTexkTypu.

HY e(PEeKTUBHICTD JIJIsI 3a/1a9 BEJIMKOI PO3MipPHOCTI.

[TicymoByroun HaBejieHi pe3yabraTi, y Beix srajiannx ExBLAS BapianTax 06-
JucjeHe BJIacHe 3HaYeHHs Ta BIIIOBIAHNI HOMY BJIACHUI BEKTOpP He 3aJieXKaTb Bijl
MOPSAJIKY BUKOHAHHS MTPOIECOPIB I OJIOKIB, allapaTHUX BIJIMIHHOCTE!H Y1 ONTHMIi3a-
it KommiyigTopa. [Ipn po3s’s3yBanni 3a/1a9 BEJIMKOI PO3MIPHOCTI Ta METOJIIB aJja-
HTOBAHUX JI/IsI 1apaJjeibaux oouncieHs, ExBLAS 3abesneuye BUCOKY TPOIYKTHUB-
HICTH Ta He MOCTYMAEThCd KJIacuIauM Iijgxogam. [lonpm momaTkoBi orepaliil, BUKO-
pucranus ExBLAS no3Bosisie orpumarin mobiTOBO BiITBOPIOBaHI pe3ysbTaTu y pi-

3HUX CepeJIOBUIIAX.

BucnoBkn 110 po3aiay 3

Y TpeTboMy PO3JLI JIOC/IIKEHO IPodIeMy YUCeJIbHOI CTIKOCTI, TOYHOCTI Ta
1100ITOBOI BIITBOPIOBAHOCTI iT€paIiifHUX METO/IIB Y CEPeIOBUIIAX BUCOKOIIPO,IYKTHB-
HUX 00YUCJIeHb Ha PI3HUX IMapaJieIbHUX apXiTeKTypax.

PosryigayTo ajganTaliiio METOMIB JABOCHPSKEHNX T'PAII€HTIB /I HapaJebHO-
ro po3B’sI3yBaHHS CHCTeM JHHIHUX piBHSHL Burasay Axr = b. Sampornonosano
MOJT(IKAIII0 KOHBEEPHOTO CTabIIiB0BAHOTO METOJY JIBOCIPSIZKEHUX I'PAJIEHTIB (p-
BiCGStab) i3 3acrocyBannsm 6i6miorekn ExBLAS. Acnaxponna mopudikaiiis KoH-
BeepHOro MeTojy 3 BukopucrtanusM ExBLAS mokasye kparri nmokasHukn 30i2KHOCTI
nopipastHo 3 KjacmaauM BiCGStab, KonBeepHoro Bepcieio 3 onTUMi3alli€elo KPOKiB
JUTs e(peKTUBHOT KOMYHIKAIlll KIJTbKOX ITPOIECIB, & TaKOXK MOJIM(MIKAIIIEIO 3 TEXHIKOIO
nepioanaHol 3aminm BekTopa Hes'si3ku (residual replacement). Lle mosBosisie 36eper-

TH MepeBaru KOHBeEPHOT Mojie/1i (MIPUXOBYBaHHST KOMYHIKAIiil), OJIHOYACHO J0CsATa-
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1041 CcTabLILHOCTI 6230BOI0 AJITOPUTMY.

Takoxk po3pobJIeHO BIITBOPIOBAHY pPeaJsli3allilo CTEIeHEeBOrO MeTOLy JIJIsi 004Nn-
CJIEHHsI HafOLJIBIIOro BJIACHOIO 3HAYEHHSI Ta BJIACHOIO BEKTOpa, PO3PIIKEHUX Ma-
tpuiih. CrBopeno peasizarii st CPU/MPI ta GPU/CUDA. Pesynbratn uncesib-
HUX E€KCIIEPUMEHTIB € OJIHAKOBUMM 3a 3HAUYEHHSAMM Ta KLJIBKICTIO 1Tepalllii He3aJie-
»KHO BiJI 00paHOI apxiTeKTypH Ta KiJIbKOCTi mpoieciB. O04nc/ieHi po3B’si3K1 TaKOXK
He 3aJIezKaTh BiJI TOMOJIOTIT PeJYKIIl, MOPSAKY IJIaHYBaHHS IIPOIECIB Ta OJIOKIB 9u
ONTUMIZAIII KOMIILISITOPA.

