
!"#i#$"%&’ ()*i+(),"(&’ -(i#./$&0.0 i1.(i I#)() 2/)(%)
3i(i$0./$0#+ +$#i0& i ()-%& 4%/)5(&

6#),i7i%)*i’() ()-%+#) 8/)*9
() 8/)#): /-%+8&$-

!"#$%& ’()"*+, ’()"*+,#(-

4;6 519.6

./012345I6

I!"#$%i&’i (#)%"*+ , -+.)#+*!$’’/0
-+*).)(#)12.!+-’+3 )45+*6"’7 16/

#),-’/,2-$’’/ ’"6i’i&’+3 i 6i’i&’+3 ,$1$5

<8.*i),"(i$0" = 113 ">/&%,)?() 1)0.1)0&%)"
@),-A" A()(" = 11 "3)0.1)0&%) 0) $0)0&$0&%)"

>+?)B0"$9 () A?+C-009 $0-8.(9 ?+%0+/) 7i,+$+7i5

;&$./0)*i9 1i$0&0" /.A-,"0)0& #,)$(&: ?+$,i?D.(". E&%+/&$0)((9 i?.’,
/.A-,"0)0i# i 0.%$0i# i(F&: )#0+/i# 1)G0" 8+$&,)((9 () #i?8+#i?(. ?D./.,+.

3. 3. @)#?9%

H)-%+#i %./i#(&%&: 7")8, 09:;"8 ’()"*+,#(-,
?+%0+/ 7iA&%+-1)0.1)0&I(&: ()-%, 8/+7.$+/,

6&(<-=& 2,<"8 >:9?,#(-,

?+%0+/ 8/&/+?(&I&: ()-%, ?+*.(0
488$),"$"%+J+ -(i#./$&0.0-, K#.*i9

!"#i# - 2026



2

8’)!$%i/

!"#$%& ’. ’. I0./)*i’(i 8/+*.$& A #&%+/&$0)((91 #&$+%+8/+?-%0&#(&: +C-
I&$,.(" ?,9 /+A#’9A-#)((9 (.,i(i’(&: i ,i(i’(&: A)?)I. = 6#),i7i%)*i’() ()--
%+#) 8/)*9 () 8/)#): /-%+8&$-.

;&$./0)*i9 () A?+C-009 ()-%+#+J+ $0-8.(9 ?+%0+/) 7i,+$+7i5 A) $8.*i),"-
(i$0G 113 = “>/&%,)?() 1)0.1)0&%)” (@),-A" A()(" = 11 “3)0.1)0&%) 0) $0)-
0&$0&%)”). = !"#i#$"%&’ ()*i+(),"(&’ -(i#./$&0.0 i1.(i I#)() 2/)(%), !"#i#,
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H&A%) ()-%+#&: 0) i(D.(./(&: A)?)I A#+?&0"$9 ?+ /+A#’9A-#)((9 (.,i(i’-
(&: /i#(9(" #&J,9?- F (x) = 0. L)%i /i#(9((9 #&(&%)G0" - 1+?.,G#)((i 7iA&-
I(&: 8/+*.$i#, A)?)I): %+18’G0./(+J+ C)I.((9 0) i(F&: +CI&$,.((9:. 4 C)J)-
0"+: 8/)%0&I(&: A)?)I): )(),i0&I(+ A()’0& 0+I(&’ /+A#’9A+% C-#)B $%,)?(+
)C+ (.1+D,&#+. L+1- ?,9 ()C,&D.(+J+ +CI&$,.((9 A)A#&I)’ A)$0+$+#-G0" i0.-
/)*i’(i 1.0+?&, 9%i C-?-G0" 8+$,i?+#(i$0" ()C,&D.(", M+ ACiJ)B0"$9 ?+ F-%)-
(+J+ /+A#’9A%-. L)%i 1.0+?& A)$0+$+#-G0"$9, A+%/.1), # A)?)I): +80&1iA)*i5, )
1)0.1)0&I(i 1+?.,i, M+ 5: +8&$-G0", 1+D() 8+?)0& - #&J,9?i +8./)0+/i#, 9%i
#i?+C/)D)G0" +?&( ,i(i’(&’ 8/+$0i/ # i(F&’.
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%& 8+(900G 8+:i?(+5 2/.F. 1.0+? 8+F&/&#$9 () A()I(+ F&/F&’ %,)$ A)?)I.
E)D,&#&1 %/+%+1 - *"+1- ()8/91i $0),) 0.+/.1) H"G0+()-6)(0+/+#&I). P9
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%&1 I&(+1, 1.0+? H"G0+()-6)(0+/+#&I) F&/+%+ A)$0+$+#-B0"$9 - (.,i(i’(+1-
7-(%*i+(),"(+1- )(),iAi, +80&1iA)*i5, 1.:)(i*i 0+M+.
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ACiD(+$0i. >/+0. ’+J+ A)$0+$-#)((9 #&1)J)B +CI&$,.((9 0) 8+F-% +C./(.(+5
1)0/&*i Q%+Ci ()C+ 8+:i?(+5 2/.F. - A)J),"(+1- #&8)?%-) () %+D(i’ i0./)*i5,
M+ #&1)J)B #&$+%&: +CI&$,G#),"(&: A)0/)0. P. $0),+ 8+F0+#:+1 ?,9 /+A#&0%-
%#)Ai-("G0+(i#$"%&: 1.0+?i#, ) 0)%+D ?+$,i?D.(" -1+# ACiD(+$0i 0) A(&D.((9
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*i5, ) 0)%+D - ?+$,i?D.((i 1+?&7i%+#)(&: 0) %+1Ci(+#)(&: 1.0+?i# A/+C&,& 0)%i
#I.(i, 9% 3. ;. R)C&I, 3. Q. R)/0iF, 3. 3. E+’0+#&I, S. 3. ;)(&,i(, ;D. ;.(-
(i$, 3. N. H.?)F%+#$"%&’, ;D. N/0.J), N.3. N$0/+#$"%&’, R. 3. >F.(&I(&’,
;D. L/)-C, N. 3. Ti1iI, <. 3. K):(+, U. K()C.,", @. >. Q/1+,), I. K. Argyros,
F. A. Potra, V. Ptak, A. F. Rooze, J. R. Sharma, S. Ulm, X. Wang, W. Werner 0)
T. Yamamoto. L)%+D () 7)%-,"0.0i >/&%,)?(+5 3)0.1)0&%& 0) I(7+/1)0&%&
!"#i#$"%+J+ ()*i+(),"(+J+ -(i#./$&0.0- i1. I#)() 2/)(%) )%0&#(+ 0/&#)B /+C+-
0) # *"+1- ()8/91%-. N?()% (.,i(i’(i /i#(9((9, M+ #&(&%)G0" - 8/)%0&I(&:
A)?)I):, I)$0+ 1)G0" +$+C,&#+$0i, 9%i /+C,90" %,)$&I(i 1.0+?& 1.(F .7.%0&#-
(&1&, 0+1- )%0-),"(&1 B %,)$ 1.0+?i# A )8/+%$&1)*iBG +C./(.(+J+ +8./)0+/).

>i? I)$ /+A#’9A-#)((9 +%/.1&: A)?)I #&(&%)B 8+0/.C) - #&%+()((i +CI&-
$,.(" iA 1)0/&*91& #.,&%+5 /+A1i/(+$0i, 9%i I)$0+ B /+A/i?D.(&1&. >)/),.,"(i
+CI&$,.((9 () %,)$0./(&: )/:i0.%0-/): ?+A#+,9G0" $-00B#+ $%+/+0&0& I)$ +C-
I&$,.(". N?()% 8)/),.,"() /.),iA)*i9 0)%&: 1.0+?i# $0#+/GB ?+?)0%+#i 0/-?(+-
Mi, $./.? 9%&: AC./.D.((9 0+I(+$0i +CI&$,.(", ()%+8&I.((9 I&$.,"(+5 8+:&C%&
8/& (.#&A()I.(+$0i 8+/9?%- #&%+()((9 )/&71.0&I(&: +8./)*i’. 4 %+(0.%$0i
i0./)*i’(&: 1.0+?i# *. 1+D. $8/&I&(&0& #0/)0- 0+I(+$0i, 8+/-F.((9 ACiD(+$0i
)C+ ACi,"F.((9 %i,"%+$0i i0./)*i’, (.+C:i?(&: ?,9 8+F-%- /+A#’9A%-. 4 ?)(i’
/+C+0i ?+$,i?D-B0"$9 CiC,i+0.%) ExBLAS (Exact BLAS), M+ A)C.A8.I-B 0+I(. 0)
#i?0#+/G#)(. #&%+()((9 C)A+#&: +8./)*i’ ,i(i’(+5 ),J.C/& - 8)/),.,"(+1- $.-
/.?+#&Mi. ;)() CiC,i+0.%) #&%+/&$0+#-B )/&71.0&%- A /-:+1+G %+1+G $0)(-
?)/0(+5 0+I(+$0i.

4 1.D): ?&$./0)*i’(+5 /+C+0& /+AJ,9?)G0"$9 9% 0.+/.0&I(i, 0)% i 8/)%0&-
I(i )$8.%0& 8+C-?+#& i0./)*i’(&: 1.0+?i# ?,9 /+A#’9A-#)((9 (.,i(i’(&: /i#(9(".
N$(+#(&1& A)?)I)1& B ?+$,i?D.((9 1.0+?i# A )8/+%$&1)*iBG +C./(.(+J+ +8./)-
0+/) 0) 1+D,&#i$0" .7.%0&#(+5 8)/),.,"(+5 /.),iA)*i5 1.0+?i#. <./.? %,GI+#&:
#&%,&%i# #)/0+ #&?i,&0& $%,)?(i$0" +CI&$,.((9 +C./(.(&: +8./)0+/i#, +CV/-(-
0-#)((9 1.0+?i#, #0/)0- 0+I(+$0i - 8)/),.,"(+1- $./.?+#&Mi, ) 0)%+D 8./.?)I-
?)(&: 1iD 8/+*.$)1& 8/& 8)/),.,"(&: +CI&$,.((9:.

’()*+ ?&$./0)*i’(+5 /+C+0& B /+A/+C%), ?+$,i?D.((9 0) -?+$%+(),.((9
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i0./)*i’(&: 1.0+?i# ?,9 /+A#’9A-#)((9 (.,i(i’(&: +8./)0+/(&: /i#(9(", A -/)-
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?D.((9, $7+/1-,"+#)(+ 1.0-, A)#?)((9, 8/.?1.0 i +C’B%0 ?+$,i?D.((9, +:)/)-
%0./&A+#)(+ #&%+/&$0)(i 1.0+?&. E%)A)(+ ()-%+#- (+#&A(- ’ 8/)%0&I(- *i(-
(i$0" +0/&1)(&: /.A-,"0)0i#, ()#.?.(+ A#’9A+% /+C+0& A ?./D)#(+G ()-%+#+-
?+$,i?(+G 0.1+G, +%/.$,.(+ +$+C&$0&’ #(.$+% A?+C-#)I), ) 0)%+D )8/+C)*iG 0)
8-C,i%)*i5 +$(+#(&: /.A-,"0)0i# ?&$./0)*i5.

4 8./F+1- /+A?i,i 8/+#.?.(+ +J,9? 8/)*", 8/&$#9I.(&: i0./)*i’(&1 1.0+-
?)1 /+A#’9A-#)((9 (.,i(i’(&: /i#(9(". U+AJ,9(-0+ C)A+#i 8i?:+?&, 5:(i 8./.#)J&
0) (.?+,i%&. <7+/1-,"+#)(+ +$(+#(i +A()I.((9 i 0#./?D.((9, M+ $0)(+#,90" 0.-
+/.0&I(- +$(+#- ?,9 )(),iA- ACiD(+$0i A)8/+8+(+#)(&: 1.0+?i# 0) 5: .7.%0&#(+5
/.),iA)*i5 # -1+#): 8)/),.,"(&: +CI&$,.(".

4 ?/-J+1- /+A?i,i 8/+#.?.(+ /+A/+C%- 0) 0.+/.0&I(. +CV/-(0-#)((9 (+-
#&: i0./)*i’(&: 1.0+?i#, M+ C)A-G0"$9 () )8/+%$&1)*i5 +C./(.(+J+ +8./)0+/).
4 /+A?i,i A)8/+8+(+#)(+ 1.0+?& 0&8- H"G0+(), 9%i (. 8+0/.C-G0" +CI&$,.-
((9 +C./(.(+J+ +8./)0+/). L.+/.0&I(i /.A-,"0)0& ?+8+#(GG0"$9 I&$.,"(&1&
.%$8./&1.(0)1&. L)%+D 8/+#.?.(+ )(),iA +CI&$,G#),"(+J+ 8+/9?%- ACiD(+$0i.
N8&$)(+ ,+%),"(&’ 0) ()8i#,+%),"(&’ )(),iA ACiD(+$0i ?,9 0/&%/+%+#&: 1.-
0+?i# 0&8- 6-/I)0+#), 9%i #&%+/&$0+#-G0" 8+?i,.(- /iA(&*G 8./F+J+ 8+/9?%-
A)1i$0" 8+:i?(+5 2/.F.. U+A/+C,.(+ JiC/&?(i ?#+%/+%+#i 1.0+?&, - 9%&: 8+F-%
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+C./(.(+J+ 7i%$+#)(+J+ +8./)0+/) +CI&$,GB0"$9 ,&F. +?&( /)A 8/+09J+1 -$"+J+
i0./)*i’(+J+ 8/+*.$-. ;+$,i?D.(+ F#&?%i$0" ACiD(+$0i 0) 8/+#.?.(+ I&$.,"(-
8./.#i/%- A)8/+8+(+#)(&: 1.0+?i#. >+%)A)(+, 9% #&Ci/ 7i%$+#)(+J+ +8./)0+/)
0) i(F&: 8)/)1.0/i# #8,&#)B () .7.%0&#(i$0" 1.0+?i#. H)#.?.(+ )(),iA 0/"+:
i0./)*i’(&: 1.0+?i# F+$0+J+ 8+/9?%-. L.+/.0&I(i /.A-,"0)0& 8i?0#./?D.(+ I&-
$.,"(&1& .%$8./&1.(0)1&, 8/+#.?.(&1& () F&/+%+1- ()C+/i A)?)I /iA(+5 /+A-
1i/(+$0i 0) $%,)?(+$0i. ;+$,i?D.(+ 8+/9?+% ACiD(+$0i 1.0+?i# F+$0+J+ 8+/9?%-.

4 0/.0"+1- /+A?i,i #i?+C/)D.(+ 8/)%0&I(i )$8.%0& /.),iA)*i5 i0./)*i’(&:
1.0+?i# - $./.?+#&Mi #&$+%+8/+?-%0&#(&: +CI&$,.(" (HPC). N?(iBG iA 8/+C,.1
8/& 8)/),.,"(&: +CI&$,.((9: B A)C.A8.I.((9 I&$.,"(+5 $0i’%+$0i 0) #i?0#+/G-
#)(+$0i /.A-,"0)0i#, +$%i,"%& +8./)*i5 A /-:+1+G %+1+G 1+D-0" 8/&A#.$0& ?+
()%+8&I.((9 8+:&C+% 0) /+ACiD(+$0i /.A-,"0)0i# 8/& %+D(+1- A)8-$%-.

>/& /+A#’9A-#)((i (.,i(i’(&: /i#(9(" I)$0+ #&(&%)B 8+0/.C) - #&%+()((i
1)0/&I(&: +CI&$,.(", A+%/.1) - /+A#’9A-#)((i #.,&%&: /+A/i?D.(&: ,i(i’(&:
$&$0.1 Ax = b. 4 8i?/+A?i,i 3.1 ?+$,i?D.(+ #8,&# +C1.D.(+5 0+I(+$0i () ACi-
D(i$0" 1.0+?- H"G0+() ?,9 ?#+: 0.$0+#&: A)?)I. U+AJ,9?)G0"$9 0/& 8i?:+-
?& ?+ /.),iA)*i5 1.0+?-: $0)(?)/0() 0+I(i$0", ?+#i,"() /+AF&/.() 0+I(i$0" 0)
$0)(?)/0() 0+I(i$0" iA #&%+/&$0)((91 ),J+/&01i# ExBLAS. ;),i /+AJ,9?)B0"$9
1+?&7i%+#)(&’ 1.0+? ?#+$8/9D.(&: J/)?iB(0i# (p-BiCGStab), 9%&’ B -A)J),"-
(.((91 1.0+?- $8/9D.(&: J/)?iB(0i# () #&8)?+% (.$&1.0/&I(&: 1)0/&*", ?,9
/+A#’9A-#)((9 $&$0.1 #&J,9?- Ax = b. H)#.?.() /.),iA)*i9 1+?&7i%+#)(+J+
1.0+?- iA )$&(:/+((+G 1iD8/+*.$+/(+G %+1-(i%)*iBG. 4 0/.0"+1- /+A?i,i ?+-
$,i?D.(+ #&%+/&$0)((9 ExBLAS ?,9 ?)(+J+ 1.0+?- 0) 8/+#.?.(+ I&$.,"(- )8/+-
C)*iG () ()C+/i /+A/i?D.(&: 1)0/&*" A %+,.%*i5 SuiteSparse. >+%)A)(+ 8+/i#-
(9((9 .7.%0&#(+$0i A) I)$+1 #&%+()((9 ?,9 /iA(&: 8)/)1.0/i# 8)/),.,iA)*i5,
a 0)%+D 8+/i#(9((9 ACiD(+$0i 1.0+?i#. >i?/+A?i, 3.3 8/&$#9I.(&’ /+A/+C*i I&-
$.,"(+ #i?0#+/G#)(+J+ $0.8.(.#+J+ 1.0+?- ?,9 +CI&$,.((9 ()’Ci,"F+J+ A) 1+-
?-,.1 #,)$(+J+ A()I.((9 0) #i?8+#i?(+J+ #,)$(+J+ #.%0+/). U.),iA+#)(+ #./$i5
?,9 /iA(&: )/:i0.%0-/, A+%/.1) ?,9 C)J)0+9?./(&: CPU 0) J/)7iI(&: 8/+*.$+-
/i# GPU. E&%+/&$0)(+ Message Passing Interface ?,9 CPU i 0.:(+,+JiG CUDA

?,9 GPU /.),iA)*i5. >/+#.?.(+ )(),iA +0/&1)(&: /.A-,"0)0i# # A),.D(+$0i #i?
+C/)(+5 )/:i0.%0-/&.

;+?)0+% 1i$0&0" $8&$+% 8-C,i%)*i’ A?+C-#)I) A) 0.1+G ?&$./0)*i5 0) #i?+-
1+$0i 8/+ )8/+C)*iG /.A-,"0)0i# ?+$,i?D.((9.
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>?"&9(-8: @8"-:88% ,9?(<"8() ?:@=+A9"9i# 8+,9J)B - /+A/+C*i 0)
#?+$%+(),.((i i$(-GI&: I&$.,"(&: 1.0+?i#, M+ ?+A#+,9G0" 8i?#&M&0& .7.%0&#-
(i$0" /+A#’9A-#)((9 F&/+%+J+ %,)$- (.,i(i’(&: /i#(9(". <0#+/.(i 8/+J/)1(i /.-
),iA)*i5 ),J+/&01i# A #&%+/&$0)((91 0.:(+,+Ji’ 8)/),.,"(+J+ 8/+J/)1-#)((9
(MPI, CUDA, OpenMP) 0) /+AF&/.(+5 CiC,i+0.%& #i?0#+/G#)(&: +CI&$,.(" (BLAS)
1+D-0" C-0& i(0.J/+#)(i - ()-%+#+-?+$,i?(i 0) i(D.(./(i 8/+J/)1(i %+18,.%$&
?,9 1+?.,G#)((9 $%,)?(&: 7iA&I(&:, .%+(+1iI(&: 0) $0+:)$0&I(&: 8/+*.$i#.

B+C-,#i D+,#": (.,i(i’(i /i#(9((9, ,+%),"() 0) ()8i#,+%),"() ACiD(i$0",
C)():+#i 8/+$0+/&, 8+:i?() 2/.F., 8+?i,.(i /iA(&*i, i0./)*i’(i 1.0+?&, 1.0+?
H"G0+(), (.,i(i’(i A)?)Ii ()’1.(F&: %#)?/)0i#, 8)/),.,iA)*i9, 0+I(i$0" 0) ()-
?i’(i$0", )8/+%$&1)*i9, I&$,+#i 1.0+?&, I&$.,"() +80&1iA)*i9, #&$+%+8/+?-%0&#-
(i +CI&$,.((9, #&8)?%+#i 8/+*.$&.
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Abstract

Havdiak M. M. Iterative processes using high-performance computing for solvi-
ng nonlinear and linear problems. = Qualifying scientific work on the rights of the
manuscript.

The thesis presented for the degree of Doctor of Philosophy in the specialty 113
- “Applied mathematics” (Field of studies - 11 “Mathematics and statistics”). = Ivan
Franko National University of Lviv, Lviv, 2026.

A wide range of scientific and engineering problems can be formulated as a
mathematical model for solving nonlinear equations F (x) = 0. This model is uti-
lized in various areas, including physical process modeling, computer vision tasks,
and other computations. In many practical problems, finding an exact analytical
solution is diWcult or impossible. Therefore, iterative methods are commonly appli-
ed, constructing a sequence of approximations that converges to the desired solution.
Such methods are used, in particular, in optimization problems, and the mathemati-
cal models, which describe them, can be represented as operators that map one linear
space to another.

One of the principal tools for the numerical solution of nonlinear equations is
Newton’s method, whose theoretical foundations have evolved from specific algebraic
algorithms to a generalized theory in Banach spaces. Through the concept of the
Fréchet derivative, the method was extended to a significantly broader class of
problems. An important step in this direction was the Newton–Kantorovich theorem,
which establishes convergence criteria in Banach spaces using the properties of the
Fréchet derivative and Lipschitz continuity conditions. Thus, the Newton–Kantorovich
method is widely applied in nonlinear functional analysis, optimization, mechanics,
and other fields.

The classical implementation of Newton’s method provides quadratic conver-
gence. However, its application requires the inversion of the Jacobian matrix (or the
Fréchet derivative in the general case) at each iteration, which is a computationally
expensive operation. This has led to the development of quasi-Newton methods.
Furthermore, significant research has been devoted to increasing the order of convergence,
reducing the computational cost of iterations, and studying suWcient conditions for
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convergence.
Finding a solution to the operator equation F (x) = 0 in a Banach space is a

classical problem in numerical analysis. Significant contributions to the development
and convergence analysis of iterative methods, unconstrained optimization methods,
as well as modified and combined methods, were made by I. K. Argyros, M. D. Babi-
ch, M. Ya. Bartish, Y. M. Danulin, J. Dennis, O. M. Khimich, M. O. Nedaschkovskiy,
J. M. Ortega, O. M. Ostrowski, F. A. Potra, B. M. Pshenychnyi, V. Ptak, A. F. Rooze,
R. Schnabel, S. M. Shakhno, J. R. Sharma, J. Traub, S. Ulm, M. M. Voytovych,
X. Wang, W. Werner, T. Yamamoto and H. P. Yarmola. Furthermore, active research
in this direction is also being carried out at the Faculty of Applied Mathematics
and Informatics at Ivan Franko National University of Lviv. However, traditional
methods can be ineXective for some of the nonlinear equations that arise in various
applied practical problems. For such cases, a less studied class of methods based on
the approximation of the inverse operator may be useful.

Solving certain problems often requires performing matrix computations involvi-
ng large, frequently sparse matrices. In such instances, finding a solution within a
standard computing environment becomes practically impossible. Consequently, it
is advisable to develop methods capable of operating in parallel across multiple
computing nodes of a cluster. Parallel computing on cluster architectures can signi-
ficantly reduce computation time. But, parallel implementations of such methods
introduce additional challenges, including preserving the accuracy of computations,
non-deterministic order of arithmetic operations, and growth of numerical errors.
In the context of iterative methods, this can lead to loss of accuracy, disruption
of convergence, or an increase in the number of iterations. In this work, ExBLAS
(Exact BLAS) is investigated to guarantee numerical accuracy and parallel eWciency
in iterative solvers. This library ensures exact results using the IEEE-754 floating-
point arithmetic.

Within the scope of this PhD work, both theoretical and practical aspects
of iterative methods for solving nonlinear equations are considered. The focus li-
es on methods that use operator approximations, as well as on eWcient parallel
implementations. Among key challenges, it is worth highlighting the complexity of
computing inverse operators, loss of accuracy during parallelization, inter-process
communication, and the necessity of controlling numerical errors when performing
large-scale computations.
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The purpose of the dissertation is the development, investigation, and improvement
of iterative methods for solving nonlinear operator equations, with emphasis on their
eWcient parallel implementation and ensuring high computational accuracy.

The objects of the study are nonlinear operator equations and linear problems.
The subjects of the dissertation include iterative methods for solving nonlinear

and linear problems, along with their convergence properties, computational eWci-
ency, numerical stability, and high-performance computing systems.

The research methods. The work employs methods of numerical analysis, specifi-
cally the analysis of iterative processes and convergence estimation. Parallel programmi-
ng technologies = including CUDA, OpenMP, and MPI = as well as the ExBLAS library
are utilized.

The thesis consists of an abstract in Ukrainian and in English, an introduction,
three chapters, conclusions, references, and an appendix.

The introduction explains the justification for the relevance of the dissertation
research topic. It also formulates the purpose, objectives, subject, and object of the
study, and describes the methods used. The section outlines the scientific novelty
and practical value of the obtained results, details the connection of the work to the
state scientific research topics, highlights the author’s personal contribution, and
covers validation of research results and publications presenting the main findings
of the PhD work.

The first chapter provides an overview of the literature on iterative methods
for solving nonlinear equations. Basic approaches are examined along with their
advantages and drawbacks. Additionally, the fundamental definitions and proposi-
tions are formulated, establishing the theoretical basis for the convergence analysis
of the proposed methods and ensuring their eWcient implementation in parallel
computing environments.

Chapter 2 is dedicated to the development and theoretical justification of new
iterative methods based on the approximation of the inverse operator. The Newton–
type methods that do not require the computation of the inverse operator are
proposed. Theoretical results are complemented by numerical experiments. The
computational order of convergence is also analyzed. A local and semilocal convergence
analysis is presented for three-step Kurchatov-type methods, which use the first-
order divided diXerence instead of the Fréchet derivative, making them applicable
to non-diXerentiable operators. The hybrid two-step methods are developed, in which
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the inverse of a fixed operator is computed only once throughout the entire iterati-
ve process. The convergence rate is investigated and numerical verification of the
proposed methods is performed. It is shown how the choice of the fixed operator and
other parameters aXects the eWciency of the methods. The analysis of three sixth-
order iterative methods is presented. The theoretical results are confirmed by the
numerical experiments performed on a broad set of problems of various dimensions.
The computational order of convergence (COC) and approximate computational
order of convergence (ACOC) are verified, confirming the theoretical estimates.

The third chapter presents practical aspects of implementing iterative methods
within high-performance computing (HPC) environments. One of the challenges in
parallel computing is ensuring numerical stability and reproducibility of results, as
floating-point operations are non-associative and can lead to the accumulation of
errors and discrepancies in results at each run.

Solving nonlinear equations often requires performing matrix computations, in
particular solving large sparse linear systems Ax = b. The impact of limited precision
on the convergence of Newton’s method is investigated for two test problems. Three
approaches to the method’s implementation are considered: standard double precisi-
on, arbitrary extended precision, and standard precision with ExBLAS algorithms.
Subsequently, the modified pipelined biconjugate gradient method (p-BiCGStab),
which generalizes the conjugate gradient method for non-symmetric matrices, is di-
scussed for solving systems of the form Ax = b. An implementation of the modified
method with asynchronous interprocessor communication is presented. The chapter
also examines the integration of ExBLAS into this method. Numerical validation is
performed on a set of sparse matrices from the SuiteSparse collection. Compari-
sons of the execution time eWciency across various parallelization parameters and
the convergence performance of the methods are presented. Subsection 3.3 is devoted
to the development of a numerically reproducible power method for computing the
largest eigenvalue and the corresponding eigenvector. This algorithm is fundamental
in many numerical applications. Versions for diXerent architectures, including multi-
core CPUs and graphics processors (GPUs), have been implemented. The Message

Passing Interface (MPI) is used for CPU, and the CUDA technology for the GPU

implementation. The analysis of the obtained results is carried out depending on
the chosen architecture.
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The appendix contains a list of the author’s publications on the thesis topic
and information on the validation of the research results.

The practical significance of the obtained results lies in the development
and improvement of existing numerical methods, which enhances the eWciency of
solving a wide class of nonlinear equations. The developed software implementations
of algorithms, utilizing the parallel programming technologies (MPI, CUDA, OpenMP)
and the reproducible computing library (ExBLAS), can be integrated into research
and engineering software for modeling complex physical, economic, and stochastic
processes.

Key words: nonlinear equations, local and semilocal convergence, Banach
spaces, Fréchet derivative, divided diXerences, iterative methods, Newton’s method,
nonlinear least squares problems, parallelization, accuracy and reliability, reproduci-
bility, computer arithmetic, approximations, numerical methods, numerical optimi-
zation, high-performance computing, stochastic process.
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4 $-I)$(&: A)?)I): 8/&%,)?(+5 1)0.1)0&%& I)$0+ #&(&%)B (.+C:i?(i$0" /+-
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C+0& A 1)0/&*91& #.,&%+5 /+A1i/(+$0i. H)8/&%,)?, ?,9 $0/-%0-/(+5 8/+C,.1&,
M+ ?&$%/.0&A-B J)A+#. /+?+#&M. A #&%+/&$0)((91 0.0/).?/),"(&: $%i(I.((&:
.,.1.(0i# [31] #&%+/&$0+#-#),& 1 391 349 /i#(9(". ;,9 /+C+0& A 0)%&1 +C$9J+1
?)(&: 8+0/iC(i ),J+/&01&, 9%i )?)80+#)(i ?,9 .7.%0&#(+5 8)/),.,"(+5 /.),i-
A)*i5 () %,)$0./(&: +CI&$,G#),"(&: $&$0.1): A #&%+/&$0)((91 C)J)0+8/+*.-
$+/(&: )/:i0.%0-/ (MPI [32], OpenMP [33] 0) CUDA [34]). >/+0. I./.A +$+C,&#+$0i
$&$0.1 0) 8/&/+?- I&$., A /-:+1+G %+1+G /.A-,"0)0& +CI&$,.(" 1+D-0" #i?-
/iA(90&$9 +?&( #i? +?(+J+ 0) #i? 0+I(+J+ /+A#’9A%- [35]. Q% ()$,i?+%, 8+$0)B
A)#?)((9 A)C.A8.I.((9 #i?0#+/G#)(+$0i +CI&$,.(" i %+(0/+,G I&$.,"(&: 8+:&-
C+%, M+ #8,&#)G0" () 0+I(i$0" i ACiD(i$0" 1.0+?i#. ;,9 AC./.D.((9 0+I(+$0i
0) $0)Ci,"(+$0i 8)/),.,"(&: /.),iA)*i’ ?+*i,"(&1 B #&%+/&$0)((9 $8.*i),iA+#)-
(&: CiC,i+0.% 0) 0.:(i%, 0)%&: 9% Exact BLAS, Repro BLAS, OzBLAS [36=42]. P.
?+A#+,&0" A)C.A8.I&0& ?.0./1i(+#)(i$0" +CI&$,.(" - %,)$0./(&: $./.?+#&M):.

N0D., )%0-),"(i$0" 0.1& ?&$./0)*i’(+J+ ?+$,i?D.((9 A-1+#,.() (.+C:i?(i-
$0G /+A/+C%& 0) 0.+/.0&I(+J+ +CV/-(0-#)((9 (+#&: i0./)*i’(&: 1.0+?i# /+A#’9A--
#)((9 (.,i(i’(&: +8./)0+/(&: /i#(9(", 9%i 8+B?(-G0" #&$+%- 0+I(i$0" +CI&-
$,.(", .7.%0&#(i$0" 0) 1+D,&#i$0" 8)/),.,"(+5 /.),iA)*i5.

N#’%@,& ?,G,9( @ 8"=&,#(<( ;?,K?"<"<(, ;+"8"<(, 9:<"<(.

;&$./0)*i’() /+C+0) #&%+(-#),)$9 #i?8+#i?(+ ?+ 8,)(- ()-%+#&: ?+$,i?D.("
%)7.?/& 0.+/i5 +80&1),"(&: 8/+*.$i# 7)%-,"0.0- 8/&%,)?(+5 1)0.1)0&%& 0) i(-
7+/1)0&%& !"#i#$"%+J+ ()*i+(),"(+J+ -(i#./$&0.0- i1.(i I#)() 2/)(%). U.A-,"-
0)0& ?&$./0)*i5 I)$0%+#+ #&%+/&$0)(i 8/& #&%+()((i A)#?)(" ?./DCG?D.0(&:
0.1: "I0./)*i’(i 1.0+?& /+A#’9A-#)((9 (.,i(i’(&: +8./)0+/(&: /i#(9(" i A)?)I
1i(i1iA)*i5. <0+:)$0&I() +80&1iA)*i9. O)?)I) %./-#)((9 A #&8)?%+#&1& 8./.-
%,GI.((91&."((+1./ ?./D)#(+5 /.B$0/)*i5 0121U110282 0./1i(+1 2021-2023 /+-
%&, %./i#(&% 8/+7. K):(+ <.3.), ) 0)%+D "Z&$.,"(i 1.0+?& /+A#’9A-#)((9 (.,i-
(i’(&: +8./)0+/(&: /i#(9(", (.,i(i’(&: A)?)I ()’1.(F&: %#)?/)0i# i A)?)I C.A-
-1+#(+5 0) $0+:)$0&I(+5 +80&1iA)*i5"((+1./ ?./D)#(+5 /.B$0/)*i5 0124U002226
0./1i(+1 2024-2027 /+%&, %./i#(&% 8/+7. K):(+ <.3.). N%/i1 0+J+, I)$0&()
+CI&$,G#),"(&: .%$8./&1.(0i# #&%+(-#),)$9 () %,)$0./i NAISS / HPC2N (Hi-
gh Performance Computing Center North, Uppsala University) - 1.D): 1iD()/+-
?(&: ?+$,i?(&*"%&: 8/+B%0i# hpc2n2024-158 0) hpc2n2023-144, $8/91+#)(&: ()
#&#I.((9 .(./J+.7.%0&#(&: +CI&$,.(". N%/.1i /.A-,"0)0& C-,& +CJ+#+/.(i 8i?
I)$ -I)$0i - 8/+J/)1i Erasmus+ KA171 (Uppsala University, K#.*i9) - 8./i+? A
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12 ?+ 16 0/)#(9 2025 /+%-.
’:9" i @"#$"88% $,D+i$L:88%. ’()*+ /+C+0& B /+A/+C%), ?+$,i?D.((9

0) -?+$%+(),.((9 i0./)*i’(&: 1.0+?i# ?,9 /+A#’9A-#)((9 (.,i(i’(&: +8./)0+/-
(&: /i#(9(" 0) ,i(i’(&: A)?)I; ?+$,i?D.((9 i0./)*i’(&: 1.0+?i# () #&$+%+8/+-
?-%0&#(&: %,)$0./(&: $&$0.1): 8/& 8)/),.,"(&: +CI&$,.((9:; )(),iA #8,&#-
0+I(+$0i +CI&$,.(" 0) 8)/),.,iA)*i5 () .7.%0&#(i$0" /+C+0& 1.0+?i#.

8"#$"66% ?&$./0)*i’(+J+ ?+$,i?D.((9 8+,9J)G0" - /+A#’9A)((i 0)%&: A)-
?)I:

1) /+A/+C%) 0) +CV/-(0-#)((9 i0./)*i’(&: 1.0+?i#, ) 0)%+D +*i(%) 5: +CI&-
$,G#),"(+J+ 8+/9?%- ACiD(+$0i, )(),iA A) /.A-,"0)0)1& 0.$0+#&: A)?)I
/iA(+J+ 0&8-;

2) ?+$,i?D.((9 0) #?+$%+(),.((9 CiC,i+0.%& ExBLAS ?,9 8i?#&M.((9 I&$.,"-
(+5 $0i’%+$0i i 0+I(+$0i /.),iA)*i5 i0./)*i’(&: 1.0+?i#;

3) /+A/+C%) 0) +80&1iA)*i9 i0./)*i’(&: 1.0+?i# ?,9 .7.%0&#(+J+ #&%+()((9
() %,)$0./(&: $&$0.1):, 8+/i#(9((9 A 0/)?&*i’(&1& 8i?:+?)1& 0) +*i(%)
.7.%0&#(+$0i 1)$F0)C+#)(+$0i /.),iA)*i’.

,-’.&)*/ ?+$,i?D.((9 B (.,i(i’(i +8./)0+/(i /i#(9((9, (.,i(i’(i A)?)Ii
()’1.(F&: %#)?/)0i# 0) ,i(i’(i A)?)Ii.

01($/()*/ ?+$,i?D.((9 B i0./)*i’(i 1.0+?& ?,9 /+A#’9A-#)((9 (.,i(i’-
(&: i ,i(i’(&: A)?)I, 1+?.,i 0) CiC,i+0.%& ?,9 #&$+%+8/+?-%0&#(&: +CI&$,.("
- %,)$0./(+1- $./.?+#&Mi.

’:9,$( $,D+i$L:88%. 4 ?&$./0)*i’(i’ /+C+0i #&%+/&$0+#-G0"$9 1.0+-
?& 7-(%*i+(),"(+J+ 0) I&$.,"(+J+ )(),iA-, A+%/.1), 0.+/i9 ?,9 /+A#’9A-#)((9
(.,i(i’(&: +8./)0+/(&: /i#(9(". O)$0+$+#-G0"$9 1+?.,i #&$+%+8/+?-%0&#(&:
+CI&$,.(", $./.? 9%&: )/:i0.%0-/& iA $8i,"(+G 0) /+A8+?i,.(+G 8)1’900G.

E"=&,#" 8,#(@8" ,9?(<"8() ?:@=+A9"9i#. 4$i /.A-,"0)0& +0/&1)(i #
?&$./0)*i’(i’ /+C+0i B (+#&1&. N$(+#(i ()-%+#i /.A-,"0)0&, M+ #&(+$90"$9 ()
A):&$0:

1) U+A/+C,.(+ (+#i i0./)*i’(i 1.0+?& /+A#’9A-#)((9 (.,i(i’(&: +8./)0+/(&:
/i#(9(" A )8/+%$&1)*iBG +C./(.(+J+ +8./)0+/), 9%i A)C.A8.I-G0" #&$+%&’
8+/9?+% ACiD(+$0i 8/& 1.(F&: +CI&$,G#),"(&: #&0/)0):.
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2) >/+#.?.(+ ?+$,i?D.((9 ?#+%/+%+#&: 0) 0/&%/+%+#&: i0./)*i’(&: 1.0+?i#,
) 0)%+D 5: 8+/i#(9((9 iA 0/)?&*i’(&1& 8i?:+?)1& 0) %#)Ai("G0+(i#$"%&1&
$:.1)1&. E&%+()(+ I&$.,"(- )8/+C)*iG () A)?)I): /iA(+5 $%,)?(+$0i 0)
?+$,i?D.(+ .7.%0&#(i$0" /+C+0& 1.0+?i# ?,9 /iA(&: 8)/)1.0/i#.

3) E?+$%+(),.(+ CiC,i+0.%- ?,9 C)A+#&: +8./)*i’ ,i(i’(+5 ),J.C/& ExBLAS,
M+ A)C.A8.I-B 8i?#&M.(- I&$.,"(- $0i’%i$0" 0) #i?0#+/G#)(i$0" /.A-,"-
0)0i# 8/& 8)/),.,"(&: +CI&$,.((9:. >/)%0&I(- .7.%0&#(i$0" CiC,i+0.%&
8./.#i/.(+ () 8/&%,)?i 1.0+?- A():+?D.((9 ()’Ci,"F+J+ A) 1+?-,.1 #,)-
$(+J+ A()I.((9 0) #i?8+#i?(+J+ #,)$(+J+ #.%0+/) () /iA(&: +CI&$,G#),"-
(&: )/:i0.%0-/):.

4) >/+#.?.(+ .%$8./&1.(0),"(. ?+$,i?D.((9 ACiD(+$0i 1.0+?- p-BiCGStab.
>+%)A)(+, M+ 1+?&7i%)*i9 1.0+?- A ExBLAS A)C.A8.I-B %/)M- I&$.,"(-
$0)Ci,"(i$0" i F#&?F- ACiD(i$0" 8+/i#(9(+ Ai $0)(?)/0(+G 0.:(i%+G 8./.-
/):-(%- 8+:&C%&. >/+#.?.(+ I&$.,"(i .%$8./&1.(0& ?,9 /iA(+5 %i,"%+$0i
#-A,i# 0) 8/+*.$i# () ()C+/i 0.$0+#&: A)?)I A /iA(&1& :)/)%0./&$0&%)1&.

>?"&9(-8: @8"-:88% ,9?(<"8() ?:@=+A9"9i#. U.A-,"0)0& ?&$./0)*i’-
(+J+ ?+$,i?D.((9 $8/91+#)(i () $0#+/.((9 0) #?+$%+(),.((9 I&$.,"(&: 1.0+-
?i# ?,9 /+A#’9A-#)((9 F&/+%+J+ %,)$- (.,i(i’(&: /i#(9(", M+ 1)G0" #)D,&#.
A()I.((9 - /iA(+1)(i0(&: ()-%+#&: 0) i(D.(./(&: A)?)I):. <0#+/.(i 8/+J/)1(i
/.),iA)*i5 A)C.A8.I-G0" 1)$F0)C+#)(i$0" 0) 0+I(i$0" +CI&$,.(" () %,)$0./): 0)
JiC/&?(&: )/:i0.%0-/):. P. ?)B 1+D,&#i$0" i(0.J/)*i5 A)8/+8+(+#)(&: /iF.("
- ()-%+#+-?+$,i?(i 0) i(D.(./(i 8/+J/)1(i %+18,.%$&, M+ A)$0+$+#-G0"$9 ?,9
I&$.,"(+J+ 1+?.,G#)((9 7iA&I(&: 0) .%+(+1iI(&: 8/+*.$i#.

U.A-,"0)0& ?&$./0)*i’(+J+ ?+$,i?D.((9 1)G0" 9% 0.+/.0&I(-, 0)% i 8/&-
%,)?(- *i((i$0", +$%i,"%& $0#+/GG0" +$(+#- ?,9 8+?),"F+J+ /+A#&0%- .7.-
%0&#(+J+ #&%+/&$0)((9 I&$.,"(&: 1.0+?i# # $&$0.1): #&$+%+8/+?-%0&#(&: +C-
I&$,.(". O+%/.1), +%/.1i /.A-,"0)0& ?&$./0)*i’(+5 /+C+0& C-,+ 8/+*&0+#)(+
0) #&%+/&$0)(+ - ?+$,i?D.((i [43], 8/&$#9I.(+1- 1+?.,G#)((G )01+$7./(&:
8/+*.$i#. 4 *i’ /+C+0i )#0+/)1& A)8/+8+(+#)(+ 8i?:i? ?+ 8i?#&M.((9 F#&?%+-
?i5 0) +CI&$,G#),"(+5 .7.%0&#(+$0i 8/+J(+A-#)((9 8+J+?& C.A #0/)0& 0+I(+$0i.
N0/&1)(i /.A-,"0)0& ?&$./0)*i’(+J+ ?+$,i?D.((9 -#i’F,& ?+ A#i0i# ()-%+#+-
?+$,i?(+5 I)$0&(& !"#i#$"%+J+ ()*i+(),"(+J+ -(i#./$&0.0- i1.(i I#)() 2/)(%)
(2022-2025//.).
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JD,G(D9(* #8:D,& @$,G=#"-". N$(+#(i /.A-,"0)0&, M+ #&(+$90"$9 ()
A):&$0, +0/&1)(i )#0+/+1 $)1+$0i’(+. >+$0)(+#%- A)#?)(" ?+$,i?D.((9 A?i’-
$(&,& ()-%+#i %./i#(&%& /+C+0& – <. K):(+ 0) U. Q%&1I-%. 4 8/)*9: [44=46]
C. K):(- 0) I. Argyros (),.D)0" %+(*.80-),iA)*i9 0) 1.0+?+,+Ji9 +CV/-(0-#)-
((9 1.0+?i#. 4 8/)*i [44] A?+C-#)I.1 8+C-?+#)(+ 0) /.),iA+#)(+ +CI&$,G#),"-
(i 1.0+?& /+A#’9A-#)((9 (.,i(i’(&: /i#(9(", 8/+#.?.(+ )(),iA 5:("+5 ACiD(+-
$0i, #&%+()(+ I&$.,"(i .%$8./&1.(0& 0) $7+/1-,"+#)(+ #&$(+#%&. 4 8/)*i [47]
U. Q%&1I-%- (),.D&0" 8+$0)(+#%) A)?)Ii, +CJ+#+/.((9 1.0+?&I(&: 8i?:+?i# i
$0/-%0-/& /+C+0&, ) 0)%+D )(),iA +0/&1)(&: /.A-,"0)0i#. U. Q%&1I-%- 0) J.
Aliaga (),.D)0" $0#+/.((9 $0/-%0-/& /+C+0&, 8./.#i/%) 0) )(),iA +0/&1)(&:
/.A-,"0)0i#. O?+C-#)I.1 8/+#.?.(+ ?+$,i?D.((9 /+AF&/.(+J+ )%-1-,90+/) 6--
,iF) 0) ),J+/&01i# C.A 8+:&C%& +%/-J,.((9, $0#+/.(+ ),J+/&01& () $&$0.1): iA
/+A8+?i,.(+G 8)1’900G, 8/+#.?.(+ )(),iA .7.%0&#(+$0i, F#&?%+?i5 0) ACiD(+$0i
0/"+: 1.0+?i# A),.D(+ #i? %+(7iJ-/)*i5 +CI&$,G#),"(+J+ $./.?+#&M). 4 8/)*i
[48] A)J),"(- 1.0+?+,+JiG 0) 8i?:+?& C-,+ $7+/1+#)(+ <. K):(+1 0) @. Q/-
1+,+G, ) 8./.#i/%- +0/&1)(&: /.A-,"0)0i# A?i’$(&# U. Q%&1I-%. O?+C-#)I.1
+$+C&$0+ #&%+()(+ )(),iA ,+%),"(+5 ACiD(+$0i 1.0+?- A) %,)$&I(&: -1+# !i-
8F&*9, +CI&$,.(+ 8+/9?+% ACiD(+$0i, /.),iA+#)(+ #i?8+#i?(i ),J+/&01& 0) 8/+-
#.?.(+ I&$.,"(i .%$8./&1.(0& ?,9 /+AJ,9(-0&: A)?)I. 4 8/)*i [45] 1.0+?&%-
?+$,i?D.((9 A)8/+8+(+#)(+ C. K):(+1 0) I. Argyros. S. Regmi 8/+#i# #./&7i-
%)*iG +0/&1)(&: /.A-,"0)0i#. O?+C-#)I.1 8/+#.?.(+ ?+$,i?D.((9 0/&%/+%+#&:
1.0+?i# /+A#’9A-#)((9 (.,i(i’(&: /i#(9(", )(),iA ,+%),"(+5 0) ()8i#,+%),"(+5
ACiD(+$0i 1.0+?i#, I&$.,"(- )8/+C)*iG 1.0+?i# () 0.$0+#&: A)?)I): 0) #&A()I.-
(+ +CI&$,G#),"(&’ 8+/9?+% ACiD(+$0i.

4;?,G"Fi% ?:@=+A9"9i# $(D:?9"FiH. N$(+#(i /.A-,"0)0& ?&$./0)*i’(+-
J+ ?+$,i?D.((9 ?+8+#i?),&$9 0) +CJ+#+/G#),&$9 () ()-%+#&: $.1i()/): %)7.-
?/& 0.+/i5 +80&1),"(&: 8/+*.$i# !"#i#$"%+J+ ()*i+(),"(+J+ -(i#./$&0.0- i1.(i
I#)() 2/)(%) (1. !"#i#, 2023–2026 //.), ) 0)%+D () ()-%+#+1- $.1i()/i -(i-
#./$&0.0- Uppsala (Uppsala, K#.*i9, 2025 /.) 0) () 0)%&: ()-%+#&: %+(7./.(-
*i9:: E$.-%/)5($"%i’ ()-%+#i’ %+(7./.(*i5 “<-I)$(i 8/+C,.1& 8/&%,)?(+5 1)-
0.1)0&%& 0) %+18’G0./(&: ()-%” (1. !"#i#, 4%/)5(), 2023 /.); 3iD()/+?(i’
()-%+#+-0.:(iI(i’ %+(7./.(*i5 “ITSec-2024. R.A8.%) i(7+/1)*i’(&: 0.:(+,+Ji’”
(1. !"#i#, 4%/)5(), 2024 /.); 24-’ 3iD()/+?(i’ %+(7./.(*i5 A +CI&$,G#),"(+5
()-%& (24th International Conference on Computational Science, 1. Málaga, I$8)-
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(i9, 2024 /.); XL 3iD()/+?(i’ %+(7./.(*i5 “Problems of Decision Making Under
Uncertainties” (1. Bielsko-Biala, >+,"M), 2025 /.); 34-’ 3iD()/+?(i’ %+(7./.(-
*i5 Euromicro A 8)/),.,"(&:, /+A8+?i,.(&: 0) 1./.D.#&: +CI&$,.(" (PDP 2026:
34th Euromicro International Conference on Parallel, Distributed, and Network-
Based Processing, 1. Cluj-Napoca, U-1-(i9, 2026 /.); 30-’ 3iD()/+?(&’ 1+,+?i-
D(&’ 7+/-1 “U)?i+.,.%0/+(i%) 0) 1+,+?" - TTI $0+,i00i” (1. T)/%i#, 4%/)5(),
2026 /.).

>=G+i&"FiH. N$(+#(i /.A-,"0)0& /+C+0& +8-C,i%+#)(i - 5 8/)*9:: 2 $0)00i
- A)%+/?+((&: 7):+#&: #&?)((9:, i(?.%$+#)(&: - Scopus 0) Web of Science [44,
47]; 1 $0)009 - 7):+#+1- #&?)((i 4%/)5(& %)0.J+/i5 [, i(?.%$+#)(+1- - Web of
Science [45]; 2 $0)00i - 7):+#&: #&?)((9: 4%/)5(& %)0.J+/i5 R [46, 48].

09?=&9=?" i ,GD%K $(D:?9"FiH. ;&$./0)*i9 $%,)?)B0"$9 A )(+0)*i’ -%/)-
5($"%+G ’ )(J,i’$"%+G 1+#)1&, #$0-8-, 0/"+: /+A?i,i#, #&$(+#%i#, $8&$%- ,i0./)-
0-/& 0) +?(+J+ ?+?)0%). >+#(&’ +C$9J /+C+0& – 168 $0+/i(+%, 1i$0&0" 21 0)C,&-
*G, 13 /&$-(%i# i (),iI-B 123 ()’1.(-#)(" - $8&$%- #&%+/&$0)(+5 ,i0./)0-/&.

>,$%&". [#0+/ #&$,+#,GB #?9I(i$0" ()-%+#&1 %./i#(&%)1 ?&$./0)*i5 –
?+%0+/- 7iA&%+-1)0.1)0&I(&: ()-%, 8/+7.$+/-, A)#i?-#)I- %)7.?/& 0.+/i5 +80&-
1),"(&: 8/+*.$i# !"#i#$"%+J+ ()*i+(),"(+J+ -(i#./$&0.0- i1.(i I#)() 2/)(%)
<0.8)(- 3&:)’,+#&I- K):(- 0) ?+%0+/- 8/&/+?(&I&: ()-%, ?+*.(0- %)7.?/&
i(7+/1)*i’(&: 0.:(+,+Ji’ #i??i,- ()-%+#&: +CI&$,.(" 488$),"$"%+J+ -(i#./-
$&0.0- U+1)(- >.0/+#&I- Q%&1I-%- – A) *i((i 8+/)?&, 8+$0i’(- 8i?0/&1%- 0)
%./i#(&*0#+ 8i? I)$ #&%+()((9 *iB5 /+C+0&.
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;),1i6 1
<=6/1 6i!"#$!2#+ !$ !")#"!+5’i )*’)-+

H&A%) ()-%+#&: 0) i(D.(./(&: A)?)I A#+?&0"$9 ?+ /+A#’9A-#)((9 (.,i(i’-
(&: +8./)0+/(&: /i#(9(" [1, 49]. N$%i,"%& )(),i0&I(&’ /+A#’9A+% - A)J),"(+1-
#&8)?%- A()’0& (.1+D,&#+, A)$0+$+#-G0" i0./)*i’(i 1.0+?&, 9%i C-?-G0" 8+$,i-
?+#(i$0" ()C,&D.(" ?+ F-%)(+J+ /+A#’9A%-.

P.(0/),"(&1 i($0/-1.(0+1 I&$.,"(+J+ /+A#’9A)((9 (.,i(i’(&: +8./)0+/-
(&: /i#(9(" B 1.0+? H"G0+(), 0.+/.0&I(i A)$)?& 9%+J+ 7+/1-#),&$9 #8/+?+#D
$0+,i0". IA /+A#&0%+1 7-(%*i+(),"(+J+ )(),iA- 0) -A)J),"(.((91 8+:i?(+5 ()
#&8)?+% (+/1+#)(&: 8/+$0+/i#, $7./) A)$0+$-#)((9 1.0+?- /+AF&/&,)$9 () C)-
():+#i 8/+$0+/&. 6,)$&I() /.),iA)*i9 A)C.A8.I-B %#)?/)0&I(- ACiD(i$0", 8/+0.
#&1)J)B A():+?D.((9 +C./(.(+J+ +8./)0+/) () %+D(i’ i0./)*i5. P. $8+(-%),+
?+ /+A#&0%- %#)Ai("G0+(i#$"%&: 1.0+?i# 0) ?+$,i?D.(", A+$./.?D.(&: () 8i?-
#&M.((i 8+/9?%- ACiD(+$0i 0) A1.(F.((i +CI&$,G#),"(+5 $%,)?(+$0i.

O)?)Ii #.,&%+5 /+A1i/(+$0i 8+0/.C-G0" 8)/),.,"(&: +CI&$,.(" () %i,"%+:
#-A,): ?,9 +80&1iA)*i5 F#&?%+$0i 0) .7.%0&#(+J+ #&%+/&$0)((9 /.$-/$i#. N?()%
8)/),.,"() /.),iA)*i9 $0#+/GB -$%,)?(GB A)C.A8.I.((9 0+I(+$0i [35, 50]. >/&
/+A8+?i,i +8./)*i’ 1iD 8/+*.$)1& 8+/9?+% +CI&$,.(" $0)B (.#&A()I.(&1, M+
8/&A#+?&0" ?+ /iA(&: /.A-,"0)0i# 8/& %+D(+1- #&%+()((i. P9 8/+C,.1) %/&0&-
I() ?,9 A)?)I #.,&%+5 /+A1i/(+$0i, ?. I&$.,"() 8+:&C%) ()%+8&I-B0"$9.

4 *"+1- /+A?i,i ()#.?.(+ +J,9? i0./)*i’(&: 1.0+?i# ?,9 (.,i(i’(&: /i#(9(",
+8&$)(+ #,)$0&#+$0i %+18’G0./(+5 )/&71.0&%& 0) 8/+C,.1- #i?0#+/G#)(+$0i
8/& 8)/),.,"(&: +CI&$,.((9:.

1.1 I!"#$%i&’i 0"!)1+ #),-’/,2-$’’/ ’"6i’i&’+3
)("#$!)#’+3 #i-’/’7

H.,i(i’(i /i#(9((9 1)G0" ?+#+,i F&/+%. %+,+ A)$0+$-#)(": 1+?.,G#)((9
:i1iI(&: 8/+*.$i#, .%+(+1i%+-7i()($+#. 1+?.,G#)((9, +80&1iA)*i9 1)0.1)0&-
I(&: 0) $0)0&$0&I(&: 8/+*.$i#, %+18’G0./(. C)I.((9, +CI&$,G#),"() Ji?/+?&-
()1i%), 0./1+?&()1i%) 0) i(Fi. O()I() %i,"%i$0" (.,i(i’(&: /i#(9(" A#+?&0"$9
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?+ /+A#’9A-#)((9
F (x) = 0, (1.1)

?. F : D ↓ X ↔ Y B ?&7./.(*i’+#(&1 A) 2/.F. +8./)0+/+1 [51, 52]. <&1#+,&
X, Y 8+A()I)G0" C)():+#i 8/+$0+/&, ) D 8+A()I)B #i?%/&0- 0) +8-%,- 8i?1(+-
D&(- X .

J@8"-:88% 1.1. [53] 9(:"; F – *<(1")*1, =* #i$*-1"5". -"6":i# <1*3)i1 X

> -"6":i# <1*3)i1 Y . ?&=* i36>. *-/(5(62; 4i6i;62; *<(1")*1 L @ X # Y

)"&2;, =*

lim
↗!x↗↔0

↗F (x0 +!x)↑ F (x0)↑ L(!x)↗
↗!x↗ = 0,

)*$i F 6"@2#".)73% $2A(1(6Bi;*#62/ @" C1(D( # )*EBi x0, " *-/(5(62; 4i-
6i;62; *<(1")*1 F

→(x0) = L 6"@2#".)73% <(1D*+ <*:i$6*+ C1(D( # )*EBi x0.
F1i/ )*G*, $2A(1(6Bi"4 C1(D(

ωF (x0,!x) = F
→(x0)!x

. -42@7&*+ "<1*&32/"Bi.+ 1i@62Bi F (x0+!x)↑F (x0) #i$6*36* ↗!x↗ $4% /"42:
@6"E(67 ↗!x↗.

N0/&1)((9 /+A#’9A%- x
↘ ≃ D /i#(9((9 (1.1) # )(),i0&I(+1- #&J,9?i 1+D,&-

#. ,&F. ?,9 +C1.D.(+J+ %,)$- A)?)I. Z./.A *. () 8/)%0&*i ?,9 )8/+%$&1)*i5
x
↘ 8./.#)D(+ A)$0+$+#-G0" i0./)*i’(i 1.0+?&. Pi 1.0+?& 8+,9J)G0" - 8+C-?+-

#i 8+$,i?+#(+$0i ()C,&D.(" {xk}⇐k=0 ↓ D, 9%) ACiJ)B0"$9 ?+ x
↘. OCiD(i$0" 0)

.7.%0&#(i$0" 0)%&: 1.0+?i# J)/)(0-B0"$9 ,&F. 8/& #&%+()((i 8.#(&: -1+#, M+
()%,)?)G0"$9 9% () +8./)0+/ F , 0)% i () #&Ci/ 8+I)0%+#+J+ ()C,&D.((9 x0.
O)A#&I)’ -1+#& ACiD(+$0i C)A-G0"$9 () -1+#): (.8././#(+$0i !i8F&*9, @"+,"-
?./) )C+ -A)J),"(.(&: -1+#): (.8././#(+$0i, ()%,)?.(&: () 8+:i?(- F

→.
N8./)0+/ F A C)():+#+J+ 8/+$0+/- X # C)():i# 8/+$0i/ Y B ,i8F&*.#+

(.8././#(&1 () 1(+D&(i A ↓ X , 9%M+ i$(-B 0)%) %+($0)(0) c < ⇐, M+

↗F (x)↑ F (y)↗ ⇒ c↗x↑ y↗, ⇑x, y ≃ A.

H&D(9 1.D) c, M+ A)?+#+,"(9B ()#.?.(- #&M. (./i#(i$0" ?,9 x ⇓= y, ()A&#)B-
0"$9 &*63)"6)*+ Hi<D2B% *<(1")*1" F () 1(+D&(i A. N8./)0+/, M+ B +C1.-
D.(&1 () #i?%/&0i’ %-,i U(z, r) = {x ≃ X | ↗x ↑ z↗ < r}, B (.8././#(&1 -
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0+I*i z. ;,9 ,i(i’(&: +8./)0+/i# +C./(.(. 0#./?D.((9 0)%+D B i$0&((&1. N8.-
/)0+/ A)?+#+,"(9B -1+#- @"+,"?./), %+,& i$(-G0" ?i’$(i $0),i C ⇔ 0,ε > 0,
M+

↗F (x)↑ F (y)↗ ⇒ C↗x↑ y↗ω, ⇑x, y ≃ A.

<0),) ε ()A&#)B0"$9 <*&"@62&*/ >/*#2 !7*47$(1". Q%M+ ε = 1, 0+ #&%+(-B0"$9
-1+#) !i8F&*9.

1.1.1 %6789:;9< =i>?i> @7 @ABCAD9 EFiG;B8@i

N?(&1 iA ()’#i?+1iF&: A)$0+$+#-#)(&: 1.0+?i# I&$.,"(+J+ /+A#’9A-#)((9
(.,i(i’(&: /i#(9(" B 1.0+? H"G0+(). I$0+/&I(+ *.’ 1.0+? 8+$i?)B +$(+#(. 1i$*.
$./.? i($0/-1.(0i# I&$.,"(+J+ )(),iA-. \+J+ +$(+#(i i?.5 $7+/1-,"+#)(i - 8/)-
*9: I$))%) H"G0+() # 8./i+? 1669-1690 /+%i#, ) AJ+?+1 1.0+? C-,+ -A)J),"(.(+
0) 8+F&/.(+ () A()I(+ F&/F&’ %,)$ A)?)I, #%,GI(+ A (.,i(i’(&1& +8./)0+/-
(&1& /i#(9((91&.

H.:)’ F : D ↓ X ↔ Y – +8./)0+/, ?&7./.(*i’+#(&’ A) 2/.F. # C)():+#&:
8/+$0+/): X 0) Y, D – #i?%/&0) +8-%,) 8i?1(+D&() X .
3.0+? 1)B #&J,9?:

x0 ≃ D, xn+1 = xn ↑ F
→(xn)

↑1
F (xn), n = 0, 1, 2, ... , (1.2)

?. F
→(xn)↑1 8+A()I)B +C./(.(&’ +8./)0+/ ?+ 8+:i?(+5 2/.F. F

→(xn) +8./)0+/)
F - 0+I*i xn. OCiD(i$0" 1.0+?- H"G0+() J)/)(0-B0"$9 A) -1+#& (.8././#(+$0i
0) +C+/+0(+$0i +8./)0+/) F

→ # +%+,i /+A#’9A%- x
↘. 6/i1 0+J+, 8+I)0%+#. ()C,&-

D.((9 x0 8+#&((+ (),.D)0& +C,)$0i, - 9%i’ #&%+(-G0"$9 #i?8+#i?(i -1+#& !i-
8F&*9. O) *&: -1+# A)C.A8.I-B0"$9 %#)?/)0&I() ACiD(i$0" 8+$,i?+#(+$0i {xn}
?+ 0+I(+J+ /+A#’9A%- x

↘.
;,9 ?+#.?.((9 i$(-#)((9 /+A#’9A%- 0) ACiD(+$0i 1.0+?-, #&:+?9I& A -1+#

- 8+I)0%+#+1- ()C,&D.((i x0 (()8i#,+%),"() ACiD(i$0"), #&%+/&$0+#-B0"$9 0.-
+/.1) 6)(0+/+#&I).

3:,?:<" 1.1. (F"6)*1*#2E") [54] 9(:"; *<(1")*1 F #2@6"E(62; # ”0 i /".
6(<(1(1#6> $1>G> <*:i$6> # ”0. 9(:";, &1i/ )*G*, #2&*6>+)73% >/*#2:

1) i36>. 6(<(1(1#62; 4i6i;62; *<(1")*1 #0 = [F →(x0)]↑1;
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2) ↗#0F (x0)↗ ⇒ ϑ;

3) ↗#0F
→→(x)↗ ⇒ K, (x ≃ ”0).

I*$i, %&=* h = Kϑ ⇒ 1
2 )" r ⇔ 1↑

↖
1↑2h
h ϑ, )* 1i#6%66% (1.1) /". 1*@#’%@*& x

↘,
$* %&*G* @-iG".)73% /()*$ 97+)*6" (1.2). 012 B7*/>

↗x↘ ↑ x0↗ ⇒ r0.

J"4i, %&=* <12 h <
1
2

r < r1 =
1 +

↖
1↑ 2h

h
ϑ,

" <12 h = 1/2 #2&*6>.)73% 6(1i#6i3)7 r ⇒ r1, )* # &>4i ”0 1*@#’%@*& .$262;.
K#2$&i3)7 @-i56*3)i i)(1"Bi;6*G* <1*B(3> (1.2) #2@6"E".)73% 6(1i#6i3)+

↗xk ↑ x
↘↗ ⇒ 1

2k
(2h)2

k ϑ

h
, k = 0, 1, 2, ... .

L.+/.1) 1.1 6)(0+/+#&I) ?+#+?&0" i$(-#)((9 /+A#’9A%- x
↘, $8&/)GI&$" ()

?)(i # 8+I)0%+#i’ 0+I*i x0. N?()% () 8/)%0&*i 8./.#i/%) -1+# 1+D. C-0& $%,)-
?(+G. [,"0./()0&#(&1 8i?:+?+1 B ?+$,i?D.((9 ,+%),"(+5 ACiD(+$0i 1.0+?-.
>/&8-$%)GI&, M+ /+A#’9A+% x

↘ i$(-B, #&A()I)G0" +C,)$0", - 1.D): 9%+5 8+I)-
0%+#. ()C,&D.((9 x0 A)C.A8.I&0" ACiD(i$0" i0./)*i’(+J+ 8/+*.$-. L)%&’ )(),iA,
9%&’ I)$0+ 8+#’9A-G0" A -1+#)1& 6+Fi, A)A#&I)’ 1)B 8/+$0iF. ?+#.?.((9.

3:,?:<" 1.2. (4*&"476" @-i56i3)7) [54] 9(:"; *<(1")*1 F : X ↔ Y 6(<(-
1(1#6* $2A(1(6Bi;*#62; > #i$&12)i; *<>&4i; /6*526i D ↓ X. 012<>3)2/*,
=* i36>+)7 x

↘ ≃ X, r, ϖ > 0 )"&i, =* ”(x↘, r) = {x ≃ X : ↗x↑ x
↘↗ ⇒ r} ↓ D,

F (x↘) = 0, i36>. [F →(x↘)]↑1, <12E*/> ↗[F →(x↘)]↑1↗ ⇒ ϖ i

↗F →(x)↑ F
→(x↘)↗ ⇒ ϱ↗x↑ x

↘↗, x ≃ ”(x↘, r).

I*$i i36>. ς > 0 )"&(, =* $4% #3i: x0 ≃ ”(x↘, r) <*34i$*#6i3)7 {xk}k ⇔ 0, G(6(-
1*#"6" /()*$*/ 97+)*6", &*1(&)6* #2@6"E(6", @-iG".)73% $* x

↘ i @"$*#*476%.
6(1i#6i3)7

↗xk+1 ↑ x
↘↗ ⇒ ϖϱ↗xk ↑ x

↘↗2, k = 0, 1, 2, ... .

H./i#(i$0" ↗xk+1↑x
↘↗ ⇒ C↗xk↑x

↘↗2, k = 0, 1, 2, ... (?. C > 0 - ?.9%) $0)-
,), ) ↗ · ↗ - (+/1) # C)():+#+1- 8/+$0+/i X) #%)A-B, M+ #i?$0)(" 1iD I./J+#&1
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()C,&D.((91 xk+1 0) 0+I(&1 /+A#’9A%+1 x
↘ () %+D(+1- %/+*i A1.(F-B0"$9 8/+-

8+/*i’(+ %#)?/)0- #i?$0)(i 1iD 8+8./.?(i1 ()C,&D.((91 xk 0) x
↘. 6,GI+#&1

)$8.%0+1 0.+/.1& 8/+ ,+%),"(- ACiD(i$0" B 0., M+ 55 -1+#& #&A()I.(i #i?(+$(+
0+I(+J+ /+A#’9A%- x

↘, 9%&’ ()8./.? (.#i?+1&’.
>./.#)J+G 1.0+?- H"G0+() (1.2) B #&$+%) F#&?%i$0" ACiD(+$0i. >/+0. ’+J+

A)$0+$-#)((9 +C1.D.(. #&$+%+G +CI&$,G#),"(+G $%,)?(i$0G, ?. () %+D(i’ i0.-
/)*i5 (.+C:i?(+ +CI&$,G#)0& F

→(x) 0) +C./(.(&’ +8./)0+/. P. +$+C,&#+ #8,&#)B
() .7.%0&#(i$0" i0./)*i’(+J+ 8/+*.$- 8/& /+A#’9A-#)((i A)?)I #.,&%+5 /+A1i/-
(+$0i )C+ +8./)0+/i# $%,)?(+5 $0/-%0-/&.

O *iB5 8/&I&(& 1.0+? H"G0+() $0)# #i?8/)#(+G 0+I%+G ?,9 /+A/+C%& I&-
$,.((&: 1+?&7i%)*i’ i ?+$,i?D.(": #i? %#)Ai("G0+(i#$"%&: $:.1 ?+ 1.0+?i# A
)8/+%$&1)*iBG +C./(.(+J+ +8./)0+/). 4 *"+1- ?&$./0)*i’(+1- ?+$,i?D.((i 1.-
0+? H"G0+() /+AJ,9?)B0"$9 9% C)A+#&’, () 9%+1- V/-(0-B0"$9 )(),iA 0) /+A/+C-
%) (+#&: i0./)*i’(&: 8i?:+?i# 0) ?+$,i?D.((9 5:(i: +CI&$,G#),"(&: :)/)%0.-
/&$0&%.

N?&( iA 1+?&7i%+#)(&: 1.0+?i# A)1i(GB F
→(xn)↑1 +CI&$,.((91 8+:i?(+5

2/.F. ,&F. - 8+I)0%+#i’ 0+I*i F
→(x0)↑1, M+ $8/+M-B +CI&$,G#),"(- $%,)-

?(i$0" 1.0+?-, 8/+0. 8/)*GB ,&F. ?,9 C,&A"%+J+ ?+ /+A#’9A%- 8+I)0%+#+J+ ()-
C,&D.((9.

1.1.2 4iE;9HAIi @7 F7J7@BKCBKBIi DA@B>9

4 %,)$&I(&: i0./)*i’(&: 1.0+?):, A+%/.1) - 1.0+?i H"G0+(), (+#. ()C,&-
D.((9 #&A()I)B0"$9 ,&F. () +$(+#i 8+8./.?("+J+ A()I.((9. H)0+1i$0" C)J)-
0+%/+%+#i 1.0+?& #&%+/&$0+#-G0" %i,"%) 8+8./.?(i: ()C,&D.(" )C+ ?+?)0%+#i
8/+1iD(i 0+I%&, M+ ?+A#+,9G0" 8i?#&M&0& 8+/9?+% ACiD(+$0i )C+ A1.(F&0&
+CI&$,G#),"(i #&0/)0&.

4 8/)*i [55] A)8/+8+(+#)(+ ?#+%/+%+#&’ 1.0+? #&J,9?-:

xn+1 = xn ↑ [F → ((1↑ µ)xn + µyn)]
↑1

F (xn),

yn+1 = xn+1 ↑ [F → ((1↑ µ)xn + µyn)]
↑1

F (xn+1),

?. n = 0, 1, 2, ..., x0 = y0 – 8+I)0%+#. ()C,&D.((9, µ ≃ R. >/& µ = 0 +0/&1-B1+
%,)$&I(&’ 1.0+? H"G0+(), 0+?i 9% 8/& µ = 0.5 8+/9?+% ACiD(+$0i ?+/i#(GB
1 +

↖
2. E)D,&#+, M+ () %+D(i’ i0./)*i5 +CI&$,.((9 +8./)0+/) F (x) 0) ’+J+



28

8+:i?(+5 F →(x) A?i’$(GB0"$9 ,&F. +?&( /)A.
>/&%,)?+1 0/&%/+%+#+5 $:.1& - 8/+$0+/i Rn B 1.0+? [9], ?. +?(. A ()C,&-

D.(" +CI&$,GB0"$9 A) 1.0+?+1 H"G0+():

uk = xk ↑ F
→(xk)

↑1
F (xk),

vk = xk ↑ ϖkF
→(xk)

T
F (xk),

xk+1 = argmin
ε

↗F (uk + φ(vk ↑ uk))↗,

ϖk > 0,φ ≃ R, k = 0, 1, ... .
;+ ?#+%/+%+#&: $:.1 0/.0"+J+ 8+/9?%- (),.D&0" 1.0+? A)8/+8+(+#)(&’ J.

Traub [56]

yn = xn ↑ [F →(xn)]
↑1
F (xn), n ⇔ 0, x0 ≃ ”,

xn+1 = yn ↑ [F →(xn)]
↑1
F (yn). (1.3)

P.’ 1.0+? #&%+/&$0+#-B ,&F. +?(. +CI&$,.((9 8+:i?(+5 F →(xn) () %+D(i’ i0.-
/)*i5, M+ B $-00B#+G 8./.#)J+G ()? %,)$&I(&1& 1.0+?)1& 0/.0"+J+ 8+/9?%-, ?.
A)A#&I)’ 8+0/iC(. ?+?)0%+#. +CI&$,.((9 ?/-J+5 8+:i?(+5. 3.0+? C)A-B0"$9 ()
8+$,i?+#(+1- -0+I(.((i ()C,&D.((9 I./.A +CI&$,.((9 yn A) %,)$&I(&1 1.0+-
?+1 H"G0+() (1.2), ) ?),i #&%+/&$0+#-B0"$9 M. +?&( %/+% iA 0iBG D 8+:i?(+G
F

→(xn), ),. ?,9 7-(%*i5, +CI&$,.(+5 # 0+I*i yn. P. ?+A#+,9B #/):-#)0& ?+?)-
0%+#- i(7+/1)*iG C.A 8+0/.C& #&M&: 8+:i?(&:. 4 8/)%0&I(&: A)$0+$-#)((9:
1.0+? (1.3) I)$0+ %+1Ci(-G0" iA 1.0+?+1 H"G0+() (1.2). <8./F- #&%+/&$0+#--
G0" 1.0+? H"G0+(), ) 8+0i1 8./.:+?90" ?+ F#&?F+J+ 1.0+?- 0/.0"+J+ 8+/9?%-
Ai ACiD(i$0G ↗xn+1 ↑ x

↘↗ ⇒ C↗xn ↑ x
↘↗3.

;+C/+G ),"0./()0&#+G 1.0+?- H"G0+() ?,9 /+A#’9A-#)((9 A)?)Ii (1.1) B
/iA(&*.#i 1.0+?&, 9%i (. #&1)J)G0" )(),i0&I(+ A)?)(&: 8+:i?(&:. H)0+1i$0"
#+(& #&%+/&$0+#-G0" 8+?i,.(i /iA(&*i. UiA(&*.#i 1.0+?& #&%+/&$0+#-G0" 8/&
I&$.,"(+1- /+A#’9A-#)((i $8.%0/),"(&: A)?)I, A+%/.1) ?,9 A():+?D.((9 #,)-
$(&: A()I.(" 0) #,)$(&: 7-(%*i’ A)?)Ii K0-/1)-!i-#i,,9 [57, 58].

J@8"-:88% 1.2. [30] 9(:"; F – 6(4i6i;62; *<(1")*1, #2@6"E(62; # *<>&4i;
*-4"3)i D -"6":*#*G* <1*3)*1> X @i @6"E(66%/2 > -"6":*#*/> <1*3)*1i Y , x
)" y $#i Ai&3*#"6i )*E&2 D. ,-/(5(62; 4i6i;62; *<(1")*1 F (x, y) ≃ L(X, Y )

6"@2#".)73% <*$i4(6*+ 1i@62B(+ <(1D*G* <*1%$&> $4% *<(1")*1" F @" )*E&"-
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/2 x )" y, %&=* #2&*6>.)73% 1i#6i3)7

F (x, y)(x↑ y) = F (x)↑ F (y).

J@8"-:88% 1.3. [30] 0*$i4(6*+ 1i@62B(+ $1>G*G* <*1%$&> $4% *<(1")*1" F @"
)*E&"/2 x, y )" z 6"@2#".)73% *<(1")*1 F (x, y, z), %&2; @"$*#*476%. >/*#>

F (x, y, z)(y ↑ z) = F (x, y)↑ F (x, z).

Q%M+ 8+?i,.() /iA(&*9 8./F+J+ 8+/9?%- +8./)0+/) F A)?+#+,"(9B -1+#& !i-
8F&*9

↗F (x, y)↑ F (x, z)↗ ⇒ l1↗y ↑ z↗, x, y, z ≃ D, (1.4)

↗F (y, x)↑ F (z, x)↗ ⇒ l2↗y ↑ z↗, x, y, z ≃ D, (1.5)

?,9 #$i: x, y, z ≃ D, 0+ F B ?&7./.(*i’+#(&’ A) 2/.F. +8./)0+/ () D 0) F
→(x) =

F (x, x). 6/i1 *"+J+, 9%M+ +?(+I)$(+ #&%+(-G0"$9 -1+#& (1.4)-(1.5), 0+ 8+:i?()
2/.F. F

→ B (.8././#() A) !i8F&*.1 A %+($0)(0+G L = l1 + l2.

Ei?+1&1& 8/&%,)?)1& /iA(&*.#&: 1.0+?i# B 1.0+? :+/? [59]

xk+1 = xk ↑ F (xk, xk↑1)
↑1
F (xk), k = 0, 1, 2, . . .

0) 1.0+? ,i(i’(+5 i(0./8+,9*i5 (6-/I)0+#)) [60]

xk+1 = xk ↑ F (2xk ↑ xk↑1, xk↑1)
↑1
F (xk), k = 0, 1, 2, . . . .

NC&?#) 1.0+?& (. 1)G0" +CI&$,.(" F →(x), M+ 1+D. C-0& #)J+1+G 8./.#)J+G ?,9
?.9%&: A)?)I. >/+0. () %+D(+1- %/+*i i0./)*i’(&: 1.0+?i# ?,9 /+A#’9A-#)((9
(.,i(i’(&: /i#(9(" 8+0/iC(+ /+A#’9A-#)0& ,i(i’(. +8./)0+/(. /i#(9((9 )C+ +C-
I&$,G#)0& +C./(.(&’ +8./)0+/. N$%i,"%& *. A)#?)((9 B $%,)?(&1, 0+ 1+D()
A)$0+$+#-#)0& 1.0+?& A )8/+%$&1)*iBG +C./(.(+J+ +8./)0+/), 9%i (. 8+0/.C--
G0" /+A#’9A-#)((9 ,i(i’(&: A)?)I. I$(-B ?#) 8i?:+?&: 8+$,i?+#() 0) 8)/),.,"-
() )8/+%$&1)*i9 +C./(.(+J+ +8./)0+/). 3.0+?& A 8)/),.,"(+G )8/+%$&1)*iBG
+C./(.(+J+ +8./)0+/) A)$0+$+#-G0" 8/& I&$.,"(+1- /+A#’9A-#)((i (1.1), #&%+-
/&$0+#-GI& %i,"%) +CI&$,G#),"(&: 8+0+%i#.
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U+AJ,9(.1+ 1+?&7i%)*iG 1.0+?- H"G0+():

xk+1 = xk ↑ AkF (xk),

Ak+1 = Ak(2I ↑ F
→(xk)Ak).

;,9 *"+J+ 1.0+?- +?&( 8/+*.$ 1+D. +CI&$,G#)0& ()$0-8(. ()C,&D.((9 ?+
/+A#’9A%-, ) i(F&’ 8/+*.$ +CI&$,G#)0& )8/+%$&1)*iG +C./(.(+J+ +8./)0+/).
I&1 8+%/)M-#)0& A)J),"(- F#&?%+?iG ?,9 8+F-%- /+A#’9A%- A)?)Ii. >/+0. ?,9
%/)M+5 ACiD(+$0i 8/+*.$- I)$0+ #&%+/&$0+#-G0" 8+$,i?+#(- )8/+%$&1)*iG.

4 8/)*i [61] I. Argyros 0) Á. Magreñán +CV/-(0-#),& ()8i#,+%),"(- ACi-
D(i$0" 1.0+?- 3+A./)

xk+1 = xk ↑ BkF (xn),

Bk+1 = 2Bk ↑ BkF (xk, xk+1)Bk, k = 0, 1, . . . .

H+#iFi ?+$,i?D.((9 #%,GI)G0" 1.0+? 3+A./)-6-/I)0+#), - 9%+1- 8+B?()(+
i?.G i0./)0&#(+5 )8/+%$&1)*i5 +C./(.(+J+ +8./)0+/) 3+A./) 0) /iA(&*.#- 0.-
:(i%- 6-/I)0+#)

xk+1 = xk ↑ AkF (xk),

yk+1 = xk + (1↑ pk)(xk+1),

Kk+1 = F (2yk+1 ↑ xk+1, xk+1),

Ak+1 = 2Ak ↑ AkKk+1Ak.

UiA(&*.#i 0) C)J)0+%/+%+#i 1.0+?& 0) 8i?:+?& )%0&#(+ ?+$,i?D-#),&$9 -
8/)*9: 3. R)/0iF), <. K):(), I. Argyros, S. Regmi, X.Wang, @. Q/1+,&, J.
Sharma [8=10, 16, 17, 21, 23, 62=65]. H)8/&%,)?, X. Wang 0) X. Chen - [23]
A)8/+8+(-#),& 1.0+?:

y
(k) = x

(k) ↑ F (2x(k) ↑ y
(k↑1)

, y
(k↑1))↑1

F (x(k)),

x
(k+1) = x

(k) ↑ F (y(k), x(k))↑1
F (x(k)),

?. x0 – 8+I)0%+#. ()C,&D.((9 0) k = 0, 1, . . . . I(F&1 8/&%,)?+1 C)J)0+%/+%+-
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#+5 $:.1& B 1.0+? J. Sharma [65], ACiD(i$0" 9%+J+ ?+$,i?D-#),& S. Shakhno, I.
Argyros 0) M. Shakhov - [64]:

y
(0)
n = xn ↑

2

3
F

→(xn)
↑1
F (xn),

An = F
→(xn)

↑1
F

→(y(0)n ),

y
(1)
n = y

(0)
n ↑ 1

12
(13I ↑ 9An)F

→(xk)
↑1
F (xk),

En = E(xn, y
(0)
n ) =

1

2
(5I ↑ 3An),

y
(j)
n = y

(j↑1)
n ↑ EnF

→(xn)
↑1
F (y(j↑1)

n ),

. . .

xn+1 = y
(m)
n = y

(m↑1)
n ↑ EnF

→(xn)
↑1
F (y(m↑1)

n ),

?. m ⇔ 2 – ()0-/),"(. I&$,+, x(0)0 = x0 ≃ D, j = 2,m, n = 0, 1, . . . . E)D,&#+,
M+ +8./)0+/& An, En 0) +C./(.(&’ +8./)0+/ F

→(xn)↑1 +CI&$,GG0"$9 ,&F. +?&(
/)A A) i0./)*iG.

;,9 F&/+%+J+ %,)$- i0./)*i’(&: ),J+/&01i# 8./.:i? ?+ (+#+J+ ()C,&D.((9
8+#’9A)(&’ A (.+C:i?(i$0G /+A#’9A-#)0& $&$0.1& ,i(i’(&: ),J.C/&I(&: /i#(9("
Ax = b. O +CI&$,G#),"(+5 0+I%& A+/- *. B $%,)?(+G 0) /.$-/$+1i$0%+G +8.-
/)*iBG, +$+C,&#+ %+,& A B /+A/i?D.(+G 1)0/&*.G #.,&%+J+ /+A1i/-. ;,9 0)-
%&: A)?)I /+A/+C,.(i $8.*i),"(i 7+/1)0& AC./iJ)((9 0) +80&1iA+#)(i ),J+/&01&
1(+D.((9, M+ ?+A#+,9G0" 1i(i1iA-#)0& $8+D&#)((9 8)1’90i 0) I)$ +CI&$,.(".
H)8/&%,)?, - $-I)$(&: ?+$,i?D.((9:, A+%/.1) - $0)00i [66], /+AJ,9?)G0" #&-
$+%+.7.%0&#(i 1.0+?& ?,9 /+A/i?D.(&: 1)0/&*", 9%i #&(&%)G0" - A)?)I): iA
I)$0&((&1& 8+:i?(&1&. 4 ?)(+1- ?&$./0)*i’(+1- ?+$,i?D.((i -#)J) 8/&?i,9-
B0"$9 )(),iA- .7.%0&#(&: 8)/),.,"(&: 1.0+?i# /+A#’9A-#)((9 $&$0.1 Ax = b

0) A)C.A8.I.((G 0+I(+$0i +CI&$,.(" ?,9 /iA(&: %+(7iJ-/)*i’ +CI&$,G#),"(&:
$&$0.1.

1.2 :6$*!+-)*!i .)0(’>!"#’)? $#+@0"!+.+

6+18’G0./() )/&71.0&%) A)C.A8.I-B +$(+#& 8/.?$0)#,.((9 0) +C/+C%& I&-
$., # *&7/+#&: +CI&$,.((9:.

Z&$,) A /-:+1+G %+1+G – *. 7+/1) 8+?)((9 ?i’$(&: I&$., - %+18’G0./(i’
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)/&71.0&*i, # 9%i’ I&$,+ AC./iJ)B0"$9 - 7+/1i 1)(0&$& i 8+%)A(&%) $0.8.(9. Z&-
$,) A /-:+1+G %+1+G 1)G0" 7i%$+#)(- #i?(+$(- 0+I(i$0", A),.D(- #i? %i,"%+$0i
/+A/9?i# 1)(0&$&, i A1i(G#)(- )C$+,G0(-, 9%) A),.D&0" #i? 8+/9?%- I&$,).

O)J),"(&’ #&J,9? I&$,) A /-:+1+G %+1+G 1)B #&J,9?:

x = ± x0.x1 . . . xM↑1︸ ︷︷ ︸
!"#$%&"

↙b
e
, 0 ⇒ xi ⇒ b↑ 1, x0 ⇓= 0,

?. b – +$(+#) $&$0.1& I&$,.((9 (A)A#&I)’ b = 2), e ≃ Z – 8+%)A(&% $0.8.(9.
;,9 +?(+A()I(+J+ 8+?)((9 +?(+J+ ’ 0+J+ D I&$,), $8/+M.((9 8+/i#(9(-

(9 I&$., 0) +8./)*i’ ()? (&1& #&%+/&$0+#-G0" -(i7i%+#)(. 8/.?$0)#,.((9 –
(+/1),iA+#)(- 7+/1-. 4 (+/1),iA+#)(+1- 8/.?$0)#,.((i $0)/F&’ /+A/9? 1)(-
0&$& B (.(-,"+#&’. ;,9 ?#i’%+#+5 $&$0.1& *. +A()I)B, M+ 1)(0&$) 1)B #&J,9?
1.x1x2 . . . , ) $0)/F&’ Ci0 (. AC./iJ)B0"$9 9#(+ # 8)1’90i (implicit bit). P. ?+-
A#+,9B AC./iJ)0& () +?&( Ci0 Ci,"F. 0+I(+$0i. H+/1),iA+#)() 7+/1) J)/)(0-B
AC./iJ)((9 9%+1+J) Ci,"F. A()I-M&: Ci0i# 8i$,9 %+1&.

;.(+/1),iA+#)(i ($-C(+/1),"(i) I&$,) ?+A#+,9G0" 8+$0-8+#+ A1.(F-#)0&
0+I(i$0" ?,9 A()I.(" C,&A"%&: ?+ (-,9, M+C A)8+CiJ0& /)80+#+1- 8./.:+?- ?+
(-,9 8/& A1.(F.((i I&$,). H)8/&%,)?, - 7+/1)0i IEEE 754 (float) ()’1.(F.
(+/1),iA+#)(. I&$,+ – 1.0 ·2↑126, ) ()’1.(F. ?.(+/1),iA+#)(. I&$,+ – 2↑149. ;.-
(+/1),iA+#)(i I&$,) A)8+CiJ)G0" /iA%+1- 8./.:+?- ?+ 0 8/& ?-D. 1),&: /iA(&-
*9:, 0+1- #&/)A& #&?- f(x1)↑f(x0)

x1↑x0
8/& C,&A"%&: A()I.((9: x0 0) x1 (. 8/&A#+?90"

?+ 7)%0&I(+J+ ?i,.((9 () (-,".
N$+C,&#&1 #&8)?%+1 B 8/.?$0)#,.((9 (-,9: #$i Ci0& 1)(0&$& 0) .%$8+(.(0&

?+/i#(GG0" (-,G.

1.2.1 !@7;>7C@9 IEEE 754 @7 IEEE 854

IEEE 754 B +$(+#(&1 $0)(?)/0+1 ?,9 I&$., A /-:+1+G %+1+G i #&A()I)B
7+/1)0& A 7i%$+#)(&1 /+A8+?i,+1 Ci0i# [67]:

• single precision (binary 32): +$(+#) ϖ = 2, p = 24 (23 Ci0& 1)(0&$& 0) implicit
bit), 8 Ci0 .%$8+(.(0&, A)J),+1 32 Ci0&. Ei?8+#i?)B 0&8- float - C/<++;

• double precision (binary 64): +$(+#) ϖ = 2, p = 53 (52 Ci0& 1)(0&$& 0)
implicit bit). 11 Ci0 .%$8+(.(0&, A)J),+1 64 Ci0&. Ei?8+#i?)B 0&8- double -
C/<++. ;
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• single extended: /+A1i/ (. 7i%$+#)(&’, 1)(0&$) #i? 32 Ci0;

• double extended: /+AF&/.(&’ 7+/1)0 A 1)(0&$+G #i? 64 Ci0&.

;,9 .%$8+(.(0& #&%+/&$0+#-B0"$9 A1iM.((9. P.’ 8i?:i? ?+A#+,9B 8/.?$0)#-
,90& 9% ?+?)0(i, 0)% i #i?’B1(i A()I.((9 .%$8+(.(0&, #&%+/&$0+#-GI& ,&F. (.-
#i?’B1(i I&$,).

IEEE 854 – /+AF&/.((9 IEEE 754, 9%. ?+A#+,9B #&%+/&$0+#-#)0& ?+#i,"(-
+$(+#- ϖ (()8/&%,)?, ϖ = 10 ?,9 ?.$90%+#&: 7+/1)0i#) [68]. <0)(?)/0 IEEE
854 1.(F 8+F&/.(&’ i 8./.#)D(+ #&%+/&$0+#-B0"$9 # +CI&$,.((9:, ?. #)D,&#)
?.$90%+#) )/&71.0&%).

4 0)C,&*i (1.1) ()#.?.1+ +$(+#(i :)/)%0./&$0&%& $0)(?)/0- IEEE 754.

>"?"<:9? Single Single Ext Double Double Ext

p (Ci0& 1)(0&$&) 24 ⇔ 32 53 ⇔ 64

emax +127 ⇔ +1023 +1023 > +16383

emin ↑126 ⇒ ↑1022 ↑1022 ⇒ ↑16382

K&/&() .%$8+(.(0& (Ci0i#) 8 ⇔ 11 11 ⇔ 15

O)J),"() F&/&() (Ci0i#) 32 ⇔ 43 64 ⇔ 79

L)C,. 1.1: N$(+#(i 8)/)1.0/& 7+/1)0i# I&$., A /-:+1+G %+1+G AJi?(+ Ai $0)(-
?)/0+1 IEEE 754 [35].

>,)(G&( ;?:$D9"#+:88% 9" @",&?=K+:88%. Z./.A +C1.D.(- 0+I(i$0" I&-
$., A /-:+1+G %+1+G Ci,"Fi$0" ?i’$(&: I&$., (. 1+D-0" C-0& 8/.?$0)#,.(i
0+I(+. 4 8/+*.$i A)+%/-J,.((9 ?i’$(+J+ I&$,) A /-:+1+G %+1+G #&(&%)B 8+:&C-
%). N$(+#(i $8+$+C& +*i(%& 8+:&C+%:

• ULP (unit in the last place – +?&(&*9 # +$0)(("+1- /+A/9?i) – 1i(i1),"()
#i?$0)(" 1iD ?#+1) $-$i?(i1& 8+?)(&1& I&$,)1&;

• #i?(+$() 8+:&C%) ω =
∣∣x↑x̃

x

∣∣ , ?. x – i$0&((. A()I.((9, x̃ – +CI&$,.(. A()I.-
((9;

• )C$+,G0() 8+:&C%) |x↑ x̃|.

3)F&((&’ ς – *. ()’1.(F. ?+?)0(. I&$,+ ς, 0)%. M+: 1 + ς > 1.
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Guard digit – *. ?+?)0%+#&’ /+A/9?, 9%&’ AC./iJ)B0"$9 8i? I)$ #&%+()((9
)/&71.0&I(&: +8./)*i’ (+$+C,&#+ #i?(i1)((9), M+C A1.(F&0& 8+:&C%- +%/--
J,.((9 8/& /+C+0i A C,&A"%&1& A) A()I.((91& I&$,)1&. R.A *"+J+ /+A/9?- 8/&
#i?(i1)((i 1)’D. /i#(&: I&$., 1+D-0" #0/)I)0&$9 A()I-Mi /+A/9?& I./.A A$-#
1)(0&$&.

>?(&+"$ 1:

5.11↙ 1012 ↑ 1.11↙ 10↑7 ∝ 5.11↙ 1012.

Z./.A +C1.D.(- 0+I(i$0" 1.(F. I&$,+ #0/)0&0" A()I-Mi$0" 0) 1)0&1. %+18’G0./(.
8+?)((9:

x = 5.11↙ 1012, y = 0.00↙ 1012, x↑ y = 5.11↙ 1012.

Q%M+ D #&%+()0& )(),+JiI(- +8./)*iG # $&$0.1i A 1.(F+G 0+I(i$0G 0) +C1.-
D.(&1 +C$9J+1 8)1’90i, /.A-,"0)0 A1i(&0"$9. U+AJ,9(.1+ 10.1↑ 9.93 = 0.17.

x = 1.01↙ 101, y = 0.99↙ 101, x↑ y = 0.02↙ 101 = 0.2.

UiA(&*9 1iD 0+I(&1 i +CI&$,.(&1 /.A-,"0)0+1 $0)(+#&0" ?+ 30 ULP [35]. L)-
%+D 8/& ?+?)#)((i #.,&%+J+ I&$,) ?+ 1),+J+ I&$,), 1.(F. I)$0+ #0/)I)B0"$9
0) (. #8,&#)B () /.A-,"0)0 I./.A +C1.D.(- %i,"%i$0" A()I-M&: I&$., - 8/.?-
$0)#,.((i. E&%+/&$0)((9 guard digit ?+A#+,9B AC./iJ)0& +?&( ?+?)0%+#&’ /+A/9?
1)(0&$&, M+ A1.(F-B #i?(+$(- 8+:&C%- ?+ ς.

Fused Multiply-Add. NC’B?()() +8./)*i9 1(+D.((9-?+?)#)((9 (FMA) ?+-
A#+,9B #&%+()0& a · b+ c # +?(+1- %/+*i A ,&F. +?(&1 A)+%/-J,.((91. P. A)C.A-
8.I-B #&M- 0+I(i$0" i 8/+?-%0&#(i$0". >/+0. (. #$i $&$0.1& 8i?0/&1-G0" FMA
() )8)/)0(+1- /i#(i, 0)%+D %+18i,90+/& 1+D-0" /+C&0& )#0+1)0&I(- A)1i(-,
M+ 1+D. $8/&I&(&0& (.#i?0#+/G#)(i /.A-,"0)0&.

Basic Linear Algebra Subprograms (BLAS) – *. ()Ci/ (&A"%+/i#(.#&: 8i?-
8/+J/)1 ?,9 #&%+()((9 +$(+#(&: +8./)*i’ ,i(i’(+5 ),J.C/&. Pi 8i?8/+J/)1&
F&/+%+ #&%+/&$0+#-G0"$9 9% C)A+#) $%,)?+#) I&$.,"(&: CiC,i+0.%. BLAS 8+?i-
,9B0"$9 () 0/& /i#(i:
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1) #.%0+/(i +8./)*i5;

2) 1)0/&I(+-#.%0+/(i +8./)*i5;

3) 1)0/&I(+-1)0/&I(i +8./)*i5.

Intel Math Kernel Library – #&$+%+8/+?-%0&#() 1)0.1)0&I() CiC,i+0.%),
9%) /.),iA-B F&/+%&’ $8.%0/ I&$.,"(&: 1.0+?i#, #%,GI)GI& BLAS, LAPACK,
FFT, Sparse BLAS, ) 0)%+D ?+?)0%+#i 7-(%*i5. ;)() CiC,i+0.%) )?)80-B0"$9 ?+
%+(%/.0(+5 1i%/+)/:i0.%0-/& 8/+*.$+/), #&%+/&$0+#-GI& SIMD-i($0/-%*i5 0)
C)J)0+8+0+%+#i$0" ?,9 +80&1iA)*i5 F#&?%+$0i +CI&$,.((9. >+#(i$0G 8i?0/&1-B
i(0./7.’$& BLAS, LAPACK 0) #,)$(i /+AF&/.((9. ;,9 C)J)0"+: 7-(%*i’ /.),i-
A+#)(+ ),J+/&01& A %+18.($)*iBG 8+:&C%& A)+%/-J,.((9 (()8/&%,)?, +CI&$,.(-
(9 $-1& )C+ $%),9/(+J+ ?+C-0%- A) ),J+/&01+1 6):)()). RiC,i+0.%) 8i?0/&1-B
1)$F0)C-#)((9 () C)J)0+9?./(&: $&$0.1):.

1.3 A#)46"0$ -i1!-)#>-$’)*!i (#+ ($#$6"67’+3
)45+*6"’’/3

4 $-I)$(&: +CI&$,G#),"(&: $&$0.1): A()I() %i,"%i$0" 1)0.1)0&I(&: A)-
?)I, +$+C,&#+ #.,&%+5 /+A1i/(+$0i, /+A#’9A-B0"$9 iA A)$0+$-#)((91 8)/),.,"(&:
+CI&$,.(". P. ?+A#+,9B $%+/+0&0& I)$ #&%+()((9 A) /):-(+% /+A8+?i,- +CI&-
$,G#),"(+J+ ()#)(0)D.((9 1iD %i,"%+1) 8/+*.$+/)1& )C+ 8+0+%)1&. >/+0.
0)%) +80&1iA)*i9 #&%,&%)B (&A%- 8/+C,.1 0) 1+D. 8/&A#.$0& ?+ A()I(&: #i?-
1i((+$0.’ - /.A-,"0)0):, ()#i0" 8/& 8+#0+/(+1- A)8-$%- +?(+J+ ’ 0+J+ D ),J+-
/&01-.

4 %,)$&I(&: (8+$,i?+#(&:) /.),iA)*i9: 8+/9?+% #&%+()((9 )/&71.0&I(&:
+8./)*i’ B 7i%$+#)(&’, M+ ?+A#+,9B A)C.A8.I&0& +?()%+#&’ /.A-,"0)0 8/& %+-
D(+1- A)8-$%- 8/+J/)1&. H)0+1i$0" - 8)/),.,"(&: /.),iA)*i9: *.’ 8+/9?+% (.
B #&A()I.(&1, +$%i,"%& +CI&$,.((9 1+D-0" #&%+(-#)0&$9 - /iA(&’ $8+$iC, A),.-
D(+ #i? )/:i0.%0-/&, ),J+/&01i# 8,)(-#)((9 8+0+%i#, A)$0+$+#)(+5 CiC,i+0.%&
0+M+.

>,?=M:88% "D,Fi"9(#8,D9i 9" &,<=9"9(#8,D9i. 4 %+18’G0./(i’ )/&71.-
0&*i ?.9%i A#&I(i ),J.C/&I(i #,)$0&#+$0i (. #&%+(-G0"$9. O+%/.1), (. J)/)(0--
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B0"$9 )$+*i)0&#(i$0" ?+?)#)((9

(a+ b) + c = a+ (b+ c).

L+1- A1i() 8+/9?%- +CI&$,.(" #8,&#)B () %i(*.#&’ /.A-,"0)0.
1 # Python (float64 , IEEE 754)

2 >>> a = 1e16

3 >>> b = -1e16

4 >>> c = 1.0

5 >>> (a + b) + c

6 1.0

7 >>> a + (b + c)

8 0.0

U&$. 1.1: >/&%,)? #8,&#- 8+/9?%- +CI&$,.((9 () /.A-,"0)0, #+?(+I)$
1)0.1)0&I(+ #+(& .%#i#),.(0(i.

E"&,;(-:88% ;,)(G,& = ;"?"+:+A8,<= D:?:$,#(Oi. 4 A)?)I): #.,&%+5
/+A1i/(+$0i $-1) #.,&%+5 %i,"%+$0i ?i’$(&: I&$., 1+D. ?)#)0& /iA(i /.A-,"0)0&
A),.D(+ #i? 8+/9?%- ?+?)#)((9. H)8/&%,)?, () /&$-(%- 1.2 /+AJ,9(.1+ 1)$&#
I&$., A = [1.0, 1e-16, ..., 1e-16].

1 # Python (float64 , IEEE 754)

2 >>> A = np.ones (10**6) * 1e-16

3 >>> A[0] = 1.0

4 >>> np.sum(A)

5 1.000000000099989

6 >>> sum(np.random.permutation(A))

7 1.0000000000050895

U&$. 1.2: >/&%,)? 8+1&,%& 8/& $-1-#)((i #.,&%+J+ 1)$&#- I&$.,.

<-1) .,.1.(0i# #i?/iA(9B0"$9 # A),.D(+$0i #i? 8+$,i?+#(+$0i .,.1.(0i#. >/&
0+1-, M+ /iA(&*9 A?)B0"$9 (.A()I(+G, #+() 1+D. 1)0& #8,&# - %+(0.%$0i i0./)-
*i’(&: 1.0+?i#, ?. 8+1&,%& ()%+8&I-G0"$9. <-1)/() 8+:&C%) 1+D. 8/&A#+?&0&
?+ 8+/-F.((9 ACiD(+$0i A)J),+1, A1i(& 0+I%& ACiD(+$0i 0) i(F. A()I.((9 /.-
A-,"0)0- +CI&$,.(". 6+D.( (+#&’ A)8-$% 1+D. 8+#./0)0& /.A-,"0)0 #i?1i((&’
#i? 8+8./.?("+J+ A)8-$%-. H)%+8&I.((9 8+:&C%& 1+D. 8+$&,G#)0&$9 8/& #&%+-
()((i +CI&$,.(" () J/)7iI(&: 8/+*.$+/): GPU.
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1.3.1 -GACA67 ;AIi>@IBCLI7;B8@i BF:986A;M

N?(&1 iA %,GI+#&: I&((&%i#, 9%&’ 8/&A#+?&0" ?+ /iA(&: /.A-,"0)0i#, B
#.%0+/(i +CI&$,.((9 (SIMD). L.:(+,+Ji5, 0)%i 9% SSE, AVX I& NEON, ?+A#+-
,9G0" 8/+*.$+/- +C/+C,90& %i,"%) .,.1.(0i# +?(+I)$(+, M+ $-00B#+ 8i?#&M-B
8/+?-%0&#(i$0". H)8/&%,)?, $0)B 1+D,&#&1 8)/),.,"(. ?+?)#)((9 I& 1(+D.(-
(9 %i,"%+: 8)/ I&$., C[i:i+3] = A[i: i+3] + B[i:i+3]. T+I) *. A()I(+ 8/&-
$%+/GB A)J),"(&’ 8/+*.$, #&%+/&$0)((9 /iA(&: i($0/-%*i’ )C+ /iA(&: )8)/)0(&:
8,)07+/1 8/&A#+?&0" ?+ ()%+8&I.((9 8+:&C%& A)+%/-J,.((9 0) /iA(&: %i(*.#&:
/.A-,"0)0i#.

]. +?(&1 ?D./.,+1 B 8)/),.,"(i ),J+/&01& /.?-%*i5. 6+,& A)#?)((9 /+A-
8+?i,9B0"$9 1iD C)J)0"1) 8/+*.$)1&, %+D.( iA (&: +CI&$,GB #,)$(- ,+%),"(-
$-1-. >+/9?+%, - 9%+1- *i I)$0%+#i /.A-,"0)0& ?+?)G0"$9 ?+ A)J),"(+5 $-1&,
I)$0+ #&A()I)B0"$9 +8./)*i’(+G $&$0.1+G - /.),"(+1- I)$i. Z./.A #&8)?%+-
#i$0" 8+/9?%- ?+?)#)((9 8i?$-1%+#&’ /.A-,"0)0 1+D. A1i(G#)0&$9 #i? A)8-$%-
?+ A)8-$%-. 4 0)%&: $&$0.1):, 9% OpenMP, 8+/9?+% +8./)*i’ 8/)%0&I(+ A)#D?&
C-?. /iA(&1 1iD A)8-$%)1&. N%/i1 *"+J+, #&%+/&$0)((9 CPU 0) GPU # +?(i’
A)?)Ii I./.A /iA(&*G # )/:i0.%0-/i 1+D. 8/&A#+?&0& ?+ /iA(&: /.A-,"0)0i# ?,9
0&: $)1&: +8./)*i’.

1.3.2 2A@B>9 E7FAE=A:A;;N Ii>@IBCLI7;B8@i BF:986A;M

;,9 A)C.A8.I.((9 #i?0#+/G#)(+$0i #&?i,9G0" %i,"%) 8i?:+?i#, $./.? 9%&:
),J+/&01iI(i 1.0+?& 0) +80&1iA)*i9 CiC,i+0.%. >/&%,)?+1 ),J+/&01iI(+J+ 8+-
%/)M.((9 B ),J+/&01 6):.() ?,9 0+I(+J+ $-1-#)((9, 9%&’ #&%+/&$0+#-B ?+?)-
0%+#- A1i((- ?,9 %+18.($)*i5 8+:&C%& A)+%/-J,.((9. I(F&1 8i?:+?+1 B Conditi-
onal Numerical Reproducibility (CNR), 9%&’ J)/)(0-B Ci0-#-Ci0 +?()%+#i /.A-,"-
0)0& I&$.,"(&: +8./)*i’ 8/& #&%+()((i +?()%+#+5 8/+J/)1& A) (.A1i((+5 %+(-
7iJ-/)*i5 +CI&$,G#),"(+5 $&$0.1& A +?()%+#+G %i,"%i$0G 8+0+%i# 0) (),)F0--
#)((91&. 4 *"+1- /.D&1i:

• #$i +8./)*i5 #&%+(-G0"$9 - $-#+/+ #&A()I.(+1- 8+/9?%-;

• (. #&%+(-G0"$9 +80&1iA)*i5, 9%i 1+D-0" A1i(&0& 8+/9?+% +CI&$,.(" )C+
#&%+/&$0)0& ),"0./()0&#(i i($0/-%*i5;

• J)/)(0-B0"$9 +?()%+#. A)+%/-J,.((9 0) +C/+C%) I&$., A /-:+1+G %+1+G.
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O)$0+$-#)((9 CNR I./.A +8&$)(i +C1.D.((9 8/&A#+?&0" ?+ 8.#(&: #0/)0 8/+-
?-%0&#(+$0i, +?()% B %+/&$(&1 ?,9 0.$0-#)((9 0) i(F&: $&0-)*i’, ?. %/&0&I(+
#)D,&#) ?.0./1i(+#)(i$0".

]+C ?+$9J0& #i?0#+/G#)(+$0i () ),J+/&01iI(+1- /i#(i, (. #0/)I)GI& 8/+-
?-%0&#(+$0i, C-,& /+A/+C,.(i $8.*i),iA+#)(i CiC,i+0.%&, $./.? 9%&::

• ExBLAS – CiC,i+0.%), 9%) /.),iA-B C)A+#i ,i(i’(+-),J.C/&I(i +8./)*i5 #&-
%+/&$0+#-GI& error-free-transformation (EFT’s) 0) 7i%$+#)(i #.%0+/& *i,&:
I&$.,. Long accumulators ?+A#+,9G0" #&%+(-#)0& $-1-#)((9 0+I(+, C.A
#0/)0 I./.A 8./.8+#(.((9 1)(0&$&;

• ReproBLAS – ()Ci/ #i?0#+/G#)(&: /.),iA)*i’ BLAS, 8+C-?+#)(&’ #&%+-
/&$0+#-GI& superaccumulators, 9%i ?+A#+,9G0" #&%+(-#)0& +8./)*i5 ()?
I&$,)1& A /-:+1+G %+1+G A 8+#(+G 0+I(i$0G;

• OzBLAS – /.),iA-B Ozaki scheme, 9%) A)C.A8.I-B 8+/9?%+#+-(.A),.D(i +C-
I&$,.((9 F,9:+1 /+A%,)?)((9 I&$., () %i,"%) %+18+(.(0i# 7i%$+#)(+5
0+I(+$0i.

4 ()$0-8(&: /+A?i,): *i i?.5 #&%+/&$0+#-G0"$9 ?,9 +*i(%& i0./)*i’(&: 1.-
0+?i#, ) 0)%+D ?+$,i?D-B0"$9 #8,&# ()%+8&I.((9 8+:&C+% () A)J),"(- ACiD(i$0"
8/+*.$-.

:+*’)-.+ 1) #),1i62 1

4 8./F+1- /+A?i,i /+AJ,9(-0+ 8+$0)(+#%- A)?)Ii I&$.,"(+J+ /+A#’9A-#)((9
(.,i(i’(&: +8./)0+/(&: /i#(9(" - C)():+#&: 8/+$0+/):. H)#.?.(+ +$(+#(i #,)-
$0&#+$0i +8./)0+/i# - C)():+#&: 8/+$0+/):, ?&7./.(*i’+#(i$0" A) 2/.F., ) 0)-
%+D -1+#&, M+ A)C.A8.I-G0" ACiD(i$0" i0./)*i’(&: 1.0+?i#. >/+#.?.(+ +J,9?
%,)$&I(&: i $-I)$(&: 1.0+?i# /+A#’9A-#)((9 (.,i(i’(&: +8./)0+/(&: /i#(9(".

U+AJ,9(-0+ /iA(&*.#i 0) C)J)0+%/+%+#i 1+?&7i%)*i5 1.0+?- H"G0+(), M+
?+A#+,9G0" A1.(F&0& %i,"%i$0" +CI&$,.(" 8+:i?(&: )C+ A)1i(&0& 5: )8/+%$&-
1)*i91&. L)%+D +8&$)(+ 1.0+?&, 9%i #&%+/&$0+#-G0" %i,"%) ()C,&D.(" )C+
8/+1iD(&: 0+I+%. H)#.?.(+ +A()I.((9 8+?i,.(&: /iA(&*" 8./F+J+ 0) ?/-J+J+
8+/9?%-. >/+)(),iA+#)(+ 8i?:+?& ?+ 8+$,i?+#(+5 0) 8)/),.,"(+5 )8/+%$&1)*i5
+C./(.(+J+ +8./)0+/).
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H)#.?.(+ +$(+#(i #,)$0&#+$0i %+18’G0./(+5 )/&71.0&%& #i?8+#i?(+ ?+ $0)(-
?)/0- IEEE 754, 9%i #8,&#)G0" () /.),iA)*iG I&$.,"(&: 1.0+?i#: +C1.D.() 0+-
I(i$0" 8/.?$0)#,.((9, ?.(+/1),iA+#)(i I&$,), 8+:&C%& 8/& A)+%/-J,.((i, +8./)-
*i5 0&8- FMA, 1(+D.((9 1)0/&*" () #.%0+/, ) 0)%+D +$+C,&#+$0i 8)/),.,"(&:
+CI&$,.(", 9%i 1+D-0" 8/&A#+?&0& ?+ (.#i?0#+/G#)(&: /.A-,"0)0i#. U+AJ,9(-0+
8i?:+?& ?,9 A)C.A8.I.((9 #i?0#+/G#)(+$0i +CI&$,.(" C.A A()I(+5 #0/)0& 8/+?--
%0&#(+$0i.
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;),1i6 2
A)421)-$ !$ 1)*6i1B"’’/ i!"#$%i&’+3 0"!)1i-
16/ ’"6i’i&’+3 )("#$!)#’+3 #i-’/’7 !$ ,$1$5

’$&0"’C+3 .-$1#$!i-

4 *"+1- /+A?i,i /+AJ,9(-0+ 8+C-?+#- 0) ?+$,i?D.((9 i0./)*i’(&: 1.0+?i#
?,9 /+A#’9A-#)((9 (.,i(i’(&: +8./)0+/(&: /i#(9(" 0) A)?)I ()’1.(F&: %#)-
?/)0i#. O)8/+8+(+#)(+ 1.0+?& iA )8/+%$&1)*iBG +C./(.(+J+ +8./)0+/) )C+ #&-
%+/&$0)((91 ,&F. +?(+J+ +C./(.((9 8/+09J+1 -$"+J+ i0./)*i’(+J+ 8/+*.$-. ;,9
/+A/+C,.(&: 1.0+?i# #$0)(+#,.(+ -1+#& ,+%),"(+5 0) ()8i#,+%),"(+5 ACiD(+$0i,
8/+#.?.(+ )(),iA B?&(+$0i /+A#’9A%- 0) #&%+()(+ I&$.,"(i .%$8./&1.(0&, 9%i
8i?0#./?D-G0" 0.+/.0&I(i /.A-,"0)0&.