3alpoIoHOBaHI IIX0M1 3a0e31e4yI0Th XOPOILY IapaJjie/ibHy epeKTUBHICTD Ta,

BIJITBOPIOBAHICTD PE3YJILTATIB Ha CydacCHUX CYNEPKOMIT IOTEPHUX CUCTEMAX.
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BucuoBknu

Y nmcepTaliiiniit podoTi 3alpoOIOHOBAHO Ta OOI'PYHTOBAHO HOBI iTeparliiini Me-

TOJN JIJI HAOJIMZKEHOTO PO3B’I3yBaHHA HEJIHINHUX OllepaTOPHUX PiBHAHBL y OaHa-

XOBHX IIPOCTOPAX, 3 ypaxyBaHHsIM MOXKJIMBOCTEl epeKTUBHOI IapaJeibHOl peaJiiza-

il Ta 3a0e3MevYeHHsT YNCebHOI CTIfKOCTI obuncienb. OTpuMani pe3y1bTaTi MaoTh

Teop

eTUYHY Ta MPaKTUYHY IIHHICTH 1 MIATBEP/XKEH] YMCeJbHUMU eKCIlepUMEHTaMMU.

SHauHy yBary IpuJIijIeHo OINTUMI3allll po3B’si3yBaHHS CHCTEM JIIHITHIX aaIreOpmIHmx

piBasinb Ax = b. Jlnsa 3abe3medenns BiTBOPIOBAHIX PE3YJIbTATIB JIOC/IIZKEHO Ta,

inTerpoBano anaropuTMiuHi migxomu Oibsiorekn ExBLAS npm mapasenbanx o04n-

cJieHn

1)

2)

HAX CUCTEM BEJUKOI'O PO3MIPY.

Y nuceprartiiiiniit poboTi OTpUMAaHO TaKi pe3y/IbTaTH:

3alporoHoBaHO Ta 00rpyHTOBaHO HOBI Meromu Tuny Hpbiorona. IIposeeno

JIOKAJIBHUI Ta HaIliBJIOKAJIbHUI aHa i3 30i12KHOCT] y DAHAXOBUX MPOCTOPAX.

Hocikeno TpuKpokoBi MeToau Tuiy KypuaroBa Jijist po3B’si3yBaHHs HeJTi-
HITHUX PIBHSHB 3 HeaudepeHIiiioBHnMu onepatopaMu. Beranosieno obsracti

3012KHOCTI Ta YMOBU €JIMHOCT] PO3B’A3KY 3a y3arajabHeHnx yMoB JIimmmis.

3a1poIrroHOBaHO JIBOKPOKOBUI METO[ THUITY XOP/I 3 allPOKCHMAIIi€0 00epHEHOTO

omepaTopa s HeJIHINANX 3a/1a9 HaiiMeHIINX KBaIpaTiB.

[TobynoBaHo KOMOIHOBaHI JJBOKPOKOBI METO/IH, Ki BAKOPHUCTOBYIOTH JIUIIIE OJ[HE
obepTanns (hikKCOBaAHOIO olepaTopa MPOTATOM YChOro iTepaliiifHoro mporecy,

Ta MMPOBEJIEHO X TeOpeTUuvIHe OOTPYHTYBAHHS.

[IpoBejieHo MOPIBHAIBHUI aHAII3 TPHOX ITEPAIIITHIX METO/IIB IIIOCTOTO TTOPSII-
Ky. Po3po0sieHo yMOBH JIOKaJIbHOI Ta, HAIIBJIOKAJILHOT 301KHOCT] HA OCHOBI Ma-

JKOPYIOUNX TOCJIJIOBHOCTEN.

[IpoBeeno aHaJi3 YMCEIBHOI CTIMKOCTI Ta TOYHOCTI KOHBEEPHOI Bepcil Me-
Tony Oicipskenux rpajientis (p-BiCGStab) i3 3actocyBanusam 6ibiiorexn
ExBLAS. Ilokazano, 1o Bukopucranas ExBLAS 3abe3nedye BiTBOPIOBAHICTD
pe3yJIbTATIB Ta BUIILY HMIBUJIKICTH 301KHOCTI MOPIBHSIHO 31 CTAHJIAPTHUMU ITiJ-

XOJIaMU.
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7) Po3pob.ieHo Ta peaizoBaHO THCEIbHO BiATBOPIOBAHIIT CTEIICHEBII METO JJIs]
004MC/IeHHsT HaliO1/IBIIIOTO BJIACHOIO 3HAYEHHsI Ta BJIACHOT'O BEKTOPA Ha, PI3SHUX
apxirekrypax (CPU, MPI, CUDA). IlisxTBep/izKeHO 1IeHTHIHICTE Pe3yIbTaTIB

He3aJIezKHO BiJI KOH(MIrypalil mapaJjeabHOro cepeoBuIIa.
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