N$(+#(i /.A-,"0)0& /+A?i,- +8-C,i%+#)(+ - $0)009: [44=46, 48, 69].
4 $0)00i [44] A)8/+8+(+#)(+ 1.0+?& 0&8- H"G0+(), - 9%&: A)1i$0" +CI&$,.-

((9 +C./(.(+J+ +8./)0+/) () %+D(+1- %/+*i #&%+/&$0+#-B0"$9 ’+J+ 7i%$+#)()
)8/+%$&1)*i9 - #&J,9?i $-1& ,i(i’(&: +8./)0+/i#.

4 8/)*i [45] ?+$,i?D.(+ /+AF&/.(i 0/&%/+%+#i 1.0+?& 0&8- 6-/I)0+#) A
)8/+%$&1)*iBG 8+:i?(+5 2/.F. 8+?i,.(&1& /iA(&*91&. >/+#.?.(+ ,+%),"(&’
0) ()8i#,+%),"(&’ )(),iA ACiD(+$0i, #&A()I.(+ +C,)$0" B?&(+$0i /+A#’9A%-.

4 8/)*i [48] ?+$,i?D.(+ 1.0+? 0&8- :+/? A )8/+%$&1)*iBG +C./(.(+J+ +8.-
/)0+/) ?,9 (.,i(i’(&: A)?)I ()’1.(F&: %#)?/)0i#. !+%),"(- ACiD(i$0" ?+$,i-
?D.(+ A) -1+# !i8F&*9.

4 $0)00i [69] /+A/+C,.(+ %+1Ci(+#)(i ?#+%/+%+#i 1.0+?&, # 9%&: +C./(.(&’
+8./)0+/ +CI&$,GB0"$9 ,&F. +?&( /)A. [(),iA ACiD(+$0i #&%+()(+ A #&%+/&$0)-
((91 1)D+/)(0(&: 8+$,i?+#(+$0.’.

4 $0)00i [46] A?i’$(.(+ 8+/i#(9,"(&’ )(),iA 0/"+: 1.0+?i# F+$0+J+ 8+/9?%-.
U+A/+C,.(+ ,+%),"(&’ 0) ()8i#,+%),"(&’ )(),iA ACiD(+$0i # C)():+#&: 8/+$0+-
/): C.A #&%+/&$0)((9 8+:i?(&: #&M&: 8+/9?%i#. E&A()I.(+ +CI&$,G#),"(&’ 8+-
/9?+% ACiD(+$0i (COC, ACOC) 0) ?+$,i?D.(+ $0)Ci,"(i$0" 1.0+?i# 8/& #&$+%i’
0+I(+$0i +CI&$,.(".
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2.1 D"!)1+ !+(2 E7>!)’$ 4", -+.)#+*!$’’/ )4"#-
’"’+3 )("#$!)#i- 16/ #),-’/,2-$’’/ ’"6i’i&-
’+3 #i-’/’7

H.:)’ A)?)(+ (.,i(i’(. /i#(9((9 F (x) = 0, ?. F : D ↓ X ↔ Y . 6,)$&I(&’
1.0+? H"G0+() (1.2) ?+A#+,9B A()’0& ’+J+ /+A#’9A+%, 8/+0. 8+0/.C-B +CI&$,.-
((9 +C./(.(+J+ +8./)0+/) F

→(xn)↑1 () %+D(i’ i0./)*i5. P. 1+D. C-0& +CI&$,G-
#),"(+ A)0/)0(&1 ?,9 $%,)?(&: +8./)0+/i# I& #.,&%+/+A1i/(&: A)?)I. 4 *i’
I)$0&(i /+AJ,9(.1+ 1+?&7i%)*iG 1.0+?- H"G0+(), 9%) ?+A#+,9B -(&%(-0& 8+-
#0+/(+J+ +CI&$,.((9 +C./(.(&: +8./)0+/i# F,9:+1 #&%+/&$0)((9 7i%$+#)(+J+
+8./)0+/) M .

H.:)’ L(X, Y ) = 8/+$0i/ #$i: ,i(i’(&: +C1.D.(&: +8./)0+/i#. >/&8-$0&-
1+, M+ i$(-B +8./)0+/ M ≃ L(X, Y ) 0)%&’, M+ M 0) (I ↑ M

↑1(M ↑ F
→(x))) B

+C+/+0(&1&. O) *&: -1+# 1.0+? H"G0+() (1.2) 1+D() A)8&$)0& - #&J,9?i:

x0 ≃ D, xn+1 = xn ↑ [I ↑M
↑1(M ↑ F

→(xn))]
↑1
M

↑1
F (xn), (2.1)

?. x0 – 8+I)0%+#. ()C,&D.((9 ?+ /+A#’9A%-. E)/0+ A)A()I&0&, M+ i0./)*i5 +C+:
1.0+?i# 9#(+ ACiJ)G0"$9, +$%i,"%&

[I ↑M
↑1(M ↑ F

→(xn))]
↑1
M

↑1 = [M(I ↑M
↑1(M ↑ F

→(xn)))]
↑1 = F

→(xn)
↑1
.

>/+0., ()#i0" 8/& 7i%$+#)(+1- M
↑1, - A)J),"(+1- #&8)?%- (I ↑ M

↑1(M ↑
F

→(xn))) A),.D&0" #i? n i 8+0/.C-B +CI&$,.((9 +C./(.(+J+ +8./)0+/) () %+D(i’
i0./)*i5. ]+C -(&%(-0& *"+J+, ##.?.1+ ?+8+1iD(i +8./)0+/&

A(x) = A = M
↑1(M ↑ F

→(x))

0)
Bk(x) = B(x) = I + A+ ...+ A

k
,

?. k – 7i%$+#)(. ()0-/),"(. I&$,+. O) *&: -1+# +0/&1)B1+ 1.0+?

x0 ≃ D, xn+1 = xn ↑ BM
↑1
F (xn). (2.2)
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3.0+? (2.2) 8+0/.C-B ,&F. +?(+J+ +C./(.((9 7i%$+#)(+J+ ,i(i’(+J+ +8./)0+-
/) M . P. /+C&0" ’+J+ .7.%0&#(+G ),"0./()0&#+G 1.0+?- H"G0+() (1.2).

4 #&8)?%-, %+,& M = F
→(x0) 0) k = 1, 1.0+? (2.2) A#+?&0"$9 ?+ 1+?&7i%+-

#)(+J+ 1.0+?- H"G0+()

x0 ≃ D, xn+1 = xn ↑ F
→(x0)

↑1
F (xn).

>/& k ↔ +⇐ 1)B1+ limk↔+⇐Bk = F
→(x)↑1. 41+#) ↗M↑1(M ↑ F

→(x))↗ < 1

?,9 %+D(+J+ x ≃ D J)/)(0-B i$(-#)((9 *iB5 J/)(&*i. E)/0+ A)-#)D&0&, M+ 9%M+
,i(i’(&’ +8./)0+/ B B +C+/+0(&1 i 8+$,i?+#(i$0" {xn} ACiJ)B0"$9 ?+ ?.9%+J+ x

↘,
0+ A (2.2) +0/&1-B1+

B
↑1(xn ↑ xn+1) = M

↑1
F (xn),

0+1-
0 = lim

n↔+⇐
B

↑1(xn ↑ xn+1) = lim
n↔+⇐

M
↑1
F (xn).

N0D., F (x↘) = 0 i x↘ B /+A#’9A%+1 /i#(9((9 (1.1). E&%+/&$0+#-GI& )(),+Ji-
I(i 1i/%-#)((9, +0/&1-B1+ i0./)*i’(&’ 8/+*.$, #&A()I.(&’ ?,9 %+D(+J+ n =

0, 1, 2, . . . 0)%&1 I&(+1:

A1 = (M ↑ F
→(x))M↑1

,

B1 = I + A1 + . . .+ A
k
1,

x0 ≃ D, xn+1 = xn ↑ B1M
↑1
F (xn).

;+$,i?D.((9 *"+J+ 1.0+?- B )(),+JiI(&1 ?+ 1.0+?- (2.2). ;,9 ()8i#,+-
%),"(+J+ )(),iA- #&%+/&$0)B1+ 1)D+/)(0(- 8+$,i?+#(i$0" {εn}. H.:)’ ε0 = 0

0) ε1 ⇔ 0. ;,9 %+D(+J+ n = 0, 1, 2, . . . #&A()I&1+

εn+2 = εn+1 + (φ(εn+1 ↑ εn) + µ)(εn+1 ↑ εn).

>+$,i?+#(i$0" {εn}, ) 0)%+D 55 8+/9?+% ACiD(+$0i, ?+C/. #&#I.(i - /+C+0): [70,
71]. >)/)1.0/ ε1 A),.D&0" #i? 8+I)0%+#+J+ ()C,&D.((9 x0, ) (.#i?’B1(i 8)/)-
1.0/& φ 0) µ 8+#’9A)(i A +8./)0+/)1& M 0) F

→.
;+$,i?D.((9 ,+%),"(+5 ACiD(+$0i 8+,9J)B - /+A#’9A)((i (./i#(+$0i

P (t) := ↼t+ ↼0 < 1, t ≃ [0,+⇐),
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?,9 #&A()I.((9 /)?i-$) ACiD(+$0i

µ =
1↑ ↼0

↼
,

?. ↼ > 0 0) ↼0 ≃ [0, 1) A),.D)0" #i? x
↘, M 0) F

→.
L)%+D ?+$,i?D-B0"$9 ACiD(i$0" 1.0+?- >i%)/)

xn+1 = Pk(xn),

Pk(x) = P (x) = (1↑ ϖ)x↑ ϖ(BM
↑1
F (x)↑ x), (2.3)

ϖ ≃ [0, 1).

4 #&8)?%-, %+,& ϖ = 1, 1.0+? (2.3) A#+?&0"$9 ?+ 1.0+?- (2.2). OCiD(i$0" 1.0+-
?- (2.3) ?+#+?&0"$9 A) ?+8+1+J+G 0.+/.1& R)():) 8/+ (./-:+1- 0+I%- [51].

O)8/+8+(+#)(&’ 8i?:i? B ?+$0)0("+ A)J),"(&1, M+ ?+A#+,9B A)$0+$+#-#)0&
’+J+ 0)%+D ?+ i(F&: +?(+%/+%+#&: 1.0+?i#, 9%i V/-(0-G0"$9 () #&%+/&$0)((i
+C./(.(&: ,i(i’(&: +8./)0+/i#. U+AJ,9(.1+ 1.0+? ("G0+(i#$"%+J+ 0&8-, A)?)(&’
0)%+G 7+/1-,+G

x0 ≃ D, xn+1 = xn ↑ F̃
→(xn)

↑1
F (xn), (2.4)

?. ,i(i’(&’ +8./)0+/ F̃
→(xn)↑1 ≃ L(Y,X) B )8/+%$&1)*iBG 8+:i?(+5 F → +8./)-

0+/) F . L+?i ?,9 1.0+?- (2.4) 1+D() #&%+/&$0)0& )(),iA ,+%),"(+5 0) ()8i#,+-
%),"(+5 ACiD(+$0i 1.0+?- (2.2), 9%M+ A)1i(&0& F

→(xn) () F̃
→(xn) # +A()I.((9:

+8./)0+/i# A 0) B. [(),+JiI(&’ 8i?:i? 1+D() #&%+/&$0)0& ?,9 1.0+?- >i%)-
/) (2.3), ),. A #&%+/&$0)((91 F̃

→ A)1i$0" F . PG i?.G 1+D() A)$0+$-#)0& 0)%+D
?,9 ?#+%/+%+#&: 0) C)J)0+%/+%+#&: 1.0+?i#, 9%i #&%+/&$0+#-G0" +C./(.(i ,i-
(i’(i +8./)0+/&.
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2.1.1 ,FiG;i8@M D7GBC7;@;9? =B86i>BI;B8@A<

H.:)’ A)?)(+ 8)/)1.0/& L > 0, D ⇔ 0 0) a ≃ [0, 12). ;,9 8/+#.?.((9
()8i#,+%),"(+J+ )(),iA- ACiD(+$0i ##.?.1+ 0)%i ?+8+1iD(i 8)/)1.0/&:

φ =
L(1↑ a

k+1)

2(1↑ a)
, b = a

1↑ a
k

1↑ a
, b̄ =

1

1↑ b
,

µ =
(1↑ a

k+1)ak+2
b̄

1↑ a
, ω =

1↑
↖
1↑ 4φµ

2φ
,

ϱ =
1↑ 2φµ↑

↖
1↑ 4φµ

2φ2
,

A) -1+#& 4φµ ⇒ 1. U+AJ,9(.1+ I&$,+#- 8+$,i?+#(i$0" {εn}, ?. ε0 = 0, ?.9%.
ε1 ⇔ ϑ, ) ?,9 %+D(+J+ n = 0, 1, 2, . . . #&%+(-B0"$9

εn+2 = εn+1 + (φ(εn+1 ↑ εn) + µ)(εn+1 ↑ εn). (2.5)

O)-#)D&1+, M+ 8)/)1.0/& A),.D)0" #i? k, 9%. B 7i%$+#)(&1. P9 8+$,i?+#(i$0"
#i?iJ/)B #)D,&#- /+," - ?+$,i?D.((i ()8i#,+%),"(+5 ACiD(+$0i 1.0+?- (1.2).
O+%/.1), - #i?8+#i?(&: 0.+/.1): 8+%)A)(+, M+ #+() B 1)D+/)(0(+G ?,9 8+-
$,i?+#(+$0i {xn}, A)?)(+5 7+/1-,+G (2.5). >/+0. $8./F- #$0)(+#&1+ -1+#&, 9%i
J)/)(0-G0" ACiD(i$0" 8+$,i?+#(+$0i {εn}. 4 /+C+0): [72=75] A)8/+8+(+#)(+ 8i?-
:i?, 9%&’ ?+A#+,9B 8+$,)C&0& ?+$0)0(i -1+#& ()8i#,+%),"(+5 ACiD(+$0i 1.0+?-
H"G0+().

O) ##.?.(&: 8+A()I.(" 1+D() ?+#.$0& 0)%- ,.1-:

P:<" 2.1. 9(:"; #2&*6>+)73% 6"3)><6i >/*#2:

a ≃ [0,
1

2
), 4φµ ⇒ 1, ω < 1, (2.6)

ϑ ⇒ ϱ, r0 =
ϑ

1↑ ω
⇒ r. (2.7)

I*$i <*34i$*#6i3)7 {εn} . 6(#i$’./6*+, 6(3<"$6*+ )" *-/(5(6*+ @#(1:> @6"-
E(66%/ µ. F1i/ )*G*, #2&*6>+)73% 6"3)><6i )#(1$5(66%:

0 ⇒ εn+1 ↑ εn ⇒ ω(εn ↑ εn↑1) ⇒ ω
n
ϑ, (2.8)
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" )"&*5 i36>. G1"62B% ε ≃ [0, ϑ
1↑ϖ ] )"&", =* {εn} ↔ ε, <12E*/>

0 ⇒ ε↑ εn ⇒ ω
n
ϑ

1↑ ω
⇒ r0 ⇒ r. (2.9)

J*#($(66%. 41+#& ,.1& A)?)G0" $8i##i?(+F.((9 ε0 ⇒ ε1 ⇒ r0 ⇒ r, µ ⇒ ω, ϱ >

0, φ > 0, µ > 0 0) b < 1. OJi?(+ A +A()I.((91 8)/)1.0/i# ε0 0) ε1, 0#./?D.-
((9 (2.8) #&%+(-B0"$9 8/& n = 0. ;),i A)$0+$-B1+ 1)0.1)0&I(- i(?-%*iG, ?,9
?+#.?.((9 *&: 0#./?D.("

0 ⇒ εm+1 ↑ εm ⇒ ω(εm ↑ εm↑1) ⇒ ω
m
ϑ. (2.10)

0 ⇒ εm ⇒ r0. (2.11)

H./i#(+$0i (2.10) 0) (2.11) #&%+(-G0"$9 8/& m = 0 #i?8+#i?(+ ?+ +A()I.(" ε0,
ε1 i ω. L+?i A +A()I.((9 8+$,i?+#(+$0i {εn} +0/&1-B1+, M+ 0 ⇒ ε2 ↑ ε1 ⇒
ω(ε1 ↑ ε0) ⇒ ωD, ) 0)%+D

0 ⇒ ε2 ⇒ ε1 + ωϑ = ω + ωϑ =
1↑ ω

2

1↑ ω
ϑ ⇒ ϑ

1↑ ω
⇒ r0 ⇒ ω.

N0D., (./i#(+$0i (2.10) 0) (2.11) #&%+(-G0"$9 8/& m = 1. >/&8-$0&1+, M+ #+(&
$8/)#?D-G0"$9 ?,9 #$i: ()0-/),"(&: I&$., ?+ m. L+?i (.+C:i?(+ ?+#.$0&, M+

φ(εm+2 ↑ εm+1) + µ ⇒ ω

εm+1 ⇒ r0.

>./F. 0#./?D.((9 #&%+(-B0"$9, 9%M+ 1)B 1i$*. (./i#(i$0"

φω
n+1 + µ ⇒ ω. (2.12)

H) 8i?$0)#i *"+J+ 0#./?D.((9 ##.?.1+ 8+$,i?+#(i$0" 1(+J+I,.(i# {pm}, #&A()-
I.(&: () i(0./#),i [0, 1) 0)%&1 I&(+1:

pm(t) = φt
m+1 ↑ t+ µ.
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N0/&1)B1+ 0)%. $8i##i?(+F.((9:

fm+1(t)↑ fm(t) = φt
m+2 ↑ φt

m+1 = φt
m+1(t↑ 1) ⇒ 0.

N0D., ?,9 ?+#.?.((9 (2.12) ?+$0)0("+ 8+%)A)0&, M+

f1(t) ⇒ 0, t = ω, (2.13)

+$%i,"%&

fm+1(t) ⇒ fm(t).

H./i#(i$0" (2.13) #&8,&#)B A #&C+/- ω 0) $8i##i?(+F.(" (2.6)–(2.7).
H.:)’ 7-(%*i9

f⇐(t) = lim
m↔+⇐

fm(t). (2.14)

O (2.14) 8/& t = ω 1)B1+

f⇐(t) = lim
m↔+⇐

(φtm+1 ↑ t+ µ) = µ↑ ω ⇒ 0.

N0D., ?,9 #$i: m $8/)#?D-B0"$9

fm(t) ⇒ 0, (2.15)

L+?i A (2.10) 1)B1+

εm+1 = εm+1 ↑ ε0 = (εm+1 ↑ εm) + (εm ↑ εm↑1)

+...+ (ε1 ↑ ε0) ⇒ (ωm + ...+ ω + 1)ϑ

=
1↑ ω

m+1

1↑ ω
ϑ ⇒ ϑ

1↑ ω
= r0 ⇒ r.

N0D., (./i#(i$0" (2.11) 0)%+D #&%+(-B0"$9. ;+#.?.((9 (./i#(+$0.’ (2.10) i (2.11)
A)#./F.(+. >+$,i?+#(i$0" {εn} B (.#i?’B1(+G, (.$8)?(+G 0) +C1.D.(+G A#./:-
A()I.((91 r0, ) +0D., ACiD(+G ?+ ?.9%+J+ B?&(+J+ A()I.((9 ε ≃ [0, r0]. L+?i ?,9
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?+#i,"(+J+ ()0-/),"(+J+ I&$,) j 1)B1+:

0 ⇒ εm+j ↑ εm = (εm+j ↑ εm+j↑1) + ..+ (εm+1 ↑ εm)

⇒ (ωm+j↑1 + ...+ ω
m)ϑ =

1↑ ω
m+j

1↑ ω
ω
m
ϑ.

>./.:+?9I& ?+ J/)(&*i 8/& j ↔ +⇐, +0/&1-B1+ +*i(%- (2.9).

2.1.2 O7=iI6BK76M;9< 7;76iE DA@B>P

H.:)’ U(x,ε) = #i?%/&0) %-,9 A *.(0/+1 - 0+I*i x ≃ X i /)?i-$+1 ε > 0, )
U [x,ε] = 55 A)1&%)((9. ;+#.?.((9 +$(+#(&: /.A-,"0)0i# V/-(0-B0"$9 () 0.+/.1i
R)():) 8/+ +C./(.(i +8./)0+/&.

3:,?:<" 2.1. (L"6":" <1* *-(16(6i *<(1")*12 [44, 51, 76, 77]) 9(:"; T M *-/(-
5(62; 4i6i;62; *<(1")*1 > -"6":*#*/> <1*3)*1i X. T↑1 i36>. )*$i i )i47&2
)*$i, &*42 i36>. *-/(5(62; 4i6i;62; *<(1")*1 T1 ≃ L(X) )"&2;, =*

↗I ↑ T1T↗ < 1.

?&=* T
↑1 i36>., )*

T
↑1 =

⇐∑

n=0

(I ↑ T1T )
n
T1

)"

↗T↑1↗ ⇒ ↗T1↗
1↑ ↗I ↑ T1T↗

.

;,9 ?+#.?.((9 ()8i#,+%),"(+5 ACiD(+$0i #&%+/&$0)B1+ 1)D+/)(0(i 8+$,i-
?+#(+$0i.

J@8"-:88% 2.4. [27, 72, 78] 9(:"; {xn} M <*34i$*#6i3)7 > 6*1/*#"6*/> <1*-
3)*1i X. 9(#i$’./6" E234*#" <*34i$*#6i3)7 {vn} 6"@2#".)73% /"5*1"6)6*+
$4% {xn}, %&=* $4% #3i: n ⇔ 0 #2&*6>.)73%

↗xn+1 ↑ xn↗ ⇒ vn+1 ↑ vn.

O)-#)D&1+, M+ C-?"-9%) 1)D+/)(0() 8+$,i?+#(i$0" B (.$8)?(+G. Ri,"F.
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0+J+, 9%M+ 8+$,i?+#(i$0" {vn} ACiJ)B0"$9, 0+ 8+$,i?+#(i$0" {xn} 0)%+D ACiJ)B-
0"$9, i ?,9 v

↘ = limn↔⇐ vn $8/)#?D-B0"$9 +*i(%) 8+:&C%&:

↗x↘ ↑ xn↗ ⇒ v
↘ ↑ vn.

N0D., ?+$,i?D.((9 ACiD(+$0i 8+$,i?+#(+$0i {xn} A#+?&0"$9 ?+ )(),iA- ACiD(+$0i
8+$,i?+#(+$0i {vn}.

>/&8-$0&1+, M+ #&%+(-G0"$9 0)%i -1+#&:

(C1) I$(-G0" 8)/)1.0/& ϑ ⇔ 0, a ≃ [0, 12), 0+I%) x0 ≃ D, 0) +C./(.(&’ +8./)0+/
M , 0)%i M+

↗BM
↑1
F (x0)↗ ⇒ ϑ.

(C2) I$(-B 8)/)1.0/ L > 0 0)%&’, M+ ?,9 C-?"-9%&: v1, v2 ≃ D #&%+(-B0"$9
(./i#(i$0"

↗M↑1(F →(v2)↑ F
→(v1))↗ ⇒ L↗v2 ↑ v1↗.

(C3) E&%+(-G0"$9 -1+#& ,.1& 2.1.

(C4) U [x0,ε] ↓ D.

3:,?:<" 2.2. 9(:"; #2&*6>+)73% >/*#2 (C1)–(C4). I*$i <*34i$*#6i3)7 {xn},
<*->$*#"6" @" /()*$*/ (2.2), @"$*#*476%. >/*#2:

{xn} ↓ U(x0,ε), (2.16)

↗xn+1 ↑ xn↗ ⇒ εn+1 ↑ εn, (2.17)

i @-iG".)73% $* 1*@#’%@&> x
↘ ≃ U [x0,ε] 1i#6%66% F (x) = 0. 012 B7*/> 3<1"#-

$5>.)73% *Bi6&"

↗x↘ ↑ xn↗ ⇒ ε↑ εn. (2.18)

J*#($(66%. 41+#) (C1) J)/)(0-B +C./(.(i$0" +8./)0+/) M , ) +0D., A) 1.0+-
?+1 (2.2) #$i i0./)*i5 {xn} B %+/.%0(+ #&A()I.(&1&. <8i##i?(+F.((9 (2.16) 0) (2.17)
NI.#&?(+, M+ /i#(i$0" (2.16) #&%+(-B0"$9 8/& n = 0.
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Ei?8+#i?(+ ?+ 1.0+?- (2.2), $%),9/(+5 8+$,i?+#(+$0i (2.5) 0) -1+#& (C1)

1)B1+

↗x1 ↑ x0↗ = ↗BM
↑1
F (x0)↗ ⇒ D = ε1 ↑ ε0 < ε.

N0D., x1 ≃ U(x0,ε), i (./i#(i$0" (2.17) 0)%+D #&%+(-B0"$9 ?,9 n = 0. 6/i1
0+J+, A +A()I.((9 +8./)0+/) B, -1+#& (C1) 0) #&C+/- 8)/)1.0/) a #&8,&#)B

↗I ↑ B↗ = ↗A+ A
2 + · · ·+ A

k↗ ⇒ ↗A↗+ ↗A↗2 + · · ·+ ↗A↗k

= ↗A↗1↑ ↗A↗k

1↑ ↗A↗ = b < 1.

OJi?(+ A 0.+/.1+G R)():), +8./)0+/ B B +C+/+0(&1 i

↗B↑1↗ ⇒ 1

1↑ b
= b̄.

Ei?8+#i?(+ ?+ +A()I.((9 1.0+?- (2.2), 1+D() A)8&$)0&:

F (xn+1) = F (xn+1)↑ F (xn)↑MB
↑1(xn+1 ↑ xn)

= F (xn+1)↑ F (xn)↑ F
→(xn)(xn+1 ↑ xn)

+(F →(xn)↑MB
↑1)(xn+1 ↑ xn)

= F (xn+1)↑ F (xn)↑ F
→(xn)(xn+1 ↑ xn)

+(F →(xn)B ↑M)B↑1(xn+1 ↑ xn)

=

∫ 1

0
[F →(xn + ↽(xn+1 ↑ xn))↑ F

→(xn)]d↽(xn+1 ↑ xn)

+(F →(xn)B ↑M)B↑1(xn+1 ↑ xn). (2.19)
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O)-#)D&1+, M+

F
→(xn)B ↑M = F

→(xn)(I + A+ A
2 + ...+ A

k)↑M

= F
→(xn)↑M + (↑M +M + F

→(xn))(A+ A
2 + ...+ A

k)

= F
→(xn)↑M +M(A+ A

2 + ...+ A
k)↑ (M ↑ F

→(xn))

↙(A+ A
2 + ...+ A

k)

= F
→(xn)↑M +MA+M(A2 + ...+ A

k)↑ (M ↑ F
→(xn))

↙(A+ A
2 + ...+ A

k)

= M(A2 + ...+ A
k)↑M(F →(xn)↑M)(A+ A

2 + ...+ A
k).

O#i?$&

M
↑1(F →(xn)B ↑M) = A

2 + ...+ A
k ↑ A(A+ A

2 + ...+ A
k) = ↑A

k+1
,

?. #&%+/&$0)(+ +A()I.((9 +8./)0+/) A, M+C +0/&1)0& F
→(xn)↑M +MA = 0.

N0D., 8+8./.?(B 8/.?$0)#,.((9 7+/1-,& N$0/+#$"%+J+ (2.19) ?,9 F (xn+1) 1+-
D() $8/+$0&0& ?+:

M
↑1
F (xn+1) = M

↑1

∫ 1

0
(F →(xn + ↽(xn+1 ↑ xn))↑ F

→(xn))d↽(xn+1 ↑ xn)

↑A
k+1

B
↑1(xn+1 ↑ xn). (2.20)

L.8./, +CI&$,GGI& (+/1- +C+: I)$0&( /i#(+$0i (2.20), #&%+/&$0+#-GI& (./i#-
(i$0" 0/&%-0(&%) i -1+#& (C1), (C2), +0/&1)B1+

↗M↑1
F (xn+1)↗ ⇒ L

2
↗xn+1 ↑ xn↗2 + a

k+1
bk↗xn+1 ↑ xn↗

⇒ L

2
(εn+1 ↑ εn)

2 + a
k+1

b̄(εn+1 ↑ εn). (2.21)

N0D., A 1.0+?- (2.2) +0/&1-B1+:

↗xn+2 ↑ xn+1↗ ⇒ ↗Bk+1↗↗M↑1
F (xn+1)↗

⇒ (1 + ↗A↗+ ...+ ↗Ak↗)(L
2
(εn+1 ↑ εn)

2 + a
k+1

b̄(εn+1 ↑ εn))

⇒ (1 + a+ ...+ a
k)(

L

2
(εn+1 ↑ εn)

2 + a
k+1

b̄(εn+1 ↑ εn))

= εn+2 ↑ εn+1.
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N0+D:

↗xn+2 ↑ x0↗ ⇒ ↗xn+2 ↑ xn+1↗+ ↗xn+1 ↑ x0↗
⇒ εn+2 ↑ εn+1 + εn+1 ↑ ε0 = εn+2 < ε.

N0D., ?+#.?.(+ 0#./?D.((9 (2.16) 0) (2.17). O (2.16) 0) (2.17) #&8,&#)B,
M+ 8+$,i?+#(i$0" {xn} B 7-(?)1.(0),"(+G (8+$,i?+#(i$0G 6+Fi) - C)():+#+1-
8/+$0+/i X , +$%i,"%& #i?8+#i?() 1)D+/)(0() 8+$,i?+#(i$0" {εn} 0)%+D B 8+-
$,i?+#(i$0G 6+Fi i ACiJ)B0"$9 ?+ ε #i?8+#i?(+ ?+ -1+#& (C3). L+1- i$(-B 0+I%)
x
↘ ≃ U [x0,ε], ?,9 9%+5 #&%+(-B0"$9 limn↔+⇐ xn = x

↘. >./.:+?9I& ?+ J/)(&*i
8/& n ↔ +⇐ - (2.21) 0) #&%+/&$0+#-GI& (.8././#(i$0" +8./)0+/) F , +0/&1--
B1+ F (x↘) = 0. L+C0+ J/)(&I(. A()I.((9 x

↘ B /+A#’9A%+1 /i#(9((9 F (x) = 0.
6/i1 0+J+, ?,9 ?+#i,"(+J+ ()0-/),"(+J+ I&$,) i A) (./i#(i$0G 0/&%-0(&%) 0)
(./i#(i$0G (2.17) 1)B1+

↗xn+i ↑ xn↗ ⇒ εn+i ↑ εn.

>./.:+?9I& ?+ J/)(&*i 8/& i ↔ +⇐, +0/&1-B1+ +*i(%- (2.18).

N"=#"L:88% 2.1. (1) N/*#> =*$* <"1"/()1" a /*56" @"/i62)2 )"&. 9(-
:"; @"$"6* Ai&3*#"6( @6"E(66% ā ≃ [0, 12). I*$i >/*#> (C2) /*56" @"/i-
62)2 6" >/*#> (C2)→: i36>. <"1"/()1 L0 > 0 )"&2;, =* $4% ->$7-%&*G*
x ≃ D #2&*6>.)73%

↗M↑1(F →(x)↑M)↗ ⇒ L0↗x↑ x0↗.

0*@6"E2/* r1 = ā
L0

. I*$i i36>. <"1"/()1 L1 > 0, =* @"4(52)7 #i$ L0,
)"&2;, =* $4% ->$7-%&2: w1, w2 ≃ D0 #2&*6>.)73%

↗M↑1 (F →(w2)↑ F
→(w1)) ↗ ⇒ L1↗w2 ↑ w1↗,

$( D0 = U

(
x0,

1
L0

)
′D. ,3&i47&2 D0 ↓ D, /"./* L0 ⇒ L i, %& 6"34i$*&,

L1 ⇒ L. F1i/ )*G*, >/*#> (C4) /*56" @"/i62)2 6" (C4)→: U [x0, r̄] ↓
D, $( r̄ = min{r, r1}. 8" B2: >/*# #236*#&2 )(*1(/2 2.2 @"42D"+)73%
3<1"#($42#2/2 <12 @"/i6i <"1"/()1i# ā, L1, r̄ 6" a, L, r, #i$<*#i$6*.

(2) ?& 4i6i;62; *<(1")*1 M /*56" #2&*123)")2 M = F
→(x0), M = I "-*
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->$7-%&2; i6D2; *<(1")*1, =* @"$*#*476%. >/*#2 (C1) )" (C2).

(3) Oi$<*#i$6i 1(@>47)")2 $4% /()*$> (2.1) *)12/>./* <12 k ↔ +⇐. ?&=*
> /()*$i (2.2) #2&*123)")2 k = n i <(1(;)2 $* G1"62Bi <12 n ↔ +⇐,
)* *)12/"./* /()*$ (2.1).

2.1.3 (BK76M;9< 7;76iE EFiG;B8@i DA@B>P

Q% i # ()8i#,+%),"(+1- )(),iAi, ##.?.1+ ?.9%i ?+8+1iD(i 8)/)1.0/& 0) 7-(-
%*i5. H.:)’ d > 0 0) l0 > 0. E&A()I&1+ 8)/)1.0/&

↼0 = a
1↑ a

k

1↑ a
, ↼ =

l0

2

1↑ a
k+1

1↑ a

0) 1(+J+I,.( p1(t) = ↼0+↼t. Pi 8)/)1.0/& 8+#’9A)(i A +8./)0+/)1& 1.0+?- (2.2).
H.:)’ #&%+(-G0"$9 ()$0-8(i 8/&8-M.((9:

(H1) I$(-B /+A#’9A+% x
↘ /i#(9((9 F (x) = 0 0) +C./(.(&’ +8./)0+/ M ≃ L(X, Y )

0)%&’, M+ ?,9 #$i: w ≃ D #&%+(-B0"$9

↗M↑1(F →(w)↑M)↗ ⇒ l0↗w ↑ x
↘↗.

(H2) I$(-B 8)/)1.0/ a ≃ [0, 12), ?,9 9%+J+ #&%+(-B0"$9 ↗A↗ ⇒ a. O#i?$& #&8,&-
#)B, M+ ↼0 ≃ [0, 1). >+A()I&1+ ⇀ = 1↑ϱ0

ϱ .

(H3) U [x↘, ⇀] ↓ D.

!+%),"(&’ )(),iA ACiD(+$0i 8/+#+?&0"$9 A) -1+# (H1)–(H3).

3:,?:<" 2.3. 9(:"; #2&*6>+)73% >/*#2 (H1)–(H3), " <*E")&*#( 6"-425(-
66% x0 ≃ S = U(x↘, ⇀) ↑ {x↘}. I*$i $4% /()*$> (2.2) 3<1"#$5>+)73% )"&i
)#(1$5(66%:

{xn} ↓ U(x↘, ⇀), (2.22)

↗xn+1 ↑ x
↘↗ ⇒ p1(↗xn ↑ x

↘↗)↗xn ↑ x
↘↗

⇒ ↗xn ↑ x
↘↗ < ⇀, (2.23)
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)"

lim
n↔+⇐

xn = x
↘
.

J*#($(66%. <8i##i?(+F.((9 (2.22) 0) (2.23) ?+#+?90"$9 1.0+?+1 1)0.1)0&I(+5
i(?-%*i5. N$%i,"%& A) 8/&8-M.((91 x0 ≃ S, 0+ 0#./?D.((9 (2.22) #&%+(-B0"$9
8/& n = 0. 4$i i0./)*i5 {xn} 1.0+?- (2.2) B %+/.%0(+ #&A()I.(&1& A)#?9%& -1+#i
(H1), +$%i,"%& ,i(i’(&’ +8./)0+/ M B +C+/+0(&1. L+?i, #i?8+#i?(+ ?+ 1.0+-
?- (2.2), 1)B1+

xn+1 ↑ x
↘ = xn ↑ x

↘ ↑ BM
↑1
F (xn)

= xn ↑ x
↘ ↑ BM

↑1

∫ 1

0
F

→(x↘ + ↽(xn ↑ x
↘))d↽(xn ↑ x

↘)

=

[
I ↑ BM

↑1

(∫ 1

0
F

→(x↘ + ↽(xn ↑ x
↘))d↽

)]
(xn ↑ x

↘) (2.24)

=

[
(I ↑ B)↑ BM

↑1

∫ 1

0
(F →(x↘ + ↽(xn ↑ x

↘))↑M)d↽

]
(xn ↑ x

↘).

OJi?(+ A +A()I.((91 +8./)0+/) B 0) )(),+JiI(+ ?+ ()8i#,+%),"(+J+ )(),iA-
+0/&1-B1+

↗B↗ ⇒ 1↑ a
k+1

1↑ a
,

↗I ↑ B↗ ⇒ a
1↑ a

k

1↑ a
.

O /i#(+$0.’ (2.24), -1+# (H1)–(H3) 0) (./i#(+$0i 0/&%-0(&%) +0/&1)B1+

↗xn+1 ↑ x
↘↗ ⇒

[
↗A↗1↑ ↗A↗k

1↑ ↗A↗ +
l0

2

1↑ ↗A↗k+1

1↑ ↗A↗ ↗xn ↑ x
↘↗
]
↗xn ↑ x

↘↗

⇒ p1(↗xn ↑ x
↘↗)↗xn ↑ x

↘↗
⇒ ↗xn ↑ x

↘↗ < ⇀.

N0D., (2.22) 0) (2.23) ?+#.?.(+ 1.0+?+1 1)0.1)0&I(+5 i(?-%*i5. ;),i, A +*i(%&

↗xn+1 ↑ x
↘↗ ⇒ c↗xn ↑ x

↘↗ ⇒ c
n+1↗xn ↑ x

↘↗ ⇒ c
n+1

⇀,

?. c = p(↗xn ↑ x
↘↗) ≃ [0, 1), +0/&1-B1+, M+ limn↑>+⇐ xn = x

↘ i xn+1 ≃ U(x↘, ⇀).
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N"=#"L:88% 2.2. (") ’*542#2/ #2-*1*/ $4% *<(1")*1" M . M = F
→(x↘)

"-* M = I. 01*)( /*542#i ; i6Di #"1i"6)2, %&=* #2&*6>+)73% >/*#2
(H1)–(H3).

(-) 0"1"/()1 ⇀ . 1"$i>3*/ @-i56*3)i $4% /()*$> (2.2).

(#) 0(1(:*$%E2 $* G1"62Bi <12 k ↔ +⇐ > )(*1(/i 2.3, *)12/>./* #i$<*#i$6i
4*&"476i 1(@>47)")2 $4% /()*$> (2.1), %& i # 6"<i#4*&"476*/> "6"4i@i.

2.1.4 Q>9;i8@M CBEI’NEKP

4 *"+1- 8i?/+A?i,i ?+$,i?D-B0"$9 B?&(i$0" /+A#’9A%- x
↘ - 8.#(&: +C,)$09:.

4 #&8)?%- ()8i#,+%),"(+5 ACiD(+$0i 1.0+?- (2.2) $8/)#?D-B0"$9 0)%.:

3#:?$L:88% 2.1. 012<>3)2/*, =* i36>. 1*@#’%@*& z ≃ U(x0, s) $4% $(%&*G*
s > 0 1i#6%66% F (x) = 0. I"&*5 <12<>3)2/*, =* i36>. *-(16(62; *<(1")*1
M i <"1"/()1 l ⇔ 0 )"&i, =* $4% &*56*G* x ≃ D #2&*6>.)73% 6(1i#6i3)7

↗M↑1(F →(x)↑M)↗ ⇒ l↗x↑ x0↗ (2.25)

" )"&*5 i36>. s1 ⇔ s )"&2;, =*

1

2
l(s+ s1) < 1. (2.26)

0*@6"E2/* D2 = D ′ U [x0, s1]. I*$i .$262/ 1*@#’%@&*/ 1i#6%66% F (x) = 0 #
*-4"3)i D2 . z.

J*#($(66%. >/&8-$0&1+, M+ i$(-B z1 ≃ D2, 9%&’ 0)%+D B /+A#’9A%+1 /i#(9((9
F (x) = 0. E&A()I&1+ ,i(i’(&’ +8./)0+/

Q =

∫ 1

0
F

→(z + ↽(z1 ↑ z)) d↽.

L+?i, A -/):-#)((9 -1+# (2.25), (2.26) i +A()I.((9 Q 1)B1+:

↗M↑1(Q↑M)↗ ⇒
∫ 1

0
l [(1↑ ↽)↗z ↑ x0↗+ ↗z1 ↑ x0↗]

⇒ l

2
(s+ s1) < 1.
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N0D., +8./)0+/ Q B +C+/+0(&1. L+?i

z1 ↑ z = Q
↑1(F (z1)↑ F (z)) = Q

↑1(0) = 0,

A#i?%& +0/&1-B1+, M+ z1 = z.

N"=#"L:88% 2.3. N/*#2 )(*1(/2 2.2 #2&*123)*#>+)73% > )#(1$5(66i 2.1.
N <1*)24(56*/> #2<"$&> /*56" #2&*123)")2 z = x

↘ i s = ε.

;),i ()#.?.1+ #i?8+#i?(&’ /.A-,"0)0 ?,9 ,+%),"(+5 ACiD(+$0i 1.0+?- (2.2).

3#:?$L:88% 2.2. I36>+)7 <"1"/()12 l1, s2 > 0 )" *-(16(62; *<(1")*1 M

)"&i, =* $4% &*56*G* x ≃ U(x↘, s2) #2&*6>.)73% *Bi6&":

↗M↑1(F →(x)↑M)↗ ⇒ l1↗x↑ x
↘↗ (2.27)

)" i36>. s3 ⇔ s2 $4% %&*G*

l1s3

2
< 1. (2.28)

0*@6"E2/* D3 = D′U [x↘, s3]. I*$i # *-4"3)i D3 1i#6%66% F (x) = 0 /". .$262;
1*@#’%@*& x

↘.

J*#($(66%. >/&8-$0&1+, M+ i$(-B w ≃ D3 0)%&’, M+ F (w) = 0. >+A()I&1+
I./.A Q1 ,i(i’(&’ +8./)0+/ Q1 =

∫ 1
0 F

→(x↘ + ↽(w ↑ x
↘)) d↽. E&%+/&$0+#-GI&

-1+#& (2.27), (2.28) 0) +A()I.((9 +8./)0+/) Q1, +0/&1)B1+

↗M↑1(Q1 ↑M)↗ ⇒ l1

∫ 1

0
↽↗w ↑ x

↘↗d↽ ⇒ 1

2
l1s3 < 1.

N0D., +8./)0+/ Q1 B +C+/+0(&1. E&%+/&$0+#-GI& 0+0+D(i$0"

w ↑ x
↘ = Q

↑1
1 (F (w)↑ F (x↘)) = Q

↑1
1 (0) = 0,

+0/&1-B1+, M+ w = x
↘.

N"=#"L:88% 2.4. N )#(1$5(66i 2.2 /*56" @1*-2)2 @"/i6> s2 = ⇀, %&=*
#2&*6>+)73% >/*#2 (H1)–(H3).
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I9:?"Fi% >i&"?". L.+/.1) R)():) 8/+ (./-:+1- 0+I%- I)$0+ #&%+/&$0+#-B-
0"$9 ?,9 ?+#.?.((9 ACiD(+$0i i0./)*i’(&: 1.0+?i# # )C$0/)%0(&: 8/+$0+/): [51,
70, 75, 79=81].

3:,?:<" 2.4. [52, 80, 82] 9(:"; G : X ↔ X M *<(1")*1 i@ &*63)"6)*+
Hi<D2B% q ≃ [0, 1) 6" <*#6*/> /()12E6*/> <1*3)*1i X. I*$i G /". .$26> 6(-
1>:*/> )*E&> x

↘ ≃ X, )*-)* G(x↘) = x
↘. F1i/ )*G*, $4% ->$7-%&*G* <*E")&*-

#*G* 6"-425(66% x0 ≃ X <*34i$*#6i3)7, <*->$*#"6" @" /()*$*/ <*34i$*#62:
6"-425(67 (/()*$*/ 0i&"1"), )*-)* xn+1 = G(xn), n = 0, 1, 2, . . ., @-iG".)73%
$* x

↘ ≃ X.

Q%M+ +8./)0+/ G 1)B Ci,"F (iD +?(- (./-:+1- 0+I%-, 0.+/.1) 2.4 (. A)-
$0+$+#-B0"$9. 4 0)%+1- #&8)?%- (./-:+1i 0+I%& 1)G0" C-0& /+A?i,.(i. H.:)’
G0 – (.8+/+D(9 A)1%(.() 8i?1(+D&() X .

3:,?:<" 2.5. [83, 84] 012<>3)2/*, =* *<(1")*1 G : G0 ↔ G0 . 3)23&"+E2/
@ &*63)"6)*+ Hi<D2B% q ≃ [0, 1). I*$i *<(1")*1 G /". .$26> 6(1>:*/> )*E&>
x
↘ ≃ G0. F1i/ )*G*, <*34i$*#6i3)7 /()*$> 0i&"1" xn+1 = G(xn), n = 0, 1, 2, . . .

@-iG".)73% $* x
↘ $4% &*56*G* x0 ≃ G0.

O)$0+$-B1+ 0.+/.1- 2.5 ?,9 ?+#.?.((9 ACiD(+$0i 1.0+?- (2.3).

3:,?:<" 2.6. 012<>3)2/*, =* $4% Ai&3*#"6*G* 6")>1"476*G* E234" k #2&*-
6>+)73% )"&i >/*#2. I36>. *-(16(62; *<(1")*1 M )"&2;, =* $4% x, y ≃ D:

↗M↑1(F →(x)↑M)↗ < 1,

↗P (x)↑ P (x0)↗ ⇒ q0↗x↑ x0↗, $4% $(%&*G* q0 ≃ [0, 1), (2.29)

↗P (y)↑ P (x)↗ ⇒ q↗y ↑ x↗, $4% $(%&*G* q ≃ [0, 1), (2.30)

↗P (x0)↑ x0↗ ⇒ r

1↑ q0
, (2.31)

)" U [x0, r] ↓ D, $( r ≃ (0, 1
q0
). I*$i *<(1")*1 P : D ↔ D /". .$26> Ai&3*#"6>

)*E&> x
↘ ≃ D. F1i/ )*G*, i)(1"Bi;62; <1*B(3 xn+1 = P (xn) @-iG".)73% $* x

↘

$4% &*56*G* x0 ≃ D.

J*#($(66%. I0./)*i9 >i%)/) (2.3) B %+/.%0(+ #&A()I.(+G A)#?9%& i$(-#)((G
M

↑1. Ri,"F. 0+J+, A -1+#& (2.30) #&8,&#)B, M+ +8./)0+/ P B $0&$%),"(&1 #i?-
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+C/)D.((91 () D A %+($0)(0+G !i8F&*9 q. 6/i1 0+J+, A) +A()I.((91 r, -1+#)-
1& (2.29), (2.31) 0) +*i(%+G

↗P (x)↑ x0↗ ⇒ ↗P (x)↑ P (x0)↗+ ↗P (x0)↑ x0↗ ⇒ q0r + ↗P (x0)↑ x0↗ ⇒ r

1)B1+, M+ P : U [x0, r] ↔ U [x0, r] B +8./)0+/+1 $0&$%- A %+($0)(0+G !i8F&*9
q ≃ [0, 1). N0D., A)$0+$-#)((9 0.+/.1& 2.6 A X0 = U [x0, r] A)#./F-B ?+#.?.((9.

.,D+i$L:88% ;,)(G&( <:9,$= (2.2). ;,9 1.0+?- (2.2) #&%+/&$0+#-B0"$9
)(),+J #./$i5 0.+/.1& H"G0+()–6)(0+/+#&I) [24, 52, 63, 85].

3:,?:<" 2.7. 9(:"; F : D ↔ Y M $2A(1(6Bi;*#62; @" C1(D( *<(1")*1, " M

M Ai&3*#"62; *-(16(62; 4i6i;62; *<(1")*1. 012<>3)2/*, =*:

(i) I36>+)7 x0 ≃ D )" ϑ1 ⇔ 0 )"&i, =* i36>. *-(16(62; *<(1")*1 [F →(x0)]↑1.
9(:"; ↗F →(x0)↑1

F (x0)↗ ⇒ ϑ1.

(ii) I36>. L > 0 )"&(, =* $4% #3i: x, y ≃ D #2&*6>+)73% >/*#2

↗M↑1(F →(y)↑ F
→(x))↗ ⇒ L↗y ↑ x↗,

2Lϑ1 ⇒ 1,

(iii) U [x0, s] ↓ D, $( s = 1↑
↖
1↑2Lϑ1
L .

I*$i /()*$ (1.2) @-iG".)73% $* .$26*G* 1*@#’%@&> x
↘ ≃ U [x0, s] 1i#6%66% F (x) =

0.

>+A()I&1+ s1 = 1
1↑Ls . ;),i #$0)(+#&1+ A#’9A+% 1iD 8+$,i?+#(i$0G {yn} i

{xn}.

P:<" 2.2. 9(:"; #2&*6>+)73% >/*#2 (C1)-(C4) )" >/*#2 )(*1(/2 2.7. I*$i
$4% &*56*G* n = 0, 1, 2, . . . #2&*6>.)73% *Bi6&" <*:2-&2:

↗xn+1 ↑ yn+1↗ ⇒ ⇁n,

$(

⇁n = s1

[
L

2
↗xn ↑ yn↗2 + b̄(ak+1 + L↗xn ↑ yn↗

1↑ a
k+1

1↑ a
)↗xn+1 ↑ xn↗


.
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J*#($(66%. O) 0.+/.1)1& 2.2 0) 2.7 i0./)*i5 {yn} i {xn} B %+/.%0(+ #&A()I.(&1&.
Ei?(i1)GI& (1.2) A (2.2) 0) #&(+$9I& F

→(yn)↑1 A) ?-D%&, +0/&1)B1+

xn+1 ↑ yn+1 = xn ↑ yn + F
→(yn)

↑1
F (yn)↑ BM

↑1
F (xn)

= F
→(yn)

↑1[F →(yn)(xn ↑ yn) + F (yn)↑ F
→(yn)BM

↑1
F (xn)]

= F
→(yn)

↑1[↑(F (xn)↑ F (yn)↑ F
→(yn)(xn ↑ yn)

+(I ↑ F
→(yn)BM

↑1)F (xn)]

= F
→(yn)

↑1[↑(F (xn)↑ F (yn)↑ F
→(yn)(xn ↑ yn))

+(M ↑ F
→(yn)B)M↑1

F (xn)]

= ↑F
→(yn)

↑1[F (xn)↑ F (yn)↑ F
→(yn)(xn ↑ yn))

+(M ↑ F
→(yn)B)B↑1(xn+1 ↑ xn)]

= ↑F
→(yn)

↑1(F (xn)↑ F (yn)↑ F
→(yn)(xn ↑ yn)

↑F
→(yn)

↑1


(M ↑ F

→(xn)B)

+(F →(xn)↑ F
→(yn))B)B↑1(xn+1 ↑ xn)


. (2.32)

M)B1+ 0)%i +*i(%&:

↗F →(yn)
↑1
M↗ ⇒ 1

1↑ L↗yn ↑ x0↗
⇒ 1

1↑ Ls
= s1,

↗B↑1↗ ⇒ b̄,

↗M↑1(M ↑ F
→(xn)B)↗ = ↗Ak+1↗ ⇒ a

k+1
,

↗
∫ 1

0
M

↑1(F →(yn + ↽(xn ↑ yn))↑ F
→(yn))d↽↗ ⇒ L

2
↗yn ↑ xn↗.

E&%+/&$0+#-GI& *i +*i(%& 0) (2.32) +0/&1-B1+

↗xn+1 ↑ yn+1↗ ⇒ s1

[
L

2
↗xn ↑ yn↗2

+ b̄(ak+1 + L↗xn ↑ yn↗+
1↑ a

k+1

1↑ a
)↗xn+1 ↑ xn↗


= ⇁n.



59

N"=#"L:88% 2.5. 9(:"; #2&*6>+)73% >/*#2 4(/2 2.2. O2@6"E2/* <*4i6*/ ψ

$4% h0 =
Ls1
2 , h1 = s1b̄L

(1↑ak+1)ϑ
1↑a , i h2 = s1b̄a

k+1
ϑ )"&2/ E26*/

ψ(t) = h0t
2 ↑ (1↑ h1)t+ h2.

012<>3)2/*, =*
(1↑ h1)

2 ↑ 4h0h2 > 0 0) h1 < 1. (2.33)

I*$i <*4i6*/ ψ /". $#" &*1(6i. 0*@6"E2/* 6";/(6D2; @ 62: E(1(@ h
↘
. Li47D(

)*G*, $4% &*56*G* n = 0, 1, 2, . . .

↗xn ↑ yn↗ ⇒ h
↘
. (2.34)

J*#($(66%. O -1+#& (2.33) #&8,&#)B, M+ 8+,i(+1 ψ 1)B ?#) ?+?)0(i %+/.(i i
h2 < h

↘. >/& n = 0 +*i(%) (2.32) ?)B ↗x1 ↑ y1↗ ⇒ h2 ⇒ h
↘. >/&8-$0&1+, M+

(./i#(i$0" (2.34) $8/)#?D-B0"$9 ?,9 #$i: *i,&: m ⇒ n. L+?i A (2.32) 1)B1+

↗xm+1 ↑ ym+1↗ ⇒ ⇁m ⇒ h0(h
↘)2 + h1h

↘ + h2 = h
↘
.

2.1.5 /98A6M;i AK8=AC9DA;@9

4 ()#.?.(+1- (&DI. 8/&%,)?i ?+$,i?D-B0"$9 1.0+? (2.2) ?,9 #&8)?%- M =

I , 9%&’ (. A),.D&0" #i? #&C+/- 8+I)0%+#+J+ ()C,&D.((9 x0. L)%+D 8/+#+?&0"$9
8+/i#(9((9 A 1.0+?+1 8/& M = F

→(x0). 4$i +CI&$,.((9 #&%+()(+ A #&%+/&$0)-
((91 Python 3.11.0 () +CI&$,G#),"(i’ $&$0.1i A 8-9?./(&1 8/+*.$+/+1 Intel
Core i9 (0)%0+#) I)$0+0) 2.4 GHz).

>?(&+"$ 2.1. 0*)1i-6* @6";)2 1*@#’%@*& 6(4i6i;6*P 323)(/2

f1 = x↑ 0.1 sin x↑ 0.3 cos y + 0.4,

f2 = y ↑ 0.2 cosx+ 0.1 sin y + 0.3.
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H.:)’ F = (f1, f2). L+?i $&$0.1) ()C-#)B #&J,9?-

F (s) = 0 ?,9 s = (↽1, ↽2)
T
.

L+?i

F
→((x, y)) =

[
1↑ 0.1 cos(x) 0.3 sin(y)

0.2 sin(x) 0.1 cos(y) + 1


.

’:9,$ (1.2)

xk+1 = xk ↑ F
→(xk)

↑1
F (xk).

’:9,$ (2.2), 0 < k < 6 9" M = I

xn+1 = xn ↑ Bk(xn)F (xn), (2.35)

Bk(x) = I +
k∑

i=1

A
i
,

A = I ↑ F
→(x).

’:9,$ (2.2), 0 < k < 6 i M = F
→(x0)

xn+1 = xn ↑ Bk(xn)M
↑1
F (xn), (2.36)

Bk(x) = I +
k∑

i=1

A
i
,

A = M
↑1(M ↑ F

→(x)).

’:9,$ I9:?"FiH Q"D (10↑6
) ’:9,$ I9:?"FiH Q"D (10↑6

)

(1.2) H"G0+() 4 10.820 (1.2) H"G0+() 4 10.820
(2.35), k = 1 6 6.940 (2.36), k = 1 8 13.063
(2.35), k = 2 5 6.922 (2.36), k = 2 6 12.255
(2.35), k = 3 4 5.946 (2.36), k = 3 5 9.089
(2.35), k = 4 4 6.324 (2.36), k = 4 5 9.198
(2.35), k = 5 4 6.836 (2.36), k = 5 4 8.743

L)C,. 2.1: 6i,"%i$0" i0./)*i’ 0) I)$ ?,9 ?+$9J(.((9 0+I(+$0i ς = 10↑9 8/& 8+-
I)0%+#+1- ()C,&D.((i x0 = (1, 1) 0) ↗I ↑ F

→(x0)↗ = 0.3129 < 1.

N0D., 0)C,&*i ()#.?.(i (&DI. 8+%)A-G0", M+ ?&()1i%) ACiD(+$0i 1.0+?-
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’:9,$ I9:?"FiH Q"D (10↑6
) ’:9,$ I9:?"FiH Q"D (10↑6

)

(1.2) H"G0+() 3 7.215 (1.2) H"G0+() 3 7.215
(2.35), k = 1 5 5.122 (2.36), k = 1 3 4.256
(2.35), k = 2 4 5.800 (2.36), k = 2 3 5.862
(2.35), k = 3 3 5.503 (2.36), k = 3 3 5.575
(2.35), k = 4 3 5.771 (2.36), k = 4 3 5.825
(2.35), k = 5 3 5.895 (2.36), k = 5 3 5.973

L)C,. 2.2: 6i,"%i$0" i0./)*i’ ?,9 ?+$9J(.((9 0+I(+$0i ς = 10↑9 8/& 8+I)0%+#+1-
()C,&D.((i x0 = (0, 0) i ↗I ↑ F

→(x0)↗ = 0.1414 < 1.

’:9,$ I9:?"FiH Q"D (10↑6
) ’:9,$ I9:?"FiH Q"D (10↑6

)

(1.2) H"G0+() 5 13.454 (1.2) H"G0+() 5 13.454
(2.35), k = 1 7 7.184 (2.36), k = 1 9 12.015
(2.35), k = 2 5 10.195 (2.36), k = 2 7 13.245
(2.35), k = 3 5 7.352 (2.36), k = 3 6 9.378
(2.35), k = 4 5 7.883 (2.36), k = 4 6 9.829
(2.35), k = 5 5 8.636 (2.36), k = 5 5 8.936

L)C,. 2.3: 6i,"%i$0" i0./)*i’ ?,9 ?+$9J(.((9 0+I(+$0i ς = 10↑9, ?. x0 =
(↑15,↑15) 0) ↗I ↑ F

→(x0)↗ = 0.257 < 1.

(2.2) # *i,+1- #i?8+#i?)B 1.0+?- H"G0+() (1.2). >./.#)J+G 1.0+?- (2.2) B 1.(F)
+CI&$,G#),"() $%,)?(i$0" %+D(+5 i0./)*i5. Ei?8+#i?(+ ?+ 0)C,&*" 2.1 - 2.4, 8/&
A()I.((9: 8)/)1.0/) k # ?i)8)A+(i #i? 3 ?+ 5, %i,"%i$0" i0./)*i’, 8+0/iC(&: ?,9
ACiD(+$0i, ?,9 A)8/+8+(+#)(+J+ 1.0+?- B 8/)%0&I(+ i?.(0&I(+G ?+ %i,"%+$0i
i0./)*i’ 1.0+?- H"G0+().

L)C,&*9 2.5 1i$0&0" A()I.((9 +CI&$,G#),"(+J+ 8+/9?%- ACiD(+$0i (<N<)
0) ()C,&D.(+J+ 8+/9?%- ACiD(+$0i ([<N<) ?,9 1.0+?- (2.2) i 1.0+?- H"G0+-
() (1.2).

J@8"-:88% 2.5. ,-E234+#"4762; <*1%$*& @-i56*3)i <*34i$*#6*3)i {xn}n⇔0

#2@6"E".)73% %&

⇀n =
ln |en+1/en|
ln |en/en↑1|

,

$( xn↑1, xn, xn+1 – )12 <*34i$*#6i i)(1"BiP, =* @6":*$%)73% <*-42@> &*1(6% ε

i en = xn ↑ ε [25].

J@8"-:88% 2.6. 9"-425(62; *-E234+#"4762; <*1%$*& @-i56*3)i {xn}n⇔0 #2-
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’:9,$ I9:?"FiH Q"D (10↑6
) ’:9,$ I9:?"FiH Q"D (10↑6

)

(1.2) H"G0+() 7 16.719 (1.2) H"G0+() 7 16.719
(2.35), k = 1 8 15.677 (2.36), k = 1 12 24.742
(2.35), k = 2 7 20.052 (2.36), k = 2 8 27.178
(2.35), k = 3 7 14.711 (2.36), k = 3 8 20.430
(2.35), k = 4 7 15.357 (2.36), k = 4 7 19.200
(2.35), k = 5 7 16.490 (2.36), k = 5 7 17.538

L)C,. 2.4: 6i,"%i$0" i0./)*i’ ?,9 ?+$9J(.((9 0+I(+$0i ς = 10↑12, ?. x0 =
(↑15,↑15) 0) ↗I ↑ F

→(x0)↗ = 0.257 < 1.

@6"E".)73% %&
⇀n =

ln |en+1/en|
ln |en/en↑1|

,

$( en = xn ↑ xn↑1. 0*34i$*#6*3)i xn, xn↑1, xn↑2 – B( )12 <*34i$*#6i i)(1"BiP
[25].

’:9,$ 0J0 40J0

(1.2) H"G0+() 1.8624 1.9697

(2.35), k = 1 0.8630 1.0000
(2.35), k = 2 0.2695 1.0438
(2.35), k = 3 1.9714 2.3569
(2.35), k = 4 1.8354 1.9453
(2.35), k = 5 1.8642 1.9661

(2.36), k = 1 0.9065 1.0118
(2.36), k = 2 0.5912 0.9990
(2.36), k = 3 0.7321 0.9926
(2.36), k = 4 1.9330 2.0151
(2.36), k = 5 1.8679 1.9578

L)C,. 2.5: NCI&$,G#),"(&’ 0) ()C,&D.(&’ +CI&$,G#),"(&’ 8+/9?%& ACiD(+$0i
8/& x0 = (↑15,↑15) i ς = 10↑12.

U.A-,"0)0& # 0)C,&*i 2.5 8+%)A-G0" %#)?/)0&I(&’ 8+/9?+% ACiD(+$0i 1.0+-
?i#. P. #i?8+#i?)B 8+/9?%- ACiD(+$0i 1.0+?- H"G0+(), +$+C,&#+ 8/& k = 4 0)
k = 5.

>?(&+"$ 2.2. H.:)’ X = Y = R3 0) D = U [x↘, 1]. Ei?+C/)D.((9 F #&A()I.(.
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() D ?,9 a = (a1, a2, a3)T ≃ R3 9%

F (a) = (a1, e
a2 ↑ 1,

e↑ 1

2
a
2
3 + a3)

T
.

L+?i 8+:i?() 2/.F. [52, 63, 77, 78] ?,9 #i?+C/)D.((9 F 1)B #&J,9?

F
→(a) =




1 0 0

0 e
a2 0

0 0 (e↑ 1)a3 + 1



 .

L+I%) x
↘ = (0, 0, 0)T B /+A#’9A%+1 /i#(9((9 F (a) = 0. 6/i1 0+J+, F →(x↘) = I.

41+#& 0.+/.1& 2.3 #&%+(-B0"$9 A) -1+#& -0 = e↑ 1, d = 0, k = 1, a = a(t) = l0t.

L+?i 1)B1+ ⇀ ≃ (0, 0.2909883534).

>?(&+"$ 2.3. H.:)’ K[0, 1] = 8/+$0i/ (.8././#(&: 7-(%*i’, M+ #i?+C/)D)G0"
i(0./#), [0, 1] - 1(+D&(- ?i’$(&: I&$.,. H.:)’ B1 = B2 = K[0, 1] 0) D =

U [x↘, 1], ?. x
↘(▷) = 0. N8./)0+/ E #&A()I.(&’ () K[0, 1] 0)%&1 I&(+1:

E(z)(▷) = z(▷)↑ 6

∫ 1

0
▷z(◁)3 d◁.

L+?i 8+:i?() 2/.F. ?,9 +8./)0+/) E 1)B #&J,9?

E
→(z(w))(▷) = w(▷)↑ 18

∫ 1

0
▷z(◁)2w(◁) d◁

?,9 %+D(+J+ w ≃ K[0, 1]. 41+#& 0.+/.1& #&%+(-G0"$9, +$%i,"%& ?,9 x
↘ = 0

1)B1+ E
→(x↘(▷)) = I 8/& -0 = 9, a = a(t) = -0t 0) k = 1. L+?i +0/&1)B1+

⇀ ≃ (0, 0.05).

2.2 ;),C+#"’i 0"!)1+ !+(2 F2#5$!)-$ 16/ ()-
C2.2 #),-’/,.2 ’"6i’i&’+3 #i-’/’7

3.0+? H"G0+() B .7.%0&#(&1 ?,9 /+A#’9A-#)((9 /i#(9((9 (1.1), 8/+0. #i(
#&1)J)B )(),i0&I(+J+ A)?)((9 +8./)0+/) F

→. ;,9 (.?&7./.(*i’+#(&: +8./)0+-
/i# F 1+D() #&%+/&$0)0& /iA(&*.#i 1.0+?&. H)’8/+$0iF&1 /iA(&*.#&1 1.0+?+1
B 1.0+? :+/? [86, 87]. \+J+ +$+C,&#i$0" 8+,9J)B - #&%+/&$0)((i 8+?i,.(+5 /iA(&-
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*i 8./F+J+ 8+/9?%- A)1i$0" 8+:i?(+5 2/.F.. >+/9?+% ACiD(+$0i 1.0+?- /i#(&’
1+

↖
5

2 .
3.0+? ,i(i’(+5 i(0./8+,9*i5 1)B %#)?/)0&I(&’ 8+/9?+% ACiD(+$0i. E +?(+-

#&1i/(+1- #&8)?%- ’+J+ A)8/+8+(-#)# E. [. 6-/I)0+#, ) -A)J),"(.((9 () C)-
():+#i 8/+$0+/& A?i’$(&# <. 3. K):(+ [88, 89]. >+?),"Fi ?+$,i?D.((9 *"+J+
1.0+?- 8/+#+?&,& I. K. Argyros, H. Ren, J. A. Ezquerro, M. A. Hernández [90=92].
L)%+D ?#+%/+%+#i 1+?&7i%)*i5 ?+$,i?D-#),& I. K. Argyros, S. George, H. Kumar,
P. K. Parida 0) <. 3. K):(+ [18, 93, 94]. 3.0+?& A 8)1’900G () +$(+#i +8./)-
0+/) 8+?i,.(+5 /iA(&*i 6-/I)0+#) 8/.?$0)#,.(+ - /+C+0): A. Cordero [95, 96].
U+A#&0+% *"+J+ ()8/91%- 8/&#i# ?+ $0#+/.((9 0/&%/+%+#&: 1.0+?i#. O+%/.1),
X. Wang, Jin Y., Zhao Y. 0) X. Chen A)8/+8+(-#),& [23, 97]:

x0, y↑1 ≃ ”, yn = xn ↑ F (2xn ↑ yn↑1, yn↑1)↑1
F (xn),

zn = xn ↑ F (yn, xn)↑1
F (xn),

xn+1 = zn ↑ F (yn, zn)↑1
F (zn)

(2.37)

0)
x0, z↑1 ≃ ”, yn = xn ↑ F (2xn ↑ zn↑1, zn↑1)↑1

F (xn),

zn = xn ↑ F (yn, xn)↑1
F (xn),

xn+1 = zn ↑ F (yn, zn)↑1
F (zn),

(2.38)

?. F (·, ·) : X ↙Y ↔ L(X, Y ) – *. 8+?i,.() /iA(&*9 8./F+J+ 8+/9?%-, ) L(X, Y )

8+A()I)B 8/+$0i/ (.8././#(&: +8./)0+/i#.
[(),iA ,+%),"(+5 ACiD(+$0i 1.0+?i# (2.37) 0) (2.38) - 8+8./.?(i: ?+$,i?D.-

((9: [23] #$0)(+#,.(+ A) ?+8+1+J+G /+A%,)?i# - /9? L.’,+/) A #&%+/&$0)((91
-1+# () 8+:i?(i +8./)0+/) F ?+ F+$0+J+ 8+/9?%-, :+I) $)1i 1.0+?& (. 1i$090"
0)%&: #&$+%&: 8+:i?(&:. U+AJ,9(.1+ 7-(%*iG

F (t) =





ω1 log t2 + ω2t

5 + ω3t
4
, 9%M+ t ⇓= 0,

0, 9%M+ t = 0,

+C1.D.(- () i(0./#),i ” = [↑3
2 , 2], ?. ?i’$(i 8)/)1.0/& ωk, k = 1, 2, 3, A)?+-

#+,"(9G0" -1+#& ω1 ⇓= 0 0) ω2 + ω3 = 0. L+?i x↘ = 1 ≃ ” B /+A#’9A%+1 /i#(9((9
F (t) = 0. N?()% 0/.09 8+:i?() F

→→→(t) (. B (.8././#(+G # 0+I*i t = 0 ≃ ”. L+1-
/.A-,"0)0& A [23] (. J)/)(0-G0", M+ limn↔⇐ xn = x

↘ ?,9 *&: 1.0+?i#. >/+0. 1.-
0+?& ACiJ)G0"$9, ()8/&%,)?, 8/& x0 = 1.2. P. $#i?I&0" 8/+ 0., M+ -1+#& A [23]
1+D() A)1i(&0& () $,)CFi.
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4 *"+1- 8i?/+A?i,i #$0)(+#,.(+ ?+$0)0(i -1+#& ACiD(+$0i, M+ A),.D)0" ,&-
F. #i? #,)$0&#+$0.’ +8./)0+/). [(),iA 8/+#.?.(+ ?,9 +8./)0+/i# - C)():+#&:
8/+$0+/):. N0/&1)(+ )8/i+/(i +*i(%& 8+:&C%& ↗x↘ ↑ xn↗, 9%i ?+A#+,9G0" #&-
A()I&0& %i,"%i$0" i0./)*i’ ?,9 ?+$9J(.((9 A)?)(+5 0+I(+$0i ς > 0. 6/i1 0+J+,
#$0)(+#,.(+ -1+#& B?&(+$0i /+A#’9A%-.

2.2.1 );76iE 6BK76M;BR EFiG;B8@i

>+A()I.((9 U(x↘, ω), U [x↘, ω] #&%+/&$0+#-G0"$9 ?,9 #i?%/&0+5 0) A)1%(.(+5
%-,i, #i?8+#i?(+, - 8/+$0+/i X A *.(0/+1 x

↘ i /)?i-$+1 ω > 0. H.:)’ 0)%+D
A 8+A()I)B i(0./#), [0,+⇐). U+AJ,9(.1+ 7-(%*i5 00 : A0 ↙ A0 ↔ R+ 0) 0 :

A0 ↙ A0 ↔ R+, ?. A0 ↓ A. >/&8-$%)B0"$9, M+ *i 7-(%*i5 B (.8././#(&1& 0)
(.$8)?(&1&. 41+#& ,+%),"(+5 ACiD(+$0i 8+#’9A-G0" ?i’$(i 7-(%*i5 00 0) 0 A
+8./)0+/)1& # 1.0+?): (2.37) 0) (2.38) A) -1+#& i$(-#)((9 /+A#’9A%- x

↘ ≃ ”.
>/&8-$0&1+, M+ #&%+(-G0"$9 0)%i -1+#&:

(H1) Ui#(9((9 00(3t, t) ↑ 1 = 0 1)B ()’1.(F&’ ?+?)0(&’ /+A#’9A+% ⇀0. H.:)’
A0 = [0, ⇀0].
(H2) I$(-B 7-(%*i9 0 A +C,)$0G #&A()I.((9 A0 ↙ A0 0) A()I.((91& # R+ 0)%),
M+ ?,9 7-(%*i’ g1 : A0 ↔ R+, g2 : A0 ↔ R+ 0) g3 : A0 ↔ R+, A)?)(&: 9%

g1(t) =
0(2t, t)

1↑ 00(3t, t)
,

g2(t) =
0((1 + g1(t))t, t)

1↑ 00(g1(t)t, t)
,

0)
g3(t) =

0((g1(t) + g2(t))t, g2(t)t)g2(t)

1↑ 00(g1(t)t, g2(t)t)
,

/i#(9((9 gk(t) ↑ 1 = 0, k = 1, 2, 3, 1)G0" ()’1.(Fi ?+?)0(i /+A#’9A%&, 9%i
8+A()I)G0"$9 #i?8+#i?(+ 9% rk. >+%,)?.1+

r = min{rk} i A1 = [0, r). (2.39)
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O *&: +A()I.(" #&8,&#)B, M+ ?,9 %+D(+J+ t ≃ A1

0 ⇒ 00(3t, t) < 1, (2.40)

0 ⇒ 00(g1(t)t, t) < 1, (2.41)

0 ⇒ 00(g1(t)t, g2(t)t) < 1, (2.42)

0)

0 ⇒ gk(t) < 1. (2.43)

4 0.+/.1i 2.8 8+%)A)(+, M+ r B /)?i-$+1 ACiD(+$0i ?,9 1.0+?- (2.37). U)?i-$ r

0) 7-(%*i5 00 i 0 8+#’9A)(i A 8+?i,.(+G /iA(&*.G # 1.0+?): (2.37) 0) (2.38).
(H3) I$(-B +C./(.(&’ +8./)0+/ L ≃ L(X, Y ).
(H4) ↗L↑1(F (x, y) ↑ L)↗ ⇒ 00(↗x ↑ x

↘↗, ↗y ↑ x
↘↗) ?,9 %+D(+J+ x, y ≃ ”. H.:)’

”1 = ” ′ U(x↘, ⇀0).
(H5) ↗L↑1(F (x, y)↑ F (z, x↘))↗ ⇒ 0(↗x↑ z↗, ↗y ↑ x

↘↗) ?,9 %+D(+J+ x, y, z ≃ ”1,
?. 0 : A0 ↙ A0 ↔ R+.
(H6) U [x↘, r̄] ↓ ”, ?. r̄ = 3r.
>)/)1.0/ r > 0 #&A()I)B0"$9 8iA(iF. A),.D(+ #i? 0+J+, 9%&’ 1.0+? #&%+/&$0+-
#-B0"$9.

3:,?:<" 2.8. 012<>3)2/*, =* #2&*6>+)73% >/*#2 (H1)–(H6) )" x0, y↑1 ≃
U(x↘, r) \ {x↘}. I*$i <*34i$*#6i3)7 {xn}, #2@6"E(6" /()*$*/ (2.37), i36>., 6"-
4(52)7 &>4i U(x↘, r) )" @-iG".)73% $* x

↘, <12E*/>

↗yn ↑ x
↘↗ ⇒ g1(r)↗xn ↑ x

↘↗ ⇒ ↗xn ↑ x
↘↗ < r, (2.44)

↗zn ↑ x
↘↗ ⇒ g2(r)↗xn ↑ x

↘↗ ⇒ ↗xn ↑ x
↘↗, (2.45)

)"

↗xn+1 ↑ x
↘↗ ⇒ g3(r)↗xn ↑ x

↘↗ ⇒ ↗xn ↑ x
↘↗. (2.46)

J*#($(66%. E&Ci/ x0 0) y↑1 ≃ U(x↘, r) \ {x↘}, ) 0)%+D (2.39), (2.40) 0) -1+#&
(H3)–(H5) +A()I)G0", M+

↗2x0 ↑ y↑1 ↑ x
↘↗ ⇒ 2↗x0 ↑ x

↘↗+ ↗y↑1 ↑ x
↘↗ ⇒ 2r + r = 3r = r̄
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i

↗L↑1(F (2x0 ↑ y↑1, y↑1)↑ L)↗ ⇒ 00(2↗x0 ↑ x
↘↗+ ↗y↑1 ↑ x

↘↗, ↗y↑1 ↑ x
↘↗) < 1.

L+?i 0.+/.1) R)():) 8/+ +C+/+0(i$0" ,i(i’(&: +8./)0+/i# J)/)(0-B i$(-#)((9
+C./(.(+J+ +8./)0+/) ?,9 F (2x0 ↑ y↑1, y↑1) [18] 0) +*i(%-:

↗F (2x0 ↑ y↑1, y↑1)
↑1
L↗ ⇒ 1

1↑ 00(2↗x0 ↑ x↘↗+ ↗y↑1 ↑ x↘↗, ↗y↑1 ↑ x↘↗) . (2.47)

N0D., i0./)*i9 y0 i$(-B #i?8+#i?(+ ?+ 8./F+J+ %/+%- 1.0+?- (2.37) 8/& n = 0.
3+D.1+ 0)%+D A)8&$)0&

y0 ↑ x
↘ = x0 ↑ x

↘ ↑ F (2x0 ↑ y↑1, y↑1)
↑1
F (x0) (2.48)

= F (2x0 ↑ y↑1, y↑1)
↑1(F (2x0 ↑ y↑1, y↑1)↑ F (x0, x

↘))(x0 ↑ x
↘).

E&%+/&$0)B1+ (H5), (2.45) (?,9 k = 1) 0) (2.47). O (2.48) 1)B1+

↗y0 ↑ x
↘↗ ⇒ h

(1)
0 :=

0(↗x0 ↑ y↑1↗, ↗y↑1 ↑ x
↘↗)↗x0 ↑ x

↘↗
1↑ 00(2↗x0 ↑ x↘↗+ ↗y↑1 ↑ x↘↗, ↗y↑1 ↑ x↘↗)

⇒ g1(r)↗x0 ↑ x
↘↗ ⇒ ↗x0 ↑ x

↘↗ < r. (2.49)

L-0 ↗x0 ↑ y↑1↗ ⇒ ↗x0 ↑ x
↘↗ + ↗y↑1 ↑ x

↘↗ ⇒ 2r. N0D., (2.44) #&%+(-B0"$9 8/&
n = 0 0) y0 ≃ U(x↘, r). E&%+/&$0+#-GI& (2.39), (2.41), -1+#- (H4) 0) (2.2.1),
1)B1+

↗L↑1(F (y0, x0)↑ L)↗ ⇒ 00(↗y0 ↑ x
↘↗, ↗x0 ↑ x

↘↗) < 1.

N0D., +8./)0+/ F (y0, x0) B +C+/+0(&1, i

↗F (y0, x0)
↑1
L↗ ⇒ 1

1↑ w0(↗y0 ↑ x↘↗, ↗x0 ↑ x↘↗) . (2.50)

[(),+JiI(+, z0 i$(-B A) ?/-J&1 %/+%+1 1.0+?- (2.37), i 1+D() A)8&$)0&

z0 ↑ x
↘ = x0 ↑ x

↘ ↑ F (y0, x0)
↑1
F (x0) (2.51)

= F (y0, x0)
↑1(F (y0, x0)↑ F (x0, x

↘))(x0 ↑ x
↘).
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E&%+/&$0+#-GI& (H5), (2.39), (2.43), (2.50) - (2.51), 1)B1+

↗z0 ↑ x
↘↗ ⇒ h

(2)
0 :=

w(↗y0 ↑ x0↗, ↗x0 ↑ x
↘↗)↗x0 ↑ x

↘↗
1↑ w0(↗y0 ↑ x↘↗, ↗x0 ↑ x↘↗)

⇒ g2(r)↗x0 ↑ x
↘↗ ⇒ ↗x0 ↑ x

↘↗.

N0D., (2.45) #&%+(-B0"$9 8/& n = 0, i z0 ≃ U(x↘, r). E&%+/&$0+#-GI& (2.39), (2.42)
0) (H5), +0/&1)B1+

↗L↑1(F (y0, z0)↑ L)↗ ⇒ 00(↗y0 ↑ x
↘↗, ↗z0 ↑ x

↘↗) < 1.

N0D., i$(-B +C./(.(&’ ?+ ,i(i’(+J+ +8./)0+/) F (y0, z0) i ?,9 ("+J+ $8/)#?D-B-
0"$9 +*i(%)

↗F (y0, z0)
↑1
L↗ ⇒ 1

1↑ 00(↗y0 ↑ x↘↗, ↗z0 ↑ x↘↗) . (2.52)

[(),+JiI(+ ?+#+?&1+ i$(-#)((9 x1 0) +0/&1-B1+ $8i##i?(+F.((9

x1 ↑ x
↘ = z0 ↑ x

↘ ↑ F (y0, z0)
↑1
F (z0) (2.53)

= F (y0, z0)
↑1(F (y0, z0)↑ F (z0, x

↘))(z0 ↑ x
↘).

E&%+/&$0+#-GI& (2.39), (2.43) (8/& k = 3) 0) (2.52) 1)B1+

↗x1 ↑ x
↘↗ ⇒ h

(3)
0 =

w(↗y0 ↑ z0↗, ↗z0 ↑ x
↘↗)↗z0 ↑ x

↘↗
1↑ w0(↗y0 ↑ x↘↗, ↗z0 ↑ x↘↗)

⇒ g3(r)↗x0 ↑ x
↘↗ ⇒ ↗x0 ↑ x

↘↗.

N0D., (2.46) #&%+(-B0"$9 0) x1 ≃ U(x↘, r). [(),+JiI(i +CI&$,.((9 1+D() 8/+-
#.$0& ?,9 ?+#i,"(+J+ m ≃ N, A)1i(&#F& x0, y0, x1 () xm, ym, xm+1. P. A)#./F-B
?+#.?.((9 (2.44)–(2.46), A#i?%& xm, ym, xm+1 ≃ U(x↘, r) ?,9 #$i: m ⇔ 0. L+?i A
+*i(%&

↗xm+1 ↑ x
↘↗ ⇒ c↗xm ↑ x

↘↗ ⇒ c
m+1↗x0 ↑ x

↘↗ < r,

?. c = g3(↗x0 ↑ x
↘↗) ≃ [0, 1), /+C&1+ #&$(+#+%, M+ lim

m↔⇐
xm = x

↘
.

;,9 1.0+?- (2.38) ,+%),"(&’ )(),iA ACiD(+$0i #&%+(-B0"$9 )(),+JiI(+.

3:,?:<" 2.9. 9(:"; #2&*6>+)73% >/*#2 (H1)–(H6) i x0, y↑1 ≃ U(x↘, r) \ {x↘}.
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I*$i <*34i$*#6i3)7 {xn}, *)12/"6" @" $*<*/*G*+ /()*$> (2.38), i36>., 6"4(-
52)7 &>4i U(x↘, r), @-iG".)73% $* x

↘, <12E*/> #2&*6>+)73% (2.44)–(2.46).

J*#($(66%. ;+#.?.((9 )(),+JiI(. ?+ ?+#.?.((9 0.+/.1& 2.8, +?()% #i?8+#i?(i
+*i(%& 1)G0" #&J,9?

↗ym ↑ x
↘↗ ⇒ w(↗xm ↑ zm↑1↗, ↗zm↑1 ↑ x

↘↗)↗xm ↑ x
↘↗

1↑ w0(2↗xm ↑ x↘↗+ ↗zm↑1 ↑ x↘↗, ↗zm↑1 ↑ x↘↗)
⇒ g1(r)↗xm ↑ x

↘↗ ⇒ ↗xm ↑ x
↘↗,

↗zm ↑ x
↘↗ ⇒ w(↗ym ↑ xm↗, ↗xm ↑ x

↘↗)↗xm ↑ x
↘↗

1↑ w0(↗ym ↑ x↘↗, ↗xm ↑ x↘↗)
⇒ g2(r)↗xm ↑ x

↘↗ ⇒ ↗xm ↑ x
↘↗,

0)

↗xm+1 ↑ x
↘↗ ⇒ w(↗zm ↑ ym↗, ↗zm ↑ x

↘↗)↗zm ↑ x
↘↗

1↑ w0(↗ym ↑ x↘↗, ↗zm ↑ x↘↗)
⇒ g3(r)↗xm ↑ x

↘↗ ⇒ ↗xm ↑ x
↘↗.

H)$0-8(. 0#./?D.((9 (2.3) #$0)(+#,GB B?&(i$0" /+A#’9A%-.

3#:?$L:88% 2.3. (a) N/*#2 (H3) )" (H4) #2&*6>+)73% # &>4i U(x↘, 1) $4%
$(%&*G* 1 > 0.
(b) I36>. 11 > 1 )"&(, =*

00(0, 11) < 1.

0*@6"E2/* ”2 = ”′U [x↘, 11]. I*$i 1i#6%66% F (x) = 0 /". .$262; 1*@#’%@*& x
↘

> *-4"3)i ”2.

J*#($(66%. >/&8-$0&1+, M+ i$(-B 8+?i,.() /iA(&*9 F (x↘, v) 0) v ⇓= x
↘. L+?i A

(a)–(b) #&8,&#)B, M+

↗L↑1(F (x↘, v)↑ L)↗ ⇒ 00(0, ↗x↘ ↑ v↗) ⇒ 00(0, 11) < 1.
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N0D., A) 0.+/.1+G R)():) 1)B1+ F (x↘, v)↑1 ≃ L(X, Y ). N$%i,"%& $8/)#?D-B-
0"$9 0+0+D(i$0"

x
↘ ↑ v = F (x↘, v)↑1(F (x↘)↑ F (v)) = F (x↘, v)↑1(0).

0+ v = x
↘. O+%/.1), 1+D,&#&’ #&Ci/ 1 = r.

2.2.2 O7=iI6BK76M;7 EFiG;i8@M

U+AJ,9(.1+ 7-(%*i5 20 0) 2, )(),+JiI(i ?+ 00, 0 A ,+%),"(+J+ )(),iA-. 41+-
#&, M+ 8+#’9A-G0" 5: iA 1.0+?)1& (2.37) 0) (2.38), B 0)%&1&:
(S1) I$(-B ()’1.(F&’ ?+?)0(&’ /+A#’9A+% /i#(9((9 v0(3t, t) ↑ 1 = 0, 9%&’ 8+-
A()I&1+ ⇀2. H.:)’ A1 = [0, ⇀2).

(S2) I$(-B 7-(%*i9 v : A1 ↙ A1 ↔ R+, 9%) B (.8././#(+G 0) (.$8)?(+G. >+C--
?-B1+ 8+$,i?+#(+$0i A) -1+# b↑1, a0, b0 ⇔ 0 0) a0 ⇒ b↑1:

cn = bn +
2(bn ↑ bn↑1, bn↑1 ↑ an)(bn ↑ an)

1↑ 20(bn ↑ a0, an ↑ a0)
,

ϱn = (1 + 20(cn ↑ a0, an ↑ a0))(cn ↑ an) (2.54)

+ (1 + 20(2(an ↑ a0) + (bn↑1 ↑ a0), bn↑1 ↑ a0)(bn ↑ an),

an+1 = cn +
ϱn

1 + 2(bn ↑ a0, cn ↑ a0)
,

ωn+1 = (1 + 20(an+1 ↑ a0, an ↑ a0))(an+1 ↑ an)

+(1 + 20(2(an ↑ a0) + bn↑1 ↑ a0, bn↑1 ↑ a0))(bn ↑ an)

0)
bn+1 = an+1 +

ωn+1

1↑ 20(2(an+1 ↑ a0) + bn ↑ a0, bn ↑ a0)
.
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(S3) I$(-B ◁ ≃ [0, ⇀2) 0)%., M+ ?,9 %+D(+J+ n = 0, 1, 2, . . . #&%+(-G0"$9 -1+#&

20(bn ↑ a0, an ↑ a0) < 1,

20(2(an+1 ↑ a0) + bn ↑ a0, bn ↑ a0) < 1,

an < ◁.

O +A()I.((9 $%),9/(&: 8+$,i?+#(+$0.’ #&8,&#)B, M+

an ⇒ bn ⇒ cn ⇒ an+1 ⇒ ◁,

A#i?%& 8+$,i?+#(i$0" {an} ACiJ)B0"$9 ?+ ?.9%+J+ a ≃ [0, ◁ ]:

lim
n↔+⇐

an = a.

(S4) N8./)0+/ L ≃ L(X, Y ) 1)B +C./(.(&’.
(S5) ↗L↑1(F (x, y)↑L)↗ ⇒ v0(↗x↑x0↗, ↗y↑x0↗) ?,9 %+D(+J+ x, y ≃ ” 0) ?.9%+J+
x0 ≃ ”. IA *iB5 -1+#& 0) +A()I.((9 ⇀2 +0/&1-B1+, M+ ?,9 y↑1 ≃ ”3 = U(x0, ⇀)

↗2x0 ↑ y↑1 ↑ x0↗ = ↗x0 ↑ y↑1↗ < ⇀,

0+1-

↗L↑1(F (2x0 ↑ y↑1, y↑1)↑ L)↗ ⇒ v0(↗x0 ↑ y↑1↗, ↗y↑1 ↑ x0↗) < 1.

N0D., ,i(i’(&’ +8./)0+/ F (2x0 ↑ y↑1, y↑1) B +C+/+0(&1 i #&%+(-B0"$9

b0 ⇔ ↗F (2x0 ↑ y↑1, y↑1)
↑1
F (x0)↗,

) 0)%+D ↗y↑1 ↑ x0↗ ⇒ b↑1 ↑ a0 A) -1+#& a0 ⇒ b↑1 ⇒ b0. >+A()I&1+ ”4 =

U(x0, ⇀2) ′ ”.
(S6) ↗L↑1(F (x, y)↑ F (x̄, ȳ))↗ ⇒ v(↗x↑ x̄↗, ↗y ↑ ȳ↗) ?,9 %+D(+J+ x, y, x̄, ȳ,≃ ”4.
(S7) U(x0, 3a) ↓ ”.

L.+/.1) (2.10) #$0)(+#,GB ()8i#,+%),"(- ACiD(i$0" 1.0+?- (2.37).

3:,?:<" 2.10. 9(:"; #2&*6>+)73% >/*#2 (S1)–(S7). I*$i <*34i$*#6i3)7 {xn},
*)12/"6" /()*$*/ (2.37), i36>., 6"4(52)7 U [x0, a] i @-iG".)73% $* 1*@#’%@&>
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x
↘ ≃ U [x0, a], <12E*/>

↗yn ↑ xn↗ ⇒ bn ↑ an, (2.55)

↗zn ↑ yn↗ ⇒ cn ↑ bn, (2.56)

↗xn+1 ↑ zn↗ ⇒ an+1 ↑ cn. (2.57)

F1i/ )*G*,

↗x↘ ↑ xn↗ ⇒ a↑ an.

J*#($(66%. H./i#(+$0i (2.55)-(2.57) ?+#+?90"$9 1.0+?+1 1)0.1)0&I(+5 i(?-%*i5.
O 8+I)0%+#&: -1+# +0/&1-B1+, M+ (2.55) #&%+(-B0"$9 8/& n = 0. ;+#.?.((9
)(),+JiI(. ?+ ?+#.?.((9 0.+/.1& 2.8 iA A)1i(+G 7-(%*i’ 00, 0, 0+I%& x

↘ 0)
-1+# (H) () 20, 2, 0+I%- x0 0) -1+#& (S) #i?8+#i?(+.

NCV/-(0-#)((9 #&C+/- $%),9/(&: 8+$,i?+#(+$0.’, 9%i #&%+/&$0+#-G0"$9
?,9 +*i(%& ACiD(+$0i i0./)*i’(+J+ 8/+*.$-.

zm ↑ ym = (F (2xm ↑ ym↑1, ym↑1)↑1 ↑ F (ym, xm)↑1)F (xm)

↑F (ym, xm)↑1(F (2xm ↑ ym↑1, ym↑1)↑ F (ym, xm))(ym ↑ xm)
,

+$%i,"%&
ym ↑ xm = F (2xm ↑ ym↑1, ym↑1)

↑1
F (xm),

↗zm ↑ ym↗ ⇒ 2(↗2xm ↑ ym↑1 ↑ ym↗, ↗ym↑1 ↑ xm)↗ym ↑ xm↗
1↑ 20(↗ym ↑ x0↗, ↗xm ↑ x0↗)

⇒ 2(bm ↑ am + am ↑ bm↑1, bm↑1 ↑ am)(bm ↑ am)

1↑ 20(↗bm ↑ a0↗, ↗am ↑ a0↗)
= cm ↑ bm,

↗zm ↑ x0↗ ⇒ ↗zm ↑ ym↗+ ↗ym ↑ x0↗
⇒ cm ↑ bm + bm ↑ a0 = cm ↑ a0 < a,

F (zm) = F (zm)↑ F (xm)↑ F (2xm ↑ ym↑1, ym↑1)(ym ↑ xm)

= F (zm, xm)(zm ↑ xm)↑ F (2xm ↑ ym↑1, ym↑1)(ym ↑ xm),
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↗L↑1
F (zm)↗ ⇒ (1 + 20(↗zm ↑ x0↗, ↗xm ↑ x0↗))↗zm ↑ xm↗

+(1 + 20(↗2xm ↑ ym↑1 ↑ x0↗, ↗ym↑1 ↑ x0↗))↗ym ↑ xm↗
⇒ (1 + 20(cm ↑ a0, am ↑ a0))(cm ↑ am)

+(1 + 20(2(am ↑ a0) + bm↑1 ↑ a0, bm↑1 ↑ a0))(bm ↑ am) = ϱm,

xm+1 ↑ zm = ↑F (zm, xm)
↑1(F (zm)↑ F (xm) + F (xm)),

↗xm+1 ↑ zm↗ ⇒ ϱm

1↑ 20(bm ↑ a0, am ↑ a0)
= am+1 ↑ cm,

↗xm+1 ↑ x0↗ ⇒ ↗xm+1 ↑ zm↗+ ↗zm ↑ x0↗ ⇒ am+1 ↑ cm + cm ↑ a0 = am+1 < a,

F (zm+1) = F (xm+1)↑ F (xm)↑ F (2xm ↑ ym↑1, ym↑1)(ym ↑ xm),

↗L↑1
F (xm+1)↗ ⇒ (1 + 20(am+1 ↑ a0, am ↑ a0))(am+1 ↑ am)

+(1 + 20(2(am ↑ a0) + bm+1 ↑ a0))(bm ↑ am) = ωm+1.

N0D.,

↗ym+1 ↑ xm+1↗ ⇒ ωm+1

1↑ 20(2(am+1 ↑ a0) + bm ↑ a0, bm ↑ a0)
= bm+1 ↑ am+1,

0)

↗ym+1 ↑ x0↗ ⇒ ↗ym+1 ↑ xm+1↗+ ↗xm+1 ↑ x0↗
⇒ bm+1 ↑ am+1 + am+1 ↑ a0 = bm+1 < a.

O#i?$& #&8,&#)B, M+ 8+$,i?+#(i$0" {xm} B 8+$,i?+#(i$0G 6+Fi. >./.:+?9I&
?+ J/)(&*i 8/& m ↔ +⇐ - (2.55), +0/&1)B1+ F (x↘) = 0. L+?i A +*i(%& ↗xm+i ↑
xm↗ ⇒ am+i↑am i 8./.:+?- ?+ J/)(&*i 8/& i ↔ +⇐ #&8,&#)B ↗x↘↑xm↗ ⇒ a↑am,
M+ A)#./F-B ?+#.?.((9.

>./.’?.1+ ?+ )(),iA- 1.0+?- (2.38). H) #i?1i(- #i? 1.0+?- (2.37), 1)D+-
/)(0(i 8+$,i?+#(+$0i ?,9 1.0+?- (2.38) #&A()I)G0"$9 0)%:

cn = bn +
2(bn ↑ an + cn↑1 ↑ an, cn↑1 ↑ an)(bn ↑ an)

1↑ 20(bn ↑ an, an ↑ a0)
,

ϱ̄n = (1 + 20(cn ↑ a0, an ↑ a0 ↑ 20(bn ↑ an, an ↑ a0))(cn ↑ an)

+(1 + 20(2(an ↑ a0) + cn↑1 ↑ a0, cn↑1 ↑ a0)(bn ↑ an),
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an+1 = cn +
ϱ̄n

1↑ 2(bn ↑ a0, cn ↑ a0)
, (2.58)

ω̄n+1 = (1 + 20(an+1 ↑ a0, an ↑ a0))(an+1 ↑ an)

+(1 + 20(2(an ↑ a0) + cn↑1 ↑ a0, cn↑1 ↑ a0))(bn ↑ an),

) 0)%+D
bn+1 = an+1 +

ω̄n+1

1↑ 20(2(an ↑ a0) + bn↑1 ↑ a0, bn ↑ a0)
.

H.:)’ 0)%+D #&%+(-G0"$9 0)%i 8/&8-M.((9:

↗F (2x0 ↑ z↑1, z↑1)
↑1
F (x0)↗ ⇒ b0 ↑ a0

i
↗z↑1 ↑ x0↗ ⇒ c↑1 ↑ a0

A) -1+#& a0 ⇒ b0 0) a0 ⇒ c↑1. H)8i#,+%),"(&’ )(),iA ACiD(+$0i ?,9 1.0+?- (2.38)
B )(),+JiI(&1 ?+ ()#.?.(+J+ ?,9 1.0+?- (2.37) - 0.+/.1i 2.10.

3:,?:<" 2.11. 9(:"; #2&*6>+)73% >/*#2 (S1)–(S7), "4( #2&*123)*#>./* (2.58)
@"/i3)7 (2.54) )" >/*#> ↗z↑1↑x0↗ ⇒ c↑1↑a0, =* @"/i6+. ↗y↑1↑x0↗ ⇒ b↑1↑a0.
I*$i #236*#&2 )(*1(/2 2.10 @"42D"+)73% 3<1"#($42#2/2 $4% /()*$> (2.38).

;+#.?.((9 )(),+JiI(. ?+ ?+#.?.((9 0.+/.1& 2.10 iA A)1i(+G (2.37), (2.54) () (2.38)
0) (2.56) #i?8+#i?(+. O)-#)D&1+, M+ J/)(&*9 8+$,i?+#(+$0i (2.56) (. +C+#’9A%+#+
ACiJ)B0"$9 A 0iBG, M+ #&A()I)B0"$9 7+/1-,+G (2.54), +?()% ?,9 8/+$0+0& #&%+-
/&$0+#-B0"$9 0. $)1. 8+A()I.((9.

;),i ()#.?.(+ /.A-,"0)0 8/+ B?&(i$0" /+A#’9A%- /i#(9((9 (1.1).

3#:?$L:88% 2.4. 012<>3)2/*, =*:

(i) i36>. 1*@#’%@*& s̄ ≃ U(x0, ⇀4) 1i#6%66% F (x) = 0 $4% $(%&*G* ⇀4 > 0;

(ii) #2&*6>.)73% >/*#" (S4);

(iii) #2&*6>.)73% >/*#" (S5) # &>4i U(x0, ⇀4), i i36>. ⇀5 ⇔ ⇀4 )"&(, =* 3<1"#(-
$42#" 6(1i#6i3)7 20(⇀4, ⇀5) < 1.

0*@6"E2/* ”4 = U [x0, ⇀5] ′ ”. I*$i 1i#6%66% F (x) = 0 /". .$262; 1*@#’%@*& s̄

> /6*526i ”4.
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J*#($(66%. H.:)’ x̄ ≃ ”4, 8/&I+1- F (x̄) = 0 0) x̄ ⇓= s̄. L+?i 8+?i,.() /iA(&*9
F (x̄, s̄) B #&A()I.(+G. O#i?$& #&8,&#)B

↗L↑1(F (x̄, s̄)↑ L)↗ ⇒ 20(↗x̄↑ x0↗, ↗s̄↑ x0↗)
⇒ 20(⇀4, ⇀5) < 1.

N0D., ,i(i’(&’ +8./)0+/ F (x̄, s̄) B +C+/+0(&1. L+?i s̄ = x̄ +0/&1-B1+ A 0+0+D(+-
$0i

x̄↑ s̄ = F (x̄, s̄)↑1(F (x̄)↑ F (s̄)) = F (x̄, s̄)↑1(0↑ 0) = 0.

N"=#"L:88% 2.6. (i) ’*542#2/2 #2-*1"/2 $4% 4i6i;6*G* *<(1")*1" L >
4*&"476*/> #2<"$&> . L = I "-* L = F

→(x↘). N 6"<i#4*&"476*/> #2<"$&>
/*542#2/2 #2-*1"/2 . L = F

→(x0) "-* L = F (2x0 ↑ y↑1, y↑1). O *-*:
#2<"$&": #i$<*#i$62; *<(1")*1 /". ->)2 *-*1*)62/. I6Di #"1i"6)2 )"-
&*5 /*542#i, %&=* #2&*6>+)73% >/*#2 (H) (4*&"4762; #2<"$*&) "-*
>/*#2 (S) (6"<i#4*&"4762; #2<"$*&).

(ii) I*E&> a /*56" @"/i62)2 6" ⇀2 # >/*#i (S7).

(iii) 012 #2&*6"66i #3i: >/*# (S1)–(S7) > )#(1$5(66i #2=( /*56" #2&*12-
3)")2 s̄ = x

↘ i ⇀4 = a.

2.2.3 /98A6M;i AK8=AC9DA;@9

;,9 8./.#i/%& 1.0+?i# #&%+/&$0)(+ ()Ci/ 0.$0+#&: 1)0/&*", M+ +:+8,GB
0&8+#i #&8)?%& A)$0+$-#)((9 ),J+/&01i# +80&1iA)*i5 [98]. Z&$.,"(i .%$8./&1.(-
0& /.),iA+#)(+ A #&%+/&$0)((91 Python 3.11.0 0) #&%+()(+ () +CI&$,G#),"(i’
$&$0.1i A 8-9?./(&1 8/+*.$+/+1 Intel Core i9 2.4 Ghz 0) 64 GB +8./)0&#(+5
8)1’90i.

>?(&+"$ 1. U+AJ,9(.1+ #&8)?%&:
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1) 2-(%*i9 2/.’?F0.’() i U+$)

n = 2,

f1(x) = ↑13 + x1 + ((5↑ x2)x2 ↑ 2)x2,

f2(x) = ↑29 + x1 + ((x2 + 1)x2 ↑ 14)x2,

x0 = (0.5,↑2).

(2.59)

2) >+J)(+ 1)cF0)C+#)() 7-(%*i9 >)-.,,)

n = 2,

f1(x) = 104x1x2 ↑ 1,

f2(x) = exp[↑x1] + exp[↑x2]↑ 1.0001,

x0 = (0, 1).

(2.60)

3) L/&?i)J+(),"() 7-(%*i9 R/+’?.()

n = 3,

f1(x) = (3↑ 2x1)x1 ↑ 2x2 + 1,

f2(x) = (3↑ 2x2)x2 ↑ x1 ↑ 2x3 + 1,

f3(x) = (3↑ 2x3)x3 ↑ x2 + 1,

x0 = (0, 0, 0).

(2.61)

4) ;&$%/.0&A+#)() %/)’+#) A)?)I)

n = 3, h = 0.25,

f1(x) = 2x1 + h
2 (x1 + 1 + h)3

2
↑ x2,

f2(x) = 2x2 + h
2 (x2 + 1 + 2h)3

2
↑ x1 ↑ x3,

f3(x) = 2x3 + h
2 (x3 + 1 + 3h)3

2
↑ x2,

x0 = (0.25, 0.5, 0.75).

(2.62)
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5) L/&J+(+1.0/&I(+-.%$8+(.(*i),"() $&$0.1)

fk(x) = 3x3k + 2xk+1 ↑ 5,

+ sin (xk ↑ xk+1) sin (xk + xk+1), k = 1,

fk(x) = 3x3k + 2xk+1 ↑ 5 + sin (xk ↑ xk+1) sin (xk + xk+1),

+ 4xk ↑ xk↑1 exp(xk↑1 ↑ xk)↑ 3, 1 < k < n,

fk(x) = 4xk ↑ xk↑1 exp(xk↑1 ↑ xk)↑ 3, k = n.

(2.63)

6) >’90&?i)J+(),"() $&$0.1)

f1(x) = 4(x1 ↑ x
2
2) + x2 ↑ x

2
3,

f2(x) = 8x2(x
2
2 ↑ x1)↑ 2(1↑ x2) + 4(x2 ↑ x

2
3) + x3 ↑ x

2
4,

f3(x) = 8x3(x
2
3 ↑ x2)↑ 2(1↑ x3) + 4(x3 ↑ x

2
4) + x

2
2 ↑ x1,

f4(x) = 8x4(x
2
4 ↑ x3)↑ 2(1↑ x4) + 4(x4 ↑ x

2
5) + x

2
3 ↑ x2,

f5(x) = 8x5(x
2
5 ↑ x4)↑ 2(1↑ x5) + x

2
4 ↑ x3.

(2.64)

E&%+/&$0+#-B0"$9 -1+#) A-8&(%& +CI&$,G#),"(+J+ 8/+*.$- ↗F (xk)↗ ⇒ ς, ?.
ς = 10↑35. N0/&1)(i /.A-,"0)0& 8+/i#(GG0"$9 A 1.0+?+1

xn+1 = xn ↑ F (xn↑1, xn)
↑1
F (xn), n = 0, 1, 2, ... (2.65)

0) 1.0+?+1 6-/I)0+#)

xn+1 = xn ↑ F (xn↑1, 2xn ↑ xn↑1)
↑1
F (xn), n = 0, 1, 2, ... , (2.66)

?. x↑1, x0 – A)?)(i 8+I)0%+#i ()C,&D.((9.
;,9 8+/i#(9((9 0)%+D /+AJ,9(-0+ ?#) 1.0+?&, M+ B -A)J),"(.((91 1.0+?-

6-/I)0+#) 0) #%,GI)G0" ?+?)0%+#i %/+%&:

An = F (xn↑1, 2xn ↑ xn↑1),

yn = xn ↑ A
↑1
n F (xn),

xn+1 = yn ↑ A
↑1
n F (yn), n = 0, 1, 2, ...

(2.67)
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0)
An = F (xn↑1, 2xn ↑ xn↑1),

yn = xn ↑ A
↑1
n F (xn),

Bn = F (xn, 2yn ↑ xn),

xn+1 = yn ↑ B
↑1
n F (yn), n = 0, 1, 2, ... ,

(2.68)

?. An – 8+?i,.() /iA(&*9 +8./)0+/) F ?,9 xn↑1 0) 2xn↑xn↑1. x0, x↑1 – 8+I)0%+#i
()C,&D.((9.

4 0)C,&*i 2.6 ()#.?.(+ %i,"%i$0" i0./)*i’, (.+C:i?(&: ?,9 A():+?D.((9
/+A#’9A%- 0.$0+#&: A)?)I (2.59)-(2.64) %+D(&1 iA /+AJ,9(-0&: 1.0+?i#.

!"#$%&’(
)&*#+

(2.37) (2.38) (2.67) (2.68) (2.65) (2.66)

!"#$%&’#$() i *+,) 23 9 31 15 21 43

-+.)(+ /)c&’)0+1)() 23(45i6 -)3#77) 7 7 12 9 20 16

8"9%i).+()7:() 23(45i6 ;"+$%#() 4 4 – 4 10 7

<9,4"#’9=+1)() 4")$+1) =)%)>) 3 3 4 4 8 6

8"9.+(+/#’"9>(+-#4,?+(#(5i)7:() ,-/)

n = 5, x0 = (↑9, . . . ,↑9) 8 30 16 14 18 –

n = 10, x0 = (2, 0) 4 3 7 6 5 4

n = 30, x0 = (10, . . . , 10) 6 5 10 8 16 15

-’6’9%i).+()7:() ,-/)

n = 5, x0 = (↑5, . . . ,↑5) 6 6 @ @ 18 @

n = 5, x0 = (3, . . . , , 3) 5 5 @ @ 14 @

n = 5, x0 = (0.8, . . . , 0.8) 5 5 @ @ 14 @

*+=&9"#() ,’#?#(#1) ,9(.376"() 2-5i6 5 5 9 8 20 13

L)C,. 2.6: 6i,"%i$0" i0./)*i’ ?,9 ?+$9J(.((9 A)?)(+5 0+I(+$0i (ς = 10↑35) %,)-
$&I(&1& 0) 0/&%/+%+#&1& 1.0+?)1&.

O 0)C,&*i 2.6 #&8,&#)B, M+ - Ci,"F+$0i /+AJ,9(-0&: 0.$0+#&: #&8)?%i# 1.0+-
?& (2.37) 0) (2.38) ?.1+($0/-G0" %/)Mi 8+%)A(&%& ACiD(+$0i. ;,9 ?&$%/.0&A+#)-
(+5 %/)’+#+5 A)?)Ii /iA(&*9 # %i,"%+$0i i0./)*i’ B (.A()I(+G 8+/i#(9(+ A i(F&1&
1.0+?)1&. >/+0. - #&8)?%- 8’90&?i)J+(),"(&: $&$0.1 1.0+?& (2.66)–(2.68) (.
A)C.A8.I&,& ACiD(+$0i, 0+?i 9% 1.0+?& (2.37) 0) (2.38) $0)Ci,"(+ ACiJ)G0"$9, 8+-
0/.C-GI& (. Ci,"F. 6 i0./)*i’. H) 8/&%,)?i 0/&J+(+1.0/&I(+-.%$8+(.(*i),"(+5
$&$0.1& 8/+$0.D-B0"$9 #8,&# /+A1i/(+$0i A)?)Ii 0) #&C+/- 8+I)0%+#+J+ ()C,&-
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D.((9 () F#&?%i$0" ACiD(+$0i. O+%/.1), 8/& n = 5 0) 8+I)0%+#+1- ()C,&D.((i
(↑9, . . . ,↑9) 1.0+? (2.38) 8+0/.C-#)# 30 i0./)*i’ (M+ B ()’Ci,"F&1 A()I.((91
$./.? 1.0+?i#, 9%i ACiJ,&$9), 0+?i 9% 8/& n = 30 0) ()C,&D.((i (10, . . . , 10)

1.0+? (2.38) A()’F+# /+A#’9A+% #$"+J+ A) 5 i0./)*i’. >/& +$0)(("+1- #)/i)(0i
8+I)0%+#+J+ ()C,&D.((9 #$i /+AJ,9(-0i 1.0+?& -$8iF(+ ?+$9J,& /+A#’9A%-.

>?(&+"$ 2. U+AJ,9(.1+ A)?)I-:

3x2y + y
2 ↑ 1 + |x↑ 1| = 0,

x
4 + xy

3 ↑ 1 + |y| = 0.
(2.69)

U+A#’9A+%: x↘ ∝ (0.89465537, 0.32782652). H) /&$-(%- 2.3 8+%)A)(+ A),.D(i$0"
%i,"%+$0i i0./)*i’ #i? #&C+/- 8+I)0%+#+J+ ()C,&D.((9.

(1.
0, 0.1

)

(3.
0, 1.0

)

(2.
0, 1.0

)

(4.
0, 1.0

)

(4.
0, -0.5

)

(4.
0, -1.5

)

(4,
-2.0

)
(10

, -2)
(10

, -5)
(9,

5.5
)

(0.
5, 4.0

)
0

5

10

15

20

25

30

’($)* (2.37) ’($)* (2.38) ’($)* (2.65) ’($)* (2.66)

U&$. 2.3: U.A-,"0)0& 1.0+?i# (2.37), (2.38), (2.65), (2.66) A) /iA(&: 8+I)0%+#&:
()C,&D.(" ?,9 A)?)Ii (2.69) 0) ς = 10↑35.

4$i ?+$,i?D-#)(i 1.0+?& ACiJ,&$9 ?+ /+A#’9A%- A)?)Ii. O)8/+8+(+#)(i 0/&-
%/+%+#i 1.0+?& 8+%)A-G0" #&M- .7.%0&#(i$0" 8+/i#(9(+ A %,)$&I(&1&. 4 #&-
8)?%-, %+,& 8+I)0%+#. ()C,&D.((9 /i#(. (0.5, 4.0) %i,"%i$0" i0./)*i’ ?,9 1.0+-
?- (2.38) C,&A"%) ?+ %i,"%+$0i i0./)*i’ 1.0+?- (2.66).
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2.3 D"!)1 !+(2 3)#1 , $(#).*+0$%iG> )4"#’"’)-
=) )("#$!)#$ 16/ ’"6i’i&’+3 ,$1$5 ’$&0"’-
C+3 .-$1#$!i-

O)8/+8+(+#)(+ /iA(&*.#&’ 1.0+? A 8+$,i?+#(+G )8/+%$&1)*iBG +C./(.(+J+
+8./)0+/) ?,9 /+A#’9A-#)((9 (.,i(i’(+5 A)?)Ii ()’1.(F&: %#)?/)0i#. ;+$,i?D.-
(+ ,+%),"(- ACiD(i$0" 1.0+?- 0) 8/+#.?.(+ I&$.,"(i .%$8./&1.(0&.

3.0+? $%,)?)B0"$9 A ?#+: I)$0&(. ;,9 8+C-?+#& ()C,&D.(" ?+ /+A#’9A%-
#&%+/&$0+#-B0"$9 /iA(&*.#) $:.1). E+?(+I)$ A)1i$0" /+A#’9A-#)((9 $&$0.1 ,i-
(i’(&: ),J.C/&I(&: /i#(9(" )C+ +CI&$,.((9 +C./(.(+5 1)0/&*i A)$0+$+#-B0"$9
)8/+%$&1)*i9 +C./(.(+J+ +8./)0+/). E$0)(+#,.(+ ,+%),"(- ACiD(i$0" 0) +CI&-
$,.(+ 8+/9?+% ACiD(+$0i A) %,)$&I(&: -1+# !i8F&*9. H)#.?.(+ /.A-,"0)0& I&-
$.,"(&: .%$8./&1.(0i# () 0.$0+#&: A)?)I):, #%,GI)GI& A)?)Ii A (.?&7./.(*i-
’+#(&1& %+18+(.(0)1&. 3.0+? 1+D. A)$0+$+#-#)0&$9 ?+ A)?)I /.J/.$i’(+J+ )()-
,iA- 0) 1+?.,G#)((9 7iA&I(&: 8/+*.$i# - #&8)?%):, %+,& +CI&$,.((9 8+:i?(&:
(.,i(i’(+5 7-(%*i5 )C+ A():+?D.((9 +C./(.(+J+ +8./)0+/) B 8/+C,.1)0&I(&1.

U+AJ,9(.1+ (.,i(i’(- A)?)I- 8/+ ()’1.(Fi %#)?/)0& [29, 53]

min
x≃D

f(x) :=
1

2
F (x)TF (x), (2.70)

?. 7-(%*i9 F : D ∞ Rp ↔ Rm (m ⇔ p) B (.8././#(+ ?&7./.(*i’+#(+G 0)
(.,i(i’(+G A) x. >+A()I&1+ I./.A Fi(x) i-0- %+18+(.(0- 7-(%*i5 F (x). O)?)I)
8+,9J)B - #&A()I.((i x↘ ≃ D, ?,9 9%+J+

f(x↘) = min
x≃D

f(x).

L)%i A)?)Ii I)$0+ #&(&%)G0" 8/& 1+?.,G#)((i 7iA&I(&: 8/+*.$i# )C+ # $0)0&-
$0&I(+1- )(),iAi. ;,9 /+A#’9A-#)((9 *iB5 A)?)Ii 0/)?&*i’(+ A)$0+$+#-G0" 1.0+?
@)-$c)–H"G0+()

xk+1 = xk ↑ (F →(xk)
T
F

→(xk))
↑1
F

→(xk)
T
F (xk), k = 0, 1, . . . , (2.71)

9%&’ C-# A)8/+8+(+#)(&’ 2/i?/i:+1 @)-$c+1 - 1809 /+*i [29]. N?()% - ?.9%&: #&-
8)?%): I./.A +$+C,&#+$0i (.,i(i’(&: 7-(%*i’ (()8/&%,)?, %+,& F B (.?&7./.(-
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*i’+#(+G) 1.0+? @)-c$)–H"G0+() (. 1+D. C-0& A)$0+$+#)(&’ ?+ A)?)Ii (2.70).

2.3.1 ,FiG;i8@M DA@B>P

;,9 /+A#’9A-#)((9 A)?)Ii (2.70) - /+C+0): [28, 99] A)8/+8+(+#)(+ 0) ?+$,i-
?D.(+ 0)%- 1+?&7i%)*iG 1.0+?- @)-$c)–H"G0+():

xk+1 = xk ↑ (F (xk, xk↑1)
T
F (xk, xk↑1))

↑1
F (xk, xk↑1)

T
F (xk), k = 0, 1, . . . . (2.72)

L-0 x↑1, x0 ≃ D = A)?)(i 8+I)0%+#i ()C,&D.((9; F (xk, xk↑1) = 8+?i,.() /iA(&*9
8./F+J+ 8+/9?%- 7-(%*i5 F (x) - 0+I%): xk, xk↑1.

3.0+?& @)-$$)–H"G0+() (2.71) 0) 1.0+? :+/? (2.72) 8+0/.C-G0" +CI&$,.((9
+C./(.(+5 1)0/&*i )C+ /+A#’9A-#)((9 $&$0.1& ,i(i’(&: /i#(9(". ;,9 A(&D.((9
+CI&$,G#),"(+5 $%,)?(+$0i 1+D() #&%+/&$0+#-#)0& i0./)*i’(i 1.0+?& iA )8/+-
%$&1)*iBG +C./(.(+J+ +8./)0+/).

NC./(.(&’ +8./)0+/ A
↑1 )8/+%$&1-B0"$9 1.0+?+1 H"G0+() [30]:

Ak+1 = Ak(2E ↑ AAk), k = 0, 1, . . . ,

?. E = +?&(&I(&’ +8./)0+/, ) A0 = 8+I)0%+#. ()C,&D.((9 ?+ A
↑1. 4 $0)00i [30]

0)%+D /+AJ,9(-0+ 1.0+? H"G0+() A 8+$,i?+#(+G )8/+%$&1)*iBG +C./(.(+J+ +8.-
/)0+/) ?,9 /+A#’9A-#)((9 (.,i(i’(&: /i#(9("

xk+1 = xk ↑ AkF (xk),

Ak+1 = Ak(2E ↑ F
→(xk+1)Ak), k = 0, 1, . . . ,

?. A0 = 8+I)0%+#. ()C,&D.((9 ?+ +C./(.(+J+ +8./)0+/) (F →(x↘))↑1; x0 = 8+I)-
0%+#. ()C,&D.((9 ?+ 0+I(+J+ /+A#’9A%-. O)8/+8+(+#)(+ 1.0+? :+/? A )8/+%$&-
1)*iBG +C./(.(+J+ +8./)0+/) ?,9 A)?)Ii (2.70)

xk+1 = xk ↑ AkB
T
k F (xk),

Ak+1 = Ak[2E ↑ B
T
k+1Bk+1Ak], k = 0, 1, . . . .

(2.73)

L-0 Bk = F (xk, xk↑1) = 8+?i,.() /iA(&*9 8./F+J+ 8+/9?%- - 0+I%): xk 0) xk↑1.
>+I)0%+#i ()C,&D.((9 x↑1 0) x0 ?+ /+A#’9A%- x

↘ A)?)G0"$9 ?+#i,"(+. >+I)0%+#.
()C,&D.((9 A0 ?+ +C./(.(+J+ +8./)0+/) (F →(x↘)TF →(x↘))↑1 1+D() +C/)0& 9%
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A0 = (BT
0 B0)↑1. <&1#+, E 8+A()I)B +?&(&I(- 1)0/&*G. N%/.1&’ #&8)?+% Bk =

F
→(xk) /+AJ,9(-0+ - [100].

E$0)(+#&1+ ,+%),"(- ACiD(i$0" 1.0+?- (2.73) ?,9 A)?)I A (-,"+#&1 A),&-
F%+1 A) %,)$&I(&: -1+# !i8F&*9 ?,9 8+?i,.(&: /iA(&*" 8./F+J+ 8+/9?%-.
41+#) ?,9 +8./)0+/) 8+?i,.(+5 /iA(&*i F (x, y)

||F (x, y)↑ F (u, v)|| ⇒ L(||x↑ u||+ ||y ↑ v||) ⇑x, y, u, v ≃ D,

()A&#)B0"$9 >/*#*+ Hi<D2B% # +C,)$0i D Ai $0),+G !i8F&*9 L. H.:)’ U(x0, r) =

{x : ||x↑ x0)|| < r} = %-,9 /)?i-$) r A *.(0/+1 - x0. L+?i,

1) -1+#) ||F (x, y) ↑ F
→(x0)|| ⇒ L(||x ↑ x0|| + ||y ↑ x0||) ⇑x, y ≃ U(x0, r)

()A&#)B0"$9 B(6)1"476*+ >/*#*+ Hi<D2B% # %-,i U(x0, r) Ai $0),+G L;

2) -1+#) ||F →(x0)↑1
F (x, x0) ↑ I|| ⇒ L||x ↑ x0|| ⇑x ≃ U(x0, r) ()A&#)B0"$9

1"$i"476*+ >/*#*+ Hi<D2B% # %-,i U(x0, r) Ai $0),+G L.

H)#.?.(i #&M. -1+#& B %,)$&I(&1& -1+#)1& !i8F&*9 [62].

3:,?:<" 2.12. 9(:"; F M 6(4i6i;62; *<(1")*1, #2@6"E(62; 6" #i$&12)i; *<>-
&4i; /6*526i D <1*3)*1> Rp @i @6"E(66%/2 > <1*3)*1i Rm. 012<>3)2/*, =*:

1) @"$"E" (2.70) /". 1*@#’%@*& x
↘ ≃ D )"&2;, =* F (x↘) = 0, *<(1")*1 A↘ =

[F →(x↘)TF →(x↘)]↑1 i36>. i
↗A↘↗ ⇒ B; (2.74)

2) > @"/&6(6i; &>4i U(x0, r) = {x : ↗x ↑ x
↘↗ ⇒ r0} ↓ D, $( r0 = max{↗x0 ↑

x
↘↗, ↗x↑1 ↑ x

↘↗, ↗A0 ↑ A↘↗}, #2&*6>+)73% >/*#2

max{↗F →(x↘)↗, ↗F →(x↘)T↗} ⇒ C, (2.75)

↗F →(x↘)↑ F (x, y)↗ ⇒ L(↗x↑ x
↘↗+ ↗y ↑ x

↘↗); (2.76)

3) <*E")&*#i 6"-425(66% x↑1, x0 )" A0 )"&i, =*

q < 1,

$( q = max{a1r0, a2}, a1 = C
2 + (B + r0)(3CL + 2L2

r0) )" a2 = C
2
r0 +

(B + r0)2[4CL+ 4L2
r0].
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I*$i <*34i$*#6*3)i {xk} )" {Ak} @-iG"+)73% $* x
↘ )" A↘, #i$<*#i$6*, <12E*/>

#2&*6>+)73% *Bi6&2

↗xk ↑ x
↘↗ ⇒ q

ckr0, ↗Ak ↑ A↘↗ ⇒ q
gkr0, (2.77)

$( c↑1 = ↑1, c0 = 0, ck = ck↑2 + ck↑1 $4% k = 1, 2, . . ., gk = ck↑1 + 1 $4%
k = 0, 1, . . ..

J*#($(66%. E&%+/&$0)B1+ 1.0+? 1)0.1)0&I(+5 i(?-%*i5. O +A()I.((9 r0 1)B1+

↗x0 ↑ x
↘↗ ⇒ r0 = q

c0r0, ↗A0 ↑ A↘↗ ⇒ r0 = q
g0r0,

0+1- x0 ≃ U(x0, r) i (2.77) #&%+(-B0"$9 ?,9 k = 0. >/&8-$0&1+, M+ xk ≃
U(x0, r) i +*i(%) (2.77) #&%+(-B0"$9 ?,9 ?.9%+J+ k ⇔ 0. N$%i,"%& q < 1, 0+
rk = max{↗xk ↑ x

↘↗, ↗Ak ↑ A↘↗} ⇒ r0. E/):+#-GI& (2.74) 0) #&A()I.((9 r0,
+0/&1-B1+

↗Ak↗ ⇒ ↗A↘↗+ ↗Ak ↑ A↘↗ ⇒ B + rk ⇒ B + r0. (2.78)

O 8./F+5 /i#(+$0i (2.73) 0) 7+/1-,& L.’,+/) +0/&1-B1+

x
↘ ↑ xk+1 = x

↘ ↑ xk + AkB
T
k (F (xk)↑ F (x↘))

= x
↘ ↑ xk + AkB

T
k F (xk, x

↘)(xk ↑ x
↘)

= [E ↑ AkB
T
k F (xk, x

↘)](x↘ ↑ xk). (2.79)

;),i

F
→(x↘)TF →(x↘)↑ B

T
k F (xk, x

↘) = F
→(x↘)TF →(x↘)↑ B

T
k F

→(x↘)

+B
T
k F

→(x↘)↑ B
T
k F (xk, x

↘) = [F →(x↘)T ↑ B
T
k ]F

→(x↘) + B
T
k [F

→(x↘)↑ F (xk, x
↘)].

E/):+#-GI& -1+#& 0.+/.1& 0) (./i#(i$0"

↗BT
k ↗ ⇒ ↗F →(x↘)T↗+ ↗BT

k ↑ F
→(x↘)T↗ ⇒ C + L(↗x↘ ↑ xk↗+ ↗x↘ ↑ xk↑1↗), (2.80)

+0/&1-B1+

↗F →(x↘)TF →(x↘)↑ B
T
k F (xk, x

↘)↗ ⇒ CL(2↗x↘ ↑ xk↗+ ↗x↘ ↑ xk↑1↗)
+ L

2(↗x↘ ↑ xk↗+ ↗x↘ ↑ xk↑1↗)↗x↘ ↑ xk↗. (2.81)
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H) +$(+#i -1+# (2.75), (2.76), +*i(+% (2.78), (2.80), (2.81) 0) +$%i,"%&

E ↑ AkB
T
k F (xk, x

↘) = A↘F
→(x↘)TF →(x↘)↑ AkB

T
k F (xk, x

↘)

= Ak[F
→(x↘)TF →(x↘)↑ B

T
k F (xk, x

↘)]

+ (A↘ ↑ Ak)F
→(x↘)TF →(x↘),

1)B1+

↗E ↑ AkB
T
k F (xk, x↘)↗ ⇒ ↗Ak↗↗F →(x↘)TF →(x↘)↑ B

T
k F (xk, x↘)↗

+↗F →(x↘)T↗↗F →(x↘)↗↗A↘ ↑ Ak↗ ⇒ C
2↗A↘ ↑ Ak↗

+(B + ↗A↘ ↑ Ak↗)[CL(2↗x↘ ↑ xk↗+ ↗x↘ ↑ xk↑1↗) (2.82)

+L
2(↗x↘ ↑ xk↗+ ↗x↘ ↑ xk↑1↗)↗x↘ ↑ xk↗].

O (2.79) 0) (2.82) +0/&1-B1+

↗x↘ ↑ xk+1↗ ⇒ ↗E ↑ AkB
T
k F (xk, x

↘)↗↗x↘ ↑ xk↗
⇒


C

2↗A↘ ↑ Ak↗+ (B + ↗A↘ ↑ Ak↗)[CL(2↗x↘ ↑ xk↗

+ ↗x↘ ↑ xk↑1↗) + L
2(↗x↘ ↑ xk↗+ ↗x↘ ↑ xk↑1↗)

↗x↘ ↑ xk↗]

↗x↘ ↑ xk↗ ⇒


C

2↗A↘ ↑ Ak↗

+ (B + ↗A↘ ↑ Ak↗)(3CL+ 2L2↗x↘ ↑ xk↗)
↙ ↗x↘ ↑ xk↑1↗


↗x↘ ↑ xk↗ ⇒


C

2↗A↘ ↑ Ak↗

+ (B + r0)(3CL+ 2L2
r0)↗x↘ ↑ xk↑1↗


↗x↘ ↑ xk↗

⇒

C

2
q
gkr0 + (B + r0)(3CL+ 2L2

r0)q
ck→1r0


q
ckr0

<


C

2 + (B + r0)(3CL+ 2L2
r0)


q
ck+ck→1r

2
0 = q

ck+1r0. (2.83)

N0D., ↗x↘ ↑ xk+1↗ ⇒ q
ck+1r0 < r0 i xk+1 ≃ U(x0, r).

IA ?/-J+J+ $8i##i?(+F.((9 (2.73) #&8,&#)B

A↘↑Ak+1 = (A↘↑Ak)F
→(x↘)TF →(x↘)(A↘↑Ak)↑Ak(F

→(x↘)TF →(x↘)↑B
T
k+1Bk+1)Ak.
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E&%+/&$0+#-GI& +$0)((B 8/&8-M.((9, +*i(%& (2.75), (2.76) 0) (2.83), +0/&1-B1+

↗A↘ ↑ Ak+1↗ ⇒ ↗Ak↗2↗F →(x↘)TF →(x↘)↑ B
T
k+1Bk+1↗

+ ↗F →(x↘)T↗↗F →(x↘)↗↗A↘ ↑ Ak↗2

⇒ C
2↗A↘ ↑ Ak↗2 + (B + ↗A↘ ↑ Ak↗)2[2CL(↗x↘ ↑ xk↗

+ ↗x↘ ↑ xk+1↗) + L
2(↗x↘ ↑ xk↗+ ↗x↘ ↑ xk+1↗)2]

⇒ C
2
q
2gkr

2
0 + (B + r0)

2[4CLq
ckr0 + 4L2

q
2ckr

2
0]

<


C

2
r0 + (B + r0)

2[4CL+ 4L2
r0]


q
ckr0 = q

gk+1r0.

N0D., (2.77) #&%+(-B0"$9 ?,9 k + 1. OCiD(i$0" 8+$,i?+#(+$0.’ {xk} 0) {Ak}
#&8,&#)B A +*i(%& (2.77) 8/& k ↔ ⇐.

2.3.2 /98A6M;i CAEP6M@7@9

O)$0+$+#-B1+ /+AJ,9(-0i 1.0+?& ?,9 /+A#’9A-#)((9 0.$0+#&: A)?)I ?,9 #&-
8)?%i#, %+,& m = p 0) m ⇓= p. >./Fi ?#i A)?)Ii (. 1+D-0" C-0& /+A#’9A)(i 1.0+-
?+1 @)-$c)-H"G0+(), +$%i,"%& #+(& 1i$090" (.?&7./.(*i’+#(i I)$0&(&. Q% %/&-
0./i’ A-8&(%& +CI&$,G#),"(+J+ 8/+*.$- #&%+/&$0+#-B0"$9 -1+#) ↗F (xk)↗ ⇒ ς.
NCI&$,.((9 #&%+(-#),&$9 A #&%+/&$0)((91 Python 3.12.0 0) 2,4 GHz 8-Core Intel
Core i9/64 GB.

>?(&+"$ 2.4. Q*@G4%6(/* 323)(/> 6(4i6i;62: 1i#6%67

x
2
1 ↑ x2 + 1 +

1

9
|x1 ↑ 1| = 0, (2.84)

x
2
2 + x1 ↑ 7 +

1

9
|x2| = 0.

U+A#’9A+% *iB5 A)?)Ii x↘ ∝ (1.15936717, 2.36182509). ;,9 8+I)0%+#&: ()C,&D.("
#&%+/&$0+#-B1+ x0 = (1.0, 1.6) 0) x↑1 = (0.9999, 1.5999). L)C,&*9 2.7 1i$0&0"
/.A-,"0)0& /+C+0& 1.0+?- (2.72) () %+D(i’ i0./)*i5.

O)$0+$-B1+ 1.0+? (2.73) ?+ $&$0.1& /i#(9(" (2.84). 4 0)C,&*i 2.8 ()#.?.(+
/.A-,"0)0& 1.0+?- 0&8- :+/? A 8+$,i?+#(+G )8/+%$&1)*iBG +C./(.(+J+ +8./)-
0+/) ?,9 A)?)Ii (2.84) A 0&1& $)1&1& 8+I)0%+#&1& ()C,&D.((91&.
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k xk ↗F (xk)↗ F (xk, xk↑1)

0 (1.0, 1.6) 3.28665389

[
2.1112111 ↑1.0

1.0 3.31121111

]

1 (1.24250017, 2.51196905) 0.83367129

[
2.35361128 ↑1.0

1.0 4.22308016

]

2 (1.14379009, 2.33842599) 0.12893234

[
2.49740137 ↑1.0

1.0 4.96150615

]

3 (1.15861885, 2.36126581) 0.00365989

[
2.41352006 ↑1.0

1.0 4.81080291

]

4 (1.15936629, 2.36182593) 1.75307422e↑ 05

[
2.42909626 ↑1.0

1.0 4.83420285

]

5 (1.15936085, 2.36182434) 4.13621830e↑ 09

[
2.42983825 ↑1.0

1.0 4.83476138

]

6 (1.15936085, 2.36182434) 8.85288725e↑ 15

[
2.42983276 ↑1.0

1.0 4.83476011

]

L)C,. 2.7: H)C,&D.((9 ?+ /+A#’9A%- 1.0+?+1 (2.72), #i?:&,& 0) 8+?i,.(i /iA(&*i
?,9 8/&%,)?- 2.4 8/& 0+I(+$0i ς = 10↑12.

k xk ↗F (xk)↗ F (xk, xk↑1)

0 (1.0, 1.6) 3.28665389

[
2.11121111 ↑1

1 3.31121111

]

1 (1.24250017, 2.51196905) 0.83367129

[
2.35361128 ↑1.0

1.0 4.22308016

]

2 (1.14686009, 2.39848641) 0.17905519

[
2.50047137 ↑1.0

1.0 5.02156657

]

3 (1.15933285, 2.36307615) 0.00616862

[
2.41730404 ↑1.0

1.0 4.87267367

]

4 (1.15936281, 2.36183775) 6.73329291e↑ 05

[
2.42980677 ↑1.0

1.0 4.83602501

]

5 (1.15936085, 2.36182435) 3.84431475e↑ 08

[
2.42983478 ↑1.0

1.0 4.83477321

]

6 (1.15936085, 2.36182434) 1.27801918e↑ 13

[
2.42983285 ↑1

1 4.8347598

]

L)C,. 2.8: H)C,&D.((9 ?+ /+A#’9A%- 1.0+?+1 (2.73), #i?:&,& 0) 8+?i,.(i /iA(&*i
?,9 8/&%,)?- 2.4 8/& 0+I(+$0i ς = 10↑12.
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>?(&+"$ 2.5. Q*@G4%6(/* 323)(/> 6(4i6i;62: 1i#6%67, &*42 m ⇓= p:

x
2
1 + 3x2 ↑ 7 + |2.5↑ 2x1| = 0,

2x2e
x1+1 ↑ x

2
2 ↑ |

↖
↑x1x2 + 1.5x2 ↑ 2| = 0, (2.85)

x
2
1x2 ↑ |x2| = 0.

;,9 *iB5 A)?)Ii x↘ = (↑1; 0.5). 4 0)C,&*i 2.9 ()#.?.(+ /.A-,"0)0& ?,9 8/&%,)-
?- 2.5 A /iA(&1& 8+I)0%+#&1& ()C,&D.((91&. ;+?)0%+#. 8+I)0%+#. ()C,&D.((9
x↑1 +CI&$,GB0"$9 9% x↑1 = x0 ↑ 0.0001.

>,-"9&,#: 8"G+(L:88% ς
’:9,$ (2.72) ’:9,$ (2.73)

I0./)*i5 Z)$, $ I0./)*i5 Z)$, $

x0 = (↑0.5,↑3.5) 10↑9 8 0.00022 10 0.00026
x0 = (↑2.0,↑0.5) 10↑9 7 0.00018 8 0.00020
x0 = (↑2.5, 3.0) 10↑9 11 0.00029 11 0.00027
x0 = (↑4.6, 3.6) 10↑9 12 0.00031 14 0.00034
x0 = (↑2.4, 4.0) 10↑9 11 0.00028 11 0.00026
x0 = (↑0.5,↑3.5) 10↑16 – – 11 0.00027
x0 = (↑2.0,↑0.5) 10↑16 – – 9 0.00022
x0 = (↑2.5, 3.0) 10↑16 – – 12 0.00029
x0 = (↑4.6, 3.6) 10↑16 13 0.00033 16 0.00038
x0 = (↑2.4, 4.0) 10↑16 14 0.00035 – –

L)C,. 2.9: 6i,"%i$0" i0./)*i’ 0) I)$ ?,9 +0/&1)((9 ()C,&D.((9 ?+ /+A#’9A%-
A)?)Ii (2.85); x↘ = (↑1; 0.5).

[(),iA ?)(&: 0)C,&*i 2.9 8+%)A-B, M+ 8/& 0+I(+$0i ς = 10↑9 .7.%0&#(i$0"
+C+: ?+$,i?D-#)(&: 1.0+?i# B 8/)%0&I(+ +?()%+#+G. T+I) # +%/.1&: #&8)?%):
1.0+? (2.72) 8+0/.C-B 1.(F+5 %i,"%+$0i i0./)*i’, (.+C:i?(&’ I)$ ?,9 +C+: 1.0+?i#
B 1)’D. +?()%+#&1. >/& ACi,"F.((i 0+I(+$0i ?+ ς = 10↑16 /.A-,"0)0& A1i(GG-
0"$9. 3.0+? (2.72) (. A()’F+# /+A#’9A+% 8/+09J+1 100 i0./)*i’ ?,9 8+I)0%+#&:
()C,&D.(" (↑0.5,↑3.5), (↑2.0,↑0.5) 0) (↑2.5, 3.0). E+?(+I)$ 1.0+? (2.73) (.
A1iJ A()’0& /+A#’9A+% ?,9 8+I)0%+#+J+ ()C,&D.((9 (↑2.4, 4.0).

;,9 0.$0+#&: A)?)I A [98] ()#.?.(+ %i,"%i$0" i0./)*i’, (.+C:i?(&: ?,9 +C-
I&$,.((9 ()C,&D.(+J+ /+A#’9A%- A #&%+/&$0)((91 /iA(&*.#&: 1.0+?i# (2.72)
0) (2.73). U+AJ,9(-0+ A)?)Ii A (-,"+#&1& 0) (.(-,"+#&1& A),&F%)1&.

[8/+C)*iG 1.0+?i# 8/+#.?.(+ () 0)%&: 0.$0+#&: A)?)I): [98]:
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1) 2-(%*i9 U+A.(C/+%)

F2i↑1(x) = 10(x2i ↑ x
2
2i↑1), i = 1, . . . , n/2

F2i(x) = 1↑ x2i↑1, i = 1, . . . , n/2

x0 = (1, 10, 1, 10, . . . , 1, 10︸ ︷︷ ︸
n/2 +", -#".(#/

)T .

2) 2-(%*i9 Ri,)

Fi(x) = yi ↑ x1(1↑ x
i
2),

y1 = 1.5, y2 = 2.25, y3 = 2.625.

3) 2-(%*i9 $8i/),"(+5 ?+,&(&

F1(x) = 10[x3 ↑ 10$(x1, x2)],

F2(x) = 10[(x21 + x
2
2)

1/2 ↑ 1],

F3(x) = x3,

$(x1, x2) =






1

23
arctan

x2

x1
, x1 > 0,

1

23
arctan

x2

x1
+ 0.5, x1 < 0.

4) 2-(%*i9 @)-$c)

Fi(x) = x1e
↑x2(ti↑x3)2/2 ↑ yi, ti = (8↑ i)/2.

5) 2-(%*i9 2/.’?F0.’() i U+$)

F1(x) = ↑13 + x1 + ((5↑ x2)↑ 2)x2,

F2(x) = ↑29 + x1 + ((x2 + 1)x2 ↑ 14)x2.

6) L/&#&1i/() 7-(%*i9 R+%$)

Fi(x) = e
↑tix1 ↑ e

↑tix2 ↑ x3

(
e
↑ti ↑ e

↑10ti
)
, ti = 0.1i.
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4 0)C,&*i 2.10 ()#.?.(+ %i,"%i$0" i0./)*i’ 1.0+?i# (2.72) 0) (2.73) ?,9 +8&-
$)(&: 7-(%*i’ (ς = 10↑16).

,(+(-(
)&*#+ (2.72) )&*#+ (2.73)

I’#". A), (c.) I’#". A), (c.)

./012i3 4#5&0$"#1(
p = m = 2, x0 = (1, 10)
x
→ = (1, 1), f(x→) = 0

3 0.000 05 3 0.000 04

./012i3 4#5&0$"#1(
p = m = 100
x
→ = (1, 1), f(x→) = 0

3 0.008 52 3 0.008 34

./012i3 6i%(
p = 2,m = 3, x0 = (1.0,↑1.5)
x
→ = (3, 0.5), f(x→) = 0

13 0.000 26 18 0.000 33

./012i3 78i"(%90#: +#%;0;
p = 3,m = 3, x0 = (1.0,↑0.2,↑3.0)
x
→ = (1, 0, 0), f(x→) = 0

6 0.000 15 9 0.000 20

./012i3 <(/7(
p = 3, m = 15, x0 = (↑3.0, 1.0,↑1.0)
x
→ = (0.4, 1, 0), f ∝ 1.12793↙ 10↑8

13 0.001 21 15 0.001 36

./012i3 ."&=+>*&=0( i 4#7(
p = 2, m = 2, x0 = (20, 5)
x
→ = (5, 4), f(x→) = 0

8 0.000 16 8 0.000 15

?";@;’i"0( A/012i3 6#17(
p = 3, m = 250, x0 = (0.5, 9, 2)
x
→ = (1, 10, 1), f(x→) = 0

9 0.009 26 13 0.012 95

L)C,. 2.10: >+/i#(9((9 %i,"%+$0i i0./)*i’ 1.0+?i# (2.72) 0) (2.73) (ς = 10↑16).

Z&$.,"(i .%$8./&1.(0& 8/+#.?.(+ () 0.$0+#&: A)?)I): A /iA(+G %i,"%i$0G
/i#(9(" 0) (.#i?+1&:. U.A-,"0)0& 8+%)A-G0", M+ 1.0+? A 8+$,i?+#(+G )8/+-
%$&1)*iBG +C./(.(+J+ +8./)0+/) 8+0/.C-B ?.M+ Ci,"F+5 %i,"%+$0i i0./)*i’ 8+-
/i#(9(+ A C)A+#&1 1.0+?+1 :+/?. E+?(+I)$ A)8/+8+(+#)(&’ 1.0+? (. 8+0/.C-B
/+A#’9A-#)((9 $&$0.1& ,i(i’(&: /i#(9(" )C+ +CI&$,.((9 +C./(.(+5 1)0/&*i ()
%+D(i’ i0./)*i5, M+ B ’+J+ +$(+#(+G 8./.#)J+G.
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2.4 F)04i’)-$’i 1-).#).)-i 0"!)1+ , -+.)#+*!$-
’’/0 6+C" )1’)=) )4"#!$’’/ 16/ #),-’/,2-
-$’’/ ’"6i’i&’+3 #i-’/’7

;,9 /+A#’9A-#)((9 (.,i(i’(&: /i#(9(" I)$0+ A)$0+$+#-G0" i0./)*i’(i 1.0+-
?&, 9%i 8./.?C)I)G0" 8+#0+/(. +CI&$,.((9 +C./(.(&: +8./)0+/i#. P. 1+D. 8/&-
A#+?&0& ?+ #.,&%&: +CI&$,G#),"(&: #&0/)0, +$+C,&#+ 8/& /+C+0i A #.,&%&1&
1)0/&*91& )C+ $%,)?(&1& +8./)0+/)1&. O)8/+8+(+#)(+ JiC/&?(i ?#+%/+%+#i 1.-
0+?&, 9%i #&/iF-G0" *G 8/+C,.1-, 8+0/.C-GI& A():+?D.((9 ,&F. +?(+J+ +C./-
(.(+J+ +8./)0+/) 8/+09J+1 -$"+J+ i0./)*i’(+J+ 8/+*.$-. L)%&’ 8i?:i? AC./iJ)B
F#&?%- ACiD(i$0", -(&%)GI& 8+#0+/(+J+ +CI&$,.((9 8+:i?(+5 +8./)0+/) F

→(xn)

() %+D(+1- %/+*i. >/+#.?.(+ )(),iA ,+%),"(+5 0) ()8i#,+%),"(+5 ACiD(+$0i A
#&%+/&$0)((91 1)D+/)(0(+5 7-(%*i5 ?,9 %+(0/+,G 8+:i?(+5 2/.F.. H)#.?.(+
/.A-,"0)0& I&$.,"(&: .%$8./&1.(0i#, 9%i 8i?0#./?D-G0" .7.%0&#(i$0" A)8/+-
8+(+#)(&: 1.0+?i#, ) 0)%+D 8./.#i/.(+ +CI&$,G#),"(&’ 8+/9?+% ACiD(+$0i, M+
-AJ+?D-B0"$9 A 0.+/.0&I(&1& +*i(%)1&.

H.:)’ k – ()0-/),"(. I&$,+, ) L(X, Y ) – 8/+$0i/ +C1.D.(&: ,i(i’(&: +8.-
/)0+/i#. >/&8-$0&1+, M+ i$(-B +8./)0+/ G ≃ L(X, Y ) i #&A()I.(i +C./(.(i +8.-
/)0+/& ?,9 G 0) (I↑G

↑1(G↑F
→(x))). O) *&: -1+# 1.0+? H"G0+() (1.2) 1+D()

A)8&$)0& - #&J,9?i:

x0 ≃ D, xn+1 = xn ↑ [I ↑G
↑1(G↑ F

→(xn))]
↑1
G

↑1
F (xn). (2.86)

I0./)*i’(i 8/+*.$& 1.0+?- (2.86) 0) 1.0+?- H"G0+() (1.2) ACiJ)G0"$9, +$%i,"%&

[I ↑G
↑1(G↑ F

→(xn))]
↑1
G

↑1 = [G(I ↑G
↑1(G↑ F

→(xn))]
↑1 = F

→(xn)
↑1
.

>+8/& 0., M+ A)8/+8+(+#)() 1+?&7i%)*i9 1.0+?- H"G0+() ?+A#+,9B -(&%(--
0& C.A8+$./.?("+J+ +CI&$,.((9 F

→(xn)↑1, (.+C:i?(i$0" A():+?D.((9 +C./(.(+J+
+8./)0+/) ?,9 (I ↑G

↑1(G↑F
→(xn))) A),&F)B0"$9. E#.?.1+ ?+8+1iD(&’ +8./)-

0+/
!(x) = ! = G

↑1(G↑ A(xn↑1, xn)),

i 0)%+D +8./)0+/
Bk(x) = B(x) = I +!+ ...+!k

,
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?. k – 7i%$+#)(. ()0-/),"(. I&$,+. O) *&: -1+# #i?8+#i?(&’ i0./)*i’(&’ 8/+*.$
()C-#)B 0)%+J+ #&J,9?-:

x0 ≃ D, xn+1 = xn ↑ BG
↑1
F (xn), (2.87)

?. A(·, ·) : D↙D ↔ L(X, Y ) – 8/+$0i/ +C1.D.(&: ,i(i’(&: +8./)0+/i# A X # Y .
H) 8/)%0&*i I)$0+ A)$0+$+#-G0" 0)%i #)/i)(0& #&C+/- A:

• 1.0+? :+/?, #&A()I.(&’ 9% A(x, y) = F (x, y),

• +8./)0+/ 6-/I)0+#), A)?)(&’ 9% A(x, y) = F (2y ↑ x, x),

• +8./)0+/ <0.77.($.(), A(x, y) = F (x↑F (x), x+F (x)) - #&8)?%- X = Y ,

• +8./)0+/ H"G0+(): A(x, y) = F
→(x), ⇑y ≃ D,

• +8./)0+/ <0i/,i(J): A(x, y) = I ↑ F
→(F (x)), ⇑y ≃ D.

3.0+? (2.87) #&1)J)B ,&F. +?(+J+ +C./(.((9 7i%$+#)(+J+ +8./)0+/) G, M+
/+C&0" ’+J+ .7.%0&#(+G ),"0./()0&#+G 1.0+?- H"G0+(). O+%/.1), %+,& G =

F
→(x0) 0) k = 1, 1.0+? (2.87) A#+?&0"$9 ?+ 1+?&7i%+#)(+5 #./$i5 1.0+?- H"G0+():

x0 ≃ D, xn+1 = xn ↑ F
→(x0)

↑1
F (xn).

2.4.1 (BK76M;9< 7;76iE EFiG;B8@i

;,9 ,+%),"(+J+ )(),iA- ACiD(+$0i 1.0+?- (2.87) ##.?.1+ ?.9%i ?+?)0%+#i
8)/)1.0/& 0) 7-(%*i5. H.:)’ T = [0,+⇐).

>/&8-$0&1+, M+ #&%+(-G0"$9 0)%i -1+#&:

(C1) I$(-B 7-(%*i9 40 : T ↙T ↔ T , 9%) B (.8././#(+G 0) (.$8)?(+G A) %+D(+G
A1i((+G () T ↙ T . Ui#(9((9 40(t, t) ↑ 1 = 0 1)B ?+?)0(&’ /+A#’9A+%.
>+A()I&1+ 1i(i1),"(&’ ?+?)0(&’ /+A#’9A+% I./.A ⇀0. H.:)’ T0 = [0, ⇀0].

(C2) I$(-G0" 7-(%*i5 41 : T0 ↔ T,4 : T0 ↙ T0 ↔ T 0) ω ≃ [0, 1), 0)%i M+ ()’-
1.(F&’ /+A#’9A+% /i#(9((9 h(t)↑ 1 = 0 A():+?&0"$9 () 8/+1iD%- (0, ⇀0).
>+A()I&1+ /+A#’9A+% /i#(9((9 h(t) ↑ 1 = 0 I./.A r. 2-(%*i9 h : T0 ↔ T

1)B #&J,9?

h(t) =
4(2t, t)

1↑ 40(t, t)
+

ω
m+1

1↑ ω
(1 + 41(t)).
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4 0.+/.1i 2.13 8+%)A)(+, M+ r B /)?i-$+1 ACiD(+$0i ?,9 1.0+?- (2.87).

(C3) I$(-B /+A#’9A+% x
↘ ≃ D /i#(9((9 F (x) = 0 0) +C./(.(&’ +8./)0+/ G ≃

L(X, Y ), 0)%&’ M+ ?,9 #$i: x, y ≃ D #&%+(-B0"$9

↗G↑1(A(x, y)↑G)↗ ⇒ 40(↗x↑ x
↘↗, ↗y ↑ x

↘↗)

0)
↗G↑1(G↑ A(x, y))↗ ⇒ ω, ⇑x, y ≃ D.

>+A()I&1+ I./.A B(x, ⇀) - #i?%/&0) %-,9 A *.(0/+1 x ≃ X 0) /)?i-$+1
⇀ > 0, ) I./.A B[x, ⇀] - 5 5 A)1&%)((9.

>+A()I&1+ D1 = D

B(x↘, ⇀0).

(C4)

↗G↑1(A(x, y)↑ F (y, x↘))↗ ⇒ 4(↗x↑ y↗, ↗y ↑ x
↘↗)

0)
↗G↑1(F (x, x↘)↑G)↗ ⇒ 41(↗x↑ x

↘↗)

?,9 #$i: x, y ≃ D1.

(C5) B[x↘, r] ↓ D.

I$(-G0" /iA(i $8+$+C& #&C+/- +8./)0+/) G. O+%/.1), $./.? I)$0+ #D&#)-
(&: #)/i)(0i# G = I , ?. I = +?&(&I(&’ +8./)0+/. L)%+D #&%+/&$0+#-G0"
G = F (x↑1, x0) )C+ G = F

→(x↘). N%/i1 ()#.?.(&:, 1+D,&#i ’ i(Fi #)/i)(0& #&C+-
/- +8./)0+/) G, A) -1+#& #&%+()((9 8/&8-M.(" (C3) 0) (C4). 41+#& (C1)–(C5)

/)A+1 iA ##.?.(&1& #&M. 8+A()I.((91& A)$0+$+#-G0"$9 ?,9 ?+#.?.((9 ,+%),"-
(+J+ )(),iA- ACiD(+$0i 1.0+?- (2.87).

3:,?:<" 2.13. 9(:"; #2&*6>+)73% >/*#2 (C1)↑ (C5). I*$i $4% ->$7-%&2: <*-
E")&*#2: 6"-425(67 x↑1, x0 ≃ B(x↘, r) ↑ {x↘} <*34i$*#6i3)7 {xn}, *)12/"6"
/()*$*/ (2.87), . &*1(&)6* #2@6"E(6*+ # &>4i B(x↘, r), @"42D".)73% # Bi; &>-
4i $4% #3i: n = 0, 1, 2, ... )" @-iG".)73% $* x

↘. F1i/ )*G*, $4% #3i: n = 0, 1, 2, ...

3<1"#$5>.)73% *Bi6&"

↗xn+1 ↑ x
↘↗ ⇒ φ↗xn ↑ x

↘↗, (2.88)
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$(

φ =
4(↗x↑1 ↑ x

↘↗+ ↗x0 ↑ x
↘↗, ↗x0 ↑ x

↘↗)
1↑ 40(↗x↑1 ↑ x↘↗, ↗x0 ↑ x↘↗) +

ω
m+1

1↑ ω
(1 + 41(↗x0 ↑ x

↘↗)) ≃ [0, 1).

J*#($(66%. N$%i,"%& i$(-B G
↑1, i0./)*i5 x1, x2, . . . B %+/.%0(+ #&A()I.(&1& i A)-

?)G0"$9 1.0+?+1 (2.87). H.:)’ u, v ≃ B(x↘, r). E&%+/&$0+#-GI& -1+#& (C1) 0)
(C3) +0/&1-B1+

↗G↑1(A(u, v)↑G)↗ ⇒ 40(↗u↑ x
↘↗, ↗v ↑ x

↘↗) ⇒ 40(r, r) < 1. (2.89)

O +*i(%& (2.89) 0) 0.+/.1& R)():) 8/+ +C./(.(i ,i(i’(i +8./)0+/& [51, 76, 77]
+0/&1-B1+, M+ A(u, v)↑1 ≃ L(Y,X) 0)

↗A(u, v)↑1
G↗ ⇒ 1

1↑ 40(↗u↑ x↘↗, ↗v ↑ x↘↗) . (2.90)

O +A()I.((9 1.0+?- (2.87), 8/& n = 0 +0/&1-B1+

x1 ↑ x
↘ = x0 ↑ x

↘ ↑ A(x↑1, x0)
↑1
F (x0) + (B⇐ ↑ B)G↑1

F (x0) = (2.91)

A(x↑1, x0)
↑1(A(x↑1, x0)↑ F (x0, x

↘))(x0 ↑ x
↘) + (!m+1 + ...)G↑1

F (x0).

E/):+#-GI& -1+#- (C4), +*i(%& (2.90)-(2.91) 0) +A()I.((9 r 1)B1+

↗x1 ↑ x
↘↗ ⇒ [

4(↗x0 ↑ x↑1↗, ↗x0 ↑ x
↘↗)

1↑ 40(↗x↑1 ↑ x↘↗, ↗x0 ↑ x↘↗)

+
ω
m+1

1↑ ω
(1 + 41(↗x0 ↑ x

↘↗))]↗x0 ↑ x
↘↗ ⇒ φ↗x0 ↑ x

↘↗ < r,

N$%i,"%&

F (x0) = F (x0)↑ F (x↘) = F (x0, x
↘)(x↑ x

↘) = (F (x0, x
↘)↑G+G)(x0 ↑ x

↘),

0+ 1)B 1i$*. +*i(%)

↗G↑1
F (x0)↗ ⇒ (1 + ↗G↑1(F (x0, x

↘)↑G)↗)↗x0 ↑ x
↘↗

⇒ (1 + 41(↗x0 ↑ x
↘↗))↗x0 ↑ x

↘↗.
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6/i1 0+J+, ?,9 ↗!m+1 + ...↗ #&%+(-B0"$9

↗!m+1 + ...↗ ⇒ ↗!m+1↗+ ...

⇒ ω
m+1 + ... = ω

m+1(1 + ...) ⇒ ω
m+1

1↑ ω
.

N0D., x1 ≃ B(x↘, r) i (./i#(i$0" (2.88) #&%+(-B0"$9 ?,9 n = 0. [(),+JiI(i 1i/%--
#)((9 iA A)1i(+G x↑1, x0, x1 #i?8+#i?(+ () xk↑1, xk, xk+1 ?+A#+,9G0" A)#./F&0&
?+#.?.((9 (./i#(+$0i (2.88) 1.0+?+1 1)0.1)0&I(+5 i(?-%*i5. E/):+#-GI& (./i#-
(i$0"

↗xk+1 ↑ x
↘↗ ⇒ φ↗xk ↑ x

↘↗ ⇒ φ
k+1↗x0 ↑ x

↘↗ < r,

+0/&1-B1+ ACiD(i$0" 8+$,i?+#(+$0i {xk} ?+ /+A#’9A%-

lim
k↔+⇐

xk = x
↘
.

H)?),i C-?. #&A()I.(+ +C,)$0", - 9%i’ /i#(9((9 F (x) = 0 1)B B?&(&’
/+A#’9A+%.

3#:?$L:88% 2.5. 012<>3)2/*, =* i36>+)7 ⇀ > 0 )" ⇀1 > ⇀ )"&i, =* >/*#"
(C3) #2&*6>.)73% > &>4i B(x↘, ⇀), " )"&*5

41(⇀1) < 1. (2.92)

0*@6"E2/* D2 = D


B[x↘, ⇀1]. I*$i 1i#6%66% F (x) = 0 /". .$262; 1*@#’%@*&
x
↘ > *-4"3)i D1.

J*#($(66%. >/&8-$0&1+, M+ i$(-B u
↘ ≃ D2 0)%., M+ F (u↘) = 0 0) u

↘ ⇓= x
↘
. L+?i

i$(-B 8+?i,.() /iA(&*9 L = F (u↘, x↘). E/):+#-GI& -1+#- (C3) 0) (2.92) 1)B1+

↗G↑1(L↑G)↗ ⇒ 41(↗u↘ ↑ x
↘↗) < 1.

N0D., L↑1 ≃ L(Y,X). 6/i1 0+J+, A 0+0+D(+$0i

u
↘ ↑ x

↘ = L
↑1(F (u↘)↑ F (x↘)) = L

↑1(0) = 0,
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/+C&1+ #&$(+#+%, M+ u
↘ = x

↘
.

2.4.2 O7=iI6BK76M;9< 7;76iE EFiG;B8@i

O)1i(&1+ x
↘ 0) 7-(%*iG 4 () x0 0) ψ. >/&8-$0&1+, M+:

(H1) I$(-B 7-(%*i9 ψ : T ↙ T ↔ T , 9%) B (.8././#(+G 0) (.$8)?(+G A) %+-
D(&1 )/J-1.(0+1, ) 0)%+D I&$,+ ω ≃ [0, 12). E&A()I&1+ 8+$,i?+#(i$0"
{an}. H.:)’ a0 = 0 0) a1 ⇔ 0 - 8./Fi .,.1.(0& 8+$,i?+#(+$0i. ;,9 %+-
D(+J+ n = 0, 1, 2, ... +CI&$,&1+ A()I.((9 A) 7+/1-,+G:

b0 = ω
1↑ ω

m

1↑ ω
,

b =
1

1↑ b0
,

bn+1 = (ψ(an+1 ↑ an, an ↑ an↑1)
1↑ ω

m+1

1↑ ω
+ ω

m+1)b,

an+2 = an+1 + (1 + ω + ...+ ω
m)bn+1(an+1 ↑ an).

L.+/.1) 2.14 ?+#+?&0", M+ 8+$,i?+#(i$0" {an} B 1)D+/)(0(+G ?,9 8+$,i-
?+#(+$0i {xn}. >+I(.1+ A 7+/1-,G#)((9 -1+# ACiD(+$0i ?)(+5 8+$,i?+#-
(+$0i.

(H2) I$(-B I&$,+ s0 > 0 0)%., M+ ?,9 #$i: n = 0, 1, 2, ... #&%+(-B0"$9 (./i#(i$0"
an ⇒ s0.

O -/):-#)((91 -1+#& (H1) 0) (./i#(+$0i (2.93) 1)B1+

0 ⇒ an ⇒ an+1 ⇒ s0.

N0D., 8+$,i?+#(i$0" {an} B 1+(+0+((+G 0) +C1.D.(+G A#./:- 0) i$(-B
J/)(&*9 a

↘ ≃ [0, s0] 0)%), M+ limn↔⇐ an = a
↘. >/& *"+1- a

↘ B ()’1.(F+G
#./:("+G 1.D.G 8+$,i?+#(+$0i {an} i #&A()I)B0"$9 +?(+A()I(+.

(H3) I$(-B 8+I)0%+#. ()C,&D.((9 x0 ≃ D 0) +8./)0+/ G ≃ L(X, Y ), ?,9 9%+J+
#&A()I.(&’ +C./(.(&’ +8./)0+/ G

↑1, ) ?,9 #$i: x, y, z ≃ D #&%+(-G0"$9
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-1+#&

↗G↑1(G↑ A(x, y))↗ ⇒ ω,

↗G↑1(F (x, y)↑ A(z, y))↗ ⇒ ψ(↗x↑ y↗, ↗z ↑ y↗).

>/& *"+1- #&C&/)B1+ a1 ⇔ ↗BG
↑1
F (x0)↗.

(H4) E&%+(-B0"$9 -1+#) B[x0, a↘] ↓ D.

H)8i#,+%),"(&’ )(),iA ACiD(+$0i 1.0+?- (2.87) 8+?)(+ A #&%+/&$0)((91 -1+#
(H1)↑ (H4).

3:,?:<" 2.14. 9(:"; #2&*6>+)73% >/*#2 (H1)–(H4). I*$i <*34i$*#6i3)7 {xn},
<*->$*#"6" @" /()*$*/ (2.87) . &*1(&)6* #2@6"E(6*+ # &>4i B(x0, a↘), @"42D"-
.)73% # B(x0, a↘) $4% #3i: n = 0, 1, 2... )" @-iG".)73% $* 1*@#’%@&> x

↘ ≃ B[x0, a↘]

1i#6%66% F (x) = 0. F1i/ )*G*, $4% #3i: n = 0, 1, 2, ... 3<1"#$5>.)73% *Bi6&"

↗x↘ ↑ xn↗ ⇒ a
↘ ↑ an. (2.93)

J*#($(66%. ;+#.?.((9 0+J+, M+ ?,9 #$i: k = 0, 1, 2, ... 1)B 1i$*. +*i(%) (2.94),
8/+#.?.1+ 1.0+?+1 1)0.1)0&I(+5 i(?-%*i5.

↗xk+1 ↑ xk↗ ⇒ ak+1 ↑ ak. (2.94)

4 #&8)?%-, %+,& k = 0, 0#./?D.((9 (2.94) #&%+(-B0"$9 A) +A()I.((91 a1, +$%i,"-
%&

↗x1 ↑ x0↗ = ↗BG
↑1
F (x0)↗ ⇒ a1 = a1 ↑ a0 < a

↘
.

L+?i x1 ≃ B(x0, a↘). O) +A()I.((91 ω, b0 0) b 1)B1+

↗B ↑ I↗ = ↗!+!2 + ...+!m↗ ⇒ ↗!↗+ ↗!↗2 + ...+ ↗!↗m

⇒ ω + ω
2 + ...+ ω

m = ω
1↑ ω

m

1↑ ω
= b0 < 1,

A -1+#& ω ≃ [0, 12) #&8,&#)B i$(-#)((9 +C./(.(+J+ +8./)0+/) B
↑1, 8/&I+1- #&-

%+(-B0"$9 (./i#(i$0"
↗B↑1↗ ⇒ 1

1↑ b0
= b. (2.95)
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;),i, #&%+/&$0+#-GI& 8/.?$0)#,.((9 0&8- N$0/+#$"%+J+ ?,9 F (xk+1), 1)B1+

F (xk+1) = F (xk+1)↑ F (xk)↑GB
↑1(xk+1 ↑ xk)

= (F (xk+1, xk)↑GB
↑1)(xk+1 ↑ xk)

= (F (xk+1, xk)B ↑G)B↑1(xk+1 ↑ xk).

>i$,9 8./.0#+/.(" i 1(+D.((9 A,i#) () G
↑1 +0/&1-B1+

F (xk+1, xk)B ↑G = F (xk+1, xk)(I +!+ ...+!m)↑G

= (F (xk+1, xk)↑ A(xk↑1, xk) + A(xk↑1, xk))(I +!+ ...+!m)↑G

= (F (xk+1, xk)↑ A(xk↑1, xk))(I +!+ ...+!m)

+A(xk↑1, xk)(I +!+ ...+!m)↑G

= (F (xk+1, xk)↑ A(xk↑1, xk))(I +!+ ...+!m)

+(A(xk↑1, xk)↑G+G)(I +!+ ...+!m)↑G.

G
↑1(F (xk+1, xk)↑ A(xk↑1, xk))(I +!+ ...+!m)

+(I ↑!)(I +!+ ...+!m)↑ I

= G
↑1(F (xk+1, xk)↑ A(xk↑1, xk))(I +!+ ...+!m)

+(I +!+ ...+!m ↑!↑!2 ↑ ...↑!m+1)↑ I

= G
↑1(F (xk+1, xk)↑ A(xk↑1, xk))(I +!+ ...+!m)

+I ↑!m+1 ↑ I

= G
↑1(F (xk+1, xk)↑ A(xk↑1, xk))(I +!+ ...+!m)↑!m+1

.

↗G↑1(F (xk+1, xk)↑ A(xk↑1, xk))(I +!+ ...!m)↑!m+1↗ (2.96)

⇒ ψ(↗xk+1 ↑ xk↗, ↗xk ↑ xk↑1↗)
1↑ ω

m+1

1↑ ω
+ ω

m+1 = bk+1.

O +*i(+% (2.95)–(2.96) +0/&1-B1+

↗G↑1
F (xk+1)↗ ⇒ bk+1b↗xk+1 ↑ xk↗ ⇒ bk+1b(ak+1 ↑ ak). (2.97)

O 1.0+?- (2.87) 0) +*i(%& (2.97) 1)B1+

↗xk+2 ↑ xk+1↗ ⇒ (1 + ω + ...+ ω
m)bk+1b(ak+1 ↑ ak) = ak+2 ↑ ak+1,
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↗xk+2 ↑ x0↗ ⇒ ↗xk+2 ↑ xk+1↗+ ↗xk+1 ↑ x0↗
⇒ ak+2 ↑ ak+1 + ak+1 ↑ a0 = ak+2 < a

↘
.

N0D., (./i#(i$0" (2.94) ?+#.?.(+ 1.0+?+1 1)0.1)0&I(+5 i(?-%*i5. E$i i0./)*i5
{xk} ≃ B(x0, a↘). O (2.94) #&8,&#)B, M+ 8+$,i?+#(i$0" {xk} B 8+$,i?+#(i$0G 6+Fi
# C)():+#+1- 8/+$0+/i X i ACiJ)B0"$9 ?+ ?.9%+J+ x

↘ ≃ B[x0, a↘]. >./.:+?9I&
?+ J/)(&*i 8/& k ↔ +⇐ # (2.97) 0) #&%+/&$0+#-GI& (.8././#(i$0" +8./)0+/)
F , +0/&1-B1+, M+ x

↘ B /+A#’9A%+1 /i#(9((9 F (x) = 0. 6/i1 0+J+, A (2.94) 0)
(./i#(+$0i 0/&%-0(&%) ?,9 i = 0, 1, 2, ... 1)B1+

↗xk+i ↑ xk↗ ⇒ ak+i ↑ ak. (2.98)

>./.:+?9I& ?+ J/)(&*i 8/& i ↔ +⇐ # (2.98) +0/&1-B1+ +*i(%- (2.93).

H)$0-8(. 0#./?D.((9 #&A()I)B +C,)$0" - 9%i’ /i#(9((9 F (x) = 0 1)B B?&-
(&’ /+A#’9A+%.

3#:?$L:88% 2.6. 012<>3)2/*, =* 1i#6%66% F (x) = 0 /". 1*@#’%@*& v
↘ ≃

B(x0, s1) $4% $(%&*G* ⇀3 > 0.

(H3)→ J4% $(%&*G* x0 ≃ D i36>. *<(1")*1, *-(16(62; $* G ≃ L(X, Y ) )" #2-
@6"E(6" 6(<(1(1#6" 6(3<"$6" A>6&Bi% ψ0 : T ↙ T ↔ T )"&", =* $4% #3i:
x, y ≃ D #2&*6>.)73%

↗G↑1(F (x, y)↑G)↗ ⇒ ψ0(↗x↑ x0↗, ↗y ↑ x0↗).

I36>. s2 ⇔ s3 )"&(, =*
ψ0(s2, s3) < 1. (2.99)

9(:"; D4 = D

B[x0, ⇀4]. I*$i 1*@#’%@*& v

↘ . .$262/ $4% 1i#6%66% F (x) = 0 #
*-4"3)i D4.

J*#($(66%. >/&8-$0&1+, M+ i$(-B /+A#’9A+% u
↘ ≃ D4 /i#(9((9 F (x) = 0, 8/&I+-

1- u
↘ ⇓= v

↘. L+?i 1+D() #&A()I&0& ,i(i’(&’ +8./)0+/ L1 = F (u↘, v↘). IA -1+#&
(H3)→ 0) $8i##i?(+F.((9 (2.99) +0/&1-B1+

↗G↑1(L1 ↑G)↗ ⇒ ψ0(↗v↘ ↑ x0↗, ↗u↘ ↑ x0↗)
⇒ ψ0(s2, s3) < 1.
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O#i?$& +0/&1-B1+ /i#(i$0" u
↘ = v

↘
.

N"=#"L:88% 2.7. (i) !1"62E6> )*E&> a
↘ /*56" @"/i62)2 6" s <12 >/*#i

(H4).

(ii) ?&=* #2&*6>+)73% #3i >/*#2 (H1)↑(H4), )*$i /*56" #3)"6*#2)2 v
↘ =

x
↘ )" s2 = a

↘ > )#(1$5(66i 2.6.

(iii) C>6&Bi+ 40 /*56" @"/i62)2 6" ω # >/*#": (C1)↑ (C3).

2.4.3 /98A6M;i AK8=AC9DA;@9

4 *"+1- 8i?/+A?i,i /+AJ,9(-0+ A)$0+$-#)((9 ?#+%/+%+#&: I&$.,"(&: 1.-
0+?i# #&J,9?- (2.87) ?,9 (&A%& 0.$0+#&: A)?)I /iA(+5 /+A1i/(+$0i. 3.0+G *&:
.%$8./&1.(0i# B +*i(%) .7.%0&#(+$0i 1.0+?i# 8/& /iA(&: $*.()/i9:.

;+$,i?D-B0"$9 #8,&# 8)/)1.0/i# 1.0+?- () 0+I(i$0" /+A#’9A%i# 0) .7.%0&#-
(i$0" A)$0+$-#)((9. E)/iG#)((9 $0.8.(9 ?)B A1+J- 8/+$0.D&0& A1i(& F#&?%+$0i
ACiD(+$0i 0) +CI&$,G#),"(&: #&0/)0. N%/.1- -#)J- 8/&?i,.(+ #&C+/- +8./)0+-
/) G 0) ’+J+ #8,&#- () A)J),"(- 8/+?-%0&#(i$0" 1.0+?-. 6/i1 0+J+, #&A()-
I)G0"$9 +CI&$,G#),"(&’ 0) ()C,&D.(&’ +CI&$,G#),"(&’ 8+/9?%& ACiD(+$0i
(COC/ACOC), M+ A)C.A8.I-B 1+D,&#i$0" Ai$0)#,.((9 0.+/.0&I(&: +*i(+% iA /.-
A-,"0)0)1& I&$.,"(&: .%$8./&1.(0i#. NCI&$,.((9 #&%+(-#),&$9 - Python 3.11.0
() 8-9?./(+1- 8/+*.$+/i Intel Core i9 2.4Ghz A 64GB +8./)0&#(+5 8)1’90i.

>?(&+"$ 2.6. Q*@G4%6(/* #2<"$*&

f1 = x
2
1 + sin (x2) + ln (x3 + 2)↑ 3,

f2 = 2x1 + x
3
2 ↑ x

2
3 + 1, (2.100)

f3 = e
x1 + x2 ↑ 3x3 + 4.

I>) F = (f1, f2, f3) )"

F
→((x, y, z)) =




2x cos (y) 1

z+2

2 3y2 ↑2z

e
x 1 ↑3



 .

E&%+/&$0+#-GI& 1.0+? (2.87) 0) A)?)#F& A(x, y) = F (2y ↑ x, x), G = F
→(s0),
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+0/&1-B1+ ()$0-8(&’ 1.0+?:

xn+1 = xn ↑ BG
↑1
F (xn),

B = I +!+ ...+!m
, (2.101)

! = G
↑1(G↑ F (2xn ↑ xn↑1, xn)).

4 0)C,&*i 2.11 ()#.?.(+ 8+/i#(9((9 1.0+?- (2.101) A 1.0+?+1 H"G0+() (1.2) A)
%i,"%i$0G i0./)*i’, (.+C:i?(&: ?,9 /+A#’9A-#)((9 $&$0.1& (2.100) 8/& /iA(&:
/i#(9: 0+I(+$0i 0) A()I.((9: 8)/)1.0/) m.

3.0+? m I0./)*i5 (ς = 10↑9) I0./)*i5 (ς = 10↑12) I0./)*i5 (ς = 10↑16)

(2.101) 20 15 19 24
(2.101) 25 13 17 21
(2.101) 30 12 15 18
(2.101) 35 11 14 17
(2.101) 40 10 12 15
(2.101) 45 10 12 14
(2.101) 50 9 11 13
(1.2) - 7 7 8

L)C,. 2.11: 6i,"%i$0" i0./)*i’ ?,9 ?+$9J(.((9 /+A#’9A%- A 0+I(i$0G #i? 10↑9 ?+
10↑16 ?,9 A)?)Ii 2.100. >+I)0%+#) 0+I%) x0 = (3, 5, 1) 0) G = F

→(x0).

IA A/+$0)((91 8)/)1.0/) m 1.0+? (2.101) 8+0/.C-B 1.(F+5 %i,"%+$0i i0./)*i’.
O+%/.1), 8/& m = 35 ?+$0)0("+ 17 i0./)*i’, 0+?i 9% 8/& m = 20 8+0/iC(+
24 i0./)*i5. 3.0+? (1.2) - #$i: /+AJ,9(-0&: #&8)?%): 8+0/.C-B 1.(F+5 %i,"%+$0i
i0./)*i’. E+?(+I)$ Ai ACi,"F.((91 A()I.((9 8)/)1.0/) m /iA(&*9 1iD 1.0+?)1&
8+$0-8+#+ A1.(F-B0"$9.

>?(&+"$ 2.7. 0*1i#6%./* 1(@>47)")2 /()*$> 6" 6"3)><62: @"$"E"::

f1 = e
↑x2

1 ↑ sin (x2), (2.102)

f2 = ↑ sin (x1) + e
↑x2

2.
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)"

fi = xi sin (xi+1)↑ 1, i = 1, n↑ 1, (2.103)

fn = xn sin (x1)↑ 1, i = n.
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U&$. 2.4: 6i,"%i$0" i0./)*i’ i I)$ #&%+()((9 1.0+?- (2.101) 8/& /iA(&: A()I.((9:
8)/)1.0/) m ?,9 /+A#’9A-#)((9 A)?)I (2.102) 0) (2.103). ;,9 A)?)Ii(2.102) A)-
?)(+ F = (f1, f2); 8+I)0%+#) 0+I%) x0 = (0, 0); x↘ = (0.6806..., 06806...). ;,9 A)-
?)Ii (2.103) F = (f1, f2, ..., f35); 8+I)0%+#) 0+I%) x0 = (1.5, 1.5, ..., 1.5); /+A#’9A+%
x
↘ = (1.1141, 1.1141, ..., 1.1141). L+I(i$0" ?,9 +C+: A)?)I ς = 10↑9. Z)$ 8+?)(+

- $.%-(?): ↙10↑2.

H) /&$-(%- 2.4 ()#.?.(+ 8+/i#(9((9 /.A-,"0)0i# A)$0+$-#)((9 1.0+?- (2.101)
?+ A)?)I (2.102) 0) (2.103). O+%/.1), 8/+?.1+($0/+#)(+ A),.D(i$0" %i,"%+$0i i0.-
/)*i’ 0) I)$- +CI&$,.(" #i? /iA(&: A()I.(" 8)/)1.0/) m. ;,9 +C+: A)?)I #&Ci/
+80&1),"(+J+ A()I.((9 m ?)B A1+J- A1.(F&0& 9% %i,"%i$0" i0./)*i’, 0)% i I)$
+CI&$,.(". Oi A/+$0)((91 8)/)1.0/) m +C$9J +CI&$,.(" A/+$0)B. E+?(+I)$ ?,9
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+C+: A)?)I, (.A),.D(+ #i? /+A1i/(+$0i (n = 2 I& n = 35), I)$ #&%+()((9 A),&F)-
B0"$9 8/)%0&I(+ (.A1i((&1. L)%+D (.1)B $-00B#+J+ A/+$0)((9 I)$- #&%+()((9
8/& m > 10.

;),i 8+%)D.1+, 9% A1i(GG0"$9 /.A-,"0)0& +CI&$,.(" A),.D(+ #i? #&C+/-
+8./)0+/) G. U+AJ,9(.1+ 1.0+?

xn+1 = xn ↑ BG
↑1
F (xn),

B = I +!+ ...+!m
, (2.104)

! = G
↑1(G↑ F

→(xn)),

?. x0 – 8+I)0%+#. ()C,&D.((9 ?+ x
↘, ) 0)%+D /+AJ,9?)B1+ ?#) /iA(i #)/i)(0&

#&C+/- G: G = I 0) G = F
→(x0).

m G = I G = F
→(x0)

1 23 11
2 11 6
3 8 5
4 7 4
5 6 4
6 5 4
7 4 4

L)C,. 2.12: 6i,"%i$0" i0./)*i’, (.+C:i?(&: ?,9 /+A#’9A-#)((9 A)?)Ii (2.103) 1.-
0+?+1 (2.104) 8/& 8+I)0%+#+1- ()C,&D.((i x0 = (34 ,

3
4 , ...,

3
4), /+A1i/(+$0i n = 30

0) 0+I(+$0i ς = 10↑9.

O ()#.?.(&: - 0)C,&*i 2.12 /.A-,"0)0i# #&8,&#)B, M+ ?,9 1),&: A()I.(" m #&-
%+/&$0)((9 G = F

→(x0) A)C.A8.I-B ACiD(i$0" ?+ /+A#’9A%- #?#iIi F#&?F. 8+/i#-
(9(+ A #&8)?%+1 G = I . H)8/&%,)?, 8/& m = 2 1.0+? ACiJ)B0"$9 A) 6 i0./)*i’
A) -1+#& G = F

→(x0), 0+?i 9% ?,9 G = I 8+0/iC(+ 11 i0./)*i’. E+?(+I)$ Ai A/+-
$0)((91 m - #)/i)(0i, %+,& G = I , %i,"%i$0" i0./)*i’ A1.(F-B0"$9. >/& m = 7

%i,"%i$0" i0./)*i’ $0)B +?()%+#+G ?,9 +C+: 8i?:+?i#.

4 0)C,&*i 2.13 ()#.?.(+ /.A-,"0)0& +CI&$,.((9 8+/9?%- ACiD(+$0i (COC) 0)
()C,&D.(+J+ +CI&$,G#),"(+J+ 8+/9?%- ACiD(+$0i (ACOC) ?,9 1.0+?i# (2.101)
0) (2.104). COC #i?+C/)D)B F#&?%i$0" A1.(F.((9 8+:&C%& 1iD i0./)*i’(&1&
()C,&D.((91&. ;)(i - 0)C,&*i 8i?0#./?D-G0" #i?8+#i?(i$0" I&$.,"(&: /.A-,"-
0)0i# 0) 0.+/.0&I(&: +*i(+%. O+%/.1), 8/& m = 10 ?,9 +C+: 1.0+?i# ?+$9J)B0"$9
%#)?/)0&I(&’ 8+/9?+% ACiD(+$0i.
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m
’:9,$ (2.101) ’:9,$ (2.104)

COC ACOC COC ACOC

1 0.4480 1.0000 0.3347 1.0000
2 0.4392 1.0000 1.1488 1.0009
3 0.5193 0.9219 1.0407 1.0048
4 1.0902 1.1304 0.6833 0.9972
5 1.1351 1.1666 1.5439 1.5409

6 1.1338 1.4478 1.8416 1.8762
7 2.3933 2.3424 1.9211 1.8879
8 2.3835 2.3328 2.1406 2.0519
9 2.3862 2.3355 2.0518 1.9909
10 2.3854 2.3347 2.0730 2.0062

L)C,. 2.13: NCI&$,G#),"(&’ 8+/9?+% ACiD(+$0i (COC) 0) ()C,&D.(&’ +CI&$,G-
#),"(&’ 8+/9?+% ACiD(+$0i (ACOC) ?,9 1.0+?i# (2.101) 0) (2.104).

2.5 D"!)1+ C)*!)=) ()#/1.2

>+#./(i1+$9 ?+ /+A#’9A-#)((9 (.,i(i’(+J+ /i#(9((9 F (x) = 0. 3.0+?& #&$+-
%&: 8+/9?%i# ACiD(+$0i #i?iJ/)G0" %,GI+#- /+," # .7.%0&#(+1- /+A#’9A-#)((i
$%,)?(&: (.,i(i’(&: A)?)I, +$%i,"%& ?)G0" A1+J- ?+$9J)0& A)?)(+5 0+I(+$0i A)
1.(F- %i,"%i$0" i0./)*i’ 8+/i#(9(+ A 1.0+?)1& (&DI&: 8+/9?%i#. P. +$+C,&#+
#)D,&#+ - #&8)?%):, %+,& +CI&$,.((9 A()I.(" +8./)0+/) F 0) ’+J+ 8+:i?(&:
B +CI&$,G#),"(+ A)0/)0(&1. E+?(+I)$ 8i?#&M.((9 8+/9?%- ACiD(+$0i, 9% 8/)-
#&,+, $-8/+#+?D-B0"$9 A/+$0)((91 +CI&$,G#),"(&: #&0/)0 () %+D(i’ i0./)*i5,
0+1- #)D,&#&1 B 8+F-% C),)($- 1iD 8+/9?%+1 ACiD(+$0i 0) +CI&$,G#),"(+G
$%,)?(i$0G +?(iB5 i0./)*i5.

U+AJ,9(.1+ i0./)*i’(i 1.0+?& F+$0+J+ 8+/9?%-, 9%i -A)J),"(GG0" 8i?:i?
H"G0+(). ;,9 8+I)0%+#+J+ ()C,&D.((9 x0 ≃ D 8+$,i?+#(i$0" {xn} J.(./-B0"$9
A) 7+/1-,)1& (n = 0, 1, 2, . . .):

yn = xn ↑ F
→(xn)

↑1
F (xn),

zn = xn ↑
1

2
(F →(xn)

↑1 + F
→(yn)

↑1)F (xn),

xn+1 = zn ↑
1

2
(F →(xn)

↑1 + F
→(yn)

↑1
F

→(xn)F
→(yn)

↑1)F (zn), (2.105)
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yn = xn ↑ F
→(xn)

↑1
F (xn), An = F

→(xn) + F
→(yn),

zn = xn ↑ 2A↑1
n F (xn), (2.106)

xn+1 = zn ↑
1

2
(7I ↑ 8F →(xn)

↑1
F

→(yn) + 3(F →(xn)
↑1
F

→(yn))
2)F →(xn)

↑1
F (zn),

yn = xn ↑ F
→(xn)

↑1
F (xn), En = F

→(xn)↑ 3F →(yn),

zn = yn +
1

3
(F →(xn)

↑1 + 2E↑1
n )F (xn),

xn+1 = zn +
1

3
(↑F

→(xn)
↑1 + 4E↑1

n )F (zn). (2.107)

I0./)*i’(i 1.0+?& #&$+%+J+ 8+/9?%- C-,& A)8/+8+(+#)(i - /+C+0): [101],
[102],[103]. >+8/& A()I(&’ 8/+J/.$ - /+A/+C*i i0./)*i’(&: 1.0+?i# #&$+%+J+ 8+-
/9?%-, i$(-G0" 0.+/.0&I(i 0) 8/)%0&I(i +C1.D.((9:

(P1) I$(-GIi /.A-,"0)0& ACiD(+$0i C)A-G0"$9 () /+A%,)?i # /9? L.’,+/) 0)
8+0/.C-G0" 8+:i?(&: #&M+J+ 8+/9?%- (- *"+1- #&8)?%- = F+$0+J+), M+
+C1.D-B A)$0+$-#)((9 - A)?)I):, ?. 0)%i 8+:i?(i (.#i?+1i. H)0+1i$0" 8/+-
)(),iA+#)(i 1.0+?& #&1)J)G0" ,&F. +8./)0+/) F 0) ’+J+ 8./F+5 8+:i?(+5
F

→.

(P2) H. ()#.?.(+ )8/i+/(&: +*i(+% 8+:&C%& ↗xn ↑ x
↘↗, M+ -(.1+D,&#,GB 8/+-

J(+A-#)((9 %i,"%+$0i i0./)*i’, (.+C:i?(&: ?,9 ?+$9J(.((9 A)?)(+J+ /i#(9
0+I(+$0i.

(P3) L.+/i9 ,+%),"(+5 ACiD(+$0i 8./.?C)I)B i$(-#)((9 0+I(+J+ /+A#’9A%- x
↘,

9%&’ () 8/)%0&*i A)A#&I)’ (.#i?+1&’. E&8)?+% ()8i#,+%),"(+5 ACiD(+$0i,
9%&’ - 0)%i’ A)J),"(i’ 8+$0)(+#*i /)(iF. (. ?+$,i?D-#)#$9, /+A/+C,.(+ A)
?+8+1+J+G 1)D+/)(0(&: 8+$,i?+#(+$0.’. NC&?#) )(),iA& 8+?)(+ # Ci,"F
A)J),"(i’ 8+$0)(+#*i # C)():+#+1- 8/+$0+/i i C)A-G0"$9 () %+(*.8*i5 -A)-
J),"(.(+5 (.8././#(+$0i, M+ #&%+/&$0+#-B0"$9 ?,9 %+(0/+,G 8+:i?(+5 F →

0) -0+I(.((9 +*i(+% 8+:&C+% ↗x↘ ↑ xn↗ i ↗xn+1 ↑ xn↗.

4 *"+1- ?&$./0)*i’(+1- ?+$,i?D.((i 8+?)(+ 8+/i#(9,"(&’ )(),iA 0/"+:
i0./)*i’(&: 1.0+?i# F+$0+J+ 8+/9?%- ?,9 /+A#’9A-#)((9 (.,i(i’(&: /i#(9(".
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>/+#.?.(+ ,+%),"(&’ 0) ()8i#,+%),"(&’ )(),iA ACiD(+$0i ?,9 %+D(+J+ 1.0+?-.
E&%+()(+ $./iG I&$.,"(&: .%$8./&1.(0i#, 9%i +*i(GG0" 8/+?-%0&#(i$0" A)8/+-
8+(+#)(&: 1.0+?i# - 8+/i#(9((i A 1.0+?+1 H"G0+().

2.5.1 (BK76M;7 EFiG;i8@M DA@B>iI

;,9 %+D(+J+ 1.0+?- 8+C-?+#)(+ 8+$,i?+#(i$0" +*i(+% 8+:&C%& () +$(+#i
8i?:+?- A 1)D+/)(0(+G 7-(%*iBG. P.’ 8i?:i? ?+A#+,9B #$0)(+#&0& ACiD(i$0"
C.A #&%+/&$0)((9 -1+# () 8+:i?(i #&M&: 8+/9?%i#. [(),iA #&%+()(+ # C)():+-
#+1- 8/+$0+/i.

’:9,$ (2.105). >+I(.1+ A +A()I.((9 1)D+/)(0(+5 7-(%*i5 g1(t), 9%) ?)B
#./:(G +*i(%- 8+:&C%& () 8./F+1- 8/+1iD(+1- %/+*i yn

g1(t) =

∫ 1
0 w((1↑ ↽)t)d↽

1↑ w0(t)
,

?. w0, w – (.8././#(i 0) (.$8)?(i 7-(%*i5. ;),i #&A()I)B1+ 7-(%*iG w, 9%-
#&%+/&$0+#-#)0&1.1+ () ()$0-8(&: %/+%):

w(t) =






w((1 + g1(t))t)

)C+

w0(t) + w0(g1(t)t).

;),i ##+?&1+ ?/-J- 1)D+/)(0(- 7-(%*iG g2(t), 9%) #i?+C/)D)B 8+#.?i(%- 8+-
:&C%& () ?/-J+1- 8/+1iD(+1- %/+*i zn

g2(t) =

∫ 1
0 w((1↑ ↽)t)d↽

1↑ w0(t)
+

w(t)(1 +
∫ 1
0 w0(↽t)d↽)

2(1↑ w0(t))(1↑ w0(g1(t)t))
.

;,9 +*i(%& 8+:&C%& () %/+*i xn+1 8+C-?+#)(+ 1)D+/)(0(- 7-(%*iG g3(t). E#.-
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?.1+ ?+8+1iD(i 7-(%*i5

w(t) =






w((1 + g2(t))t)

)C+

w0(t) + w0(g2(t)t),

w(t) =






w((g1(t) + g2(t))t)

)C+

w0(g1(t)t) + w0(g2(t)t),

g3(t) =

[∫ 1
0 w((1↑ ↽)g2(t)t)d↽

1↑ w0(g2(t)t)
+

w(t)(1 +
∫ 1
0 w0(↽g2(t)t)d↽)

2(1↑ w0(t))(1↑ w0(g2(t)t))

+
w(t)(1 +

∫ 1
0 w0(↽g2(t)t)d↽)

2(1↑ w0(g1(t)t))(1↑ w0(g2(t)t)))

+
w(t)(1 +

∫ 1
0 w0(↽g2(t)t)d↽)

2(1↑ w0(t))(1↑ w0(g1(t)t))


g2(t).

NCV/-(0-#)((9 *&: 1)D+/)(0(&: 7-(%*i’ C)A-B0"$9 () 8+%/+%+#+1- )()-
,iAi 8+:&C+%. >+:&C%) () %+D(+1- 8/+1iD(+1- %/+*i i0./)0&#(+J+ 1.0+?- +C1.-
D-B0"$9 1)D+/)(0(+G 7-(%*iBG, M+ A),.D&0" #i? 8+:&C%& 8+8./.?("+J+ %/+-
%-. L)%&’ 8i?:i? 8i?0#./?D-B, M+ 1.0+? $&$0.1)0&I(+ A1.(F-B #i?$0)(" ?+
/+A#’9A%- () %+D(i’ i0./)*i5. ;,9 )(),iA- #&%+/&$0+#-G0"$9 #,)$0&#+$0i 8+-
:i?(+5 2/.F., M+ +C1.D-G0"$9 7-(%*i91& w0 0) w, ) 0)%+D 0.+/.1) R)():)
8/+ +C./(.(&’ +8./)0+/. L)%&’ 8i?:i? A)C.A8.I-B $0/+Ji +*i(%& 0) J)/)(0-B ACi-
D(i$0" 1.0+?-.

;,9 8./F+J+ 8/+1iD(+J+ %/+%- 8+:&C%) yn ↑ x
↘ +CI&$,GB0"$9 9%

yn ↑ x
↘ = xn ↑ x

↘ ↑ F
→(xn)

↑1
F (xn).

H+/1) *iB5 8+:&C%& +C1.D-B0"$9 1)D+/)(0(+G 7-(%*iBG g1

↗yn ↑ x
↘↗ ⇒

∫ 1
0 w((1↑ ↽)↗xn ↑ x

↘↗)d↽↗xn ↑ x
↘↗

1↑ w0(↗xn ↑ x↘↗)
⇒ g1(↗xn ↑ x

↘↗)↗xn ↑ x
↘↗ ⇒ ↗xn ↑ x

↘↗ < r.
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H) ()$0-8(+1- %/+*i +0/&1-B1+

zn ↑ x
↘ = xn ↑ x

↘ ↑ F
→(xn)

↑1
F (xn)↑

1

2
(F →(yn)

↑1 ↑ F
→(xn)

↑1)F (xn)

= xn ↑ x
↘ ↑ F

→(xn)
↑1
F (xn)↑

1

2
F

→(yn)
↑1(F →(xn)↑ F

→(yn))F
→(xn)

↑1
F (xn),

↗zn ↑ x
↘↗ ⇒

[∫ 1
0 w((1↑ ↽)↗xn ↑ x

↘↗) d↽
1↑ w0(↗xn ↑ x↘↗)

+
wn

(
1 +

∫ 1
0 w0(↽↗xn ↑ x

↘↗) d↽
)

2(1↑ w0(↗xn ↑ x↘↗))(1↑ w0(↗yn ↑ x↘↗))



 ↗xn ↑ x
↘↗

⇒ g2(↗xn ↑ x
↘↗)↗xn ↑ x

↘↗ ⇒ ↗xn ↑ x
↘↗.

H) A)#./F),"(+1- %/+*i ?,9 8+:&C%& xn+1 ↑ x
↘ 1)B1+

xn+1 ↑ x
↘ = zn ↑ x

↘ ↑ F
→(zn)

↑1
F (zn) + F

→(zn)
↑1
F (zn)

↑1

2
F

→(xn)
↑1
F (zn)↑

1

2
F

→(yn)
↑1(F →(xn)↑ F

→(yn) + F
→(yn))F

→(yn)
↑1
F (zn)

= zn ↑ x
↘ ↑ F

→(zn)
↑1
F (zn) +

1

2
(F →(zn)

↑1 ↑ F
→(xn)

↑1)F (zn)

+
1

2
(F →(zn)

↑1 ↑ F
→(yn)

↑1)F (zn)

↑1

2
F

→(yn)
↑1(F →(xn)↑ F

→(yn))F
→(yn)

↑1
F (zn).

H+/1) 8+:&C%& () A)#./F),"(+1- %/+*i +*i(GB0"$9 1)D+/)(0(+G 7-(%*iBG g3

↗xn+1 ↑ x
↘↗ ⇒

[∫ 1
0 w((1↑ ↽)↗zn ↑ x

↘↗)d↽
1↑ w0(↗zn ↑ x↘↗)

+
wn(1 +

∫ 1
0 w0(↽↗zn ↑ x

↘↗)d↽)
2(1↑ w0(↗xn ↑ x↘↗))(1↑ w0(↗zn ↑ x↘↗))

+
wn(1 +

∫ 1
0 w0(↽↗zn ↑ x

↘↗)d↽)
(1↑ w0(↗yn ↑ x↘↗))(1↑ w0(↗zn ↑ x↘))

+
wn(1 +

∫ 1
0 w0(↽↗zn ↑ x

↘↗)d↽)
2(1↑ w0(↗xn ↑ x↘↗))(1↑ w0(↗yn ↑ x↘↗))


↗zn ↑ x

↘↗

⇒ g3(↗xn ↑ x
↘↗)↗xn ↑ x

↘↗.

N0D., ()#.?.(i +*i(%& ?+#+?90", M+ 1.0+? 8+$,i?+#(+ A1.(F-B #i?$0)(" ?+



108

/+A#’9A%- () %+D(i’ i0./)*i5.

’:9,$ (2.106). >./F) 1)D+/)(0() 7-(%*i9 g1(t) A),&F)B0"$9 0)%+G D, 9%
#&A()I.(+ # 1.0+?i (2.105). E+() :)/)%0./&A-B 8+#.?i(%- 8+:&C%& () 8/+1iD(+-
1- %/+*i yn.
;),i #&A()I)B1+ ?+8+1iD(- 7-(%*iG

p(t) =
1

2
(w0(t) + w0(g1(t)t)).

H) +$(+#i p(t) #&A()I&1+ ?/-J- 1)D+/)(0(- 7-(%*iG g2(t)

g2(t) =

∫ 1
0 w((1↑ ↽)t)d↽

1↑ w0(t)
+

w(t)(1 +
∫ 1
0 w0(↽t)d↽)

2(1↑ w0(t))(1↑ p(t))
.

2-(%*i9 g3(t) 1)D+/-B 8+:&C%- () %/+*i xn+1.

g3(t) =

[∫ 1
0 w((1↑ ↽)g2(t)t)d↽

1↑ w0(g2(t)t)
+

w(t)(1 +
∫ 1
0 w0(↽g2(t)t)d↽)

(1↑ w0(t))(1↑ w0(g2(t)t))

+
1

2

w(t)

1↑ w0(t)

(
3

w(t)

1↑ w0(t)
+ 2

)
(1 +

∫ 1
0 w0(↽t)d↽)

1↑ w0(t)


g2(t).

[(),iA A?i’$(GB0"$9 A) ?+8+1+J+G +*i(%& #i?$0)(i 1iD 8+0+I(&1 ()C,&D.((91
xn 0) 0+I(&1 /+A#’9A%+1 x

↘ I./.A 8/+1iD(i 0+I%& yn 0) zn. O+%/.1), /iA(&*9
zn ↑ x

↘ A)8&$-B0"$9 I./.A #i?+1i xn, yn 0) +8./)0+/ 8+:i?(+5 F → - #&J,9?i:

zn ↑ x
↘ = xn ↑ x

↘ ↑ F
→(xn)

↑1
F (xn) + (F →(xn)

↑1 ↑ 2A↑1
n )F (xn)

= xn ↑ x
↘ ↑ F

→(xn)
↑1
F (xn)↑ A

↑1
n (F →(xn)↑ F

→(yn))F
→(xn)

↑1
F (xn).

NCI&$,.((9 ?,9 7-(%*i5 g2 0) g3 1)G0" #&J,9?:

||zn ↑ x
↘|| ⇒ [

∫ 1
0 w((1↑ ↽)||xn ↑ x

↘||)d↽
1↑ w0(||xn ↑ x↘||) +

wn(1 +
∫ 1
0 w0(↽||xn ↑ x

↘||)d↽)
2(1↑ w0(||xn ↑ x↘||))(1↑ pn)

]↗xn ↑ x
↘↗

⇒ g2(||xn ↑ x
↘||) · ||xn ↑ x

↘|| ⇒ ||xn ↑ x
↘||,
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?. 0)%+D #&%+/&$0)(+ +*i(%-

||(2L)↑1(An ↑ 2L)|| ⇒ 1

2
(||L↑1(F →(xn)↑ L)||+ ||L↑1(F →(yn)↑ L)||)

⇒ 1

2
(w0(||xn ↑ x

↘||) + w0(||yn ↑ x
↘||)) = pn < 1.

O#i?$& A) 0.+/.1+G R)():) [54] +0/&1-B1+

||A↑1
n L|| ⇒ 1

2(1↑ pn)
.

P. 8/&A#+?&0" ?+ +*i(%& ?,9 ()$0-8(+J+ ()C,&D.((9:

xn+1 ↑ x
↘ = zn ↑ x

↘ ↑ F
→(zn)

↑1
F (zn) + (F →(zn)

↑1 ↑ F
→(xn)

↑1)F (zn)

↑1

2
(5I ↑ 8F →(xn)

↑1
F

→(yn) + 3(F →(xn)
↑1
F

→(yn))
2)F →(xn)

↑1
F (zn)

= zn ↑ x
↘ ↑ F

→(zn)
↑1
F (zn) + (F →(zn)

↑1 ↑ F
→(xn)

↑1)F (zn)

↑1

2
(F →(xn)

↑1
F

→(yn)↑ I)(3(F →(xn)
↑1
F

→(yn)↑ I)↑ 2I)F →(xn)
↑1
F (zn),

||xn+1 ↑ x
↘|| ⇒

[∫ 1
0 w((1↑ ↽)||zn ↑ x

↘||)d↽
1↑ w0(||zn ↑ x↘||)

+
wn(1 +

∫ 1
0 w0(↽||zn ↑ x

↘||)d↽)
(1↑ w0(||xn ↑ x↘||))(1↑ w0(||zn ↑ x↘||))

+
1

2

wn

1↑ w0(||xn ↑ x↘||)(
3wn

1↑ w0(||xn ↑ x↘||) + 2)
(1 +

∫ 1
0 w0(↽||zn ↑ x

↘||)d↽)
1↑ w0(||zn ↑ x↘||)



·||zn ↑ x
↘||

⇒ g3(||xn ↑ x
↘||) · ||xn ↑ x

↘|| ⇒ ||xn ↑ x
↘||.
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’:9,$ (2.107). 2-(%*i9 c(t) #&%+/&$0+#-B0"$9 ?,9 8+C-?+#& ?/-J+5 0) 0/.-
0"+5 1)D+/)(0(&: 7-(%*i’ g2(t), g3(t)

c(t) =
1

2
(3w0(g1(t)t) + w0(t)),

g2(t) = g1(t) +
1

3

(
1

1↑ w0(t)
+

2

1↑ c(t)

)(
1 +

∫ 1

0
w0(↽t)d↽

)
,

g3(t) =

[
g2(t) +

1

3

(
1

1↑ w0(t)
+

4

1↑ c(t)

)(
1 +

∫ 1

0
w0(↽g2(t)t)d↽

)]
g2(t).

>+I)0%+#i +CI&$,.((9 1)G0" #&J,9?:

zn ↑ x
↘ = yn ↑ x

↘ +
1

3
(F →(xn)

↑1 + 2E↑1
n )F (xn),

↗zn ↑ x
↘↗ ⇒

[
g1(↗xn ↑ x

↘↗) + 1

3

(
1

1↑ w0(↗xn ↑ x↘↗)

+
1

1↑ cn

)(
1 +

∫ 1

0
w0(↽↗xn ↑ x

↘↗) d↽
)]

↗xn ↑ x
↘↗

⇒ g2(↗xn ↑ x
↘↗)↗xn ↑ x

↘↗ ⇒ ↗xn ↑ x
↘↗.

;),i 8+:&C%- () +$0)(("+1- %/+*i xn+1 ↑ x
↘ A)8&$-G0" - #&J,9?i

xn+1 ↑ x
↘ = zn ↑ x

↘ +
1

3
(↑F (xn) + 4E↑1

n )F (zn),

↗xn+1 ↑ x
↘↗ ⇒

[
g2(↗xn ↑ x

↘↗) + 1

3

(
1

1↑ w0(↗xn ↑ x↘↗)

+
2

1↑ cn

)(
1 +

∫ 1

0
w0(↽↗zn ↑ x

↘↗) d↽
)]

↗zn ↑ x
↘↗

⇒ g3(↗xn ↑ x
↘↗)↗xn ↑ x

↘↗ ⇒ ↗xn ↑ x
↘↗,

>/& *"+1- #&%+/&$0)(+ +*i(%& [54]:

↗(2L)↑1(En ↑ 2L)↗ ⇒ 1

3
(3w0(↗yn ↑ x

↘↗) + w0(↗xn ↑ x
↘↗)) = cn < 1,

↗E↑1
n L↗ ⇒ 1

2(1↑ cn)
.
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2.5.2 O7=iI6BK76M;7 EFiG;i8@M DA@B>iI

4 *"+1- 8i?/+A?i,i /+AJ,9?)B0"$9 ()8i#,+%),"() ACiD(i$0" 1.0+?i#. H) #i?-
1i(- #i? ,+%),"(+J+ #&8)?%-, -1+#& ()%,)?)G0"$9 () 8+I)0%+#. ()C,&D.((9
x0, ) (. () /+A#’9A+% x

↘. Ei?8+#i?(+, 7-(%*i5 00, 0 A)1i(GG0"$9 () 20, 2.

’:9,$ (2.105). 3)D+/)(0() 8+$,i?+#(i$0" {εn} ?,9 1.0+?- #&A()I)B0"$9
A) 8+I)0%+#&1& A()I.((91 ε0 = 0, b0 ⇔ ↗F →(x0)↑1

F (x0)↗ i ?,9 %+D(+J+ n =

0, 1, 2, ... 0)%. <8+I)0%- A)?)B1+ 8+$,i?+#(i$0" vn 0) 8/+1iD(- 8+$,i?+#(i$0"
ϱn:

vn =






v(bn ↑ εn)

)C+

v0(εn) + v0(bn),

ϱn = bn +
vn(bn ↑ εn)

2(1↑ v0(bn))
.

;),i #&A()I&1+ φn, M+ B #./:("+G 1.D.G ?,9 (+/1& L
↑1
F (zn)

φn =

∫ 1

0
v((1↑ ↽)(ϱn ↑ εn))d↽(ϱn ↑ εn) + (1 + v0(εn))(ϱn ↑ bn),

εn+1 = ϱn +
1

2

(
1

1↑ v0(εn)
+

1

1↑ v0(bn)
+

vn

(1↑ v0(bn))2

)
φn,

µn+1 =

∫ 1

0
v((1↑ ↽)(εn+1 ↑ εn))d↽(εn+1 ↑ εn) + (1 + v0(εn))(εn+1 ↑ bn),

bn+1 = εn+1 +
µn+1

1↑ v0(εn+1)
.

;,9 8+C-?+#& 1)D+/)(0(&: 8+$,i?+#(+$0.’ #&%+/&$0+#-B1+ 0)%i +*i(%&:

zn ↑ yn =

(
F

→(xn)
↑1 ↑ 1

2
(F →(xn)

↑1 + F
→(yn)

↑1)

)
F (xn)

= ↑1

2
F

→(yn)
↑1(F →(xn)↑ F

→(yn))F
→(xn)

↑1
F (xn),

||zn ↑ yn|| ⇒
vn(bn ↑ εn)

2(1↑ v0(bn))
= ϱn ↑ bn.
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;),i )(),iA-B1+ A()I.((9 7-(%*i5 # 0+I*i zn

F (zn) = F (zn)↑ F (xn)↑ F
→(xn)(yn ↑ xn)

= F (zn)↑ F (xn)↑ F
→(xn)(zn ↑ xn) + F

→(xn)(zn ↑ yn).

H+/1) L
↑1
F (zn) +C1.D.() φn

||L↑1
F (zn)|| ⇒

∫ 1

0
v((1↑ ↽)(ϱn ↑ εn))d↽(ϱn ↑ εn) + (1 + v0(εn))(ϱn ↑ bn) = φn,

N*i(%) %/+%- xn+1 ↑ zn:

xn+1 ↑ zn = ↑1

2
F

→(xn)
↑1
F (zn)↑

1

2
F

→(yn)
↑1(F →(xn)↑ F

→(yn))F
→(yn)

↑1
F (zn)

↑1

2
F

→(yn)
↑1
F (zn),

||xn+1 ↑ zn|| ⇒
1

2

(
1

1↑ v0(εn)
+

1

1↑ v0(ϖn)
+

vn

(1↑ v0(ϖn))2

)
φn

= εn+1 ↑ ϱn.

;),i )(),iA-B1+ A()I.((9 7-(%*i5 # 0+I*i xn+1

F (xn+1) = F (xn+1)↑ F (xn)↑ F
→(xn)(yn ↑ xn)

= F (xn+1)↑ F (xn)↑ F
→(xn)(xn+1 ↑ xn) + F

→(xn)(xn+1 ↑ yn),

||L↑1
F (xn+1)|| ⇒

∫ 1

0
v((1↑ ↽)(εn+1 ↑ εn))d↽(εn+1 ↑ εn)

+(1 + v0(εn))(εn+1 ↑ bn) = µn+1,

||yn+1 ↑ xn+1|| ⇒ ||F →(xn+1)
↑1
L|| · ||L↑1

F (xn+1)||

⇒ µn+1

1↑ v0(εn+1)
= bn+1 ↑ εn+1.

’:9,$ (2.106). 3+D+/)(0() 8+$,i?+#(i$0" {εn} #&A()I)B0"$9 ?,9 ε0 = 0, b0 ⇔
||F →(x0)↑1

F (x0)|| 0) ?,9 %+D(+J+ n = 0, 1, 2, ... 0)%
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qn =
1

2
(v0(εn) + v0(bn)),

ϱn = bn +
vn(bn ↑ εn)

2(1↑ qn)
,

εn+1 = ϱn +

(
1 +

1

2

vn

1↑ v0(εn)

(
3

vn

1↑ v0(εn)
+ 2

))
φn

1↑ v0(εn)
,

bn+1 = εn+1 +
µn+1

1↑ v0(εn+1)
.

;,9 +CV/-(0-#)((9 8+C-?+#& 1)D+/)(0(&: 8+$,i?+#(+$0.’ #&%+/&$0+#-B1+ 0)%i
+*i(%&:

zn ↑ yn = ↑A
↑1
n (F →(xn)↑ F

→(yn))F
→(xn)

↑1
F (xn),

↗zn ↑ yn↗ ⇒ vn(bn ↑ εn)

2(1↑ qn)
= ϱn ↑ bn,

xn+1 ↑ zn = ↑F
→(xn)

↑1
F (zn)

↑1

2
(F →(xn)

↑1
F

→(yn)↑ I)[3(F →(xn)
↑1
F

→(yn)↑ I)↑ 2I]F →(xn)
↑1
F (zn),

↗xn+1 ↑ zn↗ ⇒
(
1 +

1

2

vn

1↑ v0(εn)

(
3

vn

1↑ v0(εn)
+ 2

))
φn

1↑ v0(εn)

= εn+1 ↑ ϱn.

NCI&$,.((9 bn+1 ACiJ)B0"$9 A 1.0+?+1 (2.105).

’:9,$ (2.107). >+C-?-B1+ 1)D+/)(0(- 8+$,i?+#(i$0" {εn} A 8+I)0%+#&1&
A()I.((91& ε0 = 0, b0 ⇔ ↗F →(x0)↑1

F (x0)↗, M+ A)?+#+,"(9B ?,9 %+D(+J+ n =
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0, 1, 2, . . . -1+#&:

dn =
1

2
(3v0(bn) + v0(εn)),

ϱn = bn +

(
1 + v0(εn)

3(1↑ dn)
+

1

3

)
(bn ↑ εn),

εn+1 = ϱn +
1

3

(
1

1↑ v0(εn)
+

2

1↑ dn

)
φn,

bn+1 = εn+1 +
µn+1

1↑ v0(εn+1)
.

zn ↑ yn =
2

3
E

↑1
n F (xn) +

1

3
F

→(xn)
↑1
F (xn),

↗zn ↑ yn↗ ⇒
(
1 + v0(εn)

3(1↑ dn)
+

1

3

)
(bn ↑ εn) = ϱn ↑ bn,

xn+1 ↑ zn =
1

3
(↑F

→(xn)
↑1 + 4E↑1

n )F (zn),

↗xn+1 ↑ zn↗ ⇒ 1

3

(
1

1↑ v0(εn)
+

2

1↑ dn

)
φn = εn+1 ↑ ϱn,

?. 0)%+D #&%+/&$0)(+ +*i(%&:

F (xn) = F
→(xn)(yn ↑ xn),

↗L↑1
F (xn)↗ ⇒ ↗L↑1((F →(xn)↑ L) + L)↗↗yn ↑ xn↗ ⇒ (1 + v0(εn))(bn ↑ εn).

I0./)*i’() 7+/1-,) ?,9 bn+1 0) /.F0) )(),iA- ACiD(+$0i ACiJ)G0"$9 A ()-
#.?.(&1& /)(iF..

2.5.3 /98A6M;i AK8=AC9DA;@9

U+AJ,9(.1+ I&$.,"(i .%$8./&1.(0& ?,9 0/"+: 1.0+?i# F+$0+J+ 8+/9?%- (2.105),
(2.106), (2.107).

3.0+?& A)$0+$+#)(+ ?+ %i,"%+: (.,i(i’(&: $&$0.1 /i#(9(", 9%i I)$0+ #&-
%+/&$0+#-G0"$9 9% 0.$0+#i 8/&%,)?& # ()-%+#i’ ,i0./)0-/i. 6/&0./i’ A-8&(-
%& C)A-B0"$9 () 7i%$+#)(i’ 8+:&C*i )C+ () ?+$9J(.((i 1)%$&1),"(+5 %i,"%+$0i
i0./)*i’. ;,9 #$i: I&$.,"(&: .%$8./&1.(0i# 8/+*.$ i0./)*i’ A)#./F-#)#$9, %+-
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,& ↗F (xn)↗ < ς, 8/&I+1- ς A1i(G#),+$9 #i? 10↑9 ?+ 10↑20. 6i,"%i$0" i0./)*i’
+C1.D-#),)$9 100. 4$i +CI&$,.((9 #&%+()(+ A #&%+/&$0)((91 Python 3.11.0 0)
CiC,i+0.%& mpmath 1.3.0 ?,9 +CI&$,.(" iA ?+#i,"(+G 0+I(i$0G [104]. ^%$8./&1.(-
0& 8/+#+?&,&$9 - $./.?+#&Mi A 8-9?./(&1 8/+*.$+/+1 Intel Core i9 iA 0)%0+#+G
I)$0+0+G 2.4 Ghz.

H&DI. ()#.?.(i A)?)Ii #&%+/&$0+#-G0"$9 ?,9 +*i(%& .7.%0&#(+$0i A)8/+-
8+(+#)(&: 1.0+?i# [98, 101]:

• <&$0.1) A 3 /i#(9("





10v1 + sin(v1 + v2)↑ 1 = 0,

8v2 ↑ cos2(v3 ↑ v2)↑ 1 = 0,

12v3 + sin(v3)↑ 1 = 0,

(2.108)

8+I)0%+#. ()C,&D.((9 v0 = (v1, v2, v3)T = (0, 1, 0)T . U+A#’9A+% A():+?&0"$9
# 0+I*i v↘ = (0.069..., 0.246..., 0.0769...)T .

• <&$0.1) A 200 (.,i(i’(&: /i#(9("

fi(v) =
200∑

j=1,j ⇓=i

vj ↑ e
↑vi = 0, 1 ⇒ i ⇒ 200, (2.109)

8+I)0%+#. ()C,&D.((9 (32 ,
3
2 , . . . ,

3
2)

T , /+A#’9A+% v
↘ = (0.0050..., ..., 0.0050...)T .

• <&$0.1) A 10 /i#(9("

fi(v) = tan↑1(vi) + 1↑ 2
10∑

j=1,j ⇓=i

v
2
j , 1 ⇒ i ⇒ 10. (2.110)

U+A#’9A+% v
↘ = (0.2644, ..., 0.2644)T , v0 = (0.7, ..., .0.7)T .

• <&$0.1) A 500 (.,i(i’(&: /i#(9("




v
2
i vi+1 ↑ 1 = 0, 1 ⇒ i ⇒ 499,

v
2
500v1 ↑ 1 = 0, i = 500.

(2.111)

>+I)0%+#. ()C,&D.((9 v0 = (1.8, ..., 1.8)T i /+A#’9A+% v
↘ = (1, ..., 1)T .
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• 2-(%*i9 R/+’?.() A 0/&?i)J+(),"(+G 1)0/&*.G

fi(v) = (3↑ 2vi)vi ↑ vi↑1 ↑ 2vi+1 + 1, (2.112)

v0 = vn+1 = 0, n = 20,

8+I)0%+#. ()C,&D.((9 v0 = (↑10, ...,↑10)T .

• ^%$8+(.(*i),"() 7-(%*i9:




fi(v) = 3v3i + 2vi+1 ↑ 5 + sin2(vi)↑ sin2(vi+1), i = 0, n↑ 2,

fn↑1(v) = 3v3n↑1 + 2v0 ↑ 5 + sin2(vn↑1)↑ sin2(v0).
(2.113)

• <&(J-,9/() 7-(%*i9 >)-.,):

f1(v) = v1 + 10v2,

f2(v) = 51/2(v3 ↑ v4),

f3(v) = (v2 ↑ 2v3)
2
, (2.114)

f4(v) = 101/2(v1 ↑ v4)
2
.

>+I)0%+#. ()C,&D.((9 v0 = (2, 2, 2, 1)T i /+A#’9A+% v
↘ = (0, 0, 0, 0)T .

• 3)’D. ,i(i’() 7-(%*i9 R/)-()

fi(v) = vi +
n↑1∑

j=0

vj ↑ (n+ 1), i = 0, n↑ 2, (2.115)

fn↑1(v) =


n↑1

j=0

vj


↑ 1.

U+A#’9A+% v
↘ = (1, ..., 1)T .

• Ui#(9((9 Z)(?/)$.%)/):

fi(v) = vi ↑

1↑ c

2n

n↑1∑

j=0

µjvj

µi + µj

↑1

. (2.116)

4 8/+#.?.(&: 0.$0): c = 0.9.
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>?(&+"$ 2.8. RA(&)2#6i3)7 /()*$i# <12 ς = 10↑9 )" ς = 10↑15.
6+D.( iA 1.0+?i# C-,+ )8/+C+#)(+ () ()C+/i A)?)I, ) +0/&1)(i %i,"%+$0i i0./)*i’
8+?)(+ # 0)C,&*9: 2.14 0) 2.15.

N"$"-" x0 n
I9:?"FiH

(2.105) (2.106) (2.107) H"G0+() (1.2)

(2.108) (0.0, 1.0, 0.0) 3 2 2 2 3
(2.109) (1.5, . . . , 1.5) 200 2 2 2 3
(2.110) (0.7, . . . , 0.7) 10 2 3 3 5
(2.111) (1.8, . . . , 1.8) 500 3 3 3 6
(2.112) (↑10, . . . ,↑10) 20 3 4 4 8
(2.113) (↑10, . . . ,↑10) 20 8 15 16 13
(2.113) (15, . . . , 15) 200 5 5 3 11
(2.114) (2, 2, 2, 1) 4 7 8 1 17
(2.115) (10, . . . , 10) 5 12 46 10 22
(2.116) (5, . . . , 5) 10 7 6 7 9

L)C,. 2.14: 6i,"%i$0" i0./)*i’ ?,9 /iA(&: A)?)I 8/& ?+8-$0&1i’ 8+:&C*i ς = 10↑9.

U.A-,"0)0&, ()#.?.(i # 0)C,&*i 2.14, 8+%)A-G0", M+ 1.0+?& (2.105) 0) (2.107)
B ()’Ci,"F .7.%0&#(&1&, A)C.A8.I-GI& ()’1.(F- %i,"%i$0" i0./)*i’ ?,9 Ci,"-
F+$0i 0.$0+#&: A)?)I. 6,)$&I(&’ 1.0+? H"G0+() 8+%)A-B $0)Ci,"(- ACiD(i$0",
+$+C,&#+ ?,9 ?+C/. +C-1+#,.(&: $&$0.1, 8/+0. 8+0/.C-B Ci,"F. i0./)*i’ 8+/i#-
(9(+ A 1.0+?)1& #&$+%&: 8+/9?%i#.

L)C,&*9 2.15 8+?)B /.A-,"0)0&, M+ -AJ+?D-G0"$9 A ?)(&1& 0)C,&*i 2.14,
8i?0#./?D-GI& 8+8./.?(i #&$(+#%& M+?+ .7.%0&#(+$0i 1.0+?i#. E+?(+I)$ -
%i,"%+: #&8)?%): +%/.1i 1.0+?& (. ?+$9J,& ACiD(+$0i # 1.D): -$0)(+#,.(+J+
1)%$&1-1- # 100 i0./)*i’. Pi #&8)?%& C-?-0" /+AJ,9(-0i ?.0),"(iF. # 8/&%,)-
?i (2.9).

>?(&+"$ 2.9. 0(1(#i1&" @-i56*3)i @ #2&*123)"66%/ "12A/()2&2 $*#i476*P
)*E6*3)i.

4 *"+1- 8/&%,)?i #&%+/&$0)(+ %/&0./i’ 0+I(+$0i 10↑20, M+ 8/&A#.,+ ?+
ACi,"F.((9 %i,"%+$0i #&8)?%i#, %+,& 1.0+?& (. A1+J,& ?+$9J0& ACiD(+$0i. ]+C
A’9$-#)0&, I& 8+#’9A)() 8/+C,.1) A 8+:&C%)1& +%/-J,.((9 )C+ +C1.D.((91 8+-
?#i’(+5 0+I(+$0i, ),J+/&01 C-,+ 8+#0+/(+ /.),iA+#)(+ A #&%+/&$0)((91 )/&71.-
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N"$"-" x0 n I9:?"FiH

(2.105) (2.106) (2.107) H"G0+() (1.2)
(2.108) (0.0, 1.0, 0.0) 3 2 2 2 4
(2.110) (0.7, . . . , 0.7) 10 3 3 3 6
(2.109) (1.5, . . . , 1.5) 200 2 2 2 8
(2.111) (1.8, . . . , 1.8) 500 3 3 3 6
(2.112) (↑10, . . . ,↑10) 20 - - - -
(2.113) (↑10, . . . ,↑10) 20 9 15 16 14
(2.113) (15, . . . , 15) 200 5 5 4 11
(2.114) (2, 2, 2, 1) 4 11 13 1 27
(2.115) (10, . . . , 10) 5 13 47 10 -
(2.116) (5, . . . , 5) 10 7 - - 10

L)C,. 2.15: 6i,"%i$0" i0./)*i’ ?,9 A)8/+8+(+#)(&: A)?)I 8/& 8+:&C*i ς = 10↑15.

0&%& ?+#i,"(+5 0+I(+$0i. U+A/):-(%& #&%+()(+ A 0+I(i$0G 20 0) 50 ?.$90%+#&:
A()%i#, ) /.A-,"0)0& ()#.?.(+ # 0)C,&*i 2.16.

Bi%91i7*9 i*&"(2i=

,(+(-( ’. (2.105) ’. (2.106) ’. (2.107) ’. (1.2)

p = 20 p = 50 p = 20 p = 50 p = 20 p = 50 p = 20 p = 50

B9,’#/) = 10 "i1(6(: 3 3 3 3 3 3 7 7

B9,’#/) = 200 "i1(6(: 4 4 11 11 – – 12 12

8"9%i).. ,-/) ;"+$%#() 5 5 5 5 6 6 13 13

C)$D# 7i(. 2-5i6 ;")3() 14 13 – 47 10 10 – 24

*i1(6((6 A)(%"),#4)") 8 8 6 6 7 7 11 11

L)C,. 2.16: >+/i#(9((9 %i,"%+$0i i0./)*i’ ?,9 ACiD(+$0i A) 0+I(+$0i p = 20 0)
p = 50. (<0+#8.*" 8+?#i’(+5 0+I(+$0i +8-M.(+ I./.A #i?$-0(i$0" ACiD(+$0i).

U.A-,"0)0& A 0)C,&*i 2.16 8+%)A-G0", M+ $0)(?)/0() 8+?#i’() 0+I(i$0" #&-
9#&,)$9 (.?+$0)0("+G ?,9 ?+$9J(.((9 ACiD(+$0i # -$i: /+AJ,9(-0&: A)?)I):. >.-
/.:i? ?+ )/&71.0&%& A ?+#i,"(+G 0+I(i$0G (20 0) 50 ?.$90%+#&: A()%i#) A()I(+
8+%/)M&# ACiD(i$0" 1.0+?i#. O)8/+8+(+#)(i 1.0+?& (2.105), (2.106), (2.107) #&-
9#&,&$9 .7.%0&#(iF&1& A) 1.0+? H"G0+(), 8+0/.C-GI& 8/&C,&A(+ #?#iIi 1.(-
F. i0./)*i’ ?,9 Ci,"F+$0i A)?)I. E&(90+% $0)(+#&0" 1.0+? (2.106) ?,9 1)’D.
,i(i’(+5 7-(%*i5 R/)-() = ACiD(i$0" ?+$9J(-0+ ,&F. 8/& 1)%$&1),"(i’ 0+I(+-
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$0i A) 47 i0./)*i’.
N?()% 8i?#&M.() 0+I(i$0" (. J)/)(0-B A)J),"(+5 .7.%0&#(+$0i = #)D,&#&1

B 0)%+D I)$ +CI&$,.(". H)8/&%,)?, ?,9 $&$0.1& A 200 /i#(9(" 1.0+? (2.106) 0)
1.0+? H"G0+() 8+0/.C-#),& 8+?iC(+5 %i,"%+$0i i0./)*i’, 8/+0. 1.0+? H"G0+()
#&9#&#$9 F#&?F&1. OCi,"F.((9 0+I(+$0i # )/&71.0&*i ?+#i,"(+5 0+I(+$0i $-0-
0B#+ 8i?#&M-B #)/0i$0" i0./)*i5, 0+1- #)D,&#+ #&A()I&0& 1i(i1),"(&’ /i#.("
0+I(+$0i ?,9 ACiD(+$0i. H) 8/)%0&*i ?,9 8+%/)M.((9 0+I(+$0i 0) 8/+?-%0&#(+-
$0i 1+D() #&%+/&$0+#-#)0& 0.:(i%& ExBLAS )C+ ReproBLAS [41, 105].

>?(&+"$ 2.10. ,-E234+#"4762; <*1%$*& @-i56*3)i )" 6"-425(62; *-E2-
34+#"4762; <*1%$*& @-i56*3)i.

;,9 1)’D. ,i(i’(+5 7-(%*i5 R/)-() (2.115) +CI&$,.(+ 8+/9?+% ACiD(+$0i
(COC) [25] 8/& 0+I(+$0i ς = 10↑20. O)8/+8+(+#)(i 1.0+?& (2.105), (2.106), (2.107)
?+$9J,& 8+/9?%i# 4.99, 5.32 0) 5.59 #i?8+#i?(+, M+ A()I(+ 8./.#&M-B %#)?/)0&-
I(- ACiD(i$0" 1.0+?- H"G0+() (1.99).

H)C,&D.(&’ +CI&$,G#),"(&’ 8+/9?+% ACiD(+$0i (ACOC) [25] 0)%+D #&A()-
I.(+ ?,9 1.0+?- (2.105) () I+0&/"+: 0.$0+#&: A)?)I): (2.110), (2.112), (2.115),
(2.116). N0/&1)(i A()I.((9 5.78, 5.81, 5.06 0) 6.95 8i?0#./?D-G0" #&$+%&’ 8+-
/9?+% ACiD(+$0i 1.0+?-, 0+?i 9% 1.0+? H"G0+() $0)Ci,"(+ 8+%)A-B %#)?/)0&I(-
ACiD(i$0" (ACOC = 2.00).

>?(&+"$ 2.11. 9"-425(62; *-E234+#"4762; <*1%$*& @-i56*3)i <12 #23*&i;
)*E6*3)i.

O)8/+8+(+#)(i 1.0+?& C-,& A)$0+$+#)(i ?,9 /+A#’9A)((9 %/)’+#+5 A)?)Ii,
M+ #%,GI)B (.,i(i’(. ?&7./.(*i),"(. /i#(9((9 ?/-J+J+ 8+/9?%- # I)$0&((&:
8+:i?(&:, 9% ()#.?.(+ - [101]:

uxx + uyy = u
2
, (x, y) ≃ [0, 1]↙ [0, 1].

@/)(&I(i -1+#& A)?)G0"$9 0)%:

u(x, 0) = 2x2 ↑ x+ 1, u(x, 1) = 2,

u(0, y) = 2y2 ↑ y + 1, u(1, y) = 2.

H.:)’ u = u(x, y) – 0+I(&’ /+A#’9A+%, ) wi,j ∝ u(xi, yj) – I&$.,"(. ()-
C,&D.((9. >/&8-$0&1+, M+ +C,)$0" ?&$%/.0&A+#)(+ () M 0) N i(0./#),i# -
()8/91%): x 0) y, #i?8+#i?(+, A /i#(+1i/(&1& %/+%)1& h 0) k.



120

E&%+/&$0+#-GI&

uxx(xi, yj) ∝
wi+1,j ↑ 2wi,j + wi↑1,j

h2
, uyy(xi, yj) ∝

wi,j+1 ↑ 2wi,j + wi,j↑1

k2
,

+0/&1-B1+ /iA(&*.#- $:.1-:

wi+1,j↑4wi,j+wi↑1,j+wi,j+1+wi,j↑1↑h
2
w

2
i,j = 0, i = 1, . . . ,M, j = 1, . . . , N.

;,9 I&$.,"(+J+ .%$8./&1.(0- /+AJ,9(.1+ $&$0.1- A 100 (.,i(i’(&: /i#(9(",
M+ #i?8+#i?)G0" #(-0/iF(i1 #-A,)1 ?&$%/.0&A)*i5. @/)(&I(i -1+#& A)?)G0"
A()I.((9 () 1.Di +C,)$0i. >+I)0%+#. ()C,&D.((9 ?,9 i0./)*i’(+J+ 1.0+?- A)?)-
B0"$9 9% v0 = (1, 1, . . . , 1)T . ;,9 /+A#’9A-#)((9 #&%+/&$0+#-#),)$9 )/&71.0&%)
?+#i,"(+5 0+I(+$0i A 4096 A()%)1& 8i$,9 %+1& 0) %/&0./iB1 A-8&(%& ς = 10↑100.
>+/i#(9((9 .7.%0&#(+$0i 1.0+?i# 8+?)(+ () /&$-(%- 2.5.

C#’+% (2.105) C#’+% (2.106) C#’+% (2.107) C#’+% (1.2)

0

2

4

6

3 3 3

6

I0
./

)*
i5

6i,"%i$0" i0./)*i’ ?,9 %/)’+#+5 A)?)Ii

U&$. 2.5: >+/i#(9((9 %i,"%+$0i i0./)*i’, (.+C:i?(&: ?,9 ACiD(+$0i 8/& 0+I(+$0i
ς = 10↑100.

U.A-,"0)0& () /&$-(%- 2.5 8+%)A-G0", M+ A)8/+8+(+#)(i 1.0+?& ?+$9J)G0"
ACiD(+$0i A) 3 i0./)*i5, M+ #?#iIi F#&?F. A) 1.0+? H"G0+() (6 i0./)*i’). ;+-
$9J(.((9 #&$+%+5 0+I(+$0i ς = 10↑100 8+0/.C-B A()I(&: +CI&$,G#),"(&: /.$-/-
$i#, 8/+0. 8i?0#./?D-B $0i’%i$0" 1.0+?i#. H)C,&D.(&’ +CI&$,G#),"(&’ 8+/9?+%
ACiD(+$0i (ACOC) 1.0+?- (2.105) $0)(+#&0" 5.992, M+ C,&A"%+ ?+ 0.+/.0&I(+J+
A()I.((9 6.
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:+*’)-.+ 1) #),1i62 2

4 ?/-J+1- /+A?i,i /+A/+C,.(+ 0) ?+$,i?D.(+ i0./)*i’(i 1.0+?& ?,9 /+A#’9A--
#)((9 (.,i(i’(&: /i#(9(", 9%i A1.(F-G0" +CI&$,G#),"(- $%,)?(i$0" 8+/i#(9(+
A %,)$&I(&1 1.0+?+1 H"G0+(). ;,9 #$i: A)8/+8+(+#)(&: 1.0+?i# #&%+()(+ ,+-
%),"(&’ i ()8i#,+%),"(&’ )(),iA ACiD(+$0i. Z&$.,"(i .%$8./&1.(0& 8i?0#./?&,&
0.+/.0&I(i /.A-,"0)0& 0) 8/)%0&I(- .7.%0&#(i$0" 8i?:+?i#.

O)8/+8+(+#)(+ 1.0+?& 0&8- H"G0+() A 7i%$+#)(+G )8/+%$&1)*iBG +C./-
(.(+J+ +8./)0+/), M+ ?+A#+,9G0" -(&%(-0& ’+J+ 8+#0+/(+J+ +CI&$,.((9 ()
%+D(i’ i0./)*i5. ;,9 0/&%/+%+#&: 1.0+?i# 0&8- 6-/I)0+#) A )8/+%$&1)*iBG
8+:i?(+5 2/.F. 8+?i,.(&1& /iA(&*91& #$0)(+#,.(+ +C,)$0" ACiD(+$0i 0) B?&-
(i$0" /+A#’9A%- A) -A)J),"(.(&: -1+# !i8F&*9 C.A #&%+/&$0)((9 /+A%,)?- #
/9? L.’,+/).

U+A/+C,.(+ 1.0+? 0&8- :+/? ?,9 A)?)I ()’1.(F&: %#)?/)0i#, 9%&’ 1)B ?#i
$%,)?+#i: 8+C-?+#- ()C,&D.(" ?+ /+A#’9A%- 0) )8/+%$&1)*iG +C./(.(+J+ +8./)-
0+/), M+ -$-#)B (.+C:i?(i$0" /+A#’9A-#)((9 $&$0.1 ,i(i’(&: /i#(9(" )C+ 9#(+J+
+CI&$,.((9 +C./(.(+5 1)0/&*i. >/+#.?.(+ ,+%),"(&’ )(),iA ACiD(+$0i A) %,)-
$&I(&: -1+# !i8F&*9 0) #&A()I.(+ 8+/9?+% ACiD(+$0i. Z&$.,"(i .%$8./&1.(0&,
A+%/.1) ?,9 A)?)I A (.?&7./.(*i’+#(&1& $%,)?+#&1&, 8i?0#./?&,& 8/)%0&I(-
.7.%0&#(i$0" 1.0+?-.

N%/.1- -#)J- 8/&?i,.(+ %+1Ci(+#)(&1 ?#+%/+%+#&1 1.0+?)1, 9%i 8+0/.-
C-G0" A():+?D.((9 ,&F. +?(+J+ +C./.(+J+ 7i%$+#)(+J+ ,i(i’(+J+ +8./)0+/)
8/+09J+1 -$"+J+ i0./)*i’(+J+ 8/+*.$-. 4 A)%,GI(i’ I)$0&(i /+A?i,- #&%+()(+
8+/i#(9,"(&’ )(),iA 1.0+?i# F+$0+J+ 8+/9?%- ACiD(+$0i - C)():+#&: 8/+$0+/):
iA #&%+/&$0)((91 ,&F. +8./)0+/) F 0) ’+J+ 8./F+5 8+:i?(+5 F →. O) ?+8+1+J+G
1)D+/)(0(&: 8+$,i?+#(+$0.’ +CV/-(0+#)(+ ()8i#,+%),"(- ACiD(i$0" 1.0+?i#.
^%$8./&1.(0),"(+ 8i?0#./?D.(+ ?+$9J(.((9 F+$0+J+ 8+/9?%- ACiD(+$0i A)8/+-
8+(+#)(&1& 1.0+?)1&.
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;),1i6 3
:+*).)(#)12.!+-’i )45+*6"’’/ 16/

i!"#$%i&’+3 0"!)1i-

4 *"+1- /+A?i,i /+AJ,9(-0+ 8)/),.,"(- /.),iA)*iG i0./)*i’(&: 1.0+?i# 0)
5: #i?0#+/G#)(i$0" i 0+I(i$0" ?,9 /+A#’9A-#)((9 ,i(i’(&: $&$0.1 #.,&%+5 /+A-
1i/(+$0i 0) +CI&$,.((9 #,)$(&: A()I.(" 1)0/&*". L)%i A)?)Ii #&(&%)G0" - 8/+-
*.$i /+A#’9A-#)((9 (.,i(i’(&: /i#(9(", A+%/.1) 8i? I)$ A():+?D.((9 +C./(.(&:
+8./)0+/i#. O)8/+8+(+#)(+ 8i?:+?& ?,9 A)C.A8.I.((9 I&$.,"(+5 0+I(+$0i 0) #i?-
0#+/G#)(+$0i /.A-,"0)0i# () /iA(&: +CI&$,G#),"(&: 8,)07+/1):. U.),iA+#)(+
#)/i)(0& 1.0+?i#: iA #&%+/&$0)((91 $0)(?)/0(+5 )/&71.0&%& 8+?#i’(+5 0+I(+$0i
(double), iA #&%+/&$0)((91 CiC,i+0.%& ExBLAS ?,9 A)C.A8.I.((9 #i?0#+/G#)(&:
+CI&$,.(", ) 0)%+D iA #&%+/&$0)((91 )/&71.0&%& 7i%$+#)(+5 0+I(+$0i (arbitrary
precision). N$(+#(i /.A-,"0)0& +8-C,i%+#)(+ - $0)009: [47, 106].

4 $0)00i [47] ?+$,i?D.(+ 0+I(i$0" %+(#.B/(+J+ 1.0+?- ?#+$8/9D.(&: J/)-
?iB(0i# (pipelined BiCGStab) ?,9 $&$0.1 iA (.$&1.0/&I(&1& 1)0/&*91&. 6+(-
#.B/(&’ 8i?:i? 8+%/)M-B 8)/),.,"(- .7.%0&#(i$0" () /+A8+?i,.(&: $&$0.1):,
),. )$&(:/+(() %+1-(i%)*i9 1+D. 8/&A#+?&0& ?+ ()%+8&I.((9 8+:&C+% 8i? I)$
i0./)*i’(+J+ 8/+*.$- 0) #8,&#)0& () ACiD(i$0" 1.0+?-. ;,9 A)C.A8.I.((9 %/)-
M+5 0+I(+$0i +CI&$,.(" 0) #i?0#+/G#)(+$0i +0/&1)(&: /.A-,"0)0i# A)$0+$+#)(+
ExBLAS.

4 $0)00i [106] A)8/+8+(+#)(+ #i?0#+/G#)(- /.),iA)*iG $0.8.(.#+J+ 1.0+-
?- ?,9 +CI&$,.((9 ()’Ci,"F+J+ #,)$(+J+ A()I.((9 A #&%+/&$0)((91 ExBLAS.
>/.?$0)#,.(+ ?#i 8/+J/)1(i /.),iA)*i5 1.0+?-: ?,9 $&$0.1 A /+A8+?i,.(+G 8)-
1’900G A $./#./(&1& 8/+*.$+/)1& (CPUs) 0) ?,9 J/)7iI(&: 8/+*.$+/i# (GPUs).

ExBLAS B +?(iBG A CiC,i+0.%, $8/91+#)(&: () A)C.A8.I.((9 #i?0#+/G#)-
(+$0i I&$.,"(&: +CI&$,.(". <./.? i(F&: #i?+1&: /+A/+C+% - *i’ J),-Ai #)/0+
#i?A()I&0& ReproBLAS [41], M+ J)/)(0-B ?.0./1i(+#)(i /.A-,"0)0& A)#?9%& #&-
%+/&$0)((G #i?0#+/G#)(&: )%-1-,90+/i#, 0) OzBLAS [107], ?. #&%+/&$0+#-B0"$9
/+A%,)? NA)%i # 8+B?()((i A 8i?8/+J/)1)1& BLAS ?,9 +?(+I)$(+J+ ?+$9J(.((9
#i?0#+/G#)(+$0i 0) %./+#)(+5 0+I(+$0i +CI&$,.(". O+%/.1), OzBLAS A?)0(&’
#&%+/&$0+#-#)0& ()9#(i +80&1iA+#)(i CiC,i+0.%& ?,9 CPU 0) GPU (()8/&%,)?,
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OpenBLAS I& cuBLAS), M+ ?+A#+,9B ?+$9J)0& C,&A"%+5 ?+ 8i%+#+5 8/+?-%0&#(+$0i.
N?(iBG A %,GI+#&: 8/+C,.1 $-I)$(&: #&$+%+8/+?-%0&#(&: +CI&$,.(" (HPC)

B A)C.A8.I.((9 E23(476*P #i$)#*1+#"6*3)i [37, 38, 105]. N$%i,"%& +8./)*i5 A /--
:+1+G %+1+G (. B )$+*i)0&#(&1&, A1i() 8+/9?%- 5: #&%+()((9 I& %+(7iJ-/)*i5
8/+J/)1(+J+ A)C.A8.I.((9 1+D. 8/&A#+?&0& ?+ /+ACiD(+$0.’ - /.A-,"0)0):.

;,9 8i?#&M.((9 0+I(+$0i 0) A)C.A8.I.((9 #i?0#+/G#)(+$0i +CI&$,.(" A /--
:+1+G %+1+G #&?i,9G0" ?#) +$(+#(i 8i?:+?&:

1) U+AF&/.((9 A /-:+1+G %+1+G (FPE). P.’ 8i?:i? ?+A#+,9B #i?$0.D-#)0&
9% /.A-,"0)0 +CI&$,.((9, 0)% i 8+:&C%- +%/-J,.((9. O()I.((9 AC./iJ)B-
0"$9 - #&J,9?i /+AF&/.((9 A /-:+1+G %+1+G (Floating-Point Expansion,
FPE) = 0+I(+5 $-1& p I&$., A /-:+1+G %+1+G, %+18+(.(0& 9%+5 1+D-0"
(.A()I(+ 8./.%/&#)G0&$9 A) A()I-M&1& /+A/9?)1&. O)#?9%& *"+1- FPE
1+D-0" 0+I(+ 8/.?$0)#,90& #.,&I&(&, M+ 8+B?(-G0" 9% #.,&%i, 0)% i ?-D.
1),i $%,)?+#i. H)8/&%,)?, +?&( %+18+(.(0 1+D. #i?8+#i?)0& A) A()I.((9
8+/9?%- 1010, ) i(F&’ A) 8+8/)#%- 8+/9?%- 10↑6, M+ (.1+D,&#+ A)7i%$--
#)0& # +?(+1- I&$,i 8+?#i’(+5 0+I(+$0i C.A #0/)0& i(7+/1)*i5. N$(+#(&1&
),J+/&01)1& ?,9 /+C+0& iA 0)%&1& /+AF&/.((91& B ),J+/&01& C.A 8+:&C-
%+#&: 8./.0#+/.(" (error-free transformations, EFT) 0)%i 9% TwoSum ?,9 ?+-
?)#)((9 [108] 0) TwoProd ?,9 1(+D.((9 [109], 9%i ?.0),"(iF. +8&$)(+ ?)-
,i. L)%+D I)$0+ A)$0+$+#-G0" +8./)*iG +C’B?()(+J+ 1(+D.((9-?+?)#)((9
(FMA), 9%) +CI&$,GB #&/)A ab+ c A +?(&1 A)+%/-J,.((91 A)1i$0" ?#+:.

4+K,?(9< 1 ;+?)#)((9 (twosum)
Input: a, b - I&$,) iA /-:+1+G %+-
1+G.
Output: r (/.A-,"0)0), s (8+:&C%)).
r := a+ b

z := r ↑ a

s := (a↑ (r ↑ z)) + (b↑ z)

4+K,?(9< 2 3(+D.((9 (twoprod)
Input: a, b - I&$,) iA /-:+1+G %+-
1+G.
Output: r (/.A-,"0)0), s (8+:&C%)).
r := a ↘ b
s := fma(a, b,↑r)

2) ;+#J&’ )%-1-,90+/ )C+ )%-1-,90+/ 6-,iF). ;)(&’ 8i?:i? 8+,9J)B - #&-
%+/&$0)((i )%-1-,90+/) A 7i%$+#)(+G %+1+G #&$+%+5 0+I(+$0i. ;+#J&’
)%-1-,90+/ #i?+C/)D)B #.$" ?i)8)A+( 8+/9?%i# I&$., A /-:+1+G %+1+G,
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9%&’ A?)0(&’ 0+I(+ AC./iJ)0& #$i A()I-Mi Ci0& C.A #0/)0& i(7+/1)*i5. L)-
%&’ 7+/1)0 :)/)%0./&A-B0"$9 ?#+1) 8)/)1.0/)1&: m – %i,"%i$0G /+A/9-
?i# ?+ ?.$90%+#+5 %+1& 0) d – %i,"%i$0G /+A/9?i# 8i$,9 (.5. Kulisch 0)
Snyder [110] A)8/+8+(-#),& 4288-Ci0(&’ )%-1-,90+/ ?,9 +CI&$,.((9 0+-
I(&: $%),9/(&: ?+C-0%i# - 7+/1)0i 8+?#i’(+5 0+I(+$0i, binary64, 9%&’
J)/)(0-B %+/.%0(&’ /.A-,"0)0 ()#i0" - ()’Ci,"F (.$8/&90,&#&: #&8)?-
%):, #&%,GI)GI& 1+D,&#i$0" 8./.8+#(.((9.

Q

(,’)’3,)

S

(=()4)

I

(5i7) >),’9())

F

(%"+0+1) >),’9())

3 bits 1 bit MSB m bits LSB MSB d bits LSB

U&$. 3.6: <0/-%0-/) 8+#(+J+ ?#i’%+#+J+ 7+/1)0-. >+A()I.((9 MSB (Most Signi-
ficant Bit) = $0)/F&’ Ci0; LSB (Least Significant Bit) = 1+,+?F&’ Ci0.

Q% 8+%)A)(+ () /&$-(%- 3.6, 8+#(&’ 7+/1)0 1i$0&0" 3 Ci0& ?,9 $8.-
*i),"(&: $0)(i#, 1 Ci0 A()%-, m Ci0i# *i,+5 I)$0&(& 0) d Ci0i# ?/+C+#+5
I)$0&(&. H) #i?1i(- #i? 7+/1)0- A /-:+1+G %+1+G, ?. 0+I(i$0" A),.D&0"
#i? 8+/9?%- I&$,), - 8+#(+1- 7+/1)0i %+D(+1- 8+0.(*i’(+1- /+A/9?-
#i?#.?.(+ 7i%$+#)(- 8+A&*iG, M+ -(.1+D,&#,GB #0/)0- i(7+/1)*i5 8/&
()%+8&I.((i.

3.0+G ExBLAS [38, 105] B 8+B?()0& #i?0#+/G#)(i$0" i 8/+?-%0&#(i$0" A) ?+-
8+1+J+G C)J)0+/i#(.#+5 iB/)/:i5. ;)() )/:i0.%0-/) 8+B?(-B FPE 0) ?+#Ji )%-1--
,90+/& 0) +80&1iA-B 5: #&%+/&$0)((9 () /iA(&: 8,)07+/1):, #%,GI)GI& CPU,
Intel Xeon Phi, GPUs Nvidia 0) AMD.

6,GI+#&1 .,.1.(0+1 ExBLAS B #i?0#+/G#)() 8)/),.,"() /.?-%*i9 (A#.-
?.((9 1)$&#- A()I.(" ?+ +?(+J+ /.A-,"0)0-). E&%+/&$0+#-GI& FPE A twosum

0) ?+#J&1& )%-1-,90+/)1&, ExBLAS A)C.A8.I-B 0+I(i, 8/)#&,"(+ +%/-J,.(i,
0) #i?0#+/G#)(i /.A-,"0)0&. H) 8/)%0&*i )%-1-,90+/ #&%+/&$0+#-B0"$9 ,&F.
?.%i,"%) /)Ai# ?,9 $-1-#)((9 A()I.(", ?+?)GI& 1i(i1),"(i ?+?)0%+#i +CI&-
$,G#),"(i #&0/)0&. >)/),.,"(&’ $%),9/(&’ ?+C-0+%, ExDOT, #&%+/&$0+#-B
twoprod ?,9 +CI&$,.((9 ?+C-0%- 0) ’+J+ 8+:&C%&, AC./iJ)B +C&?#) A()I.((9 #
FPE, ) 8+0i1 #&%+/&$0+#-B 8)/),.,"(- /.?-%*iG. ;,9 /+A8+?i,.(+5 #./$i5 #&%+-
/&$0+#-G0"$9 ?#) +%/.1&: FPEs (+?&( ?,9 /.A-,"0)0-, +?&( ?,9 8+1&,%&), 9%i
AJ+?+1 +C’B?(-G0"$9. N%/i1 $%),9/(+J+ ?+C-0%-, ExBLAS 1i$0&0" #i?0#+/G#)(i
/.),iA)*i5 1(+D.((9 1)0/&*i () #.%0+/ 0) 1(+D.((9 1)0/&*i () 1)0/&*G.
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3.1 <%i’.$ ()3+4). 16/ *+*!"0 -"6+.)? #),0i#-
’)*!i

4 8+8./.?("+1- /+A?i,i /+AJ,9(-0+ i0./)*i’(i 1.0+?& ?,9 /+A#’9A-#)((9 (.-
,i(i’(&: /i#(9(" #&J,9?- F (x) = 0, A+$./.?&#F&$" 9% () 0.+/.0&I(&: )$8.%0):,
0)% i () I&$.,"(&: .%$8./&1.(0):. Ri,"Fi$0" 0)%&: 1.0+?i# () %+D(i’ i0./)*i5
8+0/.C-G0" /+A#’9A-#)((9 $&$0.1 ,i(i’(&: /i#(9(". 4 8/&%,)?(&: A)?)I): *i
$&$0.1& I)$0+ 1)G0" #.,&%- /+A1i/(i$0", 0+1- 5: /+A#’9A-G0" 8)/),.,"(+ ()
%i,"%+: 8/+*.$+/):, M+ ?+A#+,9B $%+/+0&0& I)$ +CI&$,.(" 0) .7.%0&#(iF. #&-
%+/&$0+#-#)0& +C1.D.(i /.$-/$&, 0)%i 9% 8)1’90".

T)/)%0./(+G +$+C,&#i$0G )/&71.0&%& A /-:+1+G %+1+G 8+?#i’(+5 0+I(+-
$0i (double 64 Ci0&) B #i?$-0(i$0" )$+*i)0&#(+$0i )/&71.0&I(&: +8./)*i’. >/&
8)/),.,"(&: +CI&$,.((9: A1i() # /+A8+?i,i /+C+0& 1iD 8/+*.$)1& 1+D. 8/&-
A#.$0& ?+ /iA(&: I&$,+#&: /.A-,"0)0i# ()#i0" 8/& +?()%+#+1- #:i?(+1- ()C+/i
?)(&: 0) #8,&#)0& () ACiD(i$0" i0./)*i’(+J+ 8/+*.$-. 4 *"+1- 8i?/+A?i,i ()-
#.?.(+ /.A-,"0)0& +*i(%& I&$.,"(&: 8+:&C+% ?,9 ?#+: 0.$0+#&: A)?)I /iA(+5
/+A1i/(+$0i. <8./F- /+AJ,9(-0+ +?(+8/+*.$+/(- /.),iA)*iG 1.0+?- H"G0+(),
M+ ?)B A1+J- #i?+%/.1&0& #8,&# 0+I(+$0i +CI&$,.(" #i? +$+C,&#+$0.’ 8)/)-
,.,"(+J+ #&%+()((9. ;),i ?+$,i?D-B0"$9 #&8)?+% iA #&%+/&$0)((91 ?.%i,"%+:
8/+*.$+/i#, ?. +$(+#(- -#)J- 8/&?i,.(+ A)C.A8.I.((G #i?0#+/G#)(+$0i.

;,9 I&$.,"(&: .%$8./&1.(0i# - *i’ I)$0&(i /.),iA+#)(+ 0/& #)/i)(0& 1.0+-
?- H"G0+() () Python:

1) <++ double = C)A+#&’ #)/i)(0 /.),iA)*i5 A #&%+/&$0)((91 $0)(?)/0(+J+
0&8- float64;

2) C++ ExBLAS = #./$i9 iA #&%+/&$0)((91 CiC,i+0.%& ExBLAS;

3) Python mpmath = 8i?:i? iA #&%+/&$0)((91 )/&71.0&%& ?+#i,"(+5 0+I(+-
$0i, M+ ?+A#+,9B +C&/)0& %i,"%i$0" A()I-M&: *&7/ ?,9 %+D(+J+ I&$,).

NCI&$,G#),"(i .%$8./&1.(0& 8/+#+?&,&$" () #&$+%+8/+?-%0&#(+1- %,)-
$0./i Kebnekaise (High Performance Computing Center North, HPC2N) # 4(i#./-
$&0.0i 41.+, K#.*i9 iA #&%+/&$0)((91 +?(+J+ 14-9?./(+J+ 8/+*.$+/) Intel Xeon
Gold 6132 (Skylake) iA I)$0+0+G 2.60Ghz. ;,9 %+18i,9*i5 0) #&%+()((9 #&%+/&-
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$0+#-#),&$9 0)%i 8/+J/)1(i 1+?-,i: GCC/11.3.0, CMake/3.24.3, Python/3.11.3,
0) mpmath/1.3.0.

;,9 0.$0+#&: 8/&%,)?i# #&%+/&$0)(+ 7-(%*iG R/+’?.() A 0/&?i)J+(),"(+G
1)0/&*.G (2.112) 0) A)?)I- 8/+ 8/+0&8+0+%+#&’ /.)%0+/ [111, 112]:

fk(x) = ε↑ (1↑ ε)xk+2 ↑ xk(1 + 4xk+1), k = 1,

fk(x) = ↑(2↑ ε)xk+2 ↑ xk(1 + 4xk↑1), k = 2,

fk(x) = εxk↑2 ↑ (1↑ ε)xk+2 ↑ xk(1 + 4xk+1), mod(k, 2) = 0, 2 < k < n↑ 1,

fk(x) = εxk↑2 ↑ (2↑ ε)xk+2 ↑ xk(1 + 4xk↑1), mod(k, 2) = 1, 2 < k < n↑ 1,

fk(x) = εxk↑2 ↑ xk(1 + 4xk+1), k = n↑ 1,

fk(x) = εxk↑2 ↑ (2↑ ε)↑ xk(1 + 4xk↑1), k = n, ε = 0.5.
(3.1)

;),i +8&F.1+ $8i,"(&’ ),J+/&01 ?,9 0/"+: /.),iA)*i’.

4+K,?(9< 3 [,J+/&01 1.0+?- H"G0+()
Require: >+I)0%+#. ()C,&D.((9 x0, 0+I(i$0" ς, 1)%$. %-$0" i0./)*i’ kmax

1: k = 0
2: NCI&$,&0& y0 = F (x0)
3: while ↗yk↗2 ⇔ ς and k < kmax do

4: NCI&$,&0& 1)0/&*G Q%+Ci J(xk)
5: U+A#’9A)0& $&$0.1- J(xk)sk = ↑yk

6: xk+1 = xk + sk

7: k = k + 1
8: NCI&$,&0& yk = F (xk)
9: end while

JD,G+(#,D9i ;?,K?"<8() ?:"+i@"Fi*:

1) C++ A 8+?#i’(+G 0+I(i$0G (Cpp_Double):

()) 3(;( $"8(). <0)(?)/0() 8+?#i’() 0+I(i$0" IEEE754
(std::vector<double>).

(C) 0P42. H) %+D(i’ i0./)*i5 A)$0+$+#)(+ 1+?&7i%+#)(&’ 1.0+? ?#+-
$8/9D.(&: J/)?iB(0i# Biconjugate Gradient Stabilized (BiCGSTAB).

(#) JG-(D+:88%. E&%+/&$0+#-B0"$9 $8/9D.() +8./)*i9 1(+D.((9-?+?)-
#)((9
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(std::fma), 9%) +CI&$,GB a·b+c A +?(&1 A)+%/-J,.((91 #%i(*i A) /)-
:-(+% #&$+%+5 #(-0/iF("+5 0+I(+$0i +CI&$,.(" 8+/i#(9(+ A +%/.1&1&
+8./)*i91& 1(+D.((9 0) ?+?)#)((9 A ?#+1) A)+%/-J,.((91&.

(J) ’"9?(F% 6&,Gi. NCI&$,GB0"$9 iA A)$0+$-#)((91 $0)(?)/0(&: )/&-
71.0&I(&: +8./)*i’.

2) C++ A #&%+/&$0)((91 ExBLAS (Cpp_ExBLAS):

()) 3(;( $"8(). ;,9 AC./iJ)((9 ?)(&: #&%+/&$0+#-B0"$9 $0)(?)/0(&’
0&8 double.

(C) 0P42. E&%+/&$0+#-B0"$9 1.0+? BiCGStab, 8/& *"+1- +8./)*i5 ?+-
C-0%- 0) +CI&$,.((9 (+/1& A)1i(.(+ #i?8+#i?(&1& +8./)*i91& CiC,i+-
0.%& ExBLAS.

(#) JG-(D+:88%. ;,9 +CI&$,.(" #&%+/&$0+#-B0"$9 CiC,i+0.%) ExBLAS.
E&%+/&$0+#-G0"$9 1)$&#& *i,&: I&$.,, 9%i ?+A#+,9G0" #&%+(-#)0&
0+I(. 8i?$-1+#-#)((9 I&$., iA /-:+1+G %+1+G.

(J) ’"9?(F% 6&,Gi. NCI&$,GB0"$9 A #&%+/&$0)((91 ExBLAS 0) 1)$&-
#i# *i,&: I&$.,.

3) Python A #&%+/&$0)((91 mpmath (Py_mpmath):

()) 3(;( $"8(). U.),iA)*i9 A #&%+/&$0)((91 CiC,i+0.%& mpmath iA 8i?-
0/&1%+G )/&71.0&%& ?+#i,"(+5 0+I(+$0i. 4 /+A/):-(%): A)?)(+ 0+-
I(i$0" - 50 A()I-M&: *&7/ (∝ 166 Ci0).

(C) 0P42. E&%+/&$0+#-B0"$9 LU-7)%0+/&A)*i9 A)$+C)1& CiC,i+0.%&
</LAPACK.

(#) JG-(D+:88%. E&%+/&$0+#-B0"$9 )/&71.0&%) ?+#i,"(+5 0+I(+$0i A
mpmath, M+ ?+A#+,9B %+(0/+,G#)0& 0+I(i$0" 8/.?$0)#,.((9 I&$.,.

U.A-,"0)0& - 0)C,&*i 3.17 8+%)A-G0", M+ 8/& 0+I(+$0i ς = 10↑12 -$i 0/& /.-
),iA)*i5 8+0/.C-G0" +?()%+#+5 %i,"%+$0i i0./)*i’: 5 ?,9 0/&?i)J+(),"(+5 7-(%*i5
R/+’?.() 0) 7 i0./)*i’ ?,9 A)?)Ii 8/+ 8/+0&8+0+%+#&’ /.)%0+/. >/& A1.(F.((i
ς ?+ 10↑15 ExBLAS 8+%)A-B %/)Mi /.A-,"0)0& (iD $0)(?)/0() 8+?#i’() 0+I(i$0".
O+%/.1), ?,9 /+A1i/(+$0i n = 20 /iA(&*9 $0)(+#&0" 23 i0./)*i5. >/& 0+I(+$0i
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4&(%i5(2i3 ,(+(-( N ?#-0i7*9 !#-(*1#@& 0($%. I*&"(2i:

Cpp_ExBLAS (2.112) 10 1e-12 (↑1, ...,↑1) 5

Cpp_Double (2.112) 10 1e-12 (↑1, ...,↑1) 5

Py_mpmath (2.112) 10 1e-12 (↑1, ...,↑1) 5

Cpp_ExBLAS (3.1) 20 1e-12 (0.5, ..., 0.5) 7

Cpp_Double (3.1) 20 1e-12 (0.5, ..., 0.5) 7

Py_mpmath (3.1) 20 1e-12 (0.5, ..., 0.5) 7

Cpp_ExBLAS (2.112) 10 1e-15 (0, ..., 0) 9

Cpp_Double (2.112) 10 1e-15 (0, ..., 0) 11

Py_mpmath (2.112) 10 1e-15 (0, ..., 0) 9

Cpp_ExBLAS (3.1) 20 1e-15 x̄ 364

Cpp_Double (3.1) 20 1e-15 x̄ 387

Py_mpmath (3.1) 20 1e-15 x̄ –

Cpp_ExBLAS (3.1) 5 1e-16 (0.5, ..., 0.5) 18

Cpp_Double (3.1) 5 1e-16 (0.5, ..., 0.5) –

Py_mpmath (3.1) 5 1e-16 (0.5, ..., 0.5) 18

Cpp_ExBLAS (2.112) 10 1e-16 (0, ..., 0) –

Cpp_Double (2.112) 10 1e-16 (0, ..., 0) –

Py_mpmath (2.112) 10 1e-16 (0, ..., 0) 9

Cpp_ExBLAS (3.1) 10 1e-16 (0.5, ..., 0.5) –

Cpp_Double (3.1) 10 1e-16 (0.5, ..., 0.5) –

Py_mpmath (3.1) 10 1e-16 (0.5, ..., 0.5) 7

Cpp_ExBLAS (3.1) 10 1e-16 x̄ 9

Cpp_Double (3.1) 10 1e-16 x̄ –

Py_mpmath (3.1) 10 1e-16 x̄ 9

Cpp_ExBLAS (3.1) 20 1e-16 (0.5, ..., 0.5) –

Cpp_Double (3.1) 20 1e-16 (0.5, ..., 0.5) –

Py_mpmath (3.1) 20 1e-16 (0.5, ..., 0.5) 8

L)C,. 3.17: 6-$0" i0./)*i’ ?,9 8+F-%- /+A#’9A%- 1.0+?+1 H"G0+() ?,9 A)?)I
(2.112) 0) (3.1). 41+#+G A-8&(%& B ↗F (xn)↗ < ς )C+ A-8&(%) 8i$,9 500 i0./)*i’.

ς = 10↑16 $0)(?)/0() /.),iA)*i9 - Ci,"F+$0i #&8)?%i# (. ?+$9J)B A)?)(+J+ %/&0.-
/iG A-8&(%&. H)0+1i$0" /.),iA)*i9 A ExBLAS B $0i’%iF+G ?+ 8+:&C+% i ?+A#+,9B
A()’0& /+A#’9A+% ?,9 I)$0&(& /+AJ,9(-0&: 0.$0+#&: #&8)?%i#. 4 0)C,&*i 0+I%)
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x̄ #&A()I.() 0)%:

x̄i = 0.1, mod(i, 8) = 1,

x̄i = 0.2, mod(i, 8) = 2 )C+ mod (i, 8) = 0,

x̄i = 0.3, mod(i, 8) = 3 )C+ mod (i, 8) = 7,

x̄i = 0.4, mod(i, 8) = 4 )C+ mod (i, 8) = 6,

x̄i = 0.5, mod(i, 8) = 5.

U.),iA)*i9 mpmath A #&%+/&$0)((91 #&$+%+5 7i%$+#)(+5 0+I(+$0i, ) 0)%+D
A ExBLAS, 8+0/.C-B ()’1.(F+5 %i,"%+$0i i0./)*i’. >/+0. %+D(. I&$,+ AC./iJ)-
B0"$9 A /+AF&/.(+G 0+I(i$0G, M+ 8+0/.C-B A()I(+ Ci,"F. 8)1’90i 0) ACi,"F-B
I)$ )/&71.0&I(&: +8./)*i’. H) /&$-(%- 3.7 A+C/)D.(+ A),.D(i$0" $./.?("+J+
I)$- +?(iB5 i0./)*i5 #i? /+A1i/(+$0i A)?)Ii N . ;,9 +C+: #&8)?%i# $8+$0./iJ)B0"$9
$8i,"() 0.(?.(*i9: I)$ #&%+()((9 A/+$0)B Ai ACi,"F.((91 N . L+1- *.’ 8i?:i? B
.7.%0&#(&1 ,&F. ?,9 A)?)I 1),+5 /+A1i/(+$0i.

5 10 15 20 25
0

0.01

0.01

0.02

0.02

0.03

N

Z
)$

($
)

(3.1)
(2.112)

U&$. 3.7: <./.?(i’ I)$ +?(iB5 i0./)*i’ 8/& #&%+/&$0)((i )/&71.0&%& 7i%$+#)(+5
0+I(+$0i.

4 0)C,&*i 3.18 ()#.?.(+ 8+/i#(9((9 /.),iA)*i’ Cpp_ExBLAS 0) Cpp_Double
A) %i,"%i$0G i0./)*i’ 0) $-1)/(&1 I)$+1 #&%+()((9. U.A-,"0)0& 8+%)A-G0", M+
/.),iA)*i9 () +$(+#i ExBLAS B 8+#i,"(iF+G A) I)$+1 +CI&$,.(" I./.A #&M-
+CI&$,G#),"(- $%,)?(i$0". E+?(+I)$ %i,"%i$0" i0./)*i’ ?,9 ExBLAS B 0)%+G
$)1+G )C+ 1.(F+G 8+/i#(9(+ A 8+?#i’(+G 0+I(i$0G. ;),i ?.0),"(+ /+AJ,9(-0+
0) 8/+)(),iA+#)(+ 1.0+?& ?,9 8+F-%- /+A#’9A%- Ax = b, ) 0)%+D ?+$,i?D.(+
#8,&# 8)/),.,"(&: +CI&$,.(" () F#&?%+?iG 0) I&$.,"(- 0+I(i$0" ),J+/&01i#.
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4&(%i5(2i3 ,(+(-( N !#-(*1#@& 0($%. I*&"(2i: C(7 (7) ↗F (xn)↗

Cpp_ExBLAS (3.1) 300 (0.5, ..., 0.5) 10 8.402 988 3.86↙ 10↑15

Cpp_Double (3.1) 300 (0.5, ..., 0.5) 10 1.803 136 3.92↙ 10↑15

Cpp_ExBLAS (3.1) 1000 (0.5, ..., 0.5) 12 2.873 320 6.65↙ 10↑16

Cpp_Double (3.1) 1000 (0.5, ..., 0.5) @ @ @

Cpp_ExBLAS (3.1) 1000 x̄ 10 245.250 301 1.51↙ 10↑15

Cpp_Double (3.1) 1000 x̄ 10 47.537 902 1.63↙ 10↑15

Cpp_ExBLAS (2.112) 300 (0, ..., 0) 14 1.976 009 5.92↙ 10↑15

Cpp_Double (2.112) 300 (0, ..., 0) 14 0.580 970 4.80↙ 10↑15

Cpp_ExBLAS (2.112) 500 (0, ..., 0) 15 9.123 684 7.87↙ 10↑15

Cpp_Double (2.112) 500 (0, ..., 0) 15 2.652 921 4.94↙ 10↑15

Cpp_ExBLAS (2.112) 1000 (↑1, ...,↑1) 5 9.461 966 7.10↙ 10↑15

Cpp_Double (2.112) 1000 (↑1, ...,↑1) 5 2.791 127 7.59↙ 10↑15

L)C,. 3.18: U.A-,"0)0& 8+/i#(9((9 /.),iA)*i’ Cpp_ExBLAS i Cpp_Double ?,9 A)-
?)I (2.112) 0) (3.1) 8/& ς = 10↑14.

3.2 D)1+@i.$%i/ 0"!)12 1-)*(#/B"’+3 =#$1iG’-
!i- , $*+’3#)’’)> .)02’i.$%iG>

4 ()-%+#&: i 8/&%,)?(&: i(D.(./(&: ?+$,i?D.((9: I)$0+ #&(&%)B 8+0/.-
C) - /+A#’9A-#)((i $&$0.1 ,i(i’(&: /i#(9(" #.,&%+5 /+A1i/(+$0i. 6,)$&I(i /.-
),iA)*i5 i0./)*i’(&: 1.0+?i# 8./.?C)I)G0" $&(:/+(iA)*iG () %+D(i’ i0./)*i5,
M+ A(&D-B .7.%0&#(i$0" () /+A8+?i,.(&: +CI&$,G#),"(&: $&$0.1): iA #.,&%+G
%i,"%i$0G 8/+*.$i#. N?(&1 iA C)A+#&: 1.0+?i# /+A#’9A-#)((9 ?,9 $&1.0/&I(&:
i ?+?)0(+ #&A()I.(&: $&$0.1 ,i(i’(&: /i#(9(" B 1.0+? $8/9D.(&: J/)?iB(0i#
(CG) [113]. ;,9 (.$&1.0/&I(&: A)?)I C-,+ /+A/+C,.(+ F&/F&’ %,)$ 1.0+?i#,
$./.? 9%&: -A)J),"(.(&’ 1.0+? 1i(i1),"(&: (.#’9A+% (GMRES) [114]. [,"0./-
()0&#)1& A 1.(F&1& #&1+J)1& ?+ 8)1’90i B 1.0+? ?#+$8/9D.(&: J/)?iB(0i#
(BiCG) [115] 0) 1.0+? %#)?/)0- $8/9D.(&: J/)?iB(0i# (CGS) [116]. <0)Ci,iA+-
#)(&’ 1.0+? ?#+$8/9D.(&: J/)?iB(0i# (BiCGStab) [117] 8+B?(-B .7.%0&#(. #&-
%+/&$0)((9 8)1’90i A Ci,"F 8,)#(+G ACiD(i$0G 8+/i#(9(+ A BiCG 0) CGS. H)
8/)%0&*i ?)(i 1.0+?& ?+8+#(GG0" 1(+D.((91 $&$0.1& () ?+8+1iD(- 1)0/&*G
M , 9%) )8/+%$&1-B A

↑1, ?,9 8+%/)M.((9 I&$.,"(&: #,)$0&#+$0.’ $&$0.1& 0)
8/&F#&?F.((9 ACiD(+$0i.

<./.? #?+$%+(),.(" *&: 1.0+?i# #)/0+ #&?i,&0& +80&1iA)*iG ?,9 $.1&?i)J+-
(),"(&: 1)0/&*" () GPU 0) %+(#.B/(&’ 1.0+? ?#+$8/9D.(&: J/)?iB(0i# (pipeli-
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ned BiCGStab )C+ $%+/+I.(+ p-BiCGStab) [118], /+A/+C,.(&’ ?,9 .7.%0&#(iF+J+
/+A8)/),.,G#)((9 +CI&$,.(". 6+(#.B/(&’ p-BiCGStab 1)0.1)0&I(+ .%#i#),.(-
0(&’ 1.0+?- BiCGStab, 8/+0. 8+0/.C-B ?+?)0%+#&: +8./)*i’, 9%i #8,&#)G0" ()
ACiD(i$0" i0./)*i’(+J+ 8/+*.$-. ;,9 #&/iF.((9 8/+C,.1& ACiD(+$0i S. Cools 0)
W. Vanroose A)8/+8+(-#),& 0.:(i%- A)1i(& (.#’9A%& A) ?+8+1+J+G 8././):-(%-
#.%0+/i# [118].

4 *"+1- 8i?/+A?i,i ?+$,i?D-B0"$9 0.:(i%) A)1i(& (.#’9A%& 0) 8i?:i? () +$(+-
#i 0+I(&: i #i?0#+/G#)(&: +CI&$,.(" [105, 119] - %+(0.%$0i 1.0+?- p-BiCGStab,
) 0)%+D )(),iA .7.%0&#(+$0i %+D(+J+ A 1.0+?i#.

3.2.1 /98A6M;7 Ii>@IBCLI7;i8@M BiCGStab @7 p-BiCGStab

6,)$&I(&’ ),J+/&01 $0)Ci,iA+#)(&: ?#+$8/9D.(&: J/)?iB(0i# (BiCGStab) [117]
()#.?.(+ # ),J+/&01i 4. p-BiCGStab ()#.?.(+ # ),J+/&01i 5. ;,9 8)/),.,"-
(&: +CI&$,.(" P. Cools 0) W. Vanroose ?+8+#(&,& %,)$&I(- $:.1- )$&(:/+((+G
1iD8/+*.$+/(+G %+1-(i%)*iBG [118]. N$(+#- ),J+/&01- $0)(+#,90" ?#) +$(+#(i
.0)8&:

1) 3i(i1iA)*i9 8./.?)Ii ?)(&: 1iD 8/+*.$)1&. p-BiCGStab 8+0/.C-B 1.(F+5
%i,"%+$0i .0)8i# $&(:/+(iA)*i5 1iD 8/+*.$)1&. P. ?+$9J)B0"$9 0&1, M+ +8.-
/)*i5 J,+C),"(+5 /.?-%*i5, (.+C:i?(i ?,9 A():+?D.((9 $%),9/(&: ?+C-0%i#,
(. #&%+(-G0"$9 8+$,i?+#(+, ) +C’B?(-G0"$9 # +?&( $8i,"(&’ %+1-(i%)*i’-
(&’ .0)8.

2) >/&:+#)() $&(:/+(iA)*i9. 3+?&7i%)*i9 ),J+/&01- ?+A#+,9B 8)/),.,"(+
#&%+(-#)0& ?#i ?i5: 8./.$&,)((9 ?)(&: 1./.D.G 0) ,+%),"(i +CI&$,.((9.
O)#?9%& *"+1- I)$, #&0/)I.(&’ () $&(:/+(iA)*iG, 8./.%/&#)B0"$9 #&%+()-
((91 1(+D.((9 /+A/i?D.(+5 1)0/&*i () #.%0+/ I& i(F&1& +CI&$,.((91&.

H.A#)D)GI& () 0., M+ 1.0+?& BiCGStab (),J+/&01 4) 0) p-BiCGStab (),J+-
/&01 5) B 1)0.1)0&I(+ .%#i#),.(0(&1&, 5:(9 /.),iA)*i9 # 8)/),.,"(&: +CI&$,G-
#),"(&: $./.?+#&M): 1+D. ?)#)0& $-00B#+ #i?1i((i /.A-,"0)0& ()#i0" A) -1+#&
%/&0./iG A-8&(%& ς = 10↑6 8/& #&%+/&$0)((i 8+?#i’(+5 0+I(+$0i. L)%i /+ACi-
D(+$0i 8+9$(GG0"$9 (.)$+*i)0&#(i$0G +8./)*i’ A /-:+1+G %+1+G 0) A1i(+G
8+/9?%- #&%+()((9 )/&71.0&I(&: ?i’, M+ # %+(#.B/(i’ /.),iA)*i5 8/&A#+?&0"
?+ ()%+8&I.((9 8+:&C+% A)+%/-J,.((9.
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4+K,?(9< 4 3.0+? $0)Ci,iA+#)(&: ?#+$8/9D.(&: J/)?iB(0i# (BiCGStab) ?,9
/+A#’9A-#)((9 (.$&1.0/&I(&: ,i(i’(&: $&$0.1 [117]

function BiCGStab(A, b, x0)
r0 := b↑ Ax0

p0 := r0

for i = 0, 1, 2, ... do

si := Api

ai := (r0, ri)/(r0, si)
qi := ri ↑ aisi

yi := Aqi

wi := (qi, yi)/(yi, yi)
xi+1 := xi + aipi + wiqi

ri+1 := qi ↑ wiyi

ϖi := (ai/wi)(r0, ri+1)/(r0, ri)
pi+1 := ri+1 + ϖi(pi ↑ wisi)

end for

end function

;,9 #&/iF.((9 *iB5 8/+C,.1& - $0)00i [118] A)8/+8+(+#)(+ 0.:(i%- A)1i(&
#.%0+/) (.#’9A%& (residual replacement). 6+D(i k i0./)*i’ #&%+(-G0" ?+?)0%+#i
+CI&$,.((9 #.%0+/) ri 0) ?+8+1iD(&: #.%0+/i# wi, si i zi, M+ ?+A#+,9B A)8+CiJ0&
A/+$0)((G +CI&$,G#),"(+5 8+:&C%&.

;,9 8/&$%+/.((9 ACiD(+$0i 8+I)0%+#- A)?)I- Ax = b I)$0+ 8./.0#+/G-
G0" () $&$0.1- #&J,9?- M

↑1
Ax = M

↑1
b, ?. M = ?+8+1iD() 1)0/&*9, M+

)8/+%$&1-B A, B A?.Ci,"F+J+ 8/+$0+G ?,9 A():+?D.((9 +C./(.(+5 0) A1.(F-B
I&$,+ +C-1+#,.(+$0i. L+I() )8/+%$&1)*i9 +C./(.(+5 1)0/&*i $&$0.1& A1.(F-B
%i,"%i$0" i0./)*i’, ),. ACi,"F-B $%,)?(i$0" %+D(+J+ %/+%-. E&%+/&$0)((9 8/+-
$0&: $0/-%0-/+#)(&: )8/+%$&1)*i’ (C,+I(+-?i)J+(),"(&:, 8+,i(+1i),"(&:) ?)B
A1+J- F#&?F+J+ +CI&$,.((9 +?(+J+ %/+%-, 8/+0. 8+0/.C-B A)A#&I)’ Ci,"F+5
%i,"%+$0i i0./)*i’. ;,9 %,)$0./(&: $./.?+#&M I)$0+ #&%+/&$0+#-G0" 1)0/&-
*i, 9%i 1+D() /+A?i,&0& 1iD %i,"%+1) 8/+*.$)1&. H.8+#(&’ LU -/+A%,)? (ILU)
8+%/)M-B ACiD(i$0" i0./)*i’(+J+ 8/+*.$-, ),. $%,)?(&’ ?,9 /+A8)/),.,.((9.
>+,i(+1i),"() )8/+%$&1)*i9 P (A) A#+?&0" +CI&$,.((9 ?+ $./i5 1(+D.(" /+A-
/i?D.(+5 1)0/&*i () #.%0+/, M+ 0.D ?+C/. 8i?:+?&0" ?,9 %+(#.B/(&: 1.0+?i#.
;i)J+(),"() )8/+%$&1)*i9 Q%+Ci :+I) ’ A)C.A8.I-B 8+#i,"(iF- ACiD(i$0", 8/+0.
B A()I(+ 8/+$0iF+G ?,9 /+A8+?i,.((9 ?,9 8)/),.,"(&: +CI&$,.(".

4 #&8)?%- #&%+/&$0)((9 ?+8+1iD(+5 1)0/&*i, %+D(i k i0./)*i’, +%/i1 8./.-
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4+K,?(9< 5 6+(#.B/(&’ 1.0+? $0)Ci,iA+#)(&: ?#+$8/9D.(&: J/)?iB(0i# pipeli-
ned BiCGStab ?,9 /+A#’9A-#)((9 (.$&1.0/&I(&: ,i(i’(&: $&$0.1 [118]

function p-BiCGStab(A, b, x0)
r0 := b↑ Ax0

w0 := A↑ r0

t0 := Aw0

a0 := (r0, r0)/(r0, w0)
ϖ↑1 := 0
for i = 0, 1, 2, ... do

pi := ri + ϖi↑1(pi↑1 ↑ wi↑1si↑1)
si := wi + ϖi↑1(si↑1 ↑ wi↑1zi↑1)
zi := ti + ϖi↑1(zi↑1 ↑ wi↑1vi↑1)
qi := ri ↑ aisi; yi := wi ↑ aizi

vi := Azi; wi := (qi, yi)/(yi, yi)
xi+1 := xi + aipi + wiqi

ri+1 := qi ↑ wiyi

wi+1 := yi ↑ wi(ti ↑ aivi); ti+1 := Awi+1

ϖi := (ai/wi)(r0, ri+1)/(r0, ri)
ai+1 := (r0, ri+1)/((r0, wi+1) + ϖi(r0, si)↑ ϖiwi(r0, zi))

end for

end function

/):-(%- #.%0+/) ri, ?+?)0%+#+ +CI&$,GG0"$9 #.%0+/& r̄i = M
↑1
ri 0) s̄i = M

↑1
si.

;,9 ?+$9J(.((9 #i?0#+/G#)(+$0i # MPI-/.),iA)*i5 %+(#.B/(+J+ 1.0+?- p-
BiCGStab A)8/+8+(+#)(+ #&%+/&$0)0& CiC,i+0.%- ExBLAS. ;)() CiC,i+0.%) #&-
%+/&$0+#-B ?+#Ji )%-1-,90+/& 0) /+AF&/.((9 iA /-:+1+G %+1+G ?,9 C)A+#&:
+8./)*i’ ,i(i’(+5 ),J.C/&. E&%+/&$0)((9 ExBLAS A)C.A8.I-B #i?0#+/G#)(i$0"
0) 0+I(i$0" /.A-,"0)0i#, /+C,9I& 5: (.A),.D(&1& #i?:

1) 1.0+?i# /+A8+?i,- ?)(&:;

2) I./J+#+$0i +CI&$,.(";

3) 8,)(-#)((9 8+0+%i# (thread scheduling);

4) )/:i0.%0-/& /.?-%*i’(&: ?./.# (reduction tree architecture).

3.2.2 /98A6M;i CAEP6M@7@9

4 *"+1- 8i?/+A?i,i ()#.?.(+ /.A-,"0)0& I&$.,"(&: .%$8./&1.(0i#, 8/+#.-
?.(&: ?,9 +*i(G#)((9 ACiD(+$0i, F#&?%+?i5 0) 0+I(+$0i /iA(&: #)/i)(0i# ),-
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J+/&01- BiCGStab, A+%/.1) ’+J+ #i?0#+/G#)(+5 /.),iA)*i5 () +$(+#i ExBLAS.
E&%+()(+ 8+/i#(9,"(&’ )(),iA %,)$&I(+J+ ),J+/&01- BiCGStab, ’+J+ %+(#.B/-
(+5 #./$i5 p-BiCGStab, #./$i5 iA A)$0+$-#)((91 ExBLAS 0) 1.0+?- p-BiCGStab iA
0.:(i%+G 8././):-(%- #.%0+/) (.#’9A%&. 4$i +CI&$,G#),"(i .%$8./&1.(0& 8/+-
#+?&,&$9 () ()C+/i 0.$0+#&: 1)0/&*" iA %+,.%*i5 SuiteSparse [120].

E .%$8./&1.(0): #&%+/&$0+#-#),)$9 )/&71.0&%) 8+?#i’(+5 0+I(+$0i, ) +C-
I&$,.((9 #&%+(-#),&$9 () #-A,): %,)$0./- HPC2N iA ?#+1) 14-9?./(&1& 8/+-
*.$+/)1& Intel Xeon Gold 6132 (Skylake) @2.60GHz, A’B?()(&1& I./.A $0)(?)/0
1./.D.#+J+ A#’9A%- EDR Infiniband. EDR A)C.A8.I-B 8/+8-$%(- A?)0(i$0" 100
@Ci0/$ A 1i(i1),"(&1 ()#)(0)D.((91 () *.(0/),"(&’ 8/+*.$+/.

L)C,&*9 3.19 1i$0&0" /.A-,"0)0& 8+/i#(9((9 I+0&/"+: i0./)*i’(&: 1+?&-
7i%)*i’ 1.0+?- BiCGStab: $0)(?)/0(+J+ BiCGStab, %+(#.B/(+J+ (p-BiCGStab),
p-BiCGStab iA ExBLAS, ) 0)%+D %+(#.B/(+5 1+?&7i%)*i5 iA #&%+/&$0)((91 0.:(i-
%& 8././):-(%- #.%0+/) (.#’9A%& (p-BiCGStabRR). L)C,&*9 8+%)A-B %i,"%i$0"
i0./)*i’ ?,9 ?+$9J(.((9 0+I(+$0i 10↑6 0) 10↑9 %+D(+J+ 1.0+?-.

L)C,&*9 3.19 8+%)A-B, M+ %i,"%i$0" i0./)*i’ ?,9 1.0+?- p-BiCGStabExBLAS
B 1.(F+G )C+ C,&A"%+G ?+ C)A+#+J+ p-BiCGStab. >/& 0+I(+$0i ς = 10↑6 -$i 8)/)-
,.,"(i #)/i)(0& 8+%)A-G0" $:+D- ACiD(i$0". >/& A1.(F.((i ς ?+ 10↑9 #i?1i((+-
$0i 1iD 1+?&7i%)*i91& $0)G0" 8+1i0(iF&1&. O),.D(+ #i? A)?)Ii .7.%0&#(iF&1
1+D. C-0& 9% $0)(?)/0(&’ #)/i)(0 1.0+?-, 0)% i 1+?&7i%)*i9 A #&%+/&$0)((91
ExBLAS.

^7.%0&#(i$0" ),J+/&01- p-BiCGStabRR A()I(+G 1i/+G A),.D&0" #i? $8.-
*&7i%& %+(%/.0(+5 A)?)Ii. O+%/.1), ?,9 1)0/&*" bcsstk14 0) bcsstk18 #i( (.
?+$9J)B ACiD(+$0i. E&$+%) I-0,&#i$0" 1.0+?- A-1+#,GB 8+1i0(- #)/i)*i’(i$0"
’+J+ /.A-,"0)0i#: A) 8.#(&: -1+# A)C.A8.I-B0"$9 F#&?%) ACiD(i$0", 0+?i 9% # i(-
F&: #&8)?%): ),J+/&01 8/)*GB 8+#i,"(iF. )C+ (. ?+$9J)B ACiD(+$0i. Z./.A *.
() 8/)%0&*i I)$0+ #&(&%)B 8+0/.C) - 8/+#.?.((i 0.$0+#&: A)8-$%i# ?,9 8i?C+/-
+80&1),"(+J+ %/+%- 0) 1+1.(0- ?,9 ?+?)0%+#&: +CI&$,.(". H.+80&1),"(&’ #&-
Ci/ *&: A()I.(" 1+D. 8/&A#.$0& ?+ ACi,"F.((9 %i,"%+$0i i0./)*i’ 8+/i#(9(+ Ai
$0)(?)/0(&1 %+(#.B/(&1 1.0+?+1 ?#+$8/9D.(&: J/)?iB(0i#, BiCGStab. E 0)%&:
#&8)?%):, ?+*i,"(+ #&%+/&$0+#-#)0& p-BiCGStabExBLAS, 9%&’ 1& /+A/+C&,& i
8+%/)M&,& I&$.,"(i #,)$0&#+$0i p-BiCGStab 0) p-BiCGStabRR.

H) /&$-(%- 3.8 ()#.?.(+ %i,"%i$0" i0./)*i’ ?,9 /iA(&: %/&0./i5# A-8&(%&.
;,9 +C+: 0.$0+#&: 1)0/&*" $0)(?)/0(&’ ),J+/&01 BiCGStab 8+0/.C-B Ci,"F+5



135

)(*";23
BiCGStab p-BiCGStab p-BiCGStabExBLAS p-BiCGStabRR

10↑6 10↑9 10↑6 10↑9 10↑6 10↑9 10↑6 10↑9

1138_bus 30 151 27 130 35 108 27 130
add32 38 74 38 68 38 69 38 68
bcsstk13 545 – 520 2258 350 3273 195 403

bcsstk14 149 461 44 459 43 433 44 –
bcsstk18 405 2806 261 1284 366 1274 309 –

bcsstk27 283 958 335 2107 279 1477 335 2107
bfwa782 99 647 74 448 54 463 115 576
cdde6 36 122 34 121 34 115 34 388
msc01050 29 61 30 47 28 60 30 47

msc04515 123 257 96 275 98 308 263 334

orsreg_1 21 161 22 168 20 106 22 371
pde2961 100 166 111 278 134 287 170 683
plat1919 79 132 99 185 84 179 87 250
rdb3200l 31 193 31 223 31 171 31 567
saylr4 28 73 28 74 28 69 28 74

sherman3 34 501 33 314 26 400 33 271

utm5940 99 592 97 420 18 603 20 419

L)C,. 3.19: >+/i#(9((9 %i,"%+$0i i0./)*i’ ?,9 1.0+?i# 0&8- BiCGStab (x0 = 0).
U+A1i/(i$0" A)?)I #)/iGB0"$9 #i? n = 782 0) nnz = 7, 514 ?,9 1)0/&*i bfwa782
?+ n = 11, 948 0) nnz = 149, 090 ?,9 bcsstk18. nnz - %-$0" (.(-,"+#&: .,.1.(0i#.

%i,"%+$0i i0./)*i’ 8+/i#(9(+ A ’+J+ %+(#.B/(+G #./$iBG p-BiCGStab. N%/i1 0+J+,
1+?&7i%)*i9 ),J+/&01- A #i?0#+/G#)(&1& +CI&$,.((91& (p-BiCGStabExBLAS)
ACiJ)B0"$9 F#&?F., (iD p-BiCGStab. <#+BG I./J+G, /.A-,"0)0&#(i$0" 1.0+?-
A 8././):-(%+1 #.%0+/i# (.#’9A%& (p-BiCGStabRR) A),.D&0" #i? 8+I)0%+#&:
8)/)1.0/i#. Q%M+ ?,9 0+I(+$0i ς = 10↑6 0) ς = 10↑9 +0/&1)(i /.A-,"0)0&
1.0+?+1 p-BiCGStabRR B C,&A"%&1& ?+ /.A-,"0)0i# 0/"+: i(F&: 1.0+?i#, 0+ 8/&
ς = 10↑13 .7.%0&#(i$0" *"+J+ 1.0+?- 1+D. C-0& 9% ()’#&M+G, 0)% i ()’(&DI+G
A),.D(+ #i? +C/)(&: 8)/)1.0/i#.

H) /&$-(%- 3.9 A+C/)D.(+ ?&()1i%- ACiD(+$0i I+0&/"+: 1+?&7i%)*i’ 1.-
0+?- BiCGStab 8/& A)?)(i’ 0+I(+$0i ς = 10↑6 0) ς = 10↑13. E./$i9 A #&%+/&-
$0)((91 ExBLAS (p-BiCGStabExBLAS) - /+AJ,9(-0&: #&8)?%): 8+0/.C-B 1.(-
F+5 %i,"%+$0i i0./)*i’ ?,9 ?+$9J(.((9 ACiD(+$0i 8+/i#(9(+ A C)A+#+G #./$iBG
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U&$. 3.8: >+/i#(9((9 %i,"%+$0i i0./)*i’ ?,9 1.0+?i# 0&8- BiCGStab, (.+C:i?(&:
?,9 ?+$9J(.((9 A)?)(+5 0+I(+$0i ς = 10↑6, ς = 10↑9 0) ς = 10↑13 () 0.$0+#&:
1)0/&*9: bfwa785 (n = 782, nnz = 7, 514) 0) 1138bus (n = 1, 138, nnz = 4, 054).

.

%+(#.B/(+J+ 1.0+?- ?#+$8/9D.(&: J/)?iB(0i# p-BiCGStab. 6/i1 0+J+, ?,9 p-
BiCGStabExBLAS :)/)%0./() 1.(F) %i,"%i$0" /iA%&: %+,&#)(" 8+/i#(9(+ A ),-
J+/&01+1 p-BiCGStabRR, M+ #%)A-B () Ci,"F /i#(+1i/(&’ :)/)%0./ ACiD(+$0i.

4 ()$0-8(+1- .%$8./&1.(0i ?+$,i?D-G0"$9 /+AJ,9(-0i 1.0+?& 8/& /iA(i’
%i,"%+$0i 8)/),.,"(&: 8/+*.$i#. L)C,&*i 3.20) 0) 3.20C 8+%)A-G0", M+ ?,9 #$i:
/+AJ,9(-0&: A)?)I %i,"%i$0" i0./)*i’ ),J+/&01- p-BiCGStabExBLAS A),&F)B-
0"$9 (.A1i((+G (.A),.D(+ #i? %i,"%+$0i A)?i9(&: 8/+*.$i#. H)0+1i$0" ?,9 ?#+:
i(F&: /.),iA)*i5 (BiCGStab 0) p-BiCGStab) %i,"%i$0" 8/+*.$i# #8,&#)B () /.-
A-,"0)0& +CI&$,.((9. O+%/.1), ?,9 1)0/&*i bcsstk26 A) %/&0./iB1 ACiD(+$0i
ς = 10↑6 1.0+?- p-BiCGStab 8+0/iC(+ 583 i0./)*i5 () +?(+8/+*.$+/(i’ $&$0.1i,
) () Fi$0()?*90& 8/+*.$): *9 %i,"%i$0" A/+$0)B ?+ 683. >+/i#(9((9 +0/&1)(&:
/.A-,"0)0i# iA 8+%)A(&%)1& %,)$&I(+J+ 1.0+?- BiCGStab 8i?0#./?D-B A)J),"-
(- .7.%0&#(i$0" A)8/+8+(+#)(+5 1+?&7i%)*i5. 4 Ci,"F+$0i 0.$0+#&: #&8)?%i#
/+A/+C,.(&’ ),J+/&01 ?+$9J)B /+A#’9A%- A) 1.(F- %i,"%i$0" %/+%i# )C+ D ?.-
1+($0/-B F#&?%i$0" ACiD(+$0i () /i#(i 8+$,i?+#(+5 #./$i5. P9 A)%+(+1i/(i$0"
AC./iJ)B0"$9 0)%+D 8/& 0+I(+$0i ς = 10↑9. H)8/&%,)?, ?,9 1)0/&*i bcsstk18
),J+/&01 p-BiCGStabExBLAS $0)Ci,"(+ ACiJ)B0"$9 A) 1274 i0./)*i5. P. 1)’D.
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U&$. 3.9: OCiD(i$0" 1.0+?i# 0&8- BiCGStab ?,9 ς = 10↑6 0) ς = 10↑13. L.$0+#i
1)0/&*i: bcsstk26 (n = 1, 922, nnz = 30, 336); bwm2000 (n = 2, 000, nnz =
7, 996); bfwa (n = 782, nnz = 7, 514); bcsstk18 (n = 11 948, nnz = 149, 090).

#?#iIi 1.(F. 8+/i#(9(+ Ai $0)(?)/0(+G %+(#.B/(+G /.),iA)*iBG, BiCGStab, ()
16 8/+*.$):. 6/i1 0+J+, A)8/+8+(+#)(&’ 8i?:i? B A()I(+ .7.%0&#(iF&1 A) C)-
A+#&’ 1.0+? BiCGStab, 9%&’ ?,9 ?+$9J(.((9 0+I(+$0i ς = 10↑9 8+0/.C-B 8+()?
2000 i0./)*i’.

U.A-,"0)0& 0.$0-#)((9 - 0)C,&*i 3.21 #%)A-G0" () #i?1i((+$0i 1.0+?i# #
/.A-,"0)0i 8)/),.,iA)*i5. [,J+/&01 p-BiCGStabExBLAS 8+0/.C-B $0),+5 %i,"-
%+$0i i0./)*i’ (350), 9%) (. A),.D&0" #i? $0-8.(9 /+A8)/),.,G#)((9. H)0+1i$0"
- C)A+#i’ /.),iA)*i5 %+(#.B/(+J+ 1.0+?- (p-BiCGStab) Ai ACi,"F.((91 %i,"%+$0i
8/+*.$i# #i? 1 ?+ 16 %i,"%i$0" i0./)*i’ A1i(GB0"$9 #i? 520 ?+ 394. >/& *"+1- ()’-
1.(F&’ I)$ #&%+()((9 () 16 8/+*.$): A)7i%$+#)(+ $)1. ?,9 C)A+#+5 /.),iA)*i5
p-BiCGStab.

;,9 1.0+?- p-BiCGStabRR +0/&1)(+ ()’1.(F. I&$,+ i0./)*i’ 0) ()’%+-
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3)0/&*9 BiCGStab p-BiCGStab p-BiCGStabExBLAS

n01 n08 n16 n01 n08 n16 n01 n08 n16

bcsstk26 791 235 599 583 528 683 493 493 493
bwm2000 37 37 37 37 37 37 37 37 37
bfwa782 99 79 85 74 104 59 54 54 54
bcsstk18 405 414 363 261 305 356 366 366 366

()) *#=37:’)’9 %76 ς = 10↑6

3)0/&*9 BiCGStab p-BiCGStab p-BiCGStabExBLAS

n01 n08 n16 n01 n08 n16 n01 n08 n16

bwm2000 1268 1267 1120 663 1131 1024 1232 1232 1232
bfwa782 647 528 531 448 476 498 463 463 463
bcsstk18 2806 2819 2286 1284 1811 2318 1274 1274 1274

(0) *#=37:’)’9 %76 ς = 10↑9

L)C,. 3.20: 6i,"%i$0" i0./)*i’ ?,9 1.0+?i# BiCGStab, p-BiCGStab 0) p-
BiCGStabExBLAS. O()I.((9 n01, n08 0) n16 #i?8+#i?)G0" %i,"%+$0i MPI-
8/+*.$i#, #&%+/&$0)(&: ?,9 8)/),.,"(+J+ #&%+()((9 ),J+/&01-.

3.0+? n01 n08 n16

i0./. I)$ ($) i0./. I)$ ($) i0./. I)$ ($)

BiCGStab 545 2.03↙ 10↑1 520 4.82↙ 10↑2 544 3.94↙ 10↑2

p-BiCGStab 520 2.05↙ 10↑1 482 4.46↙ 10↑2 394 3.11↙ 10↑2

p-BiCGStabExBLAS 350 5.32↙ 10↑1 350 8.98↙ 10↑2 350 5.82↙ 10↑2

p-BiCGStabRR 195 6.20↙ 10↑2 – – – –

L)C,. 3.21: 6i,"%i$0" i0./)*i’ 0) I)$ #&%+()((9 ?,9 1.0+?i# 0&8- BiCGStab.
3)0/&*9 bcsstk13 0) 0+I(i$0" ς = 10↑6.

/+0F&’ I)$ #&%+()((9 A) -1+#& /+C+0& () +?(+1- 8/+*.$i, M+ #%)A-B () #&-
$+%- 8+0.(*i’(- .7.%0&#(i$0" ),J+/&01i# iA A)1i(+G #.%0+/i# (.#’9A%&. >/+0.
*.’ ),J+/&01 (. A)C.A8.I&# ACiD(+$0i 8/& #&%+/&$0)((i Ci,"F. (iD +?(+J+ +C-
I&$,G#),"(+J+ 8/+*.$- (n > 1). E+?(+I)$ 1.0+? p-BiCGStabExBLAS, 8+8/&
+Ii%-#)(i ?+?)0%+#i +CI&$,G#),"(i #&0/)0&, 8+%)A-B ?+C/- 8)/),.,iA)*iG. >/&
#&%+/&$0)((i 16 8/+*.$i# /iA(&*9 # I)$i 8+ #i?(+F.((G ?+ i(F&: 1.0+?i# $%+/+-
I-B0"$9. Ei?8+#i?(+, #&%+/&$0)((9 p-BiCGStabExBLAS B *i,%+1 #&8/)#?)(&1
?,9 A)?)I, ?. %,GI+#- /+," #i?iJ/)G0" +CI&$,G#),"() $0i’%i$0" 1.0+?- 0) 8.-
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/.?C)I-#)(i$0" %i,"%+$0i i0./)*i’ - C)J)0+8/+*.$+/(+1- $./.?+#&Mi.

4 6 8 10 12 14 16
0

2

4

6

n (MPI 8/+*.$&)

I)
$

($
)

Z)$ #&%+()((9 ?,9 s3dkq4m2

BiCGStab, N = 4
p-BiCGStab, N = 4
p-BiCGStabExBLAS, N = 4

4 6 8 10 12 14 16
0

2,000

4,000

6,000

n (MPI 8/+*.$&)

Z)$ #&%+()((9 ?,9 Queen_4147

BiCGStab, N = 4
p-BiCGStab, N = 4
p-BiCGStabExBLAS, N = 4

U&$. 3.10: >+/i#(9((9 I)$- #&%+()((9 1.0+?i# 0&8- BiCGStab ?,9 ?#+: 1)-
0/&*": s3dkq4m2 (4 427 725 (.(-,"+#&: .,.1.(0i#) 8/& ς = 10↑9 0) Queen_4147

(316 548 962 (.(-,"+#&: .,.1.(0i#) 8/& ς = 10↑6. NCI&$,.((9 8/+#.?.(+ () I+-
0&/"+: #-A,): A 1, 2 0) 4 MPI-8/+*.$)1& () %+D(+1-.

H) /&$-(%- 3.10 ()#.?.(+ I)$ #&%+()((9 ?+$,i?D-#)(&: 1.0+?i# - 8)/)-
,.,"(+1- $./.?+#&Mi A) -1+#& #&%+/&$0)((9 /iA(+5 %i,"%+$0i +CI&$,G#),"(&:
#-A,i# 0) 8/+*.$i#. ;,9 .%$8./&1.(0i# C-,+ +C/)(+ ?#i #.,&%i /+A/i?D.(i 1)-
0/&*i: s3dkq4m2 (n = 90, 449 i nnz = 4, 427, 725) 0) Queen_4147 (n = 4, 147, 110

i nnz = 316, 548, 962). N0/&1)(i ?)(i $#i?I)0" 8/+ 0., M+ 8i? I)$ /+A#’9A)((9
A)?)I #.,&%+5 /+A1i/(+$0i ?+$9J)B0"$9 %/)M) 8)/),.,iA)*i9 +CI&$,.(". P. A--
1+#,.(+ Ci,"F+G %i,"%i$0G )/&71.0&I(&: +8./)*i5 - $8i##i?(+F.((i ?+ %+1--
(i%)*i5, M+ 8+1i0(+ A) -1+#& A)8-$%- () 4 #-A,): 0) 8 8/+*.$):.

E+?(+I)$ ?,9 1)0/&*i iA 1.(F+G %i,"%i$0G (.(-,"+#&: .,.1.(0i# (s3dkq4m2)
ACi,"F.((9 %i,"%+$0i 8/+*.$i# #i? 8 ?+ 16 (. 8/&A#.,+ ?+ $-00B#+J+ 8/&$%+/.((9
%,)$&I(+J+ 1.0+?- BiCGStab 0) ’+J+ %+(#.B/(+5 #./$i5 p-BiCGStab. H)0+1i$0"
/.A-,"0)0& A)$0+$-#)((9 p-BiCGStabExBLAS - 1.D): *"+J+ 0.$0-#)((9 ?.1+(-
$0/-G0" #&$+%- 8)/),.,iA)*iG +CI&$,.(" ?,9 +C+: 1)0/&*". H.A#)D)GI& () 0.,
M+ I./.A ()9#(i$0" ?+?)0%+#&: +8./)*i’ ?,9 AC./.D.((9 0+I(+$0i A)J),"(&’
I)$ #&%+()((9 p-BiCGStabExBLAS #&9#&#$9 Ci,"F&1 A) I)$ /+C+0& C)A+#+J+
p-BiCGStab, Ai ACi,"F.((91 %i,"%+$0i 8/+*.$i# iA 4 ?+ 16 0/&#),i$0" /+A/):-(-
%i# $%+/+0&,)$9 Ci,"F (iD -?#iIi.

O)8/+8+(+#)(&’ 8i?:i? iA #&%+/&$0)((91 CiC,i+0.%& ExBLAS A)C.A8.I-B ()-
?i’(i$0" () /i#(i %,)$&I(+J+ BiCGStab i #+?(+I)$ 8+%/)M-B 8)/),.,"(- .7.-
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%0&#(i$0" %+(#.B/(+5 #./$i5. U)A+1 *. ?+A#+,9B ?+$9J0& (.+C:i?(+J+ C),)($-
1iD +CI&$,G#),"(+G $0i’%i$0G 0) 8/+?-%0&#(i$0G, M+ B #)D,&#&1 8/& 1+-
?.,G#)((i $%,)?(&: 8/+*.$i# - $-I)$(&: #&$+%+8/+?-%0&#(&: +CI&$,G#),"(&:
$./.?+#&M):.

3.3 :i1!-)#>-$’+& *!"("’"-+& 0"!)1 16/ )45+-
*6"’’/ ’$&4i67C)=) -6$*’)=) ,’$5"’’/

4 *"+1- 8i?/+A?i,i 8/.?$0)#,.(+ /.),iA)*iG $0.8.(.#+J+ 1.0+?- A #&%+/&-
$0)((91 CiC,i+0.%& ExBLAS ?,9 0+I(+J+ +CI&$,.((9 ()’Ci,"F+J+ A) 1+?-,.1
#,)$(+J+ A()I.((9 1)0/&*i. <0.8.(.#&’ 1.0+? B C)A+#&1 ),J+/&01+1 iA F&-
/+%&1 $8.%0/+1 A)$0+$-#)(", A+%/.1) # PageRank ?,9 #.C-8+F-%- 0) )(),iA-
1./.D.

6,)$&I(i /.),iA)*i5 $0.8.(.#+J+ 1.0+?- B I-0,&#&1& ?+ I&$.,"(&: 8+:&C+%
I./.A (.)$+*i)0&#(i$0" )/&71.0&%& A /-:+1+G %+1+G. E8,&# (.0+I(+$0.’ 8+-
$&,GB0"$9 ?,9 8+J)(+ +C-1+#,.(&: 1)0/&*", A+%/.1) 0&:, I&5 #,)$(i A()I.((9
/+A0)F+#)(i ?-D. C,&A"%+ +?(. #i? +?(+J+. 4 0)%&: #&8)?%): ()9#(i$0" ()#i0"
()’1.(F&: AC-/.(" #8,&#)B () A)J),"(- 0+I(i$0" +CI&$,.(". 4 *"+1- 8i?/+A?i-
,i ?+$,i?D.(+ i(0.J/)*iG ExBLAS - $0.8.(.#&’ 1.0+? ?,9 A)C.A8.I.((9 8+Ci0+-
#+ #i?0#+/G#)(&: /.A-,"0)0i# +CI&$,.(+J+ #,)$(+J+ A()I.((9, 8/+)(),iA+#)(+
#8,&# () 0+I(i$0" i .7.%0&#(i$0" ?,9 1)0/&*" iA %+,.%*i5 SuiteSparse.

O)#?9%& $#+5’ 8/+$0+0i $0.8.(.#&’ 1.0+? A)$0+$+#-B0"$9 - A)?)I): #.,&%+J+
/+A1i/-, A+%/.1) # ),J+/&01i Google PageRank. [,J+/&01 PageRank 8+C-?+#)-
(&’ () i?.5, %+,& #)D,&#i$0" #.C-$0+/i(%& #&A()I)B0"$9 %i,"%i$0G 0) 9%i$0G
#:i?(&: 8+$&,)(" () (.5. 6+D(. Ji8./8+$&,)((9 i(0./8/.0-B0"$9 9% /.%+1.(-
?)*i9 () %+/&$0" *i,"+#+5 $0+/i(%&, 8/& *"+1- #)J) /.%+1.(?)*i5 8/+8+/*i’()
#)D,&#+$0i $0+/i(%&-?D./.,). N0D., $0+/i(%), () 9%- 8+$&,)B0"$9 C)J)0+ )#0+-
/&0.0(&: $0+/i(+%, +0/&1-B #&M&’ /.’0&(J, (iD $0+/i(%) A 0)%+G $)1+G %i,"%i-
$0G 8+$&,)(" #i? 1.(F A()I-M&: ?D./.,. NCI&$,.((9 PageRank A#+?&0"$9 ?+
A():+?D.((9 $0)*i+()/(+J+ /+A8+?i,- $0+:)$0&I(+J+ 8/+*.$-, ?,9 1+?.,G#)((9
9%+J+ iA A)?)(+G 0+I(i$0G 0) ()?i’(i$0G #&%+/&$0+#-G0" 9% $0.8.(.#&’ 1.0+?,
0)% i 1.0+?& 3+(0.-6)/,+ [121].

[,J+/&01 (6) A)$0+$+#-G0" ?,9 A():+?D.((9 ()’Ci,"F+J+ #,)$(+J+ A()I.-
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4+K,?(9< 6 <0.8.(.#&’ 1.0+?
Require: ;)(+ x0

1: i = 1
2: y1 = Ax0

3: repeat

4: xi = yi/↗yi↗2 (()C,&D.(&’ #,)$(&’ #.%0+/)
5: φ̃i = x

T
i yi (()C,&D.(. #,)$(. A()I.((9)

6: yi+1 = Axi

7: i = i+ 1
8: until convergence

((9 |φ1| > |φ2| ⇔ · · · ⇔ |φn| 1)0/&*i A. I0./)*i’(&’ 8/+*.$ 1)B #&J,9?:

x
(k+1) =

Ax
(k)

↗Ax(k)↗2
, φ(k) = x

(k)T
Ax

(k)
.

>+$,i?+#(+$0i x(k) 0) φ(k) ACiJ)G0"$9 ?+ ()’Ci,"F+J+ #,)$(+J+ #.%0+/) 0) #,)-
$(+J+ A()I.((9 φ1 #i?8+#i?(+. OCiD(i$0" 1.0+?- B ,i(i’(+G, ) 55 F#&?%i$0" #&A()-
I)B0"$9 #i?(+F.((91 |φ2/φ1|. Q%M+ *. $8i##i?(+F.((9 C,&A"%. ?+ 1, ACiD(i$0"
1+D. C-0& 8+#i,"(+G. L+1- $0.8.(.#&’ 1.0+? B ()’Ci,"F .7.%0&#(&1, %+,& B
A()I() #i?$0)(" 1iD ()’Ci,"F&1 #,)$(&1 A()I.((91 0) i(F&1& A()I.((91&.

3.3.1 4A76iE7HiN >6N CPU E I9KBC98@7;;ND MPI

;,9 A)$0+$-#)((9 ),J+/&01- () $&$0.1): iA /+A8+?i,.(+G 8)1’900G /+A/+-
C,.(+ 8)/),.,"(- #./$iG $0.8.(.#+J+ 1.0+?- #&%+/&$0+#-GI& i(0./7.’$ 8./.?)-
Ii 8+#i?+1,.(" (MPI). NCI&$,G#),"(i .%$8./&1.(0& 8/+#+?&,&$" () #&$+%+8/+-
?-%0&#(+1- %,)$0./i Kebnekaise, HPC2N iA #&%+/&$0)((91 #-A,i# )/:i0.%0-/&
Skylake (Intel Xeon Gold 6132, 2↙14 9?./, 192 GiB +8./)0&#(+5 8)1’90i).

4 C)A+#i’ 8)/),.,"(i’ /.),iA)*i5 %+D.( MPI-8/+*.$ AC./iJ)B #i?8+#i?(&’
C,+% 1)0/&*i - $#+5’ ,+%),"(i’ 8)1’90i 0) #&%+(-B 1(+D.((9 *"+J+ C,+%- ()
#.%0+/ iA 8+?),"F&1 +C’B?()((91 I)$0%+#&: /.A-,"0)0i#. ;,9 +CI&$,.((9 $%)-
,9/(+J+ 1(+D.((9 ?,9 (+/1& #.%0+/) i 8+?),"F+5 /.?-%*i5 #&%+/&$0+#-B0"$9
$0)(?)/0() 8i?8/+J/)1) MPI_Allreduce(). ;)() +8./)*i9 A)C.A8.I-B #&$+%-
F#&?%+?iG, +?()% (. J)/)(0-B 8+Ci0+#+5 #i?0#+/G#)(+$0i, +$%i,"%& 8+/9?+% ?+-
?)#)((9 8/& /.?-%*i5 A),.D&0" #i? +80&1iA)*i5 $&$0.1&.

4 1+?&7i%+#)(i’ #./$i5 A #&%+/&$0)((91 CiC,i+0.%& ExBLAS +CI&$,G#),"-
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() $:.1) A1i(.(). ^0)8 /+A8+?i,.(+J+ 1(+D.((9 1)0/&*i () #.%0+/ A),&F)B0"$9
0)%&1 $)1&1 +$%i,"%& #i( B 8+$,i?+#(&1, 8/+0. #$i +8./)*i5 /.?-%*i5 I&$., iA /--
:+1+G %+1+G (A+%/.1), 8/& +CI&$,.((i (+/1&) A)1i(.(+ () #&%,&% 8/+*.?-/&
exblas::cpu::exdot. P. ?+A#+,9B +0/&1)0& 0+I(&’ $%),9/(&’ ?+C-0+% ,+%),"-
(+ () %+D(+1- 8/+*.$i.

6+D.( 8/+*.$ #&%+/&$0+#-B ?+#J&’ )%-1-,90+/, - 9%+1- exdot ()%+8&I-B
0+I(. A()I.((9 ?+C-0%-. >i? I)$ +CI&$,.(" +8./)*i9 twoprod ([,J. 2) #&A()-
I)B 9% ()C,&D.(&’ ?+C-0+% ?#+: I&$.,, 0)% i 0+I(- 8+:&C%- ’+J+ +%/-J,.((9.
NC&?#) A()I.((9 ?+?)G0"$9 ?+ FPE C.A #0/)0& A()I-M&: /+A/9?i#. ;,9 8i?#&-
M.((9 8/+?-%0&#(+$0i 0) +80&1iA)*i5 +CI&$,.(" exdot #&%+/&$0+#-B CiC,i+0.%-
Vector Class Library (VCL), 9%M+ #+() 8i?0/&1-B0"$9 )8)/)0(+.

>i$,9 A)#./F.((9 ,+%),"(&: +CI&$,.(", /.A-,"0)0 A ,+%),"(&: FPE ?+-
?)B0"$9 ?+ ?+#J+J+ )%-1-,90+/), 9%&’ (+/1),iA-B0"$9 #&%,&%+1 8i?8/+J/)1&
exblas::cpu::Normalize. ;),i, J,+C),"() )J/.J)*i9 A?i’$(GB0"$9 A) ?+8+1+-
J+G MPI_Reduce iA 8+#(&1 AC./.D.((91 0+I(+$0i (7/)J1.(0 %+?- 3.1) A)#?9-
%& $8.*i),"(i’ ,+%),"(i’ +8./)*i5 iA A)$0+$-#)((91 FPE. H)8/&%i(*i J+,+#(&’
8/+*.$ (/)(J 0) A)+%/-J,GB +0/&1)(- 0+I(- $-1- ?+ 0&8- double A) ?+8+1+J+G
7-(%*i5 Round() 0) #i?8/)#,9B /.A-,"0)0 -$i1 i(F&1 8/+*.$)1 I./.A MPI_Bcast.
L)%&’ 8i?:i? A)C.A8.I-B #$i 8/+*.$& i?.(0&I(&1&, 0+I(&1& 0) %+/.%0(+ A)+%/--
J,.(&1& /.A-,"0)0)1&, (.A),.D(+ #i? 5:("+5 A)J),"(+5 %i,"%+$0i I& 0+8+,+Ji5
%+1-(i%)*i’(+5 1./.Di.

1 std::vector <int64_t > h_superacc (2 * exblas :: BIN_COUNT);

2 exblas ::cpu:: exdot(n_dist , y, y, &h_superacc [0]);

3 int imin = exblas ::IMIN , imax = exblas ::IMAX;

4 exblas ::cpu:: Normalize (& h_superacc [0], imin , imax);

5 if (myId == 0) {

6 MPI_Reduce(MPI_IN_PLACE , &h_superacc [0], exblas ::BIN_COUNT ,

MPI_INT64_T , MPI_SUM , 0, MPI_COMM_WORLD);

7 } else {

8 MPI_Reduce (& h_superacc [0], NULL , exblas ::BIN_COUNT , MPI_INT64_T

, MPI_SUM , 0, MPI_COMM_WORLD);

9 }

10 if (myId == 0) {

11 beta = exblas ::cpu:: Round (& h_superacc [0]);

12 }

13 MPI_Bcast (&beta , 1, MPI_DOUBLE , 0, MPI_COMM_WORLD);
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2/)J1.(0 %+?- 3.1: L+I(. +CI&$,.((9 $%),9/(+J+ ?+C-0%- A ExBLAS 0)
/.?-%*iBG MPI.

3.3.2 4A76iE7HiN >6N GPU E I9KBC98@7;;ND CUDA

CUDA = *. 8/+J/)1(+-)8)/)0() )/:i0.%0-/) 8)/),.,"(&: +CI&$,.(", /+A-
/+C,.() %+18)(iBG NVIDIA ?,9 /+A#’9A-#)((9 A)?)I A)J),"(+J+ 8/&A()I.((9 ()
J/)7iI(&: 8/+*.$+/): (GPU). R)A+#&1 .,.1.(0+1 #&%+()((9 0-0 B %$1* (kernel)
= 7-(%*i9, M+ #&%+(-B0"$9 () GPU, ),. #&%,&%)B0"$9 A :+$0) (CPU) )C+, #
+%/.1&: #&8)?%):, A i(F+J+ 9?/) # 1.D): $)1+J+ 8/&$0/+G. H) #i?1i(- #i?
0.:(+,+Ji5 OpenMP ?,9 8/+*.$+/i# iA $8i,"(+G 8)1’900G, ?. -8/)#,i((9 /+A8)-
/),.,G#)((91 A?.Ci,"F+J+ 8./.C&/)B () $.C. %+18i,90+/, CUDA ()?)B 9#(&’
%+(0/+," ()? iB/)/:iBG 8+0+%i#, /+A8+?i,+1 /iA(&: 0&8i# 8)1’90i 0) 1.:)(iA1)1&
$&(:/+(iA)*i5.

4 8/+*.$i 1(+D.((9 1)0/&*i A () #.%0+/ x +8./)*i9 A#+?&0"$9 ?+ +CI&-
$,.((9 ()C+/- $%),9/(&: ?+C-0%i# (8+ +?(+1- ?,9 %+D(+J+ /9?%) 1)0/&*i). U.-
A-,"0)0 %+D(+J+ 0)%+J+ ?+C-0%- 7+/1-B #i?8+#i?(&’ .,.1.(0 #&:i?(+J+ #.%0+/)
y. O)#?9%& (.A),.D(+$0i *&: +CI&$,.(", %+D(. A (&: 8/&A()I)B0"$9 +%/.1+1-
8+0+%- ()C+ J/-8i 8+0+%i#) CUDA, M+ ?+A#+,9B 1)%$&1),"(+ A)#)(0)D&0& 8)-
/),.,"(i +CI&$,G#),"(i /.$-/$& J/)7iI(+J+ 8/&$%+/G#)I).

R.A8+$./.?("+ () GPU $%),9/(&’ ?+C-0+% +CI&$,GB0"$9 A) ?+8+1+J+G +80&-
1iA+#)(+5 0.:(i%& /.?-%*i5, A)8/+8+(+#)(+5 3. @)//i$+1 [122]. P.’ 8i?:i? $8/9-
1+#)(&’ () 1)%$&1),"(. #&%+/&$0)((9 8/+8-$%(+5 A?)0(+$0i 8)1’90i A) /):-(+%
A)$0+$-#)((9 F#&?%+5 $8i,"(+5 8)1’90i (shared memory) 0) i(F&: +80&1iA)*i’.
>/+0. )/:i0.%0-/) CUDA (. 8i?0/&1-B J,+C),"(+5 $&(:/+(iA)*i5 1iD -$i1) C,+-
%)1& 8+0+%i# 8i? I)$ +?(+J+ #&%,&%- 9?/). Z./.A *. %+D.( +CI&$,G#),"(&’
C,+% A?)0.( $7+/1-#)0& ,&F. #,)$(- I)$0%+#- $-1-.

;,9 +0/&1)((9 7i(),"(+J+ /.A-,"0)0- A 1)$&#- *&: I)$0%+#&: $-1 0/)?&-
*i’(+ /+AJ,9?)G0" ?#i $0/)0.Ji5:

1) I)(1")2#6i @"<>3&2 %$1" = C)J)0+/)A+#&’ 8+$,i?+#(&’ #&%,&% 9?/) /.?--
%*i5 A 8+$0-8+#&1 A1.(F.((91 %i,"%+$0i C,+%i#, ?+%& (. A),&F&0"$9 ,&F.
+?&( C,+%, A?)0(&’ +CI&$,&0& 7i(),"(. A()I.((9.

2) 9"&*<2E(66% 6" CPU = +?(+/)A+#&’ #&%,&% 9?/) () GPU A 8+?),"F+G



144

8./.?)I.G $7+/1+#)(+J+ 1)$&#- I)$0%+#&: $-1 ?+ +8./)0&#(+5 8)1’90i
?,9 +$0)0+I(+J+ +CI&$,.((9 $-1& *.(0/),"(&1 8/+*.$+/+1.

4 I&$.,"(&: .%$8./&1.(0): #&%+/&$0+#-G0"$9 i0./)0&#(i A)8-$%& 9?/) ?,9
+0/&1)((9 8i?$-1%+#+J+ /.A-,"0)0-. NCI&$,G#),"(i .%$8./&1.(0& 8/+#+?&,&$9
() %,)$0./i Kebnekaise A #&%+/&$0)((91 #-A,i# iA J/)7iI(&1& 8/&$%+/G#)I)1&
NVIDIA V100 Tensor Core.

3.3.3 /98A6M;i CAEP6M@7@9

E&%+/&$0+#-#),)$9 #&Ci/%) 1)0/&*" A %+,.%*i5 Matrix SuiteSparse [120] 0)
()C+/- ?)(&: Stanford Large Network [123]. >+I)0%+#&’ #.%0+/ ()C,&D.((9
x
(0) = (1.0, 1.0, . . . , 1.0)T . NCI&$,.((9 A-8&(9,&$9 8/& ?+$9J(.((i %/&0./iG A--

8&(%& |φi ↑ φi↑1| < ς|φi↑1|. ;,9 *"+J+ )(),iA- ς A1i(G#)#$9 #i? 10↑6 ?+ 10↑15.

Ii$9#,?C#"8iD9A = ?i@8() &,8RiK=?"Fi%)

6,GI+#+G 8./.#)J+G ExBLAS B 55 A?)0(i$0" A)C.A8.I-#)0& #i?0#+/G#)(i$0"
- /iA(&: +CI&$,G#),"(&: %+(7iJ-/)*i9:. ]+C 8./.#i/&0& *., 1& 8/+#.,& .%$-
8./&1.(0&, A1i(GGI& %i,"%i$0" #-A,i#, 8/+*.$i# MPI 0) CUDA C,+%i# (warps).
4 #$i: %+(7iJ-/)*i9: %i,"%i$0" i0./)*i’ A),&F),)$9 (.A1i((+G.

H) /&$-(%- 3.11 ()#.?.(+ %i,"%i$0" i0./)*i’, (.+C:i?(&: ?,9 ?+$9J(.((9
ACiD(+$0i ),J+/&01- ?,9 I+0&/"+: /iA(&: 0.$0+#&: A)?)I):. ^%$8./&1.(0& 8/+-
#+?&,&$9 ?,9 /iA(+5 %i,"%+$0i MPI-8/+*.$i# (n #i? 4 ?+ 64) 0) /iA(+5 %i,"%+$0i
CUDA-C,+%i# (w #i? 2 ?+ 32). O)A()I&1+, M+ +CI&$,.((9 ?,9 n = 16 0) 32

#&%+(-#),&$" () ?#+: #-A,):, ) ?,9 n = 64 = () I+0&/"+:.
E)D,&#+G #,)$0&#i$0G B 0., M+ A)J),"() %i,"%i$0" i0./)*i’ A),&F)B0"$9

(.A1i((+G (.A),.D(+ #i? %i,"%+$0i A),-I.(&: 8/+*.$i# I& C,+%i#. P. 8i?0#./-
?D-B $0i’%i$0" I&$.,"(+5 ACiD(+$0i /.),iA)*i5 0) 55 (.A),.D(i$0" #i? %+(7iJ-/)*i5
/+A8+?i,- ?)(&:. 6/i1 0+J+, () /&$-(%- ()#.?.(+, 9% A1i() %/&0./iG A-8&(%&
ς #8,&#)B () +CI&$,G#),"(- $%,)?(i$0". H)8/&%,)?, ?,9 A)?)Ii PARSEC/SiO

Ci,"Fi$0" i0./)*i’ #&0/)I)B0"$9 $)1. () ?+$9J(.((9 #&M+5 0+I(+$0i.
;,9 8./.#i/%& )C$+,G0(+5 0+I(+$0i /.A-,"0)0i# ()#.?.(+ A()I.((9 #,)$(&:

#.%0+/i#, +0/&1)(&: A) ?+8+1+J+G ?#+: /iA(&: /.),iA)*i’ ),J+/&01- (MPI 0)
CUDA). L.$0+#i +CI&$,.((9 8/+#+?&,&$9 ?,9 $&1.0/&I(+5 1)0/&*i bcsstk01 iA
0+I(i$0G ς = 10↑12. ;,9 ()’Ci,"F+J+ #,)$(+J+ A()I.((9 3.015179089798891↙ 109,
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U&$. 3.11: >+/i#(9((9 %i,"%+$0i i0./)*i’ ?,9 /iA(&: A)?)I A),.D(+ #i? %i,"%+$0i
MPI-8/+*.$i# 0) CUDA-warps.

l1-(+/1) #i?8+#i?(+J+ #,)$(+J+ #.%0+/) ?,9 +C+: #)/i)(0i# /.),iA)*i5 $0)(+#&0"
1.6038123820161334.

48"+i@ ;?,$=&9(#8,D9i

H) J/)7i%): 3.12 0) 3.13 ()#.?.(+ 8+/i#(9((9 8/+?-%0&#(+$0i 1+?&7i%+#)-
(+5 (ExBLAS) #./$i’ $0.8.(.#+J+ 1.0+?- 8+ #i?(+F.((G ?+ ’+J+ C)A+#+5 #./$i5.
N 8+A()I)B %i,"%i$0" #-A,i#, ) n = $-1)/(- %i,"%i$0" A)?i9(&: 8/+*.$i#. >i?
()?,&F%+#&1& #&0/)0)1& (overhead) - *"+1- %+(0.%$0i 1)B0"$9 () -#)Ai #i?(+-
F.((9 I)$- #&%+()((9 1+?&7i%+#)(+J+ ),J+/&01- (ExBLAS) ?+ I)$- #&%+()((9
C)A+#+5 #./$i5.

U&$-(+% 3.12 8+%)A-B, M+ ?,9 A)?)Ii cage8 (nnz = 11, 003) ()?,&F%+#i #&-
0/)0& $8+I)0%- B #&$+%&1&, ),. $8)?)G0" i $0)Ci,iA-G0"$9 Ai A/+$0)((91 %i,"%+-
$0i A)?i9(&: MPI 8/+*.$i#. ;,9 Ci,"F+5 1)0/&*i SiO (nnz = 1, 317, 655) ()?,&-
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U&$. 3.12: U.),iA)*i5 MPI: ()?,&F%+#i #&0/)0& ExBLAS #./$i5 8+/i#(9(+ A C)-
A+#+G /.),iA)*iBG ?,9 1)0/&*" cage8 (n = 1, 015 0) nnz = 11, 003) i SiO
(n = 33, 401 0) nnz = 1, 317, 655).

F%+#i #&0/)0& #i? #&%+/&$0)((9 ExBLAS A),&F)G0"$9 (&A"%&1 A) C-?"-9%&:
%+(7iJ-/)*i’ A)8-$%-.

<,i? 0)%+D #/):+#-#)0& #8,&# /+A8)/),.,.((9. >/& ACi,"F.((i %i,"%+$0i
8/+*.$i# /+A1i/ C,+%- ?)(&: ?,9 ,+%),"(&: +CI&$,.(" - %+D(+1- A (&: A1.(-
F-B0"$9. Q% ()$,i?+%, #&(&%)G0" A)0/&1%& ?,9 +C+: #./$i5 ),J+/&01- I./.A
1iD8/+*.$+/(- %+1-(i%)*iG.

H) /&$-(%- 3.13 ()#.?.(+ 8+/i#(9((9 I)$- #&%+()((9 $0.8.(.#+J+ 1.0+-
?- ?,9 $0)(?)/0(+5 /.),iA)*i5 0) /.),iA)*i5 A #&%+/&$0)((91 #i?0#+/G#)(&:
+8./)*i’ ExBLAS () GPU. T+I) A)$0+$-#)((9 ExBLAS 8./.?C)I)B ?+?)0%+-
#i +CI&$,G#),"(i #&0/)0&, 5: #8,&# A1.(F-B0"$9 Ai A/+$0)((91 /+A1i/- A)?)-
Ii. ;,9 Ci,"F&: 1)0/&*", A+%/.1) pkustk13 (nnz = 6, 616, 827) 0) venkat01
(nnz = 1, 717, 792), /iA(&*9 - I)$i #&%+()((9 B #i?(+$(+ (.#.,&%+G. H)0+1i$0"
?,9 1.(F&: A)?)I (cage10 A nnz = 150, 645 0) cage8 A nnz = 11, 003) ?+?)0%+#i
#&0/)0& B Ci,"F 8+1i0(&1&. N0D., 8i?:i? ExBLAS ?.1+($0/-B %/)M- 8)/),.,"-
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U&$. 3.13: >+/i#(9((9 I)$- #&%+()((9 $0)(?)/0(+5 0) 0+I(+5 (ExBLAS) /.),iA)-
*i’ $0.8.(.#+J+ 1.0+?- ?,9 CUDA )/:i0.%0-/&.

(- .7.%0&#(i$0" ?,9 A)?)I #.,&%+5 /+A1i/(+$0i.
>i?$-1+#-GI& ()#.?.(i /.A-,"0)0&, - #$i: AJ)?)(&: ExBLAS #)/i)(0): +C-

I&$,.(. #,)$(. A()I.((9 0) #i?8+#i?(&’ ’+1- #,)$(&’ #.%0+/ (. A),.D)0" #i?
8+/9?%- #&%+()((9 8/+*.$+/i# I& C,+%i#, )8)/)0(&: #i?1i((+$0.’ I& +80&1iA)-
*i’ %+18i,90+/). >/& /+A#’9A-#)((i A)?)I #.,&%+5 /+A1i/(+$0i 0) 1.0+?i# )?)-
80+#)(&: ?,9 8)/),.,"(&: +CI&$,.((9, ExBLAS A)C.A8.I-B #&$+%- 8/+?-%0&#-
(i$0" 0) (. 8+$0-8)B0"$9 %,)$&I(&1 8i?:+?)1. >+8/& ?+?)0%+#i +8./)*i5, #&%+-
/&$0)((9 ExBLAS ?+A#+,9B +0/&1)0& 8+Ci0+#+ #i?0#+/G#)(i /.A-,"0)0& - /i-
A(&: $./.?+#&M):.

:+*’)-.+ 1) #),1i62 3

4 0/.0"+1- /+A?i,i ?+$,i?D.(+ 8/+C,.1- I&$.,"(+5 $0i’%+$0i, 0+I(+$0i 0)
8+Ci0+#+5 #i?0#+/G#)(+$0i i0./)*i’(&: 1.0+?i# - $./.?+#&M): #&$+%+8/+?-%0&#-
(&: +CI&$,.(" () /iA(&: 8)/),.,"(&: )/:i0.%0-/):.

U+AJ,9(-0+ )?)80)*iG 1.0+?i# ?#+$8/9D.(&: J/)?iB(0i# ?,9 8)/),.,"(+-
J+ /+A#’9A-#)((9 $&$0.1 ,i(i’(&: /i#(9(" #&J,9?- Ax = b. O)8/+8+(+#)(+
1+?&7i%)*iG %+(#.B/(+J+ $0)Ci,iA+#)(+J+ 1.0+?- ?#+$8/9D.(&: J/)?iB(0i# (p-
BiCGStab) iA A)$0+$-#)((91 CiC,i+0.%& ExBLAS. [$&(:/+(() 1+?&7i%)*i9 %+(-
#.B/(+J+ 1.0+?- A #&%+/&$0)((91 ExBLAS 8+%)A-B %/)Mi 8+%)A(&%& ACiD(+$0i
8+/i#(9(+ A %,)$&I(&1 BiCGStab, %+(#.B/(+G #./$iBG A +80&1iA)*iBG %/+%i#
?,9 .7.%0&#(+5 %+1-(i%)*i5 %i,"%+: 8/+*.$i#, ) 0)%+D 1+?&7i%)*iBG A 0.:(i%+G
8./i+?&I(+5 A)1i(& #.%0+/) (.#’9A%& (residual replacement). P. ?+A#+,9B AC./.J-
0& 8./.#)J& %+(#.B/(+5 1+?.,i (8/&:+#-#)((9 %+1-(i%)*i’), +?(+I)$(+ ?+$9J)-
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GI& $0)Ci,"(+$0i C)A+#+J+ ),J+/&01-.
L)%+D /+A/+C,.(+ #i?0#+/G#)(- /.),iA)*iG $0.8.(.#+J+ 1.0+?- ?,9 +CI&-

$,.((9 ()’Ci,"F+J+ #,)$(+J+ A()I.((9 0) #,)$(+J+ #.%0+/) /+A/i?D.(&: 1)-
0/&*". <0#+/.(+ /.),iA)*i5 ?,9 CPU/MPI 0) GPU/CUDA. U.A-,"0)0& I&$.,"-
(&: .%$8./&1.(0i# B +?()%+#&1& A) A()I.((91& 0) %i,"%i$0G i0./)*i’ (.A),.-
D(+ #i? +C/)(+5 )/:i0.%0-/& 0) %i,"%+$0i 8/+*.$i#. NCI&$,.(i /+A#’9A%& 0)%+D
(. A),.D)0" #i? 0+8+,+Ji5 /.?-%*i5, 8+/9?%- 8,)(-#)((9 8/+*.$i# 0) C,+%i# I&
+80&1iA)*i’ %+18i,90+/).

O)8/+8+(+#)(i 8i?:+?& A)C.A8.I-G0" :+/+F- 8)/),.,"(- .7.%0&#(i$0" 0)
#i?0#+/G#)(i$0" /.A-,"0)0i# () $-I)$(&: $-8./%+18’G0./(&: $&$0.1):.
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:+*’)-.+

4 ?&$./0)*i’(i’ /+C+0i A)8/+8+(+#)(+ 0) +CV/-(0+#)(+ (+#i i0./)*i’(i 1.-
0+?& ?,9 ()C,&D.(+J+ /+A#’9A-#)((9 (.,i(i’(&: +8./)0+/(&: /i#(9(" - C)()-
:+#&: 8/+$0+/):, A -/):-#)((91 1+D,&#+$0.’ .7.%0&#(+5 8)/),.,"(+5 /.),iA)-
*i5 0) A)C.A8.I.((9 I&$.,"(+5 $0i’%+$0i +CI&$,.(". N0/&1)(i /.A-,"0)0& 1)G0"
0.+/.0&I(- 0) 8/)%0&I(- *i((i$0" i 8i?0#./?D.(i I&$.,"(&1& .%$8./&1.(0)1&.
O()I(- -#)J- 8/&?i,.(+ +80&1iA)*i5 /+A#’9A-#)((9 $&$0.1 ,i(i’(&: ),J.C/&I(&:
/i#(9(" Ax = b. ;,9 A)C.A8.I.((9 #i?0#+/G#)(&: /.A-,"0)0i# ?+$,i?D.(+ 0)
i(0.J/+#)(+ ),J+/&01iI(i 8i?:+?& CiC,i+0.%& ExBLAS 8/& 8)/),.,"(&: +CI&-
$,.((9: $&$0.1 #.,&%+J+ /+A1i/-.

4 ?&$./0)*i’(i’ /+C+0i +0/&1)(+ 0)%i /.A-,"0)0&:

1) O)8/+8+(+#)(+ 0) +CV/-(0+#)(+ (+#i 1.0+?& 0&8- H"G0+(). >/+#.?.(+
,+%),"(&’ 0) ()8i#,+%),"(&’ )(),iA ACiD(+$0i - C)():+#&: 8/+$0+/):.

2) ;+$,i?D.(+ 0/&%/+%+#i 1.0+?& 0&8- 6-/I)0+#) ?,9 /+A#’9A-#)((9 (.,i-
(i’(&: /i#(9(" A (.?&7./.(*i’+#(&1& +8./)0+/)1&. E$0)(+#,.(+ +C,)$0i
ACiD(+$0i 0) -1+#& B?&(+$0i /+A#’9A%- A) -A)J),"(.(&: -1+# !i8F&*9.

3) O)8/+8+(+#)(+ ?#+%/+%+#&’ 1.0+? 0&8- :+/? A )8/+%$&1)*iBG +C./(.(+J+
+8./)0+/) ?,9 (.,i(i’(&: A)?)I ()’1.(F&: %#)?/)0i#.

4) >+C-?+#)(+ %+1Ci(+#)(i ?#+%/+%+#i 1.0+?&, 9%i #&%+/&$0+#-G0" ,&F. +?(.
+C./0)((9 7i%$+#)(+J+ +8./)0+/) 8/+09J+1 -$"+J+ i0./)*i’(+J+ 8/+*.$-,
0) 8/+#.?.(+ 5: 0.+/.0&I(. +CV/-(0-#)((9.

5) >/+#.?.(+ 8+/i#(9,"(&’ )(),iA 0/"+: i0./)*i’(&: 1.0+?i# F+$0+J+ 8+/9?-
%-. U+A/+C,.(+ -1+#& ,+%),"(+5 0) ()8i#,+%),"(+5 ACiD(+$0i () +$(+#i 1)-
D+/-GI&: 8+$,i?+#(+$0.’.

6) >/+#.?.(+ )(),iA I&$.,"(+5 $0i’%+$0i 0) 0+I(+$0i %+(#.B/(+5 #./$i5 1.-
0+?- Ci$8/9D.(&: J/)?iB(0i# (p-BiCGStab) iA A)$0+$-#)((91 CiC,i+0.%&
ExBLAS. >+%)A)(+, M+ #&%+/&$0)((9 ExBLAS A)C.A8.I-B #i?0#+/G#)(i$0"
/.A-,"0)0i# 0) #&M- F#&?%i$0" ACiD(+$0i 8+/i#(9(+ Ai $0)(?)/0(&1& 8i?-
:+?)1&.
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7) U+A/+C,.(+ 0) /.),iA+#)(+ I&$.,"(+ #i?0#+/G#)(&’ $0.8.(.#&’ 1.0+? ?,9
+CI&$,.((9 ()’Ci,"F+J+ #,)$(+J+ A()I.((9 0) #,)$(+J+ #.%0+/) () /iA(&:
)/:i0.%0-/): (CPU, MPI, CUDA). >i?0#./?D.(+ i?.(0&I(i$0" /.A-,"0)0i#
(.A),.D(+ #i? %+(7iJ-/)*i5 8)/),.,"(+J+ $./.?+#&M).



151
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76. Câtinaş, E. The inexact, inexact perturbed, and quasi-Newton methods are
equivalent models. Mathematics of Computation 74, 291=301. https://doi
.org/10.1090/S0025-5718-04-01646-1 (2005).

77. Deuflhard, P. Newton Methods for Nonlinear Problems: ATne Invariance and
Adaptive Algorithms isbn: 978-3-540-21099-3 (Springer Berlin Heidelberg,
2004).

78. Argyros, I. K., George, S. On a unified convergence analysis for Newton-type
methods solving generalized equations with the Aubin property. Journal of
Complexity 81, 101817. issn: 0885-064X. https://www.sciencedirect.co
m/science/article/pii/S0885064X23000869 (2024).

79. Nashed, M. Z. Generalized Inverses and Applications (/.?. Nashed, M. Z.)
(Academic Press, New York, 1976).

https://doi.org/10.3842/umzh.v78i5-6.9002
https://doi.org/10.3842/umzh.v78i5-6.9002
https://doi.org/10.1007/s00009-020-01545-z
https://doi.org/10.1137/0705003
https://doi.org/10.1137/0705003
https://doi.org/10.1090/S0025-5718-04-01646-1
https://doi.org/10.1090/S0025-5718-04-01646-1
https://www.sciencedirect.com/science/article/pii/S0885064X23000869
https://www.sciencedirect.com/science/article/pii/S0885064X23000869


160

80. Ortega, J. M. Solution of Equations in Euclidean and Banach Spaces (A. M.
Ostrowski). SIAM Review 16, 564=564. eprint: https://doi.org/10.1137
/1016102 (1974).

81. Moore, R. H., Nashed, M. Z. Approximations to Generalized Inverses of Linear
Operators. SIAM Journal on Applied Mathematics 27, 1=16. eprint: https
://doi.org/10.1137/0127001 (1974).

82. Regmi, S., Argyros, I. K., George, S., Argyros, C. I. Extended Convergence
of Three Step Iterative Methods for Solving Equations in Banach Space with
Applications. Symmetry 14. issn: 2073-8994. https://doi.org/10.3390/s
ym14071484 (2022).

83. Berinde, V. Iterative Approximation of Fixed Points (Springer, New York,
NY, USA, 2007).

84. Kelley, C. T. Solving Nonlinear Equations with Iterative Methods, Solvers and
Examples in Julia (SIAM, Philadelphia, PA, USA, 2023).
